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To whom it may concern:

The hahilitation work suhmitted hy Dr. K. Trlifajová constitutes a coherent and original 
collection of published papers, dealing with several related topics around the difficult 
(and deep) mathematical concepts of infinity and the continuum. Most of these works 
have been published during the last decade, in well-established philosophical journals, 
so that the quality of the works is already attested by the refereeing process they went 
through.

Three of the papers are mostly of logico-mathematical content, while the other two can 
be regarded as primarily philosophical. They explain some of the key conceptual 
motivations for the concrete mathematical developments, thus serving an important role 
in the whole collection. One of them was published earlier than the rest, and in Czech - 
in the journal Filosofický časopis (2005) - but it is here presented in English translation.

All of these articles support the idea that the Habilitation candidate is an active 
representative of an original line of work, strongly linked with Prague, which has 
Bolzano and Vopěnka as two of its most outstanding contributors. It’s nice to see this 
way of continuing and promoting the intellectual heritage of the Czech lands. The 
papers are tersely written, the presentation of ideas stands out for its clarity and 
elegance.

The 2005 paper provides a critical analysis of Cantor’s justification for the introduction 
of actual infinity in mathematics. Like Vopěnka, the candidate finds that theological 
ideas and arguments played a too-prominent role in this innovation, and alternative 
attempts to justify actual infinity by Bolzano and Dedekind failed. Thus there is a 
motivation for exploring alternatives to Cantorian set theory.

A possible objection to that argument is, that concepts having to do with the 
understanding and rigorization of the continuum and the real numbers have played a 
crucial role in promoting the acceptance of actual infinity. But this way of thinking can 
also be objected, on the basis of alternative ways of conceiving the continuum and the 
real numbers. Some of these are explored in the papers constituting the work, which 
thus opens the way to one (or several) coherent alternative conception(s).



A 2022 paper in the European Journal for Philosophy of Science provides a clear 
presentation of the motivations for Vopenka’s Alternative Set Theory (AST). This is a 
very original proposal based on criticism of previous theories of the infinite, and on 
inspiration taken from phenomenological analysis of human experience of the world. 
Taking inspiration from the phenomena of vagueness, AST introduces a new notion of 
semiset (a proper subclass of a set) and allows for a development of mathematics that 
has some points of contact with Non-standard Analysis. Like in other cases, the 
candidate’s presentation is noteworthy for its clarity, carefully choosing points to 
present (leading up to the continuum and topology in AST) while avoiding obscurities 
and philosophical complications.

As I said, the remaining papers are more strongly mathematical in content. Two of them 
have to do with the analysis of Bolzano’s ideas and proposals, but the most relevant in 
my opinion is the 2024 article published in Philosophia Mathematica (the leading 
journal in this field), ‘Sizes of countable sets’.

During the last decades, there has been significant interest in the question of alternatives 
to Cantor’s theory of transfinite cardinals (see Mancosu 2009). This question has links 
to Bolzano’s approach to infinite sets in his celebrated posthumous work, Paradoxes of 
the Infinite. While Cantor based the comparison of cardinals on the Cantor-Hume 
principle (relying on bijective mappings), Bolzano defended a theory based on the 
Euclidean Part-Whole principle (proper subsets are smaller than the whole). For a long 
time this tended to be considered untenable or deficient, but in recent years 
sophisticated theories based on the Euclidean principle have been proposed (best known 
is the numerosity theory, due to Benci & Di Nasso 2019).

The 2024 proposal by Dr. Trlifajová is an interesting constructive theory, with an 
important difference with respect to Benci & Di Nasso, namely that instead of relying 
on ultrafilters it employs Fréchet filters. As a result, the ‘sizes’ in question are uniquely 
determined in a constructive way, while the numerosities are not totally but only 
partially ordered. In a recent paper (Wenmackers 2024) the theory has been favorably 
compared with another five different approaches, and the name c-numerosity has been 
proposed for it. I should also mention that the numerosities of Benci & Di Nasso lack 
uniqueness.

As for the Bolzano papers, one of them (2016) is done in collaboration with well-known 
expert S. Russ, and it deals with the interpretation of Bolzano’s theory of measurable 
numbers. It shows mastery of the topic and it helps clarify some key questions about 
this important contribution that remained unpublished until the 20* century. In the other 
paper (2018), the goal is not so much historical analysis and interpretation of Bolzano’s 
work, but rather a kind of vindication of his work by showing it to be mathematically 
viable. It is shown that a theory of infinite quantities based on the Part-whole principle, 
inspired in relevant parts of the Paradoxes of the Infinite, can be extended to a 
consistent mathematical structure. One of the options is to obtain a partially ordered 
ring containing infinitely small, finite, and infinitely great quantities. On this basis a 
form of infinitesimal calculus similar to non-standard analysis can be developed.

As one can judge from the previous comments, the whole collection of articles forms a 
rather coherent edifice, and it would have been possible (even easy) to transform it into 



a monographic book. One finds different threads that combine and interlock to form an 
interesting analysis of infinity in mathematics. In my view, the original contributions of 
the candidate are certainly enough to meet the requirements of a Habilitation, and it 
should be considered favorably.

The Tumitin analysis of the work outputs an overall match of 77%, which is to be 
expected, since this Habilitation thesis consists of a set of previously published 
scientific works. The result in no way indicates a lack of originality in this work, rather 
the opposite; the matches found by Tumitin are all to published papers by the candidate 
Dr. Trlifajová.

To certify all of the above, I sign digitally in Sevilla, 19.12.2024

Prof. Dr. José Ferreirós

Departamento de Filosofia y Logica, Universidad de Sevilla
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