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Marek Čapek
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Tomáš Bodnár, Ph.D. for provided literature. I would like to express my

thanks to my family for supporting me during the period of my studies.
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1 Level set method

1.1 Introduction of level set method

Level set method is a powerful instrument for tracking moving interfaces.

Following part of work is produced mainly by use of Oshers and Fedkiws

work [15] and work of Sethian [16].

Suppose that we have a boundary, a curve in two dimensions or a surface

in three dimensions, which separates one region of space from another. We

suppose that this boundary moves in normal direction to itself with a known

speed function F . Therefore from it follows, that we ignore the motions of

interface in its tangential directions.

We want to track the motion of this interface in time. So suppose that the

front moves with a speed F that is neither strictly positive nor negative.

We embed the initial position of the front as the zero level set of a higher-

dimensional function φ. We can now trace the movement of the front by

solving initial value problem for function φ, because at any time, the front

is given by the zero level set of the time-dependent level set function φ. In

order to derive an equation of motion for level set function φ we first suppose

that value of function φ of a particle on the front with path x(t) is zero, from

recent definition of the front as zero level set.

φ(x(t), t) = 0 (1.1)

Now we can apply chain rule of calculus,

φt +∇φ(x(t), t) · dx
dt

= 0 (1.2)

But we have from previous supposition that speed of the front is in the

normal direction F . Together with the fact that normal to the front n is
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given as

n =
∇φ
|∇φ|

(1.3)

we can derive an evolution equation for φ, namely

φt + F |∇φ| = 0 (1.4)

with an initial condition

φ(x, t = 0) = φ0(x)

First tip for values of level set function φ is to define this implicit function in

following way: φ < 0 in the interior region Ω−, φ > 0 in the exterior region

Ω+ and φ = 0 on the boundary ∂Ω.

1.2 Use of level set function for computation of vol-

ume and surface integrals

Construction of level set function and the equation of its development enable

us to trace the movement of the corresponding interface. Therefore we can

reconstruct the coordinates of moving interface in time. But this process

is quite difficult. In many practical cases we do not have to reconstruct

exactly the interface. Values that we will need in our model of blood flow

are volume and boundary integrals over domains which are separated by the

moving interface, which is represented by the level set function.

To introduce apparatus for computing the integrals, we will define several

auxiliary functions.

The characteristic function χ− of the interior region Ω− is defined as

χ−(~x) =

 1 if φ(~x) ≤ 0

0 if φ(~x) > 0
(1.5)
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where we included boundary into interior region. The characteristic function

χ+ of the exterior region Ω− is defined similarly

χ+(~x) =

 0 if φ(~x) ≤ 0

1 if φ(~x) > 0
(1.6)

above mentioned inclusion holds also here.

The functions χ± are functions of a multidimensional variable ~x. It is often

more convenient to work with functions of the one-dimensional variable φ.

Thus we define the one-dimensional Heaviside function

H(φ) =

 0 if φ ≤ 0

1 if φ > 0
(1.7)

where φ depends ~x, although it is not important to specify this dependence

when working with H. Following relations hold χ+(~x) = H(φ(~x)) and χ− =

1−H(φ(~x)) for all ~x. This relations will be used in the following.

The volume integral of a function f over the interior region Ω− is defined as∫
Ω

f(~x)χ−(~x)d~x (1.8)

where the region of integration is all of Ω, since χ− prunes out the exterior

region Ω+ automatically. By using of the identities between characteristic

functions and Heaviside function we can rewrite this integral as∫
Ω

f(~x)(1−H(φ(~x)))d~x (1.9)

representing the integral of f over the interior region Ω−. Similarly∫
Ω

f(~x)H(φ(~x))d~x (1.10)

8



is the integral of f over the exterior region Ω+.

For definition of surface boundary integral we are going to use Dirac delta .

By definition, the directional derivative of the Heaviside function H in the

normal direction ~N is the Dirac delta function.

δ̂(~x) = ∇H(φ(~x)) · ~N (1.11)

Note that Dirac delta is nonzero only on the interface ∂Ω where φ = 0. We

can rewrite previous relation as

δ̂(~x) = H ′(φ(~x))∇φ(~x) · ∇φ(~x)

|∇φ(~x)|
= H ′(φ(~x))|∇φ(~x)| (1.12)

In one spatial dimension, the delta function is defined as the derivative of

the one-dimensional Heaviside function

δ(φ) = H ′(φ) (1.13)

The delta function δ(φ) is identically zero everywhere except at φ = 0. This

allows us to rewrite the equation for multidimensional delta function as

δ̂(~x) = δ(φ(~x))|∇φ(~x)| (1.14)

using the one-dimensional delta function δ(φ). Finally we reached the sur-

face integral (line or point integral in 2-D or 1-D) of a function f over the

boundary ∂Ω, which is defined as∫
Ω

f(~x)δ̂(~x)d~x (1.15)

where the region of integration is all of Ω, because δ̂ prunes out everything

except ∂Ω automatically. The one-dimensional delta function can be used
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to rewrite this surface integral as∫
Ω

f(~x)δ(φ(~x))|∇φ(~x)|d~x (1.16)

For practical computations are usually employed smeared out Heaviside

function and Dirac delta in following way. Heaviside

Hkh(Φ) :=


0 Φ < −kh
1
2

+ Φ
2kh

+ 1
2π

sin
(
πΦ
kh

)
− kh ≤ Φ ≤ kh

1 kh < Φ

(1.17)

Dirac delta

δkh(Φ) :=


0 Φ < −kh

1
2kh

+ 1
2kh

cos
(
πΦ
kh

)
− kh ≤ Φ ≤ kh

0 kh < Φ

(1.18)

h is characteristic length of cell of computing area.

1.3 Level set function as signed distance function

In decision which values to impose on level set function we have a consider-

able amount of freedom. The first tip is that we choose level set function as

signed distance function.

A distance function d(~x) is defined as

d(~x) = min(|~x− ~xI |) for all ~xI ∈ ∂Ω (1.19)

implying that d(~x) = 0 on the boundary where ~x ∈ ∂Ω.

A signed distance function is an implicit function φ with |φ(~x)| = d(~x)

for all ~x. Thus φ(~x) = d(~x) = 0 for all ~x ∈ ∂Ω, φ(~x) = −d(~x) for all

~x ∈ Ω−, and φ(~x) = d(~x) for all ~x ∈ Ω+. If we set level set function
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to signed distance function we can exploit following very nice property of

signed distance function.

|∇φ| = 1 (1.20)

which holds, because d is Euclidean distance.

This property could be very useful when we want to compute normal vector

to the interface at given point of the interface or curvature of the interface

in the given point.

1.4 Constructing Extension Velocities

Up to now we have assumed, that velocity field F is not defined only on the

interface, but on all level sets in computational domain. Let us recall, that

equation of level set development is

φt + F |∇φ| = 0 (1.21)

Therefore an interface propagating with speed F is embedded as the zero

level set of higher-dimensional function φ. It was tacitly supposed, that the

speed F is defined for all the level sets, not just the zero level set correspond-

ing to the interface. Therefore we have second embedding, because the speed

F of the interface is itself embedded in a higher dimensional function. To

be precise we should write

φt + Fext|∇φ| = 0 (1.22)

where Fext is some velocity field which, at the zero level set, equals the given

speed F of interface in normal direction. To put it in mathematical language

lim
x→a

Fext(x) = F (a) (1.23)

where a is arbitrary point on the front. This is only one necessary limit of

construction of extension velocities.
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To be honest there is not any general framework for construction of extension

velocities.

In some physical situations extension velocities may have sense of some

physical quantity. For instance in some problems of fluid flow can extension

velocities set to be equal to the fluid velocity itself.

But in other physical problems the extension velocities does not have to have

some physical meaning in the rest of domain out of interface. It need only

agree with the velocity F at the zero level set corresponding to the interface.

When there is no choice available for an extension velocity Malladi, Sethian

and Vemuri in [14] suggested extrapolating the velocity from the front. Their

idea is to simply extrapolate; standing at each grid point, the value of the

speed function at the closest point on the front is used at the grid point.

This technique requires location of the closest grid point, which could be

expensive.

We mentioned the necessary demand on extension velocity,i.e. its behavior

in limit to interface. This property is not only one desirable. It is also

desirable if it moves the neighboring level sets in such a way that the signed

distance function is preserved.

Consider for a moment an initial signed distance function φ(x, t = 0), and

suppose one builds an extension velocity which satisfies

∇Fext · ∇φ = 0 (1.24)

We now show, that under this velocity field, the level set function φ remains

the signed distance function for all time, assuming that both F and φ are

smooth. Suppose that we have initial value of φ so, that |∇φ(x, t = 0)| = 1,

and we move under the level set equation φt + Fext|∇φ| = 0; then

d|∇φ|2

dt
=

d

dt
(∇φ · ∇φ) = 2∇φ · d

dt
∇φ

= −2∇φ · ∇Fext|∇φ| − 2∇φ · ∇|∇φ|Fext
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The first term on the right is zero because of the way the extension velocity

is constructed; the second is zero because |∇φ(x, t = 0)| = 1. Thus, one

solution satisfies |∇φ| = 1; this plus a uniqueness result for this differential

equation shows that |∇φ| = 1 for all time.

The use of this finding leads to more effective update of level set function

than is reinitialization, profound description of numerical treatment is in

work of Adasteinsson and Sethian [1].
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2 Blood

2.1 Introduction

2.2 Blood morphology and viscometric properties

Blood is a multicomponent mixture with complex rheological characteristics

(for profound description see [18], we have used mainly Sequeira’s article [5],

which is for mathematician more understandable). It consists of multiple

cellular elements: (i) red blood cells – RBCs (erythrocytes), the most numer-

ous of the formed elements (about 98%) are tiny biconcave discoid particles,

filled with a fluid, which are involved in oxygen and carbon dioxide trans-

port; (ii) white blood cells – WBCs (leukocytes) are much less numerous

than RBCs, they have nuclei, and are classified into two groups: granulo-

cytes and agranulocytes. Leukocytes are involved in the organism’s defence

against invasion of bacteria and viruses and, as well as erythrocytes are

formed from stem cells in the bone marrow; (iii) platelets (thrombocytes),

small discoid cell fragments containing various chemicals such as serotonin,

thrombin, ADP, are much smaller than erytrocytes (approximately 6 µm3

in size as compared to 90µm3 ) and form a small fraction of the particulate

matter of human blood (around 0.3% by volume). Platelets get activated

due to several biochemical reactions and mechanical processes and are in-

volved in the formation of clot cascades (see more details in Section 2.4 ),

but they have a negligible effect on the mechanics of normal blood, com-

pared to erythrocytes.

The cellular elements are suspended in an aqueous solution of macromolecules,

the plasma, containing electrolytes as well as organic molecules such as

metabolites, hormones, enzymes, antibodies and other proteins and rep-

resenting approximately 55% of the blood volume. Plasma transports nu-

trients as well as wastes throughout the body.

White blood cells are normally roughly spherical in shape, with the diame-

ters ranging from about 7–22 µm. Rather little is known of the mechanical
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properties of the WBCs. It has been argued that they are stiffer than RBCs,

because in a collision between a red and a white cell in flowing blood, it is

the former which mainly deforms.

We focus particular attention on the red blood cells because they are the

only cells which significantly influence the mechanical properties of blood

(see [5]). They do this because they are present in very high concentration

(approximately 5 × 106/mm3 ) comprising about 40 to 45% of its volume

(hematocrit). The rheology of blood is therefore primarily determined by

the behaviour of the erythrocytes at different shear rates.

2.3 Blood viscosity and viscoelasticity

When a suspension of randomly distributed particles (be they rigid, de-

formable or fluid) is flowing in an apparatus whose dimensions are large

compared to those of particles and the space between them, the mixture can

be regarded as a homogeneous fluid. By studying the mechanical properties

of such a suspension, we can see what determines its viscosity and whether

it has a Newtonian (shear stress proportional to the rate of shear) or non-

Newtonian behaviour.

As already referred red blood cells are highly flexible biconcave discs (some

8.5 µm in diameter) with a very thin membrane (2.5 µm of maximum thick-

ness) and filled with a saturated solution of hemoglobin, which are capable of

extreme distortion, without changing their surface area, as when they travel

along capillaries with diameters smaller than their own. At sufficiently low

shear rates (smaller than 10s−1) RBCs tend to aggregate attaching side-by-

side and forming long clusters called rouleaux (see [12]). Under no flow con-

ditions, the time scale for the formation of these aggregates is 60s. If shear

rate is decreased even further, to 1s−1, the rouleaux form long column-like

structures, inducing and additional increase of the viscosity. The time re-

quired for building a network is even longer than for rouleaux formation.

This mechanism is still incompletely understood. It appears that the ery-
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throcytes attract one another and the process depends in particular on the

influence of bridging macromolecules, especially fibrinogen and globulins in

the plasma. The process will not occur in their absence and it occurs pro-

gressively faster with increasing concentration of these macromolecules. If

shear rate is increased, and is high enough, the rouleaux break up, RBCs de-

form into and infinite variety of shapes without changing volume, they align

with the flow field and tend to slide upon plasma layers formed in between.

This induces the decrease of the blood viscosity. Deformability, orientation

and aggregation of red blood cells result in shear-thinning viscosity of blood.

Since blood cells are essentially elastic membranes filled with a fluid, it seems

reasonable, at least under certain flow conditions, to expect blood to behave

like a viscoelastic fluid. At low shear rates RBCs aggregate and are ’solid-

like’, being able to store elastic energy that accounts for the memory effects

in blood. Dissipation is primarily due to the evolution of RBC networks and,

given the paucity of data on temperature effects, the internal energy is as-

sumed to depend only on the deformation gradient. At high shear rates, the

RBCs disaggregate forming smaller rouleaux, and later individual cells, that

are characterized by distinct relaxation times. RBCs become ’fluid-like’, los-

ing their ability to store elastic energy and the dissipation is primarily due

to the internal friction. Upon cessation of shear the entire rouleaux network

is randomly arranged and may be assumed to be isotropic with the respect

to the current natural configuration. Thurston (see [17]) was among the

earliest to recognize the viscoelastic nature of blood and that viscoelastic

behaviour is less prominent with the increasing shear rate.

2.4 Blood coagulation

2.4.1 General schema of included processes

Blood coagulation is very complex phenomenon (for more profound descrip-

tion see [18]). Indeed multiple interacting mechanisms control the formation

of clots. In addition to a myriad of biochemical reactions, rheological fac-
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tors also play a crucial role in modulating the response of blood to external

stimuli

Blood coagulation phenomena could be roughly described as a biochem-

ical process which should prevent the body from blood losses in the case

of vessel injury and to allow the vessel wall to heal. The whole problem of

blood coagulation is extremely complex and up to now not well understood.

For the purpose of this study we will only remind some of the background

ideas which are standing behind the modeling approach used in this paper.

See Figure 1 for the simplified schematic overview of the clotting process.

Blood coagulation has two major starting ways for its initiation. First is the

contact of the blood with negatively charged surface (e.g glass). In this case,

no chemicals are needed to start the clotting process and thus this part of

coagulation is usually referred to as the intrinsic pathway of coagulation. On

the other hand, there are some chemicals usually found in the subendothe-

lim part of the blood vessel wall, which could start the extrinsic pathway.

This is the typical way to start the clot formation in the case of blood vessel

trauma. The final product of the clotting process is fibrin. It is produced in

the final stage of a cascade of chemical reactions. These reactions are quite

numerous and complex. In most of these cascade reactions the inactive zy-

mogens (proenzyms) are transformed into their active enzyme counterparts.

The primary purpose of these reactions is to amplify the signal given at the

starting point of the coagulation cascade. Even small concentration of tissue

factor released from subendothelium leads to quick response of the system

which results into the creation of relatively large clot. Beside of the positive

amplification and acceleration of chemical production, there are numerous

regulatory feedbacks present in the coagulation cascade. These regulatory

feedbacks should stop the coagulation and help to dissolve the clot. Both

tendencies, acceleration and deceleration, are always present in the cascade

reactions and thus the whole coagulation process is in a state of permanent

selfregulated inbalance. This makes the clotting very sensitive and hard to
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predict process.

2.4.2 Literature survey of models comprising complex biochem-

istry

As was said blood coagulation is a very complex biochemical process. To

reach a full-blooded quantitative biochemistry we would have to formulate

many convection-diffusion-reaction equations of the form (3.7). The charac-

ter of our model of blood coagulation will be discussed in Section 4.

We will now focus on recently published works, which are taking into account

the complicated biochemistry by formulating and solving of convection-

diffusion-reaction equations. In Anand’s work [3] the generation and de-

pletion of clots are formulated by 26 mutually interdependent ordinary dif-

ferential equations for 25 constituents, which take part in formation and

dissolution of clots. This work provides overview of 25 diffusion coefficients,

one for each constituent. Anand has also assembled from linked literature

the values of reaction rates and kinetic constants. This complex attitude to

blood coagulation was also realized in Anand’s work [4]. I will reproduce

only equations for generation of activated and resting platelets (see [3], p.48)

, which we will use in Section 4.1.

d[AP ]

dt
= kAPAP [AP ][RP ] + kIIaAP [RP ] = GAP (2.1)

d[RP ]

dt
= −GAP = GRP (2.2)

where [AP ], resp. [RP ] is symbol for concentration of activated, resp. rest-

ing, platelets. kAPAP and kIIaAP are corresponding reaction rates.

Anand’s shear-thinning viscoelastic model (See [4]) comprising of convection-

diffusion-equations was used for practical computations by Bodnar [8]. The

Bodnar’s model problem is assumed to be threedimensional involving both

blood flow and chemical reactions. Bodnar uses concept of generalized New-

tonian (shear-thinning viscosity) fluid but he does not take into account
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Figure 1: Clotting cascade
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Figure 2: Blood clot

viscoelasticity of blood as it is in the Anand’s work.
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3 Mathematical description for blood flow

3.1 Global balance laws

The fundamental laws of continuum mechanics are principles of the conserva-

tion of some physical quantity. These balance laws, as they are often called,

are postulated to all material continua, irrespective of material constitution

and geometry, and result in equations that must always be satisfied. As

usual in continuum mechanics, we consider the four conservations laws deal-

ing with mass, linear and angular momentum, internal energy and entropy.

They are valid for all bodies subject to thermomechanical effects. Thanks

to their generality there is no problem in introduction of this equation on

the field of blood flow.

The balance laws are usually formulated in global (integral) form derived by

a consideration of the conservation of some property of the body as a whole.

The global equations then may be used to develop associated field equations

which are valid at all points within the body and on its boundary.

In following we will introduce at first conservation of some property and

their local balance law in mathematical description. Therefore we will omit

the middle term, the global (integral) balance laws.. In the equations in the

list of balance laws ρ is the density, u is the velocity field,T is the stress

tensor, D is the stretching tensor. We will omit the law of conservation of

internal energy and entropy because we will not need them any more in this

work.

Fundamental Principle 1 (Conservation of Mass). The total mass of a

body is unchanged with motion.

Corresponding continuity equation is

Dρ

Dt
+ ρdivu = 0 (3.1)

Fundamental Principle 2 (Balance of Linear Momentum). The time rate

of change of the total linear momentum of a body is equal to the resultant
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force acting on the body.

Corresponding equation of motion is

ρ
Du

Dt
= divT + ρb (3.2)

Fundamental Principle 3 (Balance of Angular Momentum). The time

rate of change of the total angular momentum of a body is equal to the

resultant moment of all forces acting on the body.

This principle under certain assumptions is equivalent to the symmetry of

Cauchy stress tensor

T = TT (3.3)

3.2 Nonstationary Navier-Stokes equations

On special suppositions (Stokes postulates) the stress tensor has following

shape

T = (−p+ λdivu)I + 2µD (3.4)

If we insert this relation into equation of motion, we will get well known

Navier-Stokes equations.

ρ

(
∂u

∂t
+ u · ∇u

)
= ρb−∇p+∇(λdivu) + div(2µD) (3.5)

Now, if we divide previous equation by ρ, introduce kinematic viscosity

ν = µ/ρ, kinematic pressure p = p/ρ, exploit incompressibility condition

and set density of external force b to zero, we get the form of equation,

which we will use later.

∂u

∂t
+ (u·∇)u +∇p− 2div(νD(u)) = 0 in Ω (3.6)
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3.3 Convection-diffusion-reaction equations

The equations governing the flow and generation/depletion of the various

constituents are all of the following form:

∂[Yi]

∂t
+ div ([Yi]u) = div (DYi

(D)∇[Yi]) +GYi
(3.7)

[Yi] represents the concentration of the reactant Yi, GYi
represents the pro-

duction or depletion of Yi due to enzymatic reactions, u is the velocity field,

and DYi
represents the diffusion coefficient of Yi which could be a function

of the shear rate (captured by means of the stretching tensor D).

This is general form of chemical species conservation. In order to understand

this equation we will reformulate it in physical manner, i.e. using notation

of physical quantities, to which we are used to.

If we introduce a general variable φ the conservative form of all fluid flow

equations, including equations for scalar quantities such as temperature and

concentration etc., can usefully be written in the following form.

∂(ρφ)

∂t
+ div(ρφu) = div(Γgradφ) + Sφ (3.8)

In words

(Rate of increase of φ of fluid element)

+

(Net rate of flow of φ out of fluid element)

=

(Rate of increase of φ due to diffusion)

+

(Rate of increase of φ due to sources)

This equation is the so-called transport equation for property φ. It clearly

highlights the various transport processes: the rate of change term and the

convective term on the left hand side and the diffusive term (Γ = diffusion

coefficient) and the source term respectively on the right hand side.
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To better understand the meaning of this equation we introduce it in integral

form. Therefore we integrate it over a three dimensional control volume CV

yielding∫
CV

∂(ρφ)

∂t
dV +

∫
CV

div(ρφu)dV =

∫
CV

div(Γ∇φ)dV +

∫
CV

SφdV (3.9)

The volume integrals in the second term on the left hand side, the convective

term, and in the first term on the right hand side, the diffusive term, are

rewritten as integrals over the entire bounding surface of the control volume

by using Gauss’ divergence theorem. For a vector a this theorem states∫
CV

divadV =

∫
A

n · adA (3.10)

The physical interpretation of n · a is the component of vector a in the

direction of the vector n normal do surface element dA. Thus the integral

of the divergence of a vector a over a volume is equal to the component of

a in the direction normal to the surface which bounds the volume summed

(integrated) over the entire bounding surface A. Applying Gauss’ divergence

theorem, equation (3.9) can be written as follows:

∂

∂t

(∫
CV

ρφdV

)
+

∫
A

n · (ρφu)dA =

∫
A

n · (Γ∇φ)dA+

∫
CV

SφdV (3.11)

The order of integration and differentiation has been changed in the first

term on the left hand side to illustrate its physical meaning. This term sig-

nifies the rate of change of the total amount of fluid property φ in the control

volume. The product n · (ρφu) expresses the flux component of property φ

due to fluid flow along the outward normal vector n, so the second term on

the left hand side, the convective term, is therefore the net rate of decrease

of fluid property of φ of the fluid element due to convection.

A diffusive flux is positive in the direction of an negative gradient of the fluid

property φ, i.e. along direction -gradφ. For instance, heat is conducted in the
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direction of negative temperature gradients. Thus, the product n ·(−Γ∇φ)is

the component of diffusion flux along the outward normal vector, and so out

of the fluid element. Similarly, the product n·(Γ∇φ), which is also equal to (

−n · (−Γ∇φ)), can be interpreted as a positive diffusion flux in the direction

of the inward normal vector −n, i.e. into the fluid element. The first term

on the right hand side equation (3.11), the diffusive term, is thus associated

with a flux into the fluid element and represents the net rate of increase of

fluid property φ of the fluid element due to diffusion. The final term on the

right hand side of this equation gives the rate of increase of property φ as a

result of sources inside the fluid element.

In word, relationship (3.9) for the fluid in the control volume can be ex-

pressed as follows:

(Rate of increase of φ)

+

(Net rate of decrease of φ due to convection across the boundaries)

=

(Rate of increase of φ due to diffusion across the boundaries)

+

(Net rate of creation of φ)

This discussion clarifies that integration of the partial differential equation

generates a statement of the conservation of a fluid property for a finite size

(macroscopic) control volume.

3.4 Blood constitutive models

As already pointed out blood is essentially a non-Newtonian fluid and the

constitutive equations for blood must incorporate the nonlinear viscometric

properties of blood previously discussed. In this section we present a review

on the macroscopic constitutive models that can mathematically character-

ize the rheology of blood and describe its known phenomenological prop-

erties, especially the shear-thinning and viscoelastic behaviour. The corre-
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sponding non-Newtonian constitutive equations are subdivided into gener-

alized Newtonian or inelastic models and viscoelastic models.

3.4.1 Generalized Newtonian models

We start from the constitutive assumption that the Cauchy stress tensor T

depends only on the fluid mass density and the velocity gradient, meaning

that the current state of stress depends only on the velocity gradient at

the current time and not on the history of deformations the fluid may have

undergone in the past. If we further demand invariance under a superposed

rigid motion, using a representation theorem for isotropic symmetric tensor

functions, it can be shown that the most general form T can assume is

T = Φ0I + Φ1D + Φ2D
2 (3.12)

where D is the symmetric part of the velocity gradient and Φ0,Φ1,Φ2 depend

on the density ρ and on the three principal invariants of D, ID= tr(D),

IID= ((trD)2−tr(D2))/2 and IIID= det(D). Using the same arguments

for incompressible fluids for which the stress tensor depends only on the

velocity gradient, it can be seen that the stress tensor must be of form

T = α0I + Φ1D + Φ2D
2 (3.13)

where α0 is a Lagrange multiplier connected to the incompressibility con-

straint and Φ1, Φ2 depend only on IID and IIID. These fluids are generally

known as Reiner-Rivlin fluids. If Φ2=0 and Φ1 is constant, we recover the

classical Newtonian fluids. On the other hand Reiner-Rivlin fluids with

Φ2 6= 0 do not match any experimental results under simple shear. Finally,

if we consider that the dependence of Φ1 on IIID is negligible, we obtain the

so called Generalized Newtonian fluids. Thermodynamic considerations and

the analysis of their behaviour under simple shear (and other viscometric
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flows) lead to the final form of T

T = −pI + 2η(γ̇)D (3.14)

where γ̇ :=
√

2D : D is the shear rate, η is dynamic viscosity. General-

ized Newtonian models differ only in the functional dependence of the non-

Newtonian viscosity η, on the shear rate. Each model involves a number of

parameters that allow fitting of experimental data of fluid under analysis.

The generalized Newtonian models have the form

η(γ̇) = η∞ + (η0 − η∞)F (γ̇) (3.15)

Here η0 and η∞ are the asymptotic viscosity values for low and high shear

rates. The appropriate transition between these values is carried out by

the shear-rate dependent function F (γ̇). This function should satisfy the

following natural limit conditions:

lim
γ̇→0+

F (γ̇) = 1 lim
γ̇→∞

F (γ̇) = 0

There are many possible choices for such a function F (γ̇). One of the most

frequently used for blood modelling is the generalized Cross formula. Graph

of viscosity with generalized Cross formula in in the Figure 3 (transformation

to kinematic viscosity η could be made by division µ by density ρ). Our

model of blood will exploit the fact, that if shear rate exceeds 200s−1, then

viscosity is constant (see Figure 3), therefore we will not use any special

formula for viscosity dependent on shear rate.
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Figure 3: Dependence of dynamic viscosity µ on shear rate γ̇ (The picture
is adapted from Bodnár’s work [8])

3.4.2 Viscoelastic models

A simple way to account for the elastic effects in a non-Newtonian fluid is

to consider the constitutive equation for the Maxwell fluid given by

S + λ1

5
S= 2µ0D T = −pI + S (3.16)

where S is the extra-stress tensor and 5 stands for the upper-convected

derivative of a tensor field

5
S=

∂S

∂t
+ (u · ∇)S− S · ∇u− (∇u)T · S (3.17)

The constant λ1 > 0 is the stress relaxation time (the larger is λ1, the slower

is relaxation) and the material constant µ0 is the (zero shear rate) viscosity

coefficient.

A more general class of rate type models, the so-called Oldroyd-type models,

can be defined by

S + λ1

5
S= 2µ0(D + λ2

5
D) (3.18)
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where λ2 is the relaxation time, with 0 ≤ λ2 < λ1.

The computational approach makes use of a decomposition of the total extra-

stress tensor S into its non-Newtonian (polymeric) S1 and Newtonian (sol-

vent) S2 parts such that

S = S1 + S2 (3.19)

The corresponding stress relations become

S + λ1

5
S1= 2µ1D (3.20)

S2 = 2µ2D (3.21)

where µ1 is the elastic viscosity and the µ2 the Newtonian viscosity. It can

be shown that

µ0 = µ1 + µ2 λ2 = µ2λ1/µ0 (3.22)

If λ2=0 the model reduces to the upper-convected Maxwell fluid, while if

λ1 = λ2 = 0 is is a purely Newtonian fluid with viscosity µ0.

Corresponding equations of motion for Oldroyd-B are difficult to be numer-

ically treated. Indeed in successfully discretisation must be added special

stabilisation terms in order to reach satisfying results (See [7] ).

In the Anand’s work [3] was introduced modified viscoelastic model of

blood and viscoelastic model of clot. The Anand’s model of blood is formu-

lated so, that blood is a mixture of a viscoelastic fluid, that has a power-

law viscosity (a generalized Maxwell fluid), and a Newtonian fluid. Such

a choice is particularly appropriate as blood is a mixture of a Newtonian

fluid (plasma) and the other constituents such as RBC, which are elastic

membranes containing fluids, as was said in Section 2.3. Anand’s model of

blood therefore has a shear-thinning viscosity. So it has been shown that

it is possible to formulate model of blood with shear-thinning viscosity and

simultaneously to formulate it in a viscoelastic manner. In [13] is for mod-

elling of blood flow used Oldroyd-B model with non-Newtonian viscosity

dependence on shear rate, namely modified Cross model.
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3.5 Analysis of Navier-Stokes equations

Before addressing more complex situations of changing domains, we will

analyze Navier-Stokes equations in a fixed domains, that is, we will consider,

for any t ∈ I, the system of equations

∂u

∂t
+ (u·∇)u +∇p− 2div(νD(u)) = 0 in Ω (3.23)

divu = 0 in Ω

Furthermore, we need to prescribe the initial status of the fluid velocity, for

instance

u(t = 0,x) = u0(x) (3.24)

3.5.1 Boundary conditions for the Navier Stokes equations

The Navier-Stokes equations must be supplemented by proper boundary

conditions that allow the determination of the velocity field up to the bound-

ary of the computational domain Ω. The more classical boundary conditions,

which are mathematically compatible with the Navier Stokes equations, are

1. Neumann boundary conditions. With the current definition for the

Cauchy stresses it becomes

T · n = −pn + 2µD(u) = te on Γn ⊂ ∂Ω (3.25)

where Γn is a measurable subset (possibly empty) of the whole bound-

ary ∂Ω.

2. Dirichlet boundary conditions A given velocity field is imposed on Γd,

a measurable subset of ∂Ω(which may be empty). This means that a

vector field

g : I × Γd → RN
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is prescribed and we impose that

u = g Γd

Since divu=0 in Ω, it must be noted that if Γd = ∂Ω then at any time

g must satisfy the following compatibility condition∫
∂Ω

g · n = 0 (3.26)

Clearly for a proper boundary condition specification we must have Γn∪Γd =

∂Ω.

3.5.2 Weak form of Navier-Stokes equations

Before introduction of weak form of Navier-Stokes equations we introduce

following notation for Neumann boundary conditions

T · n = −pn + 2µD(u) = h on Γn, t ∈ Ω (3.27)

If Γd = ∂Ω we call the problem Dirichlet problem. We will instead use the

term Neumann problem when Γn = ∂Ω. The conditions g = 0 and h = 0

are called homogeneous boundary conditions.

The weak form of the Navier-Stokes equations is (formally) obtained by tak-

ing the scalar product of the momentum equations with a vector function

v belonging to a functional space V (called test function space), which will

be better specified later on, integrating over Ω and applying the Green in-

tegration formula.

We operate similarly on the continuity equation, by multiplying it by a func-

tion q ∈ Q and integrating. Also the space Q will be specified at a later

stage.
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We formally obtain

(
∂u

∂t
,v) + ((u · ∇)u,v) + 2

∫
Ω

νD(u) : D(v)− (p, divv)

= (f ,v) +

∫
∂Ω

v · (2νD(u) · n− pn)

(3.28)

(divu, q) = 0 (3.29)

We have exploited the identity∫
Ω

νD(u) : ∇v =

∫
Ω

νD(u) : D(v)

which could be derived from the symmetry of D(u).

The boundary term may now be split into two parts∫
∂Ω

v·(2νD(u) · n− pn) =

∫
Γd

v·(2νD(u) · n− pn) +

∫
Γn

v · h

We note that the contribution from the Neumann boundary is now a given

data, while contribution from the Dirichlet boundary can be eliminated by

appropriately choosing the test space V.

By inspection, we may recognize that all terms make sense if we choose as

test function spaces

V =
{
v ∈ H1(Ω),v|Γd = 0

}
Q =

{
q ∈ L2(Ω), with

∫
Ω

q = 0 if Γd = ∂Ω

}
and if we seek, at each time t, the velocity in

Vg =
{
u ∈ H1(Ω),u|Γd = g

}
and the pressure in Q.

Remark
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The request that Q is formed by functions with zero mean on Ω when we

treat a Dirichlet problem derives from the fact that in such a case the pres-

sure is determined only up to a constant, as it appears in the equations in the

equation through its gradient. To compute a unique value for the pressure

it is then necessary to fix the constant. This is obtained by the zero-mean

constraint.

Finally, the weak form of the Navier-Stokes problem (3.28),(3.29), reads

Find, ∀t ∈ I,u(t) ∈ Vg and p(t) ∈ Q such that

(
∂u

∂t
,v) + a(u,v)+c(u,u,v) + b(v, p)

= (f ,v) +

∫
Γn

v · h, ∀v ∈ V
(3.30)

b(u, q) = 0, ∀q ∈ Q (3.31)

where

a(u,v) = 2

∫
Ω

νD(u) : D(v) (3.32)

c(w,u,v) =

∫
Ω

(w · ∇)u · v (3.33)

b(v, p) = −
∫

Ω

pdivv (3.34)

3.6 Weak form of convection-diffusion equations

For better understanding at the later stages of the work we will write down

convection-diffusion equation in the following form

∂w

∂t
−D∆w + (u.∇)w = 0 in Ω (3.35)

for scalar quantity w with transport velocity array u. It could be derived

from general form of convection-diffusion-reaction equation (3.7) if we set

DYi
= D and [Yi] = w. We suppose, that on this problem are imposed
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Neumann and Dirichlet boundary condition. Dirichlet conditions will be

fulfilled by the choice of functional test space W .

w = g0 on Γ0 (3.36)

D
∂w

∂n
= g1 on Γ1 (3.37)

The weak form of the convection-diffusion-reaction equations is (formally)

obtained by taking the scalar product of the momentum equations with a

scalar function v belonging to a functional space W (called test function

space), which will be better specified later on, integrating over Ω and apply-

ing the Green integration formula. We formally obtain∫
Ω

∂w

∂t
v +D

∫
Ω

∇w · ∇v +

∫
Ω

(u · ∇)wv =

∫
Γ1

g1v (3.38)

The solution w is to be found in

Wg =
{
v|v ∈ H1(Ω), v = g0 on Γ0

}
(3.39)

we have multiplied by test functions from

W =
{
v|v ∈ H1(Ω), v = 0 on Γ0

}
(3.40)

4 Application on blood flow

4.1 The fixed domain model

4.1.1 Model formulation

For our model of blood coagulation we will make three major assumptions.

The first is the assumption about nature of blood used in the model. As

was said in Section 3.4.1 blood exhibits some shear-thinning non-Newtonian
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behaviour. According the references cited in [20] blood can be regarded as

Newtonian once shear rates exceeds 200s−1.

Next justification of assumption of Newtonian behaviour of blood is, that the

stagnation point flow experiment uses platelet-rich plasma, which is Newto-

nian.

The second assumption concerns the total density of platelets (both resting

and activated), which is determined by a species of conservation equation.

To prevent platelet activation, aggregation, and release reaction, preacti-

vated platelets have been used in the stagnation point flow experiment This

is why activation of platelets and detailed chemistry does not need to be

considered here, which is reason from [20].

The third assumption is specific for fixed domain-model (FD-model). Adhe-

sion of platelets to reactive material is taken as a first order reaction, with

rate k depending on the wall shear stress s and - to account for changes in

surface reactivity - on the concentration ψ of bound platelets. Since the focus

of the FD-model is on the initial phase of platelet adhesion, long-term flow

disturbances due to thrombus growth are neglected: platelets that adhere

to the wall are regarded as being completely incorporated into the wall.

The Navier-Stokes equations will be coupled with a transport equation

for the total density w of platelets (both resting and activated), where we

use velocity field from NSE as convection velocity. The transport equation

could be derived easily, when we insert the equations (2.1) and (2.2) into

convection-diffusion-reaction pattern equation (3.7), we get two convection-

diffusion-reaction equations, we sum them together and with the use of the

fact, that diffusion coefficients DAP and DRP have according [3] p.44 the

same value, we get finally the transport equation for both resting and acti-

vated platelets.

Let Ω ⊂ R3 be the vessel geometry under consideration, with boundary

∂Ω = Γ∪Σ∪ I ∪O, tangent τ and outer unit normal n. Γ denotes reactive

material prone to platelet adhesion, Σ non-reactive material, I the inlet and

O the outlet of the vessel. In Cartesian coordinates, the FD-model reads
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∂u

∂t
+ (u.∇)u− ν∆u +∇p = 0 in Ω

∇ · u = 0 in Ω

u|I = uD u|Γ∪Σ = 0

u(t = 0) = u0 in Ω

ν∂nu|O = p · n|O
(4.1)

∂w

∂t
−D∆w + (u.∇)w = 0 in Ω

−D∂nw =

 k(ψ, s)w on Ω

0 on Σ ∪ Ω
(4.2)

w|I = wD

w(t = 0) = w0 in Ω

∂ψ

∂t
= k(ψ, s)w on Γ (4.3)

ψ(t = 0) = 0 on Γ

Here, ∇ denotes the gradient and ∆ the Laplacian, ν the kinematic

viscosity. w0 and u0 denote the initial distribution of w and u, wD and uD

are prescribed values at the inflow.

D denotes the diffusion coefficient of the platelets. In plasma, the Brow-

nian value of D can be estimated from the Stokes-Einstein equation as 1.58

x 10−7mm2/s. In experiments from the article [20] D was chosen one order

of magnitude greater than the Brownian value, and two orders of magnitude

in cases when RBCs were present and we will follow this choice in our sim-

ulations.
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Now we should turn our attention to adhesion rate k.

k(ψ, s) :=
(
λ(1) + λ(2)s

)(
1− ψ

Ψ

)
+
(
κ(1) + κ(2)s

) ψ
Ψ

(4.4)

First two brackets of this equation account for the reactivity of the original

surface, last term describes ongoing adhesion of platelets to the platelets,

which are yet bound on the surface. Appropriate choice of constants λ(i),

κ(i)( i = 1, 2) will result in different models of platelet adhesion.

Ψ is defined as Ψ := wDL. Wall shear stress is defined as s := ν|g|, where

wall shear rate is defined g :=(τ · σ · n)/ν and stress tensor as σ := −pI +

ν(∇u+∇uT ).

4.1.2 Theoretical results

Notation and function spaces Let Ω be a bounded open subset of Rn,

with Lipschitz boundary ∂Ω (i.e., ∂Ω ∈ C0,1 in the sense of [21] p.48) con-

sisting of two relatively open parts Λ and Ξ. Regarding (4.1)-(4.3), Ξ stands

for reactive and non-reactive wall, whereas Λ comprises inflow and out-

flow. Here, for simplicity, the case of Dirichlet boundary conditions on w

at the outflow is considered. The following theory makes use of Lebesgue

spaces Lp and Sobolev spaces W s
2 (s ≥ 0) which are defined, for example

in [11], [21]. Norms, such as ‖.‖L2(0,T ;L2(Ω)), are intuitively abbreviated with

‖.‖L2L2 . We also write W 2
1 (Ω) instead of W 2

1 (Ω,Rn), and so forth. In ad-

dition, let X :=
{
w ∈ W 2

1 (Ω) : w|Λ = 0
}

with norm ‖w‖X := ‖∇w‖L2(Ω)

and associated dual space X ′. Define ΩT := Ω × (0, T ], ΞT := Ξ × (0, T ],

ΛT := Λ × (0, T ], and let |.| denote the euclidean norm of Rm and Rr, re-

spectively.

Problem statement and assumptions The following boundary value

problem is investigated, which contains the equations for w and ψ in (4.2), 4.3

as a special case. Following theoretical analysis was made in Weller’s work

37



[20].

∂wi
∂t

+ Liwi = fi(w, x, t) in ΩT , i = 1, ...,m

−
n∑

l,j=1

alji wixl
nj = ki(w,ψ, x, t) on ΞT , i = 1, ...,m

w = g(x, t) on ΛT (4.5)

w(., 0) = w0 in Ω

∂ψ

∂t
= q(w,ψ, x, t) on ΞT

ψ(., 0) = ψ0 on Ξ

(4.6)

Here, w:=(wi)
m
i=1, ψ := (ψi)

r
i=1, g := (gi)

m
i=1, q := (qi)

r
i=1. The Li are linear

elliptic operators with bounded coefficients alji , b
l
i, ci ∈ L∞(ΩT ),

Liwi := −
n∑

l,j=1

(alji (x, t)wixl
)xj

+
n∑
l=1

bli(x, t)wixl
+ ci(x, t)wi (4.7)

In the following, f:=(fi)
m
i=1, k:=(ki)

m
i=1 and q are assumed measurable. Fur-

thermore

g ∈ L2(0, T ;W 1
2 (Ω)) ∩W 1

2 (0, T ;W 1
2 (Ω)′) (4.8)

q(0, 0, ., .) ∈ L2(0, T ;L2(Ξ)), w0 ∈ L2(Ω), ψ0 ∈ L2(Ξ)

f and k are required to satisfy ∀ h,s ∈ Rm and ∀ϕ ∈ Rr the growth

conditions

|f(h, x, t)| ≤ Θ
(1)
1 + Θ

(2)
1 |h|, |k(s, ϕ, x, t)| ≤ Θ

(1)
2 + Θ

(2)
2 |s|+ Θ

(3)
2 |ϕ| (4.9)

and to be continuous in h, s and ϕ. q is assumed Lipschitz continuous, i.e.

|q(s, ϕ, x, t)− q(s̃, ϕ̃, x, t)| ≤ Θ
(1)
3 |s− s̃|+ Θ

(2)
3 |ϕ− ϕ̃| (4.10)
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∀s, s̃ ∈ Rm ∀φ, φ̃ ∈ Rr

Existence and uniqueness for the linear problem To solve the non-

linear system 4.5 we first consider the corresponding linear problem

∂w

∂t
+ Lw = h in ΩT

−
n∑

l,j=1

aljwxl
nj = kw + l on ΞT

w = g on ΛT

w(., 0) = w0 in Ω

(4.11)

where h ∈ L2(0, T ;X ′),k ∈ L∞(0, T ;L∞(Ξ,R+)), and l ∈ L2(0, T ;L2(Ξ)).

We define the bilinear form

B[w, v; t] :=

∫
Ω

n∑
l,j=1

alj(x, t)wxl
vxj

+
n∑
l=1

bl(x, t)wxl
v+c(x, t)wvdx+

∫
Ξ

k(x, t)wvdσ

and say that w is a weak solution of (4.11) if and only if

(1) w − g ∈ L2(0, T ;X) ∩W 1
2 (0, T ;X ′),

(2) fulfills the equation

< w′(t), v > +B[w(t), v; t] =< h(t), v > −(l(t), v)L2(Ξ) ∀v ∈ X (4.12)

for almost every t ∈ [0, T ],

(3) w(t = 0) = w0.

The aim is to solve (4.12) by Galerkin’s method.(Fundamental’s of the idea

of Galerkin’s method are introduced in [11] p.349-358.)

For this purpose, we choose a system of functions {uk}∞k=1 that constitutes

an orthonormal basis of L2(Ω) as well as an orthogonal basis of X and look
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for functions

wm :=
m∑
k=1

dkm(t)uk (4.13)

that satisfy the system of ordinary differential equations

(w′m(t), uk)L2+B[wm(t), uk; t] =< h(t), uk > −(l(t), uk)L2(Ξ) (k = 1, ...,m)

(4.14)

subject to the initial conditions

dkm(0) = (w0, uk)L2 (k = 1, ...,m). (4.15)

Thus we seek a function wm of the form (4.13) that satisfies the projection

(4.14) of problem (4.11) onto the finite dimensional subspace spanned by

{uk}∞k=1

Lemma 4.1 (Construction of approximate solutions) For each integer m =

1, 2, ... there exists a unique function wm of the form (4.13) satisfying (4.14)

and the initial condition (4.15)

Proof

Assuming wm has the structure (4.13), we first note from the fact that

functions {uk}∞k=1 form the ortonormal basis that

(w′m(t), uk) = dkm
′(t) (4.16)

Furthermore

B[wm, uk; t] =
m∑
l=1

ekl(t)dlm(t) (4.17)

for ekl(t) := B[ul, uk; t] (k, l = 1, ...,m). Let us further write fk(t) :=<

h(t), uk > −(l(t), uk)L2(Ξ) (k = 1, ...m). Then (4.14) becomes the linear

system of ODE

dkm
′(t) +

m∑
l=1

ekl(t)dlm(t) = fk(t) (k = 1, ...,m), (4.18)
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subject to the initial conditions (4.15). According to standard existence

theory for ordinary differential equations, there exists a unique absolutely

continuous function dm(t) = (d1
m(t), ..., dmm(t)) satisfying (4.15) and (4.18)

for a.e. 0 ≤ t ≤ T . And then wm defined by (4.13) solves (4.14) for a.e.

0 ≤ t ≤ T .

Lemma 4.2 (A priori estimates for the approximate solutions). The fol-

lowing estimates hold uniformly for all m ∈N

max
0≤t≤T

‖wm(t)‖L2 + ‖wm‖L2X ≤ C1

(
‖h‖L2X′ + ‖l‖L2L2(Ξ) + ‖w0‖L2

)
(4.19)

‖w′m‖L2X′ ≤ C2

(
‖h‖L2X′ + ‖l‖L2L2(Ξ) + ‖w0‖L2

)
Here, C1 = C1(Ω, T, L) and C2 = C2(k,Ω, T, L).

Proof

1.We multiply (4.14) by dkm(t) and sum over k = 1, ...,m. This yields

(w′m(t), wm(t))L2 +B[wm(t), wm(t); t] =< h(t), wm(t) > −(l(t), wm(t))L2(Ξ)

(4.20)

for almost every t ∈ [0, T ]. Ellipticity of the operator L implies

β‖wm(t)‖2
X ≤ B[wm(t), wm(t); t] + γ‖wm(t)‖2

L2 (4.21)

for some constants β > 0 and γ ≥ 0. Combining (4.20) and (4.21) we obtain

d

dt

(
‖wm‖2

L2

)
+β‖wm(t)‖2

X ≤ C1‖wm‖2
L2+C2

(
‖h(t)‖2

X′ + ‖l(t)‖L2(Ξ)

)
(4.22)

Application of Gronwall’s inequality (see [11] p.624) yields

max
0≤t≤T

‖wm(t)‖L2 ≤ C
(
‖h‖2

L2X′ + ‖l‖L2L2(Ξ) + ‖w0‖2
L2

)
(4.23)

41



Integrating (4.22) over time and making use of (4.23) we end up with

‖wm(T )‖2
L2 − ‖wm(0)‖2

L2 + β‖wm‖2
L2X ≤ C

(
‖h‖L2X′ + ‖l‖L2L2(Ξ) + ‖w0‖L2

)
2.To prove the estimate of ‖w′m‖L2X′ we choose v ∈ X with ‖v‖X ≤

1. Furthermore, we define Vm := span {uk : k = 1, ...,m} and observe that

L2(Ω) = Vm⊕V ⊥m , i.e. each v ∈ L2(Ω) has a unique decomposition v = v1+v2

with v1 ∈ Vm and v2 ∈ V ⊥m . Clearly, 1 ≥ ‖v‖2
X ≥ ‖v1‖2

X . Since wm(t) ∈ Vm,

we obtain using (4.14)

< w′m(t), v > = (w′m(t), v)L2 = (w′m(t), v1)L2

=< h(t), v1 > −(l(t), v1)L2(Ξ) −B[wm(t), v1; t]
(4.24)

The assumptions on coefficients of L ensure continuity of the bilinear form

B, i.e.

|B[wm(t), v1; t]| ≤ C‖wm(t)‖X‖v1‖X

Hence (4.24) implies

‖w′m(t)‖2
X′ ≤ C

(
‖h(t)‖2

X′ + ‖l(t)‖2
L2(Ξ) + ‖wm(t)‖2

X

)
Integrating over time and employing the above derived estimate for ‖wm‖2

L2X

yields the assertion for ‖w′m‖L2X′ .

Theorem 4.3 (Existence and uniqueness in the case of zero boundary val-

ues). Suppose that g ≡ 0. Then there exists a unique weak solution w ∈
L2(0, T ;X) ∩W 1

2 (0, T ;X ′) of (4.11)

This solution fulfills the estimates

max
0≤t≤T

‖w(t)‖L2 + ‖w‖L2X ≤ C1

(
‖h‖L2X′ + ‖l‖L2L2(Ξ) + ‖w0‖L2

)
(4.25)

‖w′‖L2X′ ≤ C2

(
‖h‖L2X′ + ‖l‖L2L2(Ξ) + ‖w0‖L2

)
where C1 = C1(Ω, T, L) and C2 = C2(k,Ω, T, L).
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Proof

1. As a consequence of (4.19) there exists e subsequence ml → ∞ and two

functions w ∈ L2(0, T ;X) and v ∈ L2(0, T ;X ′), such thatwml
⇀ w weakly in L2(0, T ;X)

w′ml
⇀ v weakly in L2(0, T ;X ′)

(4.26)

Consequently, we deduce v = w′ and prove (4.25) to be fulfilled by the weak

limits w and w′.

We further note that each weak solution w of (4.11) with g ≡ 0 necessarily

fulfills the first estimate of (4.25) and therefore must be unique. This follows

by testing (4.12) with w(t) and making use of the fact that w ∈ L2(0, T ;X)∩
W 1

2 (0, T ;X ′) implies absolute continuity of the mapping t 7→ ‖w(t)‖2
L2(Ω) as

well as ∂
∂t
‖w(t)‖2

L2(Ω) = 2 < w′(t), w(t) > to hold almost everywhere on [0, T ]

(see Weller [20] p.31 and references cited here) and which allows us to use

arguments similar to those given in the proof of the (4.2).

2. Next we demonstrate the weak limit w to be a solution of (4.12). For

this purpose, we fix N ∈ N and choose a function v(t) =
∑N

k=1 d
k(t)uk ∈

C1([0, T ];X). Furthermore, we choose a measurable subset E ⊂ [0, T ]. From

(4.14) it follows that∫
E

< w′ml
(t), v(t) > +B[wml

(t), v(t); t]dt

=

∫
E

< h(t), v(t) > −(l(t), v(t))L2(Ξ)dt

(4.27)

We observe that the left hand side of (4.27) fulfills

AEv (w′ml
) :=

∫
E

< w′ml
(t), v(t) > dt⇒ AEv ∈

(
L2(0, T ;X ′)

)′
BE
v (wml

) :=

∫
E

B[wml
(t), v(t); t]dt⇒ BE

v ∈
(
L2(0, T ;X)

)′
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which implies (4.27) to hold in the limit ml →∞:∫
E

< w′(t), v(t) >+B[w(t), v(t); t]dt =

=

∫
E

< h(t), v(t) > −(l(t), v(t))L2(Ξ)dt

(4.28)

Since E was arbitrary, for fixed v there exists a subset Nv ⊂ [0, T ] of measure

zero, such that

< w′(t), v(t) > +B[w(t), v(t); t] =< h(t), v(t) > −(l(t), v(t))L2(Ξ) (4.29)

holds for all t ∈ [0, T ]\Nv. Since {uk}∞k=1 constitutes a countable basis of X

we obtain the validity of (4.12) for all t ∈ [0, T ]\N , where N :=
⋃∞
k=1Nuk

has measure zero.

3. It remains to show that w(t = 0) = w0. Performing partial integration in

(4.28) we deduce∫ T

0

− < w(t), v′(t) >+B[w(t), v(t); t]dt =

=

∫ T

0

< h(t), v(t) > −(l(t), v(t))L2(Ξ)dt+ (w(0), v(0))L2

(4.30)

for a function v(t) =
∑N

k=1 d
k(t)uk ∈ C1([0, T ];X) with v(T ) = 0. Further-

more, equation (4.27) implies∫ T

0

− < wml
(t), v′(t) >+B[wml

(t), v(t); t]dt =

=

∫ T

0

< h(t), v(t) > −(l(t), v(t))L2(Ξ)dt+ (wml
(0), v(0))L2

(4.31)

We take the limit ml →∞ in (4.31) and thereby employ (4.26) and the fact
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that wml
→ w0 in L2(Ω). Subtracting the so obtained result from (4.30)

yields

(w(0)− w0, v(0))L2 = 0

Corollary 4.4 (Existence and uniqueness for nonzero boundary values)

There exists a unique solution w ∈ L2(0, T ;W 1
2 (Ω)) ∩ W 1

2 (0, T ;X ′) of the

linear problem (4.11).

Furthermore this solution satisfies the estimate

max
0≤t≤T

‖w(t)‖L2 + ‖w‖L2W 1
2 (Ω) + ‖w′‖L2X′ ≤

≤ C
(
‖h‖L2X′ + ‖l‖L2L2(Ξ) + ‖g‖L2W 1

2 (Ω) + ‖g′‖L2W 1
2 (Ω)′ + ‖w0‖L2

)
(4.32)

where C = C(k,Ω, T, L)

Proof

Due to Theorem (4.3) there exists a unique solution w̃ ∈ L2(0, T ;X) ∩
W 1

2 (0, T ;X ′) of

< w̃′(t), v >+B[w̃(t), v; t] =< h̃(t), v > −(l(t), v)L2(Ξ) :=

:=< h(t), v > − < g′(t), v > −B[g(t), v; t]− (l(t), v)L2(Ξ) ∀v ∈ X

subject to the initial condition w̃(0) = w0 − g(0). Hence, defining w :=

w̃ + g yields a weak solution of the original problem (4.12). Uniqueness

follows immediately from Theorem 4.3 applied to the difference of two weak

solutions of (4.12). To prove the estimate (4.32) we observe that

‖h̃‖L2X′ ≤ C
(
‖h‖L2X′ + ‖g′‖L2W 1

2 (Ω)′ + ‖g‖L2W 1
2 (Ω)

)
Together with (4.25), this implies

‖w̃‖L2X ≤ C
(
‖h̃‖L2X′ + ‖l‖L2L2(Ξ) + ‖w0 − g(0)‖L2

)
≤

≤ C
(
‖h‖L2X′ + ‖l‖L2L2(Ξ) + ‖g‖L2W 1

2 (Ω) + ‖g′‖L2W 1
2 (Ω)′ + ‖w0‖L2 + ‖g(0)‖L2

)
45



Since ‖g(0)‖L2 ≤ C
(
‖g‖L2W 1

2 (Ω) + ‖g′‖L2W 1
2 (Ω)′

)
(see [20] and references cite

there) we obtain desired result for ‖w‖L2W 1
2 (Ω). The estimates of ‖w′‖L2X′

and max0≤t≤T‖w(t)‖L2 can be derived similarly.

Existence and uniqueness for the nonlinear problem The nonlinear

system (4.5) is solved by an appropriate fixed point argument. Define the

Banach space Y:=L2(0, T ;L2(Ω)) × L2(0, T ;L2(Ξ)) × L2(0, T ;L2(Ξ)) with

norm ‖(h, s, ϕ)‖Y := ‖h‖L2L2(Ω) + ‖s‖L2L2(Ξ) + ‖ϕ‖L2L2(Ξ) and consider the

operator

K : Y → Y

(h, s, ϕ) 7→ (w,w|Ξ, ψ)

(4.33)

which maps (h, s) onto the unique weak solution (w,w|Ξ) of the linear system

∂wi
∂t

+ Liwi = fi(h, x, t) in ΩT , i = 1, ...,m

−
n∑

l,j=1

alji wixl
nj = ki(s, ϕ, x, t) on ΞT , i = 1, ...,m

w = g on ΛT

w(., 0) = w0 in Ω

(4.34)

ϕ shall be mapped onto the unique solution ψ of the corresponding system

of integral equations

ψ(., t) = ψ0(.) +

∫ t

0

q(w,ψ, ., τ)dτ. (4.35)
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By definition, a fixed point of K is a weak solution of (4.5). The following

properties are shown:

Lemma 4.5 The operator K is well-defined. Furthermore, K is compact.

Proof

1.Using corollary 4.4,the assumptions (4.7),(4.8) and (4.9) ensure the exis-

tence of a unique weak solution w ∈ L2(0, T ;W 1
2 (Ω)) ∩W 1

2 (0, T ;X ′) of the

linear problem (4.34). Furthermore, this solution satisfies

max
0≤t≤T

‖w(t)‖L2 + ‖w‖L2W 1
2 (Ω) + ‖w′‖L2X′

≤ C(‖fh‖L2X′ + ‖ks,ϕ‖L2L2(Ξ) + ‖g‖L2W 1
2 (Ω) + ‖g′‖L2W 1

2
′ + ‖w0‖L2), (4.36)

where fh := f(h(.,.),.,.) and ks,ϕ := k(s(.,.),ϕ(.,.),.,.). Since q is Lipschitz

continuous, repeated application of Banach’s theorem on the operator

S : L2(0, T̃ ;L2(Ξ))→ L2(0, T̃ ;L2(Ξ))

Sϕ := [t 7→ ψ(., t) := ψ0(.) +

∫ t

0

q(w,ϕ, ., τ)dτ ] (4.37)

for small enough T̃ shows unique solvability of ((4.35)). Hence, K is well-

defined

2.To demonstrate continuity, let (hn, sn, ϕn) → (h, s, ϕ) in Y as n → ∞
and choose an arbitrary subsequence nk → ∞. We can extract a sub-

sequence (termed nk again), such that for almost every (x,t):hnk
→ h, snk

→
s, ϕnk

→ ϕ. According to continuity

fhnk → fh, ksnk
,ϕnk → ks,ϕ

This-together with the above growth conditions-allows application of Lebesque’s

theorem which the provides convergence in L2(ΩT ) and L2(ΞT ), respectively.

By the use of ((4.36)) we obtain
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‖wnk
− w‖L2W 1

2 (Ω) ≤ C(‖fhnk − fh‖L2L2(Ω) + ‖ksnk
,ϕnk − ks,ϕ‖L2L2(Ξ))→ 0

(4.38)

It remains to be shown that ψnk
→ ψ. Once more, using Lipschitz continuity

of q

|ψnk
(x, t)−ψ(x, t)| ≤ C

(∫ t

0

|wnk
(x, τ)− w(x, τ)|dτ +

∫ t

0

|ψnk
(x, τ)− ψ(x, τ)|dτ

)
.

We take the square, apply Holder inequality and integrate with respect to x

‖ψnk
(t)− ψ(t)‖2

L2(Ξ) ≤ C(‖wnk
− w‖2

L2L2(Ξ) +

∫ t

0

‖ψnk
(τ)− ψ(τ)‖L2(Ξ)dτ).

Gronwall’s inequality provides (see [11] p.624)∫ t

0

‖ψnk
(τ)− ψ(τ)‖2

L2(Ξ)dτ ≤ CTeCT‖wnk
− w‖2

L2L2(Ξ)

and hence, due to ((4.38)),

‖ψnk
− ψ‖L2L2(Ξ) ≤ C‖wnk

− w‖L2L2(Ξ) → 0 (4.39)

3.In order to show compactness, let (hn, sn, ϕn)∞n=1 be a bounded sequence in

Y. We prove that the corresponding sequence (wn)∞n=1 is relative compact in

L2(0, T ;W
3/4
2 (Ω)) and hence in L2(0, T ;L2(Ω)). According to the estimate

((4.36)) and with the growth conditions ((4.9)), the corresponding sequence

(wn)∞n=1 is bounded in L2(0, T ;W 1
2 (Ω)) as well as in W 1

2 (0, T ;X ′). The

embedding

W 1
2 (0, T ;X ′) ∩ L2(0, T ;W 1

2 (Ω)) ↪→ L2(0, T ;W
3/4
2 (Ω))

is compact(Lions-Aubin). Thus, we can extract a subsequence (wnk
)∞k=1 that

converges in L2(0, T ;W
3/4
2 (Ω)).
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Since the trace operator is continuous, the sequence (wnk|Ξ)∞k=1 converges in

L2(0, T ;L2(Ξ)). By the use of ((4.39)) one obtains for k1, k2 →∞

‖ψnk1
− ψnk2

‖L2L2(Ξ) ≤ C‖wnk1
− wnk2

‖L2L2(Ξ) → 0

which shows that (ψnk
)∞k=1 is a Cauchy-Sequence in L2(0, T ;L2(Ξ)).This

completes the proof.

Lemma 4.6 Provided that the constants Θ
(2)
1 , Θ

(2)
2 and Θ

(3)
2 are small enough

(dependent on Ω, T , Li and the remaining constants Θ
(k)
j ), there exists at

least one weak solution (w, ψ) of ((4.5)).

Proof

We want to apply Schauder’s fixed point theorem. Since the operator K is

compact, is is enough to prove the existence of a closed Ball BR(0) ⊂ Y ,

such that K : BR(0)→ BR(0). First, we calculate using ((4.10))

|ψ(x, t)| ≤ |ψ0(x)|+ C

∫ t

0

(|w(x, τ)|+ |ψ(x, τ)|+ |q(0, 0, x, τ)|)dτ

We take the square, use Holder’s inequality, integrate with respect to x and

apply ((4.8))

‖ψ(t)‖2
L2(Ξ) ≤ C

(
1 + ‖ψ0‖2

L2(Ξ) + ‖w‖2
L2W 1

2 (Ω) +

∫ t

0

‖ψ(τ)‖2
L2(Ξ)dτ

)
Application of Gronwalls’s inequality (in integral form, see [11] p.625) yields

‖ψ(t)‖2
L2(Ξ) ≤ C

(
1 + CTeCT

) (
1 + ‖ψ0‖2

L2(Ξ) + ‖w‖2
L2W 1

2 (Ω)

)
(4.40)
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K(h, s, ϕ) can now be estimated as follows, using (4.9),(4.40) and (4.36).

‖K(h, s, ϕ)‖Y ≤ C(‖w‖L2W 1
2 (Ω) + ‖ψ‖L2L2(Ξ))

≤ C(‖fh‖L2L2(Ω)+‖ks,ϕ‖L2L2(Ξ)+‖g‖L2W 1
2 (Ω)+‖g′‖L2W 1

2 (Ω)′+‖w0‖L2(Ω)+‖ψ0‖L2(Ξ)+1)

≤ C(1 +D + Θ
(2)
1 ‖h‖L2L2(Ω) + Θ

(2)
2 ‖s‖L2L2(Ξ)) + Θ

(3)
2 ‖ϕ‖L2L2(Ξ))

=: α + β‖h‖L2L2(Ω) + γ‖s‖L2L2(Ξ) + δ‖ϕ‖L2L2(Ξ) (4.41)

where C=C(Ω, T, L,Θ
(1)
k ,Θ

(1)
3 ), D := ‖g‖L2W 1

2 (Ω) +‖g′‖L2W 1
2 (Ω)′ +‖w0‖L2(Ω) +

‖ψ0‖L2(Ξ) and α := C(1 +D), β := CΘ
(2)
1 , γ := CΘ

(2)
2 , δ := CΘ

(3)
2 .

We want the right side of (4.41) to be smaller than R, which requires

conditions on the constants Θ
(2)
1 ,Θ

(2)
2 and Θ

(3)
2 . Observe that ‖(h, s, ϕ)‖Y ≤

R implies ‖h‖L2L2(Ω) ≤ R− ‖s‖L2L2(Ξ) − ‖ϕ‖L2L2(Ξ), and hence

‖K(h, s, ϕ)‖Y ≤ α + βR + (γ − β)‖s‖L2L2(Ξ) + (δ − β)‖ϕ‖L2L2(Ξ)

due to (4.41). We assume that β < 1, γ < 1 and δ < 1 and then distinguish

the following cases

1.If β ≥ γ and β ≥ δ let R:= α
1−β

2.If β < γ and β ≥ δ let R:= α
1−γ

3.If β ≥ γ and β < δ let R:= α
1−δ

In the remaining case, β < γ and β < δ, we observe that

‖s‖L2L2(Ξ) ≤ R− ‖h‖L2L2(Ω) − ‖ϕ‖L2L2(Ξ)

and hence

‖K(h, s, ϕ)‖Y ≤ α + γR + (β − γ)‖h‖L2L2(Ω) + (δ − γ)‖ϕ‖L2L2(Ξ)

Thus, one can choose R:= α
1−δ . In all cases, K maps BR(0) onto itself. Hence,

the existence of a weak solution of ((4.5)) follows from Schauder’s theorem.

50



However, Schauder does not guarantee uniqueness. This requires some-

what tighter conditions.

Lemma 4.7 If f and k are even Lischitz continuous, i.e. ∀h, h̃,∀s, s̃ ∈ Rm,

∀ϕ, ϕ̃ ∈ Rr

|f(h, x, t)− f(h̃, x, t)| ≤ Θ1|h− h̃| (4.42)

|k(s, ϕ, x, t)− k(s̃, ϕ̃, x, t)| ≤ Θ
(1)
2 |s− s̃|+ Θ

(2)
2 |ϕ− ϕ̃|

and provided that Θ
(1)
2 is small enough, then a weak solution of ((4.5)) is

unique.

Proof

1.To demonstrate uniqueness, suppose (w,ϕ) and (w̃, ψ̃) are two weak solu-

tions of (4.5). Due to (4.36), (4.42) and (4.10)

max
0≤τ≤t

‖w(τ)− w̃(τ)‖L2(Ω) +‖w|Ξ− w̃|Ξ‖L2(0,t,L2(Ξ)) + max
0≤τ≤t

‖ψ(τ)− ψ̃(τ)‖L2(Ξ)

≤ C(‖w− w̃)‖L2(0,t;L2(Ω)) +Θ
(1)
2 ‖w|Ξ− w̃|Ξ‖L2(0,t,L2(Ξ)) +‖ψ− ψ̃‖L2(0,t,L2(Ξ)))

(4.43)

if Θ
(1)
2 C < 1, then Gronwall’s inequality yields w ≡ w̃ and ψ ≡ ψ̃.

2.Existence is obtained by consideration of Y:=C0([0, T1], L2(Ω))×L2(0, T1;L2(Ξ))×
C0([0, T1], L2(Ξ)) with norm ‖(h, s, ϕ)‖Y := ‖h‖C0L2(Ω)+‖s‖L2L2(Ξ)+‖ϕ‖C0L2(Ξ)

and repeated application of Banach’s theorem on

K: Y → Y

(h,s,ϕ) 7→ (w,w|Ξ, ψ)

for small enough T1, where (w,w|Ξ) denotes the weak solution of (4.34)

and ϕ is mapped onto ψ(., t):=ψ0(.) +
∫ t

0
q(w,ϕ, ., τ)dτ
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4.2 The free boundary model

4.2.1 Model formulation

In this model of blood coagulation is thrombus growth taken into account.

Therefore we are operating on moving boundary Γt and on time-dependent

domain Ωt, where flows blood. Area of developing thrombus Ωs is comprised

as growing, but passive.

In Weller’s work [20] equation is derived for value of velocity of growth of

thrombus, which equals to the velocity of free boundary in our model

v = αD∇w (4.44)

where D,w has the same meaning as above. α > 0 is an appropriate constant

Since this chapter focuses on the long-term, growth-induced flow distur-

bance, changes in surface reactivity due to saturation of the original surface

with bound platelets are not considered here. Instead, at the beginning of

the calculations, the original surface is assumed to be completely covered by

a layer of bound platelets. For the formulation of this model we set

IT := I × (0, T ] OT := O × (0, T ] (4.45)

ΣT := Σ× (0, T ] ΓT :=
⋃

0<t≤T

Γt × {t} ΩT :=
⋃

0<t≤T

Ωt × {t} (4.46)

Let n = nt denote the inward unit normal to ∂Ωt. We also set k(s) =

κ(1)+κ(2)s, with values of constants as in Section 4.1 Then the free boundary
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model reads

∂u

∂t
+ (u.∇)u− ν∆u +∇p = 0 in ΩT

∇ · u = 0 in ΩT

u = uD on IT

u = 0 on ΓT ∪ ΣT

u(t = 0) = u0 in Ω0

ν∂nu = p · n on OT

(4.47)

∂w

∂t
−D∆w + (u.∇)w = 0 in ΩT

D∂nw =

 kw on ΓT

0 on ΣT ∪OT

w = wD on IT

w(t = 0) = w0 in Ω0

v = α∇w on ΓT

(4.48)

We now use main idea of level set method, that moving wall ΓT can be

represented implicitly as the zero level set of a function φ, whose sign can

serve to distinguish the domains of ’fluid’ blood Ωf (t) := Ωt and emerging

thrombus Ωs(t). To be more specific, the different parts of the domain are

constituted by

Ωf (t) = {x ∈ Ω∗ : φ(x, t) > 0} Γt = {x ∈ Ω∗ : φ(x, t) = 0} (4.49)

Ωs(t) = {x ∈ Ω∗ : φ(x, t) < 0}

53



and Ω∗ = Ωf (t) ∪ Γt ∪Ωs(t). From the definition of φ it follows that the

transport equation

∂tφ+ v∇φ = ∂tφ+ αkD−1w|∇φ| = 0 (4.50)

has to be fulfilled along the moving interface.

At time t = 0, the level set function is initialized as signed distance function,

that is

φ(x, 0) :=

 dist(x,Γ0) x ∈ Ω0 ∪ Γ0

−dist(x,Γ0) x ∈ Ωs(0)
(4.51)

5 Formulation of problem and solution

5.1 Numerical schemes for previous models

We have derived the weak formulation of Navier Stokes equations (3.30)

(3.31) and convection-diffusion equations (3.38). These will be the corner-

stones of FEM approximations. The two models differ in the third equation,

which should be also taken into account, the first model has evolutionary

equation for bound platelets, while second model has equation of level set.

Practical realization of numerical schemes, i.e. their implementation, was

produced on the base of Cuvelier’s book [9].

5.1.1 The fixed domain

In the problem of fixed domain we have to add extra equation for evolution

of concentration of bound platelets, which could be seen from formulation

of the fixed domain model (4.1) - (4.3).

In order to discretize in time and space we have to introduce into the system

of equations time difference scheme and spaces of finite elements. Let us

think of partition of the domain Ω by a mesh of quadrilateral subdomains Ωi,

i= 1..n, n ∈ N ,
⋃
i Ωi = Ω, Ωi∩Ωj = 0, ∀i 6= j. Therefore all finite elements
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will be defined on quadrilaterals. In section (3.5.2) and (3.6) we introduced

solution spaces Vq, Q,Wq and test spaces V,Q,W . Now in order to introduce

space approximation of our problem we have to find some discretization of

these spaces.

Vh =
{
uh ∈ [C(Ω)]2,uh|Ωi

∈ [Q2(Ωi]
2),uh = u|DonI,uh = 0 on Σ ∪ Γ, ∀i ∈ {1..n}

}
Qh =

{
qh ∈ L2(Ω), qh|Ωi

∈ Q1(Ωi), qh = on ∂Ω,∀i ∈ {1..n}
}

Wh =
{
wh ∈ C(Ω), wh|Ωi

∈ Q1(Ωi), wh = wD on I,∀i ∈ {1..n}
}

(5.1)

and test spaces

V0h =
{
u0h ∈ [C(Ω)]2,u0h|Ωi

∈ [Q2(Ωi]
2),uh = 0 on I ∪ Σ ∪ Γ,∀i ∈ {1..n}

}
Q0h =

{
q0h ∈ L2(Ω), q0h|Ωi

∈ Q1(Ωi), q0h = 0 on ∂Ω,∀i ∈ {1..n}
}

W0h =
{
w0h ∈ C(Ω), w0h|Ωi

∈ Q1(Ωi), w0h = 0 on I,∀i ∈ {1..n}
}

(5.2)

Let us find FEM formulation of the equations with use of the Crank-Nicholson

time scheme with τ as timestep. We want to find solution vector (u, p, w, ψ)

such that

u ∈ Vh p ∈ Qh w ∈ Wh ψ ∈ Wh (5.3)

and that satisfies following equations for every vector of test functions (u, q, η, ε)

such that

v ∈ V0h q ∈ Q0h η ∈ W0h ε ∈ W0h (5.4)
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So discretized Navier-Stokes equations take form∫
Ω

(u′ − u) · v =
τ

2
(−2

∫
Ω

νD(u′): D(v)−∫
Ω

(u′ · ∇u′) · v +

∫
Ω

p′∇ · v

−2

∫
Ω

νD(u): D(v)

−
∫

Ω

(u · ∇u) · v +

∫
Ω

p∇ · v)

∫
Ω

∇ · uq = 0 (5.5)

Discretized convection-diffusion equation takes form∫
Ω

(w′ − w)η =
τ

2
(−D

∫
Ω

∇w′∇η −
∫

Ω

u · ∇w′η (5.6)

−D
∫

Ω

∇w∇η −
∫

Ω

u · ∇wη −
∫

Γ

kw′η −
∫

Γ

kwη) (5.7)

Finally we have to discretize the equation of evolution of bound platelets∫
Γ

(ψ′ − ψ)ε =

τ

2

(
−λ

(1)

Ψ
− λ(2)s

Ψ
+
κ(1)

Ψ
+
κ(2)s

Ψ

)∫
Γ

(ψ′ + ψ) ε

+τ

∫
Γ

(
λ(1) + λ(2)s

)
ε

5.1.2 The free boundary domain

In the case of free boundary domain we will formulate the problem similarly

as in previous section. But there are substantial differences. Instead of the

equation for evolution of concentration of bound platelets we will discretize

the equation of level set (4.50), which will trace the moving interface blood-

clot. The level set function allows us to decide in Navier Stokes equations
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which part of domain is in blood and which is not. We will make it by

setting viscosity as function of the level set function ν(φ).We define

ν(φ) := νs + (νf − νs)H(φ) (5.8)

where νs is viscosity of clot and νf is the viscosity of flowing blood. Dis-

cretization of Heaviside function is made by equation (1.17).

So discretized Navier-Stokes equations for changing viscosity take form∫
ΩT

(u′ − u) · v =
τ

2
[−2

∫
ΩT

ν(φ)D(u′): D(v)−∫
ΩT

(u′ · ∇u′) · v +

∫
ΩT

p′∇ · v

−2

∫
ΩT

ν(φ)D(u): D(v)

−
∫

ΩT

(u · ∇u) · v +

∫
ΩT

p∇ · v

The discretization of transport equation is the same as in (5.6) but for inte-

grating the boundary integral over moving interface we will employ practical

results of level set method presented in Section 1.2∫
ΩT

(w′ − w)η =
τ

2
(−D

∫
ΩT

∇w′∇η −
∫

ΩT

u · ∇w′η (5.9)

−D
∫

ΩT

∇w∇η −
∫

ΩT

u · ∇wη −
∫

ΩT

δ(φ)kw′η −
∫

ΩT

δ(φ)kwη) (5.10)

Discretization of Dirac delta is made by equation (1.18) with appropriate

value of k parameter(this quantity is of course different from adhesion rate

k).

Next useful information obtained from level set method is current tangent τ

and normal n, which we need not only for computation of wall shear rate on

the interface, but also for computation of the adhesion rate, which serves us

as continuous extension of the velocity of clot growth to the whole domain
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Ω∗. This extension velocity is meaningful in the sense of requirements on

the extension velocity referred in Section 1.4: its limit on the interface is the

actual velocity of clot growth.

Finally we will discretize equation of levelset (4.50). We will use definition

(1.3) of normal n.∫
ΩT

(φ′ − φ)ε = −τ
2

(αD−1w

∫
ΩT

(n∇φ′ + n∇φ)ε) (5.11)

Remark

In previous equations we have tacitly supposed, that we know the values of

quantities w,u, k, s, φ in cases when corresponding equations were not lin-

earized with respect to any of this quantities. In practical implementation

we have taken the values from previous time iteration. Therefore we have

used for this quantities explicit linearization, which is easier to implement

For treating of nonlinearity in Navier-Stokes equations Newton’s lineariza-

tion method was used. Number of linearization iterations was set to 4, even

though it would be more appropriate to decide how many iterations to make

by evaluating difference between two solutions of linearization procedure or

by evaluating norm of residuum. If the difference would be small enough

then we will take the last solution, if this difference would be too high, then

we will continue by next linearization iteration. If the norm of residuum

would be enough small, we will move to the next time iteration, if the norm

would be too high, we will continue by next linearization iteration.

5.2 Introduction of deal.II

Deal.II is an ancronym for Differential Equations Analysis Library. This

library is built on finite element method. More precisely deal.II is a C++

program library targeted at the computational solution of partial differen-

tial equations using adaptive finite elements. The use of C++ is not acci-

dental, since deal.II is employing object oriented programming in order to
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develop rapidly application solving different physical problems captured by

partial differential equations. Such applications can be very complex and

for mathematician could be difficult to take care of all the details of related

implementation.

And there comes the key aspect of OOP, encapsulation. User can operate

on some user friendly interface and therefore can avoid worrying about low

level details of implementation. The user need not to worry that he will

not be able to implement his specific problem, because deal.II offers a lot of

classes, which handle often encountered problems in practical finite element

analysis. That is the main advantage of deal.II. But deal.II has another

advantages

• use of C++ templates, on which is deal.II built, enables almost di-

mension independent programming. The switch to another dimension

is possible without the need to completely rebuild the program.

• Support for a variety of finite elements: Lagrange elements of any

order, continuous and discontinuous; Nedelec and Raviart-Thomas el-

ements of any order; elements composed of other elements.

• Extensive documentation: all documentation is available online in a

logical tree structure to allow fast access to the information needed. If

printed it comprises more than 450 pages of tutorials, several reports,

and presently some 4,000 pages of programming interface documen-

tation with explanations of all classes, functions, and variables. All

documentation comes with the library and is available locally on your

computer after installation.

• Support for several output formats, including many common formats

for visualization of scientific data.

• Free source code under an open source license.
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Figure 4: Stagnation point flow area

• Deal.II community is quite numerous, so one can get help from other

members by means of mailing lists.

Manual for deal.II cand be found on [19], useful is also introductory article

[6].

6 Results of computations

6.1 The fixed domain model

6.1.1 Stagnation point flow

Setting of the simulation In this simulation we have chosen 3D problem,

which due to spherical symmetry can be reduced to 2D domain. Exact

experimental settings could be found in [2], here we will provide only simple

sketch of 2D computational domain, which can be seen in Figure 4. This

picture serves mainly for orientation in names of boundary parts,the meshes
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Table 1: Summary of parameters - FD model

Name Symbol Value Unit

mean inlet velocity U 15.8 mm/s
characteristic length L 0.335 mm

Reynolds number Re 9.5
characteristic platelet concentration W 1.9×106 µl−1

diffusion coefficient of the platelets D 1.58×10−7 mm2/s
initial concentration of platelets w0 250000 µl−1

for computation will be specified later. Whole computation was made in

non-dimensional quantities, therefore the scale of coordinate axes are also

nondimensional. Names of boundary parts are set in accordance with fixed

domain model formulation in Section 4.1.

The key parameters of computations are assembled in the Table 1

Remark As was said, due to axial symmetry we can make computations

on 2D domain but results interpret in 3D domain. For this purpose we have

to reformulate the equations in cylindrical coordinates. It is also useful to

compute our model in dimensionless quantities. These quantities are defined

as follows.

x̃ := x/L t̃ := Ut/L ũ(x̃, t̃) :=
u(x, t)

U
(6.1)

p̃(x̃, t̃) :=
p

U2
w̃(x̃, t̃) :=

w(x, t)

W
ψ̃(x̃, t̃) :=

ψ(x, t)

Ψ
(6.2)

s̃(x̃, t̃) :=
s(x, t)L

Uν
Re :=

LU

ν
Pe :=

LU

D
(6.3)

λ1 :=
λ(1)

U
λ2 :=

λ(2)ν

L
κ1 :=

κ(1)

U
κ2 :=

κ(2)ν

L
(6.4)

Values of platelet deposition parameters are in Table 2

Results Originally we wanted to compute values of normalized density of

platelets ψ̃ on bottom part of computational domain (in Figure 4 part ΓC).

We have met the problem of mutual transfer of data between 1D problem
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Table 2: Summary of platelet deposition parameters - FD model

Symbol Value

λ1 0
λ2 4.79×10−12

κ1 0
κ2 1.15×10−3

Table 3: Summary meshes - FD model

Mesh number Figure number Timestep (s) Curve number

I Figure 8 0.5 1
I Figure 8 1.0 2
II Figure 9 0.5 3
II Figure 9 1.0 4
III Figure 10 0.5 5
III Figure 10 1.0 6

and 2D problem. Indeed, after research of deal.II documentation, we have

encountered only the functionality, which enables transfer of data between

different levels of mesh refinement of one problem, there is not functionality,

which would allow us to mediate data between two different problems. And

we did not have time for implementing our own functionality, which would

have helped us to solve this problem.

Therefore our simulations of FD-model are restricted only to computations

of behaviour of wall shear rate. This computations we need for realization of

free boundary model, because they give us an idea, how should the growth

of interface look like. We will discuss this question later.

Let us now turn to the study of behaviour of wall shear rate. We plot

wall shear rate as a function of radial distance from center of symmetry.

To provide good overview of all configurations of simulation we assemble

following table:

The graphs of wall shear rate show (see Figure 8, 9 and 10) certain agree-

ment with results reported in [20], [2], [10], i.e. shape of graph curve is
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similar, but values are slightly different, which is caused by the fact, that

our meshes are quite coarse. Next reason could be the fact, that Crank-

Nicholson was used only for equation of level set, while backward Euler

scheme was used for the other equations. The position of maximum of wall

shear rate is shifted in comparison with cited works, which could be caused

by the causes mentioned above.

Figure 5: Mesh for stagnation point flow I

Figure 6: Mesh for stagnation point flow II
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Figure 7: Mesh for stagnation point flow III
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Figure 8: Dependence of wall shear rate s on radial distance r, Mesh number
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Figure 11: The time-dependent domain - initial state

6.2 The free boundary model

6.2.1 Stagnation point flow

Setting of the simulation We will now investigate behaviour of the mov-

ing boundary (in Section 4.2.1 denoted as Γt) in the special case of stagnation

point flow. Let us now see the initial configuration of our computational area,

which is plotted in Figure 11.Zero level set is initialized 0.1 dimensionless

unit above bottom part of computational domain(in the Figure 11 plotted

as black line).

We can see, that we have chosen nonuniform mesh, which is refined as mesh

points get near the bottom area of the computational domain. We have

decided so, because our interest is mainly in behaviour of moving interface

and because of it we need a part of mesh, which is more refined.

In Section 4.2.1 adhesion rate was set to k(s) = κ(1) + κ(2)s. We have

made only simulations, where adhesion of platelets was shear-dependent.
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Figure 12: Interface after 110s, timestep 1s

Therefore constant κ(1) was set to zero. In the equation of levelset (4.50) is

constant α which according Weller should have appropriate value, therefore

we have a freedom of choice, how large to set this constant. Our model

has a purpose to carry out the reasonable movements of interface with our

available computer equipment, i.e. computational time, therefore we could

have allowed such simplifications.

Results We compute changes of moving interface for several times up

to 400s. We have used three levels of refinement of computational mesh.

Level 1 In this case we have the mesh on Figure 11. We have plotted com-

putational domain with zero level set-interface in time 110s for timestep 1s

and 0.5.(See Figures 12,13).

Level 2 In this case we have the mesh on Figure which could be seen on

following figures. We have plotted computational domain with zero level set-

interface in time 150s and 250s for timestep 1s and 0.5.(See Figures 14,15,16
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Figure 13: Interface after 110s, timestep 0.5s

and 17).

Level 3 For next computations we have more refined mesh, which could

be seen in the following figure. We compute again with timestep 1s and

0.5s. We have Figures for times 100s and 190s for both timesteps(See figures

18,19,20,21).

It is obvious from Figures for corresponding levels, that the interface

has moved furthest in places, where the biggest values of wall shear rate

can be supposed. Although we are now working with moving interface,

the behaviour of wall shear rate is similar as in Section 6.1.1. This is in

agreement with assumptions made about our model.
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Figure 14: Interface after 150s, timestep 1s

Figure 15: Interface after 150s, timestep 0.5s
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Figure 16: Interface after 250s, timestep 1s

Figure 17: Interface after 250s, timestep 0.5s
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Figure 18: Interface after 100s, timestep 1s

Figure 19: Interface after 100s, timestep 0.5s
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Figure 20: Interface after 190s, timestep 1s

Figure 21: Interface after 190s, timestep 0.5s
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Figure 22: Interface after 200s and velocity field, timestep 1s

Figure 23: Interface after 200s and velocity field, timestep 0.5s
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7 Conclusion

At the end we present summary of this work

• We have formulated two configurations of blood coagulation problem,

fixed domain model and free boundary model.

Fixed domain is described by Navier-Stokes equations for incompress-

ible fluid, transport equation of platelets and evolutionary equation

of bound platelets. We have collected existence and uniqueness the-

ory results for fixed domain model equations for platelets and bound

platelets.

Free domain model is described by Navier-Stokes equations for incom-

pressible fluid transport equation of platelets and equation of level set.

• We have formulated FEM discretization for both models.

In the case of the fixed domain we proposed discretization with Q2 −
Q1 − Q1 elements. In the case of the free domain we proposed dis-

cretization with Q2 − Q1 − Q1 elements. In this case the levelset

reinitialization of the interface was not used, because we were dealing

with small changes of the interface.

• In the case of the first model, we have reached good results for be-

haviour of wall shear rate, which could be compared with other works.

We were not able to compare results of behaviour of bound platelets

due to the complication in implementation of transfer data between

1D evolutionary equation and 2D transport equation.

In the case of the second model, we have arrived at reasonable results.

Both models were tested on the test case of stagnation point flow,

which is profoundly described in cited literature.

• We have modelled the blood clot as a Newtonian fluid with very high

viscosity. More sophisticated model should be used to capture vis-

coelastic properties of blood clot.
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• The simulation were time expensive, therefore we have to solve them

on relatively coarse computational meshes. We have used the direct

algorithm for inversion of sparse matrices UMFPACK,but main rea-

son of big time demands was the fact, that our focus was to implement

problem in understandable and easily to debug way. Therefore effec-

tivity was not our first target.

• The computed densities of platelets w exhibit little bit oscillation,

which is due to the fact, that Peclet’s number Pe is of order 107.

Therefore the transport equation for platelets has only very weak dif-

fusive term. The introduction of stabilization diffusion term would

resolve this problem.

• The construction of deal.ii assembling procedure would enable us to

add equations for other blood coagulation species, in order to arrive

at more comprising biochemistry model. Whole system of equations

would be solved at once, because it is possible to have all equations in

one system matrix.
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