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Density of maximal nonassociativity in quadratic nearfields

The following detailed report is in English. A Czech summary is at the end.
The aim of the thesis is prove a conjecture published by Drápal and Lisoněk in

2020. Their paper investigates nonassociativity in Stein quasigroups (N, ∗c), c ∈ N ,
where N is a quadratic nearfield of order q2, q odd. (Each c ∈ N \ {0, 1} yields a
quasigroup the operation of which is denoted by ∗c.) For each q ≥ 3 there exists
c ∈ N such that the quasigroup is maximally nonassociative. That is the main
result of that paper. The above mentioned conjecture, which is based on computer
experiments, is concerned with the probability of a random c ∈ N yielding the
maximal nonassocitativy. Measurements indicated that such a probability might
converge to a value between 0.288 and 0.290. The thesis under consideration proves
that such a probability really exists and is equal to 37/128 = 0.2890625. This is
a result which certainly deems publication in a journal focused on computation in
algebra and/or combinatorics.

The thesis is very well written and in fact it is difficult to raise an objection. A
small one: it would be better to write φu,v in place of φuv.

On the other hand it is fair to say that there are no suprises in the thesis.
The method of using Weil’s bound is well established and the student could follow
existing proofs in the same area. The main challenge has been the complexity of the
situation and a seemingly large number of intersections that were to be estimated.
To explain this, let it be mentioned that the task is to estimate a union of five sets
Ki, 0 ≤ i ≤ 4, each of which is given as an intersection of 2− 4 sets each of which
is induced by a certain polynomial p ∈ Fx,y in such a way that (ξ, η) belongs to the
set if and only if p(ξ, η) is a square (or a nonsquare).

The sets Ki are defined in the original paper of Drápal and Lisoněk. The student
verified that they really capture situations in which ∗c may be associative. The
estimates of Ki proceed by mapping a subset of Fq2 to Fq × Fq. The student had
to develop a uniform approach to these mappings in order to be able to estimate
intersections. The structure of intersection was not considered in the paper. The
thesis shows that the only nonempty intersection of three sets is that of K0∩K3∩K4.
That may be regarded as the main structural result of the paper.

Weil’s bound is applied separately to each of the investigated intersections and
uses discriminants to ensure that the bound is applied correctly (because of that
a certain part of the plane is left aside but this part is assymptotically small).
Computations of discriminants were done by the computer system Mathematica.

Sections 3 and 4 contain parts which are quite repetetive. If the thesis is converted
into a paper the presentation should be much more condensed. In particular, some
lemmas of general form might help to prune the terms of assymptotic magnitude
less then q2 at a much earlier stage.

I recommend the thesis to be accepted as a Master Degree thesis.

Czech summary. Předložená diplomová práce řeší domněnku zveřejněnou roku
2020 v článku Drápala a Lisoňka. Práce je napsána srozumitelně, víceméně bez
chyb, je technicky náročná a obsahuje publikovatelné výsledky. Vychází ze zavede-
ných metod, jejím hlavním přínosem je pečlivá a promyšlená organizace způsobu
odhadů velikostí průniků složitě definovaných množin. Práci doporučuji uznat jako
diplomovou a hodnotit ji stupněm výborně.
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