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Introduction

In 19th century, the second law of thermodynamics was initially formulated
for steam engines by Sadi Carnot and later in terms of entropy by Rudolf
Clausius. One of its formulations states that it is impossible to gain me-
chanical work by cooling a single object. This would constitute a perpetual
motion machine of the second kind. However, the second law of thermo-
dynamics is a more delicate concept than the first law of thermodynamics.
When the scale of system becomes comparable with the scale of single parti-
cles, energy is conserved both in particle movement and interactions. On the
other hand, second law of thermodynamics holds only in statistics – for aver-
aged variables. Fluctuations can temporarily drive the system out of balance
into a state with lower entropy. This led to proposals of devices which could
convert fluctuations (thus heat) to useful work. All such thought experi-
ments have been proven wrong and impossible to work in physical world,
most often because they interchange macroscopic and microscopic processes
hiding increased entropy in the “macroscopic part”. Yet they managed to
inspire fruitful debates and ideas, one of them being the principle of the
Brownian motors.

The Maxwell’s Demon is an early example of a device attempting to
violate the second law of thermodynamics. Let us consider two containers
(A and B) filled by the same gas under identical conditions (eg. in thermo-
dynamical equilibrium). These two containers are connected by a trapdoor
guarded a “demon” who opens the trapdoor only for particles coming from
A faster than the average particle velocity in B. When a slower particle flies
towards the trapdoor demon leaves the door shut. Vice versa, it lets slower
particles to fly from B to A. Average velocity in A therefore increases and
the average velocity in B decreases. Translated into thermodynamical point
of view, B heats at the expense of cooling A.

Several counter-arguments have been presented against the Maxwell’s
demon. In 1982, Charles H. Bennett [3] calculated that if system comprises
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both the containers and the demon itself then the total entropy of the system
increases. The demon needs a way how to measure the particle velocities.
Even if the measurement was done in a thermodynamically reversible way,
the demon works with information and it is forced to store it. Erasing
information is irreversible process which increases entropy. So the demon
either increases entropy of the system or runs out of memory.

One can imagine a demon working without memory at all which can be
modelled as an adiabatic trapdoor with a spring holding it closed. Molecules
with high enough energy pass through by opening the trapdoor on impact
while slower ones ricochet away. The fallacy here is that the trapdoor itself
eventually comes to thermal equilibrium with the gas through the particle
impacts. The trapdoor fluctuates as well and it can be shown that the
trapdoor fluctuations allow just enough hot molecules to pass to the colder
container to nullify the selection effect. Both containers therefore end in
equilibrium.

Figure 1: Schematics of the Feynman-
Smoluchowski ratchet. Source: [5].

Richard Feynman analysed a
finer example of a similar device
in his lectures [5]. Feynman-
Smoluchowski or Brownian ratchet
is an asymmetric ratchet with pawl
which should direct thermal fluctu-
ations of a connected paddlewheel
in one direction. Rotation in oppo-
site direction should be prevented
by the ratchet teeth. However, if
we analyse the Brownian ratchet in
detail, we find out that there is a
certain small, yet non-zero, proba-
bility of the ratchet slipping back-
wards when a large thermal fluc-
tuation of the pawl or the ratchet
itself occurs. By expressing the ex-
act dependence of fluctuation probability on the energy difference from equi-
librium, Feynman reaches the conclusion that in average the ratchet remains
stable if the paddlewheel and the ratchet have the same temperature. If their
temperatures differ the system works again as a thermal engine obeying re-
strictions on efficiency given by the second law of thermodynamics.

When we allow the Brownian ratchet to periodically switch with a “ratchet

7



without teeth”, fascinating new behaviour emerges. For certain values of sys-
tem parameters, the ratchet turns in average in one direction and can work
against external force. This seems to be strange. We combine two systems
which remain stationary in average and in total we get a system moving in
a preferred direction. Does this mean we finally found a system converting
heat to work? No, we still have to account for energy entering the system
when we switch between the two ratchets. However, we have presented an
example of so-called Brownian motors operating in a quite different manner
than the classic heat engines. Brownian motors were predicted theoretically
and later realized experimentally in 1990’s and constitute a distinct and
developing field of research nowadays.

Generally, Brownian motors direct thermal fluctuations into motion us-
ing time variable and spatially asymmetric potential. This makes them espe-
cially useful in micrometre and nanometre dimensions where the dynamics
are heavily damped by thermal motion which would prevent miniaturized
versions of conventional motors from working. There is a variety of ways
how to realize Brownian motors in physical world. Main types of Brownian
motors include artificial motors and molecular proteins in cells. We will
elaborate on principles of Brownian motors’ operation and present several
examples further in the thesis.

The goal of our work is to examine a certain type of Brownian motor,
where the potential switches between sawtooth and flat potential. Firstly,
we compute the dependence of current and efficiency on the load force, in-
verse temperature and mean number of jumps in each halfperiod. Secondly,
we demonstrate how the efficiency of this Brownian motor is modified by
including interaction via a mean-field approach. Interaction between parti-
cles naturally occurs in Brownian motors since they rarely operate with a
single particle. Moreover, it occurs frequently in living cells where processive
molecular proteins operate simultaneously on a single track.
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Chapter 1

Basic principles

1.1 Diffusion in time-dependent potential

As we have already mentioned in the prologue, Brownian motors are devices
which allow for directed transport in microscopic dimensions where dynamics
are heavily damped by thermal noise. While the noise limits motion in
general, it is a necessary ingredient for a Brownian motor to operate. The
others are the broken spatial symmetry and time oscillations of potential.
Let us demonstrate how dynamics are altered in the case of this so-called
overdamped Langevin dynamics.

General model with spatially periodic potential V (x + L) = V (x) with
broken mirror symmetry is studied in [15]. Damping by thermal noise allows
us to neglect inertial terms in Langevin equations of motion

mẍ(t) + V ′(x(t)) = −ηẋ(t) + ξ(t)
mẍ(t)→0−→ ηẋ(t) = −V ′(x(t)) + ξ(t) , (1.1)

where the fluctuations ξ(t) are Gaussian white noise with zero mean 〈ξ〉 = 0
satisfying the fluctuation-dissipation relation and 〈ξ(t)ξ(s)〉 = 2ηkBTδ(t−s).
Reimann and Hänngi continue to prove that in the case of time independent
potential the current can be written:

〈ẋ〉 = − lim
t→+∞

1

t

∫ t

0
dt′
∫ L

0
dx
V ′(x)

η
P (x, t′) . (1.2)

In the studied model with continuous time and space variables, the time
evolution is described by the Fokker-Planck equation. In adiabatic limit the
solution of this equation converges to a stationary Boltzmannian distribu-
tion:
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P st =
exp(−V (x)/kBT )∫ L
0 exp(−V (x)/kBT )

. (1.3)

Substituting this stationary distribution into (1.2) gives us the result

〈ẋ〉 = 0. (1.4)

Therefore we see that in thermal equilibrium, there is no preferred di-
rection of Brownian motion. This is a more general result. We will verify it
later in the thesis for discrete time and space models we aim to study.

A priori, we could expect a preferential direction of movement to exist.
Then, there would be a non-zero current to either side. Our expectation
is supported by so-called Curie’s principle which describes relation between
symmetry of a cause and the corresponding symmetry of its effect. Curie’s
principle in our case could be rewritten to state that if the motion is not
excluded by the symmetry of the system then it will almost always happen.
However, we have proven that for a fairly general class of systems with bro-
ken mirror symmetry the resulting average current still vanishes. However,
this is not in contradiction. A system in thermal equilibrium must obey
so-called detailed balance symmetry which prevents the current from arising.
Application of detailed balance symmetry to our model of interest will be
further discussed in section 3.1.

Non-zero current naturally appears in the presence of an external load
force on the system. The current has the same direction as the load force.
However, current also appears when we let the potential to oscillate either
periodically or randomly. This current can even have opposite direction
than the load force. Therefore, such a system deserves the name “motor”.
Oscillations prevent the system from reaching thermal equilibrium. Oscil-
lations in temperature are an alternative way how to keep the system out
of equilibrium. At higher temperatures, the particles have more energy and
the potential is less obstructing to them. Therefore, the time intervals when
temperature is higher are equivalent to intervals when the potential is lower
in previous model. In conclusion, non-equilibrium conditions are an impor-
tant aspect of Brownian motors.

We can illustrate the reasons why the non-zero current appears. Let us
have a very simple case of asymmetric, time-dependent potential as shown
on the figure 1.1. That is an asymmetric sawtooth potential periodically
switching with a linear potential. Initially the particles are concentrated in
the origin. We let the particles spread by diffusion for a half-period. They
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Figure 1.1: A scheme of particle diffusion in oscillating sawtooth potential.

end in a symmetric Gaussian density around the origin. Now we switch the
sawtooth potential on and let them diffuse again. The particles can end
up on either one of the slopes and they diffuse down the slope towards the
minima of the potential. Their mean position has shifted in one direction.
We repeat this process periodically thus creating a steady average current.
In the presence of external force, we simply tilt the potential, which does
not violate any of arguments providing the load force is not large enough to
supress the sawtooth character of the potential. A simulation of this flashing
sawtooth motor can be found at http://monet.physik.unibas.ch/ elmer/bm/.

1.2 Breaking the symmetry

When we introduced how Brownian motors operate, we spoke rather vaguely
about breaking the spatial symmetry and time oscillations of potential. Not
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every such potential implies non-zero current. Conjugate symmetry describ-
ing the time-spatial properties that have to be violated is the so-called super-
symmetry ([15], [7]). This is a rather confusing term, since supersymmetry
has been used as a name for symmetry between bosons and fermions in the
particle physics for longer period of time. We will write equations describing
this symmetry for an unbiased (F = 0) system with oscillating temperature
by analysing when the average current is zero due to symmetries. Spatially
symmetric potential V (x) = V (x + ∆x) is the first case. The other one
is the time reversal x(t) → x(−t) combined with reversing the the sing of
potential V (x)→ −V (x) and time evolution of temperature T (t)→ T (−t).
Afterwards, supersymmetry is described by following equations:

−V (x) = V (x+ ∆x) + ∆V (1.5)

T (−t) = T (t+ ∆t)

Previous equations describe conditions for time reversibility of dynamics.
When both x(−t) and x(t) solve the model, resulting current is zero.

1.3 Parrondo’s paradox

There is a more general mathematical principle behind the current emer-
gence when we repeatedly switch between two systems with average zero
current. This principle is called the Parrondo’s paradox. Parrondo’s para-
dox states that there is a way to combine two fair or losing games into a
winning game if we alternate between in a specific way.

Nice example was presented by J.M.R. Parrondo in 1996 in Torino [14].
In the game A, player loses a dollar with probability 1/2+ε and wins a dollar
with probability 1/2− ε. Game B is more complicated, if player’s capital is
a multiple of 3, he loses a dollar with probability 9/10 + ε and wins a dollar
with probability 1/10−ε; if his capital is not a multiple of 3, the player loses
a dollar with probability 1/4 + ε and wins a dollar with probability 3/4− ε.
For ε = 0 both games are fair. For ε > 0 both games are losing for the
player. However, if the player switches between the games periodically or
even randomly, the combined game is winning. On the figure 1.2, which is
reproduced from Parrondo’s work, we simulations of above-mentioned games
are plotted for ε = 0 and ε = 0.005.
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Figure 1.2: Parrondo’s original games for A) ε = 0 and B) ε = 0.005. Source:
[14].
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Chapter 2

Realizations

2.1 Brownian motors are important

for propulsion on nanometre scale

From the viewpoint of fluid dynamics, which is presented in [2], we can
follow why many macroscopic mechanisms of motion fail in the environment
where Reynold’s number is much less than one. The Reynolds number is a
dimensionless parameter comparing the intensity of inertial to viscous forces
in the fluid. For a motor with characteristic size a and velocity v moving
through a fluid of density ρ and viscosity η, the Reynolds number is expressed
as R = avρ/η. In scales where viscosity dominates over inertia, motion
depends only on the sequence of positions not on the velocity of transition
between these positions. This reduces the number of possible propelling
mechanisms. For example, a miniature swimmer using the breast style of
swimming would find himself back in the initial position after completing
every cycle.

Bacteria live in the world of lengths of approximately 10−5 m and ve-
locities of about 10−5 ms−1 which results in the Reynolds number of about
10−4 for water. Bacteria avoid retracing their own steps on the way back
to initial position in two ways. They use a propelling mechanism which re-
turns using a different path to the initial position, often employing chirality.
Rotating corkscrew is such a mechanism. The other concept is to allow the
mechanism to dissipate back to the initial position at the cost of energy
being converted to heat, example being flagellum of bacteria. In agreement
with terminology used in thermodynamics, first regime is called adiabatic,
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the other one non-adiabatic.
Both these types of propulsion begin to fail at even lower scales, where

thermal noise begins to dominate. Einstein relation connects fluid dynamics
with the theory of Brownian motion. At low Reynolds number, it takes the
form of the Stokes-Einstein relation showing for a spherical particle how the
diffusion coefficient D depends on viscosity of the medium η and the sphere
radius R.

D =
kBT

6πηR
(2.1)

At molecular scales, previous relation tells us that for a particle in a
water-like medium diffusion dominates over the motion in a controlled fash-
ion. Brownian motors are a suitable solution to this problem.

Complex behaviour of Brownian motors causes the direction and the
strength of the average current to depend strongly on parameters.[2] This
is especially useful observation for applications of Brownian motors, when
we need to separate particles differing in size or other characteristics. More-
over, the pathways or structures like the below mentioned microfluidic drift
ratchet can be a magnitude or two large than the particle itself which is an
advantage over direct methods of separation like conventional filters.

In biology, which is the second field of their applications, molecular mo-
tors frequently operate on filaments with binding places periodically dis-
tributed along the track. ATP-syntase is another prominent example of
molecular motor in living cell. The concept of Brownian motors is expected
to at least partially help to answer the question how the molecular motors
move. Moreover, there is a recent trend of employing biological motors as a
source of power and movement for artificial nanostructures [9].

In following paragraphs, we will describe experimental realisations of
Brownian motors and their occurence in biological cells.

2.2 Artificial Brownian motors

Since the proposal of Brownian motors twenty years ago, the concept has
been constructed in various experimental configurations. Article by Hänggi
and Marchesoni is thorough overview of experimental methods concerning
artificial Brownian motors [7]. We will present three interesting examples of
artificial Brownian motors.
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Figure 2.1: Microfluidic drift ratchet. Above: Schematics of the pore shape
and the piston driving the fluid. Two kinds of microparticles of different
diameters are represented. Below: Theoretical predictions of net particle
current dependence on particle diameter are plotted for multiple driving
frequencies. Modeled pores are infinite and have diameter varying between
1.6 µm and 4 µm. Note the current reversal. Source: [10]

2.2.1 Microfluidic drift ratchet

Microfluidic drift ratchet consists of two particle reservoirs seperated by
porous wall and a periodically pumping piston.[10] Diameter of pores etched
into the wall varies asymmetrically so that they resemble an asymmetrical
ratchet (See Fig. 2.1). While the piston pumps in a periodic zero-average
cycles the resulting net current heads in one direction. The direction depends
on the size of driven particles compared to dimensions of the pores. There is
a sharp current reversal for a finite value of particle size. Microfluidic drift
ratchet can therefore used for separating particles by their size.

2.2.2 Nanoporous structures

The concept of Brownian motors finds its use in transport over porous mem-
branes. These membranes are inspired by biological phospholipidic mem-
branes which utilise so-called “information” ratchet transport mechanism.
The potential landscape for particle diffusing through these mebranes is
modified using the information about particle’s current state and position.

Artificial nanoporous membranes are more simple. One example is a
nanofluidic diode which serves as a rectifier for ion current. This recti-
fier constructed by Constantin, Siwy and coworkers [4] consists of a sole
nanopore track-etched in a polymer film. One opening has a width of sev-
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eral nanometers and the other one in micrometers.

Figure 2.2: Quantum ratchet oper-
ates in quantum or classic regime each
driving particles in different direction.
Dominance of quantum tunneling in
low temperatures and thermal trans-
port in high temperatures leads to cur-
rent reversal with increasing temper-
ature. Above: Net current versus
temperature. Below: SEM picture of
the etched structure of the quantum
ratchet. Source: [12]

The charge is distributed asym-
metrically as well with a posi-
tively and a negatively charged
end. This asymmetry allows to
control the direction of ion cur-
rent. Nanotubes and zeolites are
other kinds of nanoporous struc-
tures useful in controlling trans-
port on the nanoscale.

2.2.3 Quantum ratchets

In yet smaller dimensions, a quan-
tum analogy of Brownian mo-
tors has been proposed and con-
structed. Quantum tunneling
among wells in potential becomes
significant on quantum scale play-
ing similar role as thermal diffu-
sion on larger scales. This makes
controlling transport of quantum
particles (such as electrons) in pre-
made structures possible providing
an alternative to classic wiring.

Interplay between the quantum
and thermal regime is underly-
ing principle of quantum ratchet
constructed by Heiner Linke and
coworkers [12]. Their ratchet
is based on asymmetric elec-
tron waveguide shown in Fig.
2.2 which is constructed by the
means of electron beam lithogra-
phy. It is a 2-dimensional path-
way created in the surface layer
of a GaAs/AlGaAs heterostruc-
ture. The potential for electrons
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is rocked by square-wave, periodic and zero-average voltage. The frequency
is set so that the rocking is adiabatic. Periodical changes in the direction
of the voltage either increase or decrease the probability of an electron tun-
neling through the barrier. Asymmetry of the barrier leads to appearance
of net current (to the right in Fig. 2.2). At higher temperatures, the classic
Brownian motor regime dominates resulting in current in opposite direction.
Tuning temperature allows us to control the direction of electron transport.
Measured current reversal is plotted in Fig. 2.2. Moreover, “cold” electrons
prefer quantum regime while “hot” ones the classic regime even when the
net current vanishes. Quantum ratchet could be utilised as a refrigerator or
heat-pump. Quantum ratchets operating non-adiabatically show even richer
behaviour with multiple current reversals, etc.

2.3 Molecular motors and transport along cy-

toskeleton in living cells

In its interior, every living cell needs to transport material ranging from
single chemical compounds to whole organels. Cytoskeleton is a structure
specific for eukaryotic cells which provides them with the ability to shape,
move, organize their interior, interact with other cells and divide. Their
detailed description can be found in Essential Cell Biology by B. Alberts et
al. [1] which was our main source for this section. Cytoskeleton consists of
three dynamic networks of filaments – intermediate filaments, microtubules
and actin filaments which are depicted in Fig. 2.4. The latter two serve as a
pathway for several types of molecular motors supplying material for various
parts of the cell. Motor proteins gain the energy from chemical reactions.
Most common energy source is ATP hydrolysis. Changing of biochemical
states of a motor protein represents the switching of potential necessary for
a Brownian motor to operate [11]. In following paragraphs, we will describe
the structure of cellular cytoskeleton and most common molecular motors
in eukaryotic cells and their function.

2.3.1 Optical traps and tweezers

Firstly, let us describe an experimental technique indispensable for measur-
ing biological Brownian motors. Optical trap technique is the most common
way to gain data about the behaviour of molecular proteins in cells. This
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Figure 2.3: Schematics of optical trap used to measure molecular motor
dynamics while operating along filaments. Source: [11]

method uses a tool called optical tweezer. A micro- to nanometer sized di-
electric bead is chemically attached to a molecular protein (e.g. myosin,
kinesin, dynein). The bead is trapped in a highly focused laser beam. The
dielectric beam is attracted to the narrowest point of the beam, called the
beam waist, where the electric field has the highest intensity. On the other
hand, the bead is forced out of the beam waist by the pressure of incoming
photons. Final stable position of the bead is therefore slightly off the beam
waist and every displacement is compensated by a restoring force of magni-
tude of piconewtons. This high precision calibrated harmonic potential well
allows us to measure nanometer displacement of the bead and molecular
motor attached to it and piconewton forces acting on them (See Fig. 2.3).
Results of such measurements are presented in [11].
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Figure 2.4: Filament types in the eukaryotic cell. Source: [1].

2.3.2 Intermediate filaments

Intermediate filaments are strong and resistant to mechanical stress and
treatment with salt solutions or nonionic detergents. Intermediate filaments
are found surrounding nucleus and extending out to the cell periphery and in
a form of meshwork inside the nuclei (nuclear lamina). Their inner structure
is ropelike containing fibrous proteins twisted together. Strenghtening and
supporting the cell structure is the primary role of intermediate filaments
in the cell. Therefore they appear more frequently in cells subjected to the
mechanical stres, e.g. axons, muscle or epithelial cells. There are no known
molecular motors operating on intermediate filaments.

2.3.3 Microtubules

Microtubules are the first example of filamental structure creating a system
of tracks for molecular motors supplying various parts of the cell. This mi-
crotubular system grows out of a common structure called the centrosome.
Microtubules are hollow long tubes. With the diameter of 25nm, they are
more rigid than other filaments. Microtubules play a crucial role in organiz-
ing cytoplasm and and creating mitotic spindle.

Biochemically, the microtubules are composed of tubulin dimers. Each
dimer is a pair of α-tubulin and β-tubulin held together by noncovalent
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Figure 2.5: Neurons are the longest cells in current organisms. Their axon
can be up to several meters long. Their correct function would be impossible
without molecular motors transporting material fast from the cell body to
axon terminal. Source: [1].

bonding. Exposed ends of the dimer differ structurally thus the filament is
spatially asymmetric. End attached to centrosome is called the minus-end,
while the growing end is called the plus-end. This asymmetry is vital both
for microtubule assembly and their correct function afterwards. Approxi-
mately half of tubulin molecules in the cell are present in the form of free
dimers. Yet another type of tubulin, the γ-tubulin, serves as growth centre
for microtubules on the surface of centrosome.

Microtubules grow and shrink rapidly (See Fig. 2.6). First a microtubule
nucleates on the centrosome and starts growing outwards by adding new
tubulin subunits. Shortly after dimers are added, they hydrolyse a GTP
molecule inside the filament to a GDP molecule. The dimer with GDP
is less stable than the one with GTP. If GTP hydrolysis happens before
new subunits are added, growing end of the filament becomes unstable and
can dissociate. Dimers with GTP molecules preventing the disassembly of
the microtubule are called the GTP cap. Shrinking and disassembly of
the microtubule can be prevented if the growing end attaches to another
molecule or cell structure.

Dynamic instability of microtubular network is important for its role.
It allows the network to rebuild rapidly and explore cellular interior for
structures to establish a permanent connection with. Filament dynamics
can be inhibited with special proteins if the stability of the structure is vital
for the cell.
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Figure 2.6: Dynamic structure of microtubules allows the microtubule net-
work to rebuild quickly. The process depends on GDP and GTP kinetics.
Source: [1].

Figure 2.7: Motors operating on
microtubules. A) schematics of
dynein and kinesin structure and
direction of their movement B)
molecular motors step along micro-
tubules. Source: [1].

Figure 2.8: Realistic illustration of
kinesin moving along microtubule.
Source: [1].
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Once a microtubular pathway is established, molecular motors can trans-
port cargo, eg. organelles, along the filament. Spatial asymmetry of micro-
tubules requires two different classes of proteins to operate, each in one
direction. Kinesins are the proteins moving towards plus end and dyneins in
the opposite direction. (See Figs. 2.7, 2.8) Individual proteins in each class
differ in the type of tail which allows for different cargo to transport. Both
kinesins and dyneins are fueled by ATP hydrolysis.

There is a special application of (cilliary) dyneins in flagella and cillia
where microtubules are tied together by linking proteins. Force produced
by dyneins would cause free filaments to slide along each other. This is
impossible in systems of bound microtubules so the force causes bending of
the whole structure instead. This bending can be used to move flagella and
cillia thus propelling the cell.

Figure 2.9: Various actin structures in the living cell. Source: [1].

2.3.4 Actin filaments

Actin filaments appear in every eukaryotic cell. They are crucial for cellular
movement, phagocytosis and mitosis. Variability of roles the actin filaments
play in the cell is given by their association with a number of actin-binding
proteins. (See Fig. 2.9) Actin filament is a thin (with diameter of 7 nm),
flexible, double-stranded helix. Although different in structure and consti-
tuting proteins, actin filaments display the spatial assymetry and the same
dynamic instability as microtubules with ATP and ADP substituting GDP
and GTP. Actin constitutes approximately 5 % of all protein in the cell.
Of this amount, about 50 % is in the form of free monomers. This a much
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Figure 2.10: Myosin-I and Myosin-II and their function. Source: [1].

higher concentration than required for spontaneus polymerisation. How-
ever, there are classes of proteins (eg. thymosin and profilin) which bind to
the free actin monomers and regulate polymerisation of filaments. In most
cells, actin appears in the higest concentrations in cell cortex underneath
the plasma membrane.

Actin filaments allow cells to crawl. Crawling has three phases. At
first, the actin filaments grow against the cell surface creating tubular struc-
tures called filopodia and leaf-like structures called lamellipodia. After-
wards, filopodia and lamellipodia stick to the surface with proteins called
integrins. Finally, rest of the cell pulls itself toward the integrin anchor. In
the last phase, interaction of actin filaments with myosin molecular motors
provides the force required for contraction.

Myosin protein family are the only actin-dependent motor proteins. Actin
filaments and myosin proteins create contractile structures. Myosins gain en-
ergy from hydrolising the ATP. Various myosins differ in structure and in
cargo they transport. Number of head domains is the most significant dis-
tinction. Myosin-I and myosin-II are the most frequent myosin subfamilies
(See Fig. 2.10).

Myosin-I has one head domain and a tail. Principally, myosin-I move-
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ment resembles one-leg jumping with phases of attachment to and detache-
ment from actin filaments. Myosin-I motors e.g. shape plasma membrane
or transport membrane vescicles.

Myosin-II is composed of two myosin molecules with their tails tied to-
gether in a helix, therefore it has two head domains. These proteins often
associate together to form myosin filaments. Myosin and actin filaments
further organise into myofibrils, sarcomeres and finally muscle fibres. Whole
muscle contraction is synchronised with levels of concentration of Ca2+ ions.

2.3.5 Myosin-V

Myosin-V is probably the best described motor proteins of myosin family
and probably of all motor proteins as well. Long average step size of about
35 nm is characteristic for Myosin-V. It is a dimer with two heads similar
to Myosin-II walking in hand-over-hand fashion along actin filaments. The
number and character of possible substeps is still an open question. Discrete
stochastic models are prominent in modelling Myosin-V dynamics. Overview
of the current state of research on Myosin-V is available in [18].

2.3.6 RNA and DNA replication

Enzymes operating along the DNA and RNA strains are similar to molec-
ular motors in their walking mechanism. There are many of these enzymes
with various functions. They can replicate the nucleic acid strains, repair
mistakes made during the replication, transcribe DNA to RNA, RNA to
proteins etc. Hydrolising triphosphate nucleotides serves both as a source of
energy and building material. One of these enzymes, the RNA-polymerase
transcribes DNA into RNA. RNA-polymerase is specific because multiple
of these molecules operate on a single DNA strain raising the question how
their interaction influences the speed and efficiency of transcription process.
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Chapter 3

Brownian motor based
on flashing ratchet

In this chapter, we will work with the most compact model allowing for non-
zero current. There are two halfperiods with different potentials and the
potential is discrete in space with periodicity three. Moreover, we skew this
potential with homogeneous load force. While other interesting phenomena
may appear in more complex potentials, our choice simplifies the effort for
analytic computations.

Further, we assume the Markov property of our model which means that
future evolution of the process depends only on its current state, not on its
states in past. We avoid describing mathematical details of Markov processes
and refer to [6], a standard textbook on probability and random processes.
We only remind that a transition matrix is a stochastic matrix with a eigen-
value equal to 1 and the corresponding right vector is the stationary state
of the process if there is one.

Since we model the Brownian motor as a Markov process, we describe
its evolution using two 3-by-3 transition matrices W (0) and W (1), one for
each halfperiod. Our input into the model are the space and time values of
the potential Vx(t). In following paragraphs, we show how the shape of the
potential translates into the transition probabilities in these matrices.

There are basically three main approaches how to model Brownian mo-
tors – analytical, numerical and via simulations. We will use the analytical
one in following part of the thesis where we present our computations con-
cerning the flashing sawtooth model.
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3.1 Detailed balance

Physical systems in thermal equilibrium have to obey so-called detailed bal-
ance symmetry. We assume that the system is described by transition matrix
Π has a stationary state p corresponding to the thermal equilibrium. The
pair of transition probabilities πij from j-th state to i-th state and πji vice
versa have to fulfil equation which expresses the equivalence of probability
currents between states i and j:

πijpj = πjipi (3.1)

If we account for the fact that probabilities in thermal equilibrium are
Boltzmann distributed, detailed balance symmetry can be expressed for
transition probabilities between states with potential energies Vi, Vj.

πij
πji

= e−β(Vi−Vj) (3.2)

There are multiple choices of probabilities that fulfil detailed balance
condition. The choice is an inherent part of the model definition. The
connection with the continuous real potential is given by the discretization
procedure. The theory of this procedure was developed by Kramers and is
elaborated in [8].

For convenience, we choose the probabilities wij either in the form of
so-called heat-bath scenario:

wij =
1

2

(
1 + eβ(Vi−Vj)

)−1
, (3.3)

which or in the form of “Metropolis” scenario, named for a resemblance to
probabilities in the Metropolis algorithm.

wij =
1

2
if (Vi > Vj)

=
1

2
eβ(Vj−Vi) if (Vi < Vj) (3.4)

We assume that detailed balance symmetry holds even when the system
is out of equilibrium. This assumption means that the system would tend
to an equilibrium if it were not kept from reaching equilibrium by switching
the potential.
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3.2 External load force

In the presence of external load force F , two questions may arise. The
periodicity is broken – does this mean we need larger matrices? We solve
this question by assuming the load force is homogeneous in time and space,
which still allows for 3-by-3 matrices. The original potential Vx(t) with
homogeneous force is skewed so that the new potential changes to Ux(t) =
Vx(t)+Fx. We can still use the detailed balance approach as discussed above.
Transition probabilities still take form (3.3) or (3.4) with Ux(t) substituted
for Vx(t). We assume that the Brownian motor operates between two large
particle reservoirs, allowing for a stable current of particles.

3.3 Poisson distribution of numbers of jumps

We would like to observe how the behaviour of our model changes in de-
pendence of the time spent in each half-period. There is a link between
continuous time and discrete time Markov processes described in chapter
6.9 in [6]. Let us have a Markov process with discrete time described by a
transition matrix W. Further, we suppose that the probability that the par-
ticle jumps k-times during a step of the process (half-period in our model) is

Poisson distributed with mean µ, qk = µk

k!
exp(−µ). Transition matrix for a

particle that jumps k-times in a halfperiod is W k. The resulting process is a
continuous time Markov process. Poisson distribution is crucial in preseving
the Markov property. The “continuous” time spend in each half-period is
proportional to µ. The stationary vector of the continuous time process is
a stationary eigenvector of a transition matrix WPoisson accounting for the
Poission distributed number of jumps.

WPoisson =
∞∑
k=0

µkW k

k!
exp(−µ) = eµ(W−1) (3.5)

3.4 Time independent stationary vectors

We imagine that our system is located between two heat reservoirs because
we are interested in stable solutions with non-zero current. Irrespective to
initial conditions the model converges to a certain stable mode. We compute
the quantities after the stable mode is reached. Our model has two half-
periods. So there are two time-independent stationary eigenvectors p0(t, x).
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Vector p0(t, x) is eigenvector of a time independent transition matrix. This
is either eµ(W(1)−1)eµ(W(0)−1) or eµ(W(0)−1)eµ(W(1)−1). We identify p0(0, x)
as the eigenvector of eµ(W(1)−1)eµ(W(0)−1) and p0(1, x) as the eigenvector of
eµ(W(0)−1)eµ(W(1)−1). We can find the quantities of interest by averaging
over the results gained using these two eigenvectors. In the case of two
halfperiods, this means adding the eigenvectors to gain results for the whole
period.

3.5 Current, energy input and efficiency

In the next part, we express the equation for the total current as an average
of currents in individual halfperiods. As we have previously mentioned,
number of jumps within a given time period is Poisson distributed with
mean µ, qk = µk

k!
exp(−µ). We have to compute current for each number of

jumps separately.

• If there are no jumps, there is no current. J ′0 = 0

• For one jump, the current in a halfperiod is a sum of stationary density
of particles multiplied by the difference of probabilities of them moving
left and right. We sum over both halfperiods.

J ′1 =
1∑
t=0

2∑
x=0

(wx→x+1 mod 3(t)− wx→x−1 mod 3(t))p0(t, x) , (3.6)

The role of stationary vector p0(t, x) is discussed above.

• For two jumps we have to account for distribution probability modified
by the transition matrix W (t):

J ′2 =
1∑
t=0

2∑
t=0

(wx→x+1(t)− wx→x−1(t))p1(t, x) (3.7)

=
1∑
t=0

2∑
x=0

(wx→x+1(t)− wx→x−1(t))(W(t)p0)(t, x)

=
1∑
t=0

2∑
x=0

2∑
y=0

(wx→x+1(t)− wx→x−1(t))(W(t))xyp0(t, y)
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• We extend this for a case of l jumps:

J ′l =
1∑
t=0

2∑
t=0

(wx→x+1(t)− wx→x−1(t))p0,l−1(t, x) (3.8)

=
1∑
t=0

2∑
x=0

(wx→x+1(t)− wx→x−1(t))(W(t)l−1p0)(t, x)

=
1∑
t=0

2∑
x=0

2∑
y=0

(wx→x+1(t)− wx→x−1(t))(W(t))l−1
xy p0(t, y)

Particles which jumped k times generate total current:

Jk =
k∑
l=0

J ′k =
k∑
l=0

1∑
t=0

2∑
x=0

(wx→x+1(t)− wx→x−1(t))(W(t)l−1p0)(t, x) (3.9)

Now considering the Poisson distribution of jump numbers, the total
average current is following:

J =
∞∑
k=0

µke−µ

k!
Jk (3.10)

=
∞∑
k=0

µke−µ

k!

k∑
l=0

1∑
t=0

2∑
x=0

(wx→x+1(t)− wx→x−1(t))(W(t)l−1p0)(t, x)

=
1∑
t=0

2∑
x=0

(wx→x+1(t)− wx→x−1(t))

(
1− eµ(W(t)−1)

1−W(t)
p0

)
(t, x)

=
1∑
t=0

2∑
x=0

2∑
y=0

(wx→x+1(t)− wx→x−1(t))

(
1− eµ(W(t)−1)

1−W(t)

)
xy

p0(t, y)

The expression ((1 − eµ(W(t)−1))/(1 −W(t)) is meant in the sense of a
limit. Matrix W (t) is a stochastic matrix. From Perron-Frobenius theorem,
we see that its largest eigenvalue is 1. We diagonalise W(t) and find that
lim
y→1

(1 − eµ(y−1))/(1 − y) = µ. For other eigenvalues, the limit is equal to

their function value.
The energy input to the system is the second quantity of interest for

computing efficiency. Energy enters the system when the potential changes.
Therefore, it can be expressed as a sum of probability densities at individual
sites multiplied by the corresponding difference of potential. Note that the
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energy can be subtracted as well, if the final potential is lower than the
initial one.

Ein =
1∑
t=0

2∑
x=0

(Vx(t mod 2)− Vx((t− 1) mod 2))p0(t, x) (3.11)

The efficiency is the ratio between the energy input and the useful work
output in whole period. The work output is the current J multiplied by the
load force F .

η =
JF

Ein
(3.12)

3.6 Sawtooth potential

As we mentioned above, we will work with the most compact case possible.
Our model has two halfperiods and three sites periodically repeating along
a line. For convenience, we switch between a linear potential and a discrete
sawtooth potential with equidistant energy levels. We set the zero of po-
tential energy to the energy of the site with the lowest energy in sawtooth
potential without external force present. In the other half period the poten-
tial is equal to zero everywhere. External force skews the potential in the
above-mentioned manner. The specified potential can be seen in Fig. 3.6.
In c) and d), the motor operates against the external force. Signs of force
and current are set to be positive in our area of interest.

We will use following substitutions in expressions below, since the potential terms
in both the heat-bath and Metropolis scenarios appear in the arguments of exponentials
only. Further, we will use subscipt h to denote heat-bath scenario and subscript M to
denote Metropolis scenario. When the subscript is omitted, the expressions are valid in
both scenarios.

a = e−βV1 , f = e−βF , (3.13)

where p0(t, x) is corresponding stationary vector.

3.7 Static potential

Firstly, we will show how the current depends on the external load force in
static case when we freeze the potential in each of half-periods. In heatbath
scenario (3.3), matrix Wh(0) is a special case of matrix Wh(1) for a = 0.
Therefore we can limit ourselves to expressing only the current for Wh(1)
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Figure 3.1: The potential of Brownian motor model used in our work.
a) First halfperiod without load force. b) Second halfperiod without load
force. c) First halfperiod with load force. d) Second halfperiod with load
force. Note the sign convention used for force and current.
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and substituting a = 0 subsequently. The transition matrices take form
where probability in m-th row and n-th column correspond to transition
from site with potential Un−1 to one with Um−1 in Fig 3.6:

Wh(1) =



1− f
2(a+f)

− 1
2(1+a2f)

a
2(a+f)

a2f
2(1+a2f)

f
2(a+f)

1
2

a
2(a+f)

1
2(1+a2f)

f
2(a+f)

1− a2f
2(1+a2f)

− a
2(a+f)

 (3.14)

Wh(0) =



1
2

1
2(1+f)

f
2(1+f)

f
2(1+f)

1
2

1
2(1+f)

1
2(1+f)

f
2(1+f)

1
2

 (3.15)

Relation (3.10) then yields:

Jh(a, f) =
3

2

µa2(f 3 − 1)

3a2f 3 + 4a3f 2 + 2f 2 + 2a4f + 4af + 3a2
(3.16)

Jh(0, f) =
1

2

µ(f − 1)

f + 1
(3.17)

The current appears only in presence of the external force and both have
the same orientation. Function Jh(0, f) is odd. The limit as F → ±∞ is
finite and equal to ∓µ/2. The current is limited by the mean number of
jumps in a period µ. As we will see later, the range of forces where our
model exhibits positive efficiency is narrow enough to neglect the effect of
finite limit in infinity.

In Metropolis scenario we need to distinguish between the cases where
the external load force is present and where it is absent, because we set the
transition probabilities (3.4) according to the a priori information which of
the sites has higher potential. Fig. 3.6 demonstrates the different order
of potentials at individual sites in each halfperiod. Therefore, the matrix
WM(1) is a valid transition matrix for the potential only if −2V1 < F < V1.
This would allow only for F = 0 for flat potential where V1 = 0. We write
the matrix WM(1) by the definition. In accordance with (3.4), the matrices
are:
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WM(1) =



0 a
2f

a2f
2

1
2

1
2
− a

2f
a
2f

1
2

1
2

1− a2f
2
− a

2f

 (3.18)

WM(0) =



1−f
2

1
2

f
2

f
2

1−f
2

1
2

1
2

f
2

1−f
2

 (3.19)

which yields current:

JM(a, f) =
3

2

µa2(f 3 − 1)

(2f + a)(a2f 2 + f + a)
(3.20)

JM(0, f) =
µ(f − 1)

2
(f ≤ 1) (3.21)

We observe again that the current vanishes in absence of the force, when
f = 1. Note, that this is the explicit result for current of static ratchet from
Feynman’s lectures and confirms its properties stated in previous chapters.
There is no need to discuss limits in infinity in Metropolis scenario with
sawtooth potential switched on because of the limitations on force given
above. Function JM(0, e−βF ) has to be extended to an odd function in F
using positive values of force, because the direction of the load force is set
beforehand in the case of the Metropolis scenario. The limits in infinity of
the extended function are ∓µ/2 as well.

3.8 Flashing potential

Let us return to the time-dependent case periodically oscillating between
sawtooth potential and flat one. Transition probabilities are given by pairs
of matrices (3.14,3.15) and (3.18,3.19) in according halfperiods. We com-
puted the current and efficiency. We used Maplesoft Maple to simplify re-
sults yielded by more complex expressions to improve and accelerate the
computations. The resulting functions are nevertheless complex (in order of
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several pages). For clarity, we will present our results by plotting the quan-
tities of interest. Plots in following Figs. show how current and efficiency
depend on the external force F , mean number of jumps µ and inverse tem-
perature β in each scenario. Further information is provided in descriptions
of individual plots.

Current decreases almost linearly with increasing load force (see Fig.
3.2). From these plots, we can determine the value of stopping force which
the current vanishes for. Efficiency behaves differently reaching its maximum
near the middle of the range of its positive values (see Fig. 3.3). Maximal
efficiency of our model of Brownian motor does not exceed 1.5 %, which is
quite typical value for flashing ratchet motors. To reach higher efficiency
we would need to use another kinds of Brownian motors e.g. the reversible
ratchets as discussed in [13].

Figure 3.2: Efficiency η versus force F (µ = 1). Inverse temperature β is specified near the
corresponding functions. a) Heatbath scenario. b) Metropolis scenario.

As demostrated in Fig. 3.4, the current reverses twice with increasing
temperature. There is only a limited range of temperatures, where the
described Brownian motor operates. The efficiency has a maximum for a
finite temperature inside this range.

Figs. (3.6,3.7) demostrate how the current and efficiency depend on the
mean number of jumps µ while the inverse temperature is kept fixed at
β = 1. If the current has positive values for given β and F then it has
a maximum for a certain value of µ. On the other hand, the efficiency is
always a decreasing function of µ because the energy input increases more
steeply than the energy output.
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Figure 3.3: Efficiency η versus force F (µ = 1). Inverse temperature β is specified near the
corresponding functions. a) Heatbath scenario. b) Metropolis scenario.

Figure 3.4: Current J versus inverse temperature β (µ = 1). Force F is specified near the
corresponding functions. a) Heatbath scenario. b) Metropolis scenario.
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Figure 3.5: Efficiency η versus inverse temperature β. Force F is specified near the corre-
sponding functions. (µ = 1) a) Heatbath scenario. b) Metropolis scenario.

Figure 3.6: Current J versus mean number of jumps µ (β = 1). Force F is specified near the
corresponding functions. a) Heatbath scenario. b) Metropolis scenario.
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Figure 3.7: Efficiency η versus mean number of jumps µ. Force F is specified near the
corresponding functions. (β = 1) a) Heatbath scenario. b) Metropolis scenario.

3.9 Interaction

We study a model with repulsive interaction, where the presence of a particle
lowers the probability that another particle jumps to the same site. However,
we consider soft-core interaction in our model which allows for more particles
to be present at one site in contrast to hard-core interaction when presence of
a particle at a site prevents another particle from jumping to that site. The
repulsive interaction is proportional to the number of particles at each site
with interaction constant G. The corresponding potential is UG = Gn(t, x).
We shall make a mean-field type approximation and work with effective
potential UG;ef = Gρp0(t, x) where ρp0(t, x) is stationary density of particles.
The potential takes modified form

U ′x(t) = Vx(t) + Fx+Gρp0(t, x) (3.22)

The transition probabilities are modified by factors eβGρp0(t,x) to the form
either, in the heat-bath scenario,

wx→x±1mod 3(t) =
1

2

(
1 + eβ(V(x±1 mod 3)(t)−Vx(t))e±βF eβGρ(p0(t,x±1 mod 3)−p0(t,x))

)−1
,

(3.23)
or, in the Metropolis scenario,

wx→x±1mod 3(t) =
1

2
if (V(x±1 mod 3) < Vx)
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=
1

2
eβ(Vx(t)−V(x±1 mod 3)(t))e∓βF eβGρ(p0(t,x)−p0(t,x±1 mod 3))

if (V(x±1 mod 3) > Vx) , (3.24)

where we assume that (F + Gρ) < (Vj − Vi). We introduce similar sub-
stitution as above: gt x = e−βGρp0(t,x)), where p0(t, x) is corresponding
stationary vector. Using previous expressions, the transition matrices are:

Wh(1) =
1

2


2− fg11

(ag10+fg11) −
g12

(1+a2f)
ag10

(ag10+fg11)
a2fg10

(g12+a2fg10)

fg11
(ag10+fg11) 2− ag10

(ag10+fg11) −
fg12

(ag11+fg12)
ag11

(ag11+fg12)

g12
(1+a2f)

fg12
(ag11+fg12) 2− a2fg10

(g12+a2fg10)
− ag11

(ag11+fg12)


(3.25)

Wh(0) =
1

2


2− fg01

(g00+fg01) −
g02

(1+f)
g00

(g00+fg01)
fg00

(g02+fg00)

fg01
(g00+fg01) 2− g00

(g00+fg01) −
fg02

(g01+fg02)
g01

(g01+fg02)

g02
(1+f)

fg02
(g01+fg02) 2− fg00

(g02+fg00) −
g01

(g01+fg02)


(3.26)

WM(1) =



0 ag10
2fg11

a2fg10
2g12

1
2

1
2
− ag10

2fg11

ag11
2fg12

1
2

1
2

1− a2fg10
2g12

− ag11
2fg12

 (3.27)

WM(0) =



1
2
− fg01

2g00
1
2

fg00
2g02

fg01
2g00

1
2
− fg02

2g01
1
2

1
2

fg02
2g01

1
2
− fg00

2g02

 (3.28)

Modifing the potential using stationary probability distribution of the
Brownian particle is a mean-field approach. The stationary vector p0(t, x)
depends on the interaction through transition probabilities (for non-zero val-
ues of G) while the probabilities depend on the stationary vector because
the interaction is proportional to particle density ρp0(t, x). To solve this
entaglement we would need to iterate which is best solved numerically. Var-
ious mean-field approaches are described in [17]. Dependence of efficiency
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on the strength of interaction G can be rather complex, as was observed us-
ing numerical simulations in [16]. For lower temperatures there are several
minima and maxima on the curve.

In our analytical approach, we are going to limit ourselves to finding
out which values of process variables switching the interaction on increases
the efficiency for. Therefore, we are interested in the first derivative of
efficiency η with respect to G at the point G = 0. Efficiency is a function of
potential U ′(t, x, F ) = U(t, x, F )+Gρp0(t, x) and stationary vectors p0(t, x):
η(p0(t, x), U(t, x, F )+Gρp0(t, x)). For we derive in G = 0, we can substitute
the stationary vector of non-interacting process p0(t, x) in the stationary
particle. [

dη

dG

]
G=0

=
1∑
t=0

2∑
x=0

[
dη

dU(t, x, F )

]
G=0

ρp0(t, x)

=
1∑
t=0

2∑
x=0

[
dη

dV (t, x, F )

]
ρp0(t, x)

= ρ∇V η
x,t· p0 (3.29)

Expressing the same derivative in a way more suitable for our course of
computation yields:[

dη

dG

]
G=0

=
1∑
t=0

2∑
x=0

[
∂η

∂gt x

]
gt x=gt x(G=0)

[
∂gt x
∂G

]
G=0

=
1∑
t=0

2∑
x=0

[
∂η

∂gt x

]
gt x=1

(−βρp0(t, x)) (3.30)

The sign of the derivative allows us to distinguish between optimizable
phase and non-optimizable phase of the Brownian motor. Optimizable phase
corresponds to [dη/dG]G=0 > 0.

For Metropolis scenario, we computed diagram in Fig. 3.8.
In the heat-bath scenario, finding these quantities of interest analyti-

cally and plotting them in a similar manner caused the software to run out
of memory despite efforts to optimize the program. We see this as a chal-
lenge for further improvements and as a threshold where numerical approach
becomes more efficient despite its inherent inaccuracies.
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Figure 3.8: Areas where optimalization is possible depending on
the inverse temperature β and force F . (ρ = 1, µ specified along
the individual curves, Metropolis scenario.) Black curve delimi-
nates the area where efficiency is positive for the motor without
interaction for all µ except µ = 1 since the difference between
the curves for all µ is smaller than the thickness of the line. For
µ = 1, the area of positive efficiency is deliminated by light violet
curve.
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Chapter 4

Conclusions

As we have demonstrated in previous chapter, our model based on switch-
ing the sawtooth potential with the flat potential has all properties of the
Brownian motor. We observed current reversal with increasing temperature
as well. Heat-bath and Metropolis scenarios are qualitatively in agreement
despite differing values due to different norming of probabilities. By comput-
ing the effect of interaction, we have found out that for low values of mean
number of jumps µ the motor is optimizable in the whole area of positive
efficiency. The figure 3.8 is the most important result of our work.

In this thesis, we have preferred analytical approach. This has allowed
us to gain single functions for current and efficiency and to determine the
exact area where the Brownian motor is optimizable. Numerical approach
is beyond the scope of this thesis. We consider employing numerical tools to
be an interesting subject for further work, which would allow us to compute
e.g. gain of efficiency through interaction. On the other hand, analytical
approach has determined the simplicity of our model. However, simplicity
does not imply impracticality. There are molecular motors that operate
in a sequence of three states with different energies determined either by
conformation or binding site. With slight modifications, we could also think
of our model as a discrete approximation of continuous sawtooth potential
etched into structure where particles move while temperature oscillates.

Examining influence of interaction on efficiency is a way how to improve
our knowledge about Brownian motors and our ability to construct them
experimentally. Explaining very high efficiency of molecular motors remains
an open question and interaction among the motors can help understanding
this effect.
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