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The field of computational fluid dynamics (CFD) plays presently the more
significant role in science and engineering of fluid dynamics, ranging from industry
design to simulation of processes in the environment. The main goal of the field of
CFD is via a complex of methods of computer modelling to recreate the real-world
behaviours of liquids and gases in a virtual environment.

In the field of aerodynamics, these behaviours are accompanied by the char-
acteristic physical phenomena such as dissipation, diffusion, convection, shock
waves, boundary layers and turbulence. In virtue of mathematical theory, all of
these phenomena are governed by the system of the compressible Navier-Stokes
equations. Many of the relations forming this system of partial differential equa-
tions are nonlinear and often their analytical solution is missing. This feature
presents a real challenge for numerical solutions of the Navier-Stokes equations.

From this point of view, the so-called discontinuous Galerkin method (DGM)
seems to be very promising tool for the numerical simulation of compressible flows.
DGM is based on a piecewise polynomial but discontinuous approximation which
provides robust and high-order accurate approximations of solutions resulting
from the system of governing equations. Moreover, the concept of DGM can
be easily extended by Ap-adaption techniques, which enable better resolving of
occurred phenomena with respect to computational meshes as well as polynomial
approximation degrees. Additionally, in order to solve the time-depending flow,
DGM can be combined with suitable solver for ordinary differential equation.
These extension techniques, applied to original concept of DGM, lead to the
derivation of a set of new numerical methods, which have to be analysed.

Within this thesis we deal with a numerical solution of viscous compressible
flow with the aid of the new numerical methods arising from DGM. The thesis is
composed of three parts and their content is following. We start with a brief mo-
tivation of our work, introduce system of compressible Navier-Stokes equations
with some properties and describe a survey of development of DGM for the solu-
tion of this convection-diffusion problem (Part I). Next, we analyse this method
for the case of a simplified scalar nonstationary nonlinear convection-diffusion
equation, derive hp a priori error estimates and present numerical experiments
verifying the theoretical results (Part II). Finally, we extend this technique to
the solution of the compressible Navier-Stokes equations and carry out a set of
numerical experiments demonstrating the accuracy, robustness and efficiency of
this new considered numerical method derived from original concept of DGM
(Part IIT).



Chapter 1

Compressible flow problem

In the field of CFD, the numerical simulation of a viscous compressible flow takes
a very important part. Taking into account the mathematical formulation of con-
servation laws, namely conservation of mass, momentum and energy, we obtain
the system of compressible Navier-Stokes equations which describes a motion of
viscous compressible fluid. In order to close this system, we add the constitutive
relations and include a set of initial and boundary conditions. The resulting prob-
lem is called a compressible flow problem. Hereinafter, we introduce the concept
of the compressible Navier-Stokes equations and mention some special properties
of terms appearing in this system.

1.1 System of the Navier-Stokes equations

Let Q C IR?, d = 2,3 be a bounded domain and T" > 0. We set Q7 = Q x (0,7)
and by 02 denote the boundary of €2 which consists of several disjoint parts.
We distinguish inlet 0€2;, outlet 00, and impermeable walls 0€2,, i.e. 0 =
00; U0, U0f),. The system of the Navier-Stokes equations describing a motion
of viscous compressible fluids can be written in the dimensionless form

ow

E—l—v-f(w) :V-ﬁ(w,Vw) in Qr, (1.1)
where
w = (wla"'awd-l-Q)T: (p’ pPUL, - -5 PUG, e)T (12)
is the so-called state vector,
Flw) = (f1(w), ..., fy(w)) (1.3)
are the so-called inviscid (Euler) fluzes with
fow) = (fPw).... f(w)" (1.4)

= (pvg, pusv1 + 01D, .., pUVG + Oap, (e +p)vg)T, s=1,....d

12



CHAPTER 1. COMPRESSIBLE FLOW PROBLEM 13

and
R(w) = (R (w), ..., Ry(w)) (1.5)

are the so-called viscous flures with

R,(w,Vw) = (R (w,Vw),..., R (w, Vw))” (1.6)

S

: o0\
2 : Y
= 077—51’"'77—5(17 Tskvk+ ) s 3:1,...,d.
( — Re Pr Oxg

Symbols V and V- mean the gradient and divergence operators, i.e.

)

sz(?—Z,...,?—Z)Ele+2x---led+2 (1.7)
and ) . o (w
V- flw) = ; 5% e R, (1.8)
respectively.

We consider the Newtonian type of fluid, i.e., the viscous part of the stress
tensor has the form

1
Re

Tsk =

Ovg n Oy, 2 d %
Oz,  Oxg 3 — ox;

54, s,k=1,...,d.  (1.9)

We use the following notation: p — density, p — pressure, e — total energy, v =
(v1,...,vq) — velocity, § — temperature, d5, — Kronecker symbol (if s = k, then
dsk = 1, else dg, = 0), v — Poisson adiabatic constant, Re — Reynolds number, Pr
— Prandt]l number. For example, for air, v = 1.4 and Pr = 0.72. The Reynolds
number is an important quantity in viscous flow, which is defined as

U*L*p*
where U™ is the characteristic velocity, L* is the characteristic length, p* is the
characteristic density and p* is the characteristic viscosity of the given configu-
ration.

In order to close the system, we consider the state equation for perfect gas
and the definition of the total energy

p=(—1)(e—plv*/2), e=cypd+plvf/2, (1.11)

where ¢y is the specific heat at constant volume which we assume to be equal to
one in the dimensionless case. Furthermore, we add the definitions of the speed
of sound and the Mach number:

a=+/vw/o, M=lv|/a (1.12)

Re

, (1.10)
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‘ Boundary H Character ‘ Extrapolated ‘ Prescribed ‘
. supersonic (M > 1) — P, U, ... Ug, P
Q; (inlet
O (inlet) subsonic (M < 1) p Py ULy .y Vg
supersonic (M > 1) | p,v1,...,04,D —
Q tlet
083, (outlet) subsonic (M < 1) DyUL, ..., g P

Table 1.1: Inlet/outlet boundary conditions for inviscid compressible flow.

We speak of subsonic or sonic or supersonic flow, if
M<1or M=1or M>1 in Qr, (1.13)

respectively. The flow is called transonic in domain )7, if there exist a time
t € (0,7) and nonempty subsets Q; and Qs of Q such that the flow is subsonic
in €, x {t} and supersonic in Qy x {t}.
The system (1.1) — (1.11) is of hyperbolic-parabolic type. It is equipped with
the initial condition
w(r,0) = w’(x), x €, (1.14)

and the following set of boundary conditions on appropriate parts of boundary:

d d
_ _ vy 00
a) p=pp, v="up, Z <Zmnz) U + T Pron 0 on 0%,

k=1 \li=1
. 00
b g =0, s=1,....d, —==0 09, 1.15
) kz; Tk Tk s 57 on (1.15)
00
c) vzo,%:(] on 08,
where pp and vp are given functions and 7 = (ny,...,ny) is a unit outer normal

to 0€2. Another possibility is to replace the adiabatic boundary condition (1.15),
c) by
Av=0, 0=0p ondY,. (1.16)

In the case of vanishing viscosity (i.e., Re — o0), we obtain the reduced
problem of the Euler equations. Thus the boundary conditions (1.15) should be
replaced by the appropriate “inviscid conditions” which are chosen in such a way
that the system of the Euler equations is linearly well-posed.

Therefore, on solid walls 9€2,, we prescribe the so-called impermeability con-
dition:

v-n=0 on JQ,. (1.17)

For inlet and outlet boundary conditions, the prescribed and extrapolated quan-
tities are chosen according to the character of flow on the corresponding part of
boundary, see Table 1.1 and for more details, e.g., [29, Section 3.3.6].
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The problem to solve the compressible Navier-Stokes equations (1.1) — (1.6)
with constitutive relations (1.9) — (1.11), equipped with the initial and boundary
conditions (1.14) — (1.16) will be denoted by (CFP) (compressible flow problem).

1.2 Properties of the inviscid and viscous fluxes

In this section we present some properties of the inviscid and viscous fluxes f()
and f%(, -) given by (1.4) and (1.6), respectively. These properties play a funda-
mental role in the linearization of these nonlinear fluxes.

Using the relations (1.2) and (1.4), we express the fluxes f,, s =1,...,d, in

terms of the variables wy, ..., wy in the form
Ws41

s 3+ twl

S 4 da(y - 1) (wd+2 - == 2w1%+1>

fo(w) = ) : (1.18)

s +.otw?

=+ 0ga(y — 1) (wd+2 e zwlwd+1>

Ws+1

w2-|—...—|—w2
w1 <7wd+2 —(v— 1)2T1d+1)

Obviously, f., s =1,...,d, are homogeneous mappings of order one, i.e.,

S

filow)=af (w), a€R, a#0,s=1,...,d (1.19)

The property (1.19) implies the following relation (see [29, Lemma 3.1])

fiw)=A;ww, s=1,...,d, (1.20)
where
As(w)z%l(;w), s=1,....,d, (1.21)

are the Jacobi matrices of the mappings f,. Then, we define a matrix

P(w. i)=Y A(w)n,, (1.22)

s=1

where 7 = (ny,...,ng) € R, n?+---+n? = 1, which plays a role in the definition
of a numerical flux.

In the case of the viscous fluxes R, s = 1,...,d, we introduce a similar prop-
erty to the relation (1.20) of the inviscid fluxes. The viscous terms R (w, Vw)
can be expressed as a sum of the matrix-vector products in the form

ow

— =1,...,d 1.2
81‘k, S ’ ) s ( 3)

M=

Ri(w,Vw) = K, ;(w)

k=1
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where K are (d + 2) x (d + 2) matrices dependent on w and independent of
Vw. For explicit formulae of K4, s,k = 1,...,d, see Appendix, expressions
(9.28)-(9.36).

Moreover, in virtue of [12], we introduce another formal variant of the viscous
terms. Let w = (wy,...,way2) € R and @ = (¢y,...,04) € R We
define new functions

d,(w, Vw, p, Vi) : R™? x R RIH2 5 R RI2 5 =1, d,

by

0
aa s=1

coyd, (124
axki ’ ) ’ ( )

d
d,(w. Vw, 0, V) = D, y(w, Vw) o + Y _ D, 1(w)
k=1

where Dy, k = 0,1,...,d, s = 1,...,d are (d + 2) x (d + 2) matrices, see
Appendix, expressions (9.37)—(9.40). From the above construction it follows that
ds(-,-, -, ) are consistent with R(-,) by

R,(w,Vw) = dy(w, Vw,w,Vw) Yw, s=1,...,d, (1.25)

functions ds(w, Vw, ¢, V), s =1,...,d are linear with respect to ¢ and they
are independent of V.



Chapter 2

Discontinuous Galerkin method

In a wide class of problems from field of CFD, the finite volume method (FVM) is
rather popular. For a survey, see e.g. [18], [25], [26], [29]. The FVM is a promising
numerical method for the solution of conservation laws and singularly perturbed
problems. The solutions of such problems usually contain subdomains, where the
steep gradients or discontinuities are present (e.g. shock waves, contact discon-
tinuities, boundary layers). Therefore, the FVM is a very suitable tool, because
the FV framework is primarily based on a piecewise constant approximation with
discontinuities on interelement interfaces, which allows good resolution of solu-
tion in such problematic subdomains. On the other hand, a generalization of
FVM to high order schemes with increased accuracy is not straightforward.

Another very popular numerical method for a solution of partial differential
equation is the finite element method (FEM). This technique is suitable for prob-
lems with sufficiently regular solutions, because FE framework originally arises
from conforming piecewise polynomial approximation describing global continu-
ous solution on the whole domain. However when a FE approach is applied to
singularly perturbed problems or nonlinear conservation laws, the resulting solu-
tions suffer from spurious oscillations (known as the Gibbs phenomenon), which
arise in the vicinage of discontinuities, spread into the computational domain and
corrupt the solution. This drawback is usually avoided with the aid of a suitable
stabilization technique (e.g. the streamline diffusion method and shock capturing
schemes in [29, Chapter 4]), but the resulting stabilized FE schemes are rather
complex and require to tune several parameters.

The discontinuous Galerkin method (DGM) is often referred to as a hybrid, or
mixed, method since it combines features of both finite element and finite volume
methods. From this point of view the DGM represents a generalization of the
FV and FE approaches with advantages of both of them. The DG technique is
based on the idea to approximate the solution of an initial-boundary value prob-
lem by piecewise polynomial functions over a FE mesh, without any requirement
on interelement continuity. In practice, the DG solution is represented within
each element as a polynomial approximation (as in FEM), while the interelement

17
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behaviour is resolved with suitable numerical flux formulae (as in FVM). The-
oretically, it can be obtained the DG solutions of an arbitrarily high order of
accuracy. As a disadvantage of the DGM can be considered a high computation-
al complexity since this method requires more degrees of freedom than standard
FEM in order to achieve the same piecewise polynomial approximation.

While the discontinuous Galerkin method was developed in the early 1970’s
(by Reed and Hill, [39]), it was not used for CFD simulations until the early 1990’s
when it was first used to solve the Euler equations by Cockburn and Shu ([10]).
The solution of the Navier-Stokes equations with the DGM was first accomplished
in 1997 by Bassi and Rebay ([5]). As the method gained more attention in the
CFD research community, further advances have come fairly rapidly. For a survey,
see [4], [5], [6], [7], [30], [31], [32], [33], [36], [37] and the references cited therein.
Researchers are now using the DGM to perform simulations of a wide variety
of flow regimes. The method has been adapted for use with compressible and
incompressible, steady and unsteady, as well as laminar and turbulent conditions.

In order to improve a prediction of crucial flow phenomena (e.g. boundary lay-
ers) the standard DGM easily allows a simple treatment with anisotropic adaptive
meshes (as h-methods) and polynomial approximation degrees (as p-methods).
The discontinuous Galerkin method equipped with Ap-adaption techniques is usu-
ally denoted as hp-DGM. This method is a point of study in this thesis and we
suppose that hp-DGM has still an unused potential which should be used for
industrial applications.



Part 11

DGM — Numerical analysis
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The hp-DGM is a very promising numerical method for the solution of (CFP).
Since the relevant mathematical theory is missing for the system of the compress-
ible Navier-Stokes equations, it is convenient to study a model scalar equation at
first, for which the theoretical base is established. The studied model scalar
equation should correspond to the system of the Navier-Stokes equations in some
simplification. Therefore, we introduce the concept of the scalar nonstationary
nonlinear convection-diffusion equation, whose convective and diffusive terms cor-
respond with inviscid and viscous fluxes, respectively. Consequently, we carry out
a numerical analysis with a view to extend the new pieces of knowledge from sca-
lar case to (CFP).

This part consists of four chapters. In Chapter 3, we shall derive a space
semi-discrete discontinuous Galerkin formulation of a model scalar problem. We
consider three different variants of stabilizations of the diffusion term, the so-
called symmetric, nonsymmetric and incomplete interior penalty Galerkin (IPG)
method. In Chapter 4, under some additional assumptions on domain partitions,
piecewise polynomial approximations, the nonlinear terms and the regularity of
the exact solution, we introduce auxiliary results leading into derivation of hAp
a priori error estimates in the L>(0,T; L?(2))-norm and in the L*(0,T; H'(Q))-
seminorm for the discontinuous Galerkin discretization of the scalar nonlinear
convection-diffusion equation defined in Chapter 3. Chapter 5 is devoted to the
two time discretization techniques: explicit and semi-implicit. A brief hp analysis
of semi-implicit DGM is described in the rest of this chapter. Finally, some
implementation aspects of DGM and the set of numerical experiments verifying
the theoretical results are presented in Chapter 6.



Chapter 3

Scalar nonstationary nonlinear
convection-diffusion problem

We deal with DGM applied to a scalar nonstationary convection-diffusion equa-
tion with nonlinear convective as well as diffusive terms which represents a simpli-
fied model problem for the solution of (CFP). The studied model scalar equation
is equipped with mixed Dirichlet-Neumann boundary conditions and an initial
condition. Here, we present a semi-discrete formulation with several variants
of the interior penalty, namely nonsymmetric (NIPG), symmetric (SIPG) and
incomplete (ITPG) types of stabilizations of diffusion terms.

3.1 Problem formulation

Let Q C IR?, d = 2,3, be a bounded open polygonal (if d = 2) or polyhedral (if
d = 3) domain with Lipschitz-continuous boundary 092 = 0Qp U dQy, 0Q2p N
0Qx =0, and T > 0. Let us assume that the (d — 1) measure of 9Qp is positive.
We consider the following unsteady nonlinear convection-diffusion problem: Find
u:Qr =Qx(0,T) — IR such that

ou .

T V- f(u) = div(K(u)Vu)+g in Qr, (3.1)
U‘BQX(U,T) = Up: (32)

K(u)Vu- ﬁ‘BQNX(U,T) = gn, (3.3)
u(z,0) = u’(x), x€q, (3.4)

where g : Qr — IR, up : 9Q x (0,T) — IR, gy : 00y x (0,T) — IR, u® :
2 — IR are given functions, 77 = (ny,...,ny) is a unit outer normal to 0f), f:
(fi,-.-, fa) : R — IR? represents convective terms and the regular matrix IK (u) €
IR*? plays a role of nonlinear anisotropic diffusive coefficients. The assumptions

21



CHAPTER 3. SCALAR CONVECTION-DIFFUSION PROBLEM 22

on the convective and diffusive terms will be specified later in Section 4.1.3 and
4.1.4, respectively.

We generalize the approach from [27], [38], where a nonlinear diffusion is stu-
died in form —div(f(u)Vu) with a suitable scalar function S(u). Moreover, if
IK(u) = ell, where ¢ is a positive constant and I € IR%? the unit matrix, then
the problem (3.1) — (3.4) reduces to the equation with linear diffusion considered
in [17], [20], [22], [28].

The initial boundary value problem (3.1) — (3.4) is equipped with the ini-
tial condition (3.4) and the mixed boundary conditions, the Dirichlet (3.2) and
Neumann (3.3) boundary conditions, respectively. A sufficiently regular solution
satisfying (3.1) — (3.4) pointwise is called a classical solution.

In what follows, we shall assume that the continuous problem (3.1) — (3.4)
has a unique sufficiently regular solution w. Its regularity, used in the theory of
error estimates, will be specified later in Section 4.1.5.

Further, we shall introduce standard notation for function spaces. Let k£ > 0
be a integer and p € [1,00]. We use the well-known Lebesgue and Sobolev
spaces LP(Q2), LP(0S2), LP(Qr), WHEP(Q), WkP(9S), Bochner spaces LP(0,T; X)
of functions defined in (0, T) with values in Banach space X and the spaces
Ck([0,T]; X) of k-times continuously differentiable mappings of the interval [0, T]
with values in X.

3.2 Triangulations

Let 7, (h > 0) be a family of the partitions of the closure Q of the domain
into a finite number of closed mutually disjoint polygons (if d = 2) or polyhedra
(if d = 3) K. We call T, = {K}ke7, a triangulation of Q and do not require
the conforming properties from the finite element method, see [9], [41]. However,
more general elements (even non-convex) and the so-called hanging nodes are
allowed, see Figure 3.1. By 0K we denote the boundary of element K € T,
and set hyx = diam(K), h = maxge7, hg. The symbols pg and |K| stand for
the radius of the largest d-dimensional ball inscribed into K and d-dimensional
Lebesgue measure of K, respectively.

By F, we denote the smallest possible set of all open (d—1)-dimensional faces
(open edges when d = 2 or open faces when d = 3) of all elements K € Ty, see
Figure 3.1. Further, we label by FI the set of all ' € F}, that are contained in
Q (inner faces), by FP the set of all ' € F, that I' C 9Qp (Dirichlet faces) and
by FY the set of all ' € F, that I' C 9Qy (Neumann faces). Obviously, Fj, =
FIUFPUFYN. For a shorter notation we put FP = FIUFP, FIN = Fl U F)
and FPN = FP U FN.

Moreover, for each I' € Fj, we define a unit normal vector nir. We assume
that 7ir, T' € FP U FY has the same orientation as the outer normal of 9.
For 7ip, T € F} the orientation is arbitrary but fixed for each edge, e.g., see
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Ky

Figure 3.1: Example of elements K;, [ =1,...,5 and faces I';, [ =1,...,6.

Figure 3.2.
The additional assumptions on triangulation, necessary for error analysis, will
be specified in Subsection 4.1.1.

3.3 DGM spaces

To each K € T, we assign a local Sobolev index sg € IN and local polynomial
degree px € IN. Then we define the vectors

s={sg, K € Tp}, p={pk, K €T} (3.5)

Over the triangulation 7, we define the so-called broken Sobolev space corre-
sponding to the vector s

H* (0, Th) = {v;v|x € H*(K) VK € Ty} (3.6)

with the norm

1/2
[v][s(.7) = (Z ||v||?qsx(x)) (3.7)

KET;,

and the seminorm

1/2
lasm) = (Z |U%ISK(K)) 5 (3.8)

KeTy,
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Figure 3.2: Orientation of 7ir for two neighbouring elements K, K, with common
face I'.

where || - || gsx (k) and | - |gsx (k) denote norm and seminorm of the Sobolev space
H*¢ (K) = W*s2(K), respectively. If s = ¢ VK € Tp,, ¢ € IN then we use the
notation H4(Q, T,) = H*(Q, T;,). Obviously,

HE(Q) € HY(Q,Ty), (3.9)
HY(Q,Th) € HY(Q,Ty) € HYQ.T), (3.10)

where 5§ = max{sk, sk € s} and s = min{sg, sk € s}.

For each T' € F/ there exist two neighbouring elements K, K, € Ty, such that
I'c Fp N K,. We use a convention that K, lies in the direction of 7i; and K, in
the opposite direction of 7ir, see Figure 3.2. Then for v € H'(Q, T,), we introduce
the following notation:

v|(rp) = the trace of v|g, on I', v‘(rn) = the trace of vk, on I, (3.11)
and
1 n
Wi =3 (v + ), (3.12)
o) = vt —oli”, (3.13)

denoting the traces, mean value and jump of the traces of v on I'. The value [v]p
depends on the orientation of 7ir of course but the values [v]r7ir and (v); do not.

For I' € FPN there exists element K, € T, such that I' C K, N 9. Then for
v € H'(Q,Ty), we introduce the following notation:

o|") = the trace of |k, on T, (3.14)

(W = [lp =0l (3.15)
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Figure 3.3: Example of function from S,.

By v|, T € FPUFY we formally denote the trace of v on I' from the exterior of
Q) given either by a boundary condition or by an extrapolation from the interior
of Q. Additionally, we associate with the face I' € FPV the unit normal vector
il = fip which points from K, to the exterior of (2.

In case that []r, (- ) and 7ip are arguments of [.... dS, I' € Fj, we omit the
subscript I' and write simply [-], () and 7, respectively.

Finally, we define the space of discontinuous piecewise polynomial functions
associated with the vector p by

Shp = Shp(0,Th) = {v; v € L*(Q), v|x € Py (K) VK € Tp}, (3.16)

where P,, (K) denotes the space of all polynomials on K of degree < px, K € Tp,.
Obviously, Sp, C H*(2, Tp) as a direct consequence of definitions (3.6) and (3.16).
The example of discontinuous piecewise polynomial function is depicted in Fig-
ure 3.3.

3.4 Semi-discrete formulation

In order to derive the discrete problem, we assume that u = u(x,t) is a classical

solution of problem (3.1)-(3.4) satisfying u(-, t), 24(-,¢) € H*(Q) C H*(Q,Ty) for
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almost (a.a.) t € (0,T), which implies that for any T’ € F/ and for a.a. ¢t € (0,7),

/r< (-, t))ydS = / (-, t)dsS, (3.17)
/ (Vu(- ) - 7y dS = / Vu(-1) - i dS, (3.18)
/F[u(-, £]dS = 0. (3.19)
We multiply equation (3.1) by an arbitrary function v € H?*(Q,7,), integrate
over K € 7Ty, apply Green’s theorem and sum over all K € 7,. After some

manipulation with the aid of the relation (3.18) and the notations (3.13) and
(3.15), we obtain the identity

/ —vdx — Z / f -Vodr + Z Mg vdS
KG'Th

KeTy KeT,
+Z/IK Vqudx—Z/ u) Vu - it)[v]dS
KeTy Fej:ID
/ t)vdr + Z /K )Vu-nvdsS, (3.20)
rery

where 5% is the unit outer normal to K € 7;, on 0K.
In view of the Neumann boundary condition (3.3), we replace the second term
of the right-hand side of (3.20) by

> /FgN t)vdsS. (3.21)

resjy

To the left-hand side of (3.20) we add now the artificial terms

Y / i) [u] dS, (3.22)

LeFfp

which vanish due to (3.19) on any interior face. The symbol KT denotes the
transpose matrix to original matrix K. Further, to the right-hand side of (3.20)
we add the terms

oY /JK Vo fup(t) dS, (3.23)

rerp

which enforce Dirichlet condition and are balanced by terms (3.22) on the Dirich-
let part of boundary 0€Q2p due to Dirichlet boundary condition (3.2). The param-
eter © usually can take values from set {—1,0,1}. In case of © = —1, we speak of
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symmetric interior penalty Galerkin (STPG) variart of DGM. The nonsymmetric
(NIPG) variant is obtained by adding terms (3.22) and (3.23) with parameter
© = 1 and the incomplete (IIPG) formulation does not add any artificial terms,
ie. © =0.

In order to replace inter-element discontinuities of the scheme we introduce
the interior and boundary penalty

oY /F olu] [v] dS, (3.24)

reriP

vanishing for exact solution on an arbitrary I' € F} and balanced on I' € FP by

the terms
o Z /auD(t)vdS, (3.25)
T

PeFlP

where weight o is represented by penalty parameter function given by (4.57) in
Section 4.2. The multiplicative constant « has to be positive and plays an anal-
ogous role as a diffusion coefficient ¢ in linear case of diffusion —eAwu. The value
of v will be specified later in Subsection 4.1.4.

Finally, the face convective terms are approximated with the aid of the so-
called numerical fluz, well-known from the finite volume method (see, e.g., [29],
Section 3.2) by

f(u) -ﬁaKU‘aK ~ H <u|(Fm),u\(F°”t),ﬁaK> U‘aK’ (3.26)

where u\(rin), u\(rom) are the traces of u on 0K from the interior and the exterior

of element K € 7T, respectively. The more detailed description of considered
numerical flux H is introduced in Subsections 4.1.3 and 6.1.5, respectively.

Now, on the basis of above considerations we can write down the following
forms, defined for u,v € H?*(Q, Ty):

(u,v) = Z / u-vdz (3.27)
KeT, " K
(L?-scalar product),

ay (u,v) = Z/Kl[((u)Vu-Vvdx— Z (IK(u) Vu-ii)v]dS

KeTy rer, ’T

r ey /F (K ()T Vo - ) [u] dS (3.28)

TeFy,
(diffusion form),

bn(u,v) = — > /Kf(u)-Vvdx—i— > /FH(U<FP>,U<F“>,ﬁF) [v]rdS  (3.29)

KeTy, TeFy,
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(convective form),

Ko = 3 [ ol (3.30)

reF/P

(interior and boundary penalty),

19 (u,v)(t) = / Jvdx + Z/gN t)vdS

rery

+ Z/F(@]K(U)TVU-ﬁuD(t)+auD(t)v)dS (3.31)

(right-hand side form).

Now we are ready to introduce the semi-discrete problem, which is obtained
with the aid of the method of lines, i.e. the space semidiscretization. The semi-
discrete problem is discretized only in space coordinates and time is treated con-
tinuously.

Definition 3.4.1. Let u) € Sy, be the L*(Q)-projection of the initial condition
u® into Spp, i.e. a function defined by

(u) —u® vp) =0 V oy € Shp. (3.32)
We say that uy, is a semi-discrete solution of problem (3.1)-(3.4), if
a) uy € CH([0,T7; Spp),

b) <8U8ht(t) , Uh) + bh (Uh(t), Uh) + a,? (uh(t), vh) + an (Uh(t), vh)

= Ly (un(t), on) (1) Vun € Spp, Vit € (0,T),

¢) up(0) =ul.

(3.33)

The problem (3.33),a)-c) exhibits a system of ordinary differential equations
(ODE) equipped with initial condition for u,(¢) which has to be discretized by
a suitable method.

It is possible to show that a sufficiently regular exact solution u satisfies
condition (3.33),b):

(ag(f) , vh> - 0n (u(t), vn) + a (u(t), o) + T} (u(t), vn) = 17 (u(t), va) () (3.34)

for all v, € Spp and for a.a. t € (0,7,

which implies the Galerkin orthogonality property of the error.



Chapter 4

Error analysis

We are concerned with the error analysis for the method of lines for all three
IPG variants of DGM applied to a scalar model equation. The basic framework
refers to [27] and [38] with some generalization for considered problem. At first,
we formulate the necessary assumptions for desired hp a priori error estimates
in L*(H')-seminorm and L*(L?)-norm. Further, we introduce the properties
of individual forms in semi-discrete formulation. The special attention is paid
to the limit values of the penalty parameter appearing in the penalty form in
dependence on considered IPG variant. Finally, we derive estimates for all three
mentioned IPG variants. For the case of L?(H')-seminorm, the derived a priori
error estimates are optimal. However, in the L>(L?)-norm the gained results are
suboptimal.

4.1 Assumptions and definitions

4.1.1 Mesh assumptions

Let {75} (ho > 0), be a family of partitions of the domain Q C IR? into a finite
number of closed d-dimensional simplexes and /or parallelograms K with mutually
disjoint interiors., i.e. 7, = {K}ke7,. We assume that each triangulation from
system {7} (ho > 0) satisfies the following properties:
Assumptions (T):
(T1) local quasi-uniformity, i.e., there exists a constant C'g > 0 such that
hk, < Cqhk,  VK; K; € T, sharing face I € F, (4.1)

(T2) shape-regularity, i.e., there exists a constant C's > 0 such that
hi < CS PK VK € 771 (42)

The assumption (4.1) means that the diameters of two neighbouring elements do
not differs too much.
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4.1.2 Space of discontinuous piecewise polynomial
functions

In order to derive a priori hp-error estimates we assume that there exists a con-
stant C'p > 1 such that

PK
Pk’

< Cp VK,K'e€ T, such that K, K’ have a common face. (4.3)

The assumption (4.3) may seem to be rather restrictive. However, we suppose
that an application of Ap-methods to practical problems is efficient and accurate
when the polynomial degrees of approximation on neighbouring elements do not
differ to much. Moreover, to each K € 7T}, we define the parameter

dK)="5 ke, (4.4)
Pk
and put
d(T) = min(d(K,),d(K,)), T € F, (4.5)

dT) = d(K,), TeF",
where K, and K, are neighbouring elements with common edge I'.

Lemma 4.1.1. Let K € T, and T € F, such that T € K. Then

(a) d(f) < d(K), 1 (4.7)
a5 < OCagiy (4.8)

where Cq and Cp are constants from assumptions (4.1) and (4.3), respectively.
Proof: The properties (a) and (b) are a direct consequence of definitions (4.5),
(4.6) and assumptions (4.1), (4.3). O

4.1.3 Convective and numerical flux

Let f = (f1,..., f4) : IR — IR? be prescribed vector function representing the
convective fluxes, where f, € C'(R), s = 1,...,d. We assume that function f is
Lipschitz-continuous with constant C'y > 0, i.e.

‘f(v)—f(w)‘ < Cflv—w| Vv,weR. (4.9)
Without the loss of generality we assume that

fs(0)=0,s=1,...,d (4.10)
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According to (3.26), the integrand of the face integral over I' C K in con-
vective form by, is approximated by the numerical flux as

~ H (u\gm,u\;"),ﬁr) olr, (4.11)

r

where u|”), u|") are the traces of u on T C 9K from the interior and the exterior

of element K € 7T,, respectively. The choice of u|(Fn) for boundary faces T' € FPN
is necessary to specify. Here we use

" , rerp,
uf = " (4.12)
ulp’, I'eF.

We shall assume that the numerical flux has the following properties:

Assumptions (H):

(H1) H(u,v,7) is defined in IR x By, where B; = {ii € R%|ii| = 1}, and
Lipschitz-continuous with respect to u, v:

\H(u,v,7) — H(u*,v*, 1) < Crx(jlu—u*l + v — v*]), (4.13)
u, v, u*, v* € IR, 1 € By.

(H2) H(u,v,) is consistent:

H(u,v,i) = —H(v,u, —7), u,v€ R, i€ By. (4.15)

In virtue of (H1) and (H2), the functions fs, s = 1,...,d, are Lipschitz-continuous
with constant L; = 2Cy. From assumption (4.10) and (H2) we see that

H(0,0,7) =0 Vi€ B. (4.16)

4.1.4 Nonlinear diffusion

To carry out the error analysis we need to specify additional assumption on
nonlinear diffusion term. In the first instance, we mention some definitions from
matrix algebra.
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Definition 4.1.1 (Positive definiteness). The matriz B € IR™*", n € IN, is
called positive definite, if it is satisfied

z'Bz>0 VzcIR" (4.17)

Definition 4.1.2 (Discrete matrix norms). Let B =€ R™", m,n € IN.
The discrete I'-matriz norm (”column” norm) is defined as

| B, = Jnax Z |bij]. (4.18)

The discrete [°-matriz norm ("row” norm) is defined as
| Bl =  max. Z\b”\ (4.19)

We consider the following form of nonlinear diffusion
—div (K (w)Vw), (4.20)
where IK (w) = {k;;(w }Z] L kij(w) - IR — IR is a positive definite matrix for all
w e IR and satlsﬁes elementwise

(a) kij(w) is bounded function, i.e. there exists a constant ¢, > 0 such that

kij(w)| <ew YweR, i,j=1,....d, (4.21)

(b) kij(w) is Lipschitz-continuous function, i.e. there exists a constant ¢, > 0
such that

|kij(wy) — kij(w2)| < ¢lwy —we| Vwy,we € R, i,j=1,...,d. (4.22)

Lemma 4.1.2. Let IK(w) € R d = 2,3, satisfy the condition (4.21) for all
w € IR. Then there exists a constant Cy; > 0 such that

(0) [EKw)le<Cy VweR, (4.23)
(b)) K W) o = K W) <Cy Ywe R, (4.24)
where || - ||« and || - ||, represent the discrete [ and I'-matriz norm, respectively.

Proof: We prove only (a), since (b) is analogous. In view of the definition of the
discrete [*°-matrix norm and the condition (4.21), we have

|IK||o = max Z kij| < max (d-cy) = dey. (4.25)

1<i<d 1< <

Putting Cy = dc, we prove the estimate (4.23). O
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Lemma 4.1.3. Let IK(w) € R¥?, d = 2,3, satisfy the condition (4.22) for all
w € IR. Then there exists a constant Cr, > 0 such that

||K(U}1) — K(UJQ)HOO S CL\wl — ’U)Q‘ V’U)l,’lUQ € B, (426)
where || - ||« is the discrete 1°°-matriz norm.

Proof: Using the definition of [**-matrix norm and condition (4.22), we proceed
analogously as in (4.25) and obtain (4.26) with Cf, = dc. O

Lemma 4.1.4. Let IK(w) € R™? d = 2,3, be a positive definite matriz for all
w € IR. Then there exist a constant o« > 0 such that

z' K (w)z > oljz|* Vze R, weclR (4.27)

Proof: We prove only the case d = 2, since for the case d = 3 the arguments are
completely analogous. We split matrix IK(w) = {kij}?jzl onto symmetric IK*
and antisymmetric JK“ parts

K () = 5 (I () + K (w)") + 3 (K () ~ K(w)") (4.28)

We can write

2/ Kz = (IK%2,2) = (z,(IK""z) = —(z, K"2)
= —(K"'z,z)= 2" K"z, (4.29)

where (-, ) denotes standard scalar product in IR%.
Since zT IK#z = 0 from (4.29) and z” IK (w)z > 0 due to positive definiteness,
we get
2/ K(w)z=2"IK2 >0 Vzc IR (4.30)

The relation (4.30) implies that IK® is a symmetric positive definite matrix
with real positive eigenvalues A;, Ay, which correspond to orthogonal eigenvec-
tors vy, ve € IR?.

Finally, the arbitrary vector z € IR? can be express as a;vy + asVa, a1, as € IR
and we can write

2/ IK(w)z = 2" IK°z = 2" IK® (a1vy + agvy)
= Ma[[va|® + doao[[va* > min(Ar, Ao) - [|2]|?,  (4.31)
which proves the lemma with o = min(A;, A). O
According to Lemmas 4.1.2-4.1.4 we are ready to formulate new assumptions

on nonlinear diffusion. We assume that matrix K appearing in the diffusion
terms satisfies the following properties:
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Assumptions (D):

(D1) IK(w) is bounded:

(a) I (w)]le < Cy < o, (4.32)
(b) ||K(w)e<Cp<oco Ywe R, (4.33)

(D2) IK(w) is Lipschitz-continuous:

||]K(w1) — K(U)Q)HOO S CL|U}1 - U}Q‘ le, Wy € R, (434)

(D3) IK(w) is positive definite:

z' K (w)z > a|z|?, >0, Ywe R, Vz € R" (4.35)

4.1.5 Regularity of exact solution

Let us assume the existence of a solution u = wu(z,t) of problem (3.1)—(3.4)
satisfying the following regularity conditions

)7
R 2 . SK
o | € L0 H*(K)

ulg € L=(0,T; H**(K)), sg > 2 VK € Tp.

ulx € L20,T; H** (K

)
Ou ) (4.36)

It can be ensured, e.g., by

ue L0, T; H¥(Q)), % € L2(0,T: H (), ue L¥(0,T; H (Q)), (4.37)

where § = max{sg, sk € s} > 2.
Moreover, in order to treat the nonlinear diffusion terms, we need one more
regularity assumption on the solution u of problem (3.1)—(3.4), i.e.

HVu(t)\KHLOO(m < oo foraa.te(0,7), (4.38)
which can be rewritten that there exists a constant C'p > 0 such that

||VU(t)||Loo(Q) S CD fora.a. t € (O,T) (439)

4.2 Some auxiliary results

Under the assumptions (T) from Section 4.1, we shall summarize some important
results and establish the properties of the forms af, by, [ and J7.
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4.2.1 Fundamental lemmas

Lemma 4.2.1 (Multiplicative trace inequality). There ezists a positive con-
stant Cyy independent of v, h and K such that

[0l ey < Cor (lellzary 1ol + hR e ) (4.40)
K€ Ty, ve H(K), he(0,hg).
Proof: The proof can be carried out in a similar way as in [21, Lemma 3.1]. O

Lemma 4.2.2 (Inverse inequality). There exists a constant C; > 0 indepen-
dent of v, h and K such that

2
p
|U‘H1(K) SCIh_KHvHL?(K)a ’UEPpK(K), KeT, he (O,ho) (441)
K

Proof: See [15, Lemma 6. O

Lemma 4.2.3 (Approximation properties). There exist a constant Cy > 0
independent of v and h and a mapping ﬂf : H°(K) — P,(K), s > 1 such that
Vo € H(K), K € Ty, h € (0, hg) the following inequality is valid

hﬂ—q
K K
||7Tp U_UHHQ(K) S CAps—q

0] s (k) (4.42)

where p=min(p+1,s), 0 < g <s.

Proof: See Lemma 4.5 in [2] for the case d = 2, when d = 3 the arguments are
completely analogous. (]

Definition 4.2.1. We define the mapping I, : H¥(Q, Tr) — Spp by
(Mppu) |k = 7 (ulk) VK € Th, (4.43)
where wlf; : H¢ — P, (K) is the mapping introduced in Lemma 4.2.3.

Lemma 4.2.4. Let s and p be the vectors introduced by (3.5) and I, : H*(2,T,) —
Shp the corresponding mapping given by (4.43). Let v € H*(S),Ty) then

h2HK_2q

2

Mhev = vl 7oy < Ch Y —se—g 10l Frer i0): (4.44)
KeT, V'K

where pg = min(pg + 1,sk), K € Ty, and 0 < ¢ < ming, ¢ Sk -

Proof: Using definition (4.43), the Cauchy inequality, the approximation prop-
erties (4.42) we obtain (4.44) and C}y is given by Lemma 4.2.3. O
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Lemma 4.2.5. Let v(t) € H*(Q,Ty), Upp : H3 (Y, Tn) — Shp be given by (4.43)
and vp(t) € Shp, then

@ (T ) = 5O (4.45)
(b) (8(?) — gthpv)( ),Uh(t)> (446)
) 1/2
hg ™ | ov(t)
=G (ge:n pr= || ot H5K<K>> @l

where pig = min(pg + 1, sg), K € Tp.

Proof: Case (a): According to the definition of L*-scalar product and L?-norm,
we can write

<8v§t(t),vh(t)> _ /Qavgt(t) un(t) df:/%(%vi(t)) dz

1d ) 1d ,
T 24t th(t) de = th”Uh( )N 720 (4.47)

Case (b): The construction of the interpolation operator IIj, in (4.43) guarantees
the satisfaction of the following equality

[, (0v/0t) = O(I,v) /Ot (4.48)
and, thus,
O(v —Ippv) . Ov v .

Using the Cauchy inequality, relation (4.49) and Lemma 4.2.4, we get

O(v — ) (1) v ov
t t) — I, — (¢ t
(=5 )| < |G - oo o 0l
1/2
h2x | gu(t) ||?
< Oy (Z vl e l[on (8)]] L2 (@) - (4.50)
keT, PK HSK (K)
O
Lemma 4.2.6. Let v, € Syp, then there exist a constant C'g > 0 such that
(a) Y dK)|onl 720k < Chllvall7zq) (4.51)
KeT;,
(b) Z d(K ||Vvh||L2 oK) < CB|vh|H1 (,Th) (4.52)
KeTy,

where d(K) is given by (4.4).
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Proof: Case (a) follows from (4.40) and (4.41)

h
> A enllisony < o 35 5 (lonllzae fonlmse + P o oo )

KeTy KeTh

hig [~ P 1
S CM Z p2 <C]hK ||Uh||L2 + EHU}LH%)(K))

KeT, VK

< CulCr+ D)ol (1453)

N

since ]01_(1 < 1, which proves the lemma with Cp = Cy/(1 4+ C7).
Case (b) results from (a) and the fact that [|[Vuy||r2) = |vn|m.7,)- O

Lemma 4.2.7. Let u € H*(Q,Ty), Wy - H¥(Q, Ty) — Shp be given by (4.43).
Then there exists a constant Cc > 0 such that

hZMK‘H’ 1

(a) Z d(K)"|[u — thUHLZ oK) = Ce Z WH |HSK (K) (4.54)
KeTy, KeThp
h2uK+r 3
(b) Y AK)|Vu = VIul[F2ox) < Co Y m” Wl Frore iy, (4.55)
KeTy, KeTy

where r € IR, d(K) is given by (4.4) and px = min(pg + 1, sg).
Proof: We prove only (a), since (b) is analogous. We have from (4.40) and (4.42)

Z d(K)"||u — thUHL2 (0K) (4.56)
KeT,
hT‘
< Cu > = (1w = Wnpul p2qiey [u = Tagtlmsaey + bl = Mgt )
KeT,
he h2HK_1 h?uK—l
< CMC’E‘ Z Tﬁ( é(sK_l + Kst ) ||u|%]sK(K)
KeTh Pk Pk
h2uK+r 1
< 20uC% ) WHUHHSK (K)-
KeTh,

The last inequality follows from the fact that p' < 1, K € Tj,. Putting C¢ =
2C,C? we prove the lemma. O

Definition 4.2.2 (Penalty parameter). We define the penalty parameter func-

tion o in the form J7 by

Cw D
olr ) eF,, (4.57)

where d(T) is given either by (4.5) or (4.6) and Cy > 0 is a suitable constant.
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Remark 4.2.1. The value of Cyw depends on used IPG variant of stabilization
i DG formulation and its value will be later specified in Subsection 4.2.2, see
Lemmas 4.2.15-4.2.15.

Lemma 4.2.8 (Properties of the form J7). Letu € H*(Q, Ty), Uy, - H3(, T,) —
Shp the corresponding mapping given by (4.43). Let v, € Spp, and h € (0, hyg).
Then there exists a constant C'y > 0 such that

” h2u}(72
(a) J§ (w = Hppu, u — Mppu) < Cy Z % |u||%ISK(K)7 (4.58)
KeT, V'K
1
: hyte? ’
(b) Ji (u = ppre, va) <\ CrJy (v, Uh)2< Y =l qux(x)) , (4.59)
KeT, VK

where pg = min(pg + 1, sg), K € Tp.

Proof: Case (a): In view of definition of the form J7, the relation (4.8) and
Lemma 4.2.7a for r = —1, we have

C
Jy(u— Mppu, u — Mppu) = Z /F WVFV)[U — Tlypu)?dS

Lefr[P
<4Cw ) / C%CQW — Mypul*dS <ACwCECQY - d(K)lu — Mypullfs o
N r d(K) P B P (0K)
KeTy KeTy,
2 h%m_Q 2
S 4CWC’PC’QCC Z m”’d| HK (K): (460)
KeT, V'K

which proves (4.58) with C; = 4CyC3CoCe.
Case (b): The Cauchy inequality and (4.58) imply that

J7(u — ppu, vp) = Z / olu — Mppul[vy] dS
res/p T
1/2 1/2

> /FU[“_thU]2d5 > /Fa[vh]ZdS

rerlP reFrlP

< T (u = Typu, u — Thpu) Y2 T7 (v, vp) /2

1/2 h’%tK_2 2 v
VO o) 3 el | (161)

KeT, V'K

IN

IN
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4.2.2 Properties of the diffusive form

Lemma 4.2.9. Let u,u,v,w € H*(Q,Ty) and I, + H¥(Q,Ty) — Shp the cor-
responding mapping given by (4.43). Let assumptions (D) from Section 4.1 be
satisfied, then there exists a constant Cy > 0 such that

@ Y / ‘K (Vu— V) - Vo| do (4.62)
KeTy

<  Cylv|m QTh)| — w1 (0,7;)

U / IK (1)) Vo - Vv‘dx (4.63)
KeTy,

< Cilvlmam) (lv—wlmez) + 16— Mpulleemnm)
where Cy is given by (4.32).

Proof: Case (a): Using the Cauchy inequality and property (4.32), we obtain

Z/K )(Vu — Vw) Vv‘dx

KeTh
< 3 [ M) 90 = V[V ds

KeTy,

1/2
< C’U (/ Vu—Vw|2dx> </ Vv2d:c>
KeTy, K
1/2 1/2
< Gy ( > |“—“’|§ﬂ<m> ( > |U%I<K>)
KeTy, KeTy

S C’U\u—w\Hl(Q,Th) ‘U|H1(Q,Th); (464)

which proves the estimate (4.62).
Case (b): We split the left-hand side of (4.63) onto two parts and treat each
one separately

K;r/‘ K (Mjpu)) Vw - Vv‘d:c</£1+h;2, (4.65)
where
= Z/(]K(thu)—]K(u))(Vu—Vw)-Vv dz,  (4.66)
KeT
Ky = Z/ K (Tpu)) Vu - Vv‘d:c (4.67)

KeTy,
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In order to treat the term k1, we use the triangle inequality, estimate (4.62) for
t := IIpu and @ := u consequently, then we get

K < Z/‘IK thu)(Vu—Vw Vv‘dx

KeTy,
+ Z/‘K Vu—Vw Vv‘dx
KeTy
S 20U|u_w|H1(Q,Th) |U‘H1(Q,Th)' (468)

In the case of the term xy, we use the assumption (4.34) and relation ||Vu||fee(x) <
| V|| o) VK C Q with regularity condition (4.39), then apply Cauchy inequal-
ity and ﬁnd that

v < 3 [ I ~ K (i)l [Vl 90 do

KeTy

IN

/ Cplu — ppul ||Vl Le(ky [Vv| dz
KeTy,

< Op||Vul| e E:!/|u——Hmu|Vde

KeTy,
S CLCDHa — thu||L2 (0,73) ‘U|H1(Q,’Th)- (469)

Now, the combination of (4.68) and (4.69) gives the desired estimate (4.63) with
Cl = maX(QCU, CLCD). O

Lemma 4.2.10. Let u,u,v,w € H*(Q,Ty) and W, : H5(Q, Ty) — Shp the cor-
responding mapping given by (4.43). Let assumptions (D) from Section 4.1 be
satisfied and @ € IR is a unit normal, then there exist constants Cy > 0 and
C5 > 0 such that

W X [l

FE]:ID

K () vu—waﬁmﬂds (4.70)

1
2

< GoJf(v,v) % (Z d(K)||Vu — V|7, am) ;
KeTy,
B X [ @) — K@)V )]s < G0t @)
FE]:ID
(Z d(K)||Vu — VwHLZ oK ) <Z d(K)[|a — th“HL2 am)
KeTy, KeTy
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Proof: Case (a): By property (4.32), the Cauchy inequality and relation (4.7),
we get

S / @) (Vu — V) - #)[0]| dS
rerlP
< Y | K (@)l | Vu = Vel [id])][v] dS
FE]:ID r
< Gy Y / Vu— Vuw|)|[v]|dS
rerlP
<o Y (/d(F)(|Vu—Vw|>2dS>l/2 (/ [on]” ds>1/2
B Y 1D r Fd(r)
rerf
1/9 1/2
< (Z d(K)||Vu — vw||2L2(aK>> / > / Cw 12ds
e KeT; rerlP
o 1/2
< X )2 (Z d(K)||Vu — Vwl||2 aK) (4.72)
_ 2 ) )
VCW KeT,

which proves the lemma with Cy = Cy/+/Cw.
Case (b): We use additivity of mean value (- ) and break down a left-hand
side of (4.71) into individual terms by setting

IK (Typue) — IK (7)) Vo - ﬁ)[v]‘ dS < k1 + ko, (4.73)

rerlP
where

“IZZ/F

FE]:ID

K (Iypu)) (Vu — V) - i [U]‘ ds, (4.74)

Ko =

K (Mypu) — IK (7)) V- ﬁ)[v]‘ ds. (4.75)

rerlP

Similarly as in (4.68), we treat the term ; with the aid of estimate (4.70) for
@ := u and u := II,,u consequently, then we have
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1/2
< 20,07 (v, v)Y/? (Z d(K)||[Vu — Vwl||?. M)) : (4.76)

KeTy,

To treat the term ko, we use the assumption (4.34), relation |[Vu|[per) <
| V|| oo () VI C Q and find that

< Z / (L (W) — B (@)oo V] 1] |[0]] S
< Z [ {Cullug = il [ Vulaxc) ] a5
< ol Ve S /<|u—thu| [v] ds. (4.77)

FE]:ID

After applying the regularity condition (4.39) in (4.77) and proceeding similarly
as in (4.72), the estimate follows

1/2
CiCp , _
Ko < - DJh (v,v)1/2 <Z d(K)[lu — th“”%?(aK)) (4.78)

KeTy

Finally, setting C3 = max(2C5, C,Cp/+/Cw) and putting together the estimates
(4.76) and (4.78), we get (4.71). O

Lemma 4.2.11. Let u,u,v,w € H*(Q,Ty) and I, : H*(Q,T,) — Shp the cor-
responding mapping given by (4.43). Let assumptions (D) from Section 4.1 be
satisfied and @i € IR? is a unit normal, then

CEED SR

Fe]:ID

V'V - i) u — w]‘ ds (4.79)

2

< CyJY(u—w,u—w %<Zd ) Vol|7, BK)) ’

KeTy

O / K ()"~ K ()7) V0 ) — ]| S (480)

Fe]:ID

1
2

< 205207 (u — wyu —w é(Zd ||VU||L28K)> ;

KeTy,
where Cy > 0 is constant from Lemma 4.2.10a.

Proof: Case (a): The estimate (4.79) is a direct consequence of Lemma 4.2.10a,
where we set w —w := v, v := u — w and use boundedness (4.33).
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Case (b): By splitting the left-hand side of (4.80) onto two parts and using
the estimate (4.79) in each part for  := II,,u and u := u consequently, we obtain
the desired estimate (4.80), i.e.

> /F (K (Tpu)” — IK (@)") Vo - i) [u — w]‘ ds

(K (Tpu) Vo - ) [u — w]‘ ds

[\
g
5—

+ Z /r (lK(a)TVv-ﬁﬂu—w]‘dS

IN

26’2,]13—(’LL—’U),’LL—’U})5 <Z d(K)HV’UH%Q(aK)) . (481)

KeTy,
0

Lemma 4.2.12. Let uy, v, € Spp and assumptions (D) from Section 4.1 be sat-
isfied, then

Z / K (up,)Vup - Vo dz > a|vhﬁ,1(9,¢h), (4.82)
KeTy, " K

where a > 0 is given by (4.35).

Proof: Let us use the property (4.35), then we get

Z / K (up)Vup, - Vo, dz > Z oV, |2 dz
K

KeTh, KeT, U K

= Z |'Uh|%{1(K) = a‘vh|%{1(Q’Th) (483)
KeTy,

OJ

Lemma 4.2.13 (ITPG). Let up, vy, € Shp, assumptions (D) from Section 4.1 be
satisfied and 7@ € IR be a unit normal. Let

C2Ch

Cw > —

(4.84)

o
Then

_ Z <1K(uh)Vvh . T_i> [Uh] ds Z —% (‘Uh‘?ql(gﬂ—h) + J,‘{(vh,vh)> s (485)

reFlP r

where Cg is constant from Lemma 4.2.6 and Cy, a are given by (4.52), (4.35),
respectively.
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Proof: The property (4.32), the Cauchy and Young’s inequality, the relation (4.7)
and Lemma 4.2.6b imply that for any 6 > 0, we get

— /<ZK up) Vo, - n> lvp] dS

FE]:ID
> =Y [R @l ol @] l]a5 2 -3 [ Co(Tublin|ds
rerlP reF!P
> Z / ){(|Voy)* dS Y / |[on]|” dS
I‘ FlP reF]P
C 4] C
DY (ST L zj/ W ol d
KET I‘ ]:ID
CyC Cub
> =55 olmeg = 5o (n o). (4.86)
Now let us choose o
6= ——=. (4.87)
(6

Then, from (4.86) we immediately obtain

C:C
— Z /<]K up)Voy « i) [vp) dS > ——\vh\Hl O,T3) —U=B J7 (v, v), (4.88)
201 CW
rerlP
which together with the condition (4.84) proves the lemma. O

Lemma 4.2.14 (SIPG). Let up, vy, € Shp, assumptions (D) from Section 4.1 be
satisfied and @@ € IR? be a unit normal. Let

4 2
Cw > CUQC z, (4.89)
(6
then
- ) K (up) + IK (up) ") Voy, - i) [v,] dS (4.90)

FE]:ID F
«Q 2 o
z—gomm@m+%wwmy

where Cp is constant from Lemma 4.2.6 and Cy,« are given by (4.32)-(4.33),
(4.35), respectively.
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Proof: We proceed almost identically as in the proof of Lemma 4.2.13. From
the properties (4.32)—(4.33), the Cauchy and Young’s inequality, the relation (4.7)
and Lemma 4.2.6b, for any 6 > 0, we get

-2 / (un) + I (un)") Vo - i1y [va] dS

Fe]:ID
> - / (M (un) e + MK (un) " o) [Von] 73]} [[oa] | S
rerlP
CyC Cyé
Z — v-n ‘Uh‘Hl(Q,Th) — LJ;{(U}L,U}L). (491)
) Cw
Now if we choose oC O
5= (4.92)
Q
we can write
20%C
- Z / uh V’Uh n> [Uh] dsS > ——|’Uh‘H1 (Q,7,) — LBJZ(Uh,Uh) (493)
(6 CW
rerlP
Using the condition (4.89), we obtain the desired estimate (4.90). O

Lemma 4.2.15 (NIPG). Let up, vy, € Spp, assumptions (D) from Section 4.1
be satisfied and 7 € IRY be a unit normal. Let Cy satisfy the condition (4.89).
Then

- / (I (un) (un)") Yoy, - ) [v] dS (4.94)

rerlP
o 2 o
> = (onfigam + TR (on )]

where Cp is constant from Lemma 4.2.6 and Cy,« are given by (4.32)-(4.33),
(4.35), respectively.

Proof: For the symmetric matrix K the left-hand side of (4.94) is nullified.
In the case of the nonsymmetric matrix K, we use Lemma 4.2.14 where we set
KT := —IKT and gain the same result as for SIPG variant provided the fulfilled
condition (4.89). O

In what follows we define the form
AP (v,w) = a (v, w) — I (v, w), v,we H(Q,Th), (4.95)

where the forms a(-,-) and [ (-, -) are given by (3.28) and (3.31), respectively.
Further, we shall consider the new norm.
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Definition 4.2.3 (Triple norm). Let v € H*(Q2,Ty,), we define the norm
2 o 12
ol = (JoBgam, + T, v)) (4.96)

We introduce the following obvious properties of the triple norm.

Lemma 4.2.16 (Properties of the triple norm). Let v € H*(Q,7,) and
Oyt H3(Q, Th) — Shp be given by (4.43). Then

(a)  lolmam) + 7 (0,0)7* < V2|0, (4.97)
2 h%‘K72 2
(b) Mo — vl < (CF +Cy) Z —s =g 10l (1) (4.98)
KeT, 'K

where pux = min(px + 1,sx), K € T, and Cy, C; are constants from Lem-
mas 4.2.3 and 4.2.8, respectively.

Proof: Case (a): The property (4.97) immediately follows from the inequality
a+b<+/2(a®+b?), a,b € IR and the definition (4.96).

Case (b): The property (4.98) is a consequence of the definition (4.96), Lem-
mas 4.2.3 and 4.2.8, and relation p;{l <1, K€Tp. (]

Lemma 4.2.17. Let u € H5(), T,) be the exact solution of continuous problem,
v € Spp and Iy, @ H(Q,Tn) — Spp be the corresponding mapping given by
(4.43). Let assumptions (D) from Section 4.1 be satisfied. Then there exists
a constant C, > 0 independent of u, vy, and h such that for h € (0, hg)

|Al? (U, Uh) - A](?(thu; Uh)‘ (499)

- ey B )
< Calllonll [{ Y sz i) + | D =l |
KEeT, Pk

KeT;, Pr

[V

where pig = min(pg + 1,sg), K € Tp.
Proof: In view of the definition of form A, we have
AP (u, vp) — AP (Typu, vp)
= Z / (lK(u) Vu — IK(Ipu) Vthu> - Vup, dz
K

KeTh
N
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((]K(U)T Von - )] — (K (pu)” Yoy - ) [thu]> ds

h

+ © Z / (K(thu)T Vo, - fup — K (u)" Vo, - ﬁuD> ds
rerp T

+ / (gvn — gvn) dz + Z /(QNUh — gy vp) dS
@ rery r

+ Z /(UuDvh—auDvh) dS =) + 9y + O U3, (4.100)

rerp T
where
)y o= 3 / (K ()" - ) o] — (K (W) V- )] ) S
resp T
+ Z / (lK(thu)T Vo, - Aup — K (u)" Vo, - ﬁuD> ds.  (4.101)

rexp T

o= Y [ (K Vu- K Vi) - T da
- Z/ (lK(“) Vppu — IK (Thpu) Vthu>-Vvhdx

= Z K (u)(Vu — VIIju) - Vo, dz
Ken °F

J/

-~

+ Z/K(IK(U)—JK(thU))Vthu-thx (4.102)

KeTy,

J/

-—
=09

Using Lemma 4.2.9a for 4 := u,u := u,w := I,u, v := v, and Lemma 4.2.4 for
qg=1, we get

o] < Culonlma,m) v — ipul a7,
22 1/2
< CuCalvplmiom) (Z %Huﬁﬁmk)) - (4.103)
KeT, VK

Next, from Lemma 4.2.9b for @ := u, w := [l u, v := vy, Lemma 4.2.4 for ¢ =0
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and ¢ = 1, we obtain

oo < Cilvalmom) (lv = Mgl a7 + v — Mipullz20,7))
< Ci\Calvnlurom) (4.104)
h2“K 2 1/2 h%‘K 2 1/2
X Z ) ullFrn )]+ Z —s Nl arsw ()
ke, PK ker, Px
The estimates (4.103)—(4.104) imply
[0 < CalCy + C)lowluim) (4.105)
hZﬂK 2 1/2 h%‘K , 1/2
X Z ) Jull e 1))+ Z —s 1wl s re (i)
KeTy, Pk KET;, Pr
Further, we add :I:ZFefm Jo (I (u) VITpu - i) [vp] dS to 95 and use the ad-

ditivity of mean value (- ), then we can write

S / ) Vllypir - ) — (K () V- ) ) [oy] A

rerlP

n Z/F K () Viu - i) — (IK (U)Vthu'm)[Uh]dS

FE]:ID

_ / Z/ W) (VT — Vi) - ) [vn] dS

Fe}"D rerlP

J

::03

+ Z/F K (Mypu) — 1K (u)) Vilypu - ) (o] dS (4.106)

FE]:ID

J

~~
=04

From Lemma 4.2.10a for @ := u, v := w,w = Ijpu, v := v, and Lemma 4.2.7b
for r = 1, we find that

1/2
o3| < CoJS (vp, vp)" (Z d(K)||[Vu — Vppul|2: aK)

KeTy,

1
h2uK 2 2
S CQ\/ CCJﬁ(Uh,Uh)I/Z (Z ﬁ”?ﬂ HSK K)) . (4107)

KeTy,

To treat the term o4 we use Lemma 4.2.10b for @ := u, w := Ipu,v := vy,
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Lemmas 4.2.7a-4.2.7b for r = 1, then we get

loy| < C3J;f(vh,7)h)1/2

(Z d(K)||Vu — Vth“”L2 oK ) (Z d(K)||u — Thpull7 aK))

KET, KETh

1

2

< C5\/C S (v, vp)?

h2#K 2 % h%ﬂ( ) %
X Z WH ullfren iy | + Z WHUHHSK(K) ; (4.108)

KeTy KeTh

Putting the estimates (4.107)-(4.108) together we obtain

W] < /Cc(Ca+ Cs)Jg (vn, vp)'/? (4.109)
hQMK—Q 1/2 h2uK 1/2
x (Z %imnésmm) +(Z ﬁnunmj
KeTy, Pk KEThpK

The special attention 1s pald to the treatment of the last term ¢3. At first,
we add F Zrefm i (I )V, - @) [ppu] dS and use the additivity of jump [/]

and mean value (). Due to the regularity condition (4.37) and the boundary
condition (3.2), the exact solution u satisfies the following equalities, i.e.,

Z/ JdS =0, (4.110)

rer]

Z/u—uD pdS=0 YepeH(QT), (4.111)

rerp
which give us that

vy = Z/ TSy, - ) [u — Mypu] dS

Fe}'m

/

> /F (M) ¥ou 1) 05

FE]:ID

— Z/ IK (I1jpu) )Vvh-ﬁuDdS

rerp
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= o5+ Z / ((IK (Mppu)” — lK(u)T)Vvh - 71) [u — Mppu] dS

Fef“D

/

~-
=06

T Z /< IK (T ppu) )Vvh-ﬁ> [u] dS

rer]

+ Z/ (thu) )VUh'ﬁ(U—uD)dS
rerp
= o5+0%. (4.112)

Hence, from Lemma 4.2.11a for @ := u,u 1= u,w := Ipu, v 1= vy, the estimate
follows

1/2
05| < CoJF (v — Mppu, u — Typu)t/? <Z d(K)|| Va7 am) (4.113)
KeTy

Consequently, with the aid of Lemma 4.2.8a and Lemma 4.2.6b we have from (4.113)
the following estimate

hQMK —2

los| < Co/CpCrlvnmiam) (Z WHM

KET;,

1/2

In the same way as in (4.113)—(4.114) , we treat the term og, i.e. using Lem-
ma 4.2.11b for v = w,u := u,w = Ilppu,v = vy, Lemma 4.2.8a and Lem-
ma 4.2.6b, we gain

1/2
hZ}LK 2
os] < 20/ CaCrlvn|mo,m) (Z mHUHHSK K>) . (4.115)

KeTy

The estimates (4.114)—(4.115) imply

1/2
h2u}( 2
[ZYS 302\/030Jvhm(9,m(2m|| [ K)> . (4.116)

KeTy

Now we apply all these estimates (4.105), (4.109) and (4.116) together with re-
lation p;' < 1, K € T;, and gain

| AR (u, ) — AR (Mppu, o) | < [01] + 9] + O] 5]
< ((CA(CU+CI) +1013Con/C5C) |onl iy + V/Co(Ca + C5).J (v, 1) /2)

thtK 2 % thtK %
<\ X i) + | 20 Ja e (4.117)

KeT KeTh
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Finally, the estimate (4.117) and Lemma 4.2.16 yield the sought result (4.99)
with Ca = ﬂmax (CA(CU + Cl) + |@|302\/ CBCJ, AV Cc(CQ + 03)) |

Lemma 4.2.18. Let u € H*(Q2,T,) be the exact solution of continuous problem,
Un, v € Spp and Iy, @ H3(Q,Ty) — Shp be the corresponding mapping given by
(4.43). Let assumptions (D) from Section 4.1 be satisfied. Then there exists a
constant Cy > 0 independent of u, up, vy, and h such that for h € (0, h)

o
AP (unyvn) = AL (Mg, vn) = 5 (Jonlhr07) = i (on,vn)) - (4:118)
o\
glllvhm Z QSK_Q_‘@‘HUHHSK(K) + ||Uh—thU||L2(Q) )
KeT;, Pr
where v, = up, — Hppu, « is given by (4.35) and px = min(pg + 1, sg), K € Th.

Proof: We proceed similarly as in Lemma 4.2.17. According to the definition of
form AP, we can write

A}? (uh, Uh) — A}? (thu, Uh)

— Z/ (K(uh) Vuy, — IK (ppu) Vthu>-Vvhdx

KeTn ,
=94
+ > / (¢ (Typs) VT - 7) — (I () Yy - ) ) 1] 4
reFlp :
+ ey / (4B )" T - ) ] = (I (Typer)” Vo - 7) [[pp] ) dS
resp /T
+ O Z / (]K(thu)T Vo, - fup — K (up)” Vo, - ﬁuD> ds
rerp r
+ /(gvh—gvh) dz + Z /(QNUh—gNUh) ds
@ reFy 'T
+ Z /(UuD v, —oupvy) dS =94 + I, (4.119)
r

rerpP
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where
)= 3 /F (R (Tygte) VMg - ) — {6 () Vo - 7)) 3] 45
+ ey /F ((K(uh)TVvh-ﬁ>[uh]—(K(thu)TVvh-ﬁ>[thu]) ds
+ © Z /(]K(thu)T Vo, - Aup — I (up)" Vvh-ﬁuD> ds.  (4.120)

Analogously as in (4.102) we add F Yy [ IK(up)VIIppu - Vuy dz to 94 and
have

v, = Z / (]K(uh) Vuy, — K (uyp,) Vthu> - Vo, dz

- Z / IK (up)(Vuy, — VIpu) - Vo, do

KeTh
N

J

~~

+ Z / (K(uh) - K(thu))vnhpu : VUh dx

KeT, 7 K
N

J

=:08

> o7 — |og] (4.121)

Using Lemma 4.2.12 for v;, := uj, — II,u and Lemma 4.2.9b for 4 := uy, w :=
ppu, v := vy, we derive

o7 2 a‘vhﬁql(ﬂg’h)a (4.122)
los] < Cilonlma,z) (Ju— ppulmon) + lun — Mapull2(0,7,)) - (4.123)

Further, from Lemma 4.2.4 for ¢ = 1 in (4.123) we get

os| < Calvn|mam) (4.124)
h2[1,K—2 1/2
X < Z éiK*2 ||u||%ISK(K)> + ||uh - thuHLQ(Q) ,
KeT, YK

where Cy = Cy - max(Cy, 1).
To treat ¥5 we add in (4.120) the following terms

+ ) /FUK(uh)Vthu-ﬁ)[vh] ds (4.125)

reF]P
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and

Then we use the additivity of the jump [-] and the mean value (-) together with
relations (4.110)—(4.111) following from regularity and boundary conditions (4.37)

o Y /F (K (un) Vo - ) TTppu] dS.

reF]P

and (3.2), respectively. We obtain

Us

Z /F ((ZK(Uh) Viypu - i) — (IK (up) Vuy, - ﬁ)) [v] S

rerlP

oY / (B () - ] — (I () T - 7){ Ty} S

oY / (K un)" Vo - 1) [y — (I (W) V- ) [[p]) S

h
© Z /F (IK(thu)T Vo, - fup — K (up)” Vo, - ﬁuD) ds

rerp

= X (K () (T = VTlygn) )] dS

FE]:,_ILD r =V,
© Z / <K(Uh)T VUh : ﬁ> [Uh — thu] dsS
resp T o
=|vp

> (K (Mypu) — K (uy)) VITpu - i) [vs] dS

reFlp r

J/

e
=010

oY / (B ()T — I ()T Vop - ) [ — Tpper] dS
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= — Z / @K(Uh) )Vvh ﬁ>[0h] ds + 010 +@O’11
Fe}'m
> 09— |ow| — O] o] (4.127)

Next, we need to estimate individual terms og, 019 and oq;. With the aid of
Lemmas 4.2.13-4.2.15, we gain the estimate of oy, i.e.

(6]
o9 > _5 (‘Uhﬁp(g,f,—h) + Jg(Uh,Uh)> . (4.128)

Further, the term o4 is estimated with using of Lemma 4.2.10b for u := u,, w :=
ppu, v := vy, Lemma 4.2.7b for r = 1 and Lemma 4.2.6a for vj, := uj, — ll,u by

lowo| < CsJ) (v, Uh)1/2

(Z d(K)||Vu — vth“”L2 oK ) (Z d(K)||un — th“HL2 aK)>

KeTy, KeTy

1
2

< CsJg (vp, vp) 2

hQNK 5 1/2
X (Z e [l o K)) + lun — Hppullzeo) | (4.129)

KeTy

where C5 = C3 max(y/Ce, v/Cp). Using a similar process as in (4.115), where we

write @ := uy, we obtain the estimate

hQMK —2

lon] < 2057/ CCrlvp ma,m) <Z “2sx—3 ull

KeTy

Now we put together individual estimates (4.122), (4.124), (4.128), (4.129)
and (4.130), use the relation px' < 1, K € T, and obtain

AR (un, vn) — AR (Mppu, vp) = 94 + U5 > 07 — |os| + 09 — |010] — |O] |01

1/2
2 K)> . (4.130)

o a
2 B) (|Uh@11(n,frh) —Jy (Uhavh)>
~ (€1 + 10120 /CaC)unlin @y + Co T (v, ) 2)
hQuK 2 %
<l 2 — o [l o) + ln = Tt 120) (4.131)
KeTy,

Finally, the estimate (4.131) and Lemma 4.2.16 yield the desired estimate (4.118)
with g = \/imaX(C4 + |@|202\/ CBCJ, 05) O
Remark 4.2.2. The estimate (4.118) holds for all three considered IPG vari-
ants providing that the constant Cyy, from penalty parameter function, satisfies

the corresponding condition from (4.84), (4.89) with respect to the chosen IPG
variant.
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4.2.3 Properties of the convective form

The special attention is paid to the case of mixed Dirichlet-Neumann bound-
ary conditions with nonempty Neumann boundary condition. Therefore, based
on [34] we introduce a “global version” of the multiplicative trace inequality.

Lemma 4.2.19 (Global version of MTI). There exists a constant C}; > 0
such that

1/2
[vllZ2@0) < Chr g Il (I|v||%z(n>+Zd(K)HvHiz(aK)) +vlla) ¢
KeTy,

v e HY (Q,Th), he(0,hg). (4.132)

Proof: For proof see [34], Lemma 2. O

According to the type of the boundary conditions, the convective form b, can
be expressed as

b (u,v) = by” (u,v) + by (u,v). (4.133)
where
biP(u,v) = — Z flu) - Vodz

KeT, 7 K

+ 30 [ () e as
resl T

+ Z /H(u|(rp>,u(rp),ﬁp> v\(rp)dS
rerp T

and, due to (4.14)

W) = 3 ﬁH(uﬁp),u|§p),ﬁp>v§p)dS (4.134)

resly
d
= Z /Zfs <u\(rp)) nsv|(rp> ds.
rerpy Ts=1

We are interested in the estimation of the expression

bn (1, vn) — bn(un,vn) = (b5 (w, v) — b, (un, vn))

+ (0f (w,vn) — by (un, vn)) - (4.135)

In what follows in Subsection 4.2.3, we shall assume that assumptions (H) in
Subsection 4.1.3 and assumptions (4.1) — (4.2) are satisfied.



CHAPTER 4. ERROR ANALYSIS 26

Lemma 4.2.20. Let u € H*(Q,Ty) and up, v, € Spp. Let assumptions (H) from
Section 4.1 be satisfied. Then there exists a constant C[P > 0 independent of
u, vy, and h € (0, hg) such that

04" (u, 0n) = b3” (up, vn)| (4.136)
D W :
< Gl [ | D o llulliony |+ lonllzze) |
KeT, PK

where pg = min(pg + 1,sg), K € Tp.

Proof: See Lemma 15 in [15], where the arguments are completely analogous.
O

It remains to estimate the second term on the right-hand side of (4.135).

Lemma 4.2.21. Let u, € Spp, Hp, @ H(2,Ty) — Shp be the corresponding
mapping given by (4.43). Let assumptions (H) from Section 4.1 be satisfied. If
the exact solution u satisfies conditions (4.37), then

|03 (u, vn) = by (un, vn)| (4.137)
N h%K_l 2 2
< G| X el + lowll llonllzee) + lonll 72y |
KeT, 'K

where vy, = Mppu — up, px = min(px + 1, sx), K € T, and CY > 0 is a constant
independent of u, up and h € (0, hy).

Proof: We rewrite the proof of Lemma 3 from [34] for hp-version of estimates,
i.e. the process is almost identical. By (4.134), (4.13), the Cauchy and Young’s
inequalities and relation u — uy = (u — ppu) + (Hppu — up) = (u — Mppu) + vp,

|08 (e, 0n) = b)Y (upsvn)| < O Nl — | 200 l10n ]| 22000)

< ClJu — wnllr200) ||vnl r2(00)

1
< <||U - HhPuHQL?(BQ) + ||Uh||%2(asz) + §||Uh||%2(asz)>
3

< O (Il = gl + Sl ) (4139

with CF = 2dC,.
Since
[u = Tapte]| 7200y < D Nl = Tl 3200, (4.139)

KeTh
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using Lemma 4.2.7a for » = 0 in (4.139), we have

2 —1

hy
o= Tapuomy < Co 3 sl (4.140)
KeTy,

Now we shall estimate ||vh||%2(8ﬂ) according to Lemma 4.2.19. Taking into
account that v, € Sp, and with the aid of Lemma 4.2.6a, we find that

> dU)|onl220k) < Cr llonllz2g) (4.141)

KeTy,

Hence, in view of (4.132) and (4.141), we have

lonleon < Cha {(Co+ 1" lonl onll 2oy + lonliEaqey |

< Oy (Cp+1)"? (|||Uh\H [onllz2@) + vallieg) ) - (4.142)
Finally, (4.138), (4.140) and (4.142) yield estimate (4.137) with
CY = 1CY max (2C¢, 3C), /Cp + 1), which we wanted to prove. O

4.3 A priori hp-error estimates for the method
of lines

Our goal is to establish a priori error estimates for the schemes introduced in
Section 3.4. Let u = u(x,t) be the exact solution of the continuous problem (3.1)-
(3.4) and wy, the solution of the discrete problem (3.33),a)-c). Let II,,u(t) be
the Spp-interpolation of u(t) (t € [0,7) defined by (4.43). We set

E(t) = up(t) — Mpu(t) € Spp, n(t) = Muu(t) —u(t) € H3(, Ty). (4.143)
Then the discretization error e (¢) can be expressed as
en(t) = un(t) — u(t) = £(t) + n(?). (4.144)

We subtract (3.34) from (3.33),b) and substitute v;, := &, then we get

("’§ s) AP (0, €) + aJ7(E,6) (4.145)

ot’
= bl €)= )~ (G ) + AR ©) — adf ().

where we used (4.95). Of course, & = £(t), n = n(t) for t € [0,T], but we do not
emphasise the dependence on ¢ by our notation, if it is not necessary.

In the error estimates the following version of Gronwall’s lemma will be ap-
plied.
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Lemma 4.3.1. Lety, q, z, 7 € C([0,T]), ¢ >0, r > 0 and let

y(t) +q(t) < z(t) + /Utr(s) y(s)ds, t¢el0,T]. (4.146)

Then
y(t) +q(t) < z(t) + /Otr(ﬁ) z(V) exp (/ﬂtr(s) ds) d9, tel0,T]. (4.147)

Proof: The proof can be carried out in a similar way as in [25], Par. 8.2.29. O

Now, we are ready to formulate the main result of a priori hp-error estimates
for nonstationary nonlinear convection-diffusion equation. For a shorter notation,
we define the “element-norm”

||u||§(E||u||%2([],T;HSK(K))+||au/at||2L?(0,T;HsK(K))+||u||%°°(0,T;HSK(K))’ (4.148)
for K € Ty, which makes sense for u satisfying regularity assumption (4.36).

Theorem 4.3.2. Let assumptions (T), (H) and (D) from Section 4.1 be valid.
Let u be the exact solution of the continuous problem satisfying (4.36) and (4.39).
and uy € Sy be the solution of the discrete problem given by (3.33), where the
penalty parameter o satisfies (4.57) with (4.84), (4.89), respectively. Then the
discretization error e, h € (0, hg), satisfies the estimate

o [T hZuK 2
ma el + 5 [ a0 40 < Q) 30 Sl (4149

t€l0,T
[0.7] KeTy,

where px = min(px + 1, sx), K € T, and Q(T) is a function depending on T
and constants from assumptions but independent of hx, pr, Sk, K € Ty.

Proof: We start from identity (4.145), use the relation (4.133) and add term
— A9 (Ilu, £) on both sides of this identity. Then we obtain

(550€) + 4R 9) — 420 ©) + 0 €0

< bR (u, €) = by” (un, €)| + |bh (u, &) — by (un, € \+‘<%,£>‘
+ AR (u, €) — A (Mypu, &) + | J7 (0. €)]. (4.150)

Using Lemmas 4.2.5, 4.2.18, 4.2.20, 4.2.21, 4.2.17 and 4.2.8b, we rewrite the above
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inequality (4.150) in the following form

o 9 hQMK 2 %
th”fHLZ §|||§H\ — Ca €] Z m“ﬂ o) T €Nz

KeTy

IN

D hZ”K :
Gy Il Z WHUHHSK x|+ €l

KET;,

hZ}LK 1

+ C’fv (Z pé(s,( 1 ||u||HSK )+ HENTIEN L2y + ||§||2LQ(Q)) ,

KeTy,

1
h2[1,K 8']], 2 )2
+ Ca 5 1€l 2
(Kze:’/’h P Ot | o

1

L h2#K 2 2 h%ﬂ( ) >
+ CollIE]l Z m” ||HSK (x)] + Z 2o |l ares (1)
K

KET, KETh

. QMK -2 2
+ a/CrJl(&€) 2(2 s |u|§,sK(K)) . (4.151)

KETh

Hence,

d
€Iz + allEll® < 2 (Ca+ G + ) NEN e 22

+ 20A<Z s |3 ) [€llz2(0)
ket PK HK (K)
o hQMK 2 %
+ 2 (G T+ V) el | X il
KeTy,
- pie :
+ 2@+ TNl | 30 Sl
KeTy
N h2uK ' 2
+ 2G, ZWnU”mK w) T T2 | - (4.152)
KeTy

Now we want to use Young’s inequality in the form,

2
2ab < % veb?, abeRR, &> 0. (4.153)
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Applying Young’s inequality to the right-hand-side of (4.152) gives us

2
||£||Lz )+ alléll” <—\H5||| +- (C + Gy + ) 1IEllzz o)

hQ’”‘ ou ||
+ l€lliae + CA D e || 5
KeT, VK H*K (K)
hZ}LK 2
b SR+ 2 (Cot Tat a/Cy)' > il
KETh
ID h%K
+ —mfm +— (C +C) Y K o [
KeTy,
N h%K ' 2
+ 2G, Zﬁ”fﬂgw y 1€l 720 | - (4.154)
KeTy,

Subsequently, from (4.154) we have

d «Q 6 2
€l + 311 < (142 (Cor P +6) 200 ) el

6 —\2 h2Hx oul|?
+ <Cfx+5(C§D+Ca) ) » K <||u||§,sK +‘ 5
KEeT, pK HSK )
2#1( 1
+ QCN Z 23K 1 |u|%{SK(K)
KETh
6 L 2 hQMK 2
+ —(g+oa+a\/a,) Sl - (4.155)
o Dy K
KeTy,

In virtue of (3.33),a), (3.32) and Cauchy inequality, we find that

1€(0)]I72(0) (un(0) = Mppu”, £(0) = (u” — Mypu’, £(0))

<
< u” = Tapu® || 2 1€(0) |22 (4.156)

and thus, using Lemma 4.2.4 for ¢ = 0,

2pk

h
1EO)Fa@ < C3 D 2 llu(0)]
K

KeTy,

o (K- (4.157)
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Then the integration of (4.155) from 0 to ¢t € [0, 7] yields

1€(0) 200 / @) do
t
< 1+ 2@+ ) o)) [ 1w a0
0

2 W™ 2
+ CF ) A u(0) e (s
KeT, 'K
e du(¥) |
+<03 (cP 47 ) o ( N 3or ) +‘ 8(t) ) dv
0 ger, P HoK (K)
2[AK 1
+ 26 Z e )] e U
0 ket Pk
6 hype
+ —(C +C, +a\/CJ Z sl ) (4.158)
@ 0 ke Pr
Now the application of Gronwall’s Lemma 4.3.1, where we set
y(t) = 1lE@)|72 (4.159)

At = / @) do,

r(t) = 1+—(ca+c,fD+ch)2+20,fV,
— (G

2(t) = ((jf1 L0 (cP +C'—a)2>

2“" ou || 9
XZ 28K ||U||L2 o,1;mex (k) T ‘ ot - HUHL‘”(O,T;HSK(K))
KeT, L2(0,T;HK (K))
N hZ}LK 1
+ 2C, Z ﬁ”“”ﬂ (0.T;H K (K))
KEeT,

h2[AK —2

+ (C +Ca +a\/7> Z 2sK 3||“||L2 0,T;HK (K

KETh
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and the relations with the definition (4.148)

t
/ r(s)ds = (1+2(@+C§D+C§)2+2C§> (t — ), (4.160)

9

! ' 2, 6 p | A2 hZ”K
/ r(0) z(19) exp (/ r(s) ds) dv = (CA +—(C" +Ch) ) Z 2o || %

0 0 @ KeT;,

+2C, Z —s =1l 20,755 (1))
ket P

_ hQIAK 2
+ (Q+C“+QVCJ> Z 2sK 3||U||L20THSK K))

KETh

6
(8]
X {exp (t <1+S(Q+C§D+C;V)2+2C,fv>> —1}

imply that

1€ / EOIRT (4.161)
2 ID | 7\2 hZ#K
S (CA—FE(CIJ +Ca) ) Z 25K || ||K
KeT, PK
2[AK 1
+26, Z Pt el 20,70 (1)
ker, P
6 hQMK 2
E<C +C, +a\/CJ> Z QSK 3||U||L2 0,T;H*K (K))
KeT;,

6
X exp (t <1+—(CG+C§D+C;V)2+205V>>, t € [0,7T).
o e
Now, since e, = £ + n and thus

lenl3@ < 2 (N3 + Inll3o)) (4.162)
2 (HIENP + imll*) - (4.163)
Using assumption (4.36), (4.96), Lemmas 4.2.4, 4.2.16b and from (4.161)—(4.163)

IN

2
[enll
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we find that for ¢ € [0, 77,

fen(® 2oy + 5 [ Nea @I (416

hQ#K

. 2{ (ca+ 2 e+’ 3 S

KETh

hQMK—l

+200 Y et llullF o,y men 10y
reT, PK

h2uK —2
(C +Ca —|—a\/7> Z 2sK 3||U||L2 0,T;H K (K }

KETh

X exp {t <1+— (Ga+C§D+C§V)2+2C,fV>}
. Ca

Q|®

2 h2#K 9 5 h%ﬂ{*? )
+205 ) & o w3k (1) + 20CF + Ct > =S| [u(t) e (10)-
KeTy, KeT;,
Next, we use the fact that hx < h and p,' <1V K € Ty, i.e.
Jen(®l+ 5 [ a0 (4.165)

< 2{h2 <03+ - (C{D+@)2> +h20) + g (g+@+a\/a,>2}

6 D N2 N hZ”K ’
xexpit |1+ —(Co+C"+C)) +2C, > K ullk
@ KeT, V'K
2 hQMK B 2
+2 (C4h* +1(CF + C))) Z 2510 sz Uz, imon (), t € [0, 7]
KeTy
If we put
— 2 2 6 D | 7\2 N, 0 Yol 2
C,=2¢h CA+E(C,, +C.)" | +h2C, +E(@+Ca+a\/@>

(4.166)
and use the definition of “element-norm” (4.148), then we can conclude the esti-
mate (4.165), hence

hZ}LK 2

len (11720 /eh IPdo < Q) ) mll ullie, (4.167)

KeTh

where

Q(t) = Cyexp {t (1 + g (Ca+CP+CN) + 2C§V> }+2 (C3R* +1(C% + C))).
(4.168)
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Finally, since (4.167) is valid for ¢ € [0,7] we prove Theorem 4.3.2. O

Remark 4.3.1. [t is clear that estimate (4.149) cannot be used for ao — 0+,
because the term Q(t) blows up exponentially with respect to 1/a. The case o —
0+ corresponds to a vanishing diffusion term, see (4.35). The divergence of the
estimate is a consequence of the application of Young’s inequality and Gronwall’s
lemma, necessary for overcoming the nonlinearity of the convective and diffusive
terms. This nonlinearity represents a serious obstacle for obtaining a uniform
error estimate with respect to a — 0+.

Remark 4.3.2. Let pp = p and sx = s VK € Ty. If u is sufficiently reqular
exact solution, we observe that the error estimate (4.149) is

(a) h-suboptimal in the L>(0,T, L*(2))-norm, namely O(h?),

(b) h-optimal in the L*(0, T, H'(Q))-seminorm, namely O(h?).

If u is not sufficiently reqular exact solution, one can see that the error esti-
mate (4.149) is impressed only with given reqularity, namely O(h*™1).
Moreover, in both cases, the estimate (4.149) is
(c) p-suboptimal in the L>=(0,T,L*(Q))-norm and the L*(0,T, H'())-semi-
norm, namely O(p~5=3/2)).



Chapter 5

Time discretization

Let {w;}? , be a basis in the space Sy, with n = dim S,,. Due to the discon-
tinuous approximation, the support of each base function w; lies only on one
corresponding element K € 7. The approximate solution u;, € Sy, sought in the
form

uh(t) = Zgi(t)wia te [OaT]a (51)

and linearity of forms a(-,v), by(-,v), J7(-,v) and [ (-,v) imply that semi-
discrete problem (3.33),a)-c) is equivalent to a system of n ordinary differential
equations (ODE) for unknown coefficients &;(t), i = 1,...,n.

Hereafter, we introduce two considered approaches for time discretization
of ODE systems resulting from DG semi-discretization, i.e. explicit and semi-
implicit schemes. Moreover, under some additional assumptions, we analyse the
semi-implicit DG scheme of the first order with respect to the time coordinate in
the L>¢(0, T; L*(Q))-norm and in the L*(0,T; H'(Q))-seminorm. The derived hp
error estimates are optimal in L?( H')-seminorm and suboptimal in L>(L?)-norm.

5.1 Explicit DG scheme

In practical computations, the simplest time discretization is via explicit scheme
(e.g. Euler forward scheme and Runge-Kutta methods). These schemes suffer
from a strong limitation on the time step due to a CFL-stability condition. How-
ever, their main advantage is easy implementation. Below, we present the Euler
forward method, which is only first order accurate.

Definition 5.1.1. Let 0 =ty < t; < ... < t, = T be a partition of the time
interval [0, T] and 1, = tgr1 —tx, k =0,...,7—1 denote the time step between ty
and tyy1. We say that uf ~ uy(ty.), tx € [0,T), is a discrete solution of problem

65
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(5.1)-(3.4), if

k

k1 k
b) (u, vh> + by (uf vp) + a (uf vp) + adf (ul vp)

Tk (5.2)
= 1 (uy, vp) (t) Vop € Spp, k=0,...,7r =1,
c) (u?“vh) = (uo,vh) Vup € Shp.

In order to increase the order of the time discretization, we can use the Runge-
Kutta methods of higher order, see, e.g. [17].

5.2 Semi-implicit BDF-DG scheme

In order to avoid the strong time step restriction of explicit DG schemes, it
is suitable to use an implicit time discretization. The main drawback inhibiting
from the full implicit treatment is the nonlinearity of the convective, diffusion and
right-hand side form which leads to a nonlinear system of algebraic equations at
each time step whose solution is rather expensive and more complicated.

The proposed semi-implicit approach, sidetracking the time step restriction
as well as the nonlinearity of the corresponding forms, is generally based on
a suitable linearization of nonlinear forms. The linear terms are treated implicitly
whereas the nonlinear ones explicitly which leads to a linear algebraic problem
at each time step.

In the case of the scalar convection-diffusion problem (3.1) — (3.4), it is able to
linearize only the diffusion form aP (u, ) due to its special form of the considered
nonlinear diffusion (4.20). On the other hand, the nonlinearity appearing in the
form by (u,-) and the used numerical flux (see Subsection 6.1.5) do not allow to
linearize form b, in general, i.e. it has to be treated explicitly.

Now based on (3.28), for u,u,v € H*(Q2, T;) we define the linearized diffusion
form

aly (@, u,v) = K (u) Vu-Vode — (IK(a) Vu-ii)v]dS
> by
+ 0) /F (K (0)" Vv - i) [u] dS (5.3)

which is linear with respect to its second and third components. Moreover it is
consistent with af (-, ) by

af (u,v) = ay (u,u,v) Yu,v € H(Q T). (5.4)

In order to obtain a sufficiently accurate approximation with respect to the

time coordinate we use the so-called backward difference formula (BDF) for the so-

lution ODE problem (3.33), a)-¢). Moreover, for the nonlinear parts of a2, (-, -, -)
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we employ a suitable explicit higher order extrapolation which preserve a given
order of accuracy and does not destroy the linearity of the problem at each time
level.

Definition 5.2.1. Let 0 =ty < t; < --- < t, =T be a partition of the interval
(0,T) and 1, = tjy1 —tg, k=0,1,...,7—1. We define the approzimate solution
of problem (3.1)-(3.4) as functions uf ~ uy(t), t € [0,T), k =1,...,r, satisfying
the conditions

a)  utth e Sy,

1 n
b) — Zﬁl upg P o |+ agy (aptt uptt o)

e\

+bh (ﬂi—H, Uh) + OfJ;{ (’LL,’YH, ’Uh) = l}(? (ﬂi—H, Uh) (tk—l—l) (55)
Yoy € Shp, k=n-—1,...,r—1,

c)  up is Shp approximation of u®,
d)  ul € Sh, I=1,...,n—1 are given

by a suitable one-step method,

where .
aptt =yt (5.6)
=1

n > 1 is the degree of the BDF scheme and the coefficients B, | = 0,...,n and
v, L =1,...,n depend on time steps Tp,_y, | = 0,...,n. We call this approach
the BDF-DG method.

The relations for the coefficients 3, | = 0,....,n and vy, [ = 1,...,n were
derived in [14] for n = 1,2, 3 and their values for constant time step 7, = 7, k =
1,...,r are given in Table 5.1.

n‘ B, L=0,....n ‘fyl,lzl,...,n
1 1 -1 1

2 & -2 1 2 -1
A e B N

Table 5.1: Values of coefficients §, and v, for constant time step

The problem (5.5), a)-d) with (5.6) represents a system of linear algebraic
equations for each k = n — 1,...,7 — 1 which is solved by a suitable iterative
solver. The concrete choice of iterative solvers is specified in Subsection 6.1.1.
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5.3 Error estimates for BDF-DG scheme of the
first order

Our goal is now to analyze the error estimates of the approximate solution uf, k =
1,2,...,r, obtained by the semi-implicit BDF-DG method (5.5) of the first order
(i.e. n =1). We shall assume that exact solution u is sufficiently regular, namely,

uli € L(0,T; Hox(K).
ou
ot |k
0%u

ot?

€ L™(0,T; H°*(K)), sk > 2VK € Ty, (5.7)

€ L¥(0,T; L (K)).

It can be ensured, e.g., by

u € L>(0,T; H(Q)),

0 _

S € LX(0.T5H(Q), (5.8)
0%u
— € L™(0,T; L*(Q
€ IR0 LX),

where § = max{sy, sk € s} > 2. According to the assumptions (5.7) and (5.8)

there exist positive constants C'ry, Cgoe, C'r3 such that

|| w||Loo (0,35 (k) < Chru, (5.9)
0

‘ a < Cro, 5§ =max{sk, sk € s}, (5.10)
O || oo (0,755 (1))
82

‘ —Z < Cgs, VK € 7. (5.11)
Ot || oo 0.7:22(K0))

Moreover, since du/0t € L®(0,T; H*(2)) C L>(0,T; H'(Q)) C L>(0,T; L*(9)),

we can write

9

- < O, (5.12)
Ot || oo 0,732 (1))

ou

ou <C 5.13
at >~ UN2, ( )

L (0,T;H! (K))
ou

— < Cns, YK € T, (5.14)
ot Lo (0,T;H5(K))

where 0 < Cy1, Cno, Cys < 00. Finally, in view of considered nonlinear diffusion,
we shall assume that exact solution u satisfies the regularity condition (4.39).
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For n = 1, we write in (5.5), b) and (5.6)
Zﬁ uk+1 I _ k+1 . ulli; (515)

k+1 Z o uk+1 I _ (516)

and the general BDF scheme (5.5), b) transforms to the following form

up ™ — ) ko k+1 k k41
T +apy, (uf, up ™ o) + b, (uf, o) + oy (u ™ on) (5.17)

= lf(?(ufuvh) (tk-l-l) \V/'Uh € Shpa Vi-k-l-l € (OaT]a k= 07 Y A ]-a

In fact, the scheme (5.17) represents the semi-implicit linearization of the back-
ward Euler method.

For simplicity, we consider a uniform partition ¢, = k7,k =0,1,...,r, of the
time interval [0, T] with time step 7 = T/r, where r > 1 is an integer. Let TT,u”
be the Syp-interpolation of u* = u(ty) (k =0,...,r) given by (4.43). We set

F =l — Muf € Sy, 0" = Tpu® —u € HS(Q, Th). (5.18)
Then the discretization error ef = uf — u* can be expressed as
e =4t k=0,...,r (5.19)
Setting vy, := &1 in (5.17) and using the uniform partition (ie. 7, = 7, k =
0,...,7 — 1), we obtain
(™ =, €41) 7 (afy (w1 €50) + by (uf, €1) (5.20)

+ adf (up ™ ) — 1P (uf, €Y (tk+1)> =0, tptra €10,7).

Moreover, setting ¢ := t5,1, v, := E¥*1 in (3.34) and using the uniform partition
and consistency of the form a2, (-, -), we gain

(W (then), EFY) + apy (W Y by, (W T (5.21)
+ o (Wt ) = @ ) (ti) = 0, e € 10,71,

where u/(ty) = Ou/0t(ty), t € [0,T).
In what follows, in order to simplify the notation, we define the form

AP, (T, u,v)(t) = apy (T, u,v) — 1 (T,0)(t), @,u,v € H(QTh), t €[0,T)], (5.22)
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which is linear with respect to the second and third arguments. We multi-
ply (5.21) by 7, subtract from (5.20) and in view of the linearity of form J7
and notation (5.22), we get

(uiﬂ . “fw 5k+1) -7 (“I(tkﬂ): 5k+1) + T<Ai(?L (uﬁ, Uiﬂa §k+1) (tes1)
— AQL (P B ) (1) + by (uf, E8FY) — by (WP R (5.23)
b (5 - ) ) 20, k=0, -1

Consequently, we add the term —(u*1 —u* €¥+1) on both sides of identity (5.23)
and taking into account the relations (5.18) and (5.19), we have

(6441 = €5, €541) (A, (b, b ™, €541) (ten) + 0 (€4,€5) )
=7 (Ul(thrl); 5k+1) _ (uk+1 _ uk, §k+1) _ (nk+1 _ nk, §k+1)

1 T(bh (ub, €F1) = by (ub L, €H0) = A9, (ub ub L, €Y (tyy)  (5.24)

— aJ? (nk“,gk“)), k=0, .. ,r—1.

In what follows, we introduce some preparation lemmas, later used for error
estimation.

5.3.1 Preparation lemmas

In the whole subsection, the introduced lemmas arise from satisfaction of assump-
tions (T) from Section 4.1 and relations for £* and n* given by (5.18).

Lemma 5.3.1. Under assumptions (5.7), for ty, tyr1 € [0, T] we have
(uFH — b Y — (U (1), €51 < CE7'2||§k+1||L2(Q) (5.25)

with C'g depending on u, but independent of k and 7.
Proof: By [18, Lemma 8], we have (5.25) with Cg = [|u"|| L= (0,7;2(02))- O

Lemma 5.3.2. Under assumptions (5.7), for ty,ty11 € [0,T]| we have

(a) Juf ! — Uk||L2(K) < CmiT, (5.26)
(b) M =Py < Cpor, (5.27)
(c) - Uk\HSK(K) < CnaT, (5.28)

with Cn1, Cyy and Cys given by (5.12), (5.13) and (5.14), respectively.
Proof: See [19, Lemma 2]. O
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Remark 5.3.1. In virtue of Lemma 5.5.2, for ty, tr1 € [0, T] we shall consider

(a) Juf*! — ukHL?(Q) < Cor, (5.29)
(b) - Uk\Hl(Q) < Coar, (5.30)
with Coy = ||| e 0,m512(0)) and Cog = ||W|| Lo (0,511 (0)), TeSpectively.

Lemma 5.3.3. Under assumptions (5.7), for ty,ty+1 € [0,T], & € Spp we have

) e
< Cor Z K 1€°H | 20, (5.31)
K

KeTy

kL ok §k+1)

(n

with CG = Cg(u)

Proof: The Cauchy inequality, relation (5.18), Lemma 4.2.4 for ¢ = 0 and
Lemma 5.3.2 imply that

(" =t €< I = [ 1€ e (5.32)
= [Tap(u = u¥) = (@ = ") |2 1€ |22
J 2ui 1/2
< Ca <Z o =] %SK(K)) 1€ | 220
KeT, 'K
ne\
< Cer| Y 5 165 220
KeT, V'K
which proves the lemma with Cg = C4Clys. [
Lemma 5.3.4. Under assumptions (5.7), for h € (0, hg) and ty,tp1 € [0,T] we
have
() > dE)|uF = uF |7k, < Cort?, (5.33)

KET,,
where Cog = Cok(u).

Proof: Using (4.40), (5.26) and (5.27) we find that

S ) — e 53
KeTy
h _
< Cny, (|| = M| gy [ = M + R Ut - “k”%%m)
KeTh

1
S CM Z 5 (hKC’NlCNg + CJZ\H) T2
KeTh

S CM (hCNlCNg + 0]2\71) T2

The last inequality follows from the fact that hx < h and p;(l < 1VK € 7T,.
Putting Cox = Cpr(hCn1Cno + C%,) we prove the lemma. O
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Lemma 5.3.5 (Penalty form). Let assumptions (5.7) be satisfied, h € (0, hy)
and ty, tgr1 € [0,T). Then there exists a constant Cj, > 0 such that

| h2uK—2
Tr (", €) < Cpu T (€8, €%)2 (Z %) , (5.35)

KeTy,
where C, = Cyy(u) and px = min(pgx + 1, sx), K € Ty.
Proof: From (5.18), Lemma 4.2.8b and relation (5.9) we get

2;LK 2 %
J7 (", €F) = J7 (uF — Tput, €F) < /O 7 (€5, €F) 3 (Z 5T ||u||§IsK(K))
ket P
) 2 2
< VO CriJ7 (65, €2 (Z %) (5.36)
KeT, 'K
which proves (5.35) with C;, = /C;Ch;. O

Lemma 5.3.6 (Diffusive form I). Let u € H*(S2,T,) be the exact solution of
continuous problem and Iy, : H*(Q2,Ty) — Sk be the corresponding mapping
given by (4.43). Let assumptions (D) from Section 4.1 be satisfied. Then there
exists a constant C,, > 0 independent of h, T,k such that for h € (0,hg) and
tk,tk+1 € [O,T]

ARy (W L €M) (tg) — AR (Tapu®, Tapu™ ™, €55 (8441 | (5.37)
S P2\ ()
<Car €| X ) +{ 22 o] 7
KeT, Pr KeTy, Pk

where p = min(pg + 1,sx), K € Tp.

Proof: We can write

A (W 99 (1) — A, (Mg, T+, €571 (1111) (5.39)
= AQ, (0 U ) (1) — A, (0, 0, €94 (1) (= W)
A (kb € () — AP, (Mg, 0, €447) (1) (= W2)

)

+Al?L(th“ka Uk+1a§k+1)(tk+1) - A?L(th“ka th“kﬂagkﬂ)(tkﬂ) (= Vs).

We estimate the individual terms in (5.38). In view of the definition of form A,
and Dirichlet boundary condition (3.2), we have

v, :Z/ (]K(uk“)—]K(uk)>Vuk+1-V§k+ldx (=:J5) (5.39)

KeTy,

+ Z / (ukH)) \vaTlas' ,ﬁ>[§k+1] ds (:: 197).

Fe]:ID
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In order to estimate ¥g, we use process (4.69), where we formally swap the argu-
ments as 4 := T Tu = uf u = ub v = ¢FH

|| Cr.Cp|lu " — u¥|| 2y [€ 1 0,73

<
< Cot|& Mm@ (5.40)

The last inequality follows from Remark 5.3.1a with Cg = C,CpCop;.
Next, we shall treat the term ;. Similarly as in (4.77)—(4.78) by setting
= uF T pu = v u = v and v := 1 we obtain

1/2

9 < CLCDJ k+1 k-|—1 1/2 d k+1 _ k|2

e < N R (65,6 Z )[u u ||L2(aK)
KeT,

< CrrlE ma,m)- (5.41)

The last inequality follows from Lemma 5.3.4a with C7 = C.Cpv/Ceor /v Cw.
Further, estimation of Uy, we proceed analogously as for term ¥y, i.e. from (5.22)
and (3.2) we get

v =Y /K (K ()~ K (L)) Va0 e (=:4) (5.42)

KeTy,
+ Z /F< (]K(thuk) _ ]K(uk)) vkt ﬁ>[§k+1] dS (=: 0,).

The term g, we start analogously as in the the process (4.69) with @ := u*, TTj,u =
Mppu®, ui= u*tt v = 51 then use Lemma 4.2.4 for ¢ = 0 and relation (5.9),
the estimate follows

[9s] < CoCopllu* — Mapu |l 20,7) 15+ i 0,7

k+1 W™ v
< CLOPpCAIE i am) Z o (i) 7o (1)
KeTy
" FOAN
< Gsl&" M miam) Z T (5.43)
KeT, V'K

with Cy = C;.CpC4Chr.
Next, we shall estimate the term vy. From (4.77)—(4.78) with new following
arguments @ := u®, ppu := Hppu®, v = v and v := ¥ we have

1/2

CC

9y < \/L_D o (ghH1 ght1y1/2 (Z d(K)||u® — TTypu®||32 8K))
KeTy
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1/2
VCC o(ck+1 ¢k+1\1/2 Z h%K 2
S CLCD m‘]h (5 + 75 * ) / = 25K+1||u( )| HSK(K)

h2“K 1/2
< Oy Jg (€T ghrnyl/2 (Z ﬁ) : (5.44)
K

KeTy

where the last two inequalities follow from Lemma 4.2.7a for r = 1, relation (5.9)

and Cg CLCDCRIVCC/VCW

Finally, we estimate the term W3. In virtue of (5.22), we can write

Ty=) / K (ppu®) (Vub™ = Vet - Ve da (=: Y10)
KeTy,
+Z/ (Mppu®) (VI pu®t —Vuk+1)-ﬁ>[§k+1]d5 (=:911) (5.45)
Fe]:ID

+0 > / K (Typu*) ¢F41 *>[ L Teu ] dS (= Y1)

rerlP
Then, using Lemma 4.2.9a for new arguments u := thuk,u = ubt w =
ppuftt, vi= "1 Lemma 4.2.4 for ¢ = 1 and relation (5.9) we get
V1] < Cole™mam) [u" = T ez
S 1/2
k1 h KK —
< CoCaAle M mam | Y g lultee) ex s
KeT, PK
2= 1/2
< Gl ma,m) (Z %) (5.46)
KEeT, Pk

with 010 = CUCACRI-
Further, Lemma 4.2.10a for new arguments @ := Il,,u* u = u
[ppuftt, v = €1 Lemma 4.2.7b for r = 1 and relation (5.9) imply that

kL =

1
2

| < Cydy (fkﬂ ka : <Z d(K ||VUI€Jrl VthukHH%?(aK))

KeT,
k41 ¢k+1y2 hZ”K ’ v
< Co/Coldp (57,682 Z m”u(tkﬂ)nmx (K)
KeT,
1 a2\ 1
< OnJg (et ebtyz (Z %) (5.47)
KeT, 'K
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with Cll = CQCRl\/C_C.

Now let us estimate the last term 5. We use Lemma 4.2.11a for new ar-
guments @ = [lpuf, u = w1 w = bt v = ¢ Lemma 4.2.8a and
Lemma 4.2.6b, then we obtain

1
3
ha| < CzJ;{(uk“ - thukH,UHl U % (Z d(K ||V§k+1||1:2 8K)>
KeT,,
Femeniit pige .\
< Co/CrCyIE  mam) Z —s=g () oo r (1)
KeT Pk
22 1/2
< Ol Mmam) Z % : (5.48)
KeT, PK

The last inequality follows from relation (5.9) and putting Cjy = CoCpr1/C5C}.
Further, putting all these estimates (5.40), (5.41), (5.43), (5.44), (5.46), (5.47)
and (5.48) together with relation pi' <1, K € T, we gain

AR (W ) (t) — AR (Tpu®, Tt €5 (t1).

11
< Z 0;] + (O] [012] < ((CG + C7 + Cs + Cip +10[C12) 1€ i 0,73

1=6

+(Co+ Cua) JF (6, €541)1)

h%K—Q 3 h%”{ B
X Z p72sx—2—\®\ + Z PR + 7 (5.49)
K

KeTy, KeTy,

Finally, the estimate (5.49) and Lemma 4.2.16a yield the sought result (5.37)
with CaL = \/imax (06+C7+Cs+010+ |@|012,Cg+011). O

Lemma 5.3.7 (Diffusive form II). Let u € H*(2, Tp,) be the exact solution of
continuous problem, up € Spp and Iy, + H3(Q,Ty) — Shp be the corresponding
mapping given by (4.43). Let assumptions (D) from Section j.1 be satisfied. Then
there exists a constant C,;, > 0 independent of h, 7,k such that for h € (0, hg)
and tk, tk_|_1 S [0, T]
A?L(Ufu n € () — ARy (Mo, T, €5 (f40) - (5.50)
>3 (\5’““ ) — ETE)

hQMK—Q 2
— Car €51 <Z ﬁ) + 1€ 2y |
K

KeTh

where « is given by (4.35) and px = min(pgx + 1,sx), K € Ty.
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Proof: We proceed similarly as in Lemma 4.2.18. According to the definition of
form AP, , we can write

ARy (g ™€) (brn) — AR (Mapue®, T, €470 (t44.0)

= > / K (uf) Vul ! — (thuk)vnhpuk“)-vgk“dx

KeT
+ Z/F (IK (TTpuk) Vbt i) — (I (uf) Wl *>)[€’“+1] S
O /F(< ()" V1) g

~ (K ()" V) [t +1)) dS

(I (i V€1 (1)

rerp r
—K(Ug)T Vflﬁ_l . ﬁuD(tkH)) ds = 1913 + 1914, (551)
where
0y = Z / IK (Tppu®) VTTpu - 7)) — (K (uf) Vug - *))[5’““]d5
FE]:ID r
f ey / Ve uf )
rerlP

R (M) VEH ) Myt )

+ O Z/ (TTypu®) Vf'”l fup(ter)

rerp

KW VERH . Fup (tkﬂ)) ds. (5.52)
Analogously as in (4.121) we split 913 onto two parts,

/ IK (uf) (Vul ™ — VI, ufth) - ver dg (=:012)

KeT,,
+ Z / K (Wppu®)) VILpu! - VER do (=1 013)(5.53)
KeT;,
From Lemma 4.2.12 and relation &1 = ui“ jput ! we get
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Further, using Lemma 4.2.9b with formally swapped arguments U = uﬁ,u =
WP Thpu = Tppuf,w = Hppub ™ v i= 81 relation €8 = uf — II,,u* and

Lemma 4.2.4 for ¢ = 1, we have

o3l < CilE" Y oy ([W*T = g™ 0,7 + 1wk — Tapt!* || 220,

2K —2

1/2
h
< ClE" M mam) CA( %HU(%H)H%SK(K)) + 11€¥ | 22
KeTh

IN

22 1/2
Cia [€" 0,7 (Z—fwﬂ) + €820 | (5.55)
K

KeTy,

where the last inequality follows from relation (5.9) and setting
013 = Cl maX(CAC’Rl, 1)
To treat the term 914, we use the similar process as in (4.127) and obtain

= = [0 - eK ) ) Ve g s
Fe}'ID
+ ) /( (ITypu” —K(u,’j))vnhpuk“-ﬁ)[g’““]ds (5.56)
Fe}'m

/

P
=015

+ 0> / K (Typu*)" — K (uf)" ) Ve i) [ub+! — Tput 1] dS

FE]:ID

S

=016

Now we shall estimate individual terms o4, 015 and o15. From Lemmas 4.2.13—
4.2.15, we gain the estimate of o4, i.e.

o1 2 =5 (164 .z + JH(E,644). (5.57)
Next, the term o5 is estimated using of Lemma 4.2.10b for @ := uf,u :=
WP Thpu = Mpuf,w = Mpu?™ v = €91 Lemma 4.2.7b for r = 1 and

Lemma 4.2.6a for v, := uf — [,,u” by

(NI

o15| < CyJf (&5 ¢F )2 (( Z d(K)||Vur*! - VthukHH%?(am)

KeTh
1

(Zd ||Uh thukH%%ak)) )
KeTy,
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< CyJy (€5F1 b)Y

h2[LK 2
x |V Cc (Z st (k) 7w (¢ ) + VOBlIE ] L2
KeTy,
; a2 :
S 014Jg(§k+1,§k+1)§ Z e T —+ ||§ ||L2 (558)
KeT, 'K

The relation (5.9) and putting Cyy = C3max(Criv/Cec,/Cp) imply the last
inequality in (5.58).

The last term o4 is treated by Lemma 4.2.11b for @ := uf, u := uF*1 [j,u =
ppu, w = ppubt! v := 81 Lemma 4.2.8a and Lemma 4.2.6b, we gain

k1 k+1 . k41 k+1\1/2
lo16] < 2C5J7 (u® — Tppu” " " — Mppu™™) /

1/2
(Z d(E)| V& BK))

KeTy

1/2
2#1( 2
S 202 \/ CBC]‘§k+1‘H1(Q,7—h <Z 23K -3 ||u tk+1)||H5K K))

KeTy P
" per 2\
< Oy €8 QT Z 9573 ; (5.59)
KeTy Pk

where the last inequality is implied from relation (5.9) and putting

015 = 2CQCR1\/ CBCJ.
Further, we put together individual estimates (5.54), (5.55), (5.57), (5.58)
and (5.59), use relation p' < 1, K € T;, and obtain

AP (up, up ™ ) (tegr) — Ay (Mppu, Tpu® €54 (144)

019 — |o13] + 014 — |o15| — |O] 016

a a

S (1€ ) — T (€, 644)

((013 + |@|Cl5)|§k+1‘H1(Q,Th) + C’14Jg(§k+1,§k+1)1/2>

h%K_2 % \
Z 25w —2-j0]| T 165 £2() (5.60)
K

KeTh

AV

AV

Finally, the estimate (5.60) and Lemma 4.2.16a yield the desired estimate (5.50)
with % = ﬂmaX(Clg + ‘@‘015, 014). ]

Lemma 5.3.8 (Convective form). Let v € H*(Q,T,) and up € Sh,. Let
assumptions (H) from Section 4.1 be satisfied. For h € (0, hg), tg, txi1 € [0,T] we
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have
bpP (uF R — b P (uy, €5 (5.61)
ID k+1 k h%K %
< ORI 1 N2 + | D -] +7].
KeT, V'K

where CLP > 0 is independent of h,7,k,& and px = min(pg +1,5x), K € Tp.

Proof: The proof with respect to hp-version of error estimates can be carried out
in a similar way as in [19, Lemma 5], where only Dirichlet boundary condition is
considered. O

5.3.2 Main result
Definition 5.3.1. Let ty = kr, k =0,1,...,r, 7 = T/r, be a time partition of

0,T] and let e = uf —u*, k=0,...,r be the discretization error. We set
h h
||€||;2Z,T,Loo(L2) = kr:%axr ||ez||%2(9) (5.62)
(6] - )
lellsrzomy = 75 Y llebll (5.63)
2
k=0

In what follows and for simplicity, we shall consider the initial boundary value
problem (3.1) — (3.4) only with Dirichlet boundary condition, i.e. we use notation
by :=blP and Cy, := CIP.

Theorem 5.3.9. Let assumptions (T), (H) and (D) from Section 4.1 be valid.
Let u be the exact solution of the continuous problem satisfying (5.7). Let t, =
kr, k=0,1,....r, 7 ="T/r, be a time partition of [0,T] and let uf, k=0,...,r
be the approximate solution defined by (5.5), a) — d) with (5.6) for n = 1 and
let 7 < 1/2. Then there exist constants C = O (exp(2T(1 + L/a))) and C =
O (exp(2T(1 + L/«))) such that

- hZ}L}{*Z
(a) ||e||i’T,Lm(L2) <C (Z % (W +h/a+a+1/a)+7 (14 1/a)> ,

KeT, VK
(5.64)
- h2[LK—2
() el .r2my < C ( ot (PP + P Jat+a+1/a) +77 (1 + 1/a)> ,
KeT, 'K
(5.65)

where L = 8(C,p + Cyy)?.
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Proof: Asin (5.18), we set &% = uf —TI,,uf € Spp, n* = Muf —uk € H3(Q, Tp),
k = 0,...,r. Then (5.19) holds: ef = uf —u* = ¥ + nF. We start from
identity (5.24) by adding term —7 A9, (Tpu®, Tpuf ™, €F)(¢11) on both sides of
this identity, then multiply it by 2 and use the relation

2 (&M — &b, M) = (1€ a0y — 1E¥ 1220 + 11E5F! = E¥][T2q) (5.66)
Consequently, for k =0,...,r — 1, we get
1€ 2y — €812y + 11€5F — €172y

+27<A?L (Ufu UIZH: ka) (trs1) — Apr, (Thpu®, Thput*t, €8) (tr41)

+aldy (5k+1, 5k+1) )
=2 (7 (0, €)= (1 — k€)= (o b))
19y (bh (uz, §k+1) — b, (uk+1, §k+1)
- Ai(?L (“Hl’ uft §k+1) (tks1) — A?L(thuka thuk+1a &) (ts1)
—ady (FLEY)), k=0, -1, (5.67)
Next, omitting the non-negative term +||¢¥+! — ngH%Q(Q) on the left-hand side

of (5.67) and using Lemmas 5.3.7, 5.3.1, 5.3.3, 5.3.8, 5.3.6 and 5.3.5, we obtain
the following inequality,

2
€M+ [T 20y — 1€° 172 ) + TdlllEF+]

h2uK72 %
— 2T%|”§k+1”| (Z h) + ||§k||L2(Q)

KeT, Pr

IN

1
2 2 : h%”{ ’ k+1
2 CET —|—Cg7' 251 ||f ||L2(Q)

KeTy, Pk

o (o e\
+ 27Cwu [IE"FHI | 165 22y + Z s | TT

KeTy, Pk

A ekt > : h%“{%
+ 270G I Y. e + | Y ) 47

KeTy, Pr keT;, PK
. p2E 2 :
+ 27aC, Jy (€ e[ YT | = RHS. (5.68)
KeT, V'K

Hence, using relation p' < 1, K € Tj, we can write

RHS < A, + A, (5.69)
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where

A

hQ#K 2
21 | Ce1m+ Cq Z é(sK ||§k+1||L2(Q) (5.70)

KeTy, Pk

. hQMK B
Ay = 27|||§’“+1{(CQL+C,,U)(Z fs,{)

KeTy, Pk

. hZI‘K*Z 2
+ (CaL + CaL + OfCJu) ( Z %)
+ (Car + C’bu)||§k||L2(Q) + (Car, + Cbu)T}- (5.71)

Now we want to use Young’s inequality for estimation of terms A, Ao, i.e.,

k+1)2 h%K ’
A1 < 7'||f + ||L2(Q) +7 CET+CG Z 25K
ket PK

KeT, 'K
and
Q or | —— ¥ :
4 < T§§k+12+g{(CaL+Cbu) (Z K)

KEeT, Pk

. K2\ 2
+ (Car + Cur + aCyy) (Z ﬁ)

KeTy, Pk

2
+ (Car + Co) 1€ 2 () + (Car + Cbu)T}

o 87| — 2
< T—§k+12+—{(CaL+Cbu)2 (Z 2 )
2 o PR
KeT, 'K
_ hQMK—2
+ (%‘f‘CaL—FOZCJu)Z Z %
KeTy Pk

+ (Car + Cou)*[1€° 1220 + (C—aL+0bu)272} (5.73)
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Further, we put (5.72) and (5.73) together with relations p;' < 1 and hy <
hV K € Ty, then

(6] ST(CaL + Cbu)2
RHS < T||§k+1||%2(n) + 75\\\§k+1|||2 + . ||§k||2L2(Q)

h%K_2 2 2 h2 -~ 2
+ 7 Z 25K —3 (h 2CG + ES(C(LL + Cbu)
KeT, 'K

1 __
+ =16(C,r + Cur)* + 16a0§u> }

~16(Car
+ 7 {20?;72 + S(C_aL + Cbu)ZTZ} (5.74)

Next, we put
Ki = max (205, 8(Car, 4 Chu)?, 16(Car, + Cor)?,16C7,), (5.75)

K, = max (203,8(Car, + Chu)?) (5.76)
and define
— 12 1 1
ala,h) = P14+ —)4+a+—, (5.77)
o a
1
@la,7) = 7° (1 + E) : (5.78)

In view of (5.75)—(5.78) we can write

«Q L
RHS < TI|£’““||%2(Q)+T§|||£’““\H2+TE||£’“II%2(Q)

hQMK—Q

+ 1K, Z 2 qi(a, h) + 7 Ksgo(ar, 7), (5.79)

28K
KeT, 'K

where L = 8(C,1 + Cy,)>.
Finally, from (5.68) and (5.79) we gain

«Q 2
1€ 2 ) — 1€8 12y + T§|||5k+1m

L
<7 ey + 7 E||§k||2L2(Q) +7 K q(o, b, 7,Th) (5.80)
with
K = maX(Kl,Kg), (581)
hZ}L}{*Z
o h, 7, T) = ) g ai(a,h) + g(a, 7). (5.82)

KeT, VK
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Hence,
L
(=) I ooyt €I < (1+T—) 1€ oy 47 K qlc b, To) (5.83)

Now we prove the error estimates (5.64)—(5.65). We use the same proof tech-
nique as in [19, Theorem 6].

Case (a): By (5.83), where omit the non-negative term +T%|||§k+1m2, we have
fork=0,...,r —1,

1+7’L o
€ ey < T ey + T Kg(hn ) (58)
If we set . L
+ 7L/«
B=—"—/" 0.85
bl (5.85)
then we derive from (5.84) by induction that
Bk -1 7
€ < B ey + g o K ale b m.Th). (5.86)
k=0,...,r.
By (5.85),
T 1

B-D(-r) 1+Lja=" (5.87)
AsT<1/2,then 1 —7 > 1/2 and
B<1+27(1+L/a) <exp(27(1+ L/a)). (5.88)

From (5.86)—(5.88) we have

165132y < exp@rk(L+ L/a)) (1€ 3:0) + K ales b7 T)) . (5.89)
Further, (3.32) and the Cauchy inequality imply that for each K € Ty,
1€ 72,7y = (up — Mapu”, €°) = (u® — Tpu®, £°)
<l = Mapu|| 20,73 11€°] 220 - (5.90)

Thus, by Lemma 4.2.4 for ¢ = 0 and relation (5.9),

2pk h2HK

h
€002 ) < C3 Z K B gy < CACR Y —E (5.91)

KeTy KeTy

From(5.89) and (5.91) we get

2ur
||§k||L2 < eXp(QT(l—FL/CY)) <Cz240?€1 é(—sK +KQ(C¥,h,7', WL)) 3
KeTy

k=0,...,r (5.92)
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Further, by (5.18), Lemma 4.2.4 for ¢ = 0 and relation (5.9),

2pK

In*1Z20)
KeTy,

h
<03 Z pé(—sKHu(tk)HilsK(K)
K

2 12 h?é”(
<CiChi D e

KeTy

(5.93)

Now, using (5.62), (4.162), (5.92) and (5.93) with relations px' < 1 and hy <
hV K € Ty, we find that

el zmeqey < 2max ([1€513 a0y + 17 32(a) ) (5.94)

2uk
< 2exp(2T(1 + L/a)) (20301%{1 Z th + K q(a, hm%))

KeTy

2[LK—2
< 2exp(27(1 + L/a)) (203021112 —5or—g THKala b7, m) :

KeTy
S 26Xp(2T(1 + L/Oé))[?q(a: h; T, 771):

with K = 2C2C%, + K, which implies estimate (5.64).
Case (b): Summing (5.80) over £ =0,...,r — 1, we obtain

r—1
L
T (1 + E) > (I|§k“|li2(m + ||§k||%2(ﬂ>>
k=0

€710y + 75 ZHI{S’““H\ <

+ KTq(aa ha T, 771) + ||§0||%2(Q) (595)
This, (5.91) and (5.92) imply that
T% STIIEHIP < 2T (1 + L/a) exp(2T(1 + L/a)) (5.96)
k=1
2 12 h%”{ 2 12 h%”{
x| CiCh Z x T 2K q(a, h, 7, Ta) | + C4Cy Z 255
KeT, VK KeTy,

Moreover, as £ € Sp,, we have from Lemma 4.2.2, relation (5.90) and Lem-
ma 4.2.3 for ¢ = 0 the estimate

p p
& may < Cr K||§0||L2 <Cp KHU — Tppu’ || 2 (5
h#K 1
< CICA —92 K e 771’
®

and by relation (5.9),

hZ}LK72

2,2 12 K
K < CICACH Y K

KETh

=) 1%

KET;,

Py (5.97)
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Furthermore, in virtue of definition (3.30), Lemmas 4.1.1b, 4.2.1, 4.2.2 rela-
tion (5.90), Lemma 4.2.3 for ¢ = 0 and relation (5.9),

BEe) = % /ch PS < 40w Y /BKC €9 0245

reFrlP KeTy,

2
p

KET;,

IN

p
10w C2Cq 3 f;oM(ngﬂnLQ €m0+ AR IE i) )

KETh

iCuCicey Y- Te, (oprnsOnLQ b o€ )

KeTy,

4Cw CECHCy(Cr +1) Z 5 ||u — M 32

KETh

IN

IN

h2[LK—2
4Cy CECHCM(Cr + 1) b llu’ll7
KeTy,

IN

HoK (K)

hZ}L}{*Z

< ACwCECoCy(Cr +1)CACE, S
KeTy,

(5.98)

2s—4 "
Then (5.96), (5.97) and (5.98) with relations p' <1 and h, < hV K € T, give

T% Do ENP < 2T (1 + Lfa) exp(2T (1 + L))
k=0

hQMK

X (of,ofﬂ > K 42K (o, h,T,Th)>
KeT, V'K

hQMK—Q

2,42 72 o
+(CACT I +75Ch) > (5.99)

QSK—4 )
KeTh p

where Cy = C?CAC%, + 4CwC3CoCy(Cr + 1)CAC%,.
Taking into account (5.18), Lemma 4.2.4 for ¢ = 1, Lemma 4.2.8a with p' <
1, K € T, and relation (5.9), we obtain

T

r
(0% 9 (6% o
S M =75 3 (I @y + O 0)
k=0 k=0
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2[LK 2
(Z%ZQWNQMM)

KETh

QN/K 2
DD SR

KETy,

o - p2HK—2
=73 (Z(Ci + 00k 3 Ki)
k=0 KeT, Pk
h2u](72
(T +7)(CR+Cn)Chi D s (5.100)
KeTy,

«

2

Finally, using (5.19), (4.163), (5.99) and (5.100) with p' < 1, K € T;, we
conclude with the estimate

lellrzory < ma > (IR + ")
k=0

< 4T(1+ L/a)exp(2T(1 + L/a)){QK q(a, h,7,Th)

hQMK —2
+ Z 25 (CAC?ZIhZ (CO + (0124 + CJ)C?EI)> }7
KeTh
< AT(1+ L/a)exp(2T(1 + L/a))K §(o, h, 7, Th), (5.101)

where

K = 2K +max(C3C%,1/2(Cy + (C% + C))C%))), (5.102)
R hQMK 2
qa,h,7,Th) = Z K —— ¢1(a, h) + g2, 7). (5.103)

KeTh

Now, assertion (5.65) of the theorem follows from (5.101) with (5.102)—(5.103).
0

Remark 5.3.2. We observe that the estimates (5.64) and (5.65) cannot be used
in the case o — 0+ from the same reasons introduced in Remark 4.5.1.

Remark 5.3.3. In the case that u s sufficiently reqular exact solution and p =
pV K € Ty, the estimate (5.64) implies that

||U — UhHLoo(O’T;LQ(Q)) = O(hp + T) fOT h—0+. (5104)
Comparing this result with the approximation property (4.44) implying that
Ju = gl Lo o/rin2(0y) = O(WPHY), (5.105)

we see that the error estimate (5.64) is suboptimal with respect to h. From this
point of view the error estimate (5.65) is optimal with respect to h.
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Remark 5.3.4. In the case that u is not sufficiently reqular exact solution and
sy = s VK € Ty, the estimates (5.64) and (5.65) are driven according to order
given by reqularity of exact solution, i.e. the both estimates behaviour as O(h*™1).

Remark 5.3.5. Let s, = s VK € Ty, we additionally observe that
(a) error estimate (5.64) is p-suboptimal, namely O(p~(=3/2)),
(b) error estimate (5.65) is p-suboptimal, namely O(p~¢=2).



Chapter 6

Numerical results

In what follows we shall verify theoretical results presented in the previous two
chapters by numerical experiments. We start with a short description of some
implementation aspects of the BDF-DG method, then introduce the so-called
experimental orders of convergence (EOC) and show several numerical examples
with symmetric and nonsymmetric form of nonlinear diffusion.

6.1 Implementation aspects of BDF-DGM

Within this section we discuss several implementation aspects of the BDF-DG
scheme (5.5), namely the choice of linear algebraic system solver, shape func-
tions, quadrature formulae, time stepping, numerical flux and sufficient values of
constant Cyy in penalty parameter o.

6.1.1 Linear algebraic system solver

As we mentioned in the previous chapter, the problem (5.5), a)-d) with (5.6)
represents a system of linear algebraic equations. Let {1} represent a basis of
the space of discontinuous piecewise polynomial functions Sy, defined by (3.16),

where dof denotes the dimension of Sy, i.e.

dof = Y dof(K) (6.1)
KeTy,
with
2(px + 1)(px + 2) for d = 2,

which is the number of local degrees of freedom belonging to the element K and
polynom of degree pg.

dof(K) = { (6.2)

88
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Then a function ufl € Sphp can be written in the form

dof
uﬁ(m)szf@/}l(x), re, k=0,1,...,r (6.3)
=1

where fF € R, 1 =1,...,dof, k=0,...,r. Moreover, for uf € S, we define the
vector of its basis coefficients by

W= (¢, &,....¢,) e R, k=0,1,...,r (6.4)
Then the linear algebraic problem (5.5), b) can be written in the matrix form
(50M+TkAk) VV’C :qk, k:n,...,r, (65)
where matrix M is the mass matriz given by
M = (MUYl o MO = /Qz/)j cdz, 0§ =1,...,dof, (6.6)

A, is the matrix corresponding to form a2, (-, -, ) + a.J7 (-, -) defined by
AF = AFWE L WE 2 W) = (AR = (6.7)

ij=1>

where
A = afy (Z wuy, ' Wy, wl’) +ady (¥, ¢i) i,j=1,...,dof.  (6.8)
=1

The vector g € IRY' represents the right-hand-side of (5.5), b) given by
@ =Wt wk2 Wk =" k=n,... (6.9)

where
™ = - (Z Bup™, wz‘) — bn (Z% up, 1/%')
-1 I=1

+ 1 (Z% up d}i) (ty) i=1,...,dof. (6.10)
=1

The linear algebraic problem (6.5) should be numerically solved at each time
level t,, k =n,...,r. It is possible to use a direct solver which is more efficient
for not too large dof (usually dof ~ 10* — 10°). For larger systems, it is suitable
to use some iterative solvers. We employ the restarted GMRES solver with the
block diagonal preconditioning. The restart was carried out after 45 iterations.
The iterative process was stopped if the discrete [?-norm of the residuum was
smaller than 10 °. Numerical computations indicate that this choice is sufficient,
i.e., smaller value of the tolerance does not cause any increase of accuracy and
stability of the method.
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6.1.2 Shape functions

We dealt with this aspect in [13]. We construct orthogonal basis of Sy, by the
Grant-Schmidt orthogonalization process on each element K € 7T, separately.
Although it is a known fact, that this algorithm is ill-conditioned, we do not
observed any problem with the stability of the Grant-Schmidt orthogonalization.
It is caused by the fact that the dimension of the finite element space on each
element is small and moreover if the basis is not (exactly) orthogonal it does not
mind.

The orthogonality of the basis of Sy, implies that the mass matrix M given
by (6.6) is (up to round off errors) diagonal and then for small time step 75 the
linear algebraic problem (6.5) can be solved very fast in few iterations. However,
for increasing size of the time step this advantage is diminishing.

6.1.3 Numerical integration

In practice, the DG formulation requires calculation of terms in the forms

/f(x) dv, K €T, and /s(a:) ds, T € F,. (6.11)
K I

In 2D case, we employ the substitution theorem and evaluate element inte-
grals over a common reference element K, which is the triangle with vertices
(0,0),(1,0), (0,1). Edge integrals are evaluated on the unit interval I' = [0, 1].

For the evaluation of integrals over [ and K we use 1D and 2D Gaussian
quadrature formulae of high order of accuracy, respectively. According to the
considered degree of polynomial approximation on each element K € 7, and I' €
Fr, we set the corresponding quadrature formula in order to integrate accurately
terms in the forms (6.11), where it is possible. In other cases to decrease the
influence of numerical integration, we use the implemented quadrature formula
with the highest implemented order of accuracy, see Tables 6.1-6.2.

6.1.4 Choice of the time step

The time steps 7, £k =0,1,... are chosen adaptively. We use the identical tech-
nique as in [23]. This approach is based on a use of two semi-implicit multistep
formulae of the same order of accuracy and from their difference we estimate the
local discretization error and propose a new time step. However, this adaptive
method optimises the number of time steps but no the computational time.
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x(lj>—coordinate

xéﬂ—coordinate

Wi

0.333333333333333

0.333333333333333

0.144315607677787

0.459292588292723

0.459292588292723

0.095091634267285

0.081414823414554

0.459292588292723

0.095091634267285

0.459292588292723

0.081414823414554

0.095091634267285

0.170569307751760

0.170569307751760

0.103217370534718

0.658861384496480

0.170569307751760

0.103217370534718

0.170569307751760

0.658861384496480

0.103217370534718

0.050547228317031

0.050547228317031

0.032458497623198

O 00| | O U | W| DO —|.

0.898905543365938

0.050547228317031

0.032458497623198

0.050547228317031

0.898905543365938

0.032458497623198

0.263112829634638

0.728492392955404

0.027230314174435

0.728492392955404

0.263112829634638

0.027230314174435

0.008394777409958

0.728492392955404

0.027230314174435

0.008394777409958

0.263112829634638

0.027230314174435

0.728492392955404

0.008394777409958

0.027230314174435

0.263112829634638

0.008394777409958

0.027230314174435
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Table 6.1: Points /) and weights w; of Gauss sixteen point rule on the reference
triangle K.

6.1.5 Numerical flux

The numerical experiments in Section 6.3 were carried out with the following
numerical flux,

—

o\ f(ul)ﬁ, if A>0
H(uy,ug,m) = {f(UQ) L ifA<o, (6.12)
where ;
A=Y @), ﬂ:%(ul—km). (6.13)

This flux is based on the concept of upwinding and the Vijayasundaram numerical
flux, which will be used in the discretization of the inviscid terms in the Navier-
Stokes equations in Section 7.1 .

When evaluating numerical flux on I' C 02, we define the meaning of u|(Fn) for
' C 99 according to (4.12), i.e. we use extrapolation u\" := u|® for I' C 0Qy
and set u|(Fn) =up for I' C 0Qp.
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e o;
(1 — 0.94910791234275852453) /2 | 0.12948496616886969327 /2
(1 — 0.74153118559939443986) /2 | 0.27970539148927666790,/2
(1 — 0.40584515137739716691) /2 | 0.38183005050511894495 /2
0.5 0.41795918367346938776/2
1.40584515137739716691/2 | 0.38183005050511894495 /2
1.74153118559939443986/2 | 0.27970539148927666790,/2
1.94910791234275852453/2 | 0.12948496616886969327 /2

~N| O O x| W N >,

Table 6.2: Points V) and weights w; of Gauss seven point rule on the unit
interval I'.

6.1.6 Choice of the penalty parameter o

The penalty coefficient o appearing in the definition of J;(-,-) is given by rela-
tion (4.57). In the case of the model scalar equation (3.1), the value Cy > 0 in
(4.57) can be set by from the theory. In the case of nonlinear diffusion in symmet-
ric form (i.e. when K (u)? = K(u)), for the NIPG variant of DGM, it is sufficient
to put Cy = 1, but for the IIPG and the SIPG variants, the value of Cy should
be sufficiently large in compliance with (4.84) and (4.89), respectively. On the
other hand, if we consider the nonlinear diffusion in more general (nonsymmet-
ric) form, the value of Cy is chosen according to the corresponding condition
from (4.84), (4.89) for the concrete considered IPG variant, see Sections 6.3-6.4.

6.2 Computational order of convergence

We shall numerically verify the convergence of the presented BDF-DGM in L> (L?)-
norm and L?*(H')-seminorm with respect to the time step 7 and the mesh size
h. The computational errors are evaluated at final time T in L?*(Q)-norm and
H'(Q, Tp)-seminorm, i.e.,

e?z,'r = ||uh,‘f(': T) - U(-, T)||L2(Q); (614)
eilz,r = un (- T) —ul, T) g @m) (6.15)
where u(-,T) is a prescribed exact solution at time 7" and uy (-, T) is the nu-
merical solution at time T obtained by the semi-implicit scheme (5.5) of the first

order with time step 7 on the grid with mesh size h. We suppose that errors
behave according to the formula

ehr =eyp+el, n=0,1, (6.16)

where
el ~ D,h"", e’ ~ D, ™", n=0,1 (6.17)
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The constants If)\;, n = 0,1, are independent of 7 and l/);, n = 0,1, are indepen-
dent of h. The values a”,b",n = 0,1 are the orders of accuracy of the method in
the corresponding considered norms. We define the local experimental order of
convergence by

10 n n
an — g (eh,'f—l/ehy'f?) (618)
10%(71/7'2)
log (ep, /e )
o= LTl 1272 p=0,1. 6.19
log (1 /ha) (6-19)

Furthermore, in case of the convection-diffusion problem with steady state
solution, we employ the following stopping criterion

uk o ukfl
res(k) = || h h ||L2(Q)

< w, (6.20)
Tk—1 ||U§||L2(Q)

where w > 0 is a prescribed tolerance.

6.3 Numerical example with diffusion
in symmetric form

We consider the 2D viscous Burgers equation

ou ’. Ou ) )
s ;“axs = div(K (u) Vu)+g in Qx (0,7), (6.21)

where matrix K (w) is chosen in the following form

2 + arctan(w) 0 ) ' (6.22)

K(w) = < 0 2 + arctan(w)

One can see that f(u) = u?/2 for s = 1,2. It is possible to show that the problem
(6.21) with (6.22) satisfies assumptions (D) with Cy = (2 + %), C;, = 1.0 and
a=¢e(2-7%).

We set e = 0.02, Q = (0, 1)?, define the function g and the initial and Dirichlet
boundary conditions in such a way that the exact solution has the form

w(zy, 9, t) = (1 — e %) dfzy, 22), (6.23)
with
Ay, ) = 2r°mm9(1 — 1)(1 — @), (6.24)

where r = (22 4 22)'/? and 0 € IR is a constant.
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For ¢ — oo the solution u converges to the steady state solution given by
function @. The function @ is equal to zero on 0f) and its regularity depends on
the value of a, for more details see [3], i.e.,

ae€ H(Q) VB e(0,a+3), (6.25)

where H?(Q) denotes here the Sobolev-Slobodetskii space of functions with "non-
integer derivatives”. Within this example we use two concrete values: § = 2 and
§ = —3/2. The value § = 2 gives function @ sufficiently regular (€ H?(Q) for
B < 5), whereas the value § = —3/2 gives & € H?(Q2), 8 < 3/2.

First, we investigate the convergence of the method with respect to h. Since
we consider the stationary problem, the stopping criterion (6.20) with tolerance
w = 1075 is used to indicate the achievement of steady state (we symbolically
put 7' = oc). Numerical experiments are carried out with the use of piecewise
linear (P'), quadratic (P?) and cubic (P?) approximations on 6 regular triangular
meshes having 128, 288, 512, 1152, 2048 and 4608 elements for SIPG, NIPG and
[IPG variants. In order to guarantee the stability of the BDF-DG scheme with
respect to penalty parameter o, the parameter Cy from (4.57) in each of the six
cases is chosen according to the Table 6.3.

| | NIPG | ITPG | SIPG |
1] 5.0 [ 5.0 [ 10.0
2| 50 [ 100 | 40.0
3 5.0 | 20.0]100.0

'U’Iﬁ"‘o‘

Table 6.3: Symmetric diffusion: Choice of Cyy for individual IPG variants.

Tables 6.4 — 6.9 show computational errors in the L?(Q)-norm and in H'((2)-
seminorm and the corresponding experimental orders of convergence (EOC) for
each IPG variant with 6 = 2 and § = —3/2, respectively. These values in
comparison with marked EOC are plotted in Figures 6.1 and 6.2. We observe the
following:

e regular exact solution (case 6 = 2) Whereas SIPG method gives optimal
order of convergence O(hP*!) for p = 1,2, 3, the NIPG and ITPG methods
give optimal order of convergence O(h?*!) for p = 1 and p = 3 (odd de-
grees) and suboptimal O(hP) for p = 2 (even degrees). Moreover, all IPG
techniques produce optimal order of convergence in the H'(Q)-seminorm

(O(h7)).

e singular exact solution (case § = —3/2) The experimental order of
convergence in the L*(Q)-norm is equal to 3/2 and it is equal to 1/2 in the
H'(Q)-seminorm. This is in agreement with theoretical results.
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mesh

hy

Py

0
eh[,T

0
a

P,

0
eh/,T

0
a

Ps

0
eh/,T

0
a

1

U = W N

1.768E-01
1.179E-01
8.839E-02
5.893E-02
4.419E-02
2.946E-02

1.173E-03
5.815E-04
3.456E-04
1.624E-04
9.389E-05
4.291E-05

1.730
1.809
1.864
1.904
1.931

4.980E-05
1.481E-05
6.281E-06
1.876E-06
7.959E-07
2.374E-07

2.991
2.982
2.980
2.981
2.984

3.156E-06
6.182E-07
1.944E-07
3.813E-08
1.202E-08
2.362E-09

4.021
4.021
4.018
4.014
4.011

mesh

hy

1
ehl,'r

1
a;

1
ehl,’r

1
a;

1
ehl,’r

1
a;

—_

S O = W N

1.768E-01
1.179E-01
8.839E-02
5.893E-02
4.419E-02
2.946E-02

2.603E-02
1.523E-02
1.020E-02
5.714E-03
3.766E-03
2.088E-03

1.322
1.392
1.430
1.449
1.455

1.674E-03
7.406E-04
4.162E-04
1.851E-04
1.042E-04
4.636E-05

2.012
2.003
1.999
1.997
1.997

2.091E-04
6.309E-05
2.685E-05
8.022E-06
3.398E-06
1.011E-06

2.955
2.970
2.979
2.986
2.990

Table 6.4: Symmetric diffusion: Computational errors in L*-norm (top) and
H'! seminorm (bottom) for symmetric formulation and P,—Ps elements (§ = 2).

mesh

hy

Py
0
ehl,'r

Py
0
ehl,’r

P
0

ehl,’r

1

Tt = W N

1.768E-01
1.179E-01
8.839E-02
5.893E-02
4.419E-02
2.946E-02

2.203E-03
1.017E-03
5.829E-04
2.638E-04
1.497E-04
6.714E-05

2.270E-04
9.540E-05
5.236E-05
2.276E-05
1.268E-05
5.582E-06

6.717E-06
1.318E-06
4.146E-07
8.132E-08
2.562E-08
4.998E-09

mesh

hy

1
ehl,T

1
a

1
ehl,T

1
a

1
ehl,T

1
a

—_

Y O = W N

1.768E-01
1.179E-01
8.839E-02
5.893E-02
4.419E-02
2.946E-02

2.285E-02
1.371E-02
9.535E-03
5.754E-03
4.052E-03
2.505E-03

1.260
1.262
1.246
1.219
1.186

4.002E-03
1.718E-03
9.446E-04
4.086E-04
2.263E-04
9.894E-05

2.085
2.079
2.067
2.053
2.041

3.804E-04
1.106E-04
4.606E-05
1.345E-05
5.627E-06
1.653E-06

3.048
3.044
3.036
3.029
3.022

Table 6.5: Symmetric diffusion: Computational errors in L*-norm (top) and
H'-seminorm (bottom) for nonsymmetric formulation and P;—P; elements

(6 =2).



CHAPTER 6. NUMERICAL RESULTS

96

mesh

hy

Py

0
eh[,T

0
a

P,

0
eh/,T

0
a

Ps

0
eh/,T

0
a

1

U = W N

1.768E-01
1.179E-01
8.839E-02
5.893E-02
4.419E-02
2.946E-02

2.303E-03
1.050E-03
5.967E-04
2.676E-04
1.511E-04
6.738E-05

1.937
1.964
1.978
1.987
1.992

1.402E-04
5.656E-05
3.038E-05
1.292E-05
7.120E-06
3.102E-06

2.238
2.161
2.108
2.072
2.049

3.862E-06
7.682E-07
2.439E-07
4.834E-08
1.532E-08
3.030E-09

3.983
3.988
3.991
3.994
3.997

mesh

hy

1
ehl,'r

1
a;

1
ehl,’r

1
a;

1
ehl,’r

1
a;

—_

S O = W N

1.768E-01
1.179E-01
8.839E-02
5.893E-02
4.419E-02
2.946E-02

1.714E-02
1.039E-02
7.358E-03
4.607E-03
3.344E-03
2.157E-03

1.234
1.200
1.155
1.114
1.081

1.905E-03
7.992E-04
4.340E-04
1.853E-04
1.020E-04
4.427E-05

2.142
2.122
2.099
2.076
2.058

2.165E-04
6.436E-05
2.717E-05
8.053E-06
3.397E-06
1.006E-06

2.991
2.997
3.000
3.001
3.001

Table 6.6: Symmetric diffusion: Computational errors in L*-norm (top) and
H'-seminorm (bottom) for incomplete formulation and P—Ps elements (6 = 2).

mesh

hy

Py
0
ehl,'r

0
a

Py
0
ehl,’r

0
a

P
0

ehl,’r

0
a

1

Tt = W N

1.768E-01
1.179E-01
8.839E-02
5.893E-02
4.419E-02
2.946E-02

9.479E-03
5.234E-03
3.358E-03
1.772E-03
1.125E-03
6.010E-04

1.466
1.541
1.577
1.578
1.546

1.423E-03
7.684E-04
4.971E-04
2.700E-04
1.753E-04
9.553E-05

1.521
1.512
1.506
1.501
1.497

7.547E-04
4.101E-04
2.665E-04
1.453E-04
9.441E-05
5.154E-05

1.505
1.496
1.496
1.498
1.493

mesh

hy

1
ehl,T

1
a

1
ehl,T

1
a

1
ehl,T

1
a

—_

Y O = W N

1.768E-01
1.179E-01
8.839E-02
5.893E-02
4.419E-02
2.946E-02

2.550E-01
2.083E-01
1.797E-01
1.458E-01
1.257E-01
1.021E-01

0.499
0.513
0.516
0.515
0.513

6.316E-02
5.166E-02
4.479E-02
3.663E-02
3.176E-02
2.597E-02

0.496
0.495
0.496
0.496
0.496

4.050E-01
3.344E-01
2.913E-01
2.394E-01
2.078E-01
1.699E-01

0.473
0.479
0.484
0.492
0.497

Table 6.7: Symmetric diffusion: Computational errors in L*-norm (top) and
H'-seminorm (bottom) for symmetric formulation and P,—P3 elements

(6 = —3/2).
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mesh

hy

Py

0
ehl,'r

P,

0
ehl,’r

0
a

Ps

0
ehl,’r

0
a

1

QU = W N

1.768E-01
1.179E-01
8.839E-02
5.893E-02
4.419E-02
2.946E-02

2.825E-02
1.497E-02
9.343E-03
4.789E-03
2.985E-03
1.532E-03

4.137E-03
2.160E-03
1.386E-03
7.504E-04
4.860E-04
2.639E-04

1.604
1.540
1.513
1.509
1.506

2.851E-03
1.565E-03
1.013E-03
5.478E-04
3.542E-04
1.917E-04

1.480
1.510
1.516
1.515
1.514

mesh

hy

1
ehl,'r

a;

1
ehl,’r

1
a;

1
ehl,’r

1
a;

—_

Y O = W N

1.768E-01
1.179E-01
8.839E-02
5.893E-02
4.419E-02
2.946E-02

2.233E-01
1.814E-01
1.581E-01
1.307E-01
1.143E-01
9.471E-02

0.513
0.477
0.469
0.466
0.464

1.542E-01
1.265E-01
1.098E-01
8.992E-02
7.801E-02
6.393E-02

0.489
0.491
0.493
0.494
0.491

1.444E-01
1.192E-01
1.040E-01
8.559E-02
7.422E-02
6.088E-02

0.473
0.474
0.481
0.495
0.489

Table 6.8: Symmetric diffusion: Computational errors in L*-norm (top) and
H'-seminorm (bottom) for nonsymmetric formulation and P—P; elements

(6 = —3/2).

mesh

hy

Py
0
ehl,'r

Py
0
ehl,’r

P
0

ehl,’r

1

Tt = W N

1.768E-01
1.179E-01
8.839E-02
5.893E-02
4.419E-02
2.946E-02

2.752E-02
1.477E-02
9.340E-03
4.873E-03
3.044E-03
1.576E-03

3.568E-03
1.818E-03
1.151E-03
6.164E-04
3.963E-04
2.135E-04

1.423E-03
7.789E-04
5.061E-04
2.753E-04
1.784E-04
9.702E-05

mesh

hy

1
ehl,T

1
a

1
ehl,T

1
a

1
ehl,T

1
a

—_

Y O = W N

1.768E-01
1.179E-01
8.839E-02
5.893E-02
4.419E-02
2.946E-02

1.345E-01
1.042E-01
8.918E-02
7.280E-02
6.299E-02
5.150E-02

0.630
0.540
0.501
0.503
0.497

8.720E-02
7.192E-02
6.268E-02
5.156E-02
4.479E-02
3.670E-02

0.475
0.477
0.482
0.489
0.491

6.351E-02
5.210E-02
4.528E-02
3.715E-02
3.228E-02
2.647E-02

0.489
0.487
0.488
0.488
0.489

Table 6.9: Symmetric diffusion: Computational errors in L*-norm (top) and

H'-seminorm (bottom) for incomplete formulation and P—P; elements

(6 = —3/2).
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L 1 P_1 L 1 P 1 L 1 P1
oo 90 0.01 | jij/f - 0.01 | i(;/)// = ]
I I X P_2 I
I x P_2 ¢ - x P_2
0.001 | « 0.001 | X 0.001 | X =
T O(R2) x O2x" %P3 O(h?) x
3 X~ % P_3 X S * P_3
00001 F X"/ 0.0001 F X * 0.0001 F Xy =
- X : X /)( X ;
F 3 }K 33( 53 %
le-005 F Q") 1e-005 - O(n” 1e-005 | O(h7) =
- * .
X / %
- ‘/ x 7/
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r %/ ¥/
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Figure 6.1: Symmetric diffusion: EOC in the L?*-norm (top) and H'-seminorm
(bottom) for SIPG (left), NIPG (middle) and ITPG (right) variant (6 = 2).

Further, we verify experimentally the convergence of the method in L*(Q)-

norm and H'(2)-seminorm with respect to the time step 7. In order to restrain
the discretization errors with respect to h, we use a fine mesh with 2048 triangles
and piecewise cubic approximation (P3). We consider here only the case with
exact solution, whose regularity is given by § = 2 (in the case of § = —3/2 the
results are similar).

The computations were carried out with six different time steps 7; for all
three TPG variants, see Table 6.10. The computational error is evaluated at time
T =1 in L*(Q)-norm and H'(Q2)-seminorm according to (6.14) and (6.15), re-
spectively. We observe that all considered IPG variants produce the experimental
order of convergence O(7) in L*(Q)-norm and H'(Q)-seminorm which is in good
agreement with derived theoretical results.
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[ O(h1/2) ] [ O(h1/2) ] L O(h1/2) ]
[ P ] [ P1 [ ]
01 E 0L E % E 01 ¢ x P2 3
r x P2 VI ] r x:X P3 1
[ X [ ] [ X ]
X XD XK
I XX’X%X P2 I ] [ %X ]
X" ¥ *
*
0.01 T B 0.01 T B 0.01 T B
0.01 0.1 1 0.01 0.1 1 0.01 0.1 1

Figure 6.2: Symmetric diffusion: EOC in the L?*-norm (top) and H'-seminorm
(bottom) for SIPG (left), NIPG (middle) and IIPG (right) variant (§ = —3/2).

6.4 Numerical example with diffusion
in nonsymmetric form

We consider the same equation (6.21) as in the previous Section 6.4 with the
nonsymmetric matrix K (w) in the following form
L Lo _ 2
K (w) = ¢ ( 5(3 +arctan(w)) (2 — arctan®(w)) )

0 4 + arctan(w) (6.26)

We set ¢ = 0.02, Q = (0,1)?, define the function g and the initial and Dirichlet
boundary conditions according to the prescribed exact solution (6.23) with (6.24)
for & = 2, which converges to the steady state for t — oo.

In the same way as in Section 6.3, we verify numerically the convergence of
the method with respect to the mesh size h and time step 7. The numerical
experiments are carried out with the same settings except for a choice of the
parameter Cy from (4.57) which is chosen according to the Table 6.11.
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Tl

SIPG

0
6h7Tl

Ui

NIPG

0
ehaTl

Ui

I[TPG

0
6h7Tl

Ui

4.000E-02
2.000E-02
1.000E-02
5.000E-03
2.500E-03
1.250E-03

3.1685E-03
1.6371E-03
8.3140E-04
4.1904E-04
2.0983E-04
1.0521E-04

0.953
0.977
0.989
0.998
0.995

3.1686E-03
1.6374E-03
8.3143E-04
4.1901E-04
2.0983E-04
1.0522E-04

0.953
0.977
0.989
0.998
0.996

3.1687E-03
1.6372E-03
8.3138E-04
4.1903E-04
2.0983E-04
1.0521E-04

0.953
0.977
0.989
0.998
0.995
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1
ehaTl

by

1
ehaT/

b

1
ehaTl

b

Y O i W N [~ O = W N |~

4.000E-02
2.000E-02
1.000E-02
5.000E-03
2.500E-03
1.250E-03

1.5152E-02
7.8278E-03
3.9782E-03
2.0051E-03
1.0043E-03
5.0352E-04

0.953
0.977
0.989
0.998
0.995

1.5152E-02
7.8280E-03
3.9778E-03
2.0052E-03
1.0042E-03
5.0360E-04

0.953
0.977
0.989
0.998
0.996

1.5151E-02
7.8278E-03
3.9780E-03
2.0045E-03
1.0041E-03
5.0351E-04

0.953
0.977
0.989
0.998
0.995

Table 6.10: Symmetric diffusion: Computational errors and corresponding EOC
in L?-norm (top) and H'-seminorm (bottom).

| NIPG [ IIPG | SIPG |

p=1] 100 | 5.0 | 10.0
p=2 || 40.0 | 10.0 | 40.0
p=3 || 100.0 | 20.0 | 100.0

Table 6.11: Nonsymmetric diffusion: Choice of Cy for individual TPG variants.

Tables 6.12 — 6.14 and Figure 6.3 depict experimental orders of convergence

for each IPG variant in the corresponding L?(2)-norm and in H'(Q)-seminorm,
respectively. We observe the good agreement with the example with diffusion in
symmetric form for regular exact solution (6 = 2). In the case of investigation
of convergence of the method with respect to 7, without loss of generality we
consider only SIPG variant. The obtained results shown in Table 6.15 correspond
with theory.
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2.933
2911
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mesh
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S O = W N

1.768E-01
1.179E-01
8.839E-02
5.893E-02
4.419E-02
2.946E-02

2.171E-01
1.351E-01
9.213E-02
5.211E-02
3.441E-02
1.902E-02

1.169
1.331
1.406
1.443
1.462

1.959E-03
8.474E-04
4.695E-04
2.054E-04
1.146E-04
5.079E-05

2.067
2.053
2.039
2.028
2.006

1.953E-04
5.915E-05
2.521E-05
7.540E-06
3.192E-06
9.476E-07

2.946
2.965
2.977
2.988
2.995

Table 6.12: Nonsymmetric diffusion: Computational errors in L?-norm (top) and
H'! seminorm (bottom) for symmetric formulation and P,—Ps elements (§ = 2).
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1.239
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1.147
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2.026E-03
1.110E-03
4.777E-04
2.639E-04
1.151E-04

2.101
2.093
2.078
2.063
2.046

4.182E-04
1.211E-04
5.036E-05
1.466E-05
6.150E-06
1.808E-06

3.056
3.051
3.043
3.020
3.019

Table 6.13: Nonsymmetric diffusion: Computational errors in L*-norm (top)
and H'-seminorm (bottom) for nonsymmetric formulation and P,—P; elements

(6 =2).
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6.458E-04
2.792E-04
1.548E-04
6.783E-05

2.118
2.091
2.068
2.050
2.035

2.329E-04
6.828E-05
2.860E-05
8.405E-06
3.530E-06
1.040E-06

3.026
3.025
3.020
3.015
3.014

Table 6.14: Nonsymmetric diffusion: Computational errors in L*-norm (top) and
H'-seminorm (bottom) for incomplete formulation and P—Ps elements (6 = 2).

Tl

0
ehaTl

i

1
ehaTl

by

S O W N | =~

4.000E-02
2.000E-02
1.000E-02
5.000E-03
2.500E-03
1.250E-03

2.465E-03
1.271E-03
6.454E-04
3.251E-04
1.627E-04
8.135E-05

0.955
0.978
0.989
0.999
1.000

1.171E-02
6.035E-03
3.064E-03
1.543E-03
7.721E-04
3.870E-04

0.956
0.978
0.989
0.999
0.996

Table 6.15: Nonsymmetric diffusion: Computational errors and corresponding
EOC in L?-norm and H'-seminorm (SIPG).
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Figure 6.3: Nonsymmetric diffusion: EOC in the L?-norm (top) and H'-seminorm
(bottom) for SIPG (left), NIPG (middle) and ITPG (right) variant (6 = 2).



Conclusion

In Part II, we have presented and theoretically analyzed an efficient numerical
method for the solution of a model scalar nonstationary nonlinear convection-
diffusion equation, which is based on the space dicretization by the DGM and
a semi-implicit time discretization. Under some additional assumptions we have
derived hp a priori error estimates, namely O(h? + 7) in the L*®(0,T; L*(Q))-
norm and in the L?(0,T; H'(Q2))-seminorm. On the other hand, the presented
numerical experiments signalize a better behaviour of the experimental L>(L?)-
order of convergence, which is expected to be asymptotically O(h?*14-7) for p odd
and O(h? + 1) for p even in the case of NIPG and/or IIPG variant. Moreover,
in the case of SIPG variant we obtain optimal experimental L°°(L?)-order of
convergence for p arbitrary.

The obtained results confirm that the BDF-DGM is a powerful and reliable
method for the numerical solution of nonstationary nonlinear convection-diffusion
equation, which is sufficiently accurate and robust.
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Part 111

DGM — Application to viscous
compressible flows
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A specific wide class of problems of fluid mechanics is formed of viscous com-
pressible flow, which is described by the system of the compressible Navier—Stokes
equations. To solve these problems in a sufficiently robust, efficient and accurate
way, the DGM is used in view of its extension from a simple model equation. The
presented extension from a scalar case to the case of (CFP) is not straightforward
and the special attention is paid to several aspects of the DGM, namely choice of
boundary conditions, numerical flux, discretization of viscous terms and choice
of penalty parameter.

The content of this part is divided into three chapters. In Chapter 7, we
derive a semi-discrete problem arising from an application of DGM to the full
compressible Navier-Stokes equations. The crucial item is the discretization of
viscous fluxes, which are generally nonlinear with respect to the unknown state
vector. We consider the two possible stabilization techniques based on properties
of original viscous fluxes appearing in (CFP). The Chapter 8 deals with BDF-
DGM for (CFP), to be concrete with the semi-implicit linearization of inviscid and
viscous fluxes, respectively. The resulting numerical schemes are unconditionally
stable with respect to the time and require the solution of one linear system on
each time level. Finally, several numerical examples, reflecting the potency of the
method, are presented in Chapter 9.



Chapter 7

DG formulation

In the DG formulation of (CFP) we proceed similarly as in Chapter 3, from
introduction of finite dimensional space of approximate solutions and derivation
of fundamental integral identity, on over discretizations of inviscid and viscous
terms, up to the space semi-discrete problem.

The approximate solution wy, as well as test functions ¢, are elements of the
finite dimensional space of vector-valued functions

Shp = :S*hp X X Sh’i (71)

-~

d+2 times

where Sy, is introduced in (3.16).

Further, we denote by F*, F; and F? the set of all ' € F}, such that I' C 9Q,,
' ¢ 0Q; and T' C 0€,, respectively. According to this new notation we can
identify these sets with:

FP = FruF, (7.2)
Fyo= F. (7.3)

In fact, FP denotes the set of all I' € F,, where the Dirichlet type of boundary
conditions is prescribed at least for one component of w and FY the set of
all ' € F;, where the Neumann type of boundary conditions is prescribed for
all components of w. Moreover, for a shorter notation we put Fj° = Fi U F?
denoting the so-called far-field boundary.

Assuming that w is a sufficiently regular classical solution of (CFP) and test
function ¢ € H?(Q2, T,)%*2, we multiply equation (1.1) by ¢, integrate over K €
Tn, use Green’s theorem, sum over all K € 7, and arrive at the identity

ow 2 7 S
/K —cpdx—Z/I(f(w)-chdx+Z f(w) - iigx pdS

er, 0¢ KeTs e oK
+) / R(w,Vw) - Vedz - /<R(w,Vw)-ﬁ>[<p]dszo. (7.4)
KeT;, 7 K reFip 7T
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7.1 Discretization of inviscid terms

For evaluation of the boundary integrals in inviscid terms of (7.4) we use the
(“finite volume”) approximation

~ Z H <w‘£‘p):w‘£‘n)aﬁf) ’ SO‘F; (75)
0K rcok

where w|?, w|{™ are the traces of w on K from the interior and the exterior
of element K € Ty, respectively and H (-, -,-) is a numerical fluz, for details, see,
e.g. [25] or [29].

In order to employ the concept of semi-implicit schemes we need that the nu-
merical flux H has a form suitable for a linearization. Hence, in our applications
we employ the Vijayasundaram numerical flux, see [42], [25, Section 7.3] or [29,
Section 3.3.4]. The matrix P(w, i) defined by (1.22) is diagonalizable, i.e., there
exist matrices A and T such that

P(w,7) = TAT ', A =diag (\1,..., \gs2), (7.6)

where A1, ..., \gio are the eigenvalues of P. We define the “positive” and “neg-
ative” part of P by

PH(w, i) =TA T ', A" =diag (A}, ..., A\],). (7.7)

Then the Vijayasundaram numerical flux reads

Hwwo )= P (P 0w (U0 (09

Similarly as the Vijayasundaram numerical flux (7.8) we can apply, e.g., the Roe’s
type schemes [40] having also a form suitable for a linearization.

It is necessary to specify the meaning of w|(Fn) for T € FPN. We use the
approach known from the inviscid flow simulation, see, e.g., [29], [43]. For I €
Fi° we prescribe m,, components of w on T' and extrapolate m, = d + 2 — m,,
components of w from K to I' (I' C 0K) where m,, is the number of negative
eigenvalues of matrix P(w, 1) given by (1.22). Thus, we define

w|" = LRP(w|®, wp, iir), (7.9)

where LRP(-,-,) represents a solution of the local Riemann problem considered
on edge ' € F/° and wp is a given state vector (e.g. from far-field boundary
conditions). For details, see [24].

For I' € F}’, the impermeability condition

v-ii=0 (7.10)
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is prescribed. Then in virtue of (7.5) we put

/H 1P w ()|, 7ip) - @dS ::/Fw(w(t),ﬁp)-gods, IeF”, (7.11)

r
where
Fy(w, @) = (0,pny,...,png0)". (7.12)
The pressure p is expressed in the form
w3 + -+ - 4w}
p=(—1 (wm o 5 d“) : (7.13)
w1y

following from (1.11) and (1.2) and extrapolated on I' from K (I' C dK) and
n= (nl,...,nd) :ﬁr.

7.2 Discretization of viscous terms

The crucial item of the DG formulation of (CFP) is the treatment of the viscous
terms. We shall present two different approaches for discretization of these terms.

First, we consider that the viscous fluxes Rs(w, Vw) can be expressed in the
form (1.23), i.e. viscous terms from (7.4) can be rewritten as

Z/ZR (w, Vw) ‘de—Z/Z s(w, Vw) - ng) [p] dS

KeTy, j:]D
d aw 0
-3 3 (Bemgs) Gea
_ Z]D/Z<ZK 2“; > 0] dS. (7.14)

In virtue of approach from scalar problem (3.22)-(3.23) we add to this expression
two stabilization terms. The first one is obtained by the formal exchange of
arguments w and ¢ in the linear parts of the last term of (7.14), i.e

CHY /Z< g—“okns> [w]dS (7.15)

FEJ:ID

and the second one enforces Dirichlet condition and is balanced by terms (7.15)

on FP ie.,
O
S0 [0 Kutw) 2 n. wsas (7.16)
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where © = —1,0, 1 depending on the type of stabilization (SIPG, IIPG or NIPG
variants) and wp is a state vector given by prescribed Dirichlet boundary condi-
tions on a appropriate part of boundary, for more details see Section 7.3.

However, numerical experiments indicate that this choice of stabilization is
not suitable. It is caused by that fact that for ¢ = (¢1,0,...,0)T, ¢, €
H?(Q,Th), ¢1 # const, we obtain a non-vanishing term (7.15) whereas both
terms in (7.14) are equal to zero since the first rows of Ry, Ky, s,k =1,....d
vanish, see (1.6) and (9.28)—(9.36). Therefore, in [8], [32], [33], the stabilization
terms

oy [3(

rer} Fs=1

roy [y

FE]:hD T s=1 k=1

d
k=1
d

Z KSTk(w)g—Z ns> [w]dS
()22

prn ns - (w—wg)dS (7.17)

was employed which avoids the drawback mentioned above. Here, KT denotes
the matrix transposed to K.

Moreover, in [12], we developed a different approach when the stabilization
terms are treated as

oY /Fz;(ds(w,Vw,cp, Vo) ny) [w]dS (7.18)

rer]
d
+ O Z /st(w,V'w,go,ch)ns-('w—wB)dS
rerp 'l s=1
d d e
= 0 D, (w, D, — | n, ds,
S5 ([Pt varer g ) v) o
1 -

+ 0> /Z (Ds,o(w,Vw)cerZDs,k(w) 3—2) n - (w—wpg)ds,

rerp 1 s=1 k=1

where dy(+,-,+,+), s =1,...,dis given by (1.24) and Dy, £k =0,1,...,d, s =
1,...,d by (9.37) — (9.40). The forms ds(-,-,-,+), s = 1,...,d are linear with
respect to their third and fourth arguments and integrals (7.18) vanish for ¢ =
(01,0,...,00T € R¥H2 ©, € H*(Q,T,) since d, s =1,...,d are independent of
V.

In order to simplify the notation, for s =1,...,d we put

S Ks,k(w)g% for stabilization (7.17)

7.19
ds(w,Vw, p, V) for stabilization (7.18) ’ (7.19)

Q,(w, Vw, ¢, V) = {
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and

T Lp .1 .
Q (w, Vw, ¢, V) = { Zk K (w)52  for stabilization (7.17) (7.20)

ds(w V'w,cp,ch) for stabilization (7.18)

According to (7.19), (1.23) and (1.25), it is easy to show that the forms Q,
are consistent with viscous fluxes R, in the sense that

Q,(w,Vw,w, Vw) = Ry(w,Vw) Yw, s=1,...,d. (7.21)

7.3 Space semi-discrete problem

In virtue of the semi-discrete formulation carried out for the scaler model problem
in Section 3.4 and with respect to the introduced discretization in Sections 7.1—
7.2, we define for w, ¢ € H?(2, T)%*? the forms

Z / w-pdr (7.22)

(L?-scalar product),

a;) (w, @) = /Q , Vw,w, Vw) - Ve dx (7.23)
KeT

-2 /Z w, Vw, w, Vw)n) [¢]dS

rerp

+@Z/Z “(w, Vw, @, V) n,) [w]dS

rer

+®Z/ZQ ,Vw, @, V)n, - (w—wpg)ds

rerp

(diffusion form),

Z/ w|F ,w\r ,np>- ]dS — Z/Zf &sz

rery, KeTy,
(7.24)
(convective form),

=) / QldsS— > /a'wB pdsS (7.25)

reFrlP rerp
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(interior and boundary penalty terms), where the penalty parameter o is natu-
rally extended from (4.57) as

Cw

I ke rerP, (7.26)

O"F:

where d(T") is given either by (4.5) or (4.6) and Cy, > 0 is a suitable constant.
The state vector wpg prescribed on 0€2; U 0€),, is given by the boundary con-
ditions, in particular, for the case (1.15) a)-c) we have

wp = (p|39w: 07 ey 07 p‘8Qw0|BQw) on aQw; (727)

1
wp = (PD, PD(UD)l, s ,PD('UD)daP\aQﬁ\aQi + §PD\’UD\2) on 0%,

and for the case (1.15) a)-b), (1.16) ¢’)
wp = (p|3Qw: 07 cee 07 P\aQuﬁD) on aQw; (728)

1
oq; + EPD"UDP) on 0€);,

wp = (pp,pp(vD)1,---,pp(VD)a;s plon,td

where pp,vp and p are given functions from the boundary conditions (1.15)—
(1.16) and p|r and @|r are the values of density and temperature extrapolated
from interior of €2 on the appropriate boundary part, respectively.

The approximate solution of (CFP) is sought in the space of discontinuous
piecewise polynomial functions Sy, defined by (7.1). We introduce the semi-
discrete problem.

Definition 7.3.1. Function wy, is a semi-discrete solution of (CFP), if
a) wy, € ! (0, T; Shp), (729)

b) <awh(t) ’ 90h> + 61(?(’(1)},,(25)7 Qoh) + gh(wh(t): Qoh) + JZ(wh(t)’ Soh) =0

ot
Vi € Shp, YVt € (0,7),

) wy(0) = w,

where w9 € Sy, denotes an Sy,-approzimation of the initial condition w° from

(1.14).

Here C*(0,T; Spp) is the space of continuously differentiable mappings of the
interval (0,T") into Sp. The problem (7.29), a) — ¢) exhibits a system of ordinary
differential equations for wy,(¢) which has to be discretized by a suitable method.



Chapter 8

Full time-space discretization

The ODE system (7.29) belongs to the class of stiff problems whose solutions
by an explicit scheme are rather inefficient. On the other hand, a full implicit
scheme leads to a necessity to solve a system of nonlinear algebraic equations at
each time step which is rather expensive. Therefore, we follow the semi-implicit
approach presented in Section 5.2 and extend it for the viscous flow simulation.
Hence, we introduce a linearization of the nonlinear forms by, and @, respectively,
and then we define the full time-space discretization of (CFP) by the BDF-DG
method.

8.1 Linearization of inviscid terms

By (7.24), for wy, ), € Shp we have

=:x1(Wh,P},)
b3 [ () pdas. 6
rer, /T
=>~<z('l;)rh790h)

The individual forms y;(+,-) and X»(+, ) will be linearized separately. For x;, we
employ the property (1.20) of the Euler fluxes and for w;,, wy, ¢, € Sy, define
a form

d

0

X1(wp, wy, @),) = Z / ZAS((vh)'wh : %dx. (8.2)
KeTy, K 51 Ls

The linearization of the term Y, can be carried out in a simple way, when
H in (8.1) is chosen, e.g., as the Vijayasundaram numerical flux (7.8). Let
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Wh, Wh, Py € Shp: we put

Wonwne) = Y [ [P () wil)+ P (@) ) wi[”] - leilas.
reF,
(8.3)
where (W) is given by (3.12) and (3.15), respectively.

[t is necessary to pay a special attention to wy|r for ' € FPN. For I' € FP
we employ approximation (7.11). The vector Fy, defined by (7. 12) is a nonlinear
function of w and its linearization is given with the aid of the Taylor expansion
by

Fw(‘u)h, ) ~ Fw(wh, Wp, n) = Fw(ﬁ)h, ﬁ) + DFV[/(‘fUh, ﬁ) ('wh — (vh)
DFw(’lIJh,ﬁ)wh, (84)
where
0 0 0 0
(VP4 +v3)n /2 —ving ... —vgng M
DFw(w, i) = (y—1) : :
(V2 4+ 4+ v)ng/2 —ving ... —ving Ng
0 0 0 0
(8.5)
is obtained by the differentiation of function Fyy given by (7.12) with respect to
w = (wy,...,wg). Here i = (ny,...,nq), v; = wjy1/wy, j=1,...,d. The last

equality in (8.4) follows from (1.20) which implies F'y (wp, 1) = DFy (@, 71)Wwy,.
Then we put

X2(Wh, Wi, ) (8.6)
> / (P (). ) wnl + P ((awn) ) i) - [p, )
- Z [ (P )iy will + P (). iy wil{?) - i) s

where, in virtue (7.9),
@\ = LRP(®|P, wp,iiv), T € Fp. (8.7)
Finally, we define the form

bp(Wh, wh, @) = —x1 (Wh, Wi, ©),) + X2 (Wh, wh, @;), (8.8)

where x; and x» are given by (8.2) and (8.6), respectively. The form by, is linear
with respect to the second and third variable and consistent with by, by

Bh(wh, QOh) = bh('wh,'wh, QOh) th, @Yy, € Shp. (89)
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8.2 Linearization of viscous terms

In virtue of (7.23), for wy,, wy, @, € Sy, we define the form

al (W, wy, ;) Z/Q w,Vw,w, Vw) - Ve dx (8.10)

KeTy

—Z/Z Jw, Vw, w, Vw) ng) [¢p|dS

FEJ:ID

+@Z/Z “(w, Vi, @, V) n,) [w]dS

rer]

+@Z/ZQ (w, Vw, e, Ve)n, - (w — wpg)dsS,

rerp

which is linear with respect to its second and third components. Moreover, it is
consistent with a(-,-) by

an(wh, @) = an(wn, wy, @) Ywi, @, € Spp. (8.11)

8.3 Semi-implicit BDF-DG method

The main idea of the semi-implicit discretization is to treat the linear parts of
forms aj, and b, (represented by their second and their arguments) implicitly and
their nonlinear parts (represented by their first arguments) explicitly. In virtue of
approach from Section 5.2, to solve the ODE problem (7.29), a) — ¢) we use BDF
scheme with a suitable explicit higher order extrapolation of nonlinear parts of
an(-, -, ) and by(+,-,-).

Let 0 =ty < t; < --- < t, = T be a partition of the interval (0,7) and
T = tgy1 — tr, k=0,1,...,7 — 1. In order to simplify the notation, we put

Ch (ﬁ’ha Whp, Qoh) = ap (fvh: Whp, Soh) + bh (ﬁ)ha Whp, Qoh)
—|—JZ ('wh,goh), Wy, Wh, @y, € Shp. (812)

Definition 8.3.1. We define the approximate solution of (CFP) as the set of
functions w, k=1,...,r, satisfying the conditions

a)  witt € Spp, (8.13)

b) (Z alwarl l, ) + ¢, (Zﬁzwiﬂ l kH,cPh) -0

Ve, € Spp, k=n—-1,...,r—1,
c) wg is Spp approximation of w’,

d) 'wﬁl € Spp, L=1,...,n—1 are given by a suitable one-step method,
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where n > 1 s the degree of the BDF scheme, the coefficients oy, [ =0,...,n and
B, L =1,...,n depend on time steps T,_;, | = 0,...,n. We call this approach
the BDF-DG method.



Chapter 9

Numerical examples

In order to demonstrate the accuracy, stability, robustness and efficiency of the
presented BDF-DGM for the solution of (CFP), the several numerical experiments
are solved. In the first instance, we mention some extension implementation as-
pects of this approach and introduce such definitions as convergency and accuracy
of the method. Further, we present three two-dimensional numerical examples.
The first one is a basic benchmark of steady viscous flow around a flat plate. The
second and third ones represent a symmetric and nonsymmetric steady flows
around NACA 0012 profile, respectively.

9.1 Extension implementation aspects
of BDF-DG method for (CFP)

Since the approximate solutions of (CFP) lie in the space of vector-valued piece-
wise polynomial functions Syp, we reformulate and extend some implementation
aspects (mentioned in Section 6.1): iterative matrix representation and choices of
time step and penalty parameter, respectively. Moreover, with respect to char-
acter of considered numerical examples, we add representation on non-polygonal
boundaries.

Iterative matrix representation

Here we extend the description of linear algebraic problems from Subsection 6.1.1
to problems (8.13), a)-d). Let B(K) = {4, g; supp(¢, i) C K}?ifl(K) be a local
basis of the space of vector-valued discontinuous piecewise polynomial functions
Shp defined by (7.1). The basis B(K) belongs to the corresponding element K

and its dimension is dof(K), i.e.

8 (px + 1)(pK + 2) for d = 2,

- (9.1)
= (px +1)(px +2)(px +3) ford=3,K €Ty,

dof (K) :{

117
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Ky
P4=2

Kg
K Pe=1
K P5=2

Figure 9.1: Concrete case of considered fictitious triangulation.

where pg denotes the degree of polynomial approximation on element K.

Further, we define a global basis of Sy, by B = {4, g3 ¥, x € B(K)} ke, with
dim(Spp) = dof = 374, dof (K). Then a function wj € Sp, can be written in
the form

dof (K)
wh(z) = Z Z f{fK'(,bﬁK(x), reQ, k=0,1,...,r (9.2)
KeT, =1

where §l'fK €ER, k=0,...,r,1=1,...,dof(K), K € T,. Moreover, for w} € S,
we define the vector of its basis coefficients by

k— fck VK€ dof
W= {fl:K}l:L...,dof(K) €R™, k=01,.,n (9.3)

Then the linear algebraic problem (8.13),b) can be written in the matrix form
(agM+Tka) Wr=q¢* k=n,...r (9.4)

where M is the symmetric, positive definite block diagonal mass matrix given by
relation (6.6) with vector valued functions ), -, [ = 1,...,dof(K), K € T,. Each
diagonal block of matrix M corresponds to the appropriate element K and its
so-called local mass matriz set up only from basis B(K), see Figure 9.2 (left) for
the considered case of fictitious triangulation on Figure 9.1.

The symbol C* denotes the “flux” matrix representing inviscid, viscous and
penalty terms treated and calculated without boundary conditions, i.e.,

Cr=cCctwr ' wh2 L W) = (eIl k=, (9.5)

ij=17
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M, | Ck,l,l Ciio
12x12 12x12| 12x40
M,, Ck2,1 Ckz,z Clcz,a Ck2,4
40x40 40x12| 40x40 40x12| 40x24
M4 Ck3,2 Ckﬂ,ﬁ
12x12| 12x40 12x12]
M., Cm,z (o Ck,A,s
24x24 24 x40 24x24 24x24
M;; Ck,ﬁA CIC,S‘S Cﬁas,o
24x24 24x24 24x24 24x12
M. Clc,ﬁ,S Cﬁab‘,b
12x12 12x24 12x12

Figure 9.2: Matrix structure in the case of triangulation depicted in Figure 9.1,
mass matrix (left) and “flux” matrix (right).

For fictitious triangulation (see Figure 9.1), the concrete matrix shape of C* is
shown in Figure 9.2 (right).
The vector g* € IR represents the right-hand-side of (8.13),b) given by

¢ =Wt w2 W =g k=m0 (9.6)

where g* corresponds to form — (Zl":l alw’,j_l, ) together with boundary condi-

tions from form e, (3, Bwt™! ).

In order to solve the resulting nonsymmetric system (9.4) efficiently on every
time level, we employ the restarted GMRES solver with the same parameters as
in Subsection 6.1.1.

Choice of the time step

We use an adaptive choice of the time step described in Subsection 6.1.4. More-
over, in the case of steady flows we consider another approach with the so-called
heuristic choice of the time step. This approach try to choose an optimal time
step with respect to the computational time. The time step is set up according
to the following formula,

1 =
= ——0 k 9.7
7= Sir sl (9.7)
where res(k) is a steady-state residuum defined by (9.20) and A(-) is an approxi-
mation of the maximal eigenvalue of the ODE system (7.29) given by

A(w}) = max (min __ K mi K) (9.8)

~ in —
xem, rp(wy, i1)|T|" KeTh Re
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where rp(w¥, ) denotes the spectral radius of the matrix P(w", )| given by
(1.22) and Re is the Reynolds number.
Furthermore, we define the so-called cfl-value by

(k) = A(wh), k=1,...,7 (9.9)

According to the formula (9.7) and relation (9.9), one can see that initial time
step 71 corresponds to cfl(1) = 0.5, which is in good agreement with explicit Euler
method with cfl(k) <1fork=1,...,r.

Representation of non-polygonal boundaries

In order to obtain a physically admissible distribution of physical quantities on
non-polygonal boundaries, we employ the super-parametric finite elements, see
[16].

Choice of the penalty parameter o

The penalty coefficient o appearing in the definition of Jj (-, ) is given by relation
(7.26) which is a natural generalization of (4.57). In the case of the Navier-Stokes
equations, the situation is more complicated and the value Cy, > 0 in (7.26) can
not be set by from analytically derived limit bounds (as in Subsection 6.1.6) since
a relevant mathematical theory is missing.

Therefore, the appropriate values of C'y have to be found experimentally. This
aspect together with the influence of the size of Cy to the solution is studied in
Section 9.3.

9.2 Convergence criteria and accuracy of the
method

As far as possible, the analytical solutions have to be considered as reference. This
will be possible for simple problems and configurations (e.g. Blasius problem),
but not for more complicated problems (e.g. NACA0012), where the accuracy of
the method is better measured with respect to the aerodynamic coefficients, i.e.
drag, lift and moment coefficients.

We consider the pressure induced drag and lift coefficients:

1 .
oy = A ., pii -, dS, (9.10)

1

— 7 - ds 9.11
Coo 3prn wL ’ ( )

CLp =
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and the wviscous drag and lift coefficients:

1

Cpy = —— (T ) pdS, (9.12)
Coc 0y
1

Lo = ——— (T #) -, dS, (9.13)
Coo 00w

where C'y, = %poo\voo\z let- Here [,o¢ denotes the reference length of the Reynolds
number and the superscripts o indicate free-stream quantities. The matrix 7 =
(Tsk)gykzl represents the viscous part of the stress tensor with components given
by (1.9). Finally, in 2D case, 1 and ), are set up

Wy = (cos(a),sin(a))”, (9.14)
P, = (—sin(a),cos(a))’, (9.15)

where « denotes the so-called angle of attack.
Furthermore, the total drag and lift coefficients is defined by

Cp = CD,p+CD,’Ua (916)

cr, = Crp+Cro (917)

Moreover, for 2D problems, we consider the pressure induced and viscous
moment coefficient:

1
CMp = / (w_wref) Xpﬁ"l,bD dS, (918)
Crefcoo 0
1
CMp — — (m_mref) Xpﬁ'i/JLdS, (919)
CrefCoo 00w

where @, is the moment reference point, usually @, = (0.25,0) for a profile of
unit length, and c.¢ is a dimensionless reference chord length usually equal to
liet. Here, we adopt the notation @ x b = a;by — ash; for a, b € IR?>. Analogously
to (9.16)-(9.17) we define the total moment coefficient cpr = carp + Cary-

In numerical experiments we meet problems representing a steady as well as
an unsteady flows. The steady state solution is sought by the time stabiliza-
tion approach where the computational process is carried out for t — o0o. As
a stopping criterion we employ the condition

_ ||7°k||L2(Q)

res(k) <w, (9.20)

B ||7°1||L2(Q)

where w > 0 is a prescribed tolerance and r*

Dw(ty), ty € (0,T) given by

€ Spp is an approximation of

rk = L (wf —w; ). (9.21)
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Another possibility to indicate the reached steady state solution is via aero-
dynamic coefficients. Let M (k) denotes the index set representing the last 10%
of the total number of iterations with actual time level ;. The solution will be
regarded as converged as soon as the following three conditions are fulfilled,

C%) — min %) < 9.22
s s < 022

) _ o) 5
$%€)§0L ]\Hj(l,gCL < wr, (9.23)
max C" — min % < wy, (9.24)
Mk Mo mwy M T

where Cg), C’ék), C’](\j) are the corresponding aerodynamic coefficients at time level
t, and wp, wy, wys the prescribed tolerance.

Furthermore, we shall investigate the so-called mesh convergence of a discrete
problem, which means how close a solution on a given mesh is to the solution
resulting from the limit where the number of degrees of freedom in the problem
approaches infinity in a regular way. In practice, a series of successively finer
meshes (with similar point distributions) must be created but the infinite mesh
can not be considered.

The asymptotic analysis and approximation can be performed with the three
last consecutive mesh results for each aerodynamic coefficient. We assume that
the value V' of an appropriate force coefficient obeys the formula:

V= Vi 4e N0, (9.25)

where NV is the number of degrees of freedom of the system and V, ¢, a are found.
The value V,, represents the asymptotic value of aerodynamic coefficient and « is
the experiential order of spatial accuracy.

9.3 Blasius problem

We consider the laminar flow on the adiabatic flat plate {(x;,25); 0 < z; <
1, z; = 0} characterised by the freestream Mach number M = 0.1 and the
Reynolds number Re = 10*. The computation domain is viewed in Figure 9.3,
where two used triangular grids are plotted together with their details around
the leading edge. We prescribe the adiabatic boundary conditions (1.15), ¢)
at the flat plate, the outflow boundary conditions (1.15), b) at {(z1,22); 21 =
1, —1.5 < z9 < 1.5} and the inflow boundary conditions (1.15), a) on the rest of
the boundary.

We seek the steady state solution satisfying the condition (9.20) with tolerance
w = 105 Within this basic benchmark of steady viscous flow we demonstrate the
stability and accuracy of the presented BDF-DG scheme with stabilization (7.17)
and adaptive time stepping.
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Figure 9.3: Blasius problem, computational grids B1 and B2, the coarser one B1
having 662 elements (top) and the finer one B2 having 2648 elements (bottom),
the whole computational domain (left) and their details around the leading edge
(right).

Stability of the method

We compared the NIPG, IIPG, SIPG variants of the DGM using piecewise linear,
quadratic and cubic space approximation. Our aim is to find a suitable value of
the constant Cyy in (7.26) which ensures the stability of the scheme, i.e., a conver-
gence to the steady-state solution. Firstly, we carried out computations for the
values of Cy = 1, 5, 25, 125, 625, 3125 and consequently, several additional
values of Cy, were chosen in order to find a limit value of Cy,. These results
obtained on the grid B1 are shown in Table 9.1, where an indication of a conver-
gence of the appropriate variant of the DGM with a given value Cy is marked,
namely,

e ‘“convergence”’ (C), i.e., the stopping condition (9.20) was achieved after
less than 200 time steps,

e ‘“quasi-convergence” (qC), i.e., the stopping condition (9.20) was achieved
after more than 200 time steps,

e ‘“no-convergence” (NC), i.e., the stopping condition (9.20) was not achieved
after 500 time steps.
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The

“quasi-convergence” in fact means that the appropriate value Cyy is just

under the limit value ensuring a reasonable convergence to the steady-state solu-

tion.

NIPG [IPG SIPG
CW P1 P2 P3 P1 P2 P3 P1 P2 P3
11C €C C|C NC NC|N N N
5({C € C|C C NC|N N N
|- - -1- ©6 C|- - -
2/C C Cc|C C C|N N N
00 - - -1 - - - N - -
2|C ¢ Cc|C C C|]C N N
5oy - - - - - - c - -
250 - - - | - - - - N -
300 - - - |- - - |- q -
400 - - - | - - - - C N
500 - - - | - - - - C N
62| C C C|C C C | C C qC
1000 | - - - | - - - - - C
312 ¢ € C|C C C|C C C

Table 9.1: Blasius problem, the convergence (C), non-convergence (NC) or quasi-
convergence (qC) of the NIPG, ITPG and SIPG variants of the DGM for Py, P,
and P; approximations for different values of Cy (symbol “-” means that the
appropriate combination of the method, the degree of approximation and the
value of Cy was not tested).

From Table 9.1 we found that

NIPG variant converges for any Cy, > 1 independently on the degree of
polynomial approximation,

I[TPG variant requires higher values of Cy for P, and P; approximations,
namely Cy = 5 and Cy = 10 are sufficient, respectively. On the other
hand, P, approximation converges for any Cy > 1.

SIPG variant requires significantly higher values of Cy,. We observe that
Cw > 125 for P, Cy > 400 for P, and Cy > 1000 for P;. This is
in a good agreement with the theoretical results from [35] carried out for
a scalar quasilinear elliptic problem, where the dependence Cyy = cp?, ¢ > 0
is employed (p denotes the polynomial degree of approximation).

Figure 9.4 shows the histories of convergence to the steady-state solution (i.e.,
the dependence of res(k) on k) for some interesting cases from Table 9.1.
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Figure 9.4: Blasius problem, the histories of convergence for some computations
from Table 9.1, (e.g., 'NIPG-625.P3’ means the NIPG variant of DGM with
Cw = 625 and P; approximation).

Furthermore, it is interesting to observe the size of time steps adaptively
chosen by the BDF-DGM in a possible comparison with a fictitious explicit time
discretization method. Numerical experiments show that an explicit time scheme
is stable if cfl(k) < 1, see, e.g., [12, relation (70)] or [25].

Figure 9.5 (left) shows a typical dependence of the cfl(k) quantity on ¢, k =
0,...,7. We observe that the cfl-value exponentially increases for £ = 1,2...,.
This indicates that the semi-implicit BDF-DGM (8.13), a) - d) is practically
unconditionally stable. Figure 9.5 (right) shows the corresponding numbers of
GMRES iterations necessary to solve the linear algebra problem (9.4) at each
time step. We observed that the increasing size of the time step 7 requires
higher number of iterations. However, if the numerical solution is close to the
steady state one then the number of GMRES iterations starts decreasing. It is
caused by the fact that the initial guess of the solution of problem (9.4) is very
close to the resulting solution.

Accuracy of the method

We compared the numerical solutions with the “theoretical” one, which can be
obtained from the well-known Blasius problem represented by an incompressible
flow along a flat plate. Therefore, we introduce the non-dimensional velocities in
the stream-direction and in the normal to stream direction by

vy = 01 () and vy =/ Re, E10) (9.26)

|'Uoo"
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Figure 9.5: Blasius problem, a typical dependence of the cfl(k)-value (left) and
the number of GMRES iterations (right) on the number of time steps.

respectively, where
nE\/Remﬁ, Re, = |v| Re x, (9.27)
T

Re is the Reynolds number and v, is the free-stream velocity.

Figures 9.6 — 9.7 show the velocity profiles v} and v} obtained by P;, P, and Ps
approximations on meshes B1 and B2 at z; = 0.5 in comparison with the exact
solution. We employed the NIPG technique with Cy, = 25. The velocity profiles
obtained by the SIPG and IIPG variants are almost identical. We observed
very accurate capturing of the vj-profile and a reasonable capturing of the v}-
profile. An increase of the accuracy for an increasing degree of approximation
and a decreasing mesh size is evident.

Moreover, Figure 9.8 shows the comparison of the computed skin friction co-
efficient ¢y achieved by Py, P, and P; approximations on meshes B1 and B2 with
the exact solution given by the Blasius formula. We observed a good agreement
with the Blasius solution. However, P, and P3; approximations give in fact the
same value of ¢; at the first element on the flat plate. Similar results were ob-
tained in [5, Fig. 2] where the difference among P;, P, and P; approximations
on the first cell of the flat plate is almost negligible. We suppose that it can
be caused by the singularity of the solution at x; = x5 = 0 which decreases the
local order of accuracy of the DGM. This phenomenon was numerically verified
for a scalar nonlinear convection-diffusion equation in [20].

9.4 Symmetric stationary flow around
NACAO0012 profile

We consider a subsonic laminar flow around the profile NACAQ012 at the free
stream Mach number M = 0.5, the angle of attack o = 0° and Reynolds number
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Figure 9.6: Blasius problem, mesh B1, velocity profiles v = v{(n) (top) and
vy = v}(n) (bottom) for P;, P, and P; approximations at z; = 0.5 in comparison
with the exact solution (dotted lines).

Re = 5000. The computation domain is a circle of radius of 50 with airfoil of
unit length. The walls of the profile are adiabatic. The Reynolds number is near
to the upper limit for the steady laminar flow. A characteristic feature of this
flow problem is the laminar separation of the flow occurring near to the trailing
edge.

Within this test case we compare the both presented stability techniques (7.17)
and (7.18), respectively. The mesh convergence with respect to the aerodynamic
coefficient is investigated in the second paragraph together with the influence of
Cw to the numerical solution. As a stopping criterion indicating the achieved
steady state solution we employ condition (9.22) with tolerance wp = 5.10~* and
adaptive choice of time step.

Comparison of stabilization techniques

We carried out computations for all combinations of stabilizations (7.17) and (7.18)
given by (7.20) with IPG techniques on a fixed relatively coarse triangular grid
having 2600 elements, which was adaptive refined along the profile and used
curved elements in its neighbourhood. We used a piecewise quadratic approx-
imation in space and set Cy = 625 in the penalty parameter o given by rela-
tion (7.26). This value guarantees the stability of all interior penalty variants of
the DGM (NIPG, ITPG and SIPG), see Table 9.1.

Table 9.2 shows achieved steady-state residua and the values of the drag (cp)
coefficients and their pressure (c¢p,) and viscous (¢p,) parts computed by each
combination of (7.17) and (7.18) with NIPG, IIPG and SIPG techniques and
comparison with reference values from [5] and [11].
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Figure 9.7: Blasius problem, mesh B2, velocity profiles vt = vf(n) (top) and
vy = v}(n) (bottom) for P;, P, and P; approximations at z; = 0.5 in comparison
with the exact solution (dotted lines).
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Figure 9.8: Blasius problem, skin friction coefficient computed on meshes B1
(top) and B2 (bottom) by P; ("P_1"), P, ("P_2’) and P; ("P_3’) approximation
in comparison with the Blasius formula (’exact’), distributions along the whole
plate (left), their details around the leading edge (right).
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IPG  stab. (7.20) res cp Cpp CDw
SIPG (7.17) 7.7117E-08 | 0.05322 | 0.02093 | 0.03229
NIPG (7.17) 6.0673E-08 | 0.05327 | 0.02099 | 0.03228
IIPG (7.17) 9.5915E-08 | 0.05325 | 0.02097 | 0.03228
SIPG (7.18) 4.0652E-05 | 0.05780 | 0.02223 | 0.03557
NIPG (7.18) 4.3020E-05 | 0.04618 | 0.02254 | 0.02364
IIPG (7.18) 4.3786E-05 | 0.04422 | 0.02275 | 0.02147
ref. value [11] — P, | 0.05527 | 0.02281 | 0.03246
ref. value [12] — P, | 0.05422 | 0.02309 | 0.03113
ref. value 5] — P 0.05014 | 0.01963 | 0.03051
ref. value 5] — P 0.05352 | 0.01991 | 0.03361
ref. value (5] — P3 0.05511 | 0.02208 | 0.03303

Table 9.2: Steady-state residua (res) and the computed values of drag (¢p) coeffi-
cients and its pressure (c¢p,) and viscous (cp,,) parts for the stabilizations (7.17)
and (7.18) and the SIPG, NIPG and IIPG variants of the BDF-DG scheme in
comparison with [11],[12] and [5].

We observe that the use of the stabilization (7.18) does not allow to achieve
the steady state residuum at the machine accuracy. Since the Reynolds number
is near to the upper limit for steady laminar flow, the non-convergence of the
method (7.18) may be explained as a transition to the time-dependent flow regime
which does not appear for method (7.17) since this scheme contains too much of
numerical viscosity in comparison with (7.18). The values of the drag coefficient
cp rather oscillate for (7.18) stabilization and on the other hand, the stabilization
of type (7.17) gives reasonable similar values of the drag coefficients for the SIPG,
NIPG and ITIPG variants, from this point of view the stabilization of type (7.17)
can be considered to be better method.

Mesh convergence

We carried out computations by P;, P, and P; approximations on a set of six
successively generated grids N1 — N6 from [1]. Figure 9.9 shows these grids
around the NACA profile and their zooms around the trailing and leading edges.
The numbers of elements (= #7,) and mesh sizes (= 1/v/#7T}) of grids N1 — N6
are shown in Table 9.3.

Here, we investigated a mesh convergence with respect to the drag coefficient
cp for h — 0 for the NIPG variant with stabilization (7.17) and with several
choices of Cy. We observed the same behaviour as well as for the IIPG and
SIPG techniques. The values of ¢ are presented in Table 9.4 and also visualised
in Figure 9.10. We easily observe a non-negligible dependence of ¢p on Cy on
coarser grids but for increasing number of elements #7;, the influence of Cy to ¢cp
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Figure 9.9: Computational grids N1 — N6 around the NACA(0012 profile (left)

with details around the leading (middle) and trailing edges (right).
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mesh N1 N2 N3 N4 N5 N6
#Th 1148 2262 4216 8482 17888 40440
U/N/#Ts | 295E-02 2.10E-02 1.54E-02 1.09E-02 7.48E-03 4.97E-03

Table 9.3: NACA 0012 profile (M = 0.5, « = 0°, Re = 5000), numbers of
elements and mesh sizes of grids N1 — NG6.

P, Cw N1 N2 N3 N4 N5 N6
P 110.03322 0.04913 0.05288 0.05429 0.05470 0.05492
P 5 | 0.04289 0.04945 0.05150 0.05356 0.05459 0.05488
Py 2510.04692 0.04749 0.04910 0.05203 0.05379 0.05448
P, 250 | 0.04157 0.04217 0.04605 0.05093 0.05271 0.05379
Py 1] 0.05538 0.05548 0.05489 0.05482 0.05486 -
P, 5 | 0.05431 0.05423 0.05436 0.05467 0.05473 -
Py, 251 0.05167 0.05199 0.05373 0.05458 0.05473 -
Py, 250 ] 0.04796 0.05137 0.05337 0.05428 0.05459 -
Py 110.05939 0.05599 0.05500 0.05492 - -
Py 5 | 0.05783 0.05523 0.05467 0.05468 - -
Py 2510.05475 0.05393 0.05374 0.05471 - -
Py 250 | 0.05178 0.05232 0.05477 0.05480 - -

Table 9.4: NACA 0012 profile (M = 0.5, « = 0°, Re = 5000), values of the
drag coefficient cp computed by the NIPG variant of the BDF-DGM for different
values of Cyy .

decreases and c¢p converges to an asymptotic value given by formula (9.25). The
asymptotic values of c¢p together with experiential orders of spatial accuracy « for
each degree of considered polynomial approximation can be found in Table 9.5.

Finally, Figure 9.11 shows the corresponding isolines of the Mach number.
We observe an increase of accuracy for increasing polynomial degree of approxi-
mation.

9.5 Nonsymmetric stationary flow around
NACAO0012 profile

This model problem arose in [1]. We treat the compressible flow around the
profile NACA0012 of the unit length in a circle with radius of 50. The far-field
flow has Mach number M = 0.5, angle of attack a = 2° and Reynolds number
Re = 500. According to these flow parameters, we obtain subsonic nonsymmetric
steady flow with a characteristic nonsymmetric laminar separation at the trailing
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Figure 9.10: NACA 0012 profile (M = 0.5, @ = 0°, Re = 5000), visualization of
results from Table 9.4, the dependencies of the drag coefficient ¢p on mesh size
(= 1/\/#T5) obtained by the NIPG variant of the BDF-DGM for different values
of Cw and Py, P, and P; approximations on meshes N1 — N6 (left) and its detail
on meshes N3 — N6 (right).

P, Cyw | triplet of meshes | ¢p?™"" o (EOSA)
P 1 N4, N5, N6 0.05512 0.92
P, D N4, N5, N6 0.05497 1.75
P, 25| N4, N5 N6 | 0.05484 1.33
P, 250 N4, N5, N6 0.05505 0.75
P, 1| N3 N4 N5 - -
P, 5| N3, N4 N5 | 0.05474 2.38
P, 25 N3, N4, N5 0.05476 2.51
P, 250 N3, N4, N5 0.05473 1.59
P, 1| N2, N3,N4 | 0.05492 407
P; Y N2, N3, N4 - -
P, 25| N2, N3, N4 - -
P; 250 N2,N3, N4 0.05480 7.08

Table 9.5: NACA 0012 profile (M = 0.5, a = 0°, Re = 5000), asymptotic values
of the drag coefficient and corresponding experiential orders of spatial accuracy

(EOSA).
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Ps-approximation

Figure 9.11: NACA 0012 profile (M = 0.5, a = 0°, Re = 5000), mesh N3,
isolines of the Mach number (left) with details around the leading (middle) and
trailing edges (right) computed by P;, P, and P; approximations.
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edge.
Within this example we shall investigate the behaviour of all three mentioned
force coeflicients.

Convergence of aerodynamic coefficients

We use a series of six consecutive triangular meshes (N1-NG6, from Section 9.4).
The computations were carried out with the aid of piecewise linear (P;), quadratic
(P,) and cubic (P;) approximations by BDF-DG scheme with NIPG variant of
stabilization given by (7.17). We use value Cy = 5.0 in (7.26) and prescribe the
following tolerances wp = wy; = 5.107 % and w;, = 5.1072 in conditions (9.22)-
(9.24) for stopping criterion. The time step is chosen in heuristic way according
to formula (9.7).

Table 9.6 shows the achieved steady values of aerodynamic coefficients and
reference values from [1] obtained on the same grids. One can see that, the results
obtained by BDF-DG scheme is in quite good agreement with reference values.

Furthermore, the corresponding isolines of the Mach number around the who-
le airfoil and in the neighbourhood of leading and trailing edges are depicted
in Figures 9.12 and 9.13. We observe a stagnation node at the leading edge
and gradually smooth resolution thanks to the increasing polynomial degree of
approximation, see Figure 9.13 (left). Moreover, in the vicinage of the trailing
edge, the laminar separation of boundary layer is caught up transparently, see
Figure 9.13 (right). Additionally, Figure 9.14 shows the calculated distributions
of the pressure coefficient along the profile.
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Figure 9.12: NACA 0012 profile (M = 0.5, o = 2°, Re = 500), mesh N4, isolines
of the Mach number around the profile computed by P; (top), P, (middle) and
P3 (bottom) approximations.
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Figure 9.13: NACA 0012 profile (M = 0.5, o = 2°, Re = 500), mesh N4, isolines
of the Mach number with details at the leading (left) and trailing (right) edges
computed by Py (top), P, (middle) and P; (bottom) approximations.
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Figure 9.14: NACA 0012 profile (M = 0.5, @ = 2°, Re = 500), mesh N4,
distribution of pressure coefficient along the profile computed by P; (top), P»
(middle) and P3 (bottom) approximations.
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Pk mesh DOF (65) Cr, Cyr
P, N1 13776 | 0.17683 | 0.11755 | -0.00287
P, N2 27144 | 0.17658 | 0.11524 | -0.00268
P N3 50592 | 0.18072 | 0.11606 | -0.00288
P, N4 101784 | 0.18194 | 0.11996 | -0.00313
P, N5 214656 | 0.18370 | 0.12354 | -0.00263
P N6 485280 | 0.18655 | 0.13359 | -0.00217
P N1 27552 | 0.18194 | 0.11657 | -0.00330
P N2 54288 | 0.18141 | 0.11587 | -0.00289
P, N3 101184 | 0.18159 | 0.11536 | -0.00261
P, N4 203568 | 0.18137 | 0.11876 | -0.00293
P N5 429312 | 0.18270 | 0.12190 | -0.00274
Py N6 970560 | 0.18539 | 0.12475 | -0.00275
Ps N1 45920 | 0.18079 | 0.11713 | -0.00331
Ps N2 90480 | 0.18116 | 0.11569 | -0.00295
Ps N3 168640 | 0.18116 | 0.11506 | -0.00263
Ps N4 339280 | 0.18126 | 0.11863 | -0.00301
Ps N5 715520 | 0.18254 | 0.12117 | -0.00278
P N6 1617600 0.18537 | 0.12427 | -0.00274
ref. value N1 [1] — P, | 0.16386 | 0.12373 -
ref. value N2 [1] — 0.17142 | 0.11514 -
ref. value N3 1] - P2 0.17511 | 0.11978 -
ref. value N4 [1] = P, | 0.17829 | 0.11998 -

Table 9.6: NACA 0012 profile (M =
aerodynamic coefficients in comparison with [1].
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Conclusion

In Part III, we applied the method theoretically justified in Part II to the com-
pressible Navier-Stokes equations. The method is based on the semi-discretization
by the discontinuous Galerkin method in space and the semi-implicit backward
difference formula in time (BDF-DGM). Several extensions from the scalar case
were discussed, including two possible approaches of semi-implicit discretization
and linearization of viscous fluxes. The resulting scheme is sufficiently stable,
have a high order of approximation with respect to space and time coordinates
and at each time step we solve a linear algebraic problem. The presented numer-
ical examples of steady flows give promising results.

Although there is still a lot of open problems which have to be the subject of
further research, the obtained results approve that DGM is a potent and reliable
method for the numerical solution of the nonstationary nonlinear convection-
diffusion problems.
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Appendix

o O O O

v 1
Re Pr wy

(9.28)

o O OO

Re Pr wr

(9.29)

o O O O

y 1
Re Pr wi

(9.30)

The matrices K, = {KLSZ’") e, s,k =1,...,d introduced by (1.23) have
for d = 3 the following form:
0 0 0 0
_4_wy 4 _ 1
3 Re w} 3 Re wi 0 0
___ws 1
Kl,l — Re w% 0 Re wq 0
__wq 1
Re w} 0 0 Re w1
(5,1) 1 (4 Y\ wa 1 Y\ w3 1 v\ wq
Kl,l Re (3 Pr )wf Re (1 Pr)wf Re (1 Pr)wf
with K& Lo (Jwd +wd +w?) + 505 (-3 witwitw
1,1 Re w? \3 72 3 4 Re Pr w} w ’
0 0 0 0
__w2 1
Re w% Re wq 0 0
_ 4 _ws 0 4_ 1 0
K2,2 - 3 Re w% 3 Re wi
__ w4 0 1
Re w} Re w
5.1 1 Y ywy L4y ywz L1 _ 2 \wa
K2,2 R (1 Pr )wf Re (3 Pr )w? Re ( Pr )w?
with K%Y Lo (w3 + Sl 4 wl) + 1 (g 4 vhredied
2,2 Re w?> 2 3773 4 Re Pr w% w;l; s
0 0 0 0
__w2 1
Re w? Re w1 0 0
__ws 1
K373 = Re w? 0 Re wq 0
_ 4wy 0 0 4 1
3 Re U)% 3 Re w1
(5:1 1 Y 2 1 Y o\ ws 1 /4 Y\ wq
K3,3 R (1 Pr)wf R (1 Pr)wf Re (3 Pr)wf
with K& = - L (w2 4wl + du?) + 2 (=15 4 whtwdrod
3,3 Re w? 2 3 3774 Re Pr w? w$ )
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0 0
2_ws
3 Re wf 0
- __wo 1
KLQ - Re w? Re w1
0 0
1 ws ws w3
3 Re wf Re w%
0 0
2_wa
3 Re w% 0
K ;= 0 0
__w» 1
Re w? Re w1
1 wo wy w4

K2,1 -

=
o O O oo

oo O O O
oo O OO

o OO OO

oo O O O
oo O OO

o O O oo

K3,1 -

o OO O O
o OO OO

Kso =

=
o O O oo

2
K2’3 - 3 Re w%
__w3 _
Re w?
_ 1 wswy
3 Re wf Re wy

o O O oo
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(9.31)

(9.32)

(9.33)

(9.34)

(9.35)

(9.36)

For d = 2, the form of K, s,k = 1,2 can be easily derived from (9.28)—(9.36)
by removing fourth rows and columns of matrices K, symbolically putting
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wy := 0 and finally “renaming” ws by wy. See also, e.g., [29, Section 4.3] or [32]
where the explicit forms of K, s,k = 1,2 for d = 2 are given.

d+2
The matrices Dy = {Dg"lzm} ,k=0,1,...,d, s=1,...,d introduced
’ m,n=1
by (1.24) are given by
0 0 0 0 0
0 —4_1 dw 2_1 dwy 2_1 0dw 0
3 Re wfaam 3 Re wf gacg 3 Rew? Ox3
1 w
DL()(‘UJ, V’U)) = 0 _Rew% ng Rew1 8x11 0
0 1 dw 0 __1 Ouw 0
Rew? dz3 Rew? 0z
5,2 5,3 5,4 w
0 Dy’ Dy Dy 8 o o
(9.37)
with
1 4  Ou, ow, ow, ¥ 1wy duy
D(5 2) = _ - _r ez
10 Rew? \ 3 2 0x 1+w38 2+w48x3 +Pr Re w? wy 0z’
(5.3) 1 2 Bwl 8w1 0 1 wsdw,
D" = 3 W2 o) T B R
ew \3 "0z 6:1:1 Pr Rew; wy 0x4
(5,4) 1 2 Ow ow, ¥ 1wy Ouwy
Dy’ = 7 —Wy—— — Wy—— — e
ew? \3 " 0x3 0xq Pr Rew? wy 0x4
0 0 0 0 0
1 Ow 1 dw
0 " Rew? g:vzl " Rew? 889011 0 5 0
2 1 w 4 1 w 2 1 w
DZ,O(wva) = 0 3Rew% 3111 3Rew2 3121 §Rew2ﬁg 0
0 0 1 311)1 owi 0
Rew1 Oxs Rew1 dxo
5,2 5,3 5,4
0 Dy’ Dy Dy — P Few? e
(9.38)
with
(5,2) 1 2 Ow ow, ¥ 1wy 0wy
Dy = Too s —W3—— — W3—— — 5 A
: ew; \3 " 0x; 0o Pr Rew; wy 0z,
1 ow, 4 ow, ow, ¥ 1 w3 duy
D(5’3) = o R _ -~ _ -
2,0 Re w?} 2 0xq * 3300, Z9 W 4014 Pr Rew? w, 0xy’

I
N —~
©
Il

54) 1 (2 ow 8w1>+ v 1 %Bwl

Rew? \3 ~ Ox3 0T Pr Rew? w, 0x3’
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0 0 0 0 0
1 Ow 1 dw
0 Re w% Wé 0 5 Rew% g_ml 0
1 1
Dg,o('w,Vw) = 0 0 _Rewf%; _Rnew%%a1 0
0 2L Ow 2 1 Ow _4_1 Juw 0
3 Rew? Ox1 3 Rew? da» 3 Rew? dx3
5,2 5,3 5,4
(9 39)
with
D(5’2) _ 1 2 8w1 _ 8w1 i 1 %8101
207 Rew} b 0xq 2 O0xs Pr Rew? w, 0xy’
D3 — 1 2 Ow ow; Y 1 wsow,
30 = P3|\ qWimg - — W35 — oo =Y
Rew; \3 0z, 03 Pr Rew; w, 0z,
1 ow ow 4 aw 1 wyow
Dg%@ = _ (ws 1+ +_ 1 N 2_4 L
Re w; 0, 8 8x3 Pr Rew; wy Ox3

For d = 2, the form of Dy, s = 1,2 can be easily derived from (9.37)-(9.39)
by removing fourth rows and columns of matrices D, g, symbolically putting
wy := 0 and finally “renaming” ws by wy.

The matrix elements of Dy, s,k =1,...,d are defined by
DI = { K" forn=2,....d+2 Com=1,....d+2 sk=1,....d

’ 0 forn=1

(9.40)

where K( " m ,n=1,....d+ 2 are elements of matrices K, s,k =1,....d
given by (9 8%(9.36).
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