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1 Introduction
Ever since the formulation of quantum mechanics in the first half of the 20.

century, quantum chemistry has been becoming a more and more popular tool to
explain properties of molecules. Now with the rapidly increasing computational
power of computers, we are often able to make theoretical predictions on par with
experimental values. This means that we can use computers to avoid performing
complicated experiments while looking for new molecules with various applica-
tions, as well as complementing experimental data while trying to interpret their
results.

Despite the computational power of modern computers, we cannot solve the
Schrödinger equation directly. This would mean solving a partial differential
equation in 3N dimensional space, where N is the number of electrons, which
is completely intractable, except for the simplest molecules. This is also often
referred to as being the ”curse of dimensionality”. The way to circumvent this
is to not simulate all the electrons at the same time, but simulate each electron
individually, replacing the electrostatic repulsion of the other electrons with the
averaged charge density of the electrons as given by the probability density of
their wave function. Of course, the charge density is dependent on the resulting
orbitals, so the whole problem needs to be solved iteratively in a self consistent
way. This is called the Hartree-Fock method.1 This is equivalent to rewriting the
full many body wave function as an anti-symmetrized product of one electron
functions, which is also called a Slater determinant. To further simplify the
numerical procedure, the spatial parts of the one electron functions are written
as a linear combination of basis functions (usually Gaussian functions) and we
only search for the coefficients.

The issue however is that the Hartree-Fock method is an approximation, and
the distribution of an electron does not depend on the positions of the other
electrons, in other words, the motions of electrons are not correlated. This gives
an error in the energy of around 1%. Unfortunately this is around the same as
is the energy of the valence layer, which is responsible for the chemical bonding.
This means that it is necessary to correct for this error to be able to make accurate
predictions.

For many molecules, a single Slater determinant is good qualitative description
of the proper wave function. Then the correlation energy is a small correction,
and can be included easily. Popular choices include Density Functional Theory
(DFT),2 or Coupled Cluster Theory (CC).3

However, some molecules have wavefunctions that cannot be described by a
single Slater determinant. These are called strongly correlated, or Multireference
(MR) problems. Examples include transition metal complexes, or conjugated
double bond systems. This is unfortunate, as these molecules are often very
important, for example as active sites of enzymes, or molecules that are optically
active. At the same time, their multireference character makes them much more
difficult to calculate.

The optimal way to calculate any molecule would be to take the wave function
as a linear combination of all Slater determinants which can be formed out of an
orthogonal set of basis functions. This is called the Full Configuration Interaction
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(FCI) and is the exact solution in a given basis. Unfortunately, this is impos-
sible for more than a relatively small number of orbitals, as the computational
complexity scales exponentially. For larger multireference molecules, we instead
choose a subset of orbitals, which are important for the correlation. This subset
is then called the active space. In this active space, we then perform FCI, while
the rest is treated at the mean field (HF) level. This leads to the Complete Active
Space Configuration Interaction (CASCI)4, or, if we simultaneously optimize the
shapes of the orbitals, Complete Active Space Self Consistent Field (CASSCF)
methods5.

However, the exponential scaling is still present in these methods, which limits
the number of orbitals in the active space to not more than around 20. This
number of strongly correlated orbitals can be easily exceeded in complexes with
multiple metal centers or larger π-conjugated systems (carotenoids, porphyrins).

Then, to correctly describe the underlying wave function, we need to include
more orbitals. This means we need to replace the FCI in the active space with an
approximate solver. There are multiple options available, for example Quantum
Monte Carlo methods (QMC),6,7 or multiple versions of selected CI8,9,10,11. Here
however, we will be focusing primarily on a single method which we are actively
developing in our group, the Density Matrix Renormalization Group (DMRG).
The DMRG method, is an approximation to FCI which is truly multireference (i.e.
not relying on a single Hartree Fock determinant) and is able to systematically
approach the exact FCI energy.

The method was originally introduced in solid state physics by Steven White.12

From there it has been adopted and proven useful also in quantum chemistry13,
where over the years, it has become just as irreplaceable as a method as in the
original solid state physics.14,15,16

Nowadays DMRG is most commonly introduced via the Matrix Product State
(MPS) ansatz. To obtain this ansatz, we take the FCI method, where we have
the wavefunction of the form

|ΨFCI⟩=
∑︂

i

Ci |ΨSD(i)⟩, (1.1)

where |ΨSD(i)⟩represents the i-th Slater Determinant, and Ci is the corresponding
expansion coefficient. now we rewrite it in the occupation number representation

|ΨFCI⟩=
∑︂

n1,n2,...,nk

Cn1,n2,...,nk
|n1, n2, . . . , nk⟩, (1.2)

where ni ∈ {| ⟩, | ↑⟩, |↓ ⟩, |↑↓⟩} represents the occupation of each of the k orbitals,
and |n1, n2, . . . , nk⟩ represents a Slater determinant with the corresponding occu-
pations of the individual orbitals. Of course, this form of the wavefunction can
contain determinants with any number of electrons, so we need to introduce a
constraint on the coefficients

Cn1,n2,...,nk
= 0, if #↑ ̸= N↑, or #↓ ̸= N↓, (1.3)

which means that if the number of spin up and spin down electrons does not
correspond to the desired number of electrons, the coefficient is constrained to be
zero.
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The advantage of this is that now the coefficients Cn1,n2,...,nk
can be seen

as a rank-k tensor, with a each index corresponding to a single orbital. The
indices have a dimension of 4, corresponding to the four possible occupations of a
single orbital. Also, we can easily see the exponential scaling of the original FCI
method, as the total number of elements of the coefficient tensor is 4k. The wave
function of the DMRG method would now formally obtained by repeatedly using
the Singular Value Decomposition (SVD). SVD generally decomposes a general
matrix A into a product of three matrices,

Aij =
∑︂

k

UikΣkkVkj, (1.4)

where U and V are unitary and Σ is a rectangular matrix with nonzero entries
on the main diagonal.

The is done by singling out the index n1, while combining the indices n2, . . . , nk

into a single index of dimension 4k−1. We then have a 4 by 4k−1 matrix, which
we can run SVD on. After running SVD, we get three matrices. An unitary
4 by 4 matrix U , a diagonal 4 by 4 matrix Σ and a 4 by 4k−1 matrix with or-
thonormal rows, V . (We use the version which produces a diagonal square Σ by
dropping the rows of V corresponding to the zero columns of Σ.) Now we store
the matrix U as A[1]q1

n1 , labeling the new index from SVD as q1 for reasons to be
shown later. (Note that the distinction of of lower and upper indices is completely
arbitrary, and is done purely for aesthetic purposes, in contrast with covariant
and contravariant indices in differential geometry.) We can then multiply the Σ
and V matrices, separating the 4k−1 dimensional index back to the original k
4-dimensional indices n2, . . . , nk. In summary we get this

Cn1,n2...nk
=
∑︂

k

Un1,kΣkkVk,n2...nk
=
∑︂
q1

A[1]q1
n1B[1]q1

n2...nk
(1.5)

We now continue by taking the tensor Bq1
n2...nk

and combining the new index
from the SVD q1 with n2, and the rest n3, . . . , nk into a second index. By SVD
we now obtain a 16 by 16 matrix U and the other two matrices Σ, V , which we
again multiply together. We then separate the first index of U back into q1 and
n2 obtaining a new rank-3 tensor A[2]q1q2

n2 .

B[1]q1
n2,...,nk

=
∑︂
q2

A[2]q1,q2
n2 B[2]q2

n3,...,nk
. (1.6)

If we repeat the process, we can obtain in total k− 2 rank-3 tensors, and two
matrices from the indices corresponding to the first and last orbitals. However, we

Figure 1.1 An illustration of the penrose notation. The top half represents a single
matrix in the Penrose notation, while the other represents a product of two matrices
using ordinary matrix matrix mutiplication.
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Figure 1.2 An illustration of the full FCI coefficient tensor and the MPS ansatz in
the Penrose notation.

can now write the whole coefficient matrix as a product of these smaller tensors

Cn1,n2,...,nk
=

∑︂
q1,q2,...,qk−1

A[1]q1
n1A[2]q1q2

n2 A[3]q2q3
n3 . . . A[k]qk−1

nk
. (1.7)

The indices n1, n2, . . . , nk are called physical, as they are directly related to the
occupations of the individual orbitals. The newly created indices q1, q2, . . . , qk−1
are called virtual, as they are contracted and thus not directly related to the
wavefunction. So far, we have not introduced any approximation. The exponen-
tial scaling of the original FCI now manifests as an exponential increase in the
dimensions of the indices qn, reaching a maximal value of 4k/2 for the index qk/2.

However, the dimension of the indices is easily limited due to the use of SVD.
From SVD, we get three matrices, U, V, and a diagonal Σ. The elements on the
diagonal of Σ actually signify the importance of the individual vectors in the U, V
matrices for the resulting wave function. It should then not be surprising that
the lowest eigenvalues can be dropped, along with the corresponding columns and
rows of U, V , without changing the original matrix too much.

These truncated matrices arranged as in Eq. (1.7) form then the ansatz of the
DMRG wave function, which is referred to as a Matrix Product State (MPS). It
can also be represented in the Penrose graphical notation for tensors,17 which can
be more easily readable than the original equations in most cases. The tensor
notation is illustrated in Figure 1.1. The idea of the Penrose notation is that
each tensor is represented by a square (Or any other shape), and each index is
represented by a line going out of the square. Two squares connected by a line
then represents a contraction over one of the indices. The Penrose representations
of the FCI Coefficient tensor as in equation (1.2) and the MPS as in (1.7) are
shown in Figure 1.2.

The result we would want to achieve is to have this MPS wavefunction as an
eigenfunction of the Hamiltonian. The Hamiltonian in the occupational number
representation becomes a rank 2k tensor, with 2 4-dimensional sites for each
orbital, one on the bra side and one on the ket side of the operator. In the
Penrose notation we would like to achieve what is shown in Figure 1.3.

The advantage of the MPS form is that we can solve these equations one
tensor at a time, thus saving significant computational cost. This is done by
contracting almost all of the tensor network except for one or (more commonly)
two tensors of the MPS. This forms an effective Hamilltonian for the site/sites,
which allows us to look for its eigenstates.

The newly found eigenvector then becomes then the new tensor for that site
in the MPS wave function. In the case of solving the eigenproblem for a two site
effective Hamiltonian, (also named two-site DMRG), we still need to use SVD to
split the resulting eigenvector into two new MPS tensors as Figure 1.5.
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Figure 1.3 The formal Hamiltonian diagonalization of the MPS tensor network re-
quired to solve the Schrödinger equation. However in practce, we do not solve this
equation explicitly.

HEff = H

Figure 1.4 The effective Hamiltonian HEff for the two site version of the algorithm.
The eigenvector of this effective Hamiltonian is used to find the new MPS tensor

Figure 1.5 The SVD decomposition of the eigenfunction of the effective Hamiltonian,
to obtain the new MPS tensor.

While two site DMRG is more expensive, it has a large advantage of searching
a larger space for the solution and then truncating it through SVD, which is not
the case for single-site DMRG. This allows it to avoid getting stuck in a local
minimum, something that single-site DMRG is prone to.

After obtaining a new MPS tensor, we move one site along the chain to the
left or right, optimizing a new tensor. This way we move back and forth along
the chain, in a process called sweeping, until we achieve self consistency, i.e. that
the tensors and thus the energy does not change in between sweeps.

There is unfortunately one caveat, which might not be immediately obvious.
The form of the network of tensors in Figure 1.4 cannot be actually contracted
without exponential scaling, due to the presence of the Hamiltonian tensor, which
has a huge rank. This can be solved by writing the Hamiltonian operator as
a contracted tensor chain. This form of the tensor network can be then eas-
ily contracted in a polynomial cost by following a specific order of operations.
This formulation of the DMRG method is called the Matrix Product Operator
(MPO).18,19 However, it is not the original way of DMRG how DMRG was for-
mulated. As can be seen also from the name, DMRG was originally formulated in
the Renormalization Group picture, which will be described in much more detail
in the next chapter.
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2 DMRG in the renormalization
group picture

While the idea of the matrix product operator (MPO) picture is much simpler
to grasp for newcomers to the DMRG method, it brings no other improvement
over the original renormalization group (RG) picture. In fact, during the imple-
mentation of DMRG in the MPO formalism, we have to take advantage of the
sparsity of the MPO matrices during the contraction of the tensor network, as
otherwise we would end up with a worse computational scaling than the original
RG-picture. On the other hand, the RG picture achieves the same effect natu-
rally and this means the actual implementation is simpler. However, while the
implementation of these two approaches differs significantly, it is easy to obtain
the MPS wavefunction from the RG picture results, as in the end it uses matrices
very similar to the individual tensors of the MPS to transform the operators.

When going from the MPO to the RG picture, we shift our focus from the
wavefunction, abandoning the explicit use of the the MPS ansatz and focusing
mostly on the second quantized operators, which are used in constructing the
Hamiltonian. This can be considered as a loose analogy of the difference between
the Schrödinger and Heisenberg formulation of basic quantum mechanics. An-
other advantage of the RG picture and also the reason it is the version to be
originally developed is that the algorithm has a physical interpretation, unlike
the MPO picture, which is more closely related to tensor networks in the theory
of information.

While the MPO picture could seem mostly just as a bunch of numerical tricks
more familiar to the numerical mathematicians or people specialized in machine
learning, the RG picture on the other hand can be obtained by a purely physical
approach. This is also the reason why the RG approach is older, even though to
many it seems much more complicated.

The whole derivation is based on the idea of splitting the system under study
into two subsystem blocks, the system & the environment. Then the Hamiltonian
can be separated into three terms, the system Hamiltonian, the Hamiltonian of
the environment, and the interaction Hamiltonian which couples the two subsys-
tems

H = HSys +HEnv +HInt. (2.1)

In the theory of open quantum systems such a splitting has a physical motiva-
tion, describing a strongly interacting system, weakly coupled to the surrounding
environment.

On the other hand, in DMRG this splitting is purely artificial, so it makes
sense to drop this designation of the two blocks and adopt a more pragmatical
naming, the left and right blocks. Also instead of working with the basis of the
full system, which is a tensor product of the two subsystem bases, we can keep
them separate, and instead express the Hamiltonian as a Kronecker product of
two operators in the bases of the two subsystems. This is trivial for the first two
terms in eq. (2.1), as they can be expressed as HL ⊗ Id and Id ⊗HR respectively.
The interaction term cannot be expressible in this way, (If it could, many body
quantum physics would become quite boring!) but fortunately, it is given by a sum
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over individual contributions, and each of these contributions can be separated.
The resulting form of the separated Hamiltonian is then

HL ⊗ Id + Id ⊗HR +
∑︂

i

H i
L ⊗H i

R, (2.2)

where the sum in the last term goes over all contributions to the interaction
Hamiltonian. Later in section 2.2.2 we will show that the number of terms in this
summation can be reduced by doing a clever presummation of some of the terms,
but that is more of a technical optimization than a fundamental concept.

After separating the Hamiltonian into the two subsystems, the important
question would be, what basis will we use to represent the quantum operators
of the left and right block to the Hamiltonian. Of course we could use the full
Fock space (space of all possible quantum states with any number of electrons)
for each of the two subsystems, which would lead to the exact FCI solution, but
that is obviously computationally intractable.

Instead, we need to use a truncated basis. The number of states of this trun-
cated basis is equivalent to the bond dimension of the MPS ansatz. However,
unlike most other quantum chemical methods, each of the basis states is not a
single Slater determinant, but is a many body quantum state, with an exponen-
tially large number of determinants in its representation. For this reason, we do
not work with the basis itself, and only track the quantum numbers of the basis
state, and instead look at the representation of operators in this basis.

The DMRG focuses on enlarging one of the blocks by a single site. The site
can in general be any degree of freedom of the system, but in the case of quantum
chemistry it is generally represented by a single orbital, with four possible states:
| ⟩, |↑ ⟩, | ↓⟩, and |↑↓⟩. If we enlarge the basis of one of the blocks Hamiltonian
changes. Assuming the left block is the one being enlarged, we can denote the
original (unenlarged) basis of the left block ’l’, the basis single site enlarging the
block by ’q’, and the newly created basis of enlarged Left block (throughout the
text a capital L will be used where necessary to denote that we will be talking
about the enlarged block) ’L’.

Figure 2.1 The grouping of different sites into different blocks, for the single-site lqr
version (top) for both sweeping directions, and the two-site lqqr version (bottom). In
the following text, we will be referring mostly to the lqqr version.

The basis of the enlarged block is just the tensor product of the basis of the
small block, and the basis of the single site.

L = l ⊗ q (2.3)
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We however now need to express the split Hamiltonian from equation (2.2) using
the now enlarged Left block. This will be formed from the operators on the
(small) left block and on the site as

HL = Hl ⊗ id + id ⊗Hq +
∑︂

i

H(lq)i
l ⊗H(lq)i

q, (2.4)

where Hl, and Hq represent the Hamiltonians of the (small) left block and the
site respectively, and the H(lq) represents the different contributions to the in-
teraction Hamiltonian between the site and the left block. Note the similarity of
this equation with (2.2). Similarly, we will need to form all the operators from H i

L
in equation (2.2) from the contributions from the smaller left block and the site.
This process of forming the operators for the enlarged block is called blocking,
and it will be described in more detail in section 2.2.6.

Now we take a basis ’r’ for the right block, usually kept from previous itera-
tions and the stored operators in this basis. Alternatively, even better, we could
form the right block basis in the same way, by enlarging a one site smaller right
block basis in a second blocking procedure forming an enlarged Right block as
well, and an enlarged basis ’R’. This would then be equivalent to the two-site
procedure described in the previous chapter.

We now have the Hamiltonian in the basis L ⊗ R which we can use to find
the eigenvectors and eigenvalues. However, the key part of the DMRG procedure
is the iterative optimization of the basis used to express the Hamiltonian. To
do that, we would want to enlarge the Left basis once more with another site.
However, in the previous blocking procedure, we already enlarged the basis, and
if we did this procedure repeatedly, the Left block basis would grow exponentially.
Thus we need to truncate the basis.

Historically, multiple ways to truncate the basis were presented, leading to
different ”renormalization group methods”, for example the real space renormal-
ization group taking only the lowest eigenvalues of the effective Hamiltonian.20

In DMRG, we instead look at the eigenvalues of the Reduced Density Matrix
(RDM) of the Left block

ρLL′ = TrR(Ψ†Ψ) =
∑︂
R

Ψ†
LRΨL′R, (2.5)

where ΨLR is the wavefunction in the basis of Left and Right blocks and the
summation goes over all of the states in the Right block basis. If we diagonalize
ρ, we can look at the eigenvalues. The DMRG method takes the eigenvectors cor-
responding to the largest eigenvalues as the new basis. Note that this procedure
diagonalizing ρ is equivalent to the the SVD performed in the MPO picture.

Now, we can form a renormalization operator O to the new basis and we can
use it to transform all of the operators the new basis, with an arbitrary operator
X transformed as

X → O†XO. (2.6)

The process is called renormalization (or decimation in older literature in an
obvious analogy to another historical size reducing procedure).

This way we can incrementally expand the left block by sites until we run out
of sites in the right block. We then switch the role of the two blocks and now
enlarge the right block with sites from the left block to the right one. This is then
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performed in an iterative back and forth sweeping procedure, until the energy of
the state/s does not change between sweeps.

2.1 Fermionic operators in DMRG

2.1.1 A short introduction to the formalism of second
quantization

The second quantization formalism has been in wide use throughout quantum
chemistry, significantly simplifying the theoretical formulations of many quantum
chemical methods. DMRG is no exception here in that it can be formulated much
more easily within the formalism of second quantization. Let us briefly introduce
this formalism here, as we will then use it throughout the rest of this text.

The many-body wave function can often be complicated to work with as it
needs to be fully antisymmetric to fulfill the Pauli exclusion principle. ( Or fully
symmetric in the case of bosons. ) However, when our basic building blocks are
Slater determinants constructed from an orthogonal set of spinorbitals, we can
reformulate our equations in such a way that the requirement for (anti)symmetry
is instead fulfilled by mutual (anti)commutation relations of a set of operators.

This is achieved by working with a fixed set of ortogonal spinorbitals {χi(x)}
and introducing the creation a†

i and annihilation ai operators. The creation op-
erator a†

i acting on a normalized Slater determinant with N -electrons creates an
N + 1 electron Slater determinant with the newly added electron in spinorbital
χi

a†
i |χ1 . . . χN⟩= |χiχ1 . . . χN⟩. (2.7)

Similarly, the annihilation operator ai acting on an N +1 electron Slater removes
the electron from the same spinorbital, returning us to the original N electron
Slater determinant

ai |χiχ1 . . . χN⟩= |χ1 . . . χN⟩. (2.8)

When trying to create an electron in a spinorbital which is already occupied, we
get zero instead

a†
i |χiχ1 . . . χN⟩= 0; i ∈ 1 . . . N. (2.9)

Similarly, trying to remove an electron from an empty orbilal gives us zero too

ai |χ1 . . . χN⟩= 0; i /∈ 1 . . . N. (2.10)

Now that we know how these operators act on a wave function, we can show
that the creation operators actually anticommute for fermions. If we have two
such operators acting on an arbitrary Slater determinant we get

a†
ia

†
j |χ1 . . . χN⟩= |χiχjχ1 . . . χN⟩. (2.11)

Reversing the order of the two operators then gives us a Slater determinant with
the two corresponding orbitals swapped

a†
ja

†
i |χ1 . . . χN⟩= |χjχiχ1 . . . χN⟩. (2.12)
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But we know that due to the total antisymmetry of the wave function ensured
by the general properties of the determinant, these two Slater determinants are
the same up to a minus sign

|χjχiχ1 . . . χN⟩= − |χiχjχ1 . . . χN⟩. (2.13)
As the original Slater determinant was chosen arbitrarily, we can conclude that
it must be a general property of these two operators that a†

ja
†
i = −a†

ia
†
j. (If the

Slater determinant had either of the orbitals i, j occupied, we would get zero
in both cases, which still satisfies te anticommutation relation.) By a simple
rearrangement we then get the anticommutator{︂

a†
i , a

†
j

}︂
= a†

ia
†
j + a†

ja
†
i = 0. (2.14)

Completely analogously it could be shown that the ai operators also anticom-
mute, as well as ai with a†

j, but only when i ̸= j i.e. the creation and annihilation
operators each act on a different spinorbital.

{ai, aj} = 0 (2.15){︂
ai, a

†
j

}︂
= 0, for i ̸= j. (2.16)

The only non-zero anticommutator is the one between a creation operator and
annihilation operator corresponding to the same spinorbital. If we act with both
aia

†
i and a†

iai on an arbitrary spinorbital, we find that
aia

†
i |χ1 . . . χN⟩= |χ1 . . . χN⟩ if i /∈ 1 . . . N, 0 otherwise, (2.17)

a†
iai |χ1 . . . χN⟩= |χ1 . . . χN⟩ if i ∈ 1 . . . N, 0 otherwise. (2.18)

By combining these two equations we find that by acting with the sum of these two
operators aia

†
i + a†

iai on an arbitrary determinant we get the same determinant,
irrespective of whether this determinant does include the spinorbital i or not. This
means that the anticommutator of ai with a†

i is equal to the identity operator{︂
ai, a

†
i

}︂
= 1. (2.19)

What we’ve found so far can be summarized in the so called fermionic canon-
ical anticommutation relations

{ai, aj} = 0 (2.20){︂
a†

i , a
†
j

}︂
= 0 (2.21){︂

ai, a
†
j

}︂
= δij. (2.22)

For bosons, we can introduce a similar set of operators, denoted bi, b
†
i to distin-

guish them from the fermionic ones. The difference from the fermionic operators
stems from the different symmetry of the wave function, which is symmetric under
the exchange of any two particles

|χjχiχ1 . . . χN⟩= |χiχjχ1 . . . χN⟩. (2.23)
Using this fact and repeating the derivation above, we find what we call the

bosonic canonical commutation relations
[bi, bj] = 0 (2.24)[︂
b†

i , b
†
j

]︂
= 0 (2.25)[︂

bi, b
†
j

]︂
= δij. (2.26)
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2.1.2 Jordan-Wigner transformation
In order to make use of the full power of the creation and annihilation op-

erator formalism in DMRG, we will need to find the matrix representation of
those operators. In fact, DMRG is different from other methods used in quantum
chemistry in that it uses and stores the explicit matrix form of these operators
unlike the other methods, where the formalism of creation and annihilation op-
erators serves as a tool in the derivation of the final equations which are then
implemented.

For simplicity let us first assume a single fermionic spinorbital. Then we have
the following simple 2-dimensional basis as the orbital can be either occupied
or empty: { |0⟩, |1⟩}. Then, using the expected behavior of the creation and
annihilation operators on these two basis states

a |0⟩= 0, a |1⟩= |0⟩, a† |0⟩= |1⟩, a† |1⟩= 0, (2.27)

we can get a matrix representation of the two operators in this basis

a =
(︄

0 1
0 0

)︄
, a† =

(︄
0 0
1 0

)︄
. (2.28)

Notice that these two matrices are identical to the spin-1/2 ladder operators
σ+, σ− defined from the Pauli matrices σx, σy, σz as

σ+ = σx + iσy, σ− = σx − iσy. (2.29)

For improved readability of the equations, we will use the notation of the sigma
matrices, even though the operators introduced here have no direct relation to
the spin-1/2 operators themselves.

It is easily shown that this form of the two operators satisfy the anticommu-
tation relations required for fermionic creation and annihilation operators

{︂
a, a†

}︂
=
(︄

0 1
0 0

)︄
·
(︄

0 0
1 0

)︄
+
(︄

0 0
1 0

)︄
·
(︄

0 1
0 0

)︄
=
(︄

1 0
0 1

)︄
= id, (2.30)

where we use id to denote the identity matrix.
When we increase the number of spinorbitals to more than one, we work with

a Fock space that can be written as a tensor product of the 2-dimensional basis
set mentioned above for each spinorbital

{ |0⟩, |1⟩} ⊗ { |0⟩, |1⟩} ⊗ · · · ⊗ { |0⟩, |1⟩}⏞ ⏟⏟ ⏞
k times

, (2.31)

with k being the total number of spinorbitals. We could try to introduce the
creation and annihilation operators for each spinorbital just by using the matrix
form of the operators as defined in Eq. 2.28 acting on the subspace of a single
spinorbital, which is equivalent to

ai = id ⊗ id ⊗ . . . id⏞ ⏟⏟ ⏞
i−1 times

⊗σ+ ⊗ id ⊗ · · · ⊗ id, (2.32)

and similarly with σ− for the creation operators a†
i .
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This form of the operators is not correct for fermions as such defined opera-
tors do not satisfy the required anticommutation relations. While the relations
between operators acting on the same orbital are satisfied, operators acting on
different orbitals commute, which leads to a nonzero anticommutator. However,
creation and annihilation operators of this form are used for a different class of
particles called hardcore bosons. Hardcore bosons are used as an approximation
to describe particles which are of bosonic nature, but nevertheless cannot occupy
the same point of space due to strong close range repulsive interaction.21

To achieve the correct fermionic anticommutation relations for all creation and
annihilation operators, we use the Jordan-Wigner transformation.22 This results
in operators of the form

ai = σz ⊗ σz ⊗ · · · ⊗ σz⏞ ⏟⏟ ⏞
i−1 times

⊗σ+ ⊗ id ⊗ · · · ⊗ id, (2.33)

a†
i = σz ⊗ σz ⊗ · · · ⊗ σz⏞ ⏟⏟ ⏞

i−1 times

⊗σ− ⊗ id ⊗ · · · ⊗ id, (2.34)

with σz being one of the Pauli matrices defined as

σz =
(︄

1 0
0 −1

)︄
, (2.35)

and the other operators having the same form as has been used before in this
section.

The σz operator anticommutes with both σ+ and σ−, which means that the
anticommutator of two creation or annihilation operators of different orbitals
vanishes

{ai, aj} = aiaj + ajai =
=σ2

z ⊗ · · · ⊗ σ2
z⏞ ⏟⏟ ⏞

i−1 times

⊗σ−σz ⊗ idσz ⊗ · · · ⊗ idσz ⊗ idσ− ⊗ id2 ⊗ · · · ⊗ id2+

+σ2
z ⊗ · · · ⊗ σ2

z ⊗ σzσ− ⊗ σzid ⊗ · · · ⊗ σzid ⊗ σ−id ⊗ id2 ⊗ · · · ⊗ id2 =
= id ⊗ · · · ⊗ id ⊗ σ−σz ⊗ σz ⊗ · · · ⊗ σz ⊗ σ− ⊗ id ⊗ · · · ⊗ id+
+ id ⊗ · · · ⊗ id ⊗ σzσ− ⊗ σz ⊗ · · · ⊗ σz ⊗ σ− ⊗ id ⊗ · · · ⊗ id =
= id ⊗ · · · ⊗ id ⊗ {σz, σ−} ⊗ σz ⊗ · · · ⊗ σz ⊗ σ− ⊗ id ⊗ · · · ⊗ id =
= id ⊗ · · · ⊗ id ⊗ 0 ⊗ σz ⊗ · · · ⊗ σz ⊗ σ− ⊗ id ⊗ · · · ⊗ id = 0,

(2.36)

which is what we wanted to achieve.
While this form of operators is good when we are working with relativistic

bispinors23, or in cases where we neglect spin completely, when we use the same
spatial orbitals for both spins we prefer to use one site for both spins, with 4
possible occupation states {| ⟩, |↑ ⟩, | ↓⟩, |↑↓⟩}. Luckily, we can easily transform
the matrix representation we just constructed to this new form, as the basis of
this site can be written as a tensor product of two spinorbital spaces, one for the
spin up and one for the spin down electron {|0⟩, |1⟩}↑ ⊗ {|0⟩, |1⟩}↓. This means
that we can get the matrix form of the operators by taking the operators from
the spinorbital basis, associating the spinorbitals into pairs, and evaluating the
tensor product between each two paired operators. We can also make the final
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expressions more elegant by introducing the 4 × 4 identity matrix Id, and the
4 × 4 matrix of the phase operator

Ph = σz ⊗ σz =

⎛⎜⎜⎜⎝
1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

⎞⎟⎟⎟⎠ . (2.37)

The resulting matrix expressions then are

a↑i =Ph ⊗ · · · ⊗ Ph ⊗ (σ+ ⊗ id) ⊗ Id ⊗ · · · ⊗ Id (2.38)
a↓i =Ph ⊗ · · · ⊗ Ph ⊗ (σz ⊗ σ+) ⊗ Id ⊗ · · · ⊗ Id (2.39)
a†

↑i =Ph ⊗ · · · ⊗ Ph ⊗ (σ− ⊗ id) ⊗ Id ⊗ · · · ⊗ Id (2.40)
a†

↓i =Ph ⊗ · · · ⊗ Ph ⊗ (σz ⊗ σ−) ⊗ Id ⊗ · · · ⊗ Id (2.41)

2.1.3 Operators in a truncated basis
While the Jordan-Wigner transform gives us the operators in the full Fock

space of all possible occupations of k orbitals, the size of this space grows as
4k. This exponential growth of the space we are working with soon becomes a
problem when trying to increase the number of orbitals and is behind the quite
hard limits on what can be calculated with the FCI method. Luckily, in DMRG
we truncate the size of this configuration space, hopefully without much impact
on the resulting solution. To illustrate as an example, let’s take the full basis
of two sites and see what happens to these operators when we restrict the basis
to some subset of the Fock space. A convenient choice would be to reduce the
original basis set to up to at most 2 electrons, and restricting the states with two
electrons to be in a singlet spin state.

As a result, the original two site basis with a total of 42 = 16 states reduces
to a new basis with just 8 states:

| ⟩| ⟩, |↑ ⟩| ⟩, | ↓⟩| ⟩, | ⟩|↑ ⟩, | ⟩| ↓⟩, |↑↓⟩| ⟩, | ⟩|↑↓⟩, 1√
2

(|↑ ⟩| ↓⟩ − |↓ ⟩| ↑⟩) .

To express the operators in this basis we can choose one of two approaches, either
directly calculating the individual matrix elements, as we know how the creation
and annihilation operators act on any of these states (with carefully including the
correct phase signs), or explicitly constructing the transformation matrix to this
basis, and using it to transform the operators obtained from the Jordan-Wigner
transformation. Here we will use the second approach, as it is more closely related
to what happens in the DMRG method. But first let us reorder the truncated
basis to a similar order as the original basis of the Jordan-Wigner representation
{| ⟩, |↑ ⟩, | ↓⟩, |↑↓⟩} ⊗ {| ⟩, |↑ ⟩, | ↓⟩, |↑↓⟩}, as this will lead to a nicer form of the
transformation matrix. The basis set will then be:

| ⟩| ⟩, | ⟩|↓ ⟩, | ⟩| ↑⟩, | ⟩|↑↓⟩, |↓ ⟩| ⟩, | ↑⟩| ⟩, 1√
2

(|↑ ⟩| ↓⟩ − |↓ ⟩| ↑⟩) , |↑↓⟩| ⟩.
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In this basis, the transformation matrix takes the form:

O =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0− 1√

2 0 0 0 1√
2 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (2.42)

The matrix will be much simpler to work with, if we transform it to a block
matrix with 4x4 blocks, using temporary designation of Q,R and S for the three
nonzero blocks in the lower half of the matrix. Then we have simply

O =
(︄

Id 0 0 0
0 Q R S

)︄
(2.43)

with

Q =

⎛⎜⎜⎜⎜⎝
1 0 0 0
0 0 0 0
0 0− 1√

2 0
0 0 0 0

⎞⎟⎟⎟⎟⎠, R =

⎛⎜⎜⎜⎜⎝
0 0 0 0
0 1√

2 0 0
0 0 1 0
0 0 0 0

⎞⎟⎟⎟⎟⎠, and S =

⎛⎜⎜⎜⎝
0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0

⎞⎟⎟⎟⎠ .

Now we can proceed with the actual transformation of the operators. If we
take for example the spin up annihilation operator on the first site a↑1 which in
the J-W representation has the block matrix form

(a↑1)J-W = A↑ ⊗ Id =

⎛⎜⎜⎜⎝
0 0 Id 0
0 0 0 Id
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠ . (2.44)

The transformation then takes the form

(a↑1) = O(a↑1)J-WO
T =

=
(︄

Id 0 0 0
0 Q R S

)︄⎛⎜⎜⎜⎝
0 0 Id 0
0 0 0 Id
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

Id 0
0 QT

0 RT

0 ST

⎞⎟⎟⎟⎠ =
(︄

0 R
0 ST

)︄
.

(2.45)

Similarly, for the a†
↑2 operator, we get

(a†
↑2) = O(a†

↑2)J-WO
T = O(Ph ⊗ A†

↑)OT

=
(︄

Id 0 0 0
0 Q R S

)︄⎛⎜⎜⎜⎜⎝
A†

↑ 0 0 0
0 −A†

↑ 0 0
0 0−A†

↑ 0
0 0 0 A†

↑

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎝

Id 0
0 QT

0 RT

0 ST

⎞⎟⎟⎟⎠ =
(︄

A†
↑ 0

0 −QA†
↑Q

T

)︄
.

(2.46)
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Finally, we can also in the same way express any chain of operators, for example
a↑1a

†
↑2

(a↑1a
†
↑2) = O(a↑1)J-W(a†

↑2)J-WO
T = O(A↑ ⊗ Id)(Ph ⊗ A†

↑)OT =
(︄

0 −A†
↑R

T

0 −QA†
↑S

T

)︄
.

(2.47)
Notice that it would not be sufficient to just multiply the matrix expressions

of the two operators in this basis, as we would get(︄
0 R
0 ST

)︄(︄
A†

↑ 0
0 −QA†

↑Q
T

)︄
=
(︄

0 −RQA†
↑Q

T

0 0

)︄
. (2.48)

The bottom right block vanishes as STQ = 0. On the other hand, evaluating
the bottom right block from the direct basis transformation of the operator pair
gives us a nonzero matrix

−QA†
↑S

T =

⎛⎜⎜⎜⎜⎝
0 0 0 0
0 0 0 0
0 0 0 1√

2
0 0 0 0

⎞⎟⎟⎟⎟⎠ . (2.49)

This is because what we are essentially doing with the matrices is

(ab)ij =⟨i| ab |j⟩=
∑︂

k

⟨i| a |k⟩⟨k| b |j⟩=
∑︂

k

(a)ik(b)kj. (2.50)

To do that, however, we rely on the resolution of identity ∑︁i |i⟩⟨i| = 1, which does
not hold in the truncated basis. If we look at the bottom right block of the a↑1a

†
↑2

operator, we see that the only nonzero element corresponds to the matrix element
⟨↑↓|⟨ | a↑1a

†
↑2

1√
2(|↑ ⟩| ↓⟩− | ↓⟩|↑ ⟩), so it makes sense this element is zero in the

product of truncated basis operators, as the element goes via an intermediate
state |↑ ⟩|↑↓⟩, which does not belong to the truncated basis.

An extreme example of this would be taking a basis with only the states con-
taining some fixed number of electrons. In that basis, all the single creation and
annihilation operators are identically zero, as they change the particle number,
but their products containing the same number of creation and annihilation op-
erators must be generally nonzero, as these form the Hamiltonian of the system.

2.2 Hamiltonian diagonalization
Now that we have an idea what our operators look like, we can move on to

our ultimate task, which would be to diagonalize the Hamiltonian. The DMRG
algorithm is not particularly picky about the Hamiltonian used, but for now, we
will stick to the Quantum Chemical (QC) electronic Hamiltonian, which is the
centerpiece of the field of quantum chemistry. For the RHF case it has the second
quantized form

HQC =
∑︂
i,j,σ

hija
†
i,σaj,σ + 1

2
∑︂

i,j,k,l,σ,σ′
⟨ij|kl⟩ a†

i,σa
†
j,σ′al,σ′ak,σ, (2.51)
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where σ, σ′ represent the spin degrees of freedom, while the other indices sum
over the spatial orbitals. The one and two electron integrals are defined as

hij =
∫︂

d3x

(︄
−φ∗

i (x) ℏ2

2me

∆φj(x) −
∑︂

I

e2

4πϵ0
φ∗

i (x) ZI

|x−XI |
φj(x)

)︄
(2.52)

⟨ij|kl⟩ =
∫︂∫︂

d3x d3x′ e2

4πϵ0

φ∗
i (x)φ∗

j(x′)φk(x)φl(x′)
|x− x′|

, (2.53)

where φ(x) are the spatial orbital functions. The index I goes over all the nuclei,
with XI being their positions and ZI their proton numbers.

2.2.1 Hamiltonian splitting
As mentioned previously, DMRG is based on the separation of the Hilbert

space into two parts called the Left and Right block, and similarly splitting the
Hamiltonian into parts acting on each of the blocks the according to equation
(2.2). We will now look in more detail how the Hamiltonian is split in the case
of the quantum chemical Hamiltonian.

The one electron Hamiltonian in the spinorbital representation∑︁i,j hija
†
iaj has

two second quantized operators, which leads to four possible ways of assigning
the operators to the individual blocks⎧⎨⎩∑︂

i,j∈L
hija

†
iaj

⎫⎬⎭
L

⊗ {id}R , (2.54)

∑︂
j∈R

⎧⎨⎩∑︂
i∈L

hija
†
i

⎫⎬⎭
L

⊗ {aj}R , (2.55)

−
∑︂
j∈R

⎧⎨⎩∑︂
i∈L

hijai

⎫⎬⎭
L

⊗
{︂
a†

j

}︂
R
, (2.56)

{id}L ⊗

⎧⎨⎩∑︂
i,j∈R

hija†
i aj

⎫⎬⎭
R

. (2.57)

Here we should note several things. First would be the fact that terms (2.54)
and (2.57) only act on one of the blocks, while the other terms mediate some form
of interaction between the two blocks. As a result the interaction terms cannot
be written as a single tensor product, but need to be written as a sum over one
of the indices. As a result, some of the summations are performed inside one of
the blocks and form a single tensor product, while the outer summations in terms
(2.55) & (2.56) are over the individual tensor products. We will focus on this in
more detail later in section 2.2.2.

The other thing to note is the minus sign in front of term (2.56), which is a
manifest of the fermionic nature of the electrons in our Hamiltonian. To get the
one electron Hamiltonian operators in ordering we need, with the annihilation
operator on the left, we need to switch the two operators which gives us a minus
sign from the anticommutation relations.

Third thing to note is that due to the representation of the operators through
the Jordan-Wigner transformation, the operators on the Right block also have a
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nontrivial action on the Left block, acting through a phase operator. This has
been omitted in eqs. (2.54) through (2.57) for clarity, and we will deal with this
later too.

The last thing to stress is, so far we the Hamiltonian we have split in this
example is written in spinorbitals, however, later, we will prefer to turn to the
spatial orbitals and distinguish between α and β operators instead. This will give
us twice as many terms, however some of the terms can be merged together, as we
will show later in section 2.2.2 when we focus on the presummation of operators.

The two-electron part of the Hamiltonian has four operators, which gives us
much larger amount of ways how the operators can be distributed among the
blocks. We generally have the possibility to have 0, 1, 2, 3 or 4 operators in the
Left block, and the rest would end up in the Right block.

In the case of no operators in the Left block we have only one term in the
case of spinorbitals, which turns to four in the case of spatial orbitals (↑↑↑↑, ↑↑↓↓,
↓↓↑↑, ↓↓↓↓). These again can be merged together. Similarly we can find that
for one operator in the Left block we get four options, of which two and two are
identical (8 different options for the spatial orbitals) and three different terms for
two operators in each block (10 for spatial orbitals). Since the Left and Right
blocks are identical, the last two cases are equivalent to the second and first cases
respectively.

This gives us a total of 34 terms in the spatial orbital basis. And since each
term means calls for the storage of at least one additional operator in memory,
we need to try to reduce the number of operators as much as possible. However,
DMRG will still remain limited more by the memory available than by the CPU
power.

2.2.2 Presummation of operators
One of the crucial tricks used to reduce the number of necessary operators to

store is the presummation trick. Lets show it on the example of one of the terms
in the two electron Hamiltonian, with the operator a†

↑i in the Left block and the
operators a†

↑ja↑ka↑l in the Right block. These operators are then contracted with
the two electron integrals V ↑↑↑↑

ijlk to form the Hamiltonian element
∑︂

i∈L,jkl∈R
V ↑↑↑↑

ijlk

{︂
a†

↑i

}︂
L

⊗
{︂
a†

↑ja↑ka↑l
}︂

R
(2.58)

While we could store only the creation and annihilation operators, and do the
contraction with the indices only during the Hamiltonian formation, we need
to remember that the operators have also orbital indices increasing the storage
requirements for for a single iteration to kNM2, where M is the number of renor-
malized states, k is the number of sites in the given block, and N is the number
of creation and annihilation operators in the given operator.

This means that in our example on the Right block our ”bare” operator has
the size on the order of k3

R, where kR is the number of sites in the Right block.
However, we can form the sum

Opi =
∑︂

jkl∈R
V ↑↑↑↑

ijlk a†
↑ja↑ka↑l. (2.59)
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This new object is an operator with only one index i, which has the dimension
of the number of sites in the Left block kL. This means that in most cases if we
store this new, ”presummed” operator, we will use much less memory than we
would use for the original operator, as well as significantly reduce the number of
operations performed in the diagonalization step.

The new Hamiltonian term will now be∑︂
i

{︂
a†

↑i

}︂
L⊗
{︂
Opi

}︂
R

(2.60)

Another advantage of the presummation is that we can merge several terms
into a single presummed operator. In our example, three other different two
electron Hamiltonian operator combinations contain the operator a†

↑i in the Left
block.

∑︂
jkl∈R

V ↑↑↑↑
jikl a

†
↑ja↑ka↑l,

∑︂
jkl∈R

V ↑↑↓↓
ijlk a†

↓ja↓ka↑l, and
∑︂

jkl∈R
V ↓↓↑↑

jikl a
†
↓ja↓ka↑l (2.61)

Due to the two electron integral symmetry, however, the last two terms are
identical and can be reduced to a single operator with a multiplicative factor of
two, and the first one is identical to the presummed operator in our example.

For simplicity, as each operator has several contributions, we can denote the
presummed operator by their partner on the other block. Our example operator
thus will be

OpΣ
[︂
a†

↑

]︂
i

= 2 ·
∑︂

jkl∈R
V ↑↑↑↑

ijlk a†
↑ja↑ka↑l + 2 ·

∑︂
jkl∈R

V ↑↑↓↓
ijlk a†

↓ja↓ka↑l. (2.62)

The last term coupled to a†
↑i in the Left block is the operator ∑︁j∈R h

↑↑
ij a↑j.

This term may or may not be present, depending on whether we sum the one
electron integral with the Left block operator or the Right block one. Actually the
decision whether to perform the presummation on the the Left or Right block for
a given operator is important for the computational cost. For operators, where we
have a different number of operators, the choice is obvious. Even in cases with
a large difference between the number of sites in the two blocks, the different
exponents in the scaling (kL vs k3

R in our example ) favor to form a pressumed
operator on the side with more second quantized operators with the exception of
the very few sites on the edges of the MPS.

However, in the case of operators split evenly between the blocks, which would
mean primarily two electron terms with two second quantized operators in each
block, the scaling is the same for both blocks. The ideal choice in this case
is to have the presummed operator in the block which has more sites. This
means we will have to form a presummed operator from the non-presummed
one in the middle of the sweep. But it is important to realize that while this
optimization through changing the presummation pattern over the sweep can
save computational resources, it does not change the asymptotic scaling of the
algorithm, and some DMRG codes choose not to use it, going for a simpler
implementation instead.
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2.2.3 Hermitian conjugate terms
Another thing we can use to reduce the total number of operators needed to

be stored is that some terms in the Hamiltonian are conjugate to each other.
Continuing our example, using the term{︂

a†
↑i

}︂
L⊗
{︂
OpΣ

[︂
a†

↑

]︂
i

}︂
R
, (2.63)

with OpΣ
[︂
a†

↑

]︂
i

defined in (2.62). As we usually work with Hamiltonians that are
Hermitian. This means that the Hermitian conjugate term needs to be present
as well. This conjugate term will be

−
{︂
a↑i

}︂
L⊗
{︂
OpΣ[a↑]i

}︂
R
, (2.64)

with the presummed operator OpΣ[a↑]i defined as

OpΣ[a↑]i = 2 ·
∑︂

jkl∈R
V ↑↑↑↑

ijlk a↑ja
†
↑k
a†

↑l
+ 2 ·

∑︂
jkl∈R

V ↑↑↓↓
ijlk a↓ja

†
↓k
a†

↑l
. (2.65)

Note that there is a minus sign in front of the term, because we needed to bring
the a↑i operator to the front of the operator sum.

Since we have identified these terms as being conjugates of each other, we
may now proceed to use this fact to reduce the number of operators. Since in the
renormalized basis the operators a†

↑ and a↑ are represented as real matrices, their
matrices will be identical except for a transposition. This means we do not need
to store both operators, but it is sufficient to keep one, and use its transposition
when we need the other. Similarly, we only need to store one of the presummed
operators OpΣ

[︂
a†

↑

]︂
and OpΣ[a↑].

This way, we are able to reduce the number of operators nearly in half. A
few terms cannot be reduced in this way, however, as they are already their own
Hermitian conjugates.

2.2.4 Quadratic operators
Another saving can be achieved for the operators with two orbital indices such

as a†
↑i
a†

↑j
. Obviously the operator is symmetric, so this is equivalent to a†

↑j
a†

↑i
.

There is thus no need to store both of these. This means, if we have k sites in
the corresponding block, instead of the total k2 operator matrices, we only need
to store the k(k + 1)/2 elements of the triangle.

As a result, in the corresponding Hamiltonian term we do not sum over the
full indices i, j, but it is sufficient to sum over the triangle i ≥ j, including the
remaining terms with factor of two. This would mean that instead of∑︂

i,j∈R

{︂
OpΣ

[︂
a†

↑j
a†

↑i

]︂}︂
L⊗
{︂
a†

↑j
a†

↑i

}︂
R

(2.66)

we would have ∑︂
i≥j∈R

2
{︂
OpΣ

[︂
a†

↑j
a†

↑i

]︂}︂
L⊗
{︂
a†

↑j
a†

↑i

}︂
R
. (2.67)
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This, however, would mean that the diagonal term i = j would be counted twice.
To mitigate this we need to correct with a factor 1

2 the diagonal, which can be
written formally as ∑︂

i≥j∈R

(2 − δij)
{︂
OpΣ

[︂
a†

↑j
a†

↑i

]︂}︂
L⊗
{︂
a†

↑j
a†

↑i

}︂
R
. (2.68)

An identical situation would be for the row with a†
↓i
a†

↓j
, while the remaining two

rows with a↑ia↑j and a↓ia↓j can be added as the Hermitian conjugates of the two
rows.

The situation is different for other combinations of two operators. For the
row ∑︂

i,j∈R
2
{︂
OpΣ

[︂
a†

↑j
a↑i

]︂}︂
L⊗
{︂
a†

↑j
a↑i

}︂
R

(2.69)

we cannot use the same trick as obviously a†
↑i
a↑j ̸= a†

↑j
a↑i. However, this row,

as we have mentioned earlier, is its own Hermitian conjugate. This means that
we still can use the upper triangle and include the other contribution as the
Hermitian conjugate row. We thus get for this row∑︂

i≥j∈R

(2 − δij)
{︂
OpΣ

[︂
a†

↑j
a↑i

]︂}︂
L⊗
{︂
a†

↑j
a↑i

}︂
R

+ h.c., (2.70)

Finally, for quadratic operators with opposite spins we have no redundancy
and as such we cannot achieve any saving, except for the identification of Hermi-
tian conjugate rows. However, we can still separate each operator into its upper
triangular and lower triangular part, with the motivation of keeping all quadratic
operators triangular and not needing to keep track of which operators are trian-
gular and which are not. Note, that in such case operators as ”a†

↑a
†
↓” and ”a†

↓a
†
↑”

are not equivalent, and we need to store both. It is also necessary to avoid double
counting of the diagonal terms.

2.2.5 Phases
One thing which we have not dealt with and which would actually be a mistake

affecting the results instead of just being a mere optimisation, are the phase
operators.

As we mentioned earlier, the fermionic nature of creation and anihilation
operators needs to be taken care of through the Jordan-Wigner transformation.
This means that any fermionic creation or annihilation operator acts on all the
sites to the left with a phase operator. This needs to be taken care of when
splitting the action of operators between the Left block and the Right block. for
example, if we take the simple operator a†

↑i
, it has one index i and depending on

its value, it ends up either in the Left or Right block. If we take the exact form
from the Jordan-Wigner transformation, and separate it into the left and right
blocks

29



a†
↑i

= Ph ⊗ · · · ⊗ Ph ⊗ (σ− ⊗ id) ⊗ Id ⊗ · · · ⊗ Id⏞ ⏟⏟ ⏞{︂
a†

↑i

}︂
L

⊗ Id ⊗ · · · ⊗ Id⏞ ⏟⏟ ⏞
{id}R

, (2.71)

a†
↑i

= Ph ⊗ · · · ⊗ Ph⏞ ⏟⏟ ⏞
{ph}L

⊗ Ph ⊗ · · · ⊗ Ph ⊗ (σ− ⊗ id) ⊗ Id ⊗ · · · ⊗ Id⏞ ⏟⏟ ⏞{︂
a†

↑i

}︂
R

, (2.72)

We can clearly see that if the operator is in the Left block, it does not act on the
Right block and we can combine it with an identity operator on the Right block{︂

a†
↑i

}︂
L⊗
{︂
id
}︂

R
. (2.73)

On the other hand, if the operator is in the Right block, we get a phase acting
on the Left block {︂

ph
}︂

L⊗
{︂
a†

↑

}︂
R
. (2.74)

If we combine more creation and annihilation operators in a single operator
string, such as a†

↑i
a†

↑j
, where i ∈ L and j ∈ R, when this operator string is applied

to a vector, such as the wavefunction, we apply the operators sequentially from
the right. This means the Right block operators are applied first, which means
that we might need to apply a phase operator to the Left block before applying
the Left block operator.

2.2.6 Blocking
Now we know how to form the Hamiltonian from the operators acting on the

large Left and Right blocks. From the previous iteration we however do not have
the operators on the large blocks, but instead the operators on the former large
block become the new small block operators, and we need to form the operators
as a combination of operators acting on the left block and on one of the sites, in
a procedure called blocking.

As we will see later, we do not have to form the operators of the large block
explicitly, thus avoiding the blocking procedure itself, but we still use the rules for
the formation of the enlarged operator, so it is useful to describe the procedure
anyway.

If we need to form an unpresummed operator, our job is a bit simpler. for
example, the quadratic operator a†

↑i
a↑j can be formed in different ways, depending

on how many of the two indices of the newly formed operator end up on the added
site. However, there is no overlap between the cases, so each of the elements of
the new operator comes from exactly one combination of operators on the small
block and site, and we construct the operator from individual pieces, like a jigsaw
puzzle.

We can thus write the new operator as

{︂
a†

↑i
a↑j

}︂
L

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

{︂
a†

↑i
a↑j

}︂
l⊗
{︂
id
}︂

q
for i, j ∈ l

{︂
a†

↑i

}︂
l⊗
{︂
a↑
}︂

q
for i ∈ l, j ∈ ql

{︂
id
}︂

l⊗
{︂
a†

↑a↑
}︂

q
for i, j ∈ ql

(2.75)
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where we assumed that i < j.
For presummed operators, the situation is a bit different. Here the indices of

the new operator do not run over the sites of the given block, but actually over the
sites on the other block, matching the indices of the corresponding unpresummed
operator on that block. As a result, the rules for the formation of the operator
are not dependent on the value of the indices, which can fall either into the right
site or the right block, but instead, each index is formed as a sum of several
contributions.

For example, the complementary presummed operator to the one used as our
previous example, OpΣ

[︂
a†

↑i
a↑j

]︂
, would be formed as

{︂
OpΣ

[︂
a†

↑i
a↑j

]︂}︂
L

=
{︂
OpΣ

[︂
a†

↑i
a↑j

]︂}︂
l⊗
{︂
id
}︂

q
+
∑︂

k

⟨ki|qj⟩
{︂
a†

↑k

}︂
l⊗
{︂
a↑
}︂

q
+

+⟨qi|qj⟩
{︂
id
}︂

l⊗
{︂
a†

↑a↑
}︂

q
+
∑︂

k

⟨ki|qj⟩
{︂
a†

↓k

}︂
l⊗
{︂
a↓
}︂

q
+

+⟨qi|qj⟩
{︂
id
}︂

l⊗
{︂
a†

↓a↓
}︂

q
+
∑︂

k

⟨ki|qj⟩
{︂
a↑k

}︂
l⊗
{︂
a†

↑

}︂
q

+

+
∑︂

k

⟨ki|qj⟩
{︂
a↓k

}︂
l⊗
{︂
a†

↓

}︂
q
,

(2.76)

Where the index q corresponds to the left site. In practice the operator a↑

on the Left block would be written as
(︂
a†

↑

)︂T
to avoid storing both the a↑ and a†

↑
operators. The same holds for the a↓ operator.

2.2.7 Matricization trick
One thing used to reduce the computational scaling of the DMRG method

is the matricization trick. In DMRG, when we apply the operators to the wave
function we need to perform multiple operations of the form

(A⊗B) · c⃗, (2.77)

where A and B are n times n matrices and c⃗ is a vector with n2 elements. This is
due to the bipartite splitting of the Hamiltonian, where one operator acts on the
Left block, while the other one acts on the Right one. If we first performed the
Kronecker product of the two matrices, which we would then apply to the vector
c⃗ , we would have two steps with O(n4) scaling. However, we can use the tensor
product structure of the operator by rewriting the vector c⃗ as an n× n matrix C
instead. By doing this we can rewrite the operation as

(A⊗B) · c⃗ → A · C ·BT. (2.78)

This is incredibly useful, as are now looking at two O(n3) matrix matrix multi-
plications.a

What does this mean in the DMRG method? We have two sets of many-body
states, the basis of the Left and Right blocks. (We assume the two site algorithm
with both blocks enlarged.) The wavefunction is then expressed in a basis that

aActually, the exponent can be even a bit less than three in more advanced algorithms.
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is a cartesian product of the two sets. However, instead of writing the wave
function as a simple vector in this basis, we write the wave function as a matrix
(or more precisely, a bivector). This means the wave function has two indices,
one running through the Left block states and the other through the Right block
ones. Earlier, we discussed the need to separate each of the Hamiltonian terms
into contributions acting on the Left and on the Right blocks. For two operators
O,P on the Left and Right blocks applied to the wave function we would have

Ψ̃LR =
∑︂
L′R′

OLL′ΨL′R′PT
RR′ (2.79)

As a result the Left block operators act only on one of the indices of the wave
function, while the Right block operators act on the other one. And since the
operators are already expressed in the corresponding basis as a matrix, the whole
procedure reduces to the matrix matrix multiplication shown previously.

However, the basis of each of the enlarged blocks is just the tensor product
of the basis of the small block with the basis of a single site. It is thus beneficial
to perform the matricization trick recursively once more, splitting each of the
indices of the wave function into two. Our wave function then becomes a rank
four tensor, with two indices corresponding to the two explicit sites, while the
other two are the small left and right blocks. In the case of two operators O,P
on the left and right blocks and operators QR on the sites we would get

Ψ̃lq1q2r =
∑︂

l′q′
1q′

2r′

Ψl′q′
1q′

2r′Oll′P
T
rr′Qq1q′

1
RT

q2q′
2

(2.80)

This allows us to avoid explicitly forming the enlarged operator in the blocking
procedure, instead using the rules for the formation of the blocked operator to
get a list of different combinations of operators acting on the smaller block and
on the corresponding site.

In summary, the application of the Hamiltonian to the wavefunction proceeds
such that we first look at the different bipartite splittings of the Hamiltonian,
getting a list of contributions of operators on both of the enlarged blocks. For
each row we then look at the blocking table for each of the operators, which gives
us several ways to form the enlarged operator from a small block operator and
a site operator. All the operator contributions then get combined into a large
table, where each row gives a specific combination of operators on the two sites
and the small left and right blocks.

To apply the Hamiltonian to the wavefunction, for each row of this table, get
the 4 relevant operator matrices, and do a contraction with the corresponding
wavefunction indices. The contributions from the individual rows are simply
summed together.

This is actually useful for the parallelization of the DMRG algorithm, by only
preparing a list of tasks corresponding to individual matrix matrix multiplications
and then performing the tasks in parallel, even across multiple computational
nodes using the MPI interface.

2.3 Diagonalization algorithms
Many algorithms have emerged in numerical linear algebra to find the eigen-

values of a matrix. However not all of them can be used in quantum chemistry.
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Over the years, as the size of the systems calculated increased, so did the size of
the Hamiltonian matrix. This eventually restricted the available algorithms for
matrix diagonalization, forcing us to target only a few selected eigenvalues. Even-
tually, one method has become dominant, the Davidson method24. This method
is useful in the case that you need only a few lowest or highest eigenvalues of a
large symmetric diagonally dominant matrix. This is exactly the type of problem
we solve in quantum chemistry. The great advantage of the Davidson method
is that we do not even need the Hamiltonian matrix explicitly formed, but it is
sufficient to be able to apply the matrix to a vector. This is perfect, since in
DMRG our Hamiltonian is just a list of operator combinations which we need to
apply to the wave function.

The Davidson method is based on the projection of the Hamiltonian to a
smaller Krylov space and diagonalizing it in that space. This is similar to several
other methods for finding the eigenvalues of a matrix, with the difference being
mostly in the way the projection space is expanded.

In the Davidson algorithm we start with a single guess vector v⃗0, for which we
require not to be orthogonal to the exact eigenvector we are looking for. In each
iteration we then add another vector v⃗i to the projection space. The formula for
the new vector v⃗i will be shown later, We then form the projected Hamiltonian
matrix V T

i HVi, where by V T
i we denote the projector to the space {v⃗0, v⃗0, · · · , v⃗i},

where v⃗0, · · · , v⃗i form an orthonormal basis, and Vi the projector from this smaller
space back to the full space.

We then diagonalize this smaller projected Hamiltonian to obtain pairs of
eigenvalues µi and eigenvectors y⃗i of the projected matrix. The lowest eigenpair
is then transformed back to the full basis to obtain approximations to the eigen-
values and eigenvector which in this case are called Ritz values and vectors. The
Ritz value λ̃i is equal to the corresponding eigenvalue µi, while the Ritz vector
˜⃗xi is calculated from ˜⃗xi = Viy⃗i.

The error of the Ritz pair
{︂
λ̃i, ˜⃗xi

}︂
can be calculated as ||H ˜⃗xi − λ̃i

˜⃗xi||. The
entity inside the norm r⃗i = H ˜⃗xi − λ̃i

˜⃗xi is called the residual, and is used for
expanding the projection space. The norm of the residual vector is also used as
a criterion for convergence. In the Davidson method we calculate the new vector
v⃗i+1 as

v⃗i+1 =
(︂
λ̃iI −HDiag

)︂−1
ri, (2.81)

where HDiag is the diagonal of the Hamiltonian, and I is an identity matrix of
the same size as the Hamiltonian. The resulting update vector v⃗i+1 needs to be
orthogonalized with respect to all the other vectors v⃗0, · · · , v⃗i. We then repeat this
procedure until the norm of the residual vector ||ri|| is below some convergence
threshold.

Often, to avoid the memory and computational requirements growing too
much, we need to set a maximum size of the projected space. If this limit is
reached, the procedure is restarted, taking only the latest Ritz vector as the new
guess.

With this procedure we are able to find the lowest eigenvalue of Hamilto-
nian, which corresponds to the ground state of the molecule. Often, however,
we are also looking for the excited states, which means we need to find several
eigenvalues.
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This can be done in several ways. The most simple way is to converge the
lowest eigenvalue, then take a guess for the next eigenvector, and repeating the
whole Davidson procedure, while simultaneously making sure the search space is
orthogonal to the already converged eigenvector. This than needs to be repeated
for each required eigenvalue.

This has several disadvantages. First it is difficult to converge a large amount
of excited states this way, as it needs a lot of Davidson iterations to get converged.
Also it is prone to missing states, as if our guess vector is by accident orthogonal
to the the seeked state it will be missing in the final spectrum.

This can be amended in a few ways. One commonly used, known as the
block Davidson method25, works by performing the Davidson algorithm for all
the required eigenstates at the same time. We first prepare a guess vector for
each of the states, then we project the Hamiltonian onto the space spanned by
these vectors and we diagonalize the Hamiltonian, and form Ritz pairs for the
desired states. For each of the pairs, we calculate the residual vectors and if the
eigenvector is not converged, also the update vector for the next iteration.

If we are looking for a specific higher eigenvalue, we can use the harmonic
Davidson algorithm26. This algorithm works by having including a specific pa-
rameter ω, and using a transformation which removes all eigenvalues lower then
ω. This can be used to target excited states without calculating all lower states
if we have some estimate for the energy of the desired excited state. The method
has been used with DMRG before,27 but is not very widespread, and its use has
been limited to some niche applications.

2.4 Renormalization
Now, after finding the lowest eigenvalues, we may think we are finished. How-

ever, since we are working with a truncated basis, we only obtained the best
possible representation in the given basis. However, the basis itself probably
will not be optimal, as we did not do anything with the basis yet. In fact, the
power of DMRG stems from actually improving the basis over the run of the algo-
rithm, in the renormalisation step. This name origins from other parts of physics,
namely the renormalisation theory and it is used because what we are doing is
renormalising the basis used to express the operators used in the Hamiltonian
diagonalization step.

We always renormalize the basis and the operators on a single block, the other
is not affected. This moves one site from the Left block to the Right one or vice
versa, or equivalently, it moves us one site along the MPS chain.

Depending on the direction of the sweep, we can either renormalize the Left
block operators and move one site to the right, or renormalize the Right block
operators an move to the left. In the following text, we assume that we are
renormalizing the Left block for more text clarity, but the other case is analogous.

Depending on the way we treated the Left block basis in the previous proce-
dure, we can either have the blocked operators in the enlarged basis, or we can
still have only the smaller block operators. In the second case, we still need to
perform the blocking procedure before the renormalization.

In DMRG, we choose to modify the basis in such a way that the density matrix
is changed as little as possible. This is done by forming the (reduced) density
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matrix of the enlarged block, diagonalizing it, and throwing away eigenvalues
that are close to zero.

This is done by doing a tensor product of the wavefunction with itself and
tracing over the Right block states. This can be written as

ρii′ =
∑︂
j∈R

ψijψi′j =
(︂
ψψT

)︂
ii′
. (2.82)

The resulting density matrix is then diagonalized, we get the following form.

ρii′ =
∑︂
jk

UijDjkU
T
ki′ , (2.83)

Where U is an unitary transformation matrix, and D is a diagonal matrix con-
taining the eigenvalues.

Since the wavefunction needs to be normalized, we know that the trace of
the density matrix is equal to one. Since diagonalization is a simple similarity
transform, which preserves the trace, the eigenvalues must, similarly, sum up to
one. ∑︂

ij

ψijψij → Tr[ρ] = 1 → Tr[D] = 1. (2.84)

This will be important later, when we talk about about the error caused by
truncating the basis.

Now we can safely assume that, for most problems, at least some of the
eigenvalues will be zero or very close to zero. This means, that if we remove these
eigenvalues from the D matrix, getting a smaller matrix D̃ and similarly remove
the corresponding columns from the U matrix, the change to the density matrix
should be small.

Given that U was a unitary transformation matrix, by dropping columns we
get a rectangular matrix O, transforming into the truncated basis. We can then
proceed to use this matrix to transform the operators into the new basis. Each
eigenvalue then corresponds to a single renormalized state in the renormalized
basis and specifies its importance in the density matrix.

There are several ways how to choose the cutoff for the eigenvalues. Most
commonly, we keep a fixed number of eigenvalues, also called the Bond Dimension
(BD). Since we learned earlier that the eigenvalues sum up to one, by looking at
the sum of the discarded eigenvalues, we can get an estimate of the error caused
by the basis truncation. This value is called the truncation error (TRE).

TRE = 1 − Tr
[︂
D̃
]︂

(2.85)

The other potential idea is to keep the truncation error fixed instead in a process
called Dynamic Block State Selection (DBSS)28. There we specify the target
truncation error, and then select such an amount of the largest renormalized
states to obtain the target truncation error. A good value for the truncation
error would be around 1 · 10−6. However even in this case it is often useful to
set some lower and upper bounds for the number of states. The first is necessary
for the algorithm to avoid the algorithm to fall into a local minimum during
sweeping, where it misses electronic correlation and the number of renormalized
states is kept artificially low over the sweep. The maximum value then keeps the
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computational cost from exceeding the capabilities of the machine if the problem
is complicated.

One thing to notice is, that the states after renormalization are not simple
Slater determinants like in other methods (e.g. CI, CC), but actually are com-
plicated many body states composed of many determinants. The number of
determinants in each renormalized state grows exponentially with the number of
sites in the given block, which means it is not possible to store the basis itself
explicitly but only the representation of operators in this basis.

Now, that we have decided on the basis, we can form the transformation
matrix O from U by selecting only some of the renormalized states as mentioned
earlier. Using this matrix, we can transform an arbitrary operator A as:

A′ = OTAO (2.86)

Where A is the blocked operator expressed in the enlarged basis of the given
block, while A′ is the renormalized operator expressed in the truncated basis,
which will be small block basis in the next iteration.

2.5 Quantum numbers
One issue of second quantization is that we are searching for the wavefunction

from a Hilbert space with a given number of spin up and spin down electrons,
but the creation and annihilation operators a†

↑, a
†
↓, a↑, and a↓ operate on a much

more complicated Fock space.
We know that due to the renormalization each single basis state is a compli-

cated many body object and that we cannot work with the representation of the
basis itself. Yet we would like to end up with a wavefunction containing an exact
number of up and down electrons.

The way to do this is to split the Fock space into sectors by the number
of up and down electrons, and assign the basis states of both blocks to their
respective sectors. To be able to do that, we of course must make sure that states
with different numbers of photons do not mix during the renormalization process.
This also means every tensor becomes a block tensor, with each block being a
tensor corresponding to a single combination of sectors from each of the indices.

Splitting the basis into sectors has several advantages. First, we can split
also the wavefunction, which is a tensor, into a block tensor, where each block
corresponds to one combination of sectors from the basis of the left block, right
block, and the two sites (in the lqqr formulation). And since we know how many
up and down electrons are in each sector, we can easily verify whether the total
number of electrons in that sector of the wavefunctions adds up to to the desired
amount for each of the spins separately. This means that we can zero out all the
wavefunction sectors not having the proper number of up and down electrons,
thus making sure the diagonalized wavefunction ends up with the proper number
of particles.

The other advantage is related to the storage space for the operators. Since
we have the operator separated into sectors, with some simple bookkeeping we
can simply store only the matrices of the nonzero ones. While this may not be
immediately obvious, only a small part of the operators is non zero. For example,
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if we take the a†
↑ operator, assuming the basis has X sectors with an average size

of y, storing the whole operator matrix would mean we need to store a matrix
of the size Xy, requiring a storage of X2y2 for this operator. However, since we
know the operator a†

↑ creates a single spin up electron, we know that if it acts on
an arbitrary basis state with i up and j down electrons, the resulting state needs
to have i+ 1 up and j electrons.

Thus if we act with the a†
↑ operator on any sector (i, j) state, where by (i, j)

we mean the sector with i up and j down electrons, generally only the (i + 1, j)
states can have nonzero overlap with the resulting state. This means that from
all operator matrices corresponding to blocks with the sector with (i, j) on the
ket side, only the matrix corresponding to (i+ 1, j) will be nonzero.

Generally, for any given operator and any ket sector we will have at most a
single nonzero block, which means that if we return to the basis with X sectors
of y size, the storage requirement drops to approximately Xy2, which for the
expected range of X being between ∼ 10 and ∼ 100 means a reduction of around
the same factor in the storage space requirements. This is very significant, since
DMRG requires much more storage space compared to other quantum chemical
methods.

Now that we have dealt with the number of particles quantum number, which
is crucial, we can take a look at other possible quantum numbers. First, we
have the spin quantum numbers, which are used in the spin adapted version of
DMRG29,30. There we replace the quantum numbers for the number of spin up
and spin down electrons with three other quantum numbers - the total number
of electrons, the total spin value, and the Sz projection of the spin. This leads
to a much more complicated blocking/renormalization step, as now, in doing the
tensor product of the small basis with the site basis to obtain the enlarged basis
we need to use the proper Clebsch-Gordan coefficients31 to find the combined
sectors when doing the tensor product of the two bases.

The advantage here is that the spin adapted version reduces the bond di-
mension for a given accuracy to roughly half for singlet states, with diminishing
returns for higher spin states.

The other advantage is that we can target specific spin states in the final wave
function. This is not possible in the version where we specify the number of up
and down electron, as this allows not not only the desired spin state, but also for
a lower Sz projection of any higher spin state. For example setting 6 ↑, 4 ↓ will
allow not only the triplet states, but also the Sz = 1 projection of the quintet,
heptet, etc. This, however, is easily solved using level shifting, which is much
easier to implement than spin-adapted DMRG32.

In many cases in quantum chemistry, we also use the point group symmetry
of the molecule. However for DMRG this is rarely an advantage. This is because
DMRG is intended for use with large active spaces, which are usually necessary
only with larger molecules and those tend to not have any spatial symmetry.
Even in cases, where there is some spatial symmetry, due to the local nature
of electronic corelation, DMRG gains a huge advantage by using spatially local-
ized orbitals, which will not respect the symmetry of the original molecule33. In
most cases the advantage of orbitals respecting the molecular symmetry would
be completely negated by the suboptimal localization of the molecular orbitals.

37



2.6 Expectation values
Of course quantum chemistry is not only about obtaining the energy of the

molecule, but a large part of its usefulness lies in also being able to extract other
molecular properties. In FCI, and other determinant based methods, expectation
values are obtained directly from the expansion coefficients. However, this is
not possible in DMRG, as due to the exponential scaling we cannot work directly
with the coefficients. However, in DMRG, we can obtain the expectation values in
another efficient and elegant way. The expectation value the operator is actually
formed the same way as the Hamiltonian, by renormalizing the Left and Right
block operators.12,34

First, we need to break the expectation value into all passible combinations
on the two blocks. For example the spin operator S−S+ (used in the evaluation
of the total spin S2) can be formed from S−S+ ⊗ id, id ⊗ S−S+, S+ ⊗ S−, and
S− ⊗S+. We then use the blocking tables in the same way as during the Hamilto-
nian application step described in chapter 2.2.7, to prepare again tables with the
possible combinations of different operators on the four lqqr blocks. These are
then applied to the wavefunction exactly as in the Hamiltonian application step.
To obtain the expectation value, the wavefunction with the operators applied is
immediately contracted with the bra part of the wavefunction. In summarry, we
want to achieve this

V =
∑︂

l′q′
1q′

2r′

Ψl′q′
1q′

2r′Oll′P
T
rr′Qq1q′

1
RT

q2q′
2
Ψlq1q2r, (2.87)

where V is the contribution of a given row of the contribution table to the desired
expectation value, and O,P,Q, andR are the individual left block, right block and
the two site operators in that row respectively.

It means, however, that if we want to calculate any expectation value we
need to ensure that the appropriate operators are renormalized on the left and
right blocks during sweeping, in cases where we need operators not used in the
Hamiltonian.

2.6.1 Mutual information
One example of an expectation value very closely associated with the DMRG

method are the von Neumann orbital entropies and the associated mutual infor-
mation.35 The von Neumann entropy of a system described by a density matrix
ρ is given by

S = −Tr [ρ ln ρ] . (2.88)

The mutual information is obtained from the one and two orbital entropies. The
one orbital reduced density matrix which is obtained from the MPS wavefunction
by tracing out all degrees of freedom except for a single site

ρ(i) = Tr
nk,∀k ̸=i

[︂
ΨMPSΨT

MPS

]︂
. (2.89)

Similarly the two orbital reduced density matrices can be obtained

ρ(i, j) = Tr
nk,∀k ̸=i,j

[︂
ΨMPSΨT

MPS

]︂
. (2.90)
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Figure 2.2 The one (left) and two (right) orbital entropies obtained from the MPS,
shown in the Penrose notation.

The same expressions in Penrose notation are shown in Figure 2.2.
These reduced density matrices then can be used to obtain the one and two

orbital entropies using the definition (2.88). The one orbital entropy S1(i) is
a measure quantifying the amount of correlation between the i-th orbital and
the rest of the orbitals. The one orbital entropy is often actually used to select
the proper active space from a set of orbitals in cases where it is not clear by
chemical intuition. Similarly, the two orbital entropy S2(i, j) quantifies how much
correlation there is between the combination of the two orbitals i and j, and the
rest of the orbitals. To quantify the amount of correlation between the two
orbitals, we can use the principle of inclusion and exclusion to define the mutual
information I(i, j)

I(i, j) = S1(i) + S1(j) − S2(i, j). (2.91)
This mutual information then can be used to visualize the correlations between
orbitals in the molecule. It is also used to optimize the ordering of the sites in
the chain by ensuring the sites that are correlated are close to each other in the
chain. This is done by minimizing a cost function, most commonly

Cost =
∑︂
i,j

I(i, j) d(i, j)2, (2.92)

where d(i, j) represents the distance between orbitals i and j. This form of the
cost function can be easily optimized using the Fiedler algorithm.36

However, while it is possible to obtain the MPS matrices from the RG version
of the algorithm, we would prefer to work with renormalized operators instead.
This is possible following an approach in (37). We define a set of 16 site op-
erators, one for each combination of input and output indices on the resulting
site RDM. These operators are commonly denoted (as in the original work) by
T (1), T (2), . . . , T (16). They are defined such that the corresponding operator ma-
trix for a single site is zero except for a single 1 at the corresponding position.
For example

T (1) =

⎛⎜⎜⎜⎝
1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠, T (4) =

⎛⎜⎜⎜⎝
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠, T (9) =

⎛⎜⎜⎜⎝
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0

⎞⎟⎟⎟⎠. (2.93)

This way, for obtaining a single site RDM we can obtain each element of the
4 × 4 matrix by simply forming and renormalizing the appropriate T operator.
Similarly, we can form any element of the two orbital RDMs by combining two T
operators on the two sites. This way, we can find the individual elements of each
of the one and two orbital RDMs, form the matrices, and find the entropies.
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We need to keep in mind two further things. Due to the constraints on the
number of particles, some elements of the orbital RDMs will be zero, and do not
need to be evaluated. For example, for the one orbital RDM, only the 4 diagonal
elements are nonzero, and thus we need to evaluate only the T (1), T (6), T (11) and
T (16) expectation values. Similarly, only selected combinations of the operators
need to be evaluated for the two orbital RDMs. Also, due to the Jordan-Wigner
transform, some of the T operators operate with a phase on the other sites. To
figure out whether the operator acts with a phase, we need to rewrite the matrix
in terms of the electron creation and annihilation operators. For example the
T (1) operator can be written as T (1) = (1 − a†

↑a↑)(1 − a†
↓a↓), which would not be

associated with a phase operator, due to the even number of second quantized
operators in the expression. On the other hand the operator T (9) = a†

↑(1 − a†
↓a↓)

has an odd number of operators and is accompanied with a phase action on the
sites to the left.
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3 Example DMRG calculations
of interesting molecular systems

In this chapter, we will demonstrate the utility of DMRG on some molecular
systems of practical interest. These are based on different studies done in our
group. Here they are described only briefly, with a focus on the DMRG calcula-
tions, so for more details, see the relevant publications coauthored by the author
of this work, namely references (38), (39), (40), (41), and (42).

3.1 Fe(II)-porphyrins
The iron porphyrins are organometallic complexes which are crucial for many

important processes in all living organisms.43 A well known role is the transport
of oxygen in blood through the heme in hemoglobin protein, but porphyrins are
also involved in a multitude of redox reactions throughout many classes of living
organisms.

It should be of no surprise that the understanding the electronic structure of
iron porphyrins is crucial for explaining the biological processes they are respon-
sible for. This is however not an easy task, as the electronic structure is fairly
complicated and the π electrons on the porphyrin ring get involved, resulting in
a complex interplay between the metal-ligand σ bonding orbitals, the d orbitals
of the metal center itself and the whole π-system on the porphyrin ring.44,45

As a result, many biological processes involving porphyrins are still poorly un-
derstood. For example, the process of oxygen bonding to the heme in hemoglobin
occurs with a speed orders of magnitude higher than expected, as the reaction
should be slowed by the necessary conversion between spin states, which is for-
bidden. The mechanism by which this spin flip occurs is not fully explained46.

More surprisingly, there is even a disagreement on the spin of the ground state
of Fe(II)-porphyrin without any axial ligands, with different computational stud-
ies reporting either the high-spin quintet state, or the intermediate triplet. The
matter is more complicated by the fact that the unsubstituted Fe(II) porphyrin
is not very stable, preventing us to find the answer experimentally.

We have used a previously used model of the Fe(II)-porphyrin molecule47

to study one of the major sources of discrepancies, the choice of geometry38.
Often studies use the same geometry for both spin states, and most often this
geometry is optimized for the triplet state. This of course introduces an artificial
bias towards the triplet state. This is further backed by the findings on a similar
molecule, the Fe(II) phthalocyanine, where the geometry has been shown to differ
significantly for different spin states, mainly the metal-ligand (Fe-N) distance48.

We have performed a DMRG-CASSCF49,50 calculation of the molecule in the
def2-TZVP basis51 on geometries with different Fe-N distances. We also com-
pared different choices of the active space. The results are in Figure 3.1. The
DMRG-CASSCF calculations were performed with a bond dimension of 1024.
To include dynamical correlation we used the Tailored Coupled Cluster method
with singles, doubles and perturbative triples–TCCSD(T) with the DLPNO ap-
proximation52. To obtain the active space amplitudes, we have performed highly
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Figure 3.1 The results of the calculations on the porphyrin model. The left panel
(a) contains vertical Q-T gaps for the triplet geometry, while the right one (b) contains
the vertical Q-T gaps for the quintet geometry and the adiabatic gaps. A positive value
of the Q-T gap corresponds to the quintet state being lower in energy. The figure was
taken from (38).

accurate DMRG calculations using the DMRG-CASSCF optimized orbitals. For
these accurate calculations we used DBSS with a truncation error of 10−6, which
resulted in a maximum bond dimension of upto 8200. The largest space used
contained 32 electrons in 34 orbitals, and included the 3d, 4d, and 4s orbitals on
the metal center, as well as the metal ligand σ bonding orbitals, as well as all the
16 conjugated π orbitals on the ligand ring. By comparing to the smaller active
spaces we found that including the whole π-system is absolutely necessary, as
even using the 4-most correlated π orbitals (which are the basis for the so called
4 orbital model explaining the optical spectra of porphyrins) is not enough to
produce results that are accurate enough. This can also be seen from Figure 3.1,
where the TCC method for the two smaller spaces lowers the gap, compensating
for the inadequate active space, while for the full π space the TCC correction
increases the gap, showing the effect of the dynamical correlation.

We found that the proper choice of geometry is crucial to obtain correct re-
sults, as the geometry corresponding to the triplet state yielded a triplet ground
state while the quintet geometry resulted in a quintet ground state, with the
quintet state being overall lower in energy. This is in contrast to some previ-
ous studies predicting a triplet ground state, most probably due to the bias in
geometry.53
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Figure 3.2 The spin-spin correlations in the Fe4S4 cluster.

3.2 FeS clusters
Another type of metallic complexes ubiquitous in nature are small clusters

of iron and sulfur.54 These have an irreplaceable role in any living organism,
and are most probably as old as life itself.55 There are different kinds of the
clusters differing in their stochiometric compositions. The most common ones
Fe4S4 have 4 iron atoms and 4 sulfur atoms arranged in alternating corners of a
cube. However clusters with 3 and 2 iron atoms are also known, as well as 8 iron
clusters featuring two interlinked cubes.56,57

Their electronic structure is however even more complicated than of the afore-
mentioned porphyrins. This is due to the multiple coupled transition metal cen-
ters58. This results in the several lowest spin states being within a few meV of
each other. We did a study using DMRG, trying to shed some light into this
complicated electronic structure.39

The DMRG calculations of the Fe4S4 clusters used an active space of 54 elec-
trons in 36 orbitals, which included the 3d orbitals on the iron atoms and the 3p
orbitals on the sulfur atoms. With this active space, we have ran DMRG-CASSCF
calculations for the orbital optimization, which used a fixed bond dimension of
2000. The optimised orbitals were then used for an accurate DMRG calcula-
tion using DBSS with a TRE of 10−6. In these calculations the bond dimension
reached upto ∼16000 during the sweeps.

However, the analysis of the resulting wavefunction still turned out to be a
challenge. Due to the size of the active space, it is not possible to perform the
normal analysis of the individual determinant contributions, as is common for
CASSCF wavefunctions. Instead we analyzed the spin-spin correlations.59 These
correlations are shown in Figure 3.2. We see that the strongest correlations apart
from the correlations between orbitals on the same metal center are between
Fe1-Fe4 and Fe2-Fe3. These correlations show that not all the iron atoms are
correlated equally, but they actually form 2 strongly correlated pairs, with the
correlations between the pairs being much weaker. This hints at a structure for
the ground state where we have 2 correlated pairs of iron atoms in a high-spin
configuration, combining to a singlet configuration in each pair.

This result stresses the importance of being able to efficiently calculate ex-
pectation values, which is easy in the DMRG framework.

The study was then followed up by a study of the smaller Fe2S2 cluster.40 This
study however was more focused on the role of the geometry and dynamical cor-
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relation in these systems and did not include any large scale DMRG calculations.

3.3 Polycyclic Aromatic Hydrocarbons (PAHs)
Polycyclic Aromatic Hydrocarbons (PAHs) are molecules containing multiple

aromatic rings. While some of them are infamously known for their carcino-
genicity,60,61 which is troublesome due to their tendency to occur as products of
incomplete combustion,62 due to the near infinite possibilities of bonding arrange-
ments, they can be also tailored for specific needs.63,64

For example, with organic compounds we have gotten accustomed to having
a closed shell singlet ground state. However, PAHs can be modified to become
radicals instead. The interesting thing is that the radical nature can arise through
different mechanisms. The easiest path to a radical lies in designing the topology
such that the molecule cannot have a Kekulé structure, for example in trian-
gulenes.65 However, in many cases, the radicals arise simply due to electronic
correlation effects, despite the molecule having a possible Kekulé stucture, an ex-
ample being the biradical or polyradical character of longer oligoacenes.66 These
radical PAHs often posses magnetic properties, and are expected to play a role
in the development of new functional materials.67

It should be no surprise that the radical molecules tend to be unstable, which
both their synthesis and analysis challenging. Similarly, due to their correlated
nature and large π-systems, studying their electronic structure tends to be dif-
ficult too. In our group, we have a close collaboration with the experimental
group of professor Jelínek from the Institute of Physics of the Czech Academy
of Sciences, in which they are able to prepare such compounds under ultra-high
vacuum on a metal surface.68 To analyze the resulting compounds, they use a
scanning tunneling microscope (STM).69 By varying the electric potential at the
tip, they can study the spatial distribution of individual electrons, in a method
termed as scanning tunneling spectroscopy.70

In the first study which we will describe, we have analyzed a molecule syn-
thesized directly on a metal surface. This molecule contained conjugated rings
of different sizes, with each ring size from 4 to 8 occurring at least once. Experi-
mentally, the geometry of the molecule was characterized, however, this did not
decipher the pattern of double bonds in the molecule. To find the double bond
pattern, we used DMRG. By performing a DMRG calculation using an atomically
localized basis consisting of the individual pz orbitals, we were able obtain the
mutual information based on the quantum von Neumann entropy.35 By looking
at the mutual information between pairs of p orbitals,71 we were able to identify
where in the molecule there are localized double bonds, as those would have the
largest mutual information, which bonds are single, as this results at very lit-
tle mutual information between the corresponding pz orbitals, and which double
bonds are aromatically delocalized, resulting in a reduced and more spread out
correlation with respect to the localized double bonds. The mutual information,
as well as the the corresponding dominant resonance structure are shown in Fig-
ure 3.3. This showcases a practical use of mutual information from a DMRG
calculation.

Another study was analyzing a circular planar molecule composed of 63 carbon
atoms arranged into alternating 6 and 5 membered rings. The molecuule is shown
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Figure 3.3 The mutual information between pairs of adjacent 2pz orbitals for the
studied molecule (left), and the corresponding dominant resonance structure (right).

Figure 3.4 The molecule which was experimentally studied, with the hypothethised
nonaradical electronic structure (left) and the observed structure with a delocalized
single radical (right).
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Figure 3.5 The experimental STM electron spatial distribution (A), and the two low-
est calculated Dyson orbitals from a CAS(9,9) calculation, as well as the corresponding
calculated STM electron surface maps. (B,C). The figure was taken from (42)

in Figure 3.4. Due to the odd number of carbon atoms, the molecule is a radical,
however the exact localization of the radical is unclear. The hypothesis was, that
the molecule has nine individual radical centers evenly distributed over the whole
molecule.

To settle that problem from the STM measurements, we need to look spatial
distribution of electrons pulled from the molecule by the microscope tip72,73. In
molecules described by a single determinant the spatial distribution corresponds
to the individual canonical orbitals at the energy given by the potential at the
tip of the microscope,74 however, for strongly correlated molecules, this is no
longer the case. For correlated molecules, we need to look at the Dyson orbitals
instead75. In an orbital basis, the coefficients of these orbitals are given by

cν
i =⟨ΨN | a†

i

⃓⃓⃓
Ψν

N−1

⟩︂
, (3.1)

where
⃓⃓⃓
Ψν

N−1

⟩︂
is the ν-th excited state of the molecule with one electron removed,

and consequently, ν also indexes the different Dyson orbitals. Note that due to
the Koopmanns theorem76, these correspond exactly to the canonical orbitals in
the single reference case.

For this molecule the DMRG calculations did not support the nine radical
picture, instead showing a single radical delocalized over the whole ring, stabilized
by aromatic ring currents on the inside and outside of the macrocycle. Due to the
size of the system with 63 active orbitals, it was not computationally feasible to
use a large bond dimension. We used a bond dimension of 5000, which resulted
in a quite significant truncation error of ∼10−4. The Dyson orbitals from smaller
CAS(9,9) calculations have shown a very distinct 3 fold symmetry, which was also
observed experimentally, thus confirming the single delocalized radical, despite
the limited accuracy. The Dyson orbitals, and the corresponding experimental
STM maps are shown in Figure 3.5. These were also in accordance with the
Dyson orbitals from the full π space calculations.

This shows another expectation value obtainable from the DMRG calcula-
tions, as well as the point where the DMRG method approaches its limits. It also
shows the intricate relation between theory and experiment in solving complicated
chemical problems.
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4 Adding dynamic correlation
to DMRG

While DMRG is able to provide nearly FCI level results inside the active space,
the orbitals outside it are uncorrelated, and treated at the mean field level, just
as in the CASSCF method. This is of course limiting, as without the electron
correlation outside of the active space, we will not be able to obtain quantitative
results. For some systems even qualitative results may require some amount of
treatment of this dynamic correlation.

Of course over the time, akin to post-HF methods, there have been multi-
ple approaches to treat this out-of-CAS correlation. Among the most notable
are MRCI77,78,79, Perturbation theories (CASPT280,81,82, NEVPT283,84,85), or the
Tailored Coupled Cluster methods (TCC)86,87,88 or PDFT89,90. All of these have
been adapted for use with DMRG, however, each of the methods has its own
limitations, reducing its utility with DMRG.

TCC for example is not truly multireference, as it relies on single reference
Coupled Cluster methods, meaning it is not usable for very strongly correlated
systems, because it is not possible to use it for systems without a single dominant
configuration to serve as a reference. On the other hand internally contracted
MRCI, NEVPT2 or CASPT2 require 4-particle or even higher active space Re-
duced Density Matrices (RDMs), which means the computational cost blows up
with increasing active space sizes, completely negating the advantage DMRG has
in this regard. This is sometimes alleviated by cumulant approximations91,92,93,
or stochastic variants which however reduces their accuracy. PDFT only needs to
use the one and two electron RDMs, however, due to the use of DFT is dependent
on the choice of functional, as well as tends to have issues with double counting
correlation.

One method, which is however very well suited for use with DMRG is the
adiabatic connection (AC) method94,95, developed by Katarzyna Pernal, which
we will describe in the following section.

4.1 Dynamic correlation through the adiabatic
connection formalism

The AC formalism originates long ago from the DFT community96, however,
recently it has been also found useful in multireference wave function theory.
The basic idea is simple, we introduce an interpolation parameter α into the
Hamiltonian

H(α) = H0 + α(H −H0) (4.1)

This allows us to interpolate between the zero order Hamiltonian H0 and the
exact Hamiltonian H. We are then able to express the correlation energy as an
integral

ECorr =
∫︂ 1

0
⟨ψ(α)| ∂H(α)

∂α
|ψ(α)⟩−⟨ψ(0)| ∂H(α)

∂α
|ψ(0)⟩ dα, (4.2)
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where |ψ(α)⟩ is the eigenfunction of H(α). Note that here we use a definition of
multireference out of CAS correlation energy, as the difference of the energy of
the FCI and the active space calculation

ECorr = EFCI − ECAS. (4.3)

The expression (4.2) is still exact assuming the Hellman-Feynmann theorem holds,
however to be computationally tractable, it needs to be approximated.

To evaluate the expression exactly we would need the exact 1 and 2-RDMs
for each α. We however assume that the 1-RDM does not change with alpha,
which is a reasonable expectation for a CASSCF wavefunction with a properly
chosen active space. The 2-RDMs for each α can be approximated through the
relation

⟨ψ(α)| a†
ia

†
jakal |ψ(α)⟩=⟨ψ(α)| aka

†
ia

†
jal |ψ(α)⟩− δik⟨ψ(α)| a†

jal |ψ(α)⟩+
+δkj⟨ψ(α)| a†

ial |ψ(α)⟩=
∑︂

ν

⟨ψ(α)| aka
†
i |ψν(α)⟩⟨ψν(α)| a†

jal |ψ(α)⟩+

+⟨ψ(α)| aka
†
i |ψ(α)⟩⟨ψ(α)| a†

jal |ψ(α)⟩− δikγ(α)jl + δkjγ(α)il =
=
∑︂

ν

γν(α)†
ikγ

ν(α)jl + γ(α)†
ikγ(α)jl − δikγ(α)jl + δkjγ(α)il.

(4.4)

Due to the resolution of identity in the relation, the sum over ν goes over all
excited states. This way, we replaced the 2RDM with a the 1RDMs γ(α) and
the 1 particle Transition Density Matrices (TDMs) γν(α). The 1-RDMs can then
approximated by their α = 0 values, and the 1 TDMs can be obtained from the
Extended Random Phase Approximation (ERPA).97

In the ERPA equations we use an excitation operator Oν which applied to
the ground state gives us the ν-th excited state

|Ψν⟩= Oν |Ψ⟩. (4.5)

We also require the killer condition neccessary for the orthogonality of the excited
states

⟨Ψ| Oν = 0. (4.6)
In the ERPA we use the Oν operator of the following form

Oν =
∑︂
i>j

Xν
ija

†
iaj +

∑︂
i>j

Y ν
ija

†
jai. (4.7)

To obtain the X and Y matrices, we solve the Rowe equations of motion which
have a form of a nested commutator

⟨Ψ| [δO, [H,Oν ]] |Ψ⟩= ων⟨Ψ| [δO,Oν ] |Ψ⟩, (4.8)

where δO is an arbitrary operator.98

This way, we only need 1- and 2-RDMs from the active space CASSCF cal-
culation, while achieving performance similar or even better than NEVPT2. We
can further simplify the equations by replacing the integrand, denoted W (α) by
its linear approximation at α = 0. This has the advantage, that the slope ∂W

∂α
|α=0

can be also obtained analytically, further simplifying the calculations and avoid-
ing the need for numerical quadrature. This then leads to the method denoted
as AC0.
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Figure 4.1 The singlet-triplet gap of the oligoacene series, calculated using DMRG,
with canonical and optimized orbitals, and the AC0 energies based on those calcula-
tions.

We implemented the combined method DMRG-AC0, by combining our DMRG
code with the AC program GAMMCOR.99 This allows us to efficiently include
dynamic correlation to the DMRG calculation, which we demonstrated on a few
molecular systems: The oligoacene series, where we were able to perform calcu-
lations upto heptacene with 30 orbitals in the active space, the Fe(II) porphyrins
with 42 strongly correlated orbitals in the active space, or the Fe-S cubanes which
feature extremely strong electronic correlation. The results of the calculations on
the oligoacenes can be seen in figure 4.1. We found that orbital optimization
in DMRG improves both the DMRG results and the AC0 ones. Similarly, we
can see, that while the AC0 energies are a bit too high compared to the experi-
ment, unlike DMRG, the AC0 curves are parallel to the experimental one, means
they provide a consistent description across a range of correlation regimes. The
slight overestimation can most probably be attributed to the basis, which did not
include diffuse basis functions.

In a folowing publication, we have also studied the AC method itself by using
DMRG to perform nearly FCI calculations and using these to obtain the exact
alpha dependent RDMs, which allowed us to study the effects of all the different
approximations used in the AC method.100 The exact integrands obtained through
DMRG can be found in figure 4.2. The effects of the approximations on the energy
values for the N2 dissociation are shown in Figure 4.3. There we see that using
the exact α dependent RDMs in the ERPA equations instead of the zero order
ones used in the original AC greatly improves performance. However, this needs
to be followed up by finding reliable approximations for the α dependent RDMs,
as the exact ones are usually not accessible.
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We also found that ERPA, which is the heart of the AC method, is very stable
with respect to noise, which results in the AC method being very insensitive to
the quality of the input active space RDMs. This is consistent with our results on
oligoacenes,99 where we also observed that the AC0 energy is not very sensitive
to the accuracy of the underlying DMRG, providing accurate results even for
DMRG calculations with very low bond dimensions.

It turns out that the usage of only 1 and 2 RDMs is very advantageous even in
other areas than with DMRG and large active spaces. For example, in quantum
computing, just due to the large number of quantum measurements required, the
3 and 4 particle RDMs become inaccessible, which is a problem for the other
mentioned out-of-CAS correlation treatment methods. AC, on the other hand, is
able to treat this correlation very well, as has been also shown in our group.101 The
insensitivity to perturbations of the input RDMs presents a further advantage, as
the RDMs obtained on quantum computers contain noise due to the statistical
nature of obtaining results on quantum computers.

51



5 DMRG for multicomponent
Hamiltonians

While the Hamiltonian used in quantum chemistry is sufficient for many ap-
plications, for some we need to include some new terms into the Hamiltonian to
describe various interactions the molecule can have with its environment. Of-
ten those Hamiltonians will contain creation and annihilation operators for other
particles than electrons. These Hamiltonians with multiple particle types are
then termed multicomponent Hamiltonians. Examples can be the non Born-
Oppenheimer quantum chemistry, where we include operators for quantum nu-
clei102,103, or polaritonic chemistry with quantum photons.104,105 Many more ex-
amples can be found in solid state physics, where there are Hamiltonians for in-
teractions with many possible quaziparticles, for example the Hubbard-Holstein
model, coupling electrons with phonons. DMRG has already been adapted for
multicomponent Hamiltonians in the past multiple times. For example, non Born-
Oppenheimer quantum chemistry implementations include implementations by
Steven White106, the implementations done in Marcus Reihers group107,108, or
the one in the group of Garnet Chan109.

The generalization of DMRG to contain multiple particle types is pretty
straightforward and has already been done multiple times. Nevertheless, modi-
fying an existing DMRG code is quite tedious, as the code needs to be modified
in many places. Here will be briefly described the most important modifications
needed in general and we describe the specific changes made in the MOLMPS
DMRG code itself in appendix A.3.

5.1 Changes in multiple particle type DMRG
The idea behind multiple particle type DMRG is fairly simple. Each site in

the chain is assigned a particle type.
During sweeping we form the Hamiltonian as usual from the operators ac-

cording to the Hamiltonian rules, except we now have more operators for the
different types. Obviously, we need to change the code for generating the rules
for all combinations of operators in the Hamiltonian formation and in the renor-
malization procedure. Also, these rules are the same throughout the sweep for
the original quantum chemical DMRG, however, once the sites are of different
types, we need to change the rules at each iteration, depending on which particle
types are present the left block and right blocks, and which types correspond to
the explicit site/s.

In the electronic version each single site corresponded to a single orbital, so
we for the each site in the chain we needed to keep only the index of the orbital
it corresponds to. After introducing multiple particle types, however, we need to
also include which type each site corresponds to and the index of the site for the
given particle type to match it with the corresponding integrals.

During the forming of the wave function for most multicomponent Hamilto-
nians we will need to care about additional quantum numbers from the other
particle types as well. The rules for the application of phase operators due to the
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Jordan-Wigner transformation also get more comlicated. After that, we can sim-
ply diagonalize the wave function to obtain the eigenvalues with no additional
issues. Similarly there is no difference in the formation and diagonalization of
the left block reduced density matrix to renormalize the enlarged basis. However,
during the renormalization of the operators, we also need to modify parts of the
code to accommodate the multiple particle types, most importantly the parts of
the code for calculating the orbital indices for the old and new operators.
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6 A short introduction to
polaritonic chemistry

Recently, the completely new field of polaritonic chemistry emerged. The
field lies on the border between physics and chemistry. Even if we think of a
single molecule without any environment as completely isolated, it is actually
still coupled to the fluctuations of the vacuum of the quantized electromagnetic
field. Because of this coupling, we can actually modify molecular properties just
by modifying the properties of the underlying vacuum. At first thought this
may seem impossible to do, but it has been demonstrated by a clever experiment
which showed that by varying the distance of a molecule from a metal mirror,
the spontaneous decay rate is modulated, due to the distribution of vacuum field
modes close to the metal surface.110

As is the case with many interdisciplinary fields, the progress has been hin-
dered by a lack of communication between the different communities involved.
Experiments strongly coupling single atoms to a cavity has already been done
quite a long time ago, experiments with molecules are much more recent. In
the last few years, multiple experiments demonstrating dramatic changes in the
molecular properties if in resonance with a cavity. For example water can be-
come orders of magnitude more conductive111, or even polystyrene can become
an electric conductor112. The central idea of polaritonic chemistry is to couple
molecules to an optical cavity to be able to modify the chemical landscape these
molecules reside in, and to be able to precisely control the reaction pathways
these molecules follow.113 This has been already demonstrated in a variety of
experiments, for example in the ability to selectively remove specific protection
groups.114

Due to the rapid experimental progress, theoretical methods have gotten sig-
nificantly underdeveloped, and only recently has the focus of the theoretical com-
munity shifted towards this direction, with the variety of quantum chemical meth-
ods being adapted for polaritonic Hamiltonians by different groups.

Current trouble with modeling experimental data using theoretical approaches
stems from the fact that except for some exceptions, most studies do not actually
introduce strong coupling of a single molecule with a cavity, but instead rely on a
regime of strong collective coupling, where many molecules are weakly coupled to
the cavity. This is of course a problem, as current setups can involve 105 molecules
or more,115 which is of course impossible to be modeled quantum chemically.
There are model Hamiltonians to model this, however, they are very simple, and
usually reduce the molecule to a two state system, which is not a very good
representation of the rich electronic structure of a molecule. As a result, the
collective coupling is not fully understood.

To circumvent the most computational studies just use a single molecule with
an unrealistically large value of the cavity-molecule coupling. Since this coupling
is directly related to the volume of the cavity, the couplings used would mean the
cavity would be even smaller than the molecule itself.
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6.1 Computational approach to polaritonic chem-
istry

The Hamiltonian most often used in polaritonic chemistry is the Pauli-Fierz
Hamiltonian. This Hamiltonian can be obtained from the original QED equations
by going to the nonrelativistic limit. If we assume the Coulomb gauge for the vec-
tor potential ∇ · A = 0, the Born Oppernheimer approximation for the molecule,
the dipole approximation for the light matter interaction, and restrict ourselves
to a single cavity mode and polarization, the Hamiltonian has the following form

HPF = Hel. + ωb†b−
√︃
ω

2 λ · µ
(︂
b† + b

)︂
+ 1

2 (λ · µ)2 . (6.1)

Here Hel. represents the electronic part of the Hamiltonian

Hel. =
∑︂

σ

∑︂
pq

hpqa
†
pσ
aqσ + 1

2
∑︂
σσ′

∑︂
pqrs

⟨pq|rs⟩a†
pσ
a†

qσ′asσ′arσ , (6.2)

ω corresponds to the cavity frequency, b and b† are the photonic creation and an-
nihilation operators, µ is the molecule dipole moment operator, and λ denotes the
coupling vector. The coupling vector is actually a commonly used abbreviation
for

λ =
√︄

1
2ωA0 =

√︄
ℏ
ϵ0V

e. (6.3)

Here A0 is the amplitude of the vector potential in the cavity, e is a unit vector
corresponding to the polarization of the cavity mode, and V is the volume of
the cavity. The photonic creation and annihilation operators follow the same
algebraic structure as the creation and annihilation operators for the harmonic
oscillator.

The dipole operator µ is then composed as

µ = µNucl. +
∑︂
pqσ

dpqa
†
pσ
aqσ (6.4)

where µNucl. is the background dipole moment of the nuclei, and dpq are the
molecular dipole integrals defined by

dpq = q
∫︂

xφp(x)φq(x) dx (6.5)

with φ being the individual spatial orbitals, q the elementary charge and x the
position vector. It is important to remember that the (λ · µ)2 operator will have
a contribution from the molecular quadrupole integrals.

Due to the use of dipole and quadrupole integrals, which for charged species
are not invariant with respect to the choice of origin, the resulting energy might
also depend on the choice of coordinates. To restore the translational invariance
we have two options. We can either set the cutoff for the maximum number
of photons high enough, so that the energy is converged with respect to the
photon cutoff, or we can transform to the so called coherent state basis, where
the invariance is achieved automatically.
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The coherent state transformation is done by a unitary transformation of the
Hamiltonian

HCS = UCSHPFU
†
CS. (6.6)

The transformation operator is defined by

UCS = exp
(︂
z(b† − b)

)︂
, (6.7)

with the z parameter being described as

z = λ · ⟨µHF⟩√
2ω

, (6.8)

where ⟨µHF⟩ is the mean value of the molecular dipole from a QED-HF calcula-
tion. The Hamiltonian in the coherent state basis takes the form

HCS = Hel. + ωb†b−
√︃
ω

2 λ · (µ − ⟨µHF⟩)
(︂
b† + b

)︂
+ 1

2 (λ · (µ − ⟨µHF⟩))2 . (6.9)

Recently, many quantum chemical methods have been adapted to be used
with the Pauli-Fierz Hamiltonian, forming their QED variants. A list, which
certainly is not complete, includes the QED-HF method116, QED-CIS117, QED-
DFT105,118,119, QED-CC104,120,121, QED-FCI122, QED-CASCI123, QED-CASSCF124,
QED-MP2125,126, Variational 2-RDM127, or Diffusion Quantum Monte Carlo128

methods.
However, many of these methods are not well suited for molecules featuring

strong electronic correlation. The QED-CASCI and QED-CASSCF methods,
which can be used with strong correlation, on the other hand, are limited to
about 12 orbitals in the active space due to the exponential scaling.

In our group, in order to overcome these limitations, we adapted the DMRG
method to use the Pauli-Fierz Hamiltonian, forming the QED-DMRG which we
will shortly describe in the next section. For a more throughout description, we
kindly refer the reader to see reference (129).

6.2 DMRG with the Pauli-Fierz Hamiltonian
Provided we already have adapted DMRG for Hamiltonians with multiple

particle types, as we briefly outlined in the previous chapter, there are just a
few details specific to using the Pauli-Fierz Hamiltonian. The photonic degree
of freedom is included in a single DMRG site, as we restrict ourselves to a single
mode and polarization. Unlike the sites for the electrons, which are 4-dimensional,
the photonic site is much larger. The dimension of the photonic site will be
nmax + 1, where nmax is a cutoff for the maximum number of photons, which
needs to be specified in the input.

As this cutoff may be quite large, around 10 or 20, it is advantageus to place it
to one of the edge sites, where it will not excessively enlarge the dimension of the
wavefunction at the point of the sweep where the photonic site is one of the active
ones, due to the larger site dimension compared to the electronic sites. There is
the possibility of using an approach that splits the single degree of freedom across
several sites,130 however, it is fairly complicated, and most probably would not
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provide any advantage. Putting it on the leftmost site has further small technical
advantage. As the right block now contains only electronic sites, during the first
sweep we do not need to modify the warm-up CI-DEAS procedure131 for obtaining
the right block operators.

We still need to generate the photonic creation and annihilation operators on
the left block. These are defined by their action on the states with n photons

b† |n⟩=
√
n+ 1 |n+ 1⟩, (6.10)

b |n⟩=
√
n |n− 1⟩. (6.11)

This is however not a problem, as we are working with a single site basis,
where the operators can be represented explicitly. The photonic annihilation
operator matrix has the form

b =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
√

1 0 0
0 0

√
2 0

0 0 0
√

3
0 0 0 0

√
4

. . . . . .
0 √

nmax
0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(6.12)

and the creation operator b† is its hermitian conjugate.
Now that we have the relevant operators, we can use them to form the Pauli-

Fierz Hamiltonian. The bipartite splitting stays the same for the electronic part
of the Hamiltonian Hel as well as the blocking rules. The quadratic coupling term
1
2 (λ · µ)2 does not contain any photonic operators, and it can be just included
into the electronic Hamiltonian, by a simple modification of the integrals

⟨pq|rs⟩′ = ⟨pq|rs⟩ + dpr dqs, (6.13)

hpq
′ = hpq − ⟨dnucl⟩dpq − 1

2qpq. (6.14)

Here we use a shorthand notation dpq = λ · dpq and ⟨dnucl⟩ = λ · µNucl. qpq then
represent the quadrupole integrals.

The remaining terms need to be split into all possible bipartite splittings of
Left and Right block contributions and grouped by the right block operator. If
we do that, we get the splitting shown in Table 6.1.

Interestingly, we see that the middle two sectors of the table are conjugate
to each other, and can be simplified by the same numerical tricks mentioned
earlier. Also, assuming all the operators are presummed from the left side, all the
operators on the Left block can be added to some presummed operator already
present in the electronic HamiltonianHel, thus incurring no additional cost related
to the storage of additional operators. Of course this is paid for by being unable
to have the quadratic operators presummed from the smaller of the two blocks,
resulting in some inefficiency. This is of course not necessary, as the last term
can be switched to being right presummed by introducing an extra left block
operator, but we decided to not do that at the moment for technical simplicity.

With our QED-DMRG implementation, we were able to demonstrate the
functionality of the method on the oligoacene series up to pentacene, which had
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Figure 6.1 The dependence of the polaritonic gap (the difference in energy between
the lower and upper polaritons) on the number of acene rings for the polyacene series
of molecules.
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Figure 6.2 The dependence of the bond dimension with a fixed truncation error
depending on the maximum number of photons. This illustrates the ability of DMRG
to renormalize away unnecessary degrees of freedom.
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Left block operator Right block operator

ωb†b

−
√︃
ω

2 λ · µNucl.
(︂
b† + b

)︂
id

∑︂
p,q∈L,σ

−
√︃
ω

2 λ · dpqa
†
pσ
aqσ

(︂
b† + b

)︂
∑︂
p∈L

−
√︃
ω

2 λ · dpqa
†
pσ

(︂
b† + b

)︂
aqσ

∑︂
q∈L

√︃
ω

2 λ · dpqaqσ

(︂
b† + b

)︂
a†

pσ

−
√︃
ω

2 λ · dpq

(︂
b† + b

)︂
a†

pσ
aqσ

Table 6.1 The bipartite splitting of the terms in the Pauli-Fierz Hamiltonian with
photonic operators.

22 correlated π-orbitals in the active space. The results for this series are shown
in Figure 6.1. There we plot the size of the polaritonic gap depending on the
number of acene rings for a fixed coupling value of |λ| = 0.05 a.u. Noted should
be the roughly linear dependence despite the complexity of the processes involved.
Also an important fact is, that the S0 - S1 transition in acenes is forbidden due to
symmetry. The fact that despite that we see a gap shows the inadequacy of some
simpler approaches, for example based on the Jaynes-Cummings model. We also
used these calculations to demonstrate an interesting feature of DMRG. During
the renormalization step, we throw away unnecessary degrees of freedom. This
means if we set the photonic cutoff too high, the extra photonic degrees of freedom
are renormalized away, without incurring any significant extra computational
cost. This can be seen in figure 6.2. For example this is not the case in QED-
CASCI, where increasing the photonic cutoff directly increases the Hamiltonian
cost, and thus the computational cost as well.

An example of an QED-DMRG calculation is in figure 6.3. Here we have
calculated the potential energy curve of the MgH+ ion coupled to a cavity with
a resonant frequency of 0.136 Hartree, with a λ coupling vector of 0.05 atomic
units oriented along the axis of the molecule. We ran the calculation in the full
cc-pVDZ basis corresponding to a CAS(12,23) active space. From the figure 6.3
we can see how the cavity coupling splits the two uncoupled states (in red), which
correspond to the ground state with an extra photon and the first excited singlet
state of a molecule, into two new mixed polaritonic states (green), where the
original two states were close in energy.

6.3 Some possible future directions of QED-DMRG
As the QED-DMRG method is already implemented and ready to be used,

it might seem that the future of QED-DMRG will consist mostly of using the
method to study interesting molecular systems. While this is not wrong, as there
certainly is a plethora of problems to be studied, at least some of which the QED-
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Figure 6.3 The potential energy curves for the MgH+ molecule. In red are the
original uncoupled states, in green the supled polaritonic states.

DMRG method is well suited for, there are many ways the QED-DMRG method
itself can be improved. Here we will describe at least some of them.

One of the largest limitations of the DMRG method is its inability to treat
the dynamic correlation as it is spread out over too many orbitals. As we have
seen earlier, in DMRG this can be solved by using the AC method. Similarly, we
could use AC to also include dynamical correlation for QED-DMRG, provided we
carry out the necessary method development steps. An example we have found
recently, where dynamical correlation is crucial, is the methylene blue molecule.
This molecule has been used to experimentally achieve single molecule strong
coupling between the molecule and a plasmonic cavity.132 However, when we tried
to calculate this molecule, we found that DMRG predicts an excitation energy of
∼ 4 eV, more than twice the experimental value. On the other hand, including
dynamic correlation via AC got us very close to the experimental value. This
shows how important it is to be able to include dynamical correlation also into
cavity QED calculations.

As has been shown earlier, the DMRG method is not only useful in calculating
the energy, but can also provide us with useful expectation values. These can be
useful in QED-DMRG too. One expectation value that is without doubt going
to be interesting for polaritonic chemistry is the mutual information mentioned
earlier. The mutual information can be used to visualize not only the changes
in the entanglement patterns in a molecule caused by the cavity, but also more
interestingly the entanglement between molecules caused by the long range cavity
mediated interactions.

Also it has been shown that in polaritonic chemistry vibrational levels are very
important. This means it will be necessary to include these into the Hamiltonian.
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One very good way to do it would be to use the Nuclear Electronic Orbital (NEO)
framework,103 based on previous similar approaches.102 NEO has been already
successfully used with the DMRG method to go beyond the Born-Oppenheimer
approximation,107,108 so combining NEO-DMRG with cavity-QED would be a
natural way to proceed.

There are other ways the DMRG method has been improved in the past,
which can be easily combined with the Pauli-Fierz Hamiltonian improving the
usability of QED-DMRG. One of the things which are useful is using DMRG to
simulate time evolution of a system. This way, we simulate many states at the
same time, which is useful to study problems where too many excited states are
involved to be computed efficiently in the time independent formalism. DMRG
has also been extended to work with various relativistic Hamiltonians.23,133 This
means we can extend QED-DMRG to use relativistic version of the Pauli Fierz
Hamiltonian. This would allow us to work with cavity-QED problems involving
heavy elements.
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Conclusion
One of the vastly unexplored parts of quantum chemistry is the part which

uses multicomponent Hamiltonians. As a part of this work we have implemented
the multicomponent version of the massively parallel DMRG developed in our
group in the program MOLMPS. The new implementation is written to be very
general, allowing to add any two-body multicomponent Hamiltonian with very lit-
tle modifications, however, we specifically implemented the Pauli-Fierz Hamilto-
nian used in polaritonic quantum chemistry, forming a new method QED-DMRG.
This is to our knowledge the first time DMRG has been combined with the Pauli-
Fierz Hamiltonian.

In this work we gave an introduction to the DMRG method, describing not
only the basic principles of the algorithm, but also described multiple numerical
optimizations utilized in the MOLMPS program, not usually described in the
scientific literature. We have demostrated the utility of the DMRG method, by
showcasing the use on multiple strongly correlated systems, with applications in
biology and material science. We showed on those calculations that DMRG does
not provide only the energy, but other useful molecular properties, which can
easily provide important insights into the electronic structure of the molecule.

Furthermore, we showed how the DMRG method can be extended with dy-
namical correlation through the adiabatic connection method, which is able to
provide results on par with NEVPT2, while needing only 1 and 2 particle active
space RDMs, thus not being limited by the large active spaces used with DMRG.
We have demonstrated the performance of the adiabatic connection method on
the S-T gap of the oligoacene series of molecules, showing that including out-of-
CAS dynamic correlation improves the results.

Then we focused on the usage of DMRG for multicomponent quantum chem-
istry. We have outlined the changes needed in the DMRG algorithm to be able to
work with multicomponent Hamiltonians. After that we have shown an example
of an area of quantum chemistry using multicomponent Hamiltonians, namely
the new field of polaritonic chemistry, where we solve the electronic structure of
a molecule coupled to an optical cavity. This is a rapidly developing field promis-
ing huge impacts in chemical industries, by allowing for careful modifications of
the potential energy surfaces thus enabling much tighter control over chemical
reaction pathways.

We described the QED-DMRG method implemented by the author as a part of
this work. This method allows for solving the multicomponent Pauli-Fierz Hamil-
tonian even for molecules which are difficult to calculate with other methods due
to strong electronic correlation. We have demonstrated the performance of this
method on the oligoacene series of molecules, as well as the BeH+ molecular ion.
Finally we highlighted some possible directions in which DMRG would further
contribute to polaritonic chemistry, which are most likely the next directions we
will focus on in our future work.
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A Attachments
A.1 Description of the MOLMPS input

The input is a simple text file composed of several blocks which start with
the block name preceded by a $ sign and run until the next end keyword. Inside
each block we have multiple lines each containing a block specific keyword and a
value assigned to this keyword. Comments are preceded with a # sign, and any
extra whitespace that keeps a keyword and its value on the same line is ignored.
Except for filenames, the input is not case sensitive.

$Blockname 1
#Comment
Keyword 1 Value
Keyword 2 Value
.
.
.
end

$Blockname 2
.
.
.
end

Model block

The model block describes the physical system we want to study. Most im-
portantly it contains the information about the type of Hamiltonian we want to
use, the file where to find the integrals, the number of electrons of each spin, and
the number of orbitals. The full list of keywords is:

• CALC The type of calculation (in terms of Hamiltonian used) we want to
perform:

– RHF (default) Standard spin restricted quantum chemical calculation.
– UHF Spin unrestricted calculation, i.e. the values of electron integrals

depend on the spin.
– HUBBARD Hubbard model Hamiltonian

• NORBS Number of orbitals, must match the number in the FCIDUMP file.

• NALPHA Number of alpha (spin up) electrons in the calculation.

• NBETA Number of beta (spin down) electrons in the calculation.

• INTEGRAL_FILE The relative path to the FCIDUMP file.
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• HF_OCCUP The Hartree Fock occupation vector used for the warmup proce-
dure. Format: 0\2\a\b for each orbital, separated by spaces and enclosed
in square brackets, e.g. [2 2 a b 0 0]. If not specified, the default occu-
pation with the lowest orbitals will be occupied, according to NALPHA and
NBETA.

• LEVEL_SHIFT (default 0.0) The value of level shift used, penalizing higher
spin states.

Other keywords not necessary for a common user, but added for the sake of
completeness:

• BINARY_INTEG_FILE (bool, default 0) If set to 1, a custom binary integral
file generated by MOLMPS, is to be used instead of the standard FCIDUMP
file.

• V_LOW_SYM (bool, default 0) If set to 1, no symmetry of the two electron
integrals will be used, otherwise only the nonredundant integrals under the
8 fold symmetry will be used.

• PRESUM (bool) Whether the Hubbard calculation is presummed or not. No
effect on other Hamiltonians.

• EN_FCI, EN_HF, MP2 Reference energies mostly for debugging/benchmarking

An example model block for the calculation of water in the minimal basis
would be

$model
calc rhf
norbs 7
nalpha 5
nbeta 5
end

Chain block

The chain block contains information related to the ordering of sites on the
MPS chain. It also contains many parameters for the optimization of the ordering
at the beginning of the calculation. Full list of parameters:

• ORDERING The ordering, given as space separated list of integers enclosed
in square brackets. The ordering must be a valid permutation, containing
each number 1 – NORBS exactly once. If iterative ordering optimization is
used, this ordering is used for the first run. If ordering is not specified, the
ordering from OPTIMIZE_ORDERING 2 is used.

• CAS_VEC The list of orbitals sorted by importance for the correlation in
wave function. Permutation vector, same as the ORDERING. Used for the
generation of the states in the warmup procedure. Usually, the the orbitals
are sorted by the single site entropy from a previous calculation.
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• OPTIMIZE_ORDERING (integer) How to optimize the ordering. 0 means no
ordering optimalization, 1 means iterative orbital optimization through sev-
eral short DMRG calculations, and optimizing the ordering from the mutual
information after each run and option 2 optimizes the ordering based on
mutual information estimated from the exchange integrals.

• OPTIMIZER The algorithm used for the ordering optimization from the
mutual information. Options: FIEDLER (default) The Fiedler algorithm,
GENETIC Genetic algorithm, GOLD Genetic, with the Fiedler as an initial
guess.

• OPTIMIZE_MAX_SWEEP (integer, default 6) Number of sweeps for each order-
ing optimization run for OPTIMIZE_ORDERING 1.

• OPTIMIZE_BOND_DIMS Integer vector specifying the bond dimension used in
each of the optimization runs. The number of entries specifies the number
of runs performed for OPTIMIZE_ORDERING 1.

• OPTIMIZE_ORDERING_EXCHANGE (bool, default 1) For OPTIMIZE_ORDERING 2.
If set to 1, use exchange integrals for the mutual information estimation,
otherwise use the one electron integrals.

Other keywords not neccessary for a common user, but added for the sake of
completeness:

• FORW_ONLY, BACKW_ONLY Sets the algorithm to only use presummed two
index operator on the left/right block respectively, without changing the
pattern in the middle of the sweep.

• GA_COMMUNITIES, GA_GENERATIONS, GA_POPULATION, GA_ELITES, GA_COST_TYPE,
GA_PROB_TYPE, GA_PROB_SCALE, GA_PROB_CLONE, GA_PROB_MUTATE Genetic
algorithm parameters.

DMRG block

The DMRG block contains parameters related to the DMRG algorithm itself.
Multiple chainned calculations (for example with increasing bond dimensions)
can be performed by including multiple dmrg blocks. The parameters:

• NSTATES (integer) Number of states to be calculated.

• WEIGHTS

• MMIN, MMAX, MSTART Minimal and maximal bond dimensions for DBSS.
MSTART is the initial bond dimension used in the warmup sweep. For a
fixed BD calculation, set all these to the same value.

• TRUNCATION_ERROR (Float, default 1e-6) The target truncation error in
DBSS.

• MAX_SWEEP (Integer) Maximum number of sweeps, unless convergence cri-
teria is met.

81



• MAX_ITER (Integer) Maximum number of iterations, unless convergence cri-
teria is met.

• EN_THR (Real, default 1e-6 ) Convergence threshold in energy between
sweeps to terminate sweeping.

• NOISE (Real, default 0.0 ) Noise to be applied.

• DIAG Algorithm for the Hamiltonian diagonalization. Options: DAV_SIMPLE
(default) Davidson algorithm, DAV_BLOCK Block Davidson for targeting mul-
tiple states at the same time, and DAV_HARMONIC harmonic Davidson for
targeting higher excited states.

• DAVIDSON_EPS (Float, default 1e-5 ) Energy convergence threshold for the
Davidson algorithm in Hamiltonian diagonalization.

• DAVIDSON_EPS_START (Float, default 1e-5 ) Energy convergence thresh-
old for the Davidson algorithm in Hamiltonian diagonalization for the first
sweep.

• DAVIDSON_MAXIT (Integer, default 100) Maximum number of iterations of
the Davidson algorithm.

• DAVIDSON_MAX_KRYLOV (Integer, default 500) Maximum number of Krylov
vectors in the Davidson algorithm.

• OMEGA (Real, default 0.0) Shift parameter applied in the harmonic Davidson
algorithm.

• SCRATCH (String, default ./dmrg_scratch) The scratch directory to store
the necessary intermediate files, mostly operator matrices.

• GUESS The source of the initial guess vector for the Davidson algorithm.
Options: DMRG_GEN (default) transform the eigenvectors from the previous
iteration, HDIAG a vector corresponding to the lowest element on the di-
agonal of the Hamiltonian, RND random vector, HDIAG_EXT multiple lowest
diagonal Hamiltonian elements.

• GUESS_WARMUP same as GUESS, except for the first sweep, default HDIAG.

• WARMUP The procedure to initialize the operators during the first sweep.
Options: CI_DEAS (default) CI-DEAS procedure, INFINITE_DMRG infinite
DMRG algorithm, MPS Restart from the renormalization operators from a
previous DMRG calculation, MPS_RND initialize with a random renormalized
basis on the right block.

• SAVE_MPS (Bool, default 0) Whether to store MPS matrices on the scratch.
Necessary for post-DMRG TCC amplitudes and Dyson orbital calculations.

• ROTATE (String) If specified, represents a text file with a transformation
matrix to transform the one and two electron integrals from the FCIDUMP
file.
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• ITER (Integer, default 1) If set to >1, restart the algorithm from that
iteration from an existing scratch direectory from a previous calculation.

• SPIN_EXP, SPIN_CORRELS, OCCUP_EXP, CORRELS_EXP, RDM1 (bool) Whether
to calculate the spin expectation values, spin-spin correlations, the orbital
occupations, the mutual information, and the 1-particle RDM at the end of
the calculation. By default calculates only the spin expectation and orbital
occupations.

• PRINT (integer) Print level, 0 is the default printing level, > 0 for debug
prints, < 0 for silent mode used for Orca CASSCF interface.

• SOLVER Solver to use, default DMRG_IT uses the DMRG algorithm, DIAG_FULL
and DAVIDSON instead do a simple and not very optimized FCI calculation,
mostly used for debugging.

• CHECK_HF_EN (bool, default 0) Whether to check if the HF energy from the
FCIDUMP integrals corresponds to the integrals in the input.

• DEBUG_INFO_TO_DISK_TXT (bool, default 0) If turned on, dumps the opera-
tors, blocking and Hamiltonian tables and other information onto the disk
as text files.

• ENDING (MIDDLE/BOUNDARY)Whether to end in the middle or on the bound-
ary of the chain.

• WRITE_FDUMP_SPINORBS (bool, default 0) If turned on, converts the FCIDUMP
file from 4-dimensional spatial orbital sites to 2-dimensional spin orbital
sites.

Post DMRG block

The $POST_DMRG block contains commands to extract more useful information
from the finished calculation, typically for extracting files for a subsequent post-
DMRG calciulation. These are specified by the EXTERNAL keyword. EXTERNAL CASSCF
prepares the 1 and 2 particle RDMs and a few other files in a binary format used
by the Orca interface, but also used in the Adiabatic Connection (AC) calculta-
tions by Gamcorr. EXTERNAL CCSD exports the Tailored Coupled Cluster (TCC)
amplitudes, and EXTERNAL DYSON calculates the coefficients of the Dyson orbitals.
Other keywords are used for more specific settings.

A.2 Usage of MOLMPS for multiple particle types
Most of the difference from the point of view of the user is in the different

Hamiltonian. This means that the difference from the original DMRG input
is mostly limited to the model block. Since we are now working with multiple
particle types, each particle type is specified by its own model block. For example,
let’s use the Pauli-Fiertz Hamiltonian, used in polaritonic chemistry, which will
be described later. This Hamiltonian has several parts. The first one is the
standard quantum chemical hamiltonian, used in quantum chemistry, the other
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is the Hamiltonian of a single photonic mode, represented by a shifted harmonic
oscilator, and then there is an interaction term, coupling the photonic field with
the molecule. Thus we need to specify two model blocks. Continuing with the
minimal basis water molecule calculation from earlier, our model blocks could
look something like:

$model
name molecule
calc rhf
nalpha 5
nbeta 5

norbs 7
integral_file FCIDUMP_el
end

$model
name photon
calc photon
npart 10

norbs 1
integral_file FCIDUMP_ph
end

We need to note several things. First is that we introduce a new keyword,
NAME, which can contain any string describing the model. This is necessary for
specifying the interaction blocks later. the completely new CALC type, PHOTON.
This is to describe the quantized electromagnetic field. Currently, we are limited
to a single mode, so we need to specify NORBS 1 to have a single photonic site.
Also for the photonic site, we need to specify the cutoff the maximum number of
photons. This is done by specifying NPART 10. Also each of the models has its
own set of integrals, in a separate FCIDUMP file.

Finally, we need to specify the interaction between the two models. This is
done by a new $INTERACTION block, which in our case could look something like
this:

$interaction
mod1_name molecule
mod2_name photon
integral_file FCIDUMP_int_ph_el
type 1
end

In it we again need to specify a separate integral file, which contains only the
integral values for the interaction terms. There we expect the same structure
as the two electron integrals, with no one electron like terms. The MOD1_NAME
& MOD2_NAME are references to the model NAMEs used in the respective $MODEL
blocks and specify which models this interaction corresponds to. It is important
to mention that the order of the two models must correspond to the order in
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the integral file. Finally the TYPE specifies the sign of the interaction, 1 for a
repulsive one and -1 for a repulsive one, if they were not already included into
the interaction FCIDUMP file. We can also use 0 to turn off the interaction
completely.

The FCIDUMP file for different models and interactions have to have a specific
structure for each model CALC type. Usually, for most model types, we have the
same structure as in quantum chemistry with a two-particle Hamiltonian term,
one-body Hamiltonian term, and a constant term. These are organized in the
same manner as the in a standard FCIDUMP file. After the header, first should
follow one or more two electron blocks, followed by one electron blocks, with a
final constant term. If there are more blocks of the same type following each other
(for example the UHF FCIDUMP has 3 two electron blocks correspondung to the
↑↑↑↑, ↓↓↓↓ and the ↑↑↓↓ sectors, and two one electron blocks corresponding to
↑↑ and ↓↓), they are separated by a row of zeros, which is not necessary between
the two and one electron blocks.

For some calc types, this FCIDUMP file will be greatly simplified. For exam-
ple for the polaritonic photon type, we will have a single site, which means we will
only need two parameters. The cavity frequency ω, which will be the 1 1 1 1
term of the two electron Hamiltonian, and the background dipole moment cou-
pling d0 which will be the 1 1 0 0 term of the one electron Hamiltonian. The
zero order energy should be zero in this case.

For interactions, we need to use a FCIDUMP file with only one or more two
electron blocks, as one electron blocks are generally not applicable in this case.

It is possible to group multiple models into a single FCIDUMP file by speci-
fying the same file for different models, in that case the program first reads the
FCIDUMP file for all the two electron parts of the models in the order in the
input, and then all the one electron parts.

The ordering is actually specified for all the models together as a single order-
ing vector containing all the sites. The sites are numbered sequentially through
the models – The first model corresponds to the sites numbered from 1 to the
number of sites of the first model, the second has the next corresponding number
of sites, et cetera.

A.3 An overview of changes in the MOLMPS
program for multiple particle type DMRG

Even though the changes for multiple particle types to DMRG are simple con-
ceptually, in practice, actually modifying the code warrants quite a large number
of changes, due to unforeseen details. Here, I want to list the most important
changes done to the code, even if only to serve as some form of documentation,
in case I am not around to provide consultations about the code. This is more of
a general overview than a exhaustive list, so the code itself should still be used
as a further reference.
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A.3.1 The model class object
Obviously, the model_class defined in model.h needs to be changed ex-

tensively, as this class contains the information about the physical system we
study. Our approach is to add a new class full_model_class, which will con-
tain the information about all the different particle types and their interac-
tions. All functions having the model_class as an argument now take the new
full_model_class instead.

Most importantly, the full_model_class object acts as a wrapper for a
std::vector<model_class>, which contains a separate model_class for each
particle type and each specified interaction. These individual model_classes are
then accessed where needed throughout the code through a convenient overload of
the [] operator. The order is such, that first are the model_classes in the order
they appear in the user input, followed by the interactions. If we are interested in
finding the index of a specific interaction between two models, we can use the func-
tion int get_interaction_index(int mod1, int mod2, bool& transp), which
returns the index of the interaction between the two models given by their in-
dices mod1 and mod2 or -1, if the interaction does not exist. There is a boolean
flag transp, which after the function call is set to true if the interaction is be-
tween mod2 and mod1 instead, as the two cases are not completely equivalent, for
example in the indexing of integrals.

Similarly bool interacting(int mod1, int mod2, bool& transp) can be
used to check if two particle types do have an interaction specified.

The full_model_class then contains a bunch of other new utility functions
compared to model_class. The most important are probably get_ntypes()
which returns the number of particle types. Also the public bool multiparticle
flag can be used to check, if we actually have multiple particle types in our model,
as throughout the code we have many instances where we need to call a different
function for the multiple particle type version. The other functions mostly related
to some very specific parts of the code, so they won’t be described here.

The model_class itself has gotten only a few changes, mostly to be able to
be able to work not only for the model blocks from the input, but to be able to
also be used for the interactions. There is a new string parameter name, which
is used to refer to the models by the user when specifying interactions, which
use mod1_name and mod2_name. Other newly stored parameters for interactions
include the sign of the interaction (-1,0,1), a scaling factor, and the norbs for the
other model included in the interaction. Depending on the type of model or if it
is used to specify an interaction, not all variables in the model_class are used.

For backward compatibility with some functions in the code, the full_model_class
inherits from the model_class, and is set to work the same as original model_class
in the cas of a calculation with a single particle type.

A.3.2 The chain class
The chain_1d_class is responsible for storing the information on the or-

dering of the chain it should not come with a surprise that this class will also
be responsible for bookkeeping, which site corresponds to which model. This is
done through the tensor_class<int> site_types, which contains the index of
the corresponding model. This vector is filled during the initialization of whole
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algorithm. For use throughout the code intended for mutliple particle types we
we then added many helper functions. Generally these often are versions of
some already present functions, but which perform the given action for a single
type. For example, the function tensor_class<int> get_subordering(int i)
returns a vector of the permutation of sites corresponding to the i-th model,
while ignoring the other ones. This function is for example necessary to reorder
molecular integrals, as they are stored for each model separately. Then there are
several different functions to obtain the number of sites in the smaller left and
right block corresponding to a given particle type, which are used ubiquitously
through the code: for example, int get_subnumright(int i) gives the number
of sites corresponding to the i-th model in the small right block, and similarly for
the left one. There are also versions, which add any explicit sites to the count:
int get_subnumrightsite(int i)

A.3.3 The hamiltonian class
Originally, there has been binary files loaded at runtime, filling the hamiltonian_class

object with data on the Hamiltonian. These were very difficult to work with, so
I have rewritten them to be C++ source code files instead. However, these still
were troublesome, especially in the case of needing a modification of the structure
of the objects storing the Hamiltonian. To solve this, I prepared csv tables with
all the information and python scripts which generate the cpp code automati-
cally through the Makefile. These were designed in a way so new models could
be added with as little code modifications as possible, instead just looking at the
csv tables. However, adding a new model still requires some amount of coding.

The blocking and Hamiltonian splitting rules are of course dependent on what
types is the site being added to the block, as well as on whether which site types
are present in the left and right blocks. However, to setup versions specific for
all the different possibilities would be tedious, so we instead form the tables
assuming all model types are possible on every site and then calling the function
clean_ham_tables_multi, which needs to be explicitly called every time after
generating the Hamiltonian tables in the code.

A.3.4 The op class
The op_class has been modified, as the original version assumed all quadratic

operators (e.g. a†
↑a↑) are upper triangular. This is no longer the case, as in

multiple type operators the two indices run over different models, and as such,
do not have the same dimensions. To track the quadratic type, we introduced a
new field quad_type, with a new option rect for exactly these cases.

A.3.5 Operator naming conventions
Traditionally, all the different operators are named by a string label and stored

under that label in a std::unordered_map. To be able to distinguish operators
with different model types, we add a prefix to the string with the index of the
model. For example the operators for the first model a†

↑ operator, we would use
the name ”M1-cpu” instead of the original ”cpu”. For operators with two models,
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we would include the prefix ”M1M2-”. By convention, we require that the model
with the lower number is first.

To manage these prefixes, we use two functions set_models and get_models.
The first one takes an operator name and sets the proper model prefix, while
the other one takes an operator name and returns the two models and the name
without prefix as a std::tuple. Any model not specified is denoted as -1 in
both functions. ( e.g. the second model in a single type operator) The identity
does not have a model specified.

A.3.6 The pos vecs
Even the quadratic operators have the matrices stored as a single vector

in memory. During blocking or renormalization, some of the truncated ranges
needed for quadratic operators ended up in discontinuous ranges in the index of
the vector of matrices. This is solved by setting up pos_vecs. This is a vector
containing only the indexes that need to be contracted with the operator on the
other block. These were for historic reasons specified by cryptic two digit integer.
In the original version, these only depended on the number of sites in the left and
right blocks.

In the multiple model case, however, these now depend on the model/s of the
operator, the operator quadratic type, and the specific arrangement of sites in the
chain. This means the generating code for these vectors needed to be completely
rewritten. The different pos_vecs are still labeled with their original integer
numbers, however, they are now given as a string, in the structure ”mod prefix-
int_quad type”, e.g. ”M1-42_triu”, where mod prefix is the prefix same as for
operator names, int is the original pos_vec label, and quad type specifies the
quadratic type, at the moment either triu or rect.

A.3.7 The dmrg iter function
The function dmrg_iter function is responsible for a single iteration of the

DMRG algorithm. The structure of the function does not have to be modified
very much, however, many details have to be modified over the whole course of
the function.

One thing that has to be added, in contrast to the original, was remaking the
Hamiltonian tables describing the blocking and all other rules at every iteration.

Then the full Hamiltonian table is formed in the sblock_class, where each
row corresponds to a single possible combination of operators on each of the two
blocks and two sites. The row includes ranges for the two operators on the left
and right blocks, the two sites, the rules for forming presummed operators, the
information about which pos_vec is needed, whether there should be a phase
operator applied to the left block, etc.

The code generating the Hamiltonian table needs to be of course heavily
modified, as the ranges change, the presummed operator formation is different,
the pos_vec is now described by a string and we now have more than one phase
operator.

Actually the phase operator concept needed to be changed. In the original
purely quantum chemical version to save the number of matrix-matrix multiplica-
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tions, we prepare a wavefunction with the phase operator applied to it, store both
versions (with and without the phase), and then select the appropriate version
for each row of the Hamiltonian table. This is not efficient for the multicom-
ponent case, as there you have 3 different phase operators for two component
systems, and even more for other, vastly increasing the needed storage space for
the wavefunction matrices, which is non negligible.

We thus chosen a different approach. During the Hamiltonian table is split
into a long list of tasks, where each task corresponds to a single combination
of sectors from each of the operators involved. As the phase operator is diago-
nal, with -1 and 1 on the diagonal, with the same number for each sector, for
any task the application of the phase operator on the wavefunction becomes a
multiplicative factor, which can easily be added during the execution of the task.

After preparing the task table, we can diagonalize the Hamiltonian with very
little modifications, then prepare the renormalization operator.

After doing that, we need to prepare the renormalization operation, where
again, the code for calculating ranges for the indices of the operators and prepar-
ing the task list must have been modified. After that, the actual renormalization
code itself needed very little changes.
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