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Chapter 1

Introduction

1.1 Introduction (English)

We are going to deal here with four different topics in the theory of Banach spaces and it
is the aim of the introductory chapter to show which place in the theory they occupy.

Here and throughout, X is a real Banach space with a closed unit ball Bx and with
the dual space X*.

1.1.1 The Radon-Nikodym property

We start with a definition of an elementary (yet fundamental) concept. Let A be a set
in a Banach space X. Let f € X*\ {0} and a € R. If the set S ={z € A: f(x) > a}
is nonempty, it is called an open slice of A (or just a slice of A when no confusion may
arise). We denote S,(A) the set of all slices of A.

With the notion of slice in hand we may define an important class of a Banach spaces
which we will meet constantly throughout this text. A Banach space X is said to have
the Radon-Nikodym property (RNP) if every bounded non-empty subset of X has slices
(nonempty by the definition) of arbitrarily small diameter. More precisely, X has the
RNP if for every bounded non-empty subset A of X and every £ > 0 there is a slice
S € S,(A) such that diam(S) < e.

Because of the universal quantifier in the definition, the RNP is naturally an isomor-
phic property. Its importance dwells in the fact that many familiar constructions on the
real line can be translated to the spaces with the RNP. An example of our claim is the
original, measure theoretic, definition of the RNP which also explains the name of the
property: Let B be the Borel sets over [0, 1], A be the Lebesque measure on [0, 1]. A Banach
space X has the RNP if and only if every X -valued measure m on the probability space
([0, 1], B, \) which is of finite total variation and absolutely continuous with respect to A, is
represented by a mapping f € L'([0, 1], X) by means of the equality m(A) = [, f(z)d\(z).

To see how various mathematicians contributed to this result we refer the reader to
the excellent monograph [Bou83]. The above theorem is a (rather heavy) means to see

9



10 CHAPTER 1. INTRODUCTION

that e.g. R™ enjoys the RNP.
Our first result is a generalization of the elementary fact that bounded monotone
sequences of real numbers converge.

Theorem A. For a Banach space X it is equivalent:
(i) X has the RNP,

(ii) there ezists a mapping F': X — X* such that every bounded sequence (z,) C X
18 convergent whenever it satisfies

(F(xp),xn) < (F(x),Tny1) for everyn € N.

Already in X = R? it is not obvious that (ii) holds, so this theorem is not really a
good tool to positively determine that some space has the RNP. On the other hand, it is
very useful as a sufficient condition for the convergence of sequences in X with the RNP.
The implication (i) = (i) is due to R. Deville and E. Matheron [DMQ7] who also proved
that if X admits a uniformly rotund norm, then (ii) holds. The implication (i) = (ii) was
proved in full generality in [Pro09] and we will see the proof in Chapter [2]

Let S.(X) be the set of all closed halfspaces of X, i.e. the sets of the form {z € X :
f(z) > a} for some f € X*\ {0} and a € R. In fact, the above theorem is a reformulation
of a theorem operating with the notion of the point-closed halfspace game G(X,S.(X))
which we will now describe. There are two players — Player I and Player II. Player I starts
the game by choosing arbitrarily a point x; € X. Player II then plays a closed halfspace
H; containing the point x1; then Player I picks a point zo € H; and Player’s II answer is
a closed halfspace Hs which contains z5 (but not necessarily x7); then Player I chooses a
point z3 in Hy (but not necessarily in H;); and so on. The above is called a run of the
game G(X,S.(X)). Player II wins a run if the resulting sequence (z,) is either Cauchy
or unbounded. A winning tactic for Player II is a mapping ¢ : X — S.(X) such that
it respects the rules of the game, i.e. x € t(z), and such that Player II wins a run in
which he or she always chooses H,, := t(z,). It is easily seen (cf. Proposition that
(ii) in Theorem [A]is equivalent to saying that Player II has a winning tactic in the game
G(X, 5.(X)).

In a more abstract setting, if K is any set in X and A is a collection of subsets of K
such that K = [J A, we define the point-set game G(K, A) verbatim (see Definition [2.1).

The game design is due to J. Maly and M. Zeleny [MZ06] who also proved, for the
game G(Bge, {lines}), that Player II has a winning strategy — a decision rule represented
by a sequence of mappings ¢, : K" — A whose application, i.e. the choice H, :=
to(z1,...,x,), insures the victory of Player II. Note that any winning tactic of Player 11
is automatically a winning strategy of Player II but the converse does not hold. Further,
it is proved in [DMOT] that if X enjoys the RNP, then Player II has a winning strategy
in G(Bx,S,(Bx)). Surprisingly enough, we will show here the following:
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Theorem B. Let dim X > 0 and A be a subcollection of open sets of Bx such that
Bx = |JA. Then Player II has never a winning tactic in the game G(Bx,A). In
particular, Player II has never a winning tactic in the game G(Bx, S,(Bx)).

Deville and Matheron construct their winning strategy in [DMO07] using an abstract
lemma which they also employ to get the following characterization: a Banach space X has
the point of continuity property if and only if there exists a winning strateqy for Player II in
the game G(Byx, {weakly open sets}). Recall that X has the point of continuity property
(PCP) if every non-empty bounded subset of X has non-empty relatively weakly open
subsets of arbitrarily small diameter. This is just an other way of saying that (Bx,w) is
norm fragmented. In the same spirit, in particular using the same lemma, we prove here
another similar characterization:

Theorem C. Let (E,T) be a completely metrizable topological space and f : E — X be
a function from E to a normed linear space X. Let G¢(E,T) be defined as G(E, T) with
the difference that Player II wins a run if the sequence (f(z,)), C X is Cauchy, where
(xn)n C E is the sequence of points played by Player I during the run. It is equivalent

(i) f is Baire one, i.e. f is the pointwise limit of a sequence of continuous functions,

(i) Player II has a winning strategy in the game Gy(E,T).

1.1.2 Quantitative aspects of the Radon-Nikodym property

Let us describe a general peeling scheme which is frequently used to assign some (iso-
morphically invariant) ordinal index to a given Banach space X. Assume that A is a
subcollection of open sets of X and let C' be a subset of X. For ¢ > 0 we define the set
derivation

[ClL =C\|J{A € A: diam(ANC) <&}

and we put
[Cl2=C, [Cle*=([C]e). and [C):=[)[C)e

€ ele
a<f

for every ordinal o and every limit ordinal 3. Further we define

ta(X,e) :=1inf{a: [Bx|? =0} and t4(X) := sup4(X,e)

e>0

adopting the convention that inf () = co and o < oo for every ordinal a.. The choice A =
So(X) results in the definition of the dentability index D(X) of X. So D(X) = ts,(x)(X)
and in this case we denote wd?(C) := [C]2.

It is evident that if X has the RNP, then for every ¢ > 0 and every C' non-empty,
closed, convex and bounded subset of X one has wd!(C) S C. On the other hand if
X does not have the RNP, then there is ¢ > 0 and a non-empty set A C Bx without

any slices smaller than e, thus clearly A C wd?(Bx) for every ordinal a. It follows that
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X has the RNP if and only if D(X) < oco. As a matter of fact, if X is separable it
follows from a cardinality argument (Theorem 1.6.9 in [Kec95]) that X has the RNP if
and only if D(X) < wi, where w; is the first uncountable ordinal. A theorem due to
G. Lancien [Lan95| claims that a Banach space X admits a uniformly rotund norm if and
only if D(X) < w, where w is the first infinite ordinal. We have here a small comment to
Lancien’s theorem — a quantitatively more refined version of Theorem [A]

Theorem D. For a Banach space X it is equivalent:
i) X admits a uniformly rotund norm,

(
(ii) for each 0 < e < 1 there exist a mapping F' : Bx — X* and a natural number
k € N such that whenever (x,)™ , C By satisfies

|20 = Zngall > € and (F(zn), zn) < (F(2n), 2n)
foralln=1,... m—1, then m < k.

We remark that M. Zeleny has proved in [Zel0§| that if dim X < oo, then the quanti-
fiers in (ii) may be exchanged: there exists a mapping F : Bx — X* such that for each
0 < e <1, there exists k € N ... It is not clear whether this can be done in general for
any space X with a uniformly rotund norm.

As before, Theorem [D] is a consequence of a version (Theorem where (ii) is
expressed in terms of the game G(By,S.(Bx)). We will later state similar theorems
with (i) expressed in terms of the weak Szlenk index, resp. the oscillation index, and
(ii) expressed in terms of the game G(By, {weakly open sets}), resp. G;(M, ) (see the
remarks and [2.38).

The weak Szlenk index Sz,(X) of X is obtained by letting A = o(X, X*) (where
o(X, X*) stands for the weakly open subsets of X) in the peeling scheme above, i.e.
Sz (X) = to(x,x+)(X). It is clear, by our discussion of the dentability index above, that a
Banach space X enjoys the PCP if and only if Sz,,(X) < oo, and that for separable Banach
space with the PCP, one has Sz, (X) < w;. It also obvious that Sz,(X) < D(X), yet we
remark that the predual of the James tree space is a separable space with Sz, (X) < w;
and D(X) = oo since it is, as is well known [FGdB97], a PCP space without the RNP.

1.1.3 The Radon-Nikodym property in dual spaces

A Banach space X is an Asplund space if every continuous convex function defined on a
nonempty open convex subset D of X is Fréchet differentiable at each point of some dense
G5 part of D. The Asplund space theory is very broad and well developed [DGZ93] [Phe93,
HMSVZ08]. Tt is connected to the theory of the RNP spaces via the following duality
characterization: A Banach space X is an Asplund space if and only if every non-empty
bounded set in the dual X™* has arbitrarily small weak™ open slices if and only if X* has the
RNP. Fragments of this result are due to E. Asplund [Asp68], I. Namioka and R. Phelps
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INP75], and C .Stegall [Ste75]. One of the building blocks for this characterization is the
following result: Let X be a separable Banach space. Then X* has the RNP if and only
if X* is separable. For details see e.g. [Phe93]. The possibility of working either with
weakly open or with weak® open slices has many consequences. One of them is that we
may state a weak* version of our Theorem [A] with the mapping F having the values in
the predual X of X*. Another is that a dual Banach space X* has the RNP if and only
if (Bx+,w*) is norm fragmented. Note that JT*, the dual of the James tree space, has
the PCP but not the RNP, hence (Bjr+,w) is norm fragmented even though (B 7+, w")
is not (see e.g. [FGdB97]).

Let 8 (X™*), resp. o(X*, X), be the weak* open halfspaces, resp. weak® open sets in
X*. Returning to the general peeling scheme above we define for any Banach space X
the indices Dz(X) := ts:(x+)(X*) and Sz(X) := t5(x+,x)(X*). The former is called the
weak” dentability index of X while the latter is the Szlenk index of X. Similarly as in the
case of the dentability index of X, resp. the weak Szlenk index of X, the space X* has
the RNP if and only if Dz(X) < oo, resp. (Bx~,w*) is norm fragmented if and only if
Sz(X) < co. Gathering all that has been said, one can see that for a Banach space X it
is equivalent:

0) X is Asplund
i) X* has the RNP,

iii) Sz(X) < oo,

(
(
(i) Dz(X) < o0,
(
(

iv) (Bx«,w*) is norm fragmented.

Again, if X is separable, (ii) may be replaced by Dz(X) < w; while (iii) may be replaced by
Sz(X) < wy. In reality, much stronger result due to B. Bossard [Bos02] and G. Lancien
[Lan96] claims that there exists a function ¥ : (0,wy) — (0,wy) such that Dz(X) <
U(Sz(X)) for any Banach space X with Sz(X) < w;. This result, proved by methods of
the descriptive set theory, was recently improved by M. Raja [Raj07] who used purely
geometric means in a transfinite induction argument to obtain: Dz(X) < WX for any
Banach space X, thus showing that the function W may be chosen as ¥(a) = w®. In this
context it is interesting to ask what are the optimal values for the function W. In other
words, what are the explicit values of the function

U,(a) :=inf {8 : Dz(X) < 8 for every X with Sz(X) = a}.

Thus in this notation, Raja’s theorem may be interpreted as ¥,(«) < w®. Of course, the
function W, only makes sense at the points a for which there exists a Banach space X
with Sz(X) = «a. For example, it is well known (see Lemma that for any Asplund
space X, there is an ordinal o such that Sz(X) = w®. Note that it was shown by P. Héjek
and G. Lancien in [HLO7] that if Sz(X) < w then Dz(X) < w?, with the space ¢y having
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Sz(co) = w and Dz(cy) = w?. In particular ¥,(w) = w?. In general, knowing exact values
of Sz(X) and Dz(X) for some space X gives a lower estimate for ¥, at the point Sz(X).
We are going to determine here the exact values of the weak* dentability index for the
class of spaces C([0,a]) of continuous functions on compact ordinal intervals [0, a] with
a countable which will provide the following lower estimate of W,.

Theorem E (with P. Héjek and G. Lancien). Let 0 < o < wy. Then

w - woz-i—l S \Ifo(wa+1).

1.1.4 Spaces C(K), K“) = {)

It follows from the general theory of Apslund spaces that a C'(K) space, i.e. the space of
continuous functions on the compact K, is an Asplund space if and only if K is scattered.
A compact K is called scattered if there is some ordinal o such that the a'" Cantor derived
set K(® of K is empty (see Definition . We will temporarily restrict our attention to
the case when K©1) = ().

Recall the fundamental isomorphic classification of the above spaces C([0,«]) by
C. Bessaga and A. Pelezynski [BP60, HMSVZ08]: Let w < oo < f < wy. Then C([0,q])
is isomorphic to C([0,]) if and only if f < o“. In fact, the “only if” part was later
reproved by C. Samuel [Sam84] by evaluating exactly the Szlenk index of these spaces:
Let 0 < a < wy. Then Sz(C([0,w*"])) = w*™. In particular C([0,31]) is isomorphic
to C([0, B2]) if and only if Sz(C([0, £1])) = Sz(C(]0, £2])). An easy geometrical proof of
this was given in [HLO7]. Further elaboration on this proof in a joint paper of P. Hajek,
G. Lancien and the author [HLPQ9] leads to the following

Theorem F (with P. Hijek and G. Lancien). Let 0 < a < wy. Then
Dz(C([0,w*"])) = w' T

(Keep in mind that 1 + a+1=a+2 ifa<w, and 1 + o+ 1= o+ 1 otherwise.)
In particular C([0,51]) is isomorphic to C([0,33]) if and only if Dz(C([0,31])) =
Dz(C([0, Ga]))-

It is a well known topological fact, the theorem of Mazurkiewicz and Sierpinski
[HMSVZ08, Theorem 2.56], that every countable compact space K is homeomorphic to
some ordinal interval [0, ] (o countable), so C'(K) is isomorphic to C([0, a]) and one may
easily compute the weak™ dentability index of such C(K). It is possible to make one more
step, though. Using a separable reduction argument we get

Theorem G (with P. Hijek and G. Lancien). Let 0 < o < wy. Let K be a compact space
whose Cantor derived sets satisfy K& £ 0 and K& = (0. Then

Dz(C(K)) = w'tott,



1.1. INTRODUCTION (ENGLISH) 15

1.1.5 Norms with good properties

The main results of this section originate in a joint work of P. Hijek and the author
([HPQO9]) on renormings which are simultaneously LUR, Fréchet smooth, and approxi-
mated by norms of higher smoothness. The higher smoothness is meant in the Fréchet
sense, too. Let us recall that a norm ||-|| on a Banach space X is locally uniformly rotund
(LUR) if lim,, ||z, — || = 0 whenever lim, (2 ||z,||* + 2 ||z||* = ||, + 2||*) = 0. Consider
the following prototype of the kind of theorems we have in mind.

Theorem H (with P. Héjek). Let o be an ordinal. Then the space C([0,a]) admits
an equivalent norm which is C*-smooth, LUR and a limit (uniform on bounded sets) of
C*°-smooth norms.

This particular theorem provides a positive solution of Problem 8.2 (c¢) in [FMZ06].
It follows from a more general theorem (Theorem . Before stating the general theorem,
we are going to survey briefly on the role played by the Fréchet differentiability and the
LUR property in the Banach space theory.

Fréchet differentiable norms

It is well known that a Banach space which admits a Fréchet differentiable norm is nec-
essarily an Asplund space. By a famous counterexample of R. Haydon [Hay90], the
converse does not hold true in general. Recall that a norm which is Fréchet differentiable
in X \ {0} is automatically continuously Fréchet differentiable in X \ {0}. So the notions
of C'-smooth norms and of Fréchet differentiable norms coincide. A short list of examples
of the spaces which do admit a Fréchet differentiable norm would contain:

a) spaces with separable dual (M. I. Kadec),

b) spaces for which Sz(X) < w; (G. Lancien),

c) reflexive spaces (S. Troyanski),

d) C(K) spaces when K@) = {) (R. Deville),

e) co(I') for an arbitrary set I' (N. H. Kuiper),

f) C(]0, a]) for an arbitrary ordinal « (M. Talagrand, R. Haydon).

As a matter of fact, the spaces in the examples a)-e) admit a norm whose dual norm
is LUR, while those in the examples d)—f) admit even a C*°-smooth norm. It is well
known and rather straightforward to prove that if a dual norm ||-||* of a norm |-|| is
LUR, then ||-|| is Fréchet differentiable, and this is how the examples a)-d) were proved
in the first place. Again, the converse does not hold true since M. Talagrand [Tal86]
proved that C([0,wq]) admits an equivalent C*°-Fréchet smooth norm, although it admits
no norm whose dual norm is LUR. The C*-smooth norms in the examples d)-f) are
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constructed using a different approach, namely the notion of functions locally dependent
on finitely many coordinates (see Definition [4.1]), since the LUR property of a dual norm
|-]I* does not imply anything about the higher smoothness of the norm ||-|]. Recently
though, P. Hajek and R. Haydon [HHO07| proved an important result claiming that if a
C(K) space admits a norm whose dual norm is LUR, then C(K) admits a C°-smooth
norm.

Locally uniformly rotund norms

As is now evident, the notion of LUR is of fundamental importance for renorming theory,
and we refer to [DGZ93] and the more recent [MOTV09] for an extensive list of authors
and results. In a connection with the previous part of this thesis, we mention that it is
an open problem whether a Banach space with the RNP has an equivalent LUR norm.
It is noteworthy that there are important subclasses of the spaces with the RNP which
do admit a LUR norm. In [Lan93|], G. Lancien gave an ingenious formula for a LUR
norm (resp. a norm whose dual norm is LUR) on the spaces with D(X) < w; (resp.
Dz(X) < wy). Another example is the class of the duals to the Asplund spaces: a dual
Banach space with the RNP admits an equivalent LUR norm. This is a result of M. Fabian
and G. Godefroy [FG88] ([DGZ93| Corollary VII.1.12]). By what we have already said,
in some cases this LUR norm cannot be a dual norm. Anyway, this and many other LUR
renorming results (see Chapter VII in [DGZ93]) are based on a method originally due to
Troyanski [Tro71]. We state here a “glueing” version due to V. Zizler [Ziz84] ([DGZ93,
Proposition VII.1.6]): If a Banach space X admits a projectional resolution of identity
{Paticacy such that the spaces (Poy1 — Po)X admit a LUR norm, then X itself admits
a LUR norm. We content ourselves now with saying that a projectional resolution of
identity (PRI) {Fa},<,<, is a generalization to non-separable spaces of the sequence of
projections associated to a Schauder basis, and we postpone the exact definition for a

later chapter (see Definition [4.12]).

Combination of the Fréchet differentiability and the LUR property

In many situations one is interested in obtaining a new norm on a given space X which
shares good smoothness and rotundity properties. A classical result in this direction is
a method generally known as Asplund averaging: A Banach space X which admits a
LUR norm ||-||; and a norm |-||, the dual norm of which is LUR, admits also a norm
|-l5 which is LUR and whose dual norm is LUR, too. In particular [-||; is LUR and
Fréchet differentiable simultaneously. The Asplund averaging as stated here was proved
by M. Fabian, L. Zajicek and V. Zizler in [FZZ82] ([DGZ93, 11.4.3]) using a Baire category
argument. It is proved in the cited paper that the set of equivalent LUR norms is either
empty or residual in the space of all equivalent norms on X. An analogous result holds for
the set of the equivalent norms whose dual norms on X* are LUR. The Asplund averaging
took a surprising twist with the recent deep result of R. Haydon [HayO8|: if X admits a
norm the dual of which is LUR, then X admits also a LUR norm.
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It is necessary to remark in this context, that one cannot combine the LUR property
with a higher degree of differentiability in one norm without posing strong structural
restrictions on the space. Indeed, by [FWZ83] ([DGZ93, Proposititon V.1.3]), a space
admitting a LUR and simultaneously C*-smooth norm is superreflerive. On the other
hand, in the superreflexive spaces one can get even a uniformly rotund and uniformly
Fréchet differentiable norm by the Asplund averaging.

It follows from our discussion above, that the Asplund averaging is not always avail-
able, for instance in the case of C([0,w;]) — we should emphasize that it is unknown
whether the set of Fréchet smooth norms is residual, or even dense, in the space of all
equivalent norms on C([0, ).

An analog of our Theorem [H|for X = ¢o(I") was proved in [PWZ81] ([DGZ93, Theorem
V.1.5]). Yet another similar result, which we will generalize to the non-separable setting
(and which serves as a starting point for the generalization), is that of [MPVZ93]: Any
separable C*-smooth space admits a LUR and C'-smooth norm which is a limit of C*-
smooth norms. A CF-smooth space is a space which admits an equivalent C*-smooth
norm.

We are ready to state the main theorem. Note the similarities with the Zizler’s ver-
sion of the Troyanski’s renorming stated above. One could say that our theorem is a
smoothening of that result.

Theorem I (with P. Héjek). Let k € NU {oo}. Let X be a Banach space with a PRI
{Patocacy such that each (P11 — Py)X admits a C'-smooth, LUR equivalent norm which
is a limit (uniform on bounded sets) of C*-smooth norms. Assume moreover that X admits
an equivalent C*-smooth norm.

Then X admits an equivalent C'-smooth, LUR norm which is a limit (uniform on
bounded sets) of C*-smooth norms.

This theorem is in fact the inductive step in an argument leading to Theorem [H] above
and also to the following theorem.

Theorem J (with P. Hajek). Let k € NU{oo}. Let P be a class of Banach spaces such
that every X in P

(i) admits a PRI {P,} such that (Pyy1 — P,)X € P,

wlapy
(ii) admits a C*-smooth equivalent norm.

Then each X in P admits an equivalent, LUR, C'-smooth norm which is a limit
(uniform on bounded sets) of C*-smooth norms.

Without entering into further details we remark that the condition (i) is satisfied
for example for the weakly compactly generated spaces (WCG), i.e. such spaces which
contain a linearly norm-dense weak compact. Similarly (i) holds for the weakly countably
determined (Vasak) spaces, C'(K) spaces where K is a Valdivia compact, weakly Lindelof
determined (WLD) spaces, etc. For the proofs of these nontrivial facts, as well as for the
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references, we recommend Chapter VI in [DGZ93] and Chapter 5 in [HMSVZ08]. Now it
is clear that one can obtain a class P which satisfies both (i) and (ii) by taking any of the
above classes intersected with the class of C*-smooth spaces.

Finally let us comment on the fact that the new norm is approximated by norms which
are C*-smooth. Such a result is closely related to the question whether in a C*-smooth
space X the set of C*-smooth norms on X is dense in the space of all equivalent norms
on X. Even in the separable case, the answer is not known in full generality, although
the positive results in [DEH96] and [DFH98| are quite strong, and apply to most classical
Banach spaces, for instance: Let X = C(K) where K is a countable compact. Then every
equivalent norm on X can be approzimated by norms which are analytic in X \ {0}. In
a similar vein goes the next result due to M. Fabian, P .Héjek and V. Zizler [FHZ97]:
Any equivalent strongly lattice norm on (co(I'), ||-||) can be approzimated (uniformly
on bounded sets) by C*°-smooth norms. See also Theorem where we prove that the
approximating norms in this theorem have some properties which we will need in the proof
of Theorem I, Apart from this theorem, no general results are known in the nonseparable
setting. In particular, one of the open problems in [DGZ93] is whether on a given WCG
Banach space with an equivalent C*-smooth norm, there exists an equivalent LUR norm
which is a limit (uniform on bounded sets) of C*-smooth norms. Theorem |J| together
with the structural results about the WCG spaces above provide a positive solution to
this open problem.

Notice that if X is Vasdk, resp. X is a C(K) space, the existence of C*-smooth norm
(or more generally of a C*-smooth bump) implies that any continuous function on X
can be approximated uniformly by C*-smooth functions (see [DGZ93, Chapter VIII], resp.
[HHO7]) but when one tries to approximate this way a Lipschitz or a convex function (or
a norm, for that matter) one has in general no information about the Lipschitzness or
convexity of the approximating function.

In the last chapter we are going to treat convex approximations of a convex function f
which do not necessarily improve the differentiability but do posses a point of strong min-
imum. Of course such a topic is already well explored in the work of M. Fabian, P. Hajek
and J. Vanderwerff [FHV96]. So we are going to investigate the situation when f depends
continuously on a parameter, looking for a possibility of getting these approximations as
well as the minimizers in a continuous way with respect to the parameter.

1.1.6 A parametric variational principle

The results in this section come from a joint work of R. Deville and the author ([DP]).
What is a wariational principle can be perhaps best seen on the concrete example of
the Ekeland variational principle: Let X be a Banach space, f : X — (—o0,+00| be
a lower bounded lower semicontinuous (l.s.c.) function and let € > 0. Then there is
a point v € X such that x — f(x) + e||lz —v|| attains its minimum in v. Such an
assertion serves as a replacement for the compactness of the set in which one looks for the
minimum of f. Geometrically speaking, the graph of the function = — f(v) — ¢z — v||
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touches the epigraph of the function f at the point v from below. In this case, the
function z +— ¢ ||z — v|| is called a perturbation. The variational principles of J. Borwein
and D. Preiss, resp. R. Deville, G. Godefroy and V. Zizler (DGZ), generalize the above
theorem by claiming that it is possible to take C*-smooth perturbations, resp. C*-smooth
and Lipschitz perturbations, provided the space X admits a C*-smooth norm, resp. a
C*-smooth bump with bounded &' derivative. Apart from being a strengthening of the
Borwein-Preiss variational principle, the DGZ variational principle is proved by an elegant
Baire cathegory argument.

A parametric variational principle has at its input a system {x — f(p,z)} of Ls.c.
lower bounded functions which depend continuously on the parameter p in some topologi-
cal space II. The aim is to perturb for each p € II the function f(p,-) by a function A(p) :
X — Rin such a way that f(p,-)+A(p) attains its minimum at some point v(p) such that
both v(p) and A(p) depend continuously on the parameter p. A parametric smooth vari-
ational principle of Borwein-Preiss kind was introduced by P. Georgiev [Geo05]. Recently
L. Vesely [Ves09] modified the proof in order to achieve a parametric smooth variational
principle with constraints. More precisely, let Il C II be such that, for every p € Ilj,
the function f(p,-) attains its minimum at vg(p). Vesely constructs a minimizer v which
extends vy. The main theorem of this chapter (Theorem is a parametrized version
of the DGZ variational principle and its method of proof. Our main theorem implies in
particular

Theorem K (with R. Deville). Let 1T be a paracompact Hausdorff topological space, X
be a Banach space with a Fréchet smooth norm, ) be the cone of all convex, positive,
Lipschitz, Fréchet smooth functions on X. The cone Y is endowed with the natural norm
l9lly = 190) + llglls,- Let f: I x X — R satisfy

(i) for allp € 11, f(p,-) is convex, continuous, bounded below,
(i) for allxz € X, f(-,x) is continuous,
(iii) for all po € T, (f(po,-) — f(p,-))" — 0 uniformly on bounded sets of X as p — po.

Then for every e > 0 there exist A € C(IL,Y) and v € C(II, X) such that ||A(p)|ly, < ¢
and f(z,-) + A(p) attains its strong minimum at v(p) for all p € 1. Moreover p
f(p,v(p)) + A(p)(v(p)) is continuous.

A major flaw, which restricts severely the ring of possible applications and occurs for
all parametric variational principles, is that all the functions f(p,-) have to be convex.
This is not just a mere technical difficulty since easy examples (Example show that
in the nonconvex case there is no hope in general for a continuous minimizer even after
the perturbation.

We show in Section [5.4] that the other unexpected assumption of Theorem [K] i.e. the
assumption (iii), cannot be dropped without replacement either. On the other hand, the
condition (iii) follows from (i) and (ii) if we assume that II is metrizable and the dimension
of X is finite. Indeed, this is deduced immediately from the following theorem.
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Theorem L (with R. Deville). Let f and f,, n € N, be continuous convez functions from
a Banach space X to R such that f, — f pointwise in X. Then f, — f uniformly on
compact subsets of X.

Observe finally, that even if dim X < oo and p — f(p,-) attains its minimum at v(p)
for every p € II, the function v does not have to be continuous. Indeed, the existence of
a continuous minimizer for the original function is not granted even in the most simple

setting (see Problem and Section [5.4).

1.2 General notions

Our notation is rather standard, as could be found in many textbooks (e.g. [FHHTO01]).
In particular, if (X, ||-]|) is a Banach space, then its dual is denoted (X*,||-||). In some
cases, when there is a need for more precision, we add a subscript to the norm to stress
its domain of definition: (X, ||-||y), and (X*, ||-||x.) for the dual.

If x € X and r > 0, we denote Bix . (z,r) ={y € X : |ly —z| < r}, B(OX7H,”)(x7r) =
{y e X |ly—=| <r}and Sxplr,r) = {y€ X :|y—z|| =r}. When there is no
risk of confusion, we abbreviate Bx(z,r) := B(x,|.|)(z,7), etc. Further we denote Bx =
Bx(0,1), the closed unit ball of X, and Sx = Sx(0,1), the unit sphere of X.

For A C X, the diameter of A is defined as diam(A) = sup{||z —y|| : z,y € A}.

If (X,]]||x) and Y are Banach spaces, then the support of a mapping f: X — Y is

defined as supp(f) := {z € X : f(z) # O}”'HX. A bump b on X is function from X to R
for which supp(b) is nonempty and bounded.

The weak topology on X is denoted either by w or by o(X, X*). The weak* topology
on X* is denoted by w* or by o(X*, X). The duality pairing between an element x of X
and an element z* € X is (x,2*) = (2, z) = z(2*) = 2*(z) and we shall use all of these
possible notations in a seemingly random fashion.

If Ais a set, we denote its cardinality |A|. We identify a cardinal x with the smallest
ordinal of cardinality x, silently turning to the axiom of choice.

We denote w the first infinite ordinal and w; the first uncountable ordinal.
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1.3 Uvod (Gesky)

V této praci se chystame podrobné rozebrat ¢tverici ruznych otézek v teorii Banachovych
prostoru. V uvodni kapitole se pokusime zasadit je na misto, které jim v této teorii nalezi.

Pismenem X budeme znacit redlny Banachuv prostor s uzavienou jednotkovou kouli
Bx a s dudlem X*.

1.3.1 Radonova-Nikodymova vlastnost

Zacnéme definici elementdrnfho, nicméné zdsadniho, pojmu. Necht A je podmnoZinou
Banachova prostoru X. Necht f € X*\{0} aa € R. Je-limnozina S = {z € A: f(x) > a}
neprazdnd, nazyva se otevieny plitek mnoziny A (nebo prosté pldtek mnoziny A, je-
li vylou¢ena moznost nedorozumeéni). Mnozinu vsech platku mnoziny A budeme znacit
S,(A).

Vybaveni znalosti platku muzeme definovat dulezitou tfidu Banachovych prostort,
s niz se budeme v tomto textu setkavat na kazdém kroku. Banachuv prostor X ma
Radonovu-Nikodymovu vlastnost (RNP), jestlize kazdd omezend, neprazdnd podmnozina
prostoru X ma platky (z definice nepréazdné) libovolné malého pruméru. Presnéji feceno,
X ma RNP, jestlize pro kazdou omezenou, neprazdnou podmnozinu A prostoru X a pro
kazdé € > 0 existuje takovy platek S € S,(A), ze diam(95) < e.

Diky univerzalnimu kvantifikatoru v definici je RNP pfirozené izomorfni vlastnosti.
Jeji vyznam spociva ve skutecnosti, ze mnohé konstrukce znamé na realné ose mohou byt
preneseny do prostorti s RNP. Toto tvrzeni muzeme dolozit naptiklad na puvodni, z teorie
miry pochazejici, definici RNP, ktera také vysvétluje, proc¢ se vlastné RNP jmenuje RNP:
Bud’ B borelovskd o-algebra na intervalu [0,1], A Lebesgueova mira na [0,1]. Banachiv
prostor X md RNP pravé tehdy, jestlize kazZdd mira m na pravdépodobnostnim prostoru
([0,1], B,\) s hodnotami v X, kterd ma koneénou totdlni variaci a je absolutné spojitd
vzhledem k X, je reprezentovdna zobrazenim f € L'([0,1], X) prostFednictvim rovnosti
m(4) = [, J(x)dA(a).

Pro dukaz tohoto tvrzeni a prehled matematiku, ktefi se na ném podileli, doporuc¢ujeme
vynikajici monografii [Bou83]. S pomoci zminované véty lze snadno nahlédnout, ze napii-
klad R™ ma RNP.

V nasi prvni Vété preneseme dalsi znamou konstrukci do prostoru s RNP. Jednd se o
zobecnéni zakladniho faktu, ze omezené monoténni posloupnosti realnych ¢isel konverguji.

Véta A. Ndsledujici tvrzeni o Banachové prostoru X jsou ekvivalentni:
(i) X ma RNP,

(ii) na X existuje takové zobrazeni F : X — X*, Ze kaZdd omezend posloupnost
(x,) C X konverguje, pokud spliiuje

(F(xp),zn) < (F(zn), Tur1) pro kazdé n € N.
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Jiz v ptipadé X = R? nenf snadné dokdzat platnost podminky (ii), coz svédéi spise
o tom, ze uvedend véta neni nejlepsim nastrojem k ovérovani, ze néjaky zadany prostor
méa RNP. Na druhé strané, tato véta je velmi uzitecnou postacujici podminkou pro kon-
vergenci posloupnosti v prostoru X s RNP. Za implikaci (ii) = (i) vdééime R. Devillovi
a E. Matheronovi [DMOT], kteti také dokazali, ze pokud lze na X definovat ekvivalentni
uniformné konvexni normu, pak plati podminka (ii). Implikace (i) = (ii) byl dokézana v
[Pro09] a jeji dikaz uvidime v Kapitole [2]

Ozna¢me S.(X) mnozinu vSech uzaviengch poloprostori v X, tedy mnozin tvaru {z €
X : f(z) > a}, kde f € X*\ {0} a a € R. Jak uvidime, Véta [A] je reformulaci véty
pracujici s pojmem hry bod-uzavieny poloprostor G(X,S.(X)), kterou nyni popiSeme.
Hru hraji dva hraci — hra¢ I a hrac II. Zacina hrac I, ktery umisti libovolné bod x; do
X. Pokracuje hrac II, ktery zvoli uzavieny poloprostor H; obsahujici bod x; nésledné
hrac I zvoli o € Hy a hra¢ II mu odpovi uzavienym poloprostorem Hy, ktery obsahuje
xo (ale nemusi obsahovat z1); nacez hrac¢ I voli bod x3 v Hy (ale ne nutné v Hy); a tak
déale. Pravé popsany proces se nazyva partie hry G(X,S.(X)). Hrac Il vyhrava partii,
pokud vyslednd posloupnost (z,,) je bud cauchyovskd, nebo neomezena. Vitéznd taktika
hréce 11 je takové zobrazeni ¢t : X — S.(X), které respektuje pravidla hry, t.j. x € t(x),
a ma tu vlastnost, ze hrac¢ I vyhraje partii, ve které vzdy volil H,, := t(z,). Je snadné
nahlédnout (viz. Proposition [2.4)), ze (i) ve Véte [A] je ekvivalentni tvrzenf “hra¢ IT md
vitéznou taktiku ve hie G(X,S.(X))”.

Ponékud obecnéji, je-li K podmnozinou X a A je kolekci podmnozin mnoziny K,
kterd pokryva K, muzeme definovat hru bod-mnozina G(K,.A) stejné jako mnozinu bod-
poloprostor (viz. Definition [2.1)).

Tento druh her pochézi od J. Malého a M. Zeleného [MZ06], kteii ukézali, ze hrac IT ma
vitéznou strategii ve hie G(Bgz, {piimky}). Vitézna strategie je pravidlo reprezentované
posloupnosti zobrazeni ¢, : K™ — A, jehoz pouziti, totiz volba H, = t,(x1,...,x,),
zaruc¢i hraci I vitézstvi. PovSimnéme si, ze kazda vitézna taktika hrace II je také jeho
vitéznou strategii, coz ovsem naopak neplati. Nésledné v [DMO07] je dokézano, ze pokud
X md RNP, pak hrdac II md vitéznou strategii ve hie G(Bx, S,(Bx)). V této souvislosti
se muze zdat prekvapujici nas dalsi vysledek:

Véta B. Necht dim X > 0 a budiZ A tvorena oteviengmi podmnoZinami By tak, Ze
Bx = |JA. Potom hrd¢ Il nemidZe mit vitéznou taktiku ve hie G(Bx,.A). Specidlné,
hrac II nemize mit vitéznou taktiku ve hire G(Bx,S,(Bx)).

Deville a Matheron v [DMQ7] konstruuji svou vitéznou strategii za pouziti abstraktniho
lemmatu, které jim také poslouzilo k dukazu nasledujici charakterizace: Banachuv prostor
X md vlastnost bodu spojitosti (PCP) pravé tehdy, kdyz hrdé II md vitéznou strategii ve hie
G(Bx, {weakly open sets}). Ptipomenme si, ze X méa md vlastnost bodu spojitosti (PCP),
pokud kazdéa neprazdnd, omezena podmnozina prostoru X ma neprazdné, relativné slabé
oteviené podmnoziny libovolné malého pruméru. To je v podstaté to samé, jako ze (Bx, w)
je fragmentovana normou. Ve stejném duchu zde ukdzeme dalsi podobnou charakterizaci:

Veéta C. Necht (E,T) je tplné metrizovatelny topologicky prostor a f : E — X budiZ
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funkce z E do normovaného linedrniho prostoru X. Definujme hru G¢(E,T) stejné jako
G(E,7) s tim rozdilem, Ze hrac II vyhrdvd partii, pokud posloupnost (f(x,)), C X je
cauchyovskd, kde (x,), C E je posloupnost tahi hrdce I v prubéhu partie. Nasledujici
vyroky jsou ekvivalentni:

(i) f je prund Baireovy tridy, tj. f je bodovou limitou posloupnosti spojitych funkc,

(i) hrdc¢ II ma vitéznou strategii ve hie G¢(E,T).

1.3.2 Kvantitativni rysy Radonovy-Nikodymovy vlastnosti

Popisme obecné oskrabavaci schéma, které se bézné pouzivé k prifazeni néjakého (izo-
morfné invariantniho) ordindlniho indexu k zadanému Banachovu prostoru X. Predpo-
kladejme, ze A je tvofena otevienymi podmnozinami prostoru X a ze C' je podmnozinou
X. Pro € > 0 definujeme mnozinovou derivaci

[Cl.=C\|J{A e A:diam(ANC) <}
a polozime

a<f

pro kazdy ordindl « a kazdy limitni ordindl 3. Dale definujeme

ta(X,e) :=inf{a: [Bx]2 =0} ata(X) :=supea(X,e),

e>0

pricemz se drzime ndsledujici konvence: inf ) = co a a < oo pro kazdy ordinél «. Volba
A = S,(X) vede k definici zdrezového inderu D(X) prostoru X. Takze D(X) = vs,(x)(X)
a v tomto piipadé znacime wd?(C) := [C]2.

Je ztejmé, ze kdyz X ma RNP, pak pro kazdé € > 0 a kazdou neprazdnou, uzavienou,
konvexni podmnozinu C' prostoru X plati wd!(C) ; C. Na druhé strané, pokud X nema
RNP a () # A C By je néjakd mnozina bez platku mensich nez e, pak zjevné A C wd®(By)
pro kazdy ordindl a. Z toho plyne, ze X méd RNP tehdy a jen tehdy, kdyz D(X) <
0o. Podotknéme, ze kdyz X je separabilni, pak lze snadno ukazat pomoci argumentu,
zalozeném na kardinalité béze otevienych mnozin (Theorem 1.6.9 v [Kec95]), ze X ma
RNP prave tehdy, kdyz D(X) < wy, kde w; je prvni nespocetny ordindl. Véta G. Lanciena
[Lan95] tvrdi, ze Banachuv prostor X lze uniformné konvexné prenormovat pravé tehdy,
kdyz D(X) < w, kde w je proni nekonecény ordindl. Pfidejme k Lancienové vété drobny
komentdr — kvantitativné presnéjsi verzi Véty [A]

Veéta D. Pro Banachuv prostor X je ekvivalentni:

(1) na X lze zavést ekvivalentni uniformné konvexni normu,
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(i) pro kazdé 0 < € < 1 ezistuje takové zobrazeni F : Bx — X* a takové prirozené
c¢islo k € N, Ze kdykoliv (x,)™, C Bx spliuje

|20 — Tpiall > € a (F(zn), 20) < (F(20), Tny1)
pro vSechnan =1,...,m —1, pak m < k.

Poznamenejme, ze M. Zeleny dokézal v [Zel08], ze pokud dim X < oo, pak mohou byt
kvantifikatory v bodu (ii) zaménény: ezistuje takové zobrazeni F' : Bx — X*, Ze pro kazdé
0 < e <1 existuje k € N ... Neni jasné, zde lze to samé provést obecné v libovolném
prostoru X s uniformné konvexni normou.

Podobné jako v predchozim, Véta@ je dusledkem tvrzeni (Theorem [2.31)), ve kterém je
podminka (ii) vyjadiena pomoci hry G(Bx, S.(Bx)). Pozdéji vyslovime obdobné véty, ve
kterych bude podminka (i) vyjadfena pomoci slabého Szlenkova indexu, resp. oscila¢niho
indexu, a podminka (ii) pomoci hry G(Bx, {slabé oteviené mnoziny}), resp. G(M, 1)
(viz. poznamky a2.38).

Slaby Szlenkiv index Sz,,(X) prostoru X se ziska tak, ze polozime A = (X, X*) (kde
o(X, X*) jsou slabé oteviené podmnoziny prostoru X) ve vyse zminéném oskrabavacim
schématu, tj. Sz, (X) = to(x,x+)(X). Je jasné, podobné jako v pifpadé zafezového indexu,
ze Banachuv prostor X mé& PCP préveé tehdy, kdyz Sz, (X) < co. V piipadé separabilniho
prostoru s PCP mame opét Sz, (X) < w;. Je také jasné, ze Sz, (X) < D(X), ale pozname-
nejme, ze predudl B Jamesova prostoru JT je separabilni prostor, pro ktery Sz, (X) < w;
a D(X) = oo, protoze jak je znamo [FGdB97], B ma PCP ale ne RNP.

1.3.3 Radonova-Nikodymova vlastnost v dualech

Banachuv prostor X je Asplundiv, jestlize kazda spojita konvexni funkce, ktera je de-
finovana v neprazdné, oteviené, konvexni podmnoziné D prostoru X, je fréchetovsky
diferencovatelnd v kazdém bodé néjaké husté Gy ¢asti mnoziny D. Teorie Asplundovych
prostoru je dobie rozvinutd [DGZ93|, [Phe9d3, [HMSVZ0§|. Je neoddélitelnd od teorie pro-
storu s RNP diky nésledujici dudlni charakterizaci: Banachiv prostor X je Asplundiv
tehdy a jen tehdy, kdyz kaZdd neprdzdnd omezend mnoZina v dudlu X* md libovolné malé
w* otevrené pldatky. Nebo také tehdy a jen tehdy, kdyz X* md RNP. Fragmenty tohoto
vysledku pochézeji od E. Asplunda [Asp68], I. Namioky a R. Phelpse [NP75], a od C .Ste-
galla [Ste75]. Jednim z pilifu, podpirajicich tuto charakterizaci, je vysledek: Necht X je
separabilni Banachuv prostor. Pak X* md RNP pravé tehdy, kdyz X* je separabilni. De-
taily jsou k nalezen{ naptiklad v [Phe93]. To, Ze muzeme pracovat bud se slabé otevienymi
nebo w* otevienymi platky ma nékolik dusledku. Jednim z nich je, ze muzeme vyslovit w*
verzi Véty [A] kde m4 zobrazeni F hodnoty v preduédlu X prostoru X*. Dalsim dusledkem
je fakt, ze dudlni prostor X* md RNP pravé tehdy, kdyz (Bx«,w*) je fragmentovdna nor-
mou. Povsimnéme si, ze JT™, tedy dual Jamesova prostoru J71', ma PCP, ale ne RNP,
takze (Byr«,w) je fragmentovana normou, zatimco (B 7+, w*) neni (viz. napt. [FGdB97]).

Budiz 8 (X™), resp. o(X*, X), w* oteviené poloprostory, resp. w* oteviené mnoziny v
X*. Vratme se k nasemu obecnému oskrabavacimu schématu a definujme, pro libovolny
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Banachuv prostor X, indexy Dz(X) := ts:(x+)(X™) a Sz(X) := to(x+ x)(X*). Prvni z nich
se nazyva w* zdrezovy index prostoru X, zatimco druhy je Szlenkuv inder prostoru X.
Podobné jako v pripadé zarezového indexu, resp. slabého Szlenkova indexu, prostor X*
méa RNP tehdy a jen tehdy, kdyz Dz(X) < oo, resp. (Bx«,w") je fragmenovana normou
tehdy a jen tehdy, kdyz Sz(X) < oo. Shriime si prehledné, co bylo fe¢eno. Pro Banachuv
prostor X jsou nasledujici vyroky ekvivalentni:

(o) X je Asplunduv

(i) X* m4 RNP,

(i) Dz(X) < oo,

(iii) Sz(X) < oo,

(iv) (Bx+,w") je fragmentovana normou.

A opét, je-li X separabilni, bod (ii) lze nahradit podminkou Dz(X) < wy, zatimco bod
(iii) podminkou Sz(X) < w;. Ve skutecnosti plati mnohem silngjsi vysledek B. Bossarda
[Bos02] a G. Lanciena [Lan96], ktery tvrdi, ze existuje takovd funkce W : (0,w;) — (0,wy),
pro kterou Dz(X) < W(Sz(X)) pro libovolny Banachiv prostor X spliugici Sz(X) <
wi. Tento vysledek, dokazany metodami deskriptivni teorie mnozin, byl neddvno zesilen
M. Rajou |[Raj07], ktery zapojil ¢isté geometrické prostfedky do transfinitni indukce a
ziskal: Dz(X) < w¥%) pro libovolny Banachiiv prostor X, ¢imz ukézal, ze funkce ¥ miize
byt volena jako W(«a) = w®. V této souvislosti je zajimava otdzka, jaké jsou optimdlni
hodnoty funkce W. Jinak feceno, jaké jsou explicitni hodnoty funkce

U, () :=inf {f: Dz(X) < g pro kazdy X spliujici Sz(X) = a}.

Takze naptiklad Rajuv vysledek lze reformulovat: ¥,(a) < w®. Abychom uéinili presnosti
zadost, musime dodat, ze funkce ¥, ma smysl pouze v bodech «, pro které existuje néjaky
Banachuv prostor X tak, ze Sz(X) = a. Napiiklad, je zndmo (viz. Lemma [3.3), ze pro
kazdy Banachiv prostor X , existuje takovyj ordindl o, Ze Sz(X) = w®. Zminme, ze P. Héjek
a G. Lancien v [HLOT7] dokdzali, ze je-li Sz(X) < w, pak Dz(X) < w?. Navic prostor co md
Sz(cy) = w a Dz(cy) = w?. Specidlné ¥, (w) = w?. Obecné vzato, znalost presnych hodnot
indexu Sz(X) a Dz(X) pro néjaky prostor X dava dolni odhad pro ¥, v bodé Sz(X). My
zde vypocitame presné hodnoty w* zérezového indexu pro tiidu prostoru C([0,a]), tedy
spojitych funkci na kompaktnich ordindlnich intervalech [0, al, kde « je spocetny. To ndm
doda nasledujici dolni odhad funkce W,,.

Véta E (s P. Hijkem a G. Lancienem). Necht 0 < o < w;. Pak

w - wa—&-l S \I/O(wo‘+1).
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1.3.4 Prostory C(K), K& =

Z obecné teorie Asplundovych prostoru plyne, ze prostor C(K), tedy prostor spojitijch
funkci na kompaktu K, je Asplunduv pravé tehdy, kdyz K je roztrouseny. Kompakt K
nazveme roztrousenym, existuje-li néjaky ordinal o tak, ze Cantorova derivace K (@ fadu
« kompaktu K je prdzdnd (viz. Definition [3.8). Docasné se budeme vénovat situaci, kdy
K@) =,

Pripomenme si zasadni izomorfni klasifikaci vyse zminénych prostoru C([0, o) poché-
zejici od C. Bessagy a A. Pelezytriského [BP60, [HMSVZOS|: Necht w < a < 8 < w;.
Pak C([0,a]) je izomorfni prostoru C([0,5]) tehdy a jen tehdy, kdyz f < o*. C. Sa-
muel [Sam84] dodal pozdéji jiny dukaz ¢ésti “jen tehdy”, ktery spo¢ivd v presném vy-
hodnocen{ Szlenkova indexu téchto prostoriu: Necht 0 < a < w;. Pak Sz(C([0,w*"])) =
wtt. Specidlné, C([0,51]) je izomorfni s C([0,Ba]) prdvé tehdy, kdyz Sz(C([0,3])) =
Sz(C([0, Bs])). Snadny geometricky dukaz tohoto faktu je podén v [HLO7]. Dalsi roz-
pracovani tohoto dukazu ve spoletném ¢lanku P. Hajka, G. Lanciena a pisatele této
prace [HLP09] vedlo k nésledujicimu.

Véta F (s P. Hijkem a G. Lancienem). Necht 0 < o < wy. Pak
Dz(C([0,w*"])) = w' T

(osvéime si, Ze 1+ a+1=a+2 pokud o < w, a l+a+1=a+1 v ostatnich pripadech.)
Specidlné, C([0, £1]) je izomorfni s C([0, B3]) prdvé tehdy, kdyz

Dz(C([0, 41])) = Dz(C([0, Ba]))-

Z topologie je znamo, jedna se o vétu Mazurkiewicze a Sierpiriského [HMSVZ08, The-
orem 2.56], ze kazdy spocetny kompakt K je homeomorfni néjakému ordindlnimu intervalu
[0,a] (a spocetné). Takze C(K) je izomorfni prostoru C([0, ) a tudiz muzeme snadno
spocitat w* zérezovy index takového C(K). D4 se vsak zajit jesté dél. Za pouziti separa-
bilni redukce ukazeme:

Véta G (s P. Hijkem a G. Lancienem). Necht 0 < a < wy. Necht K je kompakt, jehoZ
Cantorovy derivované mnoziny spliuji K& £ 0 o K@) = 0. Pak

Dz(C(K)) = w'ott,

1.3.5 Normy s dobrymi vlastnostmi

Hlavni vysledky v této sekci pochazeji ze spoleéného ¢lanku P. Hajka a autora této prace
([HPQ9]) o renormacich, které jsou zaroven LUR, fréchetovsky diferencovatelné, a které
jsou aproximovany normami s vyssi hladkosti. Pfipomenme si, ze norma ||-|| na Banachové
prostoru X je lokdlné uniformné konvexni (LUR), pokud lim, ||z, — z|| = 0, kdykoliv
limy, (2 ||za]|* + 2 ||z||* = ||zn + z||*) = 0. Podivejme se na prototyp vysledki, které jsme
ziskali.
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Veéta H (s P. Hijkem). Bud « ordindl. Pak lze na prostoru C([0,a]) zavést ekvivalentni
normu, kterd je fréchetovsky diferencovatelnd, LUR a limitou (uniformni na omezenych
mnozindch) C*°-hladkyjch norem.

Tato véta sama o sobé je pozitivnim fesenim problému 8.2 (¢) v [FEMZ06], plyne vsak
z obecnéjsiho tvrzeni (Véta [l). Nez se do tohoto tvrzeni pustime, podivejme se, jakou
roli vlastné hraji fréchetovska diferencovatelnost a vlastnost LUR v teorii Banachovych
prostoru.

Fréchet diferencovatelné normy

Je vseobecné znamo, ze Banachuv prostor, na kterém existuje ekvivalentni Fréchet dife-
rencovatelna norma, je nutné Asplunduv. Je také jiz dlouho znamo, diky slavnému pro-
tiptikladu R. Haydona [Hay90], ze opacéné tvrzeni neplati. Sestavili jsme zde kratky seznam
prikladu prostoru, na kterych existuje ekvivalentni Fréchet diferencovatelna norma:

a) prostory se separabilnim dudlem (M. I. Kadec),

b) prostory, pro néz Sz(X) < w; (G. Lancien),

¢) reflexivni prostory (S. Troyanski),

d) C(K) prostory, pro které K« = () (R. Deville),

e) ¢o(I") pro libovolnou mnozinu I" (N. H. Kuiper),

f) C([0, ) pro libovolny ordinal o (M. Talagrand, R. Haydon).

Dodejme, ze na prostorech z piikladu a)-e) existuje norma, jejiz dudlni norma je LUR,
zatimco na prostorech z piikladu d)-f) existuje dokonce C°°-hladkd norma. Je dobte
znamo, ze pokud je norma ||-||* (dudlni k normé ||-||) LUR, potom norma ||-|| je Fréchet
diferencovatelnd. Timto zpusobem byla poprvé dokéazana existence Fréchet diferncova-
telnych norem v prikladech a)-d). Opét podotknéme, Ze opecné tvrzeni neplati, protoze
M. Talagrand [Tal86] dokazal, ze C([0,w1]) md ekvivalentni C*°-hladkou normu, ale nemd
Zadnou normu, jejiz dudlni norma by byla LUR. Jiz zminéné C'*°-hladké normy z prikladu
d)—f) jsou konstruovany pomoci jiné techniky, konkrétné pomoci funkei, které lokdiné
zdviseji na koneéné mnoha souradnicich (viz. Definition . To proto, ze LUR vlastnost
dudln{ normy ||-||* nepfindsi Zadnou informaci o vy$si hladkosti normy ||-||. Nezapomefime
viak, ze P. Héjek a R. Haydon [HHO7] neddvno dokézali nasledujici dulezité tvrzeni:
jestlize na prostoru C(K) existuje norma, jejiz dudlni norma je LUR, pak na C(K) exis-
tuge také C*°-hladkd norma.
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Lokalné uniformné konvexni normy

Nyni je jiz zfejmé, ze pojem LUR ma v teorii renormaci zdsadni vyznam. Pro rozsahly
prehled zndmych vysledku s referencemi doporucujeme [DGZ93] a nebo neddvnou mo-
nografii [MOTV09]. V névaznosti na predchozi ¢dst této préace zminme, Ze je otevienym
problémem, zda na prostoru s RNP existuje nutné také ekvivalentni LUR norma. Za
povSimnuti stoji, ze pro vyznamné podtiidy prostoru s RNP tomu tak skutecné je.
V élanku [Lan93], G. Lancien sestavil dumyslny vzorec pro LUR normu (resp. normu,
jejiz dudlni norma je LUR) na prostorech s D(X) < wy (resp. Dz(X) < wi). Dalsim
prikladem je tiida dualu Asplundovych prostoru: na dudlnim Banachové prostoru s RNP
existuje ekvivalentni LUR norma. Tento vysledek pochézi od M. Fabiana a G. Godefroye
[FGS88] ([DGZ93|, Corollary VII.1.12]). Z vyse zminénych faktu vsak plyne, ze v nékterych
piipadech tato LUR norma, nemuze byt dualni. Tak ¢i onak, tento a mnoho dalsich
vysledku o LUR renormacich (viz. kapitola VII in [DGZ93]) se opiraji o metodu pochazejici
od S. Troyanského [Tro71]. Za “slepovaci” verzi, kterou hned uvedeme, vdécime V. Zizle-
rovi [Ziz84] ([DGZ93, Proposition VIL.1.6]): Ezistuje-li na Banachové prostoru X takovy
projekcni rozklad identity { Py} < < .+ € na prostorech (Poy1 — Po) X existuje ekvivalentni
LUR norma, pak na X samotném existuje také ekvivalentni LUR norma. Zatim se spo-
kojme s vysvétlenim, ze projekéni rozklad identity je neseparabilnim zobecnénim pojmu
posloupnosti projekci pridruzenych k Schauderové bazi, a odlozme jeji presnou definici na
pozdgji (viz. Definition [4.12).

Kombinace fréchetovské diferencovatelnosti a LUR

V mnoha situacich je zddouci mit na zadaném prostoru X ekvivalentni normu, kterd ma
dobré vlastnosti jak po strance hladkosti, tak po strance konvexity. Klasickym vysledkem
v této oblasti je metoda obecné zndma jako Asplundovo prumérovini: Ezistuje-li na Ba-
nachové prostoru X LUR norma ||-||, a také norma |-||,, jejiz dudini norma je LUR,
potom na X ezistuje norma ||-||5, kterd je LUR a jejiz dudlni norma je LUR. Specialné,
norma ||-||; je zdroven LUR a fréchetovsky diferencovatelna. Asplundovo prumeérovani v
této formé bylo dokdzdno M. Fabianem, L. Zajickem a V. Zizlerem v [FZZ82] (|[DGZ93|,
11.4.3]) za pomoci Baireovych kategorii. Ve zminovaném ¢lanku je dokdzéno, ze mnozina
ekvivalentnich LUR norem je bud prazdna, nebo rezidudlni v prostoru vsech ekviva-
lentnich norem na X. Napodobné pro mnozinu vsech ekvivalentnich norem, jejichz dualni
norma na X* je LUR. Asplundovo prumérovani zazilo neddvno necekany zvrat, kdyz
R. Haydon [Hay08] dokézal nasledujici hluboky vysledek: ezistuje-li na X ekvivalentni
norma, jejiz dudlni norma je LUR, pak na X existuje také ekvivalentni LUR norma.

V této souvislosti musime podotknout, ze bez silnéjsich strukturalnich pozadavku na
prostor X nelze ocekavat existenci normy, ktera je zaroven LUR a hladkd vyssiho radu.
Skutecné, podle [FWZ83] ([DGZ93, Proposititon V.1.3]) plati, ze existuje-li na X norma,
jez je LUR a zdroveri C?*-hladkd, pak X je superreflexivni. Na druhé strané, v superrefle-
xivnich prostorech 1ze pomoci Asplundova priumérovani vyrobit normu, kterd je uniformné
konvexni a zaroven uniformné Fréchet diferencovatelna.
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7 vyse uvedenych uvah plyne, ze predpoklady pro Asplundovo prumeérovani nemuseji
byt vzdy splnény, napiiklad v prostoru C'([0,w;]). V tomto piipadé bychom méli zduraznit,
ze neni znamo, jestli mnozina vSech Fréchet diferencovatelnych norem je rezidudlni nebo
aspon husté v prostoru vsech ekvivalentnich norem na C([0, «]).

Véta analogicka nasi véte [H| pro piipad X = ¢o(I") byla dokazana v [PWZ81] ([DGZ93,
Theorem V.1.5]). Separabilnim vzorem pro nés hlavni vysledek je nasledujici véta (viz.
IMPVZ93]): Na kazdém C*-hladkém Banachové prostoru existuje ekvivalentni LUR a
zdroven Fréchet diferencovatelnd norma, kterd je navic limitou C*-hladkijch norem.

Nyni vyslovime nasi hlavni vétu. Povsimnéte si podobnosti s vyse uvedenou Zizlerovou
verzi Troyanského renormace. Dalo by se fici, Ze nase véta je jejim zhlazenim.

Véta I (s P. Hijkem). Necht k € NU {oo}. Necht X je Banachiv prostor s takovou PRI
{Pa}wgagw Ze na kazdém z prostort (Pyy1 — Py)X existuje ekvivalentni fréchetovsky di-
ferencovatelnd, LUR norma, kterd je navic limitou (uniformni na omezengch mnozindch)
C*-hladkyjch norem. Predpoklddejme navic, Ze na X ezistuje ekvivalentni C*-hladkd nor-
ma.

Pak na X existuje ekvivalentni fréchetovsky diferencovatelnd, LUR norma, kterd je
navic limitou (uniformni na omezenyjch mnoZindch) C*-hladkijch norem.

Tato véta je ve skutecnosti indukénim krokem v diukazu vedoucim k vyse zminéné
vete [H] a také k nédsledujicimu tvrzen.

Veéta J (s P. Hijkem). Necht k € NU{oc}. Budiz P néjakd trida Banachovych prostori,
jejiz kazdy prvek X

(i) ma PRI {FP,} s vlastnosti, ze (Pyy1 — Py)X € P,

wla<p
(ii) md ekvivalentni C* hladkou normu.

Potom na kazZdém prostoru X € P existuje ekvivalentni fréchetovsky diferencovatelnad,
LUR norma, kterd je navic limitou (uniformni na omezengch mnoZindch) C*-hladkyjch
norem.

Aniz bychom zabihali do detaili, podotykdme, ze podminka (i) je splnéna napiiklad
pro slabé kompaktné generované prostory (WCG), tedy takové prostory, které obsahuji
totalni (normové linedrné husty) slaby kompakt. Dale podminka (i) plati pro Vasédkovy
prostory, C'(K) prostory, kde K je Valdiviav kompakt, atd. Pro dukaz téchto netrividlnich
tvrzeni véetné referenci doporucujeme kapitolu VI v [DGZ93| a kapitolu 5 v [HMSVZ0§].
Nyni je ziejmé, ze lze ziskat tiidu P, kterd spliuje obé podminky (i) i (ii) prostym
prinikem jedné z vyse uvedenych tiid s tifdou C*-hladkych prostort.

Nakonec par slov o vyznamu faktu, ze nase nové definovand norma je aproximovana
normami, které jsou C*-hladké. Takovy vysledek je tizce spjat s otdzkou, zda pro C*-
hladky prostoru X jsou C*-hladké ekvivalentni normy na X husté v prostoru vsech ekvi-
valentnich norem na X. Odpovéd neni zndma v plné obecnosti dokonce ani v separa-
bilnim piipadeé, ackoliv pozitivni vysledky z ¢lanku [DFH96] a [DFH98| jsou velmi silné
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a uplatni se pro vétsinu klasickych Banachovyh prostoru. Napiiklad: Necht X = C(K),
kde K je spocetny kompakt. Pak lze kaZdou ekvivalentni normu na X aproximovat analy-
tickymi normamai. V podobném duchu se nese vysledek M. Fabiana, P .Hajka a V. Zizlera
[EHZ97]: Libovolnd silné svazovd norma na (co(I'), ||-||.) je aprozimovatelnd (uniformné
na omezeniych mnozindch) C*-hladkymi normami. Podivejte se také na vétu kde
dokazujeme, ze tyto aproximujici normy maji jisté vlastnosti, které nam piijdou vhod pfi
dukazu véty [I.. Kromé tohoto tvrzeni nejsou v neseparabilni situaci znamy zadné obecné
vysledky. Specidlné, jeden z otevienych problému v [DGZ93| klade otdzku, zda na C*
hladkém WCG Banachové prostoru musi nutné existovat ekvivalentni LUR norma, ktera
je limitou C*-hladkych norem. Véta |[J| spolu s vyse uvedenymi strukturdlnimi vysledky o
WCG prostorech dava pozitvni feseni tohoto problému.

Zajimavé je, ze je-li X Vasdkiv, resp. X je prostor C(K), pak existence C*-hladké
normy (obecnéji C*-hladkého bumpu) implikuje, Ze kaZdou spojitou funkci lze aprozimo-
vat uniformné C*-hladkymi funkcemi (viz. [DGZ93], Chapter VIII], resp. [HHOT]). Kdyz se
viak timto zpusobem pokusime aproximovat lipschitzovskou nebo konvexni funkei (nebo
tfeba normu), obecné nebudeme mit zédnou informaci o lipschitzovském chovéni ¢i kon-
vexité aproximujici funkce.

V posledni kapitole se budeme zabyvat konvexnimi aproximacemi konvexni funkce f,
které sice nezlepsuji diferencovatelnost, ale zato se pysni bodem silného minima. Ano, toto
téma je jiz dobie prozkouméano v praci M. Fabiana, P. Hijka a J. Vanderwerffa [FHV96],
a proto se zameérime na situaci, kdy f zalezi spojité na néjakém parametru, a budeme
se snazit ziskat tyto aproximace i minimizéry tak, aby také spojité zavisely na daném
parametru.

1.3.6 Parametricky variac¢ni princip

Vysledky v této sekci pochéazeji ze spoleéného clanku R. Devilla a autora této prace
(IDP)). Co je variacni princip je snad nejlépe vidét na konkrétnim piikladu Ekelandova
varia¢nfho principu: Necht X je Banachiv prostor, f : X — (—o0,+0o0]| zdola ome-
zend, zdola polospojitd (l.s.c.) funkce a necht ¢ > 0. Pak existuje bod v € X tak, Ze
r — f(x)+ ez —v| nabjvd svého minima v bodé v. Takovéto tvrzeni obvykle slouzi
jako ndhrazka za kompaktnost mnoziny, ve které hleddme minimum f. Reeno geome-
tricky, graf funkce x — f(v) — e ||z — v|| se zdola dotyka epigrafu funkce f v bodé wv.
Funkce z +— ¢ ||x —v|| se nazyva perturbace. Variaéni principy J. Borweina a D. Pre-
isse, resp. R. Devilla, G. Godefroye a V. Zizlera (DGZ), zobecnuji vyse zminénou vétu.
Konkrétné tvrdi, ze je mozné nalézt C*-hladké perturbace, resp. C*-hladké a lipschit-
zovské perturbace, za predpokladu Ze na prostoru X existuje C*-hladké norma, resp.
C*-hladky bump s omezenymi derivacemi fddu k. DGZ variacni princip je tedy zesilenim
Borweinova-Preissova variacniho principu, a navic je dokazan elegantnim argumentem za
pomoci Baireovych kategorii.

Parametricky variaéni princip mé na svém vstupu systém {z — f(p, x)} zdola polo-
spojitych, zdola omezenych funkei, které zaviseji spojité na parametru p v néjakém topo-
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logickém prostoru II. Cilem je pro kazdé p € II perturbovat funkei f(p,-) pomoci funkce
A(p) : X — R tak, ze f(p,-) + A(p) nabyvé svého minima v néjakém bodé v(p) a tak, ze
v(p) 1 A(p) zéaviseji spojité na parametru p. Parametricky hladky varia¢ni princip v duchu
principu Borwein-Preiss pochézi od P. Georgieva [Geo05]. L. Vesely [Ves09] nedavno mo-
difikoval jeho dukaz, aby ziskal parametricky hladky variacni princip s vazbami. Presnéji
feceno: necht Iy C IT je takovad podmnozina, ze pro kazdé p € Iy funkce f(p,-) nabyva
minima v bodé vg(p). Vesely konstruuje minimizér v, ktery rozsifuje zobrazeni vg. Hlavn{
véta této kapitoly (Theorem je parametrizovana verze varia¢niho principu DGZ a
jeho dukazu. Nase hlavni véta implikuje naptiklad:

Veéta K (s R. Devillem). Necht 11 je parakompaktni Hausdorffiv topologicky prostor, X
je Banachiiv prostor s Fréchet diferencovatelnou normou a Y bud kuZel vsech konvexnich,
nezapornych, lipschitzovskijch, Fréchet diferencovatelngjch funkcina X . KuZel Y je vybaven
svoji prirozenou normou ||glly, = |g(0)] + [|gl ;- Necht f: T x X — R spliuje

(i) pro vsechna p € 11, funkce f(p,-) je konvezni, spojitd, zdola omezend,
(ii) pro vSechna x € X, funkce f(-,x) je spojitd,

(iii) pro vsehena py € 11, (f(po,-)— f(p,-))T — 0 uniformné na omezenych podmnozindch
prostoru X, kdyZ p — po.

Pak pro kazdé e > 0 existuji zobrazeni A € C(11,Y) av € C(II, X) takovd, Ze | A(p)|ly, < ¢
a f(z,:) + A(p) nabyvd silného minima v bodé v(p) pro vSechna p € II. Navic p +—
f(p;v(p)) + Ap)(v(p)) je spojité.

Hlavni nedostatek, ktery je pruvodnim jevem vSech parametrickych varia¢nich principu
a ktery vyrazné zmensuje pole jejich pusobnosti, je fakt, ze vSechny funkce f(p,-) museji
byt byt konvexni. Ze se nejednd o pouhou technickou obtiz plyne z jednoduchych pifkladu
(Example . Ty ukazuji, ze v nekonvexnim pfipadé muzeme zapomenout na spojity
minimizér dokonce i po perturbaci funkce f.

Déle ukdzeme v sekci [5.4] ze ani druhd z neocekdvanych podminek véty [K| tedy
podminka (iii), nemuze byt bez néhrady vyskrtnuta. Na druhé strané, podminka (iii)
plyne z podminek (i) a (ii), pfedpoklddame-li navic, ze II je metrizovatelny a ze dimenze
prostoru X je konec¢na. To plyne okamzité z néasledujici véty.

Véta L (s R. Devillem). Budte f a f, (n € N) spojité a konvexni funkce z Banachova
prostoru X do R a predpokladejme, Ze f, — f bodoveé v X. Pak f, — f uniformné na
kompaktnich podmnoZindch prostoru X.

Na zavér si uvédomme, ze i kdyz dim X < oo a p — f(p,) nabyva svého minima v
néjakém bodé v(p) pro kazdé p € 11, zobrazeni v nemusi byt spojité. Skutecné, existence
spojitého minimizéru pro puvodni funkci neni zarucena ani v nejjednodusich situacich

(viz. Problem a sekce [5.4)).
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1.4 Introduction (version francgaise)

Nous allons traiter ici quatre sujets différents de la théorie des espaces de Banach et
c’est le but de la section d’introduction de montrer la place qu’ils occupent dans la théorie.

Ici et dans toute la suite, X est un espace de Banach réel avec une boule unité fermée
Bx et avec 'espace dual X*.

1.4.1 La propriété de Radon-Nikodym

Nous commengons par une définition d’un concept élémentaire. Soit A un sous-ensem-
ble d’'un espace de Banach X. Soit f € X*\ {0} et a € R. Si l'ensemble S = {z € A :
f(z) > a} est non vide, il est appelé tranche ouverte de A (ou seulement tranche de A
quand il n’y a pas de risque de confusion). Nous notons S,(A) I'ensemble de toutes les
tranches de A.

Avec la notion de tranche a disposition, nous pouvons définir une classe importante
d’espaces de Banach que nous rencontrerons constamment dans tout ce texte. On dit qu'un
espace de Banach X a propriété de Radon-Nikodym (RNP) si chaque sous-ensemble non
vide borné de X a des tranches (non vides par la définition) arbitrairement petites. Plus
précisément, X a RNP si pour chaque sous-ensemble non vide borné A de X et pour
chaque € > 0, il existe une tranche S € S,(A) tels que diam(S) < e.

En raison du quantificateur universel dans la définition, RNP est naturellement une
propriété isomorphe. Son importance demeure dans le fait que beaucoup de constructions
familieres sur les réels peuvent étre traduites aux espaces avec RNP. Un exemple de notre
affirmation est la définition originale de RNP issue de la théorie de la mesure, qui explique
également le nom de la propriété : Soit B la tribu des boréliens sur [0, 1], soit X la mesure
de Lebesgue sur [0,1]. Un espace de Banach X a RNP si et seulement si chaque mesure
m a valeurs dans X et définie sur l’espace de probabilité ([0,1], B, \) qui est de variation
totale finie et absolument continu par rapport a A, est représentée par un f € L'([0, 1], X)
au moyen de Uégalité m(A) = [, f(x)dX(z).

Pour voir comment les divers mathématiciens ont contribués a ce résultat, nous ren-
voyons le lecteur a 'excellente monographie [Bou83|. Le théoreme ci-dessus est un moyen
(plutot lourd) de voir que par exemple R™ a RNP.

Notre premier résultat énonce que les espaces de Banach possédant RNP sont exacte-
ment ceux pour lesquels on a une extension du fait élémentaire que les suites monotones
bornés de réels convergent.

Théoreme A. Pour un espace de Banach X, les assertions suivantes sont équivalentes :
(i) X a RNP,
(ii) 4l existe une application F : X — X* telle que toute suite bornée (x,) C X

converge si elle satisfait

(F(xn), zn) < (F(zpn),Tns1) pour tout n € N.
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L’assertion (ii) n’est pas facile & etablir méme lorsque X = R? ainsi ce théoréme
n’est pas vraiment un bon outil pour prouver qu'un espace a RNP. Par contre, il est tres
utile comme une condition suffisante pour la convergence des suites dans X. L’implication
(i) = (i) est due & R. Deville et E. Matheron [DM07] qui ont également montré que si X
posséde une norme uniformément conveze, alors (ii) est verifié. L’implication (i) = (ii) a
6té montrée en toute généralité dans [Pro09] et nous verrons la preuve au Chapitre [2|

Soit S.(X) 'ensemble de tous les demi-espaces fermés de X, c.-a-d. les ensembles de
la forme {z € X : f(z) > a} pour un f € X*\ {0} et a € R. En fait, le théoreme ci-dessus
peut se refotmuler 4 I'aide du jeu des points et demi-espaces fermés noté G(X,S.(X))
que nous décrivons maintenant. Il y a deux joueurs — le joueur I et joueur II. Le joueur
I commence le jeu en choisissant arbitrairement un point x; € X. Le joueur II joue puis
un demi-espace fermé H; contenant le point x;; alors le joueur I sélectionne un point
x9 € Hy et la réponse du joueur II est un demi-espace fermé Hs qui contient xo (mais pas
nécessairement x1) ; alors le joueur I choisit un point z3 dans Hy (mais pas nécessairement
dans H;); et ainsi de suite. Ce qui précede s’appelle une partie du jeu G(X,S.(X)). Le
joueur I gagne la partie si la suite (z,,) ainsi formée est de Cauchy ou non bornée. Une
tactique gagnante pour le joueur II est une application ¢ : X — S.(X) telle que = € t(x)
pour tout z, et telle que si le joueur II choisit toujours H, := t(z,), ¢a va assurer sa
victoire. On voit facilement (cf. Proposition [2.4)) que (ii) dans Théoréme [A] est équivalent
a dire que le joueur IT a une tactique gagnante dans le jeu G(X, S.(X)).

Dans un cadre plus abstrait, si X est remplacé par un ensemble K et A est une
collection de sous-ensembles de K tels que K = | J.A, nous définissent le jeu point-ensemble
G(K,A) avec les mémes régles que ci-dessus (voir Définition [2.1)).

La conception de jeu est due a J. Maly et M. Zeleny [MZ06] qui ont également montré
que le joueur II a une stratégie gagnante pour le jeu G(Bgz,{droites}). Une stratégie
gagnante est une regle de décision représentée par une suite des applications ¢, : K" — A
ou le choix H,, :=t,(z1,...,z,) assure la victoire du joueur II.

Notez que toute tactique gagnante du joueur II est automatiquement une stratégie
gagnante du joueur II. Nous allons illustrer ici le fait que la réciproque est fausse. Il est
prouvé dans [DMO7] que si X posséde RNP, alors le joueur II a une stratégie gagnante
dans G(Bx,S,(Bx)). Par contre, nous prouvons ici :

Théoréme B. Si dim X > 0 et si A est une sous-collection d’ouverts de By telle que
Bx = JA. Alors le joueur II n’a jamais une tactique gagnante dans le jeu G(Bx, A).
En particulier, le joueur II n’a jamais de tactique gagnante dans le jeu G(Bx,So,(Bx)).

Deville et Matheron en [DMO07] construisent leur stratégie gagnante en utilisant un
lemme abstrait qu’ils utilisent également pour obtenir la caractérisation suivante : un
espace de Banach X a la propriété des points de continuité si et seulement s’il existe
une stratégie gagnante pour le joueur II dans le jeu G(Bx, {ouverts faibles}). Rappelons
que X a la propriété des points de continuité (PCP) si chaque sous-ensemble borné non
vide de X a des sous-ensembles relativement faiblement ouverts non vides de diametre
arbitrairement petit. C’est juste une autre maniere de dire que (Byx,w) est fragmentée
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par la norme. Dans le méme esprit, et en utilisant le méme lemme, nous prouvons ici une
caractérisation des fonctions de premiere classe de Baire :

Théoreme C. Soit (E,T) une espace topologique complétement métrisable et soit f :
E — X une application de E vers un espace vectoriel normé X. Le jeu G¢(E,T) est
défini comme G(E,T) avec la différence que le joueur Il gagne une partie si la suite
(f(zn))n C X est de Cauchy, ot (x,), C E est la suite des points joués par le joueur I
pendant la partie. Les assertions suivantes sont équivalentes

(i) f est de premiére classe de Baire, c.-a-d. f est limite ponctuelle d’une suite
d’applications continues,

(ii) le joueur II a une stratégie gagnante dans le jeu G(E,T).

1.4.2 Aspects quantitatifs de la propriété de Radon-Nikodym

Décrivons un procédé général d’épluchage qui est fréquemment employé pour assigner
un certain indice ordinal (invariant par isomorphisme) & un espace de Banach X donné.
Supposons que A est une sous-collection d’ouverts de X et soit C' un sous-ensemble de
X. Pour € > 0 nous définissons la dérivée de C'

[ClL=C\|J{A € A:diam(ANC) <&}
et nous posons

[C12:=C, [Clet=[Clel. et [C)2 = ()IC)e

15 154
a<f
pour chaque ordinal o et chaque ordinal limite . Puis nous définissons

ta(X,e) :=1inf{a: [Bx]2 =0} et t4(X) :=supea(X,e)

e>0

en adoptant la convention que inf() = oo et @ < oo pour chaque ordinal a. Le choix
A = 5,(X), a comme conséquence la définition de [indice de dentabilité D(X) de X.
Donc D(X) = ts,(x)(X) et nous noterons wd2(C') := [C]¢ dans ce cas.

C’est évident que si X possede RNP, alors wd’(C) S C pour tout € > 0 et C' sous-
ensemble de X non vide, fermé, convexe et borné. Par contre si X n’a pas RNP, il existe
e > 0 et A C Bx non vide sans aucune tranche plus petite que &, puis clairement
A C wd?(Bx) pour chaque ordinal «. Il suit que X a RNP si et seulement si D(X) <
oo. En fait, si X est séparable il découle d'un argument de cardinalité (Theorem 1.6.9
de [Kec95]) que X a RNP si et seulement si D(X) < wy, ou wy est le premier ordinal non
dénombrable. Un théoreme di a G. Lancien [Lan95] dit que un espace de Banach X une
norme uniformément convexe si et seulement si D(X) < w, ot w est le premier nombre
ordinal infini. Nous avons ici un petit commentaire au théoreme de Lancien — une version
quantitative du Théoreme [A]
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Théoreme D. Soit X un espace de Banach. Le assertions suivantes sont équivalentes :
(i) X posséde une norme uniformément convexe,

(ii) pour chaque 0 < € < 1, il existe une application F' : Bx — X* et un nombre
naturel k € N tels que si (x,)"_y C Bx est une suite finie telle que

[0 = @niall > € et (F(an), zn) < (F(2n), Tni1)
pourn=1,....,m—1, alors m < k.

Nous remarquons que M. Zeleny a montré dans [Zel0§] que si dim X < oo, alors les
quantificateurs dans (ii) peuvent étre échangés : il existe une application F' : Bx — X*
telle que pour tout 0 < e < 1, il existe k € N ... Il n’est pas clair que ceci puisse étre fait
en général pour n’importe quel espace X avec une norme uniformément convexe.

Comme avant, le Théoréme [D] est une conséquence d’'une version (Theorem ol
(ii) est exprimée en termes du jeu G(Bx,S.(Bx)). Nous énoncerons ultérieurement des
théoremes semblables avec (i) exprimé en termes d’indice faible de Szlenk, resp. d’indice
d’oscillation, et (ii) exprimé en termes du jeu G(Bx, {ouverts faibles}), resp. G¢(M,7)
(voir les remarques et [2.38).

L’indice faible de Szlenk Sz,(X) de X est obtenu en prenant A = o(X, X™*) (ou
o(X, X*) sont les ouverts faibles de X) dans le procédé général d’épluchage ci-dessus,
c-a-d. Sz (X) = te(x,x+)(X). Clest clair, par notre discussion de 'indice de dentabilité
ci-dessus, qu'un espace de Banach X possede PCP si et seulement si Sz, (X) < 0o, et que
pour un espace de Banach séparable avec PCP, on a Sz,(X) < w;. C’est aussi évident
que Sz, (X) < D(X), mais nous remarquons que le prédual de l'espace de James JT est
un espace séparable avec Sz, (X) < wy et D(X) = oo parce que cet espace a PCP mais
pas RNP [FGdB97].

1.4.3 La propriété de Radon-Nikodym dans les duaux

Un espace de Banach X est dit espace d’Asplund si chaque fonction continue convexe
définie dans un ouvert D C X convexe non vide est Fréchet différentiable en chaque
point d’'un sous-ensemble dense et G5 de D. La théorie des espaces d’Asplund est bien
développée [DGZ93| [Phe93l [HMSVZ0S|. Elle est reliée a la théorie des espaces avec RNP
via la caractérisation suivante de dualité : Un espace de Banach X est d’Asplund si et
seulement si chaque sous-ensemble borné non vide du dual X™* a des tranches préfaiblement
ouvertes arbitrairement petites si et seulement si X* a RNP. Des fragments de ce résultat
sont dus a E. Asplund [Asp68], I. Namioka and R. Phelps [NP75], et C. Stegall [Ste75]. Un
des blocs constitutifs pour cette caractérisation est le résultat suivant : Soit X un espace
de Banach séparable. Alors X* a RNP si et seulement si X* est séparable. Pour des détails
voyez par exemple [Phe93]. La possibilité de travailler soit avec les tranches faiblement
ouvertes soit avec les tranches préfaiblement ouvertes a beaucoup de conséquences. L'une
d’entre eux est que nous pouvons énoncer une version préfaible de notre Théoreme [A] avec
I’application F' ayant des valeurs dans le prédual X de X*. Une autre est qu'un espace
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dual X* a RNP si et seulement si (Bx+,w*) est fragmentée par la norme. Notez que JT™,
le dual de I'espace de James JT', a PCP mais pas RNP, par conséquent (Bjp«,w) est
fragmentée par la norme bien que (Byr+,w*) ne le soit (voir par exemple [FGdBI7]).

Soit SF(X™), resp. o(X*, X), les demi-espaces, resp. les ensembles préfaiblement ou-
verts dans X*. Par analogie au procédé général d’épluchage ci-dessus, nous définissons
pour n’'importe quel espace de Banach X les indices Dz(X) 1= 15x(x+)(X*) et Sz(X) :=
Lo(x*x)(X™). Le premier s’appelle l'indice de dentabilité préfaible de X tandis que le se-
cond est ["indice de Szlenk de X. Notons qu’il est évident que pour tout espace de Banach
X on a Sz(X) < Dz(X). De méme, comme dans le cas de U'indice de dentabilité de X,
resp. indice de Szlenk faible, 'espace X* a RNP si et seulement si Dz(X) < oo, resp.
(Bx+,w*) est fragmentée par la norme si et seulement si Sz(X) < oo. Recueillant tout ce
qui a été dit, on peut voir que pour un espace de Banach X, les assertions suivantes sont
équivalentes :

(0) X est d’Asplund
) X* a RNP,

ii) Dz(X) < oo,
iii) Sz(X) < oo,

(i
(
(
(iv) (Bx+,w*) est fragmentée par la norme.

Enfin, si X est séparable, (ii) peut étre remplacé par Dz(X) < w; et (iii) peut étre
remplacé par Sz(X) < w;. En réalité, un résultat beaucoup plus fort di a B. Bossard
[Bos02] et G. Lancien [Lan96] dit qu’il existe une fonction ¥ : (0,w;) — (0,w;) telle
que Dz(X) < U(Sz(X)) pour nimporte quel espace de Banach X avec Sz(X) < wy. Ce
résultat, prouvé par des méthodes de théorie descriptive des ensembles, a été récemment
amélioré par M. Raja [Raj07] qui a employé des moyens purement géométriques et un
argument d’induction transfinie pour obtenir : Dz(X) < w%%) pour tout espace de Banach
X, de ce fait prouvant que le théoreme de Bossard et Lancien est vérifié si ¥(a) = w®.

Dans ce contexte il est intéressant de demander quelles sont les valeurs optimales pour la
fonction ¥. En d’autres termes, quelles sont les valeurs explicites de la fonction

U, () :=inf {{: Dz(X) < 8 pour chaque X avec Sz(X) = a}.

Ainsi le théoréeme de Raja signifie ¥,(a) < w®. Pour étre exacts, nous devons ajouter que
la fonction ¥, n’a d’intérét qu’aux points « pour lesquels il existe un espace de Banach
X avec Sz(X) = a. Par exemple, il est bien connu (voir Lemma que pour tout espace
X d’Asplund il existe un ordinal « tel que Sz(X) = w®. Notez qu’il a été montré par
P. H4jek et G. Lancien dans [HLO7] que si Sz(X) < w, alors Dz(X) < w?. L’espace
co verifie Sz(cy) = w et Dz(cy) = w?. En particulier ¥,(w) = w?. Généralement, savoir
des valeurs exactes de Sz(X) et Dz(X) pour un certain espace X donne une estimation
inférieure pour ¥, au point Sz(.X). Nous allons déterminer ici les valeurs exactes de I'indice
de dentabilité préfaible pour la classe des espaces C([0,«]) des fonctions continues sur
des intervalles ordinaux compacts [0, a] avec o dénombrable. Ceci fournira 'estimation
inférieure suivante de W,.
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Théoréme E (avec P. Hajek et G. Lancien). Soit 0 < o < wy. Alors

w - wa—&-l S \Ilo(wo‘+1).

1.4.4 Les espaces C(K), K1) =)

11 découle de la théorie générale des espaces d’Apslund que l’espace C(K) des fonctions
continues sur le compact K, est un espace d’Asplund si et seulement si K est dispersé.
Un compact K s’appelle dispersé sil existe un ordinal « tel que le dérivé de Cantor K()
d’ordre « est vide (voir Definition [3.8). Nous limiterons temporairement notre attention
au cas K@) = ().

Rappelons la classification isomorphe fondamentale des espaces ci-dessus C([0, a]) par
C. Bessaga et A. Pelczyniski [BP60, HMSVZ08] : Soit w < a < f < wy. Alors C([0,a])
est isomorphe a C([0, 3]) si et seulement si f < . En fait, la partie “seulement si” a été
réprouvée plus tard par C. Samuel [Sam84] en évaluant I'indice de Szlenk de ces espaces
de facon exacte : Soit 0 < a < wy. Alors Sz(C([0,w*"])) = w*™. En particulier C ([0, 31])
est isomorphe a C([0, B3]) si et seulement si Sz(C([0, 51])) = Sz(C([0, B2])). Une preuve
facile géométrique de ce fait est apportée dans [HLO7|. Davantage d’élaboration sur cette
preuve dans un papier commun de P. Héjek, G. Lancien et de 'auteur [HLP09] meéne au
résultat suivant :

Théoréme F (avec P. Héjek et G. Lancien). Soit 0 < a < wy. Alors
Dz(C([0,w"])) = w!

(N'oublions pas que l +a+1=a+2 sia<w, etl+a+1=a+1 sinon.)
En particulier C([0, 31]) est isomorphe a C([0, 32]) si et seulement si Dz(C([0, £1])) =
Dz(C([0, Ba]))-

Un fait topologique bien connu, di & Mazurkiewicz et Sierpinski [HMSVZ08, Theorem
2.56], est que tout compact K dénombrable est homéomorphe a quelque intervalle ordinal
[0, (o dénombrable), donc C'(K) est isomorphe a C([0, o) et on peut facilement calculer
I'indice de dentabilité d'un tel C'(K). C’est possible de faire une étape de plus, cependant.
En utilisant un argument de réduction séparable nous obtenons

Théoréme G (avec P. Hajek et G. Lancien). Soit 0 < o < wy. Soit K un espace compact
dont les dérivées de Cantor satisfont K@) #£ () et K& = 0. Alors

Dz(C(K)) = w'tott,

1.4.5 Normes avec de bonnes propriétés

Les résultats principaux de cette section proviennent d’un travail commun de P. Hajek
et Pauteur ([HP09]) sur les renormages qui sont simultanément LUC, lisses, et approxi-
mables par des normes d’une lissité plus élevée. Rappelons qu’une norme ||-|| sur un espace
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de Banach X est localement uniformément convere (LUC) si lim, ||z, — x| = 0 lorsque
limy, (2 ||z, |° + 2 ||z]|* = ||z + 2||*) = 0. Voici un prototype du genre de théoremes que
nous obtiendrons.

Théoréme H (avec P. Héjek). Soit o un ordinal. Alors l'espace C([0,]) posséde une

norme équivalente qui est C*-lisse, LUC et limite (uniforme sur les sous-ensembles bornés
de X ) de normes C'*-lisses.

Ce théoreme particulier fournit une solution positive du Probleme 8.2 (¢) dans [FMZ06].
11 découle d'un théoreme plus général (Théoreme . Avant d’énoncer le théoreme général,
nous allons examiner brievement le role joué par la différentiabilité de Fréchet et la pro-
priété LUC dans la théorie des espaces de Banach.

Les normes Fréchet-différentiables

Il est bien connu qu'un espace de Banach qui admet une norme équivalente Fréchet-
différentiable est nécessairement un espace d’Asplund. Un contre-exemple célebre de
R. Haydon [Hay90] montre que l'inverse n’est pas vrai en général. En tant que une fonc-
tion convexe, si une norme ||-|| est différentiable en tout point de X \ {0}, alors elle est
C' sur X \ {0}, et nous dirons alors que ||-|| est Fréchet différentiable ou C'-lisse. Voici
une courte liste d’exemples d’espaces qui admettent une norme Fréchet-différentiable :

a) les espaces a dual séparable (M. I. Kadec),

b) les espaces avec Sz(X) < w; (G. Lancien),

c) les espaces réflexifs (S. Troyanski),

d) les espaces C'(K) lorsque K1) = () (R. Deville),

e) co(T") pour tout ensemble I (N. H. Kuiper),

f) C([0, a]) pour tout ordinal o (M. Talagrand, R. Haydon).

En fait, les exemples a)-e) admettent une norme dont la norme duale est LUC tandis
que les exemples d)—f) admettent méme une norme C*-lisse. Il est bien connu que si une
norme duale ||-||* par rapport a ||-|| est LUC, alors ||-|| est Fréchet-différentiable, et c’est
en utilisant ce résultat que les exemples a)—d) ont été prouvés en premier lieu. Encore,
I'inverse n’est pas vrai puisque M. Talagrand [Tal86] a prouvé que C([0,w;]) admet une
norme équivalente C*°-Fréchet lisse, bien qu’il n’admet aucune norme dont la norme duale
est LUC. Les normes C* lisses dans les exemples d)—f) sont construites en utilisant une
approche différente, a savoir la notion de fonctions localement dépendantes d’un nombre
fini de coordonnées (voir Définition [4.1)), puisque la propriété LUC d’une norme duale ||-||*
n’implique rien au sujet de la lissité d’ordre> 2 de la norme ||-||. Récemment cependant,
P. Héjek et R. Haydon [HHOT7] ont prouvé un résultat important : si un espace C(K)
admet une norme dont la norme duale est LUC, alors C(K) admet une norme C'*-lisse.
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Les normes localement uniformément convexes

C’est maintenant évident que la notion de LUC est d’importance fondamentale pour la
théorie de rénormages, et nous nous référons a [DGZ93] et au [MOTV09] plus récent pour
une liste étendue de résultats avec leur références. Dans un raccordement avec la partie
précédente de cette these, nous mentionnons que c¢’est un probleme non résolu de savoir
si un espace de Banach avec RNP a une norme équivalente LUC. Il est remarquable qu’il
y ait des sous-classes importantes des espaces avec RNP qui admettent une norme LUC.
Dans [Lan93], G. Lancien a construit de fagon ingénieuse pour une norme LUC (resp.
norme dont la norme duale est LUC) sur les espaces avec D(X) < wy (resp. Dz(X) < wy).
Un autre exemple est la classe de duaux d’espaces d’Asplund : un espace de Banach
dual avec RNP admet une norme équivalente LUC. C’est un résultat de M. Fabian et
G. Godefroy [FG8§| ([DGZ93|, Corollary VII.1.12]). Par ce que nous avons déja dit, dans
certains cas cette norme LUC ne peut pas étre une norme duale. Quoi qu’il en soit, ceci
et beaucoup d’autres rénormages LUC (voir chapitre VII de [DGZ93]) sont basés sur une
méthode a l'origine due a Troyanski [Tro71]. Nous énongons ici une version “collage” due
a V. Zizler [Ziz84] (IDGZ93, Proposition VII.1.6]) : Si un espace de Banach X admet une
longue suite de projections {Pa}wgagu telle que les espaces (Pay1 — Py)X admettent des
normes LUC, alors X lui-méme admet une norme LUC. Nous nous contentons maintenant
de dire qu'une longue suite de projections (PRI) {Fu}, <., est une généralisation de la
notion de suite de projections associées a une base de Schauder aux espaces non séparables
et nous donnerons la définition exacte dans un chapitre postérieur (voir Définition [£.12)).

Combinaison de la differentiabilité de Fréchet et de la propriété LUC

Dans beaucoup de situations on est intéressé d’obtenir une nouvelle norme sur un
espace X qui partage de bonnes propriétés de lissité et de convexité. Un résultat classique
dans cette direction est une méthode généralement connue sous le nom de technique de
moyennage d’Asplund : Si un espace de Banach X posséde une norme LUC ||-||, et une
(autre) norme ||-||, dont la norme duale est LUC, alors X admet aussi une norme |-,
qui est LUC et dont la norme duale est LUC. En particulier |-||; est LUC et Fréchet
différentiable simultanément. La technique de moyennage d’Asplund comme indiqué ici
a été prouvé par M. Fabian, L. Zajicek et V. Zizler dans [FZZ82] ([DGZ93|, 11.4.3]) en
utilisant un argument de catégories de Baire. Ils démontrent en fait que l’ensemble de
normes équivalentes LUC est soit vide soit résiduel dans 1'espace de toutes les normes
équivalentes sur X muni de la topologie de la convergence uniforme sur les bornés. Un
résultat analogue est vérifié pour ’ensemble de normes équivalentes dont les normes duales
sur X* sont LUC. La technique de moyennage d’Asplund a pris une tournure surprenante
avec le résultat profond récent de R. Haydon [Hay08] : si X a une norme dont la norme
duale est LUC, alors X a aussi une norme LUC.

I1 est nécessaire de remarquer dans ce contexte, qu’il n’est pas possible de combiner la
propriété LUC avec un degré plus élevé de differentiabilité dans une seule norme sans poser
des restrictions structurelles fortes sur I'espace. En effet, par [FWZ83] ([DGZ93, Propo-
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sititon V.1.3]), un espace admettant une norme LUC et C*-lisse simultanément est déja
superreflexif. Rappelons que dans les espaces superreflexifs, on peut obtenir une norme
uniformément convexe et uniformément Fréchet-différentiable en utilisant la technique de
moyennage d’Asplund.

Il découle de notre discussion que la technique de moyennage d’Asplund n’est pas
toujours disponible, par exemple dans le cas de C'([0,w;]). Il est inconnu si ’ensemble des
normes Fréchet différentiables est résiduel, ou méme dense, dans ’espace de toutes les
normes équivalentes sur C'([0, o).

Un analogue de notre Théoreme [H| pour X = ¢o(I') a été prouvé dans [PWZ8I]
(IDGZ93, Theorem V.1.5]). Nous allons généraliser le théorme suivant [MPVZ93] : Tout
espace séparable C*-lisse admet une norme LUC et C'-lisse qui est limite de normes
Ck-lisses.

Nous sommes préts a énoncer le théoreme principal. Notez les similitudes avec la
version de Zizler de la renormage de Troyanski indiqué ci-dessus. On pourrait dire que
notre théoreme est une version lisse de ce résultat.

Théoréme I (avec P. Héjek). Soit k € NU {oo}. Soit (X, |-|) un espace de Banach avec
une PRI {P,} telle que tout (Pyy1 — P,)X admet une norme équivalente C*-lisse,

wlap
LUC qui est limite (uniforme sur les ensembles bornés) de normes C*-lisses. Supposons
de plus que X admet une norme équivalente ||-|| C*-lisse.
Alors X admet une norme équivalente ||| - ||| C'-lisse, LUC, qui est limite (uniforme

sur les ensembles bornés) de normes C*-lisses.

Ce théoréme est en fait 'étape inductive dans un argument menant au Théoréme [H]
ci-dessus et également au théoreme suivant.

Théoreme J (avec P. Hajek). Soit k € NU{oo}. Soit P une classe d’espaces de Banach
telle que tout X dans P

(i) admet une PRI {P,} telle que (Poy1 — Py)X € P pour tout «,

w<lasp
(ii) admet une norme équivalente C*-lisse.

Alors tout X dans P admet une norme équivalente C*-lisse, LUC'||| - ||| qui est limite
(uniforme sur les ensembles borns) de normes C*-lisses.

Sans trop rentrer dans les détails, nous remarquons que la condition (i) est satisfaite
par exemple pour les espaces WCG (weakly compactly generated), c.-a-d. les espaces qui
contiennent un compact faible total. De méme (i) est verifié pour les espaces de Vasak, les
espaces C'(K) ou K est un compact de Valdivia, les espaces WLD, etc. Pour les preuves de
ces faits non triviaux, aussi bien que pour les références, nous recommandons le chapitre
VI en [DGZ93] et le chapitre 5 en [HMSVZ08]. Maintenant il est clair qu’on peut obtenir
une classe P qui satisfait (i) et (ii) en prenant 'une des classes ci-dessus intersectée avec
la classe des espaces C*-lisses.

Enfin commentons le fait que la nouvelle norme est approximable par des normes
qui sont C*-lisses. Un tel résultat est étroitement lié & la question de savoir si dans un
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espace C*-lisse X, les normes C*-lisses sur X sont denses dans l'espace de toutes les
normes équivalentes sur X. Méme dans le cas séparable, la réponse n’est pas connue en
toute généralité. Des cas particuliers importants de cette conjecture ont été démontrés
dans [DFH96] et [DFH9Y|, et s’appliquent a la plupart des espaces de Banach classiques,
par exemple : Soit X = C(K) ot K est un compact dénombrable. Alors toute norme
équivalente sur X peut étre approximée par des normes analytiques dans X \{0}. Dans une
direction semblable, on a le résultat di & M. Fabian, P .Héjek et V. Zizler [FHZ9T] : Tout
norme équivalente fortement treillis sur (co(I), ||| ) peut étre approzimée (uniformément
sur les ensembles bornés) par des normes C*-lisses. Voir aussi le théoreme ou on
montre que les normes d’approximation dans ce théoreme ont des propriétés utiles dans
la preuve de Théoreme [l Mis & part ce théréme, aucun résultat général n’est connu dans
le cas non séparable. En particulier, un des problemes posés dans [DGZ93] est de savoir si
sur un espace de Banach WCG avec une norme équivalente C*-lisse, il existe une norme
équivalente LUC qui est limite uniforme sur les ensembles bornés de normes C*-lisses. Le
Théoreéme [J] ainsi que les résultats structuraux au sujet des espaces WCG fournissent une
solution positive a ce probleme.

Notez que si X est Vasdk, resp. X est un espace C(K), l'existence de la norme C*-
lisse (ou plus généralement d’'une fonction bosse C*-lisse) implique que n’importe quelle
fonction continue sur X peut étre approchée uniformément par des fonctions C*-lisses
(voir [DGZ93|, chapitre VIII], resp. [HHO7]) mais quand on essaye d’approcher de cette
fagon une fonction Lipschitzienne ou convexe (ou une norme) on n’a en général aucune
information sur le comportement Lipschitz ou la convexité de la fonction approximante.

Dans le dernier chapitre nous allons traiter des approximations convexes d’une fonction
convexe f qui n’améliorent pas nécessairement le differentiabilité mais qui possedent un
point de minimum fort. Naturellement un tel sujet est déja bien exploré dans le travail
de M. Fabian, P. Hajek et J. Vanderwerff [FHV96]. Ainsi nous allons étudier la situation
quand f dépend de fagon continue d’un parametre, recherchant une possibilité d’obtenir
ces approximations aussi bien que les minimiseurs d’une maniere continue par rapport au
parametre.

1.4.6 Un principe variationnel paramétrique

Les résultats dans cette section viennent d’un travail commun de R. Deville et de
lauteur([DP]). Ce qui est un principe variationnel peut étre mieux vu sur l'exemple
concret du principe variationnel d’Ekeland : Soient X wun espace de Banach, f : X —
(—o00, +00| une fonction minorée semicontinue inférieurement (s.c.i.) et soit € > 0. Alors
il existe un pointv € X tel que x — f(x)+e ||z — v|| a un minimum en v. Une telle affirma-
tion sert de remplacement a la compacité de ’ensemble dans lesquels on recherche le mini-
mum de f. Géométriquement parlant, le graphe de la fonction x — f(v)—¢ ||z — v|| touche
I’épigraphe de la fonction f au point v de dessous. Dans ce cas la fonction = +— ¢ ||z — v||
est appelée perturbation. Les principes variationnels de J. Borwein et D. Preiss, resp.
R. Deville, G. Godefroy et V. Zizler (DGZ), généralisent le théoreme ci-dessous en disant
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qu’il est possible de prendre des perturbations C*-lisses, resp. C*-lisses et Lipschitziennes,
si 'espace X admet une norme C*-lisse, resp. une fonction bosse C*-lisse dont la dérivée
d’ordre k est bornée. Indépendamment d’étre un renforcement du principe variationnel
de Borwein-Preiss, le principe variationnel de DGZ est prouvé par un argument élégant
de catégorie de Baire.

Dans un principe variationnel paramétrique, on dispose d’un systéme {z — f(p,x)} de
fonctions s.c.i. minorées qui dépendent de facon continue du parametre p dans un espace
topologique II. Le but est de perturber pour chaque p € II la fonction f(p,-) par une
fonction A(p) : X — R de telle maniere que f(p,-) + A(p) atteigne son minimum en
un certain point v(p) et que v(p) et A(p) dépendent de fagon continue du parametre p.
Un principe variationnel paramétrique lisse de style Borwein-Preiss a été introduit par
P. Georgiev [Geo05]. Récemment L. Vesely [Ves09] a modifié la preuve afin de réaliser
un principe variationnel lisse paramétrique avec des contraintes. Plus précisément, soit
[Ty, C II tel que pour tout p € Iy, la fonction f(p,-) atteint son minimum en wvy(p).
Vesely construit un minimiseur v qui est une extension de vy. Le théoreme principal de ce
chapitre (Théoreme est une version paramétrisée du principe variationnel de DGZ
et de sa méthode de preuve. Notre théoreme principal implique en particulier :

Théoréme K (avec R. Deville). Soient I un espace topologique paracompact séparé, X
un espace de Banach avec une norme Fréchet lisse, Y le cone de toutes les fonctions
convexes, positives, Lipschitz, Fréchet lisses sur X. Le cone ) est équipé par la norme
naturelle ||g|ly, = [g(0)| + [|gll1;,- Supposons que f: 11 x X — R satisfait

(i) pour tout p € 11, la fonction f(p,-) est convexe, conlinue, minorée,

(ii) pour tout x € X, la fonction f(-,x) est continue,

(iii) pour tout po € I, (f(po, ) — f(p,-))" — 0 uniformément sur les ensembles bornés

de X quand p — pyg.

Alors pour tout € > 0, il exviste A € C(I1,Y) et v € C(I1, X) tels que [|A(p)|ly, < € et
f(x,") + A(p) a son minimum fort en v(p) pour tout p € II. De plus p — f(p,v(p)) +
A(p)(v(p)) est continue.

Un fait important, qui limite séverement les applications possibles et se produit pour
tous les principes variationnels paramétriques, est que toutes les fonctions f(p, ) doivent
étre convexes. Ce n’est pas simplement une difficulté technique puisque des exemples
faciles (Exemple prouvent que dans le cas non convexe, il n’y a aucun espoir en
général de trouver un minimiseur continu méme apres perturbation.

Nous prouvons ici (voir Section que l'autre hypothese inattendue, c.-a-d. I’hy-
pothese (iii), ne peut pas étre abandonnée sans remplacement non plus.

Par contre, la condition (iii) est une conséquence de (i) et (ii) si nous supposons que II
est métrisable et que la dimension de X est finie. En effet, ceci se déduit immédiatement
du théoreme suivant.

Théoréme L (avec R. Deville). Soient f et f,, n € N, des fonctions continues convezxes
d’un espace de Banach X a valeurs dans R telles que f, — f ponctuellement sur X . Alors
fn — f uniformément sur les compacts de X.
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Enfin observons que méme si ’espace X est de dimension finie et si pour tout p € II,
p+— f(p,-) atteint son minimum en v(p), la fonction v n’est pas nécessairement continue.
En effet, on n’a pas 'existence d’un minimiseur continu pour la fonction originale méme

7

dans le cas le plus simple (voir Problem et Section .
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Chapter 2

Games

The central topic of this chapter is the notion of a point-set game. Using concrete versions
of this general concept we prove a characterization of the spaces with the Radon-Nikodym
property (Section , a characterization of the superreflexive spaces (Section and a
characterization of Baire one functions (Section [2.5)).

2.1 Preliminaries

2.1.1 Games, tactics, strategies

Definition 2.1. Let K be a set in a real Banach space X. Let A be a collection of
subsets of K such that for every x € K there exists A € A which has x € A. We define
a game G(K, A) as follows. There are two players, Player I and Player I1. Player I starts
the game by choosing an arbitrary point x; € K. Player II then chooses a set A; € A so
that x1 € Ay; then Player I chooses a point x5 € A; and Player II chooses a set A; € A
so that x5 € As; and so on. Summing up, the rules are:

e Player I starts by playing x; € K arbitrarily;
e after x,, has been played, Player II must choose A, so that A, € A and x,, € A,;
e after A, has been played, Player I must play z,.; so that z,,; € A,.

Formally

G(K,A) ={(x,A) e KN x A" : o = (,), A = (A,)
and z,, € A, D x4 for all n € N}

and each element of this set is called a run of the game G(K, A). Player II wins the run
(x, A) if the sequence (z,)5°, is Cauchy or unbounded. Otherwise Player I wins.

45
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In plain life, there is hardly any difference between the words ‘tactic’ and ‘strategy’.
Mathematically, they stand for different concepts. If Player II plays according to a tactic,
he decides his next move A, only taking into account the last move z, of Player I. If
Player II plays according to a strategy, he considers the whole history of Player’s I moves
(x;)I, before playing A,,. Let us express this more formally.

Definition 2.2. We say that a function ¢t : K — A is a tactic for Player I if x € t(x) for
all z € K. We say that a tactic t : K — A for Player II is winning (WT) if any bounded
sequence (x,) C K which satisfies z,,.1 € t(x,) for all n € N is necessarily Cauchy.

A strategy for Player II is a sequence (t,)nen where ¢, : D,, — A. The domains D,,
are defined inductively by D; = K and

Dn+1 = {(%Z)?:ll . (xi)?:l € Dn,l'nJrl € tn(ili'l, e ,.Z'n)} .

Each t,, must satisfy x,, € t,(z1,...,x,) for all (z;)", € D,. A strategy (¢,) for Player 11
is winning if every (z,) C K is Cauchy whenever it satisfies .1 € t,,(z1,...,2,) for all
n € N.

Winning tactics for Player II in G(K,.A) are obviously a subset of winning strategies
for Player II in G(K, .A).

We will only deal with the tactics and winning tactics for Player II so for ecological
reasons we will not usually mention it. There is not much to be said about winning tactics
for Player I anyway: they simply do not exist. Indeed, if they existed, what would happen
if Player II repeated always the same move (i.e. A, := A for all n € N)?

2.1.2 Point-slice games

Definition 2.3. For f € X*\ {0}, a € R we define the open halfspace H(f,a) =
{r € X : f(x) > a} and closed halfspace H(f,a) = {x € X : f(x) > a}. Let K be a sub-
set of X and assume that K N H(f,a) # (). Then we call this nonempty intersction a
closed slice of K given by f and a. Similarly, if K N H(f,a) # 0, then it is called an
open slice of K given by f and a. Finally, we denote S.(K) all the closed slices of K and
S,(K) all the open slices of K.

We are going to abbreviate G(K, S.) := G(K,S.(K)) and G(K,S,) = G(K,S,(K)).
The following observation, inspired by [DMOT7], is the link between the convergence of
bounded “monotone” sequences and the existence of a winning tactic in G(K,S.), in
particular it is a link between Theorem [A| and Corollary (resp. Theorem @ and

Theorem [2.31]).

Proposition 2.4. Let K be a subset of X. Then it is equivalent

(a) Player II has a winning tactic in the game G(K,S.),

(b) there exists a function F : K — X* such that if a bounded sequence (x,) C K
satisfies (F(xy,), py1) > (F(x), x,) for alln € N, then (z,) is Cauchy.
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Proof. The condition (b) is obviously equivalent to t'(z) := K N H(F(x), F(x)z) being a
WT.

On the other hand, a general WT ¢ in G(K, S.) is determined by functions F' : K — X*
and a : K — R by means of the equality t(z) = K N H(F(x),a(z)) for all x € K. The
function F' then satisfies (b). Indeed, we may define #(z) := K N H(F(x), F'(x)x). Then
z € t'(x) C t(z) for all z € K and thus ¢’ is a WT in G(K,S.), so we may exploit the
first part of the proof. m

Later we will be using tactics of the general form but because of the above proposition
we will never be interested in the function a as much as in the function F'.

2.1.3 (Small) slices inside slices

The following well known lemma says that a slice of a bounded set L given by a functional
f contains slices of L given by the functionals in some neighborhood of f.

Lemma 2.5. Let L be a nonempty bounded subset of X and suppose that LOH(f,a) # 0
for some a € R and f € X*\ {0}. Then there is an r > 0 such that for every g € X*
such that || f — g|| < r there is a € R with

0 #LNH(g,a) C LNH(f,a).
The above lemma is a special case of the following

Lemma 2.6. Let L be a nonempty bounded subset of X and let f € X*\ {0} and a < b
such that Sy :== LN H(f,b) C LN H(f,a) =:S;. We suppose that Sy is a slice of L (in
particular nonempty) and Sy is either a slice of L or the empty set. Then there ezists
r > 0 with the property that for every g € Bx«(f,r) there ezxists a« € R such that

LNH(f,b)C LNH(g,o0) C LNH(f,a).

Proof. We may push the scene (i.e. x — x — y for some y € X)) in order to have a = —b.
Also, since L is bounded, we may suppose without loss of generality that L C Bx (see
Figure 2.1). Let M = {xz € Bx : |f(z)| = |a|} (by our assumptions M # () and let
lf —g|l < |a]. Then M Nkerg = (). Indeed, let z € M Nkerg. Then |a| = |f(x)| =
(f—g9)@)| < |If —gll < |a]. We see that the hyperplane {g = 0} separates Sy from
L\ H(f,a). So we may set r := |a| /2. Finally, we push the scene back so a := g(y). O

Definition 2.7. Let C be a bounded closed convex set in X. We say that C' has the
Radon-Nikodym property (RNP) if for every € > 0 and every A C C' there exists a slice
S € S,(A) such that diam S < e. A Banach space X has the RNP if Bx has the RNP.

Definition 2.8. Let C' be a convex subset of X. We say that a functional f € X~
strongly exposes a point x € C' if sup f(C) = f(z) and ||z,, — z|| — 0 whenever (z,) C C
is a sequence in C' such that f(x,) — f(z). Such a functional is then called a strongly
exposing functional of C. We denote the set of all strongly exposing functionals of C' by

SE(C).
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Figure 2.1: The situation of Lemma [2.6

g(z) =0

One of the fundamental results about the convex sets with the RNP is the following
Bourgain-Phelps theorem (see [Phe93, Theorem 5.20] or [Bou83, Theorem 3.5.4]).

Theorem 2.9. Let C be a closed convex and bounded subset of X. If C' has the RNP,
then the set SE(C) is a dense Gs subset of X*.

The key to the definition of all the strategies or tactics in the sets with the RNP is
the well following known fact.

Lemma 2.10. Let L C X be a closed convex bounded set with the RNP and L N H(f,a)
be a slice of L. For any e > 0, r > 0 there is a slice LN H(g,3) C LN H(f,a) with the
diameter less than € and ||g — f]| <.

Proof. By Lemma , there is 7 > 0 such that for all g € Bx«(f,7) there exists a € R
such that 0 ## LN H(g,a) C LNH(f,a). By Theorem 2.9 we have that SE(L) is dense in
X*, so we choose some g € SE(L) N Bx«(f,min{r,7'}). Since g € SE(L), there is some
B € R such that LN H(g,3) # 0 and diam (L N H(g,3)) < e. O

Next we combine the above lemma with the Hahn-Banach theorem.

Lemma 2.11. Let Cy C Cy be bounded closed convexr nonempty sets in X. Let Cy have
the RNP and ¢ > 0. If Cy \ Cy # 0, then there exists a slice S € S,(Cy) such that
diam S < € and SN C; = 0.

Proof. Pick a point x in Cy \ Cy. Separate it from C; by a Hahn-Banach functional f,
ie. f(x) > a > sup f(C}) for some a € R. We have that C, N H(f,a) is a nonempty
(contains x) open slice of Cy, so we may use Lemma to get the wanted small slice
S=H(g,p). O
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2.2 No open winning tactics

The difference between the concept of winning strategies and winning tactics is illustrated
also by the fact that there are no winning tactics in the case when Player II uses open
sets.

Theorem 2.12. Let (E,d) be a non-scattered (see Definition[3.8) complete metric space.
Let A C {open sets} such that | JA = E. Then there is no winning tactic for Player II
in the game G(FE, A).

Remark 2.13. In particular, Player II has no winning tactic in the game G(K,S,)
whenever K is non-scattered. This is contrasting with the result of Deville and Matheron
that Player II has a winning strategy in G(K,S,) provided K has the RNP.

Proof. Since F is non-scattered, it has a nonempty perfect part ¥ C E. We continue by
contradiction. Let t : E — A be a WT. For n € N, we denote

D, ={x € F:Bg(x,1/n) C t(z)}.

Then |J D,, = F and so, by the Baire category theorem, for some index n the relative
(with respect to F') interior of D,, is nonempty. Hence there is a relatively open set G C F
such that GN D, is dense in G and diam G < 1/n. For any x € GN D,, one has G C t(z)
by the definition of D,,. Also, G N D, is in fact infinite since F' is perfect. Player I is
therefore recommended to stay in the set G N D,, switching there merely between two
different points to produce a divergent sequence and the contradiction. O

Our next observation is really simple. Yet it deserves to be mentioned as a counterpart
of the above theorem.

Exercise 2.14. Let X be a Banach space. If § > 0 and f € X*\ {0}, we denote Kj(f)
the cone {z € X : ||z|| <df(x)}. Let

As ={AC Bx: A= BxnN(zx+ Ks(f)) for some x € X, and 0 # f € X*}.
Then for every 6 > 0, Player II has a winning tactic in the game G(Bx, As).

Hint. Let f € X*\{0} be fixed. Then t(z) := BxN(z+Ks(f)) is a winning tactic. Indeed,
it is clear that t is a tactic. To see that it is winning consider a sequence (x,,) satisfying
Tpi1 € t(xy,). Then (f(x,))n is a nondecreasing and bounded sequence of real numbers.
Also ||xps1 — o] < 6(f(zpe1) — f(zy,)) showing that (x,) is a Cauchy sequence. O

2.3 Characterization of the RNP

The main result of this chapter is the following.
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Theorem 2.15. Let K be a closed convex bounded subset of X and let K have the RNP.
Then there ezists a winning tactic t : K — S.(K) for Player II in the game G(K,S.K).
Moreover, our particular construction yields a tactic of the form

t(r)=KNH(F(x), F(x)x)

where F': K — X* is a Baire one mapping. Optionally, given a closed convex subset A
of K, we may construct the WT t so that for every x € K \ A it holds t(x) N A = ().

Corollary 2.16. If the Banach space X has the RNP, then, for any bounded set K C X,
Player II has a winning tactic in the point-closed slice game G(K,S,).

Proof. We may suppose that K C By while Theorem provides a WT t for G(Bx, S,).
Clearly the restriction ¢ [, (more precisely x € K — t(z)NK) is a WT for G(K,S.). O

Since Deville and Matheron have proved that, for Q C X with int Q = (), the existence
of a winning strategy for Player II in the point-hyperplane game in €2 implies the RNP
for 2, we may restate their [DM07, Theorem 3.4].

Corollary 2.17. The following are equivalent:
(i) X has the Radon-Nikodym property;

(ii) Player II has a winning tactic in the point-closed slice game G(Bx, S.);

(iii) Player II has a winning tactic in the point-closed slice game G(X,S,).

Proof. The implication (iii) = (ii) is trivial. The implication (ii) = (i) was proved
in [DMO07] so we only have to prove the implication (i) = (iii). So let us suppose that X
has the RNP. Then for every n € N the multiple nBx has the RNP. For every n € N, let £,
be the WT in G((n + 1)Bx,S,.) which comes from Theorem with the set A =nBx.
We assume that t,(x) = H(f,(x),a,(z)) N (n+ 1)Bx. For x € X with ||z > 1 let
N(z) € N be the uniquely determined number N such that z € (N 4+ 1)Bx \ NBx. We
define a mapping t : X — S.(X) by

o) = {H(fmx)(w),amx)(x)) i Jlz] > 1,

H(fi(x),a1(x)) otherwise,

and we claim that ¢ is a WT in G(X,S,). Indeed, let (z,,) be a sequence which satisfies
Tpi1 € t(xy,) for ever n € N. If (z,,) is unbounded, Player II has won his run. We proceed
by assuming that (x,) is bounded. Without loss of generality, let sup,, ||z,| > 1. Let
N € N be the smallest integer such that N > sup,, ||z,|. Then for all but finitely many
indices n € N we have z,, € NBx \ (N — 1)Bx because of the optional property of ty_;.
So Tpy1 € ty_1(xy,) for all but finitely many indices n thus (z,) converges as ty_; is a

WT in G(NBx,S,). m

The subsequent definitions and lemmata are needed in order to prove Theorem [2.15]
From now on, K C X will always be a closed convex bounded set with the RNP even
though much of the following would make sense also in more generality.
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2.3.1 e-slicings, s-tactics

For ¢ > 0, we will consider the game e-G(K,S,) with Player’s IT objective to make the
sequence (x,) e-Cauchy (i.e. ||z, — x| < € for n,m large enough). A WT in this game
will be simply an e-winning tactic (e-WT). The WT in G(K,S,.) from Theorem will
be constructed as a limit of a sequence of 27"-winning tactics.

Definition 2.18. A slicing Z of a convex bounded set L C X given by the halfspaces
(H(fe,ae))e<y is a family (Z¢)e<, of relatively closed convex subsets of L, where 7 is an
ordinal, satisfying:

(a) Zey1 = Ze \ H(fe ae);
(b) for each limit ordinal A <n, Zy = (., Z;
(¢c) Zy =L and Z, = 0.

For z € L, let I'z(x) be the unique ordinal v < 7 such that = € Z, \ Z,4;. Also notice
that if « < 3, then Z, D Zs.

If moreover Z has small difference sets, i.e. it satisfies diam Z¢ \ Z¢y1 < € for some
e > 0 and all £ < n, we shall call it e-slicing.

The following proposition shows that there is a canonical way of defining an e-W'T
once we have an e-slicing.

Proposition 2.19. Let Z be an e-slicing of K given by the halfspaces (H(fe,ag))e<n-
Then tz : K — S, defined as tz(v) := K N H(fr,(z),r,) i an e-winning tactic in
e-G(K,S,).

Proof. Let x,, be the last move of Player I. Then H(fr,(s,), 0r,(,)) N Zg = 0 for any
B > I'z(x,) which shows that (I'z(x,))>%, is a nonincreasing sequence of ordinals if
Player II sticks to the tactic tz. Hence (I'z(z,))s>, must be eventually constant or,
equivalently, x,, stays eventually in Z¢ \ Z¢;; for some particular £ < 7. This difference
set has its diameter smaller than € as Z is an e-slicing. Thus (x,,) is e-Cauchy. O

It is useful to notice that if tz(x) = K N H(F(z),a(z)) is a tactic obtained from a
slicing Z as in the previous proposition, then F': K — X* is constant on difference sets
Ze \ Zeyq (we say it is a slice constant mapping).

2.3.2 Refining e-slicings

Let us treat the space of all mappings from K to X* as the power (X*)X. We recall that
the box topology [Mun00, page 114] on the product (X*)X is the one generated by the
basis of open sets of the form [], BYQ.(fs,72) where f, € X* and r, > 0 for all x € K.
We call these basis sets open boxes. The closure of an open box admits the representation

[Lex Ue = [Tock U
We will be interested in boxes which relate to slicings in a special way.
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Definition 2.20. Let Z = (Z¢)¢<, be a slicing of K and let tz(z) = K N H(F(x),a(z))
be the canonically corresponding tactic. We say that a box U is a bozx around Z if

U=]] B (F(z).r()

zeK

and if r : K — (0,400) is constant on the difference sets Z; \ Z¢,1, i.e. there exists some
transfinite sequence (r¢)¢<, of positive numbers such that r(z) = rp, () for every z € K.
Remember that, by definition, F(z) = fr, () so we may view the box U around Z as a
set-valued mapping that is constant on difference sets Z¢ \ Z¢11. We will use the term
selection known from this context.

Definition 2.21. Let Z = (Z¢)¢<, and Y = (Y,,),<x be slicings of K. If Z C ), then
we say that ) is a refinement of Z. Further if Z is a slicing of K and U is a box
around Z, then we say that ) is a U-refinement of Z if ) is a refinement of Z and
ty(z) = KN H(G(x),b(x)) satisties G € U.

One can build up refinements in the following manner.

Lemma 2.22. Let Z = (Z¢)e<y be a slicing of K and for every § < let Ve = (Y 1)) u<ne
be a slicing of the difference set Z¢ \ Ze¢y 1 given by the halfspaces (H(fie u)s Oep)) ) u<ne- If

H(fiep) ) N Zewr =0 for all € <n and p < 1, (2.1)

then Y = (Yie,u)U Zeq1)(e,p) with the lexicographical order on the doubles (&, i) is a refine-
ment of Z.

Proof. A straightforward verification of the definition of slicing. It is exactly the condi-
tion (2.1) that makes it possible to verify the property (a) of Definition [2.18] ]

We will use the refinements in order to achieve two things. The first of them is to
make the € of an e-slicing smaller. This is the moment when we start making use of the
RNP of the set K.

Proposition 2.23. Let Z be a slicing of K and let U be a box around Z. Then for any
e > 0 there is a U-refinement Y of Z which is an e-slicing.

Proof. Suppose that Z = (Z¢)¢<, is given by the halfspaces (H(fe, a¢))e<, and suppose
that the box U is given by the positive numbers (r¢)e<,. For £ < n fixed, an e-slicing
(Yieu)uune of Ze\ Zeyr and the corresponding (H (e ), bien)uzne With [[gien — fel| <
re are obtained by the iterated use of Lemma in the following way. Put Y(¢g) =
Ze\ Zey1. With Yie ) defined put L := Y¢ ) U Zeyq. Then Yig ) = LN H(fe, ae) is a slice
of L. So we use Lemma with r = r¢ to get a slice S := LN H(ge ), biew) C Yie -
In particular H (g ), bep) N Zes1 = 0, which guarantees the condition . We put
Yieut1) = Y \ 5. We take intersections to get Y{e y) for limit ordinals A\. Observe that
for cardinality reasons there indeed does exist an ordinal 7¢ such that the condition (c)
of Definition [2.1§]is satisfied. The proof is completed using Lemma [2.22] O
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2.3.3  Stability

The second thing which we get through the refining of slicings is an additional stability
property of the corresponding e-WT. Roughly speaking, the next defined stable e-winning
tactic is such an e-W'T whose suitable perturbations are again e-WT’s.

Definition 2.24. An e-winning tactic t : K — S,, t(z) = K N H(F(x),a(x)) is stable if
the mapping F': K — X* is an interior point of the set

W = {G e (X)) 2 — KN H(G(z),b(z)) is an e-WT for some b: K — R}

in the box topology on the product X*.

Let Z be an e-slicing of K and let ¢z be the corresponding e-W'T. If {z is stable and
there exists a box U around Z such that F € U ¢ U C W, we say that tz is U-stable
and Z is a U-stable e-slicing. In this case we also call U a stability box of tz. This
terminology is motivated by the important fact, that any selection G from U then gives
rise to an e-W'T.

Clearly, if U’ C U are boxes around Z and Z is a U-stable e-slicing, then it is also
U’-stable.

We observe that the e-winning tactics that arise from e-slicings are close to being
stable. In fact, to any e-slicing there exists a stable refinement.

Proposition 2.25. Let Z be an e-slicing of K. Then there exists an e-slicing Y of K
which is a V -refinement of Z for every box'V around Z (i.e. we use the same functionals).
Moreover, there exists a box U around Y such that ) s U-stable.

Proof. Suppose that Z = (Z¢)e<y is given by halfspaces (H(fe, a¢))e<y. Let £ < n be
fixed. We will slice up the difference set Z¢ \ Z¢1 by countably many hyperplanes parallel
to {fe = ae}-

Denote A = sup { fe(z) : € Z¢} and define a slicing (Yen))n of Z¢ \ Zei1 by

1 1
Yien) = Ze \ H(fe, EA + (1 - g)aﬁ)-

S0 gie.n) = fe and obviously H(g(en), a(en)) N Zey1 = 0. This tells us (using Lemma
that (Y(¢,)) with the lexicographical order on the doubles (£, n) is an e-slicing of K. It
is of course a V-refinement of Z for every box V around Z since g ) = f¢ for all { <n
and n € N.

In order to prove the stability claim we will show that it is possible to perturb the
e-WT ty corresponding to ) and still get an e-W'T. We start by defining 7 ,) > 0 using
Lemma [2.6| with L = Y{¢ ), So2 = L\ Yi¢n11), and S1 = L\ Y(¢,12). We claim that Y is
U-stable with

U =[] B (ty(@).rry@)-

zeK
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Indeed, suppose that F': K — X* is any selection from U and consider z € K such that
it is in the difference set Y{¢ ;) \ Y{¢,i41). Lemma insures existence of a(x) such that
the hyperplane {y : F(z)y = a(x)} separates Y(¢;) \ Y1) from Yie ;0. Thus, what is
more important, © € H(F(z), a(z)) and H(F(z), a(x)) N Zegy = 0 (cf. Figure 2.2). We

5 n+1 \ }/(E n+2

A

Ze \ Zes1
Figure 2.2:

may therefore define t(x) := K N H(F(z),a(z)) and it will satisfy x € t(x) C tz(z). This
of course implies that ¢ is an e-W'T since tz was. That means that ) is U-stable. O]

2.3.4 Induction

The proof of Theorem has an inductive character. Let us isolate the main ingredient
of the induction step in the following corollary.

Corollary 2.26. Let Z, be a U,-stable e-slicing of K for some box Uy around Z; and

£

for some € > 0. Then there exists an 5-slicing Zy of K which is Uy-refinement of Z;.

Moreover, Z, is Uy-stable for some box Uy around Z5 and Uy C Uy. (See Figure )

Proof. We may apply Proposition 2.23|to get a U;-refinement ) of Z; which is an §-slicing
of K. Then we refine ) (using Proposition [2.25)) in order to get Z, which is U,-stable
s-slicing of K for some box U, around Z,. Since Z, is a V-refinement of ) for every box
V around ) (says Proposition , it is a U;-refinement of the original Z;. Of course,
Us may be chosen to satisfy Uy C Uj. n

We are ready now to complete the proof of Theorem [2.15|

Proof of Theorem[2.15 First we construct an 1-slicing Y = (Y¢)¢<, of K such that Y, = A
for some ordinal . This is easy since we put Yy = K and then, when Y is already defined,
we use Lemma with €} = A and Uy = Y; to obtain Ye;;; and we take intersections
to obtain Y) when A is a limit ordinal. This way, we arrive sooner or later (for cardinality
reason) to the ordinal v for which Y, = A. Then we just continue subtracting small slices
from A until we are left with Y, = () for some ordinal 7.

We use Proposition to get a refinement Z, of ) which is 1-slicing and for which
there exists a box Uy = [],cx Uo() around Z, such that 2 is Up-stable. We may suppose
that diam Up(z) < 1 for all x € K.
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X*A

v

Ze \ Zeyr

Figure 2.3: The solid line is tz, and the light grey region is its stability box U;. Any
selection (dotted line) from U; would correspond to an e-winning tactic. The dashed line
is tz, from Corollary with its stability box U, drawn in dark grey.

Let Z, be a U,-stable 27 "-slicing with diam U, (z) < 27" for all x € K. Then we
may apply Corollary to get a U,-refinement Z,,; of Z, which is a U, ;-stable
27" Lglicing for which the box U, satisfies U,.; C U,. Moreover, we may suppose
that diam U, (z) < 27V for all # € K. It is therefore possible to define t(z) =
KNH(F(x),a(x)) where F(x) is the unique member of the intersection ()~ U, (x) and
a(x) = F(z)z. Now for every n € N, F : K — X* is a selection from the stability box U,
of the 27"-WT ¢tz , thus the mapping ¢ : © — K N H(F(z),a(x)) is a 27"-WT itself (in
27"-G(K,S,)). That obviously implies that ¢ is a winning tactic in G(K, S,).

For every n € NU {0}, let tz, = K N H(F,,a,) be the 27"-WT canonically corre-
sponding to the slicing Z,. Since F' € U, one has sup,.x ||[F'(z) — F,.(2)| < 27" for every
n > 0. Thus F is a uniform limit of slice constant mappings. By [DGZ93, Proposition
1.4.5] these mappings are Baire one so F' is a Baire one mapping, too. O

Remark 2.27. It is not difficult to observe that our tactic ¢ is continuous with respect
to the game, i.e. if (z,) satisfies x,.1 € t(x,) and t(z,) = K N H(f,,a,), then we have
both (z,) and (f,) convergent.

Remark 2.28. Let us recall the following weak* version of Theorem [2.9| (see Theo-
rem 3.5.4 (w*) in [Bou83]): Assume that C C X* is weak* compact, conver, and every
A C C has arbitrarily small weak® open slices. Then the set SE(C) N X is a dense Gy
subset of X.

The assumptions of this theorem are satisfied in particular when X* is a dual space
with the RNP and C' = By- as has been pointed out in Chapter [I} Let S}(Bx+) be the
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closed slices of Bx« given by functionals from X. Then we claim that Player II has a
winning tactic in the game G(By+,S’). Indeed, the whole proof may be easily rephrased
in terms of functionals from X provided one uses the above mentioned weak* version of

Theorem 2.9

2.4 Winning tactics and uniformly rotund norms

Let t be a winning tactic in G(Bx,S,) and let € > 0. Since t is winning, there clearly
does not exist any infinite sequence (z;) C By satisfying

Tip1 € t(x;) and ||z, — 24| > € (2.2)

for all ¢ € N but one may ask whether there exists some uniform bound on the length
of sequences that satisfy the above condition. One result in this direction was obtained
by Zeleny [Zel08] who constructed a WT ¢ in G(Bgw~,H) (where H are the hyperplane
sections of Bgw) with the property that for every e > 0 there exists m € N such that no
sequence (z;)™, C Bgn satisfies for all i < m.

Definition 2.29. Let ¢t : Bx — S.(Bx) be a tactic (winning or not) in the game
G(Bx,S.). Let ¢ > 0. We say that t has uniformly short e-separated runs if the fol-
lowing holds: there exists m € N such that whenever (z;)!, C Bx satisfies for all
1 < n, then n < m.

Zeleny’s result therefore reads: there is a winning tactic ¢ in G(Bg~,H) which has
uniformly short e-separated runs for every € > 0.

Our next theorem shows, in particular, that this is not possible in spaces that are
not superreflexive. (Superreflexive spaces are those that admit an equivalent uniformly
rotund norm.)

Definition 2.30. A norm ||-|| on a Banach space X is uniformly rotund if its modulus of
convexity

§(t) = inf {1 - H%H L2,y € Bix, s lz =yl > t}
is strictly positive for every ¢ € (0, 2].
Theorem 2.31. Let (X, ||) be a Banach spaces. It is equivalent
(i) X admits a uniformly rotund norm ||-||;

(ii) for every 0 < e < 1 there exists a winning tactic t for Player II in G(Bx.), Sc)
which has uniformly short e-separated runs.

(iii) for every 0 < e <1 there exists a tactic t for Player II in G(Bx,.),S.) which
has uniformly short e-separated runs.
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Before proving this theorem, let us recall the definition of the dentability index and a
renorming result of G. Lancien [Lan95].

Definition 2.32. Let C' be a convex, closed and bounded subset of X and ¢ > 0. We
define the following set derivation

wd(C) = C\ | J{S € 8,(C) : diam(S) < }

and we put wd?(C) := C and wd®*(C) = wd.(wd®(C)) for every ordinal . Finally
wd?(C) 1= ey wd2(C) for every limit ordinal 5. We define dentability index D(X) of
X as D(X) := sup,.qD(X, ) where D(X,¢) := inf {a : wd®(Bx) = 0}. Here we use the
convention that inf ) = oo and o < oo for every ordinal a.

Theorem 2.33. A Banach space X admits a uniformly rotund norm if and only if
D(X) < w.

Proof of Theorem[2.31]. (i) = (ii) Let ¢ > 0 be given. We may and do assume that
|z|| < |z| for every & € X. We will construct the desired WT ¢ on the larger set Bx,.|)-
Let d(-) be the modulus of convexity of ||-||. Any slice S (open or closed) of Bx .|y which
does not intersect (1 — d(¢))B(x,)) has diameter smaller than €. Similarly, for n € N,

diam ((1 — 5(8))”3()(’”.”) N S) <e€

whenever (1 —0(¢))"' B(x .y NS = 0. On the other hand, there exists m € N such that
(1 —6(g))™ < e/2 so all slices of (1 —d(e))™B x|y have automatically diameter smaller
than e.

We proceed similarly as in the proof of Corollary 2.17] For n = 1,...,m, let t, be the
WT in G(Bx,|.|), Sc) which comes from Theorem [2.15 with the set A = (1-d(¢))" B(x,.|)-
For € X with let N(z) € N be the uniquely determined number N such that z €
(1 —6())¥"'Bx \ (1 —6(¢))¥Bx. We define a mapping ¢ : X — S.(X) by

Hx) = {tN(m)(x) it lzf > (1 = o)),

tm(z) otherwise.

Now let Player II play according to the tactic ¢ and let z;, x;,1 be consecutive moves
of Player I such that ||z; — x;41] > €. If 2; € (1 —6(e))"Bx,.|), then clearly x4 ¢
(1—=08())"Bix,p- faie (1—0(e)" B, \ (1 —6(e))" " Bx,.) for some n < m, then
t(x)N(1=6(e))" ™ B,y = 0. Since z;41 € t(z;) and diam ((1 — 6(e))"Bex, . Nt(x;)) <
e, we conclude that z;41 ¢ (1 —6(¢))"Bx,.|)- Thus N(z;) > N(x;41) and one can see
that e-separated runs of the game cannot be longer than m + 1 steps.

(ii) = (iii) is trivial so it remains to prove (iii) = (i). Let X be a Banach space
without any uniformly rotund norm. Let ||-|| be any equivalent norm in X. We will show
that no tactic ¢ defined in Bx = B(x,.) satisfies (iii). The next claim and its proof is
inspired by the proof of Theorem 3.4 in [DMOT].
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Claim. There exist an € > 0 and a sequence (V},) of nonempty open subsets of By such
that the following hold for every n € N: a) V,,,1 C V,,, and b) for any open or closed slice
S of By one has: if SN V1 # 0, then diam(SNV,) > 2¢.

By Theorem D(X) > w. It means that there is some ¢ € (0,1) such that
wdg (Bx) # 0. Let B, := fwdg.(Bx). Then (B,) is a sequence of nonempty closed
convex subsets of %B x such that for every open slice S of Bx one has by homogene-
ity: if SN Byy1 # 0, then diam(S N B,) > 3s. We chose some strictly decreasing
sequence (7,) of positive numbers converging to 0 such that 7, < £/2; and we define
Vo = {x € X : dist(z, B,) < n,}. Now each V,, is an open subset of Bx which contains
B, and it is easily seen that the property a) holds. We will prove the assertion b).
Since each V,, is an open set, it is enough to prove only the case when S is an open
slice. Indeed, if H(f,a) N V,11 # 0, then H(f,a) N V,41 # 0 and diam (H(f, a) N Vn> >
diam (H(f,a) N V,,). Solet n € N be fixed and let z € H(f,a) N V,4 for some =z € X
f e X*\ {0} and a € R. Then there exists an 2’ € B, 1 such that ||z — 2'|| < npq1. It
follows that, for «’ = a — (f(z) — f(2')), one has ' € H(f,a’) N B,41 and so there exist
y1, vy € H(f,a') N B, such that ||y} — y5|| > 3. We define y; := ¢} + (x — ') for i = 1, 2.
Evidently [|y; — v|| < i1 < nn s0 y; € V,, for i = 1,2. Further f(y;) > a for i = 1,2, too
and finally, by the triangle inequality, ||y1 — y2|| > 3¢ — 21,41 > 2. So we have proved
that diam(H(f,a) N'V,,) > 2e, which finishes the proof of the claim.

Now let ¢ be any tactic (winning or not) in G(Bx,S,). It is a consequence of the
above claim, that if the last move x; of Player I is in the set V,,.; for some n € N, then
Player I can always choose some z;41 € t(z;) NV}, such that ||z; — z;11]| > . It follows,
that ¢t does not have uniformly short e-separated runs. [

Remark 2.34. After having seen the above proof, the next easily proved claim should
be no surprise: For a Banach space X it is equivalent

(i) Szu(X) < w;

(ii) for every 0 < ¢ < 1 there exists a tactic ¢ for Player II in G(Bx,o(X, X*)) which
has uniformly short e-separated runs.

This should be compared with the result of R. Deville and E. Matheron [DM07] who proved
that a Banach space X has the PCP if and only if Player II has a winning strategy in the
game G(Bx,o(X, X*)).

2.5 Baire one functions

In this section we are going to gather few observations which lead to a characterization
of Baire one functions using games. A mapping f from a topological space (E,7) to a
normed linear space (X, ||-||) is called Baire one if f is a pointwise limit of a sequence
(fn) of continuous mappings from (E, ) to (X, ||-||).
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If p is a pseudometric on E, let G((E, p), 7) be the usual game in E where Player I
wins if the sequence (z,) of the moves of Player I is p-Cauchy. Observe that if f is a
mapping from £ to a normed linear space (X, ||-||), then ps(x,y) = || f(z) — f(y)| defines
a pseudometric on E.

Theorem 2.35. Let (E,7) be a completely metrizable space, (X, |-]|) a normed linear
space and f be a mapping from (E,T) to (X, ||-]|). Let d be a compatible complete metric
on (E,T). Then it is equivalent

(i) f is Baire one;
(ii) Player II has a winning strategy in the game G((E, pf),T).
(iii) Player II has a winning strategy in the game G((E, ps +d), 7).

Moreover, if (i) — (iii) is satisfied, then it is possible to construct a winning strategy
t = (tn) in the game G((E,ps + d),T) in such a way that if (z,) C E satisfies xp41 €
to(zy,...,x,), then

f(ligbn Tp) = 1111111 f(zn). (2.3)

We will say that a topology 7 on FE is fragmented by a pseudometric p if for every
e > 0 and every subset A of F there exists a relatively 7-open subset B of A such that
p — diam(B) < e.

Let us recall Theorem 3.7 from [DMO07].

Theorem 2.36. The topological space (E,T) is fragmented by the pseudometric p if and
only if Player II has a winning strategy by in G((E, p), 7).

As a matter of fact, this theorem is formulated in [DMO7] for a metric p. But the
proof works also for a pseudometric p.

Proof of the equivalence (1)-(iit) in Theorem [2.35. We will show that (E, 7) is fragmented
by py if and only if f is Baire one. Then applying Theorem the equivalence of (i)
and (ii) will be established. As far as the equivalence of (iii) is concerned, it is enough to
observe that (E,7) is fragmented by the sum p; + p2 of two pseudometrics py, po if and
only if (E, 1) is fragmented by p; for ¢ = 1,2. Thus, since d is compatible with 7, we
conclude that (E,7) is fragmented by py if and only if it is fragmented by ps + d.

We say that a mapping f is barely continous from (E, 1) to (X, ||]|) if for very closed
subset I’ of E there exists x € F' such that f [r is continuous at x.

Baire’s Great Theorem (Theorem 1.4.1 in [DGZ93]) asserts that the sets of Baire
one and barely continuous mappings from (E,7) to (X, ||-||) coincide provided (E,7) is
completely metrizable.

It is easy to see that if f : (E,7) — (X, [|-||) is barely continuous, then 7 is fragmented
by ps. Indeed, let ¢ > 0 and A be any subset of E. Then there is a 7-open set U such
that A N U # 0 and pf — diam(ﬁT NU) < e. Of course the same properties hold for
ANU.
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If (£, 7) is hereditarily Baire, i.e. each closed subset of F is a Baire space, in particular
if (E, 7) is completely metrizable, then f is barely continuous provided 7 is fragmented by
p¢. Suppose that it is not true. Then there exists a closed subset F' of E such that f [
is discontinuous everywhere. We denote F,, = {z € F : oscy(z) > 1} where oscy(z) =
inf {p; — diam(U)} with the infimum taken over all relatively 7-open neighborhoods of
x in F. It follows that each F,, is closed. The discontinuity assumption yields that
F =|JF,. Since F' is Baire, there exists n € N such that F,, has nonempty interior int ),
relative to F'. If U is any nonempty relatively open subset of F,,, then () # int F,, N\U C U
and by the definition of F,, we have p; — diam(int F,, N1 U) > <.

This finishes the proof of the equivalence of the points (i), (ii) and (iii). O

For the moreover part we have to put our hands inside the construction of the winning
strategy. In order to do so we first extend the terminology defined in Section Let
(E,7) be a topological space. A slicing Z of E is a family (Z¢)¢<, of 7-closed subsets of
E., where 7 is an ordinal, satisfying:

(a) If a < B then Z C Zg;
(b) for each limit ordinal A <1, Zy = (., Z;
(c) Zy = F and Z, = 0.

For x € E, let I'z(z) be the unique ordinal v < 7 such that z € Z, \ Z,41.

Let p be some (pseudo)metric on E. If p — diam(Z¢ \ Z¢41) < € for some € > 0 and all
& < n, then Z is called e-slicing. As before, a slicing Y of E is a refinement of a slicing
Z it ZcC).

If (F,7) is fragmented by a pseudometric p, it is easily seen, that there exists a
sequence (Z") of slicings of E such that Z"*! is a refinement of Z", and Z" is a %—slicing
for each n € N. This occurs, in particular, in the setting of Theorem [2.35 i.e. if (F,d)
is a complete metric space (with the topology 7), f : (E,d) — (X,]|]|) is a Baire one
function and p := py + d. In this situation, we may finally define the winning strategy

satisfying ([2.3)).
Proposition 2.37. Lett, : D, — 7 be defined as

2 .

(1, xy) =t () N Nt (21,2 1) N B(OEd) <x,

Then t = (t,) is a winning strategy for Player II in the game G((E,p),T) such that the
validity of
Tpt1 € tn(x1, ..., T0) (2.4)

for every n € N implies f(limx,) = lim f(x,).

(See Definition to refresh the notions used in the above proposition.)
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Proof. Let (z,,) C E be a sequence which satisfies for every n € N. Let ¢ > 0. Let us
fix k € Nsuch that 1+ < e. By the definition of ¢ we have that (I'zx(2,,)),, is a nonincreasing
sequence of ordinals. Thus this sequence is eventually constant, say 'z« (z,) = ['zr(z;)
for all n > j for some j > k. So, the definition ¢; yields for every n > j that

d — dist(z;, Z, )
’ j (z5)+1
T, € lefzk(xj) N B(OE’d) (l']? 5 zi\*j )

(2.5)

In particular, since Z7 is a refinement of Z*,
k k X
(xn)nzj C Zsz(xj) \ ZFZk(Ij)+1 = M

Because p — diam(M) < ¢ we have that (z,,) is e-Cauchy (with respect to the metric p).
Moreover, if (x,) d-converges to some = € E, then (using d-closedness of Zﬁzk(%) and

(2.5))) necessarily x € M, and therefore p(x,z,) < e for all n > j. In this case it follows
that

1S () = fan)ll <€ (2.6)

for all n > 7.

The proof is now finished by noting that e was arbitrarily chosen. So (z,) is Cauchy
with respect to p = d+ py, a fortiori (z,,) is Cauchy with respect to d which is a complete
metric. Therefore (z,,) really d-converges to some x € E and so holds for any € > 0.
This completes the proof of the moreover part of Theorem [2.35] O

Remark 2.38. Let (F,7) be a completely metrizable space, (X, ||-||) be a normed linear
space and let f be a mapping from E to X. The oscillation index B(f) of f is defined by
the general peeling scheme described in the section [1.1.2| using the set derivation

[AlL:= A\ J{U e 7: ps(UN A) <}

for A C E (see [KL90]). It is clear, that the following version of Remark holds true.

It is equivalent:

(i) B(f) < w;

(ii) for every 0 < ¢ < 1 there exists a tactic ¢ for Player II in G((E, pf), 7) which has
uniformly short e-separated runs.
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Chapter 3

Weak™ dentability index of C(K),
Kwi) — ¢

The main result of this chapter, Theorem [3.1§], is a computation of the weak* dentability
index of the spaces C'(K) where K is a scattered compact of countable height. In fact, this
theorem is obtained (by a separable reduction argument) from Theorem , which is a
computation of the weak* dentability index of the space C([0,a]), where « is a countable
ordinal. To see how these results fit into a broader context, see Section [I.1.3]

3.1 Preliminaries

Definition 3.1. Let A be a weak* compact subset of X*. Let S¥(A) be the weak® open
slices of A. Recall that a weak* open slice S of A is a non-empty subset of A given as
S = ANH(z,a) for some x € X and some a € R, where H(z,a) = {z* € X* : 2*(z) > a}
is a weak® open halfspace. We define the set derivation

d-(A) = A\ | J{S € 8;(A) : diam(9) < ¢}
and we put
d2(C):=C, d*N(C) = d(d2(C)) and dJ(C) := () d2(C)
a<f(

for every ordinal o and every limit ordinal 3. Further we define

Dz(X,¢e) :=inf{a : d2(Bx) = 0} and Dz(X) :=sup Dz(X,¢)

e>0

adopting the convention that inf() = oo and o < oo for every ordinal o. The quantity
Dz(X) is called the weak® dentability index of X. In a similar way, we define the Szlenk
indez of X, Sz(X) = sup,.,Sz(X, ¢), based on the set derivation

s.(A) :A\U{V €o(X*,X) :diam(VNA) <e}.

The notation s¢(A) has the obvious meaning.

63
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It is obvious from the definition that these indices are isomorphically invariant. The
general idea of assigning an isomorphically invariant ordinal index to a class of Banach
spaces proved to be extremely fruitful in many situations. We suggest the articles [Lan(0,
Ode04] for a survey of the numerous applications to the geometry of Banach spaces.

Let us recapitulate here some useful facts about the weak* dentability index.

Lemma 3.2. IfY is a closed subspace of a Banach space X, then Dz(Y) < Dz(X) and
Sz(Y) < Sz(X).

We shall use the above well known lemma frequently and without further reference.
We will prove the case of the weak™ dentability index. A similar proof for the case of the
Szlenk index is given in [HMSVZ08, Lemma 2.39).

Proof. Let us denote i : Y — X the embedding operator and let € > 0 be fixed. Suppose
that P C Bx~, S C By- are weak® compact and convex sets such that S C i*(P). We
claim that d}(S) C i*(d}5(P)). Assume therefore that s € d;(S5). Then

s €’ (S \ By~ (s, §)>’

where c0®" (C) stands for the weak* closed convex hull of a set C'. So there is a net (5¢)¢
weak™ converging to s such that for each & there are ng € N, A\ € R" and s, € S™¢ such
that 5¢ = >, Ae(i)se(i) and 1 = >, Ae(2) for all &, and ||s — s¢(7)]| > ¢/3 for all £ and
all i = 1,...,ne. Let us choose some pe(i) € P such that i*(pe(i)) = s¢(é) for all £ and
i. By the weak® compactness of P we may assume that p defined as pe = ). A¢(7)s¢(4)
converges weak* to some p € P. Now i*(p) = s by the weak*~weak* continuity of ¢*. Thus
|p — pe(@)]] > €/3 and we conclude that p € d! s3(P). A transfinite induction argument
now yields
d2j3(P) = 0 = d2(S) = 0.

In particular, taking S = By and P = By, implies Dz(Y") < Dz(X). ]

Lemma 3.3. If Dz(X) < oo, then there exists an ordinal o such that Dz(X) = w®. An
analogous result is true about the Szlenk indez.

For reader’s convenience, we present here the proof for the case of weak* dentability
index. Almost identical proof for the case of the Szlenk index may be found in [HMSVZ08,
Theorem 2.43].

Proof. The proof is based on the following observation: for every ordinal «,
1 (03 1 (e
§d5(Bx*)+§Bx* CdE/Q(Bx*) (31)

This is proved by a transfinite induction, which is trivial for @« = 0 and in the case
when « is a limit ordinal. Let us assume that « = § + 1, that (3.1)) is true for g,
and that © € d2(Bx+). Let ' := 1z + 3z for some z € Bx« and let 2’ € H(f,d’) for
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some f € X, a € R. Put a :=2d — f(2). Then z € H(f,a). It follows that there
are y1,y2 € d?(Bx+) N H(f,a) such that ||y; — ya|| > &. By the inductive hypothesis,
yi=1iyi+iz e df/z(BX*) for i = 1,2. It is evident that ||y] — v5|| > /2 and y, € H(f,d’)
for ¢+ = 1, 2, which finishes the proof of the observation.

Now we will show that Dz(X) > w® implies Dz(X) > w®"!. The conclusion then easily
follows. So let us assume that Dz(X) > w®. This means that for some € > 0 one has

0 € d2"(Bx+). An application of (3.1)) yields $Bx+ C d?)5(Bx~). Also, by homogeneity,
0¢ d;“;Q(%BX*) SO

w ]. we-
0 € d2j(5Bx+) C d2)5*(Bx+).
Proceeding this way, one gets 0 € d2),2" (Bx-) for every n € N. Thus Dz(X) > w™*'. [

Lemma 3.4. Let X be a Banach space and let o be an ordinal. Assume that for each
e > 0 there exists a d(g) > 0 such that

d2(Bx+) C (1 —6(g))Bx~.
Then Dz(X) < a - w.

For an analog of this lemma in terms of the Szlenk index see Proposition 2.40 in
[HMSVZ0S].

Proof. Let € > 0. By homogeneity, it is clear that
dS"(Bx+) C (1 — d(g))"Bx~ for every n € N.

On the other hand, (1—4(g))Y < &/2 for some N € N, and so d2V+1(Bx-) = 0. It follows
that Dz(X) < a - w. O

Let X be a Banach space and Ly (X)) be the Bochner space L ([0, 1], X). The following
is well known (cf. [DUT77, Theorem IV.1.1])

Theorem 3.5. When X* has the RNP then (Lo(X))* is isomorphically isometric to
Ly(X*). In particular the duality pairing of x* € Ly(X) and f € L*(X*) is given by

1

(f,z) :/<f(t),x(t)>dt.

0

We shall also use the following lemma due to G. Lancien [Lan06, Lemma 1].
Lemma 3.6. For every Banach space X it holds

Dz(X) < Sz(La(X)).
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The main result of our note, Theorem |3.10, is a precise evaluation of the weak*
dentability index for the class of C(]0,a]), a countable. These spaces have been clas-
sified isomorphically by C. Bessaga and A. Pelczyriski [BP60)] in the following way.

Theorem 3.7. Let w < o < § < wy. Then C([0,a]) is isomorphic to C([0,]) if and
only if B < a”.

Moreover, C(K) is isomorphic to C([0,w*"]) for every countable compact space K
whose height n(K) satisfies w* < n(K) < w*th.

Definition 3.8. Let K be a compact space. Then we define the Cantor derived set of K
as

K' =K\ {pe€ K :pis an isolated point of K}

and the Cantor derived set of order a by the usual iteration: K© = K K(@+) = (K@)
for every ordinal o, and K@ = ﬂﬁ o K ®) if o is a limit ordinal. The compact space K

is scattered if there is some ordinal o such that K(®) = (). The height n(K) of a scattered
compact K is the least ordinal o for which K(®) = ().

The “only if” part of Theorem is seen immediately from the following result of
C. Samuel [Sam8&4] (see also [HLOT]).

Theorem 3.9. Let 0 < o < wy. Then Sz(C([0,w*"])) = w*T.

It is also well-known and easy to show that for @ > w, C([0,q]) is isomorphic to
Co([0, ) where Cy([0,a]) = {f € C([0,q]) : f(a) = 0}.
3.2 Weak* dentability index of C([0, a])

Theorem 3.10. Let 0 < a < wy. Then Dz(C([0,w*"])) = wltett,

3.2.1 The upper estimate

We start by proving the upper estimate

Dz(C([0,w*"])) < wtoth (3.2)
Having in mind Lemma [3.6] it is sufficient to prove the following.
Proposition 3.11. Let 0 < a < w;. Then Sz(Ly(C([0,w*"]))) < witatl,

The method of the proof is similar to [HLO7], where a short and direct computation
of the Szlenk index of the spaces C([0, a]) is presented.
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Proof. For a fixed @ < w; and v < w*”, let us put Z = Ly(¢1([0,w*"))) and Z, =
Ly(44([0,7])). Since £1([0, A]) is separable for A countable, we may, using Theorem [3.5]
identify Z = [Ls(Co([0,w*"]))]" and Z, = [Lo(C([0,4]))]".

Let P, be the canonical projection from ¢;([0,w*")) onto ¢;([0,7]). Then, for f € Z
and t € [0, 1], we define (IL, f)(t) = P,(f(t)). Clearly, 1L, is a norm one projection from
Z onto Z., (viewed as a subspace of Z). We also have that for any f € Z, ||IL,f — f]|
tends to 0 as ~y tends to w*".

Next is a variant of Lemma 3.3 in [HLOT].

Lemma 3.12. Let a < wy, v < w*”, B <w ande > 0. If z € s5.(By) and ||IL,z|* >
1—¢?, then I,z € s2(By,).

Proof. We will proceed by transfinite induction in 3. The cases § = 0 and 3 a limit
ordinal are clear. Next we assume that § = p 4+ 1 and the statement has been proved
for all ordinals less than or equal to p. Consider f € By with |[II,f||* > 1 — £ and
IL,f ¢ s?(Bz,). Assuming f ¢ s.(Bz) D s5 (By) finishes the proof, so we may suppose
that f € s5.(Bz). By the inductive hypothesis, II,f € s#(Bz, ). Thus there exists a
weak*-neighborhood V' of f such that the diameter of V' Ns#(By ) is less than . We may
assume that V' can be written V = (_, H(¢;, a;), where a; € R and ¢; € Ly(C([0,7])).
We may also assume, using Hahn-Banach theorem, that V N (1 — ¢2)'/2B z, = 0.

Define ®; € Ly(Co([0,w*")) by ®4(t)(0) = ¢i(t)(0) if 0 < v and ®;(t)(c) = 0 other-
wise. Then define W = ﬂle H(®;,a;). Note that for fin Z, f € W if and only if IL, f €
V. In particular W is a weak*-neighborhood of f. Consider now ¢,¢" € W N s5.(Bz).
Then I1,g and IL,¢’ belong to V' and therefore they have norms greater than (1 — £2)%/2,
It follows from the induction hypothesis that IL,g,I1,¢" € s#(By,) thus [[IL,g —IL,¢'|| < e.
Since ||IL,g|[* > 1 — &% and ||g|| < 1, we also have ||g — IL,g|| < e. The same is true for ¢’
and therefore ||g — ¢'|| < 3e. This finishes the proof of the Lemma. O

We are now in position to prove Proposition [3.11l For that purpose it is enough to
show that for all o < wy:

w1+o¢

Vy<w Ve>0 s "(Bgz)=0. (3.3)

£

We will prove this by transfinite induction on o < ws.

For a@ = 0, v is finite and the space Z, is isomorphic to Ly and therefore, according
to Theorem , 5¥(Bz,) is empty. So is true for o = 0.

Assume that holds for a < wy. Let Z = Ly(Cy([0,w*"])). Tt follows from
Lemma and the fact that (for all f € Z) ||IL,f — f|| tends to 0 as v tends to w*”,
that

w1+a

Ve >0 s "(By)c(1-e)By,.

€

From this and Lemma [3.4] it follows that

Ve>0 s (By) =0.

£
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By Theorem [3.7] we know that the spaces C([0,7]), C([0,w*"]), and also Cy([0,w*"]) are

isomorphic, whenever w*" < y < w**"". Thus s*' " (By,) = 0 for any ¢ > 0 and
v <w" ie. (3.3) holds for o 4 1.
Finally, the induction is clear for limit ordinals. O

3.2.2 The lower estimate

In order to complete the proof of Theorem |3.10|we have to focus on the converse inequality
Dz(C([0,w*"])) > W'ttt (3.4)

Note that it suffices to deal with the spaces C'([0,w*"]) where o < w. Indeed, in case
a > w, the inequality (3.2) and Theorem imply that

W = Wt > Dy (C([0,w*"])) > Sz(C([0,w*"])) = w*.

Proposition 3.13. Let X, Z be Banach spaces and let Y C X* be a closed subspace. Let
there be T € B(X,Z) such that T* is an isometric isomorphism from Z* onto Y. Let
e >0, a be an ordinal such that Bx- NY C d*(Bx-), and z € Z*. If z € d?(By-), then
T*z € d*"P(Bx~).

Proof. By induction with respect to 3. The cases when § = 0 or (8 is a limit ordinal
are clear. Let 8 = u + 1 and suppose that T*z ¢ d®*P(By-). If z ¢ d*(By-), then
the proof is finished. So we proceed assuming that z € d¥(Byz~), which by the inductive
hypothesis implies that 7%z € d**#(Bx~). There exist x € X, t € R, such that T*z €
H(z,t) Ndet*(Bx+) =: S and diam S < €. Consider the slice 8" = H(T'z,t) N d*(Bz-).
We have (T'z, z) = (x,T*z), so z € S". Also, diam S” < diam S < ¢ as T* is an isometry.
We conclude that z ¢ d?(B-), which finishes the argument. O

Definition 3.14. Let o be an ordinal and € > 0. We will say that a subset M of X* is
an e-a-obstacle for f € By~ if

(i) dist(f, M) > ¢,
(i) for every 3 < o and every w*-open slice S of d?(Bx-) with f € S we have SN M # 0.

It follows by transfinite induction that if f has an e-a-obstacle, then f € d2(Bx~).
An (n,e)-tree in a Banach space X is a finite sequence (z;)% ~2 C X such that
_ T2i41 + T2

Ty = 5 and ||zgi41 — Toiqo| > €

on+t

fori=0,...,2" —2. The element x, is called the root of the tree (xi)i:01_2. Note that if
(hi)figl_Q C Bx~ is an (n,e)-tree in X*, then hy € d2(Bx+).
Define fg € £1([0, at), for a > 3, by f3(§) = 1if £ = B and f3(€) = 0 otherwise.
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Lemma 3.15.
Ju € dtf/2<B€1([0,w]))

Proof. Let P = {h € By o : |hll, =1, h(n) >0, h(w) =0}. Let A be a finite subset
of N. We denote o4 € ¢1([0,w]) the normalized characteristic function of A, i.e. o4(k) =
ﬁ if k € A, and o4(k) = 0 otherwise. Observe that then o4 € P.

We claim that for every n € NU {0} and every A of cardinality |A| = 2", there is a
(1,n)-tree (xi)?z+1_2 C P such that o4 = xo.

We prove the claim by induction on n. If n = 0, the conclusion is trivially satisfied.
Let us assume that the assertion has been proved for every m < n and let A C N be
of cardinality |A| = 2"*1. We assume that A = {ki,...,kpn+r1}. We define elements

x1, Ty € P as follows:

2 if k= by 5 i e = gy
,Tl(k’) — { UA(k) 1 ]{321, and ZEQ(]C) — { O-A(k) if k& 2i—1;

0 otherwise, 0 otherwise.
It is clear that ||z; — 22|, = 1 and that o4 = 2222, The induction is finished by noting
that z; = 04, for some A; C N for which |A4;] = 2" for both i = 1,2. (see also [FHHT01,
Exercise 9.20]).

We have o4 € df)5(Be,(jow)) Whenever [A] = 27, and dist(f,,P) = 2. Finally, for
every n € N, every x € C([0,w]) and every t € R such that f, € H(x,t), there exists
A CN, |A] = 2" such that 04 € H(x,t). Therefore the set {o4: A C N, |A| < oo} is an
s-w-obstacle for f,,. Thus f, € 515 (Bey (0,)))- O

Proposition 3.16. For every a < w,

w1+a

fww" € d1/2 (Bel([o,wwa])) (3-5)

Proof. The case a = 0 is contained in Lemma [3.15] Let us suppose that we have proved
the assertion (3.5)) for all ordinals (natural numbers, in fact) less than or equal to . It is
enough to show, for every n € N, that

wltan

Flusey € Az " (Byy o (use)p)- (3.6)

Indeed, using Proposition the equation (3.6 implies

wltan

Flawmyr € A3 " (Byy g i)

Since f( ooy SEAN wott and Hf(wwa)n — [ oot H = 2, we see that {f(wwa)” :n € N} is an
T-witetlobstacle for f . o+1. That implies (B.5) for o + 1.
In order to prove (3.6 we will proceed by induction. The case n = 1 follows from the

inductive hypothesis as indicated above, so let us suppose that n = m+ 1 and (3.6)) holds
for m.
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Define a mapping 7" : C([0, (w**)"]) — C([0,w*"]) by
(Tz)(y) = (@ )" (1 +7)), v < w*".
A simple computation shows that the dual map T is given by

9(&), if v = ()" (1 +§), £ < w”
0 otherwise.

(T"9)(7) = {

Clearly, T is an isometric isomorphism of ¢;([0,w*"]) onto rng 7*. We claim that
* wltam
B, (jo,(ww=yn)) Vg T C di)yy ™ (Byy (o, )n)))- (3.7)
Note that the set of extremal points of By, (o «)n)) NrngT™ satisfies

Ext(By, (jo, ey Mg T*) C {fy, —fr 17 = (@)™ (1 +€), { <"}

By the inductive assumption and by symmetry, both fweym and — fweym belong to
d‘f/l;am(Bgl([O,(wwa)nD). It is easy to see that more generally, both f, and —f, belong to
d‘f/l;am(Bgl([ov(wwa)nD), whenever v = (w*")™(1 + €), £ < w*". Thus we have verified that

* wltam
Ext(By, (jo, ey N0 T™) C dfjy ™ (Byy (o w+=yn)))5
and the claim (3.7)) follows using the Krein-Milman theorem.

This together with the inductive assumption (3.5]) allows us to apply Proposition m

(with £; ([0, (w*")"]) as X*, C([0,w*"]) as Z, and rngT* as Y') to get

* wltan
f(wwo‘)n - T fwwo‘ € d1/2 (Bel([07(wwo‘)n}))

m

Proof of Theorem[3.10, A combination of Lemma [3.3] and Proposition yields the
lower estimate (3.4) for v < w. Together with (3.2)) we obtain

Da(C([0,'])) = wher!

for o < w. For w < a < wy, we use that w'tett = wotl = Sz(C([0,w*"])) =
Dz(C(]0,w*"])), which finishes the proof. O

Our next proposition is a direct consequence of Theorem [3.10, Lemma 3.6 and Propo-
sition B.111

Proposition 3.17. Let 0 < o < wy. Then Sz(Lo(C([0,w*"]))) = witett,
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3.3 The general case

Our main result can be extended to the non separable case as follows.

Theorem 3.18. Let 0 < a < wy. Let K be a compact space whose Cantor derived sets
satisfy K # 0 and K**" = 0. Then Dz(C(K)) = w'*te+l,

Before proving the theorem we have to recall a theorem due to G. Lancien [Lan96]
which claims that the Szlenk and dentability index are separably determined, provided
they are countable.

Theorem 3.19. Let X be an Asplund space and o < wy. If Dz(X) > «, then there ezists
a separable subspace Y of X with Dz(Y') > a.
An analogous assertion is true about the Szlenk index of X.

It follows immediately that if Dz(X) > «, then there exists a separable subspace Y of
X with Dz(Y') > a.

Proof of Theorem[3.18, A straightforward transfinite induction shows that the Dirac func-
tional f; (as defined on the page belongs to s (Bo(xy+) provided ¢t € K. Thus
Sz(C(K)) > w?, and the Szlenk index version of Lemma implies that Sz(C(K)) >
w*L. Using Theorem [3.19} we obtain a separable subspace X of C(K) such that Sz(X) >
w. Let Y be the closed subalgebra of C'(K) generated by X. Then Y is separable and
Sz(Y) > w*™! (as X C Y). By the Arens theorem [Lac74, Theorem 3.9], Y is isometri-
cally isomorphic to some C'(L). Since Y is separable, L is necessarily metrizable [FHHT01,
Lemma 3.23|. Since Y is an Asplund space, it follows that L is scattered [DGZ93 Lemma
VI.8.3]. Being metrizable and scattered, L is a countable compact [DGZ93, Lemma
V1.8.2]. By the moreover part of Theorem [3.7] and by Theorem [3.9] C((L) is isomorphic to
C([0,w*"]) for some 3 > a.. Now Theoremimplies that Dz(Y) = Dz(C(L)) > w'tett,
This completes the lower estimate of Dz(C(K)).

In order to prove the upper estimate, we follow in the footsteps of [Lan06, Proposition
7]. Let X be any separable subspace of C(K). For t € K we define ¢(t) := f; [x,
i.e. the restriction of the Dirac functional f; to the subspace X. It is easily seen that
¢ is a continuous mapping from K to (Bx«,o(X* X)). Since the latter is metrizable,
it follows that L := ¢(K) is a metrizable compact. Also, X embeds isometrically into
C(L) by the canonical embedding i defined as [i(x)](l) := z(¢'(I)) where the choice of
a particular element in ¢~*(1) is irrelevant by the definition of ¢. So Dz(X) < Dz(C(L)).
Further, [DGZ93, Lemma VI1.8.1] implies that L¥ c ¢(K?)) for any ordinal 3. Therefore
L@™) = (, and L is countable. Now it follows from Theoremthat C(L) is isomorphic
to C([0,w*"]). So our Theorem [3.10]yields that Dz(X) < Dz(C(L)) < w'***!. Now, since
X was arbitrary, Theorem finishes the proof of the upper estimate of Dz(C(K)). O
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Chapter 4

C*-smooth approximation of locally
uniformly rotund norms

The main result (Theorem of this chapter claims that for a variety of non-separable
C*-smooth Banach spaces it is possible to construct an equivalent norm which is at the
same time C'-smooth, LUR and a limit of C*-smooth norms. For the background of this
result, see Section [I.1.5] We start this chapter with an overview of the tools we will be
using in the proof of the main result. The main result and its corollaries are gathered
in Section [4.2 The corollaries are proved on the spot. The proof of Theorem then
spreads through sections and until the end of the chapter. Here and throughout,
the smoothness and the higher smoothness is meant in the Fréchet sense.

4.1 Preliminaries

4.1.1 Functions that locally depend on finitely many coordinates

We use I' to denote an index set. The space ¢*°(I") is the space of all bounded functions
from T" to R together with the supremum norm. The space ¢y(I") is the closed subspace
of ¢>°(T") for which x € ¢y(I') if and only if {y € I' : |z(y)| > d} is finite for every § > 0.

Definition 4.1. Let U C ¢>(I"). Let M = {~,...,7} be a finite subset of I". We say
that a function f : £>°(I") — R depends in U only on coordinates from M if there exists a
function g : R — R such that f(z) = g(x(71),...,2(7,)) for each z € U.

Let A C ¢>°(I"). We say that a function f : (*(I') — R in A locally depends on finitely
many coordinates (LFC) if for each x € A there exist a neighborhood U of x and a finite
M C T such that f depends in U only on coordinates from M.

Definition 4.2. Let X be a vector space. A function g : X — (") is said to be
coordinatewise conver if, for each v € I', the function z — g,(x) is convex. We use the
terms as coordinatewise non-negative or coordinatewise C*-smooth in a similar way.

73
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Lemma 4.3. Let X be a Banach space and let h : X — (2(I") be a continuous function
which is coordinatewise C*-smooth, k € NU {oo}. Let f : £*°(T') — R be a C*-smooth
function which locally depends on finitely many coordinates. Then f o h is C*-smooth.

Proof. Let x € X be fixed. Since f is LFC, there is a neighborhood U of h(z), M =
{v,...,%} C T and g : RM — R as in Definition . The function ¢ is C*-smooth,
because f is C*-smooth. As h is continuous, there exists a neighborhood V' of x such that
h(V) C U. Since h is coordinatewise C*-smooth, it follows that

h(-) Tars= (h(-)(01), - - -, h() ()

is C*-smooth from X to R™|. Finally, we have for each y € V that f(h(y)) = g(h(y) )
and the claim follows. H

Lemma 4.4. Let ® : (>*(T") — R and let x € (>°(T") be such that

a) ® depends in some neighborhood V' of x only on coordinates from some finite
subset M of T,

b) ®'(z)x # 0,
c) ®(-) and () are continuous at x.

Then there is a neighborhood U of x and a unique function F' : U — R which is contin-
uous at x and satisfies F(x) = 1 and @(%) =1 for ally € U. Moreover there is a
neighborhood U’ of x such that F' depends in U’ only on coordinates from M.

Proof. The first part of the assertion follows immediately from the Implicit Function
Theorem. We will show that F' is LFC at z. From the assumption a) we know that
there are a neighborhood V' of z, M = {v,..., 7} C I', and g : R* — R such that
O(y) = g(y ) for all y € V. It is obvious that ¢(-) and ¢(+) are continuous at z [, and
that ¢'(z [p)x [p= @' (x)z. Thus it is possible to apply the Implicit Function Theorem

to the equation
Y
gl =] =1 4.1
(h(y)> 4D

to obtain some neighborhood V' of = [, and a function h : V' — R such that h(z [5) = 1,
h is continuous at = [, and is satisfied in V.

There is a neighborhood U’ € U NV of = such that we may define H : U’ — R
by H(y) := h(y ) for y € U'. Then H(zx) = 1 and H is continuous at z. Also,

) (% =g <hé/yrf‘f4)> =1 for all y € U’. The uniqueness of F' implies that /' = H in U’,

so F' depends in U’ only on coordinates from M. ]
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4.1.2 Facts about convexity

Definition 4.5. The Minkowsk: functional pe of a convex subset C' of a Banach space
X is defined for every x € X as

po(z) :=inf{A >0:2 € AC}.

If C' is moreover bounded, symmetric and contains the origin in its interior, then uc is
an equivalent norm on X.

Definition 4.6. A norm ||| in a Banach space X is locally uniformly rotund (LUR) if
lim, ||z, — z|| = 0 whenever € X and (z,).ey is a sequence of points in X such that
lim, (2 2, |1* + 2 ||]|* = ||, + x||2) =0.

The following lemma is a variant of Fact 11.2.3(i) in [DGZ93].

Lemma 4.7. Let ¢ : X — R be a conver non-negative function, z,.,x € X for r € N.
Then the following conditions are equivalent:

: 2(zr 2(z T+Ty
(1) % ( );L(p()_sz( +2 )_)0’
(ii) lim p(z,) = lim p(¥52) = @(x).
If  is homogeneous, the above conditions are also equivalent to
(it}) 20%(x,) + 20%(x) — ¢(x + 3,) — 0.

Proof. Since ¢ is convex and non-negative, and y — y? is increasing for y € [0, +00), it
holds

Phar) + () _ o <fc+:c) - soQ(xr);rsﬁ(:v)_(w(m) +<p(arr))2 _ (w(x) - w(w))z

2 2 2 2
which proves (i) = (ii). The implication (ii) = (i) is trivial and so is the equivalence (i)
& (iii). O
Lemma 4.8. Let f,g be twice differentiable, convex, non-negative, real functions of one

real variable. Let F: R? — R be given as F(xz,y) = f(x)g(y). For F to be conver in R?,
it 1s sufficient that g is convexr and

(f'(@)* (' (W) < f"(@) f(2)g" ()9 (y). (4.2)
for all (z,y) € R?.

Proof. Let (z,y) € R? be fixed. Since g is convex, the function F' is convex when restricted
to the vertical line going through (z,y). Let s = at + b (a,b € R) be a line going through
(x,y), i.e. y = ax + b. The second derivative at a point (z,y) of F restricted to this line
is given as:
f@)g"(y)a® + 2f'(x)g (y)a + f"(2)g(y).

In order for the second derivative to be non-negative for all a € R, it is sufficient that
the discriminant (2f'(z)g'(y))? — 4f(x)g"(y) f"(x)g(y) of the above quadratic term be
non-positive, which occurs exactly when our condition holds for (z,y). O]
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Definition 4.9. We say that a function f : (>°(T') — R is strongly lattice if f(x) < f(y)
whenever |z(y)] < |y(y)| for all v € T..

Lemma 4.10. Let f : {>°(I') — R be convexr and strongly lattice. Let g : X — £>°(T") be
coordinatewise convex and coordinatewise non-negative. Then fog: X — R is convex.

Proof. Let a,b> 0 and a+b = 1. Since g is coordinatewise convex and non-negative, we
have

0 < g,(ax +by) < ag,(x) + bg,(y)
for each v € I'. The strongly lattice property and the convexity of f yield

f(glaz +by)) < flag(x) +bg(y)) < af(g(z)) +bf(g9(y))

so f o g is convex. O

Definition 4.11. Let us define [-] : £*°(I") — R by [x] = inf {¢; {v; |z(y)| > t} is finite}.
Then [-] is 1-Lipschitz, strongly lattice seminorm on (¢*°(T'), [|-]|.)-

Proof. In fact [2] = ||q(2)l|sec 0, » where g : £2°(I') — £2°(I') /co(I) is the quotient map and
[/l ¢< ¢, the canonical norm on the quotient £*°(I')/co(I"). Clearly, [z] = 0 if and only if
x € ¢o(I"). Let us assume that [z] =¢ > 0. Then, for every 0 < s < ¢, there are infinitely

many v € I' such that |z(y)| > s. It follows that ||z —y|| > s for every y € ¢o(I') and
consequently [|¢(z)]|s ., = t. On the other hand, we may define y € co(I) as

x(y) —tif z(y) > ¢,
y(y) == qz(v) +tif 2(y) < —t,
0 otherwise.

Obviously ||z — yll,, < t, 50 [¢(2)]ls /e, < t- The strongly lattice property of [-] follows
directly from the definition. O

4.1.3 Projectional resolution of identity

Definition 4.12. Let (X, ||:||) be a Banach space and let i be the smallest ordinal such
that |u[ = dens(X). A system {F.}, ., of projections from X into X is called a
projectional resolution of identity (PRI) provided that, for every a € [w, p], the following
conditions hold true

(a) [|Pall =1,

(b) P,Ps = P3P, =P, forw < a < <yp,
(c) dens(P,X) < |af,

(d) U{Ps+1X : B < a} is norm-dense in P, X,
(e) P, = Idx, the identity on X.
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If {Po}, <0<, is @ PRI on a Banach space X, we use the following notation: A :=
{0t Ufw,p), Qy == Pyy1 — P, for all v € [w, ) while Qg := F,, and Py := _ _, Q, for
any finite subset A of A.

We gather for reader’s convenience the most important properties of a PRI which we
will need.

Lemma 4.13. Let X be a Banach space and {P,} be a PRI on X. Then

wlapy
(i) For every x € X, the map o — P,z is norm continuous from [w, u] to X.
(ii) For every x € X, the transfinite sequence (||Q,x||)yea belongs to co(A).
For the proof see [DGZ93, Lemma VI.1.2].

Lemma 4.14. Let X be a Banach space with a PRI {P,}
>0, a € [w, ] there is a finite set A%(x) C A such that

Then for each v € X,

wlaspy”

| Prcire - Pur] < =
We may choose A = AZ(z) in such a way that Qpx # 0 for B € A since Py =3 4 Q.

Proof. We will proceed by a transfinite induction on . If & = w, then A¥(z) := {0} for
any € > 0. If a = 3+ 1 for some ordinal 3, then A%(z) := A%(z) U {3} for all € > 0.
Finally, if o is a limit ordinal, we will use the continuity of the mapping v — P,z at «
(Lemma (1)) to find B < a such that ||Pgxr — P,z|| < €/2. Thus it is possible to set
A%(z) = A/Q(x). O

4.1.4 Approximation of norms

We shall need the following more detailed version of the theorem of M. Fabian, P. Hajek
and V. Zizler [FHZ97]. Here e, denotes the vector in ¢y(I") such that e,(3) = dap where
dqap is the Kronecker delta.

Theorem 4.15. For every equivalent strongly lattice norm ||-|| on (co(L), |||l ) and every
p > 0 there is a C*®-smooth norm W such that (1 — p)W(z) < ||z| < W(x) for all
z € ¢o(I"). Moreover

(a) the norm W locally depends on finitely many non-zero coordinates, i.e. for every
=3 crx(v)ey in co(L) there is a 6 > 0 and a neighborhood U of x such that for
every y € U,

w <Zy(7)ey> =W Z y(7)ey
~yer ~el(z,6)

where ['(x,0) :=={y €' :|z(y)| > d};
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(b) the norm W is strongly lattice for positive vectors in co(I'), i.e. if 0 <z <y in
the lattice co(T"), then W (z) < W(y).

Proof. We are going to repeat the construction of [FHZ97]. So let ||-|| be a strongly lattice
equivalent norm on ¢o(I'). For 0 < A < 1 define fa : ¢o(I') — R by

fA(Zx(V)ew) = Sup { Zy(V)GW

yerl yer

Y

where y(7) = z(7) if |z(y)] > A and [y(y)] < Aif [z (y)| < A}-

Further, put Fa(z) = fi(z) and let Cn be the lower convex envelope of Fj, i.e.

=1 =1 =1

The strongly lattice property of ||-|| passes easily to Ca. It is shown in [FHZ97, pp.
267-269] that for every 0 < A < 1 there exists a 0 > 0 such that

Ca(Yowte,) =Ca( X a(e,) (43)
~er ~eD(z,5)

for every x =3 px(7)ey € co(I') with [[z| < 2.
Let b be a C*°-smooth bump function on R, such that 0 < b(t) = b(—t), supp(b) C
[—0/4,6/4] and [ b(t)dt = 1. We define, for arbitrary 7o € I, the function CY’ as

cx ( Z x(7)67> = / C’A< Z z(7y)ey + te%)b(x(%) — t)dt.
vel o Y#70

Roughly speaking, this operation adds the smoothness with respect to the coordinate
Y0. Also CYX is convex and C° > Ca (see [FHZ97]). Note that we omit to indicate
the dependence of C on the choice of § in order to stay consistent with the notation
of [FHZ97].

Claim. If 0 < z <y in the lattice ¢o(I") and |ly|| < 2, then CX(z) < CX(y).

By the change of variable we have for any z € ¢(I'),

cr ( Z z(v)e,Y) = / C’A< Z z(Y)ey + (2(70) — t)e,yo)b(t)dt. (4.4)
yer “oo Y#Y0

To prove the claim, we would like to use that Ca is strongly lattice so we are interested
when |z(v9) — t| < |y(70) — t|. Let us assume |z(y0) — t| > |y(70) — t|. Since 0 < x(yp) <
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y(70), this may happen only if ¢ > . But if t > /4, we get that b(t) = 0. If t < §/4 is
the case, then |zg — t| < 0/4 and

Ca (X2 2()es + (2(r0) = Desy ) < Ca (D2 w(r)es + (2(30) — t)esy)

Y#Y0 Y#Y0

< Ca (Y w)er + (90) ~ thesy)

Y#Y0

where the first inequality comes from the strongly lattice property of C'a while the second
one comes from (4.3)) and again the strongly lattice property of Ca. Put together, for all
t € R it is satisfied

Ca (32 #)ey + (@(10) = ess (1) < Ca (D w)es + (9(20) = ey )BE), (45)

YF#Y0 YF#Y0

so, keeping in mind (4.4}, the claim is proved.
Let IT be the set of all finite subsets of I'. For m = {7,...,7,} € II define

CA < Z x('y)ev) =

:]O 7%(2 67+Zt67> 2(1) = 1) @) = ta)dtr .. dt,
o S yET

It is clear that iterating (4.5 one obtains that, for |ly|| < 2,
0<z<y= Ci(z) < CX(y).

Let us define Ca(z) = sup {C%(x) : 7 € I}. Let ||z] < 2— ¢ and denote I'y = ['(z, 9).
By [FHZI7, p. 270], Ca(y) = Ci2(y) for all y € By, 1) (z,2). Thus Ca depends in
Bey, 1) (2, 2) only on the finitely many coordinates from I'(z,2). It follows that Cha is
C>-smooth for ||z|| <2 — 2.

Since for each z € B(Co(p) (e, 2 — ) there are a neighborhood U of = and a finite

subset 7 of T such that Cx = CR on U, we claim that Cx satisfies CA( ) < C’A(y)

whenever 0 < z < y and ||ly|| <2 — 2. Indeed, let us consider such z and y. Then the
segment [z, y] is a connected compact so we may find 7, ..., m, € II, open sets Uy, ..., U,
and points zo, ..., T, € [z,y] such that Cx = ClonU fori=1,....,n, 20 =x € Uy,
T, =y €U, x; € U;NUjy fori=1,... ,n—1, and z; < ;41 in the lattice co(I") for all
t=20,...,n. It is now clear how we obtain our claim.

It is also shown in [FHZ97, p. 264] that, given € > 0, there exists A € (0, 1) such that
when 0 > 0 is chosen as above, it is satisfied

] < Ca(X) < sup {(Hx +oll+e)* vl < —}
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for [|z]] <2 — ¢. Remember that Ca depends also on our choice of 4. It follows that if
p > 0 is given, there are A > 0 and 0 < § < 3 such that ||z||* < Ca(X) < (|Jz]| + p)? for
Izl < 5.

The norm W is defined as the Minkowski functional of the set {x € ¢o(T) : Calz) < 1}.

It is immediate that (1 —p)W(z) < ||z|| < W(z). By the Implicit Function Theorem,
W is C*-smooth. By Lemma for every z € ¢o(I") such that Ca(z) = 1, there is
a neighborhood U such that W depends in U only on coordinates from I'(z, %). The
assertion (a) now follows by the homogeneity of W.

In order to finish the proof of the assertion (b) we assume that 0 < 2 < y in the lattice
co(T). Then, for some a > 0 one has that W(ay) = 1. It follows that Ca(ay) = 1 and,
by what we have already proved, Ca(az) < Ca(ay). We may conclude that W (z) < 1=
W(y). O

Finally, let us recall the separable result of D. McLaughlin, R. Poliquin, J. Vanderwerff
and V. Zizler [MPVZ93] (see also [DGZ93, Theorem V.1.7] which we will need as the first
step in our upcoming inductive arguments.

Theorem 4.16. Let k € NU {oo}. Let X be a separable Banach space that admits a
C*-smooth norm. Then X admits an LUR and C*-smooth norm which is a limit (uniform
on bounded sets) of C*-smooth norms.

4.2 Main result

Theorem 4.17. Let k € NU{oo}. Let (X, |-]) be a Banach space with a PRI {Pu} < <,
such that, for every v € |w, ), the space (Pyi1 — Py)X (resp. the space P,X) admits a
Ct-smooth, LUR equivalent norm which is a limit (uniform on bounded sets) of C*-smooth
norms. Let X admit an equivalent C*-smooth norm ||-||.

Then X admits an equivalent C'-smooth, LUR norm ||| - ||| which is a limit (uniform
on bounded sets) of C*-smooth norms.

Our first corollary provides a positive solution of Problem 8.2 (c¢) in [FMZ06].

Corollary 4.18. Let « be an ordinal. Then the space C([0, ) admits an equivalent norm
which is Ct-smooth, LUR and a limit of C°°-smooth norms.

Proof of Corollary[{.18 By a result of Talagrand [Tal86] and Haydon [Hay96], C(]0, ])
admits an equivalent C*°-smooth norm. On the other hand, assuming without loss of
generality that |a| = «, there is a natural PRI on C([0, «]) defined as

z(B) if B <+,
z(y)if g > 7.

Now QX = P, X is (by the definition of PRI) separable. As a closed subspace of C(|0, «]),
Qo X clearly admits a C"*°-smooth norm. Applying Theorem [4.16| we see that there is a

(Pyx)(8) = {
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C'-smooth LUR norm on QX which is a limit of C*°-smooth norms. Finally, the space
QX = (P41 — P,)X is one-dimensional for each v € [w, &), so Theorem yields the
conclusion. O

Theorem 4.19. Let k € NU{oco}. Let P be a class of Banach spaces such that every X
in P

e admits a PRI {P,} such that (Pyi1 — Py)X € P,

wla<y
o admits a C*-smooth equivalent norm.

Then each X in P admits an equivalent, LUR, C*-smooth norm which is a limit
(uniform on bounded sets) of C*-smooth norms.

Proof. We will carry out induction on the density of X. Let X € P be separable, i.e.
dens(X) = w. Then we get the result from Theorem [4.16]

Next, we assume for X € P that dens(X) = p and that every Banach space Y € P
with dens(Y) < p admits a Cl-smooth, LUR norm which is a limit of C*-smooth norms.
Let {Pa},<q<, Pe a PRI on X such that Q,X € P for each a € A. Then dens(QnX) <
|o + 1| = |a] < p. Thus the inductive hypothesis enables the use of Theorem which
finishes the proof. O

The above theorem has immediate corollaries for each P-class (see [HMSVZ0§] for this
notion). The following Corollary solves in the affirmative Problem 8.8 (s) in [FMZ00]
(see also Problem VIII.4 in [DGZ93]).

Corollary 4.20. Let X admit a C*-smooth norm for some k € NU {oo}. If X is Vasdk
(i.e. WCD) or WLD or C(K) where K is a Valdivia compact, then X admits a C*-
smooth, LUR equivalent norm which is a limit (uniform on bounded sets) of C*-smooth
norms.

Proof of Theorem|[{.17. Let 0 < ¢ < 1. It follows from the hypothesis that, for each
v € A, there are a C'-smooth, LUR norm ||| on Q,X and C*-smooth norms (||-]|. ,)ien
on (), X such that

cllzll < llzll, < =] (4.6)

for all z € QX and such that (1 — ) x|, < [lzll,; < =]l for all 2 € Q, X
We seek the new norm on X in the form

llzlll” = N(2)* + I (@) + |||

We will insure during the construction that both N and J are C'-smooth and approx-
imated by C*-smooth (semi)norms. In order to see that ||| - ||| is LUR, we are going to
show that ||z — z,|| — 0 provided that

2 2 2
2|l [[I” + 2 [[|l=[lI” = |2 + 2 [[I” — 0 as r — oo (4.7)
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Consider the following two statements:
a) |Paz, — Pax|| — 0 for each finite A C A with 0 ¢ {Q,x : v € A},
b) for every € > 0 there exists a finite A C A with 0 ¢ {Q,x : v € A} and such that
|Pax — z|| < € and ||Paz, — z,|| < € for all but finitely many r € N.
Clearly, the simultaneous validity of a) and b) would imply that ||z — z,|| — 0 since

[ = || < |[Pawr — Paz|| + | Paz — x| + || Pazy — 2,

We construct N in such a way that we can prove in Lemma that (4.7) implies a).
Consequently, we construct J in such a way that we can prove in Lemma that (4.7))
implies b). O

4.3 About N

We may and do assume that the equivalent norms |-| and ||-|| satisfy
< <O

for some C' > 1. Lemma [4.13] (ii) and the above equivalence of norms yield that
(1Qyx||)vea € co(A). Using ||Q,]] < 2C and the second inequality of (4.6)), it follows
that

Tz e (XD = (1@yll))ren € (colA), [I-l0)

is a 2C-Lipschitz mapping. Similarly for T; : z € X — ([[Qyz]], ;)ven € co(A).
For each n € N, we will consider an equivalent norm on cy(A) given as

Gulx) == sup [y x(7)?

MeA, ’YGM

where A, := {M € 2% : |M| = n}. It is easily seen that ¢, is n-Lipschitz with respect to
the usual norm on ¢o(A). Also, ¢, is obviously strongly lattice, so by Theorem for
each € > 0 there is a C*°-smooth equivalent norm N,, . on ¢o(A) such that (1—¢)N,, . (z) <
Ca(r) < N,o(z) for all z € co(A). Note that N, .(T'()) is a C*-smooth seminorm on X.
Indeed, the homogeneity is clear. Further, by the property (b) of Theorem and by
Lemma [.10} N, .(T'(:)) is also convex, so we have established that it is a seminorm. At
last, by Theorem (a), Npo(T()) is C*-smooth as a composition of a C*-smooth
mapping which depends on finitely many non-zero coordinates and of the mapping T
which satisfies that each coordinate map x + T'(z)(7y) is C*-smooth on the set where it
is not zero (cf. also Remark on page 461 in [Hay96]). Finally, we define

NP = Y SN2, (T()

m,neN

Now the seminorm N () is C'-smooth since each N, 10T is 2nC-Lipschitz and C*-smooth.
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We may define the approximating seminorms as

i

1
Ni(z)® = ) e\

m,n=1

(Ti(x)).

1
m

As a finite sum of C*-smooth seminorms, N; is a C*-smooth seminorm. Using 21—20 >

|T;(z) — T'(z)||, for ||z|| < 1, it is standard to check that N;(z) — N(z) uniformly for
|z|| < 1. We carry out some similar considerations in more detail on page |95 when we
demonstrate that J is approximated by C*-smooth norms.

Lemma 4.21. Let us assume that (4.7)) holds for x,z, € X, r € N, and let ACAbea
finite set such that Qx # 0 for v € A. Then |Pjz — Pix.|| — 0 as r — oc.

Proof. Let A := {fy € A:[|Qyzll, > min, 4 [|Qaz|, - Let n := |A]. We may assume
that |||z||] < 1 which implies ||Tz|, < 2C. Using (4.7) and Lemma {4.7| we may assume
that |||z,||] < 2 thus ||Tz,|| < 4C and ||T(z + z,)|| < 6C. The convergence (4.7) and
convexity (see Fact 11.2.3 in [DGZ93]) imply that

IN? | (T(x,)) +2N2 , (T(x)) = N2, (T(x +2,)) 50
for all m € N. This further yields that
26(T () + 26T () — G(T(x + 2,)) = 0
as well. Indeed, let € > 0 be given. We use that NN, 1 — (,, uniformly on bounded sets

of ¢o(A) to find mg € N such that N2 , (y) — Cﬁ(y)‘ < g/6 for all y € 6C' B4y and all
m > mg. Now let 79 € Nsatisfy that for all » > rq it holds 2N , (T'(z,))+2N? , (T'(x))—

NZ | (T(x 4 x,)) < ¢/6. For each r > ry we obtain 2(’721(T(mr)0) +2C3(T(x)) —OC?Z(T(ZL‘ +
z,)) <e
Let B € A,, be arbitrary and let A, € A,, such that

STQ (x + )2 = Gl + ).

YEA,

Then
2 (T (@) +26(T(2)) = GI(T (2 + 2,)) >
> 23 Q2 +2 ) 1@y = D 1@y + )1

yEB YEA, YEA,

2 2 2

=23 Q2 +2 > Qa2 = Y 1Qy (= + )|
YEA, YEA, YEA,

+2 (Z Qs — > H%«ﬂli) (4.8)

YEB YEA,
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Since
2 2 2
23 Q)2 42> Qa2 = D Q4 (x + )2 =0
YEA, YEA, YEA,
we get from (4.8) that

liminf 3" [|Qyz ]2 > sup {Z 1Qal? : B € An} — G(T@) = S QP (4.9)

YEA, Y€EB veA

where the last equality follows from the definition of A. The equation (4.9)) together with
the definition of A show that A = A, for all r sufficiently large. We continue with such r
and we choose B := A in (4.8)) to get that

23 11@al2 +2 30 1@yl = 3@ )2 0.

YEA YEA yEA
Since x /> 4 ||Q7x\|3 is an equivalent LUR norm on P4 X, we infer that || Pa(z — z,)||
converges to 0 and, by continuity of Pz, we obtain the claim of the lemma. O
4.4 About J

The upcoming section is rather technical so we are going to spend some time with a
motivation. Recall that |||z|||* = |lz||* + N?(z) + J*(z) and that our main concern is to
construct a norm J so that the properties we equip J with will enable us to prove: if

2|l |I1* + 2 [llzllI* = llle + 2 |||* — 0 as r — oo #.7)

holds for some x,z, € X, then for every ¢ > 0 there exists a finite A C A with 0 ¢
{Q,x : v € A} and such that |Psz —z|| < € and ||Paz, — z,|| < € for all but finitely
many r € N.

By lemma [4.14] it is easy to find a set A C A such that the first estimate above holds.
Clearly, if we prove that for this A also ||Pax, — z,|| = |Paz — ||, we are done.

Now, let g(+,-) be a continuous function from [0, +00) x [0, +00) to R such that g(t, -)
is increasing for every t € [0, 400). Then, as is easily seen (cf. Lemma[4.25)), the condition
g(t,,s.) — g(t,s) and t, — t implies that s, — s. Let us consider the following

Hy(A) = g( 3 1@l . I1Pay — yll ).

yEA

By Lemma [4.21} the convergence (4.7)) implies that >°_ 5 [|Q .||, R > e 1Qz]|, for
every finite B C A. So if we show that Hx,(A) - Hx(A) we are done. This last
requirement may be achieved by showing that the mapping H : z — (Hz(B))per, where
F are the finite subsets of A, has its range in some “nice” target space. Should this space
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be, for example, the co(F'), we could work with some C*°-smooth, LUR, strongly lattice
norm Z of ¢o(F'). In this hypothetical case we define J(z) := Z(Hzx) (everything can be
arranged in such a way that J o H is a seminorm) and it is easily seen that implies
Hz,(A) - Hx(A) as needed. Also, by considering suitable smoothenings in the definition
of H, we would be able to produce J with the required smoothness properties.

It will become apparent that the above motivation is a shameless simplification. We
still hope that it does provide a rough guidance in what follows.

4.4.1 A “nice” target space
Let {¢,}, <y<1 D€ a system of functions satisfying

(i) ¢, : [0,400) — [0,+00), for 0 < n < 1, is a convex C*°-smooth function such
that ¢, is strictly convex on [1 — 7, 400), ¢,([0,1 —n]) = {0} and ¢,(1) = 1.

(i) If 0 <y < mp < 1 then ¢y, () < ¢y, (x) for any x € [0, 1].

One example of such a system can be constructed as follows: let ¢ : R — R be C'"*°-smooth
such that ¢(z) =0 if <0, ¢(1) = 1 and ¢ is increasing and strictly convex on [0, +00).
We define ¢, (z) := gb(#) for all x € [0,1]. Now the system {¢,} satisfies (ii) since

n — =021 g increasing for every z € [0,1) while the validity of (i) follows from the

properties of ¢.
We define a function @, : (*(I') — (—o0, +00| by

() =) dy(lz(9))-

Let us define Z, : ¢*°(I') — R as the Minkowski functional of the set C = {z €
(=(T); &, (x) < 1/2}.

Lemma 4.22. Let 0 < n < 1 be fized. Then Z, is a strongly lattice seminorm such that
(1—n)Z,(z) < ||z| and Z, is LFC, C*-smooth and strictly positive in the set

Ay(D) i=A{z € (1) : o] < (1 =) [[2f| & }-
Moreover (1 —n)Z,(z) < ||z|, for all x € A, (T).

Proof. The set C' is symmetric convex with zero as interior point (indeed, (1 —7)Bgeer)y C
C) so Z, is ﬁ—LipSChitZ and convex.

Let Aj (') := {z € (') : [z] <1—n}. This set is convex and open since [-] is
continuous and convex. The function @, is in A; (') a locally finite sum of convex C'*°-
smooth functions, thus it is a convex function which is LFC and C*-smooth in A; (T').

Let us fix 7o € A} (I') such that ®,(zg) = 1/2. Then, since ¢, is increasing at the
points where it is not zero, we get Z, (z9) = 1 and ®; (z¢)zo > 0. As is usual, we consider

the equation @, <%) = % By the Implicit Function Theorem, this equation locally
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redefines 7, and proves that Z, is C°°-smooth on some neighborhood U of z, since ®,, is.
Moreover by application of Lemma we get that Z,, is LFC in {z}.

To prove that Z, is LFC, strictly positive and C*°-smooth in A,(I") it is enough to
show that for each x € A,(I") there is A > 0 such that Az € A} (') and ®,(A-x) =1/2
and then use the homogeneity of Z,,.

Let © € A, (). Then {ﬁ
[0, =—] C A}('). We have for such z that ®, () > 1, ®,(0-z) = 0 and the mapping

"zl ]l oo

A — ®,(Az) is continuous for A € [0, m] Hence there must exist A € (0, m) such
that Az € A} (') and @, (A-z) =1/2.

We continue showing that Z, is strongly lattice. First observe that ®, is strongly
lattice as ¢, is nondecreasing. Let |z| < |y| and Z,(x) = 1. Then x € JC which implies
that [x] =1—mnor ®,(z) = 1/2. Since both functions [-] and ®,, are strongly lattice, we
conclude that [y] > 1 —n or ®,(y) > 1/2 which in turn implies that Z,(y) > 1. For a
general x we employ the homogeneity of Z,, so Z, is strongly lattice.

Finally, if x € A,(I"), then the above considerations imply that @, (ZL@) = 1/2.

(
n
This is possible only if there is some v € I" such that % > 1 —n, and the moreover
claim follows. O

-‘ < 1 —n and since A](I") is convex, it follows that

Lemma 4.23. Let 0 <1y <1 < 1. Then Z,,(x) < Z,,(x) for every x € A,,(I).

Proof. First of all, if z € A,,('), then z € A,,(I'). So the equivalence Z,,(A\zx) = 1 &
®,,(Az) = 1/2 holds for both i = 1,2. Let us assume that Z, (Ax) = 1 for some A > 0.
Then the ordering of functions ¢, yields 1/2 = @,,(Az) < &,,(Az) which results in
Zpy(Ax) > 1. O

The following lemma shows that the seminorm Z,, satisfies a weaker version of the LUR
property for some of the vectors in £°°(T"). The proof is inspired by that of Theorem V.1.5
in [DGZ93].

Lemma 4.24. Let 0 < n < 1 be given and let z,,x € A,(I') (r € N) be non-negative (in
the lattice (>(T")) such that

222 (x) + 222 (x,) — Z2(x + 2,) — 0 as r — oo,
Then z,(vy) — x(7) for any v € I' such that x(v) > Z,(x)(1 —n).

Proof. The assumption and Lemma 4.7 yield

Zo(2) 5 Zy(x) and  Z, <”3 +2x> 2 Z,(x). (4.10)
Let us put 7 := o= and 7, := . We get from (4.10]) that

2~ 2/~ 2 )T
27,(%) +22,(%,) — Z,(Z + Z,) — 0.
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Since Z,(z) = Z,(z,) = 1, the above implies that
o= Zp(F + ) 5 2.

We may deduce from z,z, € A,(I') that ¢,(z) = 1/2 = &,(Z,) for all r € N. Also,
®,(\ H(Z + Z,)) = 1/2 for all but finitely many r € N. Indeed, if ®,(\ 1 (Z + Z,)) # 1/2,
then A1 (Z + Z,) € A} (T). Then in fact [N\, (Z +Z,)] =1 —n. As Z € A)(T), there is
¢ > 0 such that [Z] 4+ ¢ < 1—1n. By the same reasoning [Z,| < 1—1n. By the subaditivity
of [-] and these estimates one has

[T+ 2. < [z]+[2.] <2(1—n)—¢

Finally, A\, < % which can happen only for finitely many r since A\, — 2.
n
As @, is continuous at & and A\, — 2, it follows

@, (N —1)7'F) = 1/2.
Consequently

(1= A8, (A — 1)7UE) + Ay (3) — B, (A1 (F + 7)) 2 0. (4.11)

T

Let a > 1 — 7. The definition of ¢, and a compactness argument imply that for each
e > 0 there exists A > 0 such that if for the reals ¢, s, « it holds

(1) 0< g < dmax{|Z],sup, |2}

(2) a <s < dmax{|ll,.sup, ]},

(3) §<a<j and

(4) ady(q) + (1= a)dy(s) — dy(ag+ (1 —a)s) < A,

then |¢ — s| < e. Indeed, otherwise there is € > 0 such that for every A > 0 there exist
qa, Sa, aa satisfying (1)-(4) and at the same time |ga — sa| > €. By compactness, we may
assume that ga — ¢, sa — s and aax — «. Observe that ¢ —s| > ¢, a < s, a € [}, 3]
and

O‘¢n(‘]) +(1- a)¢n(s) - ¢n(aq +(1—a)s) =0.
It is now clear that we are contradicting the strict convexity of the function ¢, at the
point s.

In particular, let @ > 1 — n be such that {y € I';Z(y) > 1 —n} = {y € [';Z(y) > a}
and let v € T be such that Z(y) > a. Then for r large enough we have (\, —1)712(y) > a
so we may substitute r := 7,(7), s :== (A, — 1)7'2(7y) and « := A . It follows from (4.11]
that one has |(\, — 1)7'Z(y) — Z,(7)] — 0 as 7 — oo. Since A\, — 2 and using (4.11)), we
finally get that z,.(v) — z(v) as r — oo. O
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4.4.2 Mapping X into the “nice” space

The following system of convex functions is at the heart of our construction. We recall
that C' > 1 is the constant of equivalence between the norms |-| and ||-||, which was
introduced in Section 4.3

Lemma 4.25. There exist
e a decreasing sequence of positive numbers 6, \, 0; 0, < 2C;
e a decreasing sequence of positive numbers p, \, 0;

e positive numbers Ky, > 0 such that for each n € N the sequence (K m)m is decreas-
ing and Ky m 20; for each n,m € N one has Pn > 2Knm;

e an equi-Lipschitz system of non-negative, C'*°-smooth, 1-bounded, convex functions
{gn,m,l : Dn,l — R: n,m e N,l = 1,...,n},

where D, = [0,2nC — §,(n —1)] x [0, 1+ 2nC|, satisfying (with n,m,l € N, | < n,
resp. I <n in (A2),(A5))

(A1) gnma(t,s) =0 iff (¢,s) € [0,10,) x [0,1 4 2nC]| =: Nooy;

(A2) gnmi(t,s) > Gnmasi(t, s) + pn whenever (t,s) € Dyy \ Mussa;

(A3) if (t,0) € Dyy \ Noy, then s v— gnmi(t,s) is increasing on [0,1 + 2nC]|

and

gn,m,l<t7 1 + 2nC) - gn,m,l<t7 0) S "in,m;
(A4) Zf (ta 0) € Dn,l: then gn,m,l(ta O) = gn,m+1,l(t7 0)7

(A5) for all (t,s) € Dpy \ Ny it holds gnm(t,s) < gnmis1(t +1,8) provided
r > 0,.

(A6) Let (t,s) € Dpy \ Nua. If (tr,8r) € Dpy and t, — t and gpmi(tr, sp) —

Gnma(t,s) as r— oo, then s, — s.

(A7) The mapping (t,s) — gnmi(|t],|s]) is strongly lattice in D,,.

Proof. Let f: R — [0, +00) be defined as

0, for t <0,
f(t) = |
exp(—) for t > 0.

It is elementary (one may use Lemma to check that f(t) - (s> + s+ 1) is convex in
the strip (—oo, 107!] x [0,107!] so the function

g(t,s) :== f(107') - (107 's)* + 10" s 4+ 1)
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is convex in the strip (—oo, 1] x [0, 1]. We take for (9,,),, just any decreasing null sequence
of positive numbers such that ; < 2C, and we define

() = t— 0, 0 s
gn,m,l 9 T g (2C o 5n)n7 n,ml + QnC .

where 6,,,,, € (0,1) will be chosen later. Now since our functions g, ,,; are just shifts

and stretches of one non-negative, C*°-smooth, 1-bounded, Lipschitz, convex function, it

follows that all g, ,,; share these properties (with the same Lipschitz constant).
Properties (A1), (A4) and (A5) are straightforward, see also Figure 1.1 Notice that,

}Hn,m

1+ 2nC

-

0 Sl Sn(l+1) 2nC — (n —1)6,,

Figure 4.1:

when ¢ > 0, the function s — ¢(t, s) is increasing on [0, 1]. This implies the first part of
(A3). In order to satisfy (A2), we may define p,, as

Pn = inf {gn,m,l(ta S) - gn,m,l+1(t7 S) : l7m € NJ <mn, <t7 8) S Dn,l \Nn,l—l-l}

which evaluates as p, = ¢,,1,1(20,,,0) = f ((2—67””)0 N\, 0 as n — oo. Notice that this p,

does not depend on the choice of 6, ,,. On the other hand, in order to fulfill (A3), K, m
may be defined as

Knm 2= SUP {gnmi(t, 1+ 2nC) — gpmi(t,0) : 1 <n,(t,0) € Dy, }

which evaluates as Knm = Gnmn(2nC,1 4+ nC) — gnmn(2nC,0). We see that, by an
appropriate choice of 6,,,, (in particular, for each n € N, the sequence (0, ) should
be decreasing to zero), one may satisfy the requirements p, > 2k,,, and K, \, 0 as
m — 0o.

For the proof of (A6) let us assume that s, - s. The fact that g, (¢, ) = Gnma(t, )
uniformly on [0, 1 + 2nC] leads quickly to a contradiction.

Finally (A7) follows since g is non-decreasing in D,,; in each variable. O
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Let us fix, for each 6 > 0, some C*-smooth, convex mapping &s from [0, +00) to
[0, +00) which satisfies &5([0, 0]) = {0}, &s(t) > 0 for £ > 6 and &s5(t) =t — 26 for t > 34.
Such a mapping can be constructed e.g. by integrating twice a C'*°-smooth, non-negative
bump.

Recall that BC

(x,|.) Stands for the open unit ball of (X, |-[|).

Lemma 4.26. Let n,m € N be fized and let us define a mapping Hy, ., B(%CII-H) — (*(F,)
where F, = {(A,B) € 22 x 2. |A| <n,BC A,A#0+# B} by

Hn,mx<A7 B) ‘= Gn,m,|A| (Z 5571("@’7‘%"7)7 f(;n(HPB',I; - Z'H)) :

YEA

Then H,, ., is a continuous, coordinatewise convex and coordinatewise C*-smooth mapping,
and for each x € X such that ||x|| < 1 it holds Hypmx € Ay, j2—n,.,.(Fn) U {0} (see the

definition of the set A, s>y, . (Fn) in Lemmal[4.23).

Notice that, by the definition of &, ,, in Lemma we have always p,,/2 — Kpm > 0.
We will use the notation 7, ., := pn/2 — Knm.

Proof. When ||z|| < 1, then yields (ZWGA &, (1Qy]1,), &, (| P —x||)> €[0,1+
2|A|C) x [0,2|A|C) C D, 4. So for each (A, B) € F,, the mapping  — H,,,z(A, B)
is C''-smooth as a composition of such mappings (remember that ||-[|, is supposed to
be Cl-smooth). Also, {z — H, ,x(A, B): (A, B) € F,} is equi-Lipschitz thus H, , is
continuous. Each z — H, ,,x(A, B) is convex by application of Lemma since gpn .
is convex and strongly lattice. Because sup gnm,i(Dy,a)) < 1 for each [ < n, we get that
|Hpme|| < 1.

We are going to prove that [H, ,x| < ||Hymz|| (1= pn/2+ knm) or |Hyme|l = 0.
For any z € X and 0 > 0, let A(z,¢) := {’y €N Q| > 5}. Let x € B(%QIHD be fixed
and let us define a set £ C F,, as £ :={(A,B) € F,, : A C A(z,0,)}. Since E is finite, it
holds

[Hpmx| = [Hymo [pp| < sup{Hnmz(A,B): (A B) € F,\ E}. (4.12)

If there is no (A, B) € F,,\ E such that H, ,,(A, B) > 0, then [H, ,x] = 0 and our claim
is trivially true. We proceed assuming that H, ,z(A, B) > 0 for some (A, B) € F,, \ E.
Then

(Z &, ([1Qyl,), &, (|| Pax — xl\)) ¢ Nuja

vEA

which, by (A1) in Lemma [4.25 can happen only if C := AN A(x,0,) # 0. Since (A, B) ¢
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E., we have |C| < |A|. It follows from Lemma (A2) and (A3) that

Gn,m,| Al ( Z &, (

YEA

Qz|,) &, (| Pez — a:||)> <

< Gnm,[c] (Z &, (1Qy1l,), &, (1 P — w\l)) ~Pn

~veC

< nmc| (Z &, (1Qy[[,), ., (I Ppz — 33”)) = pn+ Ko

vyeC

for any D C C. Of course, since A(z,d,) is finite, there are only finitely many couples
(C, D) such that D C C C A(z,0,). We may therefore write

nt(AB) S | max  Hona(C,D) = ot o < [ Hulos (1= pu i)
for any (A, B) € F,,\ E. This together with (4.12)) gives [H,, x| < |[Hpm| (1= (pn/2—
Knm))- O

Lemma 4.27. Let 0 # x € B(OX,H~||) and let A be a finite subset of A such that Qx # 0
when v € A. We claim that, for all n,m € N sufficiently large, there exists a finite
Ch.m C A such that

o ACC,, and
o Hymx(Cpm, A) > (1 —Nom)Z

NMn,m

(Hpmx).

Proof. We start by defining A* := {7 €A [|@Qyz, = minaea ||an||a} and we set out

for finding C,, ,,, so that in fact A* C C), .
Let us investigate the mapping L, : B&,II-H) — (>(F,) defined as

Lny(D7E) = Yn,1,|D| (Z 5571("@73/”7)70) .

yeD

By the same argument as in the proof of Lemma[d.26] we get that [L,z] < (1—pn) || Lnz||
or Lyz = 0. Hence L,z € A, 2U{0}. If n is large enough, necessarily L,z # 0. It follows
that L,z attains a nonzero maximum. For n € N, let C,, be such that L,z(C,, D) =
| Lyz||, for some (and all) non-empty D C C,. We claim that, for n sufficiently large,
A C G,

Let us denote b := min{HQﬂ,va iy € A*} — max{||Q7x||,y cy e A\ A*}. Since
Qyz # 0 for all v € A, and for the co-nature of (||Q,z|,)ses, it follows that b > 0.
Notice that

b, =&, (min{||Q7x||,y 1y € A*}) — &, (Ina;x:{HwaH7 ty e A\ A*}) — b as n — oo.
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Let n > |A*| be so large that 9,, < &5, <min{HQﬂ,x||,7 1y € A*}) and 6,, < by,.

If A* ¢ C,, there exists 7, € A*\ C,,. If |C,| < n, then we define C,, := {7} U C,.
By our choice of n, we have that fgn(HmeH%) > 0, and so by the property (A5) in
Lemma [4.25| we get that

Guicul (Z sanmwuw),o) <ol | 3 &01@sal,).0

vECH ~eCh

contradicting that any couple (C,,, D) € F,, maximizes L,x. )
If |C,| = n, then there exists v, € C,, \ A* and we define C), := {71} UC,, \ 72. Our

choice of n yields that &, (|Q.z|,,) — &, ([@+.2],,) > dn so (A5) in Lemma implies

9n,1,n (Z §5n(HQ’7x”7)7 0) < Onin Z gtsn(HQVxH»y)’ 0

veCyp, weén

once again contradicting that any couple (C,, D) € F,, maximizes L,x. So A* C C,,.

At this moment, we leave n fixed according to the choices above and we start tuning
m. First of all, let us observe that L,x(Cy, A) > Z,, j2(Lnz)(1 — pn/2) by the moreover
part of Lemma . Since Npm /" pn/2 as m — oo, we deduce that there is some p € N
such that L,x(C,, A) > Z, j2(Lnx)(1 — 1nyp). We will work, for v € F,, with the set
M, = {u € (>(F,) : [u(v)| > Z,,/2(u)(1 — 1) }. The set M, is open and, in particular,
L,x € M(Cn,A)-

Using (A3) and (A4) in Lemma [4.25] we may sce that H, @ — Lyx in ((°(F,), [|||)
as m — oo. Since L,z is a member of the open set A, /»(F,), so will be H, ,,x for m
large enough. Similarly, the openness of M(c, 4y insures that H, ,,x € M, a) for m > p
and large enough. This means that

HmmI(Cm A) > an/Q(Hn,mI)(l - nn,p) > Znn,m(Hn,mx)(l - nn,m)

where the second inequality follows from Lemma as pPn/2 > Npm and Ny, > Ny, for
all m > p. So we may define C,, ,, := C,, for m sufficiently large. O

4.4.3 The definition of J

We came close to the definition of the norm J. First, we choose some decreasing sequence
of positive numbers o; \, 0 and we define J;,, , : B(OX n R as

Jjnm () = Eo; (Zy s (Hpm))-
Next, let J : B(%(,II'II) — R be defined as
~ 1
200N . 2 2
Pz) = |l + ) s Jimm(2)

j,n,meN

and finally let J : X — R be defined as the Minkowski functional of {x eX:Jx) <1/ 2}.
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Lemma 4.28. The function J is an equivalent norm on X which is C'-smooth away from
the origin.

Proof. To see the differentiability it is sufficient, in the light of the Implicit Function
Theorem, to show that for each # € X such that J(z) = 1, the function J is Fréchet
differentiable on some neighborhood of x with J'(z)x # 0.

First of all let us observe that, for each ¢ > 0 and 1 > 0, the composed function
£ 0 Zy : (°(F,) — R is C*°-smooth and LFC in A, (F,) U {0}. Of course it is — we know
it already for points in A, (F),) and clearly, there is a neighborhood U of 0 € F,, such that
§s © Z, is constant in U.

First assume that ||z|| < 1. It follows from Lemma and from Lemma that
each J;, ., is C'-smooth at z. Further we claim that there is a constant K > 0 such
that each Jj,, ., is nK-Lipschitz. Indeed, there is a constant K’ > 0 such that H,,, is
(1+2nC) K'-Lipschitz for all n,m € N; Z, is 2-Lipschitz for each 0 <7 < 1/2 and &, is 1-
Lipschitz for each o > 0. It follows that J is K”-Lipschitz for some K” > 0. The calculus
rules now lead to the conclusion that J is Fréchet differentiable on a neighborhood of any
z € X such that ||z|| < 1. Let z € X such that J(z) = 1. Then |z|| < 1/2, so J is
Fréchet differentiable at 2. Also, the convexity of .J and the fact that J(0) = 0 imply that
J'(z)z > 0.

Finally, 2 ||z|| < J(z) < 2K"||z| where the second inequality follows from the K-
Lipschitzness of J. 0

Lemma 4.29. Ifz € X and (x,),eny C X are such that
2|2 |1* + 2 [[|2 ]I = ||z + 2, /||* — 0 as r — oo (4.7)

is satisfied, then for each ¢ > 0 there is a finite subset A of A such that Q x # 0 for
v €A, ||Paz — z|| < e and ||Pax, — x| < € for all r sufficiently large.

Recall that |||z|||*> = ||z|* + N?(z) + J*(z).

Proof. We may assume, that J(z) = 1. We start by finding a finite A C A such that
|Paz — z|| < €/2 and such that Q,z # 0 for v € A. This is possible by Lemma [4.14]
Now we will just show that | Pax, — 2, || — ||Paz — z||.

It follows from and from the uniform continuity of J on bounded sets that

72 72 B

By the convexity of the terms in the definition of J, we get that

J2 ;) + J?
],n,m(x ) ],n,m(‘r> - J2 (33' —gmr) —0as k — . (414)

2 J,n,m

for each j,n,m € N.
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Let us borrow the notation L,z from the proof of Lemma [£.27 Let us recall that
H,mx > Lyx > 0 (in the lattice £°(F),)) for all m € N. There is some ny € N such that
for all n > ng we have that L,z # 0. Hence Z,, . (Hymx) > Z,, . (Lnx) > Z,,  (Lpx) > 0
for n > n,, and m € N. Therefore for each n > ng there exists 7, € N such that for all
J > jn and all m € N one has J,, ,, > 0. Since, for n > ng,m € N and j > j,, (4.14)) is
equivalent to

hm Jj,n,m(xT) — J]ml’m(ﬂj) = hm Jj,n,m (x'r ;_ .ZU)

and & [(s,+00) has a continuous inverse, it follows that

2 Nn,m n,m 9

for all n > ny and m € N. Since x — H, ,x(A, B) is convex and non-negative for each
(A, B) € F, and since Z,, . is strongly lattice and convex it follows

72 (Hy i) + 22 (Hym®
o Drellont Inn Bt 2 (1 (25)) 2

2 2
> Znn,m (Hn,majr) ;— Znn,m (anmx) Z72]n . (Hn,m-rr ;‘ Hn,mm) >0

for every n > ng and m € N. Let us fix n > ny and m € N both large enough in
the sense of Lemma [1.27] We also require that 8§, < ||Paz —z|. By application of
Lemma , we obtain a set C,,,, such that v := (C),,,, A) € F, satisfies the assump-
tions of Lemma [4.24, Thus, using this last mentioned lemma, we may conclude that
Hymxr (Crmy A) — Hy i x(Chmy A) as 7 — 00.

To finish the argument, we employ Lemma to see that

Y GllQyall,) = Y &.(1Qqll,) as T — oo

’YECn,m "/ecn,m

and we apply Lemma @ (A6) on the function gy m,c, |- This leads to the convergence
&, (|| Paxr — x||) — &, ([[Pax — x||) which in turn means that | Pax, — .|| — ||Paz — ||
because of our choice of n. O]

4.4.4 J is a limit of C*-smooth norms

In the end of all we are going to show that .J is a limit of C*-smooth norms. A self-evident
choice for the approximating norms J; is as follows. Let us define

H,, (A, B) = g, (Z &, (1@l ), &, (1 P — xll)) :

YEA
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Tinani(®) = Eoy (Zny o (Hy, ),

- 1
‘]12('9:) = ||:L‘||2 + Z 9j+n+m ‘]jz,n,m,z(l‘)

1<j,n,m<i

and J; as the Minkowski functional of {x €X:Jizx) < 1/2}. As a finite sum of C*-

smooth functions, J; is C*-smooth. The Implicit Function Theorem implies the same

about J;. Moreover 2 ||z|| < J;(z) < 2K" ||z|| as in the proof of Lemma Let € > 0 be
2 (2) — J*(2)

given. We will show that there is an index iy € N such that < ¢ whenever

2
|z|| < 1 and i > 4g. For this it is sufficient that (%) < /2 and

2
Z j+n+m < 6/2

max{j,n,m}>io

because then, for each 7 > i,

P -F@|E Y s @ = R+ Y o ()

1<j,n,m<i max{j,n,m}>ig

1 /207
< Z 9j+n+m (z_2) tef2<e

1<j,n,m<i

where in the second inequality we are using (4.6) and (1 — ) lzll, < llzll,; < llzll, to

estimate the first term and J;,, ,,,(z) < 2 for HwH < 1. This proves that J; — J uniformly
on Bl -

Now let us observe that, since .J(0) = 0, we have the estimate

1

%|>\—1| < 'ﬁ—j(m (4.15)

for all # € X such that J(z) = %, or equivalently such that J(z) =

We assume that there is a sequence (x;) C B(X,H-II) such that J(x,) — J(x;) » 0.
Let ¢; > 0, resp. d; > 0, be such that J(¢z;) = 1, resp. Ji(d;x;) = 1. It follows that
A= Cclz — 1 so we may and do assume that there is some € > 0 such that |\; — 1| > 2¢ for

all i € N. On the other hand, since ||d;z;|| < 5 and since J; — J uniformly on B(X ) We

J(\iciz;) — J(dx,)‘ < ¢ for i large enough. Thus, having in

get that |J(\icsz;) —
mind (4.15)), we obtaln ])\ — 1] < 2e. As aresult of this contradiction we see immediatelly
that J; — J uniformly on bounded sets.
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Chapter 5

A parametric variational principle

In this chapter we investigate a possibility of parametrizing the following theorem.

Deville-Godefroy-Zizler variational principle ([DGZ93]). Let (X, ||-||x) be a Banach
space. Let (Y, ||-[|y) be a Banach space of bounded real functions on X satisfying

)l < -1y
(ii) Y contains a bump,

(iii) if g € Y then g(a-) € Y for alla >0, 7,9 € ¥ and |1,gll,, = |lglly, for allz € X
where T,9(x) = g(z —y).

Let f : X — (—o00,+00] be lower bounded, l.s.c., proper function. Then the set of
functions g € Y such that f + g attains its strong minimum is a dense Gs subset of

V.
In order to have a good starting point we consider the following problem.

Problem 5.1. Let II be a topological space, X be a Banach space, and let ) be a fixed
space of continuous functions, we call them perturbations, from X to R. Given a function
f 1l x X — (—o00,+00] which satisfies the following, we call them minimal, conditions:

(M1) for every p € II the function f(p,-) is proper, l.s.c., lower bounded,

(M2) for every z € X the function f(-,z) is a continuous function from II to
(—00, +00] with its usual topology,

is it possible to find A : Il — Y and v : I — X continuous such that

f(p,v(p)) + Alp)(v(p)) = inf {f(p,z) + A(p)(z) : x € X} (5.1)

for every p € 117

97
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First let us comment on the minimal conditions. These requirements are quite nat-
ural. Indeed, (M]1]) is a usual condition of nonparametrized variational principles (Eke-
land, Borwein-Preiss, DGZ) and there is no reason why a parametrized version should
hold under more general assumptions. In fact, the solution of Problem for the case
[T=singleton is exactly a nonparametrized variational principle. The necessity of ( is
obvious, consider e.g. Il =R = X, f(p, ) = dfsign(p)} (¢) where sign(p) = % if p # 0 and
sign(0) = 0; 4 is the indicator function of a set A C X, i.e. d4(z) =0 if x € A otherwise
da(z) = +o0.

Nevertheless, Problemhas, in its general form, a negative solution (see Section.
The main theorem of this chapter (Theorem gives a positive answer to the problem
when II is a paracompact space, ) is a certain (see Notation cone of Lipschitz
functions and provided f (apart from obeying (M])), (MZ2])) is convex in the second variable
and satisfies an equi-lower semicontinuity condition (see (AZ) in Theorem which
leads essentially to the lower semicontinuity of inf f(-, X) (see Proposition . In
this situation we show that the set of the functions A which satisfy is residual in
C(I1, ) equipped with the fine topology (see Definition . This topology enjoys two
important properties, it is finer than the uniform topology on C(II, ) and it is Baire. The
latter makes it possible to prove the main theorem in the spirit of the proof of the DGZ
variational principle, replacing the points in X by continuous functions from II to X. The
additional assumptions appear due to the use of a variant of Michael’s selection theorem
in the proof (see Section [5.2)). This includes, apart from the requirements mentioned
above, the requirement of Il being paracompact. On the other hand, we demonstrate in
Section that none of the additional assumptions (convexity, equi-lower semicontinuity)
can be dropped without replacement.

The organization of this chapter is the following. In Section we describe general
conditions on the space of perturbations ), we give some concrete examples of spaces
which meet these requirements. We also define and examine the fine topology on the space
C(I1, ). In Section we present a version of Michael’s selection theorem (Lemma
and some lemmata involving the equi-lower semicontinuity (Lemma might be of
independent interest). In Section we state and prove the main theorem. We state
a corollary which can be understood as a localized version of the main theorem and
essentially includes as special cases the theorems of Georgiev [Geo05] and Vesely [Ves09).
Section gives some examples to illustrate the limits of the main theorem.

Throughout this chapter, (X, ||-||) will be a Banach space. For a function g : X —
(—o00, +00] we denote dom(g) its effective domain, i.e. dom(g) = {z € X : g(z) < +o0}.
We say that g is proper if dom(g) # 0.

5.1 Space of perturbations

Definition 5.2. Let X be a Banach space. A nonnegative convex function b : X — R
is called a conver separating function if for some ¢ > 0 the set {x € X : b(z) < ¢} is
nonempty and bounded. Observe that then {x € X : b(z) < &'} is nonempty and bounded
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for all &’ > e.
One of the important properties of a convex separating function is described next.

Lemma 5.3. Let b : X — R be a convex separating function. Then for every xqg € X
there exist c,, > 0 and Cy, > 0 such that

b(x) = blwe) = ey [l — woll
Jor all z € X \ Bx(xo,Cy,)-

Proof. Since b is a convex separating function it is easily seen that there exist z € X,
¢ > 0and C > 0 such that b(z) —b(z) > c|jlxz — z||y for z € X\ Bx(z,C). Now let 2y € X
be given and let us estimate

b(x) — blo) = (b(x) — b(2)) + (b(z) — b(ao)) = cla — ][y + (b(=) — b(a))
> clle — aollx — ¢lleo — 2Ly +b(z) — b(ao)

c Cc
> =z = aolly + {3 Il = wollx = cllzg = 2llc +b(z) = blzo) §

when z € X \ Bx(z,C). Observe that the term in curly braces becomes positive when
|z — 20l x is sufficiently large, say larger than some D > 0. We therefore put ¢, := §
and Cy, > D so large that Bx(z,C) C Bx(xg, Cy,). O

Notation 5.4. We will denote ) some set of convex, Lipschitz functions from X to
[0, +00) such that

(i) Y is a complete positive cone under the norm

l9(x) — g(y)|

cx,y € X, z;«éy}
”ﬂf—yHX

lglly = 9(0) + sup{

(ii) Y contains some convex separating function b

(iii) if g € Y then g(a-) € Y for all @ > 0, g —inf g(X) € Y, and 7,9 € Y for all
y € X where 1,9(z) = g(z — y).

Traditionally, for a norm |-|| on X with a certain smoothness, 1/1 + ||-||* is a Lipschitz
convex separating function with the same smoothness. Thus we may take for Y

(1) all convex, Lipschitz functions from X to [0, +00),

(2) all convex, Lipschitz functions from X to [0,4+00) which are moreover Gateaux
differentiable, provided ||-||y is Gateaux differentiable

(3) all convex, Lipschitz functions from X to [0, +00) which are moreover Fréchet dif-
ferentiable, provided ||-||y is Fréchet differentiable.
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Remark 5.5. In fact, if there exists a Fréchet (resp. continuous and Gateaux) differen-
tiable convex separating function b defined in X, then X admits a Fréchet (resp. Gateaux)
differentiable norm.

Indeed, let us assume without loss of generality that C' = {x € X :b(x) < 1} is
nonempty, bounded and symmetric. In particular C' contains 0. Since b is continuous, the

set C'is open. Let ||| - ||| be defined as the Minkowski functional of C' (see Definition [4.5)).
It follows that ||| - ||| is an equivalent norm on X. Let us denote b, € X* the Gateaux

derivative of b at z € X. Let # € X be such that b(z) = 1. First observe, b, separates
C from z. This is easy since {¥,} = 9b(z) and by the definition of the subdifferential one
has b(y) —b(z) > U, (y) — b (z) for all y € X. So bl (x) > b (y)+b(z) —b(y) > . (y) for all
y € C. Tt is immediate that ¢, := b;b_éc) is a tangent to Bx j.) = C at such a point z, i.e.

t. € O|||z|||. Really, 1 =t,(z) = sup{ Z’ig’ Ly € C’}. We claim that t, is the Fréchet
(resp. Gateaux) derivative of ||| - ||| at any = such that |||z||| = 1. In order to prove the
claim we further define ¢, for all x € X \ {0} by ¢, := |||2]|| t2/|z)- By the homogeneity,
t, is a tangent to |||z]||C" at x. If b is Fréchet (resp. Géteaux) differentiable, then the
mapping = + b, is norm-to-norm (resp. norm-to-weak®) continuous. It follows that the
mapping z +— t, is a norm-to-norm (resp. norm-to-weak*) continuous selection from the

subdifferential ||| - ||| so Proposition 2.8 in [Phe93] gives the conclusion.

If IT is a Hausdorff topological space, we denote C(II,)) the positive cone of all
continuous mappings from II to ) together with the fine topology — the definition follows.

Definition 5.6 (cf. [Mun00]). The fine topology on C(II,Y) is the one generated by the
neighborhoods of the form

Bgine(f.0) = {9 € CALY) : || f(p) — 9(p)lly < d(p) for every p € II}
where f € C(IL, ), § € C(I1, (0, +00)).
Lemma 5.7. The fine topology on C(I1,)) is Baire.

We include the standard proof for the sake of completeness.

Proof. In fact, the assertion is true whenever ) is a complete metric space. Let (G},) be a
sequence of dense open sets in C'(II, )) and let V' by any open set in C(II, ). We claim
that there exist sequences (f,) C C(II, ) and (8,) C C(II, (0, +00)) such that

i Bﬁne(fn-i-la 6n+1) - Bﬁne(fn,(sn),
® SUPpermn 6n(p) < 1/77/

o and B o(fn.0n) CV NN, Gi
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Indeed, let us assume that we have constructed fi,..., f, and d,...,d, with the above
properties. Since Gy,11 is dense and open we have By o(fn, 0n) N Gry1 O Bgpe(f,20) D
Banel(f,0) D Bgpe(f,6) for some f € C(ILY), 6 € C(IL, (0, +00)). Without loss of
generality we may assume that sup 6(II) < 1/(n + 1) so clearly the above conditions are
satisfied for f,,.1 := f and §,+1 := 4.

Since ) is complete, this yields that lim f,,(p) = f(p) exists for every p € II. Moreover,
f is a uniform limit of continuous functions f,, which makes it continuous itself and last
but not least f € Bppo(fn,0n) C iy GiNV for every n € N. Thus ()2, G; is dense in
C(IL, V). O

5.2 The existence of an approximate minimum

A principal step, common in the proof of all parametrized variational principles (cf. [Geo05)],
Ves09]), is the use of some variant of Michael’s selection theorem.

Lemma 5.8 (Selection Lemma). Let IT be a paracompact Hausdorff topological space and
e € CII,(0,+00)). Let f: 1l x X — (—o0,+00] satisfy

(a) for every p € 11, the function f(p,-) is proper, lower bounded and convet,
(b) for every x € X, the function f(-,z) is u.s.c. from Il to (—oo,+o0],
(¢) the function inf f(-, X) is l.s.c. from II to R.
Then there is a continuous function ¢ € C(I1, X) such that f(p, p(p)) < inf f(p, X)+e(p).

Proof. For each x € X we define U, = {pell: f(p,z) <inf f(p,X) +e(p)}. By the
assumptions (b) and (c), U, is open. By the lower boundedness of f(p,-), the system
{Us},ex covers I Let {4}, 4 be a locally finite partition of unity subordinated to
{Us},ex- For every s € S we find some U, such that suppt, C U, and we define
xs = 2. Now @(p) := > s ¥s(p)xs satisfies the required property. Indeed, f(p,p(p)) <

Yoses Us(0) f(p, ) < D ucq ¥s(p)(inf f(p, X)+e(p)) where the first inequality follows from
the convexity of f(p,-) and the second one from the fact that p € U, if ¥(p) # 0. O]

In order to verify the condition (c) of the previous lemma we look for certain sufficient
conditions (see Proposition [5.11]). One of them is the equi-lower semicontinuity which we
define in such a fashion that allows us to handle the functions with extended values.

Definition 5.9. We say that a system {f, : s € S} of functions from a topological space
IT to (—o0, +0o0] is equi-l.s.c. at py € II if for every a > 0 and every K > 0 there exists
an open neighborhood U of py such that for all p € U either fs(po) — a < fs(p), when
s € S satisfies fs(py) < +00, or K < fs(p), when s € S satisfies f5(pg) = +o00. A system
{fs:s €S} is equi-l.s.c. if it is equi-l.s.c. at every pg € II.
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Observe that when {fs: s € S} is equi-l.s.c. at pg, {gs:s € S} is equi-l.s.c. at py,
—00 < infeg fs(po) and —oco < infseg gs(po), then {fs + gs : s € S} is equi-l.s.c. at py.

Observe that, when all f; are real-valued, we may equivalently say that {fs:s € S}
are equi-l.s.c. if for every po, (fs(po) — fs(p))t — 0 uniformly with respect to s € S as

P — Do-

Lemma 5.10. Let {fs:s € S} be an equi-l.s.c. system of functions from a topological
space I to (—oo, +00]. Then infycg fs is l.s.c.

Proof. Let us fix pg € II. If infsc s fs(po) = 400, the conclusion follows immediately from
the definition, so we suppose that infscg fs(po) < +00. We choose K > infeg fs(po) and
e > 0 arbitrarily. The equi-l.s.c. property provides an open neighborhood U of p, such
that, for all p € U, fs(po) —e < fs(p) if s € S'is such that fs(py) < +o0 and infics fi(po) <
K < fs(p) if fs(po) = 4+00. Consequently, infses fs(po) — & < infses fs(p)- O

Let us abbreviate fa(p,z) for f(p,x) + A(p)(x), when f : II x X — (—o0,+00],
AeCIL,Y),pell and z € X.

Proposition 5.11. Let I be a Hausdorff topological space and let f : TIx X — (—o0, +0]
satisfy (M), (MP), i.e.

( for every p € 11 the function f(p,-) is proper, l.s.c., lower bounded,

(M2) for every x € X the function f(-,x) is a continuous function from II to
(—o00, +00| with its usual topology,

and moreover

(A1) for every p € 11, f(p,-) is convex,

(A2) {f(-,x):x € D} is equi-l.s.c. whenever D C X is bounded.
Let us fir A € C(I1,Y) and consider the following assertions

(i) the set-valued mapping Da(p) = {x € X : fa(p,x) < inf (fa(p, X)) + 1} is lo-
cally bounded;

(i) the mapping p — inf fa(p, X) is continuous from I1 to R.

Then (i) implies (i), and there is a dense set A C C(I1,Y) such that (i) holds for every
Ae A

A key observation permitting to prove the proposition is in the following lemma.

Lemma 5.12. Let f : Il x X — (—oo0, +o0] satisfy (M), (M2)), (Al) and (AR)). Then for
all po € 11, all xy € dom(f(po,-)) and all € > 0 there are an open neighborhood V°(py)
of po and r¥°(py) > 0 with

f(p,x) = f(p,w0) = =€ ||z — wollx

for all p € V2(po) and all ||z — xol|x > 72°(po).
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Proof. Let py € 11, zy € dom(f(po,-)) and € > 0 be fixed. By (, in particular by the
continuity of f (-, x), there is an open neighborhood U of py such that s := f(po, xo) +1 >
f(p,xo) for all p € U. Let us denote ¢ := inf f(py, X)—1 and let us choose a positive R > 0
such that (s — ¢)/R < e. By the assumption (A2) there exists an open neighborhood V
of pp, V. C U, such that f(p,z) > ¢ for all p € V and all x € Bx(xo,R). Let z € X,
|z — xol|y > R. Set z :=x¢ + R\\zi;i(\)|x' For p € V we have

f(p,2) — f(p,w0) _ f(p,x) — f(p,x0) S 975,

Iz = ol x 2 = zollx R

>

where the first inequality follows from the convexity of f(p,-). Thus we set V*0(py) :=V
and r2°(py) := R. O

Lemma 5.13. Let A € C(I1,Y) and D be a bounded subset of X. Then {A(-)(z) : z € D}
are equi-continuous functions from II to R.

Proof. Let us fix py € Il and € > 0. Since A € C(II,)) there is an open neighborhood U
of pg such that
[A(po) — A(p)ll;, < € for every p € U.

It follows that

[A(po)(z) = Ap)(x)] < |A(po)(0) = A(p)(0)| + e [|lzllx < (1 + [zl x)e
so the set in question is equi-continuous at pq. ]

Proof of Proposition[5.11. We first prove that in fact (i) implies (ii). Let pg € II be fixed.
Then there is a neighborhood U of py and a bounded set £ C X such that Da(p) € E
for all p € U. By the definition of D we have

inf {fa(p,x):x € X} =inf{fa(p,z) : 2 € E} (5.2)

forallp € U. By Lemmal5.13|and by the assumption (A2), the functions { fa(-,z) : z € E}
are equi-l.s.c. Using Lemma and , we conclude that inf fa (-, X) is L.s.c. Clearly,
inf fa(-, X) is u.s.c. as an infimum of continuous functions.

We will now show that there are densely many A € C(II,)) satisfying (i). Let
A € C(II,Y) and € € C(II, (0, +00)) be given. We put h(p)(z) := b(z) - (p) and
A" := A+ h where b € ) is a convex separating function, [[b|l,, < 1. It follows that
1)y = () [[blly, < e(p) for all p € T thus A’ € Bg, (A, €). Recall that Lemma [5.3]
insures that for each zo € X there exist ¢, > 0 and C,, > 0 such that b(x) — b(xy) >
Cao || — 20|y for all x € X \ Bx(xg,Cy,). We therefore have

h(p)(x) = h(p)(x0) = e(p)cay [l — ol x (5.3)

for all p € I and ||z — ||y > Cy,. Now Da: is locally bounded.
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Indeed, let us fix py € IT and 2y € dom f(py, ). Then there are an open neighborhood
U of pp and n > 0 such that infe(U) > 2n/c,,. Since fa satisfies (M1), (M2), (A1) and
(A2), we apply Lemma for fa in order to obtain V;7°(po) and 77°(po). Without loss
of generality V*(po) C V and r;°(pg) > Cy,. This and imply the estimate

faen(p:x) = farn(p, 20) 2 e(p)eay [l = wol x = nllw — zollx Z 0l — wollx

for p € V7°(po) and ||z — x| > 77°(po). It follows that Das(p) C Bx(wo, max{r;°(po), %})
when p € V*(po). O

5.2.1 Interesting facts about convex functions

In the final part of this section we collect some interesting observations which help to
understand the effect of the assumptions (M), (M2)), (All)) and (AR). These observations
are not used in the proof of the variational principle but we will use them in Section [5.4]
First is a corollary of Proposition [5.11]

Corollary 5.14. Let II, X and f be as in Proposition |5.11| and moreover dim X < co.
Let py € 11 be such that A = {x € X : f(po,z) = inf f(po, X)} is bounded. Then the
function inf f(-, X) is continuous at p.

The corollary, even if A is just a singleton, does not hold in the case dim X = oo. This
can be seen in Example [5.25

Proof. We may assume that 0 = inf f(po, X) and 0 € A C $Bx. The lower semicontinuity
of f(po,-) and the compactness of Sx yield that inf f(pg, Sx) > a for some a > 0. We
may find, using (M2) and (A2), a neighborhood U of py such that f(p,0) < a/3 and
inf f(p,Sx) > 2a/3 for all p € U. The assumption (Al) then implies that f(p,z) >
§lz|lx for each p € U and each |[z][y > 1. In particular, the set-valued mapping
Do(p) ={z € X : f(p,x) <inf f(p, X) + 1} is bounded at U. Applying Proposition [5.11]
we get that inf f(-, X) is continuous at py. O

Remark 5.15. Let II be a metrizable space. If we suppose that f maps II x X into R,
i.e. it has no infinite value, and satisfies (ML), (M2)) and (All), then {f(-,z) : x € K} is
equi-l.s.c. for any compact K C X. In particular, f satisfies ( automatically provided
dim X < oo and II is metrizable.

Indeed, for any p € I1, the function f(p,-) is continuous as it is convex, Ls.c. and with
finite values (see [Phe93|, Proposition 3.3]). Assume that {f(-,z) : € K} is not equi-ls.c.
for some compact K C X. Then, since II is metrizable, there are p € Il and (p,) C II,
Pn — D, so that f(p,,-) does not tend uniformly on K to f(p,-). But f(pn,:) — f(p,-)
pointwise on X by ( so we get a contradiction with the lemma below.

Lemma 5.16. Let f and f,, n € N, be real continuous convex functions defined on an
open convex subset V of a Banach space X such that f, — f pointwise on V. Then
fn — f uniformly on compact subsets of V.
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Proof. Let K C V be a fixed compact. First we will show that for every € > 0 there exists
no € N such that for all n > ng, x € K one has f(x) —e < fu(x), ie. (f—fu)t —0
uniformly on K, i.e. {f(-,x):x € K} is equi-Ls.c. where f: (NU{oo}) x V — R such
that f(n,z) = fu(x) and f(oco,z) = f(x).

Let us assume that it is not true. Then there exist € > 0 and a sequence (z,) C K
such that, without loss of generality, for all n € N,

Falwa) < () — <. (5.4)

We may assume, by the compactness of K that x,, — x € K. Since f, — f pointwise in
V', we may use a Baire category argument to get a nonempty open set U,./4 C V such
that for all z € Up./4 and all n > p we have

€

1al2) = 1)) < 5

Further, by the compactness of K and the continuity of f, there exist A € (%, 1) and a
nonempty open subset U of U, /4 such that for alla € K, b€ U,

(5.5)

fAa+ (1 =X)b) — (Af(a)+ (1 =N f(b)) > —Z. (5.6)

This requires a proof: fix any ¥ € U,./s and observe that F(z,y,\) = f(Az — (1 —
Ny)— (Af(z)+(1—=X)f(y)) is continuous on K x V x [0, 1]. Further F(a,b',1) = 0 for all
a € K. So for each a € K there are a neighborhood U, of a, a neighborhood V, of b and an
interval I, = (A, 1] such that F(z,y, \) > —¢/4 for all (z,y, \) € U, xV, xI,. The system
{U, : a € K} is an open cover for K. We find its finite open subcover {U,,,...,U,, } and
define U = V,, N--- NV, and A € (3,1) such that A > A,,,..., A,,. The set U is
nonempty and open as a finite intersection of open neighborhoods of & and obviously
satisfies our claim.

It is possible to find & € V such that for any n sufficiently large there are z, € U such
that

T=Ar, + (1 =Nz,

Indeed, choose any z € U and set & := Az + (1 — \)z, z, := ‘”:i" Hence by we
have f(Z) 4+ £ > Af(x,) + (1 — A) f(2,). It follows

(@) < Afulzn) + (1 = AN) fu(2,) by the convexity of f,
< A(f(@a) =€)+ (L= N (f(z) + 7)  from () and
Sf(:%)+i—>\g+(1—)\)i gf(;z)_i

which contradicts f,,(Z) — f(Z). So we have (f — f,)* — 0 uniformly on K.

On the other hand, if we set F,,(z) := sup {f.(x) : m > n} for y € V, we have that
F,, is a convex, lower semicontinuous function as the supremum of such functions and
F, \\ f pointwise. Hence F, is real-valued. We may use Proposition 3.3 in [Phe93] to
see that F, is in fact continuous on V. By Dini’s theorem, F,, — f uniformly on K thus
(fn — )T — 0 uniformly on K. O
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Remark 5.17. Let us weaken the assumptions of the lemma in the following way. Let
K C X be a convex compact set. Let f and f,,, for n € N, be continuous and convex on K
such that f, — f pointwise on K. Then these assumptions are not enough to prove that
fn — [ uniformly on K. Indeed, let X = {1, K =co{%} (where (e,) is the unit vector
basis) and f,(z) = —nz(n). Then f, — 0 =: f pointwise, but not even (f — f,,)" tends to
0 uniformly on K. To be sure, let x € K and let us prove that f,(z) — 0. By Choquet’s
theorem |[FHHT01] there exists a probability measure i on K with p,(ExtK) = 1 such
that for all f € (¢1)* one has f(x) = [, f(2)dps(2). Since < — 0, one may see (with the
help of Milman’s theorem [FHH*OlJ) that ExtK = {%’} U {0}. Let us denote z; := < for
t € N and 2y := 0. The probability measure p, is therefore nothing else than a sequence
(A\i)2, of positive numbers such that > A; = 1 where p,(z;) = A; for i € NU {0}. We
evaluate f,(z) = [i fu(2)dpa(2) = 20720 Nifa(2i) = =Xy — 0 as n — oo.

5.3 Parametric variational principle

Recall that a function h : X — (—o00, +00] attains a strong minimum at a point x € X if
it attains minimum at the point  and every minimizing sequence converges to x, i.e. for
any sequence (z,) C X one has that h(z,) — h(z) implies z,, — x.

Theorem 5.18. Let II be a paracompact Hausdorff topological space. Let f : 11 x X —
(—00, +oc] satisfy (M), (M), (AT) and (AB), i.c.

(M) for every p € II the function f(p,-) is proper, Ls.c., lower bounded,

(M2)) for every x € X the function f(-,x) is a continuous function from II to
(—o00, +00| with its usual topology,

(All) for every p € 11, f(p,-) is convez,
(AR) {f(-,z) : © € D} is equi-l.s.c. whenever D C X is bounded.
Then the set

M = {A e C(ILY) : there is v e C(II, X) such that
f(p,*) + A(p) attains its strong minimum at v(p) for all p € H}

is residual in C(I1,Y). Moreover, if A € M, then p — inf fa(p, X) is continuous.

In particular, for every e € C(11, (0, +00)), there are A € C(I,Y) and v € C(II, X)
such that |A(p)lly, < e(p) and f(p,-) + A(p) attains its strong minimum at v(p) for all
p e Il.

We remind that we are abbreviating fa(p,z) := f(p,z) + A(p)(z) whenever A €
C(II,Y), p eIl and z € X. For the proof we will need one last elementary lemma.
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Lemma 5.19. Let I be a paracompact topological space, ¢ : II — R be locally bounded.
Then there exists a continuous function ¢ : I — (0,+00) such that |p(p)| < w(p) for all
p e Il.

Proof. For every p € II we find an open set U, > p and a constant ¢, such that ¢(U,) C
(—¢p, cp). Since I is paracompact we may find a locally finite partition of unity {¢s}, ¢
subordinated to the open cover {U,} of II. For every s € S we define ¢, := ¢, for some
p € II such that suppy, C U,. The function (p) := > .ss(p)cs then satisfies the
required property. O

Proof of Theorem [5.18. Let us consider, for every n € N, the set
U, = {A € C(I,Y) : there are v, € C(II, X) and § € C(II, (0, 4+00)) such that

fa(p,vn(p)) +d(p) < inf {fa(p,ﬂf) e —va(p)llx > %} for all p € H}-

Claim. U, is open in C(II, )).

Let p € II be fixed and let us abbreviate f = f(p,-). Let g; € ) satisfy

o)+ an(en) 4 < nt {0+ gn(0) <o = vl 2 1

for some v, € X and for some > 0. Let g, € Y such that [g1 — g2]ly, < %*. Then

91(vn) — g2(v) — 91(2) + g2(2) > =% 2

- L for any z € Sx(v,, 1). Hence

N S

f(2) + 92(2) = f(2) + 91(2) + g2(vn) — g1 (vn) —

N S

> f(vn) + g1(vn) + 0 + g2(vn) — g1(vn) —

Z f(vn) + gZ(Un) + g

Since f + go is convex, it follows that for any z € X, ||z — v, > %

F(2) + g2(2) > F(va) + gavn) + g

Now if Ay € U, with v, € C(II, X) and 6 € C(II, (0, +00)) and Ay € Bg (A1, %) then
Ay € U, (with the same v,, and with 6/2), so U, is open.

Claim. The set U, is dense in C(II, )).
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Let A € C(II,Y) and € € C(II,(0,1)). We need to find A" € C(II,Y), A" €
Bane(Ae), 6 € CIL, (0, 4+00)) and v, € C(II, X) such that

) +000) < 0t { ) e = a0l 2 2}

n

for every p € II. Thanks to Proposition [5.11] it is enough to consider such A that the
function p — inf fa(p, X) is Ls.c. and

Da(p) ={x € X : fa(p,z) <inf fa(p, X) + 1}
is locally bounded. Let b € Y be a convex separating function such that
(B1) [[blly <2 and for all y € X, [|7,b[;, > 1,
(B2) b(0) + + < inf{b(x) el > %}

Let T : II — (0,+0c0) be defined as T'(p) := sup{||TybHy :y € Da(p)}. Then T is
locally bounded. Let ¢ be the continuous function that comes from Lemma [5.19] and
satisfies T'(p) < ¢(p). We may assume that ¢ > 1 and use Selection Lemma [5.8| to find
v, € C(I1, X) such that

e(p)
4ng(p)

for every p € II. Since the fraction above is smaller than 1, we infer that v,(p) € Da(p)
and consequently HTvn(p)bH y < ¢(p). We define

b(z — va(p)) - e(p)
2 HTUn(p)bHy

It is obvious that h € C(II,Y) and ||h(p)|,, < e(p) for all p € II, thus A" € Bg (A, €)
for A" defined as A’ := A + h. It follows that for every p € 11

f@,vn(p)) + A'(p)(vn(p) = fa(p, va(p)) + M(p)(vn(p))

<inf fa(p, X) + h(p)(va(p)) +

fap,va(p)) <inf{fa(p,z): 2 € X} +

h(p)(x) :=

e(p) (5.7)
4nep(p)

If pell, z € X and ||z — v,(p)|lx > +, then by (B2) and the definition of h we get

e(p)

hp)(@) 2 b)) + 5o
Un (P Yy

which we use immediately in the following estimate

[, x) + Al(p)(x) = falp,z) + h(p)(z)
> inffA(p,X) —|—h(p)(x) (5.8)

> inf falp. ) + HE)en(p) + (b + )
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where

_e(p) 1 1
é(p) = on (HT’Un(P)bHy 290(10)) >0

Combining ((5.7) and ((5.8) we conclude that A" € U,, which shows that U, is a dense part
of C(I1, Y) and the proof of the claim is finished.
Consequently, by Lemma , Mnen Un is a dense Gs-subset of C(IL, ).

Claim. U, C M;i.e. if A € (\U,, then there is v € C(II, X) such that fa(p,-) attains
its strong minimum at v(p) for every p € II.

Indeed, for each n € N| let v, € C(II, X) be such that

Fa(p,vn(p)) < inf {mp, o)t o — vn(p)lx > 1}.

n

Clearly for every p € II, |[um(p) — va(z)|x < = if m > n (otherwise, by the choice of
U, we would have fa(p,vm(p)) > fa(p,vn(p)) as well as, by the choice of v,,, we have
the opposite strict inequality for every p € II, which is a contradiction). Therefore (v,)
is Cauchy in C(II, X) (with the norm |-|| from C,(II, X)) and it converges to some
v e C(II, X). Let us fix p € II and use the lower semicontinuity of f(p, -)

fa(p,v(p)) < liminf fa(p, va(p))

< lim inf [inf {fA(p, z) |z —va(p)llx = lH

n— o0 n

< inf{fa(p,z) : 2 € X\ {v(p)}}.

So v(p) is a point of minimum for fa(p,-). To see that the minimum attained at v(p) is
strong, assume that (z,) C X is a sequence in X such that fa(p,z,) — fa(p,v(p)) but
zn - v(p). For some subsequence of (z,) which we will call again (z,) and for some p € N
we have ||z, —vp(p)|ly = 1/p for all n € N. Consequently

falp,v(p)) < falp,vp(p)) < inf {fa(p,z) : [z —vp(p)|lx > 1/p}
< fA(pa Zn)

for all n € N which is contradictory to fa(p, z,) — fa(p,v(p)). So the proof of the claim
is finished.

Finally, let A € M and py € II be fixed. We will show that p — inf fa(p, X) is
continuous at py. Indeed, let v € C(II, X) such that fa(p,v(p)) = inf fao(p, X). There are
an open neighborhood U of py and k > 0 such that v(p) € kBx for all p € U. By (AR),
{fa(-,z) : © € kBx} is equi-ls.c. so by Lemma[5.10]inf fa(-, kBx) = inf fa(-, X) is Ls.c.
at po. It is obviously also u.s.c. as the infimum of u.s.c. functions. O]

The following corollary shows that it is possible to localize the points where the min-
imum is attained. We also include the possibility of not perturbing the function f(p,-)
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for p in a certain closed subspace Il of II. So the corollary actually generalizes a result
of Vesely [Ves09, Theorem 4.1] (see also Remark below) since it applies in particular
when II is metrizable and Il is its closed subspace.

Corollary 5.20. Let II be a paracompact Hausdorff topological space and Ily its closed
subspace so that 11\ Ty is paracompact. Let f : 11 x X — (—o0,+0o0] be like in The-
orem [5.18}  Then for any continuous ¢ : 11 — [0,1) such that e~*(0) = Iy and any
continuous mapping vy : 11 — X with

f(p,vo(p)) <inf f(p, X) +e(p)® when p € 11 (5.9)

there are
veC(Il,X) and A € C(IL,Y)

such that

(i) f(p,-) + A(p) attains its minimum at v(p) for every p € 11,

(ii) flo(p) = vo(p)llx < e(p) for every p €11,

(i) [[AP)y < 2€£p) (Jlvo()|| x + 1) + (p)? for some constant ¢ > 0 which depends
only on ).

Proof. Let b € Y be a separating convex function which moreover satisfies 6(0) = 0,
[6]];, =1 and b > c outside By for some ¢ > 0. The existence of such b is an immediate
consequence of conditions posed on Y and Theorem with IT = {1} and f(1,-) any
convex separating function (possibly without minimum). The assumptions on b imply
¢ <1 and ||b]|;, = & for 7 > 0 where b, is defined by b,(z) := b(z/r).

Let us work only on the paracompact space I \ II. Observe that

1
ool = o5
We define oe(o)2
n(p)(2) = 20,2~y (0)

so [|h(®)]ly < Z2([luo(p)|lx + 1). By Theorem [5.18] there exist k& € C(II \ Iy, ) and

v € C(IT\ Iy, X) such that ||k(p)||;, < e(p)* and f(p,-) + h(p) + k(p) attains its minimum

at v(p). We define A = h + k. The condition (i) is satisfied. Further we have [|A(p)|,, <
2¢(p)

1h(®)Ily + &)y < =2 (lvo(p)llx + 1) + (p)®. Further, since h(z,vo(p)) = 0 and
from (5.9),

f(p,v0(p)) + Ap)(vo(p)) = f(p,vo(p)) + k(p)(vo(p))
< inf f(p, X) 4+ e(p)® + k(p)(vo(p))
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while

Flp.x) + D)) 2 int £(p.X) + P 4 ko)) ~ e)e(r)”

> inf f(p, X) +e(p)” + k(p)(vo(p))

for p € II'\ Ilj and « € X such that ||z —vo(p)||y = e(p). From the convexity of

f(p, ) + Alp) it follows that [jv(p) — vo(p)llx < (p).
We define A [r,= 0 and v [1,= vp. O

Remark 5.21. Let us point out the most important differences with respect to the
parametrized variational principles [Geo05, Theorem 3.1] and [Ves09, Theorem 1.3].
a) In both of the cited theorems, the function f has to satisfy the following condition:

inf f(-, X) is locally lower bounded.

We have suppressed completely this assumption in our theorem. Examples [5.24] and
show functions f which do not meet the above condition, but our Theorem [5.1§ still
applies for them. We remark that using the respective part of our proof (Lemma ,
this condition could be removed also from both cited theorems.
b) If dom(f(p,:)) = D for all p € II, we are in the setting of Vesely. We show in
Example that Thoeorem [5.18 goes beyond this setting.
c) We use Lipschitz functions as perturbations while [Geo05, [Ves09] use functions of the
form 3 v, (p) ||# — 2, (p)||5, therefore we are “perturbing less” the original function f.
Observe that our main theorem stays valid, if we assume the following alternative to
Notation [5.4f The space of the above functions from [Geo05) [Ves09] already fits in this
more general framework.
The set ) is a complete (with respect to some norm ||-||;,) cone of convex continuous
functions from X to [0, +00) which satisfies:

(i) for every bounded subset C' of X there exists a constant Mo > 0 such that
sup g(C) < Mc [|gl|, for all g € Y;

(ii) Y contains some convex separating function b;

(iii) if g € Y, then g(a-) € Y for all a > 0, g —inf g(X) € Y, and r,g € Y for all z € X
with y — [|7,g[|;, continuous.

d) Corollary [5.20|does not cover the situation IT = [0, w;], Iy = {w;} covered by Theorem
1.3 of [Ves09]. A version of the corollary where we replace the assumption “IT \ Il is
paracompact” by the assumption “Ilj is discrete” is needed. In order to prove such a
version, we can use Lemma 1.2 of [Ves09] in the proof of Theorem instead of our
Lemma and replace the space C(II,)) by the space Cp, (I, Y) = {A € C(IL,Y) :
A(p) has a minimum at vg(p) for every p € Ily}.

e) Let us say that f: II x X — (—o0, +0o0] attains a locally uniformly strong minimum
(Lusm.) at v € C(II, X) if a) f(p,v(p)) = inf f(p, X) for all p € II, and b) for each
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po € I and each € > 0 there are 6 > 0 and an open neighborhood U of py such that for
all p € U and all x € X the following implication holds true

f(p7$) _lnff(va) <= ||£U—U(p0)|| <Eé&.

A closer inspection of the proof of Theorem reveals that the G dense set (| U,, equals
{A € C(II, ) : there is v € C(II, X) such that fa attains a Lu.s.m. at v}.

5.4 Examples

The functions described in the following proposition will be a prototype for some of our
examples.

Proposition 5.22. Let I1 = X* and let us consider f: 11 x X — (—o0, +00] of the form
f(p,x) = g(z) — p(x) for v € X and p € 11, where g is a proper, l.s.c. and lower bounded
function from X to (—oo, +oo] which satisfies

m 2 o (5.10)
z—o0 ||| x

Then f satisfies (M1), (M2) and (A2). If g is convex, then f satisfies also (Al). In
contrast with (A2), {f(-,x) : x € X} is equi-l.s.c. if and only if dom(g) is bounded.

Of course, if we assume that g is proper, l.s.c., convex and satisfies ([5.10)), then g is
automatically lower bounded.

Proof. The lower boundedness of f(p, -) is implied by (5.10]). Everything else is trivial. [

In the first two examples, we will show that the parametric variational principle is
still needed even in the spaces which are notorious for having no lower bounded, 1.s.c.,
convex and coercive functions without a minimum, such as the reflexive, Hilbert and
finite dimensional spaces. In other words, even if f(p,-) attains its minimum for every
p € 11, there does not have to necessarily exist v € C(II, X) such that f(p,-) attains the
minimum at v(p). This shows that ) should be reasonably rich.

Example 5.23. Let X be reflexive, II = X*, and let us define

0, ||y <1,
(&) = { E

2
ey =1, llzllx >1

and f(p,z) = g(z) — p(z). Then ¢ is convex and it satisfies (5.10) so f satisfies (M]]),
(M2), (AfL) and (AR2) but every function v : II — X with f(p,v(p)) = inf f(p, X) is

discontinuous at 0.
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Proof. Let p € Bx«\{0}. If we denote M, = {x € X : f(p,z) = inf f(p, X)}, then @ # M,
is a closed subset of Sx and it is not difficult to see that M, N M_, = () and M, = M,,,
for 0 < A < 1/||p||x~. This obviously contradicts continuity of v at 0. O

In the next example, we examine the continuity of the function p — inf f(p, X).

Example 5.24. Let IT = [0,4+00), X = R and

f<p,x>:{0 0

@x—i—;,p#O

Then f satisfies (M), (M2), (AlL) and (AR)), but

0, p=20

. f ’X —
inf f(p, X) {_1 p # 0 (attained uniquely at = = #)

p7

Obviously p + inf f(p, X) is not locally lower bounded at p = 0 (cf. Remark a))
so the theorems of Georgiev and Vesely do not apply in this case. Observe, that after
application of Theorem [5.18] inf fa(-, X) is already continuous.

The previous example may be modified in such a way that f(p,-) attains a strict
minimum for each p € II. Since Corollary makes it impossible to construct such an
example if dim X < oo, we construct it in an infinite dimensional setting.

Example 5.25. Let IT = [0,1] and X = L*°[0,1]. Let x4 be the characteristic function
of a set A, i.e. xa(z) =11if z € A, otherwise x4(z) = 0. Let us define functions

m:[0,1]] xR —R n:[0,1] xR—R
m(t,x) :=1t|x| n(t,x) =t (|lz =t —t7?)

and operators

Further, we define mappings
F: 11— L'0,1] G : 11 — L'0,1]
F(p) = X1[0,2]U[p,1] G(p) :== X(2 5]

and finally
f(p,z) = (F(p), M(z)) + (G(p), N(x)) .
We claim that

(a) f satisfies (M), (M2), (AlL) and (AR));
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(b) for each p € II the function f(p,-) attains its strict minimum at some v(p) and
both v(+) and inf f(-, X) are discontinuous at 0;

(c) the function inf f(-, X) is not locally lower bounded at 0.

Proof. Since, for each t € [0,1], m(t,-) and n(t,-) are 1-Lipschitz, we have that M and N
are continuous contractions from L>°[0,1] to L*[0,1]. On the other hand F' and G are
continuous. It follows, due to the duality (L'[0,1])* = L*°[0, 1], that f(p, ) is continuous
for every p € Il and {f(-,z) : « € D} is equi-continuous for every bounded D C X. Since
m(t,-) and n(t,-) are convex for each t € [0,1], the function f(p,-) is convex for each
p € II. This proves the claim (a) with the exception of the lower boundedness of f(p,-) —
it will follow once we prove the claim (b).

Now, (F(p), M(-)) attains a minimum at x € X if and only if z(t) = 0 for almost
all t € [0,2] U [p,1]. Similarly (G(p), N(-)) attains its minimum at = € X if and only if
x(t) = —t~* for almost all t € [E,p]. Tt follows that f(p,-) attains its minimum at « if
and only if the two above conditions hold simultaneously — this identifies  uniquely, so
the minimum is strict. In particular, f(0,-) attains the strict minimum at v(0) =0 € X
and the value of the minimum is 0 while f(p,-) attains its minimum at the uniquely
determined v(p) of the norm |jv(p)|ly = 8z~ and f(p,v(p)) = —p~' which proves the
claims (b) and (c). O

Our fourth example shows that Theorem [5.18 need not hold if we drop the convexity

assumption (Al) on f(p,-).

Example 5.26. Let X be a Banach space and we put again Il = X*. Let a € Sx be
fixed. We define

g(x) = inf {z — al*, ||l + a||*}
and f(p,z) = g(x)—p(z). We will show that given 0 < £ < 1/16 there areno A € C(I1, ),
v € C(II, X) such that [|A(p)|ly, <& and fa(p,v(p)) = inf fa(p, X) for all p € L.
Proof. We start with the following observation:

Claim. Let 0 < & < 1/4. Let ¢ be any Lipschitz function from X to R with |[¢],, < e.
If g + ¢ attains its minimum at m € X, then ||m —a||, < V3e or |m+ally < V3e.

Notice that for every 0 < d < 1, one has that
g(x) <6 = |z —ally < Vior ||z+a|y < V. (5.11)

Without loss of generality, let ¢(0) = 0. If ||x]|, > 2 then g(z) > (||z||x — 1)* It follows
that

g9(x) +o(x) > g(z) — e x|
(I

>
> (lally = 1)° — e lally > 1 - 2.

Further
g(m) + ¢(m) = min(g + ¢) < g(a) + ¢(a) <0 +e
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hence ||m||y < 2 thus g(m) —2e < g(m) + ¢(m) < € and finally g(m) < 3e. The claim
then follows from (5.11)).

To finish the proof of the example fix 0 < ¢ < 1/16 and suppose there are A € C(I1, ),
v € C(II, X) such that [[A(p)]l, < e and f(p,v(p))+A(p)(v(p)) = inf{f(p,z) + A(p)(z) :
x € X}. For every p € II such that [|p[/y. < 1/8 we have ||A(p) + p|ly, < 3/16 because
IPlx- = [Py AS F(p,) + A)() = 9() — p() + A(p)(-) attains its minimum at v(p),
it follows by the claim that [lv(p) — al|x < 3/4 or |lv(p) + al|x < 3/4. Now let p € £Sx-
such that p(a) = %, le. pis %—times tangent to a. It is not difficult to see that then
only ||v(p) — ally < 3/4 holds. Similarly, only ||v(—z) + a|| < 3/4. This shows that the
v-image of the connected set £ By~ is contained in the disjoint union Bx(a, 2)UBx(—a, 3)
and both v(%BX*) N Bx(+a, %) are nonempty — so v has to have a point of discontinuity
in %BX*. ]

The next two examples show that the equi-lower semicontinuity of {f(-, D)} for any
bounded D C X cannot be dropped. In fact, Example shows that even if {f(-, K)}
is equi-l.s.c. for every compact K C X, Theorem [5.18 may still fail.

Example 5.27. Let IT = [0, 1] and X = R? with the supremum norm ||-|| . We define
g(x) = max{x — 3x2 + 2, —x; — 23 + 2,2z — 2} (see Figure and

g(w1,22/p), p#0
f(p,l'): +00, p:0,1'27£0
g(xlao)a p:0,x2:O

Then f satisfies (, (, ( but not ( Given 0 < ¢ < 1 and A € C(IL ),
|A(p)lly, < ¢ for all p € II, there is no v € C(IL, X) such that fa(p,v(p)) = inf fa(p, X)
for all p € 11.

Proof. Observe that g enjoys the following properties:

a) g(1,1) = 0 is a strong minimum of g such that g(z) — ¢(1,1) > 2 ||z — (1,1)|
for all z € X,

b) ¢(0,0) = 2 is a strong minimum of g(-,0) such that g(z1,0) — g(0,0) > |x;| for
all z; € R.

Let U = [0,2p) be a neighborhood of 0 in II. Then for x = (1,p) we have ||z =
1 and f(p,z) = 0. On the other hand f(0,z) > 2 for all x € X. This shows that
{f(,z) : ||z]|, <1} is not equi-ls.c. at 0.

Further, let [[A(p)|l,, < & for a A € C(I1,Y). It follows from a) that, for all p € (0, 1],
fa(p,+) attains its strong minimum at (1,1/p) and it follows from b) that fa(0,-) attains
its strong minimum at (0,0). So the uniquely determined v is discontinuous. This shows
the breakdown of Theorem [5.18 O
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Figure 5.1: The function g.

Example 5.28. Let IT = [0,1] and X = L?[0, +00) with the usual inner product (-, ).
Let ' : Il — X be defined as F'(p) = X[/p1/p+1], Where xa(z) = 1 if z € A, otherwise
xa(z) = 0. We define

fo2) = {<F<z;>,:v> Flell, A0
ol o

Then f is real-valued and meets the conditions (M), (M2), (AlL) but not (AR). By
Remark |5.15, {f(-,x): 2 € K} is equi-l.s.c. for any compact subset K of X. However,

Theorem fails for f.

Proof. 1t is obvious that f(p,-) is real-valued, convex, lower bounded and l.s.c. for every
p € II. It is also standard that f(-,z) is continuous for every x € X. An easy computation
yields that, for each p € (0, 1], f(p,-) attains its minimum at —@, in fact f(p, —@) =

2
@ = f(p,x) + 1, one has for every ¢ > 0,
X

(p)

1 F
f(p,x)+é—1§52:>Hx+T

—;11. Moreover, since HJJ +

<e. (5.12)

X

Let € > 0 be sufficiently small. And let A € C(IL,Y) such that [[A(p)[|;, < e. Let us
assume temporarily that ||| > 2. Then f(p,x) > ||z||y. It follows that fa(p,z) >
fp,z) —e(l|z|lx +1) >2—3e. Soif fa(p,-) attains its minimum at v(p), we get

fa(p,v(p)) = min fa(p, X) < f(p, ——7) + A(p)(—M) < pedo
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Thus [[v(p)|ly < 2 and

1 3¢

F(p,v(p) =32 < f(p,o(p)) e = oD)lx < falp,v(p) € =5 + 5

< +/% and finally

F
v(p) + # 2

whence f(p,v(p)) + 1 < %. Using (5.12) we get

@)y =5 —4/5

Similarly, if [[A(0)[ly, < ¢ and fa(0,-) attains its minimum at v(0), we get that
lv(0)||x < ve. This contradicts the continuity of v at 0 whenever ¢ is sufficiently
small. ]

X

Example 5.29. Let II = {0} U {% ‘n e N}, X =R and let us define

f(p,:r)z{‘”%’” rop=0

400, x—p<0.

Then f satisfies (M), (M2), (A1) and (AR). Obviously dom f(p,-) = dom f(qg,-) if and
only if p = ¢. Our variational principle applies in this situation while the theorems of
Georgiev and Vesely do not.
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variational principle,
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