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Department of Mathematics Education

Study program: Computer Science (IOI)

2007



I would like to thank to my supervisor Mgr. Šárka Voráčová, PhDr. for her
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Abstrakt: Předložená práce slouž́ı jako výukový material pro CADG. Je
určena pro studenty informatiky a učitelstv́ı matematických obor̊u. Bakalářská
práce se skládá z vysvětluj́ıćıho textu, java apletu ke kterému ještě nálež́ı
programátorská, uživatelská dokumentace a java dokumentace. Vysvětluj́ıćı
text je extraktem z dostupné literatury. Jsou v něm nadefinovány základńı
pojmy pro potřebu vysvětleńı B-spline ploch a NURBS. Dále jsou zde zmı́něny
i jejich vlastnosti a zp̊usob konstrukce. Text je obohacen řadou př́ıklad̊u a
ukázek z přiloženého java apletu. Ukázky a př́ıklady jsou didakticky zpra-
covány tudiž vedou k ozřejměńı a prohloubeńı źıskaných znalost́ı. K čemuž
také velkou měrou napomáhá tř́ı dimenzionálńı grafická reprezentace plochy.
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Abstract: This work is an educational material for B-spline surfaces. It‘s
aimed for students of informatics and mathematical teaching. The thesis
include this document which is an extract of accessible computer literature,
java applet with programers, user documentation and java documentation.
The aim of this education material is to denote B-spline surfaces, NURBS.
The theory text includes various examples and figures. Examples and figures
are systematically ordered so that the user can clerify the obtained knowl-
edge. Moreover the applet surfaces are represented by an interactiv three
dimensional graphics which contributes to better understanding. Due to the
java applets the user has the possibility to observe the described information
and recieve more complex comprehension of this topic.
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Chapter 1

Introduction

The aim of this project is a comprehensible explanation of B-spline surfaces.
It’s oriented for students of informatics or mathematical teaching and for a
wide variety of users who have basic knowledge of linear algebra.

The whole project is a composition of 5 parts. The first part is an in-
teractive applet for B-spline surfaces, the next two ones are programmer’s
documentation, user’s documentation, java documentation, and the last part
is a document which denotes B-spline surfaces from mathematical viewpoint
with connection to the applet.

The last document is an extract of accessible computer graphic literature
which concerns B-spline problematic. It’s divided into two main chapters.
The first chapter denotes B-spline curves, their properties and Boor algo-
rithm. The second chapter describes B-spline surfaces. It uses the notions,
explication mentioned in the first chapter and contains tips, figures and ex-
ercises connected to the interactive applet, so that the reader can obtain
more complex comprehension.

The interactive applet is programmed in Java with an usage of Java3D
API from Sun Developer Network. This computer language and distributor
was chosen because the software environment is multiplatform and recom-
mended from obtained information. Moreover there is developed Java Web
Start project which downloads all necessary complements and actualization.
Due to this feature the web applet can be also multiplatform and endure soft-
ware actualizations. Therefore the interactive applet can be both on website
without any necessary installation and also like an application for download-
ing. Therefore be accessible to a wider variety of users.

The programming part is described in more details in the programming
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documentation and in a similar way the guidelines for applet use is explained
in user documentation. Which are complements for this project.
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Chapter 2

B-spline curves

2.1 Introduction to B-spline curves

In drafting terminology a spline is a flexible strip used to produce a smooth
curve through a designated set of points. The term spline curve originally
refered to a curve drawn in this manner. We can mathematically describe
such a curve with a piecewise cubic polynomial function whose first and sec-
ond derivatives are continuous across the various curve sections. In computer
graphics, the term spline curve now refers to any composite curve formed
with polynomial sections at the boundary of pieces.

Splines are used to design curve and surface shapes, to digitize drawing
and to specify animation paths for the objects or the camera in scene. The
B-spline curve is defined as follows:

Definition 2.1 The B-spline basis functions of degree d, denoted Ni,d(t),
defined by the knot vector t0 ≤ t1 . . . ≤ tm are defined recursively as follows:

Ni,0(t) =

{
1 if t ∈ [ti, ti+1)
0 otherwise

(2.1)

Ni,d(t) =
t− ti

ti+d − ti
Ni,d−1(t) +

ti+d+1 − t

ti+d+1 − ti+1

Ni+1,d−1(t), (2.2)

for i = 0, . . . , n and d ≥ 1. If the knot vector contains a sufficient number
of repeated knot values, then a division of the form Ni,d−1(t)/(ti+d − ti) =
0/0 (for some i) may be encountered during the execution of the recursion.
Whenever this occurs, it is assumed that 0/0 = 0.
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Definition 2.2 The B-spline curve of degree d (or order d+1) with control
points b0, . . . ,bn and knots t0, t1, . . . , tm is defined on the interval [a, b] =
[td, tm−d] by

B(t) =
n∑

i=0

biNi,d(t) (2.3)

where Ni,d(t) are the B-spline basis functions of degree d.

Control Points: The control points determine the shape of the curve. In
fact a single control point only influences those intervals where it is active.
And this is a highly desirable property, known as local support. In modelling,
it allows the changing of one part of a surface while keeping other parts equal.

Adding more control points allows better approximation to a given curve,
although only a certain class of curves can be represented exactly with a
finite number of control points.

Note: Generaly, the control points can have any dimensionality. One di-
mensional points just define a scalar function of the parameter. These are
typically used in image processing programs to tune the brightness and color
curves. Three dimensional control points are used abundantly in 3D mod-
elling, where they are used in the everyday meaning of the word ’point’, a
location in 3D space. Multi-dimensional points might be used to control sets
of time-driven values, e.g. the different positional and rotational settings of a
robot arm. More information about this topic is available at in the computer
graphics literature [16].

The knot vector: The knot vector is a sequence of parameter values that
determines where and how the control points affect the B-spline curve. The
number of knots is always equal to the number of control points plus curve
degree plus one. The knot vector divides the parametric space in the intervals
mentioned before, usually referred to as knot spans. Each time the parameter
value enters a new knot span, a new control point becomes active, while an
old control point is discarded. It follows that the values in the knot vector
should be in ascending order, so (0, 0, 1, 2, 3, 3) is valid while (0, 0, 2, 1, 3, 3)
is not.

Consecutive knots can have the same value. This then defines a knot
span of zero length, which implies that two control points are activated at
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the same time (and of course two control points become deactivated). This
has impact on continuity of the resulting curve and its higher derivatives, for
instance, it allows to create corners in an otherwise smooth B-spline curve. A
number of coinciding knots is sometimes referred to as a knot with a certain
multiplicity. Knots with multiplicity two or three are known as double or
triple knots. The multiplicity of a knot is limited to the degree of the curve,
since a higher multiplicity would split the curve into disjoint parts and it
would leave control points unused. For first-degree B-spline, each knot is
paired with a control point.

The knot vector usually starts with a knot that has multiplicity equal to
the order. This makes sense, since this activates the control points that have
influence on the first knot span. Similarly, the knot vector usually ends with
a knot of that multiplicity. Curves with such knot vectors start and end in
a control point.

The individual knot values are not meaningful by themselves, only the
ratios of the difference between the knot values matter. Hence, the knot vec-
tors (0, 0, 1, 2, 3, 3) and (0, 0, 2, 4, 6, 6) produce the same curve. The positions
of the knot values influences the mapping of parameter space to curve space.

Order: The order of a B-spline curve defines the number of nearby control
points that influence any given point on the curve. The curve is represented
mathematically by a polynomial of degree one less than the order of the
curve. Hence, second-order curves (which are represented by linear polyno-
mials) are called linear curves, third-order curves are called quadratic curves,
and fourth-order curves are called cubic curves. The number of control points
must be greater than or equal to the order of the curve.

In practice, cubic curves are the ones most commonly used. Fifth- and
sixth-order curves are sometimes useful, especially for obtaining continuous
higher order derivatives, but curves of higher orders are practically never
used because they lead to internal numerical problems and tend to require
disproportionately large calculation times.

Example 2.3 Let d = 2 and t0 = 2, t1 = 4, t2 = 5, t3 = 7, t4 = 8, t5 =
10, t6 = 11, with control points b0(1, 2),b1(3, 5),b2(6, 2),b3(9, 4). Then the
k = 0 basis functions are

N0,0(t) =

{
1 if t ∈ [2, 4)
0 otherwise

, N1,0(t) =

{
1 if t ∈ [4, 5)
0 otherwise

,

10



N2,0(t) =

{
1 if t ∈ [5, 7)
0 otherwise

, N3,0(t) =

{
1 if t ∈ [7, 8)
0 otherwise

,

N4,0(t) =

{
1 if t ∈ [8, 10)
0 otherwise

, N5,0(t) =

{
1 if t ∈ [10, 11)
0 otherwise

The k = 1 basis functions are determined in terms of these

N0,1(t) = t−t0
t1−t0

N0,0(t) + t2−t
t2−t1

N1,0(t) = t−2
4−2

N0,0(t) + 5−t
5−4

N1,0(t)

= t−2
2

N0,0(t) + (5− t)N1,0(t),
N1,1(t) = t−t1

t2−t1
N1,0(t) + t3−t

t3−t2
N2,0(t) = t−4

5−4
N1,0(t) + 7−t

7−4
N2,0(t)

= (t− 4)N1,0(t) + 1
2
(7− t)N2,0(t),

N2,1(t) = t−t2
t3−t2

N2,0(t) + t4−t
t4−t3

N3,0(t) = 1
2
(t− 5)N2,0(t) + (8− t)N3,0(t),

N3,1(t) = t−t3
t4−t3

N3,0(t) + t5−t
t5−t4

N4,0(t) = (t− 7)N3,0(t) + 1
2
(10− t)N4,0(t),

N4,1(t) = t−t4
t5−t4

N4,0(t) + t6−t
t6−t5

N5,0(t) = 1
2
(t− 8)N4,0(t) + (11− t)N5,0(t),

Figure 2.1: B-spline curve

In this example, the basis function of degree one is a triangle function. It
rises from zero to one, then falls to zero again. While it rises, the basis func-
tion of the previous control point falls. In that way, the curve interpolates
between the two points, and the resulting curve is a polygon, which is con-
tinuous, but not differentiable at the interval boundaries, or knots. Higher
degree polynomials have correspondingly more continuous derivatives. Note
that within the interval the polynomial nature of the basis functions and the
linearity of the construction make the curve perfectly smooth, so it is only
at the knots that discontinuity can arise.
Finally, the k=2 basis functions can be computed and expressed in the form

N0,2(t) =





0, t < 2
1
6
(t− 2)2, 2 ≤ t < 4

1
3
(−2t2 + 18t− 38), 4 ≤ t < 5

1
6
(7− t)2, 5 ≤ t < 7

0, 7 ≤ t

,
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N1,2(t) =





0, t < 4
1
3
(t− 4)2, 4 ≤ t < 5

1
3
(−t2 + 12t− 34), 5 ≤ t < 7

1
3
(8− t)2, 7 ≤ t < 8

0, 8 ≤ t

,

N2,2(t) =





0, t < 5
1
6
(t− 5)2, 5 ≤ t < 7

1
3
(−2t2 + 30t− 110), 7 ≤ t < 8

1
6
(10− t)2, 8 ≤ t < 10

0, 10 ≤ t

,

N3,2(t) =





0, t < 7
1
3
(t− 7)2, 7 ≤ t < 8

1
3
(−t2 + 18t− 79), 8 ≤ t < 10

1
3
(11− t)2, 10 ≤ t < 11

0, 11 ≤ t

,

Figure 2.2: B-spline curve

Plots of the degree 1 and 2 basis functions are shown in Figures 2.1 and
2.2. Observe that the basis functions satisfy Ni,2(t) > 0 for t ∈ (ti, ti+3) and
Ni,2(t) = 0 elsewhere.
General B-spline basis functions satisfy similar “positivity“ and “local sup-
port“ properties (see theorem 2.5). The B-spline curve is defined on the
interval [5, 8] by
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B(t) = (1, 2)N0,2(t) + (3, 5)N1,2(t) + (6, 2)N2,2(t) + (9, 4)N3,2(t)

=





1
6
(7− t)2(1, 2) + 1

3
(−t2 + 12t− 34)(3, 5)

+1
6
(t− 5)2(6, 2),

if 5 ≤ t < 7,

1
3
(8− t)2(3, 5) + 1

3
(−2t2 + 30t− 110)(6, 2)

+1
3
(t− 7)2(9, 4),

if 7 ≤ t < 8.
,

(2.4)

The B-Spline curve, shown in Figure 2.3, is the union of two polynomial
curve segments described in (2.4)

Figure 2.3: B-spline curve

B-spline of degree d can have any number of control points provided a
sufficient number of knots are specified. Therefore, in order to define complex
curve shapes, B-splines can be given additional freedom by increasing the
number of control points, yet without increasing the degree of the curve.

Each bassis function Ni,d(t) is defined by d + 2 knots ti, . . . , ti+d+1. So if
n + 1 control points are required, then it is necessary to specify n + d + 2
knots t0, . . . , tn+d+1. Therefore, the number of knots equals the number of
control points plus the degree plus one, giving the identity
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m = n + d + 1. (2.5)

Remember that a knot vector can have repeated knot values. Define a
new sequence u0, . . . , ur (u0 < . . . < ur), called the breakpoints, consisting
of the distinct values of the interior knots. Then the B-spline is the union of
the polynomial curve segments Bi(t) of degree d, t ∈ [ui, ui+1).

Sumarise all the important B-spline surfaces properties.

Theorem 2.4 The B-spline basis function Ni,k(t) satisfy the following
properties.

Positivity: Ni,k(t) > 0 for t ∈ (ti, ti+k+1).

Local Support: Ni,k(t) = 0 for t /∈ (ti, ti+k+1).

Piecewise Polynomial: Ni,k(t) are piecewise polynomial fuctions of
degree k.

Partition of Unity:
∑r

j=r−k Nj,k(t) = 1, for t ∈ [tr, tr+1).

Continuity: If the interior knot ti has multiplicity pi, then Ni,k(t) is
Ck−pi at t = ti. Ni,k(t) is C∞ elsewhere.

Proofs of these theorems can be found in [1].

Theorem 2.5 A B-spline curve B(t) =
∑n

i=0 biNi,d(t) of degree d defined
on the knot vector t0, . . . , tm satisfies the following properties.

Local Control: Each segment is determined by d + 1 control points.
If t ∈ [tr, tr+1)(d ≤ r ≤ m− d− 1), then

B(t) =
∑r

i=r−d biNi,d(t).
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Thus to evaluate B(t) it is sufficient to evaluate Nr−d, d(t), . . . , Nr,d(t).

Convex Hull: If t ∈ [tr, tr+1)(d ≤ r ≤ m− d− 1), then

B(t) = CH {br−d, . . . ,br}.

Continuity: If pi is the multiplicity of the breakpoint t = ui, then B(t)
is Cd−pi (or greater) at t = ui and C∞ elsewhere.

Invariance under Affine Transformations: Let T be an affine trans-
formation. Then

T (
∑n

i=0 biNi,d(t)) =
∑n

i=0 T (bi)Ni,d(t)
.

Proofs of these theorems can be found in [1].

Types of B-spline curve: B-spline curve is defined by knot vector, con-
trol points and degree. According to different input values there are various
types of B-spline curves, which are mentioned in following paragraphs.

Figure 2.4: Bezier curve
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Bezier curve The Bezier curve is a type of B-spline curve. In Bezier cuve
knot vector the first d values are equal, the same for the last d values and
the values in between are uniform (difference between two neighbour values
is the same). In the preceeding figure you can see Bezier curve.

Figure 2.5: Coonse curve

Coonse curve The Coonse curve is type of B-spline cubic curve where the
knot vector is uniform for all it’s values. So if the first d and last d values
are the same than it changes to Bezier curve. In the figure above you can
see Coonse curve.

2.2 The de Boor Algorithm

Evaluations of points on a B-spline curve can be performed using a method
known as the de Boor algorithm. The Boor algorithm follows from the re-
cursion property of the B-spline bassis functions

Ni,k(t) =
t− ti

ti+k − ti
Ni,k−1(t) +

ti+k+1 − t

ti+k+1 − ti+1

Ni+1,k−1(t). (2.6)

Suppose t ∈ [tr, tr+1). Then (2.6) implies

B(t) =
∑r

i=r−k biNi,k(t)

=
∑r

i=r−k bi
t−ti

ti+k−ti
Ni,k−1(t) +

∑r
i=r−k bi

ti+k+1−t
ti+k+1−ti+1

Ni+1,k−1(t).

(2.7)

16



Replacing i by i− 1 in the second sum gives

B(t) =
r∑

i=r−k

bi
t− ti

ti+k − ti
Ni,k−1(t) +

r+1∑

i=r−k+1

bi−1
ti+k − t

ti+k − ti
Ni,k−1(t), (2.8)

and since Nr+1,k−1(t) = Nr−k,k−1(t) = 0 on [tr, tr+1),

B(t) =
r∑

i=r−k+1

(
bi

t− ti
ti+k − ti

+ bi−1
ti+k − t

ti+k − ti

)
Ni,k−1(t). (2.9)

Let

b1
i (t) = bi−1

ti+k − t

ti+k − t
+ bi

t− ti
ti+k − ti

, (2.10)

for i = r−k +1, . . . , r. Note that b1
i (t) is dependent on the parameter value

t. In a similar manner, Ni,k−1(t) can be expressed in terms of the massis
functions of degree k − 2 and so on. For a curve of degree d, the result is a
recursive procedure

bj
i (t) = (1− αj

i (t))b
j−1
i−1 (t) + αj

i (t)b
j−1
i (t),

αj
i (t) = t−ti

ti+d−j+1−ti
,

(2.11)

for j = 1, . . . , r, where b0
j(t) = bj,b−1 = 0, and bm−d+1 = 0 (where 0

denotes (0, 0) for a plane curve and (0, 0, 0) for a spatial curve). The jth

step yields B(t) in terms of the basis functions of degree d− j (note bj
i is a

functon of t)

B(t) =
r∑

i=r−d+j

bj
iNi,d−j(t). (2.12)

Thus when j = d, the algorithm yields the point B(t) =
∑r

i=r bd
i Ni,0(t) = bd

r

on the curve.

To summarize, for a given parameter value t, the de Boor algorithm (2.11)
yields a triangular array of points such that bd

r = B(t).

b0
r−d b0

r−d+1 . . . . . . b0
r

b1
r−d+1 . . . . . . b1

r
... . . .

bd−1
r−1 bd−1

r

bd
r = B(t).
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The Boor algorithm can be applied to evaluate the B-splines such as in
following example.

Example 2.6 Consider the B-spline B(t) of degree d = 2 defined on the
knot vector t0 = 0, t1 = 1, t2 = 2, t3 = 3, t4 = 4, t5 = 5, t6 = 6, t7 = 7, and
with control points b0(3, 2),b1(7,−1),b2(5, 2),b3(4, 5),b4(2, 3). The curve
is defined on the interval [td, tm−d] = [2, 5]. There are three curve segments
defined on the sub-intervals [2, 3], [3, 4], and [4, 5]. For instance, to determine
the point B(t) if t = 3.6. And since 3.6 ∈ [3, 4) = [t3, t4), it follow that
r = 3. The first row of points is b0

1(7,−1),b0
2(5, 2),b0

3(4, 5),. The algorithm
with j = 1 . . . 2, i = (1 + j) . . . 3, yields

α1
2 = t−t2

t4−t2
= 3.6−2

4−2
= 0.8 α1

3 = t−t3
t5−t3

= 3.6−3
5−3

= 0.3,

α2
3 = t−t3

t4−t3
= 3.6−3

4−3
= 0.6,

b1
2 = (1− 0.8)(7,−1) + 0.8(5, 2) = (5.4, 1.4),

b1
3 = (1− 0.3)(5, 2) + 0.3(4, 5) = (4.7, 2.9),

b2
3 = (1− 0.6)(5.4, 1.4) + 0.6(4.7, 2.9) = (4.98, 2.3).

Hence the result is B(3.6) = (4.98, 2.3)

2.3 Non-uniform Rational B-splines

Rational B-spline curves are obtained form B-splines and they are generally
referred to as NURBS which stands for Non-Uniform Rational B-Splines.

Definition 2.7 The NURBS curve of degree d (order d + 1) with control
points b0, . . . ,bn, weights w0, . . . , wn, and knot vector t0, . . . , tm, is the curve
defined on the interval [a, b] = [td, tm−d] given by

B(t) =

∑n
i=0 wibiNi,d(t)∑n

i=0 wiNi,d(t)
, (2.13)

where Ni,d(t) are the B-spline basis functions defined on the specified knot
vector. The curve may also be written in the form

B(t) =
∑n

i=0 biRi,d(t)
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where

Ri,d(t) =
wiNi,d(t)∑n

j=0
wjNj,d(t)

,

are the rational B-spline basis functions.

Formula (2.13) can be derived by construction in projective space. For this
construction are used homogeneous coordinates. Let bi = (xi, yi, zi). Define
control points b̂i by

b̂i =

{
(wixi, wiyi, wizi, wi), if wi 6= 0
(xi, yi, zi, 0), if wi = 0

In homogeneous coordinates the NURBS curve has the form
B(t) =

∑n
i=0 b̂iNi,d(t)

More information can be obtained at [9].

Control Points and Weights: Weight addition allows for more control
over the shape of the curve without unduly raising the number of control
points. In particular, it adds conic sections like circles and ellipses to the
set of curves that can be represented exactly. By interpolating these control
vectors over the other dimension of the parameter space, a continuous set of
curves is obtained, defining the surface. More information about this topic
is available at in the computer graphics literature [16]. NURBS have very
similar properties to B-spline curves.

Theorem 2.7 A NURBS curve B(t) given by (2.13) satisfies the following
properties.

Local Control: Each segment is determined by d + 1control points. If
t ∈ [tr, tr+1)(d ≤ r ≤ m− d− 1) then

B(t) =
∑r

i=r−d
wibiNi,d(t)∑r

i=r−d
wiNi,d(t)

=
∑r

i=r−d biRi,d(t)

Convex Hull Property: If the weights wi are all positive and t ∈
[tr, tr+1) (d ≤ r ≤ m− d− 1) then B(t) ∈ CH{br−d, . . . ,br}.
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Continuity: If pi is the multiplicity of the breakpoint t = ui, then B(t)
is Cd−pi (or greater) at t = ui and C∞ elsewhere.

Invariance under Affine Transfomations: Let T be and affine trans-
formation. Then affine transformation of NURBS with control points bi is
also NURBS with control points T (bi)

T
(∑r

i=r−d
wibiNi,d(t)∑r

i=r−d
wiNi,d(t)

)
=

∑r

i=r−d
wiT (bi)Ni,d(t)∑r

i=r−d
wiNi,d(t)

.

Invariance under Projective Transformations: Central projection
of NURBS is NURBS as well just only the weights can differ from the orig-
inal NURBS. In homogeneous coordinates the projection can be defined as
follows. Let T be a projective transformation. Then

T
(∑n

i=0 b̂iNi,d(t)
)

=
∑n

i=0 T
(
b̂i

)
Ni,d(t)

where b̂i are the homogeneous control points.

Types of NURBS The difference in input datas between the B-spline
curve and rational B-spline curve is that B-spline curve is defined by control
points, knot vector, oder and rational B-spline curve is defined by the same
information and in the addition by weight for each control point. Due to
this input by the rational B-splines we can also expres all B-spline curves.
Bellow are a few types of rational B-spline curves.

Figure 2.6: Rational Bezier curve

Rational Bezier curve: For the rational Bezier curve are valid the same
conditions like for Bezier curve. I means that in the Bezier cuve knot vector
the first d values are equal, the same for the last d values and the values
in between are uniform. The difference is that in rational Bezier curve you
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can change weight in control points which was not possible in Bezier curve.
Moreover if you set all the weights of control points to 1, than the rational
Bezier curve is the Bezier curve which was defined earlier. In the following
figure you can see Bezier curve.

Figure 2.7: Nurbs circle with knot vector 0,0,0,0,1,2,3,4,5,5,5,5

Conic sections: With NURBS can be expressed for example also conic
sections, which can be seen in the picture 2.7.

2.4 Rational de Boor Algorithm

The rational Boor algorithm is obtained from the de Boor algorithm.The
rational de Boor algorithm is

αj
i = t−ti

ti+d−j+1−ti
,

wj
i = (1− αj

i )w
j−1
i−1 + αj

iw
j−1
i

wj
i b

j
i = (1− αj

i )w
j−1
i−1b

j−1
i−1 + αj

iw
j−1
i bj−1

i , for j > 0

(2.14)

for i = 0, . . . , d and j = r−d+ i, . . . , r. Finally we obrained that B(t) = bd
r .

In addition to point evaluation, the de Boor or rational de Boor algo-
rithms can be used to subdivide a B-spline or NURBS curve. Subdivisioin
is not only a means of splitting a curve, but also a way of creating extra
control points (and weights) in order to give additional freedoms for curve
design.

21



Chapter 3

B-spline surfaces

3.1 Introduction to B-spline surfaces

There are two types of curve surfaces that are commonly used in modeling
systems, parametric and implicit. Parametric surfaces are defined by a set
of three functions, one for each coordinate, as follows:

f(u, v) = (x(u, v), y(u, v), z(u, v)). (3.1)

where parameters u and v are in certain domain. For our purpose, we shall

Figure 3.1: Parametric surface
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assume both u and v are in some interval. Thus, (u, v) is a point in the
rectangle domain in the uv-coordinate plane. The figure above illustrates
this concept.

Implicit surfaces, on the other hand, are defined by a function of three
variables:

p(x, y, z) = 0 (3.2)

Similar to curves, if x(u, v), y(u, v) and z(u, v) are polynomials, paramet-
ric surfaces will not be able to represent many surfaces that are normally
described by implicit surfaces and vice versa.

In the following text will be focused on parametric surfaces. The usual
procedure for defining a spline surface is to specify two sets of spline curves
using a mesh of control points over some region of space. The mesh is called
control polygon. For spline surface definition is necessary also specify two
knot vectors, one for each set of spline curves.

B-spline surfaces are just a generalization of the concept of B-spline Each
control ’point’ is actually a full vector of control points, defining a curve.
These curves share their degree and the number of control points, and span
one dimension of the parameter space. By interpolating these control vectors
over the other dimension of the parameter space, a continuous set of curves
is obtained, defining the surface.

Definition: B-spline surfaces can be constructed with the following infor-
mation:

1. a set of m + 1 rows and n + 1 control points bi,j, where i = 0, . . . , n
and j = 0, . . . , nmath; aknotvectorofh + 1 knots in the u-direction,
U = u0, u1, . . . , uh;

2.3. a knot vector of k + 1 knots in the v-direction, V = v0, v1, . . . , vk;

4. the degree p in the u-direction; and

5. the degree q in the v-direction.

The B-spline surface defined by these information is the following parametric
formula:

b(u, v) =
m∑

i=0

n∑

j=0

Ni,p(u)Nj,q(v)bi,j (3.3)
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where Ni,p(u) and Nj,q(v) are B-spline basis functions of degree p and q,
respectively. Note that the fundamental identities, one for each direction,
must hold h = m+p+1 and k = n+q+1. The set of control points is usually
referred to as the control net and the range of u and v is 0 and 1. Hence, a B-
spline surface maps the rectangle (u0, uh)× (v0, vk) to a rectangular surface
patch.

Basis Functions: The coefficient of control point bi,j is the product of
two one-dimensional B-spline basis functions, one in the u-direction, Ni,p(u),
and the other in the v-direction, Nj,q(v). All of these products are two-
dimensional B-spline functions. The following figures show the basis func-
tions of control points b2,0,b2,1,b2,2,b2,3, b2,4 and b2,5.

Figure 3.2: Graphs of basis functions

The two-dimensional basis functions are shown as wireframe surfaces.
Since the control points are on the same row, the basis function in the u-
direction is fixed while the basis functions in the v-direction change. Since
B-spline basis functions are in general non-zero only on a few consecutive
knot spans (i.e., the local modification scheme), the two-dimensional B-spline
basis functions are non-zero on the product of two knot spans on which at
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least one one-dimensional basis function is non-zero. This fact is shown in
the above figures clearly.

3.2 Properties

Several important properties of B-spline surfaces are listed here. These prop-
erties can be proved easily by applying the same techniques used for B-spline
curves.

Nonnegativity: Ni,p(u)Nj,q(v) is nonnegative for all p, q, i, j and u and v
in the domain.

This is obvious.

Partition of Unity: The sum of all Ni,p(u)Nj,q(v) is 1 for all u and v in
the domain.

m∑

i=0

n∑

j=0

Ni,p(u)Nj,q(u) = 1 (3.4)

Strong Convex Hull Property: if (u, v) is in [ui, ui + 1)× [vj, vj + 1),
then b(u, v) lies in the convex hull defined by control points ph,k, where
i− p ≤ h ≤ i and j − q ≤ k ≤ j.

This strong convex hull property for B-spline surfaces follows directly
from the strong convex hull property for B-spline curves. As a result, the
surface patch defined on rectangle [ui, ui+1)× [vj, vj+1) lies completely in the
same convex hull.

More about the convex hull property on B-spline surface is shown in the
applet. It can be can be examined that for arbitrary control point position
the surfaces follows this property.

Local Modification Scheme: Ni,p(u)Nj,q(v) is zero if (u, v) is outside of
the rectangle [ui, ui+p+1)× [vj, vj+q+1).

From the local modification scheme property, we know that in the u-
direction Ni,p(u) is non-zero on [ui, ui+p+1) and zero elsewhere. The local
modification scheme property of B-spline surfaces follows directly from the
curve case. If control point b3,2 is moved to a new location, the following
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Figure 3.3: Figure which shows that B-spline surface lies in convex hull.

figures show that only the neighboring area on the surface of the moved
control point changes shape and elsewhere is unchanged.

Figure 3.4: Demonstration of local modification scheme property

Continuity: When dealing with parametric continuity of surface we in-

vestigate the continuity of partial derivatives ∂ b(u,v)
∂u

and ∂ b(u,v)
∂v

. In the
geometric context we speak about continuity along iso-parametric lines.
b(u0, v),b(u, v0) for constant u0 and v0. Especially tangent plane and cur-
vature continuity play an important role in CAGD. More information are
described in following book [10]. Parametric continuity order of B-spline
surface at (3.3) along it’s iso-parametric line b(u0, v) is given by p− 1, anal-
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ogously b(u, v0) is given by q − 1. As a consequence we obtain that if knot
value u0 has multiplicity p + 1 and v0 . . . q + 1, then the point b(u0, v0) lays
on the surface.

Figure 3.5: In this figure is shown, that p (p- degree along x-axis) number
of points according x-axis and q (q- degree along y-axis) number of point
according to y axis have the same coordinates, than the point lays on the
surface

• Try to move control points that another of the control points in the
inner part of polygon lies on the surface.

• Move control points such that a control point polygon line which con-
nects two neighbour control points lies on the surface and explain the
result.

Affine Invariance: This means that to apply an affine transformation to
a B-spline surface one can apply the transformation to all control points and
the surface defined by the transformed control points is identical to the one
obtained by applying the same transformation to the surface’s equation.

If it‘s supposed that the weights of control points is nonnegative than
the same properties are valid for rational B-spline surfaces. More details
concerning the B-spline properties are described in other literature [5] .

Multiplication of knot vector: The individual knot values are not meanig-
ful by themselves, only the ratios of the difference between the knot values
matter. So if the knot vector is multiplied by an non zero number, then the
result will be the same. As shown in following figure.
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Figure 3.6: In this figure are shown two B-spline surfaces with the differ-
ent knot values. The X and Y knot vector values of the fist picture are
(0, 0, 0, 0.333, 0.666, 1, 1, 1) and second picture has the double values of the
knot vectors (0, 0, 0, 0.666, 1.222, 2, 2, 2).

Bezier surface: Bezier surface is a special case of B-Spline surface.
The knot vectors must be uniformly defined, and the first d (d -degree) ele-
ments must be equal and the same for the last d-values of knot vector. The
points of control point polygon have to be different from each other and
can be arbitrary placed. The example of Bezier surface is on the following
picture.

There is Bezier and also B-spline java applet. So that it‘s possible to try
mentioned information and see it visualy or obtain another ones.

3.3 De Boor‘s algorithm

De Boor‘s algorithm for B-spline curves is very similar to de Boor’s algorithm
for B-spline surface. And its modification for NURBS surfaces is only a small
step away.If the equation of a B-spline surface is rewritten as follows:

b(u, v) =
m∑

i=0

Ni,p(u)




n∑

j=0

Nj,q(v)bi,j


 , (3.5)

then for a fixed i, the curve in the parenthesis is simply a B-spline curve
defined by the control points on row i. To simplify our discussion, let qi(v)
be defined as follows:
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qi(v) =
n∑

j=0

Nj,q(u)bi,j. (3.6)

Therefore, qi(v) is a point corresponding to v on the B-spline curve defined
by the control points of row i. If v is in knot span [vd, vd+1), then only q + 1
control points on row i are involved in the computation of qi(v), where q is
the degree of Nj,q(v). These control points are bi,d,bi,d−1, . . . ,bi,d−q, if v is
not equal to vd. Otherwise, if v is equal to vd, a knot of multiplicity t, then
the involved control points are bi,d−t,bi,d−t−1, . . . ,bi,d−q. Therefore, using
the control points from column d− q to column d− t, where t is zero if v is
not a knot, we can apply de Boor’s algorithm to each row to obtain m + 1
new points q0(v),q1(v), . . . ,qm(v). This is shown in the following diagram.

Figure 3.7: Diagram with control points.

Plugging these new points back into the surface equation we have the
following

b(u, v) =
n∑

j=0

Nj,p(u)qi(v) (3.7)

Therefore, b(u, v) is a point on the B-spline curve defined by q0(v),q1(v), . . . ,
qm(v). As a result, to find b(u, v), what we need to do is to find the point
on this curve that corresponds to u. Hence, de Boor’s algorithm can be
used again for this purpose. Let u be in knot span [uc, uc+1). From the
local modification property, only p + 1 control points will participate the
computation, where p is the degree of the B-spline curve. Thus, if u is
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Figure 3.8: Diagram with control points

not equal to uc, the involved points are qc(v),qc−1(v), . . . ,qc−p(v). Oth-
erwise, if u is equal to uc, a knot of multiplicity s, the involved points are
qc−s(v),qc−s−1(v), . . . ,qc−p(v). Based on this observation, even though each
row of control points can produce a qi(v), not all of them are needed. In
fact, only p + 1 rows are needed. This is illustrated by the diagram above:

In summary, given u in [uc, uc+1) and v in [vd, vd+1),b(u, v), for row i in
the range of c− p and c− s, applying de Boor’s algorithm to control points
bi,d−q,bi,d−q+1, . . . ,bi,d−t yields a new point qi(v). Then, apply de Boor’s
algorithm to qc−p(v),qc−p+1(v), . . . ,qc−s(v) and the result is b(u, v)

The following summarizes this finding:

Input: a set of m + 1 rows and n + 1 columns of control points, knot
vectors in the u- and v-directions and (u, v);

Output: point on the surface b(u, v)

Algorithm:

30



Let u be in [uc, uc+1);
Let v be in [vd, vd+1);
If u is not equal to uc, let s be zero;

otherwise, let s be the multiplicity of uc;
If v is not equal to vd, let t be zero;

otherwise, let t be the multiplicity of vd;
for i := c− p to c− s do

begin
Apply de Boor’s algorithm to control points bi,d−q,bi,d−q+1, . . . ,bi,d−t

with respect to v;
Let the result be qi(v);

end

Apply de Boor’s algorithm to points qc−p(v),qc−p+1(v), . . . ,qc−s(v)
with respect to u;
The point obtained is b(u, v);

The following figure shows an example. This B-spline surface is defined by
5×5 control points and knot vector (in both directions) {0, 0, 0, 0, 0.5, 1, 1, 1, 1}.
Thus, the degree in both directions is 3.

In this figure, both u and v are not knots and u is less than 0.5 while
v is larger than 0.5. For this v, since it is in [0.5, 1), only control points
bi,1,bi,2,bi,3 and bi,4 are involved in de Boor’s algorithm computation. Since
u is in [0, 0.5), in the u-direction, only row 0, row 1, row 2 and row 3 are
used. In the figure, the red polylines are for computing qi(v)′s, while the
only blue polyline is for determining the point (red sphere) on the surface.

3.4 Introduction to Rational B-spline surfaces

The usual procedure for defining a racional B-spline surface is very similar
to B-spline surface. It‘s necessary to specify two sets of spline curves using a
mesh of control points over some region of space. and also two knot vectors,
one for each set of spline curves. The difference is that for each control
point must be also specified weight, which is the same parameter like in
the section of rational B-spline curves. Moreover further on is mentioned
NURBS surface which is closely related to NURBS curves.
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Figure 3.9: Boor algorithm

Definition: Rational B-spline surfaces can be constructed with the follow-
ing information:

1. a set of m+1 rows and n+1 control points bi,j, where i = 0 . . .m and
j = 0 . . . n;

2. a knot vector of h + 1 knots in the u-direction, U = u0, u1, . . . ., uh;

3. a knot vector of k + 1 knots in the v-direction, V = v0, v1, . . . ., vk;

4. the degree p in the u-direction;

5. the degree q in the v-direction; and

6. a set of m + 1 rows and n + 1 weights of control points wi,j, where
i = 0 . . .m and j = 0 . . . n;

the B-spline surface defined by these information is the following:

bu,v =
m∑

i=0

n∑

j=0

Ni,p(u)Nj,q(v)bi,j. (3.8)
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The rational B-spline surface is defined in a similar manner the as B-
spline:

b(u, v) =

∑m
i=0

∑n
j=0 Ni,p(u)Nj,q(v)wi,jbi,j∑m

i=0

∑n
j=0 Ni,p(u)Nj,q(v)wi,j

(3.9)

where Ni,p(u) and Nj,q(v) are B-spline basis functions of degree p and q,
respectively. Note that the fundamental identities, one for each direction,
must hold: h = m + p + 1 and k = n + q + 1. Therefore, a B-spline surface is
another example of tensor product surfaces. As in Bézier surfaces, the set of
control points is usually referred to as the control net and the range of u and
v is 0 and 1. Hence, a B-spline surface maps the unit square to a rectangular
surface patch.

Note: The basis functions satisfies the same requirements, conditions and
properties as in the B-spline surfaces. In addition the same which was men-
tioned about basis fucntions in B-spline sufrace part is also valid in this
case.

3.5 Properties

The Rational B-spline curves have the same properties as B-spline curve.
Due to this fact the additional properties are mentioned.

Figure 3.10: In the first picture the pink control point has zero weight, in
the second it‘s weight is equal to one and in the last one to five.
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Weight: This parameter is closely related to weight in B-spline curves.
The weight parameter is shown in figure 3.10. For example the weight for

Figure 3.11: a quater of cylinder

quater of cylinder which is in picture 3.11:

W =

(
1

√
2

2
1

1
√

2
2

1

)

According to this information try to deduce the position of control points
and weights for quater of cone.

Figure 3.12: NURBS and its control point polygon.

The picture 3.12 represents the control point polygon of the Nurbs
Here at figure 3.13 are the coordinates and weight of the control points

in the polygon.
According to show information try to deduce how would be the coordi-

nates and weights of one eight of the sphere.

Various types of surfaces The surfaces which are mentioned below are
special cases of rational B-Spline surface.
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Figure 3.13: formulas of preceeding control polygon mesh.

Rational Bezier surface: Demands similar parameters such as Bezier
surface. It means uniform knot vectors with d(degree) values equal at the
begining and d values equal in the end. Also the the control points have
to be different from each other. The difference between Bezier and rational
Bezier surface is the weight parameter, which can be arbitrary nonnegative
number. If the weight parameter is set to 1 for every control point, then the
rational Bezier surfaces is Bezier surface.

For obtain additional information or try the mentioned ones there are
also these sufraces are implemented in java applet.

3.6 Rational de Boor algorithm

Once we know how to do Boor algorithm,the rational de Boor’s algorithm is
not far away. We just multiply every control point by its weight, converting
the NURBS curve to a 4D B-spline curve,perform de Boor’s algorithm on
this 4D B-spline curve, and then project the resulting curve back to 3D by
dividing the first three components with the fourth and keeping the fourth
component as its new weight.
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Chapter 4

Conclusion

The project contains 5 parts, 4 which were demanded in specification (educa-
tional text, java applet, user documentation, programmers documentation)
and the last one added is java doc.

The theory text is an extract from accessible computer graphics materials
which are mentioned in bibliography. It‘s aimed for students of informatics,
students of mathematical teaching and for every user who has the basic
knowledge of linear algebra. The text includes also systematically ordered
figures and exercises which demonstrates the theory on the graphical sur-
faces at java applet. So that the user can understand the problematics more
clearly and receive more comprehensible information.

The applet is interactive and the surface is three dimensional with respect
to three dimensional object manipulation behavior. It‘s visual representation
helps to understand the B-spline surface topic in a great immense. More-
over the applet was tested at several students and their suggestions were
considered in the java applet functionality and it received very good evalua-
tions. There is also payed attention that the applet is easy to use and during
the testing it obtained also very good evaluation in this area and despite it
there is the user documentation attached to the project. In the java project
is also added a subdivision applet, which wasn‘t demanded in specification
and shows it‘s future developing direction.

The project contains all demanded request in specification with the ex-
ception of web application. The web application wasn‘t created because of
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unstable software environment. Precisely the applet caused internal java er-
rors which led to unstable web application and even few times to unstable
Windows events.

In future works it would be the main focus on giving the applet on
web and developing interactive internet education web site, which would
be aimed for the same group of users. The web applet variety would be
enlarged about subdivision and subdivision educational text. And also the
future works would focus to develop user interface so that user can observe
and change more parameters.
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