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Abstract 

This thesis focuses on two methods for optimum portfolio selection. We 
compare Mean-Variance method with Mean-VaR method by the means of 
investment simulation, based on Czech financial market data from turbulent 
market periods of the year 2007 and the year 2008. We theoretically describe 
various approaches of optimum portfolio selection within a frame of Mean-
Variance as well as Mean-VaR method. Furthermore, we highlight the 
similarities and differences of both strategies. Finally, we compare both 
strategies, basing on measurements of relative and absolute profitability of both 
strategies in crisis periods.    

 

 

Abstrakt 

Bakalárska práca je zameraná na dve metódy slúžiace k výberu optimálneho 
portfólia cenných papierov. Porovnáva metódu Mean-Variance s metódou 
Mean-VaR za pomoci investičných simulací, vychádzajúcich z údajov českého 
finančného trhu z rokov 2007 a 2008. Teoreticky popisuje rôzne prístupy k 
hľadaniu optimálneho portfólia v rámci oboch metód. Ďalej sa snaží poukázať 
na podobnosti a rozdiely oboch stratégii. Na záver, ponúka porovnanie oboch 
stratégii založené na meraní relatívnej a absolútnej ziskovosti oboch strategí v 
krízových periódach. 
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1 Introduction 

Introduction 

 Since Markowitz firstly proposed the paper “Portfolio Selection” in 1952 and herewith 

set crucial cornerstones of modern financial economics, many upgrades and specifications of 

Mean-Variance theory has been developed. In this paper, we intent to put two models for 

optimum portfolio selection in direct confrontation. Not only two portfolio selection 

methods will be described in detail by highlighting their advantages and disadvantages, but 

also transformation of portfolio selection methods into investment strategy simulations will 

take place in this paper, in order to compare both methods directly using real historical data 

from Czech environment. 

  We decided to compare the original method introduced by Markowitz – Mean -

Variance theory with method using modern approach to risk measure – Mean-VaR. There 

have been a lot of papers comparing these two approaches, indeed (e.g. Baptista and 

Gordon [2002], Campbell et al. [2001]). Still, in comparison to mentioned papers, the focus is 

on testing these strategies in the environment with different parameters (e.g. “young” stock 

market in the periods influenced by 2008 Financial crisis). 

 The first chapter clarifies the theoretical background needed for understanding of 

concepts used in this paper. More specifically, model’s assumptions and environment will be 

introduced in the first part of the chapter. Subsequently, both Mean-Variance and Mean-

VaR framework will be described and finally, representative models of both frameworks will 

be presented. 

 Chapter 2 is designed for introduction of data sample. First of all, the thesis will 

present the environment from which the data were obtained – Prague Stock Exchange (PSE). 

In the next subchapter, performance benchmark index (PX index) will be discussed (as a 

representative of PSE development). Finally, both risky and riskless securities will be 

introduced. 

 Main notion of Chapter 3 is the results reporting. Before the actual results are 

reported, short discussion on normality of returns will be offered, which will lead us to the 

formulation of hypothesis of this paper.  

The main conclusion is that Mean-VaR appears to be safer and more profitable 

portfolio selection strategy. Thus, it seems to be more appropriate strategy for investments 

on PSE in turbulent market periods. Nevertheless, the last subchapter will provide deeper 

analysis of the results from the simulations and consecutively accept or reject the 

hypothesis.1 

  

                                                           
1
 The computations related to the Chapter 3 were done using mathematical and statistical software, such as 

MS Excel (Solver add-in, VBA), Gretl and Matlab. 



 
2 1. Theoretical Part 

   

1. Theoretical Part 

 In this chapter, the theoretical background will be presented as it is needed for 
understanding of algorithms used in empirical part of this paper. Two methods for single 
period optimum portfolio selection will be presented, namely Mean-Variance and Mean-
VaR. Both of them are trying to offer a solution for a problem of finding portfolio with 
optimum profit-risk trade-off. 

Mean-Variance theory was founded by Markowitz [1952]. Markowitz introduced the 
theory for finding optimum portfolio of risky assets, based on presumption that distribution 
of portfolio returns is normal and thus can be successfully described by two moments – 
mean and variance. Mean – Variance theory was further developed by Sharpe (e.g. Sharpe 
[1966], [1994], [2000]) and extended to the theory of optimum portfolio selection to the 
whole market (macro) perspective. Sharpe [1964] invented Capital Asset Pricing Model 
(CAPM), which is still used by practitioners and serves as a cornerstone for a variety of 
portfolio selection computer optimizers.2 Sharpe [1966] was focused on development of 
hedge fund model, which determinates a portfolio with highest reward-to-variability ratio. 
Generally speaking, he developed a theoretical concept for picking the portfolio which yields 
the highest return over the unit of risk. We will describe this method in more detail, since we 
used it in our simulations as representative of Mean-Variance framework. 

 After proposal of Mean-Variance theory, the question about suitability of variance as 
a risk parameter was raised (e.g. Markowitz [1991], Campbell et al. [2001]). Since variance is 
symmetrical, it does not consider the direction of the price movement. Thus, optimizing the 
variance can prevent us from losses in same manner as from gains. Moreover, Roll [1977, 
1978, and 1979] firstly pointed out other weaknesses of the theory. This evidence forced 
academics to search for more appropriate risk measures. For instance, Markowitz [1991], 
Fishburn [1977], Bawa [1977] proposed mean-lower partial moment approach, Yitzhaki 
[1982]; Shalit, Yitzhaki [1984] proposed mean-Gini portfolio selection model, Konno and 
Yamazaki [1991] proposed Mean- Absolute Deviation (MAD) approach, Uryasev [2000] 
Mean-VaR (Mean-CVaR) type models, etc.  

 According to Jorion [2002], “In contrast with traditional risk measures, VaR provides 

an aggregate view of a portfolio’s risk that accounts for leverage, correlations, and current 

current positions. As a result, it is a truly a forward-looking risk measure”. As long as we 
presume that portfolio returns of our data sample are not normally distributed (proofs and 
tests will be provided) and simultaneously agree with the restrictive character of the 
variance as a risk parameter, we have chosen Mean-VaR method to be the “counterpart 
strategy” to the Mean-Variance in this paper.  

 Mean-VaR strategy uses VaR as a parameter of risk instead of variance.3 Concept of 
Mean-Variance was proposed by Campbell, et al. [2001]. Although this concept perfectly 
fitted Arzac’s and Bawa’s [1977] “Portfolio choice with safety-first investors” framework, 
complications occurred on technical side of the problem. Artzner et al. [1999] pointed out 
the non-coherency of VaR. This would make the process of finding minimum of the VaR 

                                                           
2
 Sharpe [1964]. 

3
 Deeper and more accurate definition of VaR will be provided. 
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function extremely difficult. Because of that, we worked with more “user-friendly” Mean-
CVaR approach developed by Uryasev [2000]. 

The outline of this chapter will continue by framework part, where we will explain 
the basic notions of environment in which we simulate agent’s process of investing. Within a 
frame of this subchapter, we create an environment consisting of particles and assumptions 
which will be needed in further explanations of both Mean-Variance and Mean-VaR 
concepts. Then finally, in the next two subchapters we will explain Mean-Variance and 
Mean-VaR approaches with all the essential components of chapter 3 which deals with 
simulation itself. 

1.1. Framework 

� Financial Assets and their returns 

In this work, we will focus on assets in finance, specifically on risky and risk-free assets. 

 By risky asset we mean any asset of which the future rate of return is not certain. 
There are several kinds of risky assets, differing mainly in liquidity, term to maturity, credit 
rating, type of issuer etc. In this paper, we will work with one of the most liquid financial 
assets (securities) within a frame of the Czech financial market – stocks.4  

Naturally, by risk-free asset is meant an asset about which the future value and 
consequently rate of return one can be sure of. 

The return of an asset is defined as change in price of an asset within a certain period 
Δt. There are two ways how to calculate rate of return: 

• Discretely compounded returns:      
, 1 ,

, 1
,

( )i t i t
i t

i t

P P
r

P
+

+

−
=  

• Continuously compounded returns: 
, 1

, 1 10
,

log i t
i t

i t

P
r

P
+

+ =
 
  
 

 

Where Pi,t  means price of asset i in time t. 

According to Jorion [2002], continuously compounded returns are more convenient 
for use. The reason is twofold: 

• “If geometric (continuously compounded) returns are distributed normally, then 

distribution can never lead to a price that is negative.” 

• “The second advantage of geometric returns is that they easily allow extensions 

into multiple periods. For example, consider the return over 2-month period. The 

geometric return can be decomposed as  

Rt,2=ln(Pt/Pt-2)=ln(Pt/Pt-1)+ ln(Pt-1/Pt-2)= Rt-1 +Rt .” 

Because of more convenient attributes of continuously compounded returns, we will 
use continuously compounded returns in this thesis. 

 

 

                                                           
4
 For describtion of particular stocks which were used in this paper, see section data sample. 
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� Environment 

 Let us have n risky assets- x1,….,xn and one risk-free asset - xf. Our goal is to find the 
optimum portfolio – optimum combination of risky and risk-free assets. Broadly speaking, 
optimum portfolio is the one which best suits our desires.5  

 By portfolio weights – w1,….,wn, we define the fraction of security i in the whole 
portfolio, such that:  

 

1

, 1,...., : i
i n

j
j

q
i j n w

q
=

∀ ∈ =
∑

            ,  

where qi is the quantity of security i in the portfolio. 

 Directly from this definition we can arrive to the conclusion, that all portfolio weights 
must sum up to 1, i.e.:                

 
1

1
n

i
i

w
=

=∑  

 In the next subchapter, we list the assumptions needed for constructing the whole 

background theory as well as those which will help us in empirical part. 

1.2. Assumptions 

� Transaction Costs 

 Throughout the whole process of describing theoretical base of our approach as well 
as simulating both strategies, we will assume that there are no transaction costs, when 
buying or selling risky securities. This is a great simplification in comparison to the “real 
world” conditions, but it gives us the opportunity to avoid inaccurate estimates of an ex ante 
transaction cost.6 Relaxing transaction costs assumption allows us to focus more on the 
efficiency of the strategy. Despite the fact that this assumption is somehow simplistic, it is on 
the other hand in accordance with majority papers dealing with similar topic.   

� No Short Sales 

 We will presume that no short sales are allowed when optimal portfolio is being 
formed. This means that all weights of portfolio instruments must not be negative: 

 : 0, 1....i iw P w i n∀ ∈ ≥ ∀ = , 

where wi means weight in portfolio P of instrument i. 

� Liquidity and Divisibility of the Securities 

We assume that the securities are liquid and perfectly dividable (i.e. number of 
securities can be denoted in real numbers, not only integers). 

 

 

                                                           
5
 Deeper analysis and more accurate definition of optimum portfolio will be provided in following text. 

6
 They could be dependent on different factors, e.g. costs connected with a dealer, internet, trade sizes etc. 
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� Risky Assets are not Perfectly Correlated 

This is rather redundant assumption, which is not usually included in Mean-Variance 
assumptions in other papers (Sharpe [2000], Markowitz [1991]). Even if Mean-Variance 
framework would not collapse without it, it is essential and not “reality distorting” 
assumption. The reason to establish it is that the Mean-Variance efficient frontier is then 
rounded (i.e. without kinks and linear lines). This will be helpful in finding unique 
combination of risky securities by the means of performance ratio maximization.7 

� Risk-free Asset is Uncorrelated with Risky Assets. 

 Again, this is not a large simplification of reality. It is generally assumed (see for 
instance Sharpe [2000]), that return of risk-free asset (e.g. state bonds) is unaffected by the 
price development of risky assets (e.g. stocks).Thus, we can write: 

 cov( , ) 0, {1,...., }i fr r i n= ∀ ∈ . 

1.3. Markowitz’s Mean-Variance Framework 

One of strategies explained in this text, will be based on classical Mean-Variance 
theory, firstly proposed by Markowitz [1952]. The main idea of his pioneer work is that the 
distribution of portfolio returns can be sufficiently described by two moments – their means 
and variances. 

Let us consider that we want to invest in n risky assets, x1,…., xn as defined before. 
We have at hand historical data of returns for each asset and K periods. We denote these 
returns ri,j ,which is return of asset i in period j. For the sake of lucidity, we will use returns in 

vector format, i.e. 1 2[ , ,...., ]Ti i ikr r r=r i . We want to find optimum portfolio from these assets 

and hold this portfolio for next period. What will be the portfolio return and the risk of the 
portfolio then?  

�  Portfolio Return 

Denote by w the vector of portfolio weights and E(r) the vector of expected returns of 
portfolio instruments,  

 1 2 1 2[ , ,.... ] ; [ ( ), ( ),...., ( )]T T
n nw w w E r E r E r= =w E(r) , 

where  
,

1( ) , {1,..., }, {1,...., },

k

i j
j

i i

r

E r r i n j k K
K

== = ∀ ∈ ∀ ∈ ∈
∑

ℕ
8, j denotes the period of time in 

past and K is the total number of past periods concerned. 

Then the expected return (reward) of the portfolio P is: 9          ( ) T
pr w = w E(r)  

 

 

                                                           
7
 Terms like efficient frontier, performance ratio will be explained in later chapters. 

8
 Obviously this holds under assumption of normality, when arithmetic mean is unbiased estimate of expected 

value of random variable. 
9
 Portfolio return is in percentage terms. 
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� Portfolio Risk 

By portfolio risk we define the variance of portfolio return. Let Σia be the covariance 
between returns on portfolio instrument a and i:  

 ( ): ( ) ( ) , , {1,..., }, {1,..., }ia ij i aj ar r r r i a n j kΣ = Ε − ⋅ − ∀ ∈ ∀ ∈ , 

Then variance-covariance matrix Σ is defined as:    

 

11 1 1

1

1

.. ..

: .. .. .. :

..

: .. .. . :

.. .. ..

i n

a ai ii an

n nn

Σ Σ Σ 
 
 
 = Σ Σ Σ Σ
 
 
 Σ Σ 

Σ ; 

 

where ia aiΣ = Σ . 

Then the variance of the portfolio can be computed as: 

 variance ( ) T
p w = w Σw . 

Since the portfolio risk is the square of above mentioned relation, we can write: 

 ( ) T
p wρ = w Σw , where ρ denotes risk. 

Entire concept of Mean-Variance Analysis is heavily dependent on presumption of 
normal distribution of returns.  There have been a lot of doubts about this assumption. Fama 
[1965] empirically tested distribution of price changes (Standard and Poor Industrials, Dow-
Jones Industrials) and tended to Mandelbrot hypothesis, which states, that “empirical 

distributions of price changes conform better to stable Paretian distributions with 

characteristic exponents less than 2 than to normal distribution…”.10  

Herewith, we succeeded in the introduction of Mean-Variance fundamentals. Only 
now we are able to explain various kinds of portfolio optimization algorithms which are 
dependent on knowledge of previously mentioned terms. 

1.3.1. Different Approaches for Portfolio Optimization 

Even in Mean-Variance framework, there are different approaches when it comes to 
searching for optimum portfolio of risky asset. In the following lines we will introduce three 
different approaches, based either on desired expected return and risk or on finding the 
portfolio with highest reward-to-risk ratio. 

� Optimum Portfolio for Particular Rate of Return 

 When investor wants to construct a portfolio which yields a particular rate of return 
and simultaneously minimize the portfolio risk, he is facing a linear programming problem in 
a form: 

                                                           
10

 See Fama [1965], page 89. 
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Risk 

Efficient Frontier (Optimal portfolios 

should lie on this curve) 

Portfolios above this curve are 

impossible to attain 

Portfolios below curve are inefficient 

Return 

 
min   

. .    ( )  w 0 1

T

T
p is t r w µ≥ ∧ ≥ ∧ =
w Σw

w e
 (0.1) 

where e is column vector of ones, i.e. [1,1,....,1]T=e , and μ is desired rate of return.  

Even though we minimize variance of portfolio, risk is being minimized as well, since 
linear transformation of the function does not change point of global minimum.11 After this 
minimization process we obtain a unique rp-ρp pair. 

� Efficient Frontier 

By varying μ we obtain different values of minimized variance. Thus, we would find 
different rp-ρp pairs. By plotting these points into rp-ρp plot, we arrive to the mean-variance 
efficient frontier, depicted in Figure 1. Efficient frontier is then: “A line created from the risk-
reward graph, comprised of optimal portfolios“. 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: Efficient Frontier 

Source: Sharpe [2000] 

All portfolios lying on the efficient frontier are efficient in sense of none existence of 
any portfolio generating higher expected return and same variance. Thus, every portfolio 
below the curve can be substituted by either portfolio with higher expected return and same 
variance or by one with lower variance and same expected return, or both, higher expected 
return and lower variance.  

� Optimum Portfolio for Particular Risk Rate 

 Another approach for finding optimum portfolio of risky assets is to set a desired 
level of portfolio risk and find a combination of securities, which maximize expected return. 
This process can be once again formulated in terms of linear programming problem, as: 

                                                           
11

 For properties of portfolio variance function and proof of uniqueness of global minimum see Markowitz 

[1991]. 
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max  ( )

.    0 1

        

p

T T
i

r w

s t wσ≤ ∧ ≥ ∧ = w Σw w e ; (0.2) 

where σ is level of portfolio variance, which should not be exceeded. 

Similarly to the first approach, we will arrive to efficient frontier by changing the 
value of σ. Moreover, it has been proved by Palmquist and Uryasev [2002], that by these 
optimization approaches we will arrive to the same results.12 Thus, we obtain the identical 
efficient frontier in both cases.  

� Optimum Portfolio Dependent on Risk Aversion Parameter 

Yet, there is still a third way how to arrive to the efficient frontier. 

We can consider a problem proposed by Sharpe [2000]: 

 

min  

. .        0

            1

T T

i

T

s t w

λ− ⋅ +
≥

=

E(r) w w Σw

w e

; (0.3) 

where λ is risk aversion parameter. By varying λ one can arrive to the same efficient frontier 

as in two previous cases. 

Which portfolio is the best among those lying on the efficient frontier? 

  As explained before, efficient frontier depicts the trade-off between expected return 
of the portfolio and portfolio risk. Now the question is, how can we choose one portfolio, i.e. 
one rp-ρp combination, which dominates the rest, in sense of the best fulfilment of the 
desires of an economic agent? Obviously, the utility maximization is a straightforward 
answer to this question. Concept of utility maximization in finance was presented by Levy 
and Markowitz [1979]. By and large, agent chooses the best portfolio from the efficient set 
by maximizing his utility function. For the sake of simplicity, we leave aside the formal 
presentation of the problem.13 In next few lines, unlike to the substantial part of the thesis, 
we will pay more attention to the geometrical presentation of the problem. Problem was 
similarly presented by Sharpe [2000]. Let us assume that agent A has already constructed an 
efficient set of portfolios and he is aware of his utility function. Then, the portfolio which 
maximizes his utility is the one which attains the highest indifference (utility) curve - I1.14 

                                                           
12

 Theorem 3. 
13

 For formal side of the problem see for example Kroll,Levy,Markowitz [1984], page 49. 
14

 By efficient set in this text we mean efficient frontier, i.e. set of all mean-variance efficient portfolios. 
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Source: Sharpe [2000] 

  

From the Figure 2 is obvious, that rp
*- ρp

* is the combination which maximizes agent A’s 
utility. 

 This approach would successfully lead us to the unique optimum portfolio, but we 
need to be aware of the utility function of the agent. As long as we want to apply the 
approach described in theoretical part to the following empirical part and stay as “realistic” 
as possible, we need to follow another approach. This approach should rather rely on “risk-
to-reward” basis, than on the assumption of known and formally describable utility function. 

� Optimum Portfolio with Highest Performance Ratio 

Before we move to the fourth approach of picking the optimum portfolio of risky 
assets, we have to introduce last fundamental particle of this method, which have not been 
mentioned yet. 

� Risk-free Asset 

 As mentioned in the framework part, by risk asset we define an asset with certain 
future rate of return. Cash or government bonds are typically presented as risk-free assets in 
financial literature. We will denote this asset with subscript f. Cash (or bank account) will be 
used in empirical part of this paper.15 

 Now we are able to introduce the last method, which is the maximization of 
performance ratio.16 Performance ratio is usually ratio between expected return of a 
portfolio and its risk. More formally, it has following form: 

 
( )

( ) :
( )

T

T
PR w

µ
ρ

= w E(r)
w Σw

; 

where μ(.) is expected return of a portfolio and ρ(.) is portfolio risk. 

                                                           
15

 More detailed description will be provided in chapter Data Sample. 
16

 Indeed, the one we made use of. 

ρp 

I0 

I1 

I2 

Efficient frontier 

rp 

ρp
* 

rp
* 

Figure 2: Optimum portfolio 
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 Sharpe [1966, 1994] firstly proposed performance ratio called reward-to-variability 
ratio.17 Sharpe ratio is designed for mean-variance framework, so it perfectly fits our 
demands. Now let us define Sharpe ratio as in Sharpe [1994]: 18 

 
( )

( ) : p f

d d

r w rd
SR w

σ σ
−

= = ; 

where d-bar is “expected differential return”, i.e. the difference between expected return of 

the portfolio combined from risky assets and expected risk-free return. σd is expected 

standard deviation of d.19 

In this step, it is essential to make a use of assumption about uncorrelated risk-free 
asset to risky. This assumption simplifies the above mentioned relation in a way that the 
expected standard deviation of d can be changed for standard deviation of risky portfolio – 

σp. To prove it, let us consider portfolio d composed only from one risky (asset 1) and one 

risk-free asset (asset 2).20 Since the standard deviation of the portfolio d is a square root of 

its variance and variance of d is: 

2 2 2 2 2
1 1 2 2 1 2 1 12 (1, 2)d w w w w corrσ σ σ σ σ= + + ⋅ ⋅ 21 

Since variance of risk-less asset is 0 (sure-thing) and covariance between risky and 

risk-free asset is 0, then we can write: 2 2 2
1 1 1 1d dw wσ σ σ σ= ⇒ =  22 

Finally, Sharpe ratio more convenient for our purposes will be in form: 

( )
( ) : p f

p p

r w r
SR w

w σ
−

= , where wp is the weight of risky part of the portfolio. 

In the next section, we will explain the whole process of creating optimum portfolio 
based on Sharpe ratio maximisation.  

The Approach 

One of two methods used in the empirical part of this text is based on Sharpe ratio 
maximization and will be executed in two stages. 

� First Stage 

By SR(w) maximization, we will obtain unique efficient portfolio of risky asset which 
yields the highest expected return per unit of risk. This is possible since we know the risk-
free rate of return. Moreover, risk-free rate of return has to be lower than expected return 
of some attainable combination of risky asset, in order to obtain relevant results (i.e. 
investment under uncertainty is wise only in case that expected return is higher than return 

                                                           
17

 Reward-to-variability is original name of this ratio, but nowadays term “Sharpe Ratio” is used more 

frequently in research papers.   
18

 In this paper we will work with Ex ante Sharpe ratio. 
19

 See Sharpe [1994]. 
20

 As risky asset we can consider risky portfolio, e.g. combination of risky asset. 
21

 For more detailed derivation see sharpe [2000]. 
22

Covariance can be defined as : cov(A,B)=corr(A,B)σA σB. 
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from risk-free security). This portfolio is then called “optimum combination of risky 
securities”.23  

� Second Stage 

Then we combine optimum risky portfolio with desired weight of risk-free security.  

According to Sharpe [2000]:”Inclusion of riskless security makes part or all of the 

efficient border of the rp-ρp region linear”.24 More precisely, the rp-ρp efficient border will 
start at the value of pure interest rate and will rise linearly, through the point of optimum 
combination of risky securities (where it is a tangent to the risky securities efficient frontier) 
and continue behind it. This is caused by the relationship between expected return of the 
entire portfolio and its variance, described in Sharpe [1966]: 

 ( )p f pE r SR w σ= + ⋅ ; 

where SR(w)
25 is maximum Sharpe ratio of the risky assets portfolio26 and rf is risk-free rate.  

All the points on the above defined line can be attained by some combination of borrowing 

or lending (e.g. issuing or buying riskless security). What is obvious from Figure 3 is the fact 

that the whole line (except the point of optimum combination of risky securities) lies above 

the efficient frontier. Thus, these combinations are supposed to be better, than portfolio 

composed purely from risky securities.  

 

Source: Sharpe [2000] 

Yet, there is another advantage according to Sharpe [2000]:”The existence of an 

optimal combination of risky securities greatly simplifies the task of portfolio selection. The 

investor need only decide how much to borrow or lend. There is but one appropriate 

combination of risky securities in which to invest the remainder of his funds. The 

consideration of alternative combinations of risky securities can thus be separated from the 

consideration of the investor’s attitude towards uncertainty (risk) relative to expected return. 

This result has been accorded a dignified title. It is called the separation theorem.”27 

                                                           
23

 See Sharpe[2000]. 
24

 Page 67. 
25

 Notice that Sharpe ratio is the slope of the rp-ρp efficient line. 
26

 Portfolio with highest Sharpe ratio is used to be called tangent or Markowitz portfolio. 
27

Page 70. For deeper explanation of separation theorem see Tobin [1958]. 
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Figure 3: Optimum combination of risky securities 
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The agent’s awareness of desired volume of risk-free security in portfolio can 
represent his risk aversion and seemed to us more realistic than awareness of his utility 
function. 

Now let us propose the problem of finding a tangent in more formal manner. The 
problem can be defined as: 

 

( )
max   

.        0 1

           

p f

d

T
i

r w r

s t w

σ
−

≥ ∧ =w e . (0.4) 

Notice, that we can maximize a simplified ratio, derived at previous page: 

 

( )
max   

.        0 1
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p p
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r w r
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σ
−

≥ ∧ =w e

; (0.5) 

where wp is the risky securities weight in the entire portfolio derived from the desired weight 

of risk-less securities, i.e.: wp=1-wf 
. Since wp is in denominator, it does not influence 

optimum rp-ρp point, only the value of Sharpe ratio. 

 According to Stoyanov et al. [2007], the problem of maximization of Sharpe ratio28 
can be transferred into two equal problems29:                                                  

(SR A)30: 

( , )
max      

  . .     ( , ) ( , ) 1

            

            0

t
f
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T
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t
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− ⋅

− − ≤
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≥
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 (0.6) 

(SR B): 

( , )
min      ( , ) ( , )

  . .     1
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t

− −

− ⋅ =

=
≥
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z E(r)

z e
; (0.7) 

Where Σ1 is matrix in form: 

 

2
,

,

f f i

f i

σ σ
σ
 

=  Σ  
1Σ  

  

                                                           
28

 For the sake of unambiguity,we dealt with original form, i.e. with σd . We tried maximisation of simplified 

version and it produced the same results as the original one, when assumption of uncorrelated risk-free 

security held. 
29

 Equal in sense of obtaining same solution after solving them. 
30

 We do not impose any bounds on weights of particular securities. 
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REMARK 1: Moreover, Stojanov, et al. [2007] proved, that:”The performance measure 

optimization problem is equivalent to problems SR A, SR B in sense that if the pair (zA
*
,tA

*
) is 

solution to Problem (SR A) and (zB
*
,tB

*
) is solution to Problem (SR B), then w

*
= zA

*
/ tA

*
= zB

*
/ 

tB
*
solves the Problem (maximize Sharpe Ratio)…”. 

 After solving one of the previous mathematical programming problem, we move to 
the second stage and combine optimum portfolio of risky securities with riskless security. As 
mentioned before, combining risky portfolio with riskless security would locate us 
somewhere on the tangent line to efficient frontier of risky securities, depending on chosen 
weight of riskless security in the entire portfolio. Every point on the straight tangent line will 
be a convex combination of optimum combination of risky securities and riskless security. So 
the final portfolio composed from risky and risk-free securities will have following structure: 
wentire portfolio = λwf + (1-λ)wp , where λ is the desired fraction of riskless security in entire 
portfolio. 

By this we exhausted the content of theoretical background needed for Mean-
Variance optimization. In the next subchapter we present the counterpart strategy - Mean-
VaR. We start with introduction of basic terms and notions (e.g. Value at Risk, VaR 
framework, etc.). After this section, we move to the presentation of VaR approach and its 
caveat. Finally, we introduce sufficient substitute of VaR – Conditional Value at Risk (CVaR). 
Afterwards, we construct optimum portfolio selection model which makes use of CVaR. 

1.4. Value at Risk 

 Second method for optimal portfolio selection used in our paper is based on Value at 
Risk (VaR).  

 Definition 

 There are many definitions of Value at Risk, which are usually rather similar. We 
chose definition from Jorion [2002]:”VaR describes a quantile of the projected distribution of 

gains and losses over the target horizon. If c is the selected confidence level, VaR correspond 

to the 1-c lower tail level. For instance with 95 percent confidence level, VaR should be such 

that it exceeds 5 percent of the total number of observations in the distributions.” 

Source: Jorion [2002] 

Source: Jorion [2002] 

Expected Return 

Frequency 

VaR95 

Figure 4: Value at Risk 
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In recent years, VaR became a highly respected risk measure by financial institutions 
all around the world.31 One of the biggest advantages of this concept is the fact that it does 
not rely heavily on normal distribution of returns (e.g. can cope with returns of non-normal 
distribution, fat tailed distribution of losses, etc.). According to Kaura [2005] is VaR used 
mainly for three regulation purposes, such as benchmark measure, potential loss measure 
and equity capital. 

 The fact that VaR is used both by practitioners and academics convinced us to look 
for portfolio selection strategy, which would use VaR as a risk measure instead of variance. 
One of the biggest motivations to do so, presented also in Wang [2000], was the fact, that 
VaR is not limiting the possible gains. More precisely, since standard deviation is symmetrical 
risk measure, by its minimization we are penalizing ourselves from possible gains too. On the 
contrary, VaR is a measure of downside risk, which in case of skewed distributions can 
significantly differ from upside risk.  

Moreover, Wang [2000] proved and reported, that mean-VaR efficient set is not 
mean-variance efficient set and vice versa. This conclusion made us confident about 
different structure of mean-variance and mean-VaR portfolios32, when testing these two 
strategies in real environment. Also VaR and variance are independent; expect the case of 
multivariate normal distribution. 

 1.4.1. Framework 

 As long as we want to keep this paper well-arranged, we will not change labelling of 
parameters and constants in our second model (x, r, w etc.). Majority of the terms (for 
example the efficient frontier) have the same meaning, so we will not define them again. 
Only new terms will be defined.  

� Calculating Value at Risk 

 There are three ways how to calculate VaR (according to Jorion [2002]) 

• Variance-Covariance 

• Historical Simulation 

• Monte Carlo Simulation 

Variance-Covariance 

 This method is similar to the one, we used in Mean-Variance framework. It is based 
on construction of variance-covariance matrix of returns and assumption that returns are 

normally distributed, i.e. (0, )Tr N w Σw∼ .Since the VaR is a quantile of this distribution we 

can calculate it as: 

 (1 )
TVaR z α−= − w Σw , 

where zu is the percentile of the normal distribution. 

Historical Simulation 

 This method is using historical data instead of using a sometimes clumsy estimation 
of returns distribution by parametric function. Therefore, there is no assumption about 

                                                           
31

 See for instance: Jorion [2002], Preface. 
32

 So it is worth to compare this two strategies. 
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normality of returns and VaR is calculated simply as a quantile (cut-off value) of particular 
distribution. Let us imagine that we have at hand n scenarios for future returns.33 We want 
to compute (1-α) % VaR. After sorting the scenarios in descending order, i.e.r1,r2,…,rn ,then  
(1-α) % VaR is computed as: 

 (1 ) (1 ) nVaR rα α− − ⋅= −  

Monte Carlo Simulation 

 This method is based on generating scenarios randomly in an iterative processes. 
Scenarios are generated according to some pattern, which was extracted from the historical 
data. After obtaining possible scenarios for returns, the problem of obtaining VaR(1-α) is 
solved in similar fashion to historical simulation approach.34 

 1.4.2. Mean-VaR Approach 

Similarly to the Mean-Variance method, also in Mean-VaR method there are various 
ways how to arrive to the efficient frontier and to optimum portfolio.  We will again propose 
three methods similar to the mean-variance framework: 

� Optimum Portfolio for Particular VaR Value 

 The formal definition of VaR can be similar to Wang’s [2000]:”The VaR at 100(1-α) % 

confidence level of a portfolio p for a specific time period is the rate of return qp such that the 

probability of that portfolio having a rate of return of -qp or less is α: 

 ( )p pP r q α≤ − = . 

Here –qp is called the α
th

 quantile of the distribution of rp.” 

 When the maximum value of VaR had been given to us and we want to find portfolio 
that has maximum expected return, we are facing the problem:35 

 0

max   ( )

. .     

          0

          1
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p
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s t q q
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≥

=

w

w e

 (0.8) 

 Here q0 is the maximum VaR which cannot be exceeded with some confidence level α. 

� Optimum Portfolio for Particular Rate of Return 

 This is just an opposite problem to the previous one. We want to find portfolio with 
certain rate of return and minimum VaR. Thus, we want to find portfolio which solves the 
problem: 

 0

min      

. .    
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i
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s t r r
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≥

≥

=w e

 (0.9) 
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 Scenario generation process will be described in subsequent pages. 
34

 For broader introduction to Monte Carlo Simulation see for instance Mooney [1997]. 
35

 For instance by bank regulator. 
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Accordingly to the mean-variance method, by solving the mathematical programming 

problem for various qp (or rp respectively), we would arrive to the mean-VaR efficient 

frontier. Additionally according to Baptista, Gordon [2002], mean-VaR efficient frontier is 

converging to mean-variance efficient frontier as confidence level is heading to 100%. Of 

course, 100% confidence level is not a point of our interest and therefore it is more 

appropriate to consider Martin, et al. [2003] remark about suboptimality of Markowitz’s 

(Mean-Variance) portfolios. 

Again, if we wanted to choose one optimum portfolio, we would have to find agent’s 
utility function and maximize it. Thus, we rather maximize VaR based performance ratio. 
Moreover, the results of this method will be comparable with mean-variance method, so 
that is another reason.  

� Optimum Portfolio with Highest Performance Ratio  

 Firstly we intended to use Campbell, et al. [2001] framework, where the optimisation 
problem is in form: 

 
( ) ( )

max    ( )
(0) (0) ( , ) ( , )

f f

p
f

r p r r p r
S p

W r W q c p c pϕ
− −

= =
−

, (0.10) 

where r(p) is return of portfolio p, in our text denoted as rp, W(0) is initial value of the 

portfolio (initial wealth),q(.) is quantile of underlying distribution, c=α and φ(c,p) is risk 

measure. This ratio is similar to the Sharpe ratio. Next relation shows that the ratio is 

unaffected by initial value, i.e. there is two stage optimization algorithm as in mean-variance 

framework (separation theorem holds).   

 Then the optimal value of risk-free security would be given by relation: 

 
(0)( * ( , *))

*( , *)

W VaR VaR c p
B

c pϕ
−= , 

where B stands for “borrowing”, VaR* is desired level of VaR and VaR(.) is VaR given by 
portfolio p*(optimum portfolio). Next chapter is providing the answer why we did not work 
with this framework after all. 

 VaR is not Coherent Measure of Risk 

 Mean-VaR is theoretically good strategy to find an optimum portfolio of risky assets, 
but as pointed out by Gaivoronski and Pflug [2005], it is computationally extremely 
demanding to find optimum mean-VaR portfolio.36 Since VaR is not a coherent measure of 
risk, according to Artzner, et al. [1999], it can cause high losses when finding optimum 
portfolio based on VaR.37 This is caused mainly by the fact that VaR is not subadditive. 
Therefore, VaR based optimization discourages from diversification. So far, we have only 

                                                           
36

 Mainly because of occurrence of many local minimums of the VaR function. Gaivoronski and Pflug then came 

out with concept of smoothed VaR (SVaR), which is computionaly very demanded and can be substituted by 

CVaR with sufficient accuracy. 
37

 VaR is coherent only when assumption of normal distribution of returns holds. VaR is then a multiple of 

standard deviation, as mentioned earlier in the text. 
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sketched the term “coherency” and now let us define it more precisely. Artzner, et al. 
[1999], define as coherent risk measure the one which satisfy following axioms: 

a) Translation invariance  , : ( ) ( )x x r xς α ρ α ρ α∀ ∈ ∈ + ⋅ = −ℝ  

b) Subadditivity    1 2 1 2 1 2, , ( ) ( ) ( )x x x x x xς ρ ρ ρ∀ ∈ + ≤ +  

c) Positive homogeneity   0, , ( ) ( )x x xλ ς ρ λ λρ∀ ≥ ∈ =  

d) Monotonicity    , , , ( ) ( )x y x y y xς ρ ρ∀ ∈ ≤ ≤ . 

Here ς the set from which risk measure is mapped (into R). Moreover, Gaivoronski and Pflug 
[2005] described VaR as non-convex, non-smooth functions with many local minimums, 
which definitely convinced us to look for risk measure with more desirable mathematical 
characteristics. As shown in subsequent pages, CVaR appeared to be the one. 

1.4.3. Conditional Value at Risk (CVaR) 

 Definition 

 We will build on knowledge of Rockafellar and Uryasev [2000]; Palmquist, Uryasev 
[2002] and Uryasev[2000]. By the definition, CVaR is conditional expectation of losses above 
VaR. More formally: 

 ( )( ) ( )CVaR X E X X VaR Xα α= ≥ , 

where X is some random cost variable. 

 As presented in Rockafellar and Uryasev [2000] and later in Palmquist, Uryasev 
[2002], CVaR38 is coherent measure of risk. Therefore it has all the desirable characteristics 
which we need for solving the linear programming problem.39 Moreover, Palmquist and 
Uryasev [2002] also reported, that:”Numerical experiments indicate that usually the 

minimization of CVaR also leads to near optimal solutions in VaR terms because VaR never 

exceeds CVaR “.40 

 In the rest of this chapter, we first of all propose the function which minimizes CVaR 
and VaR in the same time. Later, we will implement this function in performance ratio 
maximization method similar to Sharpe ratio. By succeeding with this, a less demanding 
method than S(p) ratio maximization will be ready for use in empirical part. This method will 
of course represent a Mean-VaR approach.41 

� Scenario Generation 

 Before we move to the presentation of CVaR function, there is still one important 
issue to explain. As mentioned before, Mean-VaR (or Mean-CVaR) does not rely on 
presumption of normal distribution of returns. Thus, the method can better estimate the 
distribution function of the returns. For the estimating of returns distribution, we used 
perhaps the simplest method of historical scenario generation, also presented in Palmquist 
and Uryasev [2002].42 We used historical returns of all stocks included and the length of the 

                                                           
38

 In literaturealso called Expected shortfall or Expected Tail loss, (e.g. Acerbi and Tasche [2002]). 
39

 It happens to be linear programming problem after implementing algorithms developed in Rockafellar and 

Uryasev [2000]. 
40

 Page 3. 
41

 In fact, Mean-CVaR. 
42

 Obviously, there are more sophisticated methods for scenario generations relying on some presumption 

about known property of distribution or Monte Carlo simulations. 
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data string was dependent on the time period for which we intended to create scenarios. In 
the concrete, in our case study we were optimizing portfolio for one month (i.e. 20 days), so 
we generated 20 scenarios for future returns. First of all, we created 20 possible scenarios 
for future prices of the stocks, based on the historical data: 

 ,
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t t
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i j i t
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y q
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= , 

where yi,j is end-of-period price of stock i, {1,...., 20}j ∈ (i.e. number of days), qi is current 

price of stock i, pi
t is historical price of stock i in time t and Δt is the period (20 days). 

Afterwards, we computed scenarios for future returns: 
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After this process, we obtained 20 predictions of future returns for every security. Now, 
when we are aware of the process of generating scenarios (entry data) we can move to the 
development of method itself. 

 First of all, let us make use of the function which minimizes CVaR presented in 
Rockafellar and Uryasev [2000]: 

 
~

1

1
( , ) [ ]

(1 )

K
T

j

F
K

α δ δ δ
α

+

=

= + − −
− ∑ jw w r ,43 

 Where w is vector of weights, δ is parameter (and optimum δ* is optimum VaR), K is 
number of days in period (i.e. number of scenarios) and rj is random vector of future 
portfolio returns. 

 After implementing auxiliary variables, the problem will reduce to: 
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 Then according to Palmquist and Uryasev [2002], the entire linear programming 
problem has form44: 
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 It is important to note, that we expect that occurrence of each scenario of return has the same probability. 
44

 The original relation from Palmquist and Uryasev [2002] was slightly modified by us to serve better our 

purposes. 
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where ω is a percentage of the wealth which is allowed for risk exposure and W0 is the value 
of agent’s wealth in current period. By solving the minimization problem for various levels of 
risk exposure, one can arrive to the Mean-VaR efficient frontier. 

STARR Ratio and its Maximization 

 To build a comparable Mean-VaR strategy, we have to implement previous relations 
to the performance ratio. Once we succeeded, we will use similar algorithm to the one used 
in Mean-Variance section, i.e. maximising performance ratio to find optimum combination of 
risky securities, then combining optimum risky portfolio with riskless security. We built on 
knowledge of Stoyanov, et al. [2007] and Biglova, et al. [2004]. In fact, we are looking for a 
performance ratio which has in its denominator risk measure based on VaR (CVaR) instead of 
variance. 

 This ratio was firstly presented in paper by Martin, et al. [2003] and was called STARR 
ratio 45 (Stable Tail Adjusted Return Ratio).  Mathematically it can be defined as:  
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Where ETLα(.) is Expected Tail Loss – CVaR.46 

Based on Stoyanov, et al. [2007], maximisation of STARR(w) can be transferred into 
two equivalent problems: 
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(STARR B) 
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where E(r) is the vector of expected returns, obtained from the generated scenarios as: 
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 Term “STARR ratio” is pleonasm in fact, but in order to stay compact with other research paper we will be 

using it in this form.  
46

 According to Stoyanov, Rachev, Fabozzi [2007]. 
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 REMARK 2: Similar rule to Sharpe ratio maximization holds47, i.e.:”The performance 

measure optimization problem is equivalent to problems STARR A, STARR B in sense that if 

the pair (zA
*
,tA

*
) is solution to Problem (STARR A) and (zB

*
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*
) is solution to Problem (STARR 

B), then w
*
= zA

*
/ tA

*
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*
/ tB

*
solves the Problem (maximize STARR ratio)…”. 

After the risky portfolio which maximizes STARR ratio had been found, we combine 
this portfolio with desired weight of risk-free security in the entire portfolio. It is important 
to notice, that δ (after carrying out the minimization) is minimized (optimum) VaR. δ is in 
percentage terms (moreover, in percentage terms of risky portfolio).Thus, if we want to 
arrive to VaR of the whole portfolio, we will have to calculate it from: 

 0 (1 )entireVaR W δ λ= − , 

Where W0
 is current portfolio value and λ is fraction of riskless security in portfolio. 

 Herewith, we finished our explanation of theoretical background, needed for our 
case study. In the next chapter, we will introduce the data sample used and historical 
background of Czech financial environment, mainly short history of Prague Stock Exchange 
(PSE). 

2.  Data Sample 
 In this section we will describe data sample which will be used in empirical part later 
on. We worked with Czech stocks, since we wanted to draw our attention to the Czech 
environment. This chapter will be divided into four subchapters, which will include 
performance of Czech economy in years from 2006 – 2008, introduction and performance of 
PX index in the same period, then description of both SPAD and KOBOS stocks included in 
study and finally some remarks on riskless asset. 

 2.1. Czech Economy Performance in Years 2006 – 2008 

 Similarly to Chen, et al. [1986], we believe that development of Prague Stock 
Exchange is tightly correlated to the performance of the Czech economy. Therefore, in this 
section we will describe the performance of the Czech economy in the observed period. 
Majority of facts included in this section has roots in annual reports of Czech Statistical 
Office from years 2006, 2007 and 2008. 

• 2006 
Emerging crisis on the housing market (subprime crisis) in USA gathered on severity 

during the year. Since the housing crisis (which consequently led to global financial crisis) 
was just at the beginning, and did not cross over the ocean, the Czech economy continued in 
rising trend of the previous years. The GDP growth was 6.1%, significantly higher than the 
European average. On the other hand, the interest rate differential between the Czech 
National Bank and ECB was biggest within a frame of the period observed. This pressured on 
outflow of the capital to financial markets with higher interest rates (higher valuation of 
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 According to Stoyanov, Rachev, Fabozzi [2007]. 
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investment). Moreover, less attractive interest rates for investment can lower company 
bottom line figures from which consequently stock prices are derived.   

• 2007 
This was year of global and chain financial crisis, with starting point in USA. American 

subprime crisis resulted in financial crisis with incredibly fast spread to the rest of the world 
as a consequence of global financial market. Banks started to doubt in one another, what 
caused higher interbank interest rates (PRIBOR, LIBOR, EURIBOR, etc.).48 

Despite global financial turmoil, the Czech economy blossomed. According to the 
Czech Statistical office, ”The economic growth of Czech Republic in 2007 was highest in 

history”.49 This was probably caused by the momentum of the Czech economy and its linkage 
to the German economy.50 GDP 2007 was higher than GDP 2006 by 6.5%. Higher consumer 
prices, caused by higher spending, resulted in higher average inflation (3%). Additionally, 
interest rate differential improved, which was a signal for investment activity. One of the 
consecutive results was higher market capitalization of PSE in 2007 (which was 1842 billion, 
circa 300 billion excess over 2006), despite the contraction effect of an ongoing crisis.  

• 2008 

The Czech economy of the year 2008 was marked by the Financial Crisis evolving in 
deep recession. Crisis has detrimental effect on both financial and non-financial companies. 
Prague stock Exchange fell rapidly. Moreover, the Czech crown appreciated, what in loss 
terms influenced at first export-oriented companies, secondly the whole Economy. 

Average GDP growth in 2008 was significantly lower than before (3.2%). Also future 
prospects were not positive, the trend of GDP growth was clearly negative. This can be 
proved by the fact that in 1st quarter economy growth by 4.4% in contrast to 4th quarter, in 
which the growth was only 0.2%. During the year, inflation increased from 2.8% to 6.3%, 
which was the highest value for the last 10 years. Interest rate differential continued in its 
improving trend from 2007. Nevertheless, crisis impacts over weighted this trend, what 
cancelled out the rising tendency of PSE market capitalization.51   

The development of macroeconomic indicators discussed in previous paragraphs is 
depicted in Figure 5: Macroeconomic indicators.  

 

Source: Czech Statistical Office, Eurostat and author’s calculation 
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 Liquidity cricis in interbank sector. 
49

 http://www.czso.cz/csu/2007edicniplan.nsf/t/0B00447C69/$File/1109-07-Q4Int-1.pdf. 
50

 Crisis spread to Europe aproximately around late August. 
51

 Market capitalization falls by 750 billions, according to PSE factbook [2008]. 
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PRIBOR 

Performance of financial market in Czech Republic can be also learnt from the 
PRIBOR (Prague Inter-Bank Offered Rate) performance. As obvious from Figure 6, in times of 
crisis, the level of interbank trustworthiness fell (as a result of presence of toxic assets in the 
inter-bank money-market), which resulted in higher required risk premium. Since risk 
premium is a part of interest rate, PRIBOR started rocketing up in late 2007. 

 
Figure 6: PRIBOR development 

Source: Czech National Bank – ARAD, author’s calculations 

 As we will investigate in the next section, the background macroeconomic processes 
influenced development of Prague Stock Exchange in considerable manner.  

2.2. Prague Stock Exchange and PX50 Index 

Before we give an account of the development of Prague Stock Exchange (PX index), 
we supply reader with some basic facts about PSE. In the last lines of this section we will 
acquaint the reader with a few more assumptions related to the data sample part that we 
had to accept, when we wanted to put these data into the models developed in previous 
chapter. 

2.2.1. Organization of Prague Stock Exchange 

Nowadays, PSE is member of FESE52 and US SEC53, what allows PSE to be a member of 
a community of non-USA exchanges which are considered safe for investors. However, in the 
global scale is PSE small and less significant stock exchange. 

Trading is based on “member principle”, i.e. traders are both licensed and members 
of stock exchange. Trading is possible on regulated or unregulated market. Nevertheless, we 
focus on regulated market only. PSE is now running two different kinds of regulated markets: 
Official and Special Market. Market regulation means in practice an obligation to provide all 
the information needed about business and overall performance of company to PSE. Official 
Market is designed for trading with securities, unlike Special Market, where the other 
financial instruments are traded (e.g. futures). For the sake of transparency, PSE is dividing 
the Official Market to Main and Free Market.  

• Main market is the most regulated market within a frame of PSE markets. 
Also, “Main Market is the most prestigious segment of Official Market, on 
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 Federation of European Securities Exchanges. 
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 U.S Securities and Exchange Commission. 
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which the most liquid securities are traded

capitalization of PSE consist

• Free market is designated for companies, who are unable or not willing to 
meet regulation conditions, but are willing to operate on Prague Stock 
Exchange. 

 In fact, majority of main
Figure 7 gives us picture of structure of PSE markets, described in this paragraph.

Due to size of PSE, it suffers from insufficient liquidity (within a frame of particular 
markets, e.g. some cases from KOBOS). Therefore, we included in our pape
and only few of KOBOS stocks. Nonetheless, we do not consider KOBOS stocks illiquid to
degree that causes impossibility of trading.

In addition to insufficient liquidity and in contrast to reality, trading in SPAD system is 
denominated in “lots” unlike this paper.
units which can be bought /sold.

2.2.2. PX Index 

 In this section we introduce PX index. The major motivation of every stock market 
investor is unquestionably profitability. But during crisis times, when it is extremely hard to 
generate profit (sometimes even impossible) due to the stock market tumbling,
enormous loses will be positively 
set some benchmark index which would sufficiently portray PSE performance. 

We used PX index as a benchmark. After comparing returns of optimum portfolios 
(both Mean-Variance and Mean
will be able to say, whether the strategies are profitable and if yes, then which of t

PX index is used from 5.4.1994. Simply said, it embodies market capitalization change 
of base in time. Base of PX index consist of SPAD stocks, which will be listed in subsequent 
text. Appendix C offers more detailed overview of 
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 SPAD market will be discussed in following sections.
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 See perfect divisibility assumpion.

which the most liquid securities are traded”. Therefore, majority o
capitalization of PSE consists of titles traded on Main Market.  

Free market is designated for companies, who are unable or not willing to 
meet regulation conditions, but are willing to operate on Prague Stock 

In fact, majority of main market stocks is traded via SPAD system (at SPAD market).
gives us picture of structure of PSE markets, described in this paragraph.

 
Figure 7: PSE market structure 

Source: Prague Stock Exchange, Author  
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Development of PX50 Index in 2006-2008 

Arising from the Figure 8, PX index fell at circa 50% (in the end of 2008) of its value 
from the end of 2006. Performance of the PX index copies the development of the Czech 
economy. It has rather horizontal but volatile trend in 2007 (starting to drop in the last 
months) and declining, even more volatile trend in 2008. 

 
Figure 8: PX50 – Entire period 

Source: www.pse.cz, author’s computations 

 Since we will refer results from both strategies to overall performance of stock 
exchange, we provide charts of both examined periods (2007, 2008). 

� First Period (10.7.2007 – 28.12.2007) 

We chose this period to represent an environment with moderate market volatility 
(slightly higher than in non-crisis times), indicating possible future volatile times. As a sign of 
unstable times could serve the fact that the volatility of returns (measured in variance 
terms) of PX50 had been higher in only seven cases (only once from October 2002) in almost 
entire history of PX index.56 To avoid a criticism of unambiguousness of measurement (i.e. 
volatility in the long term tends to be lower than in short term), we divided the period from 
1.1.1997 to 9.7.2007 into 21 blocks of data strings of daily returns. Each block consisted of 
120 consecutive daily returns (6 months – same length as testing period) of PX50. Particular 
volatilities of returns are depicted by Figure 9. 

 
Figure 9: Returns volatility – 1

st
 period 

Source: www.pse.cz, author’s calculations 

                                                           
56

 We were able to download historical data string of PX50 index, beginning at 1.1.1997. 
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 Red columns are those periods where variance exceeded the reference variance. 
Reference variance (green) is variance of PX50 index in first period of our case study (i.e. 
from 10.7.2007 to 28.12.2007)  

Performance of PX50 index in this period is depicted in Figure 10. 

 
Figure 10: PX index – 1

st
 period 

Source: www.pse.cz, author’s calculations 

 

� Second Period (9.7.2008 – 30.12.2008) 

This period was chosen as a representative of crisis environment. It is characterized 
by enormous volatility and declining stock market trend. During this period, PX50 fell to 58% 
(858.2) of its initial value (1455.2 – begging of the period). There are two clear reasons why 
we are able to claim that this period is a good example of crisis environment:   

• It is resulting from the macroeconomic background 

• There had not been more volatile period on PSE yet.57 

To justify the second reason, we add another two blocks of data strings58 to that we 
already used in first period. Then, we calculated variances of these PX returns for year 2008 
and put them in to similar chart to first section. Figure 11 captures the results. Dark green 
column is variance of the reference period (period 2.) and bright green column depicts 
variance PX50 in the first period.  

 
Figure 11: Returns volatility – 2

nd
 period 

Source: www.pse.cz, author’s computations 
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 From 1.1.1997 to 31.12.2008. 
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 From 1.1.2008 to 8.7.2008 and referential period from 9.7.2008 to 31.12.2008. 
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Finally, we propose chart containing performance of PX50 index in period 2.  

 
Figure 12: PX Index – 2

nd
 period 

Source: www.pse.cz, author’s computations 

 In the next two sections we shall explain two types of stocks included in the empirical 
part of this paper.  

 

 2.3. Risky Assets 

 In our study, we worked with 13 risky securities from Official Market. More 
specifically, stocks were mainly from main market (SPAD), but for reasons which will be 
explained later, we also included few stocks from Free Market (KOBOS). Due to the fact that 
PSE is relatively young stock exchange in comparison to Western Europe or Northern 
American stock exchanges, it was harder to use “high quality” data – in sense of data series 
longitude and liquidity of particular stocks. In most of the cases, SPAD stocks were rather 
limiting component of this study, due to the fact, there are only 9 SPAD market instruments 
quoted before 2006. Since we wanted to focus our study on financial crisis times, we had to 
accept certain trade-off between number of observations (implying efficiency of some 
statistical concepts), variety of stocks and their liquidity. 

 Finally, we decided to use 509 daily prices of 13 stocks, i.e. in the period from 
18.12.2006 to 30.12.2008. In the following sections we will describe markets from which we 
chosen the securities in more detail, as well as particular securities disposed. 

 2.3.1. SPAD Stocks 

SPAD is an acronym for the System for Support Stock Market and Bonds (Systém pro 
Podporu trhu Akcií a Dluhopisů). This elite segment of PSE is based on “market maker 

“principle. By the definition,” Market makers are members of PSE who are contracted to 

quote particular stocks”.59 Moreover, they are responsible for keeping SPAD market liquid 
and regulated (i.e. trading in allowed margin).60 Current Market makers are either large 
stock trading company or banks. For all that, SPAD stocks are the most liquid on PSE market.  

First of all, let us present SPAD stocks included. Because of their high liquidity, we 
decided to implement as many of them as possible. In the same time, we needed at least 
more than 100 historical observations before first round of simulation, to secure that 
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 http://www.pse.cz/Trading/SPAD.aspx 
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 For closer information about rules of trading and quoting see www.pse.cz or Charamza [2009]. 

0

200

400

600

800

1000

1200

1400

1600

9.7.2008 9.8.2008 9.9.2008 9.10.2008 9.11.2008 9.12.2008

PX50 (second period 9.7 - 30.12.2008)



 
27 2.  Data Sample 

statistical concepts explained in previous chapter will work fairly good. Moreover, we 
decided to work only for selected non-financial companies listed on PSE. 

Finally, after solving all problems mentioned in previous paragraph, 9 SPAD stocks 
were chosen. The chosen stocks and dates of their initial public offerings (IPO) are 
summarized in Table 1. 

NAME IPO Market 

CETV 27.6.2005 Main 

ČEZ 5.6.1998 Main 

ECM 7.12.2006 Main 

ORCO 1.2.2005 Main 

PEGAS NONWOVENS 18.12.2006 Main 

PHILIP MORRIS ČR
61

 9.10.2000 Main 

TELEFÓNICA O2 4.6.1998 Main 

UNIPETROL 29.5.1998 Main 

ZENTIVA 28.6.2004 Main 

Table 1: SPAD stocks 

Source: PSE, www.finance.cz, www.iPoint.cz 

 2.3.2 KOBOS Stocks 

In this section, we present the rest of stocks included in our paper. These stocks are 
either from Main Market (but not in SPAD Pražská Energetika) or from Free Market (JČ 
PAPÍRNY VĚTRNÍ, PARAMO, TOMA). What they have in common is that all of them are 
traded thought KOBOS system.62 

All the stocks which are listed at PSE are available for trading in KOBOS system. This 
system is designed for common small investors. Thus, investors are not forced to trade in 
lots (on the contrary to SPAD). Additionally, KOBOS prices of stocks included in this paper 
were not so volatile (did not react to turbulent changes on market so flexibly).63 Therefore, 
we included them to the portfolio selection problem as “anchor” stocks. In reality, one of the 
biggest disadvantages of KOBOS system is illiquidity of stocks traded. As long as we wanted 
to make a use of relative short term price stability and did not want to include lot of 
illiquidity in our portfolio selection problem, we worked only with 4 stock titles traded via 
KOBOS.64 This section is summarized in Table 2. 

NAME MARKET 

Pražská Energetika MAIN 

JČ Papírny Větrní FREE 

PARAMO FREE 
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 Traded on Free Market, according to PSE fact book. 
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 KOBOS is an abbreviation for Continual Stock Exchange Trading System (KOntinuální Burzovní Obchodní 

Systém). 
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 For price and returns development see appendix C. 
64

 “Liquidity is a broad and elusive concept that generally denotes the ability to trade large quantities quickly”, 

according to Pastor, Stambaugh [2003], page 644. 
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TOMA FREE 

Table 2: KOBOS stocks 

Source: PSE, www.finance.cz, www.iPoint.cz 

By the description of SPAD and KOBOS stocks we finished our presentation of risky 
securities included in this paper. Yet, there is still one more security which was used in 
theoretical concepts of chapter and need to be introduced – riskless. Next chapter will 
provide the information about basic approaches to riskless security and define particular 
risk-free security used by us. 

2.4 Risk-free Asset 

As defined in the second chapter, a risk-free security is the one, whose future return 
one can be sure of. Nevertheless, there is not a uniform opinion about a setting particular 
type of an asset as a risk-free. For instance, Sharpe [2000] is defining cash, bank account, etc. 
as a risk free asset. Then, rate of return (pure interest rate) from the risk-free asset is usually 
derived from inter-bank offered rate of particular countries, e.g. PRIBOR, LIBOR, EURIBOR, 
etc.  Others (e.g. Campbell, et al. [2001]), are using treasury bonds as a representative of 
riskless asset and consequently are deriving risk-free rate from them. Since we wanted to 
test also the case when agent is lending (i.e. issuing of riskless asset) part of his initial wealth, 
we inclined to the Sharpe’s alternative. Thus in this paper, by riskless asset we mean agent’s 
money (cash, or bank at bank account) which can be either borrowed or lent. We can 
assume that there is not risk of default, since all deposits up to 50 000 € are secured by 
state. Here, it is important to note that we presume that offered and bid rate are equal.  

We decided to use six month PRIBOR. The reason why we picked six month rate as 
referential, is the fact that the one period of simulation process will take exactly six months. 
This enables us to provide the precise results of returns from investments in riskless assets 
after testing period.65 The values of PRIBOR for particular period of simulation are provided 
in Table 3: 

PRIBOR (6 month) 1
st

 period 2
nd

 period 

Rate per annum  3.09% 4.29% 

Over-month rate 0.26% 0.36% 

Over-day rate  0.01% 0.02% 

Table 3: Risk-free asset 

Source: Author’s computations 

We hereby depleted the outline of the second chapter, designed for presentation of 
environment in which the empirical part will be situated. 

Until now, we have explained theoretical background of Mean-Variance and Mean-
VaR portfolio selection strategies in the second chapter and data the sample in the present 
one. Results from former are necessary for understanding the construction and principles of 
simulations provided in next chapter. Content of latter is important for understanding “the 
real”, flowing through the process of empirical tests. 
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 In contrast to other papers which use as long terms as possible (e.g. 5 or even 10 year LIBOR etc.). 
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Both chapters were dedicated to preparations for the most significant part of this 
thesis – empirical part. In this point, nothing restrains us from drawing out attention to 
portfolio selection trading simulation itself. 

 

3. Empirical Part 
 

“If we knew what it was we were doing, it would not be called research, would it?” 

Albert Einstein 

Finally, we move to the core part of this paper – empirical testing. In this chapter we 
make a use of the theoretical concepts (finance knowledge, mathematical and statistical 
apparatus) outlined in the second chapter together with “real world” data inducted in the 
previous chapter.   

The plan of this chapter is as follows; we start with the consideration about normality 
of returns of underlying data, which is the key assumption of Mean-Variance theory. 
Depending on results of normality tests, we formulate a hypothesis related to simulation 
results. Then, we move to detailed description of simulation procedure of both Mean-
Variance and Mean-VaR investment strategy. From now on, by investment strategy we 
understand gradual and repetitive portfolio optimization routine (by means of either Mean-
Variance or Mean-VaR method) in predefined moments in certain time period. Moreover, 
this section shall content comparison of the technical side of both simulations, i.e. their 
similarities and reasons for differences. Here, it is important to note that we tried to keep 
both strategies as homogenous as possible for the sake of comparability.  

Last section will provide us with chronologic performance of strategies, important 
and easy-to-compare charts and final results. Rest of the charts and information depicting 
situations in specific simulation periods are provided in appendix D (alternatively on 
attached CD).  

3.1 Testing the Normality of Returns 

 As mentioned for several times in this paper, Markowitz’s Mean-Variance framework 
presumes normality (log-normality66). Although Markowitz [2000] argues that:”Normal 

distributions or other two-parameters families of probability distributions were not part of 

the Markowitz [1959]
67

 justification for mean and variance. Nowhere in chapters 10-13 of 

that book is “normal” of “Gaussian” or “two-parameter family” mentioned...”.But the theory 
itself imply this assumption. Since the Mean-Variance theory uses variance as risk measure, 
which is symmetrical in fact, the underlying distribution of the returns ought to be (in order 
to be compatible) also symmetrical. Otherwise, making a use of Mean-Variance theory 
should lead to inefficient allocation of assets. Nevertheless, not satisfying of this 
presumption is not inconsistent with “Capabilities and Assumptions of the Model” chapter in 
Markowitz [2000].  
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 Concept of log-normality is also used in litarature, for instance Palmquist and Uryasev [2002]. 
67

 We used newer edition of this monograph cited as Markowitz [1990]. 
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As far as Sharpe ratio is arising from Mean-Variance framework, we shall arrive to 
inefficient portfolio when working with not normally distributed returns. This was pointed 
out by Biglova, et al. [2004],” Although this ratio is fully compatible with normally distributed 

returns (or, in general with elliptical returns), the Sharpe ratio will lead to incorrect 

investment decisions when returns present kurtosis and/or skewness.”68 Therefore, the 
normality tests could serve as serious indicators of upcoming results from simulations. 

Therefore we have tested all (13) of the returns of the stocks for normality. We have 
carried out both tests for normality and subsequently for log-normality of returns. Our tests 
took into the consideration time period before first period of testing (137 days) as well as 
whole period (509 days). For normality testing we used several tests to make sure that it is 
worth to adhere to our results (i.e. Doornik-Hansen test, Shapiro-Wilk test, Lillieforse test 
and Jarque-Berra test). 

According to Crow and Shimizu [1988], log-normal distribution is defined as: 
“distribution of a random variable whose logarithm is normally distributed”. Therefore, for 
testing log-normality we transformed the data in the following manner:  

 exp( )B A= , 

where A is return of particular security and B is transformed random variable (of returns).For 
all the calculations we used GRETL software. 

� Normality Tests for the Whole Observed Period 

The results of normality tests for data including the whole period were rather 
unambigous. For every stock we rejected the null hypothesis of the normality test (i.e. H0: 
data are normally distributed) at 99% confidence level.69  

These results are clear evidence of well-known property of financial data series, i.e. 
returns are usually not normally distributed. In many cases, skewness and/or kurtosis of 
sample distribution disrupts circa Gaussian shape of distribution function. In addition to the 
skewness and kurtosis, another peculiar property of risky assets returns has been discovered 
and is true for our data sample-“fat tails”. Fat-tails can be learnt from Q-Q plots and even 
more clearly from chart named “Demonstrative example of fat-tailed distribution with 

extreme kurtosis“, both provided in Appendix E.  Since both problems are true for our data 
sample, we suppose that, by using Mean-VaR strategy one should end up better off, due to 
the fact that VaR is not symmetrical measure of risk.  

Therefore, we can state the hypothesis:” We postulate that within a frame of 

certain time period observed in our paper, Mean-VaR strategy shall perform better (e.g. 

creates larger profit/smaller loss) than Mean-Variance strategy.”   

The results of our simulations, with the justification or rejection of our hypothesis is 
going to be provided soon, but before that we need to carry out another set of normality 
tests at first, then move to description of simulation routines. 

� Normality Tests Including Data Before the First Round of Simulation Routine 

As long as market agents are not aware of distribution of future returns, they are not 
able to construct a complete distribution function for whole investment horizon (at the first 
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 Page 2. For details about this critique see for instance Leland [1999] or Ortobelli, et al. [2003]. 
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 P-values and Q-Q plots are included in Appendix E. 



 
31 3. Empirical Part 

day of simulation) and therefore are not able to test normality of returns. This implies that 
they are not able to decide according to which method optimize; even if they are aware of 
normality assumption caveat when it comes to Mean-Variance framework.70  

Furthermore, Markowitz [1991] states:”Portfolio selection should be based on reasonable 

beliefs about the future rather than past performance per se. Choice based on past estimates 

alone assumes, in effect, that average returns of the past are good estimates of the “likely” 

return in the future; and variability of the return in the past is a good measure of the 

uncertainty of return in future.”71 

In any case, investors are able to test normality of those data, which already exist (i.e. 
historical data of stock returns until the first investment day).Thus, If these returns appear to 
be non-normal, then agents should be at least suspicious about appropriateness (in sense of 
choosing efficient portfolio) of Mean-Variance theory whatever their future beliefs are.  

Therefore, we also tested for normality returns of date earlier than 10.7.2007 (the first 
day of the first round of simulations). The results of tests with Q-Q plots are included in 
appendix E as well.72 We have to admit that these results were not so explicit in comparison 
to results of whole period testing (there has been some stocks at which we cannot reject the 
normality hypothesis), but were still define enough to premise that Mean-Variance 
framework will be less effective.  

We are gradually getting to the results of the simulations, but before that it is essential 
to explain the structure and the parameters of simulation routines. Next section of this 
chapter is reserved to this topic. 

3.2. Description of Simulation Routines 

First of all, we sketch the structure of the simulation with parameters which were the 
same for both strategies (e.g. duration, agents, course, etc.). Then differences between 
Mean-VaR and Mean-Variance will be highlighted. 

� Time Structure (duration, periods, etc.) 

As mentioned before, we worked with time horizon of 509 days which included two 
investment periods. Each of investment periods took six months (120 days).First period 
started on July 10, 2010 and ended on December 28, 2007. First period supposed to be a 
representative of pre-crisis market times with slightly higher market volatility. Second period 
started on July 9, 2008, ended on December 31, 2008 and was representative of crisis times 
with significant market volatility. Rest of the data served as historical, needed especially for 
estimating means and variances (alternatively VaRs).73 

Both of investment periods consist of six consecutive rounds. Each round has 20 days. 
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 It is important to recall again, that normal distribution of returns is not assumption allowing Mean-Variance 

theory to work, but it is a vital assumption for its proper working (since variance as risk measure “needs” 

symmetrical distribution). 
71

 Page 14. 
72 In section called “Normality – pre-periods data“. According to previous experiences with returns from the 

whole period, we did not tested “pre-period” data for log-normality, due to the fact there has not been 

significant difference in results. 
73

 In case of Mean-Variance method, for every round all the previous (historical) data from dataset were used 

for computation of means and variances (i.e. in second period, historical data, data from first period of 

simulation and data between end of first period and start of second period were used).  
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� Agents 

We created one agent for each strategy. Agent A is a representative of Mean-
Variance strategy and agent B represents Mean-VaR strategy. For both agents, we tested 
three levels of risk aversion measured in terms of percentage of initial wealth devoted to 
investment in risky assets. We arbitrary (and without prejudice to the generality) set these 
levels:  

� Level 1:  λ=20%   (i.e. he lends 20% of his initial wealth) 
� Level 2:  λ=0%    (i.e. he does not lend nor borrow) 
� Level 3:  λ= -20%   (i.e. he borrows funds worth 20% of his                               

initial wealth) 

Therefore, agent A(1) is creating his portfolio with a help of Mean-Variance method 
and allocate 20% of his initial wealth into risk-free asset and the rest in risky assets. In 
general, we can assume, that in case of profitable portfolio selection, higher risk exposure (in 
terms of risk-free asset, i.e. level 3) generate higher profit, otherwise, safer strategy (i.e. 
level 1) generates lower losses. 

� Simulation Course 

At the first day of each period optimum portfolio is found. First of all, both agents 
borrow (or lend) desired level of funds. Then, the rest of their funds are allocated among 
risky securities. In this step, agents are basing their decisions on theory developed in chapter 
2. Agents hold the same positions of risky securities for 20 days (one round). At the end of 
each round all the risky assets are sold at market price. In the next round they can again 
optimize risky assets allocation, taking into the considerations performances of stock returns 
from previous rounds.74 Weight of risk-free asset in the portfolio stays unchanged for the 
whole period (six rounds). After one period, money (riskless asset) is withdrawn from the 
bank with an interest. The simulation is evaluated after every period.   

� Initial Settings and Rules 

Initial wealth of all agents at the beginning of every period was set to be one million 
CZK. The value of 6 month PRIBOR rate was 3.09% p.a. in the first period and 4.29% p.a. in 
the second period.75 

 Agents can reallocate their funds during the investment period invested in risky 
securities, but are not allowed to do the same with a risk-free asset. This measure was put in 
action mainly due to the high transaction costs in reality (e.g. term deposit or loan).76 

 

3.2.1. Mean-Variance Investment Routine 

Within a frame of this section, we look on Agent A’s simulation course from more 
detailed perspective. All concepts developed until now (chapters 2, 3 and 4) will be used in 
order to provide as straightforward sequential illustration of this routine as possible. 

                                                           
74

 Optimisation is dependent also on agent’s wealth after particular round, derived from portfolio value from 

previous period. 
75

 This values were obtain via ARAD system - http://www.cnb.cz/cnb/STAT.ARADY_PKG.STROM_KOREN. 
76

 despite of using non transaction costs assumption in this paper. 
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Let us assume, that Agent A had already borrowed (lent) from a bank, as described in 
the previous section. In the first step of decision making process is Agent A forced to 
compute return’s means and variance/covariance matrix of returns. It is no problem to 
compute both of them, indeed. But, in this and only in this moment we were forced to make 
trade-off between compatibility (implying easy comparability) with Agent B’s strategy and 
statistical functionality. 

 Let us now describe the problem in more tangible manner. Before the first round of 
simulations, we have 137 data of daily returns available.77 Since one investment round took 
one month (i.e. Agent A is optimizing for one month horizon), we would need to transform 
daily returns into over month returns in order to compute means and variance-covariance 
matrix for monthly returns. By doing so, we would obtain only 7 historical over-month 
returns before the first investment round, for each of 13 stocks.78 In the next step, we would 
compute over-month mean return of each stock from return distribution defined by only 
seven historical observations (similar applies for variance-covariance matrix).  

Since seven observations is an insufficient number for construction of returns 
distribution, we decided to optimize for the over-day horizon, keeping portfolio unchanged 
for 20 days (one round).79 Thus, Agent A compute expected over-day return from 137 daily 
return observations for each of 13 risky securities and compile their variance-covariance 
matrix. Then, he computes one-day PRIBOR from the referential PRIBOR. Once he has 
succeeded with this, he had all the information needed for optimization. Agent A finds 
optimum portfolio of risky securities by maximizing value of Sharpe ratio and invest his funds 
accordingly. Notice that this maximization is done by solving either problem SR A or SR B 
from chapter 2.  

From now on, the routine is continuing as described in section Simulation Course with 
respect to details illustrated in the previous paragraph. 

The mathematical programming problem of maximizing Sharpe ratio was solved in 
Excel Solver. Variance-Covariance matrix, efficient frontier was obtained by means of VBA 
(Visual Basic for Applications) routines, whose codes are provided in Appendix A. 

3.2.2 Mean-VaR Investment Routine 

To prevent us from constant repeating of the same procedure described in 
Simulation Course paragraph, we highlight only the details in which differs Mean-VaR 
investment routine from Mean-Variance. 

As could be predicted, the difference is in performance ratio maximization and the 
way of treatment of the historical observations. As long as Mean-VaR (Mean-CVaR) 
developed in chapter 2 used historical scenario generation as one of the ways for predicting 
distribution of future returns, Agent B did not come across the problem of historical 
observations insufficiency. Thus, he optimized the portfolio for one round (month) horizon 
as follows:  

After he generated 20 possible scenarios of future returns for each stock, he 
implemented them in the process of solving either mathematical programming problem 

                                                           
77

 From 19.12.2006 to 9.7.2007. 
78

 Moreover only 6 months would consist of 20 days. 
79

 Even in last investment round (28.11. – 30.12.2008), there would be only 24 historical over-month returns 

available.  
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STARR A or STARR B, defined in the second chapter. By arriving to solution of one of these 
problems and considering REMARK 2, Agent B obtains optimum portfolio weights and 
allocates according to them his funds. The rest of the routine does not differ from the 
general outline. 

Since this mathematical programming problem was more demanding (in this case, 
contented 35 variables, 20 constraint inequalities and 2 constraint equalities), we made a 
use of Matlab software in order to obtain more accurate results. Codes for optimization 
routines with short description are provided in Appendix B. 

Finally, we presented theoretical background, data used and principles of simulation 
routines we worked with. In the next section we present the results obtained for both 
agents A and B, from first and second period at each of the risk aversion level selected. 

3.3. The Results 

 In order to make comparing of both strategies clearer, we will deal with the first and 
the second period separately. 

3.3.1. First Period 

As mentioned before, first period was characterized by higher volatility of stock 
returns, but rather stagnating trend of PSE. We believe that Mean-Variance strategy will be 
ineffective in the asset allocation due to proved non-normality of returns. When it comes to 
Mean-VaR analysis, and its historical simulation approach to estimation of future returns, 
problems can occur in periods preceded by periods of relatively high appreciation of 
minority of stocks (and consecutive depreciation in next period), but stable performance of 
whole stock market. This is caused by the fact that Mean-VaR strategy reacts on changes 
more flexibly, estimates future returns on different basis (working with particular scenarios - 
days, rather than particular securities) and from shorter data string.80  

First of all let us present Figure 13, which depicts performance of risky part of 
portfolio of Mean-Variance and Mean-VaR strategy for the first period. Additionally, there is 
a benchmark portfolio (constructed purely from PX index) for comparison of relative profits. 
We (without limiting generality) chose exposure level 1 (i.e. 80% of initial wealth invested in 
risky part of portfolio). Returns from other exposure levels, would be in the same 
relationship, only shifted upward or downward depending on initial level of investments in 
risky portfolio. Figure 13 also depicts the value of entire portfolio (i.e. riskless security value 
in particular point in time is also included).81 

                                                           
80

 This can be solved by concerning longer data string, and would lead to even more computationally 

demanding process. Thus, it is not problem of method itself, rather problem of problem of computational 

capabilities and extent of bachelor thesis. 
81

 Figures for exposure level 2 and 3, with the rest of information about portfolios in particular rounds are 

provided in Appendix D. All the calculations, efficient frontiers and another supplementary data are provided in 

Excel spreadsheets at CD attached to this bachelor thesis.  
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Source: Author’s computations 

 Arising from the results of the first period, we are certain about the fact, that the 
both strategies were relatively profitable, i.e. it was worth to optimize the portfolio, because 
it yielded higher return (lower loss) than stock exchange average (measured in terms of PX 
index). Agent A profited even in absolute values – 9480 CZK (circa 1% profit), in times when 
PX lost 2.2% of its value (in average -0.02% loss per day). Agent B lost 1% of his initial wealth, 
which is less than stock exchange average loss. 

 Agent A was less profitable at the exposure level 2, which is in conflict with our 
presumption, that when profiting, more risky strategies will generally generate higher 
profits. In this case, the profit leverage of risky securities was too small, reflecting that agent 
A had to pay back more on interests than he profited from investing in stocks. The same 
applies for exposure level 3. Nevertheless, Agent A profited in absolute terms on each of the 
three exposure levels. 

 Different was true for Agent B. In this case, our presumption held, meaning - the 
higher the risk exposure was, the higher loss was generated. 

The results of period one (for the last day of period) are concluded in Table 4: 

 

Level of exposure Value of Agent A Agent B PX index portfolio 

1 

(λ=0.2) 

risk-free part 203090 203090 203090 

risky part 806390.12 786804.6 782268.2 

entire portfolio 1009480.12 989894.6 985358.2 

portfolio return 0.95% -1.01% -1.46% 

2 

(λ=0) 

risk-free part 0 0 0 

risky part 1007987.6 983505.75 977835.2 

entire portfolio 1007987.6 983505.75 977835.2 

portfolio return 0.80% -1.65% -2.22% 

3 

(λ=-0.2) 

risk-free part -203090 -203090 -203090 

risky part 1209585.1 1180206.9 1173402.3 

entire portfolio 1006495.1 977116.9 970312.3 

Portfolio return 0.65% -2.29% -2.97% 

Table 4: Simulation Results – 1
st

 period 

Source: Author’s computations 
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 Information contained in Table 4 describes the main results of the first period of the 
simulation. In the following lines we offer some explanatory notes on breaking points of 
development of Agents A’s and Agent B’s portfolio values. 

 According to the Figure 13, performance of both strategies was in line with market 
performance in the first 20 days (first round of simulation). Then, in the second round of the 
first period PX index as well as Agent B’s portfolio lost in value. The main difference in Agent 
A’s and B’s portfolio weights were in investment in JČ Papírny stock as depicted by Figure 14 
: 

 

Source: Author’s computations 

Historical simulation predicted good future prospects of JČ Papírny stocks due to 
short term appreciation. It is important to note, that by short term we mean more than 20 
days (more than one round from which the distribution of future returns was predicted).82 
As mentioned before, these mistakes can be avoided by extending the range of historical 
simulation window, which would lead to technically and computationally more demanding 
algorithm, based on the same theoretical basis. Anyway, Mean-Variance framework was 
more efficient in this point of simulation. Agent A was not strongly influenced by short term 
appreciation of JČ Papírny stock, since it did not influence significantly distribution of entire 
distribution of historical returns, thus he did not invest into it. This conservatism of Mean-
Variance approach appeared to be good decision this time, since JČ Papírny fell back at its 
pre-period value in round 2. 

Agent B’s portfolio continued in plunging, attaining lowest values in next period 
(around day 50, half of round 3). This was again caused by investment into JČ Papírny stock. 
The reason, why Agent B, who is using Mean-VaR framework, chose again to invest in the 
same stock in which he lost circa 1% of portfolio value last month is simple. JČ Papírny stock 
has relatively high expected return for round 3 (in comparison to the rest of stock), 
additionally, its expected losses were balanced by combination with PARAMO stock (which 
had also relatively high expected return).83  Nevertheless, this solution appeared to have 
“depleting” effect on portfolio again. By this move, Agent B lost another 10500 CZK (i.e. circa 
1% of initial value), even though VaR95 was estimated to be 8663 CZK (i.e. agent will not lose 

                                                           
82

 It does not mean that Mean-VaR framework can be “fooled” by over-day volatility, implying its uselessness in 

real world. 
83

 Mean-VaR portfolio selection method ,in practice, chooses such portfolio that in every of 20 scenarios (days), 

expected losses of some stocks are balanced by expected returns of another ones. Additionally, expected 

losses are minimized as much as possible.    
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more than 8663 in 95% of cases.) Again, Agent A’s portfolio remained on the same level, 
since he did not invest in JČ Papírny stocks for similar reasons described in the previous 
paragraph. 

Described steps of the both agents made circa 34 000 CZK gap between the two of 
them. In the next round (fourth), both strategies were profiting, following global trend of 
PSE. Agent B’s portfolio continued in appreciating trend till the end of the first period. Even 
though Agent B’s portfolio performed better than PX index (from the start of 5th round), it 
ended up in red numbers.  

Agent A was above the PSE average for the whole observed period, but his portfolio 
started to depreciate at the beginning of 5th period (in contrast to Agent B) and followed this 
trend till the end of period.  

Herewith, we finished both the presentation of the results of the first period and the 
explanation of the reasons standing behind the portfolio value “breaking points”. Both 
strategies had proved that it is essential to optimize the portfolio in order to obtain better 
results than market average. On the other hand, our hypothesis did not hold, since Mean-
Variance strategy (Agent A) performed better than Mean-VaR strategy (Agent B) in period 
characterized by higher relative volatility. Here it is important to remind that relative failure 
of Mean-VaR strategy was caused mainly by algorithm of data generating rather than theory 
itself. Since that, we believe that this attribute will turn out to be advantage in next period, 
which is characterized by extreme volatility and depreciating global stock exchange trend. 

4.3.2 Second Period 

 Results of second period were interesting and rather convincing. As we were 
expecting, Agent B’s strategy coped with the turbulent environment in considerably better 
manner. Figure 15: Portfolio returns – 2nd period is depicting performance of both strategies 
throughout period 2.  
 

  
 

Source: Author’s computations 

Generally speaking, in the rounds with the biggest depreciation of PX index, when the 
expected returns of all of the stocks were low (several also negative), both agents focused 
on the investments into the stocks with the lowest volatilities (KOBOS stocks, most of the 
time). Again, both agents were relatively profitable, Agent B was profitable even in absolute 
terms (almost 3% profit). These profits are even more remarkable, when one takes into 
account the fact, that PX index fall to 58% of its value at the start of the period, and PX 
benchmark portfolio (risky part) lost almost 17% (22%) of its initial value. This implies that 
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both strategies are sufficiently safe even in the turbulent market environment. Table 5 is 
offering an overview of the second period. 

Level of exposure Value of Agent A Agent B PX index portfolio 

1 

(λ=0.2) 

risk-free part 204290 204290 204290 

risky part 755295.2 822479 630287 

entire portfolio 959585.2 1026769 834577 

portfolio return -4.04% 2.68% -16.54% 

2 

(λ=0) 

risk-free part 0 0 0 

risky part 944119 1028098.7 787858.65 

entire portfolio 944119 1028098.7 787858.65 

portfolio return -5.59% 2.81% -21.21% 

3 

(λ=-0.2) 

risk-free part -204290 -204290 -204290 

risky part 1132942.8 1233718.5 945430.4 

entire portfolio 928652.8 1029428.5 741140.4 

portfolio return -7.13% 2.94% -25.89% 

Table 5: Simulation results – 2
nd

 period 

Source: Author’s computations 

Let us now propose the differences in optimum portfolios of both agents, which led 
to difference in their final profits. Similarly to the first period, development of both 
portfolios was in line with PX index until PX index started to depreciate in value. Due to lack 
of stocks with non-negative expected returns or returns higher than risk-free asset return, 
Agent A focused purely on KOBOS stocks (Paramo, Pražská energetika, Toma). During the 
whole second period, he was constructing portfolio only from stocks mentioned, by 
changing the relative weights. This does not imply insufficiency of options for including SPAD 
stocks into the optimum portfolio, due to their non-appreciating trend during observed 
rounds. Rather the appreciations were only short termed (1–2 rounds) and they did not 
significantly influence the distribution of returns of particular stocks, implying that Agent A 
did not react to these changes. 

In this sense, Mean-VaR framework (Agent B) reacted more appropriately to the 
stock price changes, which subsequently led to the higher profit. On one hand, Agent B 
formed some of his portfolios mainly out of KOBOS stocks for their low price variability 
(round 5 and 6). On the other hand, he managed to build also mixed (SPAD-KOBOS) 
portfolios (round 1, 2, 3 and 4), because of seemingly appreciating trend of SPAD stocks 
(even short term). This diversification appeared to work for the Agent B specifically in round 
3, which was breaking point for each of three portfolios. Now let us describe round 3 in 
more detail. As mentioned before, until round (and some days within) each of three 
portfolios had roughly the same value. But during this period, PX index started to tumble and 
dropped rapidly in the next two periods. For the reasons mentioned before, also arising from 
the theoretical background, Agent A and B constructed completely different portfolios. 
Figure 16 depicts portfolios of both agents in round 3.  
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Source: Author’s computations 

 Different portfolio composition secured that Agent B lost around 5800 CZK, which 
was less than loss of Agent A (circa 25000 CZK). It is important to point out, that PX 
benchmark portfolio lost circa 69000 CZK, which proves the trend of PSE of that period. 

In this point, reader can be curious why more than half of Agent B’s optimum 
portfolio is composed mainly from Zentiva stocks, when their expected return, arising from 
historical simulation is -0.005% per day and there are stocks with higher average return.84 
The answer is straightforward. Since Agent B is using Mean-VaR framework (obtaining entry 
data from historical simulations), he is not considering return distribution of each stock 
(based on mean and variance) separately, rather he is thinking of all possible future periods 
85 ,deciding on past experiences and choosing a portfolio which would perform best in all of 
them. This is a key notion for understanding the difference between Mean-Variance and 
Mean-VaR decision making process.86 

 From this point both agents generated roughly the same profits/losses, while PX 
index (consequently PX benchmark portfolio) continued in depreciating trend. In the next 
rounds, Agent B constructed portfolios mainly from KOBOS stocks, also with lack of 
diversification (caused by few stocks and scenarios expecting higher profit from risky 
securities than risk-free asset). 

 This part of empirical testing confirmed our hypothesis regarding the superiority of 
Mean-VaR (Mean-CVaR) strategy in particular environment. As mentioned before, we 
believe that more remarkable results can be obtained, by making a use more scenarios, 
more sophisticated method or combination of the two, even in such volatile periods. 
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 Detailed spreadsheets with statistics related to stocks, rounds and periods are provided on CD with this 

bachelor thesis. 
85

 Next 20 days in our simulations. 
86

 For the reasons explained in this paragraph, none of the stocks chosen by Agent A could be chosen by agent 

B, since their expected returns were 0 (for all days and each of three stocks).    
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Conclusion 

 The aim of this thesis was to test the profitability of two strategies in turbulent (crisis) 

times by comparing their profitability, basing on two different approaches for optimum 

portfolio selection. 

Mean-Variance and Mean-VaR portfolio selection methods were compared with a 

use of Czech market stocks in period from 18.12.2006 to 30.12.2008. Both methods were 

choosing from SPAD, KOBOS and riskless stocks in order to compile optimum portfolio. In 

consequence, we were measuring their relative profitability (i.e. in comparison to PSE 

performance) and absolute profitability (i.e. profit/loss in absolute terms). 

For simulation purposes, we worked with two separated (6 months) periods. To our 

surprise, both strategies were relatively profitable in both periods. This is clear evidence that 

it is worth to optimise when investing. When it comes to comparing of performance of the 

two strategies, the results are not such straightforward.  

 Arising from our tests of normality of returns, we predicted Mean-VaR strategy to 

perform better in both periods (i.e. moderate volatility as well as the market turmoil). 

Different was true for the first period, when Mean-Variance profited (almost 1%) and Mean-

VaR strategy was only relatively profitable. Nevertheless, in the second period Mean-VaR 

strategy performed better with almost 3% profit in comparison to circa 5% loss of Mean-

Variance (21% loss of PX index).  

 As a consequence of our results, it seems that it is worth to adhering investment 

decisions to outputs of optimisation algorithms of both methods. Moreover, we consider 

Mean-VaR strategy to be safer in turbulent times. 

 In addition to more profitable performance of Mean-VaR strategy in crisis times, 

which was the main point of interest of this thesis, we are confident to say, that there is still 

room for further research. Simple scenario generation procedure (which could be the reason 

for weaker performance in first period) could be substituted for more sophisticated methods 

(e.g. Monte Carlo simulations). Furthermore, the same simulation framework can be done 

with a use of multi-period optimisation routine (i.e. with a help of Markov processes), 

instead of single period optimisation in several steps.  

 In summary, this paper compared two single period optimum portfolio selection 

methods from empirical perspective. The fact that methods were transformed into 

strategies and tested in environment, which differs from other research papers in volatility, 

stock exchange history and variety of stocks is the main value added of this paper. 
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Appendix A 

VBA code for efficient frontier: 

Private Sub CommandButton1_Click() 

Dim i As Long 

For i = 3 To 60 

SolverReset 

SolverOk SetCell:=Cells(i, 95).Address, MaxMinVal:=2, ValueOf:="0", ByChange:=Range("$CZ$" & i, "$DL$" & i) 

SolverAdd CellRef:=Cells(i, 117).Address, Relation:=2, FormulaText:="1" 

SolverAdd CellRef:=Range("$CZ$" & i, "$DL$" & i), Relation:=3, FormulaText:="0" 

SolverOk SetCell:=Cells(i, 95).Address, MaxMinVal:=2, ValueOf:="0", ByChange:=Range("$CZ$" & i, "$DL$" & i) 

SolverSolve UserFinish:=True 

SolverFinish KeepFinal = "1" 

Next i 

End Sub 

 
VBA code for Variance/Covariance matrix: 

Function VarCovar(rng As Range) As Variant 

Dim i As Integer 

Dim j As Integer 

Dim numCols As Integer 

numCols = rng.Columns.Count 

numRows = rng.Rows.Count 

Dim matrix() As Double 

ReDim matrix(numCols - 1, numCols - 1) 

For i = 1 To numCols 

For j = 1 To numCols 

matrix(i - 1, j - 1) = Application.WorksheetFunction.Covar(rng.Columns(i), rng.Columns(j)) * numRows / 

(numRows - 1) 

Next j 

Next i 

VarCovar = matrix 

 

End Function 

 
Note: This VBA codes are designed for MS Excel Sheets provided on attached CD. 
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Appendix B 

For optimization in Matlab we used Linprog function, which solves linear programing problem in a 

form: 

 

min

such that:

T

x
f x

x b

x beq

lb x ub

⋅ ≤
⋅ =

≤ ≤

A

Aeq

 

f,x,b,beq,lb and ub are vectors, and A and Aeq are matrices. 

Then the code is: 

f=[c] 

A=[r1;r2;r3;r4;r5;r6;r7;r8;r9;r10;r11;r12;r13;r14;r15;r16;r17;r18;r19;r20] 

Aeq=[jednotky;Er] 

b=[zeros(14,1);-1000000;zeros(20,1)] 

Beq=[0;1] 

b=[zeros(20,1)] 

lb=[zeros(14,1);-1000000;zeros(20,1)] 

[x,fval,exitflaq,output]=linprog(f,A,b,Aeq,Beq,lb) 

 

 

where c is vector in form: 

 1 13 1 20( ,...., , , , ,...., )Tc x x t u uδ=  

r1,....,r20 are vectors of 20 historical days, where every one of them is composed from returns of 

each stock, i.e. : 

 { }1 13( ,...., ) , 1,...,20T
i iri r r i= ∀ ∈  
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Appendix C 

Particular Stocks Return Development: 
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Basic description of PX index 

Name of Index PX 

Index Type Blue Chip 

Weighting Market Capitalization 

Maximum Weight 25% (on decisive day) 

Number of Base Issues Variable 

Starting Date 5.4.1994 (PX index took over history of PX50) 

 

 

 

 

Formula 

( )
( ) ( ) 1000

(0)

M t
PX t K t

M
= ⋅ ⋅  

M(t)= market capitalization of base in period t 

 

M(0)= market capitalization of base in starting period 

 

K(t)= chaining factor in period t 

Calculation Period 9:10am – 4pm 

  

Table 6: PX Index 

Source: http://www.pse.cz/dokument.aspx?k=Burzovni-Indexy 
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Appendix D 

Risky portifolio weights of risky securities in particular periods: 

period 
Security 

1. 2. 

round 1. 2. 3. 4. 5. 6. 1. 2. 3. 4. 5. 6. 

M
e

a
n

-V
a

r
ia

n
c
e

 

CETV 14.7% 0% 1.6% 2.5% 11.5% 1.0% 0% 0% 0% 0% 0% 0% 

ČEZ 0% 0% 0% 0% 0% 4.3% 3.9% 0% 0% 0% 0% 0% 

ECM 9.2% 4.8% 0.02% 0% 0% 0% 0% 0% 0% 0% 0% 0% 

JČ PAP. 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 

ORCO 0% 0% 0.% 0% 0% 0% 0% 0% 0% 0% 0% 0% 

PARAMO 22.5% 10.2% 19.2% 19.5% 20.2% 22% 27.4% 29% 29.2% 31.9% 3.55% 17.5% 

PEGAS  0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 

P. MORRIS 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 

P. ENERG. 21.2% 37% 37.5% 57% 45.7% 32.4% 37.3% 38.8% 38.9% 31.1% 40.1% 36.40% 

O2  27.3% 37.9% 39.4% 2% 3.8% 2.3% 0% 0% 0% 0% 0% 0% 

TOMA 0% 0% 0% 0% 5.1% 24% 31.3% 32.1% 31.8% 37% 56.3% 46.01% 

UNIPETROL 4.9% 9.9% 2.08% 17.7% 13.6% 13% 0% 0% 0% 0% 0% 0% 

ZENTIVA 0.% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 

M
e

a
n

-V
a

R
 

CETV 3.9% 0% 0% 0% 0.53% 0% 0% 0% 3.34% 0% 0.% 0% 

ČEZ 9.7% 29.3% 0% 0% 3.2% 47.8% 0% 0% 4.54% 0% 0% 0% 

ECM 0.27% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 

JČ PAP. 3.1% 36.3% 37.6% 16.% 0% 0% 0% 0% 0% 29.8% 4.3% 0% 

ORCO 0% 0% 0% 7% 0% 0% 0% 0% 0% 0% 0% 0% 

PARAMO 16% 0% 62.3% 22.2% 15% 0.07% 0% 0% 0% 0% 0% 0% 

PEGAS  0% 0% 0% 0% 0.31% 0% 0% 0% 3.6% 0% 0% 0% 

P. MORRIS 18.3% 0% 0% 4.6% 0% 0.1% 0% 0% 31% 70.9% 0% 0% 

P. ENERG. 30.5% 0.4% 0% 33.4% 0% 0% 0% 0% 0% 0% 0% 0% 

O2  0% 0% 0% 0% 0% 0% 0% 100% 0% 0% 0% 0% 

TOMA 4.45% 0% 0% 0% 53% 52% 0% 0% 0% 0% 94.4% 100% 

UNIPETROL 4.96% 33.8% 0% 15.5% 27.% 0% 0% 0% 0% 0% 0.% 0% 

ZENTIVA 8.5% 0% 0% 0.07% 0% 0% 100% 0% 57.4% 0% 0.7% 0% 
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Appendix E 

Normality tests – Whole period data 

A. Test for normality of CETV: 

 Doornik-Hansen test = 504.35, with p-value 3.03308e-110 

 Shapiro-Wilk W = 0.740107, with p-value 1.82965e-027 

 Lilliefors test = 0.18681, with p-value ≈ 0 

 Jarque-Bera test = 6803.51, with p-value 0 

 

B. Test for normality of ČEZ: 

 Doornik-Hansen test = 535.452, with p-value 5.34782e-117 

 Shapiro-Wilk W = 0.865036, with p-value 1.51395e-020 

 Lilliefors test = 0.100138, with p-value ≈ 0 

 Jarque-Bera test = 2128.03, with p-value 0 

 

C. Test for normality of ECM: 

 Doornik-Hansen test = 663.657, with p-value 7.7396e-145 

 Shapiro-Wilk W = 0.695489, with p-value 2.68607e-029 

 Lilliefors test = 0.154894, with p-value ≈ 0 

 Jarque-Bera test = 61961.8, with p-value 0 

 

D.  Test for normality of JC PAPIRNY: 

 Doornik-Hansen test = 83.868, with p-value 6.14174e-019 

 Shapiro-Wilk W = 0.822827, with p-value 2.73576e-023 

 Lilliefors test = 0.295609, with p-value ≈ 0 

 Jarque-Bera test = 152.132, with p-value 9.22421e-034 

 

E. Test for normality of ORCO: 

 Doornik-Hansen test = 889.271, with p-value 7.89278e-194 

 Shapiro-Wilk W = 0.752802, with p-value 6.7423e-027 

 Lilliefors test = 0.165407, with p-value ≈ 0 

 Jarque-Bera test = 4776.75, with p-value 0 

 

F. Test for normality of PARAMO: 

 Doornik-Hansen test = 587.726, with p-value 2.38133e-128 

 Shapiro-Wilk W = 0.582677, with p-value 3.9478e-033 

 Lilliefors test = 0.376661, with p-value ≈ 0 

 Jarque-Bera test = 2447.47, with p-value 0 
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G. Test for normality of PEGAS_NONWOVENS: 
 

 Doornik-Hansen test = 367.451, with p-value 1.61808e-080 

 Shapiro-Wilk W = 0.869068, with p-value 2.9817e-020 

 Lilliefors test = 0.130582, with p-value ≈ 0 

 Jarque-Bera test = 2106.94, with p-value 0 

 

H. Test for normality of PHILIPMORRIS: 
 

 Doornik-Hansen test = 309.788, with p-value 5.37497e-068 

 Shapiro-Wilk W = 0.916478, with p-value 3.70849e-016 

 Lilliefors test = 0.0964976, with p-value ≈ 0 

 Jarque-Bera test = 862.915, with p-value 4.1728e-188 

 

I. Test for normality of PRASKENERGETIKA: 

 

 Doornik-Hansen test = 1316.43, with p-value 1.38249e-286 

 Shapiro-Wilk W = 0.215485, with p-value 1.49296e-041 

 Lilliefors test = 0.494512, with p-value ≈ 0 

 Jarque-Bera test = 43993.1, with p-value 0 

 

J.  Test for normality of TELEFONICA_O2_C: 

 Doornik-Hansen test = 941.588, with p-value 3.44147e-205 

 Shapiro-Wilk W = 0.815689, with p-value 1.05592e-023 

 Lilliefors test = 0.124697, with p-value ≈ 0 

 Jarque-Bera test = 5229.64, with p-value 0 

 

K. Test for normality of TOMA: 

 Doornik-Hansen test = 2106.14, with p-value 0 

 Shapiro-Wilk W = 0.241585, with p-value 4.4747e-041 

 Lilliefors test = 0.490576, with p-value ≈ 0 

 Jarque-Bera test = 25020.8, with p-value 0 

 

L. Test for normality of UNIPETROL: 

Doornik-Hansen test = 598.727, with p-value 9.73099e-131 

Shapiro-Wilk W = 0.838885, with p-value 2.60439e-022 

Lilliefors test = 0.126116, with p-value ≈ 0 

Jarque-Bera test = 2540.64, with p-value 0 
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M. Test for normality of ZENTIVA: 

 

 Doornik-Hansen test = 482.069, with p-value 2.08947e-105 

 Shapiro-Wilk W = 0.839538, with p-value 2.8644e-022 

 Lilliefors test = 0.123095, with p-value ≈ 0 

 Jarque-Bera test = 6381.28, with p-value 0 

 

Log-normality tests – whole period data 

A. Test for log-normality of CETV: 

 Doornik-Hansen test = 677.415, with p-value 7.96604e-148 

 Shapiro-Wilk W = 0.751128, with p-value 5.66078e-027 

 Lilliefors test = 0.181785, with p-value ≈ 0 

 Jarque-Bera test = 5491.35, with p-value 0 

 
B. Test for log- normality of CEZ: 

 Doornik-Hansen test = 576.197, with p-value 7.59205e-126 

 Shapiro-Wilk W = 0.86537, with p-value 1.60053e-020 

 Lilliefors test = 0.0986692, with p-value ≈ 0 

 Jarque-Bera test = 2269.92, with p-value 0 

 

C. Test for log-normality of ECM: 

 Doornik-Hansen test = 1017.13, with p-value 1.3588e-221 

 Shapiro-Wilk W = 0.718523, with p-value 2.22363e-028 

 Lilliefors test = 0.149168, with p-value ≈ 0 

 Jarque-Bera test = 40261, with p-value 0 

 

D. Test for log-normality of JC PAPIRNY: 

 Doornik-Hansen test = 87.7174, with p-value 8.96198e-020 

 Shapiro-Wilk W = 0.823366, with p-value 2.94321e-023 

 Lilliefors test = 0.292671, with p-value ≈ 0 

 Jarque-Bera test = 148.73, with p-value 5.05427e-033 

 

E. Test for log-normality of ORCO: 

 Doornik-Hansen test = 868.292, with p-value 2.83622e-189 

 Shapiro-Wilk W = 0.748021, with p-value 4.10086e-027  

Lilliefors test = 0.168565, with p-value ≈ 0 

 Jarque-Bera test = 5578.05, with p-value 0 
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F. Test for log-normality of PARAMO: 

 Doornik-Hansen test = 590.976, with p-value 4.68978e-129 

 Shapiro-Wilk W = 0.583256, with p-value 4.10943e-033 

 Lilliefors test = 0.37723, with p-value ≈ 0 

 Jarque-Bera test = 2385.45, with p-value 0 

  

G. Test for log-normality of PEGAS_NONWOVENS: 

 Doornik-Hansen test = 392.514, with p-value 5.84396e-086 

 Shapiro-Wilk W = 0.873293, with p-value 6.16796e-020 

 Lilliefors test = 0.128241, with p-value ≈ 0 

 Jarque-Bera test = 1865.26, with p-value 0 

 

H. Test for log-normality of PHILIP MORRIS: 

 Doornik-Hansen test = 313.412, with p-value 8.77695e-069 

 Shapiro-Wilk W = 0.915444, with p-value 2.90959e-016 

 Lilliefors test = 0.0980113, with p-value ≈ 0 

 Jarque-Bera test = 916.447, with p-value 9.91072e-200 

 

I. Test for log-normality of PRAZSKA ENERGETIKA: 

 Doornik-Hansen test = 1076.73, with p-value 1.55231e-234 

 Shapiro-Wilk W = 0.214757, with p-value 1.44857e-041 

 Lilliefors test = 0.495269, with p-value ≈ 0 

 Jarque-Bera test = 46287.2, with p-value 0 

 

J. Test for log-normality of TELEFONICA_O2: 

 Doornik-Hansen test = 942.861, with p-value 1.82093e-205 

 Shapiro-Wilk W = 0.814578, with p-value 9.12772e-024 

 Lilliefors test = 0.123492, with p-value ≈ 0 

 Jarque-Bera test = 5414.08, with p-value 0 

 

K. Test for log-normality of TOMA: 

 Doornik-Hansen test = 1957.29, with p-value 0 

 Shapiro-Wilk W = 0.242002, with p-value 4.55509e-041 

 Lilliefors test = 0.491505, with p-value ≈ 0 

 Jarque-Bera test = 23980.3, with p-value 0 
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L. Test for log-normality of UNIPETROL: 

 Doornik-Hansen test = 648.334, with p-value 1.64432e-141 

 Shapiro-Wilk W = 0.839109, with p-value 2.69077e-022 

 Lilliefors test = 0.123901, with p-value ≈ 0 

 Jarque-Bera test = 2755.03, with p-value 0 

 

M. Test for normality of ZENTIVA: 

 Doornik-Hansen test = 506.903, with p-value 8.45901e-111 

 Shapiro-Wilk W = 0.846641, with p-value 8.22382e-022 

 Lilliefors test = 0.120921, with p-value ≈ 0 

 Jarque-Bera test = 5269.42, with p-value 0 

 

 

Demonstrative example of fat-tailed distribution with extreme kurtosis: 

 

Dashed line is referential normal distribution. 

Normality tests – pre-periods data 

A. Test for normality of CETV: 

 Doornik-Hansen test = 17.4713, with p-value 0.000160749 

 Shapiro-Wilk W = 0.972751, with p-value 0.00757602 

 Lilliefors test = 0.0701109, with p-value ≈ 0.1 

 Jarque-Bera test = 21.758, with p-value 1.88501e-005 

B. Test for normality of CEZ: 

 Doornik-Hansen test = 5.67553, with p-value 0.0585564 

 Shapiro-Wilk W = 0.986726, with p-value 0.210138 

 Lilliefors test = 0.0435115, with p-value ≈ 0.75 

 Jarque-Bera test = 7.31631, with p-value 0.0257801 
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C. Test for normality of ECM: 

 Doornik-Hansen test = 57.1478, with p-value 3.8951e-013 

 Shapiro-Wilk W = 0.942997, with p-value 2.11962e-005 

 Lilliefors test = 0.0854453, with p-value ≈ 0.02 

 Jarque-Bera test = 94.5835, with p-value 2.89368e-021 

 

D. Test for normality of JC PAPIRNY: 

 Doornik-Hansen test = 59.4625, with p-value 1.2243e-013 

 Shapiro-Wilk W = 0.736135, with p-value 2.15281e-014 

 Lilliefors test = 0.336174, with p-value ≈ 0 

 Jarque-Bera test = 121.99, with p-value 3.23731e-027 

 

E. Test for normality of ORCO: 

 Doornik-Hansen test = 15.4663, with p-value 0.000438054 

 Shapiro-Wilk W = 0.97815, with p-value 0.0267745 

 Lilliefors test = 0.0547399, with p-value ≈ 0.39 

 Jarque-Bera test = 18.9753, with p-value 7.57821e-005 

 

F. Test for normality of PARAMO: 

 Doornik-Hansen test = 100.916, with p-value 1.2202e-022 

 Shapiro-Wilk W = 0.688996, with p-value 1.16609e-015 

 Lilliefors test = 0.327138, with p-value ≈ 0 

 Jarque-Bera test = 281.997, with p-value 5.82239e-062 

 

G. Test for normality of PEGAS_NONWOVENS: 

 Doornik-Hansen test = 43.6622, with p-value 3.30274e-010 

 Shapiro-Wilk W = 0.933398, with p-value 4.39083e-006 

 Lilliefors test = 0.111927, with p-value ≈ 0 

 Jarque-Bera test = 71.851, with p-value 2.49896e-016 

 

H. Test for normality of PHILIP MORRIS: 

 Doornik-Hansen test = 29.3148, with p-value 4.30886e-007 

 Shapiro-Wilk W = 0.939291, with p-value 1.13694e-005 

 Lilliefors test = 0.114598, with p-value ≈ 0 

 Jarque-Bera test = 71.4052, with p-value 3.12283e-016 
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I. Test for normality of PRAZSKA ENERGETIKA: 

 Doornik-Hansen test = 188.152, with p-value 1.39123e-041 

 Shapiro-Wilk W = 0.228532, with p-value 1.00985e-023 

 Lilliefors test = 0.501247, with p-value ≈ 0 

 Jarque-Bera test = 4240.16, with p-value 0 

 

J. Test for normality of TELEFONICA_O2_C: 

 Doornik-Hansen test = 13.7407, with p-value 0.00103811 

 Shapiro-Wilk W = 0.978208, with p-value 0.0271484 

 Lilliefors test = 0.0594306, with p-value ≈ 0.27 

 Jarque-Bera test = 13.97, with p-value 0.000925662 

 

K. Test for normality of TOMA: 

 Doornik-Hansen test = 229.673, with p-value 1.34026e-050 

 Shapiro-Wilk W = 0.246712, with p-value 1.73367e-023 

 Lilliefors test = 0.471399, with p-value ≈ 0 

 Jarque-Bera test = 7062.65, with p-value 0 

 

L. Test for normality of UNIPETROL: 

 Doornik-Hansen test = 105.072, with p-value 1.5275e-023 

 Shapiro-Wilk W = 0.904962, with p-value 7.7138e-008 

 Lilliefors test = 0.118488, with p-value ≈ 0 

 Jarque-Bera test = 240.921, with p-value 4.83919e-053 

 

M. Test for normality of ZENTIVA: 

 Doornik-Hansen test = 38.8096, with p-value 3.73774e-009 

 Shapiro-Wilk W = 0.948773, with p-value 5.83458e-005 

 Lilliefors test = 0.0892957, with p-value ≈ 0.01 

 Jarque-Bera test = 54.1846, with p-value 1.71385e-012 
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