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Introduction
The study of compactness principles on small cardinals connects forcing with

large cardinal techniques. Inaccessible and measurable cardinals often exhibit
compactness properties such as the tree property, stationary reflection, or the
failure of the (weak) Kurepa hypotheses, while small cardinals like ω2 generally
lack such features in ZFC alone.

This thesis focuses specifically on the consistency of compactness principles at ω2.
We explore two main forcing approaches: Mitchell’s forcing and Iteration of Sacks
forcing.

The main goal of this thesis is to explore whether these two approaches can
be combined to obtain models in which the compactness principles hold at ω2
while possibly achieving a new configuration of cardinal invariants. To support
this, the thesis generalizes key branching lemmas required for the analysis of such
combined forcings.

Although we failed to show that the proposed new forcing construction yields
models with all the desired compactness principles, its analysis revealed structural
obstacles and limitations inherent in the approach. This provides a foundation
for future research into forcing constructions that aim to achieve compactness
principles.

This work summarizes results on compactness principles that are hard to find in
the literature, while also providing new ways to study this subject.
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1 Preliminaries
1.1 Basic definitions and theorems

In this section, we present the basic definitions needed to understand this
work.

Definition 1.1. A tree is a partially ordered set (T, <T ) such that for every t ∈ T ,
the set {s ∈ T ; s <T t} is well ordered by <T .
For all ordinals α, the level α is the set of all t <T such that the set {s ∈ T ; s <T t}
has the order type α.
The height of a tree is first ordinal such that its level is empty.

Definition 1.2. Forcing is κ-c.c. if all antichains have cardinality less than κ.

Definition 1.3. Forcing is κ-closed if all decreasing sequences of length less than
κ have lower bound.

Definition 1.4. Let A and B be partially ordered sets, a function π : B −→ A is
called a projection if and only if the following holds:
i) π is onto a dense subset of A, and for b, b′ ∈ B, b ≤ b′ =⇒ π (b) ≤ π (b′).
ii) If π (b) = a and a′ ∈ A, a′ ≤ a, then for some b′ ∈ B, b′ ≤ b and π (b′) ≤ a′.

Definition 1.5. Forcing P is κ-distributive if it does not add any new sets of
ordinals of length less than κ.

Definition 1.6. A family A of sets is called a ∆-system if there is a fixed set r,
called the root of the ∆-system, such that a ∩ b = r whenever a and b are distinct
members of A.

Theorem 1.7. ∆-system lemma Let θ be any infinite cardinal. Let κ > θ be
regular and satisfy ∀α < κ

(︂
|α<θ| < κ

)︂
. Assume |A| ≥ κ and ∀x ∈ A (|x| < θ),

then there is a B ⊂ A such that |B| = κ and B forms a ∆-system.

1.2 Some known branching lemmas
First, let us look at the lemma from Silver, 1971b. I am showing it with the

proof because it will be useful in 4 proving Theorem 4.1.

Lemma 1.8. Let P be an ω1-closed partially ordered set and let T be an ω1-tree.
Then forcing with this partially ordered set does not add any new cofinal branch in
T .

Proof. Let p ⊩ ḃ be a cofinal branch. We build a sequence of ordinals (αi; i ≤ ω)
smaller than ω1, a sequence of conditions in P (pj, j ∈ 2≤ω) and a sequence of
distinct nodes in T (xj ; j ∈ 2≤ω) such that ∀j ∈ 2≤ω xj is at the level αl(j), where
l(j) is the length of the sequence j, pj ⊩ xj is the unique node of ḃ at the level αl(j)
and pj < pk if j|n = k for some n. Let x∅ be a root of T , p∅ = p and α0 = 0. Now,
we continue by induction. Let us assume that we have (αi; i ≤ n), (xj; j ∈ 2≤n),
and (pj ; j ∈ 2≤n). At the level αn we have 2n many nodes denoted by (xj ; j ∈ 2n).
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Because ḃ is forced to be a cofinal branch, we have for every pj in (pj; j ∈ 2n)
conditions q0

j ; q1
j below pj such that q0

j forces ḃ to be different at some level βj

than forces q1
j . Let us denote a node at the level βj forced by q0

j a yj⌒0 and a node
at this level forced by q1

j a yj⌒1. Now, let us order the levels βj’s from the least
to the largest. We obtain ⟨βj1 ; · · · ; βj2n ⟩. Let us put αn+1 = βj2n , pj2n ⌒0 = q0

j2n ,
pj2n ⌒1 = q1

j2n , xj2n ⌒0 = yj2n ⌒0 and xj2n ⌒1 = yj2n ⌒1. Now for every i ≤ 2n, we
find pji⌒0 < q0

ji
and pji⌒1 < q1

ji
such that they decide two nodes of ḃ at the level

αn+1. We name them xji⌒0 and xji⌒1.. Note that all the nodes we found are
distinct, otherwise it would be a contradiction with T being a tree. Like this, we
obtain the sequences (αi; i < ω), (xj; j ∈ 2<ω), and (pj; j ∈ 2<ω). For the final
level, let us put αω = supi<ω{αi} + 1. Now for every cofinal branch {ji; i < ω} of
a tree 2<ω we obtain a decreasing sequence of conditions of length ω, (pji

; i < ω).
Because P is ω1-closed, there is q⋃︁

i<ω
ji

below our sequence. There are 2ω many
cofinal branches, therefore we obtain 2ω many such conditions. Let us index them
as {qj; j ∈ 2ω}. Now for every condition qj, there is a condition pj < qj such that
pj decides a unique node of ḃ at the level αω. We denote it by xj. When we do
this for all qj ∈ {qj; j ∈ 2ω}, we obtain a set {xj; j ∈ 2ω} of nodes at a level αω.
These nodes are distinct, otherwise it would be a contradiction with T being a
tree. And this is a contradiction with the fact that T is ω1-tree.

We present the following lemma with a proof because it does not have many
proofs in the literature.

Lemma 1.9. Let P be a partially ordered set such that P × P is a c.c.c. and let
T be a tree of the height ω1. Then forcing with P does not add any new cofinal
branch through T .

Proof. Let p ∈ P be such that p ⊩ ḃ is a new cofinal branch through T . We build
a sequence of doubles of conditions (pi; qi)i<ω1 and a sequence of ordinals less than
ω1 (αi)i<ω1 such that pi and qi decide the unique node of ḃ on the level αi in the
same way, but at the level αi+1 in different ways. Without loss of generality, let
us assume that the tree splits in every node. We put the level α0 = 0. Because ḃ
is forced to be a new cofinal branch, we know that there are conditions p0 and q0
such that they decide the unique node at the level 1 in different ways. We put
α1 = 1.

Now we proceed by transfinite induction. For the successor step, let us sup-
pose that ∀i ≤ β we have (pi; qi) and αi. Because ḃ is forced to be a cofinal branch,
there is m < p that decides a unique node of ḃ at some level γ > αβ + 1 and there
exist conditions pβ+1 < m and qβ+1 < m and a level γ′ such that they decide
differently unique nodes of ḃ at the level γ′. Let us put αβ+1 to be the largest
ordinal so that pβ+1 and qβ+1 decide the unique node on that level in the same way.

For the limit step, suppose that ∀i < β we have (pi; qi) and αi. Because ḃ
is forced to be a new cofinal branch, there exists some m < p that decides a unique
node of ḃ at some level γ > supi<β(αi) + 1. Now we continue in the same fashion
as in the successor step.

Because P × P is c.c.c., there are i < ω1 and j < ω1 and p′ and q′ such that
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p′ < pi, pj and q′ < qi, qj . Let us denote the unique node of ḃ at the level αi forced
by pi and qi by m and the unique node of ḃ at the level αj forced by pj and qj by
n. Without loss of generality, suppose that i < j. If p′ is in the generic filter, we
get some path from m to n, and if q′ is in the generic filter, we also get some path
from m to n. These two paths are different, which follows from the construction.
This is in contradiction with the fact that T is a tree.

The following lemma was originally introduced in Easton, 1970. It has a key
role in showing that ω1 does not collapse.

Lemma 1.10. (Easton’s lemma) Let P be κ-c.c. and let Q be κ-closed. Then
P ⊩ Q̇ is κ-distributive.

The following lemma is Lemma 6. from Unger, 2012. It is much needed
in an analysis of Mitchell’s forcing, because, as we see in Lemma 2.4, there is
a projection from the product of c.c.c. forcing and ω1-closed forcing onto the
Mitchell’s forcing.

Fact 1.11. Let τ, η be cardinals with η regular and η ≤ 2τ . Let P be τ+-cc, and Q
be τ+-closed. Let Ṫ be a P-name for a η-tree. Then in V P forcing with Q cannot
add a branch through T.

We introduce two more lemmas from Unger, 2012 that will be useful later.

Fact 1.12. Let T be a tree, R be a poset, and ḃ be an R-name for a cofinal branch
through T . Suppose that r1, r2 force contradictory information about ḃ at some
level γ, then
1. for all γ′ > γ, r1, r2 force contradictory information about ḃ at level γ′ and
2. for all r′

1 ≤ r1 and r′
2 ≤ r2, r′

1, r′
2 force contradictory information about ḃ at the

level γ.

Fact 1.13. Let T be a tree and R a partially ordered set. Suppose that ḃ is an R-
name for a cofinal branch through T such that ⊩R ḃ /∈ V . Then for every r1, r2 ∈ R
there are r′

1, r′
2 and γ such that r′

1 ≤ r1, r′
2 ≤ r2 and r′

1, r′
2 force contradictory

information about ḃ at the level γ.
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2 The two approaches
In this chapter, we introduce Mitchell’s forcing and Sacks forcing and show

some basic properties. Mitchell’s forcing was first introduced in Mitchell, 1972
and is well described in Abraham, 1983. Sacks forcing was originally introduced
in Sacks, 1971 and is well described in Kanamori, 1980.

2.1 Mitchell’s forcing
All proofs from this section can be found in Abraham, 1983.

Definition 2.1. (Mitchell’s forcing) Let κ be an inaccessible cardinal. Let
P (α) = Add (ω, α) for all α ≤ κ. M (κ) is a collection of pairs (p, q) such that
p ∈ P (κ) and q is a function with domain a countable subset of κ, and for all
β ∈ dom (q), q (β) is a P (β)-name for a condition in Add (ω1, 1)V P(β). For the
ordering, let (p, q) ≤ (p′, q′) if and only if p′ ⊆ p, dom (q′) ⊆ dom (q) and for all
β ∈ dom (q′), p ↾ β ⊩V

P(β) q (β) ≤ q′ (β) in Add (ω1, 1)V P(β).

The following definition defines the ω1-closed forcing that will be used when
we show there is a projection from the product c.c.c. forcing and ω1-closed forcing
onto Mitchell’s forcing.

Definition 2.2. Define R⋆ (κ) = {(∅, q) ; (∅, q) ∈ M (κ)}.

Fact 2.3. R⋆ (κ) is ω1-closed.

Fact 2.4. 1) The functions

π1 : M (κ) → P (κ) ,

π2 : P (κ) × R⋆ (κ) → P (κ) ,

and for all α < κ
πα : M (κ) → M (α)

defined by π1 (p, q) = p, π2 (p, (∅, q)) = p and πα (p, q) = (p ↾ α, q ↾ α) are projec-
tions.
2) The function

π⋆ : P (κ) × R⋆ (κ) → M (κ)

defined by π⋆ (p, (∅, q)) = (p, q) is a projection.

These projections are important because it is much easier to analyze the
product P (κ) × R⋆ (κ) than M (κ).

Fact 2.5. M (κ) is κ-c.c.

The above lemma is one of few lemmas that will help us to understand the
cardinals in the model V M(κ)

Fact 2.6. Let κ′ < κ. Then the forcing M (κ′) ∗ M (κ − κ′) contains a dense set
isomorphic to M (κ).
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Remark. The above lemma is very important because it tells us that models V M(κ)

and V M(κ′)∗M(κ−κ′) are the same. In other words, M (κ) /M (κ′) resembles M (κ)
defined in V M(κ′). The proof of this is explained in Lemma 2.12 in Abraham, 1983.

Theorem 2.7. Let κ be an inaccessible cardinal. Then the generic extension
given by M (κ) satisfies:
1. 2ω = κ = ω2
2. ωV

1 = ω1.

2.2 Sacks forcing
In this work, we only work with the Sacks forcing that contains trees of height

ω, therefore we only define perfect trees on ω. All proofs from this section can be
found in Kanamori, 1980.

Definition 2.8. A perfect tree on ω is a subtree of 2ω such that above every node
there is a splitting node.

Definition 2.9. We define Sacks (ω, 1) = ({p; p is perfect tree on ω}, ≤) where
p ≤ q if and only if p is a subtree of q.

In the following definition, we define the product and iteration of the Sacks
forcing.

Definition 2.10. Let κ be a cardinal. We define Sacks (ω, κ) =
κ∏︂

i=0
Sacks (ω, 1).

The ordering is done by coordinates. This product has a countable support. We
also define the iteration of Sacks (ω, 1) of length κ, denoted by Sacks∗ (ω, κ). We
proceed by induction. Sacks∗ (ω, 1) = Sacks (ω, 1). Now, let us assume that we
have already built Sacks∗ (ω, ξ). We put Sacks∗ (ω, ξ + 1) = Sacks∗ (ω, ξ) ∗ τξ

where τξ is a Sacks∗ (ω, ξ)-name for the forcing Sacks (ω, 1). If δ is a limit ordinal,
we put Sacks∗ (ω, δ) to be a direct limit of the sequence ⟨Sacks∗ (ω, ξ) ; ξ < δ⟩. We
denote the forcing relation of Sacks∗ (ω, ξ) by ⊩ξ. We consider Sacks∗ (ω, κ) to be
a collection of sequences p, with at most countably many ccordinates are not equal
to one and for every β < κ p ↾ β ⊩β p (β) ∈ τβ. For the ordering, we say that p ≤ q
if and only if dom (q) ⊆ dom (q) and for every β < κ, p ↾ β ⊩β p (β) ≤ q (β).

The following definitions are about fusion, which is the most important property
of the Sacks forcing. It tells us that there are the greatest lower bounds for specific
decreasing sequences of conditions.

Definition 2.11. Let p, q ∈ Sacks (ω, 1). For all n < ω, we say that p ≤n q if
and only if p ≤ q and p preserves all the splitting nodes of q up to the level n.

Fact 2.12. (Fusion lemma) Let ⟨pi; i < ω⟩ be a ≤-decreasing sequence of conditions
in Sacks (ω, 1) such that for all n < ω, pn+1 ≤n pn. Then there exists the greatest
lower bound of our sequence p =

⋂︂
n<ω

pn.

The fusion is more complicated for products or iterations of infinite length.
This is explained in the following definition from Honzík, 2015. This source is
good for understanding why the definition looks like this and there are many
examples using it.
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Definition 2.13. Let P be an ω-support product or iteration of length λ > 0
which has the greatest lower bound for ≤-decreasing sequences −→p of conditions of
length < ω. Set X = [λ]<ω \ {∅}. We say that P together with the relations ≤n,x

(n < ω, x ∈ X) satisfies the fusion if and only if there exists a function f from
≤-decreasing sequences of length < ω of conditions in P to X such that:

(i) p ≤n,x q implies p ≤ q for all p, q ∈ P.
(ii) f satisfies the following: f is non-decreasing under inclusion, i.e if −→q extends
the sequence −→p , then f (−→p ) ⊆ f (−→q ).
(iii) Whenever −→p = ⟨pn; n < ω⟩ is a ≤-decreasing sequence of conditions which
satisfies

pn+1 ≤n,xn pn,

for all n < ω, where xn = f (−→p ↾ n), then the entire sequence ⟨pn; n < ω⟩ has the
greatest lower bound q. We say that ⟨pn; n < ω⟩ is a fusion sequence and q is its
fusion limit.

The following series of lemmas helps us understand what happens to cardinals
in V Sacks∗(ω,κ).

Fact 2.14. Let α be any ordinal and let p ∈ Sacks∗ (ω, α) be such that p ⊩α τ̇ ⊂ V ,
|τ̇ | = ω. Then there is a q ≤ p and x ∈ V , |x| = ω such that q ⊩α τ̇ ⊆ x. Hence,
forcing with Sacks∗ (ω, α) preserves ω1 as a cardinal.

Fact 2.15. Let κ be an inaccessible cardinal. Then Sacks∗ (ω, κ) is κ-c.c.

Fact 2.16. Let α be any ordinal. Then, in V Sacks∗(ω,α), ω1 = ωV
1 .

Theorem 2.17. Let κ be a regular cardinal. Then, in V Sacks, the following holds:
1. 2ω = κ = ω2
2. ωV

1 = ω1.

2.3 Cardinal invariants
In this section, we should clarify why we consider different forcings that force

the same property. One of the big reasons are cardinal invariants, which are
important for the usual mathematics. It is good to have different ways to force
certain properties while forcing different configurations of cardinal invariants. We
now define several of them, using Bartoszyński; Judah, 1995, but we will not talk
about them in this thesis. We plan to analyze the subject more in the article that
is planned to follow this thesis.

Definition 2.18. The bounding number is defined as

b = min{|F |; F ⊆ ωω, ∀g ∈ ωω, ∃f ∈ F such that f ≰⋆ g}

where f ≤⋆ g is and only if ∃n0∀n ≥ n0 : f (n) ≤ g (n).

Definition 2.19. The dominating number is defined as

d = min{|F |; F ⊆ ωω, ∀g ∈ ωω, ∃f ∈ F such that g ≤⋆ f}.
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Definition 2.20. The almost disjointness number is defined as

a = min{|A|; A ⊆ [ω]ω, A is maximal almost disjoint set system}.

Definition 2.21. The splitting number is defined as

s = min{|S|; S ⊆ [ω]ω, ∀X ∈ [ω]ω, ∃Y ∈ S such that |X ∩ Y | = |X \ Y | = ω}.

Definition 2.22. The reaping number is defined as

r = min{|R|; R ⊆ [ω]ω, ∄X ∈ [ω]ω∀Y ∈ R : |Y ∩ X| = |Y \ X| = ω}.

Definition 2.23. The tower number t is the size of the smallest maximal family
{Xα; α < γ} ⊆ [ω]ω such that:
1. Xα ⊆⋆ Xβ for all α < β
2. there is no X ∈ [ω]ω such that Xα ⊆⋆ X for all α < γ,
where X ⊆⋆ Y if and only if X ⊆ Y and Y \ X is finite.

The following definitions concern properties of some special ideals that are
tied closely to cardinal invarinats.

Definition 2.24. Let X be a topological space. A set Y ⊆ X is called nowhere
dense if and only if the interior of its closure is empty.
A set Y ⊂ X is called meager if and only if it is a countable union of nowhere
dense subsets of X.

Definition 2.25. Let R, µ be a real line with Lebesgue measure µ. We consider
two important ideals:

N = {A ⊆ R; µ(A) = 0}

M = {A ⊆ R; A is meager}.

These ideals are usually studied using so called cardinal coefficients. We now
define them.

Definition 2.26. Let X be a nonempty set and J be an ideal on subsets of X.
We define:

add (J ) = min{|A|; A ⊆ J ,
⋃︂

A /∈ J },

cov (J ) = min{|A|; A ⊆ J ;
⋃︂

A = X},

non (J ) = min{|A|; A ⊆ X, A /∈ J },

cof (J ) = min{|A|; A ⊆ J , ∀B ∈ J ∃A ∈ A : B ⊆ A}.

13



3 Tree property, Stationary
reflection and weak Kurepa
hypothesis

In this chapter, we define the tree property (TP), stationary reflection (SR)
and weak Kurepa hypothesis (wKH). Their consistency is well known, but the
stationary reflection and the weak Kureoa hypothesis are often missing in the
literature, therefore, we show their consistecy on ω2 using forcings M (κ) and
Sacks∗ (ω, κ).

3.1 Definitions
Here, we define the compactness principles that this work is concerned with.

Definition 3.1. κ has the tree property if and only if every κ-tree has a cofinal
branch.

Although the first person who originally studied the stationary reflection was
Jensen in the 1960s in unpublished notes, the concept was formally introduced
and studied in T. Jech; Magidor, 1971. In this paper, Jech and Magidor analyze
stationary reflection, including its consistency and implications, and connect them
to forcing and large cardinals.

Definition 3.2. Stationary reflection on ω2 holds if and only if for every stationary
set S ⊆ Eω2

ω , where Eω2
ω = {α < ω2; cof (α) = ω}, there is an ordinal of

uncountable cofinality β < ω2 such that S ∩ β is stationary in β.

The weak Kurepa hypothesis was originally stated in the article Kurepa, 1935.
The original papers in which it was studied using were Silver, 1971a, Solovay,
1971 and T. J. Jech, 1973. Silver focused on proving the consistency of the
failure of the strong Kurepa hypothesis, but the methods can be used for the
weak version as well. Solovay focused on measurable cardinals, but his methods
for manipulating trees using forcing were later used to better understand the
weak Kurepa hypothesis. In his work, Jech consolidates the early forcing-based
approach to combinatorial questions about trees in general.

Definition 3.3. The weak Kurepa hypothesis holds if and only if there is a tree T
of height ω1 such that |T | = ω1 and T has > ω1 cofinal branches.

3.2 Preparation
In this section, we prove the lemmas needed to show the consistency of the

SR(ω2) and the wKH. In this section, κ is always a measurable cardinal.

Lemma 3.4. Let P be a c.c.c. forcing. Then for any club D on ω2 in V P there is
a club C on ω2 in V such that C ⊆ D.

14



Proof. Let Ḋ and ḟ be a P-name and let p ∈ P be such that p ⊩ Ḋ is a club and
ḟ : ω2 → ω2 is an increasing continuous enumeration of Ḋ. We define C = {β <
ω2; p ⊩ β ∈ Ḋ} and for all α < ω2 Sα = {β < ω2; ∃p′ ≤ p : p′ ⊩ ḟ (α) = β}. We
want to show that for all α < β < ω2 : sup (α) ≤ sup (β). If this was not true,
there would be p′ ≤ p such that p′ ⊩ ḟ (α) = δ for some δ > γ for all γ ∈ Sβ. This
p′ would be incompatible with all q ∈ P used for Sβ, and there would exist p⋆ ≤ p′

such that it decides ḟ (β) to be some ξ. We know that p⋆ ⊩ ξ ≥ δ. But this all
tell us that ξ ∈ Sβ, which is a contradiction. P is c.c.c., therefore, for all α < ω2
|Sα| = ω.

First, we show that C is closed. Let β < ω2 be a limit ordinal, and let
p ⊩ ⟨αj; j < β⟩ is a limit sequence in Ḋ. p ⊩ Ḋ is a club, therefore, if
α = sup⟨αj; j < β⟩, p ⊩ α ∈ Ḋ.

Now, we show that C is unbounded. Let β < ω2. We define a function
g : [β + 1, β + ω) → ω2 defined by g (α) = sup (Sα). Let γ be a closure point
of g. Now, we get that p ⊩ ḟ (γ) ≤ γ because f is continuous and for all
α ∈ [β + 1, β + ω) : f (α) ≤ sup (Sα) ≤ γ. But ḟ is increasing, therefore
p ⊩ ḟ (γ) ≥ γ. This gives us p ⊩ ḟ (γ) = γ. Together with ∀α < ω2 p ⊩ ḟ (α) ∈ Ḋ
we get p ⊩ γ ∈ Ḋ. This finishes the proof.
Lemma 3.5. Let P be an ω1-closed forcing and let S ⊆ Eω2

ω be stationary. Then,
in the model V P, S remains stationary.
Proof. For contradiction, let Ċ be a P-name for a club and let p ∈ P be such that
p ⊩ Ċ ∩ Š = ∅.

In V , there is a club A = {sup(Ni); i < ω2} of heights of elementary submodels of
cardinality ω1 of H (θ) for θ large enough such that for all i < ω2, Ċ and P are
elements of Ni. S is stationary and concentrated on ω, thus there is an α < ω2 of
countable cofinality such that α ∈ S ∩ A.

Now we work in Nα. Let us fix a cofinal function f : ω → α. Ċ is forced to
be a club, therefore it is forced to be unbounded. This tells us that for every
β < α, there is a q ∈ P and γ > β such that q ⊩ γ ∈ Ċ. Let p ≥ p0 ∈ P and
f (0) < α0 < α be such that p0 ⊩ α0 ∈ Ċ. We continue by induction. Let us
assume that we have already built a decreasing sequence ⟨pj; j < n⟩ in P and an
increasing sequence ⟨αj; j < n⟩ of ordinals below α. Let pn and f (n) < αn < α
be such that pn ⊩ αn ∈ Ċ.

Let p∞ be the greatest lower bound of the sequence ⟨pj ; j < ω⟩. p∞ ⊩ ⟨αj ; j < ω⟩
is in Ċ. Ċ is forced to be closed and p∞ forces that the sequence with the limit α
is in Ċ, therefore p∞ ⊩ α ∈ Ċ. From the fact that Nα is an elementary submodel
of H (θ) we get p∞ ⊩ α ∈ Ċ ∩ Š, which is a contradiction.
Lemma 3.6. Let S ⊆ Eω2

ω be stationary. Then it remains stationary in V P(κ)×R⋆(κ).
Proof. We know that P (κ) × R⋆ (κ) ≃ R⋆ (κ) × P (κ), therefore, we show that
S remains stationary in V R⋆(κ)×P(κ). Lemma 3.5 tells us that S is stationary in
V R⋆(κ). Lemma 1.10 tells us that in V R⋆(κ), P remains c.c.c. And finally, Lemma
3.4 tells us that, in V R⋆(κ)×P(κ), S remains stationary.
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Lemma 3.7. Let S ⊆ Eω2
ω be stationary. Then, in V Sacks∗(ω,κ), it remains

stationary.

Proof. Let Ċ be a Sacks∗ (ω, κ)-name for a club. For contradiction, let us assume
that there exists p ∈ Sacks∗ (ω, κ) such that p ⊩ Ċ ∩ Š = ∅. In V , there is a
club A = {sup(Ni); i < ω2} of heights of elementary submodels of cardinality
ω1 of H (θ) for θ large enough such that for all i < ω2, Ċ and Sacks∗ (ω, κ) are
elements of Ni. S is stationary and concentrated on ω, therefore there is α < ω2
of countable cofinality such that α ∈ A ∩ S.

Now, working in Nα, we fix a cofinal function g : ω → α. Ċ is forced to be
a club, therefore there exist p0 ≤ p and g (0) < α∅ < α such that p0 ⊩ α∅ ∈ Ċ.

Here, we use the notation from Definition 2.13. For each p ∈ Sacks∗ (ω, κ),
we fix a bijection bp : ω → supp (p), and for each finite decreasing sequence

⟨pi; i < n⟩, we define a function f (⟨pi; i < n⟩) =
n−1⋃︂
i=0

{bpi
(j) ; j ≤ i}. Now we

continue by induction.

We have p0 and α∅. Let s
f(p0)
∅ be the first splitting node of p0 on the coor-

dinate f (p0). We know that Ċ is forced to be a club, therefore there exist
r0 ≤ p0|sf(p0)

∅ ⌒0 and r1 ≤ p0|sf(p0)
∅ ⌒1 and ordinals g (1) < α0, α1 < α such that

r0 ⊩ α0 ∈ Ċ and r1 ⊩ α1 ∈ Ċ. We define p1 to be an amalgamation of r0
and r1 into p0. It follows that p1 ≤0,f(p0) p0. For the next part, let us define
hn = |f (⟨pi; i ≤ n − 1⟩) \ f (⟨pi; i ≤ n − 2⟩)|.

Now, let us assume that we have already built the sequence ⟨pi; i < n⟩ and

the set of ordinals {αl; l ∈
n−2⋃︂
m=0

m−2∏︂
i=0

{0, 1}|f(⟨pj ;j≤i⟩)×2i·hi+1 |} such that αl ≤ αk if

and only if l is an initial segment of k. Let l ∈
n−2∏︂
i=0

{0, 1}|f(⟨pj ;j≤i⟩)×2i·hi+1 | be

arbitrary and let s
f(⟨pi;i≤n−1⟩)
l be the splitting node of pn−1 such that it cor-

responds to αl on the coordinates f (⟨pi; i ≤ n − 2⟩) and on the coordinates
f (⟨pi; i ≤ n − 1⟩) \ f (⟨pi; i ≤ n − 2⟩) we need to use all possible combinations
of the nodes on the nth splitting level. For all k ∈f(⟨pi;i≤n−1⟩)×2n·hn {0, 1} there
is a tree rk

l such that ∀γ ∈ f (⟨pi; i ≤ n − 1⟩) : rk
l (γ) ≤ pn−1|sl⌒k(α) and an

ordinal g (n) < αl⌒k < α such that rk
l ⊩ αl⌒k ∈ Ċ. We do this for all

k ∈f(⟨pi;i≤n−1⟩)×2n·hn {0, 1} and l ∈
n−2∏︂
i=0

{0, 1}|f(⟨pj ;j≤i⟩)×2i·hi+1 | which gives us the set

of ordinals
{αm; m ∈

n−1∏︂
i=0

{0, 1}|f(⟨pj ;j≤i⟩)×2i·hi+1 |}

and set of trees

{rk
l ; l ∈

n−2∏︂
i=0

{0, 1}|f(⟨pj ;j≤i⟩)×2i·hi+1 |, k ∈f(⟨pi;i≤n−1⟩)×2n·hn {0, 1}}
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such that for all

m ∈
n−1∏︂
i=0

{0, 1}|f(⟨pj ;j≤i⟩)×2i·hi+1 | : rk
l ⊩ αm ∈ Ċ

where k and l are such that l ⌒ k = m. We define pn to be the amalgamation of
the set

{rk
l ; l ∈

n−2∏︂
i=0

{0, 1}|f(⟨pj ;j≤i⟩)×2i·hi+1 |, k ∈f(⟨pi;i≤n−1⟩)×2n·hn {0, 1}}

into pn−1. Clearly pn ≤n−1,f(⟨pi;i≤n−1⟩) pn−1.

We get the fusion sequence ⟨pi; i < ω⟩. That means the sequence has a limit
p̄ = ⋂︁

n<ω pn. Ċ is forced to be closed and p̄ ⊩ there is a sequence in Ċ which is
cofinal in α, therefore p̄ ⊩ α ∈ Ċ ∩ Š but this is a contradiction.

The levels of Sacks∗ (ω, 1) are finite and for all n < ω f (⟨pi; i ≤ n⟩) are finite,
therefore all decisions are made by a finite number of splitting nodes. Let us also
note that

⋃︂
n<ω

f (⟨pi; i ≤ n⟩) =
⋃︂

n<ω

supp (pn), so every splitting node is included

from some point.

Lemma 3.8. Let Ṫ be a Sacks∗ (ω, κ)-name for a tree of height ω1 such that all
levels have at most ω1 elements. Then forcing Sacks∗ (ω, κ) does not add any new
cofinal branches through Ṫ .

Proof. For contradiction, let p ∈ Sacks∗ (ω, κ) be such that p ⊩ ḃ is a cofi-
nal branch through Ṫ . We use the notation as in Definition 2.13. For each
p ∈ Sacks∗ (ω, κ) we fix a bijection bp : ω → supp(p) and for each finite decreasing

sequence ⟨pi; i < n⟩ we define a function f (⟨pi; i < n⟩) =
n−1⋃︂
i=0

{bpi
(j) ; j ≤ i}. We

want to build for every splitting level a set of conditions and an ordinal < ω1 such
that they force contradictory information about ḃ at the level of said ordinal. To
achieve this, we implicitly use Facts 1.12 and 1.13. Now we continue by induction.

Let p0 = p and γ0 = 0. Let s
f(p0)
∅ be the first splitting node of p0 on the

coordinate f(p0). There are r0 ≤ p0|sf(p0)
∅ ⌒0 and r1 ≤ p0|sf(p0)

∅ ⌒1 such that they
force contradictory information about ḃ at some level γ1 > γ0. We put p1 to be
an amalgamation of {r0, r1} into p0. Clearly p1 ≤0,f(p0) p0. For the next part, we
define gn = |f (⟨pi; i ≤ n − 1⟩) \ f (⟨pi; i ≤ n − 2⟩)|.

Now, let us assume that we already built pn−1 and γn−1. We can index all
possible choices at the splitting level n−1 on the coordinates f (⟨pi; i ≤ n − 1⟩) by

the set
n−1∏︂
i=0

{0, 1}f(⟨pj ;j≤i⟩)×2i·gi+1 . Let us note that each such choice corresponds to

the specific splitting node at the splitting level n on these coordinates. For every

l ∈
n−1∏︂
i=0

{0, 1}f(⟨pj ;j≤i⟩)×2i·gi+1 there is a tree rl corresponding to the choice l at the

splitting level n − 1 on the coordinates f (⟨pi; i ≤ n − 1⟩) such that the trees for
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the set {rl; l ∈
n−1∏︂
i=0

{0, 1}f(⟨pj ;j≤i⟩)×2i·gi+1 } pairwise force contradictory information

about ḃ at some level γn − 1 < γn < ω1. We put pn to be amalgamation of

{rl; l ∈
n−1∏︂
i=0

{0, 1}f(⟨pj ;j≤i⟩)×2i·gi+1 } into pn−1. Clearly pn ≤n−1,f(⟨pi;i≤n−1⟩) pn−1.

We have built a fusion sequence ⟨pi; i < ω⟩ in the sense of Definition 2.13, therefore
there is the greatest lower bound p∞ = ⋂︁

i<ω pi. Let γ = sup{γi; i < ω} + 1. Note
that γ < ω1 and

⋃︂
n<ω

f (⟨pi; i ≤ n⟩) =
⋃︂

n<ω

supp(pn). There are 2ω cofinal branches

through p∞ and p∞ forces that all result in contradictory information about ḃ
on the level γ if in the generic. Therefore p∞ ⊩ the level γ of the tree Ṫ has 2ω

elements. We know that in V Sacks∗(ω,κ) 2ω = ω2, which is a contradiction.

3.3 Consistency of TP(ω2), SR(ω2) and wKH
In this section, we prove the consistency of SR(ω2) and the weak Kurepa

hypothesis using the above lemmas.

Theorem 3.9. Let κ be a measurable cardinal. Then, in V M(κ), ω2 has the tree
property.

Theorem 3.10. Let κ be a measurable cardinal. Then, in V Sacks∗(ω,κ), ω2 has the
tree property.

Theorem 3.11. Let κ be a measurable cardinal. Then, in V M(κ), the negation of
the weak Kurepa hypothesis holds.

Proof. Let Ṫ be a M (κ)-name for a tree. For contradiction, let p ∈ M (κ) be such
that p ⊩ Ṫ is a tree of height ω1, |Ṫ | = ω1, and Ṫ has κ many cofinal branches.
Let j : V → M be an elementary embedding with the critical point κ. Let G be
a V -generic filter over M (κ) such that p ∈ G, H1 be a V [G]-generic filter over
P (j (κ) − κ) and H2 be a V [G]-generic filter over R⋆ (j (κ) − κ). Using Fact 2.6
and Fact 2.4 we extend j to the elementary embedding j′ : V [G] → M [G][H1 ×H2].
First, observe that j′ (T ) = T and it has j (κ) many cofinal branches. According
to Fact 1.11, forcing P (j (κ) − κ) × R⋆ (j (κ) − κ) could not add any new cofinal
branches because otherwise there would be a level of T of cardinality 2ω and
that would be in contradiction with |T | = ω1. Therefore, T has j (κ) many
cofinal branches already in M [G]. We have M [G] ⊆ V [G] and we know that
j (κ)V [G] = 2κV [G] and 2ω1 V [G] < 2κV [G], which contradicts |T | = ω1.

Theorem 3.12. Let κ be a measurable cardinal. Then, in V Sacks∗(ω,κ), the negation
of the weak Kurepa hypothesis holds.

Proof. Let Ṫ be a Sacks∗ (ω, κ)-name for a tree. For contradiction, let p ∈
Sacks∗ (ω, κ) be such that p ⊩ Ṫ is a tree of height ω1, |Ṫ | = ω1, and Ṫ has
κ many cofinal branches. Let j : V → M be an elementary embedding with
the critical point κ. Let G be a V -generic filter over Sacks∗ (ω, κ) such that
p ∈ G and H be a V [G]-generic filter over Sacks∗ (ω, [κ, j (κ))). We extend j
to the elementary embedding j′ : V [G] → M [G][H]. First, let us observe that

18



j′ (T ) = T and it has j (κ) many cofinal branches. According to Lemma 3.8,
forcing Sacks∗ (ω, κ) could not add any new cofinal branches because otherwise
there would be a level of T of cardinality 2ω and that would be in contradiction
with |T | = ω1. Therefore, T has j (κ) many cofinal branches already in M [G].
We have M [G] ⊆ V [G] and we know that j (κ)V [G] = 2κV [G] and 2ω1 V [G] < 2κV [G],
which contradicts |T | = ω1.

Theorem 3.13. Let κ be a measurable cardinal. Then in V M(κ) stationary
reflection on ω2 holds.

Proof. Let j : V → M be an elementary embedding with critical point κ. Let
Ṡ be an M (κ)-name and let p ∈ M (κ) be such that p ⊩ Ṡ ⊆ Eκ

ω is stationary.
Let G be a V -generic over M (κ) such that p ∈ G, let H1 be V [G]-generic over
P ([κ, j (κ))) and let H2 be V [G]-generic over R⋆ ([κ, j (κ))). We can now, using
Fact 2.6, extend j to the elementary embedding j′ : V [G] → M [G][H1 ×H2]. Using
Lemma 3.6 we get that S = j′ (S) ∩ κ is stationary in M [G][H1 × H2], therefore
j′ (S) reflects on κ. By the elementarity of j′ we get that S reflects in V [G] on
some ordinal of uncountable cofinality. κ = ω2 in V [G], thus stationary reflection
on ω2 in V M(κ) holds.

Theorem 3.14. Let κ be a measurable cardinal. Then in V Sacks∗(ω,κ) stationary
reflection on ω2 holds.

Proof. Let j : V → M be an elementary embedding with critical point κ. Let
Ṡ be an Sacks∗ (ω, κ)-name and let p ∈ Sacks∗ (ω.κ) be such that p ⊩ Ṡ ⊆ Eκ

ω

is stationary. Let G be a V -generic over Sacks∗ (ω, κ) such that p ∈ G, let
H be V [G]-generic over Sacks∗ (ω, [κ, j (κ))). We can now, using the fact that
Sacks∗ (ω, κ)∗Sacks∗ (ω, [κ, j (κ))) = Sacks∗ (ω, j (κ)), extend j to the elementary
embedding j′ : V [G] → M [G][H]. Using Lemma 3.7 we get that S = j′ (S) ∩ κ is
stationary in M [G][H], therefore j′ (S) reflects on κ. By the elementarity of j′ we
get that S reflects in V [G] on some ordinal of uncountable cofinality. κ = ω2 in
V [G], thus stationary reflection on ω2 in V Sacks∗(ω,κ) holds.

Remark. Let us note that for Theorems 3.9, 3.10 and 3.11 it is enough for κ to be
weakly compact. While the tree property is equiconsistent with a weakly compact
cardinal, the negation of the weak Kurepa hypothesis is equiconsistent with just
one inaccessible cardinal.
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4 Combining the approaches
In this chapter, we define the forcing that combines both Mitchell’s approach

and the Sacks approach. But first we need to generalize some lemmas from the
earlier chapters of this work.

4.1 Generalization of branching lemmas for Sacks

forcing
In this section, we prove important generalizations of the lemmas we saw in

Chapters 1 and 2. First, we explore generalization of Fact 1.11. It is important
because we will show that there is a projection from the product of the Sacks
forcings and ω1-closed forcing onto the forcing we will work with, defined in
Definition 4.4.

Theorem 4.1. Let Sacks(ω, 1) be the Sacks forcing on ω and Q be a ω1-closed
forcing. Let Ṫ be a Sacks(ω, 1)-name for an ω1-tree. Then in V Sacks(ω,1) forcing
with Q cannot add a branch through T .

Proof. Unger in his proof assumed for contradiction that forcing with Q adds a
new cofinal branch through a tree in V P where P was c.c.c. Then he used the c.c.c.
condition to create antichains of conditions in P that together forced the existence
of a tree of conditions in Q. Because Q is closed, he could use a similar argument
to Lemma 1.8 to show that the tree has a wide level, which leads to a contradiction.

In this proof, instead of the c.c.c. condition we use the fact that the Sacks
forcing has fusion. We show that below every condition p ∈ Sacks(ω, 1) that
forces that forcing with Q in V Sacks(ω,1) adds a new cofinal branch through some
ω1-tree T , there is a dense set of conditions that force that the T have a wide
level, which leads to contradiction. These conditions will be constructed via fusion
sequences together with a tree of conditions in Q such that the closure of the
fusion sequence forces that closures of cofinal branches in the tree in Q force that
there is a wide level in T, again similarly as in Lemma 1.8.

Let Ṫ be a name for an ω1-tree in V Sacks(ω,1). For contradiction, let q ∈ Q
and p ∈ Sacks (ω, 1) be such that p ⊩ q forces ḃ is a new cofinal branch through
Ṫ . We now use the claim from Unger, 2012:

For all q1, q2 ∈ Q there is a dense set Dq1,q2 ⊆ Sacks(ω, 1) such that every
p ∈ Dq1,q2 satisfies:
1)p ⊩ there exist q′

1 ≤ q1 and q′
2 ≤ q2 and α < ω1 such that q′

1 and q′
2 force

contradictory information about ḃ at the level α.
2)p decides q′

1, q′
2, α.

The proof of this immediately follows from Fact 1.12 and Fact 1.13. We show that
there is a dense set below p such that elements of this set force that Ṫ has a level
of size at least 2ω, which is a contradiction with the fact that Ṫ is forced to be
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ω1-tree. Let p0 ≤ p. We will be simultaneously building a binary tree of conditions
from Q and chain of ordinals representing levels. We proceed by induction.

We have p0 and we set q∅ = q and γ0 = 0. Let s∅ be the first splitting node of
p0. We denote splitting nodes by sl, where l is a sequence of the choices on the
splitting nodes below. We also denote elements of the tree in Q as ql, where l is
the sequence telling us the position of the element in the tree. There are trees
r0 ≤ p0|s∅⌒0 and r1 ≤ p0|s∅⌒1 and z0, z1, z′

0, z′
1 ≤ q∅ and α0, α1 such that r0 ⊩ z0

and z1 force contradictory information about ḃ at the level α0 and r1 ⊩ z′
0 and

z′
1 force contradictory information about ḃ at the level α1. Now we can pick one

element from {zi; i = 0, 1} and one from {z′
i; i = 0, 1} such that the amalgamation

of {r0, r1} into p0 forces that they force contradictory information about ḃ at the
level max{α0, α1}. Without loss of generality, let these elements be z0 and z′

0. We
set q0 = z0 and q1 = z′

0. p1 is defined to be the amalgamation of r0 and r1 into p0
and γ1 = max{α0, α1}.

Assume that we already built a tree in Q up to the level n − 1 and that level
has elements ql for l ∈ {0, 1}n−1, we have pn−1 and γn−1. Let ⟨sl; l ∈ {0, 1}n−1⟩
be the nth splitting level of pn−1. For all l ∈ {0, 1}n−1 we look at sl. There are
trees rl

0 ≤ pn−1|sl⌒0 and rl
1 ≤ pn−1|sl⌒1 and elements z0, z1, z′

0, z′
1 ≤ ql and αl

0, αl
1

such that rl
0 ⊩ z0 and z1 force contradictory information about ḃ at the level αl

0
and rl

1 ⊩ z′
0 and z′

1 force contradictory information about ḃ at the level αl
1. We

can again pick one element from {zi; i = 0, 1} and one from {z′
i; i = 0, 1} such

that the amalgamation of {rl
0, rl

1} into pn−1 forces that they force contradictory
information about ḃ at the level max{αl

0, αl
1}. Without loss of generality, let

those be z1 and z′
1. We put ql⌒0 = z1 and ql⌒1 = z′

1. After we do this for
all l ∈ {0, 1}n−1 we have constructed the n-th level of the tree in Q, and we
put pn to be amalgamation of {rl

i; i = 0, 1, l ∈ {0, 1}n−1} into pn−1 and we put
γn = max{αl

i; i = 0, 1, l ∈ {0, 1}n−1}. Note that pn ≤n−1 pn−1.

By this, we have obtained a fusion sequence ⟨pn; n < ω⟩ so there exist p̄ ∈
Sacks(ω, 1) such that p̄ = ⋂︁

n<ω pn. Let γ̄ = sup{γn; n < ω} < ω1. p̄ forces that
our tree in Q has the desired properties. We have shown that there is a dense set
below p, such that the elements of the set give us the tree of conditions from Q
with desired properties. Because Q is ω1-closed, we get for every s ∈ω 2 there is
qs ∈ Q which is a lower bound for a decreasing sequence ⟨qs|n; n < ω⟩.

Now, working in V [G], for s ̸= t qs and qt force contradictory information about ḃ
at the level γ̄. This is true because there is some n < ω such that qs|n and qt|n

force contradictory information about ḃ at some level α < γ̄. This follows from
the fact that if t ̸= s, they have to differ on some finite initial segment. This
means that p forces that the level γ̄ in Ṫ has at least 2ω elements, which is a
contradiction with Ṫ being forced to be ω1-tree.

Here, we generalize the above lemma for the product of Sacks forcings. We
are using a formalism from Definition 2.13.

Corollary 4.2. Let κ be a regular cardinal. Let Sacks(ω, κ) be the product∏︂
α<κ

Sacks(ω, 1) of the Sacks forcing on ω with countable support, and let Q be a
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ω1-closed forcing. Let Ṫ be a Sacks(ω, κ)-name for an ω1-tree. Then in V Sacks(ω,κ)

forcing with Q cannot add a branch through T .

Proof. The proof is similar to the one in the above lemma, therefore, we use the
same setting and the same notation. The only thing we need to show is that the
induction on the splitting levels works. For that, we need to ensure that decisions
are made only on the finite number of splitting nodes and that the splitting
nodes from all nontrivial trees in the product are from some point included in the
induction.

Let Ṫ be a Sacks(ω, κ)-name for an ω1-tree, and let p ∈ Sacks(ω, κ) be a condition
such that p ⊩ q forces ḃ to be a new cofinal branch through Ṫ . Without loss of gen-
erality, let us assume that p has countable support, otherwise we could streghten it
to have countable support. We want to show that there is a dense set of conditions
below p such that conditions in this dense set force that Ṫ has a level of the size at
least 2ω. We construct a tree in Q and use the same argument as above. Let p0 ≤ p.

Before we begin, we fix for every p ∈ Sacks (ω, κ) a bijection bp : ω → supp(p).
Now, we define a function f from finite decreasing sequences in Sacks (ω, κ) to
finite subsets of κ as follows: let ⟨pi; i < n⟩ be a decreasing sequence of length n,

then f (⟨pi; i < n⟩) =
n−1⋃︂
i=0

{bpi
(j); j ≤ i}.

We now perform the first step of the necessary induction. We have p0 and
let q∅ = q and γ0 = 0. Let s

f(p0)
∅ be the first splitting node of p0 on the coordinate

f(p0). From the claim in the above lemma it follows that there exist r0 ≤ p0|sf(p0)
∅ ⌒0

and r1 ≤ p0|sf(p0)
∅ ⌒1, and z0, z1, z′

0, z′
1 ≤ q∅, and ordinals α0, α1 < ω1 such that

r0 ⊩ z0 and z1 force contradictory information about ḃ at the level α0, and r1 ⊩ z′
0

and z′
1 force contradictory information about ḃ at the level α1. Now we can

pick one element from {zi; i = 0, 1} and one from {z′
i; i = 0, 1} such that the

amalgamation of {r0, r1} into p0 forces that they force contradictory information
about ḃ at the level max{α0, α1}. Without loss of generality, assume that we
picked z0 and z′

0. Now, we set q0 = z0, q1 = z′
0, γ1 = max{α0, α1} and p1 to be

the amalgamation of {r0, r1} into p0. It follows that p1 ≤0,f(p0) p0. For the next
part, let us define gn = |f (⟨pi; i ≤ n − 1⟩) \ f (⟨pi; i ≤ n − 2⟩)|.

Let us assume that we have already built the tree in Q up to the level n − 1

and that this level has elements ql for l ∈
n−2∏︂
i=0

{0, 1}|f(⟨pj ;j≤i⟩)×2i·gi+1 |, and we

have pn−1 and γn−1. Let l ∈
n−2∏︂
i=0

{0, 1}|f(⟨pj ;j≤i⟩)×2i·gi+1 | be arbitrary and let

s
f(⟨pi;i≤n−1⟩)
l be the splitting node of pn−1 such that it corresponds to ql on

the coordinates f (⟨pi; i ≤ n − 2⟩) and on the coordinates f (⟨pi; i ≤ n − 1⟩) \
f (⟨pi; i ≤ n − 2⟩) we need to use all the combinations of the nodes on the
splitting level n. For all k ∈f(⟨pi;i≤n−1⟩)×2n·gn {0, 1} there is a tree rk

l such that
∀α ∈ f (⟨pi; i ≤ n − 1⟩) rk

l (α) ≤ pn−1|sl⌒k(α), and there are elements zk
0 , zk

1 ∈ Q
and ordinal αk

l ≤ ω1 such that rk
l ⊩ zk

0 and zk
1 force contradictory informa-

tion about ḃ at the level αk
l . We do this for all k and we get the set {rk

l ; k ∈
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f(⟨pi;i≤n−1⟩)×2n·gn {0, 1}}, the set {
(︂
zk

0 , zk
1

)︂
; k ∈ f(⟨pi;i≤n−1⟩)×2n·gn {0, 1}}, and the set

{αk
l ; k ∈ f(⟨pi;i≤n−1⟩)×2n·gn {0, 1}}. Now, for every k we pick one element from the

set {zk
0 , zk

1 } in the way that the resulting set has as large antichain as possible.
Without loss of generality, let the resulting set is {zk

0 , k ∈ f(⟨pi;i≤n−1⟩)×2n·gn {0, 1}}.
We know that the maximal antichain in the set has the size at least two, which
is enough. For every k, let mk ∈ {0, 1}|f(⟨pi;i≤n−1⟩)×2n·gn | be the sequence defined
by k in the obvious way. We put ql×mk

= zk
0 for every k. We do this for every

l ∈
n−2∏︂
i=0

{0, 1}|f(⟨pj ;j≤i⟩)×2i·gi+1 |. That gives us the whole nth level of the tree in

Q. We put pn to be an amalgamation of {rk
l ; l ∈

n−2∏︂
i=0

{0, 1}|f(⟨pj ;j≤i⟩)×2i·gi+1 |; k ∈
f(⟨pi;i≤n−1⟩)×2n·gn {0, 1}} into pn−1. pn forces all the needed properties of the nth level
of the tree in Q. Note that pn ≤n−1,f(⟨pi;i≤n−1⟩) pn−1. We put γn = max{αk

l ; l ∈
n−2∏︂
i=0

{0, 1}|f(⟨pj ;j≤i⟩)×2i·gi+1 |; k ∈ f(⟨pi;i≤n−1⟩)×2n·gn {0, 1}}.

We again obtain the fusion sequence ⟨pn; n < ω⟩. It is a fusion sequence be-
cause for all n < ω pn ≤n−1,f(⟨pi;i≤n−1⟩) pn−1. This means that p̄ = ⋂︁

n<ω pn exists.
Because all levels of Sacks (ω, 1) are finite and because f (⟨pi; i ≤ n⟩) is finite for
all n < ω, we ensured that in every step of induction the decision is made by the
finite number of splitting nodes. Note that

⋃︂
n<ω

f (⟨pi; i ≤ n⟩) =
⋃︂

n<ω

supp (pn), so

made sure that from some point the splitting nodes on all nontrivial coordinates
are always included in the induction. The rest is the same as in the lemma
above.

Here we prove the variant of Easton’s lemma, which will be important in
Lemma 4.10.

Lemma 4.3. (Variant of Easton’s lemma) Let P be ω1-closed forcing. Then
Sacks (ω, κ) ⊩ Ṗ is ω1-distributive.

Proof. We prove this only for Sacks (ω, 1). The needed generalization is done in
the same way as in Corollary 4.2. The proof is inspired by Theorem 15.34 from T.
Jech, 2002. We have the obvious isomorphism P ×Sacks (ω, 1) ≃ Sacks (ω, 1)×P .
We analyze the forcing P × Sacks (ω, 1) and show that all sequences of ordinals
of cardinality ω in V P ×Sacks(ω,1) are already in V Sacks(ω,1) and therefore, because
of the isomorphism, we get that Sacks (ω, 1) ⊩ Ṗ is ω1-distributive.

Let Ȧ be a name for a sequence of ordinals. Let p ∈ P be arbitrary and p0 ∈ P and
q0 ∈ Sacks (ω, 1) be such that p0 ≤ p and p0 ⊩ q0 forces Ȧ to be a new sequence
of ordinals of cardinality ω̇. We build a decreasing sequence (pn)n∈ω in P , a fu-
sion sequence (qn)n∈ω, and a set of ordinals {γs; s is a splitting node of q}, where
q =

⋂︂
i∈ω

qi such that pn ⊩ rs⌒0 and rs⌒1 decide γ̇s ∈ Ȧ in opposite ways. Here n

is the splitting level of node s in qn−1, and rs⌒0 ≤ qn−1|s⌒0, and rs⌒1 ≤ qn−1|s⌒1.
From now on, we denote by sl the splitting node such that the decisions on
splitting nodes below is the sequence l.

We proceed by induction. We have p0 and q0. Let s∅ be the first splitting
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node of q0 and let γs∅ be an ordinal such that p0 ⊩ q0|s∅ does not decide γs∅ ∈ Ȧ.
There are r0

s∅⌒0, r1
s∅⌒0 ≤ q0|s∅⌒0, and r0

s∅⌒1, r1
s∅⌒1 ≤ q0|s∅⌒1, and p1 ≤ p0 such

that p1 ⊩ r0
s∅⌒j and r1

s∅⌒j decide γs∅ ∈ Ȧ in opposite ways for both j = 0 and
j = 1. Without loss of generality, we can assume that p1 ⊩ r0

s∅⌒0 and r0
s∅⌒1 decide

γs∅ ∈ Ȧ in opposite ways. We put q1 to be the amalgamation of r0
s∅⌒0 and r0

s∅⌒1
into q0.

Let us assume that we have (pi)i<n, (qi)i<n, and {γsl
; l ∈ {0, 1}n−1}. For all

l ∈ {0, 1}n, let γsl
be an ordinal such that pn−1 ⊩ qn−1|sl

does not decide γsl
∈ Ȧ.

For all l ∈ {0, 1}n, there are r0
sl⌒0, r1

sl⌒0 ≤ qn−1|sl⌒0 and r0
sl⌒1, r1

sl⌒1 ≤ qn−1|sl⌒1

and there is pn ≤ pn−1 such that pn ⊩ r0
sl⌒j and r1

sl⌒j decide γsl
∈ Ȧ in opposite

ways for all l ∈ {0, 1}n and j ∈ {0, 1}. Without loss of generality, we can assume
that pn ⊩ r0

sl⌒0 and r0
sl⌒1 decide γsl

∈ Ȧ in opposite ways for all l ∈ {0, 1}n. We
put qn to be the amalgamation of {r0

sl⌒j; l ∈ {0, 1}n, j ∈ {0, 1}} into qn−1.

We obtained a decreasing sequence (pn)n<ω. P is ω1-closed, so there is p′ such
that p′ ≤ pn for all n < ω. There p† ≤ p′ such that p† ⊩ (qn)n<ω to be a fusion
sequence and decides q such that q =

⋂︂
n<ω

qn. This is all constructed in V , therefore

any generic filter G of Sacks (ω, 1) can be used to define all new possible sets of
ordinals of cardinality ω from V P [G] already in V [G]. This finishes the proof.

4.2 New forcing based on both approaches
In this section, we define the generalization of Mitchell’s forcing using Sacks

forcing. From now on, κ will be a measurable cardinal.

Definition 4.4. We define a forcing MSacks (ω, κ) as a set of pairs (p, q) such
that p ∈ Sacks (ω, κ) and q is a function, with the domain being a countable
subset of κ consisting only of inaccessible cardinals, and for all β ∈ dom (q) q (β)
is a Sacks (ω, β)-name for a condition in Add (ω1, 1)V Sacks(ω,β). For the ordering,
(p, q) ≤ (p′, q′) if and only if p ⊆ p′, dom (q′) ⊆ dom (q) and for all β ∈ dom (q′),
p ↾ β ⊩V

Sacks(ω,β) q (β) ≤ q′ (β) in Add (ω1, 1)Sacks(ω,β).

Remark. There is an equivalence relation on the elements of MSacks (ω, κ) defined
in the way that (p, q) is in relation with (p′, q′) if and only if (p, q) ≤ (p′, q′)
and (p′, q′) ≤ (p, q). Formally, we should look at our forcing as factorized by
this relation and at elements as blocks of equivalence [(p, q)]. We rarely need it,
therefore, we will use notation as is in the definition.

Similarly to Definition 2.2, we define an ω1-closed forcing that will be useful
in analyzing the forcing MSacks (ω, κ) via projections defined in Lemma 4.6.

Definition 4.5. We define a forcing Q⋆ (κ) as the set {((2<ω)κ , q) ; ((2<ω)κ , q) ∈
MSacks (ω, κ)} with the same ordering as in the above definition.

The next lemma shows projection, that help us analyze our forcing easier,
similarly to Mitchell’s forcing.
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Lemma 4.6. 1) The functions

π1 : MSacks (ω, κ) −→ Sacks (ω, κ) ,

π2 : Sacks (ω, κ) × Q⋆ (κ) −→ Sacks (ω, κ) ,

and for all α < κ
πα : MSacks (ω, κ) → MSacks (ω, α)

defined by π1 (p, q) = p, π2 (p, ((2<ω)κ , q)) = p and πα (p, q) = (p ↾α, q ↾α) are
projections.
2) The function

π⋆ : Sacks (ω, κ) × Q⋆ (κ) −→ MSacks (ω, κ)

defined by π⋆ (p, ((2<ω)κ , q)) = (p, q) is a projection.

Proof. 1) Trivial.
2) i) For any (p, q) ∈ MSacks (ω, κ) (p, ((2<ω)κ , q)) is an element of Sacks (ω, κ) ×
Q⋆ (κ), therefore π⋆ is onto.
ii) Let (p′, q′) ≤ (p, q) = π⋆ (p, ((2<ω)κ , q)). We want to find q⋆ such that
((2<ω)κ , q⋆) ≤ ((2<ω)κ , q) and π⋆ (p′, ((2<ω)κ , q⋆)) = (p′, q′). We put dom (q⋆) =
dom (q′) and for all α /∈ dom (q), we put q⋆ (α) = q′ (α). For α ∈ dom (q), we know
that p′ ↾α⊩ q′ (α) ≤ q (α), define q⋆ (α) in a way that p′ ↾α⊩ q⋆ (α) = q′ (α) and
for all r ∈ Sacks (ω, α) incompatible with p′ ↾α r ⊩ q⋆ (α) = q (α). Together, this
gives us (2<ω)κ ↾α⊩ q⋆ (α) ≤ q (α), hence (p′, ((2<ω)κ , q⋆)) ≤ (p′, ((2<ω)κ , q))
in Sacks (ω, κ) × Q⋆ (κ) and [(p′, q⋆)] = [(p′, q′)], thus π⋆ (p′, ((2<ω)κ , q⋆)) =
(p′, q′).

The following lemma is important to understand how the forcing MSacks (ω, κ)
simultaniously collapses all inaccessinble cardinals below κ to ω1.

Lemma 4.7. In generic extension given by Add (ω1, 1) the continuum hypothesis
holds.

Proof. We show that there is a function from Lim (ω1) onto ω2. To do that, we
show that for every i ∈ 2ω there is a dense set Di such that for all p ∈ Di there is a
limit ordinal α < ω1 such that p|[α,α+ω) encodes i. Let p ∈ Add (ω1, 1) be arbitrary.
Because p is countable, there is some α ∈ Lim (ω1) such that p is not defined
on the interval [α, α + ω). We define p′ ≤ p as p ∪ f where f : [α, α + ω) → 2
is a function that encodes i. p′ stays countable, therefore p′ ∈ Add (ω1, 1) and
p′ ∈ Di. p and i were arbitrary, therefore for all i ∈ 2ω Di is dense. Let G be
a generic filter of Add (ω1, 1). In V [G] we define a function f : Lim (ω1) →ω2 as
f (α) = G|[α,α+ω) for all α ∈ Lim (ω1). This finishes the proof.

The following three lemmas help us preciselly understand how the cardinals
look in V MSacks(ω,κ). The first lemma tells us that κ stays a cardinal, the second
tells us that all cardinals below κ are collapsed to ω1, and the third tells us that
ω1 is not collapsed.

Lemma 4.8. MSacks (ω, κ) is κ-c.c.
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Proof. For contradiction, let A be an antichain of cardinality κ. We define a family
of sets A = {supp(p) ∪ dom(q); (p, q) ∈ A}. Now, we want to use Theorem 1.7.
∀ (p, q) ∈ A (|supp(p) ∪ dom(q)| = ω) because Sacks (ω, κ) has countable support
and q is a countable function. Let θ in the theorem be ω1 and κ be κ. We have
|A| = κ. All other conditions in the theorem are satisfied because κ is innacessible.
The theorem gives us a family B ⊂ A such that |B| = κ and is a ∆-system. Let r
be the root of B. It is a countable set of ordinals. Because some elements of r are
from domains of the second coordinate, and because there are < κ elements of
Sacks (ω, κ) with the support r, there are r′ ⊆ r and A′ ⊆ A such that |A′| = κ
and all first coordinates of the elements of A′ are the same on r′ and are disjoint
everywhere else. There are < κ ways to select the countable subset of r and there
are < κ elements of Add (ω1, 1), therefore there is A⋆ ⊆ A′ such that all second
coordinates of the elements of A⋆ are compatible and |A⋆| = κ. We have shown
that there is a subset of A of cardinality κ such that elements of the subset are
pairwise compatible. This is a contradiction with A being an antichain. This
shows that MSacks (ω, κ) is c.c.c. and that it is even κ-Knaster.

Lemma 4.9. Forcing MSacks (ω, κ) collapses all cardinals in the open interval
(ω1, κ) to ω1.

Proof. We show that every inaccessible cardinal α below κ is collapsed to ω1. Let
α be an inaccessible cardinal below κ. We know that forcing with MSacks (ω, α) ×
MSacks (ω, κ) /MSacks (ω, α) is the same as forcing with MSacks (ω, κ), therefore we
look at the forcing in the former way. We have the projection from MSacks (ω, α)
to Sacks (ω, α) defined in the same way as π1 in Lemma 4.6. This gives us
V Sacks(ω,α) ⊆ V MSacks(ω,α). When we force with MSacks (ω, α), we introduce α
many new subsets of ω, but at the same time introduce a new subset of ω1,
using the forcing Add (ω1, 1) defined in V Sacks(ω,α) and thus defined in V MSacks(ω,α).
Lemma 4.7 tells us that α is collapsed to ω1. The choice of α was arbitrary,
therefore our forcing collapses all the inaccessible cardinals below κ to ω1.

Lemma 4.10. Forcing with MSacks (ω, κ) does not collapse ω1.

Proof. Lemma 4.6 gives us the following commutative diagram

Sacks (ω, κ) × Q⋆ (κ)

MSacks (ω, κ) Sacks (ω, κ)

π⋆
π2

π1

◦

This gives us
V Sacks(ω,κ) ⊆ V MSacks(ω,κ) ⊆ V Sacks(ω,κ)×Q⋆(κ)

From the above, follows that it is enough to show all sequences of lenght ω in
V Sacks(ω,κ)×Q⋆(κ) are already in V Sacks(ω,κ) because if there was a surjective function
from ω to ω1 in V Sacks(ω,κ)×Q⋆(κ), it would define a new countable sequence of
ordinal which would be contradiction. But this is exactly Lemma 4.3. Let us
also note that Sacks (ω, κ) does not collapse ω1. It follows from Lemma 15.36 in
T. Jech, 2002.
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The following theorem is the summarization of the above results.

Theorem 4.11. Let κ be a measurable cardinal. Then the generic extension given
by MSacks (ω, κ) satisfies:
1. 2ω = κ = ω2
2. ωV

1 = ω1

Proof. 1. follows from Lemma 4.7, Lemma 4.8, Lemma 4.6 and Lemma 4.9.
2. follows from Lemma 4.10.
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5 Future extensions and open
questions

The problem with showing compactness principles with the forcing MSacks (ω, κ)
is that the product analysis is not as easy as with Mitchell’s forcing, namely as in
Lemma 2.6. The problem is that there is the product of the Sacks forcing on the
first coordinate, therefore, in the intermediate step α < κ, the tail will have on the
first coordinate the product of the Sacks forcing defined in V Sacks(ω,α), because
V Sacks(ω,κ) contains new Sacks trees. This cannot be repaired.

It may be possible to formulate a notion of a fusion for the whole forcing
MSacks (ω, κ) and use it to prove by a forcing argument in the ground model
that quotients of the forcing do not add new cofinal branches and do not destroy
stationary sets.

This is plausible, but we will study this problem in a separate article due to
lack of time.
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Conclusion
We made the reader familiar with several compactness principles and gave a

good foundation for understanding this subject. We proved the consistency of the
stationary reflection and the weak Kurepa hypothesis at ω2 using iteration of the
Sacks forcing and the Mitchell’s forcing, which are proofs that are hard to find in
the literature. We also gave an example for why it is useful to have several forcing
notions forcing the same.

In the next part, we successfully generalized branching lemmas using the Sacks
forcing and the product of Sacks forcings instead of the c.c.c. We defined a new
forcing combining Mitchell’s and Sacks approach.

We plan to show in future work that even though the new forcing does not
factorize easily (i.e. the tail of the forcing in an intermediate extension is not
forcing equivalent to the definition of the forcing in the intermediate model), a
more complicated argument using a specific notion of fusion can be used instead.
The new forcing will be studied from the point of cardinal invariants and other
properties which are intermediate between the Mitchell’s model and the Sacks
model.
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