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Review of the habilitation thesis of Dr. Katerina Trlifajova “Different Concepts of
Infinity in Mathematics”

The submitted habilitation thesis deals with the concept of mathematical infinity along the
line that starts with the work of Bernard Bolzano and, through its comparison with Georg
Cantor, leads to non-standard analysis and alternative set theory. This lineage is developed
in a series of five papers, mostly published in prestigious journals in the field—Philosophia
Mathematica (Q1), Foundations of Science (Q2), and European Journal for Philosophy of
Science (Q1) —and in thematic volumes (Research in History and Philosophy of Mathematics
for Springer). One survey paper was translated for the purposes of this thesis. All but the
last of these papers were published relatively recently, in 2005, 2016, 2018, 2022, and 2023.

The result is a coherent whole, the core of which is a highly detailed and original
reconstruction of Bolzano’s conceptual apparatus, not only in the context of his reflections
on infinity (as found in his Paradoxes of Infinity), but also within his contributions to logic
and mathematical analysis. This part of the thesis also reflects Dr. Trlifajova’s long-standing
and systematic interest, which, in addition to her publications, is manifested in her co-
organization and participation in thematic conferences on Bolzano. Their main organizer
and editor of the canonical English translation of Bolzano's mathematical works (The
Mathematical Works of Bernard Bolzano, Oxford University Press, 2005), Steve Russ, is also a
co-author of one of the papers included.

[ mention all of this to emphasize that Dr. Trlifajova’s work goes beyond “mere” historical
research to an informed and interpretive reception of Bolzano’s work. Her primary focus is
on reconstructing Bolzano’s notion of the real number, first in relation to Bolzano’s proof of
the mean value theorem and to other theorems and concepts that are traditionally
considered problematic because they presuppose such a notion, which, according to
tradition, was given only by Georg Cantor in his concept of the fundamental series. For
analogous reasons, Dr. Trlifajova discusses Bolzano's alternative conception of infinity,
based on the relation between whole and part.

In line with this exegetical approach, the next part of the thesis is devoted to Cantor's set
theory, with a focus on its theological motives, which can be explicitly traced in Cantor's
correspondence with Cardinal Franzelin. Here we come to a more general consideration of
the nature of mathematical infinity, in the standard distinction between actual and potential,
where the religious impulses are clearly behind the preference for the former, in a departure
from the existing philosophical tradition. In this motive, one can also find the impetus for the
transformation of set theory from the initial considerations of the properties of certain
subsets of real numbers (ordinal numbers originally arose as “mere” indices of operations
over such sets) into a doctrine of emancipated infinity.
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These two parts are complemented by a final paper with an excursus from Vopénka'’s
alternative set theory. In addition to introducing the “alternative” notion of infinity and of
real numbers, which can be compared with the previous ones, this section has the didactic
function of introducing the givent theory to a foreign reader.

~

To preface the next part of my review, [ would like to state already now that the thesis
summarizes the original research and its inclusion in a broader context in a way that
constitutes a non-trivial argument. My following comments are therefore mainly for
discussion.

The first objection, however, is entirely of a formal nature and concerns the fourth of the
submitted papers, namely the translation, which apparently ends on p. 134 by mistake, i.e., a
part of the text is missing from the submitted selection. Since this is already the last section,
and since the original can easily be consulted in the archives of the Filosoficky ¢asopis, this
did not pose a problem for me.

The other objections are factual:

1) The first concerns the title itself. Although the thesis forms a coherent argument, the
chosen title, referring to different conceptions of infinity in mathematics, may have a
confusing effect on the reader, both in terms of standard topics in the philosophy of
mathematics and in terms of the text itself. Indeed, the latter may give the impression that it
is a detailed analysis of the differences between actual and potential infinity (see the very
first part of 2.1 of the Introduction). But potential infinity is treated relatively lightly, in the
context of Aristotle’s theory, and is given little or no attention in what follows.

This omission has consequences even for the notions of infinity discussed here, since
Bolzano’s doctrine, in particular, was formulated explicitly in response to German idealism
(see his Beitrdge zu einer begriindeten Darstellung der Mathematik), which treats the
concepts of finite and infinite as meta-concepts that have no factual validity but relate to the
way in which we organize the world a priori. According to Kant, infinity is a form of
recursion, which is why we cannot have a notion of ontological or actual infinity. All of this is
more than a simple historical curiosity, limited to our reading of Bolzano, but an impulse
taken up later by L. E. ]. Brouwer and his constructive followers (Brouwer's “intuitionism”
actually arose from the translation of Kant's “Anchauung”, in which all concepts must be
constructed, as "intuition"). According to them, too, all that is infinite must be traced back to
the finite possibilities of human reasoning, whether in mathematics or in anything else.

2) Dr. Trlifajova suggests that alternative set theory elaborates on this impulse, namely by
drawing inspiration from the phenomenological tradition. But it is questionable whether it
ultimately borrows anything more from it than the notion of horizon itself, for which,
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moreover, the original motivation is not explained or further exploited in the thesis. Purely
for the sake of argument, I note that there is a kind of “official” phenomenological
contribution to the problem of infinity and the real number, starting with Oskar Becker’s
Mathematische Existenz, which was quite deliberately published in Husserl’s Yearbook
together with Heidegger's Sein und Zeit. Here, Becker responds thoroughly and in great
detail to both the impulses of Husserl’s analysis of “consciousness” and Heidegger’s
hermeneutics, and links them through the concept of natural time to Brouwer’s intuitionistic
mathematics. I don't think that all of this needs to be discussed in any detail, if only because
Becker’s theories did not penetrate deeply, indeed were considered by the “target group” to
be quite obscure from the beginning (as shown, among other things, by the surviving
correspondence between Becker and Hermann Weyl). But it can hardly be ignored in the
context of references to phenomenological concepts of infinity.

3) Finally, I think it is worth mentioning that the disjunction between potential and actual
infinity plays a role not only in the theological aspects discussed, i.e., with respect to
Bolzano’s and Cantor’s Catholicism, as opposed to Kant’s Protestantism, but also in the fact
that Cantor largely adopts some features of Kantian “constructivism” within his theories, not
only in the defense of transfinite infinity but also in the analysis of set-theoretical paradoxes.
For example, the so-called paradox-free or consistent sets—which are those finite or
transfinite—are described by Cantor himself precisely as those that can be “counted,” i.e.,
well-ordered. Again, | don't think these are crucial details, only that they play a larger role in
the question of the various forms of infinity than the thesis itself seems to imply, by focusing
mainly on distinctions in infinity between Bolzano, Cantor, and alternative set theory. But
these are, at least in my opinion, of a technical rather than a deeper philosophical nature.

~

I conclude that the submitted text presents original research and unquestionably
meets the requirements for a habilitation thesis. The higher percentage of agreement
in Turnitin is due to the thesis’s reliance on previously published papers. Therefore, I
recommend it for further consideration.

In Prague, 18 January 2025

Prof. PhDr. Vojtéch Kolman, Ph.D.
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