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Chapter 1

Introduction

In this chapter we introduce the topic of this thesis – collisions of the slow electrons with

molecules. We will show the physical processes of interest and mention some methods

enabling their theoretical treatment. We will restrict our considerations to the resonant

processes. Finally, the main objectives of the thesis will be outlined.

Main subject of this work is the investigation of the low-energy resonant processes

occurring in electron-molecule collisions, namely vibrational excitation (VE) of the

molecule by electron impact and dissociative electron attachment (DEA) to the molecule.

We will restrict our considerations of the DEA to such processes, where at least the an-

ionic fragment is a single atom which does not have any vibrational degrees of freedom.

General scheme for such process is

e− + AB(ν)→ (AB)− → e− + AB(ν ′)

or A(ν ′′) +B−
,

where AB(ν) is the target neutral molecule in its initial vibrational state described by

set of quantum numbers ν, A(ν ′′) is the final neutral fragment of DEA in the vibrational

state described by set of quantum numbers ν ′′ and B− substitutes the corresponding

final anionic atomic fragment, ν ′ denotes the set of quantum numbers describing the

final vibrational state of the molecule after the VE by electron impact. Formation of

the metastable anionic complex AB− is responsible for the resonant nature of these

processes.

The above scheme contains a broad variety of processes of great practical interest.
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Introduction 2

Such collisional reactions are often encountered in plasma physics both in laboratory

and nature including physics of ionosphere, stellar atmospheres and nebulae in the outer

space. The cross sections determine the equilibrium densities of electrons, ions, atoms

and molecules in such environments. Dissociative attachment processes may serve as

sources for negative ion beams used for loading of thermonuclear devices or for electro-

magnetic propulsion of space vehicles. DEA is found to be of importance in the chemistry

of flames and play important role in gas lasers (see [1] and references therein). In

addition, the reactions are of considerable interest as destruction mechanism of halogen

ions of anthropogenic origin in the ionosphere. More about applications of DEA to

molecules including radiocarbon dating and very sensitive detection of explosives or

drugs can be found in the review paper [2].

Cross sections of the resonant processes often exhibit pronounced features interesting

from the theoretical point of view. For some molecules, the cross sections for VE attain

high values in a very vicinity of the threshold. Such a phenomenon is called threshold

peak and was observed for the first time by Rohr and Linder [3]. The cross sections

for DEA and VE are not smooth functions of the collision energy and abrupt changes

of a slope called Wigner cusps are often encountered near opening of a new channel in

the reaction. In spite of almost three decades of theoretical study these phenomena are

still not fully comprehended. The most successful approach which describes qualita-

tively well all the observed features, is the nonlocal resonance model (NRM) reviewed

by Domcke [4].

As we are dealing with resonant vibrationally non-elastic electron-molecule collisions

throughout this work, it is worth to mention that in these processes the electron motion is

strongly coupled with the nuclear motion and the Born – Oppenheimer approximation

is not valid. In other words, the incoming electron is captured into the metastable

electronic-resonance state. The electronic cloud in this temporal anionic complex allows

the nuclear motion leading to VE or DEA.

The usual theoretical treatment of the resonant processes like VE or DEA consists

of two parts:

• The fixed-nuclei scattering calculation performed for a set of nuclear geome-

tries relevant for the process in question. It enables us to obtain properties of the

electronic resonance which can be used in the subsequent nuclear dynamics cal-

culation. It can directly give the diabatic potential energy surfaces for geometries

where the temporal negative ion is not bound and these can be used in the local
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complex potential (LCP) calculation. Alternatively, the fixed-nuclei results can be

used to fit the NRM [4].

• The calculation of the nuclear dynamics using either the NRM or the LCP

approximation [4–6] which allow for calculation of the VE and DEA cross sections

from the data extracted from the fixed-nuclei calculations. Although the NRM

represents a more exact approach to the nuclear dynamics of VE and DEA than

the LCP approximation (it can describe the Wigner cusps and other non-local

phenomena), it is very difficult to implement it even for diatomic molecules [7]. It

has not been implemented successfully for any larger molecule than diatomic so

far. We will not deal with NRM itself in the present work, although in Section 2.1

we test a method designed to obtain the data necessary for construction of the

NRM from the fixed-nuclei scattering calculations. On the other hand, the LCP

approximation represents a simpler approach which has several restrictions. It

treats the nuclear dynamics as the motion of the nuclei on the LCP surface. This

is used to calculate the nuclear scattering wave function and cross sections of VE

and DEA. The imaginary part of the LCP surface represents the probability of

the autodetachment of the electron in the region of nuclear geometries where the

anion is not bound.

This work is dealing with both types of calculations mentioned above. Each of them

has its own complications and bottlenecks. We present the fixed-nuclei R-matrix calcula-

tions of the electron collisions with molecules F2 and Li2 which represent a challenge for

the method used. In the next chapter, this work is dealing with the LCP calculations of

the DEA and VE of the molecule CF3Cl with emphasis on the effects of two vibrational

modes in these processes.



Chapter 2

Scattering calculations in the

fixed-nuclei approximation

The development of ab initio quantum chemical methods in recent decades stimulated

the progress in development of fixed-nuclei electron-molecule scattering methods. There-

fore, nowadays there is variety of approaches available, the most successful include the

R-matrix theory [8, 9], complex Kohn variational principle [10] and Schwinger varia-

tional method [11, 12]. In this chapter we are dealing with the R-matrix theory and its

application to electron scattering off small molecules in the fixed-nuclei approximation

with emphasis on the correlation and polarization effects.

2.1 Correlation treatment

The R-matrix method is based on dividing coordinate space into two regions using a

spherical boundary centred on the center-of-mass of the target molecule [8, 13]. The

radius of the boundary, a, is chosen so that the inner region Ω contains all the electronic

charge cloud of the target molecular states included in the calculation. The accuracy

of this method is strongly dependent on the representation of the problem in the inner

region where it is necessary to consider all short-range interactions between the N target

electrons and the scattering one. As the correlation and exchange interaction between

the scattered and target electrons can be neglected in the outer region, the projectile

is considered to move in a local potential obtained from the multipole moments of the

target outside the sphere.

4



Scattering calculations in the fixed-nuclei approximation 5

In standard R-matrix calculations, the eigenfunctions Ψk of the (N + 1)-electron

Hamiltonian restricted to the inner region HΩ [14] are given by the following close-

coupling (CC) expansion [13, 14]:

Ψk(x1, . . . ,xN+1) =
∑
i

cikA [Φi(x1, . . . ,xN)fik(xN+1)] +
∑
i

bikχi(x1, . . . ,xN+1).

(2.1)

The index k specifies the eigenstate of the inner Hamiltonian. Φi is the wave function

of the ith target state given as a linear combination of configuration state functions

(CSFs). xn are the spatial and spin coordinates of nth electron, fik(xN+1) describe the

wave function of the scattered electron, A is the antisymmetrization operator. cik and bik

are the variational coefficients and χi are L2 functions constructed from the molecular

orbitals (MOs).

In order to calculate the R-matrix it is necessary to calculate the (N + 1)-electron

eigenfunctions Ψk as well as the target N -electron wave functions Φi. Treatment of

the correlation in these calculations is one of the major complications in the present

implementations of the molecular R-matrix method. In all the scattering calculations

based on the CC expansion it is important to keep the correlation balanced between

the target states Φi and the (N + 1)-electron wave function expansion. The first work

presented in this chapter as well as the recent work by Cooper et al. [15], actually

on positron scattering using a Kohn variational method, emphasize the pitfalls of an

unbalanced treatment. An unbalanced calculations will give unpredictable results with,

for example, resonances potentially becoming bound, or weakly bound states appearing

in the calculation as resonances. “Improving” the R-matrix pole energies in a variational

sense which means lowering them will cause any resonance feature associated with a

particular pole to also move to lower energy and potentially become bound. Conversely

improving the target representation will cause the energy of the target (with respect

to which the R-matrix poles are taken) to be lowered and hence the pole positions to

effectively rise with converse effect associated properties. If the aim of a calculation is to

compute resonance or bound state energies, then reliable results will only be obtained if

the target and scattering calculations are performed at a similar level of approximation.

At present, two independent implementations of the molecular R-matrix method are

widely used. The way how each of them deals with the electron correlation, is the

principal difference between them:
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• In the UK R-matrix Codes [16] the hand specification of the configurations

is used. The configurations used in the calculation of electronic target states Φi

and in the calculation of Ψk are used so that they are explicitly consistent with

each other. The favored approach for doing this is to use a complete active space

configuration interaction (CAS-CI) method [17]. This approach is size consistent,

however the number of active electrons as well as the size of the active space, are

limited. The reason is that every configuration added to the target states calcula-

tion requires addition of corresponding configurations to the (N + 1)-electron cal-

culation. This number increases rapidly with number of continuum orbitals (COs)

used. Therefore, the extension of the active space beyond the valence orbitals

dramatically complicates the computational tractability of this approach. On the

other hand, in most cases the correlation of valence electrons plays more impor-

tant role in the electron scattering and the employment of the CAS-CI method

was proved reasonable and sufficient by many successful applications. In addition,

construction of the (N + 1)-electron Hamiltonian HΩ is not independent of the

target eigenstates, what makes the construction more efficient. Taking into ac-

count the CC-expansion structure of Ψk (see equation (2.1)), the matrix elements

are constructed more efficiently using the neutral target eigenstates Φi calculated

previously [18].

• The Bonn R-matrix Codes [14] are based on the single and double multi-

reference configuration method (SD-MRCI) [17, 19–21]. This suite uses the SD-

MRCI program DIESEL due to Hanrath and Engels [22]. The SD-MRCI is a

well used quantum chemistry procedure for target electronic structure calculations

which considers single and double excitations from a multireference state of the

target. A particular feature of Buenker and Peyerimhoff’s approach is the use

truncation of the configuration space at some threshold. Balance mentioned above

is obtained in the Bonn codes by using this procedure with the same threshold pa-

rameters simultaneously for both the target and scattering wave function, see [14]

and the work presented here for more details. It should be noted that this pro-

cedure allows for the inclusion of a high level of correlation in the target wave

functions Φi, although it definitely runs the risk of over-correlation.

The issue of how to further improve the representation of target and scattering wave

functions in a balanced fashion remains one of active research. One approach which

appears particularly promising, albeit computationally expensive, is the use of pseudo-

states. This approach is discussed in the next section.
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The problem of electron correlation effects in the fixed-nuclei calculations is addressed

in the article included in this section. We compare several standard and widely used

scattering models (static exchange, static exchange with polarization and CC model),

where we study the correlation effects on the position and width of the electronic res-

onance in the F2 molecule. It is well known that the DEA and VE cross sections for

F2 strongly depend on the correlation included in the fixed-nuclei calculation [23]. The

reason is that the geometry at which the negative ion becomes stable against autode-

tachment is very close to the equilibrium internuclear separation [23, 24]. Particularly,

using the SE model and CC CI model, the resonance appears at the equilibrium inter-

nuclear separation of the target, while in the SEP approximation this resonance turns

into bound state at the same geometry.

All the calculations were performed using the Bonn codes as it is difficult to treat the

electron correlation in F2 using CAS CI only. Another aim of the work presented here was

to test the CC CI approach introduced in the Bonn codes and to compare our results

with previously published calculations of the electron collisions wit F2. In addition,

we wanted to calculate all the input data required for construction of the NRM and

subsequent calculation of DEA and VE using the CC CI model of the electron correlation.

To this end we used the Feshbach-Fano R-matrix (FFR) method due to Nestmann

[25] and constructed the discrete state corresponding to the electronic resonance and

corresponding coupling with the continuum background. This separation allowed for

explicit calculation of the resonance and background eigenphases and elastic scattering

cross sections.
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I. INTRODUCTION

Understanding of the electron-molecule collisions is im-
portant for determining the energy balance and transport
properties of electrons in low-temperature gases and plasmas
under variety of conditions. Important applications of these
processes include thermonuclear fusion, astrophysics, phys-
ics of upper atmosphere layers of planets as well as techno-
logical applications connected with laser physics or surface
physics. In this context it is desirable to study electron scat-
tering off the fluorine molecule. It plays an important role in
the determination of properties of the electron-beam ener-
gized fluoride excimer lasers as well as in other
applications.1

Significant progress has been made in development of
quantum scattering theory methods for resonant electron-
molecule collisions based on ab initio methods of quantum
chemistry. Recently, particular attention was paid to applica-
tion of the Feshbach-Fano projection formalism,2 the com-
plex absorbing potential �CAP� method,3,4 complex rotation
method5 as well as to the R-matrix theory6 and several oth-
ers. All of them have been successfully applied to electron
scattering off polyatomic molecules. In particular, method
for combining the Feshbach-Fano formalism with the
R-matrix method �called Feshbach-Fano R-matrix� has been
developed and successfully applied to the separation of reso-
nances in the potential scattering7 as well as in the electron-
molecule collisions.8–10 This method enables the extraction
of the discrete state and its coupling to the background con-
tinuum on the basis of the standard R-matrix calculations.
From these quantities it is possible to construct the nonlocal
resonance model �NRM� used to study the processes con-
nected with the nuclear dynamics such as dissociative elec-
tron attachment �DEA�, associative electron detachment, and
vibrational excitation �VE�.11,12

The electron scattering off fluorine molecule has been
investigated theoretically several times. The first ab initio
calculation of DEA and VE has been carried out by Hazi
et al.13 using the method developed by O’ Malley.14 In this
calculation the correlation has been included on the level of
configuration interaction �CI� expansion consisting of very
restricted number of configurations. Moreover, this calcula-
tion did not give the relative position of the potential curve
of the neutral target and negative ion. Subsequent R-matrix
study of elastic electron collision with the F2 molecule by
Morgan and Noble15 has included the correlation on the level
of the static exchange with polarization �SEP�. This study
found that the ionic state is stable against autodetachment at
the equilibrium internuclear separation of the neutral mol-
ecule. Another calculation of the potential energy curve of
the X2�u

+ resonance by Ingr et al.14 made use of the CAP/CI
method. This calculation treats the correlation by the multi-
reference CI �MRCI� method. The crossing point of the neu-
tral target potential curve with the resonance state potential
curve is determined by the extrapolation of the resonance
width to zero. This calculation does not provide the energy-
dependent width function as required for NRM. Brems
et al.11 studied the DEA and VE of the F2 molecule using the
R-matrix method with Feshbach-Fano R-matrix �FFR� sepa-
ration of the discrete state. This discrete state and its cou-
pling with the background continuum have been used to con-
struct the NRM and to study the nuclear dynamics processes.
The R-matrix calculation has been provided using the code
of Nestmann et al.6 at the SEP level of correlation. This
calculation indicates that the position of the crossing point of
the ionic and neutral potential curves, which is strongly in-
fluenced by the correlation included in the fixed-nuclei cal-
culation, is of particular importance in the nuclear dynamics
calculation.

The implementation of the R-matrix method by Nest-
mann et al. enables the static exchange �SE� and SEP ap-a�Electronic mail: tarana@mbox.troja.mff.cuni.cz
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proach to the correlation. Recently this code has been ex-
tended in order to allow single and double excitations
multireference CI �Ref. 17� �SD-MRCI� treatment of the cor-
relation. This enables us to compare the scattering calcula-
tions on different levels of correlation and to study correla-
tion effects in the subsequent FFR separation. The main aim
of this work is to test the SD-MRCI approach in the electron
scattering off the fluorine molecule studied previously on the
SEP level and to study the correlation effects in the FFR
separation.

This paper is organized as follows: The R-matrix theory
is briefly reviewed in Sec. II A and different models of cor-
relation included are discussed in Sec. II B. The FFR formal-
ism is briefly summarized in Sec. II C. Technical details of
the calculations are explained in Sec. III, and results obtained
on different levels of correlation are discussed in Sec. IV.

II. THEORY

A. R-matrix theory

The basic idea of the R-matrix method is the division of
the coordinate space into two regions separated by a sphere
� with center in the center of mass of the molecule. Its
radius r� is chosen so that for scattering problem it is pos-
sible to neglect the exchange interaction between the projec-
tile and the target molecule electrons outside the sphere,
where their interaction is treated as the movement of the
scattered electron in an average single particle potential.

In the fixed-nuclei approximation HN+1 is the
�N+1�-particle electronic Hamiltonian. The scattering pro-
cess is described by the time-independent Schrödinger equa-
tion

HN+1�E = E�E, �E = �
k

�kAEk, �1�

where �k are basis functions, which can be written in the
form of the close coupling expansion

�k�x1, . . . ,xN+1�

= A�
ijlm

cijlmk�̄ilm�x1, . . . ,xN, r̂N+1�N+1�
ujlm�rN+1�

rN+1
,

�2�

where ujlm�rN+1� represent set of molecular orbitals �MOs� of
the target molecule and continuum orbitals �COs�. The chan-

nel functions �̄ilm in Eq. �2� are formed by coupling the
target wave functions �i with the spin-angle functions of the
scattered electron Yl

m��N+1 ,�N+1�s��N+1�, and xn= �rn ,�n�
denote the space and spin electron coordinates. The multi-
index �= �i , l ,m� defines the scattering channel. The antisym-
metry of the functions �k with respect to changes of all the
spatial electronic coordinates is ensured by the antisymme-
trization operator A. Finally, the expansion coefficients cijlmk

in Eq. �2� are obtained by solving the equation

�HN+1 + LN+1��k = Ek�k �3�

in the inner region. The Bloch operator18

LN+1 = �
i=1

N+1
1

2
	�ri − r��� d

dri
+

1

ri
	 �4�

guarantees the hermicity of the modified Hamiltonian
H�,N+1=HN+1+LN+1 in the inner region.

Equation �1� is solved formally in the inner region6 using
the basis �Eq. �2�� and its solutions are projected onto the

channel functions �̄ilm. This gives for the radial wave func-
tions of the projectile wilm�r� on the sphere

wilm�r�� = �
i�l�m�

Rilmi�l�m��E�r�
 dwi�l�m��r�

dr



r=r�

, �5�

where the R-matrix is defined by

Rilmi�l�m��E� =
1

2r�
�

k


 ��̄ilm��k
���k��̄i�l�m�
�
Ek − E



rN+1=r�

.

�6�

The primes mean that the integration is carried over all the
coordinates except the radial coordinate rN+1.

The form of the solution in the outer region differs from
Eq. �2� by the absence of the antisymmetrization operator A
only �since the exchange interaction is negligible�. Substitu-
tion of this solution into the Schrödinger equation �1� and
projection onto the channel functions yield the system of
coupled second-order differential equations

� d2

dr2 −
l�l + 1�

r2 + 2�E − Ei
N�	wilm�r�

= 2 �
jl�m�

Vilmjl�m��r�wjl�m��r� , �7�

where Ei
N is the target energy and Vilmjl�m��r� is given by the

interaction potential between the target and projectile.6 The
scattering wave function in the outer region is obtained by
solving this system with boundary condition �5� providing
the correct connection between the solutions in the inner and
outer regions. All the scattering information can be obtained
from the asymptotic form of the solutions wilm�r� in the outer
region by application of standard methods of scattering
theory.

B. Different models of correlation

In the SE approximation no correlation is introduced in
the scattering system. The R-matrix basis set is written in the
form �2�, where �0 is the Hartree-Fock determinant ��0

consisting of lowest N spin orbitals �a ,b , . . . �. ujlm�r� /r are
the virtual MOs �k , l , . . . � and COs �u ,v , . . . � in the symme-
try of the interest. Higher eigenstates �i, i
0 are not taken
into account.

The SEP approximation introduces the correlation be-
tween the molecule as a whole and the projectile, but not
inside the molecular target. The SE space of configurations is
augmented by states with singly excited target and scattered
electron in virtual MO. In this approximation the R-matrix
basis states can be written in the following form:

154319-2 M. Tarana and J. Horáček J. Chem. Phys. 127, 154319 �2007�
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��a
 = �
k

cka��0k
 + �
u

cua��0u
 + �
bkl

cbkla��b
kl
 . �8�

The matrix elements �The subscript int denotes that the inte-
gration is carried over the inner region.� ��a�HN+1��b
int of
the R-matrix Hamiltonian in this basis contain terms corre-
sponding to the �N+1�-electron Hartree-Fock �HF� Hamil-
tonian, terms corresponding to the correlation between the
projectile and the target electrons as well as terms of form
��a

km�HN+1��b
l m
int= �kb��al
int introducing the additional

correlation into the target. These elements are also present in
the calculation of the N-electron neutral target ground state
wave function in the basis set containing the ��0
 and all the
monoexcitations ��a

k
, but according to the Brillouin theorem
they do not contribute to the ��0
 energy due to the fact that
off-diagonal elements of the Fock operator are zero. On the
other hand, in the �N+1�-electron calculation these elements
contribute to the R-matrix poles Ek. This difference in the
correlation treatment of the neutral target and the scattering
system causes incorrect relative positions of the R-matrix
poles with respect to the HF ground state energy of the
neutral-target molecule.

The CI level of the correlation treatment introduces the
correlation into the target in addition to the correlation be-
tween the projectile and the target. The target wave functions
�i in expansion �Eq. �2�� take the form of the MRCI expan-
sion consisting of the single and double excitations from
selected references into the virtual MOs. Inclusion of the
double excitations improves the behavior of the wave func-
tions for internuclear distances, where the target is not de-
scribed correctly by single-determinant wave function.

C. Feshbach-Fano R-matrix

In the following we give a brief survey of the FFR
method extensively discussed by Nestmann8 and Kolorenč
et al.7

The projection formalism developed by Feshbach2,19,20

provides separation of the Hilbert space of the scattering
problem into the resonance scattering subspace Q and back-
ground scattering subspace P by introduction of the corre-
sponding projection operators Q and P. Using the corre-
sponding decomposition of the scattering Hamiltonian H it is
possible to express the matrix elements ����T��
=T��� ,�� as
sum of the background and resonance terms. We choose

Q = ��d
��d�, P =� d�d�̂���
+
���

+� , �9�

where �r ��d
 is the square-integrable function �discrete state
function� and ���

+
 is the scattering solution of the operator
PHP. We define the discrete state-energy �d and the discrete
state-continuum coupling Vd� by

�d = ��d�H��d
, Vd� = ��d�H���
+
 . �10�

Using these quantities and explicit form of the projection
operators �Eq. �9�� it is possible to express energy-dependent
complex level shift F���=
���− i���� /2:

���� = 2�� d�̂�Vd��2, 
��� =
1

2�
P� d��

�����
� − ��

. �11�

The quantities �d and Vd� fully describe resonant scattering.
The main assumption of the FFR method is the confine-

ment of the discrete state wave function associated with the
resonance inside the R-matrix sphere �. Then the discrete
state can be expressed in terms of the R-matrix basis �2�:

��d
 = �
Ek��res

ck��k
 . �12�

The region �res is chosen so that it covers all the spectral
domain where the discrete state interacts with the back-
ground continuum. The requirement of vanishing of the dis-
crete state wave function outside the R-matrix sphere gives
the condition

rN+1
−1 ��̄���d
rN+1=r�

� = �
Ek��res

ckw�k�r�� = 0. �13�

The corresponding projection operators Q and P can be de-
fined by

Q = �
Ej,Ek��res

�� j
cjck��k�, P = 1 − Q . �14�

With the background Hamiltonian Hbg,�=PH�P it is pos-
sible to solve the background R-matrix problem

H�,bg�� j
bg
 = Ej

bg�� j
bg
, ���
 = �

j

A�j
bg�� j

bg
 �15�

corresponding to Eqs. �3� and �1�. Then it is possible to cal-
culate �d and Vd� using Eq. �10� and Eq. �11� gives energy-
dependent width and level shift.

Since condition �13� does not define the discrete state
unambiguously, another criterion of the resonance definition
is needed. It can be found by comparison with a similar
system possessing no resonance in the region �res repre-
sented by the Hamiltonian H0 �its restriction to the sphere �
is denoted H�

0 , and corresponding eigenstates and eigenener-
gies are denoted by ���k

0 
 and E�k
0 �. This model system is

usually represented by the target molecule plus noninteract-
ing free electron.

It is possible to show that under certain conditions8 the
expansion coefficients ck in Eq. �12� are solutions of the
system of linear equations

�
Ek��res

ck���j
0 ��k
 = 0, E�j

0 � �res. �16�

In realistic cases it is usually impossible to find H0 such that
solution of this system exists. However, it is possible to find
an approximation of the overlaps ���j

0 ��k
 such that condi-
tion �13� is satisfied when Eq. �16� is solved:8

���j
0 ��k
 �

1

Ek − E�j
0 . �17�
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III. APPLICATION TO THE FLUORINE MOLECULE

In all the calculations performed the R-matrix sphere �
of radius r�=10 bohrs has been used. Since the dipole mo-
ment of F2 is zero and its polarizability is small, it is suffi-
cient to consider the scattered electron as free in the outer
region and set Vilmi�l�m��0 in Eq. �7�. The target is repre-
sented by the CC-pVTZ basis set,21 and the continuum basis
set used in all the calculations has been taken from the pre-
viously published R-matrix calculation11 and is listed in
Table I.

Since the continuum basis set has been optimized by
fitting the set of spherical Bessel functions to the set of
Gaussians22,23 for the given angular momentum quantum
number, this basis set might not be appropriate for represen-
tation of continuum wave functions for higher energies. It is
difficult to fit higher Bessel functions with many nodes by
the linearly independent Gaussians. Continuum states with
considerable contribution of these higher Bessel functions
are not represented well by the used continuum Gaussian
basis set. The exact solution of the free particle R-matrix
problem gives zero phase shift for every energy of the free
particle. In order to estimate the energy interval of validity of
the Gaussian continuum basis set we solved the free particle
R-matrix problem in the Gaussian basis set listed in Table I.
The corresponding phase shifts are very small for
E�14 eV �see Fig. 1�. This graph shows that the Gaussian
basis set listed in Table I is appropriate in the energy region
of interest �0–12 eV�.

In the expansion �2� only the ground electronic state of
the target has been included. Due to the 2�u symmetry the
lowest partial wave contributing to the scattering in our basis
set is the p wave, and the d wave does not contribute to the
scattering. These two facts allow the single channel scatter-
ing calculation.

The R-matrix poles Ek as well as transition density ma-
trix used to calculate the R-matrix amplitudes16 in Eq. �6�
have been calculated using the MRCI program package
DIESEL.17 The R-matrix amplitudes as well as elastic scatter-
ing eigenphases and cross sections have been calculated us-
ing R-matrix program package by Nestmann et al.6 Calcula-
tions at the different levels of correlation have been carried
out. Due to technical complications with implementation of
the MRCI method it is usually possible to obtain only four
lowest R-matrix poles and corresponding amplitudes at the
SEP and CI levels in the case of the fluorine molecule. The
calculated R-matrix states ��k

SEP
, respectively, ��k
CI
 are

TABLE II. R-matrix poles on the SE level for internuclear separation R
=2.4 bohrs and configurations strongly contributing to the R-matrix eigen-
states with their weights. The energies are relative to the HF ground state.
The configurations are represented by the orbital occupied by the scattered
electron. Virtual MOs have numbers 1–13 and COs have numbers 14–18.

E �eV� Orbital �weight�

1 1.026 14�0.603� 15�0.273�
2 4.730 3�0.520� 15�0.225� 16�0.121�
3 7.880 3�0.446� 4�0.110� 12�0.173� 14�0.105� 15�0.136�
4 15.038 4�0.276� 15�0.120� 16�0.428� 17�0.103�
5 25.677 5�0.447� 17�0.406�
6 31.966 4�0.468� 14�0.104� 15�0.172� 17�0.150�
7 47.722 5�0.177� 17�0.112� 18�0.493�
8 64.700 6�1.0�
9 80.414 5�0.252� 7�0.348� 18�0.154�

10 101.750 7�0.568� 18�0.173�
11 170.494 8�0.959�
12 207.122 9�1.0�
13 239.546 10�0.869�
14 242.274 11�1.0�
15 242.274 12�0.618� 13�0.300�
16 404.273 12�0.120�

FIG. 2. �Color online� Elastic scattering cross section at the SE level as a
function of E at several internuclear separations R �in bohrs�.

TABLE I. Exponents of the continuum basis set.

s p d

0.130 137 0.104 354 0.111 252
0.101 981 0.082 488 0.089 412
0.080 524 0.065 610 0.072 361
0.063 367 0.052 121 0.058 496
0.049 648 0.041 110 0.047 005
0.038 298 0.032 122 0.037 397
0.029 151 0.024 635 0.029 225
0.021 901

FIG. 1. �Color online� Phase shifts corresponding to potential-free R-matrix
problem calculated in the Gaussian continuum basis set described above.
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completed by the R-matrix states calculated on the SE level
��k

SE
 and orthogonalized on ��k
SEP
, respectively, ��k

CI

�keeping the original space unchanged� forming a new basis
set

����CI,SEP
�

���SE�
�
	 = �1 0

A B 	����CI,SEP
�
���SE
�

	 . �18�

The restricted Hamiltonian H�,N+1 is diagonalized in the ba-
sis set ���SE�
� and resulting R-matrix poles and amplitudes
are added to those calculated on the SEP, respectively, CI
level.

The FFR method has been used to calculate the discrete
state. The �res region has been taken such that it contains the
four lowest R-matrix states. The separation of the cross sec-
tions and phase shifts to the resonance and background parts
has been calculated as well as the discrete state-continuum
coupling and the discrete state energies. The data obtained
can be therefore used to construct the NRM in the future
work. Discussion of nuclear dynamics is, however, beyond
the scope of the present paper.

IV. RESULTS

A. Static exchange „SE… and static exchange with
polarization „SEP…

Before the discussion of the SEP calculation we briefly
discuss results of the SE calculation. This is important for
understanding of the effects of correlation included at the
SEP and CI levels. At this level of correlation 16 R-matrix
poles have been calculated for every considered internuclear
separation R near the equilibrium internuclear distance Req

=2.67 bohrs. Configurations containing the scattered elec-
tron in the virtual MOs contribute to the eigenstates of the
restricted Hamiltonian with coefficients comparable to con-
figurations containing the scattered electron in the COs �see
Table II as an example for R=2.4 bohrs�. Several higher
eigenstates of H�,N+1 consist of single configurations with
the electron in the virtual MO. Corresponding amplitudes in
Eq. �6� are zero, since the MOs vanish on the sphere. These
eigenstates do not contribute to the R-matrix �6� at all.

The integral cross section of the electron-F2 collision for

FIG. 3. �Color online� FFR separation of the cross section for internuclear
distance R=2.4 bohrs in the SE approximation.

FIG. 4. �Color online� FFR separation of the eigenphase for internuclear
distance R=2.4 bohrs in the SE approximation.

FIG. 5. �Color online� Lowest R-matrix poles of the free particle compared
with poles calculated at different levels of correlation and with the corre-
sponding background R-matrix poles. In the case of the SE and SEP poles
the energy is relative to the HF energy of the neutral molecule, and in the
case of CI poles the energy is relative to the SDCI energy of the neutral
target. The regions �res and �res� are bounded by corresponding lines and the
top of the picture.

FIG. 6. �Color online� Elastic scattering cross section in the SEP model as a
function of E in several internuclear separations R �in bohrs�.
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several internuclear distances is presented in Fig. 2. This
figure shows a well pronounced peak located at 2.1 eV with
a value of 22.2 Å2 for the equilibrium internuclear separa-
tion. The resonance structure becomes narrower as R ap-
proaches the crossing point of the potential curve of neutral
molecule ground state with the negative ion.

The FFR method has been used to separate the discrete
state in two variants. In one of them the �res region includes
the four lowest R-matrix poles in all considered geometries.
For small internuclear separations �R�Rcrit� the contribution
of the lowest R-matrix eigenstate ��1
 to the discrete state
should be negligible. The approximation17 of the overlaps,
however, leads to unreasonably large value of coefficient c1.
The separation by projectors Q and P results therefore into
an additional peak in the background cross section. The cor-
responding separations of the cross section and eigenphases
are shown in Figs. 3 and 4 for R=2.4 bohrs. In order to avoid
this behavior another calculation has been carried out with
�res� excluding the lowest R-matrix eigenstate �see Fig. 5�.
The corresponding cross section and eigenphase separation
are also plotted in Figs. 3 and 4.

With increasing R �R
Rcrit� it is necessary to include
the lowest R-matrix state into �res in order to avoid the poles
with small imaginary part in the background T matrix and to
obtain smooth transition to the bound state region of R.

Results of the R-matrix calculations at the SE level of
correlation show the resonance structure in every considered
geometry �the presence of the resonance in the equilibrium
internuclear separation is in agreement with earlier results of
Morgan and Noble15�.

At the SEP level of correlation 4 R-matrix poles have
been calculated and additional 16 poles have been added on
the SE level. Single excitations of the neutral molecule con-
tribute to the SEP R-matrix poles. As at the SE level, con-
figurations consisting of the molecule in the HF ground state
and the scattered electron in the virtual MO or CO still rep-
resent the major contribution to the CI expansion of the
H�,N+1 eigenstates. However, the presence of single excita-
tions of the neutral molecule strongly affects the respective
weights of these dominating configurations �compare Tables
II and III�. The calculated cross sections for several values of
R are presented in Fig. 6. Contrary to the SE calculation, for
three largest considered geometries, the ionic state is bound.
This means that at the SEP level of correlation the crossing
point of the neutral target ground state potential with the first
R-matrix pole curve is shifted towards smaller values of R
compared to the SE level. The presence of the bound ionic
state in the equilibrium geometry is in agreement with results
of Morgan and Noble.15

The results of the FFR separation are shown in Figs. 7
and 8. The discussion of the lowest R-matrix pole exclusion
from �res remains valid also in the SEP calculation, but the

TABLE III. R-matrix poles on the SEP level for internuclear separation R
=2.4 bohrs and configurations strongly contributing to the R-matrix eigen-
states with their weights. The representation of the configurations is the
same as in Table II.

E �eV� Orbital �weight�

1 0.848 3�0.222� 14�0.517� 15�0.185�
2 1.999 3�0.678� 15�0.145�
3 6.266 4�0.229� 14�0.217� 15�0.278� 16�0.209�
4 14.509 4�0.271� 16�0.443� 17�0.103�

FIG. 7. �Color online� FFR separation of the cross section at the SEP level
of correlation for internuclear separation R=2.4 bohrs calculated including
four lowest R-matrix eigenstates into �res.

FIG. 8. �Color online� FFR separation of the eigenphases at the SEP level of
correlation for internuclear separation R=2.4 bohrs calculated including
four lowest R-matrix eigenstates into �res.

FIG. 9. �Color online� Elastic scattering cross sections for several internu-
clear separations R �in bohrs� calculated at the CI level.
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critical geometry Rcrit, where the lowest R-matrix pole be-
comes important, is smaller than in the SE calculation. Cal-
culated R-matrix poles show good agreement with previously
published SEP work enabling us to compare our calculations
at the CI level with previous R-matrix results.11 The small
discrepancies are caused by different compact basis sets
used.

B. Configuration interaction „CI…

At the CI level of the theory four R-matrix poles have
been calculated for a range of geometries from
2.0 to 5.5 bohrs. These CI poles have been completed by 16
SE poles. For comparison with calculations at different lev-
els of correlation the R-matrix poles and configurations
dominating in corresponding eigenstates are listed in Table
IV �compare with Tables II and III�. These eigenstates con-
sist of configurations with scattered electron in the con-
tinuum as well as of configurations with scattered electron in
virtual MOs, both types with comparable weights. The com-
parison of numbers of configuration state functions �CSFs� in
the SEP and CI calculations is presented in Table V.

The calculated cross sections are plotted in Fig. 9. This
figure shows resonance structure at every considered internu-
clear distance with lower energies and smaller widths than in
the SE calculation. The corresponding peak in the cross sec-
tion is located at 0.75 eV for the equilibrium internuclear
separation. With increasing internuclear distance the contri-
bution of the excited configuration increases in the target
eigenstates as well as in the eigenstates of H�,N+1 �3�g

→3�u since these orbitals become degenerated asymptoti-
cally�. These excitations have not been allowed in the previ-
ous models of correlation. Double excitations allow the en-
ergy of the target state as well as the energies of the poles to
be lower than in the previous models and more consistent
with previous calculations of the neutral target ground state
potential curves.25 The electron affinity calculated at this
level of correlation �2.2 eV� is much closer to the experi-
mental value26 �3.4 eV� than the value obtained at the SEP

level11 �13.5 eV�. The discrepancy of our results with the
experimental value is caused by the correlation imbalance in
the calculation of the neutral target state and the negative ion
state as well as not sufficiently large R used for calculation of
the electron affinity. The incorrect value obtained at the SEP
level is understandable, because the absence of double ex-
cited configurations in the wave functions leads to incorrect
behavior of the potential curves for large values of R. In the
SEP calculation the target ground state is represented by
single closed-shell Slater determinant. In the asymptotic re-
gion of internuclear separations this gives ground state of
system F++F− and does not take into account the contribu-
tion of the open-shell configurations. Therefore the CI level
of calculation improves the description of the target consid-
erably for large internuclear distances.

The R-matrix pole curves as functions of the internuclear
distance are plotted in Fig. 10. These curves show the
avoided crossing near the crossing point of the neutral target
state with the lowest R-matrix pole. The crossing point
where the resonance turns into the bound state is located at
Rthr=2.76 bohrs at variance with previously calculated
results4,11,15 �see Table VI�. The determination of the crossing
point, which is of particular importance in the nuclear dy-
namics calculations, is complicated by the unbalanced corre-
lation in independent calculations of the ionic and neutral
target states.

The FFR method has been again used to determine the
discrete state and corresponding separation of the cross
sections and eigenphases for internuclear distance
R=2.4 bohrs �see Figs. 11 and 12�. Again two calculations

TABLE V. Counts of CSFs generated in the SEP and CI calculations by
allowed excitations from the given reference set for internuclear distance
R=2.4 bohrs.

SEP CI

Target 0 64154
Ion 1430 612582

FIG. 10. �Color online� R-matrix poles calculated at the CI level as function
of the internuclear distance. V0 is the potential curve of the neutral target,
Vk=1,. . .,4 are the R-matrix pole curves, Vk=1,. . .,3

bg are the background R-matrix
pole curves, and �d is the energy of the discrete state wave function. All
energies are relative with respect to the neutral target energy in the equilib-
rium internuclear distance.

TABLE IV. R-matrix poles at the CI level for internuclear separation R
=2.4 bohrs and the configurations strongly contributing to the R-matrix
eigenstates with their weights. The representation of the configurations is the
same as in Table II. The energies are relative to the SDCI energy of the
neutral target.

E �eV� Orbital �weight�

1 0.988 14�0.551� 15�0.236�
2 3.789 3�0.686� 15�0.138�
3 6.848 3�0.163� 4�0.181� 14�0.190� 15�0.182� 16�0.162�
4 14.640 4�0.255� 16�0.403�

TABLE VI. Locations of the crossing points �bohr� where the resonance
turns into the bound state.

Morgan and Noble
�Ref. 15�

Ingr et al.
�Ref. 4�

Brems et al.
�Ref. 11� This work

2.56 2.62 2.41 2.76

154319-7 Electron-F2 elastic scattering cross sections J. Chem. Phys. 127, 154319 �2007�

Downloaded 18 Dec 2007 to 195.113.23.21. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/jcp/copyright.jsp

Scattering calculations in the fixed-nuclei approximation 14



have been carried out in order to study the effect of inclusion
of the lowest pole into the region �res �see Fig. 5�. The in-
ternuclear distance, where the lowest R-matrix pole becomes
important, is near the avoided crossing point of the first and
the second R-matrix state.

In order to compare the resonance positions in the con-
sidered correlation models the poles �res of the T matrix have
been estimated assuming that the imaginary part is small
enough to allow the solution in the form

R�res − �d − 
�R�res� = 0, I�res = 1
2��R�res� . �19�

Comparison of these estimated resonance positions is pre-
sented in Fig. 13. This figure shows that the resonance ener-
gies calculated at the CI level are larger than the values cal-
culated at the SEP level and smaller than those calculated at
the SE level.

V. CONCLUDING REMARKS

The Bonn implementation16 of the R-matrix method has
been used to study the 2�u resonance in electron scattering
off the fluorine molecule using different levels of correlation
including recently implemented SD-MRCI approach. The

cross section calculated at the SE level of correlation shows
well pronounced resonance for the equilibrium internuclear
distance, while the SEP calculation yields a bound ionic state
in this geometry. The obtained results are in agreement with
previously published works of Morgan and Noble.15 The
resonance structure appears again at the CI level, but with
different energy and width. The FFR method has been used
to separate the resonance and to determine its coupling with
the background continuum at three levels of correlation. The
effect of the correlation on the resonance position and width
has been studied. We have shown that inclusion of the dou-
bly excited configurations in SD-MRCI expansions of the
wave functions improves the results of the scattering calcu-
lations for larger internuclear distances, since the SD-MRCI
approach correctly includes the neutral fragmentation chan-
nels of the target molecule. Our results show how the posi-
tion of the crossing point of the neutral target potential curve
with the ionic potential curve depends on the included cor-
relation. Unlike previous results our calculation shows that
the ion is unstable towards autodetachment even at the equi-
librium internuclear separation of the neutral molecule. The
results obtained here from the CI calculation present the first
step in the construction of the nonlocal resonance model of
the nuclear dynamics which will show the correlation effects
in the DEA and VE of the fluorine molecule. This will be a
subject of the forthcoming work.
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2.2 Polarization treatment

The topic of polarization treatment in the R-matrix calculations is directly related to

the problem of electron correlation discussed in the previous section. The reason is that

the static dipole polarizability is a molecular property which reflects the quality of the

target representation in the scattering calculation. In addition, the polarization effects

have a large influence on the fixed-nuclei scattering cross sections close to the zero-energy

threshold.

The static dipole polarizability α is the tensor quantity which specifies the linear

response of the molecule to the weak homogeneous external electric field, i.e. the induced

dipole moment of the molecule. Using the second-order perturbation theory, it is easy

to show [26, p. 627] that the static dipole polarizability of the molecule in the electronic

state Φi can be calculated using the sum-over-states (SOS) formula

αab = 2
∑
n6=i

〈Φi|ra|Φn〉〈Φn|rb|Φi〉
En − Ei , (2.2)

where ra and rb are the corresponding coordinates, Ei and En are corresponding target

eigenenergies and the summation is performed over all the electronic states, including

continuum.

The separation of the configuration space into the inner region and outer region in the

R-matrix theory enables us to separate the polarization treatment as well. In the inner

region the polarizability is represented by coupling between different target states but the

CI formulation of the problem automatically includes exchange and other effects which

make the polarization impossible to represent as a single, energy-independent potential.

Therefore, the reproduction of the neutral molecule polarizability by the CI model of

the target states using the SOS formula (2.2) can be taken as one of the criteria to assess

the quality of the target representation in the scattering calculation. It is well known

that the CC expansions for systems with large polarizability converge slowly [27] due to

large contribution of the highly excited target electronic states close to the ionization

threshold and in the continuum above. In the first paper included in this section we are

dealing with method that allows for improved representation of the target regarding the

polarization effects (molecular R-matrix with pseudo-states - MRMPS) and for faster

convergence of the CC expansion.

In the outer region the polarization potential is represented by the coupling of differ-
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ent scattering channels represented by the multi-channel local potential described by the

multipole moments between different target states calculated in the inner region [13].

In principle, this potential includes not only the polarization of the target ground state,

but polarization effects of the excited states as well. This is the approach that we use

in the first work presented in this section. On the other hand, in the second work we

constructed the polarization potential corresponding to the target ground state and ex-

cited states polarizabilities and propagated the R-matrix in this model potential. The

components of the polarizability tensor for corresponding states enter the calculation as

a set of constants obtained from another independent quantum chemical calculations.

Therefore, this approach allows us to study the influence of the polarization potential

in the outer region on the electron scattering. We are able to distinguish the role of

the polarization potential due to the excited states of the target. Comparison with the

calculations mentioned above enables us to study the role of higher-order contributions

to the potential in the outer region. The works presented here, are complementary in

this sense. While in the first article we are dealing with the representation of the target

in the inner region with respect to the polarizability reproduction, in the second article

we study the effects of the polarization potential in the outer region in detail.

Both works mentioned above are dealing with electron scattering off Li2. This

molecule has a huge polarizability and provides a very stringent test of the ability of

the methods used to treat the corresponding effects correctly. The ground-state and

excited-state wave functions have quite large spatial extent what raises the issues with

the R-matrix calculations since unusually large R-matrix spheres are necessary. This

complicates the representation of the scattering continuum in the inner region and it re-

stricts the interval of scattering energies for which the R-matrix calculations give reliable

results. As this molecule represents a challenge for the ab initio scattering techniques,

we decided to perform two independent calculations using two different codes (one using

the Bonn codes and other using the UK R-matrix codes). The use of pseudo-states in

the UK R-matrix calculation (described in the first article) allowed for smaller R-matrix

sphere radius (rΩ = 18 a0) than in the Bonn calculation (rΩ = 22 a0, as discussed in the

second article). We used the same CI model in both works for the CC expansion in the

inner region. We kept four core electrons frozen in both calculations, therefore, we ended

up with two-electron problem in calculation of Φi and with three-electron problem in

calculation of Ψk. For these systems it is possible to construct the CAS-CI model using

the SD-MRCI method by appropriate selection of the reference configurations. This we

used in the Bonn calculations, therefore in both works the same (and balanced) electron

correlation is included. The surprisingly good agreement of results obtained using the
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UK R-matrix codes with results obtained using the Bonn codes proves that the features

appearing in the fixed-nuclei scattering cross sections are not an artifact of the insuf-

ficient continuum or target representation, but real physical phenomena which lead to

new considerations of the nuclear dynamics during DEA and VE.

In the second paper presented here we performed the R-matrix calculations for a

set of internuclear separations with emphasis on the region where the anion becomes

stable against autodetachment. Since the wave functions (describing scattering as well

as anionic bound states) calculated using R-matrix method have correct asymptotic

behavior, this technique is especially appropriate for calculation of weakly bound anionic

states. This is what we demonstrate in the second paper presented here. In addition,

the results obtained in this work can be used in calculation of VE in the diabatic nuclei

approximation.
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Abstract

Li2 has a huge polarizability and a huge elastic cross section for collisions with low-energy
electrons. The recently developed molecular R-matrix with pseudostates (MRMPS) method is
applied to electron collisions with Li2 at energies below 5 eV. The calculations, which are
shown to be stable with respect to the choice of pseudostate basis, demonstrate the power of
the MRMPS method for representing target polarizabilities and polarization effects in general.
A previously identified low-lying 2�u shape resonance is found at about 0.05 eV and several
other low-lying resonances and resonance-like features are identified. Cross sections for
elastic and electronically inelastic electron collisions are calculated and compared with
previous studies.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Ab initio treatments of electron–molecule scattering have now
become fairly routine for small and medium sized molecules
at low energy, i.e. energies below the ionization threshold
of the molecule. The hardest part of such calculations is
to completely converge the polarization potential part of the
calculation (Gil et al 1994), which is particularly important
at low collision energies. The lithium dimer provides a
benchmark system for this problem since it is the molecule
with the largest known static polarizability. As a direct
consequence of this it also has the largest low-energy, elastic,
electron–molecule cross section so far observed for a neutral,
nonpolar molecule (Miller et al 1982). The Li2 molecule thus
forms a theoretical benchmark against which the reliability
of ab initio electron–molecule scattering procedures can be
tested.

Recently, Gorfinkiel and Tennyson (2004, 2005) have
developed a molecular R-matrix with pseudostates (MRMPS)
method for treating electron collisions at intermediate
energies. Although this was not their prime objective,

Gorfinkiel and Tennyson found that their MRMPS calculations
gave excellent values for the target polarizability and resulted
in an improved representation of the polarization potential.
Subsequent calculations on resonances in electron impact
detachment from C−

2 (Halmová and Tennyson 2008, Halmová
et al 2008) showed how polarization effects modelled using
the MRMPS method could tackle problems not amenable to
more standard treatments. The huge polarizability of Li2
provides a very stringent test of the ability of the MRMPS
to model such polarization effects and it is this that we test
here.

Total cross sections for electron–Li2 scattering have been
measured by Miller et al (1982) and dissociative attachment
measurements were performed by McGeoch and Schlier
(1986). Theoretical treatments of the scattering problem
have been performed by Padial (1985) and Gil et al (1993).
These workers found a rich structure of Li−2 resonances at
low collision energies but found that their calculations were
very sensitive to the precise treatment of polarization effects
particularly at energies below 1 eV.

0953-4075/08/205204+08$30.00 1 © 2008 IOP Publishing Ltd Printed in the UK
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2. Method

The R-matrix method is based on dividing coordinate
space into two regions using a spherical boundary centred
on the centre-of-mass of the target molecule (Burke and
Berrington 1993, Burke and Tennyson 2005). The radius
of the boundary, a, is chosen so that the inner region
contains all the electronic charge cloud of the target
molecular states included in the calculation. The best
value for a raises issues for Li2 since the large internuclear
separation (calculations here are presented for the equilibrium
bondlength of 5.05 a0) and the diffuse nature of the target
wavefunction require the use of a larger than usual inner
region. Hereafter for tests with a up to 22 a0, a radius of
18 a0 was chosen.

The accuracy of this method is strongly dependent on the
representation of the problem in the inner region (Tennyson
1996) where it is necessary to consider all short-range
interactions between the N target electrons and the scattering
one. In standard, low-energy calculations, the wavefunction
for an (N+1)-electron system in the inner region is given by
the expansion

ψN+1
k = A

∑

ij

aijk�i(x1 · · · xN)uij (xN+1)

+
∑

i

bikχi(x1 · · · xN+1), (1)

where k represents the kth solution of the inner region
Hamiltonian, A is the antisymmetrization operator, xi are
the spatial and spin coordinates of electron i, uij are
continuum orbitals (COs) which represent the scattering
electron (Tennyson and Morgan 1999), aijk and bik are
variational coefficients, �i is the wavefunction of the ith
target state and χi are L2 functions constructed from the
target occupied and virtual molecular orbitals. These functions
represent electron correlation and polarization effects. In the
first sum, the configuration state functions are constrained to
give the correct (target) space and spin symmetry for the first
N electrons as well as the correct total, (N +1)-electron space–
spin symmetry. The target wavefunctions are expanded as
linear combinations of the configurations φk

�i(x1 · · · xN) =
∑

k

cikφk(x1 · · · xN), (2)

where the cik coefficients are determined by diagonalizing the
Hamiltonian of the molecular target.

The central idea of the MRMPS method is the
augmentation of the close-coupling expansion (1) with extra
pseudo-state ‘target’ wavefunctions �i which are represented
using an extra basis of pseudo-continuum orbitals (PCOs).
Unlike the usual target wavefunctions, these pseudo-states are
not approximations to true eigenstates of the target, but are
used to represent a discretized version of both the electronic
continuum and the high-lying target states not included in the
expansion. These pseudo-states are obtained by diagonalizing
the target electronic Hamiltonian expressed in an appropriate
basis of configurations.

The addition of an extra basis means that care must be
taken with orthogonalization of the final orbital set. This is

done by first Schmidt orthogonalizing the PCO to the target
molecular orbitals (MOs) and then deleting those transformed
PCOs with the eigenvalues of the overlap matrix less than a
deletion threshold δPC

thr . This procedure is then repeated for the
COs which are orthogonalized to the target MOs plus PCOs
and those COs whose eigenvalues of the overlap matrix are less
than δCO

thr are deleted. Further discussion on this can be found in
the original references (Gorfinkiel and Tennyson 2004, 2005).

Calculations were performed using Gaussian type orbitals
(GTOs) and the UK polyatomic R-matrix code (Morgan
et al 1997). In the polyatomic suite target orbitals, COs and
MRMPS PCOs are all represented by a linear combination
of GTOs. The highest symmetry available in the polyatomic
code is D2h which is a subgroup of the true D∞h symmetry of
Li2. All calculations presented here were performed in D2h

symmetry.

3. Calculations

3.1. Target representation

The Li2 target was represented using Hartree–Fock molecular
orbitals (MOs) using a cc-pVTZ GTO basis set from which
we removed the most diffuse p-orbital in order to confine the
molecule inside a sphere with a = 18 a0. The removal of
this GTO is compensated by the PCOs used in the MRMPS
calculations (see below). As all the usual GTO bases of the
lithium atom contain at least one diffuse Gaussian, use of
smaller primary basis set would not lead to more compact
MOs without loss of quality of the ground-state description.
On the other hand, use of a larger primary target basis set raises
issues for the optimization of the COs. Therefore, use of the
cc-pVTZ GTO basis with the most diffuse orbital removed
is a good compromise between the compactness of the MOs
and quality of the target representation (see below). We note
that as the majority of our target MOs were retained in the
calculations and used to represent the target wavefunction, our
calculation should therefore not be sensitive to the details of
the choice of target orbitals, as has been found previously (Gil
et al 1993).

Calculations using three different sets of N-particle states
in the close-coupling expansion were carried out. In the first
of them no PCOs were used, the COs were orthogonalized
on the MOs only. Two other calculations were performed
using different PCO bases. This allows us to understand the
effect of polarization as well as to control the stability of our
calculations with respect to small changes of the PCO basis.

For the PCOs we followed Gorfinkiel and Tennyson
(2004, 2005) and used their even-tempered bases rescaled for
a = 18 a0. The first of them with α0 = 0.0525, β = 1.3
(denoted as PC-1 in the following) was obtained by multiplying
α

orig
0 = 0.17 by a factor of γ = (10/18)2. The second

basis with α0 = 0.0463, β = 1.3 (denoted as PC-2 in the
following) was adopted in the same way from the original basis
as γ × 0.15. In all cases we restricted the PCO basis to l � 3
(10s, 10p, 6d, 5f) in order to keep the calculation tractable.
To avoid problems with linear dependence of the COs, the
two highest virtual MOs from the irreducible representation

2
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Table 1. The number of molecular orbitals (MOs),
pseudo-continuum orbitals (PCOs) and continuum orbitals (COs) in
the irreducible representations of the D2h point group. The numbers
in the second and third lines without brackets correspond to the
PC-1 basis (α0 = 0.0525), while the numbers in the brackets
correspond to the PC-2 basis (α0 = 0.0463).

Ag B2u B3u B1g B1u B2g B3g Au

MOs 10 6 6 3 8 6 6 2
PCOs 9 7 7 4 (3) 3 2 2 1
COs 16 (15) 15 15 5 15 5 5 5

Ag were removed as well as the four highest MOs from
B1u and the highest MO from Au. The numbers of MOs
used in the calculations are listed in table 1. To avoid the
linear dependence with the PCOs a deletion threshold in the
orthogonalization between the PCOs and target MOs was set
to δPC

thr = 5 × 10−4, as a result not all the orthogonalized
PCOs were used in the scattering calculation. The numbers of
used PCOs in all the irreducible representations are listed in
table 1.

The Li2 target states were represented using a complete
active space (CAS) valence configuration interaction (CI)
wavefunction. In these calculations we kept the two lowest
MOs doubly occupied. Using the notation for the irreducible
representations of D2h this gives a CAS of the form

(1ag, 1b1u)
4

(2 − 10ag, 1 − 6b2u, 1 − 6b3u, 1 − 3b1g,

2 − 8b1u, 1 − 6b2g, 1 − 6b3g, 1 − 2au)
2. (3)

For the MRMPS calculations a second, additional set of target
configurations was generated using the following prescription
and added to configurations (3):

(1ag, 1b1u)
42a1

g

(11 − 19ag, 7 − 13b2u, 7 − 13b3u, 4 − 7b1g,

9 − 11b1u, 7 − 8b2g, 7 − 8b3g, 3au)
1 (4)

for PC-1; for PC-2 the highest b1g PCO is absent. Table 2
shows vertical excitation energies for the low electronic states
of Li2 calculated using these models. Our results both with
and without PCOs are consistent with, but slightly higher than,
accurate ab initio calculation of Hanrath (2005) which appears
to be due to neglect of correlation effects associated with the
core electrons. The corresponding distribution of calculated
CI physical and pseudostates for different bases is plotted
in figure 1. It shows that both calculations including PCOs
produce some pseudostates with energy above the ionization
threshold which is marked.

To check how well our target models represent the target
ground-state polarizability of Li2 we calculate the parallel (α‖)
and perpendicular (α⊥) components of the polarizability tensor
from the transition dipole moments using the following sum-
over-states formulae,

α‖ = 1

2

∑

i>1

|〈�1|z|�i〉|2
�Ei

,

α⊥ = 1

2

∑

i>1

|〈�1|x|�i〉|2
�Ei

,

(5)
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Figure 1. Calculated distribution of pseudostates for PC-1 and PC-2
bases (left and right columns) and physical target state distribution
(middle column). All energies are relative to X1�+

g . The line with
label IP indicates the ionization threshold taken from Boldyrev et al
(1993).

where �1 and �i are wavefunctions of the target ground
state and ith electronic state (2), �Ei is the corresponding
ith excitation energy. By construction this sum runs only
over states in the inner region; however the MRMPS method
is designed to allow for the contribution of the continuum.
Provided the state for which the polarizability is being
computed is contained within the inner region, this method
should recover all contributions to the polarizability.

Our tests are summarized in table 3. Target calculations
without pseudostates show that only very few states are
needed to reach convergence. While the parallel component
(α‖) converges to within high accuracy using three lowest
1�+

u states, the perpendicular component (α⊥) converges to
underestimated value as can be seen in table 3.

Calculation using the same set of states including the PC-1
basis shows improvement of α⊥. As table 3 shows, use of five
pseudostates in the corresponding irreducible representations
improves the results to better than 90% agreement with
previously published ab initio calculations (Mérawa and Rérat

3
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Table 2. Ground state (in hartree) and vertical excitation energies (in eV) for the basis without PCOs, for bases PC-1
(α0 = 0.0525, β = 1.3), PC-2 (α0 = 0.0463, β = 1.3) and Hanrath (Hanrath 2005).

Electronic state Vertical excitation

D∞h D2h No PCOs PC-1 PC-2 Hanrath

X1�+
g

1Ag −14.9027 −14.9027 −14.9027 −14.9134
13�+

u
3B1u 1.305 1.305 1.305 1.231

13�u
3B2u + 3B3u 1.483 1.447 1.454 1.370

11�+
u

1B1u 1.856 1.854 1.854 1.778
13�+

g
3Ag 2.190 2.166 2.166 2.122

11�+
g

1Ag 2.936 2.882 2.868 2.783
11�u

1B2u + 1B3u 2.992 2.858 2.864 2.798
11�g

1B2g + 1B3g 3.266 3.208 3.259 2.998
13�g

3B2g + 3B3g 3.825 3.689 3.806 3.130

Table 3. Static dipole polarizability (au) of the Li2 ground state using PC-1, PC-2 and basis without PCOs. The second and third columns
give number of states used in the sum-over-states formula contributing to the corresponding component.

Number of states Polarizability

Basis set 1�+
u

1�u α‖ α⊥

Without PCOs 3 1 308 127
Without PCOs 141 126 309 132
PC-1 3 1 306 143
PC-1 4 5 307 146
PC-1 144 133 308 147
PC-2 4 5 306 145
Accurate ab initio value 303 160

(Mérawa and Rérat 2001)

2001). For all the models tested the main contribution to the
polarizability is due to the lowest state. These results show
the advantage of pseudostates in our next calculations: with
quite a small number of pseudostates we are able to represent
the low target excited states correctly as well as the target
ground-state polarizability better than with a larger number of
target states without any PC basis. Tests showed that using all
PCOs gives results close to the ab initio values of Mérawa and
Rérat (2001). We decided not to use these additional PCOs
in our scattering calculations to avoid problems with linear
dependence of the COs.

Here it is worth making two points about the polarization
potential in the scattering calculation. The first is that the
polarizabilities, as shown in table 3, do not appear in this
form in the actual calculation. They are represented in the
outer region by coupling to (often closed) channels by the
transition dipole moments which are included in the multipole
expansion. In the inner region the polarizability is similarly
represented by coupling between target states but the CI
formulation of the problem automatically includes exchange
and other effects which make the polarization impossible to
represent as a single, energy-independent potential. Secondly,
as shown to be important below, this formulation also allows
for the polarization of excited states of the target. Given
that these states are increasingly diffuse, their polarizabilities
are even larger than the already very large polarizability of
the ground state. Tests showed that our MRMPS values for
these polarizabilities are in good agreement with previously
calculated values (Mérawa and Rérat 2001). The effect of
this is clearly seen in the difference between our MRMPS and

non-MRMPS calculations reported below at energies above
the lowest threshold for electronic excitation.

3.2. Scattering calculation

The larger R-matrix radius used in our calculations requires
larger continuum basis sets than used in standard calculations
with smaller R-matrix spheres. The corresponding single
centre GTO exponents are listed in table 4. This basis set was
optimized using the program GTOBAS (Faure et al 2002).
Tests of the validity of this basis set using calculations in a
potential-free R-matrix (Tarana and Horáček 2007) and static
exchange calculations for the elastic electron collision with Li2
in different symmetries showed that it represents the scattering
continuum correctly for scattering energies E � 5 eV i.e.
below the threshold to ionization (Boldyrev et al 1993). We
restrict our study to energies below this threshold.

A continuum basis up to l = 3 (10s, 9p, 10d, 9f) is used
in most of our calculations; g-orbitals were also optimized
but their role showed to be negligible at energies below 1 eV.
However, as discussed below, they become more important
at higher energies but their use leads to a significant increase
in the cost of the calculation. The deletion threshold in the
orthogonalization procedure for the COs was set to δCO

thr =
2 × 10−5 (Morgan et al 1997). Using this rather high value
we optimized 81 (80) COs in the calculation without PC bases
and in the calculation with PC-1 (PC-2), see table 1.

Scattering models using the PC-1 and PC-2 bases can
be compared with calculations not using pseudostates. The
MRMPS (non-RMPS) calculation included all states up to

4
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Table 4. The exponents of the uncontracted continuum GTO basis set used in the calculations optimized for the R-matrix sphere with radius
a = 18 a0.

l = 0 l = 1 l = 2 l = 3 l = 4

0.0 396 299 0.0 397 592 0.0 409 729 0.0 425 261 0.0 368 324
0.0 301 133 0.0 311 803 0.0 326 507 0.0 342 543 0.0 295 860
0.0 230 215 0.0 246 211 0.0 262 072 0.0 277 975 0.0 239 172
0.0 175 737 0.0 194 282 0.0 210 283 0.0 225 556 0.0 193 086
0.0 133 473 0.0 152 654 0.0 168 071 0.0 182 352 0.0 155 100
0.0 100 611 0.0 119 135 0.0 133 474 0.0 146 512 0.0 123 578
0.0 075 100 0.0 092 122 0.0 105 059 0.0 116 696 0.0 097 304
0.0 055 326 0.0 070 341 0.0 081 677 0.0 091 824 0.0 075 149
0.0 039 930 0.0 052 652 0.0 062 261 0.0 070 855
0.0 023 000 0.0 031 000

Table 5. Positions and widths of resonances (eV) using the PC-1, PC-2 and basis without PCOs.

Symmetry Without PCOs PC-1 PC-2

D∞h D2h Position Width Position Width Position Width

2�u
2B2u + 2B3u 0.072 0.054 0.055 0.038 0.055 0.040

2�g
2Ag 1.582 0.239 1.514 0.174 1.522 0.176
2B1g 1.568 0.158 1.506 0.141 1.514 0.142

2�g
2B2g + 2B3g 1.120 0.372 1.036 0.583 1.094 0.704

2.310 0.329
2.944 0.190

2�u
2B1u 2.170 2.170
2Au 2.244 0.613 2.105 0.449

2�−
u

2Au 1.576 0.597 1.710 0.514

5.8 eV above the ground state; selected states above this energy
were included to ensure (a) minimum of 5 (3) states in each
of Ag, B1u (B2u, B2g) symmetries and (b) that in all cases both
members of a degenerate pair were included. As a result,
our close-coupling expansions corresponding to the PC-1 and
PC-2 models include 68 pseudostates and expansion not using
PCOs includes 28 target states.

4. Results

4.1. Resonances

Our calculated eigenphase sums show resonance features in
several symmetries for all models. Their parameters were
determined by fitting to a Breit–Wigner formula (Tennyson
and Noble 1984). It should be noted that the large number of
electronic excited states in the 2–4 eV range led to a number of
resonance-like features whose eigenphases show a sharp rise
of less than π which stops upon the opening of a new target
state. This sort of behaviour has been observed in previous
detailed calculations (Branchett et al 1990). Those resonances
whose parameters could be successfully characterized in this
fashion are summarized in table 5; features lying above 3 eV
are not included as our characterization of excited states is less
complete at these energies.

In general all resonances are shifted down slightly with the
introduction of the pseudostates as would be expected from the
improved treatment of polarization effects and, indeed, from
the variational nature of the calculations. Sufficient PCOs
were included in the calculations so that the positions and
widths of the low-lying resonances are stable as indeed they

are to changes of PCO basis. None of our calculations showed
any pseudoresonance below 2 eV. The lowest lying resonance
is a 2�u shape resonance. Our parameters calculated can be
compared with those of Padial (1985) who found a position
of 0.00 645 eV and a width of 0.0017 eV. Gil et al’s (1993)
calculations show this resonance in the elastic cross section
near 0.06 eV, although the authors do not give any parameters.

A 2�g Feshbach resonance was found independently in
the 2Ag and 2B1g irreducible representations of the D2h point
group. Fits in both symmetries give similar position and width.
Analysis of the 2Ag and 2B1g eigenphases assigned to particular
eigenchannels (not given) showed several clear resonance-like
changes of the eigenphases in the energy interval 2–3 eV.
These structures are not strongly pronounced in the eigenphase
sum and their fitting to a Breit–Wigner formula was unstable,
especially for the resonance width.

The richest resonance structure appears in 2�g symmetry.
The lowest resonance in this symmetry is of a Feshbach nature
showing a well-pronounced peak in the elastic scattering
cross section. Padial (1985) found a ‘very broad’ 2�g

shape resonance about 1 eV. Our position agrees with this
and, somewhat unusually, this resonance gets broader as the
polarization potential is improved.

There are two further 2�g resonances below 3 eV,
each appears in the eigenphases assigned to particular
eigenchannels. However, they do not lead to rapid change
of the eigenphase sum and we were only able to determine
the corresponding resonance parameters in the PC-1 basis
calculation. In the remaining calculations the corresponding
structures in the eigenphases disappear or are too close to

5
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Figure 2. Elastic electron scattering cross section in the 2Ag

symmetry.

electronic thresholds to be fitted. It is possible that these
resonances are artefacts of the PCO basis.

The presence of the low-lying target states and
pseudostates also complicates fitting of resonances in 2B1u

symmetry. The corresponding eigenphase sum (figure 3) as
well as the elastic scattering cross section (not shown) show
a resonance near 1.8 eV. There is no similar structure in 2Au

eigenphases, indicating that this resonance has 2�+
u symmetry

in D∞h. The discontinuity in the eigenphases at the 1�+
u

excitation threshold prevents stable fits of this resonance. In
calculations using PCOs we determined the position of another
resonance at 2.17 eV, but were unable to find its width due to
instability of the fits. The corresponding structure appears
in the 2Au symmetry calculated, therefore this resonance has
2�u symmetry. An additional resonance appears in the 2Au

symmetry at energy 1.576 eV (1.710 eV) using the PC-1
(PC-2) basis set. It is assigned to 2�−

u symmetry of the
D∞h point group and does not appear in calculations without
pseudostates.

4.2. Cross sections and eigenphases

Our elastic scattering cross sections calculated with
pseudostates are, in general, in good agreement with
calculations not using PCOs; nevertheless there are points
where the polarization plays its role. The 2Ag symmetry cross
section, shown in figure 2, calculated without pseudostates
shows a peak around 0.5 eV. This is not a resonance and
the corresponding eigenphases are dominated by the s-wave
(Tarana et al 2008) without any resonance-like features. We
did not find any pseudoresonances in the energy region below
2 eV. This peak, which is present at similar energies in previous
studies (Tarana et al 2008), disappears in the calculations
with the PC-1 and PC-2 bases. Its presence is therefore just
an artefact of an incomplete treatment of polarization. The
exceptionally large 2Ag cross section at ultra-low energies is
due to a virtual state which is present at the Li2 equilibrium
geometry (Gil et al 1993, Tarana et al 2008). As can be seen
in figure 2, the calculation using PC-2 is in good agreement
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Figure 3. 2B1u symmetry eigenphase sums as a function of model;
note that the π has been subtracted from the published values of
Padial (1985) to aid comparison.

with calculation not using PCOs. The cross section with PC-
1 differs almost by a factor of 2 in this energy region. The
reason is in the sharp change of the eigenphases close to the
zero-energy threshold. At these energies even a very small
change in the target basis, leading to a small change in the
eigenphases, causes a large change of the cross sections. All
our calculated elastic cross sections are in good agreement at
energies above 1 eV.

A sharp change in the 2B1u symmetry cross section is also
found at very low energies. The presence of a sharp peak in
the cross section at zero energy is connected with the large
spatial extent of the negative ionic wavefunction which leads
to rapid changes of the eigenphases at very low energies. The
2B1u cross sections show a minimum near 0.1 eV due to the
eigenphase sum passing through zero, see figure 3.

In general the cross sections and eigenphase sums show
very good agreement between all our models below 1 eV.
At higher energies cross sections using different PC bases
correspond to each other but show pronounced structures
corresponding to resonances absent in cross sections computed
without PCOs. However above this the eigenphase sums and
hence also the cross sections are very sensitive to inclusion
of electronically excited states in the calculation. This is
illustrated in figure 3 which shows that our results differ
radically from the single-state calculations of Padial (1985)
at these energies. Figure 3 shows that the eigenphases
corresponding to different MRMPS calculations differ more
with increasing energy while the elastic cross sections remain
very close to each other. This sensitivity is largely due to the
behaviour of eigenphases associated with channels coupling
to electronically excited states of Li2. Presumably, this is a
reflection of the treatment of polarization in these channels.
This behaviour is displayed by all symmetries.

Our total elastic scattering cross sections are given
in figure 4 which shows excellent agreement between our
calculations. The low-energy behaviour is determined by the
large cross section in 2�+

g symmetry and by the presence of the
resonance in 2�u symmetry (see table 5). As the figure shows,
the slight change of the resonance position and the threshold

6
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behaviour with change of the PCO basis is the dominant factor
in the differences between compared results.

Figure 5 shows the integral cross sections for electronic
excitation from the ground state to the 13�+

g and 11�+
u states.

Although the cross sections calculated using different basis
sets differ in detail, the general character of the corresponding
cross sections is very similar. Both cross sections are fairly
small compared to the corresponding elastic cross section,
although the dipole-allowed excitation to the 11�+

u state is
larger.

Figure 6 compares our elastic cross sections with previous
calculations. Our results, which are for the PC-1 model, are
in particularly good agreement with the best model of Gil
et al (1993) in the 0.1–1 eV energy interval. Gil et al (1993)
did not consider higher energies while at lower energies their
results depend strongly on the target basis set used. While
the calculation with averaged natural orbitals shows very good
correspondence near the peak assigned to the 2�u resonance,
the cross-section calculated using the ground-state natural
orbitals increases rapidly with energy approaching the zero
threshold. The difference between our results and Gil et al’s
(1993) at the low-energy limit might also be caused by the
different treatment of the long-range polarization potential.
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Padial (1985) also reported strong dependence of the
elastic cross sections on the asymptotic polarization treatment
for energies below 1 eV. Figure 6 contains its total cross-
section calculated using a model without the cutoff
polarization potential. These values are systematically below
our results for energies below 1 eV. Padial’s (1985) model with
a cutoff potential shows a peak close to the 2�u resonance in
better agreement with our calculations, but its position and
width were found to change rapidly with the cutoff parameter.

Miller et al (1982) measured total rather than just elastic
cross sections. Figure 7 compares these measurements with
the sum of our MRMPS elastic and electronically inelastic
cross sections. The measurements are systematically higher
than our results; at higher energies this could be in part due to
the truncated set of partial waves used for our COs. However
these are very difficult experiments which were performed
using a beam of Li2 at about 1000 K; it is therefore hard to be
sure if figure 7 really presents a like-for-like comparison.
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5. Conclusions

We report a study of low-energy electron collisions with the
Li2 molecule using the molecular R-matrix with pseudostates
(MRMPS) method. Using only a few pseudostates we are able
to treat the polarizability of this system in more consistent
way than previous studies (Padial 1985, Gil et al 1993) and
represent low-lying target states correctly. We show that
our results are stable with respect to small changes of the
pseudostate basis. We confirm the presence of a low-energy
2�u shape resonance found in previous studies (Padial 1985,
Gil et al 1993) and found several new Feshbach resonances
at energies below 3 eV. However it proved difficult to fully
characterize these resonances due to the density of low-lying
target states.

We present elastic and electronically inelastic scattering
cross sections for energies below the Li2 ionization threshold.
This appears to be the first ab initio calculation of electron
collisions with the Li2 molecule at energies above 1 eV which
includes excited target states and thus allows for electronically
inelastic processes.
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Elastic electron scattering off the lithium dimer in the 2Ag symmetry is studied. R-matrix calculations in the
fixed-nuclei approximation are presented for a set of internuclear separations as well as energies of the stable
negative ion. The aim of this work is to study effects of the polarization taken into account in the outer region
on the elastic scattering cross sections. This work is the first part of a larger project dealing with Li2 leading to
calculations of nonelastic processes like vibrational excitation and dissociative electron attachment.
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I. INTRODUCTION

The electron scattering off the lithium dimer represents a
challenge for quantum scattering theory methods. Li2 is a
weakly bound molecule with an equilibrium internuclear
separation of 5.05a0 and a dissociation energy of about 1 eV.
The very large bond length leads to large static dipole polar-
izability �1� which is assumed to be the largest known for
molecules. Quite extensive theoretical and experimental at-
tention has been paid to the structure of the Li2 molecule
�2,3� as well as to the structure of its negative ion �4–6�. In
contrast, only very few presentations concerning the electron
scattering off Li2 are available.

Miller et al. �7� measured the total cross sections for elec-
tron scattering by Li2 for energies above 0.5 eV. They found
out that the total cross section for low energies is the largest
observed for neutral diatomic molecule with zero permanent
dipole moment. McGeoch and Schlier �8� studied the disso-
ciative electron attachment �DEA� to Li2 experimentally and
confirmed many features common with H2. Padial �9� calcu-
lated the elastic scattering cross sections in the fixed-nuclei
approximation using a cutoff potential model of the polariza-
tion and ab initio representation of the target ground state at
the Hartree-Fock level. These results are uncertain for ener-
gies below 1 eV due to the cutoff parameter in the polariza-
tion potential. Gil et al. �10� used the complex Kohn varia-
tional principle to study the polarization and correlation
effects in the fixed-nuclei approximation. They compare
various models using natural orbitals with the static-
exchange approach. For energies below 1 eV the resulting
cross sections confirm predicted strong dependence on the
basis set used. The theoretical work concerning the DEA is
due to Wadehra �11�. He used the potential model based on
the argument of Michels et al. �4� that the 2�g

+ state of Li2
− is

a Feshbach resonance turning into the bound state with in-
creasing internuclear separation.

It is the aim of this work to investigate the low-energy 2Ag
elastic electron scattering off Li2 in the fixed-nuclei approxi-
mation using the R-matrix theory. We present cross sections
in the 2Ag symmetry for internuclear separations between 3a0

and 7.5a0. It is well known that large polarizability of the
target complicates the convergence in calculations based on
the close-coupling expansion of the N+1 particle wave func-
tion �12�. The R-matrix theory separates the collision region
into a short-range electron-molecule-interaction region and a
long-range region. The short-range polarization effects in
electron collisions with Li2 were studied extensively by
Tarana and Tennyson �13�. They deal with such representa-
tion of the target, which gives correct ground-state polariz-
ability and discuss its impact on the scattering cross sections.
While the work due to Tarana and Tennyson �13� presents
several models of the target, in the present work we focus
our attention to the long-range effects of the polarization
potential outside the R-matrix sphere using the R-matrix
propagation recently introduced into the R-matrix codes �14�.
We also discuss the long-range effects of the closed elec-
tronically excited channels. In addition, we discuss the exis-
tence of a stable negative ionic state as a function of the
internuclear distance. Results of our present work provide
data necessary to calculate cross sections of the vibrational
excitation �VE� within Born-Oppenheimer approximation
�15�.

We restricted our study to the 2Ag symmetry for the fol-
lowing reasons. Wadehra �11� considered the 2�g

+ metastable
state predicted by Michels et al. �4� to be the essential chan-
nel for DEA to Li2. A virtual state �9,10� was found in this
symmetry and it is expected that the low-energy elastic cross
section in this symmetry represents important component to
the total elastic electron scattering. The 2Ag cross section is
dominant in the limit of zero scattering energy and we inves-
tigate its threshold behavior. We also wanted to reconsider
prediction of the low-lying 2�g

+ Feshbach resonance due to
Michels et al. �4� and investigate the energies of the anion
for internuclear separations where it is bound. Especially we
focus our attention to the position of the crossing point of the
neutral target ground-state potential curve with the 2�g

+ an-
ionic curve since it plays an important role in the study of the
nonelastic electron scattering.

II. THEORY

The basic idea of the R-matrix method is the division of
the scattering-coordinate space into two regions. The inner*tarana@mbox.troja.mff.cuni.cz
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region is bounded by a sphere �, center of which coincides
with the center of nuclear charges of the molecule. Its radius
a is chosen large enough that the electronic wave function of
the target is completely confined inside the sphere. There-
fore, it is possible to neglect the exchange interaction be-
tween the projectile and the target molecule electrons outside
the sphere.

In standard R-matrix calculations, the eigenfunctions �k
of the �N+1�-electron Hamiltonian restricted to the inner re-
gion H� �14� are given by the following expansion �14,16�:

�k�x1, . . . ,xN+1� = �
i

cikA��i�x1, . . . ,xN�f ik�xN+1��

+ �
i

bik�i�x1, . . . ,xN+1� . �1�

The index k specifies the eigenstate of the inner Hamiltonian.
�i is the wave function of the ith target state given as a linear
combination of configuration state functions. xn are the spa-
tial and spin coordinates of nth electron, f ik�rN+1� describe
the wave function of the scattered electron, A is the antisym-
metrization operator. cijk and bik are the variational coeffi-
cients and �i are L2 functions constructed from the molecular
orbitals �MOs�. Correct description of the target states and
reproduction of the polarizability is controlled by the con-
figuration interaction �CI� model and primary Gaussian basis
set.

As the correlation and exchange interaction between the
scattered and target electrons can be neglected in the outer
region, the projectile is considered to move in a local poten-
tial Vilmjl�m��r� obtained from the transition multipole mo-
ments of the target outside the sphere. The radial wave func-
tions wE;ilm�r� of the scattered electron satisfy the following
set of coupled second-order differential equations:

� d2

dr2 −
l�l + 1�

r2 + 2�E − Ei
N��wE;ilm�r�

= 2 �
jl�m�

Vilmjl�m��r�wE;jl�m��r� , �2�

where l, m denote corresponding partial waves of the scat-
tered electron, E is the total energy, Ei

N is energy of the ith
target state and Vilmjl�m��r� is given by the interaction poten-
tial between the target and projectile �16�. In addition, the
solutions of Eq. �2� which correspond to the �regular� scat-
tering wave function obey the following boundary condition:

wE;ilm�a� = �
i�l�m�

Rilm,i�l�m�
a �E�� d

dr
�

a
wE;i�l�m��r� . �3�

The elements Rilm,i�l�m�
a �E� of the R-matrix Ra�E� are deter-

mined by eigenvalues of H� and by projections of the cor-
responding eigenfunctions on the scattering channels �ilm� at
r=a. The boundary value problem given by Eq. �2� and Eq.
�3� can be solved by propagating Ra�E� to Rap�E� along Eq.
�2� �17�. The distance r=ap should be large enough that
Vilmjl�m��ap� can be considered to be zero.

In Sec. IV we will discuss effects of the polarization po-
tential outside the R-matrix sphere. It is given by the mean
polarizability ��0i� and polarizability anizotropy ���i� of the
ith target state in the � symmetry:

Vi
p�r� = −

�0i +
2

3
��iP2�cos ��

r4 , �4�

where P2 is the Legendre polynomial and � is the angle
between the molecular axis and the vector from the center of
the molecule pointing to the approaching electron.

It is easy to show �16� that if the projectile outside the
sphere is affected by a single-center potential Vij

e �r�, then
matrix Vilmjl�m��r� in Eq. �2� can be written in the following
form:

Vilmjl�m��r� = 	
S2

Y
l

m*�r̂�Vij
e �r�Yl

m�r̂�d2r̂ . �5�

Indices i, j denote different target states contributing to the
potential outside the sphere. In our calculations this potential
is approximated by the polarization of the target eigenstates,
i.e.,

Vij
e �r� = Vi

p�r�	ij . �6�

Therefore, we take into account polarization potential of the
lowest target states and neglect any coupling terms. Board-
man et al. �18� show that if a nonspherical potential can be
written as the expansion

V�r� = �
l

vl�r�Pl��̂l · r̂� , �7�

where �̂l is the unit vector denoting the direction of the
2l-pole axis, and if this potential is axially symmetric, then
the projection of the Schrödinger equation onto the spherical
harmonics yields the system of coupled radial differential
equations similar to Eq. �2� with real symmetric potential
matrix. Consider the form of the total scattering wave func-
tion outside the R-matrix sphere different from Eq. �1� in
absence of the antisymmetrization operator �16� and the in-
teraction potential between the target and projectile in the
form Vij

e �r� �Eq. �6��. Following the argumentation of Board-
man et al. �18�, one yields the system of radial differential
equations �2� with the potential matrix

Vilmjl�m��r� = 2�
L

�− 1�m��2l + 1��2l� + 1��1/2� l l� L

0 0 0
�


� l l� L

m − m 0
�vijL�r�	mm�. �8�

Comparison of Eq. �4� with Eq. �7� shows that the only non-
zero elements vijL�r� in Eq. �8� are

vij0�r� = −
�0i

r4 	ij, vij2�r� = −
2��i

3r4 . �9�

Parameters �0i= ��
i+2��i� /3 and ��i=�
i−��i can be ob-
tained from the polarizability tensor calculated using the
sum-over-states formulas �SOSF�
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�
i =
1

2�
j�i

���i�z�� j
�2

Ej
N − Ei

N , ��i =
1

2�
j�i

���i�x�� j
�2

Ej
N − Ei

N , �10�

where Ei
N is the energy of the ith target state �i.

This treatment of the polarization potential in the outer
region is different from �13�, where the polarizabilities do
not directly appear in the actual calculation. They are repre-
sented in the outer region by coupling to different channels
by transition dipole moments which are included in the mul-
tipole expansion. The approach used in the present work en-
ables us to construct different models of long-range polariza-
tion without change of the target representation and to study
the role of closed electronically excited channels in the outer
region.

III. CALCULATIONS

We performed R-matrix scattering calculations of the
electron collision with Li2 using Gaussian type orbitals
�GTOs� and code due to Nestmann �14�. The continuum or-
bitals are represented by linear combinations of GTOs. All
the calculations were performed using the D2h point group
which is the highest Abelian subgroup of the true D�h sym-
metry available in the codes used.

A. Target representation

The neutral target was represented by the restricted active
space self-consistent field �RASSCF� MOs using a correla-
tion consistent polarized valence triple zeta �cc-pVTZ� basis
set �19�. These orbitals were optimized to minimize the en-

ergy of the 1�g
+ ground state and are more appropriate for

representation of the target at larger internuclear separations
than the Hartree-Fock MOs as they respect the open-shell
character of the lithium atom. The GTO basis set used is
optimized for representation of the ground-state polarizabil-
ity and therefore the polarization effects should be treated
correctly in the inner region. Numbers of MOs used in the
calculations are listed in the first row of Table I.

The neutral target states were represented by the singe-
double multireference CI �SD-MRCI� wave function �20,21�,
all the CI calculations were performed using the package
DIESEL �22�. The lowest two MOs were kept doubly occu-
pied in all the calculations. Since Li2 has six electrons, the
SD-MRCI with the Hartree-Fock ground state as the only
reference is in this case equivalent to complete active space
�CAS� CI. Using the notation of the D2h point group this
configuration space can be expressed as follows:

�1ag,1b1u�4�2 − 13ag,1 − 7b2u,1 − 7b3u,1 − 3b1g,

2 − 13b1u,1 − 7b2g,1 − 7b3g,1 − 3au�2. �11�

Table II shows energies of the ground state and vertical ex-
citation energies of the lowest electronic states for several
internuclear separations. These results are consistent with ac-
curate full CI calculations presented previously �23�, al-
though our excitation energies are slightly higher.

Target states appearing in Table II were used to calculate
the components of the ground-state polarizability tensor
along the SOSF. Calculated polarizabilities are plotted in
Fig. 1 as a function of the internuclear distance. For com-
parison we performed the second-order particle propagator

TABLE I. The number of molecular orbitals �MOs� and continuum orbitals �COs� in the irreducible
representations of the D2h point group for different intervals of internuclear distance R �in a0�.

Ag B2u B3u B1g B1u B2g B3g Au

MOs 13 7 7 3 13 7 7 3

COs �R�3.8� 15 5 5 5 5 5 5 0

COs �3.8�R�6.5� 16 5 5 5 5 5 5 0

COs �R
6.5� 17 5 5 5 6 5 5 0

TABLE II. Ground state �in Hartree� and vertical excitation energies �in eV� for several internuclear
separations compared with Hanrath �23�.

Electronic state Vertical excitation

D�h D2h

R=3a0 R=5a0 R=7a0

This work Hanrath This work Hanrath This work Hanrath

X 1�g
+ 1Ag −14.82850 −14.83975 −14.90304 −14.91342 −14.88886 −14.90105

1 3�u
+ 3B1u 1.895 1.861 1.323 1.231 0.611 0.544

1 3�u
3B2u+ 3B3u 0.893 0.994 1.383 1.370 1.461 1.441

1 1�u
+ 1B1u 2.685 2.650 1.859 1.778 1.426 1.371

1 3�g
+ 3Ag 3.216 3.301 2.150 2.122 1.729 1.688

1 1�u
1B2u+ 3B3u 2.834 3.318 2.609 2.797 2.304 2.397
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approximation �SOPPA� calculation of polarizability imple-
mented in the Dalton program �25�. In this calculation the
augmented correlation consistent polarized valence triple
zeta �aug-cc-pVTZ� GTO basis was used and the ground
state was calculated using the CAS CI method with all but
valence electrons frozen. These results are stable with re-
spect to extension of the primary GTO basis and are plotted
in Fig. 1 as well. The figure shows that both the calculations
�SOPPA in larger basis and SOSF using our CAS-CI model�
give very similar results, although the polarizabilities using
the SOSF are slightly underestimated for all the geometries.
This might be an artefact of missing higher target states,
especially the Rydberg states, in our model. However, all the
calculated polarizabilities are in very good agreement with
previous results presented by Müller and Meyer �24�, as can
be seen in Fig. 1. The comparison shows that target states
listed in Table II represent the polarizability correctly and it
justifies us to use the polarization potential with parameters
from Fig. 1 in the outer region. In order to study the effect of
the excited target states polarizabilities in the outer region,
the corresponding polarizabilities were calculated using the
same program for the equilibrium geometry of the Li2
ground state. The calculated results are summarized in Table
III. The scattering calculations �see below� showed that the
polarizabilities of the excited states do not affect the results
considerably for the equilibrium internuclear distance.
Therefore, the ground-state polarizability only was included
in calculations for other geometries.

B. Scattering calculation

The �i and �i appearing in Eq. �1� are constructed in the
same basis of MOs. From our polarizability calculations as
discussed in Sec. III A we conclude that the target basis set
used is suitable to describe the polarization effects in the
inner region sufficiently. Due to the requirement that the tar-
get states be completely inside the sphere, the R-matrix
sphere must be rather large. All our scattering calculations
were performed in the sphere of radius a=22a0 since the
large bond lengths lead to diffuse MOs. For the representa-
tion of functions f ik a set of diffuse GTOs was added, all
centered at the origin of the sphere. This basis �originally
used for a sphere with radius a�=10a0� was rescaled for our
sphere by multiplying every exponent by a factor �
= �a� /a�2. The rescaled GTO exponents �8s ,7p ,7d� are listed
in Table IV. In our previous work �26� it is estimated that the
original basis �27� is suitable for energies of the scattered
electron E�14 eV. The rescaling of the basis reduced the
upper energy limit, for which this basis set is appropriate, by
factor �, i.e., we carried our calculations for energies E
�2.9 eV. The continuum orbitals �COs� were obtained by
orthogonalization of the additional continuum GTOs to the
target MOs and subsequent diagonalization of the corre-
sponding overlap matrix. In order to avoid linear depen-
dence, the COs with norm smaller than 	thr=10−7 were re-
moved. The remaining COs are normalized with respect to
the R-matrix sphere. Numbers of COs generated by this pro-
cedure are listed in Table I for three intervals of internuclear
distance R, where different number of COs was deleted.

In all our R-matrix calculations the expansion �1� in the
inner region included all the target states listed in Table II
�both members of every �-degenerate pair were included
correctly�. This set was selected to include all the target
states at the equilibrium geometry up to 2.89 eV above the
ground state. As the energies of these states decrease with
increasing R, the results for energies above the highest target
state included �see Table II� should be considered as less
reliable for larger geometries.

The R-matrix eigenstates were also calculated using the
SD-MRCI method. In the N+1 particle calculation, the two
lowest orbitals were kept doubly occupied. We selected such
set of references that single and double excitations of re-
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FIG. 1. �Color online� The spherical polarizability �0 and the
polarizability anisotropy �� of the neutral target ground state as a
function of the internuclear separation calculated using our CAS CI
model �sum-over-states formulas� and using the SOPPA method and
their comparison with previously presented results �24�.

TABLE III. Static dipole polarizabilities of the singlet and trip-
let states 1,3�g,u

+ of Li2 at the internuclear separation Re=5.05a0.

States �̄ ��

X 1�g
+ 214 135

1 3�g
+ −123 −812

1 1�u
+ 486 393

1 3�u
+ 843 949

TABLE IV. The exponents of the uncontracted continuum GTO
basis set used in the calculations rescaled for the R-matrix sphere
with radius a=22a0.

s p d

0.026887 0.021560 0.022985

0.021070 0.017042 0.018473

0.016637 0.013555 0.014950

0.013092 0.010768 0.012085

0.010257 0.008493 0.009711

0.007912 0.006636 0.007726

0.006022 0.005089 0.006038

0.004525
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maining three active electrons from these references cover all
the space of triple excitations. In the second step, all the
configurations with more than one electron in the continuum,
were deleted. This approach is consistent with calculation of
the target states as described above. In our calculation of the
R-matrix we included 50 lowest N+1 particle states. Inclu-
sion of additional states did not show considerable influence
on the cross sections and eigenphases.

IV. RESULTS

We performed the R-matrix calculations of the elastic
electron scattering off the Li2 molecule for internuclear sepa-
rations from R=3a0 to R=7.5a0 in the 2Ag irreducible repre-
sentation. The lowest R-matrix poles as functions of R are
shown in Fig. 2 together with the lowest target potential
curves. All the curves are plotted relatively with respect to
the ground-state energy of the target. Since the calculations
were performed in the subgroup of the true symmetry point
group of Li2, our poles include symmetries 2�g

+ and 2�g. The
lowest two R-matrix poles �E1 ,E2� in Fig. 2 correspond to
2�g

+ symmetry, while the eigenstate corresponding to E3 has
2�g symmetry and crosses another 2�g

+ pole �E4�. The lowest
2�g

+ lines show two blurred avoided crossings suggesting a
pole in the S-matrix which turns into a bound state with
increasing R. This pole is discussed in Sec. IV B. The lowest
2�g curve is almost parallel with the target ground-state
curve. Its energy 0.406 eV above the target ground-state en-
ergy at R=3a0 slowly changes with increasing R to 0.395 eV
at R=7.5a0. These values are close to the lowest pole
�0.421 eV� of the potential-free R-matrix in the same box
calculated for l=2. This suggests that the contribution of the
2�g component to the 2Ag scattering will be very small for
energies below 0.4 eV.

A. Negative ionic bound state

The R-matrix method allows for the determination of
negative ionic bound states as far as they exist. Correspond-

ing equations can be found in �28� and more recently in �29�.
Since the method ensures the correct asymptotic behavior of
the wave function, it is suitable for description of bound
states with very small electron detachment energies. Our cal-
culation shows existence of a stable negative ion for internu-
clear separations larger than a certain value Rb. The 2�g

+

bound state energy as a function of the internuclear distance
is plotted in Fig. 3. This figure shows that inclusion of the
polarization potential outside the sphere decreases the energy
by very small values �less than 10 meV� when compared
with results obtained under neglecting of the electron-
molecule interaction outside the sphere. The conspicuously
flat character of both potential curves close to Rb is a conse-
quence of the correct asymptotic behavior of the correspond-
ing wave functions. To emphasize its effect we performed a
CAS-CI calculation of this anionic state in the cc-pVTZ
GTO basis set �Fig. 3�. In this calculation two lowest MOs
were kept doubly occupied and all the excitations of the
remaining three electrons giving the required symmetry of
the total wave function were allowed. The results are in good
agreement with previously presented potential curves �6�.
Calculated energies are systematically higher than the
R-matrix results and in particular, the slope of the CI poten-
tial does not display any feature similar to the R-matrix re-
sults in the neighborhood of the autodetachment limit. This
difference can be explained by lack of diffuse basis functions
in the CI calculation.

Typically, in R-matrix calculations an anionic bound state
is accompanied by a negative R-matrix pole lying below the
bound state energy. Figure 3 shows the lowest pole in the
present R-matrix calculation as a function of the internuclear
separation. As this pole provides a low boundary of the an-
ionic bound state energy, its crossing point with target
ground-state potential curve Rx can be taken from a left-hand
boundary of Rb. The small slope of the anionic bound state
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potential curve in our calculations complicates the precise
determination of Rb. In our calculation, the value Rb cannot
be distinguished from Rx, even when the electron-molecule
interaction outside the sphere is neglected. Therefore, Rx ap-
pears to be a good approximation of Rb, at least in the
present calculations. We determined Rb�5.0a0 in the case
when the electron-molecule interaction was neglected in the
outer region and Rb�5.15a0 when the polarization potential
outside the R-matrix sphere was included.

B. Cross sections and phase shifts

The elastic scattering cross sections for the equilibrium
internuclear separation Re=5.05a0 are plotted in Fig. 4.
Three different treatments of the projectile outside the
R-matrix sphere are compared in this graph. The R-matrix
for any given energy includes all considered scattering chan-
nels, regardless whether they are open or closed. In the cal-
culation represented by the solid line the external potential
was set to zero and the coupling between open and closed
channels �29� was not taken into account. The dashed line in
Fig. 4 was again calculated using zero potential outside the
sphere but including the coupling with closed channels and
by projection onto open channels �29�. The remaining
dotted-dashed line in Fig. 4 was calculated using the
R-matrix propagation in the polarization potential to distance
ap=100a0, where the polarization potential can be neglected.
The coupling of the open channels with closed channels is
negligible at this distance as well, therefore it was not nec-
essary to combine the R-matrix propagation with treatment
of the closed channels �29�. This cross section was obtained
using the target ground-state polarizability only. Inclusion of
the excited target states polarizabilities �Table III� did not
show any visible influence.

For energies above 1.5 eV all the cross sections are in
very good agreement. The propagation takes into account not
only the long-range polarization effects but also the closed
channels. Therefore, the influence of the polarization to the
cross sections can be estimated by the difference between the
curve obtained after propagating the R-matrix and the curve
including closed channels. This difference is plotted in Fig. 4
as well. It clearly shows that the polarization becomes im-
portant for energies below 0.5 eV. In addition, an enhance-
ment can be observed in the region around two lowest elec-
tronic excitation thresholds. However, the major effect of the
propagation at this threshold is due to the inclusion of closed
channels.

The structure around 0.3 eV which appears in all three
curves is provided by the dominating eigenphase which
shows a pronounced minimum at these energies in all the
treatments of the projectile considered �see Fig. 5 for propa-
gated R-matrix results�. This minimum may be a conse-
quence of a change in the angular dependence of the wave
function corresponding to this eigenchannel. While this wave
function has almost pure s-wave character at lower energies,
the d0 and d2 contributions merge into the wave function at
higher energies. This s-d interaction is obviously enhanced
by the R-matrix propagation leading to a flatter minimum
and a weakening of the corresponding structure in the cross
section.

A question with respect to the threshold behavior of the
curves discussed remains open. While the large effect of the
polarizability at the threshold is expected, the strong influ-
ence of the closed channels and the unexpected good agree-
ment between the open-channel approach and propagation
cannot be explained yet.

The corresponding eigenphases for calculation including
the ground-state polarizability are plotted in Fig. 5. It shows
a resonance very close to energy 1.5 eV as a well pro-
nounced increase in the corresponding eigenphase. The de-
tailed analysis of the eigenphases as well as of the R-matrix
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poles shows that this resonance has 2�g symmetry and is of
the Feshbach nature. The eigenphases plotted in Fig. 5 do not
show any indication of a Feshbach resonance at the energy
0.34 eV for equilibrium geometry predicted by Michels et al.
�4�.

For energies below the 1 3�u
+ channel threshold the

scattered-electron wave function is a linear combination of
the s, d0, and d2 waves. The d2 wave contributes to the 2�g
scattering only, while the remaining waves contribute to the
2�g

+ scattering. Detailed analysis of the K-matrices for ener-
gies below 0.3 eV shows that the eigenchannel correspond-
ing to the largest eigenphase in Fig. 5 is predominated by the
s-wave component in this energy interval and contribution of
the d0 wave to the 2�g

+ elastic cross section is negligible.
The CI expansions of few lowest R-matrix eigenstates �1�

for the equilibrium geometry consist of configurations where
the projectile occupies one of the COs or virtual MOs. Both
types of configurations contribute to the wave function with
comparable weights. The leading configuration including
MOs only is 1�g

2 ,1�u
2 ,2�g

2 ,3�g
1. It is the same configuration

which provides the major contribution to the negative ionic
ground-state wave function in the CI calculations performed
in the target basis set only �see Sec. IV A�. The lowest
R-matrix eigenstates for other internuclear separations show
this character as well.

The elastic scattering cross sections calculated for differ-
ent geometries using the R-matrix propagation in the polar-
ization potential are showed in Fig. 6. Corresponding eigen-
phase sums are plotted in Fig. 7. None of these graphs show
formation of any structures with change of the geometry that
could be interpreted as the resonance turning into the bound
state. In order to emphasize the large elastic scattering cross
sections at very low energies, the eigenphase sums calculated
below 5 meV at several internuclear separations are plotted
in Fig. 8. As the graph shows, for geometries R smaller than
Rb, the eigenphases raise more rapidly with increasing inter-
nuclear distance to some maximum. This maximum moves
towards lower energies and its value approaches � /2 as
R→Rb. The phases in Fig. 8 are plotted in such way that

they approach zero at threshold energy for R�Rb and � for
R�Rb. The rapid changes plotted in Fig. 8 at geometries
close to Rx and Rb lead to large elastic scattering cross sec-
tions plotted in Fig. 6.

Figure 9 shows comparison of our elastic cross sections
for the equilibrium geometry using the ground-state polariz-
ability only with previously presented calculations. Another
calculation using the molecular R-matrix with pseudostates
�MRMPS� method was carried �13� parallel with the present
work. Figure 9 shows that our present results are in quite
good agreement with the MRMPS calculations �13� for en-
ergies above 0.1 eV although there are some small differ-
ences in structures at higher energies. These discrepancies
might be caused by missing higher partial waves in our
present continuum basis set which are present in the
MRMPS calculations �13�. The differences at energies below
0.1 eV might be due to different treatment of the long-range
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polarization effects and due to different target representation.
However, the correspondence of our present calculations to
�13� suggests that the most important long-range effects in
the electron scattering at low energies are represented by the
ground-state target polarizability and coupling of open and
closed channels as discussed above. A negligible contribu-
tion of the 2�g scattering for small energies enables the com-
parison of our 2Ag cross sections with 2�g

+ cross sections
taken from �10�. The differences between our results and
�10� �also plotted in Fig. 9� is also mainly due to different
target representation and polarizability treatment. Gil et al.
�10� found that their results strongly depend on the MOs
basis used for energies below 0.1 eV. Figure 9 shows results
of Padial �9� as well. Contrary to our calculations, Padial �9�
does not take into account effects of any electronically ex-
cited channels. This might explain the differences from our
results above 1.5 eV. In addition, Padial �9� uses a cutoff
polarization potential and her results are strongly dependent
on the cutoff parameter for energies below 1 eV. This might
be the reason for differences from our results at low energies.
Miller et al. �7� measured total rather than just elastic cross
sections. This experiment was performed using a beam of Li2
at about 1000 K. Since we restricted our calculation to fixed-
nuclei elastic scattering in 2Ag symmetry, the cross sections
obtained cannot be compared directly with results of Miller
et al. �7�. However, the pronounced threshold peak present in
our calculations was also observed in experiment. The mea-

sured cross sections exceed values obtained in our calcula-
tions.

V. CONCLUSIONS

We performed R-matrix calculations of 2Ag elastic elec-
tron collision with Li2 in the fixed-nuclei approximation for a
set of different internuclear separations using the R-matrix
codes due to Nestmann �14�. Several different approaches to
the treatment of the polarization potential in the outer region
were compared and we studied effects of the closed elec-
tronically excited channels. This study of the effects in the
outer region is complementary to the previous work �13�.
Our results show that the R-matrix propagation in the polar-
ization potential represented by the target ground-state polar-
izability provides a good treatment of the polarization effects
in the outer region.

We also confirm the presence of a Feshbach resonance at
1.5 eV found in another work �13� performed parallel with
the present calculations. In general results of the MRMPS
calculations �13� using different treatment of polarization
and using different R-matrix sphere are in good agreement
with the present work. On the other hand, the internuclear
separation Rb where the 2�g

+ negative ionic state becomes
bound found in this work is different from previous results
�6�. Presence of the low-lying 2�g

+ Feshbach resonance also
does not correspond to our results. On the other hand, a
low-lying shape resonance was found in previous works
�9,10,13� at the equilibrium geometry. Regarding these facts,
previous calculations due to Wedehra �11� should be recon-
sidered and the nuclear dynamics of the nonelastic processes
like DEA and VE should be studied using results presented
in this work and in �13�. This is the prospect of our forth-
coming work.
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Chapter 3

Effects of multiple vibrational modes in

the DEA and VE

In previous chapters we discussed the calculations of the electron collisions with small

molecules in the fixed nuclei approximation. We showed several interesting applications

for diatomic molecules. In this chapter we will concentrate our attention on the theoreti-

cal treatment of the nuclear dynamics of the DEA and VE using the LCP approximation.

The methods discussed in previous chapter are used to provide the resonance widths and

positions used in the LCP calculations, although in the work presented here, these data

were obtained in different way.

3.1 Dissociative electron attachment

Almost all of the DEA calculations published so far include only one vibrational mode

representing the reaction coordinate. To the best of our knowledge, there are only few

exceptions including model calculations of the DEA to CO2 [28], ab initio calculations for

water [29], ClCN and BrCN [30], and recent study of the DEA to the C2H2 molecule [31].

All these calculations were carried out within the framework of the LCP theory. Many

DEA calculations for polyatomic molecules have been performed using an approximation

of “frozen” fragments. However, the role of other vibrational modes than the reaction one

has not been investigated so far. The mode coupling effects are well known in molecular

spectroscopy and photodissociation dynamics, but they are relatively less studied in

DEA processes. In particular, it is not clear if all the other coordinates should be fixed
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in these calculations or optimized in terms of the least energy value. According to the

Franck-Condon principle, the nuclear geometry should not change during the electron

capture, therefore from this point of view other coordinates should not be optimized,

but rather fixed at the values corresponding to the nuclear configuration of the neutral

molecule. However, after the initial capture, when two fragments (anion and neutral

radical) separate, all nuclear coordinates evolve. The paper presented in this chapter

addressed this problem for polyatomic molecules. We have chosen CF3Cl to study the

resonance process

e+ CF3Cl(ν2, ν3)→ CF3Cl− → CF3(ν ′2) + Cl−. (3.1)

Here ν2 and ν3 stand for the symmetric deformation vibrations (so-called “umbrella”

mode) and the symmetric stretch vibrations, ν ′2 represents the umbrella mode of the free

CF3 radical. At this point we restrict our considerations to one mode only, in addition

to the reaction mode ν3. Inclusion of additional vibrational modes in description of the

DEA to CF3Cl is of interest due to two reasons:

• First, it allows us to study the distribution of the internal energy of the fragment,

in our case the energy of the umbrella mode in the CF3 radical. This energy

can be significant due to a large Franck-Condon factor of the transition from the

initial vibrational state of CF3Cl to the excited umbrella vibrational mode of the

intermediate anion CF3Cl− or due to the final-state interaction between Cl− and

CF3 redistributing the internal energy of CF3.

• The second motivation for study of the DEA with inclusion of the vibrational

umbrella mode is the strong sensitivity of the DEA cross section to the initial

vibrational state of the target, or to the initial vibrational temperature. The one-

mode approximation fails [32, 33] to give the correct quantitative description of

the observed temperature dependence [34] of the low-energy peak in the DEA

to CF3Cl. There are experimental indications that the umbrella mode in perflu-

oromethyl halides can be important in the mechanism responsible for the high

sensitivity of the DEA cross sections to the initial vibrational state of the target.

In the Introduction we mentioned that it is possible to obtain the diabatic complex

potential energy surfaces necessary for calculation of the nuclear dynamics from the

fixed-nuclei scattering calculations performed for a set of nuclear geometries. However,

due to technical issues with the electron correlation treatment in the R-matrix fixed-
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nuclei calculations we decided for different approach. For construction of the real part

of the LCP, potential energy surface of the negative ion calculated by Roszak et al. [35]

was used. In their work, Roszak et al. [35] used the methods of quantum chemistry for

bound states to obtain the positions of the resonance. The imaginary part of the LCP

(resonance width) was taken from the previous one-dimensional calculations [32] and

arbitrarily, athough reasonably, extended to two dimensions. In the fixed-nuclei scat-

tering calculations, the resonance position and width are both usually determined from

the eigenphase sum or scattering cross section. However, in the work included below we

take these quantities from different sources. Because of this model approach, we did not

expect the present calculations to improve the quantitative agreement with experimental

data. Rather, we aimed to investigate the effect of the additional vibrational mode on

the final-state energy distribution and the magnitude of the total cross section.
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I. INTRODUCTION

Almost all of the dissociative electron attachment �DEA�
calculations performed so far include only one vibrational
mode representing the reaction coordinate. To the best of our
knowledge, the only three exceptions are model calculations
of the DEA to CO2 �1�, ab initio calculations for water �2�,
and recent study of the DEA to the C2H2 molecule �3�. All
these calculations were carried out within the framework of
the local complex potential �LCP� theory. In view of the
tremendous amount of computational work necessary to ob-
tain multidimensional complex potential energy surfaces and
the solution of the multidimensional Schrödinger equation
for the nuclear motion, it is apparent that the way to solve the
DEA problems for molecules with more than three atoms is
to make further �in addition to local� approximations. The
one most common is to “freeze” all modes other than one
corresponding to the reaction coordinate. Many calculations
for polyatomic molecules have been performed in this way.
However, the role of other modes in these calculations has
not been investigated so far. The mode coupling effects are
well known in molecular spectroscopy and photodissociation
dynamics, but they are relatively less studied in DEA pro-
cesses. In particular, it is not clear if all the other coordinates
should be fixed in these calculations or optimized �in terms
of the least energy value�. According to the Franck-Condon
principle, the nuclear geometry should not change during the
electron capture, therefore from this point of view other co-
ordinates should not be optimized, but rather fixed at the
values corresponding to the nuclear configuration of the neu-
tral molecule. However, after the initial capture, when two
fragments �anion and neutral radical� separate, all nuclear
coordinates evolve.

This paper presents an attempt to solve this problem for
polyatomic molecules. We have chosen CF3Cl to study the
resonance process

e + CF3Cl��2,�3� → CF3Cl− → CF3��2�� + Cl−. �1�

Here �2 and �3 stand for the symmetric deformation vibra-
tions �so-called “umbrella” mode� and the symmetric stretch
vibrations, �2�, represent the umbrella mode of the free CF3
radical. At this point we restrict our considerations to one
mode only, in addition to the reaction mode �3. This restric-
tion can be justified by the same reasoning as that given by
Shapiro and Bershon �4� in their studies of photodissociation
of CH3I. First, the intermediate anionic state responsible for
the DEA at low energies has A1 symmetry, therefore degen-
erate vibrations �4, �5, and �6 of the e type can be excited
resonantly only in pairs. �They can also be excited directly
due to the transition dipole moment, but this should not sig-
nificantly affect the pure resonant DEA process.� Second, the
C-F bond length RFC=1.34 Å �5� is very close to that for the
anion, 1.37 Å �5� and free CF3 radical, 1.32 Å �6�. There-
fore, we can assume that the C-F symmetric stretching mode
�1 is unlikely to be excited as well. These assumptions are
confirmed by measurements of Mann and Linder �7� who
observed strong electron-impact vibrational excitation of the
�3 and �2 modes in the A1 resonance region, whereas other
modes were not significantly excited.

Inclusion of additional vibrational modes in description of
the DEA to CF3Cl is of interest due to two reasons. First, it
allows us to study the distribution of the internal energy of
the fragment, in our case the energy of the umbrella mode in
the CF3 radical. This energy can be significant due to a large
Franck-Condon factor of the transition from the initial vibra-
tional state of CF3Cl to the excited umbrella vibrational
mode of the intermediate anion CF3Cl− or due to the final-
state interaction between Cl− and CF3 redistributing the in-
ternal energy of CF3. Studies of the Rydberg electron attach-
ment to CH3I, CF3I, and CF3Br molecules �8� showed that at
high principal quantum number n �or at low electron ener-
gies� the major portion of the energy released by electron
capture appears in translation, indicating insignificance of
the internal energy redistribution in the final state. However,
at lower n �or higher electron energies� the final-state inter-
action becomes important �9–11�, although there are no
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quantitative theoretical or experimental results of the radical
fragment internal energy redistribution.

The second motivation for study of the DEA with inclu-
sion of the vibrational umbrella mode is the strong sensitivity
of the DEA cross section to the initial vibrational state of the
target or to the initial vibrational temperature. The one-mode
approximation explains quite well the observed temperature
dependence of the DEA in electron collisions with methyl
halides �12,13�. However, it fails �14,15� to give the correct
quantitative description of the observed temperature depen-
dence �16� of the low-energy peak in the DEA to CF3Cl.
Recent joint experimental and theoretical work on the DEA
to CF3Br �17� demonstrates that the DEA rate calculated in
the one-mode approximation gives a slower growth at high
temperatures than that observed. This indicates that the um-
brella mode in perfluoromethyl halides is more important
than in methyl halides. This is consistent with the fact that
corresponding vibrational quanta are lower in perfluorom-
ethyl halides �e.g., compare 168 meV in CH3Cl with 97 meV
in CF3Cl�. Therefore, the excited umbrella mode is more
populated there than in methyl halides.

The aim of this work is to study the effects of additional
vibrational mode in the DEA to the CF3Cl molecule and to
compare the results with the one-dimensional treatment. In
all our calculations we are using a model resonance width
from the previous one-dimensional calculations �14� which is
arbitrarily, although reasonably, extended to two dimensions.
Because of this model approach, we do not expect the
present calculations to improve the quantitative agreement
with experimental data. Rather, we aim to investigate the
effect of the additional vibrational mode on the final-state
energy distribution and the magnitude of the total cross sec-
tion.

This paper is organized as follows: In Sec. II we describe
our theoretical model and methods used to solve the corre-
sponding equations, in Sec. III we describe the potentials
used in our calculations, and in Sec. IV we discuss the results
of the two-dimensional and one-dimensional calculations.
Atomic units are used throughout the paper.

II. THEORETICAL APPROACH

In the present work we employ the LCP theory �18–20� of
the DEA. Since the nonlocal calculations are rather compli-
cated even in the one-dimensional case, it is desirable to get
the results using a simpler approach as a first step. In addi-
tion, the A1 shape resonance in CF3Cl appears at a relatively
high energy 1.83 eV �21� and it is rather narrow �the width
about 0.6 eV�. This justifies the use of the local theory for
CF3Cl. Another justification is given by the comparison of
our local calculations with previously published nonlocal re-
sults �14,15� as discussed below in Sec. IV A.

A. Coordinates and Hamiltonian

In our calculations the potential energy surfaces V and U
for the neutral molecule CF3Cl and the anion CF3Cl− are
represented using two coordinates: C-Cl internuclear separa-
tion R and the distance between the C atom and the plane

formed by the fluorine atoms r=−RCF cos �, where � is the
F-C-Cl angle and RFC is the F-C bond length. Since we do
not include the C-F stretching mode into our considerations,
RCF is fixed and set to the value 1.342 Å corresponding to
the equilibrium geometry of the neutral CF3Cl. We take all
the potentials relatively to the equilibrium potential energy of
the neutral molecule. Asymptotically �R→�� both surfaces
are represented by the harmonic approximation De+k�r
−rm�2 /2 for the neutral molecule and De+k�r−rm�2 /2−EA
for the anion, where k and rm are the force constant of the
umbrella mode and equilibrium value of r for the free CF3
radical, De is the dissociation energy of the C-Cl bond, and
EA is the electron affinity of the Cl atom.

The classical kinetic energy for the nuclear motion taking
into account the degrees of freedom described above can be
derived from the general Hamiltonian for XY3Z molecules
�22� by fixing of all variables except R and r. In addition, we
assume in the present work that the approximation of har-
monic oscillations with small amplitude is suitable for the
CF3 umbrella motion. In principle, the angle �0 correspond-
ing to the equilibrium geometry of the CF3 radical at given R
changes with the C-Cl distance. However, the potential sur-
faces show that this dependence is rather weak and enables
us to assume that �0 is constant and take its value at the
equilibrium geometry of the neutral CF3Cl. Then we can
write the classical kinetic energy in the following form:

T =
1

2
��Ṙ2 +

3

2
mF�cot2 �0 +

mC + mCl

M
�ṙ2 +

3mClmF

M
Ṙṙ ,

�2�

where mC, mCl, and mF are the masses of corresponding at-
oms, M =mC+mCl+3mF is the total mass of the molecule,
and ��=mCl�mC+3mF� /M is the reduced mass for the rela-
tive motion of the Cl atom and the CF3 radical. All our
calculations were performed in the following reaction coor-
dinates �4� � and r which decouple kinetic energy �2�,

� = R + �r, � =
3mF

mC + 3mF
, �3�

and r remains unchanged. The reaction coordinate � is sim-
ply the distance between the center of mass of the CF3 radi-
cal and the Cl atom. Corresponding linear operator of the
kinetic energy can be written in the reaction coordinates as
follows:

T� + Tr = −
1

2��

�2

��2 −
1

2�r

�2

�r2 , �4�

where

�r = 3mF�cot2 �0 +
mC

mC + 3mF
� . �5�

As long as we are not dealing with the DEA to CF3Cl in
vibrationally highly excited states, we can use the harmonic
approximation for V�� ,r� and diagonalize the Hamiltonian
H=T�+Tr+V. This gives us the normal frequencies and
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normal-mode coordinates expressed as linear combinations
of �− �R0+�r0� and r−r0, where R0 and r0 are the equilib-
rium coordinates of the neutral molecule.

B. Local theory of the dissociative electron attachment

We start the derivation of the formula for the DEA cross
sections using the basic equation for the nuclear wave func-
tion �E�� ,r� in the LCP approximation �18,19�:

�T� + Tr + U��,r� − i���,r�/2 − E��E��,r� = Vdk��,r�	i��,r� ,

�6�

where Vdk�� ,r�=���� ,r� /2
 is the amplitude for electron
capture into the resonance state, 	i�� ,r� is the vibrational
wave function of the neutral molecule in the initial state, and
U�� ,r� represents the anionic potential surface.

To solve Eq. �6�, we expand �E�� ,r� in a basis depending
on r only �4�. Specifically, we select the eigenfunctions of
the vibrational Hamiltonian for the CF3 fragment �note that
��� ,r�=0�:

�Tr + Vh��,r� − ������r� = 0, �7�

where �� are the corresponding eigenenergies ��=De+
2
f ��

+1 /2�, 
2
f is the harmonic frequency of the CF3 radical um-

brella mode, and Vh�� ,r� is the corresponding free CF3 radi-
cal potential curve in the harmonic approximation with the
minimum corresponding to the C-Cl bond dissociation en-
ergy. Thus, the expansion has the form

�E��,r� = �
�

��������r� . �8�

Projection of Eq. �6� on the functions ���r� yields the fol-
lowing system of coupled differential equations for functions
�����:

�T� + �� − E������ + �
��

U������������ = �i���� , �9�

where

U������ =	 ���r��U��,r� − i���,r�/2 − Vh��,r������r�dr ,

�10�

�i���� =	 Vdk��,r�	i��,r��s�r�dr . �11�

Expansion �8� defines the channels corresponding to the vi-
brational states of the free CF3 radical. We solve system of
equations �9� with the outgoing-wave boundary condition at
�→�,

d�����
d�


 iK������ , �12�

where K�
2=2���E−���. In case of the energetically closed

channels we take the asymptotically decaying condition. The
DEA cross section corresponding to the CF3 fragment in the
vibrational state with the quantum number � can be written
as follows �18–20�:

�� =
2
2

k2

K�

��

lim
�→�

�������2, �13�

where k2 /2 is the initial electron energy. As it is well known,
Eq. �13� is not consistent with the Wigner threshold law at
small electron energies. To repair this deficiency of the local
theory, we introduce an additional correction factor �20,23�
into the capture amplitude Vdk�� ,r�:

c��,r� = �� k2

2Er��,r��
�

k2 � 2Er��,r�

1 otherwise,

 �14�

where � is the threshold exponent and Er�� ,r� is the reso-
nance energy discussed below. For s-wave capture in the
absence of the dipole moment, �=1 /4. It should be slightly
modified for CF3Cl. However, this correction becomes im-
portant only in the energy region close to the threshold. Our
calculations showed that it does not play any significant role
in the energy interval of our interest.

System of equations �9� can be solved efficiently using
the Green’s function for the homogeneous equations. Taking
into account asymptotic condition �12�, the column vector
���� of the solutions ����� can be written in the following
matrix form:

���� =
1

2i��
���r����	

�

�

��+�T���������d�� + ��+����

�	
0

�

��r�T���������d��� , �15�

where ���� is the column vector of the source terms �11�, the
symbol T means transposition of the corresponding matrix,
and ��r����, ��+���� are matrix solutions of the homogeneous
coupled equations �Eq. �9� without the source term� satisfy-
ing the following asymptotic conditions at �→�:

��r���� 
 ��−���� − ��+����S , �16a�

����
������ 
���

K�

exp��iK�������. �16b�

Here S is the scattering matrix. According to the standard
definition of the scattering matrix, the solutions ������� are
normalized to the unit flux in each channel. According to
Eqs. �16a� and �16b�, the required asymptotic factor in Eq.
�13� is

lim
�→�

�������2 =
�B��2

4��K�

, �17�

where coefficients B� are given by the following matrix
equation:

B = 	
0

�

��r�T���������d��. �18�

To find the matrix ��r����, we first integrate outward the
homogeneous system of coupled equations corresponding to
Eq. �9� with the regular boundary conditions at the origin.
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We form the square matrix of the solutions ��a���0� at some
intermediate distance �=�0. Similarly, we obtain the solu-
tions ������� by the inward integration of the homogeneous
coupled system of equations corresponding to Eq. �9� from
the asymptotic region to �=�0, where we again form the
matrix of solutions satisfying the asymptotic conditions �16a�
and �16b�. We match this matrix with the matrix ��a���0� to
find the solution of the homogeneous system satisfying both
boundary conditions using the equation

��a���0�C = ��−���0� − ��+���0�S �19�

and similar for the derivatives of the solutions. Here C is a
matrix of coefficients which should be determined together
with the S matrix from the matching conditions. Since the
exponentially growing solutions in the closed channels are
unphysical, matrices C, ��−���0�, and S are rectangular with
N rows and N0 columns, where N is the total number of the
vibrational channels and N0 is the number of the open chan-
nels. After S and C are found, the column B is calculated as

B = 	
0

�0

CT��a�T�������d�

+ 	
�0

�

���−�T��� − S��+�T��������d� . �20�

III. CALCULATIONS

In our multimode calculations we used the two-
dimensional surfaces of CF3Cl and the corresponding anion
calculated by the second-order Møller-Plesset perturbation
theory �24�. All calculations were performed with GAUSSIAN

03 suite of codes �25� employing the Dunning’s augmented
correlation-consistent polarized valence-triple-zeta �cc-
pVTZ� basis set �26–28�. More details are given in Ref. �5�.

Since we use the two-mode approximation for the vibra-
tional wave functions in all our calculations, it is useful to
check how well our two-dimensional Hamiltonian with the
potential surface of the neutral molecule reproduces the cor-
responding normal-mode frequencies. Comparison of our re-
sults with experimental data due to Scanlon et al. �29� is
given in Table I. As can be seen, our two-dimensional Hamil-
tonian gives slightly underestimated values for the normal-
modes frequencies but they are still in good agreement with
experiment and justify the use of our two-dimensional treat-
ment of the neutral CF3Cl.

For the anion at R�1.9 Å the present calculation exhibits
a kinklike behavior similar to that observed in the previously
published one-dimensional calculation �14�, where it was ex-
plained by variational collapse: an attempt to introduce a
more diffuse basis set leads to larger contribution of the con-
tinuum states and the “collapse” of the anion energy to the
neutral energy �with the zero-energy electron in the con-
tinuum�. In order to remove this deficiency, we employed a
semiempirical method used in several previously published
calculations �13,14�: we extrapolated the calculated anionic
potential surface toward smaller R so that it represents the
correct vertical attachment energy, 1.83 eV, in the case of
CF3Cl �21�. The adjusted surface is plotted in Fig. 1.

In our multimode calculations the CF3 fragment was rep-
resented by the potential curve V�� ,r� plotted in Fig. 2. The
potential could be symmetrically continued toward negative
values of r due to possible flip-flop of the CF3 radical. How-
ever, in the present work we restrict our considerations to
geometries of CF3 which do not exceed the planar configu-
ration. As can be seen in Table I, the fixation of the C-F bond
in our treatment gives slightly higher vibrational frequency
than previous experimental study �30�.

In order to find the asymptotic solution of system of equa-
tions �9� we need to evaluate potential matrix �10� also for
values of R and r exceeding the region in which the quantum

TABLE I. The harmonic frequencies �in cm−1� of the CF3Cl
calculated using our two-dimensional Hamiltonian, the frequency of
the umbrella mode of the CF3 radical, and their comparison with
experimental data.

Our Hamiltonian Experiment


2 775.12 862.18 �29�

3 463.33 483.07 �29�
CF3 fragment �
2� 747.38 701�3 �30� 0.20.40.60.811.2
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FIG. 1. �Color online� The two-dimensional anionic potential
surface used in the multimode calculations. The zero potential cor-
responds to the minimum of the neutral target potential surface.

0

0.5

1

1.5

2

2.5

3

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

P
ot

en
tia

le
ne

rg
y

(e
V

)

r (units of a0)

FIG. 2. The potential energy of the CF3 radical as a function of
the distance between the carbon atom and the plane of the fluorine
atoms.
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chemical calculation of the potential surfaces is available.
Since the imaginary part of the potential matrix U������ van-
ishes outside this region, it is necessary to continue the an-
ionic surface only. To this end we introduced the following
parametrization of the surface:

U�R,r� = b�r�exp�− 2��r��R − R0��

− c�r�exp�− ��r��R − R0��

+ V��,r� − V��,rm� + De − Ea, �21�

where rm=0.77 a0 is the position of the minimum of the CF3
radical potential energy V�� ,r�, De=4.014 eV is the C-Cl
bond dissociation energy �5�, and Ea=3.613 eV is the elec-
tron affinity of the Cl atom �31�. This parametrization repro-
duces correct asymptotic behavior in R of the anionic poten-
tial. For every fixed r it represents the Morse potential, the
parameters ��r�, b�r�, and c�r� are determined by the condi-
tion of the smooth connection between the region where the
potential is given by quantum chemical calculation and the
region where we use the parametrization.

In order to justify the use of the local theory of the DEA
and to see the effect of the vibrational modes of the CF3
radical we performed two local one-dimensional calculations
�18–20� with fixed CF3 radical. In the first calculation we
used the Morse potentials

UM�R� = B exp�− 2��R − R0�� − C exp�− ��R − R0�� + D

�22�

for the neutral and anionic curves as functions of the C-Cl
distance. In both cases R0=3.307 a0 was taken and it corre-
sponds to the position of the neutral potential surface mini-
mum. These potentials were used previously by Wilde et al.
�14� in the nonlocal semiempirical R-matrix calculation and
corresponding parameters are given in Table II.

The parameters of the neutral potential were chosen to
reproduce the experimental value of the vibrational fre-
quency �29� and the anionic potential curve was obtained by
fitting to the ab initio calculations �14�. Another one-
dimensional calculation was performed using the potential
curves extracted from our two-dimensional surfaces. We
took the potential curves along R in the neutral and anionic
surfaces with fixed r=0.877 a0 corresponding to the value at
the minimum of the neutral potential surface. These curves
are compared with the Morse potentials in Fig. 3.

This graph shows that the different behavior in the vicin-
ity of the crossing points of the neutral potential curve with
the corresponding anionic potential leads to slightly different
position of these crossing points. While in the case of the
Morse potentials RC=3.87 a0, the potential curves extracted

from the two-dimensional surface give the value RC
=3.80 a0. We do not expect that the different behavior at
larger C-Cl internuclear separation will have considerable
influence on the DEA cross sections.

All our calculations discussed in the present work em-
ployed the width function obtained from the semiempirical
R-matrix theory as described in �14�. In this study, the sur-
face amplitude of the semiempirical one-pole R matrix was
fitted to the experimental vibrational excitation cross section
of Mann and Linder �7�. As a result, the energy-dependent
fixed-nuclei resonance width can be calculated using the
general relation between the surface amplitude and the reso-
nance width �32�. In the one-dimensional local calculations
the local �adiabatic� width is represented as �(Er�R� ,R),
where Er�R�=U�R�−V�R� is the resonance energy for a
given C-Cl internuclear separation R. Its extension to the
two-dimensional case requires an additional information on
the dependence of the width on the second coordinate r. As a
first step, we present here the two-dimensional width
�(Er�R ,r� ,R ,r) as a function of Er�R ,r� only. This function
is plotted in Fig. 4.

TABLE II. Parameters of the Morse potentials �in a.u.� used in
our one-dimensional calculations taken from Ref. �14�.

� �units of a0
−1�

B
�a.u.�

C
�a.u.�

D
�a.u.�

Neutral molecule 0.8507 0.1382 0.2764 0.1382

Negative ion 0.820 0.0928 0.009 −0.011
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FIG. 3. �Color online� Potentials used in the one-dimensional
calculations. The Morse potentials taken from �14� are compared
with curves extracted from the two-dimensional surfaces.
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Near the threshold ��Er� exhibits the s-wave behavior
slightly modified by a small permanent dipole moment
�0.5 D�. For larger Er the behavior is more consistent with
the E3/2 dependence typical for �� resonances �21�.

Using the potential surfaces and widths discussed above
we calculated potential matrix �10�. Few lowest elements �as
functions of �� are plotted in Figs. 5 and 6.

The lowest diagonal elements are very similar to each
other and the most pronounced differences between them
appear in the region around their minima. However, due to
the oscillatory character of the vibrational wave functions
�s�r�, �s��r�, the off-diagonal elements become smaller with
increasing difference between the indices s and s�.

The system of differential equations �9� was integrated as
discussed in Sec. II B using Milne’s predictor-corrector
method �33�. We employed this technique since it does not
require the calculation of the first derivatives of the solution.
To use this method it is necessary to have the solution cor-
responding to first four steps in the integration region. To this
end we calculated the semiclassical wave functions �34� cor-
responding to the real part of potential matrix �10� deep
enough in the classically forbidden region. This solution
evaluated at four lowest steps of the outward integration was

used to integrate the full system of equations �9�. The small
values of the semiclassical wave functions in the classically
forbidden region enabled us to neglect the imaginary part of
potential matrix �10�. This method showed to be stable with
respect to change of the starting point of the outward inte-
gration as far as it was far enough from the corresponding
classical turning point. The inward integration was started in
the region where potential matrix �10� can be neglected and
where solutions satisfying conditions �16a� and �16b� can be
used to start the predictor-corrector integration.

Since we start the outward integration in the classically
forbidden region, the solutions of the homogeneous system
of equations corresponding to Eq. �9� raise rather rapidly
with increasing � in this region, especially in the case of
energetically closed channels. In this case the exponentially
increasing component of the solution becomes dominant and
the linear dependence with the exponentially decreasing
component raises the issues with the matching procedure de-
scribed above. In order to keep the calculations numerically
tractable, we did not include more than one closed channel
into our calculations for every particular energy of the inter-
est. However, the large masses of the nuclei suggest that the
inclusion of the closed channels will not influence the results
significantly.

IV. RESULTS

A. Local complex potential calculations

We performed the multimode calculation of the cross sec-
tions for the DEA to CF3Cl in the ground vibrational state for
initial electron energies from 0.8 to 3 eV. Using the basis set
of 13 lowest vibrational wave functions of CF3 to solve Eq.
�9� we obtained converged results for final states of the frag-
ment with vibrational quantum numbers ��6 as well as con-
verged total cross section. Due to the restriction to one
closed channel only discussed above, the cross sections at
energies with less than 12 open channels �E�1.48 eV� were
calculated using the smaller basis sets. The distribution of
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final vibrational states of the CF3 fragment is plotted in Fig.
7.

This graph shows that the cross section with the highest
peak corresponds to the final vibrational state of the fragment
with �=2. For every energy in the range of our interest the
cross section corresponding to �=0 is below the cross sec-
tion for �=1. This suggests that the DEA to CF3Cl is an
efficient way of vibrational excitation of CF3. These results
can be understood by analyzing two mechanisms taking
place in the DEA: the vertical Franck-Condon transition and
final-state interaction. The vertical transition leaves the CF3
radical in a particular vibrational state. Then the CF3 um-
brella motion is influenced by the Cl− ion in the temporal
anionic complex, and as a consequence of this final-state
interaction, the vibrational state of the fragment can be
changed. In order to analyze the relative importance of these
two mechanisms in production of the excited fragments, we
performed another calculation where we neglected all the
off-diagonal elements in potential matrix �10�. Therefore, the
coupling between different vibrational states of the radical
due to the interaction with the Cl− ion in Eq. �9� was not
taken into account. Results of this calculation are plotted in
Fig. 8.

As can be seen in this graph, the dominant cross sections
correspond to the vibrational ground state ��=0� and first
excited state of the fragment ��=1�. All the peaks corre-
sponding to higher excited states are successively decreasing
with raising �. Comparison of Fig. 7 with Fig. 8 shows that
dominance of the cross section corresponding to �=2 around
its peak is mainly due to interaction of the umbrella motion
with the Cl− ion in the anionic complex. As can be seen in
Fig. 9, the reduction in the excited fragments due to the
neglect of the coupling leads to a narrower peak in the total
cross section when compared with calculation including the
off-diagonal elements of potential matrix �10�. This figure
shows that our two-dimensional calculations give rather high
total DEA cross sections when compared with previous stud-
ies �14�.

In order to understand these results, we performed two
one-dimensional LCP calculations using the Morse potentials

described above and using the potential curves taken from
the two-dimensional potential surfaces as discussed in Sec.
III. Corresponding cross sections are plotted in Fig. 10.

It shows that the model using the potentials extracted
from the two-dimensional surfaces gives cross section larger
approximately by a factor of 2 than the cross section calcu-
lated using the Morse potentials. The peaks, however, appear
at very close energy of about 1.65 or 1.7 eV. As can be seen
in Fig. 10, our one-dimensional calculation using the Morse
potentials is in very good agreement with previously pub-
lished results of the nonlocal semiempirical R-matrix calcu-
lations �14�. This agreement justifies the use of the local
theory. The same figure shows the comparison with previous
nonlocal calculation due to Beyer et al. �15�. The fixed nuclei
quantities used to construct the nonlocal model in Ref. �15�
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were obtained from the ab initio R-matrix calculations �35�.
It can be seen that these results are in good correspondence
to our calculations using the Morse potentials. However, the
peak in our results appears at energy which is 0.15 eV below
the peak position in Ref. �15� and its value is 0.004 Å2

lower. This difference also can be attributed to different
treatments of the resonant anionic state.

B. Classical calculations

To emphasize how the differences in potentials used in
our one-dimensional calculations change the cross sections,
we calculated the survival probability P of the negative ionic
complex �36� for both models using the formula

P�E� = exp�−���

2
	

RF�E�

RC ��R�dR
�E − U�R�� , �23�

where RC is the crossing point of the anionic potential curve
with the neutral potential. RF�E� is the Franck-Condon point
given by the condition �37�

U„RF�E�… − V„RF�E�… = E − Evib, �24�

where Evib is the corresponding vibrational energy of the
neutral molecule. Calculated survival probabilities are plot-
ted in Fig. 11.

This graph shows that the curve corresponding to the
model using Morse potentials is smaller by a factor of 2 than
the curve using the potentials extracted from the two-
dimensional surfaces. This result corresponds to the DEA
cross sections plotted in Fig. 10. Since we use the same
resonance width ��R� in both models, the difference arises
from the different time needed to pass from RF�E� to RC on
the anionic curve for given electron energy. This time, given
by the formula

T�E� =���

2
	

RF�E�

RC dR
�E − U�R�

, �25�

is plotted in Fig. 12 for both one-dimensional models.

It shows that this time for Morse model is higher than for
the model using the potentials extracted from the two-
dimensional surface for every energy. These results suggest
that the small differences in the potentials used in our models
lead to rather large changes in the corresponding DEA cross
sections. The more extensive discussion of the character of
the stabilization time T�E� and its relation with the maximum
of the survival probability is presented in the Appendix.

It is an interesting feature of the results obtained from our
two-dimensional LCP calculation that it exhibits a substantial
increase in the total cross section when compared with the
one-dimensional case. This is partly because of more favor-
able potential surfaces intersection in the multimode calcula-
tion. As has been shown, the one-dimensional potential curve
extracted from the two-dimensional surface produces a
higher survival probability. In the case of the two-
dimensional potential surface, the negative ion motion can be
even more favorable �in terms of the survival probability�. To
understand this better, we have performed classical simula-
tions of the DEA process along the lines developed in Ref.
�38� �see also Ref. �39��.

The classical DEA cross section can be written as

� =
2
2

ki
2 	 dPdQ��Q�W�q�Q,P�,p�Q,P��

���H�Q,P� − E�P�Q,P� , �26�

where Q ,P are the sets of initial reaction coordinates and
conjugated momenta, ��Q� is the adiabatic width function,
W�q ,p� is the Wigner distribution function expressed in
terms of the set of normal coordinates q and conjugated
momenta p, H�Q ,P� is the classical Hamiltonian of the
system, and P�Q ,P� is the survival factor given by
P=exp�−���t�dt� along the classical trajectory correspond-
ing to the initial coordinates Q and momentum P.

For interpretation of our two-dimensional LCP results we
analyzed several classical trajectories which give the most
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significant contribution to integral �26�. They correspond to
the maximum of the function

F�Q,P� = W�q�Q,P�,p�Q,P��P�Q,P� �27�

with the constraint imposed by the conservation of energy

H�Q,P� = E . �28�

In our case of 2 degrees of freedom, we have three indepen-
dent parameters corresponding to the initial conditions. We
have chosen �, r, pr, with p� defined by Eq. �28�.

In Figs. 13 and 14 we present the time dependence of �, r,
and � for three classical trajectories with relatively high val-
ues of the function F�Q ,P�. The incident electron energy is
1.7 eV and the corresponding initial positions and momenta
are presented in Table III. Note that the case �a� corresponds
to the maximum value of the function F, whereas case �c� to
the maximum value of the survival probability. However, in
case �c� the value of the Wigner distribution function is very
low.

From the analysis of Figs. 13 and 14 we see that the
optimal classical trajectory does not correspond to a constant
value of r, therefore by going from one-dimensional to two-
dimensional case we have more possibilities to increase the
survival factor by expanding the class of possible trajecto-
ries. Typically optimal trajectories lead to substantially
higher survival probabilities than we obtain in the one-
dimensional case. Note, however, that, although this conclu-
sion is qualitatively general, the quantitative results depend

on the width function ��Q�, and in the present case the width
is rather arbitrarily �although reasonably� extended from one-
dimensional case to two-dimensional case.

V. CONCLUSIONS

We performed a two-dimensional LCP calculation of the
DEA to CF3Cl in the ground vibrational state at energies
from 0.8 to 3 eV. The corresponding total cross section ex-
hibits a substantial increase when compared with our one-
dimensional models and previously published studies. Our
classical two-dimensional calculation showed that this is due
to the more optimal, with respect to the survival probability,
paths performed by the final products in the two-dimensional
case compared to those in the one-dimensional case. The
classical trajectories with largest contribution to the DEA
cross section do not correspond either to a fixed value of the
coordinate r or optimal �in the sense of the minimal energy�
path in the �� ,r� plane. This suggests that the additional de-
gree of freedom enables the increase in the DEA cross sec-
tion. With the increasing number of vibrational degrees of
freedom quantum-mechanical calculations become computa-
tionally very demanding, therefore a further development of
classical and semiclassical methods �38–41� is necessary.

The results obtained for the distribution of the final vibra-
tional states of the CF3 radical show that the cross section
with the highest peak corresponds to the vibrational state of
the CF3 fragment with �=2. We showed that this excitation
is mainly due to the final-state interaction, leading to the
energy exchange between the umbrella motion and the C-Cl

TABLE III. Parameters of classical trajectories presented in Figs. 13 and 14, together with corresponding
value of the function F and the survival factor S. Initial coordinates and momenta are given in a.u., and
function F in arbitrary units.

� r P� Pr F S

�a� 4.134 0.932 2.611 0.103 1.000 0.0050

�b� 4.048 0.777 10.275 −0.100 0.0605 0.0026

�c� 4.248 1.027 18.777 −0.100 0.00095 0.0727
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motion in the temporal anionic complex. Therefore, our re-
sults support the findings indicating the importance of the
CF3 vibrational energy redistribution during the DEA at
higher energies �9–11�.

Our new cross sections for attachment to the ground state
of CF3Cl are about a factor of 3 higher than those calculated
within the framework of one-dimensional model. This also
leads to worse agreement with experiment at room tempera-
ture �16,21,42,43� when only ground vibrational state of
CF3Cl is mostly populated. However, our width has been
extrapolated from an empirical width obtained from one-
dimensional calculations. For a proper comparison with ex-
periment the two-dimensional adiabatic width should be cal-
culated ab initio, or readjusted with the account of the
second vibrational coordinate. As a next step, we plan calcu-
lations of vibrational excitation cross sections which would
allow us to obtain a semiempirical two-dimensional width by
its adjustment to experimental data �7� on vibrational excita-
tion.

The next step will be the extension of our calculations of
DEA to vibrationally excited states. This will allow us to
study the temperature dependence of DEA cross sections and
hopefully will explain the low-energy peak at 800 K �16�
which cannot be explained by existing one-dimensional cal-
culations �14,15�.
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APPENDIX: DISCUSSION OF THE MAXIMUM OF THE
SURVIVAL PROBABILITY

Here we will discuss the origin of the unexpected maxi-
mum of the survival probabilities shown in Fig. 11. The de-
creasing part of each curve corresponds to the raising parts of
T�E� plotted in Fig. 12. Since the temporal anionic system
�treated classically� needs longer time to reach the stabiliza-
tion point RC, the survival probability decreases with raising
energy. The increasing part at the smaller energies corre-
sponds to the rapidly decreasing parts of the curves T�E�
plotted in Fig. 12. As a consequence of Eqs. �24� and �25�,
the larger energy leads to shift of the Franck-Condon point
toward smaller values and prolongs the classical path of the
anionic system to the stabilization point RC �see Fig. 15�.
However, this time increase competes with increase in the
classical velocity. Let us investigate the behavior of T�E� in
the limit of energies sufficiently close to E2=U�R2�−V�R2�
+Evib, where R2 is the right boundary of the Franck-Condon
region of the ground vibrational state �see Fig. 15�.

E2 provides the left boundary of energies for which it is
possible to define the survival probability. Consider E close
to E2, so that anionic turning point Rt, determined by the

condition U�Rt�=E, can be approximated by a linear function
of E,

Rt = R2 + d�E2 − E� , �A1�

where d�0 is the constant dependent on the potentials in the
vicinity of R2. As the energy E decreases toward E2, the
corresponding Franck-Condon point RF shifts toward R2 as
well as Rt �see Fig. 15� and can be approximated as

RF = R2 + b�E2 − E� , �A2�

where 0�b�d, since Rt�RF. These approximations are
equivalent to the assumption that the kinetic energy for the
motion in the anion potential between Rt�E� and R2 can be
approximated by a linear function. Then we can write

E − U�R� � c�R − Rt� , �A3�

where c�0 is another constant dependent on the behavior of
the anionic potential between Rt and R2. Using these assump-
tions we can express integral �25� for energies sufficiently
close to E2 as follows:

T�E� =���

2c
	

RF�E�

R2+� dR
�R − Rt

+���

2
	

R2+�

RC dR
�E − U�R�

,

�A4�

where ��0 is a constant small enough to make approxima-
tion �A3� valid at the interval �Rt ,R2+��. Then we can cal-
culate the first integral in Eq. �A4� and obtain

T�E� = 2���

2c
��d�E − E2� + � − ��d − b��E − E2��

+���

2
	

R2+�

RC dR
�E − U�R�

. �A5�
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FIG. 15. �Color online� The relative positions of the turning
point Rt, Franck-Condon point RF and the crossing point RC, and
corresponding energies used in the calculations of the survival prob-
abilities P�E� and times T�E�.
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This equation shows that T as a function of E exhibits a
square-root singularity of the type const− p�E−E2 where p
is a positive constant. Therefore, when E starts to increase
from E2, T�E� is always decreasing and reaches a minimum

at higher E. Therefore the survival probability increases first
and then reaches a maximum as can be seen in Fig. 11. Note
that this result is not valid if RC=R2.
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3.2 Vibrational excitation

The notation introduced in the article included above is used throughout this section.

In addition, the equation numbers not including the chapter number, refer to the corre-

sponding equations in the same paper.

The topic of DEA is closely related to the topic of VE. Having the nuclear scatter-

ing wave function χE(ρ, r) (solution of equation (6) in the paper included above) it is

straightforward to calculate cross sections of the DEA (using the asymptotic form of the

solution, see equation (13)) as well as cross section of the VE. The T -matrix element for

νi→ νf reads [4]

T (kf , νf ; ki, νi) =

∫
drdρζf (ρ, r)Vdkf

(ρ, r)χE(ρ, r). (3.2)

Here ζf (ρ, r) is the final-state vibrational wave function of the neutral molecule, νf and

νi represent the sets of vibrational quantum numbers corresponding to the final and

initial state, Vdkf
(ρ, r) is the capture amplitude as described in the paper above, the

subscript f corresponds to the momentum kf of the free electron leaving the excited

molecule and enters the capture amplitude via the correction factor (14), ki is the initial

momentum of the free projectile before entering the collision region. The information

about the initial vibrational state of the molecule is included in the solution χE(ρ, r) of

equation (6). Corresponding VE cross section can be calculated using the formula [4]

σνfνi
(E) =

4π3

k2
i

|T (kf , νf ; ki, νi)|2 . (3.3)

The prefactors in this formula depend on the normalization of the scattering states. We

assume energy-normalized scattering states for electrons and nuclei. Therefore, knowl-

edge of the nuclear scattering wave function allows us to calculate the corresponding

T -matrix as well as the DEA cross sections. However, to calculate the integral (3.2) we

need the values of χE(ρ, r) in the region where ζf (ρ, r) is non-zero, while for calculation

of the DEA cross section the asymptotic form is sufficient.

It was found in the paper above that the two-dimensional model gives higher DEA

cross sections than the one-dimensional models which reproduce the experimental results

due to Mann and Linder [36]. The one-dimensional models employed the resonance

width function fitted to these experiments. In our two-dimensional calculations this

function was extended to two dimensions. However, this model-like extension can be
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a reason of the increase in the DEA cross sections. Therefore, we decided to calculate

the cross sections for the VE of CF3Cl using the two-dimensional model and acoording

to the results obtained to adjust the two-dimensional extension of the resonance width

function.

Using the expansion (8) of χE(ρ, r) in the basis of the vibrational eigenfunctions of

the CF3 fragment, we can write the T −matrix (3.2) in the following form:

T (kf , νf ; ki, νi) =

∫
drdρ

∑
ν

ζf (ρ, r)Vdkf
(ρ, r)ψν(ρ)φν(r) =

∫
dρ

∑
ν

κfν(ρ)ψν(ρ),

(3.4)

where

κfν(ρ) =

∫
drζf (ρ, r)Vdkf

(ρ, r)φν(r). (3.5)

As it is explained in the article above, the inhomogeneous system of ordinary differ-

ential equations (9) with corresponding boundary conditions (12) was solved using the

predictor-corrector integration method for homogeneous systems and subsequent deter-

mination of factors relating the solutions of homogeneous and inhomogeneous systems in

the asymptotic region (see equations (13), (17) and (18)). Although this method would

be applicable for determination of functions ψν(ρ) in the regions important for VE, we

decided to use other method and we solved system (9) using the exterior complex scaling

(ECS) method [37]. The reason was that ECS is more tractable for this class of prob-

lems and does not require some approximations necessary to use the predictor-corrector

method used in the paper above (quasiclassical approximation to start the integration,

restricted number of closed channels). In addition, use of the ECS technique enabled us

to test whether all the approximations used in the article presented here are suitable for

this problem.

Our tests with calculations of the DEA cross sections using the ECS method showed

that it gives the same results as the technique described in the paper above. Therefore,

this suggests that both methods are suitable for this problem and interval of scattering

energies. All the results were well converged and the differences in the cross sections

calculated were smaller than 1%. After these tests we performed a preliminary calcula-

tions of the VE and compared the results with previously published experimental works

and calculations. The results corresponding to particular excitations from the ground

vibrational state are plotted in Figure 3.1 and in Figure 3.2. The first figure shows
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Figure 3.1: VE cross sections obtained from the two-dimensional LCP calcu-
lation. The notation of the vibrational transitions is (ν3, ν2)→ (ν ′3, ν

′
2). All the

transitions plotted in this figure correspond to pure excitation of the umbrella
mode (the C-Cl stretching mode remains in the ground final state).

the cross sections of the VE from the ground state of CF3Cl to the ground vibrational

state of the C-Cl stretching mode and different excited states of the CF3 umbrella mode.

As can be seen, the cross sections decrease rapidly with increasing vibrational quantum

number of the final-state umbrella mode and shows clear peaks in the energy interval

1.5–2 eV. Figure 3.2 shows the VE cross sections corresponding to the lowest excited

final vibrational state of the C-Cl stretching mode and different final vibrational states

of the umbrella mode. Also these cross sections are subsequently decreasing with raising

vibrational quantum number of the umrella mode and show well pronounced peaks in

the energy interval 1.5–2 eV.

In order to allow for comparison of our results with previously published non-local

one-dimensional calculationof the VE [32], it is necessray to establish the correspondence

of the vibrational states of the target in our model with the vibrational states considered

in the paper [32]. As the one-dimensional treatment [32] does not distinguish different

umbrella states of the CF3 radical, it is reasonable to assume that in the one-dimensional

model all the final umbrella states contribute to the VE cross section equally. Therefore,

the results for particular vibrational transition (ν3 = 0)→ (ν ′3 = 1) presented in [32]
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Figure 3.2: VE cross sections obtained from the two-dimensional LCP cal-
culation. The notation of the vibrational transitions is (ν3, ν2)→ (ν ′3, ν

′
2). All

the transitions plotted in this figure correspond to different excitations of the
umbrella mode and excitation of the C-Cl stretching mode to its lowest excited
state.

corresponds to sum of the VE cross sections corresponding to transitions (ν3 = 0, ν2 =

0)→ (ν ′3 = 1, ν ′2 = n). Here n denotes the ground and all the excited final states of the

umbrella mode. As can be seen in Figure 3.2, this sum converges very fast and final

states with n > 5 have negligible contribution to the sum. Comparison of these results

is plotted in Figure 3.3. This comparison shows that our sum of the cross sections

gives very good agreement with corresponding one-dimensional results taken from [32]

for energies below 1.7 eV. There is a discrepancy at higher energies, although both peaks

are at approximately the same position. Mann and Linder [36] are able to distinguish

different vibrational modes in their experiments. Their results corresponding to pure

excitation of the C-Cl stretching mode into its lowest excited state are showed in the

same figure. The experimental VE cross sections are in very good agreement with the

one-dimensional results of Wilde et al. [32]. This can be explained by the construction

of the non-local model which was adjusted to reproduce these data. On the other hand,

our calculated VE cross section corresponding to the vibrational transition (0, 0)→ (1, 0)

shows a substantial decrease for all energies when compared with the experimental results
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Figure 3.3: Sum of the calculated VE cross sections corresponding to the
excitation from the ground state to the lowest excited state of the C-Cl stretching
mode (Σ stands for summation over different final umbrella states) is compared
with non-local one-dimensional results of Wilde et al. [32] and with corresponding
experimental results due to Mann and Linder [36]. Calculated VE cross section
(0, 0)→ (1, 0).

of Mann and Linder [36]. We explain this observation as well as the discrepancy between

our cross sections and the one-dimensional curves taken from [32] by the model-like

extension of the resonance width function mentioned above and in the paper included

in this chapter. Figure 3.4 shows the comparison of our calculated VE cross section

(0, 0)→ (0, 1) with corresponding experimental results [36]. The discrepancy which

occurs in this comparison can also be attributed to the extension of the width function

Γ to two dimensions.

The preliminary calculations of the VE cross sections showed above suggest that the

research should be concetrated on the width function. Therefore, the prospect of our

forthcomming work is to improve the adjustment of this function in two dimensions.

It will lead to an improved LCP model and it will allow for better explanation of the

temperature dependence of the DEA cross section mentioned above. In order to make

this study complete, we aim to perform the R-matrix fixed-nuclei calculations, obtain

independent complex potential energy surfaces and using them calculate the DEA and



Effects of multiple vibrational modes in the DEA and VE 56

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 1  1.5  2  2.5  3  3.5  4  4.5

σ 
(1

0−
16

 c
m

2 )

Electron energy (eV)

(0,0)−>(0,1)
Mann Linder, ν2

Figure 3.4: Calculated VE cross section (0, 0)→ (0, 1) is compared with corre-
sponding results of Mann and Linder [36].

VE cross sections.



Chapter 4

Conclusions

In this work we were dealing with resonant processes in electron scattering off small

molecules. We presented four original articles covering the fields of fixed-nuclei scattering

calculations (using R-matrix theory) and nuclear dynamics of the DEA and resonant VE

(using the LCP approach).

In the first paper presented in this work we are dealing with the role of electron

correlation in the fixed-nuclei elastic electron scattering off F2. It is well-known that F2 is

difficult system with respect to the electron correaltion treatment. Since the internuclear

separation at which the anion becomes stable against autodetachment is located very

close to the equilibrium geometry of the neutral molecule, the small changes of the

position and width of the electronic resonance caused by different electron-correlation

treatment lead to rapid changes in the DEA and VE cross sections. The paper included

in this work is dealing with R-matrix calculations using the most advanced CI model used

for F2 so far. In addition, it shows the abilities of the Bonn R-matrix codes used to treat

the correlation on the SD-MRCI level beyond the widely used SEP approximation. Using

this advanced CI model, we calculated all the quantitites (using the FFR approach)

necessary for construction of the NRM and calculation of the DEA and VE.

Next two works included here are dealing with R-matrix calculations of electron

collisions with lithium dimer. This system represents a challenge for the fixed-nuclei

scattering methods since its ground-state and excited-states wave functions have quite

large spatial extent. Thus, the unusually large R-matrix sphere was necessary what

complicated the representation of the continuum in the inner region. Li2 has a huge po-

larizability which complicates the convergence of the CC expansion in the inner region.

57
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In the second article presented here, we emplyed a molecular R-matrix with pseudo-states

(MRMPS) method originally developed for treatment of electron-molecule collisions at

intermediate energies. However, our application shows that this method is suitable for

improved representation of the target leading to better treatment of the polarization

effects in the inner region. The results of this work are in very good agreement with

the next work included here, where we use larger R-matrix sphere and different repre-

sentation of the target in the inner region. This suggests that all the features found in

the scattering cross sections, are physical and not an artifact of the insufficient repre-

sentation of the scattering continuum or target. In addition, we confirmed a presence

of the low-lying 2Σg virtual state which was expected to be a resonance in previously

published works and which was considered the main channel of DEA to Li2. In our work

we suggested reconsideration of these mechanisms.

The last article included in this work is dealing with the DEA and VE of CF3Cl

using the LCP approximation with emphasis on the effects of two vibrational modes.

To our best knowledge, this is the largest molecule treated using the LCP model with

more than one vibrational degree of freedom included so far. We found that the DEA

to CF3Cl is an efficient way how to produce vibrationally excited CF3 fragments and we

explained a mechanism of this excitation via final-state interaction during the motion of

the system on the anionic surface in the region, where it is not bound. In addition, we

performed preliminary calculations of the VE and using the results we aim to improve

the construction of the LCP model in order to explain the temperature dependence of

the DEA cross sections observed experimentally.
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