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Introduction

The problem of fluid flow through pipes, described by the Navier-Stokes equa-
tions, has been studied by researchers for hundreds of years. Typically, we consider
pressure-driven flow and to ensure uniqueness of the solution, we would prescribe
how the fluid behaves on the boundary of the pipe, i.e., prescribe boundary
conditions.

In this thesis, we study pressure-driven flow using a different and nonstandard
approach. Instead of prescribing classical boundary conditions, we assume that
the volumetric flow rate is given. Our main goal is to investigate under which
conditions the velocity profile is uniquely determined by this setting and what
kind of boundary condition the resulting velocity field satisfies. We focus on
unidirectional, fully developed flows of an incompressible Navier-Stokes fluid. For
the steady case, we build on the results of Malek and Rajagopal [1],[2] and our
main contribution lies in extending this approach to time-periodic flows.

The structure of the thesis follows this progression: first, we introduce the
governing equations and review the classical types of boundary conditions. Then,
we study flows where no boundary condition is prescribed, but the volumetric
flow rate is given, focusing mainly on the circular pipe and the planar channel.
Finally, we analyze which linear boundary condition is satisfied by the resulting
flow and derive the optimal slip coefficient.

This approach might be useful in practical applications since it is often difficult
to determine the exact boundary behavior of the fluid, while the volumetric flow
rate can be measured more easily. In the case of periodic flows, this method could
be helpful for modeling blood flow in the descending aorta.



1 Governing equations and
boundary conditions

1.1 Navier-Stokes equations]

The problem of modeling fluid flow has been studied throughout history for
hundreds of years by various mathematicians, physicists, engineers and physicians.
A fluid is typically modeled as a continuum and its motion is described by a
velocity field v(x,t), which assigns a velocity vector to each point x € ©, where
© C R3 is a domain (open, connected, non-empty set) and at each time t € (0,7,
for some T € (0,00). Other important physical quantities defined in © x (0,7,
used to describe the motion of the fluid, are:

o the density p = p(x,t), describing mass per volume,

o the pressure p = p(x,t), which is a quantity related to the average of the
normal forces the fluid exerts per unit area,

« the external forces per unit mass f = f(x,¢), for example gravity.

In the second half of the 18th century, the fluid mechanics was dominated by
the model developed by Euler and studied by d’Alembert and Lagrange, see [4].
The governing equations — nowadays called the Euler equations — take, in
modern notation?] the form:

Dv
Z — of — Vp. 1.1
Py = PE=Vp (1.1)

These equations are coupled with the equation:

D
Fi—l—pdiVV:O, (1.2)

which expresses the conservation of mass of the fluid during the motion.

In these models, the fluid is treated as inviscid, meaning that the internal
friction is completely neglected. This idealization led to inconsistencies between
theory and experiments. For example, d’Alembert’s parador shows that the theo-
retical resistance on a symmetrical body moving through fluid was zero, see [5].
This outcome clearly contradicts experiments. The flow of real fluids, including
resistance and energy loss due to internal friction, remained unexplained within
this idealized framework.

In the early 19th century, experimentalists and theorists began to tackle the
problem of internal friction in fluids. In 1816, Girard published a detailed study
of flow in capillary tubes, in which he tried to explain internal resistance through

!This section is primarily based on Darrigol’s historical study [3]
D _ 0 _ 9 3 d
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molecular adhesion, see [6].

A few years later, mathematician and engineer Claude-Louis Navier, influenced
by Laplace’s molecular physics, applied a molecular point of view to derive the
equations of motion for a wviscous fluid. In 1822, he presented what is now known
as the Navier-Stokes equations for the motion of an incompressible fluid [7]:

Dv

= pf — A 1.
P = PE = Vp+plv, (1.3)

where p is the shear viscosity and the term pAv corresponds to the effects of
internal friction within the fluid. In the incompressible fluid, the volume of any
subset occupied by the fluid is conserved during the motion, which on one hand
leads to:

divv =0, (1.4)

on the other hand, this leaves the pressure p as the unknown. Note that for
compressible fluids, p depends on the density. In ([1.3]), the density p is constant.

In the following years, the equations — were extended to describe
compressible fluids, using various mathematical and physical methods and with
varying levels of mathematical rigor, by Poisson [8], Saint-Venant [9] and finally
in 1845 by Stokes [10]. These contributions led to the general form of the Nawvier-
Stokes equations for a compressible fluid:

Dv

N =pf —Vp+ pAv + (p+ A)Vdivv, (1.5)

where \ is the coefficient of bulk viscosity and the term (p+ \)V div v corresponds
to the effects of compressibility. Equations (|1.5)) are coupled with the mass balance
equation (|1.2]).

Now we present a more general form of equation ([1.5]), derived by Cauchy [11],
using the Cauchy stress tensor T:

pll))‘tf = pf +div T (1.6)

The Cauchy stress tensor T is a second-order symmetric tensor representing
the internal surface force per unit area between two adjacent pieces of fluid, in a
given direction. In a more general setting, we can impose implicit relation of the
form f(T,D) = 0, where D denotes the symmetric part of the velocity gradient:
D = 3(Vv + Vv"). Substituting the relation T = —pl 4 24D + A(div v)I into the
equation ([1.6), and assuming A and p to be constants, we get the equation ,
see for example [12|. This more general formulation ([1.6]) will be useful later when
discussing the boundary conditions.

3(divT); = 323, 25d i T = (T3)3

j=1 oz, ij=1



1.2 Boundary conditions

If we are studying fluid motion in a domain with boundary, we have to pre-
scribe what happens to the fluid at the boundary (i.e. we have to specify the
boundary condition). Different boundary conditions yield different velocity fields.

Mathematically, we consider domain (not necessarily bounded) © C R3 with
sufficiently smooth, non-empty boundary 06. We are looking for the velocity field
v(x,t) that solves the Navier-Stokes equations and continuity equation (1.2
in © x (0,7), for some T € (0,00). For uniqueness of the solution, we have to
prescribe v(x,t) for x € 00 x (0,7).

Let us suppose that we want to ensure that the fluid cannot penetrate the
boundary (impermeability condition). To satisfy the impermeability condition,
the component of the velocity field normal to the boundary must be zero at the
boundary. In mathematical notation:

v(x,t) - n=0 for x €90 and t € (0,7), (1.7)

where n is the outward unit normal vector to the boundary 00.
We will consider this boundary condition throughout the entire text. Further, we
will focus on the tangential component of the velocity field at the boundary.

The classical and most frequently used boundary condition is the no-slip
boundary condition. The no-slip boundary condition is based on the assumption
that the fluid adhere (sticks) to the boundary, meaning that the velocity tangent
to the boundary is zero at the boundary. Mathematically speaking, we have:

v, (x,t) =0 for x €90 and t € (0,7), (1.8)

where v is defined as the projection of v to the tangential plane on the boundary:
v, = v — (n-v)n. By combining the impermeability and no-slip boundary
condition, we obtain a simple boundary condition given by the formula:

v(x,t) =0 for x € 90 and t € (0, 7). (1.9)

Another simple boundary condition is the free-slip boundary condition. It is
based on the assumption that the fluid can slide freely along the boundary without
any friction. Mathematically, this boundary condition can be formulated using
the Cauchy stress tensor T (defined in the equation (1.6))). The Cauchy stress
tensor when applied on a vector v gives us the force per unit area in the direction
of v. In particular, we want the vector Tn, which represents the stress acting on
the boundary in the normal direction, to have zero tangential component. That
is:

(Tn), =0 for x € 90 and t € (0,7, (1.10)

where n is the outward unit normal vector to the boundary d2 and (Tn), is
defined as above.

In some cases, it might be appropriate to assume a partial slip at the boundary.
For example, in 1971, Nubar [13] came to the conclusion, that this approach could

9



be relevant for describing blood flow in vessels. Thus, we are going to derive a
more general boundary condition. The detailed derivation with commentary can
be found in Malek and Pruasa [12]. Assuming that the body forces f are zero, let
us multiply the equation by v and integrate over the domain ©:

/@DDt <p|v2|2> dr = /@(div’]l‘)-vdx. (1.11)

On the left-hand side, we have the time derivative of the net kinetic energy Fj,
while the right-hand side can by transformed like that:

/(divT)-vdx:/ div(Tv)dx—/ T-Ddz = Tv-ndx—/ T-Ddx (1.12)
) o o S

B
Due to the symmetry of the Cauchy stress tensor and from the impermeability
condition, we can rewrite the boundary term as Tv - n = (Tn), - v, Thus we
obtain the energy balance:

dE,
% _ [ (Tn),-v.d —/"JI‘-ID)d 1.1
o /ae( n), - v,dx ; T (1.13)

From a thermodynamic point of view, considering an isolated system, we
require the decay of the net kinetic energy over time. This happens when we
have pointwise non-negativity of T - D in the domain €2 (this imposes constraint
on the implicit relation f(T,D), discussed after equation (|1.6)) and pointwise
non-positivity of the term (Tn), - v, on the boundary 092. Thus, if we want the
model to satisfy the second law of thermodynamic, we must choose the boundary
condition that ensures the non-positivity of (Tn), - v, on the boundary 00. In
the case of the no-slip and the free-slip , this requirement is satisfied
trivially.

Another boundary condition that satisfies the requirement described above
can be obtained by assuming a linear relation (Tn), and v, such that:

v, = —k(Tn), for x € 00 and t € (0,7, (1.14)

where k is a positive constant. This boundary condition is called Navier's slip
boundary condition, see [7]. For x = 0, we get no-slip boundary condition, while
the limiting case for kK — oo corresponds to the free-slip boundary condition.
We will collectively refer to boundary conditions that satisfy linear dependence
between v, and (Tn), on the boundary as linear boundary conditions.

Generally, when choosing the boundary condition, we can consider an implicit

relation of the form f(—(Tn),,v,) = 0. An example of a nonlinear boundary
condition is the threshold-slip boundary condition, see [12].

10



1.3 Volumetric flow rate

In this section, we define a quantity that will be essential in the following text.
The volumetric flow rate @ measures the volume of fluid that passes through a
given surface in a unit of time. Let S be a surface, v the velocity field of the fluid
and n the unit normal vector to the surface. The volumetric flow rate @) is then
defined by the formula:

Q://Sv~ndA. (1.15)

The main goal of this text is to study the possibility of using known volumetric
flow rate instead of classical boundary conditions (see and to determine the
existence and uniqueness of the solution in certain special cases. If we are able to
find a corresponding (unique) velocity field with a given volumetric flow rate, we
will further investigate which linear boundary condition (Navier’s slip boundary
condition (1.14])) is most suitable for the situation (see Chapter [4]).

The approach outlined above is based on the articles by Malek and Rajagopal
[1, 2], where they present such a methodology for steady unididrectional flows in
certain special geometrical settings. This thesis extends their analysis to periodic
flows and aims to investigate the existence and uniqueness of the solution in some
special cases. Whereas measuring exactly what happens at the contact point
between the fluid and wall (prescribing the boundary condition) is challenging, the
volumetric flow rate is easier to measure experimentally. The extension to periodic
flows is motivated by the blood flow in the descending aorta and investigation of
what happens at the wall of the aorta. An alternative approach to this problem is
presented by Jarolimova and Hron in a recent study [14].

11



2 Unidirectional flows with given
volumetric flow rate and pressure
gradient - uniqueness

2.1 Mathematical model

For a bounded domain 2 C R? with a smooth boundary 9 (see Fig. [2.1b]), we
consider the unidirectional, fully developed flow of an incompressible Navier-Stokes
fluid (L.3)-(1.4) through an infinitely long straight pipe with a cross-section €,
see Fig. [2.1a] Later on, we will also consider the special case of a two-dimensional
flow (channel flow). For now, let us focus on the three-dimensional case.

(a) General infinite pipe (b) Domain Q

Figure 2.1

The flow is driven by a periodic pressure gradient % with period T, where
T € (0,00). Since the flow is unidirectional and fully developed, the velocity
field is non-trivial only in z-direction and both the velocity field and the pressure
gradient does not depend on z-coordinate. Therefore, we look for the velocity
field v(x,y,t) in the form:

v(z,y,t) =u(z,y, t)e, = u(x,t)e,. (2.1)

Such a velocity field automatically fulfills the incompressibility constraint (1.4)).
Inserting (2.1)) into ([1.3]) (transformed into the cylindrical coordinates), neglecting
external forces f, and recalling that the p is constant (homogeneous fluid), we get:

0 0

pa—?(x,t) = —8—p(t) + pAu(x,t) for x € Q and t € (0,7). (2.2)
z

The impermeability condition (1.7]) is satisfied trivially.

When it comes to the volumetric flow rate, the velocity w is normal to the

cross-section €2, thus the formula for the volumetric flow rate @ (1.15)) reduces to:

12



Q(t) = /Q wds. (2.3)

The problem of finding the velocity field v in R? has been reduced, under the
assumptions described above, to the problem of finding a scalar function u in R?
solving the heat equation:

ou
5, () = vAu(x,t) = G(1) (2.4)

in 2 x (0,T), where v = £ is the kinematic viscosity and G(t) = —%@(t).

The flow is driven by a periodic pressure gradient %(t) with period T" € (0, 00).
Therefore, we expect the velocity function u to be also periodic with the same
period T'. Hence, we impose the periodic condition u(t) = u(t+7'). The analytical
investigation of steady (time-independent) flow is less complicated and will be
discussed at the end of this chapter.

Classically, to ensure uniqueness, we would prescribe a boundary condition
on 99, see Section [1.2 Our goal is to investigate whether we can replace the
standard boundary condition with a prescribed volumetric flow rate, see Section|1.3

In the following, we investigate uniqueness and existence of a function u €
C3 (9, R)F‘I C(,R), u(-,t) € L'(Q) that satisfies the following set of equations:

?Z(X, t) — vAu(x,t) = G(t) for x € Q and ¢t € R, (2.5)
u(x,t) =u(x,t+1T) for x € Qand t € R, (2.6)
/ udS = Q(t) for t € R, (2.7)

Q

where G, Q) € C(R) are given periodic functions with period T'. For the purposes
of later uniqueness analysis, we will look for u satisfying:

ou Ou Pu
u, a, 87%, 871'12 e L (Q X R), (28)
ou ou 0*u _
ou
U(X, ')7 E(Xv ) < CGR) (210)

and @ satisfying @ € C*(R).

Now we will demonstrate on a simple example that the conditions and equa-
tions introduced above are not sufficient to guarantee uniqueness of the solution.

Let the domain €2 be a disc of radius R, centered at the origin and let G(t)
be a continuous real-valued function with a period T € (0, 00). We consider the
no-slip boundary condition on the part of the boundary where y < 0 and on the
part where y > 0 we consider the Navier’s slip boundary with varying parameter

lu e C3(Q,R) & u(-,t) € C*Q) and u(x,-) € C1(R)

13



 so that the boundary condition is continuous at the points (—R,0) and (R, 0).
Next, find the solution of equations , under these boundary conditions.
Now, we rotate the boundary conditions about the origin by 7 and solve the same
equations again with these new boundary conditions. These two solutions will
clearly be different - they will be rotated versions of each other. However, the
volumetric flow rate is computed by integrating over the whole domain €2, both of
these solutions yield the same volumetric flow rate.

We have found two different solutions satisfying equations —. There-
fore, the solution is not unique.

The volumetric flow rate condition is a single scalar constraint and, in general
setting, can not replace classical boundary conditions. Therefore, the equa-
tions (12.5)-(2.7) are not sufficient, on their own, to guarantee the uniqueness of
the solution.

To understand under what circumstances the solution to the problem becomes
unique, we have to analyze the space of solutions to the associated (reduced)
homogeneous problem - the same partial differential equation with zero right-hand
side and same constraints (symmetry, partial boundary conditions, periodicity),
but without the volumetric flow rate condition. If the space of solutions of this
homogeneous problem is one-dimensional, then by prescribing the volumetric flow
rate (a single scalar) we (can hope to) select a unique solution.

)

In other words, in order to ensure uniqueness of the solution, it is necessary to
reduce the space of homogeneous solutions (without given volumetric flow rate)
to dimension one. This can be achieved, for example, by prescribing Neumann
boundary condition, by adding some partial boundary condition, or by assuming
symmetry of the solution, such that the solution is unique up to a constant. In
such cases, the additional volumetric flow rate condition eliminates the remaining
degree of freedom and ensure uniqueness of the solution.

Now, by combining equations and , we get an equation that will play
an important role in the following sections, particularly in uniqueness analysis for
certain special cases.

Let us integrate equation over the domain €2:

/Qg?dS—y/QAudS:/QG(t)dS (2.11)

Since we assume u to satisfy (2.9) and (2.8]), we can exchange the order of
integral and derivative in the first term and with the use of the equation (2.7)), we
obtain:

Q'(t) — ,,/ AudS = G()|]. (2.12)
Q
By applying the integral identity to the second term, we get:
ou 1,
/awnds_ (@) = [R1G(®) , fort € R, (2.13)

14



In some special cases (When is spatially constant on the boundary), this equation
can be interpreted as a Neumann boundary condition, as we will demonstrate in
the Sections and We now show that, under some additional assumptions
of symmetry, the uniqueness of the solution can be proved in the case of circular
domain  and in the case of planar channel flow (two-dimensional flow). The
existence and explicit analytical formulas of these solutions for these two special
cases will be presented in Sections and

2.2 Circular pipe flow

Let Q C R? be a disc with a radius R € (0, 00), centered at the origin. We
consider the unidirectional, fully developed, periodic flow of an incompressible
Navier-Stokes fluid through an infinitely long straight pipe with a cross-section
Q2 with given volumetric flow rate and pressure gradient. As in Section [2.1] the
flow is described by the system of equations (2.5)-(2.7), where G € C(R) and
Q € CY(R) are given periodic functions with period T

To ensure the uniqueness of the function u belonging to the spaces described in
—, which satisfies the equations —, we have to impose an addi-
tional constraint on u. Let us assume that the velocity field is radially symmetric.
That is, the function u depends only on the radial coordinate r = /22 + 32, so u
can be written as u = u(r,t). It follows that on the boundary 0f2, the function u
is spatially constant. If we had prescribed a classical boundary condition (such as
no-slip, Navier’s slip, ...), the condition would be just a single scalar constraint at
the boundary 0f2. From the discussion at the end of the Section this suggests
that prescribing volumetric flow rate (¢) should be sufficient condition to ensure
uniqueness of the solution. Let us now prove this claim.

Let uq, us be functions belonging to the spaces described in — and
satisfying the equations (2.5)-(2.7). We aim to prove that ui(x,t) = uz(x,t) in
) x R. Due to the linearity of the equations — we have that the function
w(x,t) = uy(x,t) — us(x,t) satisfies the equations:

ow

T —(x,t) —vAw(x,t) =0 for x € Q and t € R, (2.14)
w(x,t) =w(x,t+1T) for x € Q and t € R, (2.15)
/ wdr =0 for t € R, (2.16)

and finally, because % is spatially constant at the boundary, from the equa-

tion ([2.13]), we additionally obtain:

ow
on
We now multiply equation ([2.14]) by w and integrate over Q x (0,7):

/ / —w dtdr — y/ /OT(Aw)w dtdr = 0. (2.18)

(x, )] = 0. (2.17)



By simple manipulations, we get:

3 / /T ou” dtdr — 1// /()T(Aw)w dtdr = 0. (2.19)

Thanks to the periodicity ([2.15) , the first term vanishes:
T
—V/ / (Aw)w dtdr = 0. (2.20)
QJo

Using Frobenius’ theorem and Green’s identity, we get:

O—/ / (Aw)w drdt = / /69 a—nwdrdt /OT/Q|Vw|2drdt. (2.21)

From equation ([2.17] -, the boundary term vanishes, so that:
T
:/ / |Vw|?drdt = Vw =0 on Qx (0,7T) (2.22)
0o Jo

and by continuity of Vw also on {2 x R. Hence, w is constant and from condi-
tion ([2.16) we obtain that w =0 on 2 x R.

We have showed that u;(x,t) = us(x,t) in Q X R, thus the solution of this
special case is unique. The existence of a solution for this special case with an
explicit analytical formula will be presented in Section |3.1].

2.3 Planar channel flow

We consider the unidirectional, fully developed, periodic flow of an incompress-
ible Navier-Stokes fluid between two fixed, infinitely large, parallel plates with
the distance h = hy — hy # 0 between them, see Fig. This situation reduces
the problem to a two-dimensional flow, see Fig. Although we have so far
considered three-dimensional flow in an infinitely long pipe with cross-section €2,
where 0 C R? is a domain, in this case we now take Q = [hy, hy] C R (closed,
nontrivial interval is a domain with a smooth boundary). Nevertheless, the equa-
tions describing this motion remain the same as those in Section 2.1, which were
formulated for the three-dimensional flow.

As in Section the flow is described by the system of equations —,
where G € C'(R) and @ € C'(R) are periodic functions with period 7.

To ensure the uniqueness of the function u belonging to the spaces described
in —, which satisfies the equations —, we again have to impose
an additional constraint on u, as we have already seen in Section 2.2l Let us
assume that the velocity field is symmetric with respect to the point % Due
to the fact that u is spatially constant at the boundary 0f2, the uniqueness can
be proved exactly the same way as in Section The existence of a solution for
this special case with an explicit analytical formula will be presented in Section [3.2]

We have shown uniqueness of the solution to some special cases of the model
described in Section 2.1} In the following section we briefly discuss the problem
introduced in Section this time considering steady flow instead of periodic
flow.

16
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(a) Channel flow (b) Two dimensional flow
Figure 2.2

2.4 Steady flow

In this chapter, we have so far focused on the case of the periodic flow. The
steady flow model is very similar. Let  C R? be a bounded domain with a
smooth boundary 92, see 2.1b] Let us consider the unidirectional, fully developed
flow of an incompressible Navier-Stokes fluid through an infinitely long straight
pipe with a cross-section , see [2.1al We look for the velocity field in the form:
v(z,y) = u(z,y)e, = u(x)e,. By substituting the velocity v in this form to
the Navier-Stokes equation ([1.3) (neglecting external forces f), assuming that the
p is constant (homogeneous fluid) and that A = 0 (incompressibility), we get:

op

5 Au for x € Q. (2.23)

The impermeability condition ([1.7]) is satisfied trivially.

We are looking for a function v € C%(Q2) N L'(€2) that satisfies the following
set of equations:

—pnAu(x) =G for x € Q (2.24)
/QudS — Q. (2.25)
where G = —% and @) are constants.

The problems concerning the uniqueness of the solution to this steady flow
model are analogous to those in the periodic flow described in Section 2.1} In
special cases of flow in the pipe with circular cross-section and in the case of
planar channel flow, with added assumption of symmetry, the uniqueness can be
proved similarly to the periodic flow, see Sections and 2.3

Derivations of analytical solutions to some steady flow cases described by the

model ([2.24)), (2.25)) are presented in Malek, Rajagopal [1].

In the following chapter, we turn our attention to deriving analytical solutions
to the problems whose uniqueness was proved in Sections and 2.3
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3 Unidirectional flows with given
volumetric flow rate and pressure
gradient - existence

In Chapter [2, we formulated a mathematical model describing the unidirec-
tional, fully developed periodic flow of an incompressible Navier-Stokes fluid
through an infinitely long straight pipe with a cross-section €2 (see Fig,
where 0 C R? is a bounded domain with a smooth boundary 9. Instead of
prescribing classical boundary conditions (see Section , we assumed that the
volumetric flow rate is given, see Section [L.3]

In Section [2.3] we have used the same model to describe two-dimensional
channel flow. In the cases of a circular cross-section and two-dimensional channel
flow, we proved uniqueness of the solution under an additional assumption of
symmetry, see Sections and [2.3] In this chapter, we turn attention to deriving
analytical expressions for the velocity fields in these two cases, thus showing the
existence of such flows.

3.1 Circular pipe flow

Let us consider the unidirectional, fully developed flow of an incompressible
Navier-Stokes fluid through an infinitely long, straight pipe aligned with the
z-axis with a circular cross-section of radius R centered on the z-axis, as shown
in Figure . The flow is driven by a periodic pressure gradient %(t) with period
T € (0,00).

y

SR, u \C”
. — [ TN z

Figure 3.1 Circular pipe

18



We use cylindrical coordinates (7, ¢, z). Due to the axial symmetry of the
problem about the z-axis and the assumption of fully developed flow, we expect
the velocity field to be directed only along the z-axis. We therefore look for a
velocity field of the form:

v(r,t) = u(r,t)e.,. (3.1)
From the form of the velocity field above, it follows that g—g = g—z = 0.

The symmetric part of the velocity tensor can be written as:

and thus the Cauchy stress tensor (see (1.6))) takes the form:

-p 0 p%
T=(0 —p 0]. (3.3)
pge 0 —p

Let F(r,¢,2) = (F.(r, ¢, 2), Fo(r, ¢, 2), F.(r, ¢, 2))T be a vector function in
cylindrical coordinates. The divergence operator in cylindrical coordinates takes
the form:

10 19 0

divF(r,p, z) = ;E(TFT) + ;&DP’@ + g

For a detailed derivation of this relation, see [15].

F, (3.4)

Using the Cauchy stress tensor (3.3)), and the divergence operator divergence
in cylindrical coordinates ({3.4]) we can formulate the Navier-Stokes equation for
this problem, neglecting the external forces, as:

ou  1dp (02u 18u>

et \ae T rar (35)

ot poz * P
3.1.1 Given quantities

We assume that both the pressure gradient % and the volumetric flow rate @)
are given as general real Fourier series:

0 s .
—p(t) = — Y G coskwt + G sin kwt, (3.6)
0z =
Q(t) = > QY cos kwt 4+ Q3" sin kwt, (3.7)
k=0
where G, G, Q¥ G € R and w is the given frequency of oscillation and

G, Qr € C. It holds that w = 27 /T, where T' denotes the period of the flow.
The assumption that both Fourier series have the same frequency w is not a
restriction, every two Fourier series can be rewritten to share a common frequency.
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For computations, the exponential (complex) form of the Fourier series will be
more convenient. Let us define:

Gk=<Gk —i—ZGQk ) for k <0,

2
GO = (C)OS7
Gcos 'Gsin
Gk:< 5 ! 2k ) for k£ > 0.

We can see, that Gg € R and Gy € C for k # 0. Analogously, we define constants
Q.

The pressure gradient g—i and the volumetric flow rate Q(¢) then takes the
form:

gjj(t):—ki G et (3.8)
Q)= 3 Que™ (3.9)
k=—o00

Let us define the following useful index sets:

[={keZ|Gy#0}, (3.10)
J={k€Z|Qy#0}, (3.11)

and let us assume, that these sets are finite.

The velocity function u(r,t) can also be expressed as a Fourier series with the
same frequency:

o0

u(r,t) = > Ug(r)e™. (3.12)

k=—o0

We will derive the solution u(r,t) in the form of a complex Fourier series. By
transforming this series into its trigonometric form, we obtain real-valued ex-
plicit solution using the given coefficients G, G§, Q¢°*, Gi". The convergence
properties of the exponential (complex) Fourier series are exactly the same as its
trigonometric (real) counterpart. From now on, we will work with the complex

form of the solution, which can always be transformed into a real-valued solution.

3.1.2 Velocity field

In this subsection, we aim to determine the velocity field function u of the
form (3.12)) satisfying the reduced Navier-Stokes equation (3.5) with the given
pressure gradient (3.8]) and the volumetric flow rate (3.9)).

Using the standard methods for solving ordinary differential equations, we
obtain the general solution to equation (2.14) (For detailed calculation see [16]):
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G | ik G .
u(r,t) = Ag — 02 Z lAk Jo ( _ e 7") + k] ekt (3.13)
Ap ke I\ {0} K ikwp

where Ay, € C for k # 0, Ay € R, under the assumption that 0 € [ and J,(z) is
the Bessel function of the first kind.

Since the boundary conditions are not prescribed, we determine the constants

Ay, using the known volumetric flow rate (3.9).
The volumetric flow rate in cylindrical coordinates is given by the formula:

2 rR
= / / ur drde. (3.14)
o Jo
Let us compute Q(t) from the equation (3.13)):
R
Q(t) = 27?/ wr dr,
0

ik G .
_271'/ Agr — G—r dr + Y 277/ Apr Jo (,/ e r) + ,kkr dr et
Ap ke I\ {0} K LRwWp

4 R ik Gy R?
IR 27?Ak/ rJ(]( P >d TR ikt
81 ke I\ {0} K ihwp

G()?TR

{ & G R?
DY 27rAkRJ1< _ “”R>,/—,k" + ’;: giket,
b o I ikop " ikwp

Last equality holds because zJo(z) = Lx.J;(z).

= A07TR2 -

The volumetric flow rate is given by (3.9), and thus, due to the linear inde-
pendence of the functions {e?**'} it holds that:

G07TR4
81t

' G R
Qr = 21 AR Jq _thwp R /—- a + ,kﬂ for k #0.
i tkwp thwp

From this, we see that J = I, as both series share the same non-zero indices.
Solving for A, we obtain:

Qo GOR2
A
0T TR? + 8

1 zk:wp _tkwp
Ap = > for ke I\0.
g Ji < ’L’WP <27TR V- 2@k‘wp Vo ow \

Hence, we substitute A; back into equation ([3.13)), resulting in:

Q Gy [ R?
ulrvt) = 2 S0 (2 - ) (3.15)

Jo ( lkwp @kwp GrR zkwp
Ji ( lkwﬁ 27TR 2ikwp @k:wp
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Qo = Ay R? —

Y

eikwt'

+ 2.

kel\ {0}




We have successfully derived an explicit expression for the velocity field
v(r,t) = u(r,t)e, without prescribing boundary conditions, using only the given
volumetric flow rate.

We assumed that the index set [ is finite, and thus the problem is solved -
each term in the function u is smooth, satisfies equation , is periodic with
period T and its volumetric flow rate is Q(¢). By the linearity of equation (2.14)),
the finite sum over [ is a solution to the problem.

However, if I is infinite, we also need to prove the uniform convergence of the
series as well as the uniform convergence of its derivative with respect to r, so
that the infinite sum is a classical solution to the problem. The proof of uniform
convergence is complicated due to the complexity of Bessel functions and goes
beyond the scope of this text.

3.2 Channel flow

In this section, we consider the unidirectional, fully developed flow of an
incompressible Navier-Stokes fluid between two infinite parallel plates separated
by a distance of 2h, as shown in Figure (for hy = —h and hy = h). The flow
is driven by a periodic pressure gradient 32(¢) with period T" € (0, 00).

Due to the symmetry discussed in Section the solution will be unique and
dependent only on y-coordinate. From the assumption of fully developed flow, we
expect the velocity field to be directed only along the z-axis. We therefore look a
velocity field of the form:

v(y,t) = u(y,t)e,. (3.16)

Qu _ Ju _

From the form of the velocity field above, we have 3 = Z*

The symmetric part of the velocity tensor can be written as:

0
D=0

0
S0 (3.17)
0 0

0
0
Au
Jy

and thus the Cauchy stress tensor (see (1.6])) takes the form:

—p 0 0
T=1]0 p pge . (3.18)
0 pg, —p

Using the Cauchy stress tensor written above, we can formulate the Navier-
Stokes equation for this problem, with the neglect of external forces, as:

Ou  10p u@

— = - . 3.19
ot p Oz * p Oy? (3:.19)
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3.2.1 Given quantities

We assume that both the pressure gradient % and the volumetric flow rate
() are given as general real Fourier series. As discussed in Subsection these
series may also be expressed in the form:

gi(ﬂ _ _ki Gy eikwt (3_20)
Qt) = i Qp ™! (3.21)
k=—o00

Let us define the following index sets:
I:{/{ZGZ|G1€7A0},
J={keZ|Qy#0}.

The velocity function u(y,t) can also be expressed as a Fourier series with the
same frequency:

u(y,t) = > Uil(y)e™™. (3.22)
k=—0o0
We look for a solution in this complex form. The fact that it is possible, and

that the solution can be transformed to real-valued series, was explained at the
end of Subsection [3.1.11

3.2.2 Velocity field

Using the standard methods for solving ordinary differential equations, we
obtain the general solution to equation (3.19)) (For detailed calculation see [17]):

\Jikee — Jikee G
Ake w Y + Bke w + 7]6

: eikwt
tkwp

)

G
u(y,t) = Ao + Boy — —4% + >
2 keI\ {0}

(3.23)

where Ay, By, € C for k #£ 0, Ay, By € R, under the assumption that 0 € I. From
the symmetry condition we get By = 0 and A, = By, for k # 0. Hence, we have:

G | k G .
u(y,t) = Ag — 270?;2 + Z [QAk cosh ( zwy> + kk] ekt (3.24)
K ke I\ {0} K tRWp

Since the boundary conditions are nor prescribed, we determine the constants
Ay, using the known volumetric flow rate (3.21). The volumetric flow rate is given
by the formula:

h
Q(t) = / wdy. (3.25)
—h
Let us compute Q(t) from the equation (3.24)):

h Go h kwp Gk .
t) = Ay — —12d / 2A h — — 2 | dy ™t
Q(t) [h 0 2,uy y+ > h[ }o COS (,/z p y>—|— ikwp] y et

kel\{0}’~
3
:zhAO—GOh + |44y, /-"— sinh PP QG—’“h et
3 ke {0} tkwp ,u tkwp
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Due to the linear independence on the functions {eik“t} and given volumetric

flow rate (3.21]), it hold that:

Goh?
=2hAy — 3.26
QO 0 3,& ) ( )
2

Or —4Ag, | sinn (| [i"Pn) + 25" for g 20 (3.27)

thkwp 1 tkwp

From this, we see that J = I. Solving for A, we obtain:

Goh?

(Qo 3 ) : (3.28)

1 likwp 2Gkh>
A — ——— | for k#£0. 3.29
" 4 sinh (  hwp h) (Q kwp 7 ( )

Now, we substitute Ay computed above back into equation (3.24)), resulting in:

u(y,t) = g;; + (@2 - y2> (3.30)

N Z cosh( Z”Cw,o (Qk\/m \/W) ot
kel\ {0} sinh( kwf’h tkwp zkwp

We have derived an explicit expression for the velocity field v(y,t) = u(y, t)e,
without prescribing boundary conditions, using only the given volumetric flow rate.

If the index set [ is finite, the problem is solved - each term in the function u
is smooth, satisfies equation , is periodic with period T and its volumetric
flow rate is Q(t). By the linearity of equation , the finite sum over [ is a
solution to the problem.

However, unlike in Section we did not assume that the index set [ is finite.
Therefore, we need to prove the uniform convergence of the series as well as the
uniform convergence of its derivative with respect to y, so that the infinite sum is

a classical solution to the problem. This is addressed in [Appendix]

In this chapter, we have derived analytical expressions for the velocity field of
an incompressible Navier-Stokes fluid undergoing periodic, unidirectional, pressure-
driven flow. We considered two geometries: a circular pipe and a planar channel
with certain symmetries. Instead of relying on prescribed boundary conditions, as
is commonly done, we assumed that the volumetric flow rate is a known function.
This approach allowed us to compute the velocity profiles without the need to
impose specific wall conditions. Even though we have an explicit expression for
the velocity field we might still ask, which boundary conditions most accurately
describe the situation. In the following chapter, we aim to address this question.
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4 Determining optimal Navier’s
slip parameter of a periodic flow

In this chapter, we again consider unidirectional, pressure-driven flow of an
incompressible Navier-Stokes fluid in a pipe with a cross-section given by a domain
Q € R” (or potentially 2 € R in the case of channel flow). We assume that we
are given an explicit formula for the velocity function u, without any information
about the boundary conditions, and w is spatially constant on the boundary 0f2.

The term (Tn),, which appears in Navier’s slip boundary condition (1.14)),
is, in the case of fully developed, unidirectional flow, reduced just to the normal
derivative of u on the boundary. Since n is the outward unit normal to the
boundary, the stress vector Tn takes the form (g—z, g—fl, %)T' Because the flow
is unidirectional in the direction of u, which is tangential to the boundary, we,

indeed, obtain (Tn), = 2% on 9.

Our goal is to determine which linear boundary condition (Navier’s slip, no-slip
or free-slip) is best suited to describe the given situation. Ideally, we would like
to find a constant x € R satisfying:

ou

We will see, however, that in the case of general period flow, such constant s
may not exist. Instead, we will search for its optimal approximation.

4.1 Steady flow

Let us first assume that the flow is steady. This means that the flow is driven
by a constant pressure gradient, g—lz’ = —(G, and the volumetric flow rate () is also
a constant. The velocity field is computed solely based on the known values of G
and @, without prescribing any boundary condition. This is possible for certain
geometries, as discussed in Section [2.4] The aim is to determine which linear
boundary condition, whether it is Navier’s slip or its limiting cases of no-slip and
free-slip, is satisfied at the boundary.

In recent articles by Mélek and Rajagopal [1}, 2], the authors were able to find
explicit formulas for v and g—ﬁ for certain cases using only the constants G' and (@),
without prescribing any boundary conditions. Furthermore, they showed that for
a given problem, there exists a specific ratio % for which the steady flow satisfies
the no-slip condition on the boundary. If this ratio is larger the flow satisfies
Navier’s slip condition with a certain parameter k.

Due to the fact that in this situation u and %1 are constants on the boundary,
we can always find a real parameter x such that:

0
u + /ﬂua—z = 0 on the boundary 0f2. (4.2)
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This parameter can be computed simply by the formula:

K= (4.3)

on

where we use the convention % = 00. Since both u and g—“ are constants, this

expression always yields a real number (or infinity), depgnding only on @, G,
material constants p, p and the geometry of the domain. If k = 0, the flow satisfies
the no-slip condition on the boundary, if Kk = oo, the flow satisfies free-slip
and if k € (0, 00), the flow satisfies the Navier’s slip with a parameter k.

In the article by Malek, Rajagopal [2], the authors also considered the case
when xk < 0. However, values k < 0 do not correspond to a standard Navier’s slip
boundary condition, and due to the fact that the energy decay equation is
not directly satisfied in this situation, the physical interpretation may be unclear.
We will not consider this case further. For more details about this situation,
see [2].

4.2 Periodic flow

Now, we will investigate the same problem as in the previous section, but
this time for periodic flows. The flow is driven by a periodic pressure gradient,
%(t) = —G(t), with period T € (0, 00). The given volumetric flow rate Q(¢) is also
a periodic function with the same period T'. As we have seen in Chapters [2| and
in special cases (circular pipe flow and channel flow with certain symmetries), it
is possible to derive an analytical expression for the velocity function u as well as
its normal derivative 2% on the boundary 9, without prescribing any boundary

on
condition.

Both functions v and g—r“l are time-periodic functions with period T and they
are spatially constant on the boundary 0€2. Let us denote:

u(x,t) = ug(t), for x € 012, (4.4)
ou
a—n(x,t) = Onug(t), for x € OS2 (4.5)

Our goal is to determine which linear boundary condition is satisfied for this
flow. In the case of steady flows, the functions ug and d,us were constant, so
there always existed a value k € R such that the equation (4.2)) was satisfied, see
Sectionfd.1] Here, however, the functions ug and dqug are periodic with period 7'
so in general, there may not exist a constant x € R such that the equation (4.2))
holds. Instead, the ratio —ug/p0nug may be time-dependent, yielding a function
k(t) - not constant.

First, in Subsection [4.2.1, we will try to apply a similar approach as used
by Malek and Rajagopal in [1, 2] for steady flows and identify a specific ratio %
such that the no-slip condition is satisfied. We will see, however, that this direct
approach is not suitable for periodic flows. A more appropriate method will be
introduced in Subsection [£.2.2]
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4.2.1 Direct identification of Navier’s slip boundary condi-
tions

On the example of periodic flow in a circular pipe, we will show that the
method used by Malek and Rajagopal in |1}, 2] for steady flows is not suitable for
periodic flows.

Let us consider periodic, unidirectional, fully developed, pressure-driven flow
of an incompressible Navier-Stokes fluid through an infinitely long, straight pipe
aligned with the z-axis and with a circular cross-section of radius R, centered on
the z-axis. Without prescribing any boundary condition, only using the given
volumetric flow rate Q(t), we have successfully derived in Section 3.1 an analytical
formula of the velocity function u . We now investigate, when the flow with
the velocity function (3.15]) satisfies the no-slip boundary condition.

The no-slip boundary condition is satisfied if u(R,t) = ug = 0, see Section
From the form of the functions Q(¢) and % given by equations (3.§),(3.9), from
equation and from the linear independence of the functions {e****}, we can
see that the no-slip occurs if and only if:

4
2027;]2 if 0 el and (4.6)
0

Q 2 (R [ h(/-5"R)
é:ikw (2—3 o (\/_T{W@ for all k e I\ {0}. (4.7

We observe that the form of Qr /Gy, for k # 0 is quite complicated.

Now, we try to find a constant x € R such that the equation (4.1)) holds. In
our case, this condition is satisfied if:

ug(t) + p k Opug(t) = 0, for some k € R, (4.8)

where dpug(t) = 9%(R,t). Since the velocity u is in the form (3.12), it must hold
that:

[e.9]

S U(R) 4+ p s aarUk(R) ekt — 0, (4.9)

k=—o00

Due to the fact that the functions {e®**!} are linearly independent, we require:

U(R)+ p ;Uk(R) =0; forallkel (4.10)

Let us now compute the derivative of U, at r = R with respect to r, based on
the equation ([3.15)):

0 GoR
0 _ Qp thwp  GpR
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Substituting these expressions into (4.10f), we obtain:

Qo G0R2 HG()R

— =0if0el d 4.13
9 8 el an (4.13)
Jo ( kaﬂ zk‘wp kap (4.14)
Ji ( kap 27TR Qkap zkwp '
+ gg’jzikwp - GZ’“R =0 forall k € I\ {0}.

The functions ug and Oyus(t) are linearly dependent, if and only if there exists
x € R such that:
QO 2 R

0

1 W B
K = (?ikprrQ’“M) VEopi . (\/TZJPR> forall k € I\ {0}. (4.16)

G 2piR

These conditions impose very restrictive constraints on the coefficients QJx, G and
the resulting value of K may even be complex. If we apriori knew that the velocity
function ug and its derivative Oyus are linearly dependent, we could simply select
one k € I and k from the formulas above. It would not matter which k € I we
choose, because, as we have seen above, for a given k € R, equation (4.10) must
hold for all k € I. If 0 € I, we would certainly choose k& = 0, since the expression
of k in terms of )y and Gy is the least complicated. In fact, under the assumption
of linear dependence, the formula for x in terms of )y and G is exactly the same
as in the case of steady flow and thus we could follow the same approach as Malek
and Rajagopal in [1 2].

However, if our goal is to model the flow of a real fluid, the approach described
in the previous paragraph is not applicable, because we do not know in advance
whether we can assume linear dependence of ug and 8nu5 Let us consider a
realistic scenario: we are given the periodic functions and . ) from an
experiment (i.e., we know the coefficients Gy and Q). Our task is to find an
approximate value of k such that equation holds "as accurately as possible”.
This will be addressed in the following subsections.

4.2.2 Approximation of the Navier’s slip parameter

Suppose we have explicit formulas for real-valued periodic functions ug(t) and
Onup(t)(t), expressed as complex Fourier series:

t)=> Upe™, (4.17)
kel

Onug(t) =Y U, ™", (4.18)
kel

for some coefficients Uy, OU, € C, where w = 2% is the frequency and T' € (0, 00)
is the period. Since both function are real-valued, their Fourier series could be

written in the trigonometric form. However, we choose to work with the complex
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form, since this is the form used in deriving the velocity functions u in certain
cases in Chapter . Both ug(t), Onug(t) belongs to L*(0,T), we consider the
standard inner product (.,.)s on this space and the norm ||.||2 induced by it.

Our goal is to find the real value of k that solves the following minimization
problem:

x = argmin || ug(t) + ku Oaug(t) ||, . (4.19)

rER
From the classical theory of Fourier series, we know that is a function
f € L*0,T) is given by:
= Y ™ eC, (4.20)
1=—00

the norm is computed as:

I, = [ 10 =T 3 e (421

As we can see from the above, the relation (4.19) can be rewritten becomes:

Kk = arg min \/TZ Ui + kp0U,|* = argmin Y |Uy + kp OUL|* . (4.22)

k€ER kel kE€R kel

We can decompose U, and dUj into their real and imaginary parts:
Uy = UF +iU,, 0U,, = 0U; +idU;,.

Substituting this into (4.22]), we obtain:

K =argmin » ‘Uk + iU + kp (OUE + @8Uk)

RER e

_argmmz ‘(Uk + H/L(?Uk) +1 (Uk, - /wﬁUk)

k€ER

)

Y

—argmin » (Uk + H;L@Uk) + (Uk + KL aUk) : (4.23)

krER kel
To find the minimum, we take the derivative with respect to «:

ai (Z (UE + /{,M@UE)Q + (U,E + K 8U£)2) ,

kel

=2)" [(U}? + ELL@UE) poUE + (U,E + HuaUg) NaUﬂ

kel

We also notice that the second derivative with respect to x is non-negative. We
set the first derivative equal to zero and solve for k. This k corresponds to a
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minimum and thus is the solution to (4.19)).
Let us compute:

2> [(U}f + K 8U}§) poUE + (U,E + %u@U,E) u@U,ﬂ =0,
kel

Z {UE@UE + Kp (aU;Eg)2 + U,E@U,E + K (8[]]2)2} =0,
kel
K =— 1 Zker U UL + U,0U; __LERe (ug, Onug)y _ _ (ug, Onug),

1 ke (OUR? + (00U i [|Oaug)? MERS

(4.24)

The last equality holds because the functions ug(t), Onus(t) are real-valued. The
formula for k given by can be alternatively derived by projecting the prob-
lem onto the subspace of L?*(0,7') spanned by d,ug(t) and solving the problem
within that subspace.

From the calculations above, we have determined that the k solving the

problem (4.19)) has the resulting form:

<u5,8nu5>2
— =2 for ||Oyu 0,
k=1 wlomusl; [Buusllz # (4.25)

00, else.

This value of k € R corresponds, in a certain sense, to the value of x obtained
in the steady flow case given by formula . If we consider constant functions
ug and Opug, the formula is exactly the same as the formula for steady
flow. Hence, this method, when applied to steady flows, leads to the same results
as obtained by Malek and Rajagopal in [2].

4.2.3 Suitability of the approximate Navier’s slip parame-
ter

In this subsection, we investigate the question of how good this approximation
is and whether any linear boundary condition is ideal for the given situation.
We derive a simple criterion that measures how much the function ug, yus are
linearly dependent.

We define:

1, for ||U,ﬂ||2 =0or ||8nu5||2 = O,

(wp s, (4.26)

v

l[ugll2 |8nugll2”

Due to the Cauchy-Schwarz inequality we have that ¥ € [0, 1]. This corresponds
to the cosine of the angle between the functions ug(t) and dyus(t) in the space
L*(0,T). If ug is a real multiple of d,ug then |[¢J] = 1. For situations where
the model using linear boundary condition is less appropriate, we obtain a value
|¥| < 1. For example, if ug = i0yug, it is evident that the function ug is not a
real multiple of the function dyup (in some sense it is the ”"worst possible” real
multiple), and therefore linear boundary condition is not appropriate. In this case,
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we want ¥ to be as small as possible. Indeed, the formula (4.26]) results in 9 = 0.

The following calculations justify the definition of 1.
Assume that ||ug||e and ||Onus||2 are both non-zero. Then:

, 0
|| ug + 1 K Onug ||, = Uﬁ_,lli(qj/ﬂ nuﬂ)f nUg ||
1 || Onugll; )
~ <u5,8u5> ~
= | llugll2tts — ————52 [|Oausll20als||
Hanuﬁ”2 2
N <Uﬁ,anuﬁ> ~
= || [Jugll2@s — 2 |ugll, Ontig ||
[ Onuslly [Juslly 27,
, O,
gl || — SOt g

1On sy llusll,
= llugllz |25 = 0 Ontig I, ,
= l[uslloy/1 + 02 = 20 {05, Ouls),
= |lugl|l2v'1 — 092 (4.27)
If ||ug||2 = 0, this corresponds to the no-slip boundary condition. If ||Onugll2 =

0 , this corresponds to the free-slip boundary condition. In both cases, it is
reasonable to set ¥ = 1, which again supports the given definition.

2

Assume now that we have computed a velocity function u(x,t) solving the
equations ([2.5) . . with given periodic pressure gradient 3 9 (¢ P(t) and we know
nothing about the boundary conditions (for example we used given volumetric
flow rate, as discussed in Chapters I 2( and |3 '

First, compute ¥ from the definition (4.26) and then x from the definition
(4.25). If [9] = 1 for the given situation, then either |lug|ls = 0 or ||Onusll2 = 0,
corresponding to no-slip or free-slip, respectively. Otherwise, from (4.27)), we have:

llug + & Onuglla =0 = ug + p Kk Oqug =0, (4.28)

and thus the functions ug, hus are linearly dependent. If the computed k is
positive, then the flow satisfies the Navier’s slip boundary condition with coefficient
K.

Now, let us consider the case when || < 1. Define the function R(t) :=
ug(t) + p k Onug(t), where k is the previously computed constant. The function
R(t) is also T-periodic and belongs to the space L?*(0,7). Its norm can be
expressed in terms of ¥, see (4.27]). Then, the velocity function u satisfies:

ug(t) + p k Onug(t) = R(1) (4.29)

Let v be another solution to equations ({2.5} ., computed with the same
pressure gradlent 52(t), but now assuming a hnear boundary condition with coef-
ficient ux.
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Assume both functions v, u belong to the spaces defined in —. Since
we will be working with two different norms, one in L?(0,7T) and another in
L2(2 x (0,T)), we will specify the corresponding space with each norm. We now
want to examine whether the norm ||u — v||z2(ax(0,r)) gets smaller with || — 1.

Define function w(x,t) = u(x,t) — v(x,t). This function also belong to the
same function spaces and satisfies equations:

%1;) (x,t) — vAu(x,t) =0 forx € Qand t € R, (4.30)
w(x,t) =w(x,t+T) for x € Q and t € R. (4.31)

with boundary condition:
ws(t) + 1 Kk Onwp(t) = R(t), (4.32)

where R(t) is a T-periodic function from L?(0,T). It also holds that w(x,t) is
spatially constant on the boundary 0f2.
Let us multiply equation (4.30) by w and integrate over €2 x (0,7). We get:

/ /T wa dtdr — 1// /OT(Aw)w dtdx = 0. (4.33)

By simple manipulations, we obtain:

B) / /T % dtdx — 7// /()T(Aw)w dtdz = 0. (4.34)

And thanks to the periodicity (4.31]), the first term vanishes:

—V/Q/OT(Aw)w dtdx = 0. (4.35)

Using Frobenius’ theorem and Green’s identity, we get:

O—/ / (Aw)w dzdt = / /aﬂ a—nwd:pdt /T/Q|Vw|2 dxdt. (4.36)

Due to the reason that both w and aw

have:

are spatially constant on the boundary, we

T T
169 / w Oaw dt = / / Vwl|? dadt. (4.37)
0 0o Jo
By expressing 0,wg from the boundary condition, we obtain:
IGQI
[ R — wde = |V s (438)

Poincaré’s inequality gives us a lower bound for the right-hand side:

VWl 2 0x 01 = CllwllZaxomy) (4.39)

where C' is a constant, depending only on 2. Young’s inequality gives us an upper
bound for the left-hand side:

R(tyws(t) — wi(t) < ;RQ(t) + ;wé(t) () < ;Rz(t). (4.40)
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Thus, we obtain:

|09

r 09| (T 09|
—wid <7/ 2qt = 12 R2, 441
i /0 Ruwg — wj dt < 2 Jo R QMKHRHL?(O,T) (4.41)

This yields the desired inequality:
[wllz2(x0,r)) < KI[Rll2200,7) (4.42)
where K is a constant. Using this inequality combined with we get:
lu = vll2@xomy < Kllugllzz0mV1 =92 (4.43)

This means, that the closer |9] is to 1, the closer the solution u (computed without
assuming any specific boundary condition) is to the solution v that satisfies the
linear boundary condition. If x > 0, then the Navier’s slip model is indeed
appropriate. However, if x < 0, then the functions ug and Jyug are still at least
partially linearly dependent, but this situation does not correspond to the Navier’s
slip boundary condition and its physical interpretation become unclear, see end of
the Section [4.1] On the other hand, if || turns out to be much smaller than 1
any linear boundary condition may no longer be suitable and we should consider
using different boundary condition, see Chapter [1.2]

4.2.4 Concluding remarks

In this chapter, we have focused on the problem of identifying the most suitable
linear boundary condition for unidirectional, pressure-driven, fully developed flow.
We have assumed - in accordance with the results in Chapter [3]- that the velocity
field is known explicitly, but without necessity to know boundary condition.

In case of steady flow, previously studied by Malek and Rajagopal in [1],[2],
we can, in certain geometries, always associate the velocity field with a specific
linear boundary condition, see Section [4.1}

In the case of time-periodic flows, the situation is more complicated. First, we
need to compute the value of the parameter 19, defined in (4.26)), which measures
how much the functions ug and dyus are linearly dependent. The closer |¥] is to
1, the more are functions ug and Onug linearly dependent, thus the more closely
the velocity field satisfies a linear boundary condition. On the other hand, if |¢|
is not close to 1 then the function ug and d,ug are not linearly dependent and it
may be more appropriate to consider a different (nonlinear, dynamic) boundary
condition.

Now, let us consider that || is close to 1 for our situation. This indicates that
the flow, with high accuracy, satisfies a linear boundary condition. The type of
linear boundary condition that is best satisfied is determined by the constant x,

defined by formula (4.25)). Specifically:
1. kK = 0 corresponds to the no-slip boundary condition,

2. k = oo corresponds to the free-slip boundary condition,
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3. k > 0 corresponds to the Navier’s slip boundary condition, with slip coeffi-
cient k.

However, if k < 0, the situation does not correspond to any standard boundary
condition and its physical interpretation may be problematic. For one possible
interpretation, see Mélek and Rajagopal [2].
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Conclusion

In this thesis, we studied unidirectional, fully developed flows od an incom-
pressible, Navier-Stokes fluid driven by a pressure gradient. Instead of prescribing
classical boundary conditions, we assumed that the volumetric flow rate is given.
We analyzed whether the velocity profile is uniquely determined in this setting for
both steady and time-periodic flows

We showed that the velocity profile is uniquely determined by the pressure
gradient and the volumetric flow rate only in highly symmetric cases, such as chan-
nel flow and circular pipe flow. In these geometries, for the case of time-periodic
pressure gradient, we derived explicit formulas for the velocity field. In steady
case the velocity profiles for these geometries were already derived by Malek and
Rajagopal in their article [1].

After that, we focused on the question of which linear boundary condition is
best satisfied by the solution. In the stationary case this question was already
addresses by Malek and Rajagopal in [2], where they showed that there always
exists a slip coefficient such that the Navier’s slip (or possibly no-slip or free-slip)
boundary condition is exactly satisfied. In the time-periodic case, such a coefficient
may not exists, meaning that no exact linear boundary condition is satisfied. We
introduces a simple criterion that allow us to determine whether the flow satisfies
a linear boundary condition at least approximately. If this criterion indicates that
the linear boundary condition is nearly satisfied, we are able to determine the
best approximation of the corresponding slip coefficient.

The results show that prescribing the volumetric flow rate instead of boundary
conditions is a meaningful and mathematically well-posed setting, at least in
simple geometries like a circular pipe or a planar channel. This formulation may
be useful in situations when the boundary behavior is unknown, but the flow rate
is measurable.
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Appendix

We will identify the conditions on the coefficients Qi, Gx under which the

series:
i cosh( ik“’p (Qk likwp \/W)
k——oo | sinh ( k‘*’ph W Zk’qu Zk:wp

and its derivative with respect to y converge uniformly on [0, h] x R. The series
is a part of the solution formula (3.30). For uniform convergence of given
functions Q(t), G(t) we assume that sums > 72 |Qk| and Y22 |G| converge.

zkwt (44)

Due to symmetry about y = 0 we can only focus on uniform convergence
on [0, h] x R. Since the function u is real-valued, the coefficients for & > 0 are
complex conjugates of those for k < 0, therefore, we only investigate uniform
convergence of the series:

ikwt

(&

o0 COSh( ka ) (Qk ikwp B Girh ikwp) n G,
smh( kw”h) 2 % tkwp\ ikwp

k=1

Let us denote:

cosh ( iwy> Qi [ikw
U I3 “k P 1kwt,
Z ke kzl _sinh( 2%@ 2 2 ‘
cosh (/i*2y) Gy [ikwp]
U H ' k P zkwt’
Z o kzl sinh (\/if22p) ikwp | p ‘
i Gk‘ ikwt
Z Ui = k;zl _ikw,o] ‘

We will study each term separately.

The Weierstrass criterion states that the series of real functions A:

converges uniformly on 2 C R" if the sum:

o0

> ok, where o = sup,cq |Ak(z)|
k=1

is convergent.

First, starting with U? we observe that:

Gk;

‘Uk‘ < < |Gg| for sufficiently large k.
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Since series Y52, |G| converges, U? converges uniformly on [0, h] x R.

Now, we analyze the behavior of:

cosh ( j hup y)

oL ( kwph> for k — oc. (45)

We have:
[ kwp _ . [ikwe _9. [ikwe
% Y A Y 24/4 Y
P +e # 1 1+e #
- kwp - kwp - - kwp -kwp
\/i=Eh —4/i=Lh v/ 1L (h—y) —24/i=Lh
eV " —e " eV * 1—e "

It holds that |e~*| decreases to 0 and |e?| increases to oo for |z| — oo if Re(z) > 0.
Since Re(v/i) > 0 and y < h we obtain:

cosh ( j heop y)
sinh ( k“’p h)

—2, [iker

1 1+e " 2

<
kwp(h _ kwp - _ - kwp
y) 24 [i=Lh 24 /i=Lh
l1—e " l1—e "

There exists a constant A € R not depending on k and satisfying 0 < A < 2 %h.

Hence, we get:
—2,/ikeep,
’e <

where the right-hand side is a real constant. Thus, we have:

Y

o

2 < 2 - p
1—¢ ek _1_‘62ﬁh - 1_‘64\\@

and the term is uniformly bounded for y € [0, h].

The above computations imply:

’Uli’ < ‘Kl Qr

7] < ’KQG < |Gyl

for some constants K, K, and k large enough. Hence U? converges uniformly on
0, ] x R. From the Weierstrass criterion we conclude that U' converges uniformly
if the coefficients |Qy| decay at least as k™« for some o > %

Therefore, the original series converges uniformly on [—h, h] x R, if the
coefficients |Qy| decay at least as k™« for some a > 3 and the coefficients |G|

decay at least as k~# for some 3 > 1.

The derivative of with respect to y is:
i k;wp Slnh ( ZMy (Qk kap ka ) kat 46)
e —o0 V H# sinh ( k”ph 2V p kaﬂ \
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As before, we can show that the quotient:

sinh ( j heop y)
sinh ( k“’p h)

is uniformly bounded for y € [0, h].

Thus, we have:

smh .
[T sinh (7500) ( . [ihop ) | < 0 kil
H smh k“’ h H
/ smh z— [ ,
kwp y (Gk’h kap) ezkwt < 02|Gk|
H smh k“’ph tkwp \ p

for some constants C1, Cs.

From the Weierstrass criterion we conclude that the series (46| converges
uniformly on [—h, h]x, if the coefficients |Qy| decay at least as k=7 for some v > 2
and the coefficients |G| decay at least as k—° for some & > 1.

If we combine these constraints on the coefficients with those required for
the uniform convergence of the series (44]), we obtain that the function (3.30)
converges to a classical solution of the equation on [—h, h| x R, provided
that the coefficients |Qx| decay at least as k=7 for some v > 2 and the coefficients
|G| decay at least as k= for some § > 1.
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