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Introduction

Nowadays, cryptology became a part of our daily life even though most people
do not realize it. One of the important categories of cryptology is the public-
key cryptography (or asymmetric cryptography), which was devised by Diffie
and Hellman [3]. In the public-key cryptosystem, we use a couple of different
keys — a public key and a private key. The secret encrypted by the public
key can be decrypted only by the corresponding private key. It provides us
with the potential of establishing an encrypted connection without having to
share the secret, moreover, it enables us to sign data digitally. The security
of the public-key schemes, which are currently used in practice, relies on just
a small number of problems. Mostly, it involves either the problem of factor-
ization (e.g., RSA [10]), or the discrete logarithm (e.g., ECC [9]). Therefore,
the research on new cryptography schemes, particularly based on other classes
of problems, is of utmost importance.

In this thesis we will focus on an innovative structure of a public-key
scheme based on multivariate quadratic quasigroups (MQQ, [8]). It repre-
sents a special type of an MQ-scheme. In general, the MQ-schemes rely on
the problem of finding a solution of a system of multivariate quadratic equa-
tions (MQ-problem, [13]). The private key in the MQ-scheme is a soluble
system of n quadratic equations P(x) in n variables over the field Fy, and two
automorphisms of vector space Fj, denoted by £; and L,. The public key is
the system of equations

P'(z) = Lo <7> (cl(x))).

Therefore, finding the private key based on knowledge of the public key in the
MQ-scheme relies on the complexity of decomposition of P’(x) into L;, Lo,
and P [13]. MQQ is based on an algorithm generating the system P(x) from
a special kind of quasigroups, the so-called quadratic quasigroups. The authors
of MQQ use a heuristic algorithm for generating quadratic quasigroups that
can discover only some of them and that might be not quick enough. They do
not provide any theoretical background that would describe the structure of
quadratic quasigroups in general. Such a theory is presented in this thesis.



In Theorem 2.40 we show that every quadratic quasigroup can be described
by means of four parameters. Two of which depend upon permutations of F7
that can be described by quadratic forms (we call them quadratic permuta-
tions). The further two parameters are a translation vector and a bilinear map.
Our ability to generate quadratic quasigroups depends, to a large extent, upon
the ability to find quadratic permutations efficiently. Chapter 3 is devoted to
this topic and we give two possible ways how quadratic permutations can be
constructed. In Theorem 3.8 we show that each quadratic form which is a part
of a quadratic permutation is determined up to equivalence only by the dimen-
sion of its kernel. Using this fact, it is possible to find all such quadratic forms.
Composition of these forms provides the first possible nondeterministic way.
The second one is fully deterministic and uses a Matsumoto-Imai scheme [13].

The property of being a quadratic quasigroup is not isotopically invari-
ant. However, if the permutations used by an isotopy are linear and one of
the quasigroups is quadratic, then the other quasigroup is quadratic as well.
Under certain additional conditions this is true also in the case when the iso-
topy permutations are quadratic. A large part of Chapter 2 is hence devoted
to the study of isotopies. The achieved results can be used to derive quickly
many further quadratic quasigroups that are isotopic to a known quadratic
quasigroup.

Quadratic loops have only two structural invariants (cf. Theorem 2.48), i.e.,
a unit and a bilinear map. In Theorem 2.50 we present necessary conditions for
bilinear map to represent a quadratic loop. It provides a heuristic algorithm
for generating these loops. They can be used for generating further quadratic
quasigroups, but they are also interesting as an algebraic object. One can
ask questions about the laws (associative, Moufang etc.) that such a loop can
fulfil. While these questions are certainly interesting, they are out of the scope
of this thesis and I have deferred them to future studies.

The mentioned results except for basic and known facts about quasigroups,
boolean functions, bilinear and quadratic forms are achieved newly in this
thesis.

Preliminaries

We will use just basic knowledge of linear algebra [1], groups [4], commutative
rings [5], and finite fields [12], conforming to the notation commonly used in
those areas of mathematics. The Galois field of characteristic 2 will be denoted
by Fsy. I, would denote an n X n matrix, having 1’s on the main diagonal and
0’s elsewhere. §; ; denotes the Kronecker delta. It is a function of two variables



which is 1 if they are equal, and 0 otherwise, i.e.,

s _ L ifi=j,
Y0, ifd # g



Chapter 1

Basic Quasigroup Theory

In this chapter we introduce a definition of a general quasigroup and its basic
properties [6, 11].

Definition 1.1. A quasigroup (Q, ) or just @ is a set () with a binary oper-
ation *, such that for each v and v in @) there exist unique elements z and y
in ) which satisfy

uU*xTr =0,

YxUu=u.

A quasigroup is called finite if it has a finite number of elements. The number
of elements is called the order of the quasigroup.

The unique solution x is denoted by w\v where \ is a binary operation
in @ (called the left division) and the unique solution y by v/u where / is also
a binary operation in ) (called the right division).

Lemma 1.2. The quasigroup (Q,*) with the left and right divisions satisfies
the identities

ux (u\v) = v,
(v/u) xu = v,
u\(uxv) = v, and
(vxu)/u = v

for all u,v € Q.

Proof. The first two identities follow directly from the definition of the divi-
sions. From the definition of \ we know that u\ (u*v) is a solution of uxz = u*v
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for every u,v € ). On the other hand, we also know that v solves this equa-
tion. From the uniqueness of the solution we obtain u\(u * v) = v. Similarly,
the equation y*u = v*u is solved by both v and (v*u)/u. Thus v = (v*u)/u
for every u,v € Q). ]

Observation 1.3. Let (Q, *) be a quasigroup and operations \ and / be left
and right divisions. Then (Q,\) and (Q, /) are also quasigroups.

Definition 1.4. Let (@, *) be a quasigroup. An element e, € @ is called
a right unit if u x e, = u for all v € (). Similarly, an element e; € @ is called
a left unit if e, xu =wu for all u € Q. If e € Q is both a left unit, and a right
unit, then it is called simply a unit. A quasigroup with a unit is called a loop.

Observation 1.5. If the quasigroup (Q,*) contains a right unit e, and also
a left unit e;, then e, = ¢; x e, = €.

Example 1.6. A Latin square is an n X n square containing n copies of each
of n symbols, arranged in such a way that no symbol is repeated in any row
or column. Exactly the same rules have to be satisfied by the Cayley table
of a finite quasigroup. It means every finite quasigroup corresponds to some
Latin square. In Figure 1.1 we can see an example of a Latin square 3 x 3 on
the left and the corresponding finite quasigroup of order 3 on the right.

- Toi]z]
01211 110
511 170211

2121110

Figure 1.1: The Latin square and the corresponding finite quasigroup

Example 1.7. The cyclic group Z with a nonassociative binary operation
“minus” is an example of an infinite quasigroup. We can easily observe that
the element 0 € Z is a right unit of (Z, —) because k —0 =k, but 0 — k = —k
for every k € Z.

Definition 1.8. A map
a:(Qr, 1) — (Q2,%2)
between quasigroups (@1, *1) and (Q2, *2) is a homomorphism if

alu* v) = a(u) x a(v)
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for all u,v € ()1. A bijective homomorphism is an isomorphism. If there exists
an isomorphism between (); and ()5, we call quasigroups isomorphic, denoted

by Q1 = Q.
A triple of maps

avﬁ77 : (Q17 *1) - (Q27 *2)
between quasigroups (@1, *;) and (Qs, *9) is called a homotopy if

a(u) *g B(v) = y(u 1 v)

for all u,v in Q);. We call the triple an isotopy if the maps «, 3, are bijective.
If there exists an isotopy between ()1 and ()5, we call the quasigroups usotopic,
notation Q1 ~ Qs .

Observation 1.9. Let (Q1,*;) be a quasigroup, and let ()5 be a set, such that
|Q1| = |Q2|. Let a, 8,7 be a bijective maps QQs — Q1. Then (Q2,*2), where

U kg V= 7—1 (CY(U) *1 ﬁ(v))7

for all u,v in @)y, is a quasigroup, and («, 3,7) is an isotopy between (Qs, *2)
and (Q1, *1).

The isotopy («, 3,7) between (Q1,#*;) and (Qa,%*2) can be transformed
into the isotopy (v 'a,7713,1dg,) between (Q1,*1) and (Q1, *3), where *3 is
defined as u *3 v = v} (y(u) *o v(v)) for all u,v € @Q;. We can see that ~y
becomes an isomorphism between (Q1, *3) and (Qa, *2).

It follows that to find all quasigroups which are isotopic to (Q,*) up to
isomorphism we have to go through all quasigroups (@, o) such that

uov = a(u)* G(v) for all u,v € Q,
where o and [ permute ). Such a quasigroup will be denoted by Q|a, 3.

Definition 1.10. Let (@, *) be a quasigroup. For each a € @ define the left
translation L, as a map L, : © — a*x and similarly the right translation R, as
amap R, : © — zxa for all z € Q. Both maps are bijections and L' : x — a\z
and R;': v — x/a.

Lemma 1.11. Let (Q,*) be a quasigroup. Qla, 3] is a loop if and only if
there exist a,b € Q such that o = R, and 3 = L, .

Proof. Suppose (Q[a, f],0) is a loop with unit e € . Then v = uoe =
a(u) x B(e) and a(u) = u/B(e) for all u € Q. Similarly v = eov = a(e) * 5(v)
and ((v) = a(e)\v for all v € Q. So b= [(e) and a = a(e).
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Now, consider that & = R,™" and f = L, '. We will show that a b is

a unit.

uo (ax*xb) =a(u)*F(axb) = (u/b) * (a\(axb)) = (u/b) *x b= u,
(axb)ov=alaxb)xF(v) = ((axb)/b)x (a\v) = ax (a\v) =,

for all u,v € Q. ]
We call the loop (Q[Ry ™', L,~'],0) a principal isotope of (Q, *).

Corollary 1.12. Every quasigroup is isotopic to a principal isotope.



Chapter 2

Quadratic Quasigroups

2.1 Boolean Maps

In this section we show that every map

m

—N—
F5 x - x Fy — Fy

can be represented by a vector of Boolean polynomials |7]. The quasigroup
upon F7 can be understood as such a kind of map. Restriction to quadratic
polynomials provides the definition of a quadratic quasigroup [8|.

Definition 2.1. Let Fylxy, z,...,x,] be a ring of polynomials in variables
1,2, ..., T, over the field Fy. We call the elements of the quotient ring
Folzy, T, ..., 2] /(22 — 21, .., 22 — 3,)

Boolean polynomials.

Each Boolean polynomial can be expressed as

f= Z GIH%,

IC{l,..,n} i€l

where the coefficients a; € F, (suppose that [[,.; 2; = 1 for I = (). The maxi-
mal cardinality of I such that a; = 1 is called a degree of the polynomial f and
is denoted by deg(f). As a degree of a zero polynomial we set —co. For every
subset I = {i1,...,i,} C{1,...,n} we call the Boolean polynomial z;, - - - x;
a monomial and denote it shortly by x;.

Definition 2.2. A map a : F} — T, is called a Boolean function of the arity n
(or an n-ary Boolean function).

12
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We can assign a Boolean function f of the arity n to each Boolean polyno-
mial f € Fy[zy,...,2,], where f is defined as an evaluation of the polynomial f:

foug, ... un) — flug, ... uy).

Theorem 2.3. Every n-ary Boolean function can be uniquely represented as
a Boolean polynomial from Fy[xy, ... ;).

Proof. We will show that a map ¢ : f — f is an isomorphism between
the ring of Boolean polynomials and the ring of Boolean functions. Let f and
g be Boolean polynomials from Fy[xy,...,2z,]. Then, we can easily observe
that (fg)(u1,...,un) = f(ur,...,up) - glug, ..., u,) and (f + g)(ug, ..., u,) =
flug, ... un) +g(ug, ..., u,), 50 fg=f-gand f +g= f+g, and ¢ is a ho-
momorphism of the rings. Let f = Zlg{l,...,n} arxy be a nonzero Boolean
polynomial. We pick such an I C {1,...,n} which satisfies a; = 1 and
the cardinality of I is minimal. Suppose the vector v = (uy,...,u,) € F}
obeys u; = 1 for j € I, and u; = 0 otherwise. If J C I, then a; = 0. If
JN\I # 0, then x;(us,...,u,) = 0. Hence f(uq,...,u,) = xr(ug,...,u,) =1
and f is also nontrivial. It means that ¢ is injective. There exist exactly
2" Boolean monomials in Fa[zy, ..., x,], therefore, the cardinality of the ring
of Boolean polynomials is 22”. The ring of Boolean functions has also 2%"
elements because |Fy| = 2". An injective map between two rings of the same
finite cardinality is surjective, as well. O

Let a be a map
m

—
a:Fyx. - xFy; — Ty

and E = {ej,es,...€,} be a base of the vector space F3. {v}p will denote
coordinates of a vector v € F} relative to the basis E. Note that v — {v}g
is an automorphism of the vector space ;. There exists exactly one map apg
such that

m

—N—
ag: Fyx.--xFy — F5

ap: (o128, (@ 2™ e (YY),
where (2],...,20) = {uw}g, (y1,...,yn) = {v}p and vectors w/,v € F? for
j = 1,...,m satisfy a(u!,...,u™) = v. Each y;,s = 1,...,n is uniquely
determined by the bit values {x};i = 1,...,n,j = 1,...,m}. Thus, we can

represent y; as a mn-ary Boolean function
m

_ — e
fir Fox-- - xFy — Ty,
m

fio (zl,....2h), .. @t . e ey, i=1,2,... 0.

1 n rrn
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Using Theorem 2.3 we obtain a Boolean polynomial f; for all such Boolean
functions f;. We can thus state

Theorem 2.4. Let o be a map

m

——
a:Fy x .- xFy — F7.

For each base E of F there exists exactly one vector of Boolean polynomials
(fi, for-oos fu) € (Falalyi=1,...,n,j = 1,...,m])n, such that

{a(ul,.. ., u™)}p = <f1({u1}E, ™Y e), e Y, {um}E))
for all u', ..., u™ € Fs.

We call the vector of the Boolean polynomials (f1, fa,..., fn) & Boolean
polynomial representation (or just representation) of the map « in the base E,

denoted by ag = (f1, fo, .-+, [n) -

Definition 2.5. Let o be a map

m

—
a:Fyx. - xFy — Ty

and E be a base of the vector space Fj. Then we call a a Boolean map of degree
d in the base E if d = max{deg(f;),i =1,...,n}, where ag = (f1, f2, .-, fa)-

Proposition 2.6. The degree of a Boolean map is independent of the selected
base of Yy .

Proof. Let E, E' be two bases of the vector space F} and let R be a transfor-
mation matrix from base E to base E', i.e., {u}p = {u}p R for u € F}. Recall

that the matrix R is regular. Let f € Fylal;i = 1,...,n,5 = 1,...,m] be
a Boolean polynomial. Then g = f((z,...,z})R,..., (27", ...,27)R) is also
Boolean polynomial and satisfies deg(g) < deg(f). Using the transformation
matrix R~! for ¢ in the same way, we get deg(f) = deg(g). Now let (g1, .., gn)
be a vector of Boolean polynomials from Fg[x{;i =1,...,n,7 = 1,...,m]"
Then (hy,...,h,) = (g1,...,9.) R is also a vector of Boolean polynomials

and satisfies
max{deg(h;),i =1,...,n} < max{deg(g;),i =1,...,n}.
Using the transformation matrix R for (hy,. .., h,) in the same way, we obtain

max{deg(h;),i =1,...,n} = max{deg(g;),i =1,...,n}.
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Let o be a map
m

—
a:Fy x.-. - xFy — F7.

with a Boolean polynomial representation (fi, fo,. .., f,) in the base E. Then

o At 2R, (@ 2 R)
9.2 _ (R fg((a:%,...,x}L)R,.‘..,(xT,...,x?)R)
On fn((x%,...,x}z)R,...,(xT,...,le)R)

is a Boolean polynomial representation of o in £’ and from the calculations
above we get max{deg(f;),i =1,...,n} = max{deg(¢g;),i =1,...,n}. ]

2.2 Bilinear and Quadratic Forms

In this section we present definitions of quadratic and bilinear forms over a fi-
nite field, particularly, Fy [2]|, which is used in the next section.

Definition 2.7. Let V be a vector space upon a field F'. A bilinear form on V'
isamap b : V xV — F which is linear in each argument separately, i.e.,
satisfies:

(i) b(u+w,v) = b(u,v) + b(w,v)
(ii) b(u,v +w) = b(u,v) + b(u, w)
(iii) b(Au,v) = b(u, Av) = Ab(u,v)

for every u,v,w € V and A € F.

We say that a bilinear form b is symmetric if b(u,v) = b(v,u) for every
u,v € V. The bilinear form is called alternating if b(u,u) = 0 for every u € V.
In this paper we suppose that the vector space V is always finite.

Lemma 2.8. Let b be a bilinear form on a vector space V upon a field F
and let E = {ey,eq,...,e,} be a base of V. Then the value of b(u,v), where
u,v € V and {u}lg = (r1,29,...,2,),{v}g = (Y1,Y2, - .., Yn), can be expressed
as

b(u,v) = | Z z;y;b(e;, ;). (2.1)
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Proof. We just use the properties of a bilinear form repeatedly.

b(u,v) =b (Z T4, Zyjej> = Zb (xie,-, Zyjej)
i=1 j=1 i=1 j=1

= Z b(x;e;, ye5) = Z ziy;b(e;, €5).

ij=1 ij=1
(]

We call the expression (2.1) a coordinate representation of the bilinear form
in the base E.

Lemma 2.9. Let A = [a;| be a matrix from F™" and E = {ej,es,...,€e,}

be a base of the vector space V. Define a map b :V xV — F by

b(u, v) = Z LilYjQi,g

where u,v € V and {u}g = (v1,29,...,2,),{v}g = (Y1,¥2,...,Yn). Then b is
a bilinear form.

Proof. 1t is easy to observe that b(Au,v) = b(u, Av) = Ab(u,v) for all A € F
and u,v € V. Now let u,v,w € Vand {u}lg = (z1,...,2,), {0} = (Y1, -, ¥n),
{w}g = (21,...,2,). Then

b(u +w,v) =b (Z(mz + z;)ei, Z yiei> = Z (2 + 2i)y;a;
1 i=1

i= ij=1,...n

I
=
&
E
<
_|_
AN
&
E
I
=
£
=
_|_
=
E
S

Using the same method we will get b(u,v + w) = b(u,v) + b(u, w), thus b is
a bilinear form. O

In other words, each bilinear form can be fully described by a matrix and
also each matrix defines a bilinear form. We can formulate these facts in
a corollary:

Corollary 2.10. Let V' be a vector space upon a field F and E = {ey,...,e,}

be a base of V. Let b be a map V x V' — F. Then b is a bilinear form if and

only if there exists a matrix A € F™*™ such that
b(u,v) = (z1,...,2,) AL, ..., yn)"

for every u,v € V, where {u}g = (v1, %2, ..., %), {v}e = (Y1, y2, .- -, Yn).
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Definition 2.11. Let b be a bilinear form on the vector space V. We define
the left and right radical as follows:

Radp b = {u € V;b(u,w) = 0,Yw € V},

Radgb = {u € V;b(w,u) =0,YVw € V}.
It is easy to observe that Rad; b, and Radrb are vector subspaces of V.
Since the rank of the matrix is the same as the rank of its transpose, hance

dim Rad;, b = dim Radg b.
A bilinear form b is said to be non-degenerate if Rad; b = Radg b = {0}.

Definition 2.12. Let V' be a vector space upon a field F. A quadratic form
on V is a map q: V — F which satisfies the conditions

(i) q(Mv) = N2q(v) forall A € F,v e V.
(i) The map b: V x V — F defined by
q(v +w) = q(v) + q(w) + b(v, w)
is a bilinear form.

We say that the bilinear form b is associated with the quadratic form q.
Directly from the definition follows that b(v,w) = b(w,v), thus the associ-
ated bilinear form is always symmetric. The properties of quadratic forms are
different in the case the characteristic of the field F' is 2 or different. We will
focus only on the case the characteristic is 2. So from now on, assume that
F =TF,. We can see that in this case b(v,v) = 0 for every v € V' which means
that b is alternating. Also, because A2 = X for all A € Fy, we have

q(Av) = Aq(v) for all v € V.

Definition 2.13. Let q be a quadratic form on F} and b be its associated
bilinear form. Then the set

Radq = {U c FSL,b(u;w) = b(w7u> = O,Vw S Fg}

is called the radical of the quadratic form q. We can see that Radq =
Rad; b = Radgb. Therefore, Rad q is a vector subspace of 3.

Lemma 2.14. Let q be a quadratic form on a vector space Fy with a base
E ={ey,es,...,e,} and let b be its associated bilinear form. Then the image
of v € Fy, where {v}g = (21, x2,...,2,), can be expressed as

q(v) :inq(ei)f > aiwblee;). (2.2)
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Proof. We will use an induction on n. For n = 1 the statement holds. Suppose
that the assertion holds for n = k—1. Then, using the definition of a quadratic
form, we have

k k-1 k—1
q (Z xiei) =q (Z xi6i> +q(zker) +b (Z i€, -Tkek>
=1 =1 i=1

k-1 k-1
= Z zid(e;) + Z zizjb(ei, ;) + zraler) + Z ziTpb(e;, ex)
i=1 i,5=1,...k—1 =1
1<)
k
= Z xzq(el) + Z xiij(ei, ej).
=1 i,j=1,...k
i<j

We call the expression (2.2) a coordinate representation of the quadratic
form in the base E.

Lemma 2.15. Let A = [a; ;] be a symmetric matrix in Fy*" such that a;; = 0
for every i = 1,...,n and let (by,bs,...,b,) be a vector in Fy. Let E =

{e1,€ea,...,e,} be a base of the vector space Fy. Now define a map q : F§ — Fy
by
Zmzb + Z i,
7‘7 17 7
1<J
where v € Fy and {v}g = (21,22,...,2,). Then q is a quadratic form and

q(e;) =b; for every 1 =1,2,...,n.

Proof. Tt can be easily observed that q(Av) = Aq(v) for all A € Fy,v € F2.
Now let u,v € F§ and {u}p = (z1,...,2,),{v}g = (y1,...,yn). Then

qu+v) =
=q (Z(xz + yi)@) = Z(% + yi)bi + Z (zi + i) (75 + yj)ai
=1 i=1 z,]:ii,j..,n
—ZM > Mﬂzﬁzyzb DL Y
7] 17 7 7] 17 7
1<j 1<j
+ Z N Z TjYii,;
ij=1,..m ij=1,...,n
1<j 1<j

=q(u)+q(v) + Z Ty ;.

ij=1,...n
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It follows from Lemma 2.9 that b = >, .,
form associated with q. The fact that q(e;) = b; follows directly from the def-

., Tiyja; ; represents a bilinear

inition of q. O

The lemmas above also yield that every quadratic form is fully determined
by an alternating symmetric bilinear form and a vector (by,bs,...,b,) € F4
which defines values of the form on the elements of the base.

Corollary 2.16. Let q be an n-ary Boolean function and E = {ej, es,...,e,}
be a base of the vector space Fy. Then q is a quadratic form if and only if

there exist values a; j, 4,7 =1,...,n,i < j,by,k =1,...,n such that
n
q(’U) = Z.Izbz -+ Z l‘ifL’jCLZ”j
i=1 ij=1,.,
i<j
for every v € FYy where {v}g = (21, 22,...,xy).

It will come in handy to use the quadratic form q directly as its representa-

tion in a previously given base. It means that for u € Fy {u}r = (x1,...,z,)
we will write just q(z1,...,x,) instead of q(u) and we will work with q as if
it were a polynomial q(z1,...,z,) € F[zy,...,2,]. The same convention will

be used for bilinear forms.

Corollary 2.17. Let p € Fy[zy,...,x,] be a Boolean polynomial of degree 2
and let E = {ejy, ey, ...,e,} be a base of the vector space F3. Then there exists
exactly one quadratic form q and a vector ¢ € Fy such that

p(z1, .. xn) =d(x, ..., 2,) +C

2.3 Bilinear Maps and Quadratic Permutations

Now, we define bilinear maps and quadratic permutations which can be used to
describe a quadratic quasigroup. We show that bilinear maps consist of bilinear
forms, whereas quadratic permutations of quadratic forms.

Definition 2.18. Let v be a Boolean map
v Fy x Fy — F7.
Then we say that v is bilinear if it satisfies conditions
(1) y(u+w,v) =y(u,v) +~y(w,v)

(i) (u, v +w) =7(u,v) +7(u, w)
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(i) (A, v) = y(u, ) = Ay(u,v)
for every u,v,w € V and A € Fy. The last condition follows from the first
two conditions, i.e., y(0u,v) = y(u + u,v) = y(u,v) + y(u,v) = 0 = y(u,v) +
v(u,v) = y(u,v 4+ v) = vy(u, Ov).

Consider a representation vg = (f1,...,fn) in some base E. Then for
u,v,w €V where {u}p =z, {v}p =y, {wlpg =z is ve(r + 2,y) = ve({u}r +
{whe. {vie) = ve({ut+wle {v}p) = {Y(utw,v)}p = {7(u,v) +y(w,v)}p =
{v(u,)}g + {y(w,v)}p = ve(r,y) + ve(2,y). The other two conditions for
bilinearity are similarly satisfied, thus, yg is also bilinear. Then, each f; as
a component of vg has to satisfy the same conditions, therefore, f; is a repre-
sentation of a bilinear form.

On the other hand, if we construct a Boolean map ~' from a representation
(by,...,b,) where by,... b, are bilinear forms on the vector space Fj in
a representation form, then the Boolean map ' surely satisfies all conditions
to be bilinear. We can claim

Lemma 2.19. Let v be a Boolean map
v Fy x Fy — FY

and E be a base of the vector space Fy. Then + is bilinear if and only if there
exist bilinear forms Fy by, ..., b, on the vector space such that (by,...,b,) is
a representation of v in the base E.

Note that for each base there exists different vector of bilinear forms. Let
(by,...,b,) be a representation of v in the base £ and (b/,...,b/) be a rep-
resentation of 7 in the base E'. If R is a transformation matrix from E to E’
then (by,...,b,) = (b,...,b))R.

Let o = (0,...,0) € F} denote a vector of zeros. Then {o}g = (0,...,0)
for every base E of [F7.

Definition 2.20. Let 7 be a bilinear map on the vector space F;. We define
the left and right radical as follows:

Radp vy ={u € V;y(u,w) = o,YVw € V},
Radgry = {u € V;vy(w,u) = o,Yw € V}.
It is easy to observe that Rady, vy, and Radg v are vector subspaces of F7.
Let (by,...,b,) be a representation of the bilinear map ~ in the base E.

Then, we can equivalently set

Rad, vy = ﬂ Rady, b;,

=1
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and

Radgy = (| Radg b;.

i=1

Definition 2.21. Let a be a permutation of the vector space F5. We call a
a quadratic permutation if it has degree 2 in the sense of Definition 2.5 and we
call a a linear permutation if it has degree 1.

Lemma 2.22. Let a be a linear permutation of the vector space Fy with

a representation (fi,...,f,) in a base E. Then the representation can be
expressed as
fi
f
.2 = AzT 4+ T, (2.3)
Jf

where the matrix A € Fy*" and the vector ¢ € Fy are uniquely determined
and A is regular.

Also for each regular matrix A’ and a vector ¢ € Fy, A'xT + 7 is a repre-
sentation of a linear permutation.

Proof. The polynomial f; is linear for every i = 1,...,n, thus, f; = a} +

Z?Zl ajr; for some a% € Fy, j = 1,...,n. Then, we can define the matrix A as
11 1
ay Gy a,
ai a a;
A= ,
n n n
at ay ... a’

and the vector ¢ as
_ 1 2 n
c=(agy, ag,--.,ap),

which satisfy (2.3). Since the permutation « is invertible, the equation
yT = AxT + (T

has to have a unique solution x for every y € F5. That’s possible if and only
if the matrix A is invertible and so

As we have just rewritten the expression in a matrix form, the uniqueness is
clear.
The rest follows by direct verification. [
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Corollary 2.23. Let o be a linear permutation of the vector space Fy. Then

a1 is also a linear permutation.

Lemma 2.24. Let 3 be a quadratic permutation of the vector space F} with

a representation (f1,..., f,) in a base E. Then there exists exactly one vector
of quadratic forms (qi,qo,...,q,) on the vector space F4y and exactly one
vector ¢ € FYy such that the representation (fi,..., f,) can be expressed as

fl q1($17"'7$n)

f2 Q2\T1, -, Tn

Tl = ( _ ) + T (2.4)

fn qn<xla"’>xn)
Proof. The polynomial f; is quadratic for every ¢ = 1,..., n, therefore, we can
use Corollary 2.17 to find a quadratic form q; and a constant ¢; € Fy such that
the claim holds. ]

Lemma 2.25. Let a be a Boolean map

m

—
a:Fyx-- - xFy —F}
of degree d,d > 0 and L be a linear permutation of F. Then maps
o gy g = a(ur, o L), )

where 1 < r < m, and

",
Q .ul,...,umHﬁ(a(ul,...,um))

are also of degree d.

Proof. Let (fi,...,fn), where f; € Fo[z;;5 = 1,...,mn],i = 1,...,n, be
a representation of o in a base E. Let L + ¢, where L = [l;;] is a regular
matrix n X n and ¢ = (¢q,...,¢,) € Fy, be a representation of £ in the base
E. We will choose some monomial x; from f;. Now we divide the set I to
L=In{(r—n+1,...;rn}and L =T\ {(r—1)n+1,...,rn}. We will
denote z* = (Z(k=1)nt1> T(k—1)n+2, - - - » Thn)- Then

xj(xl, U AL F SR L ,xm)

n n
=xy (1’1, ceey E L1 i (n—1)4i T C1, - -, E lniTr(n—1)+i + Cn, .- >xmn)
i=1 i=1

n
= H (E ljiTr(n—1)+i + Cj) " Ty, = E ajxry-Tp, = E AJT UL

jen \i=l1 JCI JCh
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where a; € Fy, thus, the degree of monomial x; after the composition with
L is not greater than |I|. Note that deg(x; + xz) < max{|Ji|,|Js|} for
sets Ji,JJo € {1,2,...,mn} (the degree is equal to —oo if J; = Jy), con-
sequently, the polynomial g; = f;(z',..., 2" ", a"L + ¢, 2", ..., 2™) satisfies
deg(g;) < deg(f;). The same procedure works for the polynomial g; and the lin-
ear permutation £7!, providing deg(f;) < deg(g;), thus deg(f;) = deg(g;). All
polynomials f;, g;,© = 1,...,n fulfil this identity. It is clear that the maps «
and o/ have the same degree since (gi, ..., g,) represents the map o' .

Now, suppose that (hy, ..., h,) represents the map o” = L(«) in the base E.
For each k =1, ..., n we can express the polynomial hy as hy = Z?:l liifit+cr.
Then deg(hy) < max{f;,i = 1,...,n}, and that’s why degree of o is less or
equal to degree of . Using the same procedure for a = £L71(a”) we will obtain
equality of the degrees. ]

Lemma 2.26. Let o be a permutation of F}. Then there exists a permutation
B of the same degree and a vector ¢ € Fy such that (o) = o and

for every u € Fy.
Proof. We set ¢ = a(o) and B(u) = a(u) + ¢ for every u € F} O

Lemma 2.27. Let 8 be a quadratic permutation of F%, which satisfies 3(0) =
o. Then the map (3 : Fy x F — % defined by

Bu+v) = Bu) + B(v) + Blu, v) (2.5)
is bilinear.

Proof. Suppose [ has a representation in a base E in the form (qi,qo, ..., q,)+
¢, where q;,7 = 1,...,n are quadratic forms as in Lemma 2.24. Then, since
B(0) = o, hence ¢ = o. The rest is clear using the definition of a quadratic
form and Lemma 2.19. [

We say that the bilinear map B is associated with the quadratic permuta-
tion (. It is clear that the bilinear map 5 is symmetric and alternating, i.e.,
g(u,v) = g(v,u) and E(u, u) = o for all u,v € F4. Furthermore, the map [ is
linear if and only if B is trivial.

Lemma 2.28. Let [ be a permutation of F} such that $(o) = o. Then 3 is
quadratic permutation if and only if 3, defined by (2.5), is a nontrivial bilinear
map.
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Proof. 1t follows directly from Lemmas 2.24 and 2.19, and the definition of
a quadratic form.
0

Definition 2.29. Let  be quadratic permutation of F4 such that (o) = o.
Then the set

Rad 8 = {u € Fy; B(v,u) = B(u,v) = 0,Yv € Fy}

is called the radical of the quadratic permutation 3. We can see that Rad § =
Rad; 8 = Radg 3. Therefore, Rad 3 is a vector subspace of [F7.

Let E be a base of Fj and let (qi,qs,...,q,) be a representation of
the quadratic permutation (3 in the base E. We see that

Rad # = (| Rad q.
i=1

Lemma 2.30. Let 3 be a quadratic permutation of F} such that (o) = o.
Then, for every u,v € Rad f3, is

Bu+v) = Bu) + B(v),
i.e., the restriction of 3 to Rad 3 is linear.

Proof. The claim follows directly from the definition of a radical. For every
u,v € Rad g is f(u,v) = o, thus

Blu+v) = Bu) + B(v) + Blu,v) = B(u) + B(v).
O

Lemma 2.31. Let 3 be a quadratic permutation of F} such that (o) = o,
and let ¢ € Fy. We define a quadratic permutation « by a(u) = 3(u)+ B(u, c).
Then, « is a quadratic permutation of F}.

Proof. Let £; and L, be linear permutations £ : u — u + ¢ and Ly : u +—
u + B(c). Then the composition L5 0 f o Ly is a quadratic permutation and
satisfies

L5(B(L1(w))) = Blu + ) + Blc)
= B(u) + Blu, c) + B(c) + B(c) = B(u) + B(u, ) = a(u).

]
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Lemma 2.32. Consider a bilinear Boolean map « on the vector space 7.
Then, for every fixed ¢ € F3, the maps defined by u — a(u,c) and v — a(c,v)
are linear.

Proof. Let E be base of F}. Then, using Lemma 2.19, we can find a vector of

bilinear forms (by,...,b,) such that it represents the bilinear map «. Then
for each by, k = 1,...,n there exist aﬁj, 1,7 =1,...,n such that szzl aﬁjaziyj
represents the bilinear form by. Put (¢1,...,¢,) = {c}g. Then,

n n n n
E 2 1 2 E n
=1  j=1 =1 j=1

is representation of the map u — a(u, c) and

(Z (S (z)y)

J= 7=1 =1

is representation of the map v +— a(c,v), where {u}g = (21,...,2,) and
{v}g = (y1,...,yn). It follows directly from the form of the representations
that the both maps are linear. ]

2.4 Boolean Quasigroups

In this section we finally define quadratic quasigroups ([8]). Then, we use
the theory presented in the previous sections to represent a quadratic quasi-
group as a sum of two quadratic permutations, a bilinear map, and a vector in
the vector space Fj. This representation is unique and provides a classification
of quadratic quasigroups.

Suppose that (@, *) is a finite quasigroup of order 2™ upon the vector space
Q =Fy. Let E ={ej,eq,...e,} be a base of Fj. Now, the binary operation
can be seen as a Boolean map * : F} x F} — 7 defined as

%o (u,v) — w,
where u, v, w € F} satisfy u x v = w. Using Theorem 2.4 we can state

Lemma 2.33. Let (Q,*) be a quasigroup upon Fj. For each base E of F}
there exists exactly one vector of Boolean polynomials (fi, fa,...,fn) €
(Fg[xl,xg, Ty YL, Y, - ,yn])n, such that

{usvls = (Alube{o}e). . fl{ubs {v}n))

for all u,v € F3.
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Observation 2.34. Let (f1, f2,..., fn) € Falx1, 20, ..., 20, Y1, Y2, - - -, yn]™ be
a vector of Boolean polynomials. Then the system of equations with the vari-

ables y1,ya2, ..., Yn

fl(alaa%---aanaylay27"'ayN) = by,
f2(a’17a27'”7anay17y27"‘7y’ﬂ> = b27

fn(a17a27 sy Qny Y1, Y2, - - 7yn> = bn7

and the system of equations with the variables x1,xa, ...,z
fl(xl,iCQ,...,l'n,Cl,Cz,...,Cn) = d17
folxy, @oy .. Tp, 1,0y ooy ) = do,
fn(I1,ZE2,...,In,cl,CQ,...7cn) = d,,

have for every (ay, ..., a,), (by,...,b,) € Fy and every (cq,...,c,), (dq,...,d,) €
F% exactly one solution if and only if (fi, f,..., fn) Is a representation of

a quasigroup in some base E.

Definition 2.35. Let (Q, %) be a quasigroup upon F3. We call (Q, %) a Boolean
quasigroup of degree d if the Boolean map x : F} x F} — F7 is of degree d.

Definition 2.36. Let (); and )2 be quasigroups upon F7. We say that )y
and @)y are linearly isotopic if there exist three linear permutations £, £, and
L3 which form an isotopy (L1, Lo, L3) such that

(51,52,53) 1 Q1 — Qo
We say that Q1 and Qo are linearly isomorphic if L1 = Lo = L3.

We observe that the relation of being linearly isotopic represents an equiv-
alence on the set of quasigroups. We show in the following proposition that
all quasigroups in one class of equivalence have the same degree.

Proposition 2.37. Linearly isotopic Boolean quasigroup have the same de-
gree.

Proof. The assertion follows directly from Lemma 2.25. ]

We shall call the Boolean quasigroup of degree 2 shortly a quadratic quasi-
group and Boolean quasigroups of degree 1 a linear quasigroup.
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Let (F%, %) be a quadratic quasigroup and (fi, fa, ..., fn) be its represen-
tation in a base E. In a general case the form of the polynomial f; is as
follows:

fi(xlaanv" y Lny Y1, y27"'7yn)

= D> migmmt Y agmat Y by

kJle{l,..n} k,le{l,...n} kJle{l,..,n}
k<l k<l
+ Z ckxk + Z dkyk +e', (2.6)
ked{1,..., ked{l,...,

where the coefficients mj,, aj,;, by, ¢, dj,, ¢* € Fy. Using Corollary 2.10 and
Corollary 2.16, we can express this polynomial as

fi(x1>$27 e Ty Y1, Y2, - - 7yn)
=pi(@1, .. ) b (@1, @), (W U) + di(yr,-y) +

where p;,q; are quadratic and b; bilinear forms in their coordinate repre-
sentation in the base E, (z1,x2,...,2,), (Y1,Y2, ..., Yn) are the coordinates in
the base /' and d; € 5. We have just showed following

Lemma 2.38. Let (F3, %) be a quadratic quasigroup. Then, for every base

E of F} there exist quadratic forms p;,q;,7 = 1,...,n, bilinear forms b;,1 =
1,...,n on the vector space Fy and a vector of constants d € F} such that
pi(z) bi(z,y) a1(y)
p2(7) b(z,y) q2(y)
{uxvlp = . + , + _ +d" (2.7)
Pn(7) by (z,y) an(y)
is a representation of (Fy, ) in the base E where x = (x1,...,2,) and y =

(Y1, -+, Yn), while {u}p =z, {v}g =y.

Lemma 2.39. Let E be a base of the vector space Fy and (Fy, %) be a quadratic
quasigroup with a representation in the form (2.7). Then each of vectors
(p1,.--,Pn) and (qu, ..., q,) represents a quadratic or linear permutation.

Proof. Recall that every quadratic form q and bilinear form b satisfy q(o) =
0 and b(xz,0) = b(o,y) = 0. Now we can easily derive representations of
the translations L, and R,.

{Lo(v)}e ={o*v}p

pi(0) bi(0,y) a1 (y) a1 (y)
p2(0) N by(0,y) a2(y)

pn.(O) bn(;), y) any) any)
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{Ro(u)}p = {uxo}p

p1(7) by (z,0) qi(0) p1(7)
_ Pz.(x) N b2(:x70) . QI2:(0) gt = P2.(9"’) +d
Pn () b, (z,0) a.(0) Pn(2)

where u,v € FY and {u}r = =, {v}p = y. Let ¢ € F} satisty {c}p = d. Because
L, and R, are permutations of F}, L, —c and R, — c are permutations too and
their representations are exactly (qi,...,q,) and (p1,...,Pn), respectively. If
at least one of the quadratic forms qi,...,qy,, or p1, ..., P, is associated with
a nontrivial bilinear form, then L, — ¢, or R, — ¢, respectively, is a quadratic
permutation. Otherwise, it’s a linear permutation. O

Theorem 2.40. Let (F%, ) be a quadratic quasigroup. Then there exist
Boolean permutations o and (3 of F that are of degrees at most 2 and satisty
a(o) = B(o) = o, a bilinear Boolean map ~ on Fy and a vector ¢ € F4 such
that

uxv=ca(u)+y(u,v)+ 6) + ¢

for every u,v € F}. The maps «, 3, and the vector c are uniquely determined.

Proof. Suppose the quasigroup (F%, x) is represented in the base F as in Lemma
2.38, i.e.,

pi(7) by (z,y) ai(y)
{uxvlp = p2:(x) + b2(f’ v) + q2:(y) +d”,
Pn(7) b, (z,y) an(y)

whenever u,v € F} {u}p = z, and {v}rp = y. It follows from Lemma 2.39
that (p1,...,pn) and (qi,...,q,) are representations of Boolean permuta-
tions which are linear or quadratic. Let o and (3 denote these permutations.
The representations of a and § imply that «(o) = (o) = o. Lemma 2.19
yields that (by,...,b,) is a representation of a bilinear Boolean map. Let ~
denote this bilinear map. Next, define a vector ¢ € F4 by {c}r = d. Suppose
that u,v € F} and {u}r = x,{v}g = y. Then, using the fact that u — {u}g
is an isomorphism of the vector space Fj and the vector space of coordinates
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F?3, we see that

pi(7) by (z,y) a1 (y)
WP D N R Nl
Pn(7) b,(z,y) an(y)

={a(u)}e + {v(u,v)}e +{B)}r + {c}p
= {a(u) + v(u,v) + B(v) + ¢}

which implies u x v = a(u) + v(u,v) + S(v) + ¢
Consider maps o', 5',+" and a vector ¢’ which satisfy the claim, too. Then

a(0) +v(0,0) + B(0) + c =o0x 0= ( v (0,0)+ f'(0) + = c=/,
a(u) +y(u,0) + (o) +c=uxo0=a(
a(o) +v(o,v) + B(v)+c=o0xv =

alo
a(u) +y(u,v) + Bv) +c=u*xv = a(u)

( =
+ 3 w)+ec = =0,
( =

Thus the maps «, 3,7 and the vector ¢ are uniquely determined. ]

A linear quasigroup is just a special case of a quadratic quasigroup, there-
fore, we can state the following definition for both linear, and quadratic quasi-
groups.

Definition 2.41. Let (@, *) be a linear or quadratic quasigroup. The expres-
sion of * as

uxv=a(u)+y(u,v)+ 6w) +c
from Theorem 2.40, will be called a canonical decomposition. In such a case we
shall say that the quasigroup (Q, *) decomposes as («,~, 3).. We shall call «
the left component of (Q,x*), 3 the right component, v the bilinear component
and c the (translation) factor.

We can now state an interesting property of a quadratic quasigroup.

Corollary 2.42. Let (F3,*) be a quadratic quasigroup. Then the Boolean
map 7y : Fy x F} — 7 defined as

v i (u,v) = (uxv) + Ro(u) + Lo(v) + (0% 0)
is bilinear.

Definition 2.43. Let (@, *) be a quadratic quasigroup and («,~, ). be its
canonical decomposition. We associate the quasigroup (@Q,*) with a type
(,7,k), where 4,7,k € {0,1} such that ¢ = 0 iff « is linear, & = 0 iff 3 is

linear and j = 0 iff 7 is trivial.
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We show in the following proposition that each equivalence class of linearly
isotopic quadratic quasigroups has an invariant type.

Proposition 2.44. Linearly isotopic quadratic quasigroup are of the same
type.

Proof. Let Ly, Ly, L3 be linear permutations of F5 which forms an isotopy
between quadratic quasigroups (@1, *) and (Q2,0) upon the vector space F5.
Each permutation £;,i = 1,2,3 can be expressed as L + ¢;, where L is linear
permutation such that £.(0) = o, and ¢; € F} (we used Lemma 2.26). Let
(e, 7, B). be a canonical decomposition of (Q1,*). Then

Li(uov) = a(Li(u)+c1) + (L (u) + c1, L5(v) + ¢2) + B(Ly(v) + ¢2)
= a(Li(u)) + a(Ly(u), c1) + (L1 (u), c2)

—a/(u)

+ (L1 (w), L5(v))

v~

:’7/(“11})

+ B(L5(0)) + B(Ly(v), c2) + v(er, Ly(v))

J

-~

=6(v)
+ala) + (e, e2) + Blea) +c.

=c/

It follows from Lemmas 2.32 and 2.25 that the maps u — a(L)(u), 1), u +—
Y(Ly(u), o) v — a(Ly(v),c), and v — (¢, L5(v)) are linear. Lemma 2.25
implies the map u +— (L] (u)) is of the same degree as a and v — [(L)(v))
is of the same degree as (. If the map « is quadratic then o’ is quadratic too.
In the case that the map « is linear, the map «' is either linear, or constant.
Suppose that o/ = b for some b € F4. Then, L3(uco) = o/ (u)+7'(u, 0)+3'(0) =
b for every u € F%, which is contradiction. That means the degree of o' is
the same as the degree of o and symmetrically the degree of (' is same as
the degree of 3. It can be easily observed that o/(0) = ('(0) = o. It follows
from Lemma 2.25 that the degree of the map ~' is the same as the degree of
(i.e., 2, or both 7" and ~y are trivial), and by direct verification we can see that
~" is a bilinear map. Now, define maps

o(u) = Ly (u)),

' (u,v) = L5y (u,v)), and
B'(v) = L5 (B'(v),

<

and the vector ¢/ = £ 1(c/) + L4 '¢c3. Lemma 2.25 implies that the degree of
map « is same as the degree of o/, 3" as ' and 7" as v'. By direct verification
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we can see that 7" is a bilinear map and /(o) = 3”(0) = 0. The maps satisfy
uov = a"(u)+~"(u,v) + " (v) + ¢". Suppose L, and R, is the left and right
translation of (Q2,0). Then,

Ro(u) = woo=2a"(u)+~"(u,0)+ 5" (0) + " = a"(u) + ", and
Lo(u) = oou=a"(0) +7"(0,u) + 8" (u) + " = "(u) + ¢,

thus, o and 3" are permutations and («”,~”, ") is canonical decomposition
of (Q2,0), therefore, (@2, 0) is of the same type as (Q1, *). ]

Proposition 2.45. Linear quasigroups are necessarily of the type (0,0,0).

Proof. Consider the canonical decomposition («, 7, 3). of a linear quasigroup
(@, %), ie.,
wxv = a(u) +7y(u,v) + (v) + ¢

Then (Q, *) is linear if and only if at least one of the maps «, 3 or + is linear
and the others are constant. Because the maps «, and ( cannot be constant,
they have to be linear. Each representation of the map ~ is composed from
bilinear forms, which are always quadratic, therefore, v is trivial. ]

Example 2.46. Let the finite quasigroup (Q, *) of order 23 = 8 be given by
the Cayley table 2.1.

(+Jol1]2]8[4][5]6]7]
offt]5[4]7][3]6[2]0
1fol2]6|3]7[4]5][1
220364 7[1]5
351|746 [3]0]2
al6][3lol2]s5][1]7]4
5l4l7]1]5]2]0[3]6
6|7[4]5[1]0]2]6]3
736201547

Table 2.1: Cayley table of (Q,*) of order 8

Using an inverse of the bijection ¢ : F3 — Zsg, @(x1, T2, 23) = 411 + 279 +
r3 we can represent each element of @) as a binary vector from F3. Then
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the representation of (@, *) in the canonic base is as follows

J1(@1, T2, T3, Y1, Y2, Y3) = Tayr + Toyz + Toys + T3yy + T3Ys + TaT3 + Y1y
+ Y2ys + T1 + Y2 + Y3,

fo(@1, T2, T3, Y1, Y2, Y3) = T1ya + Tays + T3Y2 + T3ys + T172 + 1173 + TaT3
+ Y2ys + 1 + 22 + Y1,

f3(1, T2, 73, Y1, Y2, Y3) = T1y1 + T1Y2 + T1y3 + T3y1 + T3y + 0103 + Y1y3
+ Yoys + 11 + 2 + 3+ Y2 + 1.

Now, consider a canonical decomposition («, v, 3). of (@, ). Then,

ToZ3 + T
1T + 123 + Tox3 + X1 + T2
T1X3 -+ T + i) -+ I3

is a representation of «,

Y2ys + Yo + Y3
Yolys + Y1
Y1Ys3 + Y2Ys + Y2

is a representation of 3,

Toyr + X2y + X2Y3 + T3y1 + T3ys
T1Y2 + T2Yys + T3y2 + T3Y3
T1y1 + T1Y2 + T1Y3 + T3y1 + T3Y2

is a representation of vy, and ¢ = (0,0, 1). It can be easily seen that (@, ) is
a quadratic quasigroup of the type (1,1, 1).

2.5 Quadratic Loops

In this section we describe properties of quadratic loops using the classification
from the previous section. Then, we show that each quadratic loop can be
represented by n matrices n X n and we present a necessary condition so that
the matrices could represent a quadratic loop.

Lemma 2.47. Let (Q, *) be a quadratic loop and let e € F} be its unit. Then
there exists a quadratic loop (Q, o) with the unit o = (0,0,...,0) € F} which
is linearly isomorphic to (Q, x).
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Proof. Define a binary operation o by z oy = L7 (L(z) * L(y)), where L is
a bijection
L : Fy —Fy,

L z—x+e.
Then

zoo=L"(L(x)*L(0)) =(r+e)xe+e=x+e+e=u,
oox=L"(L(o)*L(z)) =ex(z+e)+e=x+e+e=u,
for every x € @ so o is the unit. Since L(z oy) = L(x) * L(y), hence L is

an isomorphism between (@, %) and (Q, o). Using Proposition 2.37 we can see
that (@, o) is also a quadratic quasigroup. O]

Theorem 2.48. Let (Q,*) be a linear or a quadratic loop with the unit
o = (0,0,...,0) € Fy. Suppose that the quasigroup (Q,*) is canonically
decomposed as (a7, 3).. Then a = f =1d and ¢ = o, i.e., for every u,v € @,
we have

uxv=u+y(u,v)+v.
Proof. We know that

uxv=a(u)+y(u,v)+ [v) +c

The vector o is both left, and right unit, and thus, for every u € )

o=o0x%x0=a(0)+7(0,0)+p0)+c=c = c=o,
Id(u) = Ro(u) =ux0=a(u) +y(u,0) + (o) = a(u) = «a=1I1d, and
Id(u) = Lo(u) = oxu = (o) + y(o,u) + B(u) = B(u) = [F=1d.

O

The previous theorem also yields that if the loop (@, *) is linear, then it is
of the type (0,0, 0). If the loop (Q, *) is quadratic, then it is of the type (0, 1,0).

Proposition 2.49. The only linear loop with a unit o = (0,0,...,0) is the
group (Fg, +).

Proof. Directly by Theorem 2.48 and Proposition 2.45 we have
UV =uU-+v

for every u,v € . ]
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Consider a base E of F}. The representation in the base F of the identity
is simply (fi1,..., fn) = (21,...,2,). The representation of the bilinear com-
ponent v in the base E is (by,...,b,), where b;,i = 1, ..., n are bilinear forms
on F%. Each bilinear form b; has a form zM;y” where M; is matrix in F}*".
Then, we can express the representation of the quadratic loop ) in base E as

follows
$M1 yT

xMoyT
_2 +a" +y". (2.8)
xM,y"

Now let M; = [mj,] € Fy*",i = 1,...,n be arbitrary matrices. We shall
try to derive necessary conditions for M, M,, ..., M, so that a loop with
the unit o = (0,0, ...,0) € F} can be represented in the form (2.8). Note that
e MyT = (xMyT)T = yMTI2™. Using Observation 2.34, we can see that each
of equations (2.9) and (2.10)

aMyy”
aMoy™
) +a'+y" ="

aM,y”

+ I, | yF =b" +d”, (2.9)

cMtzT
eME 2T
’ +al +c =d"
eMTzT
eMt
eMf
2ol 2T =dT + (2.10)

T
cM,

()

has to have a unique solution for every a,b € F, and every c¢,d € F7, respec-
tively. It means that the matrices A(a) and €2(c) have to be regular for every
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a,c € Fy. Then we can easily express the solution as
y' = Aa)7' (" +a")
and
v’ = Q(c) M d" + ).

Recall that the matrices A(a) and ©(c) are regular if and only if det A(a) =1
and det 2(c) = 1 in Fo. We have just proved

Theorem 2.50. Let M; = [mj] € F3*",i = 1,...,n be arbitrary matrices.
Then the vector of polynomials

e Myy"
xMoy®
_2y +a" +y"
a M,y
represents a quadratic loop with the unit o = (0,0,...,0) if and only if
det A(a) = 1 and detQ(c) = 1 for every a,c € Fy, where A(a),Q(c) are
the matrices defined in (2.9) and (2.10).

Expanding the determinants det A(a) and det £(c) we obtain

det A(a) = )\Q) + Z )‘i1 Ay + Z )‘i1,i2 i, Qg
n} 7:1,7:2'6{1',..‘,71}
21 <12

+ Z )\i17i27i3 Ay Ay Ay + -4 )\172 ..... n 109 ... Qp, (211)

7;1’7;271.36{1 7777 TL}

11 <i9<i3
and
det Q(c) = wy + E Wi, Ciy + 5 Wiy i Ciy Ciy
i1€{1,....,n} i1,82€{1,...,n}
11 <i9
+ E wil,iz,ig Ci1 CiyCig 4+ 4+ wLQ ..... n C1C2...Cp, (212)
i1,i2,43€{1,...,n}

11<12<13

where the elements A;,w; depend only on {m}'ﬁl; i,k,0=1,2,... ,n} for every

IC{1,2,...,n}.

Proposition 2.51. Let A(a),Q(c) be the matrices defined in (2.9) and (2.10)
and let Aj,w; be the elements defined in (2.11) and (2.12) for every I C
{1,2,...,n}. Then the conditions det A(a) = 1 and det Q(c) = 1 are satisfied
for every chosen a,c € F} if and only if

Ao =wp =1 and A\; = w; = 0 for every nonempty I C {1,2,...,n}. (2.13)
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Proof. We consider a Boolean polynomial f = det A(xy,...,z,). Its corre-
sponding Boolean function f has to satisfy f(a) = 1 for every a € F}. We
can observe that f = g holds for the Boolean polynomial ¢ = 1. Theorem
2.3 implies that f = g, i.e., the coefficients A; of polynomial f have to fulfil
the conditions (2.13). The proof regarding det £2(c) can be led in the same
way. O]

Proposition 2.52. Let A\g,wy be the elements defined in (2.11) and (2.12).
Then, \p = wy = 1 necessarily.

Proof. The value in the cell of the matrix A(a) on the position (7,j) is as

= (Z mijjak> +0; ;.
k=1

follows

Hence,

Jet Ao zn(zmm )+ai,m>

TES, i=1

Using the equation (2.11) it be easily observed that det A(0,0,...,0) = \p. So
Mo =Y res, IIim1 0imty = I1i21 digapy = 1. An analogous proof will work for
wp. O]

Proposition 2.53. Let \;
(2.12). Then,

..........

Proof. We know that

det A(a :Zﬁ(i >+5m

TeSy 1=1

For fixed 7 € S, we can rewrite [[/_, (3 1 _, m} 7r(Z)ak) + 0i ()

(miw(l)al + mim)az +ooet mimu)an + 01,7(1))

.(miﬂ(Q)al + mgmu)fh +oot mi,w@)@n + 02.7(2))

'(miﬂ_(n)al + mgm(n)ag +--+ mzm(n)an + 5n7ﬂ(n)) (214)

If we choose the term mijm(i)aki in i-th row in such a way, that k; # k;
whenever i # j,i,7 € {1,2,...,n}, and multiple these terms, we will have
[Ti=, my, 0@ = (IL= m, (i))a1@2 - ay. That’s obviously the only way
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how to obtain an element which contains a;as---a,. We can see that each
combination (ki,...,k,) corresponds to a permutation p € S,. It means that
every summand in the expansion of (2.14), which contains ajas - - - a,, has to
be in the form (]}, m;(i)m(i))al@ -+ -a, for some permutation p € S,. This

A = Z Hmfa(z’),w(i)'

m,pESy i=1

We use the same method for Q(c). Since M, (instead of M;) is used in
each row to define the matrix €(c) we may simply substitute m; ; by m;,. We

fact implies

get
det Q(C) = Z H Z(m;(l)7kck + 57,,7r(z))
7€S, i=1 k=1
and n
wion= > [Tmhw .m0
mT,pESy =1
Therefore, A\, = w1, n. =

In the paper from D. Gligoroski et al. [8], there are presented sufficient
conditions for two matrices and two vectors of linear polynomials to repre-
sent a quadratic quasigroup. In Theorem 2.50, we provide both sufficient, and
necessary conditions for a bilinear map to represent a quadratic loop. Further-
more, we showed that some of them are neither always satisfied or dependent.
The conditions are in the form of a system of equations which verification is
very fast.

2.6 Isotopes of Linear and Quadratic Loops

Corollary 1.12 implies that every quasigroup is isotopic to a loop. We shall
try and find linear and quadratic quasigroups which are isotopic to a linear or
a quadratic loop. It follows from Lemma 2.47 that we need to deal only with
quasigroups isotopic to a linear or quadratic loop with the unit o.

Let (F%, %) be a linear or a quadratic quasigroup. Suppose (F5, %) is canon-
ically decomposed as (7, 3).. Then, the translations R,, and L, satisfy

v
—
S
N~—
I

a(u) + ¢, and
Lo(v) = B(v) + ¢,

whenever u,v € FJ. It means that the degree of map R, is the same as
the degree of a, and the degree of map L, is the same as the degree of 5. Let
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(F3[R,;*, L,"],0) be a principal isotope of (F%, ). Then, for every u,v € Fj,
we have

wov=u+~vy(R, (u), L, (v)) +v+e

Therefore, the principal isotope is linear or quadratic if v is trivial, or o and
B are linear. If o (or 3) is quadratic, then the degree of R;' (or L;!) is
greater than or equal to 2. Furthermore, if v is nontrivial then the degree of
v(R; (), L' (v)) is greater than 2 in most cases.

o
We discuss the case where a and (3 are linear or + is trivial in the following

two theorems.

Theorem 2.54. Let (F%,*) be a linear or a quadratic quasigroup of the type
(1,0,7), where i,j € {0,1}. Suppose (F%,«) is canonically decomposed as
(ov,0,8)e. Then (o, 3,1d+c) is an isotopy between the group (F4,+) and
(F3, *).

Proof. Tt follows directly from the definition of the isotopy. ]

Theorem 2.55. Let (Fy,*) be a quadratic quasigroup of the type (0, 1,0).
Then there exists a quadratic loop with the unit o which is linearly isotopic to
(F3, *).

Proof. Suppose (Fj, ) is canonically decomposed as (a7, ()., i.e.,
uxv=a(u) +7y(u,v)+ 8v) +c

where o and ( are linear. We can now define linear permutations Ly, Lo, L3 :
n n
Fy — F7 as

Ly xa (z),

Ly 7 (y), and

L3:z2+— z+c.

Let (L1,L2,L3) be an isotopy between (F4,x) and the quasigroup (F%,o).
Then, for every u,v € F}, we have

uov = L3 (L1(u)* La(v)) =
— (a0 (W) +7(£1(w), L2(0)) + B(57 (v)) +¢) = c =
= u+ (L (u), L2(v)) + v.

We can easily verify that ’y(ﬁl(u), Eg(v)) is a bilinear map. Note that £1(0) =
L(0) = o, and thus for every u € FY is

uoo = u—l—”y(ﬁl(u),o)—i—o:u, and
oou = o+7(0,Ls(u)) +u=u,

consequently, (Fy, o) is a quadratic loop with the unit o. O]



CHAPTER 2. QUADRATIC QUASIGROUPS 39

Now, we can express all quasigroups of types (0,0,0), (0,0,1), (1,0,0),
(1,0,1), (0,1,0) as an isotopy of a linear or quadratic loop with the unit o.

Let (F%, %) be a linear or quadratic loop with the unit o, and let By, B, and
Bs be linear or quadratic permutations of F§. Suppose that (B, By, Bs') is
an isotopy between (I3, x) and the quasigroup (F3, o). We shall try to derive
conditions for By, By, Bs, so that (F%,0) is a linear or quadratic quasigroup.
Linearly isotopic linear or quadratic quasigroups are of the same degree and
of the same type, therefore, we can use an isotopy in the form (B, Bs, 83_1),
where B;(0) = o, and B; is either quadratic, or B; = 1d,i = 1,2, 3.

Lemma 2.56. Let By, and By be linear or quadratic permutations of F} such
that Bi(o) = By(0) = o. Suppose that Img B> C RadBy. Then the permu-
tation BB, is linear if Blg(u, v) = B:(Bg(u),l?g(v)), for every u,v € Fy.
Otherwise, B1B, is a quadratic permutation.

Proof. By Lemma 2.28, the map B;B5 is quadratic if the map gl\/Bg, defined
Eis_\élBg(u, U) = 8162(U) + BlBQ(U) + BlBQ(U + U), is bilinear (8162 is linear if
BB, is trivial). We have, for every u,v € F%,
BlBg(u + U) = Bl (BQ(U) + ng(u, U) + BQ(U))
= 8182<U,) + BlBg(u, ’U) + 8182(?}) + 81 (Bg(u), BQ(U))
+ \EI(BQ(U) + 82<U)7 B;(U, U))/a

=0

thus, BB, = Blk;(u,v) + E(Bg(u),Bg(v)). Blg(u,v) = B:(Bg(u),Bg(v))
implies B1By = o, therefore, BB is linear. Otherwise, we will show that B, 55
is a bilinear map. Let u,v,w € F}. Then

El\/BQ(u +w,v) = BiBa(u + w,v) + /_B\I(BQ(U + w), Bs(v))
= By (By(u, v) + Ba(w, v))
+ By (Ba(u) + Ba(u, w) + Ba(w), By(v))
= By (Ba(u,v)) + By (By(w,v)) + By (Ba(u, v), Bo(w, v))
+ By (Ba(u), Ba(v)) + By (Ba(w), By(v))
+ By (Ba(u, w), By(v) = BiBa(u,v) + BiBs(w,v),

~\~
=0

and symmetrically E?/Bz(u,v +w) = E?/Bg(u,v) + B?/Bg(u,w). Thus, BB, is
a quadratic permutation. O
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Theorem 2.57. Let each of By, By, and Bs be either a quadratic permutation
of Fy such that B;(o) = o, or an identity on F3. Let (F%,*) be a linear or
a quadratic loop with the unit o, and the bilinear component . Suppose
that (By, By, By') is an isotopy between (F%, ) and quasigroup (F%, o). Then,
(F%,0) is a quadratic quasigroup if the following conditions are fulfilled

(i) Img~y C Rad B,
(ii) Img B; C Rady v N Rad Bs,
(iii) Img B, C Radp~ N Rad Bs.
Furthermore, let (i, j, k) be the type of (F4,0). Then,
(i) @ =1 if and only if BsB; is quadratic,
(ii) k=1 if and only if BsB, is quadratic,
(ili) j = 1 if and only if Byy # Bs.
Proof. Using the fact that Img~ C Rad B3, we have for every u,v € 3,
uowv = By(Bi(u) * By(v))
— By(Bi(w) +7(Bi(w), Ba(v)) + By(v) )
= ByBi(u) + Byy (Bi(w), Ba(v)) + By (Ba(w), Bo(v)) + ByBa(v)

g R

—a(u) ) ) =B(v)

+ B;(Bl(u),’y(Bl(u),Bg(v))) —i—ng(’y(Bl(u),Bg(v)),Bg(v)) .

J J
-~~~ ~~

=0 =0

Lemma 2.56 implies that a and 3 are linear or quadratic permutations of
F? (we used the second and the third condition). Now, we will show that +]
and 7} are bilinear maps. We have, for every u, v, w € F3,

Vi (u, v+ w) = Byy(By(u), Ba(v + w))
= B3y (Bi(u), Ba(v) + By (v, w) + Ba(w))
= B,(7(Bi(w). Ba(v) +7(B1(w), Bo(w) + 3 (By(w). Ba(v. w)) )

'
=0

= 63’7(81 (U), BQ(U)) + 83’7(81 (U), Bg(w))
+ By ((Bu(w), Bu(v)), 7 (Ba(), Ba(w)) ) = 7 (u,0) + 7 (u,w),

v~
=0
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and
Y1 (u +w,v) = Byy(Bi(u+ w), Ba(v))
= B3y (Bi(u) + Bi(u, w) + By (w), Bs(v))
= By ((Bi(w), Bo(v) +7(Bi(w), Bo(v)) + 1(Bi (u, w), Ba(v) )

'

=0

= 837 (Bl(u), BQ(U)) + Bg’}/ (Bl (U}), Bg (U))
+ By (7(B1 (1), Ba(v)), 7 (Bu(w). Bo(v)) ) = (1, 0) + 7 (w, )

"'
=0

thus, 7] is a bilinear map. Next, for every u,v,w € Fy, ~4 fulfils

Yolu +w,v) = %(Bl(u + w), Bs(v))
= Bs(Bi(u) + B (u, w)N+ Bi(w), By(v)) B
= By(By(u), Bz(v)) + By (Bu(w), Ba(v)) + By (Bi(u, w), Ba(v))

=0

= Vé(uv U) + 75(107 U),

and symmetrically 74 (u, v+w) = v5(u, v)+7v5(v, w). Thus, + is a bilinear map.
It is clear that the map +" = v 4+ is bilinear, too. Therefore, the quasigroup
(F%, 0) canonically decomposes as («, ', 3),. The rest is clear. O

Corollary 2.58. Let B be a quadratic permutation of F such that B(o) = o.
Let (F3,+) be a group. Suppose that (Id,1d, B~') is an isotopy between (Fy, +)
and the quasigroup (F3, o). Then (F%, o) is a quadratic quasigroup of type
(1,1,1).

The condition presented in Theorem 2.57 are sufficient but not necessary.
In the following theorem we show that if we consider an isotopy (B, Ba, Id),
the conditions are both necessary, and sufficient.

Theorem 2.59. Let By and B, be quadratic permutations of F} such that
Bi(o) = By(o) = o. Let (Fy, %) be a quadratic loop with the unit o, and
the bilinear component ~y. Suppose that (By,Bs,1d) is an isotopy between
(F%, %) and the quasigroup (F4, o). Then, (Fy, o) is a quadratic quasigroup if
and only if Img B\I C Rady v and Img ZS’vg C Radg~y. The type of the quasigroup
is (1,1,1).

Proof. The backward implication, as well as the type of (F4, o) follows directly
from Theorem 2.57 (recall that Rad Id = F}).

Now, consider that there exist ui,uy € Fy such that Z’)’vl(ul, ug) ¢ Rady 7,
i.e., there exits nonzero us € F} such that V(E(Ul, Us), u3) = 0. Suppose that
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(F%,0) is a quadratic quasigroup. Then, it follows form Corollary 2.42 that
the map
¢:(u,v)—uov+oov+oov+o000

is bilinear. We can see that ((u,v) = ’7(81(/&),82(@)), where u,v € Fy. We
have,

C(uy + up, us) = v(By(uy + up), Ba(us))
= (B (ur), Ba(us)) + v(Bi(uz), Ba(us)) + v (By(ur, uz), Bz(“:%)))
#o0

# C(ur, u3) + ((ug, u3),

therefore, ¢ is not bilinear. The existence of uy, us € Fy such that E(ul, ug) &
Radpg 7, results in the same result. Thus, the degree of (F%,0) is greater than
2. O

We summarize the results of this section in Table 2.2. In each row we
present the type of the class of linearly isotopic quadratic quasigroups which
can be obtained from a loop using an isotopy if we fulfil the conditions. B
and B; denote a quadratic permutation. 7 denotes the bilinear component
of a quadratic loop (with the unit o). If all quasigroups (or all classes of
quasigroups) can be yielded in this way, we note it in the last column. We also
do not include cases that can be yielded by a simpler construction or which
have too complex conditions.

These results provide a way how to generate the quadratic quasigroup of
desired type using quadratic permutations from a known quadratic loop.
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Isotopy Loop Conditions Type | Note
.| (Id,Id,I1d) |v=0 (0,0,0) | All quasigroups
2. | (Id,Id,Id) | v#0 (0,1,0) | All quasigroups
3.1 (B,Id,Id) |v=0 (1,0,0) | All quasigroups
4. | (Id,B,1d) |v=0 (0,0,1) | All quasigroups
5.1 (By,By,1d) | v=0 (1,0,1) | All quasigroups
6. | (Id,Id,B71) | v =0 (1,1,1)
7 a1, By | 4 20| e S Rad B, (1,1,1)
By # B

8. | (B,Id,Id) |v#0 Img B C Rad; v (1,1,0) | Necessary cond.

(Id,B,1d) |~v#0| ImgBCRadgy | (0,1,1) | Necessary cond.

Img /—B\I g RadL e

10. | (B, Bo, Id 0 —
(Br, Bz, 1d) | v # Img B, C Radg vy

(1,1,1) | Necessary cond.

Table 2.2: The isotopes of linear or quadratic loops



Chapter 3

Construction of Quadratic
Permutations

In the previous chapter we have shown that it is possible to generate quadratic
quasigroups from linear or quadratic loops using isotopies composed from linear
or quadratic permutations. Linear permutations can be easily constructed from
a regular matrix and a vector, by Lemma 2.22. We will introduce two different
ways how to construct quadratic permutations.

3.1 Nondeterministic

Let o be a quadratic permutation of 4, and let £ be a base of F5. Then,
by Lemma 2.24, o can be represented as (qi, ..., q,) + ¢ in the base E where
di,. .., d, are quadratic forms and ¢ € 5. We shall try and derive conditions
for arbitrary quadratic form, so that it can be used as a part of representation
of a quadratic permutation. We will use the theory from [2].

Definition 3.1. Let V be a vector space over the field Fy. Suppose q is
a quadratic form and b is its associated bilinear form.
The set

Kerq ={u € V;q(u) = 0 Ab(u,w) = b(w,u) = 0,Vw € F3}

is called a kernel of the quadratic form q. We can observe that Kerq is
a subspace of [F7.

A quadratic form q is said to be regular if Kerq is the zero subspace.
It follows directly from the definition that the quadratic form q is regular if
the associated bilinear form b is non-degenerate.

Two elements u, w € V are called orthogonal if b(u,w) = 0. Two subspaces
U, W <V are called orthogonal if b(u,w) =0 for all w € U and all w € W.
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The subspace U is said to be anisotropic if q(u) =1 for all u € U, u # o.
We call the subspace U a hyperbolic plane if U = (e, f) where q(e) =

a(f) = 0 and b(e, f) = 1.
Two quadratic forms q; on V; and q, on V5 are equivalent if there exists

an invertible linear map £ : V' — V' such that qo(£(u)) = qi(u) for allu € V.
Theorem 3.2. Let q be a regular quadratic form on V (over Fy).
(i) An anisotropic space has dimension at most 2.

(ii) There exists an anisotropic space W and hyperbolic planes Uy, ..., U,
such that
V=Weoel, @& - -&U,

and the summands are pairwise orthogonal.

(i) Let g be a regular quadratic form on V' (over Fy) and let
Vi=WelU & -aU.

be a decomposition as in (ii) according to q'. Then q and q’ are equiva-
lent if and only if r = s and dim W = dim W".

Proof. The proof can be found in [2]. O

The previous theorem yields that all quadratic forms over Fy are determined
up to equivalence by two invariants, the number r of hyperbolic planes, and
the dimension of the anisotropic part.

Definition 3.3. Let q be a quadratic form on the vector space V' (over Fy).

Suppose that
V=WeU, & ---aU,

as in Theorem 3.2. The number r of hyperbolic planes is called Witt index.
We say that the form is of type +1,0, or —1 according to dimW = 0,1, or 2,
respectively.

Definition 3.4. Let q be a quadratic form on the vector space V' over Fy. We

set
Nullqg = {u € V;q(u) = 0}.

Lemma 3.5. For ¢ = 41, let q be a regular quadratic form of type £ on
a vector space V of even dimension 2k over Fy. Then |Nullq| = 2¥71(2% + ¢).

Proof. The proof can be found in [2]. O
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Lemma 3.6. Let q be a regular quadratic form on the vector space V' of odd
dimension 2k + 1 over Fy. Then |Null q| = 22,

Proof. Consider a decomposition of V', by Theorem 3.2, as follows
V=WolU & ---aU,.

dimV = 2k + 1 implies dimW =1, and r = k. Weset U =U; & --- & Uj.
Then dimU = 2k. Put s = [{u € U;q(u) = 0}|. Every v € V can be
uniquely expressed as v = w + u, where w € W and u € U. Then q(w + u) =
q(w) + q(u) + b(w,u) = q(w) + q(u), therefore, q(w + u) = 0 if and only if
q(w) = q(u). We obtain

|Nullg| = s+ (|U| — s) = |U| = 2°".

We generalize the Lemma 3.5 for all quadratic forms.

Theorem 3.7. Let q be a nontrivial quadratic form on the vector space V' of
dimension n over Fy. Put d = dim Kerq. Then |Nullq| = 2"~! if and only if
n —d is odd.

Proof. Let V' be a subspace of V such that V = Kerq@® V'. Put s = [{v' €
V':q(v') = 0}|. Every v € V can be uniquely expressed as v = v’ + u, where
v € V' and u € Kerq. Then q(v' + u) = q(v') + q(u) + b(v',u) = q(v'),
therefore, q(v' + u) = 0 if and only if q(v") = 0. We obtain

| Nullq| = 2.

The restriction of q to V', denoted by q|y, is regular and we can use Lemmas
3.5 and 3.6.

Consider n — d = 2k. Then | Nullq]v/| = 2871(2% + &), where ¢ is the type
of q|y+ which satisfy € # 0. Then

|Nullq| — 2d2k71(2k + 5) — 2d+2k71 + €2d+k+1 — 2n71 + €2d+k+1 # 2n71.

Now, consider n — d = 2k + 1. Then } Null q|y/| = 2% and

| Null q| = 292% = 2472k — 9n—1,
O

Theorem 3.8. Let q and ' be quadratic forms on the vector space V of
dimension n over Fy. Suppose the numbers (n—dim Ker q) and (n—dim Ker q')
are odd. Then q and ¢ are equivalent if and only if dim Ker q = dim Ker ¢'.
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Proof. The left-to-right implication is clear.

Now, consider dim Ker q = dim Ker ¢'. Suppose the subspaces U, U’ < V
such that V =Kerq® U and V = Kerq' @ U’. Then dimU = dim U’ is odd.
Thus, by Theorem 3.2, there exists an invertible linear map £y : U — U’ such
that q'(£1(u)) = q(u) for all u € U. Let £5 be a arbitrary invertible linear
map Ly : Kerq — Kerq' (i.e., an isomorphism between Kerq and Kerq').
Since every v € V' can be uniquely decomposed as v = w +u = w' + v/, where
w € Kerq, w' € Kerq', u € U, and v’ € U’, hence the map L : V — V, defined
as L(w +u) = Lo(w) + L1(u), is linear and invertible and q'(£(v)) = q(v) for

allve V. ]
Proposition 3.9. Let qi,...,q, be quadratic forms on Fy. Then (qi,...,qy)
represents a quadratic permutation if and only if for every subset {iq, ..., i} C
{1,...,n} is

Hv € F3; (qi, (v), ..., q;,(v) = u}’ = 2""* for every u € F5.

Proof. The right-to-left implication follows from choosing the set {1,...,n}.
Suppose that (qi,...,q,) represents a quadratic permutation of Fj. Let
{i1, ...,y €{1,...,n} and let (uy,...,ux) € F5. Then the number of vectors
(v1,v2,...,v,) € Fy such that v;, = u;, for j = 1,...,k, is 27=F_ The second
implication follows from the fact that (q,...,q,) is surjective. O

Therefore, by the previous lemma, every quadratic form q, as a part of
representation of a quadratic permutation of F%, has to satisfy | Nullq| = 2"~1.
Theorems 3.7 and 3.8 imply that every such a quadratic form is determined
up to equivalence by the odd number ¢ € {1,...,n}, i = n — dim Kerq.

Thus, we need to find just [ %] non-equivalent quadratic forms to obtain all
suitable quadratic forms for a construction of a quadratic permutation of 7.
Now, we can construct a quadratic permutation from these quadratic forms
by stepwise verification of the conditions from Proposition 3.9. Unfortunately,
this nondeterministic algorithm is effective just for small n.

3.2 Deterministic

There is also a deterministic way how to construct a quadratic permutation.
We will introduce the Matsumoto-Imai scheme [13].

Let p(x) € Fa[z] be an irreducible polynomial of degree n. Then Fa[z]/p(x)
is a field with invertible operations addition “+” and multiplication “-” between
polynomials modulo p(z) [12]. Since every element of Fy[z]|/p(z) have a form
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Ap_12" L+ - ayx + ag, where a; € Fy,i = 1,...,n, hence we can define
a bijection

®: Fola]/p(x) — F3,

. n—1
d . Ap—1T + a1+ ag — (ao,al,...,an,l).

It can be easily observed that ®(f(z) + g(z)) = ®(f(z)) + ®(g(x)) for every
fr9 € Fola]/p(x).

Theorem 3.10. Let E = Fy[z]|/p(z) be a field, where p(x) is an irreducible
polynomial with degree n, and let A\ € N be an integer with ged(2"—1,2*+1) =
1. Let’s define a map F' : [E — E by

F:g— 92*+1’ for every g € E.

Then the map « : u +— (I><F(<I>*1(u))>,u € F} is a quadratic permutation
of F7.

Proof. Since ged(2" — 1,2* 4+ 1) = 1, hence there exists k < 2" — 1 such that

k(2 +1) =1 mod 2" — 1. Suppose that g € E. Then F(gF) = g*@* D) = ¢,

Thus, the map F' is a permutation of E and « is a permutation of F7, too.
Suppose that 327 a2’ = g € E. Then

n—1 2! n—1
Flg)=g" " =¢"g= (Z arc) (Z ax)
=0 =0
n—1 n—1
= (Z CL,L'Z'ZQ)\) (Z Gil'i> .
=0 =0

We have, for every g,h € E, > 7" Oazx =9, > Y bzt = h,

F(g,h) = F(g+h)+ () ()
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n—1 ;
Furthermore, we have, for e € E, Y 7" c;a* = e,

ﬁ(g +e,h) = (i(ai + ci)xm> (i bixi>

n—; n—1 n—1 n—1
— (Z aixi2A> (Z bixi> + (Z c,;xiy) ( bixi>
=0 =0 =0 =0
n—1 n—1 n—1 n—1
- (Z bixi2A> (Z aixi) + <Z bix"zk) ( clwi>
i—0 =0 =0 =0

and symmetrically F(g,h + €) = F(g,h) + F(g,e). Thus, by Lemma 2.28, o
is a quadratic permutation.
UJ
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