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Review text:

General comments. The thesis presents the application of an advanced numerical technique (de-

flation methods for finding multiple solutions) to a very difficult problem (viscoelastic fluids) using

a sophisticated discretisation (employing the matrix logarithm of the extra elastic stress tensor).

The main novelty is in the combination of these ideas: to the best of my knowledge no published

work has employed deflation to investigate the bifurcations of viscoelastic models. In addition, the

thesis presents a thermodynamic derivation of one subclass of viscoelastic fluids (the FENE-CR

model) and presents new observations about the contrasting qualitative behaviour of bifurcations

between FENE-CR and Giesekus fluids in a channel with a sudden expansion.

Detailed comments/questions.

• Page 9: the thesis should spell out what a bifurcation is. Footnote 1 gives the definition

of a bifurcation in the context of a dynamical system, but this is not the context here.

Similarly, footnote 2 gives the definition of Lyapunov stability in the context of an ODE

system u̇ = F (u, λ), but again this is not the context here, since the incompressibility

constraint renders the time-dependent system associated to that studied in the thesis makes

the system a differential algebraic equation rather than an ordinary differential equation.

Definition 1 defines fold points and branch points, but does not define bifurcation points in

general. What is the relevant general definition of a bifurcation point for the system (1.1)

under study?

• Page 12: equivariance is introduced in the context of a group of matrices, but later on the

page the groups consist of integers. I suggest using matrices, for consistency.

• Page 14: what is the advantage of including a b in the definition of affine contravariance?

This translation does not appear in the definition introduced by Deuflhard (2011).
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• The thermodynamic framework of section 3.2 is not explained well. Many steps are omitted,

so that to follow the argument one must reproduce it. It would have been useful to have the

full derivation in an appendix.

• I thought the thesis would benefit from a comparative discussion of the different kinds of

viscoelastic models discussed. What different fluids are best described by Maxwell, Oldroyd-

B, Giesekus, FENE-CR, etc.? What differing assumptions go into the derivations of the

different models? In these contexts, how reasonable an assumption is incompressibility?

• Page 41: Some more numerical detail would be beneficial here. How do you compute the

matrix exponential/logarithms? Do you express these symbolically in UFL in the implemen-

tation?

• Page 45: The introduction of an additional variable G was unmotivated. The scheme with

the additional variable has nice properties, but what is the underlying motivation/physical

reason why its introduction is a good idea? Another way of putting the question: if you did

not know that the scheme with G had nice properties, what line of reasoning would cause

you to start thinking about it?

• Page 48: it is important to note that deflated continuation is not guaranteed to track all

steady-state branches, as erroneously claimed.

• Page 53: if it is important to precisely locate the critical bifurcation parameter, probably

the best approach would be to solve the Moore–Spence augmented system of equations.

• Page 57: an elegant way to solve for the boundary values of Bκp(t)
would be to employ

Firedrake’s EquationBC functionality.

• Page 74: What is the disadvantage of the square root formulation? Why is the logarithm

formulation preferred? I could find explanations of why the logarithm formulation is better

than the näıve approach, but not a direct comparison of the two different reformulations.

Typographical errors.

• “deflation continuation” → “deflated continuation” (throughout)

• Page 23: L is not introduced when it is used. It is defined on page 24.

I recommend the thesis for defense.

2



I suggest to not consider the thesis for the annual award.

9 June 2025

Signature:
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