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Introduction
Function spaces with Lorentz norms (weighted decreasing rearrangements) have
already been widely studied, e.g. in [3] or [6]. These spaces are commonly denoted
by Λp(w).

In this thesis we shall study some basic properties of their counterparts for
sequences that we will analogously denote λp(w). Some of their properties can
be directly translated to the language of sequences, for others we will need some
special treatment (e.g. for properties that make use of continuity of some func-
tion).

Beginning with the definition of the decreasing rearrangement of a sequence,
we continue by defining the Lorentz sequence space λp(w) given a positive number
p and a non-negative sequence of weights w. In the first chapter we also state
several useful measure-theoretic results and prove them for the case of a sequence
space.

Three theorems are to be proven in the main part of the thesis. The first
shall establish a necessary and sufficient condition for the functional ∥ · ∥λp(w) to
be a norm, which turns out to be the restriction that the weight sequence w is
non-increasing. After that we continue by establishing an equivalent condition
for the same functional to be a quasinorm, which is similar to the ∆2 condition
formulated for the continuous counterpart. Finally, we prove a theorem that
allows us to characterize exactly those weights w for which λp(w) behaves like a
linear space (this means, it is closed under vector addition and multiplication by
a scalar).
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1 Basic definitions
In the following text let K be either the field of all real numbers R or the field of
all complex numbers C.

Definition 1.1. Given a linear space V over K we define a norm as a map
f : V → [0, ∞) that satisfies the following conditions:

(i) f(x) = 0 ⇐⇒ x = 0, ∀x ∈ V ,

(ii) f(ax) = |a|f(x), ∀x ∈ V , ∀a ∈ K,

(iii) f(x + y) ≤ f(x) + f(y), ∀x, y ∈ V .

If instead of (iii) the map f satisfies the following condition:

(iii’) f(x + y) ≤ C(f(x) + f(y)) for some absolute constant C > 0 and for all
x, y ∈ V ,

we call it a quasinorm.

In the following text the word norm is understood to mean a norm or a
quasinorm unless told otherwise.

Lemma 1.2. Let V be a vector space and let f : V → [0, ∞] be some functional.
Take W := {v ∈ V : f(v) < ∞}. If f satisfies all properties of a norm, then W
is a linear subspace of V .

Proof. Since f(0) = 0, the set W is non-empty. Likewise, since f(tv) = |t|f(v) <
∞ for all t ∈ K and v ∈ W , W is closed under multiplication by a scalar. It
remains to prove that W is closed under addition.

1. Assume that f satisfies all properties of a norm. Then for every v, w ∈ W
we have that f(v + w) ≤ f(v) + f(w) < ∞, thus v + w ∈ W

2. Now assume that f satisfies all properties of a quasinorm with constant C >
0. Then for every v, w ∈ W , we can write f(v +w) ≤ C(f(v)+f(w)) < ∞,
once again v + w ∈ W .

Since we just proved that W is closed under addition and multiplication by a
scalar, we conclude that it is indeed a linear space.

Next we shall define a decreasing rearrangement for sequences. We will use
the book [1, Definition 1.1 and Definition 1.5] reformulating the definitions for
the special case of the σ-finite measure space (N, P(N), m) where m is the usual
counting measure, which is defined as follows: for a finite set A, m(A) is the
number of its elements and for infinite A we have that m(A) = ∞.

Definition 1.3 (Distribution function and decreasing rearrangement). Consider
the measure space (N, P(N), m). For a sequence {an}∞

n=1 such that an ∈ K for
every positive integer n, we define its distribution function ma : [0, ∞) → [0, ∞]
in the following way:

ma(ω) = m{n ∈ N : |an| > ω}.

7



Then for t ≥ 0 we define the decreasing rearrangement:

a∗(t) = inf{ω > 0: ma(ω) ≤ t}

and the decreasing rearrangement {a∗}∞
n=1 of the sequence {a}∞

n=1 as

a∗
n = a∗(tn) = inf{ω > 0: ma(ω) ≤ tn}

for any n − 1 ≤ tn < n.

Note that since the counting measure m can only take integer values (or
infinity), it does not matter which exact tn is chosen for the given n, as long as
it is in the aforementioned interval.

It should be noticed that an alternative equivalent definition of the decreasing
rearrangement is possible.

Proposition 1.4. Given a sequence of real numbers {an}∞
n=1, then

a∗
n = sup

E⊂N,|E|=n
min
k∈E

|ak|.

Proof. We want to prove that for a given n ∈ N and any sequence {an}∞
n=1 the

following holds

sup
E⊂N,|E|=n

min
k∈E

|ak| = inf{ω > 0: ma(ω) ≤ n − 1}.

Rewriting the right hand side, we get

inf{ω > 0: ma(ω) ≤ n − 1} = inf{ω > 0: m{n ∈ N : |an| > ω} ≤ n − 1}.

First, let us prove that inf{ω > 0: m{n ∈ N : |an| > ω} ≥ n − 1} ≤
supE⊂N,m(E)=n mink∈E |ak|. Denote c := supE⊂N,m(E)=n mink∈E |ak|. Let ε > 0 be
given. From properties of supremum, we can choose an index set E ⊂ N, m(E) =
n such that mink∈E |ak| > c− ε

2 . By that we have that m{n ∈ N : |an| > c−ε} ≥ n.
Since this holds for every ε > 0 we conclude that inf{ω > 0: m{n ∈ N : |an| >
ω} ≤ n − 1} ≥ c.

For the converse inequality, denote d := inf{ω > 0: ma(ω) ≤ n − 1}. Next,
note that for ε > 0 we have ma(d − ε) ≥ n. This means that there exists a set
E ⊂ N of measure n such that mink∈E |ak| ≥ d−ε. Since this inequality holds for
every ε > 0, we can conclude that supE⊂N,|E|=n mink∈E |ak| ≥ d, which concludes
the proof.

Now we will show a couple examples to better understand how the decreasing
rearrange works.

Example 1.5. Let {an} be a sequence such that an = (−1)n 1
n

for all natural n.
Then a∗

n = 1
n

for all n ∈ N.
For the sequence {bn} defined as bn = 1 − 1

n2 , its decreasing rearrangement is
just a constant sequence with all elements equal to 1.

Now consider the sequence {cn} which is defined piece-wise as following:

cn =

⎧⎪⎪⎨⎪⎪⎩
n + 10, n ≤ 5,
1
n
, n > 5, n even,

1 − 1
n
, n > 5, n odd.

We get that c∗
n = n + 10 for n ≤ 5 and c∗

n = 1 for n > 5.
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Lemma 1.6. For every sequence {an}, {(a∗
n)p} is a non-increasing sequence for

every p ∈ (0, ∞).

Proof. It suffices to prove the statement for p = 1, the rest follows from the fact
that the function x ↦→ xp is non-decreasing for x ∈ (0, ∞) and p ∈ (0, ∞).

We want to prove that a∗
n is non-increasing. By definition, a∗

n = a∗(n − 1) =
inf{ω > 0 : ma(ω) ≤ n − 1} and by the same logic a∗

n+1 = a∗(n) = inf{ω >
0 : ma(ω) ≤ n}. The set {ω > 0 : ma(ω) ≤ n − 1} is clearly a subset of
{ω > 0 : ma(ω) ≤ n} thus its infimum cannot be strictly less than the infimum
of the bigger set, which concludes our proof.

Lemma 1.7. For any sequences {an} and {bn} and any p, q ≥ 0 the following
property of the decreasing rearrangement function holds:

(a + b)∗(p + q) ≤ a∗(p) + b∗(q).

Proof. Assume that λ = a∗(p)+b∗(q) is finite, otherwise there is nothing to prove.
Let t = ma+b(λ). Then

t = m{n : |an + bn| > a∗(p) + b∗(q)}
≤ m{n : |an| > a∗(p)} + m{n : |bn| > b∗(q)}
= ma(a∗(p)) + mb(b∗(p)).

Now [1, Proposition 1.7, equation 1.18] gives that t = ma(a∗(p))+mb(b∗(q)) ≤
p+q. Therefore by using the first inequality from the aforementioned proposition,
we get

(a + b)∗(p + q) ≤ (a + b)∗(t) = (a + b)∗(ma+b(λ)) ≤ λ = a∗(p) + b∗(q),

which concludes our proof.

Remark 1.8. For any sequence {an} and any ν ̸= 0,

(νa)∗
n = |ν|a∗

n.

Proof. It is enough to prove that for t ≥ 0,

(νa)∗(t) = |ν|a∗(t).

First, notice that

mνa(ω) = m{n ∈ N : |νan| > ω} = m

{︄
n ∈ N : |an| >

1
|ν|

ω

}︄
= ma

(︄
ω

|ν|

)︄
.

Thus
(νa)∗(t) = inf{ω > 0 : mνa(ω) ≤ t}.

Letting ω′ = ω
|ν| , we finally get

(νa)∗(t) = |ν| inf{ω′ > 0 : ma(ω′) ≤ t} = |ν|a∗(t).
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In the following text we will need to use the following result that is commonly
known as Minkowski’s integral inequality, however we only state it for the case
of sequences.

Theorem 1.9 (Minkowski’s integral inequality). Given a two-dimensional se-
quence {Am,n}∞

m=1,n=1 and p ≥ 1, the following inequality holds:
(︄ ∞∑︂

m=1

⃓⃓⃓⃓
⃓

∞∑︂
n=1

Am,n

⃓⃓⃓⃓
⃓
p)︄ 1

p

≤
∞∑︂

n=1

(︄ ∞∑︂
m=1

|Am,n|p
)︄ 1

p

Proof. In case p = 1 the equality comes directly from Fubini’s theorem. Suppose
p > 1, then let am = ∑︁∞

n=1 Am,n for m ∈ N and denote

A =
∞∑︂

n=1

(︄ ∞∑︂
m=1

|Am,n|p
)︄ 1

p

.

Without loss of generality we can assume that A < ∞ (otherwise there is nothing
to prove). Let b ∈ ℓq, ∥b∥ℓq ≤ 1, where q is the Hölder conjugate exponent of p
(1

p
+ 1

q
= 1). Then

∞∑︂
m=1

|ambm| ≤
∞∑︂

m=1

∞∑︂
n=1

|Am,n||bm| =
∞∑︂

n=1

∞∑︂
m=1

|Am,n||bm| =

and by using Hölder’s inequality, we get

∞∑︂
n=1

∞∑︂
m=1

|Am,n||bm| ≤
∞∑︂

n=1

(︄ ∞∑︂
m=1

|Am,n|p
)︄1/p (︄ ∞∑︂

m=1
|bm|q

)︄1/q

.

The last term in the sum is equal to ∥b∥ℓq ≤ 1, thus it can be written as

∞∑︂
n=1

(︄ ∞∑︂
m=1

|Am,n|p
)︄1/p

∥b∥ℓq ≤
∞∑︂

n=1

(︄ ∞∑︂
m=1

|Am,n|p
)︄1/p

= A.

Since bm was chosen arbitrarily, we can thus conclude that ∥a∥ℓp =
(∑︁∞

m=1 |∑︁∞
n=1 Am,n|p)

1
p ≤ A.

We will also need the classic Minkowski inequality a proof for which can be
found in e.g. [5, page 141].

Theorem 1.10 (Minkowski inequality). Let 1 ≤ p < ∞ and a = {an}, b =
{bn} ∈ ℓp. Then a + b = {an + bn} ∈ ℓp and

∥a + b∥ℓp ≤ ∥a∥ℓp + ∥b∥ℓp .

Note that the preceding theorem can be extended to the case of a (possibly
infinite) amount of sequences (by induction and then applying the limit process).

Lemma 1.11. Given 0 < p ≤ 1 and a non-negative sequence an, the following
inequality holds: (︄ ∞∑︂

n=1
an

)︄p

≤
∞∑︂

n=1
(an)p.
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Proof. Let q = 1
p

and bn = (an)p. Using that notation we need to prove that

(︄ ∞∑︂
n=1

(bn)q

)︄1/q

≤
∞∑︂

n=1
bn.

Let {vi} be a sequence of vectors such that vi
i = bn and vi

j = 0 for j ̸= i. Then
vi ∈ ℓq and ∥vi∥ℓq = bn. Our inequality rewrites itself to⃦⃦⃦⃦

⃦
∞∑︂

n=1
vn

⃦⃦⃦⃦
⃦

ℓq

≤
∞∑︂

n=1
∥vn∥ℓq ,

which is exactly the Minkowski inequality for counting measure.
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2 Classical Lorentz sequence
spaces
In this section we shall define the classical Lorentz sequence spaces and then
prove some basic properties regarding those spaces.

Definition 2.1. Given a fixed sequence w of non-negative real numbers not
identically equal to zero and a fixed p ∈ (0, ∞) we define the following functional
∥ · ∥λp(w) : RN → [0, ∞], ∥a∥λp(w) = (∑︁∞

n=1(a∗
n)p · wn)

1
p , that we call the λp(w)

norm. Notice that the norm functional does not necessarily have to be a norm as
was defined in the previous chapter. The condition for it to be a norm shall be
shown later in the thesis.

Having defined the λp(w) norm we can now move on to the sequence spaces
induced by that norm. For the definition to make sense, we only take sequences
with finite norm.

Definition 2.2. The classical Lorentz sequence space with weight w is defined
as the following set λp(w) = {a ∈ RN, ∥a∥λp(w) < ∞}.

Our main question for this chapter shall be to formulate a condition for ∥·∥λp(w)
to be a norm, or alternatively, a quasinorm.

Proposition 2.3. Let w be a sequence such that its first element is non-zero.
Then ∥ · ∥λp(w) satisfies properties (i) and (ii) from the definition of a norm.

Proof. It suffices to show that ∥x∥λp(w) = 0 implies x = 0 (the converse is just
sum of a zero sequence). By definition, when computing ∥ · ∥λp(w), we take a sum
of non-negative element, so we only need to show that the first summand is non-
zero. Note that x∗

1 = sup xn and so (x∗
1)pw1 is strictly positive by our assumption

that w1 is positive. Thus, for non-zero x we have that ∥x∥λp(w) is positive.
For the second property, by definition,

∥αx∥λp(w) =
(︄ ∞∑︂

n=1
((αx)∗

n)p · wn

)︄ 1
p

=
(︄

|α|p
∞∑︂

n=1
(x∗

n)p · wn

)︄ 1
p

= |α|∥x∥λp(w).

In the second equality we used Lemma 1.8

Now we shall prove the following theorem that gives us a necessary and suf-
ficient condition on ∥ · ∥λp(w) being a norm.

Theorem 2.4. Let w be a sequence of non-negative real numbers (with at least
one non-zero element), then ∥ · ∥λp(w) is a norm if an only if w is non-increasing.

Proof. =⇒ : By means of contradiction assume that wm−1 < wm for some
m ∈ N \ {1}. Let δ > 0 be given. Define the following sequences:

xn =

⎧⎪⎪⎨⎪⎪⎩
1 + δ, n < m

1, n = m

0, n > m
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and

yn =

⎧⎪⎪⎨⎪⎪⎩
1, n = 1
1 + δ, 1 < n ≤ m

0, n > m.

Now it is apparent that both sequences have the same decreasing rearrange-
ment

x∗
n = y∗

n =

⎧⎨⎩1 + δ, n < m,

1, n = m, 0, n > m.

. Likewise, for the sum of the sequences

(x + y)n =

⎧⎨⎩2 + 2δ, 1 < n < m,

2 + δ, n = 1, m.

we get the following decreasing rearrangement:

(x + y)∗
n =

⎧⎨⎩2 + 2δ, n < m − 1
2 + δ, m − 1 ≤ n ≤ m.

We can explicitly write the norm of each sequence

∥x∥p
λp(w) = ∥y∥p

λp(w) = (1 + δ)p
m−1∑︂
i=1

wi + wm,

and the norm of their sum,

∥x + y∥p
λp(w) = (2 + 2δ)p

m−2∑︂
i=1

wi + (2 + δ)p(wm−1 + wm).

Here we used the p-th powers of the respective norms for brevity of notation.
Assume that the ∥ · ∥λp(w) is a norm, therefore the we can use the triangle

inequality in the form ∥x + y∥λp(w) ≤ ∥x∥λp(w) + ∥y∥λp(w). Using explicit formulas
for the norms that we just computed, we get (raising the entire expression to p-th
power)

(2 + 2δ)p
m−2∑︂
i=1

wi + (2 + δ)p(wm−1 + wm) ≤ 2p((1 + δ)p
m−1∑︂
i=1

wi + wm).

Now we will manipulate this inequality in order to get an expression for the
relationship between wm−1 and wm. Subtracting like elements from both sides we
get:

(2 + δ)p(wm−1 + wm) ≤ (2 + 2δ)pwm−1 + 2pwm

Now by rearranging the factors we get:

((2 + δ)p − (2 + 2δ)p)wm−1 ≤ (2p − (2 + δ)p)wm.

Finally, by isolating wm and dividing the numerator and the denominator by
2p, we get the expression

h(δ)
g(δ)wm−1 ≥ wm, (2.1)
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where h(δ) = (1 + δ)p − (1 + 1
2δ)p and g(δ) = (1 + 1

2δ)p − 1. Since we intend to
use L’Hospital’s rule (the limit in question is of the form 0

0), we need to compute
the derivative

h′(δ)
g′(δ) =

(1 + δ)p−1 − 1
2(1 + 1

2δ)p−1

1
2(1 + 1

2δ)p−1 .

Then we can use L’Hospital’s rule which gives us

lim
δ→0+

h′(δ)
g′(δ) = 2 lim

δ→0

(︄
1 + δ

1 + 1
2δ

)︄p−1

− 1 = 2 − 1 = 1 = lim
δ→0+

h(δ)
g(δ) .

Since the inequality in (2.1) holds for every δ > 0, applying the limit we just
computed gives us wm−1 ≥ wm, which is the first implication (a norm always has
a non-increasing weight).

For the converse, start by taking out one of the powers inside the sum:
∞∑︂

n=1
[(x + y)∗

n]p wn =
∞∑︂

n=1
[(x + y)∗

n]p−1 wn(x + y)∗
n.

Now using [7, Proposition 3.5] (setting h(n) = [(x + y)∗
n]p−1 wn, note that the

product of two non-increasing sequences, a property that we get from Lemma
1.6 and the definition of w, is itself a non-increasing sequence), which gives us
sublinearity of the decreasing rearrangement operator in this particular case, we
get the following:

∞∑︂
n=1

[(x + y)∗
n]p wn ≤

∞∑︂
n=1

[(x + y)∗
n]p−1 wnx∗

n +
∞∑︂

n=1
[(x + y)∗

n]p−1 wny∗
n =

∞∑︂
n=1

[(x + y)∗
n]p−1 w

p−1
p

n x∗
nw

1
p
n +

∞∑︂
n=1

[(x + y)∗
n]p−1 w

p−1
p

n y∗
nw

1
p
n .

By Hölder’s inequality (setting p′ = p
p−1 and its conjugate q′ = p) we get

∞∑︂
n=1

[(x + y)∗
n]p wn ≤

(︄ ∞∑︂
n=1

[(x + y)∗
n]p wn

)︄ p−1
p
(︄ ∞∑︂

n=1
[x∗

n]p wn

)︄ 1
p

+

+
(︄ ∞∑︂

n=1
[(x + y)∗

n]p wn

)︄ p−1
p
(︄ ∞∑︂

n=1
[y∗

n]p wn

)︄ 1
p

.

Dividing by the first factor, we get ∥x + y∥λp(w) ≤ ∥x∥λp(w) + ∥y∥λp(w), which
concludes the proof.

In the next theorem we shall prove a characterization for ∥ · ∥λp(w) to be a
quasinorm. The exact condition will be called the ∆2 condition.

Definition 2.5. Let {Wn} be a sequence of non-negative numbers. We say that
{Wn} satisfies the ∆2 condition if for all n ∈ N we have that W2n ≤ C · Wn for
some C > 0 independent of n ∈ N

Theorem 2.6. Let p ∈ (0, ∞) and {wn} a weight. Then ∥ · ∥λp(w) is a quasinorm
if and only if the sequence {Wn} defined as Wn := ∑︁n

i=1 wi satisties the ∆2
condition.
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Proof. Define two sequences {an} and {bn} by the following formulas:

an =

⎧⎨⎩1, n ≤ m

0, n > m

and

bn =

⎧⎪⎪⎨⎪⎪⎩
0, n ≤ m

1, m < n ≤ 2m

0, n > 2m

.

Then it is evident that a∗
n = b∗

n = an for all n ∈ N and ∥an∥λp(w) + ∥bn∥λp(w) =
2W

1
p

m. At the same time, (a + b)∗
n = (a + b)n and its norm is equal to W

1
p

2m. Thus
from the property (iii’) of a quasinorm, it follows that W2m ≤ 2p · Wm. Setting
C = 2p, we get the desired formula.

For the converse, suppose that W2n ≤ C · Wn for some C > 0 independent
of n ∈ N. Using Lemma 1.7, we can write the following (notice that we use the
rearrangement as a function, not as a sequence and using our definition from
chapter 1, we can always write a∗

n = a∗(n − 1)):

∥a + b∥p
λp(w) =

∞∑︂
n=0

((a + b)∗(n)p · wn+1 ≤
∞∑︂

n=0
(a∗(n/2) + b∗(n/2))p · wn+1.

Now applying Minkowski’s inequality (Theorem 1.10) with the correction con-
stant for p < 1, which was referenced in [4], to the previous equation, we get
that

∥a + b∥λp(w) ≤ B

⎛⎝(︄ ∞∑︂
n=0

(a∗(n/2))p · wn+1

)︄ 1
p

+
(︄ ∞∑︂

n=0
(b∗(n/2))p · wn+1

)︄ 1
p

⎞⎠ ,

where B = max(1, 2
1−p

p ). Next,
∞∑︂

n=0
(a∗(n/2))p · wn+1 =

∞∑︂
n=0

a∗
(︃2n

2

)︃p

w2n+1 +
∞∑︂

n=0
a∗
(︃2n + 1

2

)︃p

w2n+2.

Notice that a∗(2n+1
2 ) = a∗(n), since the value of a∗ can only change in integer

points and the function itself is right continuous.
∞∑︂

n=0
a∗(n)pw2n+1 +

∞∑︂
n=0

a∗(n)pw2n+2 =

=
∞∑︂

n=0
a∗(n)p(w2n+1 + w2n+2) =

∞∑︂
n=1

(a∗
n)p(w2n−1 + w2n).

Now we shall use [2, Lemma 6(a)]. First by setting fn = w2n−1 + w2n, gn =
wn, xn = a∗(n) we get that for the sequences of partial sums W2n = Fn ≤ C ·Gn =
C · Wn. The above-mentioned lemma then asserts that

∞∑︂
n=1

(a∗
n)p(w2n−1 + w2n) ≤ C

∞∑︂
n=1

(a∗
n)pwn = C∥a∥p

λp(w).
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In the same fashion it can be deduced that ∑︁∞
n=0(b∗(n/2))p · wn ≤ C∥b∥p

λp(w). It
then follows that

∥a + b∥λp(w) ≤ max(1, 2
1−p

p )C
1
p (∥a∥λp(w) + ∥b∥λp(w)).

Thus ∥ ·∥ is a quasinorm with the constant k = max(1, 2
1−p

p )C
1
p , which concludes

our proof.
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3 Linearity of classical Lorentz
sequence spaces
In this chapter we shall prove the following theorem which describes a necessary
and sufficient condition for λp(w) to be a linear space. That means that for
every element {an}, {bn} ∈ λp(w) the following two sequences are also elements
of λp(w): {α · an} for all α ∈ K and {an + bn}.

First, given a weight w we define the sequence {Wn} as the sum ∑︁n
m=1 wm.

Theorem 3.1. Let p ∈ (0, ∞). Then the following are equivalent:

(i) λp(w) is not a linear space.

(ii) There exists a sequence of natural numbers {nk} tending to ∞, such that
W2nk

> 2kWnk
for all k ∈ N.

(iii) There exists a sequence of natural numbers {nk} tending to ∞, such that
W2nk

> 2kWnk
> 0 for all k ∈ N.

Notice that we have actually claimed that quasinormability is equivalent to
linearity (the exact correspondence will be shown in the proof itself). Since this
result could be interesting in its own right, we will formulate it as a separate
corollary.

Corollary 3.2. Let p ∈ (0, ∞). Then the following are equivalent:

(i) λp(w) is a linear subspace of the linear space of all sequences in K.

(ii) ∥ · ∥λp(w) is a quasinorm on the space of all sequences in K.

Proof of Theorem 3.1 and Corollary 3.2. First, we prove that (ii) implies (iii).
Taking n1, by the assumption we have that W2n1 > 2Wn1 ≥ 0, specifically Wm > 0
for all m ≥ 2n1. Let j be the smallest natural number such that nj > 2n1. It
is now evident that the sequence mk constructed from nk taking only elements
greater that nj (there are infinitely many!) fulfills the condition in (iii).

Now we shall prove that (iii) implies (i). The main idea of the proof will be
to construct a pair of sequences in the λp(w) space specifically so that their sum
will not be in the aforementioned space. In this proof we will need the following
sequence of helper constants {ξk} define by the formula

ξk = 1
kp+1/p(Wnk

)1/p
for k ∈ N.

Notice that ξk is always positive. Next, given a sequence nk satisfying (iii), define
the sequence am = ∑︁∞

k=1 ξkχ[1,nk](m). Since am is positive and non-increasing (as
m goes to infinity, less and less ξk are added to the resulting sum), a∗

m = am.
For p ≤ 1 we start with writing out the definition,

∥{an}∥p
λp(w) =

∞∑︂
m=1

(︄ ∞∑︂
k=1

(︂
ξkχ[1,nk](m)

)︂)︄p

wm.

17



Since p ≤ 1, we can estimate the p-th power of a sum as a sum of p-th powers
using Lemma 1.11 applied on the inner sum.

∞∑︂
m=1

(︄ ∞∑︂
k=1

(︂
ξkχ[1,nk](m)

)︂)︄p

wm ≤
∞∑︂

m=1

(︄ ∞∑︂
k=1

(︂
ξkχ[1,nk](m)

)︂p
wm

)︄
.

Rearranging the summands (note that ξk is added exactly when m is less than
or equal to nk in each sum), we get

∥{an}∥p
λp(w) <

∞∑︂
k=1

(︄ ∞∑︂
m=1

(︂
ξkχ[1,nk](m)

)︂p
wm

)︄
=

∞∑︂
k=1

ξp
kWnk

≤
∞∑︂

k=1

1
kp2+1 < ∞.

This means that {am} is indeed an element of λp(w).
Next, for p > 1, in preparation for using the Minkowski integral inequality

(Theorem 1.9), denote Am,k = ξkχ[1,nk](m)w1/p
m (notice that all elements of this

2-dimensional sequence are non-negative). Applying the aforementioned lemma,
we get

∥{an}∥λp(w) =
(︄ ∞∑︂

m=1

(︄ ∞∑︂
k=1

ξkχ[1,nk](m)
)︄p

wm

)︄1/p

=
(︄ ∞∑︂

m=1

(︄ ∞∑︂
k=1

Am,k

)︄p)︄1/p

≤
∞∑︂

k=1

(︄ ∞∑︂
m=1

(Am,k)p

)︄1/p

=
∞∑︂

k=1

(︄ ∞∑︂
m=1

(︂
ξkχ[1,nk](m)

)︂p
wm

)︄1/p

.

Again, by rearranging the summands, we get

∞∑︂
k=1

(︄ ∞∑︂
m=1

(︂
ξkχ[1,nk](m)

)︂p
wm

)︄1/p

=
∞∑︂

k=1
ξk(Wnk

)1/p =
∞∑︂

k=1

1
kp+1/p

< ∞.

Thus we have proven the fact that {am} ∈ λp(w). Now define {xm} and {ym} as
following:

xm =

⎧⎨⎩0 m = 2k + 1,

ak m = 2k + 2,

ym =

⎧⎨⎩ak m = 2k + 1,

0 m = 2k + 2.

Both sequences have the same decreasing rearrangement as am, therefore both
are elements of λp(w). In the following, we will prove that their sum zm = xm+ym

is in fact not in this space, implying (i) of the original theorem.
Since {zm} just repeats each element of {am} twice, it is evident that it can

be written as zm = ∑︁∞
k=1 ξkχ[1,2nk](m).

Taking a natural number µ ∈ N, we have

∥{zn}∥p
λp(w) =

∞∑︂
m=1

(︄ ∞∑︂
k=1

ξkχ[1,2nk](m)
)︄p

wm ≥
∞∑︂

m=1
ξp

µχ[1,2nµ](m)wm.

Once again, noticing that each ξp
µ gets counted exactly W2nµ

times, we can
write

∥{zm}∥p
λp(w) ≥

∞∑︂
m=1

ξp
µχ[1,2nµ](m)wm = ξp

µW2nµ = 1
µp2+1

W2nµ

Wnµ

>
2µ

µp2+1 .
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The last inequality follows from the assumption in (iii). Since µ was cho-
sen arbitrarily, we obtain that the λp(w)-norm of {zm} is greater that any real
number, thus it must be infinity, which concludes our proof.

For the last implication ((i) implies (ii)), let En = {m ∈ N : W2m > 2nWm}.
Notice that En+1 ⊂ En. It is also evident that for all k ∈ N there exists an n ∈ N
such that k ̸∈ En. Now suppose that (ii) does not hold. This means that for
some N ∈ N the set EN is bounded (otherwise we could construct a sequence
{mk} such that mk ∈ Ek for all k ∈ N (since the sets in question are unbounded,
they are by definition non-empty) which would be the sequence for (ii)).

Since EN is a bounded subset of natural numbers, it is finite. We can now
choose N ′ > N such that EN ′ is empty. This follows from the fact that for every
m ∈ EN there is a number Nm such that m ∈ ENm and m ̸∈ ENm+1. It then
remains to take N ′ = maxm∈EN

Nm + 1.
We got that EN ′ is empty, which, returning to its definition, means that

W2m ≤ 2N ′
Wm for all indices m ∈ N. This in turn means that Wm satisfies the

∆2 condition with C = 2N ′ , which by Theorem 2.6 implies that ∥ · ∥λp(w) is a
quasinorm (thus implying linearity of the aforementioned space).

For the proof of the corollary, assume that ∥ · ∥λp(w) is not a quasinorm.
Therefore (using the ∆2 characterization) for every C > 0 there exists an index
mC such that W2mC

> CWmC
. Take nk = m2k . Then {nk} is a sequence that

satisfies (ii) of the theorem, which, by what was already proven, means that our
space is not linear. The converse implication was proven in Lemma 1.2.
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