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2010



Charles University in Prague
Faculty of Mathematics and Physics

BACHELOR’S THESIS

Veronika Pilcová
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Chapter 1

Introduction

Oscillatory flow past submerged bodies has been the subject of research of
many physics laboratories in the past. A number of works deals with the
problem of flow past a circular cylinder, and several are concerned with the
study of oscillating spheres or the flow past a grid. However, until recently,
there was a lack of experimental data on the transition to turbulence ob-
tained for oscillating cylinders of square cross-section.

The experiment described in this Thesis was performed in the Joint Low
Temperature Laboratory established between two institutions - Faculty of
Mathematics and Physics of the Charles University and the Institute of
Physics of the Academy of Sciences of the Czech Republic. This laboratory
investigated, among other, the behaviour of oscillating quartz tuning forks in
classical cryogenic fluids - liquid helium I and gaseous helium. The damping
of oscillations of such forks was measured over several orders of magnitude
and the transition from linear to nonlinear drag force regime was observed.
However, because the flow patterns in helium were not observable directly,
some of the problems connected with oscillating forks could not be addressed
at that time.

An auxiliary experiment to the quartz tuning forks in helium was there-
fore proposed, and the miniature forks were replaced by bigger cylinders
of square cross-section. The sizes of the cylinders followed from the con-
siderations of the principle of dynamical similarity. The cylinders of square
cross-section were thus made so that when they oscillate in water, they cor-
respond closely to the quartz tuning forks oscillating in helium and both
experiments behave in as similarly as possible.

The main question was if the results obtained with the tuning forks
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really correspond to the transition from laminar to turbulent flow and if this
transition is directly observable. Further, to what extent is the behaviour of
a fork influenced by the sharp corners on the prongs and by the roughness
of their surface? To what extent is it influenced by the close proximity of
two prongs and the non-uniform transverse velocity of a prong? And what
is the nature of the first instability as the Keulegan-Carpenter number is
increased? Searching for answers to these questions was the subject of my
Bachelor’s Thesis.
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Chapter 2

Continuum Hydrodynamics

2.1 Laminar and Turbulent Flows

Since the central issue discussed here is the transition from laminar to tur-
bulent flow I should start with a short description of laminar and turbulent
flows.

Laminar flows occur when a fluid flows in parallel layers and can be
characterized by high momentum diffusion (due to viscosity in Navier-Stokes
fluids) and low momentum convection. They are usually steady in time and
can be therefore characterised by a single set of non-intersecting streamlines.

The description of turbulent flows is more complicated. It can be noticed
that there are no rigorous definitions in any textbook. Turbulent flows are
characterized by the presence of vortices of various shapes and sizes, they
are rotational and there are rapid variations of velocity in space and time.
Contrary to laminar flows, turbulence is usually characterised by low mo-
mentum diffusion and high momentum convection. Turbulent flow structures
appear on a wide range of length scales and the flow is always statistical in
character.

Laminar and turbulent flows past a cylinder are illustrated in Fig. 2.1
and Fig. 2.2 [12].

Now, I will state the equations necessary for a description of the motion
of fluid substances [9]. First of all, let me write down the continuity equation
2.1 that describes the conservative transport of fluid

∂ρ

∂t
+∇ · (ρv) = 0, (2.1)
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Figure 2.1: Laminar flow past the
cylinder is represented by a set of non-
intersecting streamlines - field lines of
the velocity vector field of the flow.

Figure 2.2: Turbulent flow is demon-
strated by streamlines which are no
longer parallel behind the cylinder.
They are chaotic and without any spe-
cific order.

where ρ denotes fluid density, t is time and v is velocity.
The equation of motion of a volume element in the fluid can be expressed

by Newton’s second law. Expressing this in terms of quantities referring to
points fixed in space, I will arrive at the Euler equation (2.3)

∂v

∂t
+ (v · ∇)v = −∇p

ρ
. (2.2)

The above equation was derived for ideal fluids. I need, however, a de-
scription for viscous fluids which means I don’t neglect energy dissipation
and have to include some additional terms in the equations above.

Viscous fluids can often be regarded as incompressible, so I can write the
Navier-Stokes equation in the following form:

∂v

∂t
+ (v · ∇)v =

−∇p
ρ

+ ν∆v, (2.3)

ν in equation Fig.2.3 is the kinematic viscosity and it can be expressed
as the ratio of the dynamic viscosity η and density:

ν =
η

ρ
. (2.4)

For incompressible fluids, the equation of continuity reduces to
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∇ · v = 0. (2.5)

To have a complete set of equations governing fluid behaviour, one should
also include the law of conservation of entropy (if dissipation is negligible),
but in our case, the studied flows can be considered isothermal, hence both
temperature and entropy are constant within the whole fluid volume and its
flow is fully described by the equations stated above.

It is not easy to solve the Navier-Stokes equation since it is a non-linear
partial differential equation. Analytical solutions can only be found in several
special cases whereas in most situations it has to be solved numerically.

2.2 Steady classical flow past various struc-

tures

The equation 2.3 can be rewritten in a dimensionless form as follows [5]

∂v′

∂t′
+ (v′ · ∇)v′ =

−∇p′

ρ
+

1

Re
∆v′, (2.6)

where v′ = v
U

is a given function of x′ = x
R

at some given time t′ and U
is some representative velocity which might be the velocity of flow past the
obstacle (measured at a distant point), t′ = tU

R
, where R is the character-

istic dimension of the obstacle, p′ = p−p0
ρU2 , where p0 is some representative

value of the (modified) pressure in the fluid. Finally there is a dimensionless
parameter Re. It is called Reynolds number and is defined by the relation

Re =
UR

ν
. (2.7)

The flow is laminar for Re << 1. With increasing Reynolds number,
turbulence becomes more pronounced. There can be just a few vortices at
Re ≈ 10 and at Re ≈ 100 so called Karman vortex street occurs as it is
shown in Fig. 2.3 and Fig. 2.4 in a flow past cylinder [12]. Fully developed
turbulence at Re ≈ 106 is depicted in Fig. 2.2.

Now I consider a force F acting on a body subjected to a flow [9]. The
normal component of F is called the lift force whereas the tangential compo-
nent is called the drag force. For small Reynolds numbers this force is linear
with the velocity of the incident flow and it can be expressed, e.g., by the
Stokes law for a sphere
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Figure 2.3: Karman vortex street for
Re = 100.

Figure 2.4: Photograph of a classical
fluid through a grid by T. Corke and
H. Nagib.

Fd = 6πνRU, (2.8)

where R is is the radius of the spherical object. For bodies of different
geometry, the laminar drag force stays linear with velocity, but a prefactor
describing the specific flow geometry has to be added.

For large Reynolds numbers, corresponding to turbulent flow, the drag
force is given by

FD =
1

2
CDρAU

2, (2.9)

where CD is the drag coefficient and A is the projected area of the struc-
ture to a plane normal to the bulk flow. The dependence of the drag coef-
ficient on the Reynolds number for various structures is plotted in the Fig.
2.5 [12].

The sudden drop in the value CD for a cylinder and a sphere at Re ≈
3 · 105 is called the drag crisis and occurs due to a shift of the point of
separation on the oblique surface [12].

2.3 Oscillatory flow past submerged bodies

Now I consider the case when a flow oscillates at an angular frequency ω
past a submerged body which is similar to the case when the body oscillates
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Figure 2.5: Plots of drag coefficient CD against Reynolds number for steady
flow past various structures and the theoretical Stokes law 2.8 for a sphere.
It is clearly seen that the dependences for a cylinder and a sphere deviate
from Stokes law at higher Reynolds numbers.
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within a stationary fluid (more specifically discussed in [12], [9] and [5]).
A new length scale has to be defined here, because when the body oscil-

lates, the fluid creates a boundary layer around the body, which follows its
oscillatory motion. The thickness of this boundary layer is called the viscous
penetration depth and is defined by

δ =

√
2ν

ω
. (2.10)

Oscillatory flows have to be characterized by two dimensionless param-
eters instead of just one, which was used for steady flows. Many options for
these two parameters are available, but I choose the first as the Keulegan-
Carpenter number

KC =
2πa

d
, (2.11)

where a is an amplitude of oscillations and d is the characteristic linear size
of the body. For the second one, I use the Stokes number

β =
ωd2

2πν
. (2.12)

Of course, I could chose another two dimensionless parameters defining
the flow in a similar way but the available literature mentions mostly these
two.

2.3.1 Oscillatory flow past a circular cylinder

One of the most frequently studied bodies is the circular cylinder and I will
take the obtained results for a comparison with the results of my experiment.

The drag force in the laminar regime (Re << 1) is given by

F = αS(ωηρ)1/2U, (2.13)

where α = 3π/4
√

2 for a cylinder and S is the surface area of the struc-
ture. The drag coefficient for a circular cylinder in terms of expression by
Keulegan-Carpenter number and Stokes number in the laminar regime is
given by

CD = 2
√

2πα
S

A

1

KC

(πβ)−1/2, (2.14)
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where A is the projected area of the structure.
CD tends to a value 1 as it was in steady flow but generally it can range

from 0.5 to 2 because the oscillatory case is more complicated. What is the
value of the Keulegan-Carpenter number at the transition to turbulence? It is
a constant of order unity independent of β and is called the critical Keulegan-
Carpenter number. The initial instability of the boundary layer occurs at
this moment which is associated with the convex curvature of the boundary
layer described by Honji [8]. Hall has developed a theory and Sarkpkaya has
shown experimentally the critical value of the Keulegan-Carpenter number
for large values of the Stokes number which is

Kcrit
C = 5.778β−1/4, (β −→∞). (2.15)

For small β, the transition to turbulence starts approximately at Re =
10, and the critical Keulegan-Carpenter number is given by

Kcrit
C = 10β−1, (β −→ 0). (2.16)

Finally, the simplest formula combining the behaviour in these two limits
can be written as

Kcrit
C = 10β−1 + 5.778β−1/4. (2.17)

2.3.2 Oscillatory flow past a sphere

There are not many papers dealing with the problem of an oscillatory flow
past a sphere. One of the rare works was done by Donnelly and Hershberger
[7] who observed an oscillating sphere in water and found out that the in-
stability - appearance of a ring vortex as shown in Fig. 2.3.2 - came up at
Kcrit
C = 3 and β = 430.

According to Donnelly and Hershberger, the force acting on the sphere
has the nature of a discrete drag and is given by

F = ρR2Γω, (2.18)

where R is radius of the vortex ring and Γ is the circulation in each
vortex ring. In considering approximate values of these quantities the drag
coefficient should be a little less than unity.

14



Figure 2.6: An oscillating sphere in water.

2.4 Oscillatory flow past quartz tuning forks

In this section I mention some observations from the experiment with the
vibrating piezoelectric quartz tuning forks. Detailed discussions can be found
in [2], [3] or [4].

Quartz tuning forks are made as frequency standards for digital watches.
Usually their resonant frequency is 215 Hz but other types are also available
as it is shown in Fig. 2.7.

The quartz tunning forks were immersed in liquid helium and then the
passing current I depending on applied driving voltage UD was measured.
U is a linear function of the driving force F acting on the fork, which is also
equal to the drag force exerted by the surrounding fluid provided that it is
in mechanical equilibrium, and I similarly corresponds to the velocity of the
prongs U as it is shown in Fig. 2.8 [4].

It was observed that at small velocities there is a linear dependence of
the velocity on the force which means the flow past the fork was laminar.
It changes at a critical velocity Ucr and the dependence gradually becomes
quadratic. It could signify the transition to turbulent flow but it was neces-
sary to figure it out experimentally, by flow visualization.

Another problem was to determine the point where the transition starts,
or in other words, to find Ucr. The drag coefficient determined from the
acting force was plotted against the Keulegan-Carpenter number for the
fixed Stokes number in Fig. 2.9 [?]. Kcrit was determined as the point of
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Figure 2.7: Comparison of the quartz tuning forks and the rods used in my
experiment. From left: two standard forks, type A, 32 kHz, two standard
forks, type B, 32 kHz, three smallest commercially available forks, 32 kHz,
middle sized fork, type U2, 8 kHz, big fork, type U1, 4 kHz, torsional fork
74 kHz.
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Figure 2.8: Measured current I plotted against applied voltage UD and ve-
locity of the forks U plotted against the driving force F . Data were measured
in He I at 4.2 K (black crosses), in He II at 1.37 K (red empty circles), at
1.61 K (red inverted triangles), at 2.06 K (red triangles), in gaseous helium
at 78 K (blue filled circles). At small velocities there is a linear dependence
(laminar drag) of force versus velocity, followed by a crossover at Ucr and
at higher velocities, the dependence is quadratic, which suggests turbulent
flow.
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intersection of two straight lines - red and blue dashed lines in the upper left
plot in the Fig. 2.9. The solid line in this figure corresponds to the following
dependence, analogous to the equation 2.14

CD = (8π)1/2α
S

A
β−1/2K−1C + Γ. (2.19)

Its limit for high Keulegan-Carpenter number is CD = Γ, which is close
to unity and it corresponds to the blue line in the plot and for the small
Keulegan-Carpenter number the dependence 2.19 corresponds to the red
line.

There was also another way of determining the critical velocity. The 5%
departure criterion was suggested as the point where the dependence of the
drag coefficient on the Keulegan-Carpenter number stops to be laminar and
starts bending. This criterion corresponds much better to the transition to
turbulence as it is mentioned in the section 4.3 in Chapter 4.
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Figure 2.9: Upper left panel: The observed drag coefficient plotted against
Keulegan-Carpenter number for a 32 kHz tuning fork. Lower left panel:
The same drag coefficient multiplied by velocity (normalized to unity) - this
quantity indicates the departure from linearity more clearly. The blue dashed
line indicates the fully turbulent drag. The right panels show detailed view
of the departures from the linear regime indicated by the black dash-dotted
line and the 5% departure criterion marked by the red dashed line.
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Chapter 3

Experimental setup

3.1 Visualization techniques

3.1.1 Baker pH flow visualization technique

Baker technique [1] allows visualizing and measuring small fluid velocities
(up to about 5cm/s) by using a pH indicator in aqueous solution. When DC
voltage is applied between two electrodes, which are placed in the solution,
one of them (positive) placed in the region of the measurement, the colour
in the solution changes near this electrode from orange to dark blue (this
fact will be explained later).

The preparation of the solution is as follows. Thymol blue (thymolsul-
phonephtalein - a pH indicator) is dissolved in demineralized or distilled
water. Further, sodium hydroxide (NaOH) is added drop by drop until the
solution turns blue, then due to adding several drops of hydrochloric acid
(HCl) the colour changes to red-orange.

A passing electric current between the electrodes then generates a proton
transfer reaction near the positive electrode. In its vicinity, this results in the
pH indicator changing colour to blue, while the rest of the solution stays red-
orange. The pH indicator then moves away with flowing water as a marker
in the Lagrangian sense. The applied voltage must be around 10V DC to
avoid the formation of bubbles which could appear near the electrode.

The advantages of this method include the absence of density-difference
effects including the possibility to measure slow velocities in experiments,
where thermal convection (and with that the density gradients) appears,
simplicity of implementation and low cost. On the other hand, the method
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provides only qualitative or semi-quantitative results, as this kind of flow
visualization must be interpreted subjectively and it is also necessary to filter
the solution if it is used longer than a few days because of the contamination
from the surroundings. The solution also becomes useless if it is titrated
many times (the hydroxide and acid have to be added from time to time
because the solution loses its pH by frequent usage).

3.1.2 Kalliroscope technique

Kalliroscope was invented by Paul Matisse - an artist from Massachusetts. It
is a visualization technique based on rheoscopic fluids intended for demon-
stration of fluid flow experiments. Rheoscopic fluids are suspensions of mi-
croscopic crystalline platelets which follow the motion of the fluid. Incident
light is reflected on their surfaces and various images are produced, some of
which are in the photographs in Fig. 3.1.2 taken from [14].

Figure 3.1: Photographs of the visualization of the flow experiments by
Kalliroscope technique.

3.2 Hardware

The scheme of the apparatus is shown in Fig. 3.2.
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Figure 3.2: Schematic diagram of the apparatus: (1) Baker solution, (2) os-
cillating cylinder of square cross-section, (3) two electrodes, (4) DC voltage,
(5) Agilent waveform generator, (6)loudspeaker , (7) scale.

A glass tank of dimensions 20 x 30 x 25 cm3 was filled by approximately
25 litres of Baker solution. The studied cylinder was connected to a thin
rod made of stainless steel on the top, which was in turn connected to
the horizontal rod that was glued to the loudspeaker. The connection of
the oscillating cylinder to the middle of the base of the tank was made by
spherical knob fitting into a teflon holder socket. According to the manual
for Baker visualization technique [1], there were negative electrodes placed
on the side of the tank and a DC bias voltage of 10 V to 15 V was applied
versus the studied cylinder which constituted the positive electrode.

Oscillations were generated by the above mentioned bass loudspeaker.
All motion occurs in the horizontal direction, with all the moving compo-
nents aligned in a single vertical plane. The loudspeaker was driven by an
amplified signal from an Agilent waveform generator and was used in its lin-
ear mode which means that the amplitude was proportional to the voltage
from the generator. The applied frequencies were ranging from 1 to 12 Hz.
A scale was placed behind the rod in order to calibrate the displacement
and velocity of the rod. There were some differences in the setup in the
experiment with Kalliroscope solution. The cylinder was not pivoted in the
middle of tank but only a few centimeters from the front side of the tank
(which was distant enough so the wall of the tank could not influence the
experiment appreciably) for reasons of better visibility, as thicker layers of
Kalliroscope solution can be murky even at the lowest usable tracer concen-
trations. Behind the rod, a black screen was placed in order to make the
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motion of the Kalliroscope particles observable more easily. Of course, no
electrodes and no DC voltage supply were needed.

3.2.1 Cylinders of square cross-section

Cylinders of square cross-section of far greater dimensions than the tuning
forks were used for this experiment to simulate the dynamically similar ex-
periment with the forks in helium. The used cylinders are shown in the Fig.
3.3. Most of the cylinders in the previous figure have sharp edges, but some
of them were later trimmed. The 2 × 2 cm2 rod with rounded corners was
already mentioned in the Fig. 3.3. Fig. 3.4 shows the 3× 3 cm2 rod made of
brass. This one has had its edges trimmed twice. For the first time, the edge
curvature was about 1 mm and then 2.2 mm and both of these versions were
used in the experiment. In the right panel of this figure, there is a 2× 2 cm2

brass rod with the roughened gold-plated surface. All these modifications
were made to provide an answer to the question how the detailed shape of
the oscillating rod influences the results.
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Figure 3.3: A photograph of the (brass or stainless) rods of square cross-
section that were studied. They have cross-sections of 5× 5 cm2, 3× 3 cm2,
2× 2 cm2 (with rounded corners), 2× 2 cm2 and 1× 1 cm2.
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Figure 3.4: Left: The detail of the trimmed edge (after second trimming)
of the 3 × 3 cm2 brass rod. Right: The detail of the roughened gold-plated
surface on the 2× 2 cm2 brass rod.

Figure 3.5: A photograph of two brass cylinders of square cross-section 2
x 2 cm2. The surface of the lower one was roughened by soldering small
metal shavings to it; this surface was then electrochemically cleaned and
gold plated.

3.3 Measurement technique

In this section I will describe whole measurement and data processing related
to my experiment in detail.

As it was described in the section Hardware, frequencies from 1 to 12
Hz were applied by the Agilent waveform generator. The same instrument
also determines the amplitude by changing its output voltage. The ampli-
tude was increased gradually until the transition from laminar to turbulent
flow occurred. At that amplitude, the motion of the rod was recorded by a
digital video camera with a resolution of 720 × 576 pixels and the frame
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rate of 25 frames per second (fps). The recording frequency was, however,
effectively doubled during the data processing thanks to deinterlacing the
individual frames, which actually consists of two sets of recorded data - the
odd lines are recorded at one instant and the even lines at another, delayed
by exactly by half the time interval between frames. Therefore, the effective
sampling frequency was 50 Hz. Observation of the amplitude of oscillations
was transferred to the top of the thin rod behind which the scale was located
(taking pictures of the cylinders of square cross-section in the solution would
not be so simple). Also a small blob of black plastic was placed at the top
of the stainless steel rods, for reasons we will mention later, in the Software
subsection. Pictures were recorded at three positions of the rod - on the top,
in the middle and on the bottom (where the connection with the cylinder
of square cross-section was) because of calibration. I found out that rods
resonated so that their top was leaning out when it was in the dead points.
Therefore, it was necessary to calibrate their right position (the details will
be given in section 3.3.3).

3.3.1 Observation of visualized flows

This part of the measurement was necessarily based on the subjective judge-
ment of the experimentalist, so the details of the observation for both tech-
niques will be described in detail in the following paragraphs.

Baker solution

Baker solution had to be titrated so that it was reasonably transparent and
the generated vortices well visible. When the bias voltage is applied, the
blue color is generated around our cylinder of square cross-section as it was
mentioned in the section 3.1.1. The colour is rising up (probably because of
slow convection and small bubbles of hydrogen gas forming at the surface
of the electrode) and creates an envelope or a sort of shell on the sides of
the rod. As soon as the rod is set in motion by the loudspeaker the shell
starts moving with the rod because it wafts with the moving fluid. If the
flow around the rod is laminar, the shell stays unbroken. A change occurs
when the flow becomes unstable. At this moment, parts of the colour peel
away from the shell in the form of vortices. This is first observed near the
top of the rod and extends downward with the increasing turbulence. The
vortices are shown in Fig. 3.3.1. Determination of the exact appearance of
turbulence is, however, not so simple. For example, fragments of the colour
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peel away from the edges on the top of the cylinder and they could look like
turbulent vortices, even without turbulence being present anywhere along
the side edges (an effect of the finite length of the cylinder as opposed to an
infinitely long cylinder usually studied theoretically). I therefore state the
condition of the transition from laminar to turbulent flow as follows - stripes
of the colour perpendicular to the cylinder have to appear at least about 5
mm bellow its top as the origins of vortices - this was considered to be the
beginning of turbulence, or, more precisely, an onset of instability of laminar
flow.

Figure 3.6: These photographs show vortices produced by an oscillating
cylinder of square cross-section 3 × 3 cm2 in developed turbulence. Left:
detail of the side, middle: whole rod.
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Kalliroscope

Kalliroscope has an off-white colour and it is not as transparent as the Baker
solution. In this case, a black screen was placed behind the cylinder so that
the reflective platelets in the path of view did not melt into one unidenti-
fiable form. Since the Kalliroscope technique is based on the reflection of
light, the tank was floodlighted by two lamps. In laminar flow, the observa-
tions are similar to those from the Baker solution. Platelets align themselves
around the rod in a shell and they follow its movement as well as the move-
ment of the fluid in its vicinity. In turbulence there are several differences
in comparison with the Baker solution. There are no vortices clearly ob-
servable anymore and the transition is seen as follows: the shell splits and
the platelets start moving away from the rod quickly with the flow as the
oscillation amplitude is increased. This effect is even less visible than in the
Baker solution and there is no possibility to compare the transition to tur-
bulence in the Kalliroscope liquid and in the Baker solution directly, because
the results may vary due to the different indicators of turbulence in both
techniques. Also, my effort to make photographs of vortices around the rod
similar to those in the Fig. 3.1.2 has failed, because the oscillations were not
strong enough to make good recordings with our technique.

3.3.2 Software and processing of visualization

As it was mentioned before, the oscillations of the rod have been recorded
by a digital video camera in three different positions in order to determine
the amplitude of the oscillations of the cylinder.

The first part of the processing of these recorded videos was done using
the VideoMach software, which is able to split the videos to individual frames
(including deinterlacing them) and it manages the basic adjustment of the
resulting photographs as well. Therefore, the videos were saved as a series
of pictures and modified in preparation for the next processing steps - the
pictures were converted into monochrome bitmaps. The black plastic was
sticked to the rod before recording it against a white background to make it
possible to measure its position as the centre of mass of black pixels in the
monochromatic bitmap, owing to the fact that only the rod and the plastic
appeared in the bitmaps as black spots.

At this stage, further processing was done using self-made software. This
program written in Delphi could analyse the position and the area of the
black spot(s) in the bitmap. All the images were processed by this program
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and the final data were saved as one text file for each frequency where
the area of the black spot and the X and Y-coordinates of its centre were
specified, with subpixel precision for the coordinates.

The coordinates taken from the text file were inserted into the Origin
data analysis and graphing software. The data were plotted and fitted with
a general harmonic oscillation function which corresponded very well to the
oscillatory motion of the rod. The amplitude of this function was then taken
as the amplitude of oscillation of the top of the rod in pixels.

Obviously this amplitude first had to be converted to the amplitude
of oscillation of the cylinder itself in meters. This is the reason why the
scale was placed behind the rod. The calibration was done with the aid of
the photograph of the scale and the rod using all the necessary sizes and
distances.

3.3.3 Data calibration

As it was mentioned in section 3.3, amplitude calibration was necessary due
to the resonance of the steel rods attached to the oscillating cylinders. It
appears only at the higher frequencies used, the resonance has negligible
effect at low frequencies when the rod oscillates at low velocities.

We see in Fig. 3.7 how resonance affects the data. There is a point where
the data start to deviate from their uniform slope. It starts at frequen-
cies about 5 Hz and it results from the mechanical resonance of the rod
(cantilever-like) when moving at higher frequencies.

The value of the amplitude of oscillation at the top, in the middle and
at the bottom of the rod was plotted against height of the measuring point
for each frequency and each rod and there was an evidence of the bending
of the rod in the middle and even more at the top. I connected the highest
point with the origin in the plot to find the amplitude at the lowest point for
the case of a perfectly rigid rod with a given amplitude at its highest point.
Then I derived a relative amplitude by ratio of the observed amplitude at
the lowest point and the derived amplitude at the same level. The relative
amplitude against frequency for each rod was plotted to a single graph.
These data were fitted by a power-law function.

The following correction function g(f) was applied to the measured data,
leading to the true final value of the calculated critical Keulegan-Carpenter
number:
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Figure 3.7: The critical Keulegan-Carpenter number plotted against Stokes
number for various cylinders of square cross-section oscillating in Baker so-
lution. The series of measured points deviate from the expected slope due to
the mechanical resonance resonance of the attached rod. Filled circles repre-
sents the data observed with cylinders of 1×1 cm2, 2×2 cm2, 3×3 cm2 and
5× 5 cm2 square cross-section. Solid (red) line is the theoretical dependence
for a circular cylinder Kcrit

C = 10β−1 + 5.778β−1/4 and the dashed (black)
line corresponds to Kcrit

C = 7.5β1/2.
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g(f) = 1 + af b, (3.1)

where f is frequency, coefficients a = 0.00017 and b = 3.53958 are pa-
rameters of the least squares fit.

The corrected results are discussed in the next Chapter.
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Chapter 4

Results and Discussion

4.1 Existing visualization observations

First, the existing observations of the flow past an oscillating rod of circular
cross-section will be summarized. An important study was published by
Honji [8]. It was concerned with the oscillating rod of circular cross-section in
a direction perpendicular to its length in water. Sarpkaya performed a similar
experiment with the measurement of the drag coefficient versus Keulegan-
Carpenter number [10].

Schlichting [11] and Batchelor [5] discussed the oscillations of the rod
within the laminar regime where oscillations cause the appearance of an os-
cillating boundary layer and of the steady streaming flow. At small Keulegan-
Carpenter numbers, the streaming flow is two-dimensional - the streaming
velocity points in a direction normal to the length of the rod. At a higher
Keulegan-Carpenter number, the flow is three-dimensional and mushroom-
shaped vortices appear around the oscillating body drifting away from it.
The first instability of the boundary layer when the velocity is increasing
leads to the appearance of so-called Taylor-Görtler vortices [6]. They ap-
pear at a value of the Keulegan-Carpenter number given by 2.15 which was
experimentally verified by Sarpkaya.

Hershberger and Donelly [7] wrote the only paper about the flow past
a rod of rectangular cross-section. They used Kalliroscope to visualize the
flow and unlike the experiments performed in Prague, their rod oscillated
with a velocity amplitude that was uniform along the length of the rod.
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4.2 Results in Baker solution and Kalliro-

scope

In presenting my experimental results, I shall use two dimensionless param-
eters - the Keulegan-Carpenter number 2.11 and the Stokes number 2.12.
These two numbers describe the dimensionless drag coefficient by equation
2.19. I already discussed the oscillatory flow past various structures in Sec-
tion 2.3. Well-known results for the circular cylinder are used for comparison
with the rods.

4.2.1 Results in Baker solution

Corrected results for the rods oscillating in Baker solution are presented in
Fig. 4.1.

The data are proportional to β−1/2, the only exception is the rod of
5 × 5 cm2 square cross-section which deviates from this dependence. This
can be caused by the fact that the length of the rod is not large enough
in comparison to its width to ensure that three-dimensional flow patterns
present near its end do not influence the observed transition. The dependence
Kcrit
C ∝ β−1/2 differs from the one for the circular cylinder which is Kcrit

C ∝
β−1/4 at high velocities. The reason is that the rods have sharp corners
whereas cylinder is circular, so the flow enhancement past the cylinder is
given by its own radius while the flow enhancement past the sharp corners
of the square rods is given either by the radius of curvature at the corners
(determined by the machining process) or by the viscous penetrations depth

δ =
√

2× ν/ω which is roughly of order 1 mm for the studied frequency
range.

Trimmed rods

Trimming of the 3 × 3 cm2 rod showed that the transition to turbulence
also depends on the sharpness of the edges. First trimming of the rod (the
resulting edge curvature was 1 mm) shifts the data up and the second trim-
ming shifts them again (edge curvature was 2.2 mm), so that the critical
Kulegan-Carpenter number increases systematically and it can be expected
that it would approach the dependence for the circular cylinder for further
trimmings.
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Figure 4.1: The critical Keulegan-Carpenter number plotted against Stokes
number for various rods of square cross section oscillating in Baker solution.
Circles represent the data observed with rod of 1 × 1 cm2 (blue), circles
2× 2 cm2 (orange),circles 3× 3 cm2 (red), circles 5× 5 cm2 (green) square
cross-section. Magenta and black circles represent the data for the 3 × 3
cm2 rod with trimmed edges, magenta with the edge trimmed to 1 mm and
black to 2.2 mm radius of curvature. The dashed straight line corresponds to
Kcrit
C = 7.5β−1/2 and the solid red line to the theoretical dependence derived

for circular cylinders: Kcrit
C = 10β−1 + 5.778β−1/4.

4.2.2 Results in Kalliroscope

Results for the Kalliroscope technique are shown in the Fig. 4.2. Only two
rods 2× 2 cm2 were measured there to see how the roughness of the surface
of the rod influences the transition to turbulence. One of them was smooth
and the other was roughened as it is shown in the Fig. 3.5.

These results are surprising because it could be expected that the rough-
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Figure 4.2: The Keulegan-Carpenter number for the 2×2 cm2 rods obtained
with the Kalliroscope technique before (yellow circles) and after (cyan cir-
cles) roughening of the surface.
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ness of the rod affects the transition to turbulence in an analogous way to
the sharp corners in view of the fact that the scale of the roughness is larger
than than the viscous penetration depth, but no such effect could be clearly
observed.

4.3 Comparison of results with quartz tun-

ing forks in 4He

Finally I get to the comparison of my results with the results obtained
for quartz tuning forks in cryogenic helium. This section is written more
specificly in [13].

The measured data for both structures are plotted in Fig. 4.3.
The data for the rods as well as the data for quartz tuning forks display

the same dependence of Kcrit
C on β. This dependence differs from the one

expected for the circular cylinder - Kcrit
C ∝ β−1/4 - which may be caused

by the fact that the relevant radius of curvature is the overall radius in the
case of a cylinder of circular cross-section, while it is the radius of curvature
associated with the corners for a rod of square cross-section, this latter radius
being the actual radius of curvature at the corners or the radius of curvature
of the outer part of the viscous penetration depth, whichever is the larger.
The drag coefficient of the rod seems to oscillate in value with increasing β
but the drag coefficient of quartz tuning forks varies smoothly. It could be
because of the different type of flow or because the velocity of the quartz
tuning forks varies along their length or simply because the visualization
data show a large scatter in general.

The results for the rods are in the lower position - they correspond to the
dependence Kcrit

C = 7.5β−1/2 whereas quartz tuning forks to the dependence
Kcrit
C = 17β−1/2. It is because of two different criteria for the transition to

turbulence used. Or in other terms, the first way to determine the critical
velocity described in the section 2.4 was not equivalent to the transition to
turbulence as measured with the rods. The second applied criterion of 5%
departure shifts the fork data downwards. A detailed picture of how the
5% criterion influenced the results for the quartz tuning forks presented in
Fig. 4.3 is shown in Fig. 4.4 [13]. It is shown just for two of the tuning
forks to illustrate how the data would be shifted. Kcrit

C (0.05) = 4.5β−1/2 for
fork L2 and Kcrit

C (0.05) = 2.5β−1/2 for fork A1 so the result data are even
below the data for the rods. Generally speaking, if we consider all the differ-
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Figure 4.3: The critical Keulegan-Carpenter number plotted against Stokes
number for different forks vibrating in normal liquid 4He and in cold pres-
surized helium gas at liquid nitrogen temperature in comparison with results
from visualization in Baker solution. Fork A1, 32 kHz (empty black squares),
fork B1, 32 kHz (empty red circles), fork B7, 32 kHz (empty purple stars),
fork L2, 32 kHz (empty inverted brown triangles), fork U2, 8.4 kHz (empty
green triangles), 1× 1 cm2 rod (yellow squares),2× 2 cm2 rod (violet trian-
gles), 3 × 3 cm2 rod (left directed magenta triangles), 5 × 5 cm2 rod (gray
rhombuses), 3 × 3 cm2 after first trimming (inverted blue triangles), 3 × 3
cm2 after second trimming (cyan stars). The dashed black straight line cor-
responds to Kcrit

C = 7.5β−1/2, the solid blue line to Kcrit
C = 17β−1/2 and the

solid red line to Kcrit
C = 10β−1 + 5.778β−1/4.

ences between the single rigid oscillating rod in water and the two prongs of
the quartz tuning fork oscillating as cantilevers in their base bending mode
in liquid helium, the agreement of the results (up to a multiplicative con-
stant of order unity) is remarkable. Moreover, the dependence of the critical
Keulegan-Carpenter number on the Stokes number is firmly established for
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both structures as Kcrit
C ∝ β−1/2.

Figure 4.4: The critical Keulegan-Carpenter numbers,Kcrit
C and Kcrit

C (0.05),
plotted against Stokes number for different forks as indicated, vibrating
in normal liquid 4He and in cold pressurized helium gas at liquid nitro-
gen temperature.The solid red line is the dependence for circular cylinders
Kcrit
C = 10β−1 + 5.778β−1/4.
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Chapter 5

Conclusions

The main quest of this Thesis was to visualize and characterize the flow due
to oscillating cylinders of square cross-section and relate it to the cryogenic
flow past quartz tuning forks.

The visualization techniques, namely the Baker pH technique and Kalliro-
scope technique, which were chosen to figure this problem out, proved them-
selves satisfactory. When the rods oscillating in water were used, the tran-
sition to turbulence occurred at lower velocities than indicated by the cri-
terion used to evaluate the tuning fork data. More specifically, the results
showed clearly that the first instability of laminar flow occurs at a lower
value of the Keulegan-Carpenter number then that predicted from the in-
tersection of linear and quadratic dependencies of the drag force exerted on
the prongs of quartz tuning fork oscillating in cryogenic helium. For this rea-
son, another criterion was suggested, the critical velocity being determined
as the moment when the dependence of the drag coefficient on the Keulegan-
Carpenter number deviates from the dependence measured in laminar flow,
in this particular case by more than 5%. When this new criterion was applied
to the tuning fork data, a better agreement with the visualization results was
achieved.

I was also able to show that the flow past the oscillating rod with trimmed
edges gradually approached the characteristics of the flow past an oscillat-
ing circular cylinder, but the question of the influence of surface roughness
remains unanswered.

On the one hand, the visualization techniques in Baker solution and
Kalliroscope offer direct observations of the transition from laminar to tur-
bulent flows, but, on the other hand, using them also means introducing
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large measurement errors, because any observation by a human experimen-
talist without strictly defined conditions for the measured quantity is, by its
nature, very subjective.

Altogether, the visualization experiments shed light on some of the so
far unclear aspects of the cryogenic flow due to quartz tuning forks, which
are presently used as sensitive probes in various areas of superfluid hydrody-
namics and cryogenic helium flows in general, and contributed significantly
to the understanding of the details of the observed transition to turbulence.
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Appendix

I attach the manuscript submitted to Physical Review E that contains the
data measured for this Thesis.
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