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Introduction1
Nonassociative algebraic structures, including quasigroups, have lately started2

receiving more attention due to their potential application in cryptography. As an3
example, let us mention the work of Grošek and Horák in [10], who discuss the use4
of quasigroups in the designs of hash functions. These applications aim to exploit5
the nonassociativity of the structure, and thus, the finding of quasigroups that6
minimize the number of elements that satisfy the associative law is of interest.7

For several decades, it was believed that nontrivial maximally nonassociative8
quasigroups do not exist. However, this was disproved in 2018 in [6], when9
a maximally nonassociative quasigroup of order 9 was discovered, and since then10
the existence has been decided for numerous orders in [5, 7, 14].11

The papers listed above use different methods to construct the quasigroups,12
but in this thesis we will follow the approach of Drápal and Lisoněk from [5] and13
focus on the quasigroups that arise from nearfields by Stein’s construction [17].14
A nearfield is an algebraic structure that, compared to a division ring, can lack one15
of the two distributivity laws. All finite nearfields were classified by Zassenhaus16
[19], to whom the naming of the structure is attributed, but the research began17
more than 30 years earlier by Dickson [2], who introduced the first construction18
of a finite nearfield that was not a field. We will use his construction in a special19
case; starting from a field of order q2, for q an odd prime power, we will modify20
its multiplication to obtain a nearfield of the same order. We shall refer to such21
nearfields as quadratic nearfields.22

In [5], using quadratic nearfields, the authors proved the existence of maximally23
nonassociative quasigroups of orders m2 for all m = 23kr where k ≥ 0 and r is odd.24
Furthermore, based on computational results in small orders, they conjectured25
(Conjecture 5.10) that for q an odd prime power and a quadratic nearfield Nq2 ,26
there exists a real number 0.288 < d < 0.29 such that the asymptotic density of27
maximally nonassociative quasigroups constructed from Nq2 by Stein’s construction28
approaches d as q → ∞. The goal of this thesis is to build on the findings from29
[5] and to prove their conjecture.30

The structure of the thesis is as follows. We begin Chapter 1 by stating and31
proving some fundamental facts of nearfield theory (Section 1.1). Section 1.232
then consists mainly of lemmas from the second chapter of [5], but contrary to33
the source article, we provide the proofs in full detail. Content-wise, this section34
is concerned with the explanation of Stein’s construction of quasigroups from35
nearfields and with determining the criterion of maximal nonassociativity of such36
quasigroups. As this is one of the key steps towards our goal and the arguments37
are quite technical, we considered it important to thoroughly verify the proofs from38
[5]. In the last section of this chapter (Section 1.3), we mention a few well-known39
properties of finite fields and establish the corresponding definitions and notation.40

In Section 2.1 of Chapter 2, we explain the contents of the third chapter of [5].41
We start from the previously determined criterion of maximal nonassociativity42
of Stein’s quasigroups in a special case, where the quasigroups are based on43
quadratic nearfields. We reduce this criterion to a question of whether an element44
of a nearfield belongs to any of the sets Ki, 0 ≤ i ≤ 4, that were first defined in45
[5]. For completeness, we again provide all the technical details that were omitted46
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in the original paper. We simplify the definition of these sets in Section 2.2. We1
achieve this by applying a bijection used in [5] for the set K4 on all the remaining2
sets. Here we deviate from [5] as in the paper the authors used the most convenient3
bijection for each of the sets, which would not allow us to explore the sizes of the4
set intersections by exploring the sizes of the intersections of their images.5

Chapter 3 contains most of our original work. Firstly, in Section 3.1, we state6
several useful results and a lemma from [5], and then extend the upper bounds7
on the sizes of the sets Ki, 0 ≤ i ≤ 4, determined in [5], to the lower bounds.8
In Section 3.2, we then present our own observations and lemmas about the9
intersections of these sets. In Section 3.4, we estimate the sizes of the nonempty10
intersections of the sets Ki, 0 ≤ i ≤ 4. We achieve this using an estimate known11
as the Weil bound on character sums, which we briefly introduce in Section 3.3.12
Apart from [5], this method has already been used, for example, in the papers by13
Drápal and Wanless [7, 8] and in the M.Sc. Thesis of Bajtoš [1] to determine the14
existence and the asymptotic density of maximally nonassociative quasigroups15
based on quadratic orthomorphisms. We use these as inspiration.16

Finally, Chapter 4 is concerned with deciding the correctness of the said17
conjecture using mainly the findings of the previous chapter and the inclusion-18
exclusion principle. The main result is then formulated in Theorem 4.1.19

In summary, the first two chapters introduce finite nearfields along with their20
most important properties and verify the soundness of the results of [5]. Most of21
our original work is presented in the last two chapters.22

Since this task required nontrivial and often tedious manipulations with poly-23
nomials, the use of mathematical software was necessary; our choice was Mathe-24
matica, see [11]. For easy verification of our results, a file with our computations25
is attached to the thesis.26
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1 Fundamental notions1
1.1 Nearfields and their properties2
Definition. A (left) nearfield N(+, ◦, 0, 1) is a set N with a pair of binary3
operations + and ◦ such that:4

(N1) N(+, 0) is an abelian group,5
(N2) (x ◦ y) ◦ z = x ◦ (y ◦ z) for all x, y, z ∈ N ,6
(N3) there exists nonzero 1 ∈ N such that 1 ◦ x = x ◦ 1 = x for all x ∈ N ,7
(N4) for each nonzero x ∈ N there exists x−1 ∈ N such that x◦x−1 = x−1 ◦x = 1,8
(N5) x ◦ (y + z) = (x ◦ y) + (x ◦ z) for all x, y, z ∈ N .9

Remark. Let us now make a few remarks concerning the definition above:10

• The axioms (N2) and (N3) imply that N(◦, 1) is a monoid.11
• Put N∗ = N \ {0}, then N∗(◦, 1) is a group, as follows from (N2) − (N4).12
• By replacing equation (N5) with the right distributive law, (x + y) ◦ z =13

(x ◦ z) + (y ◦ z), we obtain a right nearfield. Throughout the thesis, only14
the left version of the algebraic structure shall be considered, and thus the15
full name will be omitted.16

• If both the left and the right distributive laws hold in a finite nearfield, then17
the multiplication is commutative, so it is a field, as proved in [2]. We say18
that a nearfield is proper if it is not a division ring.19

• The order of N(+, ◦, 0, 1), denoted by |N |, is the number of elements of N .20

Let us start by mentioning some well-known properties of nearfields.21

Lemma 1.1. Let N(+, ◦, 0, 1) be a nearfield. All x ∈ N fulfill x ◦ 0 = 0 ◦ x = 0.22

Proof. For all x ∈ N by definition x ◦ 0 = x ◦ (0 + 0) = (x ◦ 0) + (x ◦ 0) and thus23
subtracting (x ◦ 0) from both sides yields24

x ◦ 0 = 0. (1.1)

Next, we prove 0 ◦ x = 0 by contradiction. Assume 0 ◦ x ̸= 0. Thus, by (N4)25
it has an inverse y, that is, (0 ◦ x) ◦ y = 1. By associativity (N2), 0 ◦ (x ◦ y) = 1,26
thus zero has an inverse x ◦ y, denote it by z. We have 0 ◦ z = 1. Then z ̸= 0,27
otherwise 0 ◦ 0 = 1, which cannot hold due to (1.1), so by (N4) z has an inverse28
z−1. Next, multiply 0 ◦ z = 1 from right by z−1, then29

(0 ◦ z) ◦ z−1 = 1 ◦ z−1

0 ◦ (z ◦ z−1) = z−1 by (N2) and (N3)
0 ◦ 1 = z−1 by (N4),

but from (N3) we know that 0 ◦ 1 = 0, so z−1 = 0, and therefore 1 = z ◦ z−1 =30
z ◦0 = 0 by (1.1), but 0 ̸= 1 by (N3). Therefore, indeed 0◦x = 0 for all x ∈ N .31
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Lemma 1.2. Consider a nearfield N(+, ◦, 0, 1). Then x ◦ (−y) = −(x ◦ y) for1
any x, y ∈ N .2

Proof. This equality again follows from the left distributivity. Let x, y ∈ N , then3
0 = x ◦ 0 = x ◦ (y + (−y)) = (x ◦ y) + (x ◦ (−y)) and subtracting the first summand4
from both sides yields the result.5

The following two lemmas and a corollary can be found, for example, in [6].6

Lemma 1.3. In a nearfield N(+, ◦, 0, 1), x ◦ x = 1 if and only if x = ±1.7

Proof. Let us start with the second implication. If x = 1, the result follows from8
(N3). If x = −1, then (−1) ◦ (−1) = −((−1) ◦ 1) = −(−1) = 1 where we used9
Lemma 1.2 and the definition of a nearfield.10

For the other implication, assume that x ◦ x = 1. Then x ◦ (x + 1) =11
(x ◦ x) + (x ◦ 1) = (x ◦ x) + x = 1 + x = x + 1 = 1 ◦ (x + 1). If x + 1 ̸= 0, then12
we can multiply both sides by its inverse, and thus x = 1. Else x + 1 = 0 and,13
therefore, x = −1.14

Lemma 1.4. Let N(+, ◦, 0, 1) be a nearfield. All x ∈ N satisfy (−1) ◦ x = −x.15

Proof. If x = 0, use Lemma 1.1 to obtain the result. If x ̸= 0, then x has16
a nonzero inverse x−1, according to (N4) and Lemma 1.1. Then 1 = x ◦ x−1 =17
x ◦ ((−1) ◦ (−1)) ◦ x−1 = (x ◦ (−1)) ◦ (x−1 ◦ x) ◦ ((−1) ◦ x−1) = (x ◦ (−1) ◦18
x−1) ◦ (x ◦ (−1) ◦ x−1). Therefore, x ◦ (−1) ◦ x−1 = ±1 by Lemma 1.3. The first19
possibility gives x ◦ (−1) ◦ x−1 = 1 = x ◦ x−1, which we multiply by x from the20
right to obtain x ◦ (−1) = x, and so −x = x by Lemma 1.2. Then 0 = x + x, also21
0 = x−1 ◦ 0 = x−1 ◦ (x + x) = 1 + 1, and thus 1 = −1. So char(N) = 2, and the22
equality holds. Or we have x ◦ (−1) ◦ x−1 = −1 and if we multiply this from the23
right by x, we get −x = x ◦ (−1) = (−1) ◦ x according to Lemma 1.2.24

Corollary 1.5. Let N(+, ◦, 0, 1) be a nearfield, then all elements x, y ∈ N satisfy25
−(x ◦ y) = (−1) ◦ (x ◦ y) = ((−1) ◦ x) ◦ y = (−x) ◦ y.26

Recall that an abelian group is referred to as elementary when all its elements,27
identity excluded, are of the same order. In the finite case, by the Cauchy theorem,28
this order p has to be a prime, as if it were not, for each prime divisor of p there29
would exist an element of the order of the divisor. Therefore, an elementary30
abelian group of prime order p is a special case of a p-group, a group where the31
order of each of its elements is some power of p. Finally, a center of a group32
G(·, e) is defined as Z(G) = {z ∈ G | ∀g ∈ G : z · g = g · z}. As proved in any33
group theory textbook, see the initial chapter of [16], for instance, the center of34
a finite nontrivial p-group is nontrivial.35

Let us now recall two more notions of group theory. Consider G, a group36
of permutations on a set X, that is, G ≤ Sym(X). The group G is said to act37
transitively on X if for all x, y ∈ X, there exists g ∈ G such that g(x) = y.38

The group G acts 2-transitively on X if for all x1, x2, y1, y2 ∈ X, x1 ̸= x2 and39
y1 ̸= y2, there exists g ∈ G such that g(x1) = y1 and g(x2) = y2. The group G is40
then called 2-transitive upon X. Furthermore, if the permutation g ∈ G in this41
definition is always unique, then we say that G is sharply 2-transitive upon X.42

The following lemmas follow an approach taken in the lecture notes [3].43
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Lemma 1.6. Let G(·, e) be a finite group. If Aut(G(·, e)) acts transitively on1
G \ {e}, then G(·, e) is elementary abelian.2

Proof. We know that for all x, y ∈ G \ {e} there exists ϕ ∈ Aut(G(·, e)) such3
that ϕ(x) = y. Since automorphisms preserve the order of elements, all the4
elements of G \ {e} are of the same order. Thus, G(·, e) is a p-group. Assuming5
the nontriviality of G(·, e), otherwise the group is trivially abelian, the center6
of this group is also nontrivial as it is a finite p-group. The nontrivial central7
element can be mapped by an automorphism onto any nontrivial element of G as8
follows from the transitivity. Therefore, since automorphisms preserve the center9
of a group, all elements are central, that is, G(·, e) is abelian.10

Lemma 1.7. Let N(+, ◦, 0, 1) satisfy (N1′) and (N2)-(N5), where (N1′) states11
that N(+, 0) is a group (not necessarily commutative). If N is finite, then N(+, 0)12
is elementary abelian. In particular, N(+, ◦, 0, 1) is a nearfield and N(+, 0) is13
elementary abelian whenever N is finite.14

Proof. By Lemma 1.6, this is true if Aut(N(+, 0)) acts transitively on N∗.15
Let us start by observing that for a ∈ N∗ the mapping ϕa : x ↦→ a ◦ x is an16

automorphism of N(+, 0). Clearly, for any x, y ∈ N , by the left distributivity17
ϕa(x + y) = a ◦ (x + y) = (a ◦ x) + (a ◦ y) = ϕa(x) + ϕa(y). Therefore, ϕa is18
a homomorphism. Let ϕa(x) = ϕa(y), that is, a ◦ x = a ◦ y. Since a ̸= 0, it has an19
inverse a−1. Therefore, x = 1 ◦ x = (a−1 ◦ a) ◦ x = a−1 ◦ (a ◦ x) = a−1 ◦ (a ◦ y) =20
(a−1 ◦ a) ◦ y = 1 ◦ y = y. Thus, ϕa is injective and, since N is finite, it is bijective.21

Now, let x, y ∈ N∗. Put a = y ◦ x−1, where x−1 denotes the inverse of y ̸= 0.22
Then ϕa(x) = a ◦ x = (y ◦ x−1) ◦ x = y ◦ (x−1 ◦ x) = y ◦ 1 = y.23

The above lemma holds even without the assumption of finiteness of N . How-24
ever, the proofs are not simple; see, for example, [20]. Therefore, for convenience,25
the axiom (N1) is often used in the definition of a nearfield instead of (N1′). For26
the remainder of this thesis, the nearfields with which we work will be finite.27

1.2 From nearfields to quasigroups28
Let us now introduce the notion of a quasigroup and show how it relates to29

a nearfield. This section is predominantly a reproduction of part of the second30
chapter of the paper [5] by Drápal and Lisoněk. For completeness, we provide all31
the technical steps that were omitted in the paper.32

Definition. A quasigroup Q(·) is a set Q with a binary operation · defined on33
Q such that for every two elements a, b ∈ Q each of the equations a · x = b and34
y · a = b has exactly one solution.35
The order of Q(·) is the number of elements of Q and is denoted by |Q|.36

Definition. Let N(+, ◦, 0, 1) be a nearfield. For each c ∈ N , c ̸= 0, 1, define37
a binary operation ∗c in the following way:38

x ∗c y = x + (y − x) ◦ c for all x, y ∈ N. (1.2)

We shall now mention a lemma about operation ∗c that was established by39
Stein in [17]. Here we present an alternative proof from [5].40
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Lemma 1.8. Let N(+, ◦, 0, 1) be a nearfield and c ∈ N , c ̸= 0, 1. Then N(∗c) is1
a quasigroup.2

Proof. Firstly, since c, c − 1 ̸= 0, these elements have inverses c−1 and (1 − c)−13
in N(+, ◦, 0, 1) by (N4). Let a, b ∈ N , and consider equations a ∗c x = b and4
y ∗c a = b, for some x, y ∈ N . We want to show that they have unique solutions5
x, y ∈ N . The first equation and (1.2) imply6

b = a + (x − a) ◦ c

(b − a) ◦ c−1 = ((x − a) ◦ c) ◦ c−1

(b − a) ◦ c−1 = (x − a) ◦ (c ◦ c−1)
(b − a) ◦ c−1 = x − a.

Thus, x can be expressed in a unique way as x = ((b − a) ◦ c−1) + a. Similarly,7

b = y + (a − y) ◦ c

b − a = −(a − y) + (a − y) ◦ c

b − a = (a − y) ◦ (c − 1)
(b − a) ◦ (c − 1)−1 = a − y

y = a − ((b − a) ◦ (c − 1)−1).

Therefore, by definition N(∗c) is a quasigroup.8

Remark. A quasigroup Q(·) is called idempotent if x · x = x for all x ∈ Q. Clearly,9
the quasigroup N(∗c) from the above lemma is idempotent, since for any x ∈ N10
we have x ∗c x = x + (x − x) ◦ c = x + 0 ◦ c = x, by (1.2) and by Lemma 1.1.11

Notice that for a nearfield N(+, ◦, 0, 1) and c, d ∈ N \ {0, 1}, we have 0 ∗c 1 =12
0 + (1 − 0)c = c and 0 ∗d 1 = d, thus the two constructed quasigroups, N(∗c) and13
N(∗d), are the same if and only if c = d.14

Lemma 1.9. Consider a finite nearfield N(+, ◦, 0, 1) and c ∈ N \ {0, 1}. If15
u, v ∈ N , u ̸= 0, then the mapping ϕuv : x ↦→ u ◦ x + v is an automorphism of16
N(∗c).17

Proof. For a, b ∈ N , the mapping ϕuv is a homomorphism since ϕuv(a) ∗c ϕuv(b) =18
ϕuv(a)+(ϕuv(b)−ϕuv(a))◦c = (u◦a+v)+(u◦b−u◦a)◦c = u◦a+v+u◦(b−a)◦c =19
u ◦ (a + (b − a) ◦ c) + v = ϕuv(a ∗c b). It is also injective, as ϕuv(a) = ϕuv(b) implies20
a = b, and since N is finite, it is also bijective and ϕ−1

uv : x ↦→ u−1 ◦ (x − v).21

The mappings of Lemma 1.9 are called the affine mappings of a nearfield22
N(+, ◦, 0, 1). The set of all affine mappings of N(+, ◦, 0, 1), that is,23

{ϕuv : x ↦→ u ◦ x + v | u ∈ N∗, v ∈ N},

with the mapping composition, forms a group Aff(N(+, ◦, 0, 1)).24

Lemma 1.10. Let N(+, ◦, 0, 1) be a nearfield. The group Aff(N(+, ◦, 0, 1)) is25
sharply 2-transitive.26
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Proof. By Lemma 1.9, affine mappings are bijective, so they permute N . Let1
x1, x2, y1, y2 ∈ N , x1 ̸= x2 and y1 ̸= y2. We need to solve a system of two equations2
u◦x1 +v = y1 and u◦x2 +v = y2. Subtracting these yields u◦x1 −u◦x2 = y1 −y23
and by the left distributivity u ◦ (x1 − x2) = y1 − y2. Since x1 − x2 ̸= 0, we can4
invert it and obtain u = (y1 − y2) ◦ (x1 − x2)−1. We have y1 − y2 ̸= 0, thus u ̸= 05
and v = y1 − u ◦ x1. Therefore, there exists a unique affine mapping ϕuv.6

It is well known that finite nearfields are equivalent to sharply 2-transitive7
groups. According to Lemma 1.10, affine mappings give us a way to obtain8
a sharply 2-transitive group from a finite nearfield. Using the properties of9
Frobenius groups, see [16] (Chapters 8 and 10), for example, it is then simple to10
show, that in the finite case, a sharply 2-transitive group yields a nearfield.11

Definition. Let Q(·) be a quasigroup. We say that a triple (x, y, z) ∈ Q3 is12
associative in Q(·) (shortly, associative) if (x · y) · z = x · (y · z).13

In this thesis, we will be mainly interested in the following quasigroup property:14

Definition. We say that a quasigroup Q(·) is maximally nonassociative if15

∀x, y, z ∈ Q : (x · y) · z = x · (y · z) =⇒ x = y = z. (1.3)

Lemma 1.11. A finite quasigroup Q(·) is maximally nonassociative if and only16
if it has exactly |Q| associative triples.17

Proof. The first implication follows directly from the definition. On the other18
hand, if a quasigroup Q(·) has |Q| associative triples, then it is idempotent, as19
is proved, for example, in [10]. And since for all |Q| elements x ∈ Q we have20
(x · x) · x = x · x = x · (x · x), there can be no other associative triple, and so (1.3)21
holds.22

The idempotence of maximally nonassociative quasigroups implies that the23
converse implication of (1.3) is also true.24

Lemma 1.12. Consider an idempotent quasigroup Q(·). Then (x, x, y) ∈ Q3 is25
an associative triple iff x = y.26

Proof. By definition, the triple (x, x, y) ∈ Q3 is associative if (x · x) · y = x · (x · y).27
Using the idempotence of Q(·) three times in a row, we get x · y = x · (x · y), also28
x = x · y and finally x = y. The other implication is straightforward.29

Lemma 1.13. Consider a nearfield N(+, ◦, 0, 1), |N | = n, and let c ∈ N \ {0, 1}.30
Next, let k denote the number of z ∈ N fulfilling 0 ∗c (1 ∗c z) = c ∗c z. Then31
the quasigroup N(∗c) yields exactly n(nk − k + 1) associative triples.32

Proof. Since 0 ∗c 1 = c, the equality 0 ∗c (1 ∗c z) = c ∗c z holds if and only if the33
triple (0, 1, z) is associative in N(∗c).34

If the triple (0, 1, z) is associative and u, v ∈ N , u ̸= 0, then ϕuv is an35
automorphism of N(∗c) by Lemma 1.9, and so (ϕuv(0), ϕuv(1), ϕuv(z)) = (v, u +36
v, ϕuv(z)) is also associative. By Lemma 1.10, the elements 0, 1 ∈ N can be mapped37
to any two distinct elements of N by a unique affine mapping of N(+, ◦, 0, 1).38
On the other hand, if the triple (v, w, z′) for v ̸= w is associative, then there39
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exists u ̸= 0 such that w = u + v and (ϕ−1
uv (v), ϕ−1

uv (w), ϕ−1
uv (z′)) = (0, 1, ϕ−1

uv (z′)) is1
associative.2

Therefore, there are n(n−1)k associative triples (x, y, z) ∈ N3 such that x ̸= y.3
By Lemma 1.12, the remaining associative triples are (x, x, x) ∈ N3, so there is n4
of them. In total, there are n(n − 1)k + n = n(nk − k + 1) associative triples.5

Lemma 1.14. Let N(+, ◦, 0, 1) be a finite nearfield and c ∈ N \ {0, 1}. Then6
the number k from Lemma 1.13 equals the number of x ∈ N such that (x, c) fulfills7
the equation8

(x + c) ◦ c = x ◦ c + (x + 1 − x ◦ c) ◦ c. (1.4)

Furthermore, for any such (x, c) fulfilling (1.4), we have x ̸= 0.9

Proof. Using (1.2), we obtain that the equality 0 ∗c (1 ∗c z) = c ∗c z is equivalent to10

0 + ((1 + (z − 1) ◦ c) − 0) ◦ c = c + (z − c) ◦ c

(1 + (z − 1) ◦ c) ◦ c = c + (z − c) ◦ c. (1.5)

Assume that x ̸= 0, z ̸= 1 and let x ◦ (z − 1) = 1. By putting y = z − 1, we get11

(1 + y ◦ c) ◦ c = c + (y + 1 − c) ◦ c

x ◦ ((1 + y ◦ c) ◦ c) = x ◦ (c + (y + 1 − c) ◦ c)
(x ◦ (1 + y ◦ c)) ◦ c = x ◦ c + x ◦ ((y + 1 − c) ◦ c)

(x ◦ 1 + x ◦ (y ◦ c)) ◦ c = x ◦ c + (x ◦ (y + 1 − c)) ◦ c

(x + (x ◦ y) ◦ c) ◦ c = x ◦ c + ((x ◦ y) + (x ◦ 1) − (x ◦ c)) ◦ c

(x + c) ◦ c = x ◦ c + (x + 1 − x ◦ c) ◦ c,

where we used x ◦ y = 1 and the definition of a nearfield. We can also observe12
that z = 1 never fulfills (1.5), since that would imply that 1 ◦ c = c + (1 − c) ◦ c,13
but c ̸= 0, 1. Similarly, x = 0 never fulfills (1.4) as c ◦ c = c can only hold for14
c = 0, 1.15

The combination of Lemma 1.11 and Lemma 1.13 yields the following:16

Corollary 1.15. Let N(+, ◦, 0, 1) be a nearfield, |N | = n, and c ∈ N \ {0, 1}. If17
the number k from Lemma 1.13 equals 0, then the quasigroup N(∗c) is maximally18
nonassociative.19

1.3 Squares and quadratic fields20
Definition. Let F be a field. We say u ∈ F is a square if there exists v ∈ F such21
that u = v2. If there is no such v, then we say that u is a nonsquare.22

Remark. If the field F is not clear from the context, we often say that a given23
element is a square in F or a nonsquare in F. The squareness or nonsquareness of24
an element (in F) is also sometimes referred to as the parity of the element (in F).25

Let Fq be a field and F = Fq2 its quadratic extension, for q an odd prime26
power. Consider ϑ ∈ F such that ϑ2 ∈ Fq and F = Fq(ϑ), denote ϑ2 by c. This27
notation shall remain fixed for the rest of the thesis. Then, for all elements y ∈ F ,28
there exist unique a, b ∈ Fq such that y = a + ϑb.29
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Lemma 1.16. Let a, b ∈ Fq, then a + ϑb ∈ Fq ⇐⇒ b = 0.1

Proof. The second implication is clear. The first implication follows from the fact2
that the field F = Fq(ϑ) is a field extension of the field Fq, that is, ϑ ∈ F \Fq.3

Definition. Quadratic character on Fq, denoted by χ, is a mapping4

χ : Fq → {−1, 0, 1}

such that for u ∈ Fq5

χ(u) =

⎧⎪⎪⎨⎪⎪⎩
−1 when u is a nonsquare in Fq,
0 for u = 0,
1 when u is a nonzero square in Fq.

A multiplicative character on F∗
q is a homomorphism ρ : F∗

q → C∗. A trivial6
character ρ0 is defined by ρ0(u) = 1 for all u ∈ F∗

q. Then order of multiplicative7
character ρ is the smallest positive integer number k such that ρk = ρ0. Usually8
in literature, see [9], for example, a quadratic character χ is defined as the unique9
multiplicative character of order 2, but in our case we chose to extend the definition10
by putting χ(0) = 0.11

As defined, the quadratic character still fulfills χ(u · v) = χ(u) · χ(v), for any12
u, v ∈ Fq. This property can be reformulated in words. It says that a product of13
two nonzero squares is a nonzero square, a product of two nonsquares is a nonzero14
square, and similarly for the other cases.15

Throughout the thesis, we shall denote by χ the quadratic character on Fq16
and by χ′ the quadratic character on F .17

For the sake of completeness, let us now mention several facts, which we will18
keep using throughout the thesis.19

Lemma 1.17. Consider y ∈ F . If y ∈ Fq, then y is a square in F .20

Proof. Firstly, note that if y ∈ Fq is a square in Fq, then it is also a square in F21
as there exists u ∈ Fq ⊂ F such that y = u2.22

It remains to show that a nonsquare in Fq is a square in F . See that F can23
be constructed as a splitting field of a polynomial x2 − c, where c is a nonsquare24
in Fq. If c were a square in Fq, then x2 − c would have a root in Fq and so25
Fq(c) = Fq. However, if c is not square in Fq, then the polynomial x2 − c does not26
have a root in Fq, therefore its splitting field equals Fq(ϑ), where ϑ2 = c. Thus,27
such c is a square in F . Finally, we can take any c nonsquare in Fq to obtain the28
extension, as by any introductory algebra course, all finite fields of the same size29
are isomorphic.30

Lemma 1.18. Let F be a field of prime characteristic p. If q = pk and a, b ∈ F,31
then (a + b)q = aq + bq for all positive integers k.32

Proof. Special case of the Freshman’s dream theorem; see, for example, [12].33

Lemma 1.19. For any a ∈ Fq holds aq = a. Furthermore, we have ϑq = −ϑ.34
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Proof. For zero, this holds. For a ̸= 0, use Lagrange’s theorem; the order of a1
divides the order of the multiplicative group of the field Fq, which equals q − 1.2
Thus aq−1 = 1 and so aq = a.3

For the second equality, we know that ϑ ∈ F \ Fq and ϑ2 ∈ Fq. By the proof4
of Lemma 1.17, ϑ is the root of its minimal polynomial x2 − c = x2 − ϑ2 over5
Fq. This polynomial has two roots, ϑ and −ϑ, and since ϑ /∈ Fq, the Frobenius6
automorphism, denoted by x = xq, maps ϑ to itself or to −ϑ. However, this7
mapping cannot be an identity, since the order of the multiplicative group of F is8
q2 − 1, so there exists an element a ∈ F for which aq ̸= a. Thus, the remaining9
option is ϑq = −ϑ.10

Define norm of x ∈ F over Fq as N(x) = xx, where x = xq denotes the11
Frobenius automorphism. The elements fixed by this mapping are exactly the12
elements of Fq, by the proof of Lemma 1.19. Thus, since N(x) = xq+1 = (xq+1)q =13
xq2 · xq = x · xq = N(x), we have N(x) ∈ Fq for all x ∈ F . More properties of the14
norm can be found, for example, in [13].15

Having established important notions and auxiliary lemmas, let us now take16
a closer look at Lemma 1.14 in the special case of the so-called quadratic nearfields.17
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2 Set definition1
2.1 Quadratic nearfields2

Before introducing a concrete construction of a proper nearfield, let us remark3
that by F we mean a field of order q2, where q is an odd prime power, as defined4
in Section 1.3. If we define a binary operation ◦ on F in the following way:5

x ◦ y =

⎧⎨⎩ xy if x is a square,

xyq if x is a nonsquare,
(2.1)

then N = F (+, ◦, 0, 1) is a nearfield, where the addition +, multiplication · (often6
omitted) and both the identities are of the field F . The constructed structure is7
referred to as a quadratic nearfield (upon F ), and it was first published by Dickson8
in [2].9
Lemma 2.1. The structure N = F (+, ◦, 0, 1) defined above is a nearfield.10
Proof. The axiom (N1) of a nearfield holds since F (+, 0) is the additive abelian11
group of the field. Let x, y, z ∈ F \{0}. The associativity of nearfield multiplication12
(N2) is proven by discussing all the cases and then noting that the matching lines,13
based on x and y being squares or nonsquares, contain same expressions. See that14

(x ◦ y) ◦ z =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
xy ◦ z =

⎧⎨⎩ xyz, χ′(x) = 1, χ′(xy) = 1 ⇒ χ′(y) = 1,

xyzq, χ′(x) = 1, χ′(xy) = −1 ⇒ χ′(y) = −1,

xyq ◦ z =

⎧⎨⎩ xyqz, χ′(x) = −1, χ′(xyq) = 1 ⇒ χ′(y) = −1,

xyqzq, χ′(x) = −1, χ′(xyq) = −1 ⇒ χ′(y) = 1,
15

x ◦ (y ◦ z) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
x ◦ yz =

⎧⎨⎩ xyz, χ′(y) = 1, χ′(x) = 1,

xyqzq, χ′(y) = 1, χ′(x) = −1,

x ◦ yzq =

⎧⎨⎩ xyzq, χ′(y) = −1, χ′(x) = 1,

xyqzq2 = xyqz, χ′(y) = −1, χ′(y) = −1.

If any of the three elements equals zero, the associativity holds trivially.16
The multiplicative identity of a nearfield is 1 as for x ∈ F square we have17

x ◦ 1 = x · 1 = x = 1 · x = 1 ◦ x as 1 is a square. Similarly for x ∈ F nonsquare18
x ◦ 1 = x · 1q = x = 1 · x = 1 ◦ x.19

Let x ∈ F \ {0}. To prove that the axiom (N4) holds, we need to find the20
inverse of x with respect to ◦. If x is a square, then x ◦ y = x · y = 1, that is, y21
is the inverse of x in the field F and in the nearfield N , too. For x nonsquare22
we need x ◦ y = x · yq = 1; that means, the inverse of x in F is x−1 = yq which23
implies y = (x−1)1/q. Since for any z ∈ F , zq2 = z, then also zq = z1/q. Thus, the24
inverse of nonsquare x in N equals x−q, where x−1 is the inverse of x in F .25

As for (N5), let x, y, z ∈ F . Then26

x ◦ (y + z) =

⎧⎨⎩ x · (y + z) = x · y + x · z = (x ◦ y) + (x ◦ z)
x · (y + z)q = x · (yq + zq) = x · yq + x · zq = (x ◦ y) + (x ◦ z),

where in the second case, that corresponds to x being a nonsquare, we used27
Lemma 1.18.28

16



The remainder of this section, up until Lemma 2.3, summarizes the approach1
taken in the third chapter of [5]. Let us focus on equation (1.4) in the setting of2
the quadratic nearfield N defined above. For x, c ∈ N , c ̸= 0, 1, we will try to3
express this equation using operations of the field F . Clearly, the values on both4
sides of (1.4) only depend on whether the expressions x, x + 1 − x ◦ c and x + c5
are squares in F or not. To simplify the notation, let us define the following:6

Definition. For x, y ∈ F define ε(x, y) = (ε1, ε2, ε3) ∈ {0, 1}3 by7

ε1 = 0 ⇐⇒ x is a square,

ε2 = 0 ⇐⇒ x + 1 − x ◦ y is a square, and (2.2)
ε3 = 0 ⇐⇒ x + y is a square.

We will now discuss all possible forms of equation (1.4).8
Firstly, let ε(x, c) = (0, 0, 0), so all three elements from the definition above9

are squares. Then equation (1.4) can be rewritten using definition (2.1) as10

xc + (x + 1 − xc)c = (x + c)c
xc + (xc + c − xc2) = xc + c2

xc + c − xc2 − c2 = 0
c(x + 1) − c2(x + 1) = 0

c(x + 1)(1 − c) = 0,

thus (1.4) holds if and only if c(x + 1)(c − 1) = 0.11
When ε(x, c) = (0, 0, 1), then12

xc + (x + 1 − xc)c = (x + c)cq

xc + xc + c − xc2 = xcq + cq+1

c(2x + 1 − xc − xcq−1 − cq) = 0
c(x(cq−1 + c − 2) + (cq − 1)) = 0.

The remaining six cases are obtained in a similar way. For the sake of13
completeness, the details are provided below.14

In the case of ε(x, c) = (0, 1, 0), the equation becomes15

xc + (x + 1 − xc)cq = (x + c)c
xc + xcq + cq − xcq+1 = xc + c2

xcq + cq − xcq+1 − c2 = 0
xcq(1 − c) + c2(cq−2 − 1) = 0

c2(xcq−2(c − 1) − (cq−2 − 1)) = 0.

When x is a square and the other two elements are nonsquares, that is16
ε(x, c) = (0, 1, 1), the equation is equivalent to17

xc + (x + 1 − xc)cq = (x + c)cq

xc + xcq + cq − xcq+1 = xcq + cq+1

xc(1 − cq) + cq(1 − c) = 0
c(x(1 − cq) + cq−1(1 − c)) = 0

c(c − 1)(x(c − 1)q−1 + cq−1) = 0,

17



where in the last step we used Lemma 1.18.1
Next, let us look, at the case ε(x, c) = (1, 0, 0), that is x is a nonsquare and2

the other two elements are squares. Then, by definition (2.1), the equation (1.4)3
has the following form4

xcq + (x + 1 − xcq)c = (x + c)c
xcq + c − xcq+1 − c2 = 0
xcq(1 − c) + c(1 − c) = 0

c(c − 1)(xcq−1 + 1) = 0.

Thus, in this case, equation (1.4) holds iff c(c − 1)(xcq−1 + 1) = 0.5
For ε(x, c) = (1, 0, 1), the equation can be rewritten as6

xcq + (x + 1 − xcq)c = (x + c)cq

xc + c − xcq+1 − cq+1 = 0
c(x + 1) − (x + 1)cq+1 = 0

c(cq − 1)(x + 1) = 0.

Therefore, using Lemma 1.18, we get that (1.4) holds iff c(c − 1)q(x + 1) = 0.7
Next, let ε(x, c) = (1, 1, 0), then equation (1.4) expressed using the operations8

of the field F becomes9

xcq + (x + 1 − xcq)cq = (x + c)c
2xcq + cq − xc2q = xc + c2

c(2xcq−1 + cq−1 − xc2q−1 − x − c) = 0
c(x(2cq−1 − c2q−1 − 1) + (cq−1 − c)) = 0.

For ε(x, c) = (1, 1, 1) we get the form10

xcq + (x + 1 − xcq)cq = (x + c)cq

xcq + cq − xc2q − cq+1 = 0
cq(x + 1 − xcq − c) = 0

cq(x(cq − 1) + (c − 1)) = 0
cq(c − 1)(x(c − 1)q−1 + 1) = 0,

where in the last step we used the fact, that in F we have (cq − 1) = (c − 1)q,11
as follows from Lemma 1.18. Therefore, for this ε(x, c), equation (1.4) is true iff12
cq(c − 1)(x(c − 1)q−1 + 1) = 0.13

Having calculated all eight possible cases (two of which can also be found14
in [5], Lemma 3.1), we summarize the results in a definition and subsequently15
formulate its corollary:16

Definition. For each of the triples ε = (ε1, ε2, ε3) ∈ {0, 1}3 define a polynomial17
wε(x, y) ∈ F [x, y] according to the table below:18
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(ε1, ε2, ε3) wε(x, y)
(0, 0, 0) y(x + 1)(y − 1)
(0, 0, 1) y(x(yq−1 + y − 2) + (yq − 1))
(0, 1, 0) y2(xyq−2(y − 1) − (yq−2 − 1))
(0, 1, 1) y(y − 1)(x(y − 1)q−1 + yq−1)
(1, 0, 0) y(y − 1)(xyq−1 + 1)
(1, 0, 1) y(y − 1)q(x + 1)
(1, 1, 0) y(x(2yq−1 − y2q−1 − 1) + (yq−1 − y))
(1, 1, 1) yq(y − 1)(x(y − 1)q−1 + 1))

Corollary 2.2. Consider x, c ∈ F such that c ̸= 0, 1. Then (x, c) fulfills the equa-1
tion (1.4) iff wε(x, c) = 0, where ε = ε(x, c).2

Again, consider some c ∈ N , c ̸= 0, 1. If we denote by A the set of all3
x ∈ N such that (x, c) fulfills (1.4) and by k the number of z ∈ N such that4
0 ∗c (1 ∗c z) = c ∗c z, as in Lemma 1.13, then Lemma 1.14 yields |A| = k and 0 /∈ A.5

Notation. Let c ∈ N \ {0, 1}. For each ε = (ε1, ε2, ε3) ∈ {0, 1}3 put6

Aε = { x ∈ A | ε(x, c) = ε }.

Then, by Corollary 2.2,7

x ∈ Aε ⇐⇒ wε(x, c) = 0 and ε(x, c) = ε.

Consider, for example, the case ε = (0, 0, 0). Then wε(x, c) = c(x + 1)(c − 1) = 08
iff x = −1, since we assumed c ̸= 0, 1. Thus, A(0,0,0) is either empty or the set9
equals {−1}, which happens if and only if −1 + 1 − (−1) ◦ c = c and c − 1 are10
squares, since −1 is always a square in F according to the Lemma 1.17.11

A detailed analysis of the remaining seven cases can be found in [5] (Propo-12
sition 3.2). Its results motivate the following definition and prove Lemma 2.4.13
Unless specified otherwise, by ”square” we mean a ”square in F”.14

Definition. Define Ki, for i ∈ {0, 1, . . . , 4} as sets of y ∈ F \ {0, 1} such that15
they satisfy the following conditions:16

K0: y and y − 1 are squares,17
K1: y − 1 and yq−1(y2 − y + 1) − 1 are nonsquares, and y((y − 1)2−q + 1) is18

a square,19
K2: y, (y + 1) − (y − 1)q−1 and y−1 − (y−1 − 1)q−1 are nonsquares,20
K3: (y−1 − 1)q−1 + (y − 1) and y(y−1 − 1)q−1 − 1 are nonsquares,21
K4: (y2q − 2yq + y)(yq − y2) and yq(yq+1 − 2y + 1)(yq − y2) are nonsquares, while22

(y − 1)(yq+1 + yq − y)(yq − y2) is a square.23

Lemma 2.3. Let c ∈ N \ {0, 1} and denote by k the number of z ∈ N such that24
0 ∗c (1 ∗c z) = c ∗c z is satisfied. Then k = ∑︁4

i=0 ki, where ki = 1 if c ∈ Ki, and25
ki = 0 otherwise.26

Corollary 2.4. Let c ∈ N \ {0, 1}. The element c /∈ Ki for all 0 ≤ i ≤ 4 if and27
only if the quasigroup N(∗c) is maximally nonassociative.28
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Proof. Combine Corollary 1.15 and Lemma 2.3.1

The goal of this thesis is to asymptotically estimate the density of maximally2
nonassociative quasigroups based on quadratic nearfields. Since each of the q2 − 23
choices of c ∈ N \ {0, 1} yields a different quasigroup, we will be interested in4
the ratio of those that are maximally nonassociative, where q2 is a fixed order5
of a quadratic nearfield N and q is an odd prime power. Corollary 2.4 will play6
a crucial role in determining this density among the inclusion-exclusion principle,7
which will help us count the number of c ∈ N \{0, 1} such that they do not belong8
to any of the sets Ki, 0 ≤ i ≤ 4.9

2.2 Lowering the degrees10
Our sets Ki, i ∈ {1, 2, 3, 4}, are defined by polynomials in y±1 of degrees close11

to q. Thus, for simplification of the calculations, we will explain one more step12
that was taken in [5], that is, expressing the sets in terms of polynomials of smaller13
degrees.14

We will achieve this through a bijection that was used for the estimate of the15
size of the set K4 in [5] (Lemma 4.5). Since we aim to describe the intersections16
of all sets Ki, i ∈ {0, . . . , 4}, we will need to apply this bijection on the remaining17
four sets.18

For each ξ ∈ Fq put19

i(ξ) = ξ2 + c

ξ2 − c
− 2ξϑ

ξ2 − c
. (2.3)

Note that this is well defined as ξ2 − c = (ξ − ϑ)(ξ + ϑ) ̸= 0, since ξ, −ξ ∈ Fq and20
ϑ /∈ Fq, so ϑ ̸= ±ξ.21

Lemma 2.5. If y = a + ϑb ∈ F \ Fq, then yq−1 = i(a
b
).22

Proof. According to Lemma 1.18 and Lemma 1.19,23

(a + ϑb)q = aq + ϑqbq = a + ϑqb = a − ϑb.

Therefore,24

yq−1 = (a + ϑb)q−1 = (a + ϑb)q

a + ϑb
= a − ϑb

a + ϑb
· a − ϑb

a − ϑb
= (a2 + cb2) − 2ϑab

a2 − cb2 · b−2

b−2

= ((a/b)2 + c) − 2ϑ(a/b)
(a/b)2 − c

= i
(︃

a

b

)︃
, (2.4)

as we wanted to prove.25

Lemma 2.6. Let ∆(Fq) = {(α, α); α ∈ Fq} and define a mapping26

ϕ : F \ Fq −→ (Fq × Fq) \ ∆(Fq)
y ↦−→ (ξ, η),

so that i(ξ) = yq−1 and i(η) = (y − 1)q−1. Then the mapping ϕ is a bijection.27
If y = a + ϑb, a, b ∈ Fq, b ̸= 0, is mapped upon (ξ, η), then28

a = ξ

ξ − η
and b = 1

ξ − η
.
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Proof. For y ̸= 0, suppose i(η) = (y − 1)q−1 = yq−1 = i(ξ), that is assume1
ξ = η. This implies ((y − 1)/y)q−1 = 1, thus there exists λ ∈ Fq such that2
y − 1 = λy. Note that if there existed λ′ /∈ Fq such that y − 1 = λ′y, then3
((y − 1)/y)q−1 = (λ′)q−1 = 1, so the order of λ′ in F ∗ would have to divide q − 1.4
However, this is only true for elements of F∗

q. Thus, really λ ∈ Fq and y − 1 = λy5
holds. Therefore, y(1 − λ) = 1, 1 − λ ∈ Fq and so y ∈ Fq, too, since it is an inverse6
of an element from Fq and Fq is a subfield in F , thus closed under inverses.7

Now, assume y = a + ϑb /∈ Fq. By the previous paragraph (y − 1)q−1 ̸= yq−1,8
so ξ ̸= η, and b ̸= 0, by Lemma 1.16. Let ξ, η ∈ Fq fulfill9

yq−1 = i(ξ) = ξ2 + c − 2ξϑ

ξ2 − c
= (ξ − ϑ)2

(ξ − ϑ)(ξ + ϑ) = ξ − ϑ

ξ + ϑ

(y − 1)q−1 = i(η) = η2 + c − 2ηϑ

η2 − c
= η − ϑ

η + ϑ
.

(2.5)

Since10
y = a + ϑb and y − 1 = a − 1 + ϑb,

it can be observed by comparing (2.5) with (2.4) that11

ξ = a

b
and η = a − 1

b
= ξ − 1

b
.

Thus also12

b = 1
ξ − η

, a = ξ

ξ − η
, y = ξ + ϑ

ξ − η
and y − 1 = η + ϑ

ξ − η
. (2.6)

Since (2.5) implies (2.6), the mapping ϕ is injective and for both the preimage13
and the image have q2 − q elements, ϕ is also bijective.14

Notation. For x ∈ Fq, denote15

h0(x) = x + ϑ. (2.7)

Lemma 2.7. The number of points in K0 equals the number of pairs (ξ, η) ∈ F2
q16

such that ξ ̸= η and the following elements are nonzero squares in F17

h0(ξ) and h0(η)

plus q − 2 for each element belonging to Fq \ {0, 1}.18

Proof. By definition, an element y of F \ {0, 1} belongs to the set K0 if it is19
a square and y − 1 is also a square.20

Firstly, see that all elements from Fq \ {0, 1} belong to K0 by Lemma 1.17.21
Now, assume y /∈ Fq and thus b ̸= 0, by Lemma 1.16. From Lemma 2.6 follows22

that there exist unique ξ, η ∈ Fq such that ξ ̸= η, i(ξ) = yq−1 and i(η) = (y −1)q−1.23
By (2.6), then24

y = ξ + ϑ

ξ − η
and y − 1 = η + ϑ

ξ − η
.

Since ξ, η ∈ Fq, also ξ−η ∈ Fq. Therefore, Lemma 1.17 yields that ξ−η is a square,25
a nonzero and, by properties of quadratic character, it has no effect on the parity26
of the whole expression. The numerators are then nonzero as ϑ /∈ Fq.27
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Notation. For (x, y) ∈ F2
q, x ̸= y, denote1

h1(x, y) = x3y + c(2y2 − 5xy + x2) + c2 + ϑ(3x2y − 2xy2 − x3 + c(y − x)) and
h2(x, y) = x2y2 + c(3y2 − 4xy + x2) − c2 + ϑ(4xy2 − 2x2y − 2cy).

(2.8)

Lemma 2.8. The number of points in K1 is the same as the number of pairs2
(ξ, η) ∈ F2

q such that ξ ̸= η and the following elements are nonsquares in F3

h0(η) and h1(ξ, η)

and the element h2(ξ, η) is a square in F .4

Proof. An element y ∈ F \ {0, 1} belongs to K1 if y − 1 and yq−1(y2 − y + 1) − 15
are nonsquares, while y((y − 1)2−q + 1) is a square. Such element has to fulfill6
y /∈ Fq, by Lemma 1.17, as y − 1 needs to be a nonsquare.7

Apply Lemma 2.6 by defining ξ and η like in (2.5). Next, express the three8
elements in terms of ξ and η. The first one, has already been explained in the9
proof of Lemma 2.7.10

Continuing with yq−1(y2 − y + 1) − 1, using (2.6) obtain11

ξ2 + c − 2ξϑ

ξ2 − c
· (ξ + ϑ)2 − (ξ + ϑ)(ξ − η) + (ξ − η)2

(ξ − η)2 − (ξ2 − c)(ξ − η)2

(ξ2 − c)(ξ − η)2 ,

which is a nonsquare if and only if the numerator is a nonsquare, as the denominator12
contains only squares. By direct computation, we get the value of the numerator13

ξ3η + c(2η2 − 5ξη + ξ2) + c2 + ϑ(3ξ2η − 2ξη2 − ξ3 + c(η − ξ)).

Finally, let us express y((y − 1)2−q + 1). This polynomial is a square iff the14
numerator of15

y((y − 1)(y − 1)1−q + 1) = ξ + ϑ

ξ − η

(︄
η + ϑ

ξ − η
· η2 − c

(η − ϑ)2 + (ξ − η)(η − ϑ)2

(ξ − η)(η − ϑ)2

)︄
,

which equals16

ξ2η2 + c(3η2 − 4ξη + ξ2) − c2 + ϑ(4ξη2 − 2ξ2η − 2cη),

is a square.17

In the previous lemma, we factor the last polynomial as18

h2(ξ, η) = (η − ϑ)(ξ + ϑ)(ξη − ξϑ + 3ηϑ + ϑ2).

Since ξ, η ∈ Fq and ϑ ̸= Fq, the first two factors are always nonzero. For the last19
factor, there exist at most 2 roots (ξ, η) ∈ F2

q, since ξη − ξϑ + 3ηϑ + ϑ2 = 0 implies20

η = ξϑ − c

ξ + 3ϑ
· ξ − 3ϑ

ξ − 3ϑ
= ξ2ϑ − 3cξ − cξ + 3ϑc

ξ2 − 9c
= −4cξ + ϑ(ξ2 + 3c)

ξ2 − 9c
. (2.9)

Since η ∈ Fq, this is possible only if ξ2 +3c = 0 which can have at most 2 solutions21
ξ ∈ Fq. Since we will need this lemma for asymptotic estimates, we can assume22
that h2(ξ, η) ̸= 0 for all (ξ, η) ∈ F2

q.23
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Lemma 2.9. The element y ∈ F \ {0, 1} belongs to the set K2 if and only if1
the elements y and y−1 − (y−1 − 1)q−1 are nonsquares in F , while the element2
(y − 1)(1 − y2−q) is a square in F .3

Proof. By definition, the set K2 consists of elements y ∈ F \ {0, 1} such that y,4
(y + 1) − (y − 1)q−1 and y−1 − (y−1 − 1)q−1 are nonsquares. Fix such y, then it5
suffices to prove that (y + 1) − (y − 1)q−1 is a nonsquare iff (y − 1)(1 − y2−q) is6
a square.7

The element (y − 1)(1 − y2−q) is a square iff (1 − y2−q)/(y − 1) is a square as8
y ̸= 1. Also,9

1 − y2−q

y − 1 = −1 · (y + 1) − (y − 1)q−1

yq
,

holds for every y ̸= 0, 1, since10

yq · (1 − y2−q) = ((y − 1)q−1 − (y + 1)) · (y − 1)
yq − y2 = (y − 1)q − y2 + 1,

where in the last step we use equality from Lemma 1.18. Since −1 is a square11
and yq is assumed to be a nonsquare as q is odd, (1 − y2−q)/(y − 1) is a square if12
and only if (y + 1) − (y − 1)q−1 is a nonsquare.13

Lemma 2.10. The number of points in K2 is the same as the number of pairs14
(ξ, η) ∈ F2

q such that ξ ̸= η, the following elements are nonsquares in F15

h0(ξ) and h1(η, ξ)

and the element h2(η, ξ) is a square in F .16

Proof. By Lemma 2.9, the set K2 consists of y ∈ F \ {0, 1}, such that y and17
y−1 − (y−1 −1)q−1 are nonsquares, and (y −1)(1−y2−q) is a square. Since y should18
be a nonsquare, assume that y /∈ Fq. Thus, we can again apply Lemma 2.6 and19
express these polynomials in terms of ξ and η. The first polynomial was already20
discussed in Lemma 2.7.21

The polynomial (y − 1)(1 − y2−q) is a square iff22

η + ϑ

ξ − η
·
(︄

(ξ − η)(ξ − ϑ)2

(ξ − η)(ξ − ϑ)2 − ξ + ϑ

ξ − η
· ξ2 − c

(ξ − ϑ)2

)︄

is a square, which happens iff its numerator is a square. The numerator equals23

(−1) · (ξ2η2 + c(3ξ2 − 4ξη + η2) − c2 + ϑ(4ξ2η − 2ξη2 − 2cξ)).

To express the remaining polynomial y−1 − (y−1 − 1)q−1, first see that24

(y−1 − 1)q−1 =
(︄

1
y

− 1
)︄q−1

=
(︄

1 − y

y

)︄q−1

= (−1)q−1(y − 1)q−1

yq−1 = (y − 1)q−1

yq−1

as q is odd. Thus y−1 −(y−1 −1)q−1 = 1
y

− (y−1)q−1

yq−1 is a nonsquare iff the numerator25
of the expression26
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ξ − η

ξ + ϑ
− η2 + c − 2ηϑ

η2 − c
· ξ + ϑ

ξ − ϑ
=

−ξη3 + c(5ξη − η2 − 2ξ2) − c2 + ϑ(η3 − 3ξη2 + 2ξ2η + c(η − ξ))
(η2 − c)(ξ2 − c)

is a nonsquare. Multiplying both of these polynomials by −1, which is a square,1
by Lemma 1.17, gives the desired result.2

In the above lemma, again, we factor3

h2(η, ξ) = (ξ − ϑ)(η + ϑ)(ξη + 3ξϑ − ηϑ + ϑ2),

where the first two factors are always nonzero and the last can equal zero for at4
most 2 values of (ξ, η) ∈ F2

q such that ξ ̸= η. This holds as ξη + 3ξϑ − ηϑ + ϑ2 = 05
implies6

ξ = −4cη + ϑ(η2 + 3c)
η2 − 9c

(2.10)

by (2.9) and by the symmetry of h2(η, ξ) and h2(ξ, η). Since we need ξ ∈ Fq, this7
can only be true iff η2 + 3c = 0. We can therefore assume, for the asymptotic8
estimates in Section 3.4, that also h2(η, ξ) ̸= 0 for all (ξ, η) ∈ F2

q.9
Lemma 2.11. The number of points in K3 is the same as the number of pairs10
(ξ, η) ∈ F2

q such that ξ ̸= η and both the elements11

h3(ξ, η) and h3(η, ξ)

are nonsquares in F , where h3(x, y) is defined in the following way:12

x3y2+c(x3−2x2y−3xy2+2y3)+c2x+ϑ(3x2y2−2x3y−2xy3+c(4xy−y2−x2)−c2).

Proof. The set K3 contains elements y = a + ϑb ∈ F \ {0, 1} that fulfill that13
(y−1 − 1)q−1 + (y − 1) and y(y−1 − 1)q−1 − 1 are nonsquares. Note that if y ∈ Fq,14
then the element (y−1 − 1)q−1 + (y − 1) ∈ Fq, thus it is a square, by Lemma 1.17.15
Therefore, let us assume that y /∈ Fq and we can apply Lemma 2.6. Define ξ and16
η as in (2.5) and let us express the polynomials in terms of these variables.17

Firstly, (y−1 − 1)q−1 + (y − 1) = (y−1)q−1

yq−1 + (y − 1) is a nonsquare if and only if18
the expression19

η2 + c − 2ηϑ

η2 − c
· ξ2 − c

(ξ − ϑ)2 + η + ϑ

ξ − η

is a nonsquare. The denominator consists of only squares and the value of the20
numerator is21

ξ3η2 +c(ξ3 −2ξ2η−3ξη2 +2η3)+c2ξ+ϑ(3ξ2η2 −2ξ3η−2ξη3 +c(4ξη−η2 −ξ2)−c2).

Secondly, express polynomial y(y−1 − 1)q−1 − 1 = y · (y−1)q−1

yq−1 − 1. Substitute22
using (2.6) to get23

ξ + ϑ

ξ − η
· η2 + c − 2ηϑ

η2 − c
· ξ2 − c

(ξ − ϑ)2 − (ξ − η)(η2 − c)(ξ − ϑ)2

(ξ − η)(η2 − c)(ξ − ϑ)2 .

The numerator of the expression above equals24

ξ2η3 +c(η3 −2ξη2 −3ξ2η+2ξ3)+c2η+ϑ(3ξ2η2 −2ξη3 −2ξ3η+c(4ξη−η2 −ξ2)−c2)

which yields the desired result.25
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Lemma 2.12. The number of points in K4 is the same as the number of pairs1
(ξ, η) ∈ F2

q such that ξ ̸= η, s(ξ, η)ti(ξ, η) is a nonsquare in F for i ∈ {1, 2}, and2
h0(η)s(ξ, η)t3(ξ, η) is a square in F , where3

s(ξ, η) = (−ηξ2 + 2cξ − cη) + ϑ(−3ξ2 + 2ξη + c),
t1(ξ, η) = (ξ2η + 3cη) + ϑ(ξ2 − 4ηξ − c),
t2(ξ, η) = (η2 − c) + 2ϑ(η − ξ), and
t3(ξ, η) = (ξ3 + cξ − 2cη) + ϑ(−3ξ2 + 2ξη + c).

Proof. The proof of this lemma is analogous to the ones above and can be found4
in [5] (Lemma 4.5).5

Let us show that for all but a constant number of (ξ, η) ∈ F2
q, ξ ̸= η, the6

polynomial h0(η)s(ξ, η)t3(ξ, η) is nonzero. We have7

h0(η)s(ξ, η)t3(ξ, η) = − (ξ − ϑ)2(η + ϑ)(ξ2 − 2ξϑ + 2ηϑ − ϑ2)×
(ξη + 3ξϑ − ηϑ + ϑ2).

The first two factors are clearly nonzero and the last one can be a zero for at most8
two pairs (ξ, η) ∈ F2

q by (2.10). The remaining factor is always a nonzero as9

η = ξ2 − 2ξϑ − c

−2ϑ
· ϑ

ϑ
= ξ2ϑ − 2ξc − cϑ

−2c
= ξ + ϑ(ξ − ϑ)(ξ + ϑ)

−2c
,

which can never hold. Therefore, for the purpose of the asymptotic estimates in Sec-10
tion 3.4, we can ignore the two possible roots and assume that h0(η)s(ξ, η)t3(ξ, η) ̸=11
0 for all (ξ, η) ∈ F2

q.12
Also, note that the set K0 is the only one of our five sets that contains elements13

of Fq. Therefore, it does not pose a problem that we only mapped elements of14
K0 ∩ (F \ Fq) using our bijection, since no intersection of two or more sets Ki,15
i = 0, . . . , 4, contains any element from Fq.16

Having described the sets Ki, i = 0, . . . , 4, by polynomials of relatively small17
degrees, we can now proceed to mention previously determined upper bounds on18
sizes of these sets and follow with our computations of the sizes of the intersections.19
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3 The sets and the intersections1
3.1 Set sizes2

This section builds mainly on the findings presented in [5]. The authors of the3
article computed upper bounds on the sizes of sets Ki, i = 0, . . . , 4, and by doing4
so proved that there exist maximally nonassociative quasigroups constructed in5
the way introduced in the first chapter. We will mention several useful lemmas6
from this article and then extend the proofs for the established upper bounds to7
obtain lower bounds on these sets. We shall keep using the notation from previous8
chapters.9

Lemma 3.1. The number of elements in K0 equals −2 + (q2 + 3)/4.10

Proof. The proof can be found in [5] (Proposition 3.4). It is a generalized corollary11
of theorems formulated in [15].12

Lemma 3.2. Let y be an element of F . Then y ∈ K2 if and only if 1 − y ∈ K1.13

Proof. For proof, see [5] (Lemma 3.3).14

Corollary 3.3. We have |K1| = |K2|.15

For a bivariate polynomial f(x, y) = ∑︁
i,j ai,jx

iyj, define its conjugate as16
f(x, y) = ∑︁

i,j ai,jx
iyj . The following observation was formulated and proved in [5]17

(Lemma 5.1).18

Lemma 3.4. (i) Let f ∈ F [x, y]. The polynomial ff has coefficients in Fq.19
(ii) Let x0, y0 ∈ Fq. Then the value of f(x0, y0) is a square in F iff (ff)(x0, y0)20

is a square in Fq.21

Proof. (i) First, let us show that for b, c ∈ F , we have bc + bc = bcq + bqc ∈ Fq.22
Since (bcq + bqc)q = bqcq2 + bq2

cq = bqc + bcq, the element bc + bc is fixed by the23
Frobenius automorphism and thus bc + bc ∈ Fq.24

Let f(x, y) = ∑︁
i,j ai,jx

iyj . The coefficient at xiyj in the product f(x, y)f(x, y)25
equals26 ∑︂

(i1,j1)+(i2,j2)=(i,j)
ai1,j1ai2,j2 .

When (i1, j1) ̸= (i2, j2), these summands can be divided into pairs ai1,j1ai2,j2 +27
ai2,j2ai1,j1 that are elements from Fq by the observation above. If both i, j are even,28
put i1 = i/2 and j1 = j/2, then, in the sum, we also get the term ai1,j1ai1,j1 =29
N(ai1,j1) ∈ Fq.30

(ii) Let x0, y0 ∈ Fq. Then,31

(ff)(x0, y0) = f(x0, y0)f(x0, y0) = f(x0, y0)f(x0, y0) = N(f(x0, y0)).

Therefore, the second part of this lemma follows from the fact that N(z), z ∈ F ,32
is a square in Fq iff z is a square in F , as follows from the properties of the norm;33
see [13], for example.34
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Lemma 3.5. We have1 ⃓⃓⃓⃓
⃓|K2| − q2

8

⃓⃓⃓⃓
⃓ ≤ 17

8 q3/2 + 19
2 q.

Proof. This proof builds on a proof of a proposition presented in [5] (Proposi-2
tion 5.3) that estimates the size of K2 from above. In the article, the authors3
used a different bijection than what we use in Lemma 2.6, and thus obtained4
the following characterization of the size of the set K2. As formulated in [5]5
(Lemma 4.3) the size of K2 equals the number of pairs (x, y) ∈ F2

q such that6
fi(x, y) is a nonsquare in F for i = 1, 2, 3, where7

f1(x, y) = xy − c + ϑ(y − x)
f2(x, y) = xy − 3c + ϑ(y + x)
f3(x, y) = xy − y2 − 2c + ϑ(y + x).

For i = 1, 2, 3, put gi(x, y) = fi(x, y)fi(x, y), then gi(x, y) ∈ Fq[x, y] and8
χ′(fi(x, y)) = χ(gi(x, y)) for all (x, y) ∈ F2

q by Lemma 3.4. Consider an equality9

∑︂
(x,y)∈F2

q

1
23

3∏︂
i=1

(1 − χ(gi(x, y))) = |K2| + R

23

where R are the contributions to the left-hand side from all pairs (x, y) that are10
roots of at least one of the polynomials gi(x, y). Take a closer look at this equation.11
For every (x, y) ∈ F2

q, each of the three factors belongs to {0, 1, 2}, depending12
on the parity of the featured polynomial value in Fq. Thus, each summand lies13
between zero and one, and it equals one if and only if the conditions on the14
polynomials gi(x, y) are fulfilled for all i = 1, 2, 3 and for the given (x, y). If any15
of the conditions is not satisfied for some (x, y) ∈ F2

q, then the corresponding16
summand will equal zero. The correction R thus equals the sum of all summands17
that are strictly between zero and one.18

Denote by degx(gi) the degree of gi(x, y) ∈ Fq[x], for 1 ≤ i ≤ 3 and Dx =19 ∑︁3
i=1 degx(gi). Then |R| ≤ Dx · q, since for each of the q choices of y, there are at20

most Dx values of x that could be roots for some gi(x, y) ∈ Fq[x], 1 ≤ i ≤ 3. In21
this case Dx = 2 + 2 + 2 = 6 because the degrees of the conjugates are the same22
as the degrees of the original polynomials.23

Finally, it remains to put everything together:24 ⃓⃓⃓⃓
⃓|K2| − q2

8

⃓⃓⃓⃓
⃓ =

⃓⃓⃓⃓
⃓18 ∑︂

(x,y)∈F2
q

3∏︂
i=1

(1 − χ(gi(x, y))) − R

8 − q2

8

⃓⃓⃓⃓
⃓

≤
⃓⃓⃓⃓
⃓18 ∑︂

(x,y)∈F2
q

3∏︂
i=1

(1 − χ(gi(x, y))) − q2

8

⃓⃓⃓⃓
⃓+

⃓⃓⃓⃓
⃓R8
⃓⃓⃓⃓
⃓

≤
(︃17

8 q3/2 + 35
4 q
)︃

+ 3
4q = 17

8 q3/2 + 19
2 q,

where we first used the triangle inequality, then applied an estimate that was25
proven in [5] (Proposition 5.3) along with our estimate on R.26
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Lemma 3.6. We have1 ⃓⃓⃓⃓
⃓|K3| − q2

4

⃓⃓⃓⃓
⃓ ≤ 13

4 q3/2 + 19
2 q.

Proof. The structure of this proof is the same as in the previous lemma, except2
that this time it uses an upper bound on |K3| established in Proposition 5.4 of [5].3
By [5] (Lemma 4.4), the number of elements in K3 is the same as the number of4
pairs (x, y) ∈ F2

q, x ̸= y, such that both of the following polynomials are nonsquare5
in F :6

f1(x, y) = y3x + c(2x2 − y2 − yx) − c2 + ϑ((y3 − 2yx2 − xy2) + c(y + x))
f2(x, y) = (y3x − y2x2) + c(x2 − 2y2 + 3xy) − 2c2 + ϑ((y3 − 3y2x) + c(3y − x)).

Again, let gi(x, y) = fi(x, y)fi(x, y) for i = 1, 2. Using this notation, Lemma 3.47
gives gi(x, y) ∈ Fq[x, y], i = 1, 2, and χ′(fi(x, y)) = χ(gi(x, y)) for each (x, y) ∈ F2

q8
and both i = 1, 2. Consider an equation9

∑︂
(x,y)∈F2

q

2∏︂
i=1

(1 − χ(gi(x, y))) = 22 · |K3| + R,

where R is defined in the same way as in the previous lemma. Then |R| ≤ Dx · q,10
where Dx = ∑︁2

i=1 degx(gi) is the sum of degrees of g1(x, y) and g2(x, y) in Fq[x].11
Here Dx = 4 + 4 = 8.12

Together13 ⃓⃓⃓⃓
⃓|K3| − q2

4

⃓⃓⃓⃓
⃓ =

⃓⃓⃓⃓
⃓14 ∑︂

(x,y)∈F2
q

2∏︂
i=1

(1 − χ(gi(x, y))) − R

4 − q2

4

⃓⃓⃓⃓
⃓

≤
⃓⃓⃓⃓
⃓14 ∑︂

(x,y)∈F2
q

2∏︂
i=1

(1 − χ(gi(x, y))) − q2

4

⃓⃓⃓⃓
⃓+

⃓⃓⃓⃓
⃓R4
⃓⃓⃓⃓
⃓

≤
(︃13

4 q3/2 + 15
2 q
)︃

+ 2q = 13
4 q3/2 + 19

2 q.

The last inequality holds due to an estimate from [5] (Proposition 5.4.) and our14
estimate on R.15

Lemma 3.7. We have16 ⃓⃓⃓⃓
⃓|K4| − q2

8

⃓⃓⃓⃓
⃓ ≤ 57

8 q3/2 + 121
8 q

Proof. The size of K4 equals the number of pairs (x, y) ∈ F2
q, x ̸= y such that17

fi(x, y) = s(x, y)ti(x, y) is a nonsquare in F for i ∈ {1, 2}, and f3(x, y) =18
h0(y)s(x, y)t3(x, y) is a square in F , by Lemma 2.12, which is a direct quotation19
of [5] (Lemma 4.5).20

Denote gi(x, y) = fi(x, y)fi(x, y) for i = 1, 2, 3, then χ′(fi(x, y)) = χ(gi(x, y)),21
i = 1, 2, 3, for all (x, y) ∈ F2

q. Consider again22

∑︂
(x,y)∈F2

q

3∏︂
i=1

(1 + εi · χ(gi(x, y))) = 23 · |K4| + R,

28



where R is defined analogously as in the two previous lemmas, and εi = −1 for1
i = 1, 2 and ε3 = 1. Then |R| ≤ Dy · q, where Dy = ∑︁3

i=1 degy(gi) = 4 + 6 + 6 = 162
is the sum of degrees of polynomials gi(x, y) ∈ Fq[y] for i = 1, 2, 3.3

It remains to put everything together with an upper bound from article [5]4
(Proposition 5.5):5 ⃓⃓⃓⃓

⃓|K4| − q2

8

⃓⃓⃓⃓
⃓ =

⃓⃓⃓⃓
⃓18 ∑︂

(x,y)∈F2
q

3∏︂
i=1

(1 + εi · χ(gi(x, y))) − R

8 − q2

8

⃓⃓⃓⃓
⃓

≤
⃓⃓⃓⃓
⃓18 ∑︂

(x,y)∈F2
q

3∏︂
i=1

(1 + εi · χ(gi(x, y))) − q2

8

⃓⃓⃓⃓
⃓+

⃓⃓⃓⃓
⃓R8
⃓⃓⃓⃓
⃓

≤
(︃57

8 q3/2 + 105
8 q

)︃
+ 2q = 57

8 q3/2 + 121
8 q,

which is our desired result.6

3.2 Initial analysis of the intersections7
In total, there are 10 pairwise intersections of our sets Ki, i ∈ {0, . . . , 4}.8

However, at most 8 of them are nonempty.9

Observation 3.8. The sets K0 ∩ K1 and K0 ∩ K2 are empty due to their10
mutually exclusive definitions: no element y ∈ F can be a square and a nonsquare11
simultaneously.12

Lemma 3.9. Let y ∈ F . Then y ∈ K3 if and only if 1 − y ∈ K3.13

Proof. By definition y ∈ F \ {0, 1} belongs to K3 iff (y−1 − 1)q−1 + (y − 1) and14
y(y−1 − 1)q−1 − 1 are nonsquares. Put v = 1 − y. Then we need to prove that15
(y−1 −1)q−1 +(y −1) and y(y−1 −1)q−1 −1 are nonsquares iff (v−1 −1)q−1 +(v −1)16
and v(v−1 − 1)q−1 − 1 are nonsquares. The expressions on the right side of the17
equivalence equal18

(v−1 − 1)q−1 + (v − 1) =
(︃1 − v

v

)︃q−1
+ (v − 1) =

(︄
y

1 − y

)︄q−1

− y =

=
(︄

1 − y

y

)︄1−q

− y = (y−1 − 1)1−q − y =

= 1 − y(y−1 − 1)q−1

(y−1 − 1)q−1 = (−1) · y(y−1 − 1)q−1 − 1
(y−1 − 1)q−1 ,

19

v(v−1 − 1)q−1 − 1 = v
(︃1 − v

v

)︃q−1
− 1 = (1 − y)

(︄
y

1 − y

)︄q−1

− 1 =

= (1 − y)
(︂
y−1 − 1

)︂1−q
− 1 = (−1) · (y−1 − 1)q−1 + (y − 1)

(y−1 − 1)q−1 .

Denominators of both the expressions are squares as q is odd and −1 is a square,20
by Lemma 1.17. From this it is clear that the equivalence holds.21
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Corollary 3.10. We have |K1 ∩ K3| = |K2 ∩ K3|.1

Proof. Combine Lemma 3.2 with Lemma 3.9.2

Lemma 3.11. We have K2 ∩ K3 = ∅.3

Proof. By definition, an element y ∈ F \ {0, 1} belongs to the set K2 iff y,4
(y+1)−(y−1)q−1, and y−1 −(y−1 −1)q−1 are nonsquares. The set K3 then consists5
of elements y ∈ F \ {0, 1} such that (y−1 − 1)q−1 + (y − 1) and y(y−1 − 1)q−1 − 16
are nonsquares.7

Let y ∈ K2. That means that y and y−1 − (y−1 − 1)q−1 are nonsquares.8
Therefore,9

y · (y−1 − (y−1 − 1)q−1) = 1 − y(y−1 − 1)q−1

is a square, as is (−1) · (1 − y(y−1 − 1)q−1) = y(y−1 − 1)q−1 − 1 since −1 is a square10
by Lemma 1.17. Thus, such y cannot belong to K3.11

Therefore, of the initial 10 pairwise intersections, we are left with at most 612
nonempty ones.13

Moving on to intersections of triples, again there are 10 intersections of triples14
of our five sets. However, due to Observation 3.8, Corollary 3.10 and Lemma 3.11,15
at most two of them are nonempty:16

K1 ∩ K2 ∩ K4 and K0 ∩ K3 ∩ K4.

This also means that no intersection of four or more sets is nonempty.17

K1

y

K2

1 − y

K0

K3

K4

Figure 3.1 Overlaps of sets Ki, 0 ≤ i ≤ 4. In fact, the intersection K1 ∩ K2 ∩ K4 is
empty, cf. Proposition 3.21.

The observations above yield the illustration in Figure 3.1 of the information18
gathered so far about the (non)emptiness of the intersections of the five sets. For19
Ki, i = 0, . . . , 3, the central dashed line then represents the symmetry in these20
sets implied by Lemmas 3.2 and 3.9; if y belongs to the left side of the sets, then21
1 − y belongs to the right side. The symmetry was given away even earlier, in the22
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previous chapter, where these sets were described by pairs of polynomials with1
interchanged variables. However, it is not clear even from there where the set K42
fits in this picture. For now, we only know that it might intersect both pairs of3
sets.4

3.3 Weil bound and its corollaries5
Our main tool for finding the sizes of the set intersections will be an estimate6

known as the Weil bound on character sums. Its following formulation is a special7
case of a theorem found in [9] (Theorem 6.2.2). It was first proved by Weil in [18]8
using algebraic geometry.9

Theorem 3.12 (Weil bound on quadratic character sums). Let f ∈ Fq[x] be10
a polynomial of degree d > 0 and χ : Fq → {−1, 0, 1} a quadratic character. Then,11
if f is not a square in Fq[x] (where Fq is the algebraic closure of Fq),12 ⃓⃓⃓⃓

⃓ ∑︂
x∈Fq

χ(f(x))
⃓⃓⃓⃓
⃓ ≤ (d − 1)√q.

Let us remark that a finite field Fq is never algebraically closed, as if x1, . . . , xq13
are elements of Fq, then the polynomial (x − x1) . . . (x − xq) + 1 does not have14
a root in Fq. The algebraic closure of a finite field is thus infinite.15

We will not directly work with this estimate; we shall rather use its corollary,16
the proof of which is presented in [7] (Theorem 1.4). It assumes that a list of17
polynomials f1, . . . , fk ∈ Fq[x] avoids squares, which is defined by the existence18
of no sequence of indices 1 ≤ i1 < · · · < in ≤ k such that n ≥ 1 and fi1 . . . fin is19
a square in Fq[x], that is, all the roots of fi1 . . . fin in Fq have even multiplicity.20

Theorem 3.13. Let f1, . . . , fk ∈ Fq[x] be a list of polynomials that avoids squares,21
their degrees are di ≥ 1, i ∈ {1, . . . , k} and let εi ∈ {−1, 1}. Denote by N the22
number of all α ∈ Fq such that χ(fi(α)) = εi, for all i ∈ {1, . . . , k}, and D = ∑︁

i di.23
Then,24

|N − 2−kq| ≤ (√q + 1)D/2 − √
q(1 − 2−k).

In our case, we will work with a list of bivariate polynomials {gi(x, y)}n
i=1,25

for some n ∈ N, with coefficients in Fq. First, we fix one of the variables, say26
x = w ∈ Fq. To apply Theorem 3.13, we need to exclude the values of w such that27
{gi(w, y)}n

i=1 is a list of univariate polynomials from Fq[y] that does not avoid28
squares. These exceptional values will be estimated in a different way, and since29
their number can be bounded from above by a constant, the asymptotic bounds30
on the sizes of the intersections will not be affected. There are different ways to31
proceed. One possibility is the elementary way, but that becomes increasingly32
difficult with the increasing degrees of the polynomials from the list. It has been33
used, for example, in [1, 7, 8]. We shall take an approach that uses discriminant34
to obtain the estimates that was used, for example, in [5].35

Definition. Let p(x) = ∑︁n
i=0 aix

i be a polynomial of degree n such that its36
coefficients a0, . . . , an belong to a commutative ring. Denote by α1, . . . , αn the37
roots of p(x). A discriminant of p(x) is defined by38

discx(p(x)) = a2n−2
0 ·

∏︂
1≤i<j≤n

(αi − αj)2.
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Polynomial discriminant can also be equivalently defined through resultants,1
but in our application the above definition is more transparent; see [21], for2
example, for more details. It was already mentioned above that a polynomial with3
coefficients in Fq is a square in Fq[y] iff all its roots in Fq have even multiplicity.4
Thus, each of the roots is at least a double root. So, if a polynomial is a square,5
then its discriminant equals zero. Therefore, the number of values w ∈ Fq such6
that {gi(w, y)}n

i=1 is not a square-avoiding list can be bounded from above by the7
number of w ∈ Fq such that the product ∏︁n

i=1 gi(w, y) contains a double root; in8
other words, the discriminant of ∏︁n

i=1 gi(w, y) equals zero.9

3.4 Determining the intersection sizes10
Now, we can finally start calculating the sizes of the eight possibly nonempty11

intersections. In the previous chapter, there were several polynomials, namely12
(2.7), (2.8) and the one in Lemma 2.11, that characterize the sets Ki, i = 0, ..., 4.13
These will play a crucial role in this section. By a ”square” we mean a ”nonzero14
square” as this assumption does not affect the asymptotic results, as we discussed15
throughout Section 2.2.16

Proposition 3.14. We have17 ⃓⃓⃓⃓
⃓|K3 ∩ K4| − q2

32

⃓⃓⃓⃓
⃓ ≤ 417

32 q3/2 + 1595
32 q.

Proof. The size |K3 ∩ K4| is equal to the number of (x, y) ∈ F2
q, x ̸= y, such18

that s(x, y)t1(x, y), s(x, y)t2(x, y), h3(x, y), and h3(y, x) are nonsquares in F and19
h0(y)s(x, y)t3(x, y) is a square in F , see Lemma 2.11 and Lemma 2.12.20

Let us establish the following notation21

f1(x, y) = s(x, y)t1(x, y)
f3(x, y) = h0(y)s(x, y)t3(x, y)
f5(x, y) = h3(y, x).

f2(x, y) = s(x, y)t2(x, y)
f4(x, y) = h3(x, y)

Then the right-hand side of the above conditions can be reformulated as22
χ′(fi(x, y)) = εi, where εi = −1 for i = 1, 2, 4, 5 and ε3 = 1. For i = 1, . . . , 5 put23
gi(x, y) = fi(x, y)fi(x, y), then gi(x, y) ∈ Fq[x, y] and χ′(fi(x, y)) = χ(gi(x, y)) for24
all (x, y) ∈ F2

q by Lemma 3.4.25
The number of (x, y) ∈ F2

q, x ̸= y, such that χ(gi(x, y)) = εi for i = 1, . . . , 526
can be estimated using Theorem 3.13. However, this theorem can be applied only27
to univariate polynomials. Therefore, since the degrees of the polynomials listed28
above in y are less than or equal to their degrees in x, we will initially work with29
them as with elements of Fq[y] with fixed x = w ∈ Fq and in the end sum our30
estimates over all values w ∈ Fq.31

Furthermore, to be able to use Theorem 3.13, the list {gi(w, y)}5
i=1 in Fq[y]32

has to avoid squares. The upper bound on the number of w ∈ Fq such that the33
list of polynomials in y does not avoid squares can be constructed by counting34
the maximum possible number of roots of the product of polynomials in the list35
with multiplicity greater than one. The counting itself will be achieved through36
computation of the discriminant. Let us emphasize that the polynomials defined37
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below are polynomials from Fq[y], the element ϑ ∈ F \ Fq is used purely for1
computational purposes. Firstly,2

P (w, y) =
5∏︂

i=1
gi(w, y) =(w − ϑ)7(y − ϑ)3(w + ϑ)7(y + ϑ)3×

(wy + 3wϑ − yϑ + ϑ2)3(wy − 3wϑ + yϑ + ϑ2)3G(w, y),

where G(w, y) is the product of factors of multiplicity one3

G(w, y) = (w2 + 2wϑ − 2yϑ − ϑ2)(y2 + 2wϑ − 2yϑ − ϑ2)×
(wy + wϑ − 3yϑ + ϑ2)(w2y − w2ϑ + 4wyϑ − 2y2ϑ − yϑ2 − ϑ3)×

(−y2 + 2wϑ − 2yϑ + ϑ2)(wy2 + 2w2ϑ − 4wyϑ + y2ϑ − wϑ2 + ϑ3)×
(wy − wϑ + 3yϑ + ϑ2)(−wy2 + 2w2ϑ − 4wyϑ + y2ϑ + wϑ2 + ϑ3)×
(w2 − 2wϑ + 2yϑ − ϑ2)(w2y + w2ϑ − 4wyϑ + 2y2ϑ − yϑ2 + ϑ3).

Using software, we find that none of the polynomials gi(w, y), i = 1, . . . , 5,4
divides P (w, y)/G(w, y), so none of their products will divide it either. Thus, if5
there exists I ⊆ {1, . . . , 5} for some w ∈ Fq such that g(y) = ∏︁

i∈I gi(w, y) is a6
square in Fq[y], then at least one of the roots of g(y), a root of even order, is also7
a root of G(w, y), so this w will be accounted for in the next step. Mathematical8
software gives us the value of the discriminant9

discy(G(w, y)) = 2126w4(w − 7ϑ)3(w − 5ϑ)2(w − 3ϑ)4(w − 2ϑ)2(w − ϑ)120×
(2w − ϑ)3ϑ100(w + ϑ)120(2w + ϑ)3(w + 2ϑ)2(w + 3ϑ)4(w + 5ϑ)2(w + 7ϑ)3×

(w2 − 5ϑ2)4(w2 − 4wϑ − ϑ2)6(w2 + 4wϑ − ϑ2)6(w2 + ϑ2)2(w2 + 3ϑ2)2×
(w2 − 2wϑ + 5ϑ2)4(w2 + 2wϑ + 5ϑ2)4(w2 − 4wϑ + 7ϑ2)4(w2 + 4wϑ + 7ϑ2)4×

(w3 − w2ϑ − wϑ2 − 7ϑ3)2(w3 − 3w2ϑ − wϑ2 − 5ϑ3)2(w3 − 7w2ϑ − wϑ2 − ϑ3)2×
(w3 + 7w2ϑ − wϑ2 + ϑ3)2(w3 + 3w2ϑ − wϑ2 + 5ϑ3)2(w3 + w2ϑ − wϑ2 + 7ϑ3)2.

Since w /∈ {±ϑ
2 , ±ϑ, ±2ϑ, ±3ϑ, ±5ϑ, ±7ϑ} as ϑ /∈ Fq, there are at most 37 excep-10

tional values of w ∈ Fq such that the list of polynomials gi(w, y), i = 1, . . . , 5,11
does not avoid squares. This estimate was obtained by calculating the number of12
possible roots of the discriminant based on the degrees of the factors.13

The degrees in y of our polynomials fi(x, y) are 3 for i = 2, . . . , 5, and f1(x, y)14
has a degree 2 for each choice of x = w. This can be observed from the leading15
coefficients of each of the polynomials fi(x, y) ∈ Fq[y], i = 1, . . . , 5, and the16
fact that x ̸= ϑ, 3ϑ. They respectively equal −(x − 3ϑ)(x − ϑ)3, −(x − ϑ)2,17
2ϑ(x − ϑ)2(ϑ − x), 2(c − xϑ) and (x − ϑ)2 as i increases. The conjugates of these18
polynomials then have the same degree as the original polynomials. Therefore,19
Dy = ∑︁5

i=1 degy(gi) = 4 + 4 · 6 = 28.20
For the nonexceptional values w ∈ Fq, we can thus use Theorem 3.13. If we21

denote by Nw the number of all y ∈ Fq such that χ(gi(w, y)) = εi, for i = 1, · · · , 5,22
the theorem gives us23 ⃓⃓⃓⃓

⃓Nw − q

25

⃓⃓⃓⃓
⃓ ≤ (√q + 1)Dy

2 − √
q
(︃

1 − 1
25

)︃
= 417

32
√

q + 14.

For the exceptional values w ∈ Fq, we only know that Nw ≤ q, therefore, they can24
be estimated by |Nw − q

32 | ≤ 31
32q.25
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Finally, it remains to sum these estimates over all w ∈ Fq to obtain the result1 ⃓⃓⃓⃓
⃓|K3 ∩ K4| − q2

32

⃓⃓⃓⃓
⃓ ≤

∑︂
w∈Fq

⃓⃓⃓⃓
⃓Nw − q

32

⃓⃓⃓⃓
⃓ ≤ 417

32 q3/2 + 14q + 37 · 31
32 q

= 417
32 q3/2 + 1595

32 q.

2

Proposition 3.15. We have3 ⃓⃓⃓⃓
⃓|K2 ∩ K4| −

(︄
q2

64 + q3/2

64 + q

32

)︄ ⃓⃓⃓⃓
⃓ ≤ 385

32 q3/2 + 1129
32 q.

Proof. By Lemma 2.10 and Lemma 2.12, the size of the intersection of sets4
K2 and K4 is the same as the number of elements (x, y) ∈ F2

q, x ̸= y, such5
that h0(x), h1(y, x), s(x, y)t1(x, y) and s(x, y)t2(x, y) are nonsquares in F and6
h0(y)s(x, y)t3(x, y) and h2(y, x) are squares in F . Again put7

f1(x, y) = h0(x)
f3(x, y) = s(x, y)t1(x, y)
f5(x, y) = h0(y)s(x, y)t3(x, y)

f2(x, y) = h1(y, x)
f4(x, y) = s(x, y)t2(x, y)
f6(x, y) = h2(y, x).

Denote gi(x, y) = fi(x, y)fi(x, y) for i = 1, . . . , 6, then by Lemma 3.4 the8
polynomials gi(x, y) ∈ Fq[x, y] and χ′(fi(x, y)) = χ(gi(x, y)) for all (x, y) ∈ F2

q.9
Since the degrees of most of the polynomials in y are less than or equal to the10
degrees in x, we will work with them as polynomials in y and fix x = w ∈ Fq.11
Then, our list of polynomials will consist of gi(w, y) ∈ Fq[y] for i = 2, . . . , 6. The12
polynomial g1(w, y) ∈ Fq[y] is a constant for each w ∈ Fq. Therefore, it will only13
be useful in the end, where we will sum our estimates over all the values of w ∈ Fq14
such that g1(w, y) = w2 − c is a nonsquare in Fq.15

The list of five polynomials must avoid squares for Theorem 3.13 to be appli-16
cable. Let us thus estimate the maximum number of w ∈ Fq such that it does not17
avoid squares. This can be achieved similarly as in the previous proposition, that18
is, by computing the discriminant of the product of polynomials from the list and19
counting the maximum number of its roots. Now,20

P (w, y) =
6∏︂

i=2
gi(w, y) =(w − ϑ)6(y − ϑ)3(w + ϑ)6(y + ϑ)3×

(wy + 3wϑ − yϑ + ϑ2)4(wy − 3wϑ + yϑ + ϑ2)4G(w, y),

where the factors of multiplicity one are21

G(w, y) = (w2 + 2wϑ − 2yϑ − ϑ2)(y2 + 2wϑ − 2yϑ − ϑ2)×
(w2 − 2wϑ + 2yϑ − ϑ2)(wy + wϑ − 3yϑ + ϑ2)(−y2 + 2wϑ − 2yϑ + ϑ2)×

(wy − wϑ + 3yϑ + ϑ2)(wy2 + 2w2ϑ − 4wyϑ + y2ϑ − wϑ2 + ϑ3)×
(−wy2 + 2w2ϑ − 4wyϑ + y2ϑ + wϑ2 + ϑ3).

Using mathematical software, we can see that of all gi(w, y), i = 2, . . . , 6, only22
g6(w, y) divides P (w, y)/G(w, y). It is not a square in Fq[y], since23

g6(w, y) = (w−ϑ)(y −ϑ)(w+ϑ)(y +ϑ)(wy +3wϑ−yϑ+ϑ2)(wy −3wϑ+yϑ+ϑ2),

34



so it decomposes to a product of linear factors in F [y], and has four different1
roots in F . If there exists any I ⊆ {2, . . . , 6} for some w ∈ Fq, I = {6} excluded,2
such that g(y) = ∏︁

i∈I gi(w, y) is a square in Fq[y], then at least one of the roots3
is shared with G(w, y), and so this w will be counted in the following step.4

Let us compute the discriminant of G(w, y). We get5

discy(G(w, y)) = 272w4(w − 5ϑ)2(w − ϑ)59(2w − ϑ)3ϑ52(w + ϑ)59(2w + ϑ)3×
(w + 5ϑ)2(w2 − 5ϑ2)4(w2 − 4wϑ − ϑ2)6(w2 + 4wϑ − ϑ2)6(w2 + 3ϑ2)2×

(w2 − 2wϑ + 5ϑ2)4(w2 + 2wϑ + 5ϑ2)4(w2 − 4wϑ + 7ϑ2)4×
(w2 + 4wϑ + 7ϑ2)4(w3 − 3w2ϑ − wϑ2 − 5ϑ3)2(w3 + 3w2ϑ − wϑ2 + 5ϑ3)2.

Since w /∈ {±1
2ϑ, ±ϑ, ±5ϑ}, there are at most 23 values of w ∈ Fq such that the6

list may not avoid squares. Denote by N ′
w for w ∈ Fq the number of y ∈ Fq such7

that χ(gi(w, y)) = εi, for i = 2, · · · , 6, where εi = −1 for i = 2, 3, 4 and εi = 1 for8
i = 5, 6. Then for the 23 values of w ∈ Fq clearly N ′

w ≤ q and therefore9 ⃓⃓⃓⃓
⃓N ′

w − q

25

⃓⃓⃓⃓
⃓ ≤ 25 − 1

25 q. (3.1)

Polynomials fi(x, y), i = 2, . . . , 6, are of degrees 3, 2, 3, 3, 2, respectively, for10
each choice x = w, as their leading coefficients are x − ϑ, −(x − ϑ)3(x − 3ϑ),11
−(x − ϑ)2, 2ϑ(ϑ − x)3, and −(x − ϑ)2. The leading coefficients cannot equal zero12
since x ̸= ϑ, 3ϑ. Thus, D′

y = ∑︁6
i=2 degy(gi) = 6 + 4 + 6 + 6 + 4 = 26.13

Theorem 3.13 thus gives for the remaining values of w ∈ Fq the estimate below14 ⃓⃓⃓⃓
⃓N ′

w − q

25

⃓⃓⃓⃓
⃓ ≤ (√q + 1)

D′
y

2 − √
q
(︃

1 − 1
25

)︃
= 385

32
√

q + 13. (3.2)

Now, it remains to sum our estimates over the values of w ∈ Fq such that15
f1(w, y) = w + ϑ is a nonsquare in F , that is, g1(w, y) = w2 − c is a nonsquare in16
Fq by Lemma 3.4.17

Denote by S the set of x ∈ Fq such that χ(g1(x, y)) = −1. The list in Fq[x]18
consisting of a single polynomial {g1(x, y)} avoids squares, and the degree of the19
polynomial equals Dx = 2, as x ̸= ±ϑ. Thus, Theorem 3.13 yields an estimate20
||S| − q

2 | ≤ (√q + 1)Dx

2 − √
q
(︂
1 − 1

2

)︂
=

√
q

2 + 1.21
As in the previous proposition,22

∑︂
w∈S

⃓⃓⃓⃓
⃓N ′

w − q

32

⃓⃓⃓⃓
⃓ ≤ 385

32 q3/2 + 13q + 23 · 31
32 q = 385

32 q3/2 + 1129
32 q,

where (3.1) was used 23 times for exceptional values and (3.2) was applied q times,23
since |S| ≤ q and we estimate from above. The other side estimate follows from24
the triangle inequality, the fact that ∑︁w∈S N ′

w = |K2 ∩ K4| by definition and since25
the upper bound on S equals |S| ≤ q

2 +
√

q

2 + 126

∑︂
w∈S

⃓⃓⃓⃓
⃓N ′

w − q

32

⃓⃓⃓⃓
⃓ ≥

⃓⃓⃓⃓
⃓ ∑︂

w∈S

N ′
w −

∑︂
w∈S

q

32

⃓⃓⃓⃓
⃓ ≥

⃓⃓⃓⃓
⃓|K2 ∩ K4| −

(︄
q

2 +
√

q

2 + 1
)︄

· q

32

⃓⃓⃓⃓
⃓

=
⃓⃓⃓⃓
⃓|K2 ∩ K4| −

(︄
q2

64 + q3/2

64 + q

32

)︄ ⃓⃓⃓⃓
⃓.

Combination of the two estimates above then gives us the desired result.27
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Proposition 3.16. We have1 ⃓⃓⃓⃓
⃓|K1 ∩ K4| − q2

64

⃓⃓⃓⃓
⃓ ≤ 705

64 q3/2 + 699
32 q.

Proof. The size |K1 ∩ K4| equals the number of elements (x, y) ∈ F2
q, x ̸= y, such2

that h0(y), h1(x, y), s(x, y)t1(x, y) and s(x, y)t2(x, y) are nonsquares in F and3
h0(y)s(x, y)t3(x, y) and h2(x, y) are squares in F as follows from Lemma 2.8 and4
Lemma 2.12.5

Instead of h0(y)s(x, y)t3(x, y) being a square in F , we can use the condition6
that s(x, y)t3(x, y) is a nonsquare in F since h0(y) has to be a nonsquare in F7
and it is nonzero for all y ∈ Fq.8

Denote9

f1(x, y) = h0(y)
f3(x, y) = s(x, y)t1(x, y)
f5(x, y) = s(x, y)t3(x, y)

f2(x, y) = h1(x, y)
f4(x, y) = s(x, y)t2(x, y)
f6(x, y) = h2(x, y).

For i = 1, . . . , 6, put gi(x, y) = fi(x, y)fi(x, y), then these polynomials are10
elements of Fq[x, y] and χ′(fi(x, y)) = χ(gi(x, y)) for all (x, y) ∈ F2

q by Lemma 3.4.11
In this case, too, the degrees of most polynomials gi(x, y) in y are less than the12
degrees in x. Therefore, we fix x = w ∈ Fq and work with the list of polynomials13
gi(w, y) ∈ Fq[y].14

Next, let us count the maximum number of w ∈ Fq such that the list does not15
avoid squares. Then, the product of polynomials gi(w, y), i = 1, . . . , 6, equals16

P (w, y) = −(w − ϑ)7(y − ϑ)2(w + ϑ)7(y + ϑ)2(wy + wϑ − 3yϑ + ϑ2)2×
(wy + 3wϑ − yϑ + ϑ2)3(wy − 3wϑ + yϑ + ϑ2)3(wy − wϑ + 3yϑ + ϑ2)2G(w, y),

where G(w, y) are the factors of power one. The polynomial G(w, y) has the17
following value18

G(w, y) = (w2 + 2wϑ − 2yϑ − ϑ2)(y2 + 2wϑ − 2yϑ − ϑ2)×
(−y2 + 2wϑ − 2yϑ + ϑ2)(w2y − w2ϑ + 4wyϑ − 2y2ϑ − yϑ2 − ϑ3)×
(w2 − 2wϑ + 2yϑ − ϑ2)(w2y + w2ϑ − 4wyϑ + 2y2ϑ − yϑ2 + ϑ3).

Mathematical software shows that the polynomial P (w, y)/G(w, y) is divisible19
by the polynomials gi(w, y) for i = 1, 3, 6. However, none of these polynomials is20
a square in Fq[y] as they each have distinct roots in F :21

g1(w, y) =(y − ϑ)(y + ϑ)
g3(w, y) =(w − ϑ)2(w + ϑ)2(wy + wϑ − 3yϑ + ϑ2)(wy + 3wϑ − yϑ + ϑ2)×

(wy − 3wϑ + yϑ + ϑ2)(wy − wϑ + 3yϑ + ϑ2)
g6(w, y) =(w − ϑ)(y − ϑ)(w + ϑ)(y + ϑ)×

(wy + wϑ − 3yϑ + ϑ2)(wy − wϑ + 3yϑ + ϑ2).

We can also see that for I ⊆ {1, 3, 6}, none of the products ∏︁i∈I gi(w, y) can be22
a square in Fq[y], as at least one of the roots always has odd multiplicity. Also, if23
for any other I ⊆ {1, . . . , 6} we have a square ∏︁i∈I gi(w, y), then this w ∈ Fq will24
be accounted for using the discriminant.25
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The computed discriminant is1

discy(G(w, y)) = −248(w − 7ϑ)3(w − 3ϑ)4(w − 2ϑ)2(w − ϑ)46ϑ32×
(w + ϑ)46(w + 2ϑ)2(w + 3ϑ)4(w + 7ϑ)3(w2 − 4wϑ − ϑ2)2×

(w2 + 4wϑ − ϑ2)2(w2 + ϑ2)2(w2 − 4wϑ + 7ϑ2)2(w2 + 4wϑ + 7ϑ2)2.

Since w /∈ {±ϑ, ±2ϑ, ±3ϑ, ±7ϑ}, there are at most 10 values of w ∈ Fq such that2
the list of polynomials does not avoid squares. If we denote by Nw, w ∈ Fq, the3
number of all y ∈ Fq such that χ(gi(w, y)) = εi, for i = 1, · · · , 6, where εi = −14
for i = 1, . . . , 5 and ε6 = 1, then for the exceptional values |Nw − q

64 | ≤ 63
64q, since5

Nw ≤ q.6
To apply Theorem 3.13 for the remaining values, let us determine the degrees7

of polynomials fi(x, y), i = 1, . . . , 6. Since their leading coefficients are equal to 1,8
2ϑ(ϑ − x), −(x − ϑ)3(x − 3ϑ), −(x − ϑ)2, 2ϑ(ϑ − x)3 and (x + ϑ)(x + 3ϑ), and9
since w ̸= ±ϑ, ±3ϑ, their degrees are 1, 2, 2, 3, 2, 2, respectively, for each choice of10
x = w. Therefore, Dy = ∑︁6

i=1 degy(gi) = 2 + 4 · 4 + 6 = 24.11
For values w ∈ Fq that are not exceptional, Theorem 3.13 gives the following12

estimate13 ⃓⃓⃓⃓
⃓Nw − q

26

⃓⃓⃓⃓
⃓ ≤ (√q + 1)Dy

2 − √
q
(︃

1 − 1
26

)︃
= 705

64
√

q + 12.

Finally, summing the estimates over all values w ∈ Fq yields14 ⃓⃓⃓⃓
⃓|K1 ∩ K4| − q2

64

⃓⃓⃓⃓
⃓ ≤

∑︂
w∈Fq

⃓⃓⃓⃓
⃓Nw − q

64

⃓⃓⃓⃓
⃓ ≤ 705

64 q3/2 + 12q + 10 · 63
64 q

= 705
64 q3/2 + 699

32 q.

15

Proposition 3.17. We have16 ⃓⃓⃓⃓
⃓|K0 ∩ K4| −

(︄
q2

32 + q3/2

32 + q

16

)︄ ⃓⃓⃓⃓
⃓ ≤ 113

16 q3/2 + 77
4 q.

Proof. By Lemmas 2.7 and 2.12, the size of the intersection of the two sets K0 and17
K4 is equal to the number of elements (x, y) ∈ F2

q, x ̸= y, such that s(x, y)t1(x, y)18
and s(x, y)t2(x, y) are nonsquares in F and h0(y)s(x, y)t3(x, y), h0(y) and h0(x)19
are squares in F .20

Instead of h0(y)s(x, y)t3(x, y) being a square in F , we can use the condition21
that s(x, y)t3(x, y) is a square in F as h0(y) must be a square in F and it is22
nonzero for any y ∈ Fq.23

Denote these polynomials by24

f1(x, y) = h0(x)
f3(x, y) = s(x, y)t1(x, y)
f5(x, y) = s(x, y)t3(x, y).

f2(x, y) = h0(y)
f4(x, y) = s(x, y)t2(x, y)

Putting gi(x, y) = fi(x, y)fi(x, y), for i = 1, . . . , 5, yields polynomials that are25
elements of Fq[x, y] and χ′(fi(x, y)) = χ(gi(x, y)) for all (x, y) ∈ F2

q by Lemma 3.4.26
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Since Theorem 3.13 can only be applied to univariate polynomials, we shall fix1
x = w ∈ Fq, since the degrees of most gi(x, y) in y are less than or equal to2
their degrees in x. However, then the polynomial g1(w, y) = w2 − c ∈ Fq[y] is3
a constant, so we need to proceed similarly as in Proposition 3.15 and keep the4
polynomial aside for now. Thus, we shall work a list of polynomials in Fq[y] that5
equals {gi(w, y)}5

i=2.6
The list has to avoid squares; let us therefore estimate the maximal number of7

values w ∈ Fq, for which it does not fulfill that. Denote by8

P (w, y) = − (w − ϑ)5(w + ϑ)5×
(wy + 3wϑ − yϑ + ϑ2)3(wy − 3wϑ + yϑ + ϑ2)3G(w, y)

the product of the polynomials from the list. Since, according to computations in9
Mathematica, no gi(w, y), i = 2, . . . , 5, divides the polynomial P (w, y)/G(w, y),10
the exceptional values of w ∈ Fq will be found by looking at the discriminant of11
G(w, y), where12

G(w, y) = (y − ϑ)(y + ϑ)(w2 + 2wϑ − 2yϑ − ϑ2)(y2 + 2wϑ − 2yϑ − ϑ2)×
(w2 − 2wϑ + 2yϑ − ϑ2)(wy + wϑ − 3yϑ + ϑ2)×
(−y2 + 2wϑ − 2yϑ + ϑ2)(wy − wϑ + 3yϑ + ϑ2)

are the factors of P (w, y) of power one. The computed discriminant equals13

discy(G(w, y)) = −250(w − 3ϑ)2(w − ϑ)33ϑ40(w + ϑ)33×
(w + 3ϑ)2(w2 − 5ϑ2)4(w2 − 4wϑ − ϑ2)6(w2 + 4wϑ − ϑ2)6×

(w2 + 3ϑ2)2(w2 − 4wϑ + 7ϑ2)4(w2 + 4wϑ + 7ϑ2)4.

For ϑ /∈ Fq, we have w ̸= ±ϑ, ±3ϑ. Therefore, there are at most 12 values of14
w ∈ Fq such that the list does not avoid squares.15

For w ∈ Fq, denote by N ′
w the number of elements y ∈ Fq such that16

χ(gi(w, y)) = εi, for i = 2, · · · , 5, where εi = 1 for i = 2, 5 and εi = −1 for17
i = 3, 4. Then, since N ′

w ≤ q, the estimate for each of these 12 values equals18 ⃓⃓⃓⃓
⃓N ′

w − q

16

⃓⃓⃓⃓
⃓ ≤ 15

16q. (3.3)

To apply Theorem 3.13 for the remaining w ∈ Fq, we need to know the sum of19
degrees in y of the polynomials from the list. The leading coefficients of fi(x, y),20
2 ≤ i ≤ 5, are equal to 1, −(x−ϑ)3(x− 3ϑ), −(x−ϑ)2 and 2ϑ(ϑ−x)3. Since w ̸=21
ϑ, 3ϑ, the degrees in y are 1, 2, 3, 2, respectively, for each x = w. The conjugates22
then have the same degrees. Summed up, this yields D′

y = 2 + 4 + 6 + 4 = 16.23
Therefore, by Theorem 3.13,24 ⃓⃓⃓⃓

⃓N ′
w − q

24

⃓⃓⃓⃓
⃓ ≤ (√q + 1)

D′
y

2 − √
q
(︃

1 − 1
24

)︃
= 113

16
√

q + 8. (3.4)

Finally, it remains to sum the estimates (3.3) and (3.4) over all the values25
of w ∈ Fq such that g1(w, y) = w2 − c is a square in Fq. Denote the set of all26
x ∈ Fq such that χ(g1(x, y)) = 1 by S. The list in Fq[x], consisting only of the27
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polynomial g1(x, y), avoids squares, and Dx = 2 is the degree of the polynomial in1
x, as x ̸= ±ϑ. By Theorem 3.13, ||S| − q

2 | ≤ (√q + 1)Dx

2 − √
q
(︂
1 − 1

2

)︂
=

√
q

2 + 1.2
As in all the propositions before,3 ∑︂

w∈S

⃓⃓⃓⃓
⃓N ′

w − q

16

⃓⃓⃓⃓
⃓ ≤ 113

16 q3/2 + 8q + 12 · 15
16 q = 113

16 q3/2 + 77
4 q,

where the estimates (3.3) and (3.4) are used 12 times and q times, respectively,4
as this is an upper bound. To obtain the lower bound, first apply the triangle5
inequality. Then by ∑︁w∈S N ′

w = |K0 ∩ K4| and by the upper bound on S, which6
equals |S| ≤ q

2 +
√

q

2 + 1, the estimate is equal to7
∑︂
w∈S

⃓⃓⃓⃓
⃓N ′

w − q

16

⃓⃓⃓⃓
⃓ ≥

⃓⃓⃓⃓
⃓ ∑︂

w∈S

N ′
w −

∑︂
w∈S

q

16

⃓⃓⃓⃓
⃓ ≥

⃓⃓⃓⃓
⃓|K0 ∩ K4| −

(︄
q

2 +
√

q

2 + 1
)︄

· q

16

⃓⃓⃓⃓
⃓

=
⃓⃓⃓⃓
⃓|K0 ∩ K4| −

(︄
q2

32 + q3/2

32 + q

16

)︄ ⃓⃓⃓⃓
⃓.

To obtain the result, simply put the two estimates together.8
Proposition 3.18. We have9 ⃓⃓⃓⃓

⃓|K1 ∩ K2| −
(︄

q2

64 + q3/2

64 + q

32

)︄ ⃓⃓⃓⃓
⃓ ≤ 289

32 q3/2 + 1343
32 q.

Proof. We know that the size of the intersection K1 ∩ K2 equals the number10
of elements (x, y) ∈ F2

q, x ̸= y, such that h0(x), h0(y), h1(x, y) and h1(y, x) are11
nonsquares in F and h2(x, y) and h2(y, x) are squares in F , by Lemma 2.8 and12
Lemma 2.10.13

Denote14
f1(x, y) = h0(x)
f3(x, y) = h1(y, x)
f5(x, y) = h2(y, x)

f2(x, y) = h0(y)
f4(x, y) = h1(x, y)
f6(x, y) = h2(x, y).

By Lemma 3.4, if we put gi(x, y) = fi(x, y)fi(x, y), for i = 1, . . . , 6, we15
get polynomials that belong to Fq[x, y] and fulfill χ′(fi(x, y)) = χ(gi(x, y)) for16
(x, y) ∈ F2

q. Since f2i(x, y) = f2i−1(y, x), i = 1, 2, 3, it does not matter which of17
the variables we fix. Thus, let us continue with the initial fixing of x = w ∈ Fq.18
Then the polynomial g1(w, y) = w2 − c ∈ Fq[y] has zero degree; thus, we cannot19
apply Theorem 3.13 to it and it will need to be incorporated later in the proof.20
Therefore, the list of polynomials in Fq[y] with which we will initially work is21
{gi(w, y)}6

i=2.22
Next, calculate the upper bound on the number of w ∈ Fq for which the list23

{gi(w, y)}6
i=2 does not avoid squares. Compute the product24

P (w, y) =
6∏︂

i=2
gi(w, y) = −(w − ϑ)3(y − ϑ)4(w + ϑ)3(y + ϑ)4G(w, y),

where G(w, y) has the following form25

G(w, y) = (wy + wϑ − 3yϑ + ϑ2)(wy + 3wϑ − yϑ + ϑ2)×
(wy − wϑ + 3yϑ + ϑ2)(wy2 + 2w2ϑ − 4wyϑ + y2ϑ − wϑ2 + ϑ3)×

(wy − 3wϑ + yϑ + ϑ2)(−wy2 + 2w2ϑ − 4wyϑ + y2ϑ + wϑ2 + ϑ3)×
(w2y − w2ϑ + 4wyϑ − 2y2ϑ − yϑ2 − ϑ3)(w2y + w2ϑ − 4wyϑ + 2y2ϑ − yϑ2 + ϑ3).
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Except for the polynomial g2(w, y) = (y − ϑ)(y + ϑ), which is not a square1
in Fq[y], none of gi(w, y), i = 2, · · · , 6 divides P (w, y)/G(w, y). Therefore, the2
number of w ∈ Fq such that {gi(w, y)}6

i=2 avoids squares can be estimated using3
the discriminant. Mathematical software computes the value of discriminant of4
G(w, y) as5

discy(G(w, y)) = −286w4(w − 7ϑ)(w − ϑ)67(2w − ϑ)ϑ70(w + ϑ)67(2w + ϑ)×
(w + 7ϑ)(w2 − 4wϑ − ϑ2)2(w2 + 4wϑ − ϑ2)2(w2 + ϑ2)6(3w2 + ϑ2)2(w2 + 3ϑ2)2×

(w2 − 2wϑ + 5ϑ2)2(w2 + 2wϑ + 5ϑ2)2(w3 − w2ϑ − wϑ2 − 7ϑ3)2×
(w3 − 3w2ϑ − wϑ2 − 5ϑ3)2(w3 − 7w2ϑ − wϑ2 − ϑ3)6(w3 + 7w2ϑ − wϑ2 + ϑ3)6×

(w3 + 3w2ϑ − wϑ2 + 5ϑ3)2(w3 + w2ϑ − wϑ2 + 7ϑ3)2.

Since w ̸= ±ϑ
2 , ±ϑ, ±7ϑ, there are at most 33 values of w ∈ Fq for which Theo-6

rem 3.13 cannot be applied.7
Denote by N ′

w, for w ∈ Fq, the number of y ∈ Fq such that χ(gi(w, y)) = εi,8
where εi = −1 for i = 2, 3, 4 and εi = 1 for i = 5, 6. Then, for the 33 above-9
mentioned values w ∈ Fq the following holds10 ⃓⃓⃓⃓

⃓N ′
w − q

32

⃓⃓⃓⃓
⃓ ≤ 31

32q. (3.5)

For the remaining values of w ∈ Fq, the prerequisites of Theorem 3.13 are met.11
The leading coefficients of polynomials fi(x, y), as polynomials in y, i = 2, . . . , 6,12
equal 1, x − ϑ, 2ϑ(ϑ − x), −(x − ϑ)2, and (x + ϑ)(x + 3ϑ), for each x = w. Since13
x ̸= ±ϑ, −3ϑ, the degrees are equal to 1, 3, 2, 2, 2. The conjugates are of the same14
degrees and so D′

y = 2 + 6 + 3 · 4 = 20. By Theorem 3.13 we now for each of these15
w ∈ Fq get16 ⃓⃓⃓⃓

⃓N ′
w − q

25

⃓⃓⃓⃓
⃓ ≤ (√q + 1)

D′
y

2 − √
q
(︃

1 − 1
25

)︃
= 289

32
√

q + 10. (3.6)

As a last step, it remains to sum the upper bounds of |N ′
w − q

25 | over all the17
values of w ∈ Fq for which the polynomial g1(w, y) = w2 − c is a nonsquare in Fq.18
We will estimate this again using the Weil bound, but this time on a polynomial19
in x. Denote by S the set of all x ∈ Fq such that χ(g1(x, y)) = −1. The list20
{g1(x, y)} in Fq[x] clearly avoids squares and Dx = 2. Then Theorem 3.13 yields21
||S| − q

2 | ≤
√

q

2 + 1 as in the previous proposition.22
Similarly as for the other intersections, we get23 ∑︂

w∈S

⃓⃓⃓⃓
⃓N ′

w − q

32

⃓⃓⃓⃓
⃓ ≤ 289

32 q3/2 + 10q + 33 · 31
32 q = 289

32 q3/2 + 1343
32 q,

where we applied (3.6) for all values w ∈ Fq and (3.5) for the 33 exceptional values.24
The lower estimate is then obtained by using the triangle inequality, the fact that25
the size of our desired intersection equals ∑︁w∈S N ′

w and finally the estimate on26
the size of S from above27 ∑︂

w∈S

⃓⃓⃓⃓
⃓N ′

w − q

32

⃓⃓⃓⃓
⃓ ≥

⃓⃓⃓⃓
⃓ ∑︂

w∈S

N ′
w −

∑︂
w∈S

q

32

⃓⃓⃓⃓
⃓ ≥

⃓⃓⃓⃓
⃓|K1 ∩ K2| −

(︄
q

2 +
√

q

2 + 1
)︄

· q

32

⃓⃓⃓⃓
⃓

=
⃓⃓⃓⃓
⃓|K1 ∩ K2| −

(︄
q2

64 + q3/2

64 + q

32

)︄ ⃓⃓⃓⃓
⃓.

The two estimates above give statement of the proposition.28
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Proposition 3.19. We have1 ⃓⃓⃓⃓
⃓|K0 ∩ K3| −

(︄
q2

16 + q3/2

16 + q

8

)︄ ⃓⃓⃓⃓
⃓ ≤ 49

8 q3/2 + 119
8 q.

Proof. By Lemma 2.7 and Lemma 2.11, the number of elements (x, y) ∈ F2
q, x ̸= y,2

such that h0(y) and h0(x) are squares in F and at the same time h3(x, y) and3
h3(y, x) are nonsquares in F equals |K0 ∩ K3|. Let us denote4

f1(x, y) = h0(x)
f3(x, y) = h3(y, x)

f2(x, y) = h0(y)
f4(x, y) = h3(x, y).

Denote gi(x, y) = fi(x, y)fi(x, y), for i = 1, . . . , 4, then gi(x, y) are bivariate5
polynomials with coefficients in Fq and for all (x, y) ∈ F2

q we get χ′(fi(x, y)) =6
χ(gi(x, y)), by Lemma 3.4. As before, we need to fix one of the variables so that7
we can use the Weil bound. However, here again f2i(x, y) = f2i−1(y, x) for i = 1, 2,8
so both choices are equivalently convenient. Thus, let us first fix x = w ∈ Fq.9
Then again, the polynomial g1(w, y) = w2 − c ∈ Fq[y] is a constant and does not10
meet the prerequisites of Theorem 3.13. We will leave it out for now and later11
work with it as a polynomial in x.12

Consider a list of polynomials {gi(w, y)}4
i=2. To get to the size of K0 ∩ K313

using Weil bound, the list needs to avoid squares. There might be some values of14
w ∈ Fq, for which this is not true, and those will be estimated separately; let us15
put an upper bound on the number of such values of w ∈ Fq. Put16

P (w, y) =
4∏︂

i=2
gi(w, y) = −(w − ϑ)2(y − ϑ)3(w + ϑ)2(y + ϑ)3G(w, y),

where the factors of power equal to one are17

G(w, y) = (w2y − w2ϑ + 4wyϑ − 2y2ϑ − yϑ2 − ϑ3)×
(wy2 + 2w2ϑ − 4wyϑ + y2ϑ − wϑ2 + ϑ3)×

(−wy2 + 2w2ϑ − 4wyϑ + y2ϑ + wϑ2 + ϑ3)×
(w2y + w2ϑ − 4wyϑ + 2y2ϑ − yϑ2 + ϑ3).

The same as in the previous proposition, only the polynomial g2(w, y) =18
(y − ϑ)(y + ϑ), not a square in Fq[y], divides P (w, y)/G(w, y), therefore, we can19
proceed as before. The discriminant of the polynomial G(w, y) has the following20
form21

discy(G(w, y)) = −226w4(w − 7ϑ)(w − ϑ)35(2w − ϑ)ϑ18(w + ϑ)35(2w + ϑ)×
(w + 7ϑ)(w2 + ϑ2)2(w3 − 7w2ϑ − wϑ2 − ϑ3)2(w3 + 7w2ϑ − wϑ2 + ϑ3)2.

For w /∈ {±1
2ϑ, ±ϑ, ±7ϑ}, there can be at most 9 values of w ∈ Fq such that the22

list does not avoid squares. For all w ∈ Fq denote by N ′
w the number of elements23

y ∈ Fq such that χ(g2(w, y)) = 1 and χ(gi(w, y)) = −1 for i = 3, 4. For any24
w ∈ Fq clearly N ′

w ≤ q, therefore, for each of the 9 values of w mentioned above25
use26 ⃓⃓⃓⃓

⃓N ′
w − q

8

⃓⃓⃓⃓
⃓ ≤ 7

8q. (3.7)
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For the other values of w ∈ Fq, the left-hand side will be estimated using1
Theorem 3.13 and for that we need to know the degrees of the polynomials in the2
list. The leading coefficients of fi(x, y) as polynomials in y are 1, (x − ϑ)2 and3
2ϑ(ϑ − x). Thus, their degrees are 1, 3, 3, respectively, for each choice of x = w.4
Polynomials fi(x, y) then have the same degree as fi(x, y), for all i = 2, 3, 4. In5
total, D′

y = ∑︁4
i=2 degygi = 2 + 6 + 6 = 14. Therefore, the theorem yields6 ⃓⃓⃓⃓
⃓N ′

w − q

23

⃓⃓⃓⃓
⃓ ≤ (√q + 1)

D′
y

2 − √
q
(︃

1 − 1
23

)︃
= 49

8
√

q + 7. (3.8)

To finish the proof, it remains to sum the estimates (3.7) and (3.8) over all7
values of w ∈ Fq such that g1(w, y) = w2 − c is a square in Fq. Theorem 3.13 will8
thus be applied to a list in Fq[x] with a single polynomial {g1(x, y)}. The list9
avoids squares and Dx = 2 as x ̸= ±ϑ. Therefore, if we denote by S a set of all10
x ∈ Fq such that χ(g1(x, y)) = 1, we obtain ||S| − q

2 | ≤
√

q

2 + 1.11
For the upper bound on the sum of |N ′

w − q
8 |, sum the estimate (3.8) for each12

w ∈ Fq, that is q times, and (3.8) for the at most 9 exceptional values13

∑︂
w∈S

⃓⃓⃓⃓
⃓N ′

w − q

8

⃓⃓⃓⃓
⃓ ≤ 49

8 q3/2 + 7q + 9 · 7
8 q = 49

8 q3/2 + 119
8 q.

The other estimate follows from the triangle inequality, the fact that by definition14
|K0 ∩ K3| = ∑︁

w∈S N ′
w and the upper bound on S computed above15

∑︂
w∈S

⃓⃓⃓⃓
⃓N ′

w − q

8

⃓⃓⃓⃓
⃓ ≥

⃓⃓⃓⃓
⃓ ∑︂

w∈S

N ′
w −

∑︂
w∈S

q

8

⃓⃓⃓⃓
⃓ ≥

⃓⃓⃓⃓
⃓|K0 ∩ K3| −

(︄
q

2 +
√

q

2 + 1
)︄

· q

8

⃓⃓⃓⃓
⃓

=
⃓⃓⃓⃓
⃓|K0 ∩ K3| −

(︄
q2

16 + q3/2

16 + q

8

)︄ ⃓⃓⃓⃓
⃓.

These two estimates yield the desired inequality.16

Proposition 3.20. We have17 ⃓⃓⃓⃓
⃓|K0 ∩ K3 ∩ K4| −

(︄
q2

128 + q3/2

128 + q

64

)︄ ⃓⃓⃓⃓
⃓ ≤ 833

64 q3/2 + 3227
64 q.

Proof. The size of |K0 ∩K3 ∩K4| equals the number of elements (x, y) ∈ F2
q, x ̸= y,18

such that h3(x, y), h3(y, x), s(x, y)t1(x, y) and s(x, y)t2(x, y) are nonsquares in19
F and h0(y)s(x, y)t3(x, y), h0(y), and h0(x) are squares in F . This follows from20
Lemmas 2.7, 2.11 and 2.12.21

Instead of h0(y)s(x, y)t3(x, y) being a square in F , we can use the condition22
that s(x, y)t3(x, y) is a square in F as h0(y) must be a nonzero square in F .23

Let us denote these polynomials by24

f1(x, y) = h3(x, y)
f3(x, y) = s(x, y)t1(x, y)
f5(x, y) = s(x, y)t3(x, y)
f7(x, y) = h0(x).

f2(x, y) = h3(y, x)
f4(x, y) = s(x, y)t2(x, y)
f6(x, y) = h0(y)

For these polynomials, put gi(x, y) = fi(x, y)fi(x, y). Then gi(x, y) ∈ Fq[x, y]25
and for all (x, y) ∈ F2

q we get χ′(fi(x, y)) = χ(gi(x, y)) by Lemma 3.4. Therefore,26
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our goal is to estimate the number of elements (x, y) ∈ F2
q, x ̸= y, such that1

χ(gi(x, y)) = εi, where2

εi =

⎧⎨⎩ −1, if 1 ≤ i ≤ 4
1, if 5 ≤ i ≤ 7.

This can be achieved using Theorem 3.13, but since this theorem operates on3
univariate polynomials, we shall first fix one of the variables. In this case, it4
is again more convenient to put x = w ∈ Fq and use Theorem 3.13 on a list5
{gi(w, y)}6

i=1 in Fq[y]. After that, we will sum the resulting estimate over all6
values of w ∈ Fq such that the polynomial g7(w, y) = w2 − c is a square in Fq.7

Consider a product of polynomials from the list8

P (w, y) =(w − ϑ)7(y − ϑ)3(w + ϑ)7(y + ϑ)3×
(wy + 3wϑ − yϑ + ϑ2)3(wy − 3wϑ + yϑ + ϑ2)3G(w, y),

where we put9

G(w, y) = (w2 − 2wϑ + 2yϑ − ϑ2)(wy − wϑ + 3yϑ + ϑ2)×
(wy + wϑ − 3yϑ + ϑ2)(w2y − w2ϑ + 4wyϑ − 2y2ϑ − yϑ2 − ϑ3)×

(−y2 + 2wϑ − 2yϑ + ϑ2)(wy2 + 2w2ϑ − 4wyϑ + y2ϑ − wϑ2 + ϑ3)×
(y2 + 2wϑ − 2yϑ − ϑ2)(−wy2 + 2w2ϑ − 4wyϑ + y2ϑ + wϑ2 + ϑ3)×

(w2 + 2wϑ − 2yϑ − ϑ2)(w2y + w2ϑ − 4wyϑ + 2y2ϑ − yϑ2 + ϑ3).

Since the polynomial P (w, y)/G(w, y) is only divisible by the polynomial g6(w, y) =10
(y + ϑ)(y − ϑ), which is not a square in Fq[y], we can estimate the number of11
elements w ∈ Fq such that the list does not avoid squares using the discrimi-12
nant, as we have done many times before. Mathematical software computes the13
discriminant of G(w, y) to be14

discy(G(w, y)) = 2126w4(w − 7ϑ)3(w − 5ϑ)2(w − 3ϑ)4(w − 2ϑ)2(w − ϑ)120×
(2w − ϑ)3ϑ100(w + ϑ)120(2w + ϑ)3(w + 2ϑ)2(w + 3ϑ)4(w + 5ϑ)2(w + 7ϑ)3×

(w2 − 5ϑ2)4(w2 − 4wϑ − ϑ2)6(w2 + 4wϑ − ϑ2)6(w2 + ϑ2)2(w2 + 3ϑ2)2×
(w2 − 2wϑ + 5ϑ2)4(w2 + 2wϑ + 5ϑ2)4(w2 − 4wϑ + 7ϑ2)4(w2 + 4wϑ + 7ϑ2)4×

(w3 − w2ϑ − wϑ2 − 7ϑ3)2(w3 − 3w2ϑ − wϑ2 − 5ϑ3)2(w3 − 7w2ϑ − wϑ2 − ϑ3)2×
(w3 + 7w2ϑ − wϑ2 + ϑ3)2(w3 + 3w2ϑ − wϑ2 + 5ϑ3)2(w3 + w2ϑ − wϑ2 + 7ϑ3)2.

Since w /∈ {±1
2ϑ, ±ϑ, ±2ϑ, ±3ϑ, ±5ϑ, ±7ϑ}, there are at most 37 values of w ∈ Fq15

such that the list does not avoid squares. Denote by N ′
w the number of y ∈ Fq16

such that χ(gi(w, y)) = εi for i = 1, . . . , 6. Then trivially N ′
w ≤ q, and so for these17

37 values we have18 ⃓⃓⃓⃓
⃓N ′

w − q

64

⃓⃓⃓⃓
⃓ ≤ 63

64q. (3.9)

For the other w ∈ Fq, let us determine the value of Dy = ∑︁6
i=1 degygi. The19

leading coefficients of the polynomials fi(x, y) ∈ Fq[y] are equal to 2ϑ(ϑ − x),20
(x − ϑ)2, −(x − 3ϑ)(x − ϑ)3, −(x − ϑ)2, −2ϑ(x − ϑ)3, and 1. None of these21
coefficients can equal zero and since the degrees of conjugate polynomials are the22
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same as the original polynomials, we get D′
y = 6 + 6 + 4 + 6 + 4 + 2 = 28. This1

holds for any choice of x = w ∈ Fq. Theorem 3.13 yields the following estimate2 ⃓⃓⃓⃓
⃓N ′

w − q

64

⃓⃓⃓⃓
⃓ ≤ (√q + 1)

D′
y

2 − √
q
(︃

1 − 1
64

)︃
= 833

64
√

q + 14. (3.10)

Finally, we need to sum the estimates of |N ′
w − q

64 | over all the values of w ∈ Fq3
that fulfill the condition that the polynomial g7(w, y) = w2 − c is a square in Fq.4
The number of such w can be determined again using Theorem 3.13, this time on5
a list in Fq[x] with a single polynomial {g7(x, y)}. Then this list avoids squares6
and Dx = 2. Therefore, if we denote by S the set of all elements x ∈ Fq for which7
χ(g7(x, y)) = 1, Theorem 3.13 yields ||S| − q

2 | ≤
√

q

2 + 1.8
Now, if we take the sum of |N ′

w − q
64 |, first use the triangle inequality, then the9

fact that |K0 ∩ K3 ∩ K4| = ∑︁
w∈S N ′

w and upper bound on S from the estimate10
above, we obtain11

∑︂
w∈S

⃓⃓⃓⃓
⃓N ′

w − q

64

⃓⃓⃓⃓
⃓ ≥

⃓⃓⃓⃓
⃓ ∑︂

w∈S

N ′
w −

∑︂
w∈S

q

64

⃓⃓⃓⃓
⃓ ≥

⃓⃓⃓⃓
⃓|K0 ∩ K3 ∩ K4| −

(︄
q

2 +
√

q

2 + 1
)︄

· q

64

⃓⃓⃓⃓
⃓

=
⃓⃓⃓⃓
⃓|K0 ∩ K3 ∩ K4| −

(︄
q2

128 + q3/2

128 + q

64

)︄ ⃓⃓⃓⃓
⃓.

The estimate from the other side then follows directly from (3.9) and (3.10)12

∑︂
w∈S

⃓⃓⃓⃓
⃓N ′

w − q

64

⃓⃓⃓⃓
⃓ ≤ 833

64 q3/2 + 14q + 37 · 63
64 q = 833

64 q3/2 + 3227
64 q

and the combination of the two inequalities above gives us the result.13

Proposition 3.21. The intersection K1 ∩ K2 ∩ K4 is empty.14

Proof. The number of elements in the intersection K1 ∩ K2 ∩ K4 is equal to the15
number of elements (x, y) ∈ F2

q, x ̸= y, such that h0(y), h0(x), h1(x, y), h1(y, x),16
s(x, y)t1(x, y) and s(x, y)t2(x, y) are nonsquares in F and h2(x, y), h2(y, x) and17
h0(y)s(x, y)t3(x, y) are squares in F , by Lemma 2.8, Lemma 2.10 and Lemma18
2.12. Denote three of these polynomials by19

f1(x, y) = s(x, y)t1(x, y) f2(x, y) = h2(x, y) f3(x, y) = h2(y, x).

and once more define gi(x, y) = fi(x, y)fi(x, y) for 1 ≤ i ≤ 3. Using this notation,20
a part of the right-hand side condition can be reformulated as the product21 ∏︁3

i=1 fi(x, y) being a nonsquare in F . By Lemma 3.4, this happens for a given22
pair (x, y) ∈ F2

q if and only if ∏︁3
i=1 gi(x, y) is a nonsquare in Fq. However,23

3∏︂
i=1

gi(x, y) =(x − ϑ)4(y − ϑ)2(x + ϑ)4(y + ϑ)2(xy + xϑ − 3yϑ + ϑ2)2×

(xy + 3xϑ − yϑ + ϑ2)2(xy − 3xϑ + yϑ + ϑ2)2(xy − xϑ + 3yϑ + ϑ2)2

is clearly a square in Fq for any choice of (x, y) ∈ F2
q, x ̸= y. Therefore, the24

number of elements that fulfill the right-hand side condition equals zero and so25
the set K1 ∩ K2 ∩ K4 is empty.26
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From the bounds established in this chapter and from Theorem 3.13 itself, we1
can see that the estimates of set sizes depend solely on the number of conditions2
on polynomials that define a given set regardless of the parity of these polynomials.3
However, by Theorem 3.13, the tightness of the estimates depends on the degrees4
of the polynomials from the list. In the next chapter, we will combine everything5
we have learned so far and draw the final conclusion about the conjecture in6
question.7
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4 The asymptotic estimate1
Earlier, we denoted by N a quadratic nearfield upon F , that is, a nearfield2

of order q2. In this chapter, let us denote it by Nq2 to emphasize the size. Let3
c ∈ Nq2 \ {0, 1}. By construction in Section 2.1, each of these q2 − 2 choices for c4
yields a quasigroup, and we are interested in the density of c such that Nq2(∗c) is5
maximally nonassociative. Denote this density by ρ(Nq2).6

Theorem 4.1. Let q be an odd prime power and Nq2 a quadratic nearfield of7
order q2. Put d = 37

128 = 0.2890625. Then ρ(Nq2) → d as q → ∞.8

Proof. By Corollary 2.4, we have c /∈ Ki for 0 ≤ i ≤ 4 iff the quasigroup Nq2(∗c)9
is maximally nonassociative. Therefore, for q odd prime power,10

ρ(Nq2) = 1 − |⋃︁4
i=0 Ki|

q2 − 2 ,

where the numerator of the fraction satisfies11 ⃓⃓⃓⃓
⃓⃓ 4⋃︂

i=0
Ki

⃓⃓⃓⃓
⃓⃓ =

4∑︂
i=0

|Ki| −
3∑︂

i=0
|Ki ∩ K4| − |K1 ∩ K2| − |K0 ∩ K3| + |K0 ∩ K3 ∩ K4|,

by the inclusion-exclusion principle and by Section 3.2 and Proposition 3.21, where12
the emptiness of some of the intersections was discussed.13

Therefore, the asymptotic density can be expressed as14

lim
q→∞

ρ(Nq2) = 1 − lim
q→∞

|⋃︁4
i=0 Ki|

q2 − 2

= 1 −
(︄

lim
q→∞

|K0|
q2 − 2 + · · · + lim

q→∞

|K0 ∩ K3 ∩ K4|
q2 − 2

)︄
, (4.1)

where both the equalities hold due to the Limit Arithmetic Theorem if we verify15
that the right-hand side expression is well defined. Let us determine the limits in16
the sum. Note that in the limits, we only assume values of q that are odd prime17
powers, even though it is not explicitly mentioned.18

By Lemma 3.1, |K0| = −2 + (q2 + 3)/4, thus19

lim
q→∞

|K0|
q2 − 2 = lim

q→∞

−2 + q2+3
4

q2 − 2 = 1
4 .

According to Lemma 3.5,20 ⃓⃓⃓⃓
⃓|K2| − q2

8

⃓⃓⃓⃓
⃓ ≤ 17

8 q3/2 + 19
2 q.

Therefore,21

1
8 = lim

q→∞

q2

8 − 17
8 q3/2 − 19

2 q

q2 − 2 ≤ lim
q→∞

|K2|
q2 − 2 ≤ lim

q→∞

q2

8 + 17
8 q3/2 + 19

2 q

q2 − 2 = 1
8 ,
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so the inequalities become equalities and1

lim
q→∞

|K2|
q2 − 2 = 1

8 .

By Corollary 3.3, we have |K1| = |K2|, thus limq→∞ |K1|/(q2 − 2) = 1/8.2
The other values are obtained similarly. However, for the sake of completeness,3

we provide the calculations for all the limits.4
By Lemma 3.6, the size of K3 can be estimated by5 ⃓⃓⃓⃓

⃓|K3| − q2

4

⃓⃓⃓⃓
⃓ ≤ 13

4 q3/2 + 19
2 q, and thus,

1
4 = lim

q→∞

q2

4 − 13
4 q3/2 − 19

2 q

q2 − 2 ≤ lim
q→∞

|K3|
q2 − 2 ≤ lim

q→∞

q2

4 + 13
4 q3/2 + 19

2 q

q2 − 2 = 1
4 ,

therefore, limq→∞ |K3|/(q2 − 2) = 1/4.6
The estimate of |K4| from Lemma 3.7 is given below along with its application7

to the asymptotic size of K48 ⃓⃓⃓⃓
⃓|K4| − q2

8

⃓⃓⃓⃓
⃓ ≤ 57

8 q3/2 + 121
8 q,

1
8 = lim

q→∞

q2

8 − 57
8 q3/2 − 121

8 q

q2 − 2 ≤ lim
q→∞

|K4|
q2 − 2 ≤ lim

q→∞

q2

8 + 57
8 q3/2 + 121

8 q

q2 − 2 = 1
8 .

Thus, inequalities also become equalities.9
In Proposition 3.14 we learned that10 ⃓⃓⃓⃓

⃓|K3 ∩ K4| − q2

32

⃓⃓⃓⃓
⃓ ≤ 417

32 q3/2 + 1595
32 q.

This estimate can be again applied from both the sides on limq→∞ |K3∩K4|/(q2−2)11
to obtain 1/32 ≤ limq→∞ |K3 ∩ K4|/(q2 − 2) ≤ 1/32. Therefore, the asymptotic12
size of this intersection equals 1/32.13

The estimate established in Proposition 3.15 has the following form14 ⃓⃓⃓⃓
⃓|K2 ∩ K4| −

(︄
q2

64 + q3/2

64 + q

32

)︄ ⃓⃓⃓⃓
⃓ ≤ 385

32 q3/2 + 1129
32 q.

Similarly as in the previous cases, we use this to estimate the asymptotic size of15
the intersection of sets K2 and K4. We get16

1
64 = lim

q→∞

q2

64 − 769
64 q3/2 − 141

4 q

q2 − 2 ≤ lim
q→∞

|K2 ∩ K4|
q2 − 2 ≤ lim

q→∞

q2

64 + 771
64 q3/2 + 565

16 q

q2 − 2 = 1
64 ,

from which it is easy to see that limq→∞ |K2 ∩ K4|/(q2 − 2) = 1/64.17
Estimate |K1 ∩ K4| in the following way18 ⃓⃓⃓⃓

⃓|K1 ∩ K4| − q2

64

⃓⃓⃓⃓
⃓ ≤ 705

64 q3/2 + 699
32 q,
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using Proposition 3.16. Next, apply this estimate on the asymptotic size of K1∩K41
which gives us limq→∞ |K1 ∩ K4|/(q2 − 2) = 1/64 since2

1
64 = lim

q→∞

q2

64 − 705
64 q3/2 − 699

32 q

q2 − 2 ≤ lim
q→∞

|K1 ∩ K4|
q2 − 2 ≤ lim

q→∞

q2

64 + 705
64 q3/2 + 699

32 q

q2 − 2 = 1
64 .

For the size of K0 ∩ K4, we have3 ⃓⃓⃓⃓
⃓|K0 ∩ K4| −

(︄
q2

32 + q3/2

32 + q

16

)︄ ⃓⃓⃓⃓
⃓ ≤ 113

16 q3/2 + 77
4 q,

by Proposition 3.17. Using this to estimate limq→∞ |K0 ∩ K4|/(q2 − 2) yields4

1
32 = lim

q→∞

q2

32 − 225
32 q3/2 − 307

16 q

q2 − 2 ≤ lim
q→∞

|K0 ∩ K4|
q2 − 2 ≤ lim

q→∞

q2

32 + 227
32 q3/2 + 309

16 q

q2 − 2 = 1
32 ,

which implies that all inequalities have to be equalities.5
For determining limq→∞ |K1 ∩ K2|/(q2 − 2), we use Proposition 3.18. In the6

following, we provide both the estimate from the proposition and its application7
to the limit8 ⃓⃓⃓⃓

⃓|K1 ∩ K2| −
(︄

q2

64 + q3/2

64 + q

32

)︄ ⃓⃓⃓⃓
⃓ ≤ 289

32 q3/2 + 1343
32 q,

1
64 = lim

q→∞

q2

64 − 577
64 q3/2 − 671

16 q

q2 − 2 ≤ lim
q→∞

|K1 ∩ K2|
q2 − 2 ≤ lim

q→∞

q2

64 + 579
64 q3/2 + 42q

q2 − 2 = 1
64 ,

which tells us that limq→∞ |K1 ∩ K2|/(q2 − 2) = 1/64.9
We have10

lim
q→∞

|K0 ∩ K3|
q2 − 2 = 1

16 . (4.2)

By Proposition 3.19,11 ⃓⃓⃓⃓
⃓|K0 ∩ K3| −

(︄
q2

16 + q3/2

16 + q

8

)︄ ⃓⃓⃓⃓
⃓ ≤ 49

8 q3/2 + 119
8 q,

and therefore12

1
16 = lim

q→∞

q2

16 − 97
16q3/2 − 59

4 q

q2 − 2 ≤ lim
q→∞

|K0 ∩ K3|
q2 − 2 ≤ lim

q→∞

q2

16 + 99
16q3/2 + 15q

q2 − 2 = 1
16 ,

so inequalities become equalities and (4.2) holds.13
Finally, according to Proposition 3.20 the size of the only non-empty triple14

intersection can be estimated by15 ⃓⃓⃓⃓
⃓|K0 ∩ K3 ∩ K4| −

(︄
q2

128 + q3/2

128 + q

64

)︄ ⃓⃓⃓⃓
⃓ ≤ 833

64 q3/2 + 3227
64 q.

Application of this estimate to the limit of the size of K0 ∩ K3 ∩ K4 yields16

lim
q→∞

q2

128 − 1665
128 q3/2 − 1613

32 q

q2 − 2 ≤ lim
q→∞

|K0 ∩ K3 ∩ K4|
q2 − 2 ≤ lim

q→∞

q2

128 + 1667
128 q3/2 + 807

16 q

q2 − 2 ,
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from which it follows that limq→∞ |K0 ∩ K3 ∩ K4|/(q2 − 2) = 1/128 as the limits1
on both sides equal 1/128.2

By the calculations above and by (4.1), the asymptotic density equals3

lim
q→∞

ρ(Nq2) = 1 − 1
4 − 1

8 − 1
8 − 1

4 − 1
8 + 1

32 + 1
64 + 1

64 + 1
32 + 1

64 + 1
16 − 1

128
= 37

128 = 0.2890625,

which is the desired result.4

We have therefore confirmed the conjecture from [5].5
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Conclusion1
We have demonstrated that Weil’s estimate on character sums may be used2

to verify the conjecture formulated in [5]. The authors of the paper, Drápal3
and Lisoněk, computed that the asymptotic density of maximally nonassociative4
quasigroups constructed from quadratic nearfields lies between 0.288 and 0.29. In5
Theorem 4.1, we have proved that the exact value is equal to 37/128 = 0.2890625.6

Confirmation that this asymptotic density of maximally nonassociative quasi-7
groups is as high as conjectured is great news for their potential application, as8
described, for example, in [10]. This suggests that Stein’s construction could be9
used in obtaining large maximally nonassociative quasigroups by random sampling.10
Starting from a quadratic nearfield N , we can construct a quasigroup N(∗c) using11
this method and to verify that it is maximally nonassociative, we simply need12
to evaluate whether the element c belongs to any of the sets Ki, 0 ≤ i ≤ 4. If13
we select the element c uniformly randomly from N \ {0, 1}, then the proved14
asymptotic density suggests a high success rate.15

For comparison, let us mention other known results. We have already indicated16
in the introduction of this thesis that the existence of maximally nonassociative17
quasigroups for different orders is being proved by different quasigroup construc-18
tions. In [7], for example, the authors use quadratic orthomorphisms. Starting19
with Fq, where q is an odd prime power, and a, b ∈ Fq, they define20

x ∗ y =

⎧⎨⎩x + a(y − x) if y − x is a square,
x + b(y − x) if y − x is a nonsquare,

for all x, y ∈ Fq. Then Fq(∗) is a quasigroup if and only if ab and (1 − a)(1 − b)21
are squares and both the elements a and b are distinct from 0 and 1. The set of22
all such pairs (a, b) ∈ F2

q, that in addition satisfy a ̸= b, is then denoted by Σ(Fq).23
For further details, see this paper. In a subsequent article [8] they show that for24
a random choice of (a, b) ∈ Σ(Fq) the construction above produces a maximally25
nonassociative quasigroup with probability ≈ 0.116 if q ≡ 1 mod 4, and with26
probability ≈ 0.050 if q ≡ 3 mod 4. The Stein’s construction on quadratic27
nearfields, on the other hand, yields a maximally nonassociative quasigroup with28
probability as high as ≈ 0.289.29

It may also be of interest to see what the asymptotic density would behave30
like if, in the proofs of the propositions in Section 3.4, we only counted the pairs31
(w, y) ∈ F2

q for the exceptional values of w ∈ Fq for which the Weil bound could32
not be applied. This task would first require a better analysis of these situations33
as the method using discriminants does not directly provide their characterization.34
For maximally nonassociative quasigroups based on quadratic orthomorphisms,35
the determination of the asymptotic density in analogous special cases was the36
objective of [1], which revealed that in some of the cases the results are quite37
different from the general ones.38

Finally, we were concerned only with quadratic nearfields in this thesis, but39
we could also explore the existence of maximally nonassociative quasigroups and40
their density when starting from other nearfields, for example ternary. Similarly,41
the construction of orthomorphisms can be generalized; see [4] (Lemma 2.14),42
where Drápal and Hora study cubic orthomorphisms. For nearfields, there has43
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been little research in this direction. In [5], the authors performed an exhaustive1
search on all proper nearfields of orders up to 105 and based on their results2
conjectured that for each finite nearfield there exists a maximally nonassociative3
quasigroup obtained by Stein’s construction. However, its correctness has not yet4
been decided.5

In conclusion, we believe that the objectives of this thesis have been achieved6
successfully. We explained the construction of quasigroups from nearfields along7
with the criterion on the maximal nonassociativity of such quasigroups. We8
then analyzed this criterion in the case of quadratic nearfields and, as our main9
result, using the Weil bound, determined the asymptotic density of maximally10
nonassociative quasigroups based on these nearfields.11
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