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Introduction

In this thesis, we are primarily interested in finite algebras. In particular, we
would like to know when an algebra A has a symmetric term operation of ev-
ery arity, that is an operation whose output only depends on the multiset of
arguments. Currently, it is unknown whether the existence of such operations
is a decidable problem or not. Hence, the goal of this thesis is to move towards
answering the question of decidability of this problem.

There are a couple of reasons why we would like to be able to decide this
problem. Firstly, symmetric operations are interesting on their own and secondly,
almost a practical motivation to study this question comes from the area of
fixed template constraint satisfaction problems: It is known (see [I]) that a finite
algebra A has a symmetric term operation of every arity if, and only if, the
constraint satisfaction problem over A can be solved by the so-called basic linear
programming relaxation.

The idea for deciding this problem is the following:

Conjecture 1. Let A be a finite algebra. If A contains a symmetric term oper-
ation of arity 1,2, ...,|A|, then A contains a symmetric term operation of every
arity.

In this thesis, we prove this conjecture to be true for algebras of size 3.

Theorem 1. Let A be a 3-element algebra that contains a symmetric term oper-
ation of arity 1,2, and 3, then A has a symmetric term operation of every arity.

The strategy for proving the latter theorem was proposed by Zarathustra
Brady through personal communication. Brady showed that in the case of 3-
element algebras, to obtain certain weaker symmetric operations, it is sufficient
enough to prove certain combinatorial lemma about linear orders and to prove
the existence of term operations satisfying specific identities, which follows from
[2]. The proof of the combinatorial lemma can be found in Chapter 2. The
proof of this lemma constitutes the author’s contribution. It is also important to
note that the proof of the combinatorial lemma was independently discovered by
Marcin Kozik. Nevertheless, it was not known to the author of this thesis at the
time.

Later, it turned out that Brady proved Conjecture (1| for 3-element algebras
(see [3]). A detailed version of his proof is given in the last chapter of this thesis
and is another author’s contribution.

It is also worth noting that Zarathustra Brady and Holden Mui proved an
even stronger result (see [4]). If an algebra A of size at most 4 has a symmetric
term operation of every arity up to |A|, then A has a symmetric term operation
of every arity.



1. Preliminaries

In this chapter, we present important notations and a comprehensive list of def-
initions that will be used throughout this thesis. We recommend familiarizing
yourself with all these definitions before proceeding to the subsequent chapters,
as the concepts introduced here will be referenced frequently in the text.

1.1 Notation

We begin by introducing some notation. N denotes the set of positive integers.
Non-negative integers are labeled Ny. [n] denotes the set {1,2,3,...,n}, where
n € N. The power set of a set X is denoted by 2%. For any set X and any
k € Ny, the set ()k? C 2% denotes the family of all subsets of the set X that
contain exactly k elements. Furthermore, the cardinality of a set X is denoted
by |X|. S, stands for the set of all permutations (bijective functions from [n] to
[n]) on the set [n].

1.2 Orders

Many objects in mathematics are defined as a relation with some additional prop-
erties including functions, equivalences, congruences, orders, and so on. For this
thesis, we include a definition of strict order and strict linear order. Formally, it
goes as follows:

Definition 1 (Strict orders and strict linear orders). A binary relation <
on a domain D is called a strict order if it is irreflexive and transitive. In addition,
a strict order < is called linear (or total) if for every z,y € D either x < y or
r=yory-<=«wc.

Furthermore, if X is a set and < is a strict linear order on the set X, then the
binary relation <! on X, defined as <~ ':= {(a,b) € X? | b < a}, is also a linear
order on X. In addition, we define a couple of needed notions for strict orders on
a power set of some set.

Definition 2 (Graded linear orders). Let D be a set and let < be a strict linear
order on 27, then < is called graded if the following is true for any U,V C D: if
|U| < |D|, then U < V.

Definition 3 (Image of a strict linear order). Let 7 : A — B be a function
and let < be a strict linear order on 24, then we define the image of < under 7 as
a binary relation on 27 in the following way: X 7(<)Y =77 4X) < a7 1(Y),
where 77 1(V) :={x € A| n(z) € V C B}.

A key observation is that an image of a strict linear order on the power set of

some set under a surjective function is also a strict linear order on the power set
of the function’s co-domain.

Definition 4 (Strict orders extending inclusion). Let D be a set. We say
that a strict order < on X C 2P extends inclusion C if for all U,V C D the
following implication holds: if U C V, then U < V.
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An important example of a linear order is the lexicographic order on subsets
of natural numbers. It is a routine exercise to show that a lexicographic order,
as defined below, is a strict linear order on 2V,

Definition 5. Lexicographic order is a binary relation < on the set 2" defined
as
X <lex Y =min(X \ (X NY)) <min(Y \ (X NY)),

where min(()) := 0 and < is the usual linear order on N.

The last notion that we define in this sub-section is a partition of a set, as it
is frequently used in the thesis.

Definition 6 (Partitions). Let X be any non-empty set. We say that a non-
empty subset P of the set X is a partition of the set X if the following three
conditions are all satisfied:

o every set A € P is non-empty
o the sets in P are pair-wise disjoint

[ UP:X

1.3 Algebras and term operations

Let us continue with a definition of algebras and operations on a certain domain.

Definition 7 (Algebras and operations). An operation on a non-empty set
A is a mapping whose domain is A", where n € Ny, and whose co-domain is A.
Consider a set of function symbols F = {f; | i € I}, called a signature of A,
where each symbol has an assigned arity ar(f;) € Ng. The pair A := (4, (f*)ier)
is called an algebra over (in) the signature F if A is a non-empty set (the universe
of A) and for every i € I, the function f* : A*(i) — A is an operation called a
basic operation of A. Algebra A = (A, (f*)ic;) over a signature F is said to be
finite if |A] € N.

Furthermore, we define term operations of an algebra A as operations that
are obtained by composing the basic operations of the algebra. Formally, these
operations are defined via terms, which are syntactically meaningful expressions
that involve variables and symbols from the given signature. These terms are
interpreted as operations by substituting elements from the universe of the given
algebra.

Definition 8 (Terms). Let X = {z,zs,...} be a set of variables and let F be
a fixed signature disjoint with X. We say that every variable in X is an F-term,
every function symbol f € F of arity 0 is an F-term, and if wuq,...,us, where
k € N, are F-terms and f € JF is a k-ary function symbol, then the concatenation
fuy, ..., up is an F-term.

Definition 9 (Term operations). Let X = {x;,z9,...} be a set of variables
and let F be a signature disjoint with X. If A = (A, (f*);er) is an algebra
over the signature F and ¢ is an F-term, then we associate to the pair (¢,x) =
(t,(z1,...,2,)), where x is an n-tuple of variables from X and n € Ny, an n-ary
term operation t* : A" — A on A which is defined as follows:

4



e If n=0and t = c for some 0-ary ¢ € F, then t* = c*.

o Ifn>0andt =z, for somei € [n], then t*(a) = a;, where a = (ay, ..., a,) €
A",

o Ifn>0andt= fuy,..., u for some k-ary function symbol f € F and some
F-terms uy, ..., uy, then t*(a) = fA(ut(a),...,us(a)), where a € A™.

Lastly, the set of all term operations of an algebra A is denoted by Clo(A).

Definition 10 (Generalized composition). Let n, k be natural numbers and
suppose f is an operation on a set A of arity n and g1, ..., g, are operations on a
set A of arity k, then we define a new k-ary operation f o (g1, ..., gn) by

(xla 7$k) = f(gl(xla "'71'16)7 "'7971(3317 7xk)) : Ak — A
called the generalized composite of f with g1, ..., gn.

For examples of algebras and a comprehensive explanation of the concepts
mentioned above, refer to [5].

A special case of term operation of some algebra is a symmetric term op-
eration, where the output remains unchanged even if the input tuple of values
is permuted. Another important type of term operation is a k-symmetric term
operation. These operations are symmetric for inputs that consist of at most k
distinct values from the universe of A.

Definition 11 (Symmetric term operations). Let t* : A" — A be a term
operation of an algebra A, where n € N, then t* is said to be symmetric if for all
T € S, and for every aq,...,a, € A t*(ar(1), -y Qr(n)) = t4(a1, ..., an).

Definition 12 (k-symmetric term operations). A n-ary term operation t*
of an algebra is called k-symmetric if for all # € S, and for each ay,...,a, €
A the following implication holds: [{ai,...,an}] < k = t*(ax), s Gn(n)) =
tA(ay, ..., a,), where k,n € N.

1.4 LO-system of operations

Definition 13 (Minors of an operation). Let ¢ : A — A be an n-ary oper-
ation on a non-empty domain A and let 7 : [n] — [m] be a mapping, then we
define the minor of t given by 7, denoted as t™, as an m-ary operation on A as
follows:

Vi, .. @m € Ait™ (21, .., Tm) = t(Tr1), o, Tu(n))-

An important observation is that for any mapping 7, the minor of a term
operation of some algebra given by 7 is again a term operation.

Definition 14 (LO-system of operations). Let L(X) denote the set of all
strict linear orders on 2% which extend inclusion C, then an LO-system of oper-
ations is a family of operations

(tn,x,<)neNpc XCln],<eL(x) on a domain A such that

o forallneN, X e 2l <¢e L(X), the operation ¢, x < has arity n,
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o forallm,n € N, X € 2", <€ IL(X) and for every mapping 7 : [n] — [m] :
nX.< = tma(X0)n(<):

It follows from known results that symmetric operations up to arity |A| imply
an important property of A, called bounded width, which e.g. characterizes con-
straint satisfaction problems solvable by consistency methods, see [I]. Zarathustra
Brady proved that bounded width is equivalent to the existence of an LO-system
of term operations. In particular, we have the following consequence, which is
essential in our proof of Conjecture [1] for 3-element algebras.

Theorem 2 ([3]). Let A = (A, (f)ses) be a finite algebra in a signature F. If
A has symmetric term operation of every arity up to |A|, then Clo(A) contains
LO-system of operations (t, x,<)neN0c XCln),<eL(X) -



2. On the way to symmetric
operations

2.1 Six orders lemma

In the introduction, we discussed a combinatorial lemma proposed by Brady and
independently proved by Kozik. In this chapter, we present the author’s proof of
this lemma. Additionally, we will explore how to use this lemma to find almost
symmetric term operations of large arities of some three-element algebra. This
will demonstrate the key ideas that can be found in Brady’s proof of Theorem [3]

Lemma 1 (Six orders lemma). For every n natural and every subset X of
the set 2" there exist 8 linear orders <i,<3,<3 on the set X such that if
{A,B,C} C X form any partition of the set [n] and if A <jex B <iex C, then

A< B<{C,

C <3 A<J B,

B <} C <3 A
Moreover, if we define <i,<5, and <3 as the inverses of <{,<3,<3, respec-
tiely, and if {A, B,C} C X is an arbitrary partition of the set [n|, then the

restrictions of <¢, where i € [3] and a € {+,—}, onto the set {A, B,C} are all
the siz linear orders on the 3-element set {A, B,C'}.

The idea for the proof. We define the linear orders in such a way that if
{A, B,C} C X is an arbitrary partition of the set [n] with A <jox B <jex C, then
the following is satisfied:

e A<{ B<{C ANC<iB<i A
e < A<§ BANB<y A< C
e B<iC<i ANA<;C<; B

Note that this condition must hold for all partitions ordered by the lexico-
graphic order <jey.

Proof. Let n € N and X C 2" be arbitrary. For the first order, put <{ =<,
as defined in Definition [5] It follows trivially that this relation is a linear order.
Suppose that {A, B, C} C X is any partition of the set [n] such that A <jex B <jex
C, then we have A < B <7 C. Consequently, it follows that C <] B <] A,
since < is the inverse of <.

Now, let us define the order <3 on X in the following way:

A<fB = (1€ AN1€B A B°<jx A9V

(le¢ AN 1¢ B A min(B) <min(A9)) V
(1¢ A AN 1€ B A min(B° <min(4)) V
(

1¢AN1¢B AN B<jxA)



Note that the complement of any subset A of the set [n] is always taken with
respect to the set [n]. More precisely, for any A € 2" : A¢:= [n] \ A.

We start with the proof of irreflexivity of <. Let A be an arbitrary element
of X. By way of contradiction, we assume that A <5 A. If 1 € A, then by
definition, A <jx A°. However, this cannot be true since <. is irreflexive.
Therefore, 1 ¢ A, which yields A <jox A — a contradiction.

Secondly, we show that <3 is transitive. Let A, B,C € X be arbitrary. If
A <3 B and B <3 C, then we have to examine 4 cases:

Assume that 1 € AN B. Since A <5 B, then we have B¢ <j, A°. Now,
if 1 € C, then the condition B <3 C implies that C°¢ <j B¢. Using the
transitivity of <jex, we get C°¢ <jox A¢. Therefore, 1 € ANC and C°¢ <)o A€,
which yields A <3 C. If 1 ¢ C, then min(C) < min(B°). Since A <3 B, we
have B¢ <jox A°. This implies that min(B¢) < min(A°). By the transitivity
of <, we also have min(C) < min(A°¢). Therefore, it follows that 1 € A\ C
and min(C') < min(A), which shows that A <3 C.

Suppose 1 € A\ B. Then min(B) < min(A°). If 1 € C, then min(C¢) <
min(B). Therefore, min(C*) < min(A®), which implies that C° <j A°.
This shows that 1 € AN C and C° <y, A°. Thus, A <3 C. If 1 ¢ C,
then we get C' <jox B, which means that min(C') < min(B). Therefore,
min(C) < min(A°). This implies that 1 € A,\C and min(C') < min(A°).
Thus, A <3 C.

If 1 € B\ A, then min(B°) < min(A). If 1 € C, then C° <)o, B¢, which
implies that min(C°) < min(B¢). Thus, 1 € C'\ A and min(C°) < min(A).
Therefore, A <3 C. If 1 ¢ C, then min(C') < min(B°). Hence, using the
transitivity of <, we have min(C) < min(A). This means that 1 ¢ AUC
and C <jex A, which yields A <3 C.

If 1 ¢ AUB, then B <jx A, which shows that min(B) < min(A). If 1 € C,
then min(C*) < min(B) since B <3 C. This yields min(C¢) < min(A) and
1€ C\ A Thus, A<3 C. If 1 ¢ C, then C <)o, B. Therefore, C' <jo, A.
Hence, 1 ¢ AU C and min(C) < min(A), which implies that A < C.

Furthermore, we prove that <3 is a linear order. Let A, B € X be arbitrary.
If A+# B, then there are 4 cases:

If1 e A A 1€ B, then either B¢ <jo, A or A° <o B¢. If it is the first
case, then A <3 B. If it is the second case, then B <3 A.

If 1 € Aand 1 ¢ B, then either min(B) < min(A°) or min(A°) < min(B).
The first case yields A <3 B and the second one yields B <3 A.

If 1 ¢ Aand 1 € B, then either min(B¢) < min(A) or min(A) < min(B°).
The first case yields A <3 B and the second one yields B <3 A.

If 1¢ Aand 1 ¢ B, then either B <jox A or A <jx B. This implies that
either A <3 Bif B <jox A, or B <§ Aif A <o« B.



Thus, <3 is a linear order. Furthermore, recall that < is the inverse of <.
We show that both <3 and <5 satisfy the condition outlined in the idea of the
proof. Assume that {A, B,C} C X is an arbitrary partition of the set [n| and
assume that A <jox B <jex C. Since the sets A, B, and C are pair-wise disjoint,
we have 1 € A and 1 ¢ BUC. If this were not the case, then one of those
two sets would be smaller than A with respect to the lexicographic order <je.
It is evident that min(A°) = min(B). Indeed: By way of contradiction, suppose
that min(A°) # min(B). If min(A°) < min(B), then min(A°) ¢ B and also
min(A°) ¢ A because min(A°) € A°. Therefore, min(B U C) = min(A°) € C'\ B,
which yields C' <j.x B. However, this contradicts the assumption that B <, C.
On the other hand, if min(B) < min(A¢), then min(B) € ANB, which contradicts
the assumption that {A, B,C} is a partition of [n]. Both scenarios result in
a contradiction, meaning min(A°) = min(B). Thus, min(B) < min(A°) and
1 € A\ B. Therefore, we conclude that A <3 B. Furthermore, 1 ¢ B U C and
B <1ex C, which shows that C' <3 B. Lastly, min(A¢) = min(B) < min(C') and
1 € A\ C. Hence, C <5 A. This shows that C <3 A <§ B. Since <5 is the
inverse of <3, we obtain B <; A <; C.

Lastly, we define binary relation <3 on X as follows:

A<fB = (1¢AAN1€eB)V
(l€EANTEB AN B<x A)V
(1¢AN1¢B AN A< B)

Firstly, we show that <3 is an irreflexive binary relation. This is trivial
because for any A € X, we have either 1 € A or 1 ¢ A. In both cases, A <3
A <— A <« A. However, the relation <. is irreflexive.

Next, we prove the relation <3 to be transitive. Let A, B,C € X be arbitrary
and assume that A <3 B and B <3 C, then we have to examine the following
cases:

e If1¢ Aand 1 € B, then 1 € C since B <5 C. Hence, 1 ¢ Aand 1 € C.
Therefore, we conclude that A <3 C.

e IflecAand 1€ B, then B <jx Aand 1 € C as B <§ C. Thus, C <j B,
which gives C' <jx A because <) is transitive. Hence, 1 € AN C and
C <iex A, which implies that A <3 C.

o Lastly, if 1 ¢ Aand 1 ¢ B, then A <j.x B and we have either 1 € C or
1¢ C. If 1€ C, then A <3 C since 1 ¢ A. On the other hand, if 1 ¢ C,
then B <jox C, which yields A <j.x C. This proves that A <§r C.

Next, we show that <7 is linear. The proof is again straightforward as one
can always decide whether 1 is an element of the given set or not and can utilize
the fact that <j is a linear order. Let A, B € X be arbitrary. If A # B, then
there are 4 possibilities:

e If 1 € Aand 1 € B, then either B <jox A or A <jx B, which gives either
A<d Bif B<ix A, or B<3 Aif A< B.

e« Ifl€Aand 1 ¢ B, then B <3 A.



e« If1¢ Aand 1 € B, then A <§ B

e If 1 ¢ Aand 1 ¢ B, then either A <jox B or B <jx A, which implies that
either A <3 Bif A <x B, or B <3 Aif B <jx A.

Therefore, the relation is a linear order on X. Again, recall that <3 is the
inverse of <3. We now verify the condition from the idea of the proof for <3
and <3 . Let {4, B,C} C X be an arbitrary partition of the set [n] and assume
that A <jex B <jex C. The sets A, B,C' are pair-wise disjoint, and thus the
set A must contain 1, otherwise some other set containing 1 would be smaller
with respect to the lexicographic order <j.x. Then we have 1 ¢ B and 1 ¢ C.
Hence, B <3 A and C <3 A. Since B <), C, we have B <3 C by definition.
Therefore, B <3 C <3 A. Since <3 is the inverse of <3, we conclude that
A<y C <5 B. O

2.2 Almost symmetric operations

In this section, we prove a weaker result proposed by Brady that provides the
reader with intuition and the idea behind finding symmetric term operations of
large arities. Firstly, notice that the following lemma is a direct corollary of
Lemma . We simply put X := ([3"} :

n

Lemma 2. For everyn natural, there exist six linear orders <, <o, <3, <4, <5, <g
on the set (Bn}) such that for every partition {A, B,C} C <[3:]> of the set [3n],

n
the restriction of <;, where i € [6], onto {A, B,C} are all the siz linear orders

on the 3-element set {A, B, C'}.

We begin by extending the linear orders from Lemma [2] onto 2*" in such a
way that the newly defined strict linear orders extend inclusion. Then we show
that there are somewhat symmetric operations of arity 3n provided that the 3-
element algebra A has a symmetric term operation of arity 6 and an LO-system
of term operations.

Let n be a natural number. By Lemma [2| there are 6 linear orders

<1, <2, <3, <4, <5, <p

on the set <[3:]) such that if {A, B,C'} C ([3771) is an arbitrary partition of the set
[3n], then the restrictions of <;, where i € [6], onto the set {A, B, C'} are all the
six linear orders on the 3-element set {A, B,C'}. Now, we fix i € [6] and define a
binary relation on 2" as follows:

U<V = (U <|V])V
(U= V] £n A U<, V)V
(U|=V]=n A U< V)

Now, we prove the following lemma:

Lemma 3. For any n natural and for any i € [6], the binary relation <; defined
above is a strict linear order that extends inclusion.

10



Proof. Fix i € [6]. We have to prove that the relation is irreflexive, transitive,
linear order and that it extends inclusion (see Definition []).

Let U be an arbitrary subset of [3n|. Since |U| = |U|, the first case in the
definition of <; is not an option. However, <; is irreflexive, which shows that
_'(U <; U )

For transitivity, let U, V, W C [3n] be arbitrary and assume that U <; V' and
V <; W, then we have to examine the two following cases:

o If |U| < |V]|, then |U| < |[W| since V' <; W implies that |V| < |W|. Thus,
U=<; W.

o If |U| = |V, then, as in the previous item, we have either |V| < |W]| or
V| = |W]|. In the first case, since |U| < |W], it follows that U <; W. In
the second case, where |V| = |W]|, either all 3 sets U, V', and W have the
same size n, or their sizes differ from n. In both scenarios, we can apply
the transitivity of <; to conclude that U <; W.

Furthermore, we prove that the relation is a strict linear order. Let U,V C [3n]
be arbitrary with U # V.

If |U] < |V|, then U <, V.
o If |V| < |U|, then V <; U.

o If|V]| =|U| = n, then either U <; V or V' <; U, which yields either U <; V/
lf(]<Z V, OI‘V'<Z‘UifV<i U.

o If [U| = |V| # n, then either U¢ <; V¢ or V¢ <; U¢, which yields either
U<, VitUue<; Ve orV <, U if Ve <; U".

Lastly, we show that the strict linear order extends inclusion. One can see
that <; is by definition graded (see Definition . Thus, if U,V are arbitrary
subsets of [3n] such that U C V, then |U| < |V (since they are finite). It follows
that U <; V. O

Now, we have everything we need to show that if A is a 3-element algebra that
has an LO-system of term operations and a symmetric term operation of arity six,
then A also has term operations of arity 3n, where n € N, that is symmetric on
balanced tuples. Those are tuples containing the same number of ones, twos, and
threes, where {1,2,3} is the universe of the algebra. This is the weaker version
of symmetric operations that Brady proposed.

Lemma 4. Let A = ({1,2,3},(f)ser) be an algebra in a signature F that has
symmetric term operation sg of arity 6 and that has an LO-system of term oper-
ations
(tn,X,<)neN,(DCXg[n},<eL(X)-

Let n be a natural number and <1, <2, <3, <4, <5, <g as above, then there exists
3n-ary term operation such that for every permutation w : [3n] — [3n] and for
every 3n-tuple (x1,...,x3,) € A3 that contains n ones, n twos, and n threes,
called a balanced tuple, we have S3n(Tr1), .., T(zn)) = S3n(T1, .. Tan)-
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Proof. Choose arbitrary n € N. Since <; is a strict linear order that extends
inclusion, for every i € [6], then there is a term operation ts, [3,],«, in the LO-
system of term operations. Thus, we can define (see Definition [10]) s3,, : A3 — A
as a generalized composite of sg with these specifically chosen LO-operations:

S3n = S6 © (tBn,[3n],<1 s t3n,[3n],<2 ) t3n,[3n},<37 t3n,[3n],<47 t3n,[3n],<5a t3n,[3n},<6)
Choose an arbitrary balanced tuple (z1, ..., x3,). Firstly, we notice that

S (@1, .y Tap) = ST (1,2, 3)

provided that (z1, ..., x3,) is viewed as a mapping from [3n] into [3] (recall Defi-
nition . Now, we use the definition of s3, to rewrite the right-hand side of the
last equality as

Sﬁ(tgn,[3n],<1 (17 27 3)7 t>3<n,[3n],<2(17 27 3)7 0 t>3<n,[3n],<6(17 27 3))7

where x = (x4, ..., 23,). Furthermore, we use the definition of an LO-system of
operations (see Definition , to rewrite the latter expression as

563,31 x(~1) (152, 3) 5 t3, 13 x(<2) (1, 2, 3), ooy 3,3 x(<) (15 2, 3))
Furthermore, put

Ay = x1({1)), Ay = x({2)), Ay = x1({3)).

If we can show that the last expression depends solely on the sizes of Ay, Ay, and
Az and not on x, then we are done. Since x is balanced, then { A, A, A3} C <[3:])

is a partition of the set [3n]. Consequently, we know that
AU Ay =x1({1,2}), AjU A3 =x"1({1,3}), AyU A3 =x1({2,3}),
0 =x71(0), [3n] =x""([3)]).
Additionally, notice that since x is balanced, then
A = (A3 U Ag), Ay = (A3 U A3)¢, and A3 = (A3 U Ay)°

and that |A;| = |Az| = |A3] = n and |4A; U Ay] = |A; U A3| = |Ay U A3| = 2n.
There are exactly 6 ways in which the set {A4;, Ay, A3} can be ordered by =<,
where i € [6]. To avoid repetitiveness, for any permutation m € Ss, we define the
following strict linear order

0 < {r(D)} <2 {x(2)} <7 {=3)} <%
< Am(2),7(3)} <7 {m(1),7(3)} <5 {m (1), 7(2)} <5 [3n].

This newly defined relation is a strict linear order that extends inclusion. Fur-
thermore, for every i € [6], we define <;:= x(=<;). Since <;[{a, a, 4,2, Where
i € [6], are all the six linear orders on {A;, A, A3}, then, for all i € [6], there
exists exactly one m € S3 such that

Arqy =i Ar2) <i Ax3).
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If we fix ¢ € [6], then using the definition of <;, we get
(Ar2) U Ar(z)) =i (Ar) U Az() =i (Ar) U Arz))-

Since <; is graded, we have

0 <i Ar1y <i Are) =i An(3) <

<i (Ar@) U Arz)) <i (Ar() U Argz)) <i (Ar) U Ar(z)) <i [3n].
Consequently, we obtain
b <i{r(1)} <i {7(2)} < {7(3)} <
<i {7(2),7(3)} < {m(1),7(3)} < {=(1),7(2)} < [3].

Therefore, we know the following:

« For every i € [6], <; is one of the six strict graded linear orders <* on the

8-element set {0, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, [3]} shown above.

+ Due to Lemma [2| the mapping i — 7 : [6] — S3, where A1y <; Ar2) <
Ar(3), is a bijection.

Thus, t33,«,, where i € [6], are always the same 6 LO-operations provided
that x is balanced. Since these LO-operations are always evaluated on the fixed
tuple (1,2, 3), there exists (uy, ug, uz, us, us, ug) € A® such that for every balanced
x € A", we have the following:

(t3,[3],<<1 (17 2, 3)? t37[3],<<2(17 2, 3)’ ey t37[3],<<6(17 2, 3)) = (ui1>ui2> Uiz s Uiy, Wig, ui6)>
where ¢; € [6] are pair-wise different. Since sq is symmetric,
830 (L1, oy Tan) = 86(Uiy s Wiy, Wig, Uiys Ui, Wig) = S6(Un, Uz, Us, Us, Us, Us).

This example emphasizes the key ideas that are used repeatedly in the upcoming
proof of Theorem 3| Given that Brady’s proof involves an extensive case analysis,
we have chosen to present this simplified version as well, allowing the reader to
become familiar with the argument. O
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3. Symmetric operations

3.1 Brady’s proof

Let us begin by defining new binary relations using the linear orders from Lemma
[} Let n be an arbitrary natural number. Put X := 2" and let

+ - + — + -
<17<17<27<27<37<3

be the linear orders from Lemma [l on X. Let i € [3] and a,b € {+,—} be
arbitrary, then we define a binary relation on 2" in the following way:

U<V = (U <|V])V
(U] = |V|<g/\U< V)V
(U] =VI=5 A U<tV)v
(U= [V]> 2 A Ve<2 U9

2

Lemma 5. For any n natural, the binary relations <;qu, on 2l where i € (3] and
a,b € {+,—}, are graded linear strict orders that extend the inclusion relation C.

Proof. Fix i € [3] and fix a,b € {+,—}. Firstly, we prove the relation <;q; to
be irreflexive. By way of contradiction, assume that there is a subset U such
that U <;u U. Since |U| = |U]|, the first condition in the definition of <4, isn’t
fulfilled. Thus, one of the following must be true: U <¢ U or U <¢ U or U¢ <¢ U°.
However, these are all strict linear orders; thus, we get a contradiction because
linear orders are irreflexive. Next, we prove that <, is transitive. Let U, V, W
be arbitrary subsets of the set [n] and suppose that U <, V and V < W,
then there are four cases:

o If |U| < |V]|, then it follows that either |V| < |[W| or |V| = |W|. The case
where |V| > |W| cannot occur since the order <, is clearly graded and
we assume that V' <, W. In both of these cases, |U| < |W| because < is
transitive. This implies that U <;q,, W.

o If|U[=|V|<§ A U<{V, then, as previously stated, either |V| < |W/|
or |V| = |W|. If |V] < |W]|, then it follows that |U| < |W|, which yields
U < W. If [V| = [W] < %, then V <¢ W. In this case, we have
Ul =|W|=%and U <{ V <§ W. Since <{ is transitive, we conclude that
U <iwp W.

« If U =|V] =% A U <}V, then either |V| < [W]| or |[V| = [W].
If |V| < |W|, then it follows that |U| < |W|, which implies U <;, W.
If [V| = |[W]|, then we have |W| = 2 and V' <} W. This implies that
Ul = |[W| =2 and U <} W. Consequently, U < W holds since <} is

transitive.
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o Lastly, if |[U| = |V| > § A V¢ <{ U, then either |V| < |W|or |V|= [W].
If |V| < |W], then |U| < |W|, which shows that U <;,, W. If |V| = |W]|,
then we have [V| = [W| > % and W* <¢ V°. Given that the relation <{
is transitive, we can conclude that [U| = |[W| > ¢ and W*¢ <{ U¢, which

implies that U <;,, W.
Furthermore, we prove the order <, to be linear. Choose arbitrary U,V C 2.
o If |U| < |V|, then U <;qp V.
o If |V| < |U|, then V <0 U.

o If |[U| =|V| < 3, then either U <§ V or V' <¢ U since the relation <{ is
linear. This yields either U <, V/, in the case that U <¢ V', or V' <;, U
provided that V <¢ U.

« If U] = |V| = %, then we have either U <} V or V <} U because <} is
linear. This results in either U <, V if U <’{ Vior V<, UifV <I{ U.

o If |[U| =|V] > F, then either V¢ <§ U° or U® <{ V¢ as <{ is linear. This
implies the either U <;q, V if V¢ <0 U or V <0 U if U° <¢ V©.

Lastly, we show that <;,, extends inclusion. The linear order <;4, is graded
by definition. So, let U, V € 2" be arbitrary and assume that U C V. Since the
inclusion is strict, it follows that |U| < |V|. Because <, is graded, we conclude
that U <; V. ]

We will now explain how the new linear orders are used to prove the existence
of 3-symmetric operations of every arity (see Definition . Since we assume
that the algebras we are working with contain exactly three elements, these 3-
symmetric operations are indeed symmetric.

Theorem 3. Let A = ({1,2,3},(f)ses) be a 3-element algebra in a signature F
such that Clo(A) contains symmetric operation s; of arity i, where i € [3], then
Clo(A) contains a symmetric operation of every arity.

Proof. Let n be a natural number, and let <;,, be the twelve strict graded lin-
ear orders on the set 2 that extend inclusion C, where i € [3] and a,b €
{+,—}. According to Corollary [2| there exists an LO-system of term opera-
tions (gn,x,<)nenpcxcn),<cL(x)- We can then define an n-ary term operation
Tiab *= 9n,[n],<iap*

Using these auxiliary n-ary operations, we define an n-ary term operation

t:=sy0 {32 © (53 O (Fi4ts 7244, T3++), S3 © (7"3—+77“2—+,7’1—+)>,
S2 0 (83 O (r1y—sToy—s734-),830 (13-, 7“27777’177))]

(see Definition . The following figure depicts the operation ¢ using a tree
structure. Note that, for the sake of readability, we have removed the bottom
layer of leaves displaying the variables; formally, this layer is supposed to be
included.
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52

/82\ /82\

S3 S3 53 53
Ti++ T24+ T34+ 73— T2+ 71—+ Ti14— T24— T34— 73— T2—— T1—-—

We claim that t is 3-symmetric. Additionally, as in the previous section,
for every m € Sg, we define two strict orders, <! and <2, on the 8-element set

(0, {1}, {2}, {3}, {12}, {1,3},{2,3}, [3]} as follows:

0 < {m(1)} =7 {7(2)} <7 {7(3)} <7 {=(1), 7(2)}
<7 {m(1),7(3)} <7 {m(2 ) m(3)} < [3] and

0 < {r(1)} <2 {=(2)} <2 {n (D), 7(2)} <7
{r(3)} <z {n(1), 7(3)} <7 {=(2),7(3)} <7 [3].

These are clearly strict linear orders that extend inclusion. Therefore, we can
define the following:

u}r = g3,[3},-<717(17 2, 3)
uz = gs3,<2(1,2,3)

Similarly, for any permutation o € Sy, we define a strict order <2 on the 4-element
set {0, {1},{2},[2]} by the following:

D=5 {oc(1)} <5 {o(2)} <5 [2]

This is a strict linear order that extends inclusion. Therefore, we put:

u = go <3 (1,2,3)

Note that permutations will always be written as products of pair-wise disjoint
cycles omitting the 1-cycles. Let x := (xy,...,2,) be a tuple of values from the
universe of A, meaning that () C {xq,...,z,} C A. If x is viewed as a mapping
from [n] to {1,2,3}, we define the pre-images:

1)), Uy :=x1({2}), and Us := x*({3}).

Then we have t(xq,...,x,) = t*(1, 2,3), which is equal to

So [32 (sg(rﬁJr(l, 2,3),r3,..(1,2,3),r5,,(1,2,3)),
sa(r5_ 4 (1,2,3), 7%, (1,2,3),77,.(1,2,3))),
so(s3(r¥,(1,2,3),75,(1,2,3), 7%, (1,2,3)),
ss(ry_(1,2,3),7%(1,2,3),77_(1,2,3)))].
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Therefore, the value of t*(1,2,3) is determined by 77%,(1,2,3) = g3.x(n]):x(<sup)-

iab

Thus, it is determined by x(<;.) and the sizes |U;|, where ¢ € [3]. Throughout
this section, x(<;q) will be referred to as <.

Let i € [3], a,b € {+,—} be arbitrary. Without loss of generality, we can
assume that |Us| < |Uy| < |Uy]. If this is not the case, we can simply rename
the elements of the algebra A accordingly. We will examine a total of 11 cases,
showing that the operation ¢ produces the same output regardless of how the
sets Uy, Us, Us are ordered with respect to the twelve newly defined strict linear
orders <;q,,. We begin with the degenerate cases where the input tuple contains
only one or two of the elements of A.

Case 1. |Uy| =|Us| =0
This case is trivial as the input tuple contains only one element: element 1.

Case 2. 0= |U3| < ’UQ‘ N |U2| < |U1|

Since |U3| = O, we have {@, Ul, UQ, U3, U1UU2, U1UU3, UQUU3, U1UU2UU3} =
{@, Ul,UQ,Ul U UQ} Given that 0 = |@| < |U2| < |U1| < |U1 U U2| = |U1| + |U2|,
and that <, is graded, we conclude that

0 <iap Uz <jap Uy <iagp Ur U Us.
Thus, using Definition [3 we get
0 <iab {2} <iavr {1} <iav [2],

which is precisely the order <?1 9)- Therefore,

T’Z;b(l, 2, 3) = g;:[n]7<iab(1’ 2, 3) - 93,[2],<<iab(17 2, 3) = 93,[2},4(”1 2) (17 2, 3) - u?l 2)-

Thus, for every x € A" satisfying 0 = |Us| < |Uz| < |Uy|, we obtain the following:

t(x) = s {52 (53(U?1 2) u?1 2) U:(Sl 2))7 53(14:(31 2) U:(Sl 2) “?1 2))):
52 (53(“?1 2) U:()H 2)s U?l 2))7 53(“?1 2)s u:())l 2) U% 2)))} :
Case 3. 0:|U3‘ < ’UQ‘ = ’Ullzg
The assumption of this case implies that the sizes of the sets satisfy |U; |, |Us| <

|Uy U Us| = |Uy| + |Us| = n. Therefore, we can conclude that Uy, Uy <;ap Uy U Us.
Since |Uy| = |Us| = %, the value of 7%,(1,2,3) depends solely on b. Let 7 be the

iab
permutation in Sy such that U <t Ur)- Since <; is the inverse of <{, it

follows that Uy <7 Uxrq1). Therefore,
) <ot {7(1)} Kiasr {7(2)} <ot [2]
) <ia— {7(2)} <ia— {7(1)} <ia— [2].
Thus, we get the following values for the auxiliary operations:
Tt (1,2,3) = 9;(,[n],<m+(1: 2,3) = g3,[2],<§r(1: 2,3) = Ufr

T;—(lv 2, 3) = g::,[n],<m_ (17 2, 3) = 93,[2],<3 (17 2, 3) = u?l 2)omr*

(1 2)om
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Therefore, we obtain

t(X) = 82|82 (83(U?T7 u?m u?r) 83(u?ﬂ u?ﬂ u?r))

52 (33(U?1 2)oms u:())1 2)or s U?1 2)on)7 33(“?1 2)orm> U?l 2)or U?l 2)o7r)):|

=S

[\

52 (53 (u?d> u?d? u?d)» 53 (u?d7 u?d> u?d)) )
52<33(u?12)7”?12)7u%12))733(”?12)?“?12)?“?12)))}'

The second equality follows from the fact that sy is symmetric. Thus, the oper-
ation ¢t must output the same value for every n-tuple x € A™ corresponding to
this case.

Case 4. 0< |U3| < |U2| < |U2UU3| < |U1|

Since <qp is graded, we have () <;o, Us <iap Uz <iap Uz U Us <;0 Uy and since
{Uy, Uy, Us} is a partition of the set [n], we conclude that |[UsUUs| = |Us|+|Us| <
|U1| + ‘U3| = |U1 @) U3| < ‘U1| + ’UQ‘ = |U1 U U2| <n= ][n” This shows that
Uy U Us <jap Uy UUs <iap Ur U Uy <iap [1]. Thus, we have the following:

0 <iap Us <iap Uz <iap U UUs <iap Uy <iap U1 U Uz <jqp Ur U Us <iap [0]

because the order <;4 is graded. This demonstrates that

0 <ian {3} <iar {2} iap {2, 3} <ian {1} i {1, 3} iap {1, 2} < [3];
which is exactly the order <2 (13)- Therefore, we have

ZM12$:QM@JLZ$:%M@JLZ@=%W ﬂ2@_uw)
Hence, for every x € A" corresponding to this case, we get

t(x) = s2 {52 (53(u%1 3) ué 3) “%1 3))7 53(“%1 3)s U?l 3) U%l 3)))7
52 (33(10%1 3)s U%l 3)s U?l 3)): 33(“?1 3)s U?l 3)s u?1 3)))} .

Case 5. 0, |Us|, |Us|, |Ui|, |Uz U Us| are pair-wise different and |U;| < |Us U Us].
This case is almost identical to the previous one, so we will proceed faster. It
follows that

0= W)| < ’U3| < |U2‘ < |U1| < |U2 UU3| < |U1 UU3| < ’Ul UU2| < |[n]| =
From this, we get
@ <<iab {3} <<iab {2} <<iab {1} <<iab {27 3} <<iab {17 3} <<iab {17 2} <<iab [3]

This corresponds exactly to the strict linear order 4%1 3)- Similarly, as in the
second case, it follows that

t(x) = s2 [52 (33(U%1 3) u%1 3) U%1 3)) 35(“(1 3) U%1 3) U% ))a
52 (53(7«‘%1 3) “%1 3) U%l 3))7 53(“(1 3) 1 (13U )}

for every x € A" corresponding to this case.
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Case 6. 0< |U3| < |U2| < |U1| = |U2 U U3|
Then we have

0< |U3| < |U2| < |U1| = |U2| + |U3| < |U1| + |U3| < |U1| + |U2| < n.
Since <;q is graded, we have
0 <iap Us <iap Uz <jap U1, U3 U Us <jap Uy U Us <jap Uy UUs <iap [1].

Furthermore, n = |[n]| = |U; U Uy U Us| = |Uj] + |Us| 4 |Us| = 2(|Us| + |Us|) =
2|Uy UUs|, which implies that |U;| = |UyUU;| = Z. Thus, the value of r¥,(1,2, 3)
depends solely on b; and hence there are two cases

o« If U, <ii_ U U U3, then Uy U Us <7 U;. Thus,

0 <ot Us <ijaq U <jaq Ut <ijaq U2 U Us
<iat U1 U Uz <joq Uy UUs <joy [n],
0 <ja— Us <ja— U <jo— Uy U Us <jo— Uy
<ja— Uh UU;s <jo Uy U Uy <40 [n].

The previous implies that

0 <iar {3} <iasr {2} iar {1} <iar
{2,3} <iar {1, 3} <iar {1,2} <iar [3],
0 <o {3} <ia- {2} <o {2,3} <o
{1} <o {1, 3} < {1,2} <o [3].

These are the strict linear orders —<%1 3) and —<%1 3)» respectively. Thus,

(1,2,3) = ufy g,

(1,2,3) = uf) ).

Tia+(17 2, 3) = gx,[n],<m+(17 2 3) = 03,13],<
Tia—(lv 2, 3) = g;(,[n],qa_(l? 2, 3) = 03,[3],<2

(1)
(13)
Therefore,

t(x) = s2 {52 (33(U%1 3)s u%l 3)s u%1 3))7 53(“%1 3)s u%l 3)) %1 3))>,

52(53(“%13)7U%13)7“?13))753(“?13)7 (13) U(13 )]

o If UyUUs <7 Uy, then, similarly as in the previous sub-case, we obtain the
following:

t(x) = s [52 (SS(U?l 3) U?l 3)s U%1 3))7 33(“%1 3)s U%l 3)s U%l 3)))7

52 (33<u%1 3) uh 3)s U%l 3))7 53(“%1 3)s U%l 3)s U%l 3)))}

Since s9 is symmetric, we conclude that the operation ¢ is symmetric on n-
tuples corresponding to this case.
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Case 7. 0< |U3| < |U1| = |U2|
This implies that

0< |U3| < |U2| = |U1| < |U2| + |U3| = |U2 U U3| = |U1| + |U3| = |U1 U U3| <n.
It follows that

0 <iap Us <iap U1, Uy <iap Us U Us, Uy U Us <jop Uy U Us <jap 1]

n

since the order <, is graded. It is self-evident that |Ui| = |Us| < 5. Hence,
there are two options: either Uy <;4p Uy or Uy <;4p U;y. Let m be the element of
{id, (1 2)} C S5 such that U,r(l) <itb Uﬂ(g). This gives Uﬂ(l) = (Uﬂ(g) U Ug)c <itb
(Ur(1y UU3)¢ = Ur(z) and |Uyzy U Us| = |Ur1y U Us| > 5. Using the definition of
<iyb, We see that Urq) U Us <1y Ur) U U3 Furthermore, because <;_; is the
inverse of <; i, we have Ur(2) <i—p Ur(1) and Ur2)UUsz <i—p Ur1)UUs. Therefore,
we obtain the following:

0 <itp Us <igp Urty <itp Un(2) <itod

Uﬂ(l) UUs <;1p Uﬂ—(g) UUs <ijzp U1 U Uy <jup [n], and
0 <ip Us <ip Un2) <i—b Ur(1) <i-b

Uw(g) UUs <;_p Uﬂ(l) UUs <, U1 UUs <y [n]

Therefore,

0 <iyp {3} i {7(1)} <igp {7(2)} <igp
{m(1),3} <iyp {7(2),3} <ipp {1,2} <ipp [3], and
0 <i—b {3} < p {W(Q)} <i—b {W(l)} <i_p

)

{m(2),3} iy {7 (1

From this, it follows that

3} < {1,2} <y [3].

Litr==m(1) 3 m(2on AN that iy ==(x(1) gjor -
Therefore, we get

1
) M(Q))w(l’ 2,3) = Uir(1) 3 7(2))om> and

(17 27 3) = u%ﬂ'(l) 3)om*

7“;:_17(1, 27 3) = 97)1(7[”]7<<i+b(1’ 27 3) = 03,[3],<?
rip(1,2,3) = gr);[n]7<<i7b<1’ 2,3) = 933, = (r(1) 3)0m

Thus, we obtain
£(%) = 5252 (55 (Wln(1) 3 m@)oms Uln(1) 3 @0 Un(1) 3 m(2)on);
53(U{(1) 3)0ms Un(1) y0m Un(1) 30m) )
52 (88(n(1) 3 m(2)y0ms Uln(1) 3 (@)oms Uln(1) 3 m@)om)
$3(lz(1) 3yems Ulr(1) 30 Uln(1) 307 )|
= 52 {52 (33(U%1 32) U%1 32)s U%l 3 2))> 53(“%1 3)) %1 3) ( )))»

52(53(1‘%132)7“%132)7“%132)):53(”%13 U(13 )}

Where the last equality follows from the fact that s, is symmetric. Hence, the

result holds for every x of this type.
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Case 8. 0< |U2| = |U3| < |U1| < |U2 U U3|
It follows that

0< ‘U2| = |U3| < ’Ul‘ < |U2UU3’ < |U1 U U3| = ‘Ul UUQ‘ <n.
Since <;q is graded, we conclude that
0 <iap Uz, Us <jap Ur <iap Us U Us <jop Uy U U3, Uy U Uy <iap [1].

Thus, 73%,(1,2,3) depends only on a because |U| = |Us| < 5. Hence, it leads

to 2 cases: either Uy <;i Us or Us <;1p Us. Consider the permutation m €
{id, (2 3)} C S3 such that Urp) <i4p Ux). This implies that Uy = (U; U
Uﬂg))c <i+b (Ul U UW(Q))C = Ux(3) A |U1 U UW(2)| = ‘Ul U Uﬂ(g)’ > %, which yields
U1 U Upr@) <itp Ur U Uz). Thus, we conclude that

0 <itp Un(z)y <itd Unz) <iwp Ur <izp Ua U Us <igp
Ui UUx@) <ipp Ut UUrs) <iys [0].

Therefore,

0 <o {m(2)} i {T(3)} <o {1} <o
{2,3) <o {1, 7(2)} <o {1, 7(3)} < 3],

which means that <<i+b:—<(11 (2) 7(3))or- Furthermore, due to the fact that <;_; is
the inverse of <;i,, we have Ur(s) <i—p Ur(2). Therefore, similarly, to the above,

we have <<i,b:<%1 (3))on- Hence,

Terb(lv 2, 3) - gz,[n],<i+b(17 2, 3) - 93,[3]7<<¢+b(17 2, 3) =u
’I“Z(_b(l, 2, 3) = g:;[n],<i_b<1’ 2, 3) = 937[3],<<i7b(17 2, 3) =u

Therefore,

£(x) = s2[52(53(u{s x(2) woms Ut #(2) n@)oms Wi 7(2) w(3))or):
53(u{1 (3))0m U1 n(3))0ms Ut n(@yon) )
52(83 (U1 £(2) m(@yoms U1 #(2) w(3)oms U1 7(2) (3o
3(Uly r(3))oms Ut m()om U1 wpor) )|
= 52 [52< (U% 23)s U(123)au%123))>53(u%1 3) (1 3)) ( )))»
52(33(“(123)7u%123)7“%123))753@%13 U(13 )}
Where the last equality follows from the fact that s, is symmetric.
Case 9. 0< |Us| =|Us| < |UUUs| < Uy

This case is almost identical to the previous one, so we proceed at a much
faster pace. Since 0 < |Us| = |Us| < |Us U Us| < |Uy], it follows that

0< ’UQ‘ = ’U3| < |U2UU3’ < ‘U1| < ‘UgUUl‘ = ’UQUUl’ < [n]
Since <;q is graded, we have the following:

0 <iap U2, Us <jap Us U Us <iap Uy <jop Uy U U3, Uy U Us <iap [1].
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This ordering again depends on a as |Us| = |Us| < §. Let 7 € {id, (2 3)} C S5 be
such that Ur) <itp Un(z), then

<<i+b:—<(21 m(2) 7(3))om and <<i—b:—<(21 m(3))om
Hence,
t(x) = s2 {52 (33(U%1 7(2) w(3))om> U%1 7(2) m(3))om> U?l 7(2) 7r(3))o7r)’
33(”?1 7(3))om> U?l 7(3))om> Ué 77(3))0#))?

2 2 2
52 (33(u(1 7(2) 7(3))om> (1 7(2) 7(3))om> (1 = (2) 7r(3))07r)7

2 2 2
53(u(1 7(3))om> U(1 x(3))om> U(1 7r(3))o7r)>:|

—~N

:32{52(33('“123)7“%123)&%123))753(U%13) %13)7 % )))a
32(83(u%123),u%123),u%123)),33(u%13 U(13 )}
Again, the last equality follows from the fact that sy is symmetric.

Case 10. 0< |U2| = ’U3‘ < |U1| = |U2’ + |U3|
It follows from the assumption that

0< |U2| = |U3| < |U1| = |U2 U U3| = |U2| + |U3| <
UL| + [Us| = [UL UUs| = U] 4 |Us| = [Uy U Us| <

Since <;q is graded, we have
0 <iap Ua, Uz <jap Ur, Uz U Us <iap Up U Us, Uy U Uy <jap [1].
Because {Uy, Uy, Us} is a partition of the set [n], we get
nl| = [0, Us, Us}| = [UL] + |Us| + |Us].
Furthermore, the condition |U;| = |Us| + |Us| implies that
n = |Us| + [Us| + |Us| + [Us].
Since |Us| = |Us|, it follows that
n = |Us| + |Uz| + |Us| + |Us| = 3|Us| + |Us).

One can similarly derive the equality n = |Us| 4 3|Us|. By solving this system of
two linear equations with two unknowns, we get |Us| = [Us| = % A |[Ui] = 5

The order of Uy and Uz with respect to <;q, depends solely on a € {+,—}.
Moreover, if 7 is the permutation in {id, (2 3)} C S such that Uy <its Ux),
then Ur) <i—p Ur2) because <; is the inverse of <F. Tt also follows that (U; U
Ur3))¢ = Ur2) <itvp Uzz) = (U1 U Uz2))°. Thus, using again the fact that <;_,
is the inverse of <;y,, we get Up U Ura) <iyp U U Uz and Uy U Urz) <iyp
Uy UUrq). Lastly, the order of U; and Uy U Uz with respect to <, depends only
on b € {+,—}, for |Ui| = |Us U Us| = §. Therefore, we have to distinguish two
cases.
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o« If Uy <ja+ Us; U Ug, then

0 <ig+ Uﬂ(g) <igo Uw(g) <iur Uy <30 U U Us
<it+ U1 UUre) <itq UrUUzp) <iyy [n],
0 <it— Unz) <it— Unz) <ig— U2 U U3 <y Uy
<oy U1 U Ura) <iy— U1 U Urz) <it— [n],
0 <i—t Urz) <imt Unpe) <imy U1 <4 Us U Us
<i— Uy UUx) <i—4 Uy UUr) <i—4 [n], and
0 <i—— Unz) <im— Upz) <im— Uy U U3 < U
<;i—_ U U Uﬁ(g) <;—_ Uy Uﬂ(g) <i__ [n]

Thus,

0 <iry {7(2)} iy {7(3)} it {1} it
{2,3} <ist {1, 7(2)} iy {1, 7(3)} it [3],
0 <o {m(2)} <ii- {m(3)} <o {2,3} <o
{1} < {1,7(2)} <ip- {1, 7(3)} <o [3],
0 <ios {7(3)} iy {T(2)} <oy {1} <y
{273} Li—+ {177T(3>} Li—+ {177T(2)} Li—t [3]7
0 < {7(3)} <i— {m(2)} <i-- {2,3} <
1) < {Lr(3)} < {L7(2)} < [3).

Therefore, one can see that

<<i++:'<%1 7(2) w(3))om> <<i—+:'<%l m(3))orm?
<<i+*:<%1 7(2) n(3)or: AN <<i**:<%l m(3))or -
Thus,
re(1,2,3) = U%l 7(2) m(3))om> rey(1,2,3) = uél ™(3))om>
- (1,2,3) = U nio) miaypoms T (1,2,3) = Ui n(s)pon
Hence,

£(%) = 252 (55 (U1 n(2) m(@)y0ms U1 (2) £(3)0n U1 7(2) (30
33(“%1 7(3))oms Uh 7(3))om? U(1 ( o7r)>7
52(83 (U0t £(2) m(@)yoms ULt m(2) 73)oms U 1(2) m(3))on);
53Ut n3pyoms U 3oms U wor) )|
= 52 [32( (U% 23)s U%l 23) U(ll 2 3))> 53(“%1 3, U %1 3, U %1 3)))»
52 (53(U(1 23)s u%l 23)s U%l 2 3))> 53(”?1 3) U(l 3)s U(l 3) )}
where the second equality holds because s is symmetric.

o If UyUU;s <oy Uy, then it is easy to see that <, and <;,_, written above
in the previous item, swap places. More precisely, in this sub-case,

1

<<i++:_<%1 m(2) m(3))om> <<i*+:_<?1 7(3))om?
<<i+—:—<%1 7(2) n(3)or> AN i o =<1 7 (3))0m -
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Therefore,
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Hence,

£(%) = 252 (53(ufs x(2) w0 Ut #(2) m@)oms W1 72 n(3))0r);
53(ufy n(@))om U1 w(3)oms Ut npen));
52(83 (U1 £(2) m()oms U1 #(2) m(3)oms UL x(2) (3o
53(u{1 (3))om U n@yom Ui 3pen)) ]

1

= 52[52(53@%123),u%123),u%123)),53(u%13 13)7 13) )
52(33@%123)#%123)a“%123)):33(“(1 3), U 13 u(13 )
)

= 82 [32(83(u%123),u%123),u%1 23))>33(U( 13)> 13

52<33<U%123)7“?123)7“%123)):53( U3y, U 13 U(13))}

where the second and the third equality hold because s, is symmetric.

Case 11. 0 < |U1‘ = ’UQ‘ = ’U3| = % < %
Since the order <;4 is graded, we have

0 <iap U1, Uz, Us <jop Uy UUs, Uy UUs, Uy U Uz < [1].

Furthermore, notice that <, restricted onto the set R := {0, Uy, Us, U3, U; U
Uy, Uy UUs, Uy U Us, [n]}? does not depend on b. This means that the restriction
of <;,+ onto R is equal to the restriction of <;,_ onto R. In addition, we only have
to examine <, restricted on the set {Uy, Us, U3}2. This is the case because the
order of Uy UU,, Uy UU3, and U, UUs is determined by the order of Uy, Uy, and Us.
Indeed: {Uy,Us,Us} is a partition of the set [n] and |U; U Us| = |Uy U Us| =
|Us U Us| = %” > 5. Thus, if 7 is the permutation in Sz such that Uy <iap
Ur2) <iab Ux(z)s then (Ur2) U Ux3))® = Ur)y <iab Ur2) = (Ur) U Un(3))¢ <iab
Uﬂ-(g) = (U,r(l) U Uﬂ(g))c; and so U,r(l) U Uﬂ-(g) <iab Uﬂ(l) U Uﬂ-(g) <iab Uﬂ(Q) U Uﬂ(g).
Moreover, it follows from Lemma |1| that if {A, B, C'} is a partition of the set [n]
and if A < B <f C, then C <§ A <§ B, B<3 C <3 A C <{ B <] A,
B <5 A< C,and A <35 C <35 B. Thus, if 7 is the permutation in S3 such that
Ur) <145 Ux(2) <14b Ur3), then, by the above, we have:

Unr(3) <246 Ur1) <ot Ur2), Ur2) <s4b Urz) <sb Urq)
Ur3) <1-b Ur2) <16 Ur(1), Ur(2) <2-6 Ur(1) <2-p Ur(z), and
Ur) <s—b Un(z) <3t Ur(2).

Therefore, we conclude that

K==, 20b==((1) 7(3) w(@)orr K3+5==(x(1) x(2) w(@)or AN
KL= a(1) r(@)omr K2b==(n(1) w2 K3-b==(x(2) n(3))or
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and thus
rp(1,2,3) = Up,s ryp(1,2,3) = %ﬂ(l) 7(3) m(2))om> r3(1,2,3) = U%ﬂ(l) 7(2) w(3))om>
1 5(1,2,3) = Ulrity a@pors "o p(152,3) = Ufn(1) n(2))on, a0
15 5(1,2,3) = Uln(2) n3)yon
Therefore, we get
t(X) = 52 [82 <S3 (u71r7 u(17r(1) w(3) w(2))om>s u%ﬂ'(l) w(2) 7r(3))07r)7
1 1
53(U{n(2) n(3)oms Un(1) m(@)om Un(1) n(3)er))
1 1 1
52 (33(%7 Uiz 1) 7(3) 7(2))om> Y(x(1) n(2) 7T(3))O7r)7
1 1 1
53(U{n(2) n(3)om> Uln(1) (2o Un(1) n(3)er))
= 52 {52 (83(uild7 U%l 23)s U%1 3 2)), 33(“%1 2) U%l 3)s u%2 3))>’
52 (33(ui1d7 “%1 23) U%1 3 2))> 53(“%1 2)s U%l 3)s U%2 3)))}

Let us now argue why the last equality holds. Suppose that 7 € S5 is arbitrary,
then there are three cases:

o If 7 is a 3-cycle, then {id o7, (7(1) 7(2) 7(3)) o 7, (7(1) 7(3) w(2)) o7} =

{id, (123),(13 2)} and {(x(1) w(2)) o7, (x(1) 7(3)) o 7, (w(2) 7(3)) o7} =
{(12),(13),(23)} as can be easily verified. Therefore,

{U;, U%m) 7(3) m(2))om> U(Tru o7r} {uildv uh 23)s U%l 3 2)}-
Since sz is symmetric, we get

Ss(u}m U%wu) 7(3) m(2))om> U%m) 7(2) 7r(3))o71') = 83(uild7 Uh 23) Uh 3 2))~

?LSO’ {(m(1) w(2))om, (7 (1) 7(3)) o, (7(2) m(3))om} = {(1 2),(13),(23)}.

1 1 1
{U(w@) 7(3))oms U(n(1) 7(2))om> (7r(1) o7r} = {U (12) (1 3)> U2 3)}-

Due to the fact that s3 is symmetric, we have

33(U%7r(2) 7(3))oms U%nu) 7(2))oms U%m) 7r(3))07r) = 33(“%1 2)s Uh 3)s Ué 3))-
Now, the equality

t(x) = s9 {32 (33(U11d7 U%l 23) U%l 3 2)): 33(“%1 2)> u%1 3) u%z 3)))7
52 (SS(Uilda Uh 23)s U%l 3 2))7 33(“%1 2)> U%l 3) U%2 3)))}
follows from the fact that sy is symmetric.

 If 7 is a transposition, then {id o7, (7(1) 7(2) 7(3)) o m, (7(1) m(3) 7(2)) o

m}={(12),(13),(23)} and {(n(1) 7(2)) o7, (x(1) 7(3)) o m, (w(2) 7(3)) o
n} ={id, (12 3),(1 3 2)}. Thus,

{U%n(z) 7(3))om> U%m) 7(2))om> U%m) ( 071'} = {Ullda U%l 23), U 11 32) } and

{u71r7 u%ﬁ(l) 7(3) 7(2))om> U%n( o7r} = {U 12) 1 3) u(z 3)}

25



Since s3 is symmetric, we get

33(“%7r(2) 7(3))om> U%m) 7(2))oms U%m) 7r(3))o7r) = 53(%1(17 U%l 23)s Uh 3 2)) and

53(Uney Ulr(1) x(3) w(2))0m Un(1) (@) m(@)or) = 53(U(1 2), U(1 3): U2 3))-
The equality
t(x) = s2 {52 (33(uild’u%1 23)7“%1 32))a 33(“%1 2) U(l 3)s U%Q ))a
52(53(“11d7“%123)7“%132))753(“% 13)7 23) )}
again follows from the fact that s, is symmetric.

o If m =id, then

t(x) = s2 {52 <S3<u71r’ U%m) 7(3) m(2))om> u%ﬂ(l) 7(2) 7r(3))o7r)7
1 1 1
53(Ufn(2) (3))0m> Ulr(1) m@)oms Un(1) m(3)or) )
1 1 1
52 (53(%7 U(r(1) 7(3) 7(2))om> U(n(1) n(2) 7r(3))o7r)7
1 1 1
53(U{n(2) m(3)om> Uln(1) m@)om> Un(1) r(3en))
= 52 {52 <33<U11d= U%1 32) U%l 2 3))7 53(“%2 3) “%1 2)> U%l 3)))7

52 (33(U11d7 U%l 32) Ub 2 3))7 53(“%2 3)s U%l 2)> u%l 3)))} 3
and so
t(x) = s2 {32 (53(U11d7 u%l 23) U%l 3 2)), 33(“%1 2)> “%1 3) U%z 3)>)a
52 (53(U11d’ U%l 23)s u%l 3 2))7 53(“%1 2) U%l 3)) U%z 3)))}

because the operations s3 and sy are symmetric.

On the correctness of the case analysis

We assume that |Us| < |Us| < |U;|. We have two options for each of these

inequalities: strict or non-strict. Let us examine each scenario to understand how
it leads to the 11 cases above.

o If |Us| < |Us| and |Us| < |Uy|, then neither |Us| nor |U;| can be zero, as
cardinality is always greater than or equal to zero. Therefore, we have two
possibilities: either |Us| = 0 or |Us| > 0. In the first scenario, where |Us| =
0, we end up with the case number 2. If, however, 0 < |Us| < |Us| < U],
then we know that 0 < |U3| < |U2| < ‘U1|,|U2‘ + ‘U3| < ’Ul‘ + |U3| <
|U1| + |Us|. Based on this, we have three options: |U;| < |Us U Us]| (case 5)
or |Uy| = |Uy U Us| (case 6) or |Uy| > |Us U Us| (case 4).
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|Us| < [Uz] < |U]

’U3|:0 |U3’7AO

|U1| < |U2 UU3| |U1| = |U2 UU3| |U1| > |U2UU3|

o If |Us| < |Us| and |Us| = |Uy], then neither |Us| nor |Uy| is zero. How-
ever, |Us| can be zero, which corresponds to one of the degenerate cases.
Therefore, we either have |Us| = 0 (case 3) or 0 < |Us| < |Usz| = |Us] (case
7).

Us| < |Uz| = U]
[Us| =0 [Us| #0

o If |Us| = |Us| and |Us| < |Uy|, then either |Us] = |Us| = 0 (case 1) or
|U3| = |U2| > 0. If |U3| = |U2| > 07 then 0 < ‘U3| = |U2| < ’U1|, |U2’+‘U3| <
|U1|—|—|U3| = |U1|+|U2| Thus, we either have |UQUU3| = |U2|+|U3| < |U1|

(case 9) or |UsUUs| = |Us|+|Us| = |Uy| (case 10) or |UsUUs| = |Us|+|Us| >
|U1| (case 8).

\Us| = |Us| < |Uy]

|Us| =0 |Us| # 0

|U2 U U3| < |U1| |U2 U U3| = |U1| |U2 U U3‘ > |U1|

o Finally, |Us| = |Us| and |Us| = |Uy], which corresponds to case 11.

Note that this proof applies to any finite algebra; however, if |A| > 3, the
conclusion is that ¢ is only 3-symmetric and not symmetric. [
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