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11The �eld of 
omputational 
uid dynami
s (CFD) plays presently the moresigni�
ant role in s
ien
e and engineering of 
uid dynami
s, ranging from industrydesign to simulation of pro
esses in the environment. The main goal of the �eld ofCFD is via a 
omplex of methods of 
omputer modelling to re
reate the real-worldbehaviours of liquids and gases in a virtual environment.In the �eld of aerodynami
s, these behaviours are a

ompanied by the 
har-a
teristi
 physi
al phenomena su
h as dissipation, di�usion, 
onve
tion, sho
kwaves, boundary layers and turbulen
e. In virtue of mathemati
al theory, all ofthese phenomena are governed by the system of the 
ompressible Navier-Stokesequations. Many of the relations forming this system of partial di�erential equa-tions are nonlinear and often their analyti
al solution is missing. This featurepresents a real 
hallenge for numeri
al solutions of the Navier-Stokes equations.From this point of view, the so-
alled dis
ontinuous Galerkin method (DGM)seems to be very promising tool for the numeri
al simulation of 
ompressible 
ows.DGM is based on a pie
ewise polynomial but dis
ontinuous approximation whi
hprovides robust and high-order a

urate approximations of solutions resultingfrom the system of governing equations. Moreover, the 
on
ept of DGM 
anbe easily extended by hp-adaption te
hniques, whi
h enable better resolving ofo

urred phenomena with respe
t to 
omputational meshes as well as polynomialapproximation degrees. Additionally, in order to solve the time-depending 
ow,DGM 
an be 
ombined with suitable solver for ordinary di�erential equation.These extension te
hniques, applied to original 
on
ept of DGM, lead to thederivation of a set of new numeri
al methods, whi
h have to be analysed.Within this thesis we deal with a numeri
al solution of vis
ous 
ompressible
ow with the aid of the new numeri
al methods arising from DGM. The thesis is
omposed of three parts and their 
ontent is following. We start with a brief mo-tivation of our work, introdu
e system of 
ompressible Navier-Stokes equationswith some properties and des
ribe a survey of development of DGM for the solu-tion of this 
onve
tion-di�usion problem (Part I). Next, we analyse this methodfor the 
ase of a simpli�ed s
alar nonstationary nonlinear 
onve
tion-di�usionequation, derive hp a priori error estimates and present numeri
al experimentsverifying the theoreti
al results (Part II). Finally, we extend this te
hnique tothe solution of the 
ompressible Navier-Stokes equations and 
arry out a set ofnumeri
al experiments demonstrating the a

ura
y, robustness and eÆ
ien
y ofthis new 
onsidered numeri
al method derived from original 
on
ept of DGM(Part III).



Chapter 1Compressible 
ow problemIn the �eld of CFD, the numeri
al simulation of a vis
ous 
ompressible 
ow takesa very important part. Taking into a

ount the mathemati
al formulation of 
on-servation laws, namely 
onservation of mass, momentum and energy, we obtainthe system of 
ompressible Navier-Stokes equations whi
h des
ribes a motion ofvis
ous 
ompressible 
uid. In order to 
lose this system, we add the 
onstitutiverelations and in
lude a set of initial and boundary 
onditions. The resulting prob-lem is 
alled a 
ompressible 
ow problem. Hereinafter, we introdu
e the 
on
eptof the 
ompressible Navier-Stokes equations and mention some spe
ial propertiesof terms appearing in this system.1.1 System of the Navier-Stokes equationsLet 
 � IRd; d = 2; 3 be a bounded domain and T > 0. We set QT = 
� (0; T )and by �
 denote the boundary of 
 whi
h 
onsists of several disjoint parts.We distinguish inlet �
i, outlet �
o and impermeable walls �
w, i.e. �
 =�
i[�
o[�
w. The system of the Navier-Stokes equations des
ribing a motionof vis
ous 
ompressible 
uids 
an be written in the dimensionless form�w�t +r � ~f(w) = r � ~R(w;rw) in QT ; (1.1)where w = (w1; : : : ; wd+2)T = (�; �v1; : : : ; �vd; e)T (1.2)is the so-
alled state ve
tor,~f(w) = (f 1(w); : : : ;f d(w)) (1.3)are the so-
alled invis
id (Euler) 
uxes withf s(w) = (f (1)s (w); : : : ; f (d+2)s (w))T (1.4)= (�vs; �vsv1 + Æs1p; : : : ; �vsvd + Æsdp; (e+ p) vs)T; s = 1; : : : ; d12



CHAPTER 1. COMPRESSIBLE FLOW PROBLEM 13and ~R(w) = (R1(w); : : : ;Rd(w)) (1.5)are the so-
alled vis
ous 
uxes withRs(w;rw) = (R(1)s (w;rw); : : : ; R(d+2)s (w;rw))T (1.6)=  0; �s1; : : : ; �sd; dXk=1 �skvk + 
Re Pr ���xs!T ; s = 1; : : : ; d:Symbols r and r� mean the gradient and divergen
e operators, i.e.,rw � ��w�x1 ; : : : ; �w�xd� 2 IRd+2 � � � � � IRd+2 (1.7)and r � ~f(w) � dXs=1 �f s(w)�xs 2 IRd+2; (1.8)respe
tively.We 
onsider the Newtonian type of 
uid, i. e., the vis
ous part of the stresstensor has the form�sk = 1Re "� �vs�xk + �vk�xs�� 23 dXi=1 �vi�xi Æsk# ; s; k = 1; : : : ; d: (1.9)We use the following notation: � { density, p { pressure, e { total energy, v =(v1; : : : ; vd) { velo
ity, � { temperature, Æsk { Krone
ker symbol (if s = k, thenÆsk = 1, else Æsk = 0), 
 { Poisson adiabati
 
onstant, Re { Reynolds number, Pr{ Prandtl number. For example, for air, 
 = 1:4 and Pr = 0:72. The Reynoldsnumber is an important quantity in vis
ous 
ow, whi
h is de�ned asRe = U?L?�?�? ; (1.10)where U? is the 
hara
teristi
 velo
ity, L? is the 
hara
teristi
 length, �? is the
hara
teristi
 density and �? is the 
hara
teristi
 vis
osity of the given 
on�gu-ration.In order to 
lose the system, we 
onsider the state equation for perfe
t gasand the de�nition of the total energyp = (
 � 1) (e� �jvj2=2); e = 
V �� + �jvj2=2; (1.11)where 
V is the spe
i�
 heat at 
onstant volume whi
h we assume to be equal toone in the dimensionless 
ase. Furthermore, we add the de�nitions of the speedof sound and the Ma
h number:a =p
p=%; M = jvj=a: (1.12)



CHAPTER 1. COMPRESSIBLE FLOW PROBLEM 14Boundary Chara
ter Extrapolated Pres
ribedsupersoni
 (M > 1) | �; v1; : : : ; vd; p�
i (inlet) subsoni
 (M < 1) p �; v1; : : : ; vdsupersoni
 (M > 1) �; v1; : : : ; vd; p |�
o (outlet) subsoni
 (M < 1) �; v1; : : : ; vd pTable 1.1: Inlet/outlet boundary 
onditions for invis
id 
ompressible 
ow.We speak of subsoni
 or soni
 or supersoni
 
ow, ifM < 1 or M = 1 or M > 1 in QT ; (1.13)respe
tively. The 
ow is 
alled transoni
 in domain QT , if there exist a timet 2 (0; T ) and nonempty subsets 
1 and 
2 of 
 su
h that the 
ow is subsoni
in 
1 � ftg and supersoni
 in 
2 � ftg.The system (1.1) { (1.11) is of hyperboli
-paraboli
 type. It is equipped withthe initial 
ondition w(x; 0) = w0(x); x 2 
; (1.14)and the following set of boundary 
onditions on appropriate parts of boundary:a) � = �D; v = vD; dXk=1  dXl=1 �lknl! vk + 
Re Pr ���~n = 0 on �
i;b) dXk=1 �sknk = 0; s = 1; : : : ; d; ���~n = 0 on �
o; (1.15)
) v = 0; ���~n = 0 on �
w;where �D and vD are given fun
tions and ~n = (n1; : : : ; nd) is a unit outer normalto �
. Another possibility is to repla
e the adiabati
 boundary 
ondition (1.15),
) by 
0) v = 0; � = �D on �
w: (1.16)In the 
ase of vanishing vis
osity (i.e., Re ! 1), we obtain the redu
edproblem of the Euler equations. Thus the boundary 
onditions (1.15) should berepla
ed by the appropriate \invis
id 
onditions" whi
h are 
hosen in su
h a waythat the system of the Euler equations is linearly well-posed.Therefore, on solid walls �
w we pres
ribe the so-
alled impermeability 
on-dition: v � ~n = 0 on �
w: (1.17)For inlet and outlet boundary 
onditions, the pres
ribed and extrapolated quan-tities are 
hosen a

ording to the 
hara
ter of 
ow on the 
orresponding part ofboundary, see Table 1.1 and for more details, e.g., [29, Se
tion 3.3.6℄.



CHAPTER 1. COMPRESSIBLE FLOW PROBLEM 15The problem to solve the 
ompressible Navier-Stokes equations (1.1) { (1.6)with 
onstitutive relations (1.9) { (1.11), equipped with the initial and boundary
onditions (1.14) { (1.16) will be denoted by (CFP) (
ompressible 
ow problem).1.2 Properties of the invis
id and vis
ous 
uxesIn this se
tion we present some properties of the invis
id and vis
ous 
uxes ~f(�)and ~R(�; �) given by (1.4) and (1.6), respe
tively. These properties play a funda-mental role in the linearization of these nonlinear 
uxes.Using the relations (1.2) and (1.4), we express the 
uxes f s, s = 1; : : : ; d, interms of the variables w1; : : : ; wd in the form
f s(w) = 0BBBBBBB�

ws+1ws+1w2w1 + Æs1(
 � 1)�wd+2 � w22+:::+w2d+12w1 �� � �ws+1wd+1w1 + Æsd(
 � 1)�wd+2 � w22+:::+w2d+12w1 �ws+1w1 �
wd+2 � (
 � 1)w22+:::+w2d+12w1 �
1CCCCCCCA : (1.18)

Obviously, f s, s = 1; : : : ; d, are homogeneous mappings of order one, i.e.,f s(�w) = �f s(w); � 2 IR; � 6= 0; s = 1; : : : ; d: (1.19)The property (1.19) implies the following relation (see [29, Lemma 3.1℄)f s(w) = As(w)w; s = 1; : : : ; d; (1.20)where As(w) � Df s(w)Dw ; s = 1; : : : ; d; (1.21)are the Ja
obi matri
es of the mappings f s. Then, we de�ne a matrixP (w; ~n) � dXs=1 As(w)ns; (1.22)where ~n = (n1; : : : ; nd) 2 IRd; n21+� � �+n2d = 1, whi
h plays a role in the de�nitionof a numeri
al 
ux.In the 
ase of the vis
ous 
uxes Rs, s = 1; : : : ; d, we introdu
e a similar prop-erty to the relation (1.20) of the invis
id 
uxes. The vis
ous terms Rs(w;rw)
an be expressed as a sum of the matrix-ve
tor produ
ts in the formRs(w;rw) = dXk=1Ks;k(w) �w�xk ; s = 1; : : : ; d; (1.23)



CHAPTER 1. COMPRESSIBLE FLOW PROBLEM 16where Ks;k are (d + 2) � (d + 2) matri
es dependent on w and independent ofrw. For expli
it formulae of Ks;k; s; k = 1; : : : ; d, see Appendix, expressions(9.28){(9.36).Moreover, in virtue of [12℄, we introdu
e another formal variant of the vis
ousterms. Let w = (w1; : : : ; wd+2) 2 IRd+2 and ' = ('1; : : : ; 'd+2) 2 IRd+2. Wede�ne new fun
tionsds(w;rw;';r') : IRd+2 � IRd�(d+2) � IRd+2 � IRd�(d+2) ! IRd+2; s = 1; : : : ; d;byds(w;rw;';r') � Ds;0(w;rw)'+ dXk=1Ds;k(w) �'�xk ; s = 1; : : : ; d; (1.24)where Ds;k; k = 0; 1; : : : ; d; s = 1; : : : ; d are (d + 2) � (d + 2) matri
es, seeAppendix, expressions (9.37){(9.40). From the above 
onstru
tion it follows thatds(�; �; �; �) are 
onsistent with Rs(�; �) byRs(w;rw) = ds(w;rw;w;rw) 8w; s = 1; : : : ; d; (1.25)fun
tions ds(w;rw;';r'); s = 1; : : : ; d are linear with respe
t to ' and theyare independent of r'1.



Chapter 2Dis
ontinuous Galerkin methodIn a wide 
lass of problems from �eld of CFD, the �nite volume method (FVM) israther popular. For a survey, see e.g. [18℄, [25℄, [26℄, [29℄. The FVM is a promisingnumeri
al method for the solution of 
onservation laws and singularly perturbedproblems. The solutions of su
h problems usually 
ontain subdomains, where thesteep gradients or dis
ontinuities are present (e.g. sho
k waves, 
onta
t dis
on-tinuities, boundary layers). Therefore, the FVM is a very suitable tool, be
ausethe FV framework is primarily based on a pie
ewise 
onstant approximation withdis
ontinuities on interelement interfa
es, whi
h allows good resolution of solu-tion in su
h problemati
 subdomains. On the other hand, a generalization ofFVM to high order s
hemes with in
reased a

ura
y is not straightforward.Another very popular numeri
al method for a solution of partial di�erentialequation is the �nite element method (FEM). This te
hnique is suitable for prob-lems with suÆ
iently regular solutions, be
ause FE framework originally arisesfrom 
onforming pie
ewise polynomial approximation des
ribing global 
ontinu-ous solution on the whole domain. However when a FE approa
h is applied tosingularly perturbed problems or nonlinear 
onservation laws, the resulting solu-tions su�er from spurious os
illations (known as the Gibbs phenomenon), whi
harise in the vi
inage of dis
ontinuities, spread into the 
omputational domain and
orrupt the solution. This drawba
k is usually avoided with the aid of a suitablestabilization te
hnique (e.g. the streamline di�usion method and sho
k 
apturings
hemes in [29, Chapter 4℄), but the resulting stabilized FE s
hemes are rather
omplex and require to tune several parameters.The dis
ontinuous Galerkin method (DGM) is often referred to as a hybrid, ormixed, method sin
e it 
ombines features of both �nite element and �nite volumemethods. From this point of view the DGM represents a generalization of theFV and FE approa
hes with advantages of both of them. The DG te
hnique isbased on the idea to approximate the solution of an initial-boundary value prob-lem by pie
ewise polynomial fun
tions over a FE mesh, without any requirementon interelement 
ontinuity. In pra
ti
e, the DG solution is represented withinea
h element as a polynomial approximation (as in FEM), while the interelement17



CHAPTER 2. DISCONTINUOUS GALERKIN METHOD 18behaviour is resolved with suitable numeri
al 
ux formulae (as in FVM). The-oreti
ally, it 
an be obtained the DG solutions of an arbitrarily high order ofa

ura
y. As a disadvantage of the DGM 
an be 
onsidered a high 
omputation-al 
omplexity sin
e this method requires more degrees of freedom than standardFEM in order to a
hieve the same pie
ewise polynomial approximation.While the dis
ontinuous Galerkin method was developed in the early 1970's(by Reed and Hill, [39℄), it was not used for CFD simulations until the early 1990'swhen it was �rst used to solve the Euler equations by Co
kburn and Shu ([10℄).The solution of the Navier-Stokes equations with the DGM was �rst a

omplishedin 1997 by Bassi and Rebay ([5℄). As the method gained more attention in theCFD resear
h 
ommunity, further advan
es have 
ome fairly rapidly. For a survey,see [4℄, [5℄, [6℄, [7℄, [30℄, [31℄, [32℄, [33℄, [36℄, [37℄ and the referen
es 
ited therein.Resear
hers are now using the DGM to perform simulations of a wide varietyof 
ow regimes. The method has been adapted for use with 
ompressible andin
ompressible, steady and unsteady, as well as laminar and turbulent 
onditions.In order to improve a predi
tion of 
ru
ial 
ow phenomena (e.g. boundary lay-ers) the standard DGM easily allows a simple treatment with anisotropi
 adaptivemeshes (as h-methods) and polynomial approximation degrees (as p-methods).The dis
ontinuous Galerkin method equipped with hp-adaption te
hniques is usu-ally denoted as hp-DGM. This method is a point of study in this thesis and wesuppose that hp-DGM has still an unused potential whi
h should be used forindustrial appli
ations.



Part IIDGM { Numeri
al analysis
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20The hp-DGM is a very promising numeri
al method for the solution of (CFP).Sin
e the relevant mathemati
al theory is missing for the system of the 
ompress-ible Navier-Stokes equations, it is 
onvenient to study a model s
alar equation at�rst, for whi
h the theoreti
al base is established. The studied model s
alarequation should 
orrespond to the system of the Navier-Stokes equations in somesimpli�
ation. Therefore, we introdu
e the 
on
ept of the s
alar nonstationarynonlinear 
onve
tion-di�usion equation, whose 
onve
tive and di�usive terms 
or-respond with invis
id and vis
ous 
uxes, respe
tively. Consequently, we 
arry outa numeri
al analysis with a view to extend the new pie
es of knowledge from s
a-lar 
ase to (CFP).This part 
onsists of four 
hapters. In Chapter 3, we shall derive a spa
esemi-dis
rete dis
ontinuous Galerkin formulation of a model s
alar problem. We
onsider three di�erent variants of stabilizations of the di�usion term, the so-
alled symmetri
, nonsymmetri
 and in
omplete interior penalty Galerkin (IPG)method. In Chapter 4, under some additional assumptions on domain partitions,pie
ewise polynomial approximations, the nonlinear terms and the regularity ofthe exa
t solution, we introdu
e auxiliary results leading into derivation of hpa priori error estimates in the L1(0; T ;L2(
))-norm and in the L2(0; T ;H1(
))-seminorm for the dis
ontinuous Galerkin dis
retization of the s
alar nonlinear
onve
tion-di�usion equation de�ned in Chapter 3. Chapter 5 is devoted to thetwo time dis
retization te
hniques: expli
it and semi-impli
it. A brief hp analysisof semi-impli
it DGM is des
ribed in the rest of this 
hapter. Finally, someimplementation aspe
ts of DGM and the set of numeri
al experiments verifyingthe theoreti
al results are presented in Chapter 6.



Chapter 3S
alar nonstationary nonlinear
onve
tion-di�usion problemWe deal with DGM applied to a s
alar nonstationary 
onve
tion-di�usion equa-tion with nonlinear 
onve
tive as well as di�usive terms whi
h represents a simpli-�ed model problem for the solution of (CFP). The studied model s
alar equationis equipped with mixed Diri
hlet-Neumann boundary 
onditions and an initial
ondition. Here, we present a semi-dis
rete formulation with several variantsof the interior penalty, namely nonsymmetri
 (NIPG), symmetri
 (SIPG) andin
omplete (IIPG) types of stabilizations of di�usion terms.3.1 Problem formulationLet 
 � IRd; d = 2; 3, be a bounded open polygonal (if d = 2) or polyhedral (ifd = 3) domain with Lips
hitz-
ontinuous boundary �
 = �
D [ �
N , �
D \�
N = ;; and T > 0. Let us assume that the (d� 1) measure of �
D is positive.We 
onsider the following unsteady nonlinear 
onve
tion-di�usion problem: Findu : QT = 
� (0; T )! IR su
h that�u�t +r � ~f(u) = div(IK(u)ru) + g in QT ; (3.1)u���
�(0;T ) = uD; (3.2)IK(u)ru � ~n���
N�(0;T ) = gN ; (3.3)u(x; 0) = u0(x); x 2 
; (3.4)where g : QT ! IR, uD : �
 � (0; T ) ! IR, gN : �
N � (0; T ) ! IR, u0 :
 ! IR are given fun
tions, ~n = (n1; : : : ; nd) is a unit outer normal to �
, ~f =(f1; : : : ; fd) : IR! IRd represents 
onve
tive terms and the regular matrix IK(u) 2IRd;d plays a role of nonlinear anisotropi
 di�usive 
oeÆ
ients. The assumptions21
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onve
tive and di�usive terms will be spe
i�ed later in Se
tion 4.1.3 and4.1.4, respe
tively.We generalize the approa
h from [27℄, [38℄, where a nonlinear di�usion is stu-died in form �div(�(u)ru) with a suitable s
alar fun
tion �(u). Moreover, ifIK(u) = "II, where " is a positive 
onstant and II 2 IRd;d the unit matrix, thenthe problem (3.1) { (3.4) redu
es to the equation with linear di�usion 
onsideredin [17℄, [20℄, [22℄, [28℄.The initial boundary value problem (3.1) { (3.4) is equipped with the ini-tial 
ondition (3.4) and the mixed boundary 
onditions, the Diri
hlet (3.2) andNeumann (3.3) boundary 
onditions, respe
tively. A suÆ
iently regular solutionsatisfying (3.1) { (3.4) pointwise is 
alled a 
lassi
al solution.In what follows, we shall assume that the 
ontinuous problem (3.1) { (3.4)has a unique suÆ
iently regular solution u. Its regularity, used in the theory oferror estimates, will be spe
i�ed later in Se
tion 4.1.5.Further, we shall introdu
e standard notation for fun
tion spa
es. Let k � 0be a integer and p 2 [1;1℄. We use the well-known Lebesgue and Sobolevspa
es Lp(
), Lp(�
), Lp(QT ), W k;p(
), W k;p(�
), Bo
hner spa
es Lp(0; T ;X)of fun
tions de�ned in (0, T) with values in Bana
h spa
e X and the spa
esCk([0; T ℄;X) of k-times 
ontinuously di�erentiable mappings of the interval [0, T℄with values in X.3.2 TriangulationsLet Th (h > 0) be a family of the partitions of the 
losure 
 of the domain 
into a �nite number of 
losed mutually disjoint polygons (if d = 2) or polyhedra(if d = 3) K. We 
all Th = fKgK2Th a triangulation of 
 and do not requirethe 
onforming properties from the �nite element method, see [9℄, [41℄. However,more general elements (even non-
onvex) and the so-
alled hanging nodes areallowed, see Figure 3.1. By �K we denote the boundary of element K 2 Thand set hK = diam(K); h = maxK2ThhK. The symbols �K and jKj stand forthe radius of the largest d-dimensional ball ins
ribed into K and d-dimensionalLebesgue measure of K, respe
tively.By Fh we denote the smallest possible set of all open (d�1)-dimensional fa
es(open edges when d = 2 or open fa
es when d = 3) of all elements K 2 Th, seeFigure 3.1. Further, we label by F Ih the set of all � 2 Fh that are 
ontained in
 (inner fa
es), by FDh the set of all � 2 Fh that � � �
D (Diri
hlet fa
es) andby FNh the set of all � 2 Fh that � � �
N (Neumann fa
es). Obviously, Fh =F Ih [ FDh [ FNh . For a shorter notation we put F IDh � F Ih [ FDh , F INh � F Ih [ FNhand FDNh � FDh [ FNh .Moreover, for ea
h � 2 Fh we de�ne a unit normal ve
tor ~n�. We assumethat ~n�; � 2 FDh [ FNh has the same orientation as the outer normal of �
.For ~n�; � 2 F Ih the orientation is arbitrary but �xed for ea
h edge, e.g., see
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K1 K2

K3

K4

K5

Γ1

Γ2

Γ3Γ4

Γ5

Γ6

Figure 3.1: Example of elements Kl; l = 1; : : : ; 5 and fa
es �l; l = 1; : : : ; 6.Figure 3.2.The additional assumptions on triangulation, ne
essary for error analysis, willbe spe
i�ed in Subse
tion 4.1.1.3.3 DGM spa
esTo ea
h K 2 Th, we assign a lo
al Sobolev index sK 2 IN and lo
al polynomialdegree pK 2 IN . Then we de�ne the ve
torss � fsK; K 2 Thg; p � fpK; K 2 Thg: (3.5)Over the triangulation Th we de�ne the so-
alled broken Sobolev spa
e 
orre-sponding to the ve
tor sHs(
; Th) � fv; vjK 2 HsK(K) 8K 2 Thg (3.6)with the norm kvkHs(
;Th) �  XK2Th kvk2HsK (K)!1=2 (3.7)and the seminorm jvjHs(
;Th) �  XK2Th jvj2HsK (K)!1=2 ; (3.8)
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Kp

Kn

Γ

~nΓ

Figure 3.2: Orientation of ~n� for two neighbouring elements Kp; Kn with 
ommonfa
e �.where k � kHsK (K) and j � jHsK (K) denote norm and seminorm of the Sobolev spa
eHsK(K) � W sK ;2(K), respe
tively. If sK = q 8K 2 Th; q 2 IN then we use thenotation Hq(
; Th) = Hs(
; Th). Obviously,Hs(
) � Hs(
; Th); (3.9)Hs(
; Th) � Hs(
; Th) � Hs(
; Th); (3.10)where s = maxfsK; sK 2 sg and s = minfsK; sK 2 sg.For ea
h � 2 F Ih there exist two neighbouring elements Kp; Kn 2 Th su
h that� � Kp \Kn. We use a 
onvention that Kn lies in the dire
tion of ~n� and Kp inthe opposite dire
tion of ~n�, see Figure 3.2. Then for v 2 H1(
; Th), we introdu
ethe following notation:vj(p)� � the tra
e of vjKp on �; vj(n)� � the tra
e of vjKn on �; (3.11)and hvi� � 12 �vj(p)� + vj(n)� � ; (3.12)[v℄� � vj(p)� � vj(n)� ; (3.13)denoting the tra
es, mean value and jump of the tra
es of v on �. The value [v℄�depends on the orientation of ~n� of 
ourse but the values [v℄�~n� and hvi� do not.For � 2 FDNh there exists element Kp 2 Th su
h that � � Kp \ �
. Then forv 2 H1(
; Th), we introdu
e the following notation:vj(p)� � the tra
e of vjKp on �; (3.14)hvi� � [v℄� � vj(p)� : (3.15)
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Figure 3.3: Example of fun
tion from Shp.By vj(n)� ; � 2 FDh [FNh we formally denote the tra
e of v on � from the exterior of
 given either by a boundary 
ondition or by an extrapolation from the interiorof 
. Additionally, we asso
iate with the fa
e � 2 FDNh the unit normal ve
tor~n = ~n� whi
h points from Kp to the exterior of 
.In 
ase that [�℄�, h � i� and ~n� are arguments of R� : : : dS, � 2 Fh we omit thesubs
ript � and write simply [�℄, h � i and ~n, respe
tively.Finally, we de�ne the spa
e of dis
ontinuous pie
ewise polynomial fun
tionsasso
iated with the ve
tor p byShp � Shp(
; Th) � fv; v 2 L2(
); vjK 2 PpK(K) 8K 2 Thg; (3.16)where PpK(K) denotes the spa
e of all polynomials onK of degree � pK ; K 2 Th.Obviously, Shp � Hs(
; Th) as a dire
t 
onsequen
e of de�nitions (3.6) and (3.16).The example of dis
ontinuous pie
ewise polynomial fun
tion is depi
ted in Fig-ure 3.3.3.4 Semi-dis
rete formulationIn order to derive the dis
rete problem, we assume that u = u(x; t) is a 
lassi
alsolution of problem (3.1){(3.4) satisfying u(�; t); �u�t (�; t) 2 H2(
) � H2(
; Th) for
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h implies that for any � 2 F Ih and for a.a. t 2 (0; T ),Z� hu(�; t)idS = Z� u(�; t) dS; (3.17)Z� hru(�; t) � ~nidS = Z�ru(�; t) � ~ndS; (3.18)Z�[u(�; t)℄ dS = 0: (3.19)We multiply equation (3.1) by an arbitrary fun
tion v 2 H2(
; Th), integrateover K 2 Th, apply Green's theorem and sum over all K 2 Th. After somemanipulation with the aid of the relation (3.18) and the notations (3.13) and(3.15), we obtain the identityZK2Th �u�t v dx � XK2Th ZK ~f(u) � rv dx + XK2Th Z�K ~f(u) � ~n�K v dS+ XK2Th ZK IK(u)ru � rv dx � X�2FIDh Z� hIK(u)ru � ~ni[v℄ dS= Z
 g(t) v dx + X�2FNh Z� IK(u)ru � ~n v dS; (3.20)where ~n�K is the unit outer normal to K 2 Th on �K.In view of the Neumann boundary 
ondition (3.3), we repla
e the se
ond termof the right-hand side of (3.20) byX�2FNh Z� gN(t) v dS: (3.21)To the left-hand side of (3.20) we add now the arti�
ial terms� X�2FIDh Z� hIK(u)T rv � ~ni[u℄ dS; (3.22)whi
h vanish due to (3.19) on any interior fa
e. The symbol IKT denotes thetranspose matrix to original matrix IK. Further, to the right-hand side of (3.20)we add the terms � X�2FDh Z� IK(u)T rv � ~n uD(t) dS; (3.23)whi
h enfor
e Diri
hlet 
ondition and are balan
ed by terms (3.22) on the Diri
h-let part of boundary �
D due to Diri
hlet boundary 
ondition (3.2). The param-eter � usually 
an take values from set f�1; 0; 1g. In 
ase of � = �1, we speak of
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 interior penalty Galerkin (SIPG) variart of DGM. The nonsymmetri
(NIPG) variant is obtained by adding terms (3.22) and (3.23) with parameter� = 1 and the in
omplete (IIPG) formulation does not add any arti�
ial terms,i.e. � = 0.In order to repla
e inter-element dis
ontinuities of the s
heme we introdu
ethe interior and boundary penalty� X�2FIDh Z� �[u℄ [v℄ dS; (3.24)vanishing for exa
t solution on an arbitrary � 2 F Ih and balan
ed on � 2 FDh bythe terms � X�2FIDh Z� � uD(t) v dS; (3.25)where weight � is represented by penalty parameter fun
tion given by (4.57) inSe
tion 4.2. The multipli
ative 
onstant � has to be positive and plays an anal-ogous role as a di�usion 
oeÆ
ient " in linear 
ase of di�usion �"�u. The valueof � will be spe
i�ed later in Subse
tion 4.1.4.Finally, the fa
e 
onve
tive terms are approximated with the aid of the so-
alled numeri
al 
ux, well-known from the �nite volume method (see, e.g., [29℄,Se
tion 3.2) by ~f(u) � ~n�K v����K � H �uj(in)� ; uj(out)� ; ~n�K� v����K ; (3.26)where uj(in)� , uj(out)� are the tra
es of u on �K from the interior and the exteriorof element K 2 Th, respe
tively. The more detailed des
ription of 
onsiderednumeri
al 
ux H is introdu
ed in Subse
tions 4.1.3 and 6.1.5, respe
tively.Now, on the basis of above 
onsiderations we 
an write down the followingforms, de�ned for u; v 2 H2(
; Th):(u; v) = XK2Th ZK u � v dx (3.27)(L2-s
alar produ
t),a�h (u; v) = XK2Th ZK IK(u)ru � rv dx� X�2Fh Z� hIK(u)ru � ~ni[v℄ dS+ � X�2Fh Z� hIK(u)T rv � ~ni[u℄ dS (3.28)(di�usion form),bh(u; v) = � XK2Th ZK ~f(u) � rv dx + X�2Fh Z�H �uj(p)� ; uj(n)� ; ~n�� [v℄� dS (3.29)
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onve
tive form), J�h (u; v) = X�2FIDh Z� �[u℄ [v℄ dS (3.30)(interior and boundary penalty),l�h (u; v)(t) = Z
 g(t) v dx + X�2FNh Z� gN(t) v dS+ X�2FDh Z� �� IK(u)T rv � ~nuD(t) + � uD(t) v� dS (3.31)(right-hand side form).Now we are ready to introdu
e the semi-dis
rete problem, whi
h is obtainedwith the aid of the method of lines, i.e. the spa
e semidis
retization. The semi-dis
rete problem is dis
retized only in spa
e 
oordinates and time is treated 
on-tinuously.De�nition 3.4.1. Let u0h 2 Shp be the L2(
)-proje
tion of the initial 
onditionu0 into Shp, i.e. a fun
tion de�ned by(u0h � u0; vh) = 0 8 vh 2 Shp: (3.32)We say that uh is a semi-dis
rete solution of problem (3.1)-(3.4), ifa) uh 2 C1([0; T ℄;Shp);b) ��uh(t)�t ; vh�+ bh(uh(t); vh) + a�h (uh(t); vh) + �J�h (uh(t); vh)= l�h (uh(t); vh) (t) 8 vh 2 Shp; 8 t 2 (0; T );
) uh(0) = u0h: (3.33)
The problem (3.33), a)-
) exhibits a system of ordinary di�erential equations(ODE) equipped with initial 
ondition for uh(t) whi
h has to be dis
retized bya suitable method.It is possible to show that a suÆ
iently regular exa
t solution u satis�es
ondition (3.33), b):��u(t)�t ; vh�+ bh(u(t); vh)+a�h (u(t); vh)+�J�h (u(t); vh) = l�h (u(t); vh) (t) (3.34)for all vh 2 Shp and for a.a. t 2 (0; T );whi
h implies the Galerkin orthogonality property of the error.



Chapter 4Error analysisWe are 
on
erned with the error analysis for the method of lines for all threeIPG variants of DGM applied to a s
alar model equation. The basi
 frameworkrefers to [27℄ and [38℄ with some generalization for 
onsidered problem. At �rst,we formulate the ne
essary assumptions for desired hp a priori error estimatesin L2(H1)-seminorm and L1(L2)-norm. Further, we introdu
e the propertiesof individual forms in semi-dis
rete formulation. The spe
ial attention is paidto the limit values of the penalty parameter appearing in the penalty form independen
e on 
onsidered IPG variant. Finally, we derive estimates for all threementioned IPG variants. For the 
ase of L2(H1)-seminorm, the derived a priorierror estimates are optimal. However, in the L1(L2)-norm the gained results aresuboptimal.4.1 Assumptions and de�nitions4.1.1 Mesh assumptionsLet fThg (h0 > 0), be a family of partitions of the domain 
 � IRd into a �nitenumber of 
losed d-dimensional simplexes and/or parallelogramsK with mutuallydisjoint interiors., i.e. Th = fKgK2Th. We assume that ea
h triangulation fromsystem fThg (h0 > 0) satis�es the following properties:Assumptions (T):(T1) lo
al quasi-uniformity, i.e., there exists a 
onstant CQ > 0 su
h thathKi � CQ hKj 8Ki; Kj 2 Th sharing fa
e � 2 F Ih; (4.1)(T2) shape-regularity, i.e., there exists a 
onstant CS > 0 su
h thathK � CS �K 8K 2 Th: (4.2)The assumption (4.1) means that the diameters of two neighbouring elements donot di�ers too mu
h. 29
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e of dis
ontinuous pie
ewise polynomialfun
tionsIn order to derive a priori hp-error estimates we assume that there exists a 
on-stant CP � 1 su
h thatpKpK0 � CP 8K;K 0 2 Th su
h that K;K 0 have a 
ommon fa
e: (4.3)The assumption (4.3) may seem to be rather restri
tive. However, we supposethat an appli
ation of hp-methods to pra
ti
al problems is eÆ
ient and a

uratewhen the polynomial degrees of approximation on neighbouring elements do notdi�er to mu
h. Moreover, to ea
h K 2 Th we de�ne the parameterd(K) � hKp2K ; K 2 Th; (4.4)and put d(�) � min(d(Kp); d(Kn)); � 2 F Ih ; (4.5)d(�) � d(Kp); � 2 FDNh ; (4.6)where Kp and Kn are neighbouring elements with 
ommon edge �.Lemma 4.1.1. Let K 2 Th and � 2 Fh su
h that � � K. Then(a) d(�) � d(K); (4.7)(b) 1d(�) � C2PCQ 1d(K) ; (4.8)where CQ and CP are 
onstants from assumptions (4.1) and (4.3), respe
tively.Proof: The properties (a) and (b) are a dire
t 
onsequen
e of de�nitions (4.5),(4.6) and assumptions (4.1), (4.3). �4.1.3 Conve
tive and numeri
al 
uxLet ~f = (f1; : : : ; fd) : IR ! IRd be pres
ribed ve
tor fun
tion representing the
onve
tive 
uxes, where fs 2 C1(R); s = 1; : : : ; d. We assume that fun
tion ~f isLips
hitz-
ontinuous with 
onstant Cf > 0, i.e.���~f(v)� ~f(w)��� � Cf jv � wj 8 v; w 2 IR: (4.9)Without the loss of generality we assume thatfs(0) = 0; s = 1; : : : ; d: (4.10)
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ording to (3.26), the integrand of the fa
e integral over � � �K in 
on-ve
tive form bh is approximated by the numeri
al 
ux as~f(u) � ~n v���� � H �uj(p)� ; uj(n)� ; ~n�� vj�; (4.11)where uj(p)� , uj(n)� are the tra
es of u on � � �K from the interior and the exteriorof element K 2 Th, respe
tively. The 
hoi
e of uj(n)� for boundary fa
es � 2 FDNhis ne
essary to spe
ify. Here we useuj(n)� = (uD; � 2 FDh ;uj(p)� ; � 2 FNh : (4.12)We shall assume that the numeri
al 
ux has the following properties:Assumptions (H):(H1) H(u; v; ~n) is de�ned in IRd � B1, where B1 = f~n 2 IRd; j~nj = 1g, andLips
hitz-
ontinuous with respe
t to u; v:jH(u; v; ~n)�H(u�; v�; ~n)j � CH(ju� u�j+ jv � v�j); (4.13)u; v; u�; v� 2 IR; ~n 2 B1:(H2) H(u; v; ~n) is 
onsistent:H(u; u; ~n) = dXs=1 fs(u)ns; u 2 IR; ~n = (n1; : : : ; nd) 2 B1: (4.14)(H3) H(u; v; ~n) is 
onservative:H(u; v; ~n) = �H(v; u;�~n); u; v 2 IR; ~n 2 B1: (4.15)In virtue of (H1) and (H2), the fun
tions fs; s = 1; : : : ; d, are Lips
hitz-
ontinuouswith 
onstant Lf = 2CH . From assumption (4.10) and (H2) we see thatH(0; 0; ~n) = 0 8~n 2 B1: (4.16)4.1.4 Nonlinear di�usionTo 
arry out the error analysis we need to spe
ify additional assumption onnonlinear di�usion term. In the �rst instan
e, we mention some de�nitions frommatrix algebra.



CHAPTER 4. ERROR ANALYSIS 32De�nition 4.1.1 (Positive de�niteness). The matrix IB 2 IRn�n; n 2 IN , is
alled positive de�nite, if it is satis�edzT IB z > 0 8 z 2 IRn: (4.17)De�nition 4.1.2 (Dis
rete matrix norms). Let IB =2 IRm�n; m; n 2 IN .The dis
rete l1-matrix norm ("
olumn" norm) is de�ned askIBk1 = max1� j�n mXi=1 jbijj: (4.18)The dis
rete l1-matrix norm ("row" norm) is de�ned askIBk1 = max1� i�m nXj=1 jbijj: (4.19)We 
onsider the following form of nonlinear di�usion�div �IK(w)rw�; (4.20)where IK(w) = �kij(w)	di;j=1; kij(w) : IR! IR is a positive de�nite matrix for allw 2 IR and satis�es elementwise(a) kij(w) is bounded fun
tion, i.e. there exists a 
onstant 
u > 0 su
h thatjkij(w)j � 
u 8w 2 IR; i; j = 1; : : : ; d; (4.21)(b) kij(w) is Lips
hitz-
ontinuous fun
tion, i.e. there exists a 
onstant 
l > 0su
h thatjkij(w1)� kij(w2)j � 
ljw1 � w2j 8w1; w2 2 IR; i; j = 1; : : : ; d: (4.22)Lemma 4.1.2. Let IK(w) 2 IRd�d; d = 2; 3, satisfy the 
ondition (4.21) for allw 2 IR. Then there exists a 
onstant CU > 0 su
h that(a) kIK(w)k1 � CU 8w 2 IR; (4.23)(b) kIK(w)Tk1 = kIK(w)k1 � CU 8w 2 IR; (4.24)where k � k1 and k � k1 represent the dis
rete l1 and l1-matrix norm, respe
tively.Proof: We prove only (a), sin
e (b) is analogous. In view of the de�nition of thedis
rete l1-matrix norm and the 
ondition (4.21), we havekIKk1 = max1� i�d dXj=1 jkijj � max1� i�d(d � 
u) = d
u: (4.25)Putting CU � d
u we prove the estimate (4.23). �



CHAPTER 4. ERROR ANALYSIS 33Lemma 4.1.3. Let IK(w) 2 IRd�d; d = 2; 3, satisfy the 
ondition (4.22) for allw 2 IR. Then there exists a 
onstant CL > 0 su
h thatkIK(w1)� IK(w2)k1 � CLjw1 � w2j 8w1; w2 2 IR; (4.26)where k � k1 is the dis
rete l1-matrix norm.Proof: Using the de�nition of l1-matrix norm and 
ondition (4.22), we pro
eedanalogously as in (4.25) and obtain (4.26) with CL � d
l. �Lemma 4.1.4. Let IK(w) 2 IRd�d; d = 2; 3, be a positive de�nite matrix for allw 2 IR. Then there exist a 
onstant � > 0 su
h thatzT IK(w)z � �kzk2 8 z 2 IRd; w 2 IR (4.27)Proof: We prove only the 
ase d = 2, sin
e for the 
ase d = 3 the arguments are
ompletely analogous. We split matrix IK(w) = fkijg2i;j=1 onto symmetri
 IKSand antisymmetri
 IKA partsIK(w) = 12 �IK(w) + IK(w)T�| {z }IKS + 12 �IK(w)� IK(w)T �| {z }IKA (4.28)We 
an write zT IKAz = (IKAz; z) = (z; (IKA)Tz) = �(z; IKAz)= �(IKAz; z) = �zT IKAz; (4.29)where (�; �) denotes standard s
alar produ
t in IRd.Sin
e zT IKAz = 0 from (4.29) and zT IK(w)z > 0 due to positive de�niteness,we get zT IK(w)z = zT IKSz > 0 8 z 2 IR2 (4.30)The relation (4.30) implies that IKS is a symmetri
 positive de�nite matrixwith real positive eigenvalues �1; �2, whi
h 
orrespond to orthogonal eigenve
-tors v1;v2 2 IR2.Finally, the arbitrary ve
tor z 2 IR2 
an be express as a1v1+a2v2, a1; a2 2 IRand we 
an writezT IK(w)z = zT IKSz = zT IKS (a1v1 + a2v2)= �1a1kv1k2 + �2a2kv2k2 � min(�1; �2) � kzk2; (4.31)whi
h proves the lemma with � = min(�1; �2). �A

ording to Lemmas 4.1.2{4.1.4 we are ready to formulate new assumptionson nonlinear di�usion. We assume that matrix IK appearing in the di�usionterms satis�es the following properties:



CHAPTER 4. ERROR ANALYSIS 34Assumptions (D):(D1) IK(w) is bounded:(a) kIK(w)k1 � CU <1; (4.32)(b) kIK(w)Tk1 � CU <1 8w 2 IR; (4.33)(D2) IK(w) is Lips
hitz-
ontinuous:kIK(w1)� IK(w2)k1 � CLjw1 � w2j 8w1; w2 2 IR; (4.34)(D3) IK(w) is positive de�nite:zT IK(w)z � �kzk2; � > 0; 8w 2 IR; 8 z 2 IRd: (4.35)4.1.5 Regularity of exa
t solutionLet us assume the existen
e of a solution u = u(x; t) of problem (3.1){(3.4)satisfying the following regularity 
onditionsujK 2 L2(0; T ;HsK(K));�u�t ���K 2 L2(0; T ;HsK(K)); (4.36)ujK 2 L1(0; T ;HsK(K)); sK � 2 8K 2 Th:It 
an be ensured, e.g., byu 2 L2(0; T ;H�s(
)); �u�t 2 L2(0; T ;H�s(
)); u 2 L1(0; T ;H�s(
)); (4.37)where �s = maxfsK; sK 2 sg � 2.Moreover, in order to treat the nonlinear di�usion terms, we need one moreregularity assumption on the solution u of problem (3.1){(3.4), i.e.

ru(t)jK

L1(K) <1 for a.a. t 2 (0; T ); (4.38)whi
h 
an be rewritten that there exists a 
onstant CD > 0 su
h thatkru(t)kL1(
) � CD for a.a. t 2 (0; T ): (4.39)4.2 Some auxiliary resultsUnder the assumptions (T) from Se
tion 4.1, we shall summarize some importantresults and establish the properties of the forms a�h , bh, l�h and J�h .



CHAPTER 4. ERROR ANALYSIS 354.2.1 Fundamental lemmasLemma 4.2.1 (Multipli
ative tra
e inequality). There exists a positive 
on-stant CM independent of v, h and K su
h thatkvk2L2(�K) � CM �kvkL2(K) jvjH1(K) + h�1K kvk2L2(K)� ; (4.40)K 2 Th; v 2 H1(K); h 2 (0; h0):Proof: The proof 
an be 
arried out in a similar way as in [21, Lemma 3.1℄. �Lemma 4.2.2 (Inverse inequality). There exists a 
onstant CI > 0 indepen-dent of v, h and K su
h thatjvjH1(K) � CI p2KhK kvkL2(K); v 2 PpK (K); K 2 Th; h 2 (0; h0): (4.41)Proof: See [15, Lemma 6℄. �Lemma 4.2.3 (Approximation properties). There exist a 
onstant CA > 0independent of v and h and a mapping �Kp : Hs(K) ! Pp(K); s � 1 su
h that8v 2 Hs(K); K 2 Th; h 2 (0; h0) the following inequality is validk�Kp v � vkHq(K) � CAh��qKps�q kvkHs(K); (4.42)where � = min(p+ 1; s); 0 � q � s.Proof: See Lemma 4.5 in [2℄ for the 
ase d = 2, when d = 3 the arguments are
ompletely analogous. �De�nition 4.2.1. We de�ne the mapping �hp : Hs(
; Th)! Shp by(�hpu) jK � �KpK (ujK) 8K 2 Th; (4.43)where �KpK : HsK ! PpK(K) is the mapping introdu
ed in Lemma 4.2.3.Lemma 4.2.4. Let s and p be the ve
tors introdu
ed by (3.5) and �hp : Hs(
; Th)!Shp the 
orresponding mapping given by (4.43). Let v 2 Hs(
; Th) thenk�hpv � vk2Hq(
;Th) � C2A XK2Th h2�K�2qKp2sK�2qK kvk2HsK (K); (4.44)where �K = min(pK + 1; sK); K 2 Th and 0 � q � minsK2s sK.Proof: Using de�nition (4.43), the Cau
hy inequality, the approximation prop-erties (4.42) we obtain (4.44) and CA is given by Lemma 4.2.3. �



CHAPTER 4. ERROR ANALYSIS 36Lemma 4.2.5. Let v(t) 2 Hs(
; Th), �hp : Hs(
; Th) ! Shp be given by (4.43)and vh(t) 2 Shp, then(a) ��vh(t)�t ; vh(t)� = 12 ddtkvh(t)k2L2(
); (4.45)(b) ������(v � �hpv)(t)�t ; vh(t)����� (4.46)� CA XK2Th h2�KKp2sKK 



�v(t)�t 



2HsK (K)!1=2 kvh(t)kL2(
);where �K = min(pK + 1; sK); K 2 Th.Proof: Case (a): A

ording to the de�nition of L2-s
alar produ
t and L2-norm,we 
an write��vh(t)�t ; vh(t)� = Z
 �vh(t)�t vh(t) dx = Z
 ddt �12v2h(t)� dx= 12 ddt Z
 v2h(t) dx = 12 ddtkvh(t)k2L2(
): (4.47)Case (b): The 
onstru
tion of the interpolation operator �hp in (4.43) guaranteesthe satisfa
tion of the following equality�hp(�v=�t) = �(�hpv)=�t (4.48)and, thus,�(v � �hpv)�t (t) = �v�t (t)� �hp�v�t (t) 2 Hs(
; Th) for a.a. t 2 (0; T ): (4.49)Using the Cau
hy inequality, relation (4.49) and Lemma 4.2.4, we get������(v � �hpv)(t)�t ; vh(t)����� � 



�v�t (t)� �hp�v�t (t)



L2(
) kvh(t)kL2(
)� CA XK2Th h2�KKp2sKK 



�v(t)�t 



2HsK (K)!1=2 kvh(t)kL2(
): (4.50)�Lemma 4.2.6. Let vh 2 Shp, then there exist a 
onstant CB > 0 su
h that(a) XK2Th d(K)kvhk2L2(�K) � CBkvhk2L2(
); (4.51)(b) XK2Th d(K)krvhk2L2(�K) � CBjvhj2H1(
;Th); (4.52)where d(K) is given by (4.4).



CHAPTER 4. ERROR ANALYSIS 37Proof: Case (a) follows from (4.40) and (4.41)XK2Th d(K)kvhk2L2(�K) � CM XK2Th hKp2K �kvhkL2(K) jvhjH1(K) + h�1K kvhk2L2(K)�� CM XK2Th hKp2K �CI p2KhK kvhk2L2(K) + 1hK kvhk2L2(K)�� CM(CI + 1)kvhk2L2(
); (4.53)sin
e p�1K � 1, whi
h proves the lemma with CB = CM(1 + CI).Case (b) results from (a) and the fa
t that krvhkL2(
) = jvhjH1(
;Th). �Lemma 4.2.7. Let u 2 Hs(
; Th), �hp : Hs(
; Th) ! Shp be given by (4.43).Then there exists a 
onstant CC > 0 su
h that(a) XK2Th d(K)rku� �hpuk2L2(�K) � CC XK2Th h2�K+r�1Kp2sK+2r�1K kuk2HsK (K); (4.54)(b) XK2Th d(K)rkru�r�hpuk2L2(�K) � CC XK2Th h2�K+r�3Kp2sK+2r�3K kuk2HsK (K); (4.55)where r 2 IR, d(K) is given by (4.4) and �K = min(pK + 1; sK).Proof: We prove only (a), sin
e (b) is analogous. We have from (4.40) and (4.42)XK2Th d(K)rku� �hpuk2L2(�K) (4.56)� CM XK2Th hrKp2rK �ku� �hpukL2(K) ju� �hpujH1(K) + h�1K ku� �hpuk2L2(K)�� CMC2A XK2Th hrKp2rK �h2�K�1Kp2sK�1K + h2�K�1Kp2sKK � kuk2HsK (K)� 2CMC2A XK2Th h2�K+r�1Kp2sK+2r�1K kuk2HsK (K):The last inequality follows from the fa
t that p�1K � 1; K 2 Th. Putting CC �2CMC2A we prove the lemma. �De�nition 4.2.2 (Penalty parameter). We de�ne the penalty parameter fun
-tion � in the form J�h by �j� = CWd(�) ; � 2 F IDh ; (4.57)where d(�) is given either by (4.5) or (4.6) and CW > 0 is a suitable 
onstant.



CHAPTER 4. ERROR ANALYSIS 38Remark 4.2.1. The value of CW depends on used IPG variant of stabilizationin DG formulation and its value will be later spe
i�ed in Subse
tion 4.2.2, seeLemmas 4.2.13{4.2.15.Lemma 4.2.8 (Properties of the form J�h ). Let u 2 Hs(
; Th), �hp : Hs(
; Th)!Shp the 
orresponding mapping given by (4.43). Let vh 2 Shp and h 2 (0; h0).Then there exists a 
onstant CJ > 0 su
h that(a) J�h (u� �hpu; u� �hpu) � CJ XK2Th h2�K�2Kp2sK�3K kuk2HsK (K); (4.58)(b) J�h (u� �hpu; vh) �pCJJ�h (vh; vh) 12 XK2Th h2�K�2Kp2sK�3K kuk2HsK (K)! 12 ; (4.59)where �K = min(pK + 1; sK); K 2 Th.Proof: Case (a): In view of de�nition of the form J�h , the relation (4.8) andLemma 4.2.7a for r = �1, we haveJ�h (u� �hpu; u� �hpu) = X�2FIDh Z� CWd(�)[u� �hpu℄2dS� 4CWXK2Th Z� C2PCQd(K) ju� �hpuj2dS �4CWC2PCQXK2Th d(K)�1ku� �hpuk2L2(�K)� 4CWC2PCQCC XK2Th h2�K�2Kp2sK�3K kuk2HsK (K); (4.60)whi
h proves (4.58) with CJ � 4CWC2PCQCC .Case (b): The Cau
hy inequality and (4.58) imply thatJ�h (u� �hpu; vh) = X�2FIDh Z� �[u� �hpu℄[vh℄ dS� 0� X�2FIDh Z� �[u� �hpu℄2 dS1A1=20� X�2FIDh Z� �[vh℄2 dS1A1=2� J�h (u� �hpu; u� �hpu)1=2J�h (vh; vh)1=2� pCJJ�h (vh; vh)1=2 XK2Th h2�K�2Kp2sK�3K kuk2HsK (K)!1=2 : (4.61)�



CHAPTER 4. ERROR ANALYSIS 394.2.2 Properties of the di�usive formLemma 4.2.9. Let u; �u; v; w 2 Hs(
; Th) and �hp : Hs(
; Th) ! Shp the 
or-responding mapping given by (4.43). Let assumptions (D) from Se
tion 4.1 besatis�ed, then there exists a 
onstant C1 > 0 su
h that(a) XK2Th ZK ��� IK(�u)(ru�rw) � rv��� dx (4.62)� CU jvjH1(
;Th) ju� wjH1(
;Th);(b) XK2Th ZK ��� �IK(�u)� IK(�hpu)�rw � rv���dx (4.63)� C1jvjH1(
;Th) �ju� wjH1(
;Th) + k�u� �hpukL2(
;Th)� ;where CU is given by (4.32).Proof: Case (a): Using the Cau
hy inequality and property (4.32), we obtainXK2Th ZK ��� IK(�u)(ru�rw) � rv���dx� XK2Th ZK kIK(�u)k1 jru�rwj jrvj dx� CU XK2Th�ZK jru�rwj2 dx�1=2�ZK jrvj2 dx�1=2� CU  XK2Th ju� wj2H1(K)!1=2 XK2Th jvj2H1(K)!1=2� CU ju� wjH1(
;Th) jvjH1(
;Th); (4.64)whi
h proves the estimate (4.62).Case (b): We split the left-hand side of (4.63) onto two parts and treat ea
hone separatelyXK2Th ZK ��� �IK(�u)� IK(�hpu)�rw � rv��� dx � �1 + �2; (4.65)where �1 = XK2Th ZK ��� �IK(�hpu)� IK(�u)��ru�rw� � rv���dx; (4.66)�2 = XK2Th ZK ��� �IK(�u)� IK(�hpu)�ru � rv��� dx: (4.67)



CHAPTER 4. ERROR ANALYSIS 40In order to treat the term �1, we use the triangle inequality, estimate (4.62) for�u := �hpu and �u := �u 
onsequently, then we get�1 � XK2Th ZK ��� IK(�hpu)�ru�rw� � rv��� dx+ XK2Th ZK ��� IK(�u)�ru�rw� � rv���dx� 2CU ju� wjH1(
;Th) jvjH1(
;Th): (4.68)In the 
ase of the term �2, we use the assumption (4.34) and relation krukL1(K) �krukL1(
) 8K � 
 with regularity 
ondition (4.39), then apply Cau
hy inequal-ity and �nd that�2 � XK2Th ZK kIK(�u)� IK(�hpu)k1 jruj jrvj dx� XK2Th ZK CLj�u� �hpuj krukL1(K) jrvj dx� CLkrukL1(
) XK2Th ZK j�u� �hpuj jrvj dx� CLCDk�u� �hpukL2(
;Th) jvjH1(
;Th): (4.69)Now, the 
ombination of (4.68) and (4.69) gives the desired estimate (4.63) withC1 � max(2CU ; CLCD). �Lemma 4.2.10. Let u; �u; v; w 2 Hs(
; Th) and �hp : Hs(
; Th) ! Shp the 
or-responding mapping given by (4.43). Let assumptions (D) from Se
tion 4.1 besatis�ed and ~n 2 IRd is a unit normal, then there exist 
onstants C2 > 0 andC3 > 0 su
h that(a) X�2FIDh Z� ��� hIK(�u)(ru�rw) � ~ni[v℄���dS (4.70)� C2J�h (v; v) 12  XK2Th d(K)kru�rwk2L2(�K)! 12 ;(b) X�2FIDh Z� ��� 
�IK(�hpu)� IK(�u)�rw � ~n�[v℄���dS � C3J�h (v; v) 12 (4.71)�0� XK2Th d(K)kru�rwk2L2(�K)! 12+ XK2Th d(K)k�u� �hpuk2L2(�K)!121A :



CHAPTER 4. ERROR ANALYSIS 41Proof: Case (a): By property (4.32), the Cau
hy inequality and relation (4.7),we get X�2FIDh Z� ��� hIK(�u)(ru�rw) � ~ni[v℄��� dS� X�2FIDh Z� 
kIK(�u)k1 jru�rwj j~nj���[v℄��dS� CU X�2FIDh Z� 
jru�rwj���[v℄��dS� CU X�2FIDh �Z� d(�)hjru�rwji2 dS�1=2 �Z� [vh℄2d(�) dS�1=2
� CUpCW  XK2Th d(K)kru�rwk2L2(�K)!1=20� X�2FIDh Z� CWd(�)[v℄2 dS1A1=2
� CUpCW J�h (v; v)1=2 XK2Th d(K)kru�rwk2L2(�K)!1=2 ; (4.72)whi
h proves the lemma with C2 � CU=pCW .Case (b): We use additivity of mean value h � i and break down a left-handside of (4.71) into individual terms by settingX�2FIDh Z� ��� 
�IK(�hpu)� IK(�u)�rw � ~n�[v℄���dS � �1 + �2; (4.73)where �1 = X�2FIDh Z� ��� 
�IK(�u)� IK(�hpu)��ru�rw� � ~n�[v℄���dS; (4.74)�2 = X�2FIDh Z� ��� 
�IK(�hpu)� IK(�u)�ru � ~n�[v℄��� dS: (4.75)Similarly as in (4.68), we treat the term �1 with the aid of estimate (4.70) for�u := �u and �u := �hpu 
onsequently, then we have�1 = X�2FIDh Z� ��� 
IK(�u)�ru�rw� � ~n�[v℄��� dS+ X�2FIDh Z� ��� 
IK(�hpu)�ru�rw� � ~n�[v℄���dS



CHAPTER 4. ERROR ANALYSIS 42� 2C2J�h (v; v)1=2 XK2Th d(K)kru�rwk2L2(�K)!1=2 : (4.76)To treat the term �2, we use the assumption (4.34), relation krukL1(�) �krukL1(
) 8� � 
 and �nd that�2 � X�2FIDh Z� 
kIK(�hpu)� IK(�u)k1 jruj j~nj� ��[v℄�� dS� X�2FIDh Z� 
CLj�hpu� �uj krukL1(�)� ��[v℄��dS� CLkrukL1(
) X�2FIDh Z� 
j�u� �hpuj� ��[v℄��dS: (4.77)After applying the regularity 
ondition (4.39) in (4.77) and pro
eeding similarlyas in (4.72), the estimate follows�2 � CLCDpCW J�h (v; v)1=2 XK2Th d(K)k�u� �hpuk2L2(�K)!1=2 (4.78)Finally, setting C3 � max(2C2; CLCD=pCW ) and putting together the estimates(4.76) and (4.78), we get (4.71). �Lemma 4.2.11. Let u; �u; v; w 2 Hs(
; Th) and �hp : Hs(
; Th) ! Shp the 
or-responding mapping given by (4.43). Let assumptions (D) from Se
tion 4.1 besatis�ed and ~n 2 IRd is a unit normal, then(a) X�2FIDh Z� ��� hIK(�u)Trv � ~ni[u� w℄���dS (4.79)� C2J�h (u� w; u� w) 12  XK2Th d(K)krvk2L2(�K)! 12 ;(b) X�2FIDh Z� ��� h(IK(�hpu)T � IK(�u)T )rv � ~ni[u� w℄���dS (4.80)� 2C2J�h (u� w; u� w) 12  XK2Th d(K)krvk2L2(�K)! 12 ;where C2 > 0 is 
onstant from Lemma 4.2.10a.Proof: Case (a): The estimate (4.79) is a dire
t 
onsequen
e of Lemma 4.2.10a,where we set u� w := v, v := u� w and use boundedness (4.33).



CHAPTER 4. ERROR ANALYSIS 43Case (b): By splitting the left-hand side of (4.80) onto two parts and usingthe estimate (4.79) in ea
h part for �u := �hpu and �u := �u 
onsequently, we obtainthe desired estimate (4.80), i.e.X�2FIDh Z� ��� h(IK(�hpu)T � IK(�u)T )rv � ~ni[u� w℄���dS� X�2FIDh Z� ��� hIK(�hpu)Trv � ~ni[u� w℄��� dS+ X�2FIDh Z� ��� hIK(�u)Trv � ~ni[u� w℄���dS� 2C2J�h (u� w; u� w) 12  XK2Th d(K)krvk2L2(�K)!12 : (4.81)�Lemma 4.2.12. Let uh; vh 2 Shp and assumptions (D) from Se
tion 4.1 be sat-is�ed, then XK2Th ZK IK(uh)rvh � rvh dx � �jvhj2H1(
;Th); (4.82)where � > 0 is given by (4.35).Proof: Let us use the property (4.35), then we getXK2Th ZK IK(uh)rvh � rvh dx � XK2Th ZK �jrvhj2 dx= � XK2Th jvhj2H1(K) = �jvhj2H1(
;Th) (4.83)�Lemma 4.2.13 (IIPG). Let uh; vh 2 Shp, assumptions (D) from Se
tion 4.1 besatis�ed and ~n 2 IRd be a unit normal. LetCW � C2UCB�2 : (4.84)Then� X�2FIDh Z� 
IK(uh)rvh � ~n� [vh℄ dS � ��2 �jvhj2H1(
;Th) + J�h (vh; vh)� ; (4.85)where CB is 
onstant from Lemma 4.2.6 and CU , � are given by (4.32), (4.35),respe
tively.



CHAPTER 4. ERROR ANALYSIS 44Proof: The property (4.32), the Cau
hy and Young's inequality, the relation (4.7)and Lemma 4.2.6b imply that for any Æ > 0, we get� X�2FIDh Z� 
IK(uh)rvh � ~n� [vh℄ dS� �X�2FIDh Z� 
kIK(uh)k1 jrvhj j~nj���[vh℄�� dS � �X�2FIDh Z�CU
jrvhj���[vh℄�� dS� �CU 0�1Æ X�2FIDh Z� d(�)
jrvhj�2 dS1A 12 0�Æ X�2FIDh Z� 1d(�)��[vh℄��2 dS1A 12� �CU2Æ XK2Th d(K)krvhk2L2(�K) � CUÆ2CW X�2FIDh Z� CWd(�)[vh℄2 dS� �CUCB2Æ jvhjH1(
;Th) � CUÆ2CW J�h (vh; vh): (4.86)Now let us 
hoose Æ = CUCB� : (4.87)Then, from (4.86) we immediately obtain� X�2FIDh Z� 
IK(uh)rvh � ~n� [vh℄ dS � ��2 jvhjH1(
;Th) � C2UCB2�CW J�h (vh; vh); (4.88)whi
h together with the 
ondition (4.84) proves the lemma. �Lemma 4.2.14 (SIPG). Let uh; vh 2 Shp, assumptions (D) from Se
tion 4.1 besatis�ed and ~n 2 IRd be a unit normal. LetCW � 4C2UCB�2 ; (4.89)then � X�2FIDh Z� 
�IK(uh) + IK(uh)T �rvh � ~n� [vh℄ dS (4.90)� ��2 �jvhj2H1(
;Th) + J�h (vh; vh)� ;where CB is 
onstant from Lemma 4.2.6 and CU ; � are given by (4.32){(4.33),(4.35), respe
tively.



CHAPTER 4. ERROR ANALYSIS 45Proof: We pro
eed almost identi
ally as in the proof of Lemma 4.2.13. Fromthe properties (4.32){(4.33), the Cau
hy and Young's inequality, the relation (4.7)and Lemma 4.2.6b, for any Æ > 0, we get� X�2FIDh Z� 
�IK(uh) + IK(uh)T �rvh � ~n� [vh℄ dS� �X�2FIDh Z� 
�kIK(uh)k1 + kIK(uh)Tk1� jrvhj j~nj���[vh℄�� dS� �CUCBÆ jvhjH1(
;Th) � CUÆCW J�h (vh; vh): (4.91)Now if we 
hoose Æ = 2CUCB� ; (4.92)we 
an write� X�2FIDh Z� 
IK(uh)rvh � ~n� [vh℄ dS � ��2 jvhjH1(
;Th) � 2C2UCB�CW J�h (vh; vh) (4.93)Using the 
ondition (4.89), we obtain the desired estimate (4.90). �Lemma 4.2.15 (NIPG). Let uh; vh 2 Shp, assumptions (D) from Se
tion 4.1be satis�ed and ~n 2 IRd be a unit normal. Let CW satisfy the 
ondition (4.89).Then � X�2FIDh Z� 
�IK(uh)� IK(uh)T �rvh � ~n� [vh℄ dS (4.94)� ��2 �jvhj2H1(
;Th) + J�h (vh; vh)� ;where CB is 
onstant from Lemma 4.2.6 and CU ; � are given by (4.32){(4.33),(4.35), respe
tively.Proof: For the symmetri
 matrix IK the left-hand side of (4.94) is nulli�ed.In the 
ase of the nonsymmetri
 matrix IK, we use Lemma 4.2.14 where we setIKT := �IKT and gain the same result as for SIPG variant provided the ful�lled
ondition (4.89). �In what follows we de�ne the formA�h (v; w) � a�h (v; w)� l�h (v; w); v; w 2 Hs(
; Th); (4.95)where the forms a�h (�; �) and l�h (�; �) are given by (3.28) and (3.31), respe
tively.Further, we shall 
onsider the new norm.



CHAPTER 4. ERROR ANALYSIS 46De�nition 4.2.3 (Triple norm). Let v 2 Hs(
; Th), we de�ne the normjjjvjjj � �jvj2H1(
;Th) + J�h (v; v)�1=2 : (4.96)We introdu
e the following obvious properties of the triple norm.Lemma 4.2.16 (Properties of the triple norm). Let v 2 Hs(
; Th) and�hp : Hs(
; Th)! Shp be given by (4.43). Then(a) jvjH1(
;Th) + J�h (v; v)1=2 � p2 jjjvjjj; (4.97)(b) jjj�hpv � vjjj � �C2A + CJ� XK2Th h2�K�2Kp2sK�3K kvk2HsK (K); (4.98)where �K = min(pK + 1; sK); K 2 Th and CA, CJ are 
onstants from Lem-mas 4.2.3 and 4.2.8, respe
tively.Proof: Case (a): The property (4.97) immediately follows from the inequalitya + b �p2(a2 + b2); a; b 2 IR and the de�nition (4.96).Case (b): The property (4.98) is a 
onsequen
e of the de�nition (4.96), Lem-mas 4.2.3 and 4.2.8, and relation p�1K � 1; K 2 Th. �Lemma 4.2.17. Let u 2 Hs(
; Th) be the exa
t solution of 
ontinuous problem,vh 2 Shp and �hp : Hs(
; Th) ! Shp be the 
orresponding mapping given by(4.43). Let assumptions (D) from Se
tion 4.1 be satis�ed. Then there existsa 
onstant Ca > 0 independent of u; vh and h su
h that for h 2 (0; h0)jA�h (u; vh)� A�h (�hpu; vh)j (4.99)� Ca jjjvhjjj0� XK2Th h2�K�2Kp2sK�2�j�jK kuk2HsK (K)! 12+ XK2Th h2�KKp2sKK kuk2HsK (K)! 121A ;where �K = min(pK + 1; sK); K 2 Th.Proof: In view of the de�nition of form A�h , we haveA�h (u; vh)� A�h (�hpu; vh)= XK2Th ZK �IK(u)ru� IK(�hpu)r�hpu� � rvh dx| {z }=:#1+ X�2FIDh Z� �hIK(�hpu)r�hpu � ~ni � hIK(u)ru � ~ni�[vh℄ dS| {z }=:#2



CHAPTER 4. ERROR ANALYSIS 47+ � X�2FIDh Z� �hIK(u)T rvh � ~ni[u℄� hIK(�hpu)T rvh � ~ni[�hpu℄�dS+ � X�2FDh Z� �IK(�hpu)T rvh � ~n uD � IK(u)T rvh � ~n uD� dS+ Z
 (g vh � g vh) dx+ X�2FNh Z� (gN vh � gN vh) dS+ X�2FDh Z� (� uD vh � � uD vh) dS = #1 + #2 +�#3; (4.100)where#3 = X�2FIDh Z� �hIK(u)T rvh � ~ni[u℄� hIK(�hpu)T rvh � ~ni[�hpu℄� dS+ X�2FDh Z� �IK(�hpu)T rvh � ~n uD � IK(u)T rvh � ~nuD� dS: (4.101)If we add �PK2Th RK IK(u)r�hpu � rvh dx to #1, we obtain#1 = XK2Th ZK �IK(u)ru� IK(u)r�hpu� � rvh dx+ XK2Th ZK �IK(u)r�hpu� IK(�hpu)r�hpu� � rvh dx= XK2Th ZK IK(u)(ru�r�hpu) � rvh dx| {z }=:�1+ XK2Th ZK �IK(u)� IK(�hpu)�r�hpu � rvh dx| {z }=:�2 (4.102)Using Lemma 4.2.9a for �u := u; u := u; w := �hpu; v := vh and Lemma 4.2.4 forq = 1, we getj�1j � CU jvhjH1(
;Th) ju� �hpujH1(
;Th);� CUCAjvhjH1(
;Th) XK2Th h2�K�2Kp2sK�2K kuk2HsK (K)!1=2 : (4.103)Next, from Lemma 4.2.9b for �u := u; w := �hpu; v := vh, Lemma 4.2.4 for q = 0



CHAPTER 4. ERROR ANALYSIS 48and q = 1, we obtainj�2j � C1jvhjH1(
;Th) �ju� �hpujH1(
;Th) + ku� �hpukL2(
;Th)�� C1CAjvhjH1(
;Th) (4.104)� 0� XK2Th h2�K�2Kp2sK�2K kuk2HsK (K)!1=2+ XK2Th h2�KKp2sKK kuk2HsK (K)!1=21A :The estimates (4.103){(4.104) implyj#1j � CA(CU + C1)jvhjH1(
;Th) (4.105)� 0� XK2Th h2�K�2Kp2sK�2K kuk2HsK (K)!1=2+ XK2Th h2�KKp2sKK kuk2HsK (K)!1=21A :Further, we add �P�2FIDh R� hIK(u)r�hpu � ~ni[vh℄ dS to #2 and use the ad-ditivity of mean value h � i, then we 
an write#2 = X�2FIDh Z� �hIK(u)r�hpu � ~ni � hIK(u)ru � ~ni�[vh℄ dS+ X�2FIDh Z� �hIK(�hpu)r�hpu � ~ni � hIK(u)r�hpu � ~ni�[vh℄ dS= X�2FIDh Z� X�2FIDh Z� hIK(u)(r�hpu�ru) � ~ni[vh℄ dS| {z }=:�3+ X�2FIDh Z� 
�IK(�hpu)� IK(u)�r�hpu � ~n�[vh℄ dS| {z }=:�4 (4.106)From Lemma 4.2.10a for �u := u; u := u; w := �hpu; v := vh and Lemma 4.2.7bfor r = 1, we �nd thatj�3j � C2J�h (vh; vh)1=2 XK2Th d(K)kru�r�hpuk2L2(�K)!1=2
� C2pCCJ�h (vh; vh)1=2  XK2Th h2�K�2Kp2sK�1K kuk2HsK (K)! 12 : (4.107)To treat the term �4 we use Lemma 4.2.10b for �u := u; w := �hpu; v := vh,



CHAPTER 4. ERROR ANALYSIS 49Lemmas 4.2.7a{4.2.7b for r = 1, then we getj�4j � C3J�h (vh; vh)1=2�0� XK2Th d(K)kru�r�hpuk2L2(�K)! 12+ XK2Th d(K)ku� �hpuk2L2(�K)! 121A� C3pCCJ�h (vh; vh) 12�0� XK2Th h2�K�2Kp2sK�1K kuk2HsK (K)!12+ XK2Th h2�KKp2sK+1K kuk2HsK (K)! 121A ; (4.108)Putting the estimates (4.107){(4.108) together we obtainj#2j � pCC(C2 + C3)J�h (vh; vh)1=2 (4.109)� 0� XK2Th h2�K�2Kp2sK�1K kuk2HsK (K)!1=2+ XK2Th h2�KKp2sK+1K kuk2HsK (K)!1=21A :The spe
ial attention is paid to the treatment of the last term #3. At �rst,we add �P�2FIDh R� hIK(u)Trvh � ~ni[�hpu℄ dS and use the additivity of jump [�℄and mean value h � i. Due to the regularity 
ondition (4.37) and the boundary
ondition (3.2), the exa
t solution u satis�es the following equalities, i.e.,X�2FIh Z�[u℄' dS = 0; (4.110)X�2FDh Z�(u� uD)' dS = 0 8 ' 2 H1(
; Th); (4.111)whi
h give us that#3 = X�2FIDh Z� hIK(u)T rvh � ~ni [u� �hpu℄ dS| {z }=:�5+ X�2FIDh Z� 
�IK(u)T � IK(�hpu)T �rvh � ~n� [�hpu℄ dS� X�2FDh Z� �IK(u)T � IK(�hpu)T �rvh � ~n uD dS
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�IK(�hpu)T � IK(u)T �rvh � ~n� [u� �hpu℄ dS| {z }=:�6+ X�2FIh Z� 
�IK(u)T � IK(�hpu)T �rvh � ~n� [u℄ dS+ X�2FDh Z� �IK(u)T � IK(�hpu)T �rvh � ~n (u� uD) dS= �5 + �6: (4.112)Hen
e, from Lemma 4.2.11a for �u := u; u := u; w := �hpu; v := vh, the estimatefollows j�5j � C2J�h (u� �hpu; u� �hpu)1=2 XK2Th d(K)krvhk2L2(�K)!1=2 :(4.113)Consequently, with the aid of Lemma 4.2.8a and Lemma 4.2.6b we have from (4.113)the following estimatej�5j � C2pCBCJ jvhjH1(
;Th) XK2Th h2�K�2Kp2sK�3K kuk2HsK (K)!1=2 : (4.114)In the same way as in (4.113){(4.114) , we treat the term �6, i.e. using Lem-ma 4.2.11b for �u := u; u := u; w := �hpu; v := vh, Lemma 4.2.8a and Lem-ma 4.2.6b, we gainj�6j � 2C2pCBCJ jvhjH1(
;Th) XK2Th h2�K�2Kp2sK�3K kuk2HsK (K)!1=2 : (4.115)The estimates (4.114){(4.115) implyj#3j � 3C2pCBCJ jvhjH1(
;Th) XK2Th h2�K�2Kp2sK�3K kuk2HsK (K)!1=2 : (4.116)Now we apply all these estimates (4.105), (4.109) and (4.116) together with re-lation p�1K � 1; K 2 Th and gainjA�h (u; vh)� A�h (�hpu; vh)j � j#1j+ j#2j+ j�j j#3j� ��CA(CU + C1) + j�j3C2pCBCJ�jvhjH1(
;Th) +pCC(C2 + C3)J�h (vh; vh)1=2�� 0� XK2Th h2�K�2Kp2sK�2�j�jK kuk2HsK (K)! 12+ XK2Th h2�KKp2sKK kuk2HsK (K)! 121A (4.117)



CHAPTER 4. ERROR ANALYSIS 51Finally, the estimate (4.117) and Lemma 4.2.16 yield the sought result (4.99)with Ca � p2max �CA(CU + C1) + j�j3C2pCBCJ ;pCC(C2 + C3)�. �Lemma 4.2.18. Let u 2 Hs(
; Th) be the exa
t solution of 
ontinuous problem,uh; vh 2 Shp and �hp : Hs(
; Th) ! Shp be the 
orresponding mapping given by(4.43). Let assumptions (D) from Se
tion 4.1 be satis�ed. Then there exists a
onstant Ca > 0 independent of u; uh; vh and h su
h that for h 2 (0; h0)A�h (uh; vh)� A�h (�hpu; vh) � �2 �jvhj2H1(
;Th) � J�h (vh; vh)� (4.118)� Ca jjjvhjjj0� XK2Th h2�K�2Kp2sK�2�j�jK kuk2HsK (K)! 12+ kuh � �hpukL2(
)1A ;where vh = uh � �hpu, � is given by (4.35) and �K = min(pK + 1; sK); K 2 Th.Proof: We pro
eed similarly as in Lemma 4.2.17. A

ording to the de�nition ofform A�h , we 
an writeA�h (uh; vh)� A�h (�hpu; vh)= XK2Th ZK �IK(uh)ruh � IK(�hpu)r�hpu� � rvh dx| {z }=:#4+ X�2FIDh Z� �hIK(�hpu)r�hpu � ~ni � hIK(uh)ruh � ~ni�[vh℄ dS+ � X�2FIDh Z� �hIK(uh)T rvh � ~ni[uh℄� hIK(�hpu)T rvh � ~ni[�hpu℄�dS+ � X�2FDh Z� �IK(�hpu)T rvh � ~nuD � IK(uh)T rvh � ~n uD� dS+ Z
 (g vh � g vh) dx+ X�2FNh Z� (gN vh � gN vh) dS+ X�2FDh Z� (� uD vh � � uD vh) dS = #4 + #5; (4.119)



CHAPTER 4. ERROR ANALYSIS 52where#5 = X�2FIDh Z� �hIK(�hpu)r�hpu � ~ni � hIK(uh)ruh � ~ni�[vh℄ dS+ � X�2FIDh Z� �hIK(uh)T rvh � ~ni[uh℄� hIK(�hpu)T rvh � ~ni[�hpu℄� dS+ � X�2FDh Z� �IK(�hpu)T rvh � ~n uD � IK(uh)T rvh � ~n uD� dS: (4.120)Analogously as in (4.102) we add �PK2Th RK IK(uh)r�hpu � rvh dx to #4 andhave #4 = XK2Th ZK �IK(uh)ruh � IK(uh)r�hpu� � rvh dx+ XK2Th ZK �IK(uh)r�hpu� IK(�hpu)r�hpu� � rvh dx= XK2Th ZK IK(uh)(ruh �r�hpu) � rvh dx| {z }=:�7+ XK2Th ZK �IK(uh)� IK(�hpu)�r�hpu � rvh dx| {z }=:�8� �7 � j�8j (4.121)Using Lemma 4.2.12 for vh := uh � �hpu and Lemma 4.2.9b for �u := uh; w :=�hpu; v := vh, we derive�7 � �jvhj2H1(
;Th); (4.122)j�8j � C1jvhjH1(
;Th) �ju� �hpujH1(
;Th) + kuh � �hpukL2(
;Th)� : (4.123)Further, from Lemma 4.2.4 for q = 1 in (4.123) we getj�8j � C4jvhjH1(
;Th) (4.124)� 0� XK2Th h2�K�2Kp2sK�2K kuk2HsK (K)!1=2 + kuh � �hpukL2(
)1A ;where C4 � C1 �max(CA; 1).To treat #5 we add in (4.120) the following terms� X�2FIDh Z� hIK(uh)r�hpu � ~ni[vh℄ dS (4.125)



CHAPTER 4. ERROR ANALYSIS 53and �� X�2FIDh Z� hIK(uh)Trvh � ~ni[�hpu℄ dS: (4.126)Then we use the additivity of the jump [�℄ and the mean value h � i together withrelations (4.110){(4.111) following from regularity and boundary 
onditions (4.37)and (3.2), respe
tively. We obtain#5 = X�2FIDh Z� �hIK(uh)r�hpu � ~ni � hIK(uh)ruh � ~ni�[vh℄ dS+ X�2FIDh Z� �hIK(�hpu)r�hpu � ~ni � hIK(uh)r�hpu � ~ni�[vh℄ dS+ � X�2FIDh Z� �hIK(uh)T rvh � ~ni[uh℄� hIK(uh)T rvh � ~ni[�hpu℄�dS+ � X�2FIDh Z� �hIK(uh)T rvh � ~ni[�hpu℄� hIK(�hpu)T rvh � ~ni[�hpu℄� dS+ � X�2FDh Z� �IK(�hpu)T rvh � ~n uD � IK(uh)T rvh � ~n uD� dS= � X�2FIDh Z� 
IK(uh) (ruh �r�hpu)| {z }=rvh �~n�[vh℄ dS+ � X�2FIDh Z� 
IK(uh)T rvh � ~n� [uh � �hpu℄| {z }=[vh℄ dS+ X�2FIDh Z� 
�IK(�hpu)� IK(uh)�r�hpu � ~n�[vh℄ dS| {z }=:�10+ � X�2FIDh Z� 
�IK(�hpu)T � IK(uh)T �rvh � ~n� [u� �hpu℄ dS| {z }=:�11+ X�2FIh Z� 
�IK(uh)T � IK(�hpu)T �rvh � ~n� [u℄ dS+ X�2FDh Z� �IK(uh)T � IK(�hpu)T �rvh � ~n (u� uD) dS
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�IK(uh)� �IK(uh)T �rvh � ~n�[vh℄ dS| {z }=:�9 + �10 + ��11� �9 � j�10j � j�j j�11j (4.127)Next, we need to estimate individual terms �9; �10 and �11. With the aid ofLemmas 4.2.13{4.2.15, we gain the estimate of �9, i.e.�9 � ��2 �jvhj2H1(
;Th) + J�h (vh; vh)� : (4.128)Further, the term �10 is estimated with using of Lemma 4.2.10b for �u := uh; w :=�hpu; v := vh, Lemma 4.2.7b for r = 1 and Lemma 4.2.6a for vh := uh��hpu byj�10j � C3J�h (vh; vh)1=2�0� XK2Th d(K)kru�r�hpuk2L2(�K)! 12+ XK2Th d(K)kuh � �hpuk2L2(�K)! 121A� C5J�h (vh; vh)1=2�0� XK2Th h2�K�2Kp2sK�1K kuk2HsK (K)!1=2+ kuh � �hpukL2(
)1A ; (4.129)where C5 � C3max(pCC;pCB). Using a similar pro
ess as in (4.115), where wewrite �u := uh, we obtain the estimatej�11j � 2C2pCBCJ jvhjH1(
;Th) XK2Th h2�K�2Kp2sK�3K kuk2HsK (K)!1=2 : (4.130)Now we put together individual estimates (4.122), (4.124), (4.128), (4.129)and (4.130), use the relation p�1K � 1; K 2 Th and obtainA�h (uh; vh)� A�h (�hpu; vh) = #4 + #5 � �7 � j�8j+ �9 � j�10j � j�j j�11j� �2 �jvhj2H1(
;Th) � J�h (vh; vh)�� �(C4 + j�j2C2pCBCJ)jvhjH1(
;Th) + C5J�h (vh; vh)1=2�� 0� XK2Th h2�K�2Kp2sK�2�j�jK kuk2HsK (K)! 12+ kuh � �hpukL2(
)1A (4.131)Finally, the estimate (4.131) and Lemma 4.2.16 yield the desired estimate (4.118)with Ca � p2max(C4 + j�j2C2pCBCJ ; C5). �Remark 4.2.2. The estimate (4.118) holds for all three 
onsidered IPG vari-ants providing that the 
onstant CW , from penalty parameter fun
tion, satis�esthe 
orresponding 
ondition from (4.84), (4.89) with respe
t to the 
hosen IPGvariant.



CHAPTER 4. ERROR ANALYSIS 554.2.3 Properties of the 
onve
tive formThe spe
ial attention is paid to the 
ase of mixed Diri
hlet-Neumann bound-ary 
onditions with nonempty Neumann boundary 
ondition. Therefore, basedon [34℄ we introdu
e a \global version" of the multipli
ative tra
e inequality.Lemma 4.2.19 (Global version of MTI). There exists a 
onstant C 0M > 0su
h thatkvk2L2(�
) � C 0M 8<:jjjvjjj kvk2L2(
) + XK2Th d(K)kvk2L2(�K)!1=2 + kvk2L2(
)9=; ;v 2 H1(
; Th); h 2 (0; h0): (4.132)Proof: For proof see [34℄, Lemma 2. �A

ording to the type of the boundary 
onditions, the 
onve
tive form bh 
anbe expressed as bh(u; v) = bIDh (u; v) + bNh (u; v): (4.133)where bIDh (u; v) = � XK2Th ZK ~f(u) � rv dx+ X�2FIh Z�H �uj(p)� ; uj(n)� ; ~n�� [v℄� dS+ X�2FDh Z�H �uj(p)� ; uj(p)� ; ~n�� vj(p)� dSand, due to (4.14)bNh (u; v) = X�2FNh Z�H �uj(p)� ; uj(p)� ; ~n�� vj(p)� dS (4.134)= X�2FNh Z� dXs=1 fs �uj(p)� �ns vj(p)� dS:We are interested in the estimation of the expressionbh(u; vh)� bh(uh; vh) = �bIDh (u; vh)� bIDh (uh; vh)�+ �bNh (u; vh)� bNh (uh; vh)� : (4.135)In what follows in Subse
tion 4.2.3, we shall assume that assumptions (H) inSubse
tion 4.1.3 and assumptions (4.1) { (4.2) are satis�ed.



CHAPTER 4. ERROR ANALYSIS 56Lemma 4.2.20. Let u 2 Hs(
; Th) and uh; vh 2 Shp. Let assumptions (H) fromSe
tion 4.1 be satis�ed. Then there exists a 
onstant CIDb > 0 independent ofu; vh and h 2 (0; h0) su
h thatjbIDh (u; vh)� bIDh (uh; vh)j (4.136)� CIDb jjjvhjjj 0� XK2Th h2�KKp2sK+1K kuk2HsK (K)! 12 + kvhkL2(
)1A ;where �K = min(pK + 1; sK); K 2 Th.Proof: See Lemma 15 in [15℄, where the arguments are 
ompletely analogous.�It remains to estimate the se
ond term on the right-hand side of (4.135).Lemma 4.2.21. Let uh 2 Shp, �hp : Hs(
; Th) ! Shp be the 
orrespondingmapping given by (4.43). Let assumptions (H) from Se
tion 4.1 be satis�ed. Ifthe exa
t solution u satis�es 
onditions (4.37), then��bNh (u; vh)� bNh (uh; vh)�� (4.137)� CNb  XK2Th h2�K�1Kp2sK�1K kuk2HsK (K) + jjjvhjjj kvhkL2(
) + kvhk2L2(
)! ;where vh = �hpu� uh, �K = min(pK +1; sK); K 2 Th and CNb > 0 is a 
onstantindependent of u; uh and h 2 (0; h0).Proof: We rewrite the proof of Lemma 3 from [34℄ for hp-version of estimates,i.e. the pro
ess is almost identi
al. By (4.134), (4.13), the Cau
hy and Young'sinequalities and relation u� uh = (u� �hpu) + (�hpu� uh) = (u� �hpu) + vh,��bNh (u; vh)� bNn (uh; vh)�� � CNL ku� uhkL2(�
N )kvhkL2(�
N )� CNL ku� uhkL2(�
) kvhkL2(�
)� CNL �ku� �hpuk2L2(�
) + kvhk2L2(�
) + 12kvhk2L2(�
)�� CNL �ku� �hpuk2L2(�
) + 32kvhk2L2(�
)� (4.138)with CNL = 2dCH.Sin
e ku� �hpuk2L2(�
) � XK2Th ku� �hpuk2L2(�K); (4.139)



CHAPTER 4. ERROR ANALYSIS 57using Lemma 4.2.7a for r = 0 in (4.139), we haveku� �hpuk2L2(�
) � CC XK2Th h2�K�1Kp2sK�1K kuk2HsK (K): (4.140)Now we shall estimate kvhk2L2(�
) a

ording to Lemma 4.2.19. Taking intoa

ount that vh 2 Shp and with the aid of Lemma 4.2.6a, we �nd thatXK2Th d(K)kvhk2L2(�K) � CB kvhk2L2(
): (4.141)Hen
e, in view of (4.132) and (4.141), we havekvhk2L2(�
) � C 0M n(CB + 1)1=2 jjjvhjjj kvhkL2(
) + kvhk2L2(
)o� C 0M (CB + 1)1=2 �jjjvhjjj kvhkL2(
) + kvhk2L2(
)� : (4.142)Finally, (4.138), (4.140) and (4.142) yield estimate (4.137) withCNb = 12CNL max �2CC ; 3C 0M pCB + 1�, whi
h we wanted to prove. �4.3 A priori hp-error estimates for the methodof linesOur goal is to establish a priori error estimates for the s
hemes introdu
ed inSe
tion 3.4. Let u = u(x; t) be the exa
t solution of the 
ontinuous problem (3.1){(3.4) and uh the solution of the dis
rete problem (3.33), a){
). Let �hpu(t) bethe Shp-interpolation of u(t) (t 2 [0; T ℄) de�ned by (4.43). We set�(t) = uh(t)� �hu(t) 2 Shp; �(t) = �hu(t)� u(t) 2 Hs(
; Th): (4.143)Then the dis
retization error eh(t) 
an be expressed aseh(t) = uh(t)� u(t) = �(t) + �(t): (4.144)We subtra
t (3.34) from (3.33),b) and substitute vh := �, then we get����t ; ��+ A�h (uh; �) + �J�h (�; �) (4.145)= bh(u; �)� bh(uh; �)� ����t ; ��+ A�h (u; �)� �J�h (�; �);where we used (4.95). Of 
ourse, � = �(t); � = �(t) for t 2 [0; T ℄, but we do notemphasise the dependen
e on t by our notation, if it is not ne
essary.In the error estimates the following version of Gronwall's lemma will be ap-plied.



CHAPTER 4. ERROR ANALYSIS 58Lemma 4.3.1. Let y; q; z; r 2 C([0; T ℄), q � 0, r � 0 and lety(t) + q(t) � z(t) + Z t0 r(s) y(s) ds; t 2 [0; T ℄: (4.146)Theny(t) + q(t) � z(t) + Z t0 r(#) z(#) exp�Z t# r(s) ds� d#; t 2 [0; T ℄: (4.147)Proof: The proof 
an be 
arried out in a similar way as in [25℄, Par. 8.2.29. �Now, we are ready to formulate the main result of a priori hp-error estimatesfor nonstationary nonlinear 
onve
tion-di�usion equation. For a shorter notation,we de�ne the \element-norm"kuk2K�kuk2L2(0;T ;HsK (K))+k�u=�tk2L2(0;T ;HsK (K))+kuk2L1(0;T ;HsK (K)); (4.148)for K 2 Th, whi
h makes sense for u satisfying regularity assumption (4.36).Theorem 4.3.2. Let assumptions (T), (H) and (D) from Se
tion 4.1 be valid.Let u be the exa
t solution of the 
ontinuous problem satisfying (4.36) and (4.39).and uh 2 Shp be the solution of the dis
rete problem given by (3.33), where thepenalty parameter � satis�es (4.57) with (4.84), (4.89), respe
tively. Then thedis
retization error eh; h 2 (0; h0), satis�es the estimatemaxt2[0;T ℄ keh(t)kL2(
) + �2 Z T0 jjjeh(#)jjj2 d# � Q(T ) XK2Th h2�K�2Kp2sK�3K kuk2K; (4.149)where �K = min(pK + 1; sK); K 2 Th and Q(T ) is a fun
tion depending on Tand 
onstants from assumptions but independent of hK; pK ; sK; K 2 Th.Proof: We start from identity (4.145), use the relation (4.133) and add term�A�h (�hu; �) on both sides of this identity. Then we obtain����t ; ��+ A�h (uh; �)� A�h (�hu; �) + �J�h (�; �)� ��bIDh (u; �)� bIDh (uh; �)��+ ��bNh (u; �)� bNh (uh; �)��+ ��������t ; ������+ ��A�h (u; �)� A�h (�hpu; �)��+ � jJ�h (�; �)j : (4.150)Using Lemmas 4.2.5, 4.2.18, 4.2.20, 4.2.21, 4.2.17 and 4.2.8b, we rewrite the above



CHAPTER 4. ERROR ANALYSIS 59inequality (4.150) in the following form12 ddtk�k2L2(
) + �2 jjj�jjj2 � Ca jjj�jjj0� XK2Th h2�K�2Kp2sK�2�j�jK kuk2HsK (K)! 12+ k�kL2(
)1A� CIDb jjj�jjj 0� XK2Th h2�KKp2sK+1K kuk2HsK (K)! 12 + k�kL2(
)1A+ CNb  XK2Th h2�K�1Kp2sK�1K kuk2HsK (K) + jjj�jjj k�kL2(
) + k�k2L2(
)! ;+ CA XK2Th h2�KKp2sKK 



�u�t 



2HsK (K)! 12 k�kL2(
)+ Ca jjj�jjj0� XK2Th h2�K�2Kp2sK�2�j�jK kuk2HsK (K)!12+ XK2Th h2�KKp2sKK kuk2HsK (K)! 121A+ �pCJJ�h (�; �) 12 XK2Th h2�K�2Kp2sK�3K kuk2HsK (K)! 12 : (4.151)Hen
e, ddtk�k2L2(
) + �jjj�jjj2 � 2 �Ca + CIDb + CNb � jjj�jjj k�kL2(
)+ 2CA XK2Th h2�KKp2sKK 



�u�t 



2HsK (K)! 12 k�kL2(
)+ 2�Ca + Ca + �pCJ� jjj�jjj  XK2Th h2�K�2Kp2sK�3K kuk2HsK (K)! 12
+ 2 �CIDb + Ca� jjj�jjj  XK2Th h2�KKp2sKK kuk2HsK (K)!12+ 2CNb  XK2Th h2�K�1Kp2sK�1K kuk2HsK (K) + k�k2L2(
)! : (4.152)Now we want to use Young's inequality in the form,2ab � a2" + "b2; a; b 2 IR; " > 0: (4.153)



CHAPTER 4. ERROR ANALYSIS 60Applying Young's inequality to the right-hand-side of (4.152) gives usddtk�k2L2(
) + �jjj�jjj2 � �6 jjj�jjj2 + 6� �Ca + CIDb + CNb �2 k�k2L2(
)+ k�k2L2(
) + C2A XK2Th h2�KKp2sKK 



�u�t 



2HsK (K)+ �6 jjj�jjj2 + 6� �Ca + Ca + �pCJ�2 XK2Th h2�K�2Kp2sK�3K kuk2HsK (K)+ �6 jjj�jjj2 + 6� �CIDb + Ca�2 XK2Th h2�KKp2sKK kuk2HsK (K)+ 2CNb  XK2Th h2�K�1Kp2sK�1K kuk2HsK (K) + k�k2L2(
)! : (4.154)Subsequently, from (4.154) we haveddtk�k2L2(
) + �2 jjj�jjj2 � �1 + 6� �Ca + CIDb + CNb �2 + 2CNb � k�k2L2(
)+ �C2A + 6� �CIDb + Ca�2� XK2Th h2�KKp2sKK  kuk2HsK (K) + 



�u�t 



2HsK (K)!+ 2CNb XK2Th h2�K�1Kp2sK�1K kuk2HsK (K)+ 6� �Ca + Ca + �pCJ�2 XK2Th h2�K�2Kp2sK�3K kuk2HsK (K): (4.155)In virtue of (3.33),a), (3.32) and Cau
hy inequality, we �nd thatk�(0)k2L2(
) � (uh(0)� �hpu0; �(0)) = (u0 � �hpu0; �(0))� ku0 � �hpu0kL2(
)k�(0)kL2(
); (4.156)and thus, using Lemma 4.2.4 for q = 0,k�(0)k2L2(
) � C2A XK2Th h2�KKp2sKK ku(0)k2HsK (K): (4.157)



CHAPTER 4. ERROR ANALYSIS 61Then the integration of (4.155) from 0 to t 2 [0; T ℄ yieldsk�(t)k2L2(
) + �2 Z t0 jjj�(#)jjj2 d#� �1 + 6� �Ca + CIDb + CNb �2 + 2CNb �Z t0 k�(#)k2L2(
) d#+ C2A XK2Th h2�KKp2sKK ku(0)k2HsK (K)+�C2A + 6� �CIDb + Ca�2�Z t0 XK2Th h2�KKp2sKK  ku(#)k2HsK (K) +



�u(#)�t 



2HsK (K)! d#+ 2CNb Z t0 XK2Th h2�K�1Kp2sK�1K ku(#)k2HsK (K) d#+ 6� �Ca + Ca + �pCJ�2 Z t0 XK2Th h2�K�2Kp2sK�3K ku(#)k2HsK (K) d#: (4.158)Now the appli
ation of Gronwall's Lemma 4.3.1, where we sety(t) = jj�(t)jj2L2(
); (4.159)q(t) = �2 Z t0 jjj�(#)jjj2 d#;r(t) = 1 + 6� �Ca + CIDb + CNb �2 + 2CNb ;z(t) = �C2A + 6� �CIDb + Ca�2��XK2Th h2�KKp2sKK  kuk2L2(0;T ;HsK (K)) + 



�u�t 



2L2(0;T ;HsK (K)) + kuk2L1(0;T ;HsK (K))!+ 2CNb XK2Th h2�K�1Kp2sK�1K kuk2L2(0;T ;HsK (K))+ 6� �Ca + Ca + �pCJ�2 XK2Th h2�K�2Kp2sK�3K kuk2L2(0;T ;HsK (K))



CHAPTER 4. ERROR ANALYSIS 62and the relations with the de�nition (4.148)Z t# r(s)ds = �1 + 6� �Ca + CIDb + CNb �2 + 2CNb � (t� #); (4.160)Z t0 r(#) z(#) exp�Z t# r(s) ds�d# = (�C2A + 6� �CIDb + Ca�2� XK2Th h2�KKp2sKK kuk2K+2CNb XK2Th h2�K�1Kp2sK�1K kuk2L2(0;T ;HsK (K))+6� �Ca + Ca + �pCJ�2 XK2Th h2�K�2Kp2sK�3K kuk2L2(0;T ;HsK (K)))��exp�t�1 + 6� �Ca + CIDb + CNb �2 + 2CNb ��� 1�imply thatk�(t)k2L2(
) + �2 Z t0 jjj�(#)jjj2 d# (4.161)� (�C2A + 6� �CIDb + Ca�2� XK2Th h2�KKp2sKK kuk2K+2CNb XK2Th h2�K�1Kp2sK�1K kuk2L2(0;T ;HsK (K))+6� �Ca + Ca + �pCJ�2 XK2Th h2�K�2Kp2sK�3K kuk2L2(0;T ;HsK (K)))� exp�t�1 + 6� �Ca + CIDb + CNb �2 + 2CNb �� ; t 2 [0; T ℄:Now, sin
e eh = � + � and thuskehk2L2(
) � 2�k�k2L2(
) + k�k2L2(
)� ; (4.162)jjjehjjj2 � 2 �jjj�jjj2 + jjj�jjj2� : (4.163)Using assumption (4.36), (4.96), Lemmas 4.2.4, 4.2.16b and from (4.161){(4.163)



CHAPTER 4. ERROR ANALYSIS 63we �nd that for t 2 [0; T ℄,keh(t)k2L2(
) + �2 Z t0 jjjeh(#)jjj2 d# (4.164)� 2(�C2A + 6� �CIDb + Ca�2� XK2Th h2�KKp2sKK kuk2K+2CNb XK2Th h2�K�1Kp2sK�1K kuk2L2(0;T ;HsK (K))+6� �Ca + Ca + �pCJ�2 XK2Th h2�K�2Kp2sK�3K kuk2L2(0;T ;HsK (K)))� exp�t�1 + 6� �Ca + CIDb + CNb �2 + 2CNb ��+2C2A XK2Th h2�KKp2sKK ku(t)k2HsK (K) + 2(C2A + CJ)t XK2Th h2�K�2Kp2sK�3K ku(t)k2HsK (K):Next, we use the fa
t that hK � h and p�1k � 1 8K 2 Th, i.e.keh(t)k2L2(
) + �2 Z t0 jjjeh(#)jjj2 d# (4.165)� 2(h2�C2A + 6� �CIDb + Ca�2�+ h 2CNb + 6� �Ca + Ca + �pCJ�2)� exp�t�1 + 6� �Ca + CIDb + CNb �2 + 2CNb �� XK2Th h2�K�2Kp2sK�3K kuk2K+2 �C2Ah2 + t(C2A + CJ)� XK2Th h2�K�2Kp2sK�3K kuk2L1(0;T ;HsK (K)); t 2 [0; T ℄:If we putCZ � 2(h2�C2A + 6� �CIDb + Ca�2�+ h 2CNb + 6� �Ca + Ca + �pCJ�2)(4.166)and use the de�nition of \element-norm" (4.148), then we 
an 
on
lude the esti-mate (4.165), hen
ekeh(t)k2L2(
) + �2 Z t0 jjjeh(#)jjj2 d# � Q(t) XK2Th h2�K�2Kp2sK�3K kuk2K; (4.167)whereQ(t) � CZ exp�t�1 + 6� �Ca + CIDb + CNb �2 + 2CNb ��+2 �C2Ah2 + t(C2A + CJ)� :(4.168)



CHAPTER 4. ERROR ANALYSIS 64Finally, sin
e (4.167) is valid for t 2 [0; T ℄ we prove Theorem 4.3.2. �Remark 4.3.1. It is 
lear that estimate (4.149) 
annot be used for � ! 0+,be
ause the term Q(t) blows up exponentially with respe
t to 1=�. The 
ase �!0+ 
orresponds to a vanishing di�usion term, see (4.35). The divergen
e of theestimate is a 
onsequen
e of the appli
ation of Young's inequality and Gronwall'slemma, ne
essary for over
oming the nonlinearity of the 
onve
tive and di�usiveterms. This nonlinearity represents a serious obsta
le for obtaining a uniformerror estimate with respe
t to �! 0+.Remark 4.3.2. Let pk = p and sK = s 8K 2 Th. If u is suÆ
iently regularexa
t solution, we observe that the error estimate (4.149) is(a) h-suboptimal in the L1(0; T; L2(
))-norm, namely O(hp),(b) h-optimal in the L2(0; T;H1(
))-seminorm, namely O(hp).If u is not suÆ
iently regular exa
t solution, one 
an see that the error esti-mate (4.149) is impressed only with given regularity, namely O(hs�1).Moreover, in both 
ases, the estimate (4.149) is(
) p-suboptimal in the L1(0; T; L2(
))-norm and the L2(0; T;H1(
))-semi-norm, namely O(p�(s�3=2)).



Chapter 5Time dis
retizationLet fwigni=1 be a basis in the spa
e Shp, with n = dimShp. Due to the dis
on-tinuous approximation, the support of ea
h base fun
tion wi lies only on one
orresponding element K 2 Th. The approximate solution uh 2 Shp sought in theform uh(t) = nXi=1 �i(t)wi; t 2 [0; T ℄; (5.1)and linearity of forms a�h (�; v), bh(�; v), J�h (�; v) and l�h (�; v) imply that semi-dis
rete problem (3.33), a){
) is equivalent to a system of n ordinary di�erentialequations (ODE) for unknown 
oeÆ
ients �i(t); i = 1; : : : ; n.Hereafter, we introdu
e two 
onsidered approa
hes for time dis
retizationof ODE systems resulting from DG semi-dis
retization, i.e. expli
it and semi-impli
it s
hemes. Moreover, under some additional assumptions, we analyse thesemi-impli
it DG s
heme of the �rst order with respe
t to the time 
oordinate inthe L1(0; T ;L2(
))-norm and in the L2(0; T ;H1(
))-seminorm. The derived hperror estimates are optimal in L2(H1)-seminorm and suboptimal in L1(L2)-norm.5.1 Expli
it DG s
hemeIn pra
ti
al 
omputations, the simplest time dis
retization is via expli
it s
heme(e.g. Euler forward s
heme and Runge-Kutta methods). These s
hemes su�erfrom a strong limitation on the time step due to a CFL-stability 
ondition. How-ever, their main advantage is easy implementation. Below, we present the Eulerforward method, whi
h is only �rst order a

urate.De�nition 5.1.1. Let 0 = t0 < t1 < : : : < tr = T be a partition of the timeinterval [0; T ℄ and �k = tk+1� tk; k = 0; : : : ; r� 1 denote the time step between tkand tk+1. We say that ukh � uh(tk); tk 2 [0; T ℄, is a dis
rete solution of problem
65



CHAPTER 5. TIME DISCRETIZATION 66(3.1)-(3.4), ifa) ukh; uk+1h 2 Shp;b) �uk+1h � ukh�k ; vh�+ bh(ukh; vh) + a�h (ukh; vh) + �J�h (ukh; vh)= l�h (ukh; vh) (tk) 8 vh 2 Shp; k = 0; : : : ; r � 1;
) (u0h; vh) = (u0; vh) 8 vh 2 Shp: (5.2)In order to in
rease the order of the time dis
retization, we 
an use the Runge-Kutta methods of higher order, see, e.g. [17℄.5.2 Semi-impli
it BDF-DG s
hemeIn order to avoid the strong time step restri
tion of expli
it DG s
hemes, itis suitable to use an impli
it time dis
retization. The main drawba
k inhibitingfrom the full impli
it treatment is the nonlinearity of the 
onve
tive, di�usion andright-hand side form whi
h leads to a nonlinear system of algebrai
 equations atea
h time step whose solution is rather expensive and more 
ompli
ated.The proposed semi-impli
it approa
h, sidetra
king the time step restri
tionas well as the nonlinearity of the 
orresponding forms, is generally based ona suitable linearization of nonlinear forms. The linear terms are treated impli
itlywhereas the nonlinear ones expli
itly whi
h leads to a linear algebrai
 problemat ea
h time step.In the 
ase of the s
alar 
onve
tion-di�usion problem (3.1) { (3.4), it is able tolinearize only the di�usion form a�h (u; �) due to its spe
ial form of the 
onsiderednonlinear di�usion (4.20). On the other hand, the nonlinearity appearing in theform bh(u; �) and the used numeri
al 
ux (see Subse
tion 6.1.5) do not allow tolinearize form bh in general, i.e. it has to be treated expli
itly.Now based on (3.28), for �u; u; v 2 Hs(
; Th) we de�ne the linearized di�usionforma�hL(�u; u; v) = XK2Th ZK IK(�u)ru � rv dx� X�2Fh Z� hIK(�u)ru � ~ni[v℄ dS+ � X�2Fh Z� hIK(�u)T rv � ~ni[u℄ dS (5.3)whi
h is linear with respe
t to its se
ond and third 
omponents. Moreover it is
onsistent with a�h (�; �) bya�h (u; v) = a�hL(u; u; v) 8 u; v 2 Hs(
; Th): (5.4)In order to obtain a suÆ
iently a

urate approximation with respe
t to thetime 
oordinate we use the so-
alled ba
kward di�eren
e formula (BDF) for the so-lution ODE problem (3.33), a){
). Moreover, for the nonlinear parts of a�hL(�; �; �)



CHAPTER 5. TIME DISCRETIZATION 67we employ a suitable expli
it higher order extrapolation whi
h preserve a givenorder of a

ura
y and does not destroy the linearity of the problem at ea
h timelevel.De�nition 5.2.1. Let 0 = t0 < t1 < � � � < tr = T be a partition of the interval(0; T ) and �k � tk+1� tk; k = 0; 1; : : : ; r� 1. We de�ne the approximate solutionof problem (3.1)-(3.4) as fun
tions ukh � uh(tk); t 2 [0; T ℄; k = 1; : : : ; r, satisfyingthe 
onditionsa) uk+1h 2 Shp;b) 1�k  nXl=0 �l uk+1�lh ; vh!+ a�hL ��uk+1h ; uk+1h ; vh�+bh ��uk+1h ; vh�+ �J�h �uk+1h ; vh� = l�h (�uk+1h ; vh) (tk+1) (5.5)8 vh 2 Shp; k = n� 1; : : : ; r � 1;
) u0h is Shp approximation of u0;d) ulh 2 Shp; l = 1; : : : ; n� 1 are givenby a suitable one-step method;where �uk+1h = nXl=1 
l uk+1�lh ; (5.6)n � 1 is the degree of the BDF s
heme and the 
oeÆ
ients �l; l = 0; : : : ; n and
l; l = 1; : : : ; n depend on time steps �k�l; l = 0; : : : ; n. We 
all this approa
hthe BDF-DG method.The relations for the 
oeÆ
ients �l; l = 0; : : : ; n and 
l; l = 1; : : : ; n werederived in [14℄ for n = 1; 2; 3 and their values for 
onstant time step �k = �; k =1; : : : ; r are given in Table 5.1.n �l; l = 0; : : : ; n 
l; l = 1; : : : ; n1 1 �1 12 32 �2 12 2 �13 116 �3 32 �13 3 �3 1Table 5.1: Values of 
oeÆ
ients �l and 
l for 
onstant time stepThe problem (5.5), a){d) with (5.6) represents a system of linear algebrai
equations for ea
h k = n � 1; : : : ; r � 1 whi
h is solved by a suitable iterativesolver. The 
on
rete 
hoi
e of iterative solvers is spe
i�ed in Subse
tion 6.1.1.



CHAPTER 5. TIME DISCRETIZATION 685.3 Error estimates for BDF-DG s
heme of the�rst orderOur goal is now to analyze the error estimates of the approximate solution ukh; k =1; 2; : : : ; r, obtained by the semi-impli
it BDF-DG method (5.5) of the �rst order(i.e. n = 1). We shall assume that exa
t solution u is suÆ
iently regular, namely,ujK 2 L1(0; T ;HsK(K));�u�t ���K 2 L1(0; T ;HsK(K)); sK � 2 8K 2 Th; (5.7)�2u�t2 ���K 2 L1(0; T ;L2(K)):It 
an be ensured, e.g., by u 2 L1(0; T ;H�s(
));�u�t 2 L1(0; T ;H�s(
)); (5.8)�2u�t2 2 L1(0; T ;L2(
));where �s = maxfsK; sK 2 sg � 2. A

ording to the assumptions (5.7) and (5.8)there exist positive 
onstants CR1; CR2; CR3 su
h thatkukL1(0;T ;H�s(K)) � CR1; (5.9)



�u�t 



L1(0;T ;H�s(K)) � CR2; �s = maxfsK ; sK 2 sg; (5.10)



�2u�t2 



L1(0;T ;L2(K)) � CR3; 8K 2 Th: (5.11)Moreover, sin
e �u=�t 2 L1(0; T ;H�s(
)) � L1(0; T ;H1(
)) � L1(0; T ;L2(
)),we 
an write 



�u�t 



L1(0;T ;L2(K)) � CN1; (5.12)



�u�t 



L1(0;T ;H1(K)) � CN2; (5.13)



�u�t 



L1(0;T ;H�s(K)) � CN3; 8K 2 Th; (5.14)where 0 < CN1; CN2; CN3 <1. Finally, in view of 
onsidered nonlinear di�usion,we shall assume that exa
t solution u satis�es the regularity 
ondition (4.39).



CHAPTER 5. TIME DISCRETIZATION 69For n = 1, we write in (5.5), b) and (5.6)1Xl=0 �l uk+1�lh = uk+1h � ukh; (5.15)�uk+1h = 1Xl=1 
l uk+1�lh = ukh (5.16)and the general BDF s
heme (5.5), b) transforms to the following form�uk+1h � ukh�k ; vh� + a�hL �ukh; uk+1h ; vh�+ bh �ukh; vh�+ �J�h �uk+1h ; vh� (5.17)= l�h (ukh; vh) (tk+1) 8 vh 2 Shp; 8tk+1 2 (0; T ℄; k = 0; : : : ; r � 1;In fa
t, the s
heme (5.17) represents the semi-impli
it linearization of the ba
k-ward Euler method.For simpli
ity, we 
onsider a uniform partition tk = k�; k = 0; 1; : : : ; r, of thetime interval [0; T ℄ with time step � = T=r, where r > 1 is an integer. Let �hpukbe the Shp-interpolation of uk = u(tk) (k = 0; : : : ; r) given by (4.43). We set�k = ukh � �hpuk 2 Shp; �k = �hpuk � uk 2 Hs(
; Th): (5.18)Then the dis
retization error ekh = ukh � uk 
an be expressed asekh = �k + �k; k = 0; : : : ; r: (5.19)Setting vh := �k+1 in (5.17) and using the uniform partition (i.e. �k = �; k =0; : : : ; r � 1), we obtain�uk+1h � ukh; �k+1�+ ��a�hL �ukh; uk+1h ; �k+1�+ bh �ukh; �k+1� (5.20)+ �J�h �uk+1h ; �k+1�� l�h (ukh; �k+1) (tk+1)� = 0; tk; tk+1 2 [0; T ℄:Moreover, setting t := tk+1, vh := �k+1 in (3.34) and using the uniform partitionand 
onsisten
y of the form a�hL(�; �; �), we gain�u0(tk+1); �k+1�+ a�hL �uk+1; uk+1; �k+1�+ bh �uk+1; �k+1� (5.21)+ �J�h �uk+1; �k+1�� l�h (uk+1; �k+1) (tk+1) = 0; tk; tk+1 2 [0; T ℄;where u0(tk) = �u=�t(tk); tk 2 [0; T ℄.In what follows, in order to simplify the notation, we de�ne the formA�hL(�u; u; v)(t) � a�hL(�u; u; v)� l�h (�u; v)(t); �u; u; v 2 Hs(
; Th); t 2 [0; T ℄; (5.22)



CHAPTER 5. TIME DISCRETIZATION 70whi
h is linear with respe
t to the se
ond and third arguments. We multi-ply (5.21) by � , subtra
t from (5.20) and in view of the linearity of form J�hand notation (5.22), we get�uk+1h � ukh; �k+1�� � �u0(tk+1); �k+1�+ ��A�hL �ukh; uk+1h ; �k+1� (tk+1)� A�hL �uk+1; uk+1; �k+1� (tk+1) + bh �ukh; �k+1�� bh �uk+1; �k+1� (5.23)+ �J�h �uk+1h � uk+1; �k+1� � = 0; k = 0; : : : ; r � 1:Consequently, we add the term �(uk+1�uk; �k+1) on both sides of identity (5.23)and taking into a

ount the relations (5.18) and (5.19), we have��k+1 � �k; �k+1�+ ��A�hL �ukh; uk+1h ; �k+1� (tk+1) + �J�h ��k+1; �k+1� �= � �u0(tk+1); �k+1�� (uk+1 � uk; �k+1)� (�k+1 � �k; �k+1)+ ��bh �ukh; �k+1�� bh �uk+1; �k+1�� A�hL �uk+1; uk+1; �k+1� (tk+1) (5.24)� �J�h ��k+1; �k+1� �; k = 0; : : : ; r � 1:In what follows, we introdu
e some preparation lemmas, later used for errorestimation.5.3.1 Preparation lemmasIn the whole subse
tion, the introdu
ed lemmas arise from satisfa
tion of assump-tions (T) from Se
tion 4.1 and relations for �k and �k given by (5.18).Lemma 5.3.1. Under assumptions (5.7), for tk; tk+1 2 [0; T ℄ we have���(uk+1 � uk; �k+1)� �(u0(tk+1); �k+1)��� � CE� 2k�k+1kL2(
) (5.25)with CE depending on u, but independent of k and � .Proof: By [18, Lemma 8℄, we have (5.25) with CE = ku00kL1(0;T ;L2(
)). �Lemma 5.3.2. Under assumptions (5.7), for tk; tk+1 2 [0; T ℄ we have(a) kuk+1 � ukkL2(K) � CN1�; (5.26)(b) juk+1 � ukjH1(K) � CN2�; (5.27)(
) juk+1 � ukjHsK (K) � CN3�; (5.28)with CN1; CN2 and CN3 given by (5.12), (5.13) and (5.14), respe
tively.Proof: See [19, Lemma 2℄. �



CHAPTER 5. TIME DISCRETIZATION 71Remark 5.3.1. In virtue of Lemma 5.3.2, for tk; tk+1 2 [0; T ℄ we shall 
onsider(a) kuk+1 � ukkL2(
) � CO1�; (5.29)(b) juk+1 � ukjH1(
) � CO2�; (5.30)with CO1 � ku0kL1(0;T ;L2(
)) and CO2 � ku0kL1(0;T ;H1(
)), respe
tively.Lemma 5.3.3. Under assumptions (5.7), for tk; tk+1 2 [0; T ℄, � 2 Shp we have���(�k+1 � �k; �k+1)��� � CG�  XK2Th h2�KKp2sKK !12 k�k+1kL2(
); (5.31)with CG = CG(u).Proof: The Cau
hy inequality, relation (5.18), Lemma 4.2.4 for q = 0 andLemma 5.3.2 imply thatj(�k+1 � �k; �k+1)j � k�k+1 � �kkL2(
)k�k+1kL2(
) (5.32)= k�hp(uk+1 � uk)� (uk+1 � uk)kL2(
)k�k+1kL2(
)� CA XK2Th h2�KKp2sKK kuk+1 � ukk2HsK (K)!1=2 k�k+1kL2(
)� CG�  XK2Th h2�KKp2sKK !1=2 k�k+1kL2(
);whi
h proves the lemma with CG � CACN3. �Lemma 5.3.4. Under assumptions (5.7), for h 2 (0; h0) and tk; tk+1 2 [0; T ℄ wehave (a) XK2Th d(K)kuk+1 � ukk2L2(�K) � CCK� 2; (5.33)where CCK = CCK(u).Proof: Using (4.40), (5.26) and (5.27) we �nd thatXK2Th d(K)kuk+1 � ukk2L2(�K) (5.34)� CM XK2Th hKp2K �kuk+1 � ukkL2(K) juk+1 � ukjH1(K) + h�1K kuk+1 � ukk2L2(K)�� CM XK2Th 1p2K �hKCN1CN2 + C2N1� � 2� CM �hCN1CN2 + C2N1� � 2The last inequality follows from the fa
t that hK � h and p�1K � 1 8K 2 Th.Putting CCK � CM(hCN1CN2 + C2N1) we prove the lemma. �



CHAPTER 5. TIME DISCRETIZATION 72Lemma 5.3.5 (Penalty form). Let assumptions (5.7) be satis�ed, h 2 (0; h0)and tk; tk+1 2 [0; T ℄. Then there exists a 
onstant CJu > 0 su
h thatJ�h (�k; �k) � CJu J�h (�k; �k) 12  XK2Th h2�K�2Kp2sK�3K ! 12 ; (5.35)where CJu = CJu(u) and �K = min(pK + 1; sK); K 2 Th.Proof: From (5.18), Lemma 4.2.8b and relation (5.9) we getJ�h (�k; �k) = J�h (uk � �hpuk; �k) �pCJJ�h (�k; �k) 12  XK2Th h2�K�2Kp2sK�3K kuk2HsK (K)! 12
�pCJCR1J�h (�k; �k) 12  XK2Th h2�K�2Kp2sK�3K ! 12 (5.36)whi
h proves (5.35) with CJu � pCJCR1. �Lemma 5.3.6 (Di�usive form I). Let u 2 Hs(
; Th) be the exa
t solution of
ontinuous problem and �hp : Hs(
; Th) ! Shp be the 
orresponding mappinggiven by (4.43). Let assumptions (D) from Se
tion 4.1 be satis�ed. Then thereexists a 
onstant CaL > 0 independent of h; �; k su
h that for h 2 (0; h0) andtk; tk+1 2 [0; T ℄jA�hL(uk+1; uk+1; �k+1)(tk+1)� A�hL(�hpuk;�hpuk+1; �k+1)(tk+1)j (5.37)� CaL jjj�k+1jjj0� XK2Th h2�K�2Kp2sK�2�j�jK ! 12+ XK2Th h2�KKp2sKK ! 12 + �1A ;where �K = min(pK + 1; sK); K 2 Th.Proof: We 
an writeA�hL(uk+1; uk+1; �k+1)(tk+1)� A�hL(�hpuk;�hpuk+1; �k+1)(tk+1) (5.38)= A�hL(uk+1; uk+1; �k+1)(tk+1)� A�hL(uk; uk+1; �k+1)(tk+1) (=: 	1)+A�hL(uk; uk+1; �k+1)(tk+1)� A�hL(�hpuk; uk+1; �k+1)(tk+1) (=: 	2)+A�hL(�hpuk; uk+1; �k+1)(tk+1)� A�hL(�hpuk;�hpuk+1; �k+1)(tk+1) (=: 	3):We estimate the individual terms in (5.38). In view of the de�nition of form A�hLand Diri
hlet boundary 
ondition (3.2), we have	1 =XK2Th ZK �IK(uk+1)� IK(uk)�ruk+1 � r�k+1 dx (=: #6) (5.39)+ X�2FIDh Z� D �IK(uk)� IK(uk+1)�ruk+1 � ~nE[�k+1℄ dS (=: #7):



CHAPTER 5. TIME DISCRETIZATION 73In order to estimate #6, we use pro
ess (4.69), where we formally swap the argu-ments as �u := uk+1;�hpu := uk; u := uk+1; v := �k+1,j#6j � CLCDkuk+1 � ukkL2(
) j�k+1jH1(
;Th)� C6 � j�k+1jH1(
;Th): (5.40)The last inequality follows from Remark 5.3.1a with C6 � CLCDCO1.Next, we shall treat the term #7. Similarly as in (4.77){(4.78) by setting�u := uk+1;�hpu := uk; u := uk+1 and v := �k+1, we obtainj#7j � CLCDpCW J�h (�k+1; �k+1)1=2 XK2Th d(K)kuk+1 � ukk2L2(�K)!1=2� C7 � j�k+1jH1(
;Th): (5.41)The last inequality follows from Lemma 5.3.4a with C7 � CLCDpCCK=pCW .Further, estimation of 	2, we pro
eed analogously as for term 	1, i.e. from (5.22)and (3.2) we get	2 =XK2Th ZK �IK(uk)� IK(�hpuk)�ruk+1 � r�k+1 dx (=: #8) (5.42)+ X�2FIDh Z� D �IK(�hpuk)� IK(uk)�ruk+1 � ~nE[�k+1℄ dS (=: #9):The term #8, we start analogously as in the the pro
ess (4.69) with �u := uk;�hpu :=�hpuk; u := uk+1; v := �k+1, then use Lemma 4.2.4 for q = 0 and relation (5.9),the estimate followsj#8j � CLCDkuk � �hpukkL2(
;Th) j�k+1jH1(
;Th)� CLCDCAj�k+1jH1(
;Th) XK2Th h2�KKp2sKK ku(tk)k2HsK (K)!1=2
� C8j�k+1jH1(
;Th) XK2Th h2�KKp2sKK !1=2 (5.43)with C8 � CLCDCACR1.Next, we shall estimate the term #9. From (4.77){(4.78) with new followingarguments �u := uk;�hpu := �hpuk; u := uk+1 and v := �k+1, we havej#9j � CLCDpCW J�h (�k+1; �k+1)1=2 XK2Th d(K)kuk � �hpukk2L2(�K)!1=2



CHAPTER 5. TIME DISCRETIZATION 74� CLCD pCCpCW J�h (�k+1; �k+1)1=2 XK2Th h2�KKp2sK+1K ku(tk)k2HsK (K)!1=2
� C9 J�h (�k+1; �k+1)1=2  XK2Th h2�KKp2sK+1K !1=2 ; (5.44)where the last two inequalities follow from Lemma 4.2.7a for r = 1, relation (5.9)and C9 � CLCDCR1pCC=pCW .Finally, we estimate the term 	3. In virtue of (5.22), we 
an write	3=XK2Th ZK IK(�hpuk) �ruk+1 �r�hpuk+1� � r�k+1 dx (=: #10)+ X�2FIDh Z� DIK(�hpuk) �r�hpuk+1 �ruk+1� � ~nE[�k+1℄ dS (=: #11) (5.45)+ � X�2FIDh Z� DIK(�hpuk)T �k+1 � ~nE �uk+1 � �hpuk+1� dS (=: �#12):Then, using Lemma 4.2.9a for new arguments �u := �hpuk; u := uk+1; w :=�hpuk+1, v := �k+1, Lemma 4.2.4 for q = 1 and relation (5.9) we getj#10j � CU j�k+1jH1(
;Th) juk+1 � �hpuk+1jH1(
;Th)� CUCAj�k+1jH1(
;Th) XK2Th h2�K�2Kp2sK�2K ku(tk+1)k2HsK (K)!1=2

� C10j�k+1jH1(
;Th) XK2Th h2�K�2Kp2sK�2K !1=2 (5.46)with C10 � CUCACR1.Further, Lemma 4.2.10a for new arguments �u := �hpuk; u := uk+1; w :=�hpuk+1, v := �k+1, Lemma 4.2.7b for r = 1 and relation (5.9) imply thatj#11j � C2J�h (�k+1; �k+1) 12  XK2Th d(K)kruk+1 �r�hpuk+1k2L2(�K)! 12� C2pCCJ�h (�k+1; �k+1) 12  XK2Th h2�K�2Kp2sK�1K ku(tk+1)k2HsK (K)!1=2
� C11J�h (�k+1; �k+1) 12  XK2Th h2�K�2Kp2sK�1K !1=2 (5.47)



CHAPTER 5. TIME DISCRETIZATION 75with C11 � C2CR1pCC .Now let us estimate the last term #12. We use Lemma 4.2.11a for new ar-guments �u := �hpuk; u := uk+1; w := �hpuk+1; v := �k+1, Lemma 4.2.8a andLemma 4.2.6b, then we obtainj#12j � C2J�h (uk+1 � �hpuk+1; uk+1 � �hpuk+1) 12  XK2Th d(K)kr�k+1k2L2(�K)!12� C2pCBCJ j�k+1jH1(
;Th) XK2Th h2�K�2Kp2sK�3K ku(tk+1)k2HsK (K)!1=2
� C12j�k+1jH1(
;Th) XK2Th h2�K�2Kp2sK�3K !1=2 : (5.48)The last inequality follows from relation (5.9) and putting C12 � C2CR1pCBCJ .Further, putting all these estimates (5.40), (5.41), (5.43), (5.44), (5.46), (5.47)and (5.48) together with relation p�1K � 1; K 2 Th, we gainjA�hL(uk+1; uk+1; �k+1)(tk+1)� A�hL(�hpuk;�hpuk+1; �k+1)(tk+1)j� 11Xi=6 j#ij+ j�j j#12j � ��C6 + C7 + C8 + C10 + j�jC12�j�k+1jH1(
;Th)+(C9 + C11)J�h (�k+1; �k+1)1=2��0� XK2Th h2�K�2Kp2sK�2�j�jK ! 12+ XK2Th h2�KKp2sKK ! 12 + �1A (5.49)Finally, the estimate (5.49) and Lemma 4.2.16a yield the sought result (5.37)with CaL � p2max �C6 + C7 + C8 + C10 + j�jC12; C9 + C11�. �Lemma 5.3.7 (Di�usive form II). Let u 2 Hs(
; Th) be the exa
t solution of
ontinuous problem, uh 2 Shp and �hp : Hs(
; Th) ! Shp be the 
orrespondingmapping given by (4.43). Let assumptions (D) from Se
tion 4.1 be satis�ed. Thenthere exists a 
onstant CaL > 0 independent of h; �; k su
h that for h 2 (0; h0)and tk; tk+1 2 [0; T ℄A�hL(ukh; uk+1h ; �k+1)(tk+1)� A�hL(�hpuk;�hpuk+1; �k+1)(tk+1) (5.50)� �2 �j�k+1j2H1(
;Th) � J�h (�k+1; �k+1)��CaL jjj�k+1jjj0� XK2Th h2�K�2Kp2sK�2�j�jK ! 12+ k�kkL2(
)1A ;where � is given by (4.35) and �K = min(pK + 1; sK); K 2 Th.



CHAPTER 5. TIME DISCRETIZATION 76Proof: We pro
eed similarly as in Lemma 4.2.18. A

ording to the de�nition ofform A�hL, we 
an writeA�hL(ukh; uk+1h ; �k+1)(tk+1)� A�hL(�hpuk;�hpuk+1; �k+1)(tk+1)= XK2Th ZK �IK(ukh)ruk+1h � IK(�hpuk)r�hpuk+1� � r�k+1 dx| {z }=:#13+ X�2FIDh Z� �hIK(�hpuk)r�hpuk+1 � ~ni � hIK(ukh)ruk+1h � ~ni�[�k+1℄ dS+ � X�2FIDh Z� �hIK(ukh)T r�k+1 � ~ni[uk+1h ℄�hIK(�hpuk)T r�k+1 � ~ni[�hpuk+1℄� dS+ � X�2FDh Z� �IK(�hpuk)T r�k+1 � ~n uD(tk+1)� IK(ukh)T r�k+1 � ~n uD(tk+1)� dS = #13 + #14; (5.51)where#14 = X�2FIDh Z� �hIK(�hpuk)r�hpuk+1 � ~ni � hIK(ukh)ruk+1h � ~ni�[�k+1℄ dS+ � X�2FIDh Z� �hIK(ukh)T r�k+1 � ~ni[uk+1h ℄�hIK(�hpuk)T r�k+1 � ~ni[�hpuk+1℄� dS+ � X�2FDh Z� �IK(�hpuk)T r�k+1 � ~n uD(tk+1)� IK(ukh)T r�k+1 � ~n uD(tk+1)� dS: (5.52)Analogously as in (4.121) we split #13 onto two parts,#13 = XK2Th ZK IK(ukh)(ruk+1h �r�hpuk+1) � r�k+1 dx (=: �12)+ XK2Th ZK �IK(ukh)� IK(�hpuk)�r�hpuk+1 � r�k+1 dx (=: �13)(5.53)From Lemma 4.2.12 and relation �k+1 = uk+1h � �hpuk+1 we get�12 � �j�k+1j2H1(
;Th): (5.54)



CHAPTER 5. TIME DISCRETIZATION 77Further, using Lemma 4.2.9b with formally swapped arguments �u := ukh; u :=uk+1;�hpu := �hpuk; w := �hpuk+1; v := �k+1, relation �k = ukh � �hpuk andLemma 4.2.4 for q = 1, we havej�13j � C1j�k+1jH1(
;Th) �juk+1 � �hpuk+1jH1(
;Th) + kukh � �hpukkL2(
;Th)�� C1j�k+1jH1(
;Th)0�CA  XK2Th h2�K�2Kp2sK�2K ku(tk+1)k2HsK (K)!1=2 + k�kkL2(
)1A� C13 j�k+1jH1(
;Th)0� XK2Th h2�K�2Kp2sK�2K !1=2 + k�kkL2(
)1A ; (5.55)where the last inequality follows from relation (5.9) and settingC13 � C1max(CACR1; 1).To treat the term #14, we use the similar pro
ess as in (4.127) and obtain#14 = � X�2FIDh Z� 
�IK(ukh)��IK(ukh)T �r�k+1 � ~n�[�k+1℄ dS| {z }=:�14+ X�2FIDh Z� 
�IK(�hpuk)� IK(ukh)�r�hpuk+1 � ~n�[�k+1℄ dS| {z }=:�15 (5.56)+ � X�2FIDh Z� 
�IK(�hpuk)T � IK(ukh)T �r�k+1 � ~n� [uk+1 � �hpuk+1℄ dS| {z }=:�16Now we shall estimate individual terms �14; �15 and �16. From Lemmas 4.2.13{4.2.15, we gain the estimate of �14, i.e.�14 � ��2 �j�k+1j2H1(
;Th) + J�h (�k+1; �k+1)� : (5.57)Next, the term �15 is estimated using of Lemma 4.2.10b for �u := ukh; u :=uk+1;�hpu := �hpuk; w := �hpuk+1; v := �k+1, Lemma 4.2.7b for r = 1 andLemma 4.2.6a for vh := ukh � �hpuk byj�15j � C3J�h (�k+1; �k+1) 12  XK2Th d(K)kruk+1 �r�hpuk+1k2L2(�K)! 12
+ XK2Th d(K)kukh � �hpukk2L2(�K)! 12 !



CHAPTER 5. TIME DISCRETIZATION 78� C3J�h (�k+1; �k+1) 12�0�pCC  XK2Th h2�K�2Kp2sK�1K ku(tk+1)k2HsK (K)! 12+pCBk�kkL2(
)1A� C14J�h (�k+1; �k+1) 12 0� XK2Th h2�K�2Kp2sK�1K !12+ k�kkL2(
)1A (5.58)The relation (5.9) and putting C14 � C3max(CR1pCC ;pCB) imply the lastinequality in (5.58).The last term �16 is treated by Lemma 4.2.11b for �u := ukh; u := uk+1;�hpu :=�hpuk; w := �hpuk+1; v := �k+1, Lemma 4.2.8a and Lemma 4.2.6b, we gainj�16j � 2C2J�h (uk+1 � �hpuk+1; uk+1 � �hpuk+1)1=2� XK2Th d(K)kr�k+1k2L2(�K)!1=2
� 2C2pCBCJ j�k+1jH1(
;Th) XK2Th h2�K�2Kp2sK�3K ku(tk+1)k2HsK (K)!1=2
� C15 j�k+1jH1(
;Th) XK2Th h2�K�2Kp2sK�3K !1=2 ; (5.59)where the last inequality is implied from relation (5.9) and puttingC15 � 2C2CR1pCBCJ .Further, we put together individual estimates (5.54), (5.55), (5.57), (5.58)and (5.59), use relation p�1K � 1; K 2 Th and obtainA�hL(ukh; uk+1h ; �k+1)(tk+1)� A�hL(�hpuk;�hpuk+1; �k+1)(tk+1)� �12 � j�13j+ �14 � j�15j � j�j j�16j� �2 �j�k+1j2H1(
;Th) � J�h (�k+1; �k+1)�� �(C13 + j�jC15)j�k+1jH1(
;Th) + C14J�h (�k+1; �k+1)1=2�� 0� XK2Th h2�K�2Kp2sK�2�j�jK ! 12+ k�kkL2(
)1A (5.60)Finally, the estimate (5.60) and Lemma 4.2.16a yield the desired estimate (5.50)with CaL � p2max(C13 + j�jC15; C14). �Lemma 5.3.8 (Conve
tive form). Let u 2 Hs(
; Th) and uh 2 Shp. Letassumptions (H) from Se
tion 4.1 be satis�ed. For h 2 (0; h0); tk; tk+1 2 [0; T ℄ we



CHAPTER 5. TIME DISCRETIZATION 79have jbIDh (uk+1; �k+1)� bIDh (ukh; �k+1)j (5.61)� CIDbu jjj�k+1jjj 0�k�kkL2(
) + XK2Th h2�KKp2sKK ! 12 + �1A ;where CIDbu > 0 is independent of h; �; k; � and �K = min(pK + 1; sK); K 2 Th.Proof: The proof with respe
t to hp-version of error estimates 
an be 
arried outin a similar way as in [19, Lemma 5℄, where only Diri
hlet boundary 
ondition is
onsidered. �5.3.2 Main resultDe�nition 5.3.1. Let tk = k�; k = 0; 1; : : : ; r; � = T=r; be a time partition of[0; T ℄ and let ekh = ukh � uk; k = 0; : : : ; r be the dis
retization error. We setkek2h;�;L1(L2) = maxk=0;:::;r kekhk2L2(
) (5.62)kek2h;�;L2(H1) = � �2 rXk=0 jjjekhjjj2 (5.63)In what follows and for simpli
ity, we shall 
onsider the initial boundary valueproblem (3.1) { (3.4) only with Diri
hlet boundary 
ondition, i.e. we use notationbh := bIDh and Cbu := CIDbu .Theorem 5.3.9. Let assumptions (T), (H) and (D) from Se
tion 4.1 be valid.Let u be the exa
t solution of the 
ontinuous problem satisfying (5.7). Let tk =k�; k = 0; 1; : : : ; r; � = T=r; be a time partition of [0; T ℄ and let ukh; k = 0; : : : ; rbe the approximate solution de�ned by (5.5), a) { d) with (5.6) for n = 1 andlet � � 1=2. Then there exist 
onstants eC = O (exp(2T (1 + L=�))) and bC =O (exp(2T (1 + L=�))) su
h that(a) kek2h;�;L1(L2) � eC XK2Th h2�K�2Kp2sK�3K �h2 + h2=�+ � + 1=��+ � 2 (1 + 1=�)! ;(5.64)(b) kek2h;�;L2(H1) � bC  XK2Th h2�K�2Kp2sK�4K �h2 + h2=� + � + 1=��+ � 2 (1 + 1=�)! ;(5.65)where L � 8(CaL + Cbu)2.



CHAPTER 5. TIME DISCRETIZATION 80Proof: As in (5.18), we set �k = ukh��hpuk 2 Shp, �k = �hpuk�uk 2 Hs(
; Th),k = 0; : : : ; r. Then (5.19) holds: ekh = ukh � uk = �k + �k. We start fromidentity (5.24) by adding term �� A�hL(�hpuk;�hpuk+1; �k)(tk+1) on both sides ofthis identity, then multiply it by 2 and use the relation2 ��k+1 � �k; �k+1� = k�k+1k2L2(
) � k�kk2L2(
) + k�k+1 � �kk2L2(
): (5.66)Consequently, for k = 0; : : : ; r � 1, we getk�k+1k2L2(
) � k�kk2L2(
) + k�k+1 � �k+1k2L2(
)+2 ��A�hL �ukh; uk+1h ; �k+1� (tk+1)� A�hL(�hpuk;�hpuk+1; �k)(tk+1)+ �J�h ��k+1; �k+1� �= 2 �� �u0(tk+1); �k+1�� (uk+1 � uk; �k+1)� (�k+1 � �k; �k+1)�+ 2��bh �ukh; �k+1�� bh �uk+1; �k+1�� A�hL �uk+1; uk+1; �k+1� (tk+1)� A�hL(�hpuk;�hpuk+1; �k)(tk+1)� �J�h ��k+1; �k+1� �; k = 0; : : : ; r � 1: (5.67)Next, omitting the non-negative term +k�k+1 � �k+1k2L2(
) on the left-hand sideof (5.67) and using Lemmas 5.3.7, 5.3.1, 5.3.3, 5.3.8, 5.3.6 and 5.3.5, we obtainthe following inequality,k�k+1k2L2(
) � k�kk2L2(
) + ��jjj�k+1jjj2� 2�CaL jjj�k+1jjj0� XK2Th h2�K�2Kp2sK�2�j�jK ! 12+ k�kkL2(
)1A� 20�CE � 2 + CG�  XK2Th h2�KKp2sKK ! 121A k�k+1kL2(
)+ 2�Cbu jjj�k+1jjj 0�k�kkL2(
) + XK2Th h2�KKp2sKK ! 12 + �1A+ 2�CaL jjj�k+1jjj0� XK2Th h2�K�2Kp2sK�2�j�jK ! 12+ XK2Th h2�KKp2sKK ! 12 + �1A+ 2��CJuJ�h (�k+1; �k+1) 12 XK2Th h2�K�2Kp2sK�3K !12 := RHS: (5.68)Hen
e, using relation p�1K � 1; K 2 Th we 
an writeRHS � A1 + A2; (5.69)



CHAPTER 5. TIME DISCRETIZATION 81where A1 = 2� 0�CE � + CG XK2Th h2�KKp2sKK ! 121A k�k+1kL2(
) (5.70)A2 = 2� jjj�k+1jjj((CaL + Cbu) XK2Th h2�KKp2sKK ! 12
+ (CaL + CaL + �CJu) XK2Th h2�K�2Kp2sK�3K ! 12+ (CaL + Cbu)k�kkL2(
) + (CaL + Cbu)�): (5.71)Now we want to use Young's inequality for estimation of terms A1; A2, i.e.,A1 � �k�k+1k2L2(
) + � 0�CE � + CG XK2Th h2�KKp2sKK ! 121A2

� �k�k+1k2L2(
) + �  2C2E� 2 + 2C2G XK2Th h2�KKp2sKK !! (5.72)and A2 � � �2 jjj�k+1jjj2 + 2�� ((CaL + Cbu) XK2Th h2�KKp2sKK ! 12
+ (CaL + CaL + �CJu) XK2Th h2�K�2Kp2sK�3K ! 12+ (CaL + Cbu)k�kkL2(
) + (CaL + Cbu)�)2� � �2 jjj�k+1jjj2 + 8�� ((CaL + Cbu)2 XK2Th h2�KKp2sKK !
+ (CaL + CaL + �CJu)2 XK2Th h2�K�2Kp2sK�3K !
+ (CaL + Cbu)2k�kk2L2(
) + (CaL + Cbu)2� 2) (5.73)



CHAPTER 5. TIME DISCRETIZATION 82Further, we put (5.72) and (5.73) together with relations p�1K � 1 and hk �h 8K 2 Th, thenRHS � �k�k+1k2L2(
) + � �2 jjj�k+1jjj2 + 8�(CaL + Cbu)2� k�kk2L2(
)+ � ( XK2Th h2�K�2Kp2sK�3K �h2 2C2G + h2� 8(CaL + Cbu)2+ 1�16(CaL + CaL)2 + 16�C2Ju�)+ � (2C2E� 2 + 8�(CaL + Cbu)2� 2) (5.74)Next, we putK1 � max �2C2G; 8(CaL + Cbu)2; 16(CaL + CaL)2; 16C2Ju�; (5.75)K2 � max �2C2E; 8(CaL + Cbu)2� (5.76)and de�ne q1(�; h) � h2�1 + 1��+ � + 1�; (5.77)q2(�; �) � � 2�1 + 1�� : (5.78)In view of (5.75){(5.78) we 
an writeRHS � �k�k+1k2L2(
) + � �2 jjj�k+1jjj2 + � L�k�kk2L2(
)+ � K1 XK2Th h2�K�2Kp2sK�3K q1(�; h) + � K2q2(�; �); (5.79)where L � 8(CaL + Cbu)2.Finally, from (5.68) and (5.79) we gaink�k+1k2L2(
) � k�kk2L2(
) + � �2 jjj�k+1jjj2� �k�k+1k2L2(
) + � L�k�kk2L2(
) + � K q(�; h; �; Th) (5.80)with K � max(K1; K2); (5.81)q(�; h; �; Th) � XK2Th h2�K�2Kp2sK�3K q1(�; h) + q2(�; �): (5.82)
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e,(1��)k�k+1k2L2(
)+� �2 jjj�k+1jjj2 � �1 + � L�� k�kk2L2(
)+� K q(�; h; �; Th) (5.83)Now we prove the error estimates (5.64){(5.65). We use the same proof te
h-nique as in [19, Theorem 6℄.Case (a): By (5.83), where omit the non-negative term +� �2 jjj�k+1jjj2, we havefor k = 0; : : : ; r � 1,k�k+1k2L2(
) � 1 + � L=�1� � k�kk2L2(
) + �1� � K q(�; h; �; Th) (5.84)If we set B = 1 + � L=�1� � ; (5.85)then we derive from (5.84) by indu
tion thatk�kk2L2(
) � Bkk�0k2L2(
) + Bk � 1B � 1 �1� � K q(�; h; �; Th); (5.86)k = 0; : : : ; r:By (5.85), �(B � 1)(1� �) = 11 + L=� � 1: (5.87)As � � 1=2, then 1� � � 1=2 andB � 1 + 2�(1 + L=�) � exp(2�(1 + L=�)): (5.88)From (5.86){(5.88) we havek�kk2L2(
) � exp(2�k(1 + L=�))�k�0k2L2(
) +K q(�; h; �; Th)� : (5.89)Further, (3.32) and the Cau
hy inequality imply that for ea
h K 2 Th,k�0k2L2(
;Th) = (u0h � �hpu0; �0) = (u0 � �hpu0; �0)� ku0 � �hpu0kL2(
;Th) k�0kL2(
): (5.90)Thus, by Lemma 4.2.4 for q = 0 and relation (5.9),k�0k2L2(
) � C2A XK2Th h2�KKp2sKK ku0k2HsK (K) � C2AC2R1 XK2Th h2�KKp2sKK (5.91)From(5.89) and (5.91) we getk�kk2L2(
) � exp(2T (1 + L=�)) C2AC2R1 XK2Th h2�KKp2sKK +K q(�; h; �; Th)! ;k = 0; : : : ; r: (5.92)



CHAPTER 5. TIME DISCRETIZATION 84Further, by (5.18), Lemma 4.2.4 for q = 0 and relation (5.9),k�kk2L2(
) � C2A XK2Th h2�KKp2sKK ku(tk)k2HsK (K) � C2AC2R1 XK2Th h2�KKp2sKK (5.93)Now, using (5.62), (4.162), (5.92) and (5.93) with relations p�1K � 1 and hk �h 8K 2 Th, we �nd thatkek2h;�;L1(L2) � 2max�k�kk2L2(
) + k�kk2L2(
)� (5.94)� 2 exp(2T (1 + L=�)) 2C2AC2R1 XK2Th h2�KKp2sKK +K q(�; h; �; Th)!� 2 exp(2T (1 + L=�)) 2C2AC2R1h2XK2Th h2�K�2Kp2sK�3K +Kq(�; h; �; Th)! ;� 2 exp(2T (1 + L=�)) eK q(�; h; �; Th);with eK � 2C2AC2R1 +K, whi
h implies estimate (5.64).Case (b): Summing (5.80) over k = 0; : : : ; r � 1, we obtaink�rk2L2(
) + � �2 r�1Xk=0 jjj�k+1jjj2 � � �1 + L�� r�1Xk=0 �k�k+1k2L2(
) + k�kk2L2(
)�+ KT q(�; h; �; Th) + k�0k2L2(
): (5.95)This, (5.91) and (5.92) imply that� �2 rXk=1 jjj�k+1jjj2 � 2T (1 + L=�) exp(2T (1 + L=�)) (5.96)� C2AC2R1 XK2Th h2�KKp2sKK + 2K q(�; h; �; Th)!+ C2AC2R1 XK2Th h2�KKp2sKK :Moreover, as �0 2 Shp, we have from Lemma 4.2.2, relation (5.90) and Lem-ma 4.2.3 for q = 0 the estimatej�0jH1(K) � CI p2KhK k�0kL2(K) � CI p2KhK ku0 � �hpu0kL2(K)� CICAh�K�1KpsK�2K ; K 2 Th;and by relation (5.9),j�0j2H1(
;Th) = XK2Th j�0j2H1(K) � C2IC2AC2R1 XK2Th h2�K�2Kp2sK�4K : (5.97)



CHAPTER 5. TIME DISCRETIZATION 85Furthermore, in virtue of de�nition (3.30), Lemmas 4.1.1b, 4.2.1, 4.2.2, rela-tion (5.90), Lemma 4.2.3 for q = 0 and relation (5.9),J�h (�0; �0) = X�2FIDh Z� CWd(�)[�0℄2dS � 4CWXK2Th Z�K C2PCQd(K) j�0j2dS= 4CWC2PCQXK2Th p2KhK k�0kL2(�K)� 4CWC2PCQ XK2Th p2KhKCM �k�0kL2(K)j�0jH1(K) + h�1K k�0k2L2(K)�� 4CWC2PCQCM XK2Th p2KhKCM �CI p2KhK k�0k2L2(K) + 1hK k�0k2L2(K)�� 4CWC2PCQCM(CI + 1) XK2Th p4Kh2K ku0 � �hpu0k2L2(K)� 4CWC2PCQCM(CI + 1)C2A XK2Th h2�K�2Kp2sK�4 ku0k2HsK (K)� 4CWC2PCQCM(CI + 1)C2AC2R1 XK2Th h2�K�2Kp2sK�4 : (5.98)Then (5.96), (5.97) and (5.98) with relations p�1K � 1 and hk � h 8K 2 Th give� �2 rXk=0 jjj�k+1jjj2 � 2T (1 + L=�) exp(2T (1 + L=�))� C2AC2R1 XK2Th h2�KKp2sKK + 2K q(�; h; �; Th)!+(C2AC2R1h2 + � �2C0) XK2Th h2�K�2Kp2sK�4 ; (5.99)where C0 � C2IC2AC2R1 + 4CWC2PCQCM(CI + 1)C2AC2R1.Taking into a

ount (5.18), Lemma 4.2.4 for q = 1, Lemma 4.2.8a with p�1K �1; K 2 Th and relation (5.9), we obtain� �2 rXk=0 jjj�k+1jjj2 = � �2 rXk=0 �j�kj2H1(
;Th) + J�h (�k; �k)�



CHAPTER 5. TIME DISCRETIZATION 86� � �2 rXk=0 C2A XK2Th h2�K�2Kp2sK�2K ku(tk)k2HsK (K)+ rXk=0 CJ XK2Th h2�K�2Kp2sK�3K ku(tk)k2HsK (K)!� � �2 rXk=0(C2A + CJ)C2R1 XK2Th h2�K�2Kp2sK�3K !� �2 (T + �)(C2A + CJ)C2R1 XK2Th h2�K�2Kp2sK�3K : (5.100)Finally, using (5.19), (4.163), (5.99) and (5.100) with p�1K � 1; K 2 Th, we
on
lude with the estimatekek2h;�;L2(H1) � �� rXk=0 �jjj�kjjj2 + jjj�kjjj2�� 4T (1 + L=�) exp(2T (1 + L=�))(2K q(�; h; �; Th)+ XK2Th h2�K�2Kp2sK�4K �C2AC2R1h2 + �2 (C0 + (C2A + CJ)C2R1)�);� 4T (1 + L=�) exp(2T (1 + L=�)) bK bq(�; h; �; Th); (5.101)where bK � 2K +max(C2AC2R1; 1=2(C0 + (C2A + CJ)C2R1)); (5.102)bq(�; h; �; Th) � XK2Th h2�K�2Kp2sK�4K q1(�; h) + q2(�; �): (5.103)Now, assertion (5.65) of the theorem follows from (5.101) with (5.102){(5.103).�Remark 5.3.2. We observe that the estimates (5.64) and (5.65) 
annot be usedin the 
ase �! 0+ from the same reasons introdu
ed in Remark 4.3.1.Remark 5.3.3. In the 
ase that u is suÆ
iently regular exa
t solution and pk =p 8K 2 Th, the estimate (5.64) implies thatku� uhkL1(0;T ;L2(
)) = O(hp + �) for h! 0 + : (5.104)Comparing this result with the approximation property (4.44) implying thatku� �hpukL1(0;T ;L2(
)) = O(hp+1); (5.105)we see that the error estimate (5.64) is suboptimal with respe
t to h. From thispoint of view the error estimate (5.65) is optimal with respe
t to h.
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ase that u is not suÆ
iently regular exa
t solution andsk = s 8K 2 Th, the estimates (5.64) and (5.65) are driven a

ording to ordergiven by regularity of exa
t solution, i.e. the both estimates behaviour as O(hs�1).Remark 5.3.5. Let sk = s 8K 2 Th, we additionally observe that(a) error estimate (5.64) is p-suboptimal, namely O(p�(s�3=2)),(b) error estimate (5.65) is p-suboptimal, namely O(p�(s�2)).



Chapter 6Numeri
al resultsIn what follows we shall verify theoreti
al results presented in the previous two
hapters by numeri
al experiments. We start with a short des
ription of someimplementation aspe
ts of the BDF-DG method, then introdu
e the so-
alledexperimental orders of 
onvergen
e (EOC) and show several numeri
al exampleswith symmetri
 and nonsymmetri
 form of nonlinear di�usion.6.1 Implementation aspe
ts of BDF-DGMWithin this se
tion we dis
uss several implementation aspe
ts of the BDF-DGs
heme (5.5), namely the 
hoi
e of linear algebrai
 system solver, shape fun
-tions, quadrature formulae, time stepping, numeri
al 
ux and suÆ
ient values of
onstant CW in penalty parameter �.6.1.1 Linear algebrai
 system solverAs we mentioned in the previous 
hapter, the problem (5.5), a){d) with (5.6)represents a system of linear algebrai
 equations. Let f lgdofl=1 represent a basis ofthe spa
e of dis
ontinuous pie
ewise polynomial fun
tions Shp de�ned by (3.16),where dof denotes the dimension of Shp, i.e.dof = XK2Th dof(K) (6.1)with dof(K) = ( 2 (pK + 1)(pK + 2) for d = 2;56 (pK + 1)(pK + 2)(pK + 3) for d = 3; K 2 Th; (6.2)whi
h is the number of lo
al degrees of freedom belonging to the element K andpolynom of degree pK. 88
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tion ukh 2 Shp 
an be written in the formukh(x) = dofXl=1 �kl  l(x); x 2 
; k = 0; 1; : : : ; r; (6.3)where �kl 2 IR; l = 1; : : : ; dof; k = 0; : : : ; r. Moreover, for ukh 2 Shp we de�ne theve
tor of its basis 
oeÆ
ients byW k � ��k1 ; �k2 ; : : : ; �kdof� 2 IRdof ; k = 0; 1; : : : ; r: (6.4)Then the linear algebrai
 problem (5.5), b) 
an be written in the matrix form��0M+ �kAk�W k = qk; k = n; : : : ; r; (6.5)where matrix M is the mass matrix given byM = fM(i;j)gdofi;j=1; M(i;j) � Z
  j �  i dx; i; j = 1; : : : ; dof; (6.6)Ak is the matrix 
orresponding to form a�hL(�; �; �) + �J�h (�; �) de�ned byAk = Ak(W k�1;W k�2; : : : ;W k�n) � fA(i;j)k gdofi;j=1; k = n; : : : ; r; (6.7)whereA(i;j)k � a�hL nXl=1 
l uk�lh ;  j;  i!+ �J�h ( j;  i) i; j = 1; : : : ; dof: (6.8)The ve
tor qk 2 IRdof represents the right-hand-side of (5.5), b) given byqk = qk(W k�1;W k�2; : : : ;W k�n) � fqk;igdofi=1; k = n; : : : ; r; (6.9)where qk;i � � nXl=1 �luk�lh ;  i!� bh nXl=1 
l uk�lh ;  i!+ l�h  nXl=1 
l uk�lh ;  i! (tk) i = 1; : : : ; dof: (6.10)The linear algebrai
 problem (6.5) should be numeri
ally solved at ea
h timelevel tk; k = n; : : : ; r. It is possible to use a dire
t solver whi
h is more eÆ
ientfor not too large dof (usually dof � 104 � 105). For larger systems, it is suitableto use some iterative solvers. We employ the restarted GMRES solver with theblo
k diagonal pre
onditioning. The restart was 
arried out after 45 iterations.The iterative pro
ess was stopped if the dis
rete l2-norm of the residuum wassmaller than 10�5. Numeri
al 
omputations indi
ate that this 
hoi
e is suÆ
ient,i.e., smaller value of the toleran
e does not 
ause any in
rease of a

ura
y andstability of the method.
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tionsWe dealt with this aspe
t in [13℄. We 
onstru
t orthogonal basis of Shp by theGrant-S
hmidt orthogonalization pro
ess on ea
h element K 2 Th separately.Although it is a known fa
t, that this algorithm is ill-
onditioned, we do notobserved any problem with the stability of the Grant-S
hmidt orthogonalization.It is 
aused by the fa
t that the dimension of the �nite element spa
e on ea
helement is small and moreover if the basis is not (exa
tly) orthogonal it does notmind.The orthogonality of the basis of Shp implies that the mass matrix M givenby (6.6) is (up to round o� errors) diagonal and then for small time step �k thelinear algebrai
 problem (6.5) 
an be solved very fast in few iterations. However,for in
reasing size of the time step this advantage is diminishing.6.1.3 Numeri
al integrationIn pra
ti
e, the DG formulation requires 
al
ulation of terms in the formsZK f(x) dx; K 2 Th and Z� s(x) dS; � 2 Fh: (6.11)In 2D 
ase, we employ the substitution theorem and evaluate element inte-grals over a 
ommon referen
e element K̂, whi
h is the triangle with verti
es(0; 0); (1; 0); (0; 1). Edge integrals are evaluated on the unit interval �̂ = [0; 1℄.For the evaluation of integrals over �̂ and K̂ we use 1D and 2D Gaussianquadrature formulae of high order of a

ura
y, respe
tively. A

ording to the
onsidered degree of polynomial approximation on ea
h element K 2 Th and � 2Fh, we set the 
orresponding quadrature formula in order to integrate a

uratelyterms in the forms (6.11), where it is possible. In other 
ases to de
rease thein
uen
e of numeri
al integration, we use the implemented quadrature formulawith the highest implemented order of a

ura
y, see Tables 6.1{6.2.6.1.4 Choi
e of the time stepThe time steps �k; k = 0; 1; : : : are 
hosen adaptively. We use the identi
al te
h-nique as in [23℄. This approa
h is based on a use of two semi-impli
it multistepformulae of the same order of a

ura
y and from their di�eren
e we estimate thelo
al dis
retization error and propose a new time step. However, this adaptivemethod optimises the number of time steps but no the 
omputational time.
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oordinate x(j)2 -
oordinate !j1 0.333333333333333 0.333333333333333 0.1443156076777872 0.459292588292723 0.459292588292723 0.0950916342672853 0.081414823414554 0.459292588292723 0.0950916342672854 0.459292588292723 0.081414823414554 0.0950916342672855 0.170569307751760 0.170569307751760 0.1032173705347186 0.658861384496480 0.170569307751760 0.1032173705347187 0.170569307751760 0.658861384496480 0.1032173705347188 0.050547228317031 0.050547228317031 0.0324584976231989 0.898905543365938 0.050547228317031 0.03245849762319810 0.050547228317031 0.898905543365938 0.03245849762319811 0.263112829634638 0.728492392955404 0.02723031417443512 0.728492392955404 0.263112829634638 0.02723031417443513 0.008394777409958 0.728492392955404 0.02723031417443514 0.008394777409958 0.263112829634638 0.02723031417443515 0.728492392955404 0.008394777409958 0.02723031417443516 0.263112829634638 0.008394777409958 0.027230314174435Table 6.1: Points x(j) and weights !j of Gauss sixteen point rule on the referen
etriangle K̂.6.1.5 Numeri
al 
uxThe numeri
al experiments in Se
tion 6.3 were 
arried out with the followingnumeri
al 
ux, H(u1; u2; ~n) = (~f(u1) � ~n; if A > 0~f(u2) � ~n; if A � 0; (6.12)where A = dXs=1 f 0s(u); u = 12(u1 + u2): (6.13)This 
ux is based on the 
on
ept of upwinding and the Vijayasundaram numeri
al
ux, whi
h will be used in the dis
retization of the invis
id terms in the Navier-Stokes equations in Se
tion 7.1 .When evaluating numeri
al 
ux on � � �
, we de�ne the meaning of uj(n)� for� � �
 a

ording to (4.12), i.e. we use extrapolation uj(n)� := uj(p)� for � � �
Nand set uj(n)� := uD for � � �
D.



CHAPTER 6. NUMERICAL RESULTS 92j x(j) !j1 (1� 0:94910791234275852453)=2 0.12948496616886969327/22 (1� 0:74153118559939443986)=2 0.27970539148927666790/23 (1� 0:40584515137739716691)=2 0.38183005050511894495/24 0:5 0.41795918367346938776/25 1:40584515137739716691=2 0.38183005050511894495/26 1:74153118559939443986=2 0.27970539148927666790/27 1:94910791234275852453=2 0.12948496616886969327/2Table 6.2: Points x(j) and weights !j of Gauss seven point rule on the unitinterval �̂.6.1.6 Choi
e of the penalty parameter �The penalty 
oeÆ
ient � appearing in the de�nition of J�h (�; �) is given by rela-tion (4.57). In the 
ase of the model s
alar equation (3.1), the value CW > 0 in(4.57) 
an be set by from the theory. In the 
ase of nonlinear di�usion in symmet-ri
 form (i.e. when K(u)T = K(u)), for the NIPG variant of DGM, it is suÆ
ientto put CW = 1, but for the IIPG and the SIPG variants, the value of CW shouldbe suÆ
iently large in 
omplian
e with (4.84) and (4.89), respe
tively. On theother hand, if we 
onsider the nonlinear di�usion in more general (nonsymmet-ri
) form, the value of CW is 
hosen a

ording to the 
orresponding 
onditionfrom (4.84), (4.89) for the 
on
rete 
onsidered IPG variant, see Se
tions 6.3{6.4.6.2 Computational order of 
onvergen
eWe shall numeri
ally verify the 
onvergen
e of the presented BDF-DGM in L1(L2)-norm and L2(H1)-seminorm with respe
t to the time step � and the mesh sizeh. The 
omputational errors are evaluated at �nal time T in L2(
)-norm andH1(
; Th)-seminorm, i.e.,e0h;� � kuh;�(�; T )� u(�; T )kL2(
); (6.14)e1h;� � juh;�(�; T )� u(�; T )jH1(
;Th); (6.15)where u(�; T ) is a pres
ribed exa
t solution at time T and uh;�(�; T ) is the nu-meri
al solution at time T obtained by the semi-impli
it s
heme (5.5) of the �rstorder with time step � on the grid with mesh size h. We suppose that errorsbehave a

ording to the formulaenh;� = enh + en� ; n = 0; 1; (6.16)where enh � fDnhan ; en� � 
Dn� bn ; n = 0; 1: (6.17)
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onstants fDn; n = 0; 1, are independent of � and 
Dn; n = 0; 1, are indepen-dent of h. The values an; bn; n = 0; 1 are the orders of a

ura
y of the method inthe 
orresponding 
onsidered norms. We de�ne the lo
al experimental order of
onvergen
e by an = log �enh;�1=enh;�2�log (�1=�2) ; (6.18)bn = log �enh1;�=enh2;��log (h1=h2) ; n = 0; 1: (6.19)Furthermore, in 
ase of the 
onve
tion-di�usion problem with steady statesolution, we employ the following stopping 
riterionres(k) � kukh � uk�1h kL2(
)�k�1 kukhkL2(
) � !; (6.20)where ! > 0 is a pres
ribed toleran
e.6.3 Numeri
al example with di�usionin symmetri
 formWe 
onsider the 2D vis
ous Burgers equation�u�t + 2Xs=1 u �u�xs = div(IK(u)ru) + g in 
� (0; T ); (6.21)where matrix K(w) is 
hosen in the following formIK(w) = "� 2 + ar
tan(w) 00 2 + ar
tan(w) � : (6.22)One 
an see that fs(u) = u2=2 for s = 1; 2. It is possible to show that the problem(6.21) with (6.22) satis�es assumptions (D) with CU = "(2 + �2 ), CL = 1:0 and� = "(2� �2 ).We set " = 0:02, 
 = (0; 1)2, de�ne the fun
tion g and the initial and Diri
hletboundary 
onditions in su
h a way that the exa
t solution has the formu(x1; x2; t) = �1� e�10t� û(x1; x2); (6.23)with û(x1; x2) = 2rÆx1x2(1� x1)(1� x2); (6.24)where r = (x21 + x22)1=2 and Æ 2 IR is a 
onstant.
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onverges to the steady state solution given byfun
tion û. The fun
tion û is equal to zero on �
 and its regularity depends onthe value of �, for more details see [3℄, i.e.,û 2 H�(
) 8� 2 (0; � + 3); (6.25)where H�(
) denotes here the Sobolev-Slobodetskii spa
e of fun
tions with "non-integer derivatives". Within this example we use two 
on
rete values: Æ = 2 andÆ = �3=2. The value Æ = 2 gives fun
tion û suÆ
iently regular (2 H�(
) for� < 5), whereas the value Æ = �3=2 gives û 2 H�(
); � < 3=2.First, we investigate the 
onvergen
e of the method with respe
t to h. Sin
ewe 
onsider the stationary problem, the stopping 
riterion (6.20) with toleran
e! = 10�6 is used to indi
ate the a
hievement of steady state (we symboli
allyput T = 1). Numeri
al experiments are 
arried out with the use of pie
ewiselinear (P 1), quadrati
 (P 2) and 
ubi
 (P 3) approximations on 6 regular triangularmeshes having 128, 288, 512, 1152, 2048 and 4608 elements for SIPG, NIPG andIIPG variants. In order to guarantee the stability of the BDF-DG s
heme withrespe
t to penalty parameter �, the parameter CW from (4.57) in ea
h of the six
ases is 
hosen a

ording to the Table 6.3.NIPG IIPG SIPGp=1 5.0 5.0 10.0p=2 5.0 10.0 40.0p=3 5.0 20.0 100.0Table 6.3: Symmetri
 di�usion: Choi
e of CW for individual IPG variants.Tables 6.4 { 6.9 show 
omputational errors in the L2(
)-norm and in H1(
)-seminorm and the 
orresponding experimental orders of 
onvergen
e (EOC) forea
h IPG variant with Æ = 2 and Æ = �3=2, respe
tively. These values in
omparison with marked EOC are plotted in Figures 6.1 and 6.2. We observe thefollowing:� regular exa
t solution (
ase Æ = 2)Whereas SIPG method gives optimalorder of 
onvergen
e O(hp+1) for p = 1; 2; 3, the NIPG and IIPG methodsgive optimal order of 
onvergen
e O(hp+1) for p = 1 and p = 3 (odd de-grees) and suboptimal O(hp) for p = 2 (even degrees). Moreover, all IPGte
hniques produ
e optimal order of 
onvergen
e in the H1(
)-seminorm(O(hp)).� singular exa
t solution (
ase Æ = �3=2) The experimental order of
onvergen
e in the L2(
)-norm is equal to 3=2 and it is equal to 1=2 in theH1(
)-seminorm. This is in agreement with theoreti
al results.



CHAPTER 6. NUMERICAL RESULTS 95P1 P2 P3mesh hl e0hl;� a0l e0hl;� a0l e0hl;� a0l1 1.768E-01 1.173E-03 { 4.980E-05 { 3.156E-06 {2 1.179E-01 5.815E-04 1.730 1.481E-05 2.991 6.182E-07 4.0213 8.839E-02 3.456E-04 1.809 6.281E-06 2.982 1.944E-07 4.0214 5.893E-02 1.624E-04 1.864 1.876E-06 2.980 3.813E-08 4.0185 4.419E-02 9.389E-05 1.904 7.959E-07 2.981 1.202E-08 4.0146 2.946E-02 4.291E-05 1.931 2.374E-07 2.984 2.362E-09 4.011mesh hl e1hl;� a1l e1hl;� a1l e1hl;� a1l1 1.768E-01 2.603E-02 { 1.674E-03 { 2.091E-04 {2 1.179E-01 1.523E-02 1.322 7.406E-04 2.012 6.309E-05 2.9553 8.839E-02 1.020E-02 1.392 4.162E-04 2.003 2.685E-05 2.9704 5.893E-02 5.714E-03 1.430 1.851E-04 1.999 8.022E-06 2.9795 4.419E-02 3.766E-03 1.449 1.042E-04 1.997 3.398E-06 2.9866 2.946E-02 2.088E-03 1.455 4.636E-05 1.997 1.011E-06 2.990Table 6.4: Symmetri
 di�usion: Computational errors in L2-norm (top) andH1 seminorm (bottom) for symmetri
 formulation and P1{P3 elements (Æ = 2).P1 P2 P3mesh hl e0hl;� a0l e0hl;� a0l e0hl;� a0l1 1.768E-01 2.203E-03 { 2.270E-04 { 6.717E-06 {2 1.179E-01 1.017E-03 1.905 9.540E-05 2.138 1.318E-06 4.0173 8.839E-02 5.829E-04 1.936 5.236E-05 2.086 4.146E-07 4.0194 5.893E-02 2.638E-04 1.955 2.276E-05 2.054 8.132E-08 4.0175 4.419E-02 1.497E-04 1.969 1.268E-05 2.035 2.562E-08 4.0156 2.946E-02 6.714E-05 1.978 5.582E-06 2.023 4.998E-09 4.031mesh hl e1hl;� a1l e1hl;� a1l e1hl;� a1l1 1.768E-01 2.285E-02 { 4.002E-03 { 3.804E-04 {2 1.179E-01 1.371E-02 1.260 1.718E-03 2.085 1.106E-04 3.0483 8.839E-02 9.535E-03 1.262 9.446E-04 2.079 4.606E-05 3.0444 5.893E-02 5.754E-03 1.246 4.086E-04 2.067 1.345E-05 3.0365 4.419E-02 4.052E-03 1.219 2.263E-04 2.053 5.627E-06 3.0296 2.946E-02 2.505E-03 1.186 9.894E-05 2.041 1.653E-06 3.022Table 6.5: Symmetri
 di�usion: Computational errors in L2-norm (top) andH1-seminorm (bottom) for nonsymmetri
 formulation and P1{P3 elements(Æ = 2).



CHAPTER 6. NUMERICAL RESULTS 96P1 P2 P3mesh hl e0hl;� a0l e0hl;� a0l e0hl;� a0l1 1.768E-01 2.303E-03 { 1.402E-04 { 3.862E-06 {2 1.179E-01 1.050E-03 1.937 5.656E-05 2.238 7.682E-07 3.9833 8.839E-02 5.967E-04 1.964 3.038E-05 2.161 2.439E-07 3.9884 5.893E-02 2.676E-04 1.978 1.292E-05 2.108 4.834E-08 3.9915 4.419E-02 1.511E-04 1.987 7.120E-06 2.072 1.532E-08 3.9946 2.946E-02 6.738E-05 1.992 3.102E-06 2.049 3.030E-09 3.997mesh hl e1hl;� a1l e1hl;� a1l e1hl;� a1l1 1.768E-01 1.714E-02 { 1.905E-03 { 2.165E-04 {2 1.179E-01 1.039E-02 1.234 7.992E-04 2.142 6.436E-05 2.9913 8.839E-02 7.358E-03 1.200 4.340E-04 2.122 2.717E-05 2.9974 5.893E-02 4.607E-03 1.155 1.853E-04 2.099 8.053E-06 3.0005 4.419E-02 3.344E-03 1.114 1.020E-04 2.076 3.397E-06 3.0016 2.946E-02 2.157E-03 1.081 4.427E-05 2.058 1.006E-06 3.001Table 6.6: Symmetri
 di�usion: Computational errors in L2-norm (top) andH1-seminorm (bottom) for in
omplete formulation and P1{P3 elements (Æ = 2).P1 P2 P3mesh hl e0hl;� a0l e0hl;� a0l e0hl;� a0l1 1.768E-01 9.479E-03 { 1.423E-03 { 7.547E-04 {2 1.179E-01 5.234E-03 1.466 7.684E-04 1.521 4.101E-04 1.5053 8.839E-02 3.358E-03 1.541 4.971E-04 1.512 2.665E-04 1.4964 5.893E-02 1.772E-03 1.577 2.700E-04 1.506 1.453E-04 1.4965 4.419E-02 1.125E-03 1.578 1.753E-04 1.501 9.441E-05 1.4986 2.946E-02 6.010E-04 1.546 9.553E-05 1.497 5.154E-05 1.493mesh hl e1hl;� a1l e1hl;� a1l e1hl;� a1l1 1.768E-01 2.550E-01 { 6.316E-02 { 4.050E-01 {2 1.179E-01 2.083E-01 0.499 5.166E-02 0.496 3.344E-01 0.4733 8.839E-02 1.797E-01 0.513 4.479E-02 0.495 2.913E-01 0.4794 5.893E-02 1.458E-01 0.516 3.663E-02 0.496 2.394E-01 0.4845 4.419E-02 1.257E-01 0.515 3.176E-02 0.496 2.078E-01 0.4926 2.946E-02 1.021E-01 0.513 2.597E-02 0.496 1.699E-01 0.497Table 6.7: Symmetri
 di�usion: Computational errors in L2-norm (top) andH1-seminorm (bottom) for symmetri
 formulation and P1{P3 elements(Æ = �3=2).



CHAPTER 6. NUMERICAL RESULTS 97P1 P2 P3mesh hl e0hl;� a0l e0hl;� a0l e0hl;� a0l1 1.768E-01 2.825E-02 { 4.137E-03 { 2.851E-03 {2 1.179E-01 1.497E-02 1.567 2.160E-03 1.604 1.565E-03 1.4803 8.839E-02 9.343E-03 1.636 1.386E-03 1.540 1.013E-03 1.5104 5.893E-02 4.789E-03 1.648 7.504E-04 1.513 5.478E-04 1.5165 4.419E-02 2.985E-03 1.642 4.860E-04 1.509 3.542E-04 1.5156 2.946E-02 1.532E-03 1.645 2.639E-04 1.506 1.917E-04 1.514mesh hl e1hl;� a1l e1hl;� a1l e1hl;� a1l1 1.768E-01 2.233E-01 { 1.542E-01 { 1.444E-01 {2 1.179E-01 1.814E-01 0.513 1.265E-01 0.489 1.192E-01 0.4733 8.839E-02 1.581E-01 0.477 1.098E-01 0.491 1.040E-01 0.4744 5.893E-02 1.307E-01 0.469 8.992E-02 0.493 8.559E-02 0.4815 4.419E-02 1.143E-01 0.466 7.801E-02 0.494 7.422E-02 0.4956 2.946E-02 9.471E-02 0.464 6.393E-02 0.491 6.088E-02 0.489Table 6.8: Symmetri
 di�usion: Computational errors in L2-norm (top) andH1-seminorm (bottom) for nonsymmetri
 formulation and P1{P3 elements(Æ = �3=2). P1 P2 P3mesh hl e0hl;� a0l e0hl;� a0l e0hl;� a0l1 1.768E-01 2.752E-02 { 3.568E-03 { 1.423E-03 {2 1.179E-01 1.477E-02 1.536 1.818E-03 1.664 7.789E-04 1.4873 8.839E-02 9.340E-03 1.591 1.151E-03 1.587 5.061E-04 1.4974 5.893E-02 4.873E-03 1.605 6.164E-04 1.540 2.753E-04 1.5025 4.419E-02 3.044E-03 1.635 3.963E-04 1.535 1.784E-04 1.5076 2.946E-02 1.576E-03 1.624 2.135E-04 1.525 9.702E-05 1.502mesh hl e1hl;� a1l e1hl;� a1l e1hl;� a1l1 1.768E-01 1.345E-01 { 8.720E-02 { 6.351E-02 {2 1.179E-01 1.042E-01 0.630 7.192E-02 0.475 5.210E-02 0.4893 8.839E-02 8.918E-02 0.540 6.268E-02 0.477 4.528E-02 0.4874 5.893E-02 7.280E-02 0.501 5.156E-02 0.482 3.715E-02 0.4885 4.419E-02 6.299E-02 0.503 4.479E-02 0.489 3.228E-02 0.4886 2.946E-02 5.150E-02 0.497 3.670E-02 0.491 2.647E-02 0.489Table 6.9: Symmetri
 di�usion: Computational errors in L2-norm (top) andH1-seminorm (bottom) for in
omplete formulation and P1{P3 elements(Æ = �3=2).



CHAPTER 6. NUMERICAL RESULTS 98

1e-010

1e-009

1e-008

1e-007

1e-006

1e-005

0.0001

0.001

0.01

0.01 0.1 1

P_1

P_2

P_3

1e-010

1e-009

1e-008

1e-007

1e-006

1e-005

0.0001

0.001

0.01

0.01 0.1 1

P_1

P_2

P_3

1e-010

1e-009

1e-008

1e-007

1e-006

1e-005

0.0001

0.001

0.01

0.01 0.1 1

P_1

P_2

P_3

O(h2) O(h2) O(h2)O(h3)O(h4) O(h4) O(h4)

1

1e-007

1e-006

1e-005

0.0001

0.001

0.01

0.1

0.01 0.1 1

P_1

P_2

P_3

1e-007

1e-006

1e-005

0.0001

0.001

0.01

0.1

0.01 0.1 1

P_1

P_2

P_3

1e-007

1e-006

1e-005

0.0001

0.001

0.01

0.1

0.01 0.1 1

P_1

P_2

P_3

O(h1) O(h1) O(h1)O(h2) O(h2) O(h2)O(h3) O(h3) O(h3)

1

Figure 6.1: Symmetri
 di�usion: EOC in the L2-norm (top) and H1-seminorm(bottom) for SIPG (left), NIPG (middle) and IIPG (right) variant (Æ = 2).Further, we verify experimentally the 
onvergen
e of the method in L2(
)-norm and H1(
)-seminorm with respe
t to the time step � . In order to restrainthe dis
retization errors with respe
t to h, we use a �ne mesh with 2048 trianglesand pie
ewise 
ubi
 approximation (P 3). We 
onsider here only the 
ase withexa
t solution, whose regularity is given by Æ = 2 (in the 
ase of Æ = �3=2 theresults are similar).The 
omputations were 
arried out with six di�erent time steps �l for allthree IPG variants, see Table 6.10. The 
omputational error is evaluated at timeT = 1 in L2(
)-norm and H1(
)-seminorm a

ording to (6.14) and (6.15), re-spe
tively. We observe that all 
onsidered IPG variants produ
e the experimentalorder of 
onvergen
e O(�) in L2(
)-norm and H1(
)-seminorm whi
h is in goodagreement with derived theoreti
al results.
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Figure 6.2: Symmetri
 di�usion: EOC in the L2-norm (top) and H1-seminorm(bottom) for SIPG (left), NIPG (middle) and IIPG (right) variant (Æ = �3=2).6.4 Numeri
al example with di�usionin nonsymmetri
 formWe 
onsider the same equation (6.21) as in the previous Se
tion 6.4 with thenonsymmetri
 matrix K(w) in the following formIK(w) = "� 12(3 + ar
tan(w)) 13(2� ar
tan2(w))0 4 + ar
tan(w) � : (6.26)We set " = 0:02, 
 = (0; 1)2, de�ne the fun
tion g and the initial and Diri
hletboundary 
onditions a

ording to the pres
ribed exa
t solution (6.23) with (6.24)for Æ = 2, whi
h 
onverges to the steady state for t!1.In the same way as in Se
tion 6.3, we verify numeri
ally the 
onvergen
e ofthe method with respe
t to the mesh size h and time step � . The numeri
alexperiments are 
arried out with the same settings ex
ept for a 
hoi
e of theparameter CW from (4.57) whi
h is 
hosen a

ording to the Table 6.11.



CHAPTER 6. NUMERICAL RESULTS 100SIPG NIPG IIPGl �l e0h;�l b0l e0h;�l b0l e0h;�l b0l1 4.000E-02 3.1685E-03 { 3.1686E-03 { 3.1687E-03 {2 2.000E-02 1.6371E-03 0.953 1.6374E-03 0.953 1.6372E-03 0.9533 1.000E-02 8.3140E-04 0.977 8.3143E-04 0.977 8.3138E-04 0.9774 5.000E-03 4.1904E-04 0.989 4.1901E-04 0.989 4.1903E-04 0.9895 2.500E-03 2.0983E-04 0.998 2.0983E-04 0.998 2.0983E-04 0.9986 1.250E-03 1.0521E-04 0.995 1.0522E-04 0.996 1.0521E-04 0.995l �l e1h;�l b1l e1h;�l b1l e1h;�l b1l1 4.000E-02 1.5152E-02 { 1.5152E-02 { 1.5151E-02 {2 2.000E-02 7.8278E-03 0.953 7.8280E-03 0.953 7.8278E-03 0.9533 1.000E-02 3.9782E-03 0.977 3.9778E-03 0.977 3.9780E-03 0.9774 5.000E-03 2.0051E-03 0.989 2.0052E-03 0.989 2.0045E-03 0.9895 2.500E-03 1.0043E-03 0.998 1.0042E-03 0.998 1.0041E-03 0.9986 1.250E-03 5.0352E-04 0.995 5.0360E-04 0.996 5.0351E-04 0.995Table 6.10: Symmetri
 di�usion: Computational errors and 
orresponding EOCin L2-norm (top) and H1-seminorm (bottom).NIPG IIPG SIPGp=1 10.0 5.0 10.0p=2 40.0 10.0 40.0p=3 100.0 20.0 100.0Table 6.11: Nonsymmetri
 di�usion: Choi
e of CW for individual IPG variants.Tables 6.12 { 6.14 and Figure 6.3 depi
t experimental orders of 
onvergen
efor ea
h IPG variant in the 
orresponding L2(
)-norm and in H1(
)-seminorm,respe
tively. We observe the good agreement with the example with di�usion insymmetri
 form for regular exa
t solution (Æ = 2). In the 
ase of investigationof 
onvergen
e of the method with respe
t to � , without loss of generality we
onsider only SIPG variant. The obtained results shown in Table 6.15 
orrespondwith theory.



CHAPTER 6. NUMERICAL RESULTS 101P1 P2 P3mesh hl e0hl;� a0l e0hl;� a0l e0hl;� a0l1 1.768E-01 6.846E-03 { 4.851E-05 { 2.974E-06 {2 1.179E-01 2.958E-03 2.070 1.477E-05 2.933 5.917E-07 3.9833 8.839E-02 1.565E-03 2.213 6.392E-06 2.911 1.876E-07 3.9924 5.893E-02 6.248E-04 2.264 1.999E-06 2.866 3.712E-08 3.9965 4.419E-02 3.249E-04 2.273 8.968E-07 2.787 1.175E-08 3.9996 2.946E-02 1.301E-04 2.257 2.776E-07 2.892 2.320E-09 4.000mesh hl e1hl;� a1l e1hl;� a1l e1hl;� a1l1 1.768E-01 2.171E-01 { 1.959E-03 { 1.953E-04 {2 1.179E-01 1.351E-01 1.169 8.474E-04 2.067 5.915E-05 2.9463 8.839E-02 9.213E-02 1.331 4.695E-04 2.053 2.521E-05 2.9654 5.893E-02 5.211E-02 1.406 2.054E-04 2.039 7.540E-06 2.9775 4.419E-02 3.441E-02 1.443 1.146E-04 2.028 3.192E-06 2.9886 2.946E-02 1.902E-02 1.462 5.079E-05 2.006 9.476E-07 2.995Table 6.12: Nonsymmetri
 di�usion: Computational errors in L2-norm (top) andH1 seminorm (bottom) for symmetri
 formulation and P1{P3 elements (Æ = 2).P1 P2 P3mesh hl e0hl;� a0l e0hl;� a0l e0hl;� a0l1 1.768E-01 2.817E-03 { 2.635E-04 { 8.652E-06 {2 1.179E-01 1.276E-03 1.954 1.125E-04 2.099 1.727E-06 3.9753 8.839E-02 7.240E-04 1.969 6.234E-05 2.052 5.479E-07 3.9914 5.893E-02 3.246E-04 1.979 2.739E-05 2.029 1.083E-07 3.9985 4.419E-02 1.833E-04 1.985 1.534E-05 2.016 3.429E-08 3.9996 2.946E-02 8.184E-05 1.989 6.806E-06 2.004 6.753E-09 4.007mesh hl e1hl;� a1l e1hl;� a1l e1hl;� a1l1 1.768E-01 3.083E-02 { 4.750E-03 { 4.182E-04 {2 1.179E-01 1.855E-02 1.254 2.026E-03 2.101 1.211E-04 3.0563 8.839E-02 1.299E-02 1.239 1.110E-03 2.093 5.036E-05 3.0514 5.893E-02 7.945E-03 1.212 4.777E-04 2.078 1.466E-05 3.0435 4.419E-02 5.659E-03 1.180 2.639E-04 2.063 6.150E-06 3.0206 2.946E-02 3.554E-03 1.147 1.151E-04 2.046 1.808E-06 3.019Table 6.13: Nonsymmetri
 di�usion: Computational errors in L2-norm (top)and H1-seminorm (bottom) for nonsymmetri
 formulation and P1{P3 elements(Æ = 2).
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P1 P2 P3mesh hl e0hl;� a0l e0hl;� a0l e0hl;� a0l1 1.768E-01 4.223E-03 { 2.523E-04 { 5.847E-06 {2 1.179E-01 1.923E-03 1.940 1.024E-04 2.225 1.170E-06 3.9693 8.839E-02 1.093E-03 1.964 5.510E-05 2.154 3.724E-07 3.9784 5.893E-02 4.904E-04 1.977 2.346E-05 2.106 7.403E-08 3.9855 4.419E-02 2.770E-04 1.985 1.292E-05 2.073 2.349E-08 3.9906 2.946E-02 1.236E-04 1.990 5.586E-06 2.069 4.653E-09 3.993mesh hl e1hl;� a1l e1hl;� a1l e1hl;� a1l1 1.768E-01 2.570E-02 { 2.782E-03 { 2.329E-04 {2 1.179E-01 1.529E-02 1.281 1.179E-03 2.118 6.828E-05 3.0263 8.839E-02 1.078E-02 1.216 6.458E-04 2.091 2.860E-05 3.0254 5.893E-02 6.752E-03 1.153 2.792E-04 2.068 8.405E-06 3.0205 4.419E-02 4.916E-03 1.103 1.548E-04 2.050 3.530E-06 3.0156 2.946E-02 3.187E-03 1.068 6.783E-05 2.035 1.040E-06 3.014Table 6.14: Nonsymmetri
 di�usion: Computational errors in L2-norm (top) andH1-seminorm (bottom) for in
omplete formulation and P1{P3 elements (Æ = 2).

l �l e0h;�l b0l e1h;�l b1l1 4.000E-02 2.465E-03 { 1.171E-02 {2 2.000E-02 1.271E-03 0.955 6.035E-03 0.9563 1.000E-02 6.454E-04 0.978 3.064E-03 0.9784 5.000E-03 3.251E-04 0.989 1.543E-03 0.9895 2.500E-03 1.627E-04 0.999 7.721E-04 0.9996 1.250E-03 8.135E-05 1.000 3.870E-04 0.996Table 6.15: Nonsymmetri
 di�usion: Computational errors and 
orrespondingEOC in L2-norm and H1-seminorm (SIPG).
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Figure 6.3: Nonsymmetri
 di�usion: EOC in the L2-norm (top) andH1-seminorm(bottom) for SIPG (left), NIPG (middle) and IIPG (right) variant (Æ = 2).



Con
lusionIn Part II, we have presented and theoreti
ally analyzed an eÆ
ient numeri
almethod for the solution of a model s
alar nonstationary nonlinear 
onve
tion-di�usion equation, whi
h is based on the spa
e di
retization by the DGM anda semi-impli
it time dis
retization. Under some additional assumptions we havederived hp a priori error estimates, namely O(hp + �) in the L1(0; T ;L2(
))-norm and in the L2(0; T ;H1(
))-seminorm. On the other hand, the presentednumeri
al experiments signalize a better behaviour of the experimental L1(L2)-order of 
onvergen
e, whi
h is expe
ted to be asymptoti
allyO(hp+1+�) for p oddand O(hp + �) for p even in the 
ase of NIPG and/or IIPG variant. Moreover,in the 
ase of SIPG variant we obtain optimal experimental L1(L2)-order of
onvergen
e for p arbitrary.The obtained results 
on�rm that the BDF-DGM is a powerful and reliablemethod for the numeri
al solution of nonstationary nonlinear 
onve
tion-di�usionequation, whi
h is suÆ
iently a

urate and robust.

104



Part IIIDGM { Appli
ation to vis
ous
ompressible 
ows
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106A spe
i�
 wide 
lass of problems of 
uid me
hani
s is formed of vis
ous 
om-pressible 
ow, whi
h is des
ribed by the system of the 
ompressible Navier{Stokesequations. To solve these problems in a suÆ
iently robust, eÆ
ient and a

urateway, the DGM is used in view of its extension from a simple model equation. Thepresented extension from a s
alar 
ase to the 
ase of (CFP) is not straightforwardand the spe
ial attention is paid to several aspe
ts of the DGM, namely 
hoi
e ofboundary 
onditions, numeri
al 
ux, dis
retization of vis
ous terms and 
hoi
eof penalty parameter.The 
ontent of this part is divided into three 
hapters. In Chapter 7, wederive a semi-dis
rete problem arising from an appli
ation of DGM to the full
ompressible Navier-Stokes equations. The 
ru
ial item is the dis
retization ofvis
ous 
uxes, whi
h are generally nonlinear with respe
t to the unknown stateve
tor. We 
onsider the two possible stabilization te
hniques based on propertiesof original vis
ous 
uxes appearing in (CFP). The Chapter 8 deals with BDF-DGM for (CFP), to be 
on
rete with the semi-impli
it linearization of invis
id andvis
ous 
uxes, respe
tively. The resulting numeri
al s
hemes are un
onditionallystable with respe
t to the time and require the solution of one linear system onea
h time level. Finally, several numeri
al examples, re
e
ting the poten
y of themethod, are presented in Chapter 9.



Chapter 7DG formulationIn the DG formulation of (CFP) we pro
eed similarly as in Chapter 3, fromintrodu
tion of �nite dimensional spa
e of approximate solutions and derivationof fundamental integral identity, on over dis
retizations of invis
id and vis
ousterms, up to the spa
e semi-dis
rete problem.The approximate solution wh as well as test fun
tions 'h are elements of the�nite dimensional spa
e of ve
tor-valued fun
tionsShp � Shp � � � � � Shp| {z }d+2 times : (7.1)where Shp is introdu
ed in (3.16).Further, we denote by Fwh , F ih and Foh the set of all � 2 Fh su
h that � � �
w,� � �
i and � � �
o, respe
tively. A

ording to this new notation we 
anidentify these sets with: FDh � Fwh [ F ih; (7.2)FNh � Foh: (7.3)In fa
t, FDh denotes the set of all � 2 Fh where the Diri
hlet type of boundary
onditions is pres
ribed at least for one 
omponent of w and FNh the set ofall � 2 Fh where the Neumann type of boundary 
onditions is pres
ribed forall 
omponents of w. Moreover, for a shorter notation we put F ioh � F ih [ Fohdenoting the so-
alled far-�eld boundary.Assuming that w is a suÆ
iently regular 
lassi
al solution of (CFP) and testfun
tion ' 2 H2(
; Th)d+2, we multiply equation (1.1) by ', integrate over K 2Th, use Green's theorem, sum over all K 2 Th and arrive at the identityZK2Th �w�t ' dx � XK2Th ZK ~f(w) � r' dx + XK2Th Z�K ~f(w) � ~n�K ' dS+XK2Th ZK ~R(w;rw) � r' dx�X�2FIDh Z� h~R(w;rw) � ~ni['℄ dS = 0: (7.4)107



CHAPTER 7. DG FORMULATION 1087.1 Dis
retization of invis
id termsFor evaluation of the boundary integrals in invis
id terms of (7.4) we use the(\�nite volume") approximationdXs=1 f s(w)(~n�K)s �'������K � X���KH �wj(p)� ;wj(n)� ; ~n�� �'j�; (7.5)where wj(p)� , wj(n)� are the tra
es of w on �K from the interior and the exteriorof element K 2 Th, respe
tively and H(�; �; �) is a numeri
al 
ux, for details, see,e.g. [25℄ or [29℄.In order to employ the 
on
ept of semi-impli
it s
hemes we need that the nu-meri
al 
ux H has a form suitable for a linearization. Hen
e, in our appli
ationswe employ the Vijayasundaram numeri
al 
ux, see [42℄, [25, Se
tion 7.3℄ or [29,Se
tion 3.3.4℄. The matrix P (w; ~n) de�ned by (1.22) is diagonalizable, i.e., thereexist matri
es � and T su
h thatP (w; ~n) = T�T �1; � = diag (�1; : : : ; �d+2); (7.6)where �1; : : : ; �d+2 are the eigenvalues of P . We de�ne the \positive" and \neg-ative" part of P byP�(w; ~n) = T��T�1; �� = diag (��1 ; : : : ; ��d+2): (7.7)Then the Vijayasundaram numeri
al 
ux readsH(w1;w2; ~n) � P+�w1 +w22 ; ~n�w1 + P��w1 +w22 ; ~n�w2: (7.8)Similarly as the Vijayasundaram numeri
al 
ux (7.8) we 
an apply, e.g., the Roe'stype s
hemes [40℄ having also a form suitable for a linearization.It is ne
essary to spe
ify the meaning of wj(n)� for � 2 FDNh . We use theapproa
h known from the invis
id 
ow simulation, see, e.g., [29℄, [43℄. For � 2F ioh we pres
ribe mn 
omponents of w on � and extrapolate mp = d + 2 � mn
omponents of w from K to � (� � �K) where mn is the number of negativeeigenvalues of matrix P (w; ~n) given by (1.22). Thus, we de�newj(n)� = LRP (wj(p)� ;wD; ~n�); (7.9)where LRP (�; �; �) represents a solution of the lo
al Riemann problem 
onsideredon edge � 2 F ioh and wD is a given state ve
tor (e.g. from far-�eld boundary
onditions). For details, see [24℄.For � 2 Fwh , the impermeability 
onditionv � ~n = 0 (7.10)
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ribed. Then in virtue of (7.5) we putZ�H(w(t)j(p)� ;w(t)j(n)� ; ~n�) �' dS := Z� FW (w(t); ~n�) �' dS; � 2 Fwh ; (7.11)where FW (w; ~n) � (0; pn1; : : : ; pnd; 0)T : (7.12)The pressure p is expressed in the formp = (
 � 1) �wd+2 � w22 + � � �+ w2d+12w1 � ; (7.13)following from (1.11) and (1.2) and extrapolated on � from K (� � �K) and~n = (n1; : : : ; nd) = ~n�.7.2 Dis
retization of vis
ous termsThe 
ru
ial item of the DG formulation of (CFP) is the treatment of the vis
ousterms. We shall present two di�erent approa
hes for dis
retization of these terms.First, we 
onsider that the vis
ous 
uxes Rs(w;rw) 
an be expressed in theform (1.23), i.e. vis
ous terms from (7.4) 
an be rewritten asXK2Th ZK dXs=1 Rs(w;rw) � �'�xs dx� X�2FIDh Z� dXs=1 hRs(w;rw) � nsi ['℄ dS= XK2Th ZK dXs=1  dXk=1Ks;k(w) �w�xk! � �'�xs dx� X�2FIDh Z� dXs=1 * dXk=1Ks;k(w) �w�xk ns+ ['℄ dS: (7.14)In virtue of approa
h from s
alar problem (3.22){(3.23) we add to this expressiontwo stabilization terms. The �rst one is obtained by the formal ex
hange ofarguments w and ' in the linear parts of the last term of (7.14), i.e.,� X�2FIDh Z� dXs=1 * dXk=1Ks;k(w) �'�xk ns+ [w℄ dS (7.15)and the se
ond one enfor
es Diri
hlet 
ondition and is balan
ed by terms (7.15)on FDh , i.e., �� X�2FDh Z� dXs=1 dXk=1Ks;k(w) �'�xk ns �wB dS; (7.16)



CHAPTER 7. DG FORMULATION 110where � = �1; 0; 1 depending on the type of stabilization (SIPG, IIPG or NIPGvariants) and wB is a state ve
tor given by pres
ribed Diri
hlet boundary 
ondi-tions on a appropriate part of boundary, for more details see Se
tion 7.3.However, numeri
al experiments indi
ate that this 
hoi
e of stabilization isnot suitable. It is 
aused by that fa
t that for ' = ('1; 0; : : : ; 0)T; '1 2H2(
; Th); '1 6= 
onst, we obtain a non-vanishing term (7.15) whereas bothterms in (7.14) are equal to zero sin
e the �rst rows of Rs;Ks;k; s; k = 1; : : : ; dvanish, see (1.6) and (9.28){(9.36). Therefore, in [8℄, [32℄, [33℄, the stabilizationterms � X�2FIh Z� dXs=1 * dXk=1KTs;k(w) �'�xk ns+ [w℄ dS+ � X�2FDh Z� dXs=1 dXk=1KTs;k(w) �'�xk ns � (w �wB) dS (7.17)was employed whi
h avoids the drawba
k mentioned above. Here, KT denotesthe matrix transposed to K.Moreover, in [12℄, we developed a di�erent approa
h when the stabilizationterms are treated as� X�2FIh Z� dXs=1 hds(w;rw;';r')nsi [w℄ dS (7.18)+ � X�2FDh Z� dXs=1 ds(w;rw;';r')ns � (w �wB) dS= � X�2FIh Z� dXs=1 * Ds;0(w;rw)'+ dXk=1Ds;k(w) �'�xk! ns+ [w℄ dS;+ � X�2FDh Z� dXs=1  Ds;0(w;rw)'+ dXk=1Ds;k(w) �'�xk! ns � (w �wB) dS;where ds(�; �; �; �); s = 1; : : : ; d is given by (1.24) and Ds;k; k = 0; 1; : : : ; d; s =1; : : : ; d by (9.37) { (9.40). The forms ds(�; �; �; �); s = 1; : : : ; d are linear withrespe
t to their third and fourth arguments and integrals (7.18) vanish for ' =('1; 0; : : : ; 0)T 2 IRd+2; '1 2 H2(
; Th) sin
e ds; s = 1; : : : ; d are independent ofr'1.In order to simplify the notation, for s = 1; : : : ; d we putQs(w;rw;';r') � � Pdk=1Ks;k(w) �'�xk for stabilization (7.17)ds(w;rw;';r') for stabilization (7.18) ; (7.19)



CHAPTER 7. DG FORMULATION 111andQ�s(w;rw;';r') � � Pdk=1KTs;k(w) �'�xk for stabilization (7.17)ds(w;rw;';r') for stabilization (7.18) : (7.20)A

ording to (7.19), (1.23) and (1.25), it is easy to show that the forms Qsare 
onsistent with vis
ous 
uxes Rs in the sense thatQs(w;rw;w;rw) = Rs(w;rw) 8w; s = 1; : : : ; d: (7.21)7.3 Spa
e semi-dis
rete problemIn virtue of the semi-dis
rete formulation 
arried out for the s
aler model problemin Se
tion 3.4 and with respe
t to the introdu
ed dis
retization in Se
tions 7.1{7.2, we de�ne for w; ' 2 H2(
; Th)d+2 the forms(w;') = XK2Th ZK w �' dx (7.22)(L2-s
alar produ
t),ea�h (w;') = XK2Th ZKQs(w;rw;w;rw) � r' dx (7.23)� X�2FIDh Z� dXs=1 hQs(w;rw;w;rw)nsi ['℄ dS+�X�2FIh Z� dXs=1 hQ�s(w;rw;';r')nsi [w℄ dS+�X�2FDh Z� dXs=1 Q�s(w;rw;';r')ns � (w �wB) dS(di�usion form),ebh(w;') = X�2Fh Z�H �wj(p)� ;wj(n)� ; ~n�� � ['℄ dS � XK2Th ZK dXs=1 f s(w) � �'�xs dx(7.24)(
onve
tive form),J�h(w;') = X�2FIDh Z� �[w℄ � ['℄ dS � X�2FDh Z� �wB �' dS (7.25)



CHAPTER 7. DG FORMULATION 112(interior and boundary penalty terms), where the penalty parameter � is natu-rally extended from (4.57) as�j� = CWd(�)Re ; � 2 F IDh ; (7.26)where d(�) is given either by (4.5) or (4.6) and CW > 0 is a suitable 
onstant.The state ve
tor wB pres
ribed on �
i [ �
w is given by the boundary 
on-ditions, in parti
ular, for the 
ase (1.15) a){
) we havewB = (�j�
w ; 0; : : : ; 0; �j�
w�j�
w) on �
w; (7.27)wB = (�D; �D(vD)1; : : : ; �D(vD)d; �j�
i�j�
i + 12�DjvDj2) on �
i;and for the 
ase (1.15) a){b), (1.16) 
')wB = (�j�
w ; 0; : : : ; 0; �j�
w�D) on �
w; (7.28)wB = (�D; �D(vD)1; : : : ; �D(vD)d; �j�
i�j�
i + 12�DjvDj2) on �
i;where �D; vD and �D are given fun
tions from the boundary 
onditions (1.15){(1.16) and �j� and �j� are the values of density and temperature extrapolatedfrom interior of 
 on the appropriate boundary part, respe
tively.The approximate solution of (CFP) is sought in the spa
e of dis
ontinuouspie
ewise polynomial fun
tions Shp de�ned by (7.1). We introdu
e the semi-dis
rete problem.De�nition 7.3.1. Fun
tion wh is a semi-dis
rete solution of (CFP), ifa) wh 2 C1(0; T ;Shp); (7.29)b) ��wh(t)�t ;'h�+ ea�h (wh(t);'h) + ebh(wh(t);'h) + J�h(wh(t);'h) = 08'h 2 Shp; 8 t 2 (0; T );
) wh(0) = w0h;where w0h 2 Shp denotes an Shp-approximation of the initial 
ondition w0 from(1.14).Here C1(0; T ;Shp) is the spa
e of 
ontinuously di�erentiable mappings of theinterval (0; T ) into Shp. The problem (7.29), a) { 
) exhibits a system of ordinarydi�erential equations for wh(t) whi
h has to be dis
retized by a suitable method.



Chapter 8Full time-spa
e dis
retizationThe ODE system (7.29) belongs to the 
lass of sti� problems whose solutionsby an expli
it s
heme are rather ineÆ
ient. On the other hand, a full impli
its
heme leads to a ne
essity to solve a system of nonlinear algebrai
 equations atea
h time step whi
h is rather expensive. Therefore, we follow the semi-impli
itapproa
h presented in Se
tion 5.2 and extend it for the vis
ous 
ow simulation.Hen
e, we introdu
e a linearization of the nonlinear forms ~bh and ~ah, respe
tively,and then we de�ne the full time-spa
e dis
retization of (CFP) by the BDF-DGmethod.8.1 Linearization of invis
id termsBy (7.24), for wh;'h 2 Shp we haveebh(wh;'h) = � XK2Th ZK dXs=1 f s(wh) � �'h�xs dx| {z }=:~�1(wh;'h)+ X�2Fh Z�H �whj(p)� ;whj(n)� ; ~n�� ['h℄� dS| {z }=:~�2(wh;'h) : (8.1)The individual forms e�1(�; �) and e�2(�; �) will be linearized separately. For e�1, weemploy the property (1.20) of the Euler 
uxes and for �wh; wh; 'h 2 Shp de�nea form �1( �wh;wh;'h) � XK2Th ZK dXs=1 As( �wh)wh � �'h�xs dx: (8.2)The linearization of the term e�2 
an be 
arried out in a simple way, whenH in (8.1) is 
hosen, e.g., as the Vijayasundaram numeri
al 
ux (7.8). Let113



CHAPTER 8. FULL TIME-SPACE DISCRETIZATION 114�wh; wh; 'h 2 Shp, we pute�2( �wh;wh;'h) � X�2Fh Z� hP+ (h �whi; ~n)whj(p)� + P� (h �whi; ~n)whj(n)� i � ['h℄dS;(8.3)where h �whi is given by (3.12) and (3.15), respe
tively.It is ne
essary to pay a spe
ial attention to whj� for � 2 FDNh . For � 2 Fwhwe employ approximation (7.11). The ve
tor FW de�ned by (7.12) is a nonlinearfun
tion of w and its linearization is given with the aid of the Taylor expansionby FW (wh; ~n) � ~FW ( �wh;wh; ~n) � FW ( �wh; ~n) +DFW ( �wh; ~n) (wh � �wh)= DFW ( �wh; ~n)wh; (8.4)whereDFW (w; ~n) � (
 � 1)0BBBBB� 0 0 : : : 0 0(v21 + � � �+ v2d)n1=2 �v1n1 : : : �vdn1 n1... ... . . . ... ...(v21 + � � �+ v2d)nd=2 �v1nd : : : �vdnd nd0 0 : : : 0 0
1CCCCCA(8.5)is obtained by the di�erentiation of fun
tion FW given by (7.12) with respe
t tow = (w1; : : : ; wd). Here ~n = (n1; : : : ; nd); vj = wj+1=w1; j = 1; : : : ; d. The lastequality in (8.4) follows from (1.20) whi
h implies FW ( �wh; ~n) = DFW ( �wh; ~n) �wh.Then we put�2( �wh;wh;'h) (8.6)� X�2FIh Z� �P+ (h �whi; ~n)whj(p)� + P� (hwhi; ~n)whj(n)� � � ['h℄dS+ X�2F ioh Z� �P+ (h �whi; ~n)whj(p)� + P� (h �whi; ~n) �whj(n)� � � ['h℄ dS+ X�2Fwh Z� ~FW ( �wh;wh; ~nij) �' dS;where, in virtue (7.9),�wj(n)� = LRP ( �wj(p)� ;wD; ~n�); � 2 F ioh : (8.7)Finally, we de�ne the formbh( �wh;wh;'h) � ��1( �wh;wh;'h) + �2( �wh;wh;'h); (8.8)where �1 and �2 are given by (8.2) and (8.6), respe
tively. The form bh is linearwith respe
t to the se
ond and third variable and 
onsistent with ~bh by~bh(wh;'h) = bh(wh;wh;'h) 8wh;'h 2 Shp: (8.9)



CHAPTER 8. FULL TIME-SPACE DISCRETIZATION 1158.2 Linearization of vis
ous termsIn virtue of (7.23), for �wh;wh;'h 2 Shp we de�ne the forma�h ( �wh;wh;'h) = XK2Th ZKQs( �w;r �w;w;rw) � r' dx (8.10)� X�2FIDh Z� dXs=1 hQs( �w;r �w;w;rw)nsi ['℄ dS+�X�2FIh Z� dXs=1 hQ�s( �w;r �w;';r')nsi [w℄ dS+�X�2FDh Z� dXs=1 Q�s( �w;r �w;';r')ns � (w �wB) dS;whi
h is linear with respe
t to its se
ond and third 
omponents. Moreover, it is
onsistent with ~ah(�; �) by~ah(wh;'h) = ah(wh;wh;'h) 8wh;'h 2 Shp: (8.11)8.3 Semi-impli
it BDF-DG methodThe main idea of the semi-impli
it dis
retization is to treat the linear parts offorms ah and bh (represented by their se
ond and their arguments) impli
itly andtheir nonlinear parts (represented by their �rst arguments) expli
itly. In virtue ofapproa
h from Se
tion 5.2, to solve the ODE problem (7.29), a) { 
) we use BDFs
heme with a suitable expli
it higher order extrapolation of nonlinear parts ofah(�; �; �) and bh(�; �; �).Let 0 = t0 < t1 < � � � < tr = T be a partition of the interval (0; T ) and�k � tk+1 � tk; k = 0; 1; : : : ; r � 1. In order to simplify the notation, we put
h ( �wh;wh;'h) � ah ( �wh;wh;'h) + bh ( �wh;wh;'h)+J�h (wh;'h) ; �wh;wh;'h 2 Shp: (8.12)De�nition 8.3.1. We de�ne the approximate solution of (CFP) as the set offun
tions wkh; k = 1; : : : ; r, satisfying the 
onditionsa) wk+1h 2 Shp; (8.13)b) 1�k  nXl=0 �lwk+1�lh ;'h!+ 
h nXl=1 �lwk+1�lh ;wk+1h ;'h! = 08'h 2 Shp; k = n� 1; : : : ; r � 1;
) w0h is Shp approximation of w0;d) wlh 2 Shp; l = 1; : : : ; n� 1 are given by a suitable one-step method;



CHAPTER 8. FULL TIME-SPACE DISCRETIZATION 116where n � 1 is the degree of the BDF s
heme, the 
oeÆ
ients �l; l = 0; : : : ; n and�l; l = 1; : : : ; n depend on time steps �k�l; l = 0; : : : ; n. We 
all this approa
hthe BDF-DG method.



Chapter 9Numeri
al examplesIn order to demonstrate the a

ura
y, stability, robustness and eÆ
ien
y of thepresented BDF-DGM for the solution of (CFP), the several numeri
al experimentsare solved. In the �rst instan
e, we mention some extension implementation as-pe
ts of this approa
h and introdu
e su
h de�nitions as 
onvergen
y and a

ura
yof the method. Further, we present three two-dimensional numeri
al examples.The �rst one is a basi
 ben
hmark of steady vis
ous 
ow around a 
at plate. These
ond and third ones represent a symmetri
 and nonsymmetri
 steady 
owsaround NACA 0012 pro�le, respe
tively.9.1 Extension implementation aspe
tsof BDF-DG method for (CFP)Sin
e the approximate solutions of (CFP) lie in the spa
e of ve
tor-valued pie
e-wise polynomial fun
tions Shp, we reformulate and extend some implementationaspe
ts (mentioned in Se
tion 6.1): iterative matrix representation and 
hoi
es oftime step and penalty parameter, respe
tively. Moreover, with respe
t to 
har-a
ter of 
onsidered numeri
al examples, we add representation on non-polygonalboundaries.Iterative matrix representationHere we extend the des
ription of linear algebrai
 problems from Subse
tion 6.1.1to problems (8.13), a){d). Let B(K) = f l;K; supp( l;K) � Kgdof(K)l=1 be a lo
albasis of the spa
e of ve
tor-valued dis
ontinuous pie
ewise polynomial fun
tionsShp de�ned by (7.1). The basis B(K) belongs to the 
orresponding element Kand its dimension is dof(K), i.e.dof(K) = ( 8 (pK + 1)(pK + 2) for d = 2;256 (pK + 1)(pK + 2)(pK + 3) for d = 3; K 2 Th; (9.1)117
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K1

p1=1

K2

p2=3

K3

p3=1

K4

p4=2

K5

p5=2

K6

p6=1

Figure 9.1: Con
rete 
ase of 
onsidered �
titious triangulation.where pK denotes the degree of polynomial approximation on element K.Further, we de�ne a global basis of Shp by B = f l;K; l;K 2 B(K)gK2Th withdim(Shp) = dof = PK2Th dof(K). Then a fun
tion wkh 2 Shp 
an be written inthe form wkh(x) = XK2Th dof(K)Xl=1 �kl;K  kl;K(x); x 2 
; k = 0; 1; : : : ; r; (9.2)where �kl;K 2 IR; k = 0; : : : ; r; l = 1; : : : ; dof(K); K 2 Th. Moreover, forwkh 2 Shpwe de�ne the ve
tor of its basis 
oeÆ
ients byW k � ��kl;K	K2Thl=1;:::;dof(K) 2 IRdof ; k = 0; 1; : : : ; r: (9.3)Then the linear algebrai
 problem (8.13),b) 
an be written in the matrix form��0M+ �kCk�W k = qk; k = n; : : : ; r; (9.4)whereM is the symmetri
, positive de�nite blo
k diagonal mass matrix given byrelation (6.6) with ve
tor valued fun
tions  l;K; l = 1; : : : ; dof(K); K 2 Th. Ea
hdiagonal blo
k of matrix M 
orresponds to the appropriate element K and itsso-
alled lo
al mass matrix set up only from basis B(K), see Figure 9.2 (left) forthe 
onsidered 
ase of �
titious triangulation on Figure 9.1.The symbol Ck denotes the \
ux" matrix representing invis
id, vis
ous andpenalty terms treated and 
al
ulated without boundary 
onditions, i.e.,Ck = Ck(W k�1;W k�2; : : : ;W k�n) � fC(i;j)k gdofi;j=1; k = n; : : : ; r: (9.5)
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M 1,1

12×12

M 2,2

40×40

M 3,3

12×12

M 4,4

24×24

M 5,5

24×24

M 6,6

12×12

Ck,1,1

12×12

Ck,2,2

40×40

Ck,3,3

12×12

Ck,4,4

24×24

Ck,5,5

24×24

Ck,6,6

12×12

Ck,1,2

12×40

Ck,2,1

40×12

Ck,2,3

40×12

Ck,3,2

12×40

Ck,2,4

40×24

Ck,4,2

24×40

Ck,4,5

24×24

Ck,5,4

24×24

Ck,5,6

24×12

Ck,6,5

12×24Figure 9.2: Matrix stru
ture in the 
ase of triangulation depi
ted in Figure 9.1,mass matrix (left) and \
ux" matrix (right).For �
titious triangulation (see Figure 9.1), the 
on
rete matrix shape of Ck isshown in Figure 9.2 (right).The ve
tor qk 2 IRdof represents the right-hand-side of (8.13),b) given byqk = qk(W k�1;W k�2; : : : ;W k�n) � fqk;igdofi=1; k = n; : : : ; r; (9.6)where qk 
orresponds to form � �Pnl=1 �lwk�lh ; �� together with boundary 
ondi-tions from form 
h(Pnl=1 �lwk�lh ; �; �).In order to solve the resulting nonsymmetri
 system (9.4) eÆ
iently on everytime level, we employ the restarted GMRES solver with the same parameters asin Subse
tion 6.1.1.Choi
e of the time stepWe use an adaptive 
hoi
e of the time step des
ribed in Subse
tion 6.1.4. More-over, in the 
ase of steady 
ows we 
onsider another approa
h with the so-
alledheuristi
 
hoi
e of the time step. This approa
h try to 
hoose an optimal timestep with respe
t to the 
omputational time. The time step is set up a

ordingto the following formula, �k = 12�(wkh) (res(k))�2 (9.7)where res(k) is a steady-state residuum de�ned by (9.20) and �(�) is an approxi-mation of the maximal eigenvalue of the ODE system (7.29) given by�(wkh) � max minK2Th���K jKjr�(wkh; ~n)j�j ; minK2Th jKjRe! (9.8)



CHAPTER 9. NUMERICAL EXAMPLES 120where r�(wkh; ~n) denotes the spe
tral radius of the matrix P (wkh; ~n)j� given by(1.22) and Re is the Reynolds number.Furthermore, we de�ne the so-
alled 

-value by

(k) � �k�(wkh); k = 1; : : : ; r: (9.9)A

ording to the formula (9.7) and relation (9.9), one 
an see that initial timestep �1 
orresponds to 

(1) = 0:5, whi
h is in good agreement with expli
it Eulermethod with 

(k) � 1 for k = 1; : : : ; r.Representation of non-polygonal boundariesIn order to obtain a physi
ally admissible distribution of physi
al quantities onnon-polygonal boundaries, we employ the super-parametri
 �nite elements, see[16℄.Choi
e of the penalty parameter �The penalty 
oeÆ
ient � appearing in the de�nition of J�h(�; �) is given by relation(7.26) whi
h is a natural generalization of (4.57). In the 
ase of the Navier-Stokesequations, the situation is more 
ompli
ated and the value CW > 0 in (7.26) 
annot be set by from analyti
ally derived limit bounds (as in Subse
tion 6.1.6) sin
ea relevant mathemati
al theory is missing.Therefore, the appropriate values of CW have to be found experimentally. Thisaspe
t together with the in
uen
e of the size of CW to the solution is studied inSe
tion 9.3.9.2 Convergen
e 
riteria and a

ura
y of themethodAs far as possible, the analyti
al solutions have to be 
onsidered as referen
e. Thiswill be possible for simple problems and 
on�gurations (e.g. Blasius problem),but not for more 
ompli
ated problems (e.g. NACA0012), where the a

ura
y ofthe method is better measured with respe
t to the aerodynami
 
oeÆ
ients, i.e.drag, lift and moment 
oeÆ
ients.We 
onsider the pressure indu
ed drag and lift 
oeÆ
ients:
D;p = 1C1 Z�
w p~n � D dS; (9.10)
L;p = 1C1 Z�
w p~n � L dS; (9.11)



CHAPTER 9. NUMERICAL EXAMPLES 121and the vis
ous drag and lift 
oeÆ
ients:
D;v = � 1C1 Z�
w(T ~n) � D dS; (9.12)
L;v = � 1C1 Z�
w(T ~n) � L dS; (9.13)where C1 = 12�1jv1j2 lref . Here lref denotes the referen
e length of the Reynoldsnumber and the supers
ripts 1 indi
ate free-stream quantities. The matrix T =(�sk)ds;k=1 represents the vis
ous part of the stress tensor with 
omponents givenby (1.9). Finally, in 2D 
ase,  D and  L are set up D = (
os(�); sin(�))T ; (9.14) L = (� sin(�); 
os(�))T ; (9.15)where � denotes the so-
alled angle of atta
k.Furthermore, the total drag and lift 
oeÆ
ients is de�ned by
D = 
D;p + 
D;v; (9.16)
L = 
L;p + 
L;v: (9.17)Moreover, for 2D problems, we 
onsider the pressure indu
ed and vis
ousmoment 
oeÆ
ient:
M;p = 1
refC1 Z�
w(x� xref)� p~n � D dS; (9.18)
M;v = � 1
refC1 Z�
w(x� xref)� p~n � L dS; (9.19)where xref is the moment referen
e point, usually xref = (0:25; 0) for a pro�le ofunit length, and 
ref is a dimensionless referen
e 
hord length usually equal tolref . Here, we adopt the notation a� b = a1b2 � a2b1 for a; b 2 IR2. Analogouslyto (9.16){(9.17) we de�ne the total moment 
oeÆ
ient 
M = 
M;p + 
M;v.In numeri
al experiments we meet problems representing a steady as well asan unsteady 
ows. The steady state solution is sought by the time stabiliza-tion approa
h where the 
omputational pro
ess is 
arried out for t ! 1. Asa stopping 
riterion we employ the 
onditionres(k) � krkkL2(
)kr1kL2(
) � !; (9.20)where ! > 0 is a pres
ribed toleran
e and rk 2 Shp is an approximation of��tw(tk); tk 2 (0; T ) given byrk � 1�k�1 �wkh �wk�1h � : (9.21)
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ate the rea
hed steady state solution is via aero-dynami
 
oeÆ
ients. Let M(k) denotes the index set representing the last 10%of the total number of iterations with a
tual time level tk. The solution will beregarded as 
onverged as soon as the following three 
onditions are ful�lled,maxM(k) C(k)D � minM(k)C(k)D � !D; (9.22)maxM(k) C(k)L � minM(k)C(k)L � !L; (9.23)maxM(k) C(k)M � minM(k)C(k)M � !M ; (9.24)where C(k)D ; C(k)L ; C(k)M are the 
orresponding aerodynami
 
oeÆ
ients at time leveltk and !D; !L; !M the pres
ribed toleran
e.Furthermore, we shall investigate the so-
alled mesh 
onvergen
e of a dis
reteproblem, whi
h means how 
lose a solution on a given mesh is to the solutionresulting from the limit where the number of degrees of freedom in the problemapproa
hes in�nity in a regular way. In pra
ti
e, a series of su

essively �nermeshes (with similar point distributions) must be 
reated but the in�nite mesh
an not be 
onsidered.The asymptoti
 analysis and approximation 
an be performed with the threelast 
onse
utive mesh results for ea
h aerodynami
 
oeÆ
ient. We assume thatthe value V of an appropriate for
e 
oeÆ
ient obeys the formula:V = V1 + 
 �N��; (9.25)where N is the number of degrees of freedom of the system and V1; 
; � are found.The value V1 represents the asymptoti
 value of aerodynami
 
oeÆ
ient and � isthe experiential order of spatial a

ura
y.9.3 Blasius problemWe 
onsider the laminar 
ow on the adiabati
 
at plate f(x1; x2); 0 � x1 �1; x2 = 0g 
hara
terised by the freestream Ma
h number M = 0:1 and theReynolds number Re = 104. The 
omputation domain is viewed in Figure 9.3,where two used triangular grids are plotted together with their details aroundthe leading edge. We pres
ribe the adiabati
 boundary 
onditions (1.15), 
)at the 
at plate, the out
ow boundary 
onditions (1.15), b) at f(x1; x2); x1 =1; �1:5 � x2 � 1:5g and the in
ow boundary 
onditions (1.15), a) on the rest ofthe boundary.We seek the steady state solution satisfying the 
ondition (9.20) with toleran
e! = 10�6. Within this basi
 ben
hmark of steady vis
ous 
ow we demonstrate thestability and a

ura
y of the presented BDF-DG s
heme with stabilization (7.17)and adaptive time stepping.



CHAPTER 9. NUMERICAL EXAMPLES 123
-1

0

1

-2 -1 0 1

-0.03

0

0.03

-0.06 0 0.06 0.12B1
-1

0

1

-2 -1 0 1

-0.03

0

0.03

-0.06 0 0.06 0.12B2Figure 9.3: Blasius problem, 
omputational grids B1 and B2, the 
oarser one B1having 662 elements (top) and the �ner one B2 having 2648 elements (bottom),the whole 
omputational domain (left) and their details around the leading edge(right).Stability of the methodWe 
ompared the NIPG, IIPG, SIPG variants of the DGM using pie
ewise linear,quadrati
 and 
ubi
 spa
e approximation. Our aim is to �nd a suitable value ofthe 
onstant CW in (7.26) whi
h ensures the stability of the s
heme, i.e., a 
onver-gen
e to the steady-state solution. Firstly, we 
arried out 
omputations for thevalues of CW = 1; 5; 25; 125; 625; 3 125 and 
onsequently, several additionalvalues of CW were 
hosen in order to �nd a limit value of CW . These resultsobtained on the grid B1 are shown in Table 9.1, where an indi
ation of a 
onver-gen
e of the appropriate variant of the DGM with a given value CW is marked,namely,� \
onvergen
e" (C), i.e., the stopping 
ondition (9.20) was a
hieved afterless than 200 time steps,� \quasi-
onvergen
e" (qC), i.e., the stopping 
ondition (9.20) was a
hievedafter more than 200 time steps,� \no-
onvergen
e" (NC), i.e., the stopping 
ondition (9.20) was not a
hievedafter 500 time steps.
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onvergen
e" in fa
t means that the appropriate value CW is justunder the limit value ensuring a reasonable 
onvergen
e to the steady-state solu-tion. NIPG IIPG SIPGCW P1 P2 P3 P1 P2 P3 P1 P2 P31 C C C C NC NC N N N5 C C C C C NC N N N10 - - - - C C - - -25 C C C C C C N N N100 - - - - - - N - -125 C C C C C C C N N150 - - - - - - C - -250 - - - - - - - N -300 - - - - - - - qC -400 - - - - - - - C N500 - - - - - - - C N625 C C C C C C C C qC1 000 - - - - - - - - C3 125 C C C C C C C C CTable 9.1: Blasius problem, the 
onvergen
e (C), non-
onvergen
e (NC) or quasi-
onvergen
e (qC) of the NIPG, IIPG and SIPG variants of the DGM for P1, P2and P3 approximations for di�erent values of CW (symbol \-" means that theappropriate 
ombination of the method, the degree of approximation and thevalue of CW was not tested).From Table 9.1 we found that� NIPG variant 
onverges for any CW � 1 independently on the degree ofpolynomial approximation,� IIPG variant requires higher values of CW for P2 and P3 approximations,namely CW = 5 and CW = 10 are suÆ
ient, respe
tively. On the otherhand, P1 approximation 
onverges for any CW � 1.� SIPG variant requires signi�
antly higher values of CW . We observe thatCW � 125 for P1, CW � 400 for P1 and CW � 1 000 for P3. This isin a good agreement with the theoreti
al results from [35℄ 
arried out fora s
alar quasilinear ellipti
 problem, where the dependen
e CW = 
p2; 
 > 0is employed (p denotes the polynomial degree of approximation).Figure 9.4 shows the histories of 
onvergen
e to the steady-state solution (i.e.,the dependen
e of res(k) on k) for some interesting 
ases from Table 9.1.
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Figure 9.4: Blasius problem, the histories of 
onvergen
e for some 
omputationsfrom Table 9.1, (e.g., 'NIPG-625.P3' means the NIPG variant of DGM withCW = 625 and P3 approximation).Furthermore, it is interesting to observe the size of time steps adaptively
hosen by the BDF-DGM in a possible 
omparison with a �
titious expli
it timedis
retization method. Numeri
al experiments show that an expli
it time s
hemeis stable if 

(k) � 1, see, e.g., [12, relation (70)℄ or [25℄.Figure 9.5 (left) shows a typi
al dependen
e of the 

(k) quantity on tk; k =0; : : : ; r. We observe that the 

-value exponentially in
reases for k = 1; 2 : : : ;.This indi
ates that the semi-impli
it BDF-DGM (8.13), a) - d) is pra
ti
allyun
onditionally stable. Figure 9.5 (right) shows the 
orresponding numbers ofGMRES iterations ne
essary to solve the linear algebra problem (9.4) at ea
htime step. We observed that the in
reasing size of the time step �k requireshigher number of iterations. However, if the numeri
al solution is 
lose to thesteady state one then the number of GMRES iterations starts de
reasing. It is
aused by the fa
t that the initial guess of the solution of problem (9.4) is very
lose to the resulting solution.A

ura
y of the methodWe 
ompared the numeri
al solutions with the \theoreti
al" one, whi
h 
an beobtained from the well-known Blasius problem represented by an in
ompressible
ow along a 
at plate. Therefore, we introdu
e the non-dimensional velo
ities inthe stream-dire
tion and in the normal to stream dire
tion byv?1 � v1(�)jv1j and v?2 �pRe x v2(�)jv1j ; (9.26)
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al dependen
e of the 

(k)-value (left) andthe number of GMRES iterations (right) on the number of time steps.respe
tively, where � �pRe x x2x1 ; Re x � jv1jRe x1; (9.27)Re is the Reynolds number and v1 is the free-stream velo
ity.Figures 9.6 { 9.7 show the velo
ity pro�les v?1 and v?2 obtained by P1, P2 and P3approximations on meshes B1 and B2 at x1 = 0:5 in 
omparison with the exa
tsolution. We employed the NIPG te
hnique with CW = 25. The velo
ity pro�lesobtained by the SIPG and IIPG variants are almost identi
al. We observedvery a

urate 
apturing of the v?1-pro�le and a reasonable 
apturing of the v?2-pro�le. An in
rease of the a

ura
y for an in
reasing degree of approximationand a de
reasing mesh size is evident.Moreover, Figure 9.8 shows the 
omparison of the 
omputed skin fri
tion 
o-eÆ
ient 
f a
hieved by P1, P2 and P3 approximations on meshes B1 and B2 withthe exa
t solution given by the Blasius formula. We observed a good agreementwith the Blasius solution. However, P2 and P3 approximations give in fa
t thesame value of 
f at the �rst element on the 
at plate. Similar results were ob-tained in [5, Fig. 2℄ where the di�eren
e among P1, P2 and P3 approximationson the �rst 
ell of the 
at plate is almost negligible. We suppose that it 
anbe 
aused by the singularity of the solution at x1 = x2 = 0 whi
h de
reases thelo
al order of a

ura
y of the DGM. This phenomenon was numeri
ally veri�edfor a s
alar nonlinear 
onve
tion-di�usion equation in [20℄.9.4 Symmetri
 stationary 
ow aroundNACA0012 pro�leWe 
onsider a subsoni
 laminar 
ow around the pro�le NACA0012 at the freestream Ma
h number M = 0:5, the angle of atta
k � = 0Æ and Reynolds number
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0 1 2 3 4 5 6P1 P2 P3Figure 9.6: Blasius problem, mesh B1, velo
ity pro�les v?1 = v?1(�) (top) andv?2 = v?2(�) (bottom) for P1, P2 and P3 approximations at x1 = 0:5 in 
omparisonwith the exa
t solution (dotted lines).Re = 5 000. The 
omputation domain is a 
ir
le of radius of 50 with airfoil ofunit length. The walls of the pro�le are adiabati
. The Reynolds number is nearto the upper limit for the steady laminar 
ow. A 
hara
teristi
 feature of this
ow problem is the laminar separation of the 
ow o

urring near to the trailingedge.Within this test 
ase we 
ompare the both presented stability te
hniques (7.17)and (7.18), respe
tively. The mesh 
onvergen
e with respe
t to the aerodynami

oeÆ
ient is investigated in the se
ond paragraph together with the in
uen
e ofCW to the numeri
al solution. As a stopping 
riterion indi
ating the a
hievedsteady state solution we employ 
ondition (9.22) with toleran
e !D = 5: 10�4 andadaptive 
hoi
e of time step.Comparison of stabilization te
hniquesWe 
arried out 
omputations for all 
ombinations of stabilizations (7.17) and (7.18)given by (7.20) with IPG te
hniques on a �xed relatively 
oarse triangular gridhaving 2 600 elements, whi
h was adaptive re�ned along the pro�le and used
urved elements in its neighbourhood. We used a pie
ewise quadrati
 approx-imation in spa
e and set CW = 625 in the penalty parameter � given by rela-tion (7.26). This value guarantees the stability of all interior penalty variants ofthe DGM (NIPG, IIPG and SIPG), see Table 9.1.Table 9.2 shows a
hieved steady-state residua and the values of the drag (
D)
oeÆ
ients and their pressure (
D;p) and vis
ous (
D;v) parts 
omputed by ea
h
ombination of (7.17) and (7.18) with NIPG, IIPG and SIPG te
hniques and
omparison with referen
e values from [5℄ and [11℄.
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ity pro�les v?1 = v?1(�) (top) andv?2 = v?2(�) (bottom) for P1, P2 and P3 approximations at x1 = 0:5 in 
omparisonwith the exa
t solution (dotted lines).
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Figure 9.8: Blasius problem, skin fri
tion 
oeÆ
ient 
omputed on meshes B1(top) and B2 (bottom) by P1 ('P 1'), P2 ('P 2') and P3 ('P 3') approximationin 
omparison with the Blasius formula ('exa
t'), distributions along the wholeplate (left), their details around the leading edge (right).
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D 
D;p 
D;vSIPG (7.17) 7.7117E-08 0.05322 0.02093 0.03229NIPG (7.17) 6.0673E-08 0.05327 0.02099 0.03228IIPG (7.17) 9.5915E-08 0.05325 0.02097 0.03228SIPG (7.18) 4.0652E-05 0.05780 0.02223 0.03557NIPG (7.18) 4.3020E-05 0.04618 0.02254 0.02364IIPG (7.18) 4.3786E-05 0.04422 0.02275 0.02147ref. value [11℄ � P0 0.05527 0.02281 0.03246ref. value [12℄ � P1 0.05422 0.02309 0.03113ref. value [5℄ � P1 0.05014 0.01963 0.03051ref. value [5℄ � P2 0.05352 0.01991 0.03361ref. value [5℄ � P3 0.05511 0.02208 0.03303Table 9.2: Steady-state residua (res) and the 
omputed values of drag (
D) 
oeÆ-
ients and its pressure (
D;p) and vis
ous (
D;v) parts for the stabilizations (7.17)and (7.18) and the SIPG, NIPG and IIPG variants of the BDF-DG s
heme in
omparison with [11℄,[12℄ and [5℄.We observe that the use of the stabilization (7.18) does not allow to a
hievethe steady state residuum at the ma
hine a

ura
y. Sin
e the Reynolds numberis near to the upper limit for steady laminar 
ow, the non-
onvergen
e of themethod (7.18) may be explained as a transition to the time-dependent 
ow regimewhi
h does not appear for method (7.17) sin
e this s
heme 
ontains too mu
h ofnumeri
al vis
osity in 
omparison with (7.18). The values of the drag 
oeÆ
ient
D rather os
illate for (7.18) stabilization and on the other hand, the stabilizationof type (7.17) gives reasonable similar values of the drag 
oeÆ
ients for the SIPG,NIPG and IIPG variants, from this point of view the stabilization of type (7.17)
an be 
onsidered to be better method.Mesh 
onvergen
eWe 
arried out 
omputations by P1; P2 and P3 approximations on a set of sixsu

essively generated grids N1 { N6 from [1℄. Figure 9.9 shows these gridsaround the NACA pro�le and their zooms around the trailing and leading edges.The numbers of elements (= #Th) and mesh sizes (= 1=p#Th) of grids N1 { N6are shown in Table 9.3.Here, we investigated a mesh 
onvergen
e with respe
t to the drag 
oeÆ
ient
D for h ! 0 for the NIPG variant with stabilization (7.17) and with several
hoi
es of CW . We observed the same behaviour as well as for the IIPG andSIPG te
hniques. The values of 
D are presented in Table 9.4 and also visualisedin Figure 9.10. We easily observe a non-negligible dependen
e of 
D on CW on
oarser grids but for in
reasing number of elements #Th the in
uen
e of CW to 
D
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N1
N2
N3
N4
N5
N6Figure 9.9: Computational grids N1 { N6 around the NACA0012 pro�le (left)with details around the leading (middle) and trailing edges (right).



CHAPTER 9. NUMERICAL EXAMPLES 131mesh N1 N2 N3 N4 N5 N6#Th 1148 2262 4216 8482 17888 404401=p#Th 2.95E-02 2.10E-02 1.54E-02 1.09E-02 7.48E-03 4.97E-03Table 9.3: NACA 0012 pro�le (M = 0:5, � = 0Æ, Re = 5 000), numbers ofelements and mesh sizes of grids N1 { N6.Pk CW N1 N2 N3 N4 N5 N6P1 1 0.03322 0.04913 0.05288 0.05429 0.05470 0.05492P1 5 0.04289 0.04945 0.05150 0.05356 0.05459 0.05488P1 25 0.04692 0.04749 0.04910 0.05203 0.05379 0.05448P1 250 0.04157 0.04217 0.04605 0.05093 0.05271 0.05379P2 1 0.05538 0.05548 0.05489 0.05482 0.05486 {P2 5 0.05431 0.05423 0.05436 0.05467 0.05473 {P2 25 0.05167 0.05199 0.05373 0.05458 0.05473 {P2 250 0.04796 0.05137 0.05337 0.05428 0.05459 {P3 1 0.05939 0.05599 0.05500 0.05492 { {P3 5 0.05783 0.05523 0.05467 0.05468 { {P3 25 0.05475 0.05393 0.05374 0.05471 { {P3 250 0.05178 0.05232 0.05477 0.05480 { {Table 9.4: NACA 0012 pro�le (M = 0:5, � = 0Æ, Re = 5 000), values of thedrag 
oeÆ
ient 
D 
omputed by the NIPG variant of the BDF-DGM for di�erentvalues of CW .de
reases and 
D 
onverges to an asymptoti
 value given by formula (9.25). Theasymptoti
 values of 
D together with experiential orders of spatial a

ura
y � forea
h degree of 
onsidered polynomial approximation 
an be found in Table 9.5.Finally, Figure 9.11 shows the 
orresponding isolines of the Ma
h number.We observe an in
rease of a

ura
y for in
reasing polynomial degree of approxi-mation.9.5 Nonsymmetri
 stationary 
ow aroundNACA0012 pro�leThis model problem arose in [1℄. We treat the 
ompressible 
ow around thepro�le NACA0012 of the unit length in a 
ir
le with radius of 50. The far-�eld
ow has Ma
h number M = 0:5, angle of atta
k � = 2Æ and Reynolds numberRe = 500. A

ording to these 
ow parameters, we obtain subsoni
 nonsymmetri
steady 
ow with a 
hara
teristi
 nonsymmetri
 laminar separation at the trailing
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’P_3’Figure 9.10: NACA 0012 pro�le (M = 0:5, � = 0Æ, Re = 5 000), visualization ofresults from Table 9.4, the dependen
ies of the drag 
oeÆ
ient 
D on mesh size(= 1=p#Th) obtained by the NIPG variant of the BDF-DGM for di�erent valuesof CW and P1, P2 and P3 approximations on meshes N1 { N6 (left) and its detailon meshes N3 { N6 (right).Pk CW triplet of meshes 
asymptoti
D � (EOSA)P1 1 N4; N5; N6 0.05512 0.92P1 5 N4; N5; N6 0.05497 1.75P1 25 N4; N5; N6 0.05484 1.33P1 250 N4; N5; N6 0.05505 0.75P2 1 N3; N4; N5 { {P2 5 N3; N4; N5 0.05474 2.38P2 25 N3; N4; N5 0.05476 2.51P2 250 N3; N4; N5 0.05473 1.59P3 1 N2; N3; N4 0.05492 4.07P3 5 N2; N3; N4 { {P3 25 N2; N3; N4 { {P3 250 N2; N3; N4 0.05480 7.08Table 9.5: NACA 0012 pro�le (M = 0:5, � = 0Æ, Re = 5 000), asymptoti
 valuesof the drag 
oeÆ
ient and 
orresponding experiential orders of spatial a

ura
y(EOSA).
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P1-approximation
P2-approximation
P3-approximationFigure 9.11: NACA 0012 pro�le (M = 0:5, � = 0Æ, Re = 5 000), mesh N3,isolines of the Ma
h number (left) with details around the leading (middle) andtrailing edges (right) 
omputed by P1, P2 and P3 approximations.



CHAPTER 9. NUMERICAL EXAMPLES 134edge.Within this example we shall investigate the behaviour of all three mentionedfor
e 
oeÆ
ients.Convergen
e of aerodynami
 
oeÆ
ientsWe use a series of six 
onse
utive triangular meshes (N1{N6, from Se
tion 9.4).The 
omputations were 
arried out with the aid of pie
ewise linear (P1), quadrati
(P2) and 
ubi
 (P3) approximations by BDF-DG s
heme with NIPG variant ofstabilization given by (7.17). We use value CW = 5:0 in (7.26) and pres
ribe thefollowing toleran
es !D = !M = 5: 10�4 and !L = 5: 10�3 in 
onditions (9.22){(9.24) for stopping 
riterion. The time step is 
hosen in heuristi
 way a

ordingto formula (9.7).Table 9.6 shows the a
hieved steady values of aerodynami
 
oeÆ
ients andreferen
e values from [1℄ obtained on the same grids. One 
an see that, the resultsobtained by BDF-DG s
heme is in quite good agreement with referen
e values.Furthermore, the 
orresponding isolines of the Ma
h number around the who-le airfoil and in the neighbourhood of leading and trailing edges are depi
tedin Figures 9.12 and 9.13. We observe a stagnation node at the leading edgeand gradually smooth resolution thanks to the in
reasing polynomial degree ofapproximation, see Figure 9.13 (left). Moreover, in the vi
inage of the trailingedge, the laminar separation of boundary layer is 
aught up transparently, seeFigure 9.13 (right). Additionally, Figure 9.14 shows the 
al
ulated distributionsof the pressure 
oeÆ
ient along the pro�le.
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Figure 9.12: NACA 0012 pro�le (M = 0:5, � = 2Æ, Re = 500), mesh N4, isolinesof the Ma
h number around the pro�le 
omputed by P1 (top), P2 (middle) andP3 (bottom) approximations.
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Figure 9.13: NACA 0012 pro�le (M = 0:5, � = 2Æ, Re = 500), mesh N4, isolinesof the Ma
h number with details at the leading (left) and trailing (right) edges
omputed by P1 (top), P2 (middle) and P3 (bottom) approximations.



CHAPTER 9. NUMERICAL EXAMPLES 137

-1

-0.5

0

0.5

-0.2 0 0.2 0.4 0.6 0.8 1 1.2

cp

x/c

-1

-0.5

0

0.5

-0.2 0 0.2 0.4 0.6 0.8 1 1.2

cp

x/c

-1

-0.5

0

0.5

-0.2 0 0.2 0.4 0.6 0.8 1 1.2

cp

x/cFigure 9.14: NACA 0012 pro�le (M = 0:5, � = 2Æ, Re = 500), mesh N4,distribution of pressure 
oeÆ
ient along the pro�le 
omputed by P1 (top), P2(middle) and P3 (bottom) approximations.
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Pk mesh DOF 
D 
L 
MP1 N1 13 776 0.17683 0.11755 -0.00287P1 N2 27 144 0.17658 0.11524 -0.00268P1 N3 50 592 0.18072 0.11606 -0.00288P1 N4 101 784 0.18194 0.11996 -0.00313P1 N5 214 656 0.18370 0.12354 -0.00263P1 N6 485 280 0.18655 0.13359 -0.00217P2 N1 27 552 0.18194 0.11657 -0.00330P2 N2 54 288 0.18141 0.11587 -0.00289P2 N3 101 184 0.18159 0.11536 -0.00261P2 N4 203 568 0.18137 0.11876 -0.00293P2 N5 429 312 0.18270 0.12190 -0.00274P2 N6 970 560 0.18539 0.12475 -0.00275P3 N1 45 920 0.18079 0.11713 -0.00331P3 N2 90 480 0.18116 0.11569 -0.00295P3 N3 168 640 0.18116 0.11506 -0.00263P3 N4 339 280 0.18126 0.11863 -0.00301P3 N5 715 520 0.18254 0.12117 -0.00278P3 N6 1 617 600 0.18537 0.12427 -0.00274ref. value N1 [1℄ � P2 0.16386 0.12373 {ref. value N2 [1℄ � P2 0.17142 0.11514 {ref. value N3 [1℄ � P2 0.17511 0.11978 {ref. value N4 [1℄ � P2 0.17829 0.11998 {Table 9.6: NACA 0012 pro�le (M = 0:5, � = 2Æ, Re = 500), values of theaerodynami
 
oeÆ
ients in 
omparison with [1℄.



Con
lusionIn Part III, we applied the method theoreti
ally justi�ed in Part II to the 
om-pressible Navier-Stokes equations. The method is based on the semi-dis
retizationby the dis
ontinuous Galerkin method in spa
e and the semi-impli
it ba
kwarddi�eren
e formula in time (BDF-DGM). Several extensions from the s
alar 
asewere dis
ussed, in
luding two possible approa
hes of semi-impli
it dis
retizationand linearization of vis
ous 
uxes. The resulting s
heme is suÆ
iently stable,have a high order of approximation with respe
t to spa
e and time 
oordinatesand at ea
h time step we solve a linear algebrai
 problem. The presented numer-i
al examples of steady 
ows give promising results.Although there is still a lot of open problems whi
h have to be the subje
t offurther resear
h, the obtained results approve that DGM is a potent and reliablemethod for the numeri
al solution of the nonstationary nonlinear 
onve
tion-di�usion problems.
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AppendixThe matri
es Ks;k � fK(m;n)s;k gd+2m;n=1; s; k = 1; : : : ; d introdu
ed by (1.23) havefor d = 3 the following form:
K1;1 = 0BBBBBB� 0 0 0 0 0�43 w2Re w21 43 1Re w1 0 0 0� w3Re w21 0 1Re w1 0 0� w4Re w21 0 0 1Re w1 0K(5;1)1;1 1Re (43 � 
Pr )w2w21 1Re (1� 
Pr )w3w21 1Re (1� 
Pr )w4w21 
Re Pr 1w1

1CCCCCCA ;(9.28)with K(5;1)1;1 = � 1Re w31 �43w22 + w23 + w24�+ 
Re Pr ��w5w21 + w22+w23+w24w31 �,
K2;2 = 0BBBBBB� 0 0 0 0 0� w2Re w21 1Re w1 0 0 0�43 w3Re w21 0 43 1Re w1 0 0� w4Re w21 0 0 1Re w1 0K(5;1)2;2 1Re (1� 
Pr )w2w21 1Re (43 � 
Pr )w3w21 1Re (1� 
Pr )w4w21 
Re Pr 1w1

1CCCCCCA ;(9.29)with K(5;1)2;2 = � 1Re w31 �w22 + 43w23 + w24�+ 
Re Pr ��w5w21 + w22+w23+w24w31 �,
K3;3 = 0BBBBBB� 0 0 0 0 0� w2Re w21 1Re w1 0 0 0� w3Re w21 0 1Re w1 0 0�43 w4Re w21 0 0 43 1Re w1 0K(5;1)3;3 1Re (1� 
Pr )w2w21 1Re (1� 
Pr )w3w21 1Re (43 � 
Pr )w4w21 
Re Pr 1w1

1CCCCCCA ;(9.30)with K(5;1)3;3 = � 1Re w31 �w22 + w23 + 43w24�+ 
Re Pr ��w5w21 + w22+w23+w24w31 �,
140
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K1;2 = 0BBBBB� 0 0 0 0 023 w3Re w21 0 �23 1Re w1 0 0� w2Re w21 1Re w1 0 0 00 0 0 0 0�13 w2 w3Re w31 w3Re w21 �23 w2Re w21 0 0

1CCCCCA ; (9.31)
K1;3 = 0BBBBB� 0 0 0 0 023 w4Re w21 0 0 �23 1Re w1 00 0 0 0 0� w2Re w21 1Re w1 0 0 0�13 w2 w4Re w31 w4Re w21 0 �23 w2Re w21 0

1CCCCCA ; (9.32)
K2;1 = 0BBBBB� 0 0 0 0 0� w3Re w21 0 1Re w1 0 023 w2Re w21 �23 1Re w1 0 0 00 0 0 0 0�13 w2 w3Re w31 �23 w3Re w21 w2Re w21 0 0

1CCCCCA ; (9.33)
K2;3 = 0BBBBB� 0 0 0 0 00 0 0 0 023 w4Re w21 0 0 �23 1Re w1 0� w3Re w21 0 1Re w1 0 0�13 w3 w4Re w31 0 w4Re w21 �23 w2Re w21 0

1CCCCCA ; (9.34)
K3;1 = 0BBBBB� 0 0 0 0 0� w4Re w21 0 0 1Re w1 00 0 0 0 023 w2Re w21 �23 1Re w1 0 0 0�13 w2 w4Re w31 �23 w4Re w21 0 w2Re w21 0

1CCCCCA ; (9.35)
K3;2 = 0BBBBB� 0 0 0 0 00 0 0 0 0� w4Re w21 0 0 1Re w1 023 w3Re w21 0 �23 1Re w1 0 0�13 w3 w4Re w31 0 �23 w4Re w21 w3Re w21 0

1CCCCCA : (9.36)For d = 2, the form ofKs;k; s; k = 1; 2 
an be easily derived from (9.28){(9.36)by removing fourth rows and 
olumns of matri
es Ks;k, symboli
ally putting



CHAPTER 9. NUMERICAL EXAMPLES 142w4 := 0 and �nally \renaming" w5 by w4. See also, e.g., [29, Se
tion 4.3℄ or [32℄where the expli
it forms of Ks;k; s; k = 1; 2 for d = 2 are given.The matri
es Ds;k � nD(m;n)s;k od+2m;n=1 ; k = 0; 1; : : : ; d; s = 1; : : : ; d introdu
edby (1.24) are given by
D1;0(w;rw) � 0BBBBBB� 0 0 0 0 00 �43 1Rew21 �w1�x1 23 1Rew21 �w1�x2 23 1Rew21 �w1�x3 00 � 1Rew21 �w1�x2 � 1Rew21 �w1�x1 0 00 � 1Rew21 �w1�x3 0 � 1Rew21 �w1�x1 00 D(5;2)1;0 D(5;3)1;0 D(5;4)1;0 � 
Pr 1Rew21 �w1�x1

1CCCCCCA(9.37)withD(5;2)1;0 � � 1Rew31 �43w2�w1�x1 + w3�w1�x2 + w4�w1�x3 � + 
Pr 1Rew21 w2w1 �w1�x1 ;D(5;3)1;0 � 1Rew31 �23w2�w1�x2 � w3�w1�x1 � + 
Pr 1Rew21 w3w1 �w1�x1 ;D(5;4)1;0 � 1Rew31 �23w2�w1�x3 � w4�w1�x1 � + 
Pr 1Rew21 w4w1 �w1�x1 ;
D2;0(w;rw) � 0BBBBBB� 0 0 0 0 00 � 1Rew21 �w1�x2 � 1Rew21 �w1�x1 0 00 23 1Rew21 �w1�x1 �43 1Rew21 �w1�x2 23 1Rew21 �w1�x3 00 0 � 1Rew21 �w1�x3 � 1Rew21 �w1�x2 00 D(5;2)2;0 D(5;3)2;0 D(5;4)2;0 � 
Pr 1Rew21 �w1�x2

1CCCCCCA(9.38)withD(5;2)2;0 � 1Rew31 �23w3�w1�x1 � w3�w1�x2 � + 
Pr 1Rew21 w2w1 �w1�x2 ;D(5;3)2;0 � � 1Rew31 �w2�w1�x1 + 43w3�w1�x2 + w4�w1�x3 � + 
Pr 1Rew21 w3w1 �w1�x2 ;D(5;4)2;0 � 1Rew31 �23w3�w1�x3 � w4�w1�x2 � + 
Pr 1Rew21 w4w1 �w1�x3 ;
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D3;0(w;rw) � 0BBBBBB� 0 0 0 0 00 � 1Rew21 �w1�x3 0 � 1Rew21 �w1�x1 00 0 � 1Rew21 �w1�x3 � 1Rew21 �w1�x2 00 23 1Rew21 �w1�x1 23 1Rew21 �w1�x2 �43 1Rew21 �w1�x3 00 D(5;2)3;0 D(5;3)3;0 D(5;4)3;0 � 
Pr 1Rew21 �w1�x3

1CCCCCCA(9.39)withD(5;2)3;0 � 1Rew31 �23w4�w1�x1 � w2�w1�x3 �+ 
Pr 1Rew21 w2w1 �w1�x2 ;D(5;3)3;0 � 1Rew31 �23w4�w1�x2 � w3�w1�x3 �+ 
Pr 1Rew21 w3w1 �w1�x2 ;D(5;4)3;0 � � 1Rew31 �w2�w1�x1 + w3�w1�x2 + 43w4�w1�x3 �+ 
Pr 1Rew21 w4w1 �w1�x3 :For d = 2, the form of Ds;0; s = 1; 2 
an be easily derived from (9.37){(9.39)by removing fourth rows and 
olumns of matri
es Ds;0, symboli
ally puttingw4 := 0 and �nally \renaming" w5 by w4.The matrix elements of Ds;k; s; k = 1; : : : ; d are de�ned byD(m;n)s;k = � K(m;n)s;k for n = 2; : : : ; d+ 20 for n = 1 ; m = 1; : : : ; d+ 2; s; k = 1; : : : ; d;(9.40)where K(m;n)s;k m;n = 1; : : : ; d + 2 are elements of matri
es Ks;k; s; k = 1; : : : ; dgiven by (9.28){(9.36).
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