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DENSITY OF MAXIMAL NONASSOCIATIVITY IN QUADRATIC NEARFIELDS

This document is presented in English, with a Czech summary included at the end of the document.

The thesis presents a rigorous proof of a conjecture proposed in 2020 by Drápal and Lisoněk in refer-
ence [5] regarding the exact asymptotic density of maximally nonassociative quasigroups which they ob-
tained from Stein’s nearfields. The proof given in the thesis demonstrates that this density is high enough
to easily obtain maximally nonassociative quasigroups by uniformly sampling the nearfield elements and
subjecting them to certain relatively simple checks.

The thesis starts with Introduction which nicely summarizes the motivation for the work presented, the
long history of the problem studied, and the results obtained. It clearly lays out the work that is done in
the four chapters that constitute the thesis.

Chapter 1 reviews fundamental facts of nearfield theory and it explains Stein’s construction of quasi-
groups from nearfields. Criterion of maximal nonassociativity of such quasigroups is deduced. Here the
thesis parallels the reference [5], but additionally full proofs of all results are worked out (some of these
proofs were skipped in [5] for brevity, as they are quite technical). Some background on finite fields is
also reviewed, mainly to introduce notation.

Chapter 2 starts focusing on quadratic nearfields and the maximum nonassociativity criterion, which
reduces to the question of whether an element of a nearfield belongs to any of the sets Ki (0 ≤ i ≤ 4) that
were first defined in [5]. Again, full proofs are given everywhere, contrary to reference [5] where some
proofs were skipped for brevity. In Section 2.2 the thesis starts to deviate from [5] by introducing new
tools to study the sets Ki.

Chapter 3 contains most of the original work. The upper bounds on the sizes of sets Ki given in [5] are
extended to the corresponding lower bounds, and sizes of intersections of two or more sets Ki are studied
as well. The work on the intersections is novel as it was not needed in [5]. Weil bound, which is a strong
tool for studying character sums, is used in this chapter.

Chapter 4 uses the results of the previous chapter to prove the conjecture mentioned above, originally
proposed in [5]. Individual results on sizes of sets Ki and their intersections obtained in Chapter 3 and the
inclusion-exclusion principle jointly yield the proof.

The thesis is written very nicely. I did not notice any mathematical or grammatical errors. The main
contribution is the proof of the conjecture given in [5], which is an important result and obtaining it
required original and technically difficult methods. In my opinion this is an excellent Master thesis.

Souhrn v českém jazyce a doporučenı́. Předložená práce se zabývá asymptotickou hustotou maxi-
málně neasociativnı́ch kvazigrup vycházejı́cı́ch ze Steinovy konstrukce, která využı́vá konečná skorotělesa.
Hlavnı́m přı́nosem práce je rigoróznı́ důkaz domněnky vyslovené v článku Drápala a Lisoňka (reference
[5]) ohledně přesné hodnoty této asymptotické hustoty. Pro tento důkaz jsou vyvinuty originálnı́ metody
založené částečně na článku [5], které tento článek ale značně přesahujı́ a rozvı́jı́ zejména po technické
stránce. V práci jsem nezaznamenal žádné technické ani jazykové chyby. Práci považuji za velmi kvalitnı́.
Doporučuji práci uznat jako diplomovou a hodnotit ji stupněm výborně.
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