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Introduction

Nonassociative algebraic structures, including quasigroups, have lately started
receiving more attention due to their potential application in cryptography. As an
example, let us mention the work of Grosek and Horak in [10], who discuss the use
of quasigroups in the designs of hash functions. These applications aim to exploit
the nonassociativity of the structure, and thus, the finding of quasigroups that
minimize the number of elements that satisfy the associative law is of interest.

For several decades, it was believed that nontrivial maximally nonassociative
quasigroups do not exist. However, this was disproved in 2018 in [6], when
a maximally nonassociative quasigroup of order 9 was discovered, and since then
the existence has been decided for numerous orders in [5, [7) [14].

The papers listed above use different methods to construct the quasigroups,
but in this thesis we will follow the approach of Drapal and Lison¢k from [5] and
focus on the quasigroups that arise from nearfields by Stein’s construction [17].
A nearfield is an algebraic structure that, compared to a division ring, can lack one
of the two distributivity laws. All finite nearfields were classified by Zassenhaus
[19], to whom the naming of the structure is attributed, but the research began
more than 30 years earlier by Dickson [2], who introduced the first construction
of a finite nearfield that was not a field. We will use his construction in a special
case; starting from a field of order ¢2, for ¢ an odd prime power, we will modify
its multiplication to obtain a nearfield of the same order. We shall refer to such
nearfields as quadratic nearfields.

In [5], using quadratic nearfields, the authors proved the existence of maximally
nonassociative quasigroups of orders m? for all m = 2% where & > 0 and r is odd.
Furthermore, based on computational results in small orders, they conjectured
(Conjecture 5.10) that for ¢ an odd prime power and a quadratic nearfield Nz,
there exists a real number 0.288 < d < 0.29 such that the asymptotic density of
maximally nonassociative quasigroups constructed from Ny by Stein’s construction
approaches d as ¢ — 0o. The goal of this thesis is to build on the findings from
[5] and to prove their conjecture.

The structure of the thesis is as follows. We begin Chapter [1| by stating and
proving some fundamental facts of nearfield theory (Section [1.1]). Section
then consists mainly of lemmas from the second chapter of [5], but contrary to
the source article, we provide the proofs in full detail. Content-wise, this section
is concerned with the explanation of Stein’s construction of quasigroups from
nearfields and with determining the criterion of maximal nonassociativity of such
quasigroups. As this is one of the key steps towards our goal and the arguments
are quite technical, we considered it important to thoroughly verify the proofs from
[5]. In the last section of this chapter (Section [1.3)), we mention a few well-known
properties of finite fields and establish the corresponding definitions and notation.

In Section of Chapter , we explain the contents of the third chapter of [5].
We start from the previously determined criterion of maximal nonassociativity
of Stein’s quasigroups in a special case, where the quasigroups are based on
quadratic nearfields. We reduce this criterion to a question of whether an element
of a nearfield belongs to any of the sets K;, 0 <1 < 4, that were first defined in
[5]. For completeness, we again provide all the technical details that were omitted



in the original paper. We simplify the definition of these sets in Section 2.2l We
achieve this by applying a bijection used in [5] for the set K, on all the remaining
sets. Here we deviate from [5] as in the paper the authors used the most convenient
bijection for each of the sets, which would not allow us to explore the sizes of the
set intersections by exploring the sizes of the intersections of their images.

Chapter (3| contains most of our original work. Firstly, in Section we state
several useful results and a lemma from [5], and then extend the upper bounds
on the sizes of the sets K;, 0 < i < 4, determined in [5], to the lower bounds.
In Section [3.2] we then present our own observations and lemmas about the
intersections of these sets. In Section [3.4] we estimate the sizes of the nonempty
intersections of the sets K;, 0 <4 < 4. We achieve this using an estimate known
as the Weil bound on character sums, which we briefly introduce in Section [3.3]
Apart from [5], this method has already been used, for example, in the papers by
Drapal and Wanless [7, 8] and in the M.Sc. Thesis of Bajtos [1] to determine the
existence and the asymptotic density of maximally nonassociative quasigroups
based on quadratic orthomorphisms. We use these as inspiration.

Finally, Chapter {4 is concerned with deciding the correctness of the said
conjecture using mainly the findings of the previous chapter and the inclusion-
exclusion principle. The main result is then formulated in Theorem [4.1]

In summary, the first two chapters introduce finite nearfields along with their
most important properties and verify the soundness of the results of [5]. Most of
our original work is presented in the last two chapters.

Since this task required nontrivial and often tedious manipulations with poly-
nomials, the use of mathematical software was necessary; our choice was Mathe-
matica, see [LI]. For easy verification of our results, a file with our computations
is attached to the thesis.



1 Fundamental notions

1.1 Nearfields and their properties

Definition. A (left) nearfield N(+4,0,0,1) is a set N with a pair of binary
operations + and o such that:

(N1) N(+,0) is an abelian group,

(N2) (zoy)oz=wxo(yoz) foral z,y,z € N,

(N3) there exists nonzero 1 € N such that lox =zol =z forallz € N,

(N4) for each nonzero x € N there exists ! € N such that zoz ™' =z loz =1,
(N5)

N5) zo(y+2)=(xoy)+ (xoz) foral z,y,z € N.

Remark. Let us now make a few remarks concerning the definition above:

o The axioms [(N2)[and [(N3)|imply that N(o,1) is a monoid.

o Put N* = N\ {0}, then N*(o,1) is a group, as follows from |(N2)|—|(N4)|

» By replacing equation with the right distributive law, (z + y) 0o z =
(x 0z)+ (yo z), we obtain a right nearfield. Throughout the thesis, only
the left version of the algebraic structure shall be considered, and thus the
full name will be omitted.

o If both the left and the right distributive laws hold in a finite nearfield, then
the multiplication is commutative, so it is a field, as proved in [2]. We say
that a nearfield is proper if it is not a division ring.

o The order of N(+,0,0,1), denoted by |N|, is the number of elements of N.

Let us start by mentioning some well-known properties of nearfields.
Lemma 1.1. Let N(+,0,0,1) be a nearfield. All x € N fulfillz o0 =00x = 0.

Proof. For all € N by definition 00 =2z0(0+0) = (z00) 4 (x 00) and thus
subtracting (x o 0) from both sides yields

200=0. (1.1)

Next, we prove 0 o x = 0 by contradiction. Assume 0o x # 0. Thus, by
it has an inverse y, that is, (0 0 z) oy = 1. By associativity [N2)] 0o (zoy) =1,
thus zero has an inverse z o y, denote it by z. We have 0o z = 1. Then 2z # 0,
otherwise 0 o 0 = 1, which cannot hold due to , so by z has an inverse
271, Next, multiply 0 o z = 1 from right by 27!, then

(0oz)ozt=10z""
0o(zoz ') =21 by[N2)and[N3)
Ool=2"" by[[N4)

but from we know that 001 =0, so z~! = 0, and therefore 1 = z0 27! =
200 =0 by (L.1), but 0 # 1 by|(N3)| Therefore, indeed 0oz =0 forallxz € N. [
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Lemma 1.2. Consider a nearfield N(+,0,0,1). Then z o (—y) = —(xoy) for
any r,y € N.

Proof. This equality again follows from the left distributivity. Let x,y € N, then
0=z00=z0(y+(—y)) = (zroy)+ (zo(—y)) and subtracting the first summand
from both sides yields the result. O

The following two lemmas and a corollary can be found, for example, in [6].
Lemma 1.3. In a nearfield N(+,0,0,1), zox =1 if and only if x = +1.

Proof. Let us start with the second implication. If x = 1, the result follows from
[(N3)} If 2 = —1, then (—1) o (=1) = —((=1) 0 1) = —(—1) = 1 where we used
Lemma [[.2] and the definition of a nearfield.

For the other implication, assume that z o x = 1. Then z o (z + 1) =
(xox)+(xol)=(zozx)+x=14c=x+1=1o(z+1). If x4+ 10, then
we can multiply both sides by its inverse, and thus z = 1. Else x + 1 = 0 and,
therefore, r = —1. l

Lemma 1.4. Let N(+,0,0,1) be a nearfield. All x € N satisfy (—1) ox = —x.

Proof. If x = 0, use Lemma to obtain the result. If x # 0, then z has
a nonzero inverse z~!, according to and Lemma . Then 1 =zoz ! =
ro((-1)o(-1))oa™! = (zo(=1))o(atox)o((-1)oa™") = (xo(-1)o
271) o (z o (—1)ox~t). Therefore, x o (—1) o 2! = 1 by Lemma[L.3] The first
possibility gives z o (—1) oz = 1 = z o 27!, which we multiply by x from the
right to obtain z o (—1) =z, and so —z = z by Lemma([l.2] Then 0 = z + x, also
O=z'o0=a2"'1o(z+2)=1+1, and thus 1 = —1. So char(N) = 2, and the

equality holds. Or we have z o (—1) o 7! = —1 and if we multiply this from the
right by z, we get —z = z 0 (—1) = (—1) o z according to Lemma [1.2] ]

Corollary 1.5. Let N(+,0,0,1) be a nearfield, then all elements x,y € N satisfy
—(roy)=(-1o(zoy)=((-1)ox)oy=(-z)oy.

Recall that an abelian group is referred to as elementary when all its elements,
identity excluded, are of the same order. In the finite case, by the Cauchy theorem,
this order p has to be a prime, as if it were not, for each prime divisor of p there
would exist an element of the order of the divisor. Therefore, an elementary
abelian group of prime order p is a special case of a p-group, a group where the
order of each of its elements is some power of p. Finally, a center of a group
G(-,e) is defined as Z(G) = {z € G|Vg € G : z-g = g-z}. As proved in any
group theory textbook, see the initial chapter of [16], for instance, the center of
a finite nontrivial p-group is nontrivial.

Let us now recall two more notions of group theory. Consider G, a group
of permutations on a set X, that is, G < Sym(X). The group G is said to act
transitively on X if for all =,y € X, there exists g € G such that g(x) = y.

The group G acts 2-transitively on X if for all x1, o, y1,y2 € X, 1 # x5 and
Y1 # Yo, there exists g € G such that g(z1) = y; and g(x2) = yo. The group G is
then called 2-transitive upon X. Furthermore, if the permutation g € GG in this
definition is always unique, then we say that G is sharply 2-transitive upon X.

The following lemmas follow an approach taken in the lecture notes [3].



Lemma 1.6. Let G(-,e) be a finite group. If Aut(G(-,e)) acts transitively on
G\ {e}, then G(-,e) is elementary abelian.

Proof. We know that for all z,y € G\ {e} there exists ¢ € Aut(G(-,e)) such
that ¢(z) = y. Since automorphisms preserve the order of elements, all the
elements of G \ {e} are of the same order. Thus, G(-, e) is a p-group. Assuming
the nontriviality of G(-,e), otherwise the group is trivially abelian, the center
of this group is also nontrivial as it is a finite p-group. The nontrivial central
element can be mapped by an automorphism onto any nontrivial element of G as
follows from the transitivity. Therefore, since automorphisms preserve the center
of a group, all elements are central, that is, G(-, e) is abelian. O

Lemma 1.7. Let N(+,0,0,1) satisfy (N1') and|(N2)H(Nb), where (N1') states
that N(+,0) is a group (not necessarily commutative). If N is finite, then N(+,0)

is elementary abelian. In particular, N(+,0,0,1) is a nearfield and N(+,0) is
elementary abelian whenever N is finite.

Proof. By Lemma [1.6] this is true if Aut(N(+,0)) acts transitively on N*.

Let us start by observing that for a € N* the mapping ¢, : * +— a o x is an
automorphism of N(+4,0). Clearly, for any x,y € N, by the left distributivity
Pa(r+y) =ao(z+y) = (aoz)+ (aoy) = ¢u(zr) + ¢a(y). Therefore, p, is
a homomorphism. Let ¢,(x) = ¢,(y), that is, aox = aoy. Since a # 0, it has an
inverse a~!. Therefore, 1 = lox = (e 'oa)ox =alo(aocx)=alto(aoy) =
(a'oa)oy =10y =y. Thus, @, is injective and, since N is finite, it is bijective.

Now, let x,y € N*. Put a =y o 27!, where 27! denotes the inverse of y # 0.
Then p,(r) =aozx = (yoxr oz =yo(rlox)=yol=y. O

The above lemma holds even without the assumption of finiteness of N. How-
ever, the proofs are not simple; see, for example, [20]. Therefore, for convenience,
the axiom is often used in the definition of a nearfield instead of (N1’). For
the remainder of this thesis, the nearfields with which we work will be finite.

1.2 From nearfields to quasigroups

Let us now introduce the notion of a quasigroup and show how it relates to
a nearfield. This section is predominantly a reproduction of part of the second
chapter of the paper [5] by Drépal and Lisonék. For completeness, we provide all
the technical steps that were omitted in the paper.

Definition. A quasigroup Q(-) is a set ( with a binary operation - defined on
(@ such that for every two elements a,b € () each of the equations a - x = b and
y - a = b has exactly one solution.

The order of Q(-) is the number of elements of () and is denoted by |Q)|.

Definition. Let N(+,0,0,1) be a nearfield. For each ¢ € N, ¢ # 0,1, define
a binary operation *. in the following way:

rx.y=x+(y—x)oc forallz,y € N. (1.2)

We shall now mention a lemma about operation . that was established by
Stein in [17]. Here we present an alternative proof from [5].
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Lemma 1.8. Let N(+,0,0,1) be a nearfield and ¢ € N, ¢ # 0,1. Then N(x.) is
a quasigroup.

Proof. Firstly, since ¢,c — 1 # 0, these elements have inverses ¢! and (1 —¢)™!
in N(+4,0,0,1) by . Let a,b € N, and consider equations a *. x = b and
Y *.a = b, for some z,y € N. We want to show that they have unique solutions
x,y € N. The first equation and imply

b=a+(r—a)oc
(b—a)oc'=((x—a)oc)oc?
(b—a)oct=(xr—a)o(coc™?)

(b—a)oc ' =x—a.
Thus, z can be expressed in a unique way as z = ((b — a) o ¢™') 4+ a. Similarly,

b=y+(a—y)oc
b—a=—(a—y)+(a—y)oc
b—a=(a—y)o(c—1)
(b—a)o(c=1)"=a~y
y=a—((b—a)olc—1)")

Therefore, by definition N (x.) is a quasigroup. O

Remark. A quasigroup Q(-) is called idempotent if x -z = z for all x € Q). Clearly,
the quasigroup N (%) from the above lemma is idempotent, since for any =z € N
we have zx.x =z + (x —z)oc=x+ 00c=x, by (1.2) and by Lemma [1.1]

Notice that for a nearfield N(+,0,0,1) and ¢,d € N \ {0, 1}, we have 0%, 1 =
04 (1 —=0)c=cand 0%41=d, thus the two constructed quasigroups, N (*.) and
N(%4), are the same if and only if ¢ = d.

Lemma 1.9. Consider a finite nearfield N(+,0,0,1) and ¢ € N\ {0,1}. If
u,v € N, u # 0, then the mapping Yy :  — wox + v is an automorphism of
N(*,).

Proof. For a,b € N, the mapping ¢, is a homomorphism since @, (a) *. @, (b) =
Puv (@) + (Pup(b) —pup(a))oc = (uoa+v)+(uob—uoa)oc = uoa+v+uo(b—a)oc =
uo(a+(b—a)oc)+v = pu(ax.b). It is also injective, as @y, (a) = Yuu(b) implies
a = b, and since N is finite, it is also bijective and ¢! : x> u™to (x —v). O

The mappings of Lemma [1.9| are called the affine mappings of a nearfield
N(+,0,0,1). The set of all affine mappings of N(+,0,0,1), that is,

{Quw :x—uox+v|ue N, ve N},

with the mapping composition, forms a group Aff(N(+,0,0,1)).

Lemma 1.10. Let N(+4,0,0,1) be a nearfield. The group Aff(N(+,0,0,1)) is
sharply 2-transitive.
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Proof. By Lemma [1.9] affine mappings are bijective, so they permute N. Let
1,22, Y1,Y2 € N, x1 # 19 and y; # y2. We need to solve a system of two equations
uoxi+v =1y, and uoxy+v = Y. Subtracting these yields uox; —uoxs =y — o
and by the left distributivity v o (1 — x2) = 1 — y2. Since x; — x5 # 0, we can
invert it and obtain u = (y; — y2) o (1 — x9) L. We have y; — yo # 0, thus u # 0
and v = y; — u o x1. Therefore, there exists a unique affine mapping @,,. 0

It is well known that finite nearfields are equivalent to sharply 2-transitive
groups. According to Lemma [I.10] affine mappings give us a way to obtain
a sharply 2-transitive group from a finite nearfield. Using the properties of
Frobenius groups, see [16] (Chapters 8 and 10), for example, it is then simple to
show, that in the finite case, a sharply 2-transitive group yields a nearfield.

Definition. Let Q(-) be a quasigroup. We say that a triple (z,y,2) € Q? is
associative in Q(-) (shortly, associative) if (z-y)-z=x-(y- 2).

In this thesis, we will be mainly interested in the following quasigroup property:

Definition. We say that a quasigroup Q(+) is mazimally nonassociative if
Ve,y,z€Q: (v y)-z=x-(y-2) = z=y==z. (1.3)

Lemma 1.11. A finite quasigroup Q(+) is mazximally nonassociative if and only
if it has exactly |Q| associative triples.

Proof. The first implication follows directly from the definition. On the other
hand, if a quasigroup Q(-) has |Q| associative triples, then it is idempotent, as
is proved, for example, in [I0]. And since for all |Q| elements = € @) we have
(x-x)-x=x-x=x-(x-x), there can be no other associative triple, and so (|1.3])

holds. O]

The idempotence of maximally nonassociative quasigroups implies that the
converse implication of (|1.3) is also true.

Lemma 1.12. Consider an idempotent quasigroup Q(-). Then (z,x,y) € Q3 is
an associative triple iff v =y.

Proof. By definition, the triple (z,z,y) € Q? is associative if (z-x) -y =x- (- y).
Using the idempotence of Q(-) three times in a row, we get = -y =z - (x - y), also
x = x -y and finally x = y. The other implication is straightforward. [

Lemma 1.13. Consider a nearfield N(+,0,0,1), [N| =n, and let c € N \ {0, 1}.
Neat, let k denote the number of z € N fulfilling 0 x. (1 %, 2) = ¢ *. z. Then
the quasigroup N (x.) yields exactly n(nk — k + 1) associative triples.

Proof. Since 0 %, 1 = ¢, the equality 0 *. (1 %, z) = ¢ *, z holds if and only if the
triple (0, 1, z) is associative in N (x.).

If the triple (0,1, z) is associative and u,v € N, u # 0, then ¢,, is an
automorphism of N(x.) by Lemma [1.9] and 50 (¢4,(0), uu (1), puu(2)) = (v,u +
v, Puu(2)) s also associative. By Lemmal[l.10} the elements 0,1 € N can be mapped
to any two distinct elements of N by a unique affine mapping of N(+,0,0,1).
On the other hand, if the triple (v,w,2’) for v # w is associative, then there
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exists u # 0 such that w = u +v and (¢, (v), Pt (w), Lt (2") = (0,1, ¢, (2)) is
associative.

Therefore, there are n(n— 1)k associative triples (z,y, z) € N? such that x # y.
By Lemma , the remaining associative triples are (z,z,x) € N3, so there is n
of them. In total, there are n(n — 1)k +n = n(nk — k + 1) associative triples. [

Lemma 1.14. Let N(+4,0,0,1) be a finite nearfield and ¢ € N \ {0,1}. Then
the number k from Lemma equals the number of x € N such that (x,c) fulfills

the equation
(r+c)oc=zoc+(x+1—z0cC)oc. (1.4)

Furthermore, for any such (x,c) fulfilling , we have x # 0.
Proof. Using (1.2)), we obtain that the equality 0. (1%.z) = c*, 2 is equivalent to

0+((1+(z—1)o0c)—0)oc=c+(z—c)oc
(1+(z—1)oc)oc=c+(z—c)oc. (1.5)
(

Assume that x # 0, z # 1 and let x o (z — 1) = 1. By putting y = z — 1, we get

(1+4yoc)oc=c+(y+1—c)oc
o((l+yoc)oc)=zo(c+(y+1—c)oc)
(xo(l+yoc)oc=zoc+xo((ly+1—c)oc)
(xol+xo(yoc)oc=xzoc+ (ro(y+1—c))oc
(o +(woy)oddoc=roct ((woy) +(@ol) - (zoc)oc
)

(x+c)oc=zoc+(x+1—z0C)oC,

where we used x oy = 1 and the definition of a nearfield. We can also observe
that z = 1 never fulfills (|1.5)), since that would imply that loc=c+ (1 —¢) o,
but ¢ # 0,1. Similarly, x = 0 never fulfills (1.4) as ¢ o ¢ = ¢ can only hold for
c=0,1. L]

The combination of Lemma [I.11] and Lemma [I.13] yields the following:

Corollary 1.15. Let N(+,0,0,1) be a nearfield, [N| =n, and c € N\ {0,1}. If
the number k from Lemma equals 0, then the quasigroup N (x.) is mazimally
nonassociative.

1.3 Squares and quadratic fields

Definition. Let F be a field. We say u € F is a square if there exists v € F such
that u = v2. If there is no such v, then we say that u is a nonsquare.

Remark. If the field F is not clear from the context, we often say that a given
element is a square in [F or a nonsquare in F. The squareness or nonsquareness of
an element (in F) is also sometimes referred to as the parity of the element (in F).

Let IF, be a field and F' = Fp2 its quadratic extension, for ¢ an odd prime
power. Consider ¢ € F such that 9? € F, and F = F,(¢), denote ¥? by ¢. This
notation shall remain fixed for the rest of the thesis. Then, for all elements y € F,
there exist unique a,b € F, such that y = a 4 9.
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Lemma 1.16. Let a,b € Fy, then a+9b € F, <= b=0.

Proof. The second implication is clear. The first implication follows from the fact
that the field F' = F,(9)) is a field extension of the field F,, that is, J € F\F,. O

Definition. Quadratic character on F,, denoted by Yy, is a mapping
x:F,—{-1,0,1}
such that for u € F,

—1  when u is a nonsquare in I,
xX(u)=<¢ 0 foru=0,

1 when u is a nonzero square in F,,.

A multiplicative character on F; is a homomorphism p : F; — C*. A trivial
character pg is defined by po(u) =1 for all u € . Then order of multiplicative
character p is the smallest positive integer number k such that p* = py. Usually
in literature, see 9], for example, a quadratic character y is defined as the unique
multiplicative character of order 2, but in our case we chose to extend the definition
by putting x(0) = 0.

As defined, the quadratic character still fulfills x(u - v) = x(u) - x(v), for any
u,v € F,. This property can be reformulated in words. It says that a product of
two nonzero squares is a nonzero square, a product of two nonsquares is a nonzero
square, and similarly for the other cases.

Throughout the thesis, we shall denote by x the quadratic character on F,
and by x’ the quadratic character on F.

For the sake of completeness, let us now mention several facts, which we will
keep using throughout the thesis.

Lemma 1.17. Consider y € F'. If y € Fy, then y is a square in F'.

Proof. Firstly, note that if y € IF, is a square in F,, then it is also a square in F'
as there exists u € F, C F such that y = u?.

It remains to show that a nonsquare in F, is a square in F. See that F' can
be constructed as a splitting field of a polynomial 22 — ¢, where ¢ is a nonsquare
in F,. If ¢ were a square in F,, then 2*> — ¢ would have a root in F, and so
F,(c) = F,. However, if ¢ is not square in F,, then the polynomial 2? — ¢ does not
have a root in F,, therefore its splitting field equals F,(¢), where ¢¥? = ¢. Thus,
such c is a square in F'. Finally, we can take any ¢ nonsquare in [, to obtain the
extension, as by any introductory algebra course, all finite fields of the same size
are isomorphic. [

Lemma 1.18. Let F be a field of prime characteristic p. If ¢ = p* and a,b € F,
then (a +b)4 = a? 4+ b? for all positive integers k.

Proof. Special case of the Freshman’s dream theorem; see, for example, [12]. O

Lemma 1.19. For any a € F, holds a? = a. Furthermore, we have 99 = —1.

14



Proof. For zero, this holds. For a # 0, use Lagrange’s theorem; the order of a
divides the order of the multiplicative group of the field F,, which equals ¢ — 1.
Thus a?! = 1 and so a? = a.

For the second equality, we know that ¥ € F'\ F, and ¥* € F,. By the proof
of Lemma [1.17], ¢ is the root of its minimal polynomial 22 — ¢ = 22 — 92 over
[F,. This polynomial has two roots, ¥ and —¢, and since ¥ ¢ F,, the Frobenius
automorphism, denoted by T = %, maps ¢ to itself or to —. However, this
mapping cannot be an identity, since the order of the multiplicative group of F' is
q*> — 1, so there exists an element a € F for which a? # a. Thus, the remaining
option is 97 = —1J. O

Define norm of x € F over F, as N(x) = 27, where T = 27 denotes the
Frobenius automorphism. The elements fixed by this mapping are exactly the
elements of I, by the proof of Lemma . Thus, since N(x) = 24+ = (z971)7 =
29 -39 =z - 29 = N(z), we have N(z) € F, for all z € F. More properties of the
norm can be found, for example, in [13].

Having established important notions and auxiliary lemmas, let us now take
a closer look at Lemma [1.14]in the special case of the so-called quadratic nearfields.
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2 Set definition

2.1 Quadratic nearfields

Before introducing a concrete construction of a proper nearfield, let us remark
that by F we mean a field of order ¢, where ¢ is an odd prime power, as defined
in Section If we define a binary operation o on F in the following way:

(2.1)

xy if x is a square,
zoy=9q " .
xy? if z is a nonsquare,

then N = F(+,0,0,1) is a nearfield, where the addition +, multiplication - (often
omitted) and both the identities are of the field F. The constructed structure is
referred to as a quadratic nearfield (upon F'), and it was first published by Dickson
in [2].

Lemma 2.1. The structure N = F(+,0,0,1) defined above is a nearfield.
Proof. The axiom |(N1) of a nearfield holds since F'(+,0) is the additive abelian
group of the field. Let z,y, z € F\{0}. The associativity of nearfield multiplication

is proven by discussing all the cases and then noting that the matching lines,
based on x and y being squares or nonsquares, contain same expressions. See that

wyos= ] W X@) =1 X(ey) =1=Xy) =1,
xyzqa X/(I'> = 17 X/(xy) =-1= X/<y> - _1a
(xoy)oz =
q :,Byqz, X/(:B> - _17 X/(xyq) =1= X/(y) - _1a
xyloz =
/ rytz?, X'(z) = -1, X'(2y?) = -1=X'(y) = 1,
) ryz, X(y) =1, X(z) =1,
royz= / /
B rylz?, X'(y) =1, X'(z) = -1,
xo(yoz)= . , )
voym =) W X =-1 X(@) =1,
ry?2” = xylz, X(y) = -1, X'(y) = 1.
If any of the three elements equals zero, the associativity holds trivially.

The multiplicative identity of a nearfield is 1 as for x € F square we have
rol=x-1=x=1-2 =10z as 1 is a square. Similarly for x € F nonsquare
zol=x-19=z=1-z2=1o0=x.

Let x € F\ {0}. To prove that the axiom |(N4)| holds, we need to find the
inverse of x with respect to o. If x is a square, then x oy = x -y = 1, that is, y
is the inverse of x in the field F' and in the nearfield N, too. For z nonsquare
we need z oy = x - y? = 1; that means, the inverse of z in F is 27! = y? which
implies y = (z~)'/9. Since for any z € F, 27" = z, then also 29 = z'/9. Thus, the
inverse of nonsquare x in N equals 279, where 27! is the inverse of z in F.

As for [(N5)], let x,y, 2 € F. Then

coa -

x-(y+z2)=z-y+x-z=(xoy)+ (xoz)
ro(y+z)l=a-(y+z29)=z-y'+a 27=(zoy)+(zo2),

where in the second case, that corresponds to x being a nonsquare, we used
Lemma O
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The remainder of this section, up until Lemma [2.3] summarizes the approach
taken in the third chapter of [5]. Let us focus on equation in the setting of
the quadratic nearfield N defined above. For z,c € N, ¢ # 0,1, we will try to
express this equation using operations of the field F'. Clearly, the values on both
sides of only depend on whether the expressions x, t +1 —zocand z + ¢
are squares in F' or not. To simplify the notation, let us define the following:

Definition. For z,y € F define e(z,y) = (g1, €9,€3) € {0,1}3 by

e1=0 <<= 1z is asquare,
gg=0 <= x+1—=xo0yisasquare, and (2.2)
e3=0 <<= x+yisasquare.

We will now discuss all possible forms of equation ([1.4)).

Firstly, let e(z,¢) = (0,0,0), so all three elements from the definition above
are squares. Then equation ((1.4) can be rewritten using definition (2.1f) as

ze+ (x+1—2ac)e= (x4 c)c

ze+ (ze+ ¢ — ac®) = xc + ¢
zvc+c—xc®—c* =0
clz+1)—Ax+1)=0
cle+1)(1—-¢)=0,

thus (1.4) holds if and only if ¢(x 4+ 1)(c — 1) = 0.
When ¢(x,c¢) = (0,0,1), then

ze+ (x+1—2xc)e= (x4 c)!
zc+ xc+ ¢ — xc® = xc? + It
cr+1—ac—ac?t —c?) =0
clx(c™ +c—2)+ (- 1)) =0.
The remaining six cases are obtained in a similar way. For the sake of
completeness, the details are provided below.
In the case of (z,c¢) = (0, 1,0), the equation becomes

ze+ (x+1—xc)c? = (x + o)
ze+ et + ¢ — 2t = xe + &2
wc? + ¢l —xcttt — =0
(1 —c)+ (™2 —-1)=0
A(rc?2(c—1) — (¢ - 1)) = 0.
When z is a square and the other two elements are nonsquares, that is
g(x,c) = (0,1,1), the equation is equivalent to
xe+ (x+1—xzc)c? = (x4 ¢)?
e+ xct + ¢ — 2ttt = pet + 1t
ze(l—c?)+c(1—c)=0
cx(1—c") +c"1(1—-¢) =0
clc—D(z(c—1)1 4+ =0,
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where in the last step we used Lemma [1.1§]

Next, let us look, at the case e(x,c) = (1,0,0), that is z is a nonsquare and
the other two elements are squares. Then, by definition , the equation (|1.4))
has the following form

zd + (x+1—xc)e=(x+c)c

zcd +c—act — 2 =0

zc(l1—c)+c¢(l—c)=0
c(c—1)(zc" 1 +1) = 0.

Thus, in this case, equation ([1.4) holds iff ¢(c — 1)(zc? + 1) = 0.
For e(z,c) = (1,0, 1), the equation can be rewritten as

zd + (x+1—xc)ec=(x+c)c?
ze+c— -t =0
clx+1)—(z+ 1™ =0
c(c?=1)(z+1)=0.

Therefore, using Lemma [1.18] we get that (1.4]) holds iff ¢(¢ — 1)%(x + 1) = 0.
Next, let e(z,¢) = (1,1,0), then equation ([1.4)) expressed using the operations
of the field F' becomes

e+ (z+1—xc?)? = (v + ¢)c
2xc? + ¢! — xc* = xc+
(et 4+ — P~ — ) =0
c(x(2¢87 =T — 1) + (¢ —¢)) = 0.

For e(z,c) = (1,1,1) we get the form

x4+ (r+1—2c?)c? = (x+ )
w4 — pc® — T =0
Alrz+1l—ac—¢c)=0
Ax(?—=1)+(c=1))=0
Alc—1)(z(c—1)T1+1) =0,

where in the last step we used the fact, that in F' we have (¢ — 1) = (¢ — 1)9,
as follows from Lemma [I.18 Therefore, for this e(z, ¢), equation (L.4) is true iff
Ac—1)(z(c—1)11+1)=0.

Having calculated all eight possible cases (two of which can also be found
in [5], Lemma 3.1), we summarize the results in a definition and subsequently
formulate its corollary:

Definition. For each of the triples € = (1, &9,3) € {0,1}? define a polynomial
we(z,y) € Flz,y| according to the table below:
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(e1,62,€3) | we(z,y)

(07 07 O) y(l‘ + 1)<y - 1)

(0,0, 1) y(fﬁ(yq‘1 +y—2)+ (¥ —1))
(0,1,0) | y*(zy2(y—1)— (> —1))
0,1,1) | yly—(xly -1 +y*)

(17 O’ O) y( - 1)($yq ! + 1)

(1,0,1) | yly—1)%(x 1)

(1, 1,0) | ylz2" —9? " = 1)+ (" —y))
(L, 1, 1) | yiy—1)(x (y Dt +1))

Corollary 2.2. Consider x,c € F such that ¢ # 0,1. Then (x,c) fulfills the equa-
tion iff we(x,c) =0, where e = £(x, c).

Again, consider some ¢ € N, ¢ # 0,1. If we denote by A the set of all
x € N such that (z,c) fulfills (1.4) and by k& the number of z € N such that
0% (1%.2) = ¢*. 2, as in Lemma [1.13] then Lemma yields |A| = k and 0 ¢ A.

Notation. Let ¢ € N \ {0,1}. For each € = (gy,¢e9,€3) € {0,1}> put
A.={x e Ale(x,c)=¢}.
Then, by Corollary 2.2
re€A <<= w(r,c)=0ande(x,c)=c.

Consider, for example, the case ¢ = (0,0,0). Then w.(z,c) =c(z+1)(c—1) =0
iff x = —1, since we assumed ¢ # 0,1. Thus, A, is either empty or the set
equals {—1}, which happens if and only if =1 +1— (—1)oc=cand c— 1 are
squares, since —1 is always a square in F' according to the Lemma [1.17]

A detailed analysis of the remaining seven cases can be found in [5] (Propo-
sition 3.2). Its results motivate the following definition and prove Lemma .
Unless specified otherwise, by ”square” we mean a ”square in F.

Definition. Define K;, for i € {0,1,...,4} as sets of y € F'\ {0,1} such that
they satisfy the following conditions:
Ky: y and y — 1 are squares,

Ki: y—1and y7'(y?> —y + 1) — 1 are nonsquares, and y((y — 1)>77 + 1) is
a square,

Koy, (y+1)—(y—1)7tand y= ' — (y~' — 1)9°! are nonsquares,

Kz (y7'=1)71+ (y—1)and y(y~! — 1)7! — 1 are nonsquares,

Ky (y* —2y7+y)(y? —y?) and y?(y?™! — 2y + 1)(y? — y*) are nonsquares, while
(y — D)y +y? — y)(y? — y?) is a square.

Lemma 2.3. Let c € N\ {0,1} and denote by k the number of z € N such that
0% (1 %, 2) = c*. z is satisfied. Then k = Z?:o ki, where k; =1 if c € K;, and
k; = 0 otherwise.

Corollary 2.4. Let c € N\ {0,1}. The element ¢ ¢ K; for all 0 <i < 4 if and
only if the quasigroup N (x.) is maximally nonassociative.
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Proof. Combine Corollary and Lemma [2.3] ]

The goal of this thesis is to asymptotically estimate the density of maximally
nonassociative quasigroups based on quadratic nearfields. Since each of the ¢® — 2
choices of ¢ € N \ {0, 1} yields a different quasigroup, we will be interested in
the ratio of those that are maximally nonassociative, where ¢* is a fixed order
of a quadratic nearfield N and ¢ is an odd prime power. Corollary will play
a crucial role in determining this density among the inclusion-exclusion principle,
which will help us count the number of ¢ € N\ {0, 1} such that they do not belong
to any of the sets K;, 0 <1 < 4.

2.2 Lowering the degrees

Our sets K;, i € {1,2,3,4}, are defined by polynomials in y*! of degrees close
to ¢. Thus, for simplification of the calculations, we will explain one more step
that was taken in [5], that is, expressing the sets in terms of polynomials of smaller
degrees.

We will achieve this through a bijection that was used for the estimate of the
size of the set Ky in [5] (Lemma 4.5). Since we aim to describe the intersections
of all sets K;, i € {0,...,4}, we will need to apply this bijection on the remaining
four sets.

For each £ € F, put

2
i() = £2+c_ 22519 .

£—c &&—c
Note that this is well defined as £ — ¢ = (£ — 9)(£ +9) # 0, since £, —€ € F, and
v ¢, sod#+£E.

Lemma 2.5. Ify = a+9Yb e F\F,, then yi=' = i(%).
Proof. According to Lemma and Lemma

(2.3)

(a+0b)? = a? + 99 = a + 99 = a — Ob.
Therefore,
N _ +90)7  a—9b a—9b (a®+ cb?) —20ab b2
q—1 _ 9b)? 1 _ (CI, — X — .
yr = la+vb) At b a+db a—ob @ — ap =
(a/b)2 +¢) — 20(a/b) . (a
- (@/b)? — ¢ - () ! (2:4)

b
as we wanted to prove. [

Lemma 2.6. Let A(F,) = {(a,@); a € F,} and define a mapping
¢ F\Fy — (Fg x Fg) \ A(F,)
y— (&),

so that i(§) =y and i(n) = (y — 1)?71. Then the mapping o is a bijection.
Ify=a+9b, a,beF,, b#0, is mapped upon (§,n), then

1
§ and b= ——.

§—n §—m
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Proof. For y # 0, suppose i(n) = (y — 1)77! = yi=1 = 4(¢), that is assume
¢ = n. This implies ((y — 1)/y)?* = 1, thus there exists A € F, such that
y —1 = Ay. Note that if there existed N ¢ I, such that y —1 = Xy, then
(y—1)/y)rt = (N)7 ! =1, so the order of X in F* would have to divide g — 1.
However, this is only true for elements of F;. Thus, really A € F, and y — 1 = Ay
holds. Therefore, y(1—X) =1,1—X € F, and so y € F,, too, since it is an inverse
of an element from F, and I, is a subfield in F’, thus closed under inverses.
Now, assume y = a + ¥b ¢ F,. By the previous paragraph (y — 1)971 # ¢!,
so £ #n, and b # 0, by Lemma Let &,n € T, fulfill
yq71:Z<€>:€2+c_2€§: (5_19>2 25_19

Ppe—209 n-—9
(y—1) i(n) prp— p——

Since
y=a+vb and y—1=a— 1+ 9b,

it can be observed by comparing ([2.5)) with (2.4)) that

a a—1 1
5_5 and n = 2 —f—g.
Thus also
1 & E4+ 0 n—+v
b= , a = ,y=—— and y—1=—. 2.6
§—m §—n §—n §—n (2:6)

Since (2.5)) implies (2.6]), the mapping ¢ is injective and for both the preimage
and the image have ¢ — g elements, ¢ is also bijective. [

Notation. For « € F,, denote
ho(z) = = + . (2.7)

Lemma 2.7. The number of points in Ky equals the number of pairs (§,n) € Iﬁ'g
such that & # n and the following elements are nonzero squares in F

ho(§) and ho(n)

plus ¢ — 2 for each element belonging to IF, \ {0,1}.

Proof. By definition, an element y of F'\ {0, 1} belongs to the set K if it is
a square and y — 1 is also a square.
Firstly, see that all elements from F, \ {0,1} belong to Ky by Lemma [1.17]
Now, assume y ¢ F, and thus b # 0, by Lemma . From Lemma follows
that there exist unique &, n € F, such that £ #n, i(§) =yt and i(n) = (y—1)7"%
By , then
R A
= E=n
Since £,m € Fy, also {—n € F,. Therefore, Lemmayields that £ —n is a square,
a nonzero and, by properties of quadratic character, it has no effect on the parity
of the whole expression. The numerators are then nonzero as v ¢ F,,. [

Y nd y—1
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Notation. For (z,y) € F2, x # y, denote

hi(x,y) = 2%y + c(2y* — by + 2%) + ¢ + 932y — 22y® — 2° + c(y — ) and
ho(z,y) = 2*y* + c(3y* — 4oy + 2?) — & + I(dwy® — 22%y — 2cy).
(2.8)

Lemma 2.8. The number of points in K, is the same as the number of pairs
(&,m) € Fg such that & # n and the following elements are nonsquares in F

ho(n) and hy(&,n)

and the element hy(&,m) is a square in F.

Proof. An element y € F'\ {0,1} belongs to K if y — 1 and 7 (3> —y +1) — 1
are nonsquares, while y((y — 1) + 1) is a square. Such element has to fulfill
y ¢ F,, by Lemma|l.17, as y — 1 needs to be a nonsquare.

Apply Lemma by defining ¢ and n like in . Next, express the three
elements in terms of & and n. The first one, has already been explained in the
proof of Lemma 2.7

Continuing with y?~1(y* —y + 1) — 1, using obtain

E4c—200 (E+0)7—(E+NE—m+(E—n? (& o)E—n)?
£ —c (& —n)? (2= —n*

which is a nonsquare if and only if the numerator is a nonsquare, as the denominator
contains only squares. By direct computation, we get the value of the numerator

En+c(2n® —5En+ ) + & + 938y — 26n° — & + c(n — €)).

Finally, let us express y((y — 1)>79 + 1). This polynomial is a square iff the
numerator of

y((y—l)(y—1)1*q+1)—€+ﬁ (77"‘?9_ n—c (5_77)(77_19)2>’

Ten\en 02 €m0y
which equals
E* + c(3n” — 4én + &%) — ¢ +I(dgn” — 26 — 2en),
is a square. L]

In the previous lemma, we factor the last polynomial as

ha(€,m) = (n —0)(& +9)(En — €9 + 30 4 9?).

Since £, n € F, and 9 # F, the first two factors are always nonzero. For the last
factor, there exist at most 2 roots (£,7) € Fy, since &1 — £9 4 300 +9* = 0 implies

_579—0.5—319_5219—305—c§+3190: —4c€ +9(€2 + 3¢)

T E+30 £-30 £2 - 9c €2 - 9c (29)

n

Since n € F,, this is possible only if €2+ 3¢ = 0 which can have at most 2 solutions
¢ € IF,. Since we will need this lemma for asymptotic estimates, we can assume
that hy(€,n) # 0 for all (¢,7) € F..
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Lemma 2.9. The element y € F \ {0,1} belongs to the set Ky if and only if
the elements y and y=* — (y~* — 1)971 are nonsquares in F, while the element
(y —1)(1 —y*79) is a square in F.

Proof. By definition, the set K; consists of elements y € F'\ {0, 1} such that y,
(y+1)—(y—17tand y=* — (y~! — 1)97! are nonsquares. Fix such y, then it
suffices to prove that (y + 1) — (y — 1)?7! is a nonsquare iff (y — 1)(1 — y?79) is
a square.

The element (y — 1)(1 — y*>79) is a square iff (1 —3?79)/(y — 1) is a square as
y # 1. Also,

-y D -1
y—1 Y

holds for every y # 0, 1, since

y (1= ) =(y—1)""'=(y+1)-(y—1)
Y=yt =(y—1)"—y*+1,

Y

where in the last step we use equality from Lemma [1.18] Since —1 is a square
and 9 is assumed to be a nonsquare as ¢ is odd, (1 — y*>79)/(y — 1) is a square if
and only if (y + 1) — (y — 1)97! is a nonsquare. O

Lemma 2.10. The number of points in Ky is the same as the number of pairs
(&n) e Fg such that & # n, the following elements are nonsquares in F

ho(€) and ha(n, §)

and the element hy(n, &) is a square in F.

Proof. By Lemma 2.9 the set K, consists of y € F \ {0,1}, such that y and
y~'—(y~' —1)7"! are nonsquares, and (y —1)(1—y>79) is a square. Since y should
be a nonsquare, assume that y ¢ F,. Thus, we can again apply Lemma and
express these polynomials in terms of ¢ and 7. The first polynomial was already
discussed in Lemma 2.7

The polynomial (y — 1)(1 — y*79) is a square iff
n+9 ((5—77)(5—19)2 0 £ -c )

E—n \(E-mME-0?2 €-n (-0

is a square, which happens iff its numerator is a square. The numerator equals
(=1) - (€% + (3¢ — 4&n +n*) — ¢ + I(4g™n — 260" — 2c¢)).

To express the remaining polynomial y=! — (y=! — 1)77! first see that

(1t = (1 B 1) _ (1—y> G L Vs ) o Ve ) o

y Y yrt yrt

1 (y—1pit
Y ya-1

as ¢ isodd. Thus y=t—(y~ 1 —-1)7"1 = is a nonsquare iff the numerator

of the expression
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E—n nP+c—2n0 £+
E+0  P-c ' E—19
—&n° + c(5€n — n* — 26%) — A+ 9(n° — 3En* + 280 + c(n — §))
(n* = )(&* —¢)
is a nonsquare. Multiplying both of these polynomials by —1, which is a square,
by Lemma [1.17] gives the desired result. [

In the above lemma, again, we factor

ha(n,€) = (€ = 9)(n +9)(En + 360 — i) + 9?),

where the first two factors are always nonzero and the last can equal zero for at

most 2 values of (£,7) € F, such that £ # 7. This holds as &1+ 360 —nd +9? = 0

implies

‘= —4en +9(n* + 3c)
B n? — 9c

by (2.9) and by the symmetry of ha(n, &) and ha(€,n). Since we need & € F, this

can only be true iff %2 4+ 3¢ = 0. We can therefore assume, for the asymptotic
estimates in Section [3.4} that also hy(, &) # 0 for all (£,7) € ..

(2.10)

Lemma 2.11. The number of points in K3 is the same as the number of pairs
(&,m) € F? such that £ # 1 and both the elements

hs(€,m) and hs(n, §)

are nonsquares in F, where hg(z,y) is defined in the following way:
397 +o(a® — 202y — 3wy +29°) + o4+ (30 y* — 22%y — 22> +c(day — v — 1) — ).
Proof. The set K3 contains elements y = a + 9b € F \ {0,1} that fulfill that
(y7'— 1)+ (y—1) and y(y~' — 1)7! — 1 are nonsquares. Note that if y € F,,
then the element (y~! — 1)7! + (y — 1) € F,, thus it is a square, by Lemma [1.17
Therefore, let us assume that y ¢ F, and we can apply Lemma . Define ¢ and
n as in (2.5)) and let us express the polynomials in terms of these variables.
Firstly, (y~! — 1)9= 4 (y — 1) = &= 4 (y — 1) is a nonsquare if and only if

ya!
the expression
n4+c—2n & —c n+9d
”?—c  (§-0)2 &—n
is a nonsquare. The denominator consists of only squares and the value of the
numerator 1is

EP (& =28 =360 +-21°) + P+ (364 =267 =260 +c(4én —1” =€) = ).
Secondly, express polynomial y(y=! — 1)t —1=1y- (?/;;72‘1’1 — 1. Substitute

using ([2.6)) to get

E+Y Prce=2p) £-c  (E=n)—c)E-)

§—n  nP—c (=972 (=0 —o)(§—0)
The numerator of the expression above equals
En’+e(n® —26n* =30 +26%) + A+ 0360 — 260° — 280+ c(4én—n” —€%) — &)
which yields the desired result. [
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Lemma 2.12. The number of points in Ky is the same as the number of pairs
(&,m) € Fg such that € # n, s(&,n)ti(&,n) is a nonsquare in F for i € {1,2}, and
ho(n)s(&,m)ts(&,m) is a square in F', where

s(&,m) = (—n€* + 2c€ — en) + V(=3 + 26n + ¢),
t1(&,m) = (€n+ 3en) + 9(& — 4né — ¢),

ta(&,m) = (1° — ¢) +20(n = &), and

ts(&,m) = (% + € — 2en) + 9(—3E* + 260 + ¢).

Proof. The proof of this lemma is analogous to the ones above and can be found
in [5] (Lemma 4.5). O

Let us show that for all but a constant number of (£,7) € ]Fg, £ # 1, the
polynomial ho(n)s(&,n)t3(&,n) is nonzero. We have

ho(n)s(&,m)ts(€,m) = — (€ —9)*(n + 9)(&* — 280 + 2nd — 9°) x
(€n + 360 — I + 92).

The first two factors are clearly nonzero and the last one can be a zero for at most
two pairs (§,n) € Fg by 1) The remaining factor is always a nonzero as

(=) (E+7)
—2c ’

_§2—2519—c‘é_§219—250—c19_
=2 9 —2c B

§+

which can never hold. Therefore, for the purpose of the asymptotic estimates in Sec-
tion we can ignore the two possible roots and assume that ho(n)s(&, n)ts(€,n) #
0 for all (¢,n) € F2.

Also, note that the set K is the only one of our five sets that contains elements
of IF,. Therefore, it does not pose a problem that we only mapped elements of
KoN (F\F,) using our bijection, since no intersection of two or more sets K,
i =0,...,4, contains any element from F,.

Having described the sets K;, i = 0,...,4, by polynomials of relatively small
degrees, we can now proceed to mention previously determined upper bounds on
sizes of these sets and follow with our computations of the sizes of the intersections.
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3 The sets and the intersections

3.1 Set sizes

This section builds mainly on the findings presented in [5]. The authors of the
article computed upper bounds on the sizes of sets K;, i = 0,...,4, and by doing
so proved that there exist maximally nonassociative quasigroups constructed in
the way introduced in the first chapter. We will mention several useful lemmas
from this article and then extend the proofs for the established upper bounds to
obtain lower bounds on these sets. We shall keep using the notation from previous
chapters.

Lemma 3.1. The number of elements in K, equals —2 + (¢* + 3) /4.

Proof. The proof can be found in [5] (Proposition 3.4). It is a generalized corollary
of theorems formulated in [15]. O

Lemma 3.2. Let y be an element of F'. Then y € Ky if and only if 1 —y € K;.
Proof. For proof, see [5] (Lemma 3.3). O

Corollary 3.3. We have |K,| = |K>|.

_ For a bivariate polynomial flzy) = X a; jx'y’, define its conjugate as
f(z,y) =3 ai;2"y’ . The following observation was formulated and proved in [5]
(Lemma 5.1).

Lemma 3.4. (i) Let f € Flx,y|. The polynomial ff has coefficients in F,.

(ii) Let xo,y0 € F,. Then the value of f(xo,yo) is a square in F iff (f f)(xo, yo)
is a square in [y,

Proof. (i) First, let us show that for b,c € F, we have b¢ + bc = bc? + bic € F,.
Since (be? 4 bic)? = b1t 4 b7 ¢t = bic + be?, the element bé + be is fixed by the
Frobenius automorphism and thus b¢ + bc € F,.

Let f(x,y) = ¥, aijz'y’. The coefficient at 'y’ in the product f(z,y)f(z,y)

equals
Z @iy, 51 Qiz,jo -
(7’17]1)+(127]2):(Z7])
When (i1,71) # (i2, j2), these summands can be divided into pairs a;, ;,@;, 5, +
4, j,0iy 5, that are elements from I, by the observation above. If both 7, j are even,
put 43 = 4/2 and j; = j/2, then, in the sum, we also get the term a;, ;,@; ;, =
N(a’ilvjl) S FQ‘
(1) Let zo,yo € F,. Then,

(f ) (o, y0) = f(xo,y0) f (20, y0) = f (@0, 50) [ (T, 7o) = N(f (20, %0))-

Therefore, the second part of this lemma follows from the fact that N(z), z € F,
is a square in [, iff 2 is a square in F', as follows from the properties of the norm;
see [13], for example. O
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Lemma 3.5. We have

< +

17 4y 19
=g 2

2
iu@\ -5

Proof. This proof builds on a proof of a proposition presented in [5] (Proposi-
tion 5.3) that estimates the size of Ky from above. In the article, the authors
used a different bijection than what we use in Lemma [2.6] and thus obtained
the following characterization of the size of the set K,. As formulated in [5]
(Lemma 4.3) the size of K3 equals the number of pairs (z,y) € F2 such that
fi(z,y) is a nonsquare in F' for i = 1,2, 3, where

filz,y) =2y —c+9(y — 2)
fo(z,y) = vy — 3c +9(y + 2)
f3(z,y) = 2y — y* — 2c + I(y + z).

)ﬁ(w y), then g;(z,y) € Fy[z,y] and

For i = 1,2,3, put g;(z,y) = fi(x,
y) €F by Lemma 3.4 E Consider an equality

X' (fi(z,y)) = x(gi(w,y)) for all (z,

S 5 T10 - (oo = Kol + 5

(z,y)EF2

where R are the contributions to the left-hand side from all pairs (z,y) that are
roots of at least one of the polynomials g;(z,y). Take a closer look at this equation.
For every (z,y) € Fg, each of the three factors belongs to {0, 1,2}, depending
on the parity of the featured polynomial value in F,. Thus, each summand lies
between zero and one, and it equals one if and only if the conditions on the
polynomials g;(x,y) are fulfilled for all # = 1,2, 3 and for the given (x,y). If any
of the conditions is not satisfied for some (z,y) € F27 then the corresponding
summand will equal zero. The correction R thus equals the sum of all summands
that are strictly between zero and one.

Denote by deg,(g;) the degree of g;(x,y) € Fy[z], for 1 < i < 3 and D, =

2 deg,(g;). Then |R| < D, - q, since for each of the ¢ choices of y, there are at

most D, values of x that could be roots for some g;(z,y) € Fy[z], 1 <i<3. In
this case D, = 2 + 2 + 2 = 6 because the degrees of the conjugates are the same
as the degrees of the original polynomials.

Finally, it remains to put everything together:

R ¢
’K2|—*: > Hl— (9i(z,y))) — 3%
xyEIFQ”L 1
| |R
Z Hl— (9i(z,y))) — 8+|8‘
(ﬂcy)e]F“ 1
17 35 3 17 . 19
< (g4 2 ) Y= 2t 27
< (8q + 4q +4q 3 g’ + 9 q,

where we first used the triangle inequality, then applied an estimate that was
proven in [5] (Proposition 5.3) along with our estimate on R. O
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Lemma 3.6. We have

Proof. The structure of this proof is the same as in the previous lemma, except
that this time it uses an upper bound on |Kj| established in Proposition 5.4 of [5].
By [5] (Lemma 4.4), the number of elements in K3 is the same as the number of
pairs (z,y) € Fg, x # vy, such that both of the following polynomials are nonsquare
in F:

filz,y) = v’z + c(22® — y* —yz) — & + I((y* — 2y2® — ®) + c(y + )
fo(z,y) = (VPr — y?2?) + c(2® — 2y* + 3zy) — 2 + I((y* — 3y°z) + c(3y — ).

Again, let g;(x,y) = fi(z,y) fi(x,y) for i = 1,2. Using this notation, Lemma

gives gi(x,y) € F,lz,y], i = 1,2, and X'(fi(z,v)) = x(g:(x,y)) for each (z,y) € Fg
and both i = 1,2. Consider an equation

> Hl— (gi(z,y))) = 2° - |Ks| + R,

(z,y)€Fz i=1

where R is defined in the same way as in the previous lemma. Then |R| < D, - ¢,
where D, = Y7_ deg,(g;) is the sum of degrees of g;(z,y) and go(z,y) in F,[z].
Here D, =4+ 4 =8.

Together
R ¢
Kol - L] = |2 P [0 - (o) - 2= ©
IF‘211
2
q R
[ S TH0 - atean - L]+
()F221
13 15 13 19
< (12 32 ) 9 — D32 4 1Y
_(4(] +2q +2q 4q +2

The last inequality holds due to an estimate from [5] (Proposition 5.4.) and our
estimate on R. O

Lemma 3.7. We have

2

¢*| _ 57 4 121
K- L]<2t 4
‘I | g|S gutga

Proof. The size of K4 equals the number of pairs (z,y) € Fg, x # y such that
filz,y) = s(x,y)t;(z,y) is a nonsquare in F for i € {1,2}, and f3(z,y) =
ho(y)s(z, y)ts(z,y) is a square in F, by Lemma [2.12] which is a direct quotation
of [5] (Lemma 4.5).

Denote g;(z,y) = fi(z,y) fi(z,y) for i = 1,2,3, then X'(fi(z,y)) = x(gi(z, y)),
i =1,2,3, for all (z,y) € F2. Consider again

3
> IO +e-x(gi(x,y) =2° - |[Ka| + R,

(z,y)€Fs i=1
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where R is defined analogously as in the two previous lemmas, and ¢; = —1 for
i=1,2and e3 = 1. Then |R| < D, -q, where D, = >?_, deg,(9;) =4+6+6=16
is the sum of degrees of polynomials ¢;(z,y) € F,[y] for i = 1,2, 3.

It remains to put everything together with an upper bound from article [5]
(Proposition 5.5):

R ¢
|K4——: 3 H1+€z (9i(z,y)) — < —
) 8 8
(z,y)€F2 i=1
| |R
Z H + e - x(gi(x,y))) — §+§
(l’y)eF“ 1
57 105 57 121
< (2 3/ ) og — 2032 121
—(SQ+SQ+Q FRARa
which is our desired result. O]

3.2 Initial analysis of the intersections

In total, there are 10 pairwise intersections of our sets K;, i € {0,...,4}.
However, at most 8 of them are nonempty.

Observation 3.8. The sets Ko N Ky and Ky N Ky are empty due to their
mutually exclusive definitions: no element y € F' can be a square and a nonsquare
simultaneously.

Lemma 3.9. Lety € F. Theny € K3 if and only if 1 —y € K3.

Proof. By definition y € F'\ {0, 1} belongs to K3 iff (y~' — 1) + (y — 1) and
y(y~' — 1)77! — 1 are nonsquares. Put v = 1 —y. Then we need to prove that
(y' =191+ (y—1) and y(y ' —1)?"! — 1 are nonsquares iff (v™! —1)971 4 (v —1)
and v(v™t — 1)97! — 1 are nonsquares. The expressions on the right side of the
equivalence equal

W =1 (- 1) = (1 _”)q_l Fo—1)= <yy>q1 oy

v 1—
= (?) —y=@ - -y=
B et 1 ) N [ Bl Y L
B A Ve T

BTG oy gy (1 _”>q1 —1=(1-y) <yy>q_1 1=

v 1-—
' -D+y-1)

=(1—-y) (yil — 1)1_q —1=(-1)-

(y=' = 1)
Denominators of both the expressions are squares as ¢ is odd and —1 is a square,
by Lemma [1.17] From this it is clear that the equivalence holds. [
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Corollary 3.10. We have |K; N K3| = |Ky N K.
Proof. Combine Lemma [3.2| with Lemma |3.9] O]
Lemma 3.11. We have Ko N K35 = .

Proof. By definition, an element y € F \ {0,1} belongs to the set K, iff y,
(y+1)—(y—1)9"1 and y ' — (y~1—1)971 are nonsquares. The set K3 then consists
of elements y € F'\ {0,1} such that (y=' —1)97' + (y — 1) and y(y~' — 1)1 — 1
are nonsquares.

Let y € K,. That means that y and y=' — (y~' — 1)?7! are nonsquares.
Therefore,
vy = )T =1y -
is a square, asis (—1)- (1 —y(y~ ' —1)7 1) = y(y~' —1)7! — 1 since —1 is a square
by Lemma [1.17] Thus, such y cannot belong to Kj. [

Therefore, of the initial 10 pairwise intersections, we are left with at most 6
nonempty ones.
Moving on to intersections of triples, again there are 10 intersections of triples

of our five sets. However, due to Observation Corollary and Lemma (3.11
at most two of them are nonempty:

KlngﬂK4 and KongﬂK4.

This also means that no intersection of four or more sets is nonempty.

K1 E

K

Figure 3.1 Overlaps of sets K;, 0 <14 < 4. In fact, the intersection K1 N Ko N Ky is
empty, cf. Proposition

The observations above yield the illustration in Figure [3.1] of the information
gathered so far about the (non)emptiness of the intersections of the five sets. For
K;, 1 =0,...,3, the central dashed line then represents the symmetry in these
sets implied by Lemmas and if y belongs to the left side of the sets, then
1 —y belongs to the right side. The symmetry was given away even earlier, in the
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previous chapter, where these sets were described by pairs of polynomials with
interchanged variables. However, it is not clear even from there where the set K,
fits in this picture. For now, we only know that it might intersect both pairs of
sets.

3.3 Weil bound and its corollaries

Our main tool for finding the sizes of the set intersections will be an estimate
known as the Weil bound on character sums. Its following formulation is a special
case of a theorem found in [9] (Theorem 6.2.2). It was first proved by Weil in [1§]
using algebraic geometry.

Theorem 3.12 (Weil bound on quadratic character sums). Let f € F,[z] be
a polynomial of degree d > 0 and x : F, — {—1,0,1} a quadratic character. Then,
if [ is not a square in F,[z] (where F, is the algebraic closure of F,),

> x(f(@)

z€lF,

< (d-1)Va

Let us remark that a finite field I, is never algebraically closed, as if 24, ..., z,
are elements of F,, then the polynomial (r — z;)...(x — x,) + 1 does not have
a root in F,. The algebraic closure of a finite field is thus infinite.

We will not directly work with this estimate; we shall rather use its corollary,
the proof of which is presented in [7] (Theorem 1.4). It assumes that a list of
polynomials fi,..., fi € F,[z] avoids squares, which is defined by the existence
of no sequence of indices 1 <i¢; < --- <14, <k such that n > 1and f;, ... f;, is
a square in F [z], that is, all the roots of f;, ... f;, in F, have even multiplicity.

Theorem 3.13. Let fi,..., fx € F,[x] be a list of polynomials that avoids squares,
their degrees are d; > 1, 1 € {1,...,k} and let ¢; € {—1,1}. Denote by N the
number of all o« € F, such that x(fi(«)) = €, foralli € {1,...,k}, and D =3, d;.
Then,

N =275 < (7 + )D/2 - a1 - 275)

In our case, we will work with a list of bivariate polynomials {g;(x,y)}",
for some n € N, with coefficients in [F,. First, we fix one of the variables, say
r =w € F,. To apply Theorem we need to exclude the values of w such that
{g9:(w,y)}? is a list of univariate polynomials from F,[y] that does not avoid
squares. These exceptional values will be estimated in a different way, and since
their number can be bounded from above by a constant, the asymptotic bounds
on the sizes of the intersections will not be affected. There are different ways to
proceed. One possibility is the elementary way, but that becomes increasingly
difficult with the increasing degrees of the polynomials from the list. It has been
used, for example, in [1, [7, 8]. We shall take an approach that uses discriminant
to obtain the estimates that was used, for example, in [5].

Definition. Let p(z) = > ,a;z" be a polynomial of degree n such that its
coefficients ay, ..., a, belong to a commutative ring. Denote by ay,...,q, the
roots of p(x). A discriminant of p(x) is defined by

dise, (p(x)) = ag" - JI (o —ay)*.

1<i<j<n
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Polynomial discriminant can also be equivalently defined through resultants,
but in our application the above definition is more transparent; see [21], for
example, for more details. It was already mentioned above that a polynomial with
coefficients in F, is a square in F[y] iff all its roots in F, have even multiplicity.
Thus, each of the roots is at least a double root. So, if a polynomial is a square,
then its discriminant equals zero. Therefore, the number of values w € F, such
that {g;(w,y)}, is not a square-avoiding list can be bounded from above by the
number of w € F, such that the product [}, g;(w,y) contains a double root; in
other words, the discriminant of [} ; g;(w,y) equals zero.

3.4 Determining the intersection sizes

Now, we can finally start calculating the sizes of the eight possibly nonempty
intersections. In the previous chapter, there were several polynomials, namely
, and the one in Lemma that characterize the sets K;, 1 =0, ..., 4.
These will play a crucial role in this section. By a "square” we mean a "nonzero
square” as this assumption does not affect the asymptotic results, as we discussed
throughout Section

Proposition 3.14. We have

2 41 1
|]K3HK4\—q <77 3&4_@

32| = 3217 3 ¢

Proof. The size |K3 N Ky is equal to the number of (z,y) € F2, z # y, such
that s(z,y)t1(z,y), s(x,y)te(z,y), hs(z,y), and hs(y, z) are nonsquares in F' and

ho(y)s(x,y)ts(z,y) is a square in F, see Lemma and Lemma [2.12]
Let us establish the following notation

fl( ) ): (a:,y)tl(:v,y) f2($,y) = s(x,y)tQ(x,y)
0 y)S(ZL’,y)t:;(I,y) f4(.r,y) - hg(l',y)

Then the right-hand side of the above conditions can be reformulated as
X' (fi(z,y)) = &;, where e; = —1 for i = 1,2,4,5 and e3 = 1. Fori=1,...,5 put
gz(xvy) = fz(xa y)fz(x7y)> then gz(w>y) S Fq[l’,y] and X/(fi(l'a y)) = X(gz(xa y)) for
all (x,y) € F2 by Lemma .

The number of (z,y) € F7, x # y, such that x(g;(z,y)) =& fori =1,...,5
can be estimated using Theorem [3.13] However, this theorem can be applied only
to univariate polynomials. Therefore, since the degrees of the polynomials listed
above in y are less than or equal to their degrees in x, we will initially work with
them as with elements of F,[y] with fixed * = w € F, and in the end sum our
estimates over all values w € F,,.

Furthermore, to be able to use Theorem [3.13] the list {g;(w,y)}?_; in F,[y]

=1
has to avoid squares. The upper bound on the number of w € I, such that the
list of polynomials in y does not avoid squares can be constructed by counting
the maximum possible number of roots of the product of polynomials in the list
with multiplicity greater than one. The counting itself will be achieved through

computation of the discriminant. Let us emphasize that the polynomials defined
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below are polynomials from F,[y], the element ¢ € F \ F, is used purely for
computational purposes. Firstly,

P(w,y) = [Taiw,y) =(w = 9)"(y = 9)*(w + 9)(y + 9)°x
(wy + 3w — yd + 9?)*(wy — 3w + yI + 9°)*G(w, y),

where G(w,y) is the product of factors of multiplicity one

G(w,y) = (W + 2wd — 2y — 9%)(y* + 2wd — 2y — 9?) x
(wy + wd — 3yd + 9% (w?y — w?I + 4wy — 2y*9 — yi? — 9?)x
(=% + 2wd) — 2y + 9%) (wy? + 2w — dwyd + y*I — w? + I93)x
(wy — wi + 3y0 + 9% (—wy? + 2wV — 4wy + y*I + wid? + 9?) x
(w® — 2wd + 2y — 9?)(wy + w? — dwyd + 2> — y* + 9%).

Using software, we find that none of the polynomials ¢;(w,y), i = 1,...,5,
divides P(w,y)/G(w,y), so none of their products will divide it either. Thus, if
there exists I C {1,...,5} for some w € F, such that g(y) = [Tic; ¢:i(w,y) is a
square in [F,[y], then at least one of the roots of g(y), a root of even order, is also
a root of G(w,y), so this w will be accounted for in the next step. Mathematical
software gives us the value of the discriminant

disc, (G(w, y)) = 2w (w — 79)*(w — 59)?*(w — 39)* (w — 29)*(w — 9)"** x
(2w — )29 (w + 9)2° (2w + 9)*(w + 29) (w + 39)* (w + 59)* (w + T9)* x
(w? — 59%) (w? — dwd — 9?)%(w? + 4w — 9?)%(w? + 9?)*(w? + 39?)*x
(w? — 2w 4 59%) (w? + 2w + 509%)* (w? — 4wd + 79*)*(w? + 4wdd + TY?)* x
(w? — w9 — wiI? — 793 (w? — 3w — wd? — 59*)*(w* — Tw?9 — wiI? — ¥*)*x
(w® + Tw?P — w? + %) (w* + 3w?9 — wiI? + 59%)*(w? + wI — wI* + 79°)*.

Since w ¢ {ig, +9, £209, 30, £50, £70} as ¥ ¢ F,, there are at most 37 excep-
tional values of w € F, such that the list of polynomials ¢;(w,y), i = 1,...,5,
does not avoid squares. This estimate was obtained by calculating the number of
possible roots of the discriminant based on the degrees of the factors.

The degrees in y of our polynomials f;(x,y) are 3 for i = 2,...,5, and fi(x,y)
has a degree 2 for each choice of x = w. This can be observed from the leading
coefficients of each of the polynomials fi(z,y) € Fyly], i = 1,...,5, and the
fact that = # 9,30. They respectively equal —(z — 39)(z — 9)3, —(z — )2,
20(x — 9)2(9 — z), 2(c — x9) and (z — ¥)? as i increases. The conjugates of these
polynomials then have the same degree as the original polynomials. Therefore,
Dy =30 deg,(g;) =444-6 =28

For the nonexceptional values w € Fy, we can thus use Theorem [3.13] If we
denote by N,, the number of all y € F, such that x(¢;(w,y)) =¢;, fori=1,--- 5,
the theorem gives us

1\ 417
1—— ) =— 14.
ﬂ( 25) 3 VOt

For the exceptional values w € IF,, we only know that N,, < ¢, therefore, they can
be estimated by [N, — | < 24.

N 4 Dy _
w5 2

<(yq+1)
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Finally, it remains to sum these estimates over all w € F, to obtain the result

417 37-31
KsNKy — 2| < » < 2114
‘| 3 4 w%; < 3261 + 14q + 39 q
_417 5, 1595
301 30 ¢

Proposition 3.15. We have

2 B2 385 1129
¢ | q q 3/2
KyN Kyl — NI I O Qe 7C .
" 21 Kyl (64 64 32)‘ 32 1 32

Proof. By Lemma [2.10] and Lemma [2.12 the size of the intersection of sets
K, and K, is the same as the number of elements (z,y) € ]FZ, x # y, such
that ho(z), hi(y,x), s(z,y)ti(x,y) and s(x,y)t2(x,y) are nonsquares in F' and
ho(y)s(x,y)ts(z,y) and ho(y, z) are squares in F. Again put

fl(l'ay) :ho(llf) fQ(fE,y) :hl(yvx)
f3(x7y) = 8([E,y>t1<l’,y) f4(x,y) = S(l’,y)tz(l‘,y)
f5(x,y) = ho(y)s(xay)ti’r(x’y) fﬁ(xvy) = h2(y7x)‘

Denote g;(z,y) = fi(z,y)fi(z,y) for i = 1,...,6, then by Lemma the
polynomials g;(x,y) € F,[z,y] and X'(fi(z,y)) = x(g:i(z,y)) for all (z,y) € Fg.
Since the degrees of most of the polynomials in y are less than or equal to the
degrees in z, we will work with them as polynomials in y and fix z = w € F,.
Then, our list of polynomials will consist of g;(w,y) € F,[y] for i =2,...,6. The
polynomial ¢;(w,y) € Fy[y] is a constant for each w € F,. Therefore, it will only
be useful in the end, where we will sum our estimates over all the values of w € [,
such that g;(w,y) = w? — ¢ is a nonsquare in F,.

The list of five polynomials must avoid squares for Theorem to be appli-
cable. Let us thus estimate the maximum number of w € F, such that it does not
avoid squares. This can be achieved similarly as in the previous proposition, that
is, by computing the discriminant of the product of polynomials from the list and
counting the maximum number of its roots. Now,

H gi(w,y) =(w —9)°(y = 9)*(w +9)°(y + 9)*x
(wy + 3w — yd + 92 (wy — 3w + yd + 9*)* G (w, y),
where the factors of multiplicity one are

G(w,y) = (W + 2wd — 2y — 9%)(y* + 2wd) — 2y — V9?) x
(w? — 2w + 2y — 9?)(wy + wd — 3y + 9?)(—y* + 2w — 2y + ¥?)x
(wy — wd + 3y0 + 9% (wy? 4 209 — dwyd + y*I — wI? + 93)x
(—wy? + 2w — 4wy + y*0 + wid* + 9?).

Using mathematical software, we can see that of all g, (w,y), i =2,...,6, only
ge(w,y) divides P(w,y)/G(w,y). It is not a square in F,[y], since

gs(w,y) = (w—2)(y—9)(w+9)(y+9) (wy + 3w — yd +9?) (wy — 3w +yI +9?),
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so it decomposes to a product of linear factors in F[y|, and has four different
roots in F'. If there exists any I C {2,...,6} for some w € F,, I = {6} excluded,
such that g(y) = [Le; gi(w,y) is a square in F [y, then at least one of the roots
is shared with G(w,y), and so this w will be counted in the following step.

Let us compute the discriminant of G(w,y). We get

disc, (G (w,y)) = 27w (w — 59)*(w — 9)* (2w — 9)*9° (w + 9)* (2w + 9)>x
(w 4 59)?(w? — 59*) (w? — 4w — 9*)%(w? + 4w — 9 (w? + 39?)? x
(w? — 2wV + 59%)* (w? + 2w + 59%)* (w? — 4wd + TY?*)* x
(w? + 4wd + 79*) (w?® — 3w — wi? — 50%)*(w? + 3w — wiI? + 59%)2.

Since w ¢ {39, £, £50}, there are at most 23 values of w € F, such that the
list may not avoid squares. Denote by N, for w € F, the number of y € F, such
that x(gi(w,y)) = &;, for i =2,--+ 6, where ¢; = —1 for i = 2,3,4 and ¢; = 1 for
i = 5,6. Then for the 23 values of w € I, clearly N/, < ¢ and therefore

2°—1

<—0q (3.1)

;4
IR

v

Polynomials f;(z,y), i = 2,...,6, are of degrees 3,2, 3, 3,2, respectively, for
each choice z = w, as their leading coefficients are x — 9, —(z — 9)3(z — 399),
—(z —0)% 20(9 — x)3, and —(x — 9)?. The leading coefficients cannot equal zero
since 2 # 9, 30. Thus, D}, = 7, deg,(g;) =6+ 4+ 6+ 6 + 4 = 26.

Theorem thus gives for the remaining values of w € I, the estimate below

D! 1 385
’Nvi)—2q5 g(\/§+1)2y—\/§(1—25):32\/6+13. (3.2)

Now, it remains to sum our estimates over the values of w € F, such that
fi(w,y) = w + 9 is a nonsquare in F, that is, g;(w,y) = w? — ¢ is a nonsquare in
[F, by Lemma

Denote by S the set of x € F, such that x(g1(z,y)) = —1. The list in F/[z]
consisting of a single polynomial {g;(x,y)} avoids squares, and the degree of the
polynomial equals D, = 2, as  # 1. Thus, Theorem yields an estimate

IST-81< (Va+ D5 —ya(1- 1) =L +1

As in the previous proposition,

D

weS

where (3.1]) was used 23 times for exceptional values and ({3.2)) was applied ¢ times,
since |S| < ¢ and we estimate from above. The other side estimate follows from
the triangle inequality, the fact that >,cq NI, = | K2 N K| by definition and since

the upper bound on S equals [S| < € + ? +1

23-31 112

N/ q —
=39 32 17 391 32

w32

q q g, Va q
>IN, — ==| > ZN{U—Z‘Z | Ky N Ky| — <++1> P
weS 32 weSs weS 32 2 2 32
2 3/2
q q q
=||[KoNKy|— | —+—F+—=||
" 2N K (64+ 64 +32>‘
Combination of the two estimates above then gives us the desired result. [
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Proposition 3.16. We have

q2
K NEK, — &
’| 1Ny 64

705 3, 699
= 64 32 ¢

Proof. The size |K; N K4| equals the number of elements (z,y) € Fg, x # y, such
that ho(y), hi(z,y), s(z,y)ti(x,y) and s(x,y)ts(x,y) are nonsquares in F' and
ho(y)s(x,y)ts(x,y) and hyo(z,y) are squares in F' as follows from Lemma [2.8 and
Lemma

Instead of ho(y)s(z,y)ts(x,y) being a square in F', we can use the condition
that s(x,y)ts(z,y) is a nonsquare in F' since ho(y) has to be a nonsquare in F
and it is nonzero for all y € IF,.

Denote
fi(z,y) = ho(y) folz,y) = hu(z,y)
fg(ﬂf,y> :S(x>y)t1($7y) f4($’y) :s(x,y)tg(m,y)
f5(z,y) = s(x,y)ts(z,y) fo(z,y) = ha(z, ).

For i = 1,...,6, put g;(z,y) = fi(z,y)fi(z,y), then these polynomials are
elements of Fy[z, y] and x'(fi(z,y)) = x(gi(x, y)) for all (x,y) € F2 by Lemma
In this case, too, the degrees of most polynomials g;(z,y) in y are less than the
degrees in x. Therefore, we fix x = w € F, and work with the list of polynomials

gi(w,y) € Faly].
Next, let us count the maximum number of w € F, such that the list does not
avoid squares. Then, the product of polynomials g;(w,y), i =1,...,6, equals

P(w,y) = —(w —9) (y —9)*(w + )" (y + 9)*(wy + wd — 3y + 9%)*x
(wy + 3wl — yd + 9%)3 (wy — 3wl + yI + 9?)3 (wy — wi + 3y + 9?)*G(w,y),

where G(w,y) are the factors of power one. The polynomial G(w,y) has the
following value

G(w,y) = (W + 2w — 2y — %) (y* + 2wd) — 2y — ¥?)x
(=% + 2wd — 2y0 + %) (w’y — w?I + 4wy — 2y%9 — y¥* — 9?)x
(w* — 2wd + 2y — 9?)(w?y + w9 — dwyd + 2> — y? + 9%).
Mathematical software shows that the polynomial P(w,y)/G(w,y) is divisible

by the polynomials g;(w,y) for i = 1,3, 6. However, none of these polynomials is
a square in [F [y] as they each have distinct roots in F:

gi(w,y) =(y = I)(y + )

g3(w, y) =(w — 9)*(w + 9)*(wy + wI — 3y + 9?)(wy + 3w — yI + 9%)x
(wy — 3w + yo + 9?)(wy — wi + 3y + 9?)
(
(

g6(w, y) =(w — V) (y = 9)(w + V) (y + V)

wy + wid — 3yl + 9%) (wy — w + 3y + 9?).
We can also see that for I C {1,3,6}, none of the products [[;c; g;(w,y) can be
a square in FF,[y], as at least one of the roots always has odd multiplicity. Also, if

for any other I C {1,...,6} we have a square [I;c; gi(w,y), then this w € F, will
be accounted for using the discriminant.
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The computed discriminant is

disc, (G(w,y)) = =2 (w — 79)*(w — 39)*(w — 20)?(w — 9)**¥*?x
(w 4+ V)% (w + 209)*(w + 30) (w + 79)3 (w? — 4w — 9*)*x
(w? + 4w — 92 (w* + 9?)* (w? — dwd + 792 (w? + 4wd) + T9*)*.

Since w ¢ {£0, £29, £30, £79}, there are at most 10 values of w € F, such that
the list of polynomials does not avoid squares. If we denote by N,,, w € F,, the
number of all y € F, such that x(g;(w,y)) =¢;, fori =1,---,6, where 52 =-1
fori=1,...,5 and g5 = 1, then for the exceptional values |N,, — 64| < 64q, since
N, <q.

To apply Theorem for the remaining values, let us determine the degrees
of polynomials f;(z,y), ¢ =1,...,6. Since their leading coefficients are equal to 1,
2000 — x), —(z — 9)3(z — 309), —(z — )%, 29(9 — z)® and (z + J)(z + 399), and
since w # £, £3¢, their degrees are 1,2,2, 3, 2, 2, respectively, for each choice of
x = w. Therefore, D, = 20 ; deg,(g;) =2+4-4+6 = 24.

For values w € F, that are not exceptional, Theorem m gives the following
estimate

1

D 705
|J\fw—2q6 g(\/c‘1+1)2y—\/§<1—26)_ 2 i+ 12,

Finally, summing the estimates over all values w € I, yields

05 10 - 63
KiNK, - < 32 412
" ! w%; S Ot g
~ 6! 32 1
O
Proposition 3.17. We have
2 2 113 7
q q q 3/2
KoN Kyl — Ty L)< 2 —q.
‘| 0N Kl <32+32+16>|_16q T

Proof. By Lemmas [2.7 and [2.12] the size of the intersection of the two sets K, and
K, is equal to the number of elements (z,y) € F2, 2 # y, such that s(z, y)t1(z, y)
and s(x,y)ts(x,y) are nonsquares in F' and ho(y)s(z,y)ts(z,y), ho(y) and ho(x)
are squares in F'.

Instead of ho(y)s(z,y)ts(z,y) being a square in F', we can use the condition
that s(x,y)ts(x,y) is a square in F' as ho(y) must be a square in F' and it is
nonzero for any y € IF,.

Denote these polynomials by

filz,y) = ho(x) fo(@,y) = holy
f3($ay) :S(xvy)t1($ay) f4(75,y) :S(l‘,y)tg(l’,y)
fs(z,y) = s(z,y)ts(z,y).

PUtting gz(xay) = fz(x7y)fz( xz,
elements of F,[x,y] and X'(fi(z,y)

~—

y), for i .., D, yields polynomials that are
) = x( 2(913 3/)) for all (z,y) € FZ by Lemma
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Since Theorem can only be applied to univariate polynomials, we shall fix
r = w € F,, since the degrees of most g;(z,y) in y are less than or equal to
their degrees in x. However, then the polynomial g;(w,y) = w? — ¢ € F[y] is
a constant, so we need to proceed similarly as in Proposition [3.15] and keep the
polynomial aside for now. Thus, we shall work a list of polynomials in F,[y] that
equals {g;(w,y)}7_s.

The list has to avoid squares; let us therefore estimate the maximal number of
values w € [Fy, for which it does not fulfill that. Denote by

P(w,y) = — (w—19)’(w + )" x
(wy + 3w — yU + 9%)* (wy — 3w + yI + 9*)*G(w,y)

the product of the polynomials from the list. Since, according to computations in
Mathematica, no g;(w,y), ¢ = 2,...,5, divides the polynomial P(w,y)/G(w,y),
the exceptional values of w € F, will be found by looking at the discriminant of
G(w,y), where

G(w,y) = (y — V) (y + 9)(w? + 2w — 2y — 9?)(y* + 2w — 298 — 9*) x
(w? — 2wV + 2y — 9?)(wy + wid — 3y + 9*) x
(—y® + 2w? — 2y + 9?)(wy — wd + 3y + 9?)

are the factors of P(w,y) of power one. The computed discriminant equals

disc, (G(w, y)) = —2°(w — 39)*(w — 9)**9*%(w + 9)** x
(w 4 39)?(w? — 59*) (w? — 4w — 9*)%(w? + 4w — 9*)¥x
(w? + 30%)%(w? — dwd + T9%)* (w? + 4wd + T9*)*.

For ¥ ¢ F,, we have w # £¢,£30. Therefore, there are at most 12 values of
w € I, such that the list does not avoid squares.

For w € F,, denote by N/ the number of elements y € F, such that
X(gi(w,y)) = &;, for i = 2,--- .5 where g; = 1 for i = 2,5 and ¢; = —1 for
i = 3,4. Then, since N, < ¢, the estimate for each of these 12 values equals

15
‘N’ 7] < (3.3)

w16 = 167

To apply Theorem for the remaining w € F,, we need to know the sum of
degrees in y of the polynomials from the list. The leading coefficients of f;(x,y),
2 <4 <5, are equal to 1, —(z —9)*(x — 39), —(z —9)* and 29(J — ). Since w #
9, 319, the degrees in y are 1,2, 3, 2, respectively, for each x = w. The conjugates
then have the same degrees. Summed up, this yields D =2 +4 + 6 + 4 = 16.
Therefore, by Theorem [3.13]

g(\/aﬂ)%—\/a@—;):lll;\/ms. (3.4)

Finally, it remains to sum the estimates (3.3) and (3.4)) over all the values
of w € F, such that ¢;(w,y) = w? — ¢ is a square in F,. Denote the set of all
x € F, such that x(g1(z,y)) = 1 by S. The list in F,[z], consisting only of the
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polynomial g;(x,y), avoids squares, and D, = 2 is the degree of the polynomial in
x, as © # 9. By Theorem [3.13) ||S| — | < (/g + 1)2 — \/6(1 — %) =741,
As in all the propositions before,

¢| 113 12.15 113 77
N, — 2| < g% 18 - /2 10
Eq T e T T T I

where the estimates and are used 12 times and ¢ times, respectively,
as this is an upper bound. To obtain the lower bound, first apply the triangle
inequality. Then by > ,cq V), = | Ko N K| and by the upper bound on S, which
equals |S] < € + ? + 1, the estimate is equal to

1% N;U—% > %N{U—%é > \[Ko N Ky| — <g+\f+1> 1%
2 P
= ||Ko N Ky| — <32+32+ 16) ‘
To obtain the result, simply put the two estimates together. O
Proposition 3.18. We have
KM K| - (gz + qgf + 3q2> = 2385 Vit 12;13@

Proof. We know that the size of the intersection K; N K5 equals the number
of elements (z,y) € F2, x # y, such that ho(x), ho(y), hi(z,y) and hy(y, z) are
nonsquares in I’ and hs(x,y) and hs(y, x) are squares in F', by Lemma and
Lemma [2.10}

Denote
fi(z,y) = ho(x) fo(z,y) = ho(y)
f3(x,y) = hi(y, z) fa(x,y) = hai(z,y)
[5(z,y) = ha(y, ) fe(z,y) = hao(z,y).

) =

By Lemma , if we put gi(z,y) = fi(z,y)fi(z,y), for i = 1,...,6, we
get polynomials that belong to F [z, y] and fulfill x'(fi(z,y)) = X(gz(x,y)) for
(x,y) € ]Fg. Since fo(x,y) = foi_1(y, ), i = 1,2,3, it does not matter which of
the variables we fix. Thus, let us continue with the initial fixing of z = w € F,.
Then the polynomial ¢;(w,y) = w? — ¢ € F,[y] has zero degree; thus, we cannot
apply Theorem to it and it will need to be incorporated later in the proof.
Therefore, the list of polynomials in F,[y] with which we will initially work is

{gi(w, )}y
Next, calculate the upper bound on the number of w € F, for which the list
{g:(w,y)}°_, does not avoid squares. Compute the product

ng w,y) = —(w—9)*(y —9) (w+9)*(y + 9)'G(w,y),

where G(w,y) has the following form
G(w,y) = (wy + wd — 3y + 9?)(wy + 3w — yI + 9%)x
(wy — w + 3y0 + 9% (wy? 4 209 — dwyd + y*I — wI? + 93)x
(wy — 3wd + y0 + 9% (—wy? + 2wV — 4wy + y*I + wid? + 9?) x
(w?y — w0 + dwyd — 229 — yI? — V) (wy + w2 — dwyd + 2y*0 — yI* +9°).
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Except for the polynomial gy(w,y) = (v — ¥)(y + ¥), which is not a square
in IF,[y], none of g;(w,y), i = 2,---,6 divides P(w,y)/G(w,y). Therefore, the
q

number of w € F, such that {g;(w,y)}}_, avoids squares can be estimated using
the discriminant. Mathematical software computes the value of discriminant of
G(w,y) as

disc, (G(w, y)) = —2%w* (w — 79)(w — 9)%" (2w — 9)I™ (w + 9) (2w + I) x
(w + T9) (w? — 4w — 9%)*(w? + 4w — 9?)*(w* + 9)°(3w* + 9%)*(w? + 39%)*x

(w? — 2wV + 59%)*(w? + 2w + 59%)(w* — wI — w¥? — 79*)%*x
(w? — 3w — w* — 59°)*(w* — Tw?Y — wi?* — 9*)°(w* + Tw?Y — wI* + ¥?*)°x
(w? + 3w — wi? + 593 (w? + w9 — wi? + 79%)%

Since w # ig, +9, £77, there are at most 33 values of w € F, for which Theo-
rem |3.13| cannot be applied.

Denote by N, for w € F,, the number of y € F, such that x(g;(w,y)) = i,

where ¢; = —1 for ¢ = 2,3,4 and ¢; = 1 for ¢ = 5,6. Then, for the 33 above-
mentioned values w € IF, the following holds

31

q
< —q. 3.5
> 3261 (3.5)

-
Y32

For the remaining values of w € F,, the prerequisites of Theorem are met.
The leading coefficients of polynomials f;(x,y), as polynomials in y, i = 2,...,6,
equal 1, z — 9, 20(9 — x), —(x — )2, and (z + 9)(x + 39), for each z = w. Since
x # 11, =319, the degrees are equal to 1,3,2,2,2. The conjugates are of the same
degrees and so D;, = 2+ 6+ 3 -4 = 20. By Theorem we now for each of these

w e [, get

S(\/c_1+1)l;;—\/§<1—215):2;29\/§+10. (3.6)

As a last step, it remains to sum the upper bounds of |V}, — 7| over all the
values of w € F, for which the polynomial g;(w,y) = w? — ¢ is a nonsquare in F,.
We will estimate this again using the Weil bound, but this time on a polynomial
in z. Denote by S the set of all z € F, such that x(¢g1(x,y)) = —1. The list
{91(z,y)} in F,[z] clearly avoids squares and D, = 2. Then Theorem yields
[S] = 4| < g + 1 as in the previous proposition.

Similarly as for the other intersections, we get

q 289 55 33-31 289 1343
N, — =< —¢24+10 =P ==
w% v 39| = 32t TR TR T
where we applied (3.6]) for all values w € I, and ({3.5]) for the 33 exceptional values.
The lower estimate is then obtained by using the triangle inequality, the fact that
the size of our desired intersection equals Y, IV, and finally the estimate on
the size of S from above

q
!
’Nq —g

4,

q q q ., 4 q
SN, - ==| > ZN{U—Z‘Z | Ky N K| — <++1> -
weS 32 wesS weS 32 2 2 32
2 3/2
q q q
= KiNK)|—|—=4+—+—=—1|]|.
[ N K| (64+ 64 +32>
The two estimates above give statement of the proposition. [
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Proposition 3.19. We have

3/2

2

q  q q 49 55 119
KNk — (L4 4} 2 =
|| 0 1 K| (16+16+8>‘_8q tgt

Proof. By Lemma [2.7|and Lemmam the number of elements (z,y) € F;, x # y,
such that ho(y) and hg(x) are squares in F' and at the same time hs(z,y) and
hs(y, x) are nonsquares in F' equals |Ky N K3|. Let us denote

fi(z,y) = ho(x) fo(z,y) = ho(y)
fa(z,y) = ha(y, z) fa(z,y) = ha(z,y).

Denote g;(z,y) = fi(z,y)fi(z,y), for i = 1,... 4, then g;(x,y) are bivariate
polynomials with coefficients in F, and for all (z,y) € F2 we get x/(fi(x,y)) =
x(g:(z,y)), by Lemma [3.4 As before, we need to fix one of the variables so that
we can use the Weil bound. However, here again fo;(x,y) = foi_1(y,x) fori = 1,2,
so both choices are equivalently convenient. Thus, let us first fix = w € F,.
Then again, the polynomial g;(w,y) = w* — ¢ € F [y] is a constant and does not
meet the prerequisites of Theorem [3.13] We will leave it out for now and later
work with it as a polynomial in .

Consider a list of polynomials {g;(w,y)};_,. To get to the size of Ky N K3
using Weil bound, the list needs to avoid squares. There might be some values of
w € F,, for which this is not true, and those will be estimated separately; let us
put an upper bound on the number of such values of w € F,. Put

P(w,y) = 1:[29i(w, y) = —(w —9)*(y — 9)*(w +9)*(y + 9)°G(w, y),

where the factors of power equal to one are

Gw,y) = (Wy — W + 4wyl — 2520 — yi? — ¥*)x
(wy? + 2w*9 — dwyd + y*9 — wi? +9*)x
(—wy? + 200 — dwyd) + y*I + wi® + 9%)x
(w?y + w9 — dwyd + 229 — y* + 9%).

The same as in the previous proposition, only the polynomial go(w,y) =
(y — V) (y +9), not a square in F,[y], divides P(w,y)/G(w,y), therefore, we can
proceed as before. The discriminant of the polynomial G(w,y) has the following
form

disc, (G(w, y)) = —2%w* (w — 79)(w — 9)* (2w — 9)I"® (w + 9)* (2w + J) x
(w + 79)(w?* + 9 (w® — Tw?I — wi* — ) (w® + Tw?I — wd* + 9*)%

For w ¢ {£39, £, £70}, there can be at most 9 values of w € F, such that the
list does not avoid squares. For all w € F, denote by NN; the number of elements
y € F, such that x(g2(w,y)) = 1 and x(¢i(w,y)) = —1 for i = 3,4. For any
w € F, clearly N/ < g, therefore, for each of the 9 values of w mentioned above
use

<

‘N{U - g. (3.7)

|

(ol

41



For the other values of w € F,, the left-hand side will be estimated using
Theorem and for that we need to know the degrees of the polynomials in the
list. The leading coefficients of f;(z,y) as polynomials in y are 1, (z — )? and
29(¥ — x). Thus, their degrees are 1,3, 3, respectively, for each choice of x = w.
Polynomials f;(x,y) then have the same degree as f;(x,y), for all i = 2,3,4. In
total, D; = L, deg,g; =2+ 6 + 6 = 14. Therefore, the theorem yields

D! 1

<Vt D)5 - va(1-5) = SVatT (3.8)

To finish the proof, it remains to sum the estimates and over all
values of w € F, such that g;(w,y) = w? — ¢ is a square in F,. Theorem will
thus be applied to a list in F,[z] with a single polynomial {g;(z,y)}. The list
avoids squares and D, = 2 as x # +9. Therefore, if we denote by S a set of all
r € F, such that x(g1(z,y)) = 1, we obtain ||S]| = £] < g + 1.

For the upper bound on the sum of |N;, — [, sum the estimate for each
w € F,, that is ¢ times, and for the at most 9 exceptional values

>

weS

49 9.7 49 119
< §q3/2+7q+7q=f Kl —

q
N/ — =
8 g1 8

Y8

The other estimate follows from the triangle inequality, the fact that by definition
| Ko N K3| =Y ,eg N}, and the upper bound on S computed above

-4z |- S e man sl - (G 1) 8
weS weS wesS
2 3/2
4q q q
=||KoNK3|—|—=+—+=||
|’ 0N K| (16+ 16 +8>|
These two estimates yield the desired inequality. [
Proposition 3.20. We have
2 3/2
q q q 833 4,9 3227
KoNKsNEKy|— | —+—+4+ — || < =+ ="
" 0N K O Ky <128+128+64>‘_64q 64

Proof. The size of | KoM K3N Kyl equals the number of elements (z,y) € Fo, © # y,
such that hs(x,y), hs(y,x), s(z,y)t:(x,y) and s(z,y)t2(x,y) are nonsquares in
F and ho(y)s(z,y)ts(z,y), ho(y), and ho(x) are squares in F. This follows from
Lemmas [2.7] and [2.12]

Instead of ho(y)s(z,y)ts(z,y) being a square in F', we can use the condition
that s(z,y)ts(z,y) is a square in F' as ho(y) must be a nonzero square in F'.

Let us denote these polynomials by

filz,y) = hs(z,y) fol@,y) = hs(y, )
fs(x,y) = s(z,y)t1(z, y) fa(z,y) = s(z,y)ta(x, y)
fs(z,y) = s(z,y)ts(z,y) fo(z,y) = ho(y)

fr(x,y) = ho(z)

For these polynomials, put g;(z,y) = fi(x,y)fi(z,y). Then g;(z,y) € F,[x,y]
and for all (z,y) € F2 we get x'(fi(z,y)) = x(gi(z,y)) by Lemma . Therefore,
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our goal is to estimate the number of elements (z,y) € Fg, x # y, such that
Xx(gi(x,y)) = &;, where
-1, if1<i<4
TV fs<i<T
This can be achieved using Theorem [3.13] but since this theorem operates on
univariate polynomials, we shall first fix one of the variables. In this case, it
is again more convenient to put x = w € F, and use Theorem on a list
{gi(w,y)}_, in F,[y]. After that, we will sum the resulting estimate over all

values of w € F, such that the polynomial g;(w,y) = w® — ¢ is a square in F,.
Consider a product of polynomials from the list

P(w,y) =(w =) (y = 9)°(w +0)"(y +9)’x
(wy + 3w — yi + 9?)*(wy — 3wd + yd + 9°)*G(w, y),

where we put

G(w,y) = (w* — 2wd + 2y9 — 9*)(wy — wi + 3yv + ¥%)x
(wy + w — 3yd + 9%) (w?y — w?P + 4wy — 2y*9 — yi? — 9?)x
(=12 + 2w — 2y 4+ 9%) (wy? + 2w — dwy?d + y*I — wI? + 93)x
(v + 2wd — 2y — 9*)(—wy?® + 2w — dwyd + y*I + wd* + 9*) x
(w? 4 2wl — 2y — 9?) (w?y + w9 — dwyd + 2> — y? + 93).

Since the polynomial P(w,y)/G(w,y) is only divisible by the polynomial gg(w, y) =
(y + 9)(y — ¥9), which is not a square in F,[y], we can estimate the number of
elements w € I, such that the list does not avoid squares using the discrimi-
nant, as we have done many times before. Mathematical software computes the
discriminant of G(w,y) to be

disc, (G(w, y)) = 2w (w — 79)* (w — 59)?(w — 39)*(w — 29)*(w — ¥)"** x
(2w — )9 (w + 9) (2w + 9)*(w + 29)*(w + 39)* (w + 59)* (w + 79)* x
(w? — 59%) (w? — 4w — 9?)%(w? + 4w — 9?)%(w? + 9)?(w? + 39?)* x
(w? — 2wd + 59%) (w? + 2w + 59%)* (w? — dwd + 793 (w? + 4wd + TY9?*)* x
(w® — w? — wid? — 79°)*(w® — 3wy — wi? — 59%)*(w® — Tw?I — wh* — ¥?)*x
(w? + Tw?V — w? + %) (w® + 3w?) — wiI? + 59%)(w? + wI — wI?* + 79°)2.

Since w ¢ {j:%ﬁ, +10, £20, £30, £50, £70}, there are at most 37 values of w € F,
such that the list does not avoid squares. Denote by N/, the number of y € F,
such that x(g;(w,y)) =¢; fori =1,...,6. Then trivially N| < ¢, and so for these
37 values we have
q 63
N — 2| < —q. )
‘ v 64| = 647 (3:9)

For the other w € F,, let us determine the value of D, = 329, deg,g;- The
leading coefficients of the polynomials f;(x,y) € F,[y] are equal to 29(J — x),
(x — )2, —(z — 39)(z — )%, —(z — )2, —=29(x — ), and 1. None of these
coefficients can equal zero and since the degrees of conjugate polynomials are the
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same as the original polynomials, we get D) =6 +6 +4 + 6 + 4 + 2 = 28. This
holds for any choice of x = w € [F,. Theorem yields the following estimate

q D; 1 833
‘NZU—M g(\/;]+1)21/_\/§(1_64):64\/§+14. (3.10)

Finally, we need to sum the estimates of | N, — & | over all the values of w € F,
that fulfill the condition that the polynomial g;(w,y) = w? — ¢ is a square in F,,.
The number of such w can be determined again using Theorem this time on
a list in F,[z] with a single polynomial {g7(z,y)}. Then this list avoids squares
and D, = 2. Therefore, if we denote by S the set of all elements x € I, for which
x(g7(x,y)) = 1, Theorem [3.13 yields ||.S]| — £| < g + 1.

Now, if we take the sum of |N,, — &, first use the triangle inequality, then the
fact that |Ko N K3 N Ky = Y5 NV, and upper bound on S from the estimate
above, we obtain

q q q  Va q
SN, == >|D> Ny, = > —|>||KoNK3N Kyl — (—l——i—l) C—
wes 64 wes wes 04 2 2 64
2 3/2
q q q
=||KoNKsNKy| — | —=+-—+—=1||
|‘ 0 N K3 N Kyl (128+128+64>'
The estimate from the other side then follows directly from ({3.9)) and (3.10))
q 833 37-63 833 3227
N — 1| < 2432 1+ 14 = — 34 =
ES v S e T T 1T e T e
and the combination of the two inequalities above gives us the result. [

Proposition 3.21. The intersection K1 N Ky N Ky is empty.

Proof. The number of elements in the intersection K; N Ky N Ky is equal to the
number of elements (z,y) € ]Fg, x # y, such that ho(y), ho(z), hi(z,y), hi(y, x),
s(z,y)t1(z,y) and s(z,y)t2(x,y) are nonsquares in F' and ho(x,y), ha(y, x) and
ho(y)s(z,y)ts(z,y) are squares in F, by Lemma [2.8] Lemma and Lemma
2.12| Denote three of these polynomials by

fl(l‘,y>:8(l’,y>t1(l’,y) fg(l‘,y):hg(ﬁ,y) f3<l’,y) :h2(y7x>‘

and once more define g;(x,y) = fi(x,y) fi(x,y) for 1 <i < 3. Using this notation,
a part of the right-hand side condition can be reformulated as the product
[12_, fi(x,y) being a nonsquare in F. By Lemma , this happens for a given
pair (z,y) € F2 if and only if [[;_, g;(,y) is a nonsquare in F,. However,

3
[T oi(@,y) =(x = 0)*(y — 0)*(x +9)*(y +9)*(2y + 29 — 3yd +9%)*x
i=1

(zy + 329 — yd + 9%)*(zy — 329 + yI + 9%)*(vy — 29 + 3y + 9°)?

is clearly a square in F, for any choice of (z,y) € ]Fg, x # y. Therefore, the
number of elements that fulfill the right-hand side condition equals zero and so
the set K1 N Ky N Ky is empty. O
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From the bounds established in this chapter and from Theorem [3.13] itself, we
can see that the estimates of set sizes depend solely on the number of conditions
on polynomials that define a given set regardless of the parity of these polynomials.
However, by Theorem [3.13] the tightness of the estimates depends on the degrees
of the polynomials from the list. In the next chapter, we will combine everything
we have learned so far and draw the final conclusion about the conjecture in
question.
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4 The asymptotic estimate

Earlier, we denoted by N a quadratic nearfield upon F', that is, a nearfield
of order ¢*. In this chapter, let us denote it by N2 to emphasize the size. Let
c € Nz \{0,1}. By construction in Section each of these ¢> — 2 choices for ¢
yields a quasigroup, and we are interested in the density of ¢ such that N, () is
maximally nonassociative. Denote this density by p(N,2).

Theorem 4.1. Let q be an odd prime power and Ny a quadratic nearfield of
order ¢*. Put d = 2L = 0.2890625. Then p(N,z2) — d as ¢ — 00.

128

Proof. By Corollary , we have ¢ ¢ K; for 0 < i <4 iff the quasigroup N (x.)
is maximally nonassociative. Therefore, for ¢ odd prime power,

| Ui Kil

p(Ngp2) =1— 7 2

b

where the numerator of the fraction satisfies

4

U &

1=0

4 3
=0 1=0

by the inclusion-exclusion principle and by Section [3.2)and Proposition [3.21], where
the emptiness of some of the intersections was discussed.
Therefore, the asymptotic density can be expressed as

lim p(Np2) =1— lim |U Kil

q—00 q—o0 q2_2
K KoNnKsNK
=1— ( lim |2°| Lo i BN KN EY ,(4)
g g -2 g—o0 q2_2

where both the equalities hold due to the Limit Arithmetic Theorem if we verify
that the right-hand side expression is well defined. Let us determine the limits in
the sum. Note that in the limits, we only assume values of ¢ that are odd prime
powers, even though it is not explicitly mentioned.

By Lemma [3.1] |Ko| = —2 + (¢* + 3) /4, thus

K, 24 CF
lim | Kol = lim ———&4 =

q—o0 q2 -9 q—ro0 qQ -9

o |

According to Lemma [3.5]

17 19
K. < ¢+ —q.
‘| 2 3= 861 +2C]
Therefore,
1 ¢ _17.3/2 _ K 4 4 17,3/2 4 19 1
— = lim -8 8q 2qglim | Ko < lim -8 84 29 _ ,
q—o0 q -9 g—00 q2_2 q—00 q2_2 8
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so the inequalities become equalities and

Kol 1

lim =—.
=0 g2 —2 8
By Corollary [3.3] we have |K;| = |Ks|, thus lim, o [K:]/(¢* — 2) = 1/8.
The other values are obtained similarly. However, for the sake of completeness,

we provide the calculations for all the limits.
By Lemma [3.6] the size of K3 can be estimated by

2 13 19
’\Kg\ - qz < quﬂ—l—?q, and thus,
¢ _13.3/2 _ 19 ¢ 4 13 .3/2 4 19
}:hm‘l 14 2q§hm K| glim4+4q +2q:1’
q—>00 > —2 g0 g2 — 2 T g9 > —2 4

therefore, lim, o, |K3|/(¢*> — 2) = 1/4.
The estimate of | K| from Lemma (3.7|is given below along with its application
to the asymptotic size of Ky

2
3| 57 4, 121
_ 1l = —
‘IK4| I AR
¢ _ 57,.3/2 _ 121 K 4 4 57,3/2 4 121 1
Z = lim -8 qu nglim | K| < lim -2 84 8q:—.
q—00 q — 92 q—00 q2_2 q—00 q2_2 8

Thus, inequalities also become equalities.
In Proposition [3.14] we learned that

2 417 1595
L~

32| =~ 32 30 &

This estimate can be again applied from both the sides on lim,_, | K3NKy|/(¢*—2)
to obtain 1/32 < lim, . |K3 N K4|/(¢> — 2) < 1/32. Therefore, the asymptotic
size of this intersection equals 1/32.

The estimate established in Proposition has the following form

2 3/2

q q q 385 4,5 1129
Konk|— (L2 L)) <2282 227
‘| 2N K| (64+ 64+32>‘_ 320 Tt

Similarly as in the previous cases, we use this to estimate the asymptotic size of
the intersection of sets Ky and K4. We get

2 769 ,3/2 141 2 771 3/2 | 565
RN ek it (PSRN L CLAT (1 NN sk 7 el X S
64 g q® — 2 g0 g2 — 2 q—00 q® — 2 64

from which it is easy to see that lim, o [K2 N Ky4|/(¢* — 2) = 1/64.
Estimate |K; N K| in the following way

q2
K NK, -+
K0 Kl 64

705 699
< 22 .3/2 . 777
ST Tt
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using Proposition [3.16l Next, apply this estimate on the asymptotic size of K1 NK},
which gives us limg o [K1 N Kyl/(¢* — 2) = 1/64 since

2 705 3/2 699 2 705 3/2 | 699
i:limgj_ﬁq/_372q<li 7|K1HK4|<limgj+aq/+37q:i
q—00 q2_2 — g—oo q2_2 — g—oo q2_2 64

For the size of KqgN Ky, we have

2 3/2 113 77
q q q 3/2
KinKyl—-|—=4+"—+->=-1|< — + —
‘| 0 4| (32 32 16>| 16q 4q’

by Proposition Using this to estimate lim, . [Ko N K4|/(¢* — 2) yields

2 225 3/2 307 2 227 3/2 | 309
izlimgﬁz_gq/_Eq<limi’K0mK4‘<lim%2—|—§Q/—i_ﬁq:1

32 q—00 q2 -9 — g—oo q2 -9 — g—oo q2 -9 @’

which implies that all inequalities have to be equalities.

For determining lim, ,. |K; N K3|/(¢*> — 2), we use Proposition [3.18 In the
following, we provide both the estimate from the proposition and its application
to the limit

2 3/2 289 1343
‘IKl N K- (q + I+ q) | < S+ =,

64 64 32/ 32 32
2 _ 517 671 2 | 579
1 SR TGO+ T 42 1
q—00 > —2 g0 g2 —2 q—00 > —2 64
which tells us that lim, .., [K; N Ks|/(¢* —2) = 1/64.
We have P .
N
fim 0O K| 1 (4.2)
g0 g2 — 2 16
By Proposition [3.19]

3/2
2L a4 g, 19
16 16 8 8 8

2
‘|K00K3|—<q+q+ + =4

and therefore

2 97 3/2 _ 59 2 99 3/2
i:lim f5 — 164" _qu limMS lim T —|-15q:i7
q—00 > —2 g—oo g2 —2 q—00 g —2 16

so inequalities become equalities and (4.2)) holds.
Finally, according to Proposition [3.20] the size of the only non-empty triple
intersection can be estimated by

2 3/2

q q q 833 5, 3227
KonKsnky — [+ L4 L) <22 ppy 2220
1Ko 1 Ks 1 Kl <128+128+64>|_64q T

Application of this estimate to the limit of the size of Ky N K35 N K, yields

e 1665 3/2 1613 e 1667 3/2 807
i 18 0 = Ko N K DK s e 6
g—00 q2 -9 q—0o0 q2 -2 q—00 q2 -2
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from which it follows that lim, ., | Ko N K3 N Ky|/(¢* — 2) = 1/128 as the limits
on both sides equal 1/128.
By the calculations above and by (4.1)), the asymptotic density equals

1 1 1 1 1 1 1 1 1 1 1 1

; — 11— - _-_-_Z B T T T T T
L p(Ng2) 18 8 1 stmTeater e T 16 1
37
— 2L 0.2890625
128 ’
which is the desired result. ]

We have therefore confirmed the conjecture from [5].
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Conclusion

We have demonstrated that Weil’s estimate on character sums may be used
to verify the conjecture formulated in [5]. The authors of the paper, Drépal
and Lisonék, computed that the asymptotic density of maximally nonassociative
quasigroups constructed from quadratic nearfields lies between 0.288 and 0.29. In
Theorem , we have proved that the exact value is equal to 37/128 = 0.2890625.

Confirmation that this asymptotic density of maximally nonassociative quasi-
groups is as high as conjectured is great news for their potential application, as
described, for example, in [10]. This suggests that Stein’s construction could be
used in obtaining large maximally nonassociative quasigroups by random sampling.
Starting from a quadratic nearfield N, we can construct a quasigroup N (*.) using
this method and to verify that it is maximally nonassociative, we simply need
to evaluate whether the element ¢ belongs to any of the sets K;, 0 < i < 4. If
we select the element ¢ uniformly randomly from N \ {0,1}, then the proved
asymptotic density suggests a high success rate.

For comparison, let us mention other known results. We have already indicated
in the introduction of this thesis that the existence of maximally nonassociative
quasigroups for different orders is being proved by different quasigroup construc-
tions. In [7], for example, the authors use quadratic orthomorphisms. Starting
with F,, where ¢ is an odd prime power, and a, b € [F;, they define

r+a(ly—z) if y—xisa square,
TRy =
Y x4+ b(y —x) if y — x is a nonsquare,

for all x,y € F,. Then F,(*) is a quasigroup if and only if ab and (1 — a)(1 —b)
are squares and both the elements a and b are distinct from 0 and 1. The set of
all such pairs (a,b) € F2, that in addition satisfy a # b, is then denoted by X(F,).
For further details, see this paper. In a subsequent article [§] they show that for
a random choice of (a,b) € 3X(F,) the construction above produces a maximally
nonassociative quasigroup with probability ~ 0.116 if ¢ = 1 mod 4, and with
probability ~ 0.050 if ¢ = 3 mod 4. The Stein’s construction on quadratic
nearfields, on the other hand, yields a maximally nonassociative quasigroup with
probability as high as ~ 0.289.

It may also be of interest to see what the asymptotic density would behave
like if, in the proofs of the propositions in Section we only counted the pairs
(w,y) € Fg for the exceptional values of w € F, for which the Weil bound could
not be applied. This task would first require a better analysis of these situations
as the method using discriminants does not directly provide their characterization.
For maximally nonassociative quasigroups based on quadratic orthomorphisms,
the determination of the asymptotic density in analogous special cases was the
objective of [1], which revealed that in some of the cases the results are quite
different from the general ones.

Finally, we were concerned only with quadratic nearfields in this thesis, but
we could also explore the existence of maximally nonassociative quasigroups and
their density when starting from other nearfields, for example ternary. Similarly,
the construction of orthomorphisms can be generalized; see [4] (Lemma 2.14),
where Drapal and Hora study cubic orthomorphisms. For nearfields, there has
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been little research in this direction. In [5], the authors performed an exhaustive
search on all proper nearfields of orders up to 10° and based on their results
conjectured that for each finite nearfield there exists a maximally nonassociative
quasigroup obtained by Stein’s construction. However, its correctness has not yet
been decided.

In conclusion, we believe that the objectives of this thesis have been achieved
successfully. We explained the construction of quasigroups from nearfields along
with the criterion on the maximal nonassociativity of such quasigroups. We
then analyzed this criterion in the case of quadratic nearfields and, as our main
result, using the Weil bound, determined the asymptotic density of maximally
nonassociative quasigroups based on these nearfields.
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