
Charles University in Prague

Faculty of Mathematics and Physics

Institute of Theoretical Physics

2009

Ph.D. thesis

David Kofroň
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CONVENTIONS

Through this PhD thesis we use the following notation

• number of dimensions is 4

• the pseudo-Riemannian metric gab has the signature (−, +, +, +) if not stated otherwise

• covariant derivatives of Aa...
b... are denoted by ∇cA

a...
b... or Aa...

b...;c

• partial derivatives with respect to some coordinates are denoted by Aµ...
ν...,α

• ε0 is the permitivity of vacuum

• µ0 is the permeability of vacuum

• c is the speed of light (and except for the chapters considering the Newtonian limit we set
c = 1)

• λ(= c−2) is the causality constant of Ehlers frame theory

• G is the Newtonian gravitational constant

• Gab = κTab are the Einstein field equations, Gab = Rab − 1
2 gabR is the Einstein tensor, Rab

is the Ricci tensor, R is the Ricci scalar, Tab is the energy-momentum tensor of matter and
κ = 8πGλ2 is the Einstein gravitational constant





CHAPTER

1

INTRODUCTION

There is only one class of explicitly known exact solutions of the Einstein-Maxwell equations
which describe spatially bounded sources of gravity and electromagnetism in motion which are
asymptotically flat (i.e., they admit global, though not complete, null infinity as well as spacelike
and timelike infinities) and are radiative. They are characterized by the existence of two Killing
vector fields. The first one is everywhere1 spacelike axial Killing vector field. The second one
changes its signature on two spatially unbounded distinct but intersecting null hypersurfaces. In
the flat spacetime limit, or in the asymptotic regions, this Killing vector field goes over to the boost
Killing vector field. Therefore the name “boost-rotation symmetric” spacetimes was proposed in
[12] and this name was accepted by scientific community. The sources follow the orbits of the
boost Killing vector field and thus we call them “uniformly accelerated”.

Historically, the first particular member of this class is the C-metric discovered by Weyl [48] in
1917 (and later independently rediscovered many times) and classified by Ehlers and Kundt in [23].
The physical interpretation of the C-metric was proposed in 1970 by Kinnersley and Walker [35].
They performed an analytic extension of the C-metric, transformed the C-metric into coordinates
more suitable for physical interpretation and identified acceleration horizons in the weak-field
limit. Considering the whole spacetime they concluded that it represents two Schwarzschild black
holes uniformly accelerated in opposite directions. They also noticed that the C-metric is quite
similar to Bonnor-Swaminarayan solutions.

In 1964 Bonnor and Swaminarayan [15] (and independently Israel and Khan [34]) constructed,
by a different method, first particular examples of vacuum boost-rotation symmetric spacetimes.
Four years later, Bičák [2] shown that these solutions are radiative and investigated their radiative
properties including radiative patterns.

The non-rotating vacuum boost-rotation symmetric solutions (Bonnor-Swaminarayan solu-
tions) are in general of Petrov algebraic type I. This subclass is fully defined by the presence of
the boost and the axial Killing vector and axially symmetric solution of linear three dimensional
Laplace equation to which the Einstein field equations reduce under these conditions. Attempts
to generalize these solutions to charged or rotating solutions appear very complicated.

Contrary to the obstacles described above almost by the miracle there exist a charged and
rotating C-metric. It has been found to be a subclass of the Plebański - Demiański solutions which
is a seven parameter class of solutions of the Einstein-Maxwell equations. This quite general class
was published in 1976 [42] and bears the name of its discoverers.

1for physically plausible spacetimes



2 1 INTRODUCTION

However for charge and rotation we “pay” another price: this solution is algebraically special
– it is of Petrov type D – and the natural (adapted to its algebraic type) coordinates covers only
one half of the spacetime.

The C-metric has been widely studied in literature during the last four decades. There is a
long lasting consensus in the scientific community about what is the uncharged and non-rotating
C-metric2. Yet, in 2003 Hong and Teo [32] provided a new parameterization of the C-metric which
is more useful for calculations and better for physical interpretation of the parameters. The (cubic)
structure function is easily factorizable. In the case of the rotating charged C-metric the situation
nowadays is still under development. The “old” charged rotating C-metric suffers one physical
problem: it contains regions near the rotation axis where the axial Killing vector is timelike. This
has been interpreted as torsion singularities. The causality in this regions is violated [38] and
closed timelike curves can occur [14].

In 2005 Hong and Teo [33] proposed a solution to this problem. During the restriction of
the seven parameter Plebański - Demiański class to the three parameter C-metric class they have
chosen so-called NUT parameter differently – thus they arrived at physically distinct solution – and
then in their “new” charged and rotating C-metric the axis does not exhibit torsion singularities.
As we also pointed out in [7] (where, led by the flat spacetime limit of the charged and rotating
C-metric, we casted the C-metric by a simple coordinate transformation in yet another form).
This “new” C-metric also possesses a natural flat spacetime limit. Therefore we consider it more
plausible from the physical point of view and we insist to accept it as the canonical “C-metric”.3

From the unified and geometric point of view the boost-rotation symmetry was extensively
studied in [12]. The asymptotic properties, regularity conditions for the axis as well as the “roof”
(common name for acceleration horizons) are given there. The boost symmetry plays an exceed-
ingly important role in physics – it is the only additional symmetry to the axial symmetry which
does not exclude gravitational radiation. The theorem stating this for vacuum spacetime is proved
in [11] and in [10] this result is generalized for electrovacuum spacetimes and for the Killing vector
field which need not to be hypersurface orthogonal.

Except for solutions with specially fine-tuned parameters4 there are inevitably conical singu-
larities5 displaced along the symmetry axis which connect the sources to infinity and to each other.
These conical singularities are often called strings and, in fact, it was shown in [30] that they can
be obtained as a zero circumference limit of real extended axially symmetric strings. Also the
inner tension of the strings is proven to be proportional to the acceleration of the moving objects.

The presence of the singularities indicates that the solution is in some sense incomplete. The
reason of acceleration – by the strings – is not physically the best one. Therefore it is promising that
Ernst succeeded in finding another source of acceleration. In [27] the Harrison-type transformation
[31] was applied to the charged (non-rotating) C-metric which resulted in spacetime describing
uniformly accelerated charged black holes immersed in an external homogeneous electric field. If
its intensity is properly chosen then the axis is regular outside the black-holes. Unfortunately, the
external homogeneous electric field is not compatible with asymptotical flatness. Independently,
Bičák [3] in 1980 calculated the motion of charged black hole in an external electric field by means
of a perturbative approach. These two results coincide to the degree of achieved precision. The
advantage of Bičák’s approach lies in the fact that the region filled with homogeneous electro-
magnetic field can be spatially bounded and thus the requirement of asymptotical flatness need

2The uncharged and non-rotating C-metric is in the “linear regime” and solutions describing an arbitrary number
of accelerating black holes are not difficult to construct [19].

3This also suggest that the class of boost-rotation symmetric spacetimes is richer than it is thought. But we are
interested only in solutions with plausible physical interpretation.

4For example two Bonnor-Swaminarayan particles with positive and negative matter see, e.g, [15], [4] or [5] for
self accelerating “dipole” particle.

5deficit or excess angle



3

not to be abandoned. Ernst also removed the nodal singularity from the uncharged non-rotating
C-metric by immersing it to homogeneous gravitational field [28]. The asymptotical flatness is,
again, lost. Another attempt to remove conical singularities provided Emparan 12 years ago in
[24] where the composite black holes are considered.

In the present thesis we shall generalize these results by including rotation. We shall find such
an external electromagnetic field in which rotating charged black holes fall without any strings
present.

The problem of gravitational radiation is intimately connected to the problem of mass in general
relativity. The boost-rotation symmetric spacetimes provide us an excellent opportunity to study
the gravitational radiation by analytical methods and by using various approximation techniques
but still starting out from exact solutions! One of the most successful approach to define mass in
general relativity for non-stationary (fully dynamical) spacetimes is Bondi’s definition [13] of mass.
In [2] Bondi’s news function is derived for the Bonnor-Swaminarayan solutions but particular form
of functions entering the metric is not used thus this result is quite general and can be used also for
the C-metric, for example. In present days these results are just being rederived using conformal
methods and generalized by Sládek [45].

The interpretation of general relativistic spacetimes are usually made within the context of
the special-relativistic limit (in which the general-relativistic effects are accounted as small devi-
ations). The special-relativistic limit is obtained by limiting the coupling constant (gravitational
constant) G → 0. It is well known that in this limit the Kerr-Newman solution goes over to the
electromagnetic magic field which has been thoroughly studied, e.g., by Lynden-Bell [40]. Due to
its gyromagnetic ratio the same as of the electron [18] this field can serve as a classical model of
electron. In this thesis we provide the same limit for rotating charged C-metric (which represents
uniformly accelerated Kerr-Newman black holes) and thus the model of the accelerated electrons
may arise.

It is of great interest to investigate the Newtonian limit of relativistic spacetimes. In this limit
the causality constant λ = c−2 is set to zero. It is known that the Newtonian limit of Einstein’s
field equations is the Poisson equation of the Newton theory. But an important question arises
how the solutions of these equations are related. First relevant contribution to this problem on
the general level was made by Èlie Cartan [16], [17] in the early twenties of the last century.
He formulated the Newton theory of gravitation in the language of modern differential geometry
(which is the natural language of general relativity). During the last few decades Ehlers developed
an unified and rigorous framework for treating the Newtonian limit of spacetimes in [21], [22]. This
framework is often called the Ehlers frame theory. It will be used to investigate the Newtonian
limit of the boost-rotation symmetric solutions in the present work.

The thesis is organized as follows: In the second chapter we define global boost-rotation
symmetric spacetimes in their canonical form and, specifically, study the charged rotating C-
metric. In Chapter 3 we utilize the projection formalism6 and the new form of the charged
rotating C-metric to remove the conical singularities. An external electromagnetic field is found
in which two rotating black holes fall in opposite directions without any support from strings or
other “linear singularities” being necessary. The content of this chapter is new an will be soon
prepared for publication [6]. Following Chapter 4 is devoted to the “Accelerating electromagnetic
magic field from the C-metric” [7]; we also give a short introduction to our work. In this paper we
illustrated some properties of the flat spacetime limit of the charged rotating C-metric. Finally,
Chapter 5 presents the paper “The Newtonian limit of spacetimes for accelerated particles and

6Projection formalism reduces the Einstein-Maxwell equations to the Ernst equations in presence of the non-null
Killing vector field.



4 1 INTRODUCTION

black holes” [8]. The Ehlers frame theory complemented with the Künzle contribution to the
Newtonian limit of electrovacuum relativistic spacetimes is employed in the last Chapter to extend
the results of Chapter 5 aldo to the case of the charged C-metric.

In concluding remarks we briefly summarized main results of the thesis and indicate some
prospects for future work.



CHAPTER

2

BOOST-ROTATION SYMMETRIC

SPACETIMES AND THE C-METRIC

The canonical coordinates for the non-rotating boost-rotation symmetric vacuum spacetimes were
introduced in [12] and generalized to the rotating boost-rotation symmetric spacetimes in [9].

The non-rotating electrovacuum boost-rotation symmetric metric reads

ds2 =
eµ (z dt − t dz)

2 − eν (z dz − t dt)
2

z2 − t2
− eν d%2 − e−µ%2 dϕ2 , (2.1)

where µ = µ(%2, t2 − z2), ν = ν(%2, t2 − z2) and the coordinate ranges are t, z ∈ (−∞, ∞),
% ∈ 〈0, ∞), ϕ ∈ 〈0, 2π). Substituting the metric (2.1) into vacuum Einstein’s field equations
leads to equations for two metric function µ and ν. The function µ has to be the solution of flat
spacetime wave equation

�µ =

[

− ∂2

∂t2
+

1

%

∂

∂%

(

%
∂

∂%

)

+
∂2

∂z2

]

µ = 0 . (2.2)

The wave equation is then the integrability condition for the following system of partial differential
equations for function ν:

(A + B) ν,A = B
(

Aµ2
,A − Bµ2

,B + 2Aµ,A µ,B

)

+ (A − B)µ,A − 2Bµ,B , (2.3)

(A + B) ν,B = A
(

Bµ2
,B − Aµ2

,A + 2Bµ,A µ,B

)

+ (A − B)µ,B + 2Aµ,A , (2.4)

where A = %2, B = z2 − t2. The equation (2.2) written in terms of variables A and B reads as
follows

Aµ,AA + Bµ,BB + µ,A + µ,B = 0 . (2.5)

We can solve the wave equation (2.2) by using Green’s function, for example. We consider the
“sources”1 to be axially symmetric and spatially bounded. All source points have to move on the
boost Killing vector field orbits.

1The source for the background flat spacetime scalar wave equation (2.2).
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Figure 2.1: The space diagram (a) depicts just two particles attached to two strings extending to
infinity. The spacetime diagram shows two hyperbolae – two pairs of “particles” or the C-metric.
Different parts of the axis have different values of deficit angle – this is visualised by the tones of
grey.

The charged rotating C-metric in (almost2) the Hong and Teo form [33] reads

ds2 =
1

A2(x − y)2

{ G(y)

1 + (aAxy)2

[

(

1 + a2A2x2
)

Kdt + aA
(

1 − x2
)

Kdϕ
]2

− 1 + (aAxy)
2

G(y)
dy2 +

1 + (aAxy)
2

G(x)
dx2

+
G(x)

1 + (aAxy)
2

[

(

1 + a2A2y2
)

Kdϕ + aA
(

y2 − 1
)

Kdt
]2
}

, (2.6)

where the structure function G(ξ) following from the Einstein-Maxwell equations is

G(ξ) =
(

1 − ξ2
)

(1 + r+Aξ) (1 + r−Aξ) , (2.7)

with
r± = Gm ±

√

G2m2 − a2 − Gq2 . (2.8)

Here m, a, q and A are respectively the mass, rotation, charge and acceleration parameter. In
addition to the form given in [33] we performed a simple coordinate rotation and introduced con-
stant K scaling the angular coordinate ϕ. We also inserted explicitly the Newtonian gravitational
constant G.

The explicit (but complicated) transformation of the C-metric (2.6) with a = 0 (i.e., the non-
rotating case) to the Weyl form can be found in [32]. In Appendix A we cast (2.6) into the
canonical boost-rotation symmetric coordinates (2.1) for extremal cases.

The structure function G(ξ) has been constructed in such a way that we can simply find four
simple real roots

ξ1 = − 1

r−A
, ξ2 = − 1

r+A
, ξ3 = −1 , ξ4 = 1 . (2.9)

2See the attached paper [7] for the explanation why it is more convenient to use (2.6).
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(Recall that in the original Demiański-Plebański form [42] this structure function is the quartic
polynomial with very complicated roots.) The roots obey ξ1 ≤ ξ2 < ξ3 < ξ4. The roots determine
several physically interesting regions: x = y = ξ3 is infinity; the black hole event horizon corre-
sponds to y = ξ2; the acceleration horizon is at y = ξ3; the line x = ξ4 is the part of symmetry
axis extending from the black hole event horizon to the acceleration horizon and, finally, x = ξ4

connects the event horizon with infinity. The roots also determine the allowed (as we are interested
only in regions with physically interesting interpretation) range of x and y coordinates in (2.7) as
follows:

y ∈
{

〈ξ2, ξ3〉 for the I. quadrant

〈ξ3, ξ4〉 for the II. quadrant
(2.10)

x ∈ 〈ξ3, ξ4〉 (2.11)

The black hole is located in the I. quadrant where the boost Killing vector field is timelike.
Nevertheless, the metric (2.6) describes also the II. quadrant where no black holes are present.
This quadrant is dynamical and radiative.

The 4-potential of the electromagnetic field in coordinates of the line element (2.6) is

A =
Kqy

1 + (aAxy)
2

[(

1 + a2A2x2
)

dt + aA
(

1 − x2
)

dϕ
]

. (2.12)

The axial Killing vector field is ξ = ∂ϕ. Let us denote its norm F = ξaξa. The axis of
symmetry is regular if in the limit at the rotation axis F ,aF,a/4F → 1 (see, e.g., [46], Eq. (19.3)).
Calculating this invariant for the C-metric we get

F ,aF,a

F
=

A2 (x − y)2

1 + (aAxy)
2

(

G(x)F 2
,x − G(y)F 2

,y

)

F
. (2.13)

The parameterization of the C-metric is chosen such that the axis is given by x = −1 or x = 1.
We can explicitly write the regularity condition of the metric (2.6) as

1

4

F ,aF,a

F

x→±1−→ K2
(

1 + a2A2 + G
(

A2q2 ± 2Am
))2 −→ 1 . (2.14)

The net physical charge of the whole spacetime is zero, but the physical charge Q of one of
the black holes is

4πQ =

∫

∂Ω

?F = 4πKq . (2.15)

The total angular momentum is zero as the black holes are counterrotating. To calculate the
angular momentum for each black hole separately has sense only in the vacuum case. Then, we
found total the angular momentum of one of the black holes to be

J = − 1

16π

∫

∂Ω

εabcd∇cξd
(ϕ) = K2Gam . (2.16)

From all the expressions above can be seen that the parameter K is important although its choice
is somewhat arbitrary. In the following we will try to make the best choice.





CHAPTER

3

REMOVAL OF THE NODAL SINGULARITY

OF THE CHARGED ROTATING C-METRIC

It was in 1968 when Ernst formulated the Einstein field equations for stationary axially symmetric
vacuum [25] and electrovacuum [26] configurations in terms of two complex scalar potentials. Later
he constructed spacetimes which represent moving black holes. Such solutions were known at
that time but his solutions are exceptional because they contain neither conical singularities nor
negative mass to cause the acceleration. This was achieved by immersing the charged C-metric
into an external homogeneous electric field [27] or by immersing the uncharged C-metric in an
external homogeneous gravitational field [28]. The term “external homogeneous” is justified by
employing special-relativistic limits.

Last few equations in [27] are derived using small acceleration approximation only because
Ernst employed the old parameterization of the C-metric which was not suitable for explicit
calculations.

Due to the recent improvement of the form of the C-metric by Hong and Teo [32], [33] we are
able to follow Ernst’s ideas for, in principle, large accelerations and, in addition, we are able to
generalize his results also for the the charged and rotating C-metric.

In section 3.1 we will introduce the necessary formalism and outline Ernst’s ideas. In section
3.2 we will apply them to charged rotating C-metric.

Using these modern methods we can formulate the Ernst ideas in a simple manner. The C-
metric belongs to the class of solutions which is stationary (at least in some regions) and axially
symmetric. Thus we have two Killing vector fields: timelike vector ξ(t) and spacelike vector ξ(ϕ).

1

3.1 Projection formalism

In the projection formalism the Einstein-Maxwell equations are reduced to the Ernst equations
– system of two differential equations for two complex scalar fields – if a Killing vector field is
present. This system possesses an 8 dimensional group of symmetries. Some of these symmetries
can be used to generate new physically interesting solutions. And this is what Ernst did. Using

1Actually, what is commonly called C-metric is just one quarter of spacetime “below the roof” – and this is
explicitly static and axially symmetric in coordinate system adapted to algebraic speciality. The whole spacetime we
are interested in is the analytical continuation to other 3 quarters of spacetime from which two are fully dynamical.
Both Killing vectors are space-like in these dynamical regions.



10
3 REMOVAL OF THE NODAL SINGULARITY OF THE CHARGED ROTATING

C-METRIC

one of this symmetry transformation he was able to construct a nodal singularity free solution
from the charged C-metric.

The comprehensive description of projection formalism is given in [46], more details can be
found in [43]. Here we provide just a few necessary facts. We also prove that for electrovacuum
case the form of the Ernst equations does not depend on the character of the Killing vector field –
their form is the same for spacelike as well as timelike Killing vectors. The existence of potentials
is the consequence of the existence of one Killing vector field. They are usually expressed with
respect to the timelike Killing vector ξ(t) but it is also possible to use the axial spacelike Killing
vector ξ(ϕ).

The existence of Killing vector field ξ over a manifold M gives rise to uniquely defined quotient
manifold M ′ whose dimension is smaller by one. This is true even if the Killing vector field ξ is
not surface orthogonal and thus does not define a submanifold in M . Instead, the manifold M ′

has to be considered as a quotient space defined by orbits of the Killing vector field.

Geroch has shown that for tensor fields on M satisfying

ξjT a...
j... = 0 , LξT

a...
b... = 0 , (3.1)

there is one-to-one correspondence to tensor fields on M ′ in [29]. He also provided a method how
to reconstruct tensor fields on M from tensor fields on M ′.

Defining the scalar field F and twist vector2 ω by

F = ξaξa , ωa = −εabcdξ
b∇cξd , ( ξaωa = 0 , Lξω = 0 ) (3.2)

and the induced metric

hab = gab − ξaξb/F , (3.3)

the Einstein field equations reduce to

R(3)

ab =
1

2
F−1∇a∇bF − 1

4
F−2∇aF∇bF +

1

2
F−2

[

ωaωb − hab ωjωj

]

(3.4)

+h m
a h n

b R(4)

mn , (3.5)

∇[aωb] = −εabmnξmR(4)n
q ξq , (3.6)

� F =
1

2
F−1 ∇nF∇nF − F−1ωnωn − 2R(4)

mnξmξn , (3.7)

∇aωa =
3

2
F−1 ωa∇aF . (3.8)

where ∇a is the covariant derivative operator of metric hab and contractions are taken with respect
to the metric hab.

Written in terms of the conformal metric γab with conformal factor Ω2 = εF , where ε = sgn F ,
and its derivative operator ∇̃3

γab = h̃ab = εFhab (3.9)

2The reader of “Exact Solutions” [46] and Rácz [43] is warned that their definitions of twist vector differ by
sign. Here we adopt the definition in agreement with “Exact Solutions” [46].

3The conformal transformations of d’Alembert (Laplace) operator and scalar products of two gradients in 3-
dimensions read as follows:

�u = εF �̃u −
1

2
∇̃

mεF ∇̃mf , ∇
mu∇mv = εF ∇̃

mu ∇̃mv .
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these equations simplify to

R̃(3)

ab =
1

2
F−2 (∇a∇bF + ωaωb) +

(

h m
a h n

b + εF−2habξ
mξn

)

R(4)

mn , (3.10)

∇̃[aωb] = −εabmnξmR(4)n
q ξq , (3.11)

�̃F = F−1
(

∇̃nF ∇̃nF − ωnωn

)

− 2εF−1R(4)

mnξmξn , (3.12)

∇̃aωa = 2F−1ωa∇̃aF . (3.13)

Introducing the complex vector field

Γ = −∇̃F + iω (3.14)

we can combine equations (3.12) and (3.13) into one equation for the complex vector

−∇̃aΓa = F−1ΓaΓa − 2εF−1R(4)

mnξmξn (3.15)

In the following we write down the relation between Φ and E , the electromagnetic, resp. the
gravitational, complex scalar potentials and physical quantities.

The complex electromagnetic Ernst potential Φ associated to the physical electromagnetic
tensor F ab is defined by equation

√

κ

2
ξaF ∗

ab = Φ,b , Φ,aξa = 0 , F ∗ab
;b = 0 (3.16)

where the ∗ operation has the following meaning

A∗

ab = Aab +
i

2
εabcdA

cd , i.e., A∗ = A + i ? A . (3.17)

From Maxwell equation contracted with Killing vector ξaF ∗;b
ab = 0, together with the fact that

ξaΦ,a = 0, we derive the wave equation for the electromagnetic potential Φ. In terms of the
conformal metric this equation reads

F �̃Φ + Γa∇̃aΦ = 0 . (3.18)

The stress energy tensor reconstructed in terms of the complex potential Φ reads

Tab =
1

2
F ∗c

a F ∗
bc , F ∗

ab =
4√
2κ0

F−1
(

ξ[aΦ,b]

)∗
. (3.19)

Using Einstein equations we can express the last term on the right hand side of equation (3.15) as

ξmξnRmn = ∇mΦ∇mΦ̄ = εF ∇̃mΦ∇̃mΦ̄ , (3.20)

and also the right hand side of (3.11) as

εabmnξmR(4)n
q ξq = −2iΦ̄[,aΦ,b] . (3.21)

We see that the system of equations

−F �̃ Φ = Γa∇̃aΦ , (3.22)

−F ∇̃aΓa = ΓaΓa − 2F ∇̃mΦ ∇̃mΦ , (3.23)

∇̃[aωb] = −2iΦ[,aΦ̄,b] , (3.24)
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does not contain the signature of the norm of the Killing vector field ε (c.f., (3.9)), i.e., it is valid
for timelike as well as spacelike Killing vector field ξ. From equation (3.24) it follows that the
combination ωc + 2Φ̄Φ,c is a gradient.

It is convenient to introduce the complex gravitational potential E by

E,a = −F,a + iωa − 2Φ̄Φ,a , −F =
1

2

(

E + Ē
)

+ Φ̄Φ . (3.25)

Its relations to physical quantities (and the integrability conditions for its existence) are given by

ξaK∗

ab = E,b , E,aξa = 0 , K∗ab
;b = 0 , K∗

ab = −2ξ∗a;b −
√

2κ Φ̄F ∗

ab . (3.26)

Then the equation (3.24) is automatically fulfilled and the remaining two equations (3.22) – (3.23)
reduce to the Ernst equations4 (because −F = Re E + Φ̄Φ)

−F �̃ E =
(

∇̃aE + 2Φ̄ ∇̃aΦ
)

∇̃aE , (3.27)

−F �̃ Φ =
(

∇̃aE + 2Φ̄ ∇̃aΦ
)

∇̃aΦ . (3.28)

The Ernst equations exhibit high degree of symmetry. As mentioned above, solutions can be
mapped onto solutions by the action of 8-parameter group G8. Its nonlinear representation which
acts on solutions is given by

Ê = ᾱαE , Φ̂ = αΦ , (3.29)

Ê = E + ib , Φ̂ = Φ , (3.30)

Ê = E (1 + icE)
−1

, Φ̂ = Φ (1 + icE)
−1

, (3.31)

Ê = E − 2β̄Φ − β̄β , Φ̂ = Φ + β , (3.32)

Ê = E (1 − 2γ̄Φ − γ̄γE)
−1

, Φ̂ = (Φ + γE) (1 − 2γ̄Φ − γ̄γE)
−1

, (3.33)

where α and γ are complex constants and b and c are real constants. The transformations (3.30)
and (3.32) are just gauge transformations of the complex potentials. The other transformations
change the physical properties of spacetime. As this group is not Abelian, the successive applica-
tion of these transformation leads to physically different spacetimes.

The theorem 34.2 from “Exact Solutions” [46] states: Given a solution (E , Φ, γab) of the
Einstein-Maxwell equation with a non-null Killing field, then any set (Ê , Φ̂, γab) obtained by ap-
plication of an arbitrary sequence of transformations (3.29) – (3.33) is also a solution. The con-
formal metric γab on the quotient space M ′ remains unchanged. Only the potentials are affected
by these transformations. The transformation (3.33) is called the Harrison transformation [31].

The definition of the potentials E and Φ and transformations is not independent on units. In
cgs we have

Φ,a =

√
2κ

4
ξaF ∗

ab , (3.34)

E,a = −F,a + iωa − 2

4π
Φ̄Φ,a , (3.35)

−F =
1

2

(

E + Ē
)

+
1

4π
Φ̄Φ , (3.36)

K∗

ab = −2ξ∗a;b −
√

2κ

4π
Φ̄F ∗

ab . (3.37)

4It would perhaps be more appropriate to call these equations “generalized Ernst equations”. In what is usually
understood as Ernst equations are the derivative operators ∇̃ and �̃ derived from flat space metric with signature
(+, +,+).
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The Ernst equation are affected as well:

−F �̃ E =

(

∇̃aE +
2

4π
Φ̄ ∇̃aΦ

)

∇̃aE (3.38)

−F �̃Φ =

(

∇̃aE +
2

4π
Φ̄ ∇̃aΦ

)

∇̃aΦ (3.39)

In the following we will make use of the transformation (3.33). For the sake of simplicity we define
Λ which in cgs turns out to be

Λ = 1 − 2√
4π

γ̄Φ − γ̄γE . (3.40)

The transformation (3.33) then reads

Ê = EΛ−1 , Φ̂ =
(

Φ +
√

4π γE
)

Λ−1 , (3.41)

and thus

F̂ = −
1
2

(

E + Ē
)

+ 1
4π ΦΦ̄

Λ̄Λ
=

F

Λ̄Λ
. (3.42)

The new metric is reconstructed

g̃ab = |F̂−1| γab + F̂−1ξ̂aξ̂b (3.43)

and the stress energy tensor of electromagnetic field is

F̃ ∗

ab = 2
√

2/κ F̃−1
(

ξ̂[aΦ̂,b]

)∗

(3.44)

Nevertheless, it it not necessary to reconstruct the complete metric to investigate the properties
of the axis as we will see later.

3.2 Projection formalism applied to the C-metric

To generate a singularity-free solution from the charged rotating C-metric (2.6) with the help of
the Harrison transformation (3.33) we need to know its generating complex potentials.

In this case we know the full solution of Einstein field equations and thus we find the norm of
the axial Killing vector ξ = ξ(ϕ) to be

F = K2 a2A2
(

1 − x2
)

G(y) +
(

1 + a2A2y2
)

G(x)

A2 (x − y)
2
[

1 + (aAxy)
2
] , (3.45)

the complex electromagnetic potential Φ is the solution of (3.16)

Φ = −2
√

πG Kq
aAy − ix

1 + iaAxy
, (3.46)

and the gravitational Ernst potential given by (3.26) is found to be

E = −F−Φ̄Φ+i2aK2G
(yA(x2 − a)(1 − xy) + ya2m(1 − 3x2 + yx3 + yx) − m(x2 + 1 − 3xy + yx3)

(x − y)
(

1 + (aAxy)
2
) .

(3.47)
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The potential E can be also (as the potential Φ) written in the form

E =
P (x, y)

A2 (x − y)
2
(1 + iaAxy)

,

but we have not yet found any compact expression of the complex polynomial P (x, y). However,
it is merely a polynomial of order 3 in variables x, y.

3.3 Removal of the nodal singularity of the charged C-

metric: rotating case

Having calculated the complex potentials E and Φ we can proceed to apply the transformation
(3.33). Let us choose the parameter γ to be

γ = −1

2
i
√

GE . (3.48)

Then in the special-relativistic limit the parameter E can be interpreted as the strength of the
(added) external homogeneous electromagnetic field.

The norm of the Killing vector transforms as

F̂ =
F

Λ̄Λ
, (3.49)

and the invariant which we need to evaluate at the axis turns out to be

F̂,aF̂ ,a

F̂
=

A2 (x − y)
2

1 + (aAxy)
2

[

G(x)F̂ 2
,x − G(y)F̂ 2

,y

]

F
. (3.50)

Evaluating the limits along the symmetry axis leads to

lim
x→1

F̂,aF̂ ,a

4F̂
=

K2
(

1 + a2A2 + G
(

q2A2 + 2mA
))2

[

(

1 + 1
2 GKEq

)4
+ G4K4E4a2m2

]2 , (3.51)

lim
x→−1

F̂,aF̂ ,a

4F̂
=

K2
(

1 + a2A2 + G
(

q2A2 − 2mA
))2

[

(

1 − 1
2 GKEq

)4
+ G4K4E4a2m2

]2 . (3.52)

The “equilibrium” condition limx→1 = limx→−1 depends upon the initial choice of spacetime
– i.e., the choice of the constant K which defines the distribution of conical singularities in the
original spacetime enters the equilibrium condition of the newly generated spacetime.

It seems most natural to consider K =
(

1 + a2A2
)−1

(cf. (2.14)). Then we can exactly solve
m from the equilibrium condition. The expression itself is a tremendous one. Therefore we will
present it as the series in G

m =
Eq

A

[

1 +
A2q2

1 + a2A2
G − 5

4

E2q2

(1 + a2A2)
2 G2 + O

(

G3
)

]

. (3.53)

This resembles the classical equation for motion for charged particle in electric field plus some G
dependent corrections but the physical interpretation is not as easy as it looks like. We cannot
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forget that the net physical charge is given by (2.15) – Q = Kq – and thus the last equation in
terms of the net charge reads

m

1 + a2A2
=

EQ

A

[

1 + (1 + a2A2)A2Q2G − 5

4
E2Q2G2 + O

(

G3
)

]

. (3.54)

The last equation indicates what is to be interpreted as the physical mass: M = Km. Otherwise we
would get the correction to the classical formula even at the zeroth order level which is something
we do not expect. Notice, however, that for small accelerations |mA| � 1, the factor K '
1+O

(

(aA)2
)

. This also provides our preferred interpretation of underlying physics. The charge is
invariant, the acceleration (in the point-like case, where a = 0) is A with respect to the background
(this is read off the particle worldline) and the mass is affected by the mutual electromagnetic
– gravitational interaction. In the case of a rotating disc, the situation is a bit complicated –
different parts of disc have different acceleration.

If we now choose K to be K =
(

1 + a2A2 + κ(A2q2 ∓ 2Am)
)−1

one would naively expect that
the result will be the same but it appears (the special-relativistic value for K is the same as in
the preceding case) that the string contributes to the mass of the particles. The solution of the
equilibrium condition reads

m =
Eq

A

[

1 ± 2Eq

(1 + a2A2)
G ∓ 1

4

Eq2
(

8A2q ± 27E
)

(1 + a2A2)
2 G2 + O

(

G3
)

]

, (3.55)

or
m

1 + a2A2
=

EQ

A

[

1 ± 2EQG + O
(

G2
)]

. (3.56)

3.4 Removal of the nodal singularity of the charged C-

metric: non-rotating case

In this section we will summarize the results for the non-rotating C-metric and interpret the
parameter E. The non-rotating case is simpler and thus all results can be written explicitly.

The non-rotating C-metric reads:

ds2 =
1

A2 (x − y)
2

[

G(y)dt2 − dy2

G(y)
+

dx2

G(x)
+ G(x) dϕ2

]

, (3.57)

where G(ξ) is given by (2.7) and (2.8) with a = 0. The 4-potential is

A = qy dt (3.58)

The norm of the Killing vector ξ(ϕ) is

F =
G(x)

A2(x − y)2
. (3.59)

The electromagnetic complex potential

Φ = i2
√

πG Kqx , (3.60)

and the gravitational potential E is real and thus can be easily computed from −F = Re E+ 1
4π Φ̄Φ.
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The new metric which is reconstructed from the conformal metric on quotient space (which is
invariant under the Harrison transformation) and the Killing vector is

ds2 =
1

A2(x − y)2

[

Λ̄Λ

(

G(y) dt2 − dy2

G(y)
+

dx2

G(x)

)

+
G(x)

Λ̄Λ
dϕ2

]

, (3.61)

where

Λ = 1 − 2√
4π

γ̄Φ + γ̄γ

(

1

4π
Φ̄Φ + F

)

(3.62)

Let us choose the parameter

γ = −1

2
i
√

GE , (3.63)

then the solution of the equilibrium condition with K = 1 reads

m =
Eq

A

[

1 + A2q2 G − 5

4

E2q2

(1 + a2A2)
2 G2 + O

(

G3
)

]

. (3.64)

Finally, let us prove that the term “homogeneous electromagnetic field” can be justified. For
this reason we perform the (special-relativistic) limit G → 0. The metric is then

ds2 =
1

A2(x − y)2

[

(1 − y2) dt2 − dy2

1 − y2
+

dx2

1 − x2
+ (1 − x2) dϕ2

]

, (3.65)

where −1 < x < 1 and y < −1. This metric is easy to obtain from uniformly accelerated
coordinates

ds2 = −ζ2dτ2 + dζ2 + d%2 + %2dϕ2

by

ζ =

√

y2 − 1

A(x − y)
, x = − ζ2 + %2 − 1/A2

√

(ζ2 + %2 − 1/A2)
2

+ 4%2/A2

, (3.66)

% =

√
1 − x2

A(x − y)
, y = − ζ2 + %2 + 1/A2

√

(ζ2 + %2 − 1/A2)
2

+ 4%2/A2

. (3.67)

The stress energy tensor (3.44) can be derived from the 4-potential

A =

(

qy − E

2

1 − y2

A2 (x − y)2

)

dt , (3.68)

the first term is the potential of uniformly accelerated point charge5 and the second term in uni-
formly accelerated coordinates is simply 1

2 Eζ2dt which is actually homogeneous electromagnetic
field parallel to the symmetry axis.

5recall that ζ2 = Z2
− T 2



CHAPTER

4

THE FLAT SPACETIME LIMIT OF THE

CHARGED ROTATING C-METRIC

The relation between the Einstein-Maxwell system of equations and the Maxwell equations on flat
background is simpler than the interconnection between the Einstein field equations (i.e., general
relativity) and Newton’s theory. It is, of course, of interest to study the special-relativistic (flat
spacetime) limits of general-relativistic solutions.

In this chapter we construct the flat spacetime limit of the rotating charged C-metric and
elucidate its relation to the “electromagnetic magic field”.

Lynden-Bell derived the electromagnetic magic field from scratch [39]. It is also known to be
the flat spacetime limit of Kerr-Newman solution. This solution of Maxwell equations is of great
interest – it has the same gyromagnetic ratio as an electron (see, e.g., [18]) and thus can serve
as a classical model of electron. Source of this field is uniformly rotating charged rigid disc with
radial distribution of charge. This disc is then surrounded by the rim of an infinite charge of
opposite sign in such a way that the total charge is finite. The rim rotates with the speed of light.
In a series of subsequent papers Lynden-Bell investigated the field of charged rotating disc with
arbitrary tip speed [40] and he studied in this connection also charged rotating ellipsoids [41].

By providing a flat spacetime limit of the charged rotating C-metric we generalized these
results. There is a lot of similarities between electromagnetic magic field and accelerating elec-
tromagnetic magic field as could be expected. But the effect of acceleration introduces some new
features. For example, the discs are bent due to the acceleration. The acceleration implies also
that the electromagnetic radiation is present.

The remaining of this chapter is formed by our paper “Accelerating electromagnetic magic
field from the C-metric” [7]. It contains the historical introduction and overview of the properties
of electromagnetic magic field as well as our new result.
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CHAPTER

5

THE NEWTONIAN LIMIT OF THE

C-METRIC

Classical limits of relativistic or quantum theories belong to fundamental issues of theoretical
physics. However, careful, rigorous and simultaneously physically intuitive procedures how to
construct such a limit involve quite complicated subtleties. In this chapter we provide – both
physically and mathematically – plausible Newtonian limits of the boost-rotation symmetric so-
lutions.

The following text is based upon our work [8] in which the main features of the Ehlers’ frame
theory on which our construction is based, are elucidated. For the more detailed description the
reader is referred to Ehlers article [22] or easily available [37].



40 5 THE NEWTONIAN LIMIT OF THE C-METRIC



41



42 5 THE NEWTONIAN LIMIT OF THE C-METRIC



43



44 5 THE NEWTONIAN LIMIT OF THE C-METRIC



45



46 5 THE NEWTONIAN LIMIT OF THE C-METRIC



47



48 5 THE NEWTONIAN LIMIT OF THE C-METRIC



49



50 5 THE NEWTONIAN LIMIT OF THE C-METRIC



51



52 5 THE NEWTONIAN LIMIT OF THE C-METRIC



53



54 5 THE NEWTONIAN LIMIT OF THE C-METRIC



55



56 5 THE NEWTONIAN LIMIT OF THE C-METRIC



57



58 5 THE NEWTONIAN LIMIT OF THE C-METRIC



59





CHAPTER

6

THE NEWTONIAN LIMIT OF THE

CHARGED C-METRIC

Motivated by our success in providing plausible Newtonian limit of boost-rotation symmetric
vacuum spacetimes [8] we would like to generalize these results to electrovacuum solutions. In the
preceding paper [8] we have used the advantage of a global coordinate system which covers whole
manifold (in fact, outside the sources) and, moreover, is asymptotically flat and even Minkowskian.

Here we will briefly describe the Newtonian limit of the charged non-rotating C-metric.
The generalization to electrovacuum spacetimes is not straightforward. Charged Bonnor-

Swaminarayan solutions are not known and are not likely to be found explicitly soon. Thus,
the only known solution which describes accelerated charged spatially bounded moving sources
is the C-metric. This is usually written in a coordinate system adapted to its special algebraic
type D and these coordinates are not global nor asymptotically flat. But, after all, we do not
need global, asymptotically Minkowskian coordinate system for constructing the Newtonian limit.
We can use the Ehlers frame theory in its most pure form. All what is necessary is a plausible
observer field. And for the C-metric we can infer this from the Minkowskian limit of the C-metric
in “canonical” coordinates.

The non-rotating charge C-metric in SI1 units reads

ds2 =
1

(x − y)2

[G(y)

λ
dt2 − 1

A2λ2 G(y)
dy2 +

1

A2λ2 G(x)
dx2 +

G(x)

A2λ2
dϕ2

]

, (6.1)

where time coordinate t has the proper dimension of [s] and the other coordinates (x, y, ϕ) are
dimensionless. The constant A is acceleration. It has units [m · s−2]. And, finally, units of λ ≡ c−2

are [m−2 · s2].
The structure function G(ξ) and the roots r± are given by

G(ξ) =
(

1 − ξ2
)

(1 + Aλr+ξ) (1 + Aλr−ξ) , r± = mGλ ±
√

(mGλ)
2 − q2Gλ2

4πε0
, (6.2)

and the corresponding 4-potential reads

A =
1

4πε0
Aλqy dt . (6.3)

1Through this chapter we use SI units because they are the most natural for the Newtonian limit of electrovacuum
spacetimes.
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This may look strange but this form is due to the fact that we have incorporated factor λ−1/2A−1

into the definition of time coordinate t.
This is solution to the Einstein field equations Gab = κTab with stress energy tensor given by

Tab = − 1
µ0

(

F j
a Fjb + 1

4 gabFjkF jk
)

, where ε0µ0 = λ.

We demonstrate first how to obtain Born’s solution (see, e.g., [44]) – flat spacetime limit
of the non-rotating charged C-metric – for two uniformly accelerated point monopole charges.
We need to establish coordinate transformation between the flat space-time metric in cylindrical
coordinates

ds2 = − 1

λ
dT 2 + dZ2 + d%2 + %2dϕ2 (6.4)

and the “C-metric” coordinates (coordinate system obtained from the flat spacetime limit G → 0
of the C-metric (6.1)). This is done by the transformation

t =
1

A
√

λ
atgh

(

T

Z
√

λ

)

, x = −u2 − (Aλ)−2

ξ+

, (6.5)

ϕ = ϕ , y = −u2 + (Aλ)−2

ξ+

, (6.6)

where

u2 = %2 + Z2 − T 2/λ , ξ+ =

√

(u2 − (Aλ)−2)
2
+ 4%2(Aλ)−2 . (6.7)

The electric and the magnetic fields measured by an observer with 4-velocity u are given by

Ea = Fabu
b , (6.8)

Ba =
1

2

√
λ εabcd ubF cd . (6.9)

An inertial observer with u = ∂T measures

E =
q

A2λ2

4

ξ3
+

[

(

u2 − 2%2
) ∂

∂Z
+ 2Z%

∂

∂%

]

, (6.10)

B =
q

A2λ2

1

ξ3
+

8T%2 ∂

∂ϕ
. (6.11)

This is precisely Born’s solution for two uniformly accelerated charged monopole particles (see,
e.g., [44], [2]).

The most natural congruence of “inertial” observers is

u0 = ∂T

=
x − y
√

y2 − 1
cosh

(

At
√

λ
)

∂t + A
√

λ
√

y2 − 1 sinh
(

At
√

λ
) [

(

1 − x2
)

∂x + (1 − xy) ∂y

]

, (6.12)

i.e. the observers at rest in Minkowskian background, flowing just in time. This congruence can
be generalized into the congruence of the observers in the full C-metric:

u =
x − y
√

−G(y)
cosh

(

At
√

λ
)

∂t

+ A
√

λ
√

−G(y) sinh
(

At
√

λ
) [

G(x)∂x + sgn (1 − xy)
√

(x − y)2 + G(x)G(y) ∂y

]

. (6.13)
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The observer field u is normalized to −1/λ with respect to metric gab (6.1). Also, in the limit
G → 0 we have u → u0.

The Newtonian limit of the field ∂t is a singular vector field – so it is not a good choice of
coordinate system. It is necessary to make the Newtonian limit with respect to the frame of
Minkowski coordinates. We are able to express all vector fields with respect to this frame using
(6.6)

The electric and magnetic field E and B which are measured by observers u are given by

Ea = Fabu
b , (6.14)

Ba =
1

2

√
λ εabcd ubF cd =

1

2

ε0µ0√
λ

εabcd ubF cd . (6.15)

We were again forced to exchange the permitivity constant in favour of the permeability constant
and then relax the condition ε0µ0 = λ.

To proceed with the Newtonian limit we apply transformation (6.6) to vector fields E and B.
Then, as in the previous chapter 5, we further have to make the substitution Z → Z + 1

Aλ . This
is necessary because without this coordinate shift all sources and fields will disappear to infinity.
For more details see chapter 5 (resp. [8]).

Let us introduce

R =

√

%2 +

(

Z − 1

2
AT 2

)2

, (6.16)

which is the distance of the general point from the source moving along the Z-axis with uniform
acceleration.

Then the limit λ → 0 of the electric field results in

E =
q

4πε0

1

R3

[

%d% +

(

Z − 1

2
AT 2

)

dZ

]

. (6.17)

This field is generated by the potential

ϕ =
1

4πε0

q

R
. (6.18)

And the limit of the magnetic field leads to

B = −µ0

4π

qAT

R3
∂ϕ . (6.19)

This field is generated by vector potential (B = ∇×A = εαβγ∇βAγ)

A = − µ

4π

qAT

R
dz . (6.20)

We can interpret this as a field of uniformly accelerate charge moving along Z = 1
2AT 2.

The fields E and B are the solutions of the Newtonian limit of the Maxwell equations. This
limit was proposed by H.P. Künzle in [36] in the late 70-ties. The equations read as follows

∇ · E =
%

ε0
, ∇× E = 0 , (6.21)

∇ · B = 0 , ∇× B = µ0j + µ0ε0
∂E

∂t
. (6.22)
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They differ from Maxwell’s equations at the first sight just by the missing term −∂B/∂t on the
right hand side of the equation for ∇ × E so that the electric field can be given in terms of a
scalar potential. But the difference is a principal one: these fields are defined on 3 dimensional
manifold. The time t is just a parameter. They are not Lorentz invariant.

The full information about the gravitational field is contained in the 2-form f ,

f = du , (6.23)

see the chapter 5 (resp. [8]). Lengthy calculations lead to the desired result – the gravitational
field is given by the potential

Φ =
Gm

√

%2 +
(

Z − 1
2 AT 2

)2
, (6.24)

which is the potential of uniformly accelerated point particle in Newtonian limit.
Let us note that this is a real motion with respect to inertial observers, not a mere coordinate

effect.
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7

CONCLUDING REMARKS

The main topics the thesis were various aspects of the boost-rotation symmetric spacetimes. Two
papers on the Newtonian [8] and special-relativistic [7] limits were published; they are incorporated
in the text after a short specific introductions.

The first paper on the Newtonian limit of the boost-rotation symmetric spacetimes is contained
in chapter 5. We obtained a physically plausible Newtonian limit of a general boost-rotation
symmetric spacetime and provided several examples of particular solutions. The results about the
Newtonian limit were generalized when a charge is present – for a charged C-metric. These results
will be submitted for publication as a short note.

The second paper deals with the special-relativistic limit of the charged rotating C-metric. The
accelerated electromagnetic magic field was found and its properties were discussed analytically
and illustrated graphically.

The third paper, under preparation, will contain the results of chapter 3. We provided sin-
gularity free solutions describing uniformly accelerated rotating charged black holes immersed
in an external homogeneous electric field. The derived equilibrium condition among the mass,
charge, acceleration and the external electric field expanded in the gravitational constant implies
the classical equation qE = mA in the zeroth order.

In Appendix we cast the extremal charged C-metric into the canonical boost-rotation symmet-
ric coordinates. This is for the first time this was achieved for the C-metric with charge, as far as
we are aware.

The work in progress and our future perspectives involve: (i) formulation of the analogue of
Ernst’s equations in the presence of two Killing vector fields [49] for the Einstein-Maxwell field
equations and try to use them to find charged Bonnor-Swaminarayan solutions, (ii) investigate
the gravitational and electromagnetic radiation, (iii) apply modern definitions of mass – mean
curvature quasilocal mass [1], [47] – or boost mass [20] to the boost-rotation symmetric spacetimes.
The problem of mass of the boost-rotation symmetric spacetimes represents still an unresolved
and interesting problem.





APPENDIX

A

THE EXTREMAL CHARGED C-METRIC IN

CANONICAL BOOST-ROTATION

SYMMETRIC COORDINATES

Here we cast the extremal non-rotating charged C-metric into canonical boost-rotation symmetric
coordinates following the work [32] and making a step further from the Weyl coordinates to the
boost-rotation coordinates. The metric we start with is

ds2 =
1

A2 (x − y)2

[

G(y)dt2 − dy2

G(y)
+

dx2

G(x)
+ G(x) dϕ2

]

, (A.1)

where

G(ξ) =
(

1 − ξ2
)

(1 + r+Aξ) (1 + r−Aξ) . (A.2)

We have

e2λ = − G(y)

A2(x − y)2
= [R3 − (z − z3)] e

µ , (A.3)

now, the term R3 − (z − z3) can be expressed in terms of (x, y) coordinates as

R3 − (z − z3) = −
(

1 − y2
) (

1 + 2mAx + q2A2x2
)

A2(x − y)2

and thus, using definition of function G(ξ), we get

eµ =
G(y)

1 − y2

1 − x2

G(x)
=

1 + r+Ay

1 + r+Ax

1 + r−Ay

1 + r−Ax
. (A.4)

First, we need to express the metric in the Weyl coordinates. Using the Hong-Teo form,

the black hole is located at z ∈ 〈−
√

m2−q2

A ,

√
m2−q2

A 〉 and the acceleration rod stretches from

z3 = 1−q2A2

2A2 to infinity.

Then we can simply make transformation z → z′ = −(z − z3) which is a simple linear shift.
Then the acceleration rod stretches from −∞ to 0 and our metric (still) in the Weyl coordinates is
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SYMMETRIC COORDINATES

ready for transformation to the global coordinates – as in the work of Bonnor and Swaminarayan
[15]

% =
√

r̄2 + z̄2 − z̄ , z̄ =
1

2
(β − %) , (A.5)

β =
√

r̄2 + z̄2 + z̄ , r̄ =
√

β% . (A.6)

The extremal C-metric in the global boost-rotation symmetric coordinates and the electro-
magnetic potential read as follows:

eµ =

[

R1 + mA
(

R − α2
)

R1 + mA (R + α2)

]2

eK , (A.7)

eν =

[

R1 + mA
(

R − α2
)]2 [

R1 + mA
(

R + α2
)]2

(α2A2R1)
4 eL , (A.8)

Φ = −m
√

2eK
mAR1 + R + α2

R1 + mA (R + α2)
, (A.9)

where1

α2 =
1 − m2A2

A2
, (A.10)

R1 =

√

(β + % − α2)
2

+ 4%α2 , (A.11)

R = β + % . (A.12)

It can be argued that this solution represents indeed extremal black holes because the surface
gravity vanishes at the horizon (which is represented by worldline β = α2, % = 0). The surface
gravity is the constant κ in the equation ξa∇aξb = κξb evaluated at the event horizon. Although
the boost Killing vector ξ = z∂t + t∂z does not possess proper normalization to say how κ is
related to mass, in this case it is zero since

ξa∇aξb =
(βeµ)˙

eν
(z∂t + t∂z) + rβµ′∂r , (A.13)

we get the limit (βeµ)˙ and e−µ vanishing when the horizon is approached.

1Notice that we have redefined functions Ri by the factor 2 (in comparison to older papers about boost-rotation
symmetric solutions). Also, α2 = 2z3 from the work of Hong and Teo [32].
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[7] Bičák, J., Kofroň, D.: Accelerating electromagnetic magic field from the C-metric. Gen.
Relativ. Gravit. p. online first (2009)

[8] Bičák, J., Kofroň, D.: The Newtonian limit of spacetimes for accelerated particles and black
holes. Gen. Relativ. Gravit. 41, 153–172 (2009)

[9] Bičák, J., Pravda, V.: Spinning C-metric: Radiative spacetime with accelerating, rotating
black holes. Phys. Rev. D 60, 044,004 (1999)
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