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taćı
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Chapter 1

Introduction

1.1 Basic notions

Throughout this thesis, we deal with the notion of a Boolean function, which is a mapping
from {0, 1}n to {0, 1}. The set {0, 1} is usually denoted B and the elements of Bn are
called the Boolean points. Boolean functions naturally model many phenomena, including
combinatorial circuits and in general any process where there is a logical output which
depends on values of several logical inputs.

One of the basic properties of Boolean functions is that every one of them can be rep-
resented as a propositional formula in k variables, where k is the arity of the respective
Boolean function. Moreover, for a given Boolean function, we can always find a propo-
sitional formula in either of the so called normal forms (defined below), such that this
formula represents the given function.

Definition 1 (Disjunctive Normal Form). A disjunctive normal form is an expression of
the form

n∨

k=1

Tk

where each one of Tk is term, i.e. conjunction of literals (literal is either variable or its
negation).

Definition 2 (Conjunctive Normal Form). A conjunctive normal form is an expression of
the form

n∧

k=1

Ck

where each one of Ck is clause, i.e. disjunction of literals.

A propositional formula is not the only way to represent a given Boolean function.
n-ary Boolean function f can also be given by its complete truth table, i.e. table listing all
2n possible combinations of input values and for each one of them the output value.
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1.2 Boolean minimization problem

Because in our definition of the normal forms we do not rule out the expressions like x∨x or
x∧x, for a given Boolean function there are apparently infinitely many Boolean expressions
representing it. Hence it is often desirable for us to pick a Boolean expression satisfying
some additional property. One of the most prevalent problems in the theory of Boolean
functions is to find a Boolean expression which is minimal in some sense. Which measure
we will choose to evaluate the size of a Boolean expression depends on the particular
application. For more on this subject in the context of the circuit design problem consult
[2, 4].

We will now introduce notions which are pervasive in the theory of Boolean minimiza-
tion.

Definition 3 (True point, False point). A point X = (x1, ..., xn) ∈ Bn is called a true
point or false point of n-ary Boolean function f if f(X) = 1 or f(X) = 0, respectively.
The sets of true points and false points of f are denoted by T (f) and F (f).

This gives us immediately an opportunity to define canonical DNF representation of
Boolean function f and to justify the observation that every Boolean function can be
represented by DNF and CNF:

Definition 4 (Minterm, maxterm expression). Let f be an n-ary Boolean function. Minterm

of f is a term of the form
(∧

i:yi=1 xi

∧
i:yi=0 xi

)
, where Y = (y1, ..., yn) is a true point of

f . We call

θ(x1, ..., xn) =
∨

Y ∈T (f)

( ∧
i:yi=1

xi

∧
i:yi=0

xi

)

minterm expression (or canonical DNF) of f . Maxterm of f is a clause of the form(∨
i:yi=1 xi

∨
i:yi=0 xi

)
, where Y = (y1, ..., yn) is a false point of f . We call

θ(x1, ..., xn) =
∧

Y ∈F (f)

( ∨
i:yi=1

xi

∨
i:yi=0

xi

)

maxterm expression (or canonical CNF) of f .

Listing all true points (or false points) is another way to represent a Boolean func-
tion. Since it may be exponentially shorter than the complete truth table, it is usually the
representation of choice. Also note that it is a special case of DNF (or CNF) representation.

Definition 5 (Implicant). An implicant of a function f is a term p such that

p = 1⇒ f = 1
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Definition 6 (Prime implicant). A prime implicant of f is an implicant of f such that
a deletion of any literal from it results in a term which is not an implicant of f .

Definition 7 (Absorption). Let f be a Boolean function and C1, C2 be implicants of f .
We say that C1 absorbs C2 if C1 ∨ C2 = C1.

It is easy to see that C1 absorbs C2 if and only if C2 contains all the literals C1 does.
If X ∈ Bn is a Boolean point and C is a term containing some of the variables from
{x1, x2, . . . , xn}, we say that C covers X if C(X) = 1 (that is, if the assignment of values
to the variables in C given by X makes C equal 1).

Definition 8 (Complete DNF). Complete DNF of a given function f is a disjunction
of all prime implicants of f .

Definition 9 (Prime DNF). Let θ be a DNF representing Boolean function f . We call θ
a prime DNF of f if all terms of θ are prime implicants of f .

Definition 10 (Irredundant DNF). Let θ be a DNF representing Boolean function f . We
call θ an irredundant DNF of f if the formula resulting from a deletion of any term
from θ does not represent f .

The complete DNF of a Boolean function f is another standard way of representing f :

Theorem 1 ([1]). Every Boolean function is represented by its complete DNF.

Now we clarify what we mean by ”minimal representation” of a given Boolean function
f . In most applications the following two measures are considered.

Definition 11. Let θ be a DNF. We denote the number of literals in θ by |θ| and the
number of terms by ||θ||.

A natural question to ask is whether there is a point in considering these two measures
separately. After all, the fewer terms formula has, the fewer literals. Can it be the case
that |θ|-minimum formula is always also ||θ||-minimum formula and vice versa? However
tempting it may seem, the answer is negative. For more details and examples see [3].

However, the distinction based upon the minimization measure is not the only one to
classify Boolean minimization problems. Further division is due to different representations
of the input Boolean function (truth table, list of true points, DNF).

Before we state the minimization problem formally, let us note that in computing the
complexity of the Boolean minimization problem, the way we are given the input Boolean
function matters. For example the complete truth table may be exponentially larger than
the set of true points.

Boolean Minimization Problem
Input: Representation of a Boolean function f by its complete truth table, set of its true
points, or arbitrary DNF.
Output: ||θ||-minimal (or |θ|-minimal) DNF representing f .
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1.3 Algorithms for finding minimal DNF

The first of the most prominently used algorithms for logic minimization is so called Kar-
naugh map method. In 1952, Edward W. Veitch [8] invented a graphical procedure for
digital circuit optimization which was one year later refined by Maurice Karnaugh [9] from
whom it took its name.

Beside Karnaugh map method, which is rather pencil-and-paper approach to Boolean
minimization, almost exclusively one algorithm is used to solve this task exactly. It is called
Quine-McCluskey algorithm since it was developed in 1956 by McCluskey in [5], incorpo-
rating previous effort of Quine in [6] and [7]. There are many modifications of the original
algorithm up to date, but the following two steps are at the core of the overwhelming
majority of them:

1. Generate prime implicants of the given function
2. Select such a subset of all prime implicants which has a minimal size and still repre-

sents the given function

1.3.1 Generating the list of all prime implicants

Generating from the set of true points

As we noted above, most algorithms solving the Boolean minimization problem first gener-
ate the list of all prime implicants of the given Boolean function. Though the representation
by the set of true points T (f) can be considered a special case of DNF representation, we
dedicate few paragraphs to how we can generate all prime implicants of a function when
it is given as a set of its true points. This is mainly because this representation allows for
an effective procedure for generating all the prime implicants, while this is not true for
DNF representation, as we will see later. The algorithm and notation is due to [1]. First
we define the notion of a hull of two Boolean points.

Definition 12 (Hull of Boolean points). The hull of two Boolean points Y = (y1, ..., yn)
and Z = (z1, ..., zn) is the elementary conjunction defined by

∧
i:yi=zi=1

xi

∧
j:yj=zj=0

xj

and denoted by [Y, Z]

The following observation justifies the algorithm stated further.

Theorem 2 ([1]). If C is an implicant of a Boolean function f , then for any true point Y
of f such that C(Y ) = 1, there exists a unique true point Z of f such that C(Z) = 1 and
C = [Y, Z].
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Now it should be obvious that in order to generate all implicants of a function given by
its set of true points, it suffices to check all the pairs of the true points and see for every
pair if its hull is an implicant of the function. How do we tell for an arbitrary elemen-
tary conjunction whether it is implicant of the given Boolean function? In case where the
function is given by DNF, this problem is coNP-complete [1]. However, we find ourselves
in an easier situation when the function is represented by the set of its true points. For
the elementary conjunction C of length d, we simply count the number of Boolean points
X ∈ T (f) which are covered by C, i.e. such that C(X) = 1. Obviously, C is implicant of f
if and only if this count equals 2n−d. This fact corresponds to the intuitive idea that for C
containing d variables to be an implicant, all possible assignments of the remaining n− d
variables (along with fixing the only assignment of those d variables which makes C true)
must make f equal 1 and thus be true points of f . Because evaluating C(X) can be done
in O(n) time, for every pair of true points we can check in O(n|T (f)|) whether its hull is
implicant of f . Thus, we can generate all the implicants of f in O(n|T (f)|3).

Since this way we get a list of all the (not necessarily prime) implicants, possibly with
repetitions, we need to remove the repetitions and the implicants which are absorbed by
some other ones in the list. Even using a straightforward approach, we can do this in
O(nM2), where M is the size of the list (we are performing M2 comparisons, each taking
O(n) time). Because M is polynomial in n and |T (f)|, this gives us an effective algorithm
for generating all the prime implicants from the set of true points. For further improvements
of the cleanup phase, see [1].

Generating from the truth-table

Given a Boolean function f , its representation by the full truth-table can be viewed as
a special case of representation by set of true points. Thus, we can apply the procedure
described above.

Generating from a DNF

Generating all the prime implicants of a function given by a DNF is due to Quine [7] and
it is usually called the consensus method. The consensus method is based on the following
two facts:

1. If there are two terms in a DNF such that one is absorbed by the other, removing
the absorbed term from the DNF does not affect the Boolean function being represented.

2. Adding consensus of two terms present in the DNF does not affect the Boolean
function being represented, or in other words:

xC ∨ xD ≡ xC ∨ xD ∨ CD

where ≡ denotes the relation of ”being logically equivalent”.
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Definition 13 (Consensus). If xC and xD are two terms such that CD is not identically 0,
then we say that CD is the consensus of these two terms and denote it by Cons(xC, xD).

Thus, the consensus method processes the input DNF by repeatedly applying these two
rules.

Consensus-Method(Φ)
Input: DNF Φ, representing Boolean function f
Output: Complete DNF of f

while one of the following conditions applies do
if there exist two terms C and D in Φ such that C absorbs D then

Φ � Φ \ {D}
if there exist two terms C andD in Φ such that they have consensusX = Cons(C,D)

such that X is not absorbed by any other term in Φ then
Φ � Φ ∨ {Cons(C,D)}

end while
return Φ

Is the consensus method effective in general? The negative answer is given by the
possible size of the output:

Theorem 3 ([1]). For every integer n ≥ 1, there exists a Boolean function f which has
2n + 2n prime implicants and which can be represented by a DNF φ having 2n+ 1 terms.

Because of this inherent difficulty, complexity of algorithms for generating all prime
implicants of a function represented by DNF is more reasonably expressed as a function of
lengths of their input and their output. If such function turns out to be a polynomial, the
corresponding algorithm is said to be of output-polynomial or total polynomial time.

Is there at least a chance to come up with an output-polynomial time algorithm for
generating all prime implicants from function given by a DNF? Even after lowering our
expectations, the positive answer is highly unlikely. This is so because if we had such
an algorithm available, we could solve the DNF equations (i.e. the equations of the form
φ(X) = 0 where φ is a DNF) in polynomial time, exploiting the fact that the only prime
implicant of a tautology is an empty conjunction which is the same as the Boolean constant
1. Indeed, solving the DNF equation φ(X) = 0 is equally hard as solving an equation of
the form ψ(X) = 1, where ψ(X) is a CNF. These two problems are usually referred to
as the DNF Falsifiability and CNF Satisfiability problem. The latter one was the
first problem proved to be NP-complete in 1971 [10].

If we put for a moment aside the fact that a Boolean function represented by a DNF of
linear length (with respect to the number of variables) may have an exponential number
of prime implicants, there is also another reason why we should not expect the algorithms
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generating all prime implicants to run in a feasible time for the general class of Boolean
functions. In such case we would be able to answer the following problem easily:

Implicant-Recognition-Problem
Input: Boolean function f represented by a DNF φ, elementary conjunction C
Question: Is C implicant of f?

This problem is well known to be coNP-complete [1] and again, its difficulty stems from
the notorious hardness of solving the DNF equations.

1.3.2 Selecting the smallest possible set of prime implicants

After we generate the list of all prime implicants of a given Boolean function, we have to
select such a subset of them which satisfies the following two properties:

1. The DNF with terms exactly corresponding to the selected prime implicants
represents the input Boolean function.

2. This DNF is minimal under the specified measure.

While having in mind that there are several important measures used in Boolean mini-
mization, we will deal with the ||φ|| measure, i.e. the number of terms in the corresponding
DNF φ, further in the text. Note that even if the ||φ|| measure does not require the min-
imal DNF to be prime, there is indeed a ||φ||-minimal DNF which is prime or in other
words, among the ||φ||-minimal DNFs there is always a prime irredundant one. That is
why we restrict ourselves to DNFs which are both irredundant and prime when looking for
a ||φ||-minimal DNF.

How do we construct a minimal set of prime implicants still representing the given
function? Let f be the given Boolean function, P1, P2, ..., Pq be its prime implicants we
generated in the first phase, and t1, t2, ..., tr be its true points. We look for a minimal dis-
junction Pi1 ∨ Pi2 ∨ ... ∨ Pik such that every tm is covered by some Pij . We achieve this
by covering the columns of the prime implicant table by its rows. By the prime implicant
table we mean a q × r table T = (tij) containing one row for each prime implicant of f and
one column for each true point of f . We define tij to be 1 if Pi covers tj and 0 otherwise.
Thus, we are looking for the minimal number of rows that cover T .

First step to do is something we call a core removal. In order to explain this, we define
a row to be essential if there exists a column which can be only covered by that row.
Core removal then consists of removing the essential rows and the columns covered by
them. Partial core removal is a procedure of removing some of the essential rows and the
corresponding columns. The set of prime implicants corresponding to the essential rows
is called a core and every such prime implicant is called essential, hence the name. When
some row is essential, there is some true point which is only covered by the corresponding
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prime implicant and since we can focus solely on prime implicant terms while looking for
minimal DNF, it follows that the prime implicants corresponding to the essential rows
must be present in every minimal DNF.

After the core removal, we cover the remaining part of the prime implicant table. This
can be easily formulated as a set cover problem, defined usually as follows:

Given a universe U and a family S of subsets of U , a cover is a subfamily C ⊆ U of sets
whose union is U . The object is, given the pair (U ,S), to find a cover with the fewest sets.

Now we can formulate the problem of covering the q × r prime implicant table as a set
cover instance in the notation used above:

U = {1, 2, ..., r}
S = {S1, S2, ..., Sq}

where

Si = {j | Prime implicant Pi covers the true point tj}

The same problem can also be formulated as an integer programming problem: we
associate each variable si, i = 1, ..., q with 0 or 1, posessing the meaning of the prime
implicant Pi being present in the resulting DNF or not. Then the integer programming
problem comes out like this:

minimize
∑q

i=1 si

subject to
∑q

i=1 siPi(X) ≥ 1, for all X ∈ T (f)
and (s1, s2, ..., sq) ∈ Bq

1.4 Complexity of Boolean minimization

In the same way we dissected the algorithm for finding a minimal DNF into two phases,
we will deal with the time complexity of these two parts separately. Then, we will put the
pieces together.

1.4.1 Complexity of generating all prime implicants of a given
function

We already showed that when the function f of n variables is represented by the set of
its true points, the list of all prime implicants can be generated in time polynomial in
n|T (f)|. The polynomial bound also applies to the case when we are given a truth table
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of the input function, since it is a special case of the representation by the set of true points.

In the case the input Boolean function is represented by an arbitrary DNF, we argued
that it may take an exponential number of steps to generate all prime implicants of f .

1.4.2 Complexity of covering the prime implicant table

As we already noted above, the covering part can be formulated in a straightforward way
as an instance of a set covering problem or an integer programming problem. However, we
should remark at this point that the reformulation as a set covering problem is polynomial
only in the case when we are given the set of true points of the Boolean function we are
minimizing. If the function is given as an arbitrary DNF, just formulating the problem in
a language of a set covering problem is intractable because the number of true points may
be exponential in the length of the DNF.

However, the reformulation itself does not bring us an easy recipe for solving the cov-
ering part, because set covering is one of the standard NP-complete problems [10]. In
practice, set cover problem is often solved by greedy algorithm, which is known to return
cover of cardinality at most O(log n) times the cardinality of the optimal cover, where n
is the largest set size.

1.4.3 Complexity of Boolean minimization in its entirety

So far we have been analyzing the time complexity of two main parts of usual algorithms
for finding a ||φ||-minimal DNF. We showed that if we are given the input function as a
set of its true points or a full truth table, we are able to generate all prime implicants in
polynomial time. However, even when we are considering these input representations, the
main stumbling block seems to lie in the second part, where we are covering the columns of
the prime implicant table with its rows. Reformulating this task as a set covering problem
does not tell us much about the best possible time complexity of achieving that. We may
ask whether reducing our problem to a set cover instance is necessary. Observe that for a
given function f : {0, 1}n → {0, 1}, a prime implicant (corresponding to one of the rows of
the prime implicant table) of length k covers exactly 2n−k true points of f (or columns of
the table, respectively). Knowing that the prime implicant table will always possess this
property, we should be interested in whether it is necessary to solve the general set covering
problem or if it suffices to solve just some subclass of it, hopefully effectively solvable. For
it to be so, it would be essential to know that prime implicant tables can only take certain
form, allowing us to exploit the effective algorithms for the polynomially solvable subclass
of the set covering problem. Or is it so that for an arbitrary prime implicant table, one is
able to construct a Boolean function, whose prime implicant table will be exactly the one
we ask for? Considering the possible implications of the positive answer, this is very inter-
esting question and it was Gimpel who set off to solve it. He eventually found a method
[12] allowing us for arbitrarily prescribed prime implicant table to find a Boolean function
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leading to it. To rule out the trivial instances, he introduces the notion of an interesting
table.

We say that a n × m table T is interesting if T is coverable (i.e. each column has
a 1-entry), T cannot be covered using two rows or less (i.e. for any two rows, there is a
column with no 1-entries in either of them) and T is row-dominance free, i.e. no row in T
dominates another row in T . Row ti dominates row tj if tjk = 1⇒ tik = 1 for all 1 ≤ k ≤ m.

It should be obvious that when considering table T as an instance of a set covering
problem, we may assume T to be interesting, as non-interesting instances are easily solved
or reduced to interesting ones.

Considering the somewhat special structure carried by the prime implicant tables, the
following result due to Gimpel [12] comes out rather surprisingly and the statement is by
no means obvious.

Theorem 4 (Gimpel [12]). Given an interesting table T with entries from {0, 1}, there ex-
ists a Boolean function f whose prime implicant table reduces to T by partial core removal.

We will not show the entire proof here (this can be found either in the original article
by Gimpel [12] or in more detailed form in [1] and [3]), let us instead demonstrate how
the desired function can be constructed in a way which easily lends itself to an algorithmic
approach.

Let us consider the following n × m matrix T = (tij) representing an instance of the
set covering problem:

T =




0 1 1 0 0
0 1 0 1 0
1 0 0 1 1




With an accordance to the terminology we introduced before, the rows of this matrix
correspond to sets and the columns represent the elements of the universe we want to cover.

Note that this matrix is not interesting in sense of the definition above since it may be
covered by two rows. This is because an interesting table would have to be larger and the
constructed function would be too big to be shown here. However, the construction works
in this case too. Also note that the number of elements covered by the third row is not a
power of two which indicates that it may be quite challenging to find a Boolean function
whose prime implicant table reduces to the given one.

First we define the terms
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Pi = x1 . . . xi−1xixi+1 . . . xm

Qj =
∏

tjk=0

xk

for i = 1, . . . ,m and j = 1, . . . , n and using them we construct the following two functions
on m variables:

f1 = P1 ∨ · · · ∨ Pm = x1x2x3x4x5 ∨ x1x2x3x4x5 ∨ x1x2x3x4x5 ∨ x1x2x3x4x5 ∨ x1x2x3x4x5

f2 = Q1 ∨Q2 ∨ · · · ∨Qn = x1x4x5 ∨ x1x3x5 ∨ x2x3

It is easy to see that the matrix A = (aij) defined as aij = 1 ⇔ Qi absorbs Pj is
identical to T : aij = 1⇔ Qi absorbs Pj ⇔ xj /∈ Qi ⇔ tij = 1. Also note that {Q1, . . . , Qn}
constitutes the set of all prime implicants of f2. This is because there cannot be any con-
sensus among the terms in {Q1, . . . , Qn} (since they do not contain any negated variables)
and no term from {Q1, . . . , Qn} absorbs another one because we assumed the matrix T to
be row-dominance free.

If P1, . . . , Pm were the only minterms absorbed by {Q1, . . . , Qn}, we would be done
since A (= T ) would be a prime implicant table of f2 (which would be logically equivalent
to f1 in that case). However, {Q1, . . . , Qn} may absorb more minterms than just the Pi’s
so this is not the case.

By R1, R2, . . . , Rl we denote the minterms absorbed by {Q1, . . . , Qn} not present among
the Pi’s. Let us assume without loss of generality that the first k Ri’s have an even number
of negated variables and the last l−k Ri’s have an odd number of negated variables. Next,
consider the following function f of m+ 2 variables:

f =
n∨

i=1

Qixm+1xm+2 ∨
k∨

i=1

Rixm+1 ∨
l∨

i=k+1

Rixm+2

Since in our case we have

R1 = x1x2x3x4x5 (absorbed by Q1)
R2 = x1x2x3x4x5 (absorbed by Q1, Q2, Q3)
R3 = x1x2x3x4x5 (absorbed by Q2)
R4 = x1x2x3x4x5 (absorbed by Q3)
R5 = x1x2x3x4x5 (absorbed by Q3)
R6 = x1x2x3x4x5 (absorbed by Q3)
R7 = x1x2x3x4x5 (absorbed by Q3)

we get
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f = x1x4x5x6x7 ∨ x1x3x6x7 ∨ x2x3x6x7∨
x1x2x3x4x5x6 ∨ x1x2x3x4x5x6 ∨ x1x2x3x4x5x6∨
x1x2x3x4x5x6 ∨ x1x2x3x4x5x6 ∨ x1x2x3x4x5x6∨
x1x2x3x4x5x7

It can be shown that the terms on the right side of the definition of the function f are
exactly the prime implicants of f (this is the only slightly technical part of the proof).
Furthermore, we may express f as a disjunction of all of its true points:

f =
m∨

i=1

Pixm+1xm+2 ∨
l∨

i=1

Rixm+1xm+2 ∨
k∨

i=1

Rixm+1xm+2 ∨
l∨

i=k+1

Rixm+1xm+2

Now if we denote by 1, 2,. . . , 19 these true points by their order in this expression and
by a, b, c,. . . , j the prime implicants from the expression above (also in the order given
by the right side of the identity), the prime implicant table of f looks like this:

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

a 0 1 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0
b 0 1 0 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
c 1 0 0 1 1 0 1 0 1 1 1 1 0 0 0 0 0 0 0
d 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0
e 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0
f 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0
g 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0
h 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0
i 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0
j 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1

The last remaining step is to show that this prime implicant table may be actually
simplified to the matrix T by the partial core removal. Obviously, every prime implicant
of the form Rixm+2 is essential since it is the only prime implicant which covers the point
Rixm+1xm+2. Moreover, it covers the point Rixm+1xm+2. For the same reason every prime
implicant of the form Rjxm+1 is essential since it is the only prime implicant covering the
point Rjxm+1xm+2 (while also covering the point Rjxm+1xm+2). The partial core removal
that removes the l rows corresponding to these l essential prime implicants and the 2l
columns covered by them will result in a table containing a row for each prime implicant of
the form Qixm+1xm+2 and a column for each point Pjxm+1xm+2. Since xm+1 and xm+2 do
not appear in the Qi’s nor the Pi’s, this table is equal to T . Indeed, one can easily verify
that the table above reduces to T after removing the appropriate subset of the essential
prime implicants.

This effectively buries our hopes for a polynomial algorithm for covering the prime
implicant table and instead, it seems to push us to the conclusion that the Boolean min-
imization problem might be NP-hard when considering the input representation by set of
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true points or the full truth table. To make our language precise for the purpose of the
following section, let us introduce some standard notions for several versions of the Boolean
minimization problem:

TT
Input: The entire truth table of f : {0, 1}n → {0, 1}
Output: ||φ||-minimal DNF representing f .

Total
Input: Total Boolean function, specified by set A ⊆ {0, 1}n of all of its true points.
Output: ||φ||-minimal DNF representing the total function fA such that fA(a) = 1 for
a ∈ A and fA(b) = 0 for b ∈ {0, 1}n\A.

PDBF
Input: Partial Boolean function, specified by set A ⊆ {0, 1}n of (some of the) true points
and by set B ⊆ {0, 1}n of (some of the) false points.
Output: ||φ||-minimal DNF consistent with the input, i.e. representing the function f :
{0, 1}n → {0, 1} such that f(a) = 1 for a ∈ A and f(b) = 0 for b ∈ B.

TT*
Input: Partial Boolean function, specified by the entire truth table of f : {0, 1}n →
{0, 1, ∗}, where f(a) = ∗ means that the value of f is undefined on a.
Output: ||φ||-minimal DNF representing f ′ where f ′(a) = 1 for a ∈ f−1(1) and f(b) = 0
for b ∈ f−1(0).

Note that as in the PDBF version, in TT* the input also specifies a partial Boolean
function, but unlike the PDBF version, in TT* the input has size 2n regardless of the size
of the domain of the partial function.

In order to be able to speak about NP-hardness in relation with the Boolean minimiza-
tion problem, we will consider the decision versions of the problems defined above. That
is, a positive integer k is also part of the input and the question is whether there is DNF
with at most k terms consistent with the input in the way just defined.

Let us show that the decision versions of all these problems belong to NP. In all cases,
the certificate is a reasonably encoded DNF formula. With such a certificate in hand, we
can easily verify whether the corresponding DNF is of the required size. It only remains to
show that we can also check whether the DNF encoded in the certificate realizes the input
Boolean function and that this check can be performed in time polymomial in the size of
the problem input.

First version we examine is the PDBF variant. The following algorithm may be used
as a certificate verifier deciding whether the DNF φ realizes the Boolean function f given
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by the set A of some of its true points and the set B of some of its false points and if φ
has at most k terms.

Procedure Verify-Certificate(A,B, k, φ)
Input: Disjoint sets A,B ⊆ {0, 1}n, k > 0, DNF φ
Output: Yes if φ constitutes a solution to the PDBF problem with the input (A,B) and
||φ|| ≤ k, No otherwise

begin
if ||φ|| > k then

return No
for each a ∈ A do

if φ evaluates to 0 in a then
return No

end for
for each b ∈ B do

if φ evaluates to 1 in b then
return No

end for
return Yes

end

Because the verification procedure runs in time polynomial in the size of the instance
(that is, in the size of A,B and k), we conclude that the decision version of the PDBF
belongs to NP.

Since the above verification algorithm works for any A,B ⊆ {0, 1}n, it can also be used
in the case when A ∪ B = {0, 1}n which is exactly the input for the TT problem and
therefore its decision version also belongs to NP. The same goes for the TT* problem,
proving its decision version to be in NP.

We cannot use this verification procedure for the Total version, however. This is be-
cause now only A is the input and B = {0, 1}n \ A is not necessarily of a size polynomial
in |A|. Instead, we use the following verification algorithm.

Procedure Verify-Certificate(A, k, φ)
Input: Set A ⊆ {0, 1}n of all true points of a Boolean function f , k > 0, DNF φ =
T1 ∨ T2 ∨ · · · ∨ Tm

Output: Yes if φ represents the function f and ||φ|| ≤ k, No otherwise

begin
if ||φ|| > k then

return No
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for i = 1 to m do
for each boolean point p covered by Ti do

if p /∈ A then
return No

mark p in A
end for

end for
for each p ∈ A do

if p is not marked then
return No

end for
return Yes
end

The running time of this procedure is indeed polynomial in |A|: first observe that it is
only reasonable to consider k ≤ |A| in the instance of the Total decision problem. This
is because every Boolean function f can always be represented by its minterm expression
(or canonical DNF) containing |A| terms. We can therefore answer Yes to the question
”Does the Boolean function f given by its set of true points A have a DNF representation
with k or fewer terms?” whenever k ≥ |A|. Hence it is safe to assume that k < |A| in the
input to the Verify-Certificate algorithm.

Now finding out the number of terms in φ requires at most |A| steps if we accomplished
this by traversing the list of terms. The first outer loop executes at most m ≤ k < |A|
times. The first inner loop is performed at most |A|+1 times for every i since a term either
covers only the points present in A (and there are |A| of them) or we find out after at most
|A|+ 1 steps that it covers some point not present in A and halt with No. The final loop
is obviously executed at most |A| times.

We showed that all the decision versions of these problems belong to NP. Furthermore,
it is also easy to see that TT is a special case of TT* and thus reduces to it and that
TT* reduces to PDBF. Also TT reduces to Total.

Knowing that TT is a special case of all of the other versions, it would suffice to prove
TT NP-hard in order to show that all the other versions are NP-hard too. However, the
historical development was also interesting in proving the other versions NP-hard, so we
will mention it briefly.

Perhaps the first of these problems proven NP-hard was the Total version, using
the above theorem by Gimpel [12]. Garey and Johnson mention this problem to be NP-
complete, referencing the Gimpel’s paper and suggesting reduction from Set-Cover prob-
lem. It seems like a plausible way to go, considering the Gimpel’s theorem, basically stating
that for an arbitrary instance of the Set-Cover problem, we can construct a Boolean func-
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tion whose prime implicant table reduces to (modulo data format) that instance. However,
as Czort [3] has discovered, this reduction does not carry through for general instances
of Set-Cover. We will not discuss it here in deep, but the problem basically lies in the
fact that the set of true points of the Boolean function constructed within the Gimpel’s
theorem (the function f in our example above) is exponential in the size of the input (i.e.
the Set-Cover problem instance). Czort avoids this technical obstruction by reducing
from Exact Cover By 3-Sets, a restriction of Set-Cover known to be NP-complete
[10] in which all the sets have only 3 elements.

The PDBF version was proven NP-hard by Pitt and Valiant [13] in 1988 in the context
of algorithms for learning from examples.

Finally to the TT, i.e. the full truth-table version. We cannot use the results about
Total or PDBF being NP-hard to prove that TT is too. To see that, note that in order
to solve PDBF using TT, we would need to solve exponentially many instances of TT
to find an answer to a single instance of PDBF. The reduction from Total to TT is
more realistic, but fails on the fact that A (i.e. the set of true points) is polynomial in
the number variables due to the way the function is constructed in the proof of Gimpel’s
theorem, making the full truth table exponential in |A|.

If we were able to prove that there are instances of TT where the size of the full
truth table is polynomial in the size of A which are also hard to solve, it would show
TT to be NP-hard. In 1979, Masek [14] identified such instances to prove TT NP-hard.
Unfortunately, his manuscript was never published. Masek’s reduction appeared in Czort
[3] in reworked form, reducing the NP-complete Circuit-SAT problem to TT. In 2006,
Allender, Hellerstein, McCabe, Pitassi and Saks [11] presented another proof of TT being
NP-complete, first showing that TT* is NP-hard by reduction from a NP-complete problem
similar to 3-Dimensional Matching [10] and then reducing TT* to TT. Their approach
uses the ideas first presented by Gimpel [12].
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Chapter 2

Known minimization-tractable
classes of Boolean functions

In the previous section, we showed that the Boolean minimization problem is intractable
for the general class of Boolean functions, considering various representations of the input.
After such an outcome, the next step would be indeed to ask whether by refining our
interest to classes of Boolean functions restricted in some way, the minimization problem
becomes effectively solvable in the usual sense. Possible ways of how we can limit our no-
tion of Boolean functions to obtain polynomial algorithm for the minimization problem is
what this section is dedicated to. The following text is organized as follows:

First we look at the well known classes of Boolean functions for which we are capable
of finding minimal forms effectively.

Then we address a certain sufficient condition for prime implicant table to be effectively
coverable and see if it gives rise to any interesting class of Boolean functions.

At the end of this section we present a result about the class of Boolean functions
determined by one particular property of their prime implicants.

2.1 Quadratic functions

Definition 14. A term is called linear or purely quadratic if it consists of exactly
one or exactly two literals, respectively. A term is called quadratic if it is linear or pure
quadratic.

Definition 15. We call a DNF quadratic if all of its terms are quadratic.

Definition 16. A quadratic DNF is called purely quadratic if it is nonconstant and it
has no linear terms.
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Definition 17. A Boolean function f is called quadratic if it admits a quadratic DNF
representation.

Quadratic functions constitute a very important subclass of Boolean functions. Many
common logical relations can be expressed in terms of quadratic functions. For example:

”P implies Q”
”Exactly one of P or Q is true”

can be represented by these quadratic equations, i.e. equations in which the left side is a
quadratic Boolean function:

pq = 0
pq ∨ pq = 0

The next reason why it is certainly worthwhile to investigate the properties of quadratic
Boolean functions is the fact that the problem of finding an assignment of the variables such
that the above equations hold (that is, the DNF Falsifiability problem for quadratic
functions) is solvable in polynomial time. There are several efficient algorithms to accom-
plish this, e.g. the Labeling Algorithm of Gavril [25] running in O(mn), the Alternate
Labeling Algorithm of Even, Itai and Shamir, running in O(m) (originally outlined in [26]
and described in more detail in [25] and [27]), the Switching Algorithm of Petreschi and
Simeone [28] with O(mn) worst-case time complexity and the Strong Components Algo-
rithm of Aspvall, Plass and Tarjan [24] running in O(m). In the following we will describe
the Strong Components Algorithm.

We will without loss of generality assume that the functions we deal with are represented
by pure quadratic DNFs. This can be accomplished by converting any possible linear term
x to xy ∨ xy where y is an arbitrary variable present in the DNF and different from x (or
a new variable if x was the only variable contained in the DNF). With a pure quadratic
DNF F on variables x1, x2, . . . , xn we associate an oriented graph GF = (VF , EF) where

VF = {x1, x2, . . . , xn, x1, x2, . . . , xn}
EF =

⋃
uv∈F{(u, v) , (v, u)}

First note that if there exists a path from x to y in GF then there also exists a path
from y to x. This can be easily shown by induction on the path length. For the paths of
length 1 (i.e., the edges of GF) this follows from the definition of EF . Now suppose there
exists a path from a to c of length n+1 in which the last edge is (b, c). From the induction
hypothesis we get that there is a path from b to a as well as a path from c to b which gives
us a path from c to a.

Theorem 5. A mapping σ : VF → {0, 1} corresponds to a falsifying assignment of F if
and only if

1) ∀x ∈ VF : σ(x) 6= σ(x)
2) @ x, y ∈ VF : σ(x) = 1 & σ(y) = 0 & there exists a path from x to y in GF
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Proof. ”⇒” σ is falsifying ⇒ ∀ term uv either u = 0 or v = 0 and thus neither (u, v)
nor (v, u) goes from 1 to 0 ⇒ there exists no path from 1 to 0 in GF

”⇐” there exists no path from 1 to 0 in GF ⇒ there is no edge from 1 to 0 in
GF ⇒ every term uv ∈ F is falsified.

Recall that a strongly connected component (SCC) of an oriented graphG = (V,E)
is a maximal subset C of V such that for every two vertices x, y ∈ C there exist paths from
x to y and vice versa such that these paths consist only of the vertices in C.

Theorem 6. F is falsifiable ⇔ there is no x ∈ VF such that x and x belong to the same
strongly connected component of GF .

Proof. ”⇒ ” If there is a vertex x ∈ VF such that there exists a path from x to x and
a path from x to x, it follows from the previous theorem that F is not
falsifiable

”⇐ ” Let us assume that for every x ∈ VF x and x do not belong to the
same SCC. By SCC(x) we will denote the strongly connected component
containing the vertex x. We will define a falsifying assignment
σ : VF → {0, 1} in the following way:

σ(x) =

{
0 if SCC(x) precedes SCC(x) in the topological order
1 if SCC(x) precedes SCC(x) in the topological order

For contradiction, let us suppose that σ is not a falsifying assignment.
This means that there exists a term xy ∈ F such that xy = 1, i.e. σ(x) =
1 and σ(y) = 1. From the way σ was defined we get that SCC(x) ≤
SCC(x) and SCC(y) ≤ SCC(y) in the topological order and thus there
exist a path from x to x and a path from y to y in GF . Furthermore,
because xy ∈ F , the edges (x, y) and (y, x) belong to EF . Putting these
facts together, we obtain the path

x Ã x→ y Ã y → x

which contradicts the fact that x and x are not in the same strongly
connected component.

Since the strongly connected components of GF can be found using the Tarjan’s algo-
rithm [23] whose running time is O(|VF |+ |EF |), this result provides us with a linear-time
algorithm for deciding whether the given quadratic function is satisfiable.

Now we need to introduce some new definitions which are extremely important on their
own and will also be used in the sections to follow.
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Definition 18. An elementary conjunction

T (x1, . . . , xn) =
∧
j∈P

xj

∧
j∈N

xj

is called a Horn term if |N | ≤ 1, that is if T contains at most one complemented variable.
More specifically, T is called pure Horn if |N | = 1.

Definition 19. We call a DNF

φ(x1, . . . , xn) =
m∨

i=1

( ∧
j∈Pi

xj

∧
j∈Ni

xj

)

Horn (pure Horn) if all of its terms are Horn (pure Horn).

Definition 20. A Boolean function f is called a (pure) Horn function if it can be
represented by a (pure) Horn DNF.

Definition 21. We call a DNF F renamable Horn if there exists a subset S of the set
of variables such that after substituting x→ x for every x ∈ S the DNF F becomes a Horn
DNF F ′.

For the purpose of the minimization of quadratic Boolean functions we will need to
know how to recognize the renamable Horn formulas and obtain the appropriate switching
subset S. To be able to do so, we will prove some useful facts.

Definition 22. For a DNF F we define a quadratic DNF Fq in the following way:

uv ∈ Fq ≡ ∃ a term t ∈ F containing the literals u and v

Lemma 1. A DNF F is Horn ⇔ the vector (0, 0, . . . , 0) falsifies Fq.

Proof. F is Horn ⇒ Fq is Horn (with no linear terms) ⇒ (0, 0, . . . , 0) falsifies Fq. For the
other implication, let F be not Horn, i.e. there is a term t ∈ F containing at least two
negative literals ⇒ in Fq there is a negative quadratic term equal to 1 for the assignment
(0, 0, . . . , 0)⇒ (0, 0, . . . , 0) does not falsify Fq.

Theorem 7. A DNF F is renamable Horn ⇔ Fq is falsifiable. Moreover, if t is a truth
assignment falsifying Fq then the substitution x→ x⇔ t(x) = 1 transforms F to its Horn
version F ′.
Proof. F is renamable Horn ⇒ it has a Horn version F ′ via the switching set S ⇒ F ′q is
falsified by the vector (0, . . . , 0)⇒ Fq is falsified by the assignment

t(x) =

{
0, x /∈ S
1, x ∈ S
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Let Fq be falsified by an assignment t and let us define S = {x : t(x) = 1}. Let F ′q be
created from Fq by flipping the variables contained in S ⇒ if t falsifies Fq then (0, . . . , 0)
falsifies F ′q ⇒ F ′ is Horn ⇒ F is renamable Horn.

In this way we obtained a polynomial algorithm for recognition of renamable Horn
formulae: for the given DNF F we generate Fq in O(mn2) time and as we already know,
the falsifiability test of a quadratic DNF can be carried out in linear time. In [29], Aspvall
provided even faster method to recognize whether the given DNF is renamable Horn. In
particular, his algorithm runs in linear time. This is achieved by constructing a quadratic
DNF shorter than Fq which is also falsifiable if and only if the original DNF is renamable
Horn.

Definition 23. A class of DNF formulas is tractable if

1) it is closed under partial assignment

2) DNF Falsifiability problem for this class is polynomially solvable

Lemma 2. Let F be a DNF from a tractable class. Then a prime and irredundant DNF F ′
equivalent to F may be found in time O(|F|g(|F|)) where g(n) denotes the time complexity
of solving the DNF Falsifiability problem for a DNF formula of length n.

Proof. Primality can be achived by going through the terms of the input DNF and consec-
utively removing the literals from each of them, fixing the rest of the variables to make the
remaining part of the term equal 1 and testing the falsifiability of the resulting formula. If
such formula is falsifiable, the term without the removed literal is no longer an implicant,
otherwise we may remove the literal. This process will take O(|F|g(|F|)).

Now we only need to remove the redundant terms from the DNF obtained in the first
step. Because two DNFs φ and ψ represent the same Boolean function if and only if every
term of φ is an implicant of the function represented by ψ and vice versa, to decide whether
we may remove a term t from the given DNF φ without changing the represented function
we just need to check if t is an implicant of the remaining part of φ. To find this out, we fix
the values of the variables contained in t to make this term equal 1 and ask whether the
resulting DNF is falsifiable. If not, t is an implicant of φ\{t} and we may remove t from φ.
In this way, the whole input DNF can be processed in O(||F||g(|F|). Because |F| ≥ ||F||,
the total running time of this procedure is O(|F|g(|F|).

Hammer and Kogan [30] showed the following (we recall that we call a DNF positive if
it does not contain any complemented literal):

Theorem 8. Let F1 and F2 be two logically equivalent primary and irredundant Horn
DNFs and let FP

1 and FP
2 are their positive parts. Then FP

1 and FP
2 have the same number

of terms.
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In particular, because we can divide a Horn DNF F into its pure Horn part FH and a
positive part FP , this theorem basically states that when minimizing a function given by
its Horn DNF, it suffices to minimize the pure Horn part of it. This property of Horn DNFs
will be exploited in the following algorithm for minimizing quadratic Boolean functions.

Procedure Minimize-Quadratic-DNF(F)
Input: Quadratic DNF F representing a Boolean function f
Output: A ||φ||-minimal DNF representing the Boolean function g logically equivalent to f

begin
1) Construct a prime and irredundant DNF F ′ from F .
2) Divide F ′ to its linear part and the pure quadratic part F ′′. These parts contain

disjoint sets of variables and the linear part is already minimal.
3) If F ′′ is non-empty, it is falsifiable (due to its primality; otherwise it would be

equal to 1 and thus empty). Therefore, as we already know, F ′′ is renamable
Horn.

4) Let F ′′′ be a Horn DNF resulting from F ′′ by flipping the appropriate subset of
its variables.

5) Let FH and FP be the pure Horn part and the positive part of F ′′′, respectively.
By the previous theorem, it suffices to minimize FH which is pure Horn and pure
quadratic.

6) For FH we construct a graph GFH = (VFH ,EFH ):

VFH = the variables of FH

EFH = {(u, v) : uv ∈ FH}

7) Let G be a transitive reduction of GFH . That is, G and GFH have the same
transitive closure and G have a minimal number of edges.

8) Return the DNF corresponding to G.

end

Step (1) takes O(|F|2) time since we can test falsifiability of a quadratic DNF in linear
time. Step (2) takes O(|F|) and step (4) may be also performed in linear time using
the forementioned algorithm of Aspvall [29]. To find a transitive reduction of the graph
GFH , it is sufficient to find the strongly connected components of GFH and replace each
of them with an arbitrary cycle. Due to the primality and irredundancy of F ′, all the
edges between the distinct strongly connected components of GFH must be present in
any transitive reduction of GFH . Since Tarjan’s algorithm [23] may be used to find the
strongly connected components of GFH in O(|VFH |+ |EFH |) time, a transitive reduction
can obviously be obtained in polynomial time.
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2.2 Submodular functions

Definition 24. We call a Boolean function f co-Horn if the Boolean function g defined
by

g(X) = f(X)

is Horn.

As pointed out by McKinsey [33] and by Horn [35], Horn and co-Horn Boolean functions
possess a very special property allowing us to characterize these two classes in terms of
their sets of false points. If X = (x1, x2, . . . , xn) and Y = (y1, y2, . . . , yn) are arbitrary
Boolean points, by componentwise conjunction and componentwise disjunction of X and
Y we mean the following two operations, respectively:

X ∧ Y = (x1 ∧ y1, x2 ∧ y2, . . . , xn ∧ yn)
X ∨ Y = (x1 ∨ y1, x2 ∨ y2, . . . , xn ∨ yn)

Theorem 9. A Boolean function is Horn if and only if its set of false points is closed
under componentwise conjunction.
A Boolean function is co-Horn if and only if its set of false points is closed under compo-
nentwise disjunction.

This provides us immediately with the following functional characterization of the Horn
and co-Horn Boolean functions.

Corollary 1. An n-variable Boolean function f is Horn if and only if

f (X) ∨ f (Y ) ≥ f (X ∧ Y )

holds for every X,Y ∈ Bn.
An n-variable Boolean function f is co-Horn if and only if

f (X) ∨ f (Y ) ≥ f (X ∨ Y )

holds for every X,Y ∈ Bn.

Finally, let us define the class of submodular functions.

Definition 25. A Boolean function f is called submodular if

f (X ∨ Y ) ∨ f (X ∧ Y ) ≤ f (X) ∨ f (Y )

It should be easy to see that the submodular functions are exactly those which are both
Horn and co-Horn.

Theorem 10 (Ekin, Hammer and Peled [36]). A Boolean function f is submodular if and
only if f is both Horn and co-Horn.
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Proof. Follows from the corollary.

Moreover, as every submodular function is both Horn and co-Horn, each of its prime
implicants is either linear or quadratic pure Horn (since it may contain at most one positive
literal and at most one negative literal). Thus, in particular, every submodular Boolean
function is quadratic and we may therefore apply the algorithm described in the previous
section to find a ||φ||-minimal DNF representation of the given submodular function.

2.3 Bidual Horn functions

Before defining the class of bidual Horn functions, we need to introduce the notion of
duality.

Definition 26. The dual of an n-variable Boolean function f is the function fd defined
by

fd (X) = f
(
X

)

for all X ∈ Bn.

Definition 27. A Boolean function f is called bidual Horn if both f and fd are Horn.

Before proceeding further with bidual Horn functions, let us show that, similarly to
quadratic DNFs, also Horn DNFs constitute a tractable class.

Definition 28. Let f be a Boolean function on Bn and let k ∈ {1, 2, . . . , n}. We denote by
f|xk=1 and f|xk=0, respectively, the Boolean functions on Bn−1 defined as follows: for every
(x1, . . . , xk−1, xk+1, . . . , xn) ∈ Bn−1,

f|xk=1(x1, . . . , xk−1, xk+1, . . . , xn) = f(x1, . . . , xk−1, 1, xk+1, . . . , xn)
f|xk=0(x1, . . . , xk−1, xk+1, . . . , xn) = f(x1, . . . , xk−1, 0, xk+1, . . . , xn)

Theorem 11. The class of Horn Boolean functions is tractable.

Proof. Obviously, Horn functions are closed under partial assignment. Moreover, the fol-
lowing algorithm solves the DNF Falsifiability problem in polynomial time, which
completes the proof.

Procedure Horn-Falsify(φ)
Input: Horn DNF φ representing an n-variable Boolean function f
Output: Tautology if f is identically 1, otherwise X = (x1, . . . , xn) ∈ Bn such that
f(X) = 0

begin
repeat

if there is an empty term in φ then
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return Tautology
else if there is a negative linear term xj in φ then

xj ← 1
φ← φ|xj=1

else
set all remaining variables in φ to 0 and return this assignment

end if
end repeat

end

Because every operation within the main loop can be carried out in time linear in
the size of the input DNF, the running time of the Horn-Falsify algorithm is O(n|φ|).
However, with a proper choice of the data structures used, it may be implemented to run
in O(n+ |φ|) time (see e.g. [36, 40, 41]).

Therefore, by the Lemma 2, we get that for a Horn DNF F , a prime and irredundant
Horn DNF F ′ equivalent to F may be found in time O(|F|(n+ |F|)).
Theorem 12 (Eiter, Ibaraki and Makino [37]). If a Boolean function f is bidual Horn,
then all pure Horn prime implicants of f are essential.

Recall that by Theorem 8, the positive parts of any two prime and irredundant Horn
DNFs have the same number of terms. Combining this fact and Theorem 12 together,
we immediately get that any prime and irredundant DNF of a bidual Horn function f
minimizes the number of terms. Because such an expression can be found in O(|F|(n +
|F|)) time as noted above, we conclude that the minimization of bidual Horn functions is
polynomially solvable.

2.4 Acyclic Horn functions

In [31, 34, 42], a concept of acyclic Horn formulae was introduced. Later Hammer and
Kogan [38] generalized the class of functions represented by acyclic Horn formulae to a
notion of the acyclic Horn functions (in the CNF terminology).

Definition 29. For a pure Horn DNF φ we define a directed graph Gφ = (Vφ,Eφ) where

Vφ = {1, 2, . . . , n} is the set of indices of the variables in φ
Eφ = {(i, j) : φ has a term involving both xi and xj}

and we call it the implication graph of φ.

Definition 30. For a pure Horn function h we define a directed graph Gh = (Vh,Eh) where
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Vh = {1, 2, . . . , n} is the set of indices of the variables of h
Eh = {(i, j) : h has a prime implicant involving both xi and xj}

and we call it the implication graph of h.

Obviously, if φ is a prime DNF representation of a pure Horn function h, then Gφ is a
subgraph of Gh (because every single edge of Gφ is there because of some prime implicant
and thus it must also be present in Gh).

Definition 31. A pure Horn function h is called acyclic if its implication graph Gh is an
acyclic directed graph.

The following result is due to Hammer and Kogan [43].

Theorem 13 (Hammer and Kogan [43]). If φ is a prime DNF representing a pure Horn
function h and Axixj is a prime implicant of h, then Gφ has a directed path from vertex i
to vertex j.

This means that a pure Horn function h is acyclic if and only if Gφ is acyclic for every
prime DNF representation φ of h (because if there is indeed a cycle in Gh, by this theorem
it is also in Gφ for every prime DNF φ).

Also note that this result provides us with a polynomial-time algorithm deciding whether
the given pure Horn DNF φ represents an acyclic function, since it is only neccessary to
generate a prime and irredundant DNF from φ which can be done in O(||φ||2) (by the
Lemma 2 and the discussion below the Horn-Falsify algorithm) and then test whether
the DNF is acyclic.

Moreover, the following result implies that not only it is computationally easy to check
whether a pure Horn function represented by a DNF is acyclic by generating a prime and
irredundant representation of it, but also that this prime and irredundant DNF is unique.

Theorem 14 (Hammer and Kogan [43]). If h is an acyclic pure Horn function, then every
prime implicant of it is either essential or redundant.

The unique prime and irredundant DNF representation of a pure Horn function h is
obviously ||φ||-minimal, because as we know, among the ||φ||-minimal DNFs, there is always
a prime and irredundant one.

2.5 Quasi-Acyclic functions

As a generalization of the class of acyclic Horn functions, Hammer and Kogan [38] in-
troduced the class of quasi-acyclic Horn functions, containing the classes of acyclic Horn
functions and quadratic functions.

To define the class of quasi-acyclic functions precisely, we first need to introduce some
preliminary notions. We use the terminology defined in the original paper of Hammer and
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Kogan [38], only adapted to the case of DNF formulas. In the subsequent text, Gφ or Gf

denote the implication graphs of a DNF φ or a Horn function f , respectively. Since each
linear prime implicant of a Boolean function is essential, for the rest of this section we will
restrict our attention to Horn functions without linear prime implicants.

Definition 32. Let f be a Horn function. By H2(f) we denote the disjunction of all the
pure quadratic pure Horn prime implicants of f .

It can be easily seen that for a Horn function f , the graph GH2(f) is transitively closed.
As Hammer and Kogan [38] pointed out, the set of terms which constitute H2(f) and the
graph GH2(f) can be constructed in O(n|φ|) time, where φ is an input DNF representing a
Horn function f .

For a Horn function f let us denote by Cr(f), r ∈ {1, . . . , q}, the strongly connected
components of GH2(f). Remark that a Horn function f is acyclic if and only if every strongly
connected component of GH2(f) consists of a single vertex.

Definition 33. Let f be an n-variable Horn function and let φ be a prime DNF representing
f . The 2-condensation of φ is the DNF φc, obtained by replacing all the variables belong-
ing to the same strongly connected component Cr(f) by the same variable vr, r = 1, . . . , q.
The function c(f) represented by φc is called a 2-condensation of f .

As Hammer and Kogan [38] have shown, 2-condensations exhibit many interesting prop-
erties. In particular, if φ and ψ are arbitrary prime DNFs of a Horn function f , then their
2-condensations φc and ψc represent the same function. That is, every Horn function has a
unique 2-condensation. Furthermore, given a Horn DNF φ of an arbitrary Horn function,
a prime DNF of its 2-condensation can be constructed in O(n|φ|+ |φ|2) time.

Finally, we can define the class of quasi-acyclic functions:

Definition 34. A Horn function is called quasi-acyclic if its 2-condensation is acyclic.

Note that in contrast with the case of acyclic Horn functions, implication graphs of
prime DNFs of pure Horn parts of quasi-acyclic Horn functions may contain oriented cy-
cles.

Hammer and Kogan [38] provided an O(n|φ| + |φ|2) time algorithm for recognizing
whether a given Horn DNF φ represents a quasi-acyclic function. Finally, they showed that
a quasi-acyclic function represented by a Horn DNF can be minimized in quadratic time.

2.6 Interval functions

The class of interval functions was introduced in [44], with the motivation coming from
the field of automated generation of test patterns for hardware verification (see e.g. [32,
39, 45, 46]).
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Definition 35. For vector x ∈ {0, 1}n and for permutation π : {1, . . . , n} → {1, . . . , n} we
denote by xπ the vector of n bits formed by permuting bits of x by π. That means xπ

i = xπ(i).
By xπ we denote the number with binary representation xπ.

Definition 36. An n-variable Boolean function f is called an interval function if there
exist two n-bit integers a, b and permutation π of {1, . . . , n} such that for every n-bit vector
x ∈ {0, 1}n we get f(x) = 1 if and only if xπ ∈ [a, b].

Schieber, Geist and Zaks [44] provided a polynomial algorithm for minimizing the inter-
val functions, as well as well as a way to find a simpler (though nonoptimal) representation
of the given interval function.

2.7 Consecutive Ones Property

When we examined the structure a prime implicant table in the previous section, we con-
cluded that one indeed needs to be able to solve the general set covering problem when
reducing from the Boolean minimization problem. Since the set covering problem is in-
tractable in general, there have been attempts to pinpoint those instances for which the
problem becomes effectively solvable.

Probably the most famous one of these is set covering problem obeying the consecu-
tive ones property (C1P). Herein (using the notation used in the definition of set covering
problem on page 12), the elements of U have the property that they can be ordered in a
linear arrangement such that every set in the collection S contains only whole chunks of
that ordering, i.e. without any gaps. Calling this property consecutive ones refers to the
fact that we may think of a Set-Cover instance as a 0-1 matrix M where the elements
of U correspond to columns and the sets in S correspond to rows: An entry is 1 if the
respective element is contained in the respective set and 0 otherwise. If the Set-Cover
instance has the C1P, then the columns of M can be permuted in such a way that the ones
in each row appear consecutively.

Set-Cover instances with C1P are solvable in polynomial time, a fact which is made
use of in many practical applications (see e.g. [15, 16, 17]). The reason for easy solvability
of C1P instances of Set-Cover is that the coefficient matrix is totally unimodular in
such a case and thus the corresponding integer program with this constraint matrix can
be solved by means of linear programming in polynomial time.

It is possible to determine in linear time if the given matrix obeys the C1P and if so,
obtain a permutation of its columns which makes the ones in each row appear consecutively
(see [17, 18]).

Definition 37. Let f be a Boolean function. We say that f is a C1P function if the
prime implicant table of f reduces to a table satisfying the C1P property after partial core
removal.
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If we were able to recognize the C1P Boolean functions, it would provide us with
a class for which we could guarantee a polynomial-time minimization algorithm, at least
for the case of representing the Boolean function by set of true points or the full truth table.

Of course, one possible way to recognize such functions could be analyzing the known
algorithms for C1P recognition and try examining their logic from the point of view of
Boolean functions, trying to find the relation between the function and the prime implicant
table it leads to. However, since this appears rather cumbersome (mainly because there
does not seem to be clearly definable effect of the Boolean function properties upon the
C1P aspect of the resulting prime implicant table), we at least try to check whether the
class of C1P functions contains as a subclass some simple class, for which the minimization
problem is known to be easily solvable.

The class of Quadratic Boolean functions, being the simplest class allowing for a
polynomial-time minimization, makes a good candidate. However, as it is clear from the
example below, prime implicants of an arbitrary Quadratic function does not necessarily
satisfy C1P:

φ(x, y, z) = xy ∨ xy ∨ xz ∨ xz ∨ yz ∨ yz

The prime implicant table of the corresponding function looks like this:

001 010 100 011 101 110

xy 0 0 1 0 1 0
xy 0 1 0 1 0 0
xz 0 0 1 0 0 1
xz 1 0 0 1 0 0
yz 0 1 0 0 0 1
yz 1 0 0 0 1 0

To see that this matrix does not satisfy the C1P property, it is sufficient to try the
10 possibilities of ordering the columns so that the two 1’s in the first row appear in the
consecutive positions (because one of these arrangements of the columns would have to be
a part of a correct C1P rearrangement). In every of these orderings of the columns, some
other row get its 1’s in order separated by one or more zeroes and thus the matrix does
not obbey the C1P property.

Next we elaborate on the class of interval functions. The definition could lead us to a
hope that there may be some relation between interval functions (or their prime implicant
tables, respectively) and the consecutive ones property. This is because when a prime im-
plicant table obeys C1P, we can consider the sequence of the true points covered by the
individual prime implicants an interval. But this idea is very vague at best and we have
no other choice but to verify it rigorously or find a counterexample.

The following DNF indeed specifies an interval function:
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φ = u ∨ vw ∨ vx

Here, in the terminology according to the Definition 33, a = 01012, b = 11112 and π is
an identity permutation. The prime implicant table of a function represented by φ comes
out like this:

0101 0110 0111 1000 1001 1010 1011 1100 1101 1110 1111

u 0 0 0 1 1 1 1 1 1 1 1
vw 0 1 1 0 0 0 0 0 0 1 1
vx 1 0 1 0 0 0 0 0 1 0 1

Again, it is quite easy to check that any ordering of the columns which puts together
the ones in the second row violates the C1P property for one of the other rows.

Thus, neither quadratic functions nor interval functions constitute a subclass of the
class of C1P functions.
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Chapter 3

A new minimization-tractable class

3.1 Boolean functions with long prime implicants

Let us call n-variable Boolean function PI-long if each of its prime implicants has length
at least n− 1.

Definition 38. The class of PI-long functions is denoted by PI-long.

Lemma 3. Let f be n-variable Boolean function. If there is a prime implicant P of f of
length n, then P must be present in every DNF representation of f .

Proof. We show that there is a true point of f which is only covered by P . Let us put

t := (the only true point covered by P ) = (X1, X2, ..., Xn)

where Xi = 1 if the variable xi appears in P uncomplemented and Xi = 0 if xi appears
complemented in P . Since P has length n and thus every variable xi, i = 1, ..., n appears
either complemented or uncomplemented in P , t is well defined true point.

For the contradiction let us suppose that there is an implicant Q different from P , also
covering t. Obviously |Q| < |P | = n. Next, Q equals with P in all of its literals (since P
uniquely determines t). But then Q absorbs P , which is contradiction with P being prime
implicant. Thus the only implicant covering t is P and therefore P has to be present in
every DNF representation of f .

This allows us to focus on the case where the prime implicants have length n−1 during
DNF minimization, since those with length n may be deleted from the prime implicant
table by the core removal.

Lemma 4. Let f be a PI-long Boolean function represented by the set of its true points.
Then a ||φ||-minimal DNF of f can be found in polynomial time.
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Proof. By the previous lemma, we can concern ourselves only with the case when every
prime implicant of f has length n−1. Every such prime implicant of f covers exactly 2 true
points, making the corresponding covering problem reduce to edge covering problem, which
can be solved in polynomial time by matching techniques (as we shall demonstrate later in
this chapter). Furthermore, as we discussed in the Section 1.3.1, all prime implicants can
be generated from the set of true points in polynomial time.

This result is rather trivial consequence of the prime implicants being all very long
and it explicitly requires the input representation to be the set of true points. Thus, we
now address the question whether the same applies for an arbitrary DNF representation
of the given function. Recall that one of the reasons why minimization from the DNF
representation is intractable lies in the fact that the number of prime implicants may be
exponential in the length of the input DNF. First, we observe that PI-long functions may
indeed have a lot of prime implicants.

Lemma 5. For any n > 0, there exists a n-variable PI-long function with Θ(n.2n−1) prime
implicants.

Proof. Let Dr denote the disjunction of all terms of length n− 1 with exactly r variables
complemented. In other words, put

Dr =
∨{T : |T | = n− 1 & T has exactly r variables complemented}

We claim that a n-variable Boolean function defined by DNF

φ =

n−1
3∨

j=0

D3j

is PI-long and has Θ(n.2n−1) prime implicants.

First let us show that during the consensus method applied to φ we do not generate
any implicant of length n − 2 or shorter. To see that, take any two terms S, T ∈ φ such
that S ∈ Ds and T ∈ Dt.

In order to proceed with the proof, we first prove two technical lemmas.

Lemma 6. Let T ∈ D3i and S ∈ D3j where i 6= j. Then S and T do not have consensus.

Proof. Without loss of generality, let us assume that j > i. For contradiction, suppose that
S and T have consensus and that xC denotes the only variable in which they have conflict.
Let xS be the only variable missing in S and xT the only variable missing in T (recall that
both S and T contain n−1 literals, so only one variable is missing in either of them). Now
there are two cases: either xC ∈ S and xC ∈ T or the other way around. First we discuss
the first case, that is, xC ∈ S and xC ∈ T .
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Because j > i, S has at least three more complemented variables than T does. Because
xC appears negative in S and positive in T , there have to be at least two extra negative lit-
erals in S compared to T . Even if xT is one of them, the remaining one has to be contained
both in S and T . Thus, S and T have at least two conflicting variables which contradicts
our assumption that S and T have consensus.

The other case is even more obvious since now xC ∈ T and xC ∈ S and S is required
to contain at least three more complemented variables than T does.

Lemma 7. Let T and S are terms such that both have length n − 1 and both contain
k complemented variables. Then if S and T have consensus C, C has length n − 1 and
contains k complemented variables.

Proof. Let us denote the only variable missing in T by xT and the only variable missing
in S by xS. Next, let xC be the only conflicting variable between T and S.

Let us first show that indeed xT 6= xS. For contradiction let us suppose that xT = xS.
This means that S and T contain the same sets of variables. Since S and T have consensus
in xC , one of the terms S, T must contain xC while the other one must contain xC . All the
other literals in S and T are thus the same (otherwise S and T would not have a consensus)
which contradicts the fact that both S and T contain k complemented variables. Therefore
xT 6= xS.

Since |S| = |T | = n − 1, either xT ∈ S or xT ∈ S and at the same time either xS ∈ T
or xS ∈ T . Moreover, let us show that xT ∈ S ⇔ xC ∈ S and xS ∈ T ⇔ xC ∈ T . For
contradiction, let us suppose that xC ∈ S and xT ∈ S (the other cases being analogous).
Then the situation looks like this:

S = xC negative︸ ︷︷ ︸
k

positive ∨ xT︸ ︷︷ ︸
n−k−2

T = xC negative︸ ︷︷ ︸
k−1

positive︸ ︷︷ ︸
n−k−1

Now T contains at least n−k−2 positive literals on which S and T must agree (depending
on whether xS ∈ T or xS ∈ T ), but that is clearly not possible, since S contains only
n − k − 3 positive literals different from xC and xT . Therefore, it must be the case that
xT ∈ S ⇔ xC ∈ S and xS ∈ T ⇔ xC ∈ T and hence the situation is as follows:

S = xC negative ∨ xT︸ ︷︷ ︸
k

positive︸ ︷︷ ︸
n−k−2

T = xC negative︸ ︷︷ ︸
k−1

positive ∨ xS︸ ︷︷ ︸
n−k−1
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The other possible case where xC , xT ∈ S and xC , xS ∈ T is symmetric to this one. It is
easy to see now that if S and T have consensus C, it contains k complemented variables
(exactly those contained in S) and n − k − 1 uncomplemented variables (exactly those
contained in T ), summing to n− 1 literals in C.

Now we are ready to finish the proof of the Lemma 5.

If s 6= t, S and T do not have consensus, by the Lemma 6.
If s = t, S and T may have consensus, but it again falls into Ds (by the Lemma 7), so

no new term is actually added to φ.

As for the number of prime implicants, note that

|Dr| = n

(
n− 1
r

)

and that
n−1∑
j=0

n

(
n− 1
j

)
= n.2n−1

Thus

||φ|| =
n−1

3∑
j=0

|D3j| ≈ 1

3
n.2n−1

This result shows that even if a Boolean function is PI-long, this does not prevent it
from having exponentially many prime implicants. However, more interesting in context
of Boolean minimization is to ask whether the consensus method can actually run for an
exponential time even if the input is ”short”. That is, is there a chance that a PI-long
function with exponentially many prime implicants can be represented by polynomially-
long DNF? We show that this is not possible.

Lemma 8. Let f be an n-ary Boolean function which has m true points. Then every DNF
representation of f has at most 1

2
m log2m terms of length n − 1 and at most m terms of

length n.

Proof. Since every term of length n corresponds to exactly one true point and vice versa,
it is clear that there may be at most m terms of length n in any DNF representation of f .

Concerning the number of terms of length n − 1, every one of these is determined
by a pair of true points but not every pair of true points determines a term of length
n − 1 (consider e.g. the Boolean points 1111 and 0011 - there is no single term of length
n − 1 covering them both). Obviously, two true points determine a term of length n − 1
(which covers them both) if and only if they differ in a value of exactly one variable.
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Geometrically speaking, such true points must be vertices of a Boolean hypercube with
exactly one coordinate different and thus lying on a common edge of the hypercube. The
number of terms of length n−1 determined by the set of true points will be maximized when
the vertices of the Boolean hypercube corresponding to the true points form a subcube of a
maximum possible dimension. In this way, the redundancy in the sense of every true point
being covered by more than one term of length n− 1 will be maximal.

Therefore we transformed the question ”what is the largest possible number of terms of
length n−1 in an arbitrary DNF representation of a n-variable Boolean function which has
m true points?” to the question ”what is number of edges in the maximal possible subcube
of an n-cube consisting of m vertices?”. Because an n-dimensional hypercube consists of
2n vertices, the maximum dimension of a subcube made of m vertices is log2m. Since an
r-dimensional hypercube contains r2r−1 edges, the maximal subcube consisting of the m
vertices contains 1

2
m log2m edges which is also an upper bound of the number of terms of

length n− 1 in an arbitrary DNF representation of f .

Theorem 15. Let f be PI-long Boolean function represented by an arbitrary DNF φ with
r terms. Then f has at most r log2 (2r) + 2r prime implicants.

Proof. By assumption, each term of φ has at least n − 1 literals and thus covers at most
two true points of f . Therefore f has at most 2r true points. From the previous lemma
we get that every DNF representation of f contains at most r log2 (2r) terms of length
n− 1 and at most 2r terms of length n. Because f is a PI-long function, every prime DNF
representation of f contains only terms of length n − 1 or n and therefore f has at most
r log2 (2r) + 2r prime implicants.

These results suggest that when we are given an arbitrary DNF representation φ of
a PI-long function f , the output of the consensus method (that is the list of all prime
implicants of f) is of only polynomial size in the size of the input.

Note that this is not true in general. Consider for example a Boolean function f given
by the following DNF F :

F = x1x2 . . . xn ∨ x1y1 ∨ x2y2 ∨ · · · ∨ xnyn

This particular DNF contains n + 1 terms and it can be easily verified that for every
S ⊆ {0, 1, . . . , n} the term

t =

(∧
i∈S

xi

)
∧

(∧

i/∈S

yi

)

constitutes a prime implicant of f . Indeed for t = 1, if xi = 1 for every i /∈ S and then the
first term of F makes f true or there is some i /∈ S such that xi = 0 and then the term
xiyi makes f true since yi = 1. Furthermore, after removing any literal from t, it no longer
happens to be an implicant. Consider first removing some xi from t. Then the assignment
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xj =

{
1 for j 6= i
0 for j = i

yj =

{
0 for j ∈ S
1 for j /∈ S

makes t \ {xi} equals 1 but f evaluates to 0. If we remove some yi from t, the following
assignment makes t \ {yi} = 1 while f evaluates to 0.

xj =

{
1 for j ∈ S
0 for j /∈ S

yj =

{
1 for j 6= i
0 for j = i

Therefore f has 2n prime implicants while it can be represented by a DNF with n+1 terms.

Let us now present an algorithm for minimizing the PI-long functions. We want it not
only to minimize a PI-long function if it is given a representation of one, but also to tell
that the Boolean function represented by the input DNF does not belong to PI-long class
if that is indeed the case.

Procedure Minimize-PI-long(φ)
Input: Arbitrary DNF φ representing Boolean function f
Output: ||φ||-minimal DNF of f if f ∈ PI-long or recognizing that f /∈ PI-long

begin
remove duplicate terms
if φ contains term shorter than n− 1 then

return Not-in-class
φ′ � φ
while one of the following conditions applies do

if there exist two terms s, t ∈ φ′ such that s ≥ t then
φ′ � φ′ \ {t}

if there exist terms xC, xD ∈ φ′ such that xC and xD have consensus and CD is
not absorbed by another term in φ then
if |CD| < n− 1 then

return Not-in-class
φ′ � φ′ ∨ {CD}

end if
end while
V � true points of f
E � terms of φ′ (prime implicants of f) of length n− 1
C � Find-Minimum-Edge-Cover((V,E))
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return C ∪ (φ′ \ E)
end

Now we show that the algorithm really does what it is claimed to do and that it does
so in an efficient manner.

Lemma 9. The algorithm always terminates after a finite number of steps.

Proof. This follows from the correctness of the consensus method.

Not only the algorithm always terminates, but it finishes after a polynomial number of
steps. Towards showing this result, we will prove some helpful facts.

Lemma 10. Let φ be a DNF representing a Boolean function f . If a term t is added to
the formula during the algorithm executed on φ, then |t| = n− 1.

Proof. If s ∈ φ then either |s| = n or |s| = n−1 and the consensus of every two such terms
has length n− 1 (the general case when this consensus can have length n− 2 is discarded
because f ∈ PI-long).

This immediately leads us to the conclusion that what is once added to the formula is
never removed from it.

Lemma 11. Let φ be a DNF representing an n-variable Boolean function f . If a term t is
added to the formula during the algorithm executed on φ, then t is not removed from the
formula until the end of the algorithm and thus t is a prime implicant of f . In other words,
if a term s is absorbed during the algorithm then s ∈ φ and |s| = n.

Proof. From the Lemma 10 we know that if the term t is added to the formula during the
algorithm, |t| = n − 1. From this moment on t could be absorbed by some shorter term
added to the formula, but such term cannot be added since f ∈ PI-long and therefore t
is a prime implicant of f .

As a result of these two lemmas, we can provide an upper bound for the total number
of absorptions performed during the execution of the algorithm.

Lemma 12. Let φ be a DNF representing a Boolean function f such that φ only contains
terms of length n− 1 or n and let rn be the number of terms of length n in φ. During the
execution of the procedure applied on φ, at most rn absorptions are performed.

Proof. Since the only terms which can be absorbed during the algorithm are the ones
contained in the input DNF φ and the very beginning of the algorithm we remove the
duplicate terms, no terms of length n−1 can be absorbed later. Thus, only terms of length
n contained in φ may be absorbed during the algorithm and this means that at most rn

absorptions may be performed.
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Now that we have shown there could be in fact very few absorptions performed, it
remains to prove that the other operation we carry out in the main loop also does not spoil
the overall time complexity of the algorithm.

Lemma 13. Let φ be a DNF representation of a Boolean function f . If the above procedure
is applied to φ, the operation of adding a consensus of two terms is performed at most
(||φ|| log2 (2||φ||)) times.

Proof. We can assume that φ contains only terms of length n− 1 or n, since otherwise the
algorithm would terminate at the very beginning due to some term shorter than n − 1.
Because after removing the duplicate terms there are at most ||φ|| terms which have n− 1
literals or less, f has at most 2||φ|| true points. From the Lemma 8 we know that every
DNF representation of f has at most ||φ|| log2 (2||φ||) terms of length n−1. Moreover, from
the Lemma 11 we know that once a term is added to the formula during the algorithm (and
the added term has indeed length n−1, by the Lemma 10), it is never removed again. From
this and the fact that throughout the execution of the algorithm, the DNF we work with
has only terms of length n− 1 or n, we conclude that we cannot perform more operations
of adding a consensus than how many terms of length n− 1 at most there could be in any
DNF representation of f .

Finally let us only put the pieces together and claim that the algorithm fulfils our
expectation regarding its time complexity.

Lemma 14. The algorithm always terminates after a number of steps polynomial in the
length of the input formula.

Proof. From the Lemmas 12 and 13 we get that there are polynomially many iterations of
the main loop carried out during the execution of the algorithm. Both finding out whether
there is a term in the DNF formula absorbing some other one and whether there are two
terms in the DNF whose consensus may be added to the formula also requires polynomial
time and this observation finishes the proof.

Theorem 16. For an input DNF φ representing the function f the algorithm always termi-
nates after executing polynomially many steps. If f /∈ PI-long then it returns Not-in-class.
If f ∈ PI-long then it returns a minimal DNF representation of f .

Proof. Follows from the previous lemmas.

We already know from the Lemma 3 that the prime implicants of length n are al-
ways essential and thus adding them automatically to the minimal DNF at the end of
the algorithm is correct. In the following paragraph we describe how the procedure Find-
Minimum-Edge-Cover works.

This function is used to obtain a minimum-cardinality coverage of the true points of f
by the set of prime implicants of f . Because in the graph structure passed to the Find-
Minimum-Edge-Cover we interpret the vertices as true points and an edge between two
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vertices as the prime implicant of f such that it covers both true points corresponding to
these vertices, we can formulate the goal of this procedure in the graph-theoretical context
as finding a set of edges C ⊆ E(G) such that every vertex v ∈ V(G) is adjacent to at least
one edge from C and such that C has the minimum possible cardinality. This kind of task
is an ubiquitous one in graph theory and it is called the minimum edge cover problem.

Classic algorithmic approach to solve the minimum edge cover problem consists of two
steps. First we find a set of edges called maximum matching and then we extend it greedily
to obtain an edge cover.

Given a graph G = (V,E), a matching M in G is simply a set of pairwise non-adjacent
edges. That is, no two edges share a common vertex. A maximum matching is a match-
ing that contains the largest possible number of edges. There may be many maximum
matchings. Although matching problems are often concerned with bipartite graphs, for
our purpose it is important that there exists a polynomial time algorithm to find a max-
imum matching in a general (not necessarily bipartite) graph. It is due to Jack Edmonds
[19] and it is called the paths, trees, and flowers method or simply the Edmonds’s algorithm.

The algorithm constructs the matching in an iterative manner, improving an initially
empty matching along augmenting paths in the graph. Given a graph G = (V,E) and a
matching M in G, an augmenting path is a path in G such that its edges are alternately
not in M and in M and the start end end vertices are distinct vertices not adjacent to
any edge in M . After finding an augmenting path P , the algorithm performs a matching
augmentation which is an operation replacing the current matching M with a new one
given by the following relationship:

Mnew = M ⊕ P = (M \ P ) ∪ (P \M)

We can therefore formulate the algorithm on the highest level of abstraction in this way:

Procedure Find-Maximum-Matching(G,M)
Input: Graph G, matching M in G
Output: Maximum matching M∗ in G

begin
P � Find-Augmenting-Path(G,M)
if P is non-empty then

return Find-Maximum-Matching(G,M ⊕ P )
else

return M
end if

end
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The Find-Augmenting-Path subroutine is quite involved and it is beyond the pur-
pose of this thesis to discuss it in detail, but it finds the augmenting paths by a tree search
combined with a sophisticated process of shrinking certain subgraphs called blossoms into
single nodes of a reduced graph. Hence the term flowers in the title. While the time com-
plexity of this algorithm was originally set by Edmonds to O (|V |4), it has subsequently

been improved to run in O
(√
|V ||E|

)
time.

Having a maximum matching in hand, we can easily extend it to the minimum edge
cover in a greedy manner:

Procedure Find-Minimum-Edge-Cover(G)
Input: Graph G = (V,E)
Output: Minimum-cardinality edge cover C ⊆ E

begin
C � Find-Maximum-Matching(G, ∅)
while there is a vertex v ∈ V not covered by C do

e � pick an edge from E \ C adjacent to v
C � C ∪ {e}

end while
return C

end

3.2 Generalization of the PI-long class

After observing the results presented in the previous section, one is naturally tempted to
ask whether we can generalize the notion of PI-long functions while still maintaining their
nice minimization-related properties.

Definition 39. We call an n-variable Boolean function f PI-long(k) if k is positive integer
and every prime implicant of f has length at least n− k. The class of PI-long(k) functions
is denoted by PI-long(k).

Note that PI-long = PI-long(1). In this section we will atempt to transfer some of
the observations about the properties of the PI-long class to the more general framework
of the PI-long(k) functions. As we shall see later, the class PI-long(k) for k > 1 does not
preserve the polynomial bound on covering the prime implicant table, but the minimum
cover can be approximated within a factor depending only on the parameter k.

Lemma 15. Let f be an n-variable Boolean function which has m true points. Then in
every DNF representation of f , the maximum number of distinct terms of length d ≤ n is

m

2n−d

(
log2m
n− d

)
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Proof. Like the proof of the corresponding statement about the terms of length n − 1 or
n, this one goes on by arguing in terms of the geometric interpretation.

As we already know, every term of length n is uniquely determined by a single Boolean
point (the only one it covers or vice versa, the only one which makes it equal 1) or a vertex
in the Boolean hypercube, every term of length n − 1 is determined by a unique pair of
Boolean points (an edge in the Boolean hypercube), every term of length n− 2 is uniquely
determined by a foursome of Boolean points (a cube) and so on. Following this pattern,
the number of distinct terms of length d ≤ n in any DNF representation of f is bound
by the number of (n − d)-dimensional subcubes in the maximal possible subcube of an
n-dimensional Boolean hypercube consisting of m vertices. An n-dimensional hypercube
consists of 2n vertices and thus the maximum dimension of a subcube made of m vertices
is log2m. Because an r-dimensional hypercube contains

(
r
k

)
2r−k

k-dimensional subcubes, the number of distinct terms of length d in any DNF represen-
tation of an n-variable Boolean function which has m true points is bounded from above
by

m

2n−d

(
log2m
n− d

)

Lemma 16. Let f ∈ PI-long(k) and φ be an arbitrary DNF representation of f with r
terms. Then the number of prime implicants of f is polynomial in r.

Proof. Let us suppose we are given DNF φ representing n-variable Boolean function f ∈
PI-long(k). The proof will be a natural generalization of the one given for the same result
about PI-long functions. We will denote by ri the number of terms of length i present in
φ. By assumption, ri = 0 for i = 0, 1, ..., n − k − 1. Because every term in φ of length d
determines exactly 2n−d true points of f , it is clear that f has at most

2krn−k + 2k−1rn−(k−1) + ...+ 2rn−1 + rn ≤ 2k
(
rn−k + rn−(k−1) + ...+ rn−1 + rn

)
= 2kr

true points. Function f may certainly have less true points than 2kr, since there may be
absorption among the terms in φ and thus more terms determining the same true point.
From the previous lemma we get that there may be at most

2k+d−nr

(
k + log2 r
n− d

)

prime implicants of length d, for n− k ≤ d ≤ n. In total this gives the following bound on
the number of prime implicants f can have:

|Π(f)| ≤
n∑

d=n−k

2k+d−nr

(
k + log2 r
n− d

)
≤ 2kr

n∑

d=n−k

(
k + log2 r
n− d

)
≤ (2k + 2 log2 r)

k rk
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which is obviously polynomial in r.

This result shows that the size of the output of consensus method is polynomially bound
in the size of the input DNF function, in particular because the number of prime implicants
of a PI-long(k) function f represented by a DNF φ is polynomial in ||φ||.

However, it is the covering phase which makes the minimization of the PI-long(k) func-
tions intractable in general. That is because unlike the PI-long functions, where covering
of the prime implicant table reduced to polynomially solvable problem of finding the min-
imum edge cover, prime implicant table of the PI-long(k) functions for k > 1 is complex
enough to represent the intractable instances of the set covering problem.

3.3 Approximation of the PI-long(k) minimization

Even though the minimization of PI-long(k) functions should not be expected to be effec-
tively solvable unless P = NP, we can approximate this task within the factor of k, as
described further.

For the k-Set Cover problem, a restriction of the Set Cover problem where every
set has size at most k, Duh and Fürer [20] proposed an approximation algorithm based on
a semi-local optimization technique, leading to the performance ratio of Hk − 1

2
where

Hk =
∑k

i=1
1
i

is the kth Harmonic number. Since it is a well known fact that the values of the sequence
Hn − ln (n) decrease monotonically towards the limit

lim
n→∞

(Hn − ln (n)) = γ

(where γ = 0.577... is the Euler-Mascheroni constant) and every set in the instance of the
Set Cover which arises from minimizing a PI-long(k) function has size at most 2k, we
get an approximation algorithm with the performance ratio ratio(k) such that

lim
k→∞

(ratio(k)− k) = c

where c ≤ γ − 1
2
. The approximation factor for the k-Set Cover problem was improved

by increasing the additive constant by Levin [21] and most recently by Athanassopoulos,
Caragiannis and Kaklamanis [22].

3.4 Recognition of the PI-long(k) functions

For a Boolean function f given by the set of its true points it is easy to check whether f ∈
PI-long(k) or not. We only have to generate all the prime implicants of f by the procedure
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described in the Section 1.3.1 and then check if every prime implicant is sufficiently long.
The same applies when f given by the complete truth-table since it can be considered a
special case of the representation by the set of true points.

When the input function f is given by an arbitrary DNF representation φ, first we
check if every term has length at least n− k. If this is the case, we continue by generating
the set of the true points of f , which is done by traversing through the terms of φ and for
every term t ∈ φ adding to the list every Boolean point covered by t. Because it is safe to
assume that every term of φ has length at least n − k, we generate at most ||φ||2k true
points. When we have the set of the true points of f in hand, we can use the standard
procedure outlined in the Section 1.3.1 to generate all the prime implicants of f .

As we argued in the note about the time complexity of this procedure in the Section
1.3.1, the whole process will take O(n3||φ||626k).

Of course it should not be surprising that k appears in the exponent. If this was not
the case, for an arbitrary DNF we would be able to tell in polynomial time whether the
underlying Boolean function is a tautology by asking if this function belongs to the class
PI-long(n− 1). If it does not, it means that the only prime implicant of f is the Boolean
constant 1 and thus f is a tautology.

3.5 Number of PI-long(k) functions

Now that we have shown some interesting properties of the PI-long(k) functions, next step
would be to justify our concern towards these classes by showing them to be ”sufficiently
large”. That is, we would like to know the cardinalities of the respective classes PI-long(k).
We will not succeed in obtaining these numbers in this section. Instead we will just show
a possible approach to this task and point out the difficulties it brings. Although in the
definition of the PI-long(k) class k is the only parameter and we consider the function
arity to be arbitrary, now we will take it also as a fixed number. That is for the expressions
in this section to be more easily comparable with the total number of the functions on n
variables, which is 22n

.

Let us recall the definition of the PI-long(k) class:

PI-long(k) = {f : each implicant of f has length ≥ n− k where n is the arity of f}
We can easily see that

f ∈ PI-long(k) ≡ f does not have a prime implicant shorter than n− k
≡ f does not have an implicant shorter than n− k
≡ f does not have an implicant of length n− k − 1

From now on, we will use PI-longn(k) in the straightforward meaning :

47



PI-longn(k) = PI-long(k) ∩ { f : f is an n-variable B.f. }
Thus, if we denote the set of all terms of length d on n variables by Terms(n, d), then for
every n > 0:

|PI-longn(k)| = |{ f : f is an n-variable B.f. }| - |⋃ti∈Terms(n,n−k−1){ f : ti ≤ f }|
Because we know how many Boolean functions there are on n variables, we can focus

solely on the number of all functions which have an implicant of the given length. If we
denote |Terms(n, n− k − 1)| by m, by the inclusion-exclusion principle we get:

|⋃ti∈Terms(n,n−k−1){ f : ti ≤ f }| = |{f : t1 ≤ f}|+ |{f : t2 ≤ f}|+ ...+ |{f : tm ≤ f}|

−(|{f : t1, t2 ≤ f}|+ ...+ |{f : tm−1, tm ≤ f}|)

+|{f : t1, t2, t3 ≤ f}|+ ...+ |{f : tm−2, tm−1, tm ≤ f}|
...

=
m∑

q=1

(−1)q+1
∑

I∈{1,...,m}
|I|=q

∣∣∣∣∣
⋂
i∈I

{f : ti ≤ f}
∣∣∣∣∣

We can see that our task further reduces to computing the size of
⋂

t∈I{f : t ≤ f} for
some set I of terms of the same length. When we are given a set of terms, how do we find
out the number of functions such that all these terms are its implicants? Starting with the
simplest of all cases, let us have n > 0 and an arbitrary term t of length d. How many func-
tions over n variables there are which have the implicant t? We already know that there
are 22n

Boolean functions over n variables. To see that, recall that there are 2n Boolean
points of length n and when defining a Boolean function, each of these Boolean points is
either put among the function’s true points or false points, determining the function value
in that point.

We follow the same principle when counting those Boolean functions which have the
prescribed implicant. The only difference is that now we cannot arbitrarily decide about the
function value in every Boolean point, because some of these are true points implicitly due
to the fact that the term t is an implicant of the considered function. And these Boolean
points are exactly those which are covered by t. Thus,

{f : t ≤ f} = 22n − # of Boolean points covered by t = 22n−2n−|t|

When we are given two terms s and t and want to count the functions which have both
these implicants, the basic idea is just the same but we must take into account the possibly
nonempty set of Boolean points covered by both of these terms. Then we get

|{f : s, t ≤ f}| = 22n− # of Boolean points covered by s or t

= 22n− (# of B.p. covered by s + # of B.p. covered by t − # of B.p. covered by s and t)

48



In general, for terms t1, t2, ..., tm we get

|{f : t1, ..., tm ≤ f}| = 22n− # of Boolean points covered by t1,...,tm−1 or tm

= 22n− NumCovered(t1,...,tm)

where

NumCovered(t1, ..., tm) =
m∑

r=1

(−1)r+1
∑

J∈{1,...,m}
|I|=r

∣∣∣∣∣
⋂
j∈J

{p : p ≤ ti}
∣∣∣∣∣

is number of Boolean points covered by some of the terms from the set {t1, t2, ..., tm}. This
way, we would have to evaluate approximately

|Terms(n,n−k−1)|∑
i=1

( |Terms(n, n− k − 1)|
i

) i∑
j=1

(
i
j

)

expressions of the form ∣∣∣∣∣
⋂
j∈J

{p : p ≤ ti}
∣∣∣∣∣

which is an immensely growing function - remember that

|Terms(n, n− k − 1)| =
(

n
n− k − 1

)
2n−k−1

Obviously, this is not the way to go. Could we at least get some lower bound of the
cardinality of the class PI-longn(k)? Apparently

|PI− longn(k)| = 22n −
∣∣∣⋃ti∈Terms(n,n−k−1){f : ti ≤ f}

∣∣∣

≥ 22n − (|{f : t1 ≤ f}|+ ...+ |{f : tm ≤ f}|

= 22n −
(

n
n− k − 1

)
2n−k−122n−2k+1

The problem with this approximation is that it is way too off the real number, since
it is negative even for n = 4 and k = 1 so it does not really give us an estimation of how
many n-variable PI-long(k) functions there may be.

Counting the cardinality of PI-longn(k) seems like a very difficult task to handle and
unfortunately even approximating it is not any easier. It remains an open question whether
this problem can be proved to belong to any particular complexity class (such as #P).

Although we do not present a way to count PI-long(k) functions, we mention the
following result from [1], somewhat related to the concept of this class.

Theorem 17. For almost all Boolean functions of n variables, the degree of every implicant
is at least n− log2(3n).
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Chapter 4

Summary

This thesis deals with the problem of Boolean minimization, arguably one of the most
important topics in the theory of Boolean functions.

After providing the basic notions and a motivation for a task of finding a DNF repre-
sentation which is in some sense minimal, the issue of the time complexity of the Boolan
minimization is discussed. The time complexity of some classic algorithms for the Boolean
minimization is inspected and finally, using Gimpel’s theorem and considering the deci-
sion versions of the minimization problems with different types of input representation, we
demonstrated that these are indeed NP-complete.

Because the Boolean minimization problem is intractable in general, it is of a great
importance to pinpoint such classes of Boolean function which allow this task to be solved
effectively. There are quite a few of them and we surveyed some of the best known ones.

In the final chapter we identified a class of Boolean functions which we called PI-long,
also allowing an effective search for a minimal representation. Though the generalization
of this class did not preserve the polynomially-solvable minimization problem, it still lends
itself to a reasonable approximation.
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