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Figure 3.22 (continued)
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Figure 3.23: Integrated potential energy (dashed lines), thermal energy (dot-dashed lines)
and the total energy (solid lines) as function of time for a Gaussian shape porosity maximum
of amplitude 0.6 sinking in an initially uniform porosity of 0.1 (see Figure 3.25). The total
energy is multiplied by a factor of 400 (graduations on the right vertical axis). All quantities
are dimensionless. Calculated with § = 0.1, Ra = 109, in a square box with 297 x 297 grid
cells.

for the region of the high porosity packet. The matrix velocity divergence is positive on the
“upwind side”, that is, at the bottom edge of the 2-D porosity wave, and negative at its trailing
edge, which allows the porosity wave to sink. High positive divergence of the matrix velocity is
also observed along the bottom boundary where the fluid phase segregates. The sinking of the
porosity maximum releases gravitational energy which is fully converted to heat (Figure 3.23;
there is no work against adiabatic gradient in this case with B = 0) and causes the temperature
to increase. The temperature largely increases along the track of the falling porosit maximum.
A mild, roughly uniform temperature increase is observed in the entire domain and is due to

the slow segregation of the initially uniform porosity (Figures 3.25, 3.26).

The total energy is reasonably well conserved with the flux limiter schemes; on a grid with
~ 300 cells, the relative error is of the order of 10™* after the complete traverse of the porosity
peak and its spreading at the bottom. The potential energy and thermal energy evolution
curves (Figure 3.23) are similar between approximations 1 and 2. The descent of the porosity
peak is slightly faster when the viscosity variations are accouted for in the incompressible field
(approximation 1; the green curves in Figure 3.23 have slightly steeper slope in the middle

part; see also the animations at http://geo.mff.cuni.cz/~sramek/movies/).



86 CHAPITRE 3. PHASE SEPARATION: METAL-SILICATE DIFFERENTIATION

01 T T T T
Potential Energy
0.05 L —— Thermal Energy 1
——— Total Energy
P
(@)
O 0 _
c
Ll
-0.05 | .
-0.1 . L . L .
0 2000 4000 6000

Time

Figure 3.24: Energy conservation of the simulation presented in section 3.8.1. The total energy
(green curve) accumulates a relative error of at most 5 % of the potential energy change (black
curve). In fact up to t = 2000 basically no error occurs. For ¢t > 2000 the time stepping
of the numerical code reaches an arbitrary minimum treshold (an accurate modeling of the
extraction if the last bits of metal from silicates, where ¢ ~ 0, or the last bits of silicates from
metal, where ¢ ~ 1, would require an extremely small time stepping) and we crudely impose
a maximum porosity 0.999 and a minimum porosity 0.001. This is necessary to guarantee a
reasonable execution time but decreases the accuracy of the results.
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Figure 3.25: Snapshots of porosity in a thermally insulated square box calculation. The initial
porosity is a symmetrical Gaussian peak of amplitude 0.6 and FWHM 0.2 over a background
porosity of 0.1. The initial temperature is uniform and equal to 0.50 (above the melting
temperature of iron 0.48). Approximation 2 (u* = 1) is used with no thermal buoyancy
(B =0), Ra=10° 6 = 0.1, on a grid with 297 x 297 cells and superbee advection of porosity.
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Figure 3.26: Snapshots of the temperature field in a thermally insulated square box. The initial
temperature is uniform. Parameters of the calculation are given in the caption of Figure 3.25.
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Figure 3.27: Various quantities at time ¢ = 110 of the calculation described in the caption of
Figure 3.25. The color scale is different in each frame. For quantities that have both positive
and negative values (U1, Uy, V-v,,, porosity sources), zero is black and the scale is linear from
the miminum value to zero and from zero to the maximum value. For non-negative quantities
(¢, T, heat sources) the scale is linear from min to max.
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Summary

Melt generation and extraction are typically modeled using the two-phase equa-
tions developed by McKenzie (1984) or Scott & Stevenson (1984). Various ap-
proximations are often made to simplify the problem which may lead to some
unphysical results (e.g., thermodynamically inconsistent conditions of melting and
unrealistic porosity profiles). We discuss a generalized version of the set of equa-
tions introduced by Bercovici et al. (2001a) that allows for mass transfer between
the two phases in a single component system and consider a self-consistent set
of equations. In our description the two phases, solid and melt, are submitted
to individual pressure fields whose difference is related to the surface tension at
the interfaces, changes in porosity and the melting rate. A kinetic relation for
the melting rate arises from the second law of thermodynamics. The condition of
chemical equilibrium corresponds to the usual univariant equality of the chemical
potentials of each phase when the matrix and melt are motionless. In the most
general form, phase equilibrium is influenced by both the Gibbs-Thomson effect
that arises naturally from thermodynamic considerations on surface tension and by

the viscous deformation of the phases. We apply these new equations to a steady
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state problem of pressure release melting in a univariant system. We treat melting
and compaction simultaneously and observe several new effects including multi-
ple domains near the onset of melting that correspond to various force balances.
A consequence of matrix compaction and melt expulsion (or matrix dilation and
melt accumulation) is a pressure difference between melt and solid that facilitates
(inhibits) melting. For parameters corresponding to mid-oceanic ridge magma-
tism, compaction permits melting to start as much as ~ 2km below the standard
solidus. Numerical solutions are necessary to determine the magnitude of the melt
zone shift. Numerical results support the boundary layer solutions obtained ana-
lytically and suggest that in most of the melting zone the movement of melt and
matrix should be close to the Darcy equilibrium where the buoyancy of melt is
balanced by the viscous drag between the phases. The Darcy equilibrium follows
an initial stage where the matrix viscous stresses balance Darcy drag. In all sit-
uations the steady state porosity profile remains a monotonic function of depth.
The existence of a compaction layer following a melting zone where the porosity is

maximum as described in various earlier publications has never been found.

Key words

melt generation, mid-ocean ridges, phase transitions, thermodynamics

4.1 Introduction

Melting and melt migration are important processes within the Earth to transport heat and
mass and to drive chemical differentiation. Below midocean ridges upwelling material under-
goes pressure release melting and new oceanic lithosphere is created (e.g., McKenzie & Bickle,
1988). Partial melting processes are responsible for continental crust formation (e.g., White
& McKenzie, 1989). There are suggestions that dehydration-induced partial melting occurs in
the transition zone (Bercovici & Karato, 2003; Ohtani et al., 2004). Partial melting may also
occur in the region above the core-mantle boundary (Williams & Garnero, 1996). A rigorous
theoretical framework is therefore necessary to account for melting in geodynamical modeling

of various processes in the Earth.

Description of melting and subsequent melt migration requires a continuum model with
at least two distinct phases. Since the pioneering work of Frank (1968) and Sleep (1974)
the dynamics of two-phase flows has been extensively discussed in the geophysical literature
(e.g., Ahern & Turcotte, 1979; McKenzie, 1984; Ribe, 1985a,b; Scott & Stevenson, 1986;

Spiegelman, 1993a,b; Rabinowicz et al., 1987). However, in previous papers (Bercovici et al.,
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2001a; Bercovici & Ricard, 2003), we have shown that the self-consistent introduction of surface
tension and surface free energy between two phases imposes additional rigor to the theoretical
modeling. With surface tension, the two phases are clearly submitted to two different pressure
fields. The partitioning of the surface energy and interface forces between the two phases also
has to be defined. This led us to propose a new set of equations that is also applicable to
non-equilibrium situations and provides a model of damage (Bercovici et al., 2001b; Bercovici
& Ricard, 2003; Ricard & Bercovici, 2003). Close to thermodynamic equilibrium, neglecting
surface tension, assuming that p,,, the viscosity of the solid matrix phase, is infinitely larger
than py, the viscosity of the fluid phase, and assuming small porosity, our equations become
equivalent to those proposed by McKenzie (1984), when the bulk viscosity, ¢, is replaced by
the porosity dependent factor proportional to pi,,/¢. Such a porosity-dependent bulk viscosity
was also suggested by others (Nye, 1953; Fowler, 1985; Scott & Stevenson, 1986; Schmeling,
2000); it hinders the squeezing of the matrix and expulsion of melt at low porosity and favors

it at large porosity where bulk and shear viscosity become comparable.

In Bercovici et al. (2001a) and Bercovici & Ricard (2003) however, we were not concerned
with the possible transfer of matter between phases (i.e., with melting of the matrix or solid-
ification of the fluid melt). While some previous studies (e.g., Ribe, 1985a; Schmeling, 2000)
discussed the effect of a prescribed melting rate on matrix compaction, to our knowledge, no
previous study considered the full feedback between viscous two-phase deformation and the
thermodynamic conditions for melting/solidification. The usual simplifying assumptions (as-
cribing identical pressure to both phases or maintaining the matrix pressure to the lithostatic
pressure, neglecting the interfacial effects, decoupling melting from viscous compaction, using
empirical laws to relate degree of melting to temperature and pressure) can only be justified
by comparison with results based on a more general description. In this study, we offer such
a general framework. After formulating the theory for a single component system in section
4.2, with the mass transfer between phases explicitly taken into account, we apply our new
set of equations to a simple 1-D steady-state model of pressure-release melting in section 6.1.

Concluding remarks follow in section 6.2.

4.2 General theory

We describe a two-phase continuum consisting of a solid matrix and a fluid (melt) phase. We
assume that the individual phases have constant densities, py in the fluid phase and py, in the
solid, and constant Newtonian viscosities y1y and ji,,. Despite this notation that uses indices f
and m, however, in its most general form the theory is symmetrical with respect to swapping
the phases. For any quantity ¢ with values g¢ and g, in the fluid and matrix phase, we define

average and difference quantities by § = ¢qs + (1 — ¢)gm and Ag = g — g5.
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Equations presented below result from averaging the “true” or microscopic quantities of
the mixture assumed isotropic over a control volume. This control volume is sufficiently small
to be regarded as a “point” in the continuum mechanical sense but also sufficiently large to

contain many pores or grains (see Bear, 1988; Bercovici et al., 2001a).

4.2.1 Mass conservation

The derivation of the two mass conservation equations is fairly standard (see McKenzie, 1984;

Bercovici et al., 2001a) and leads to

¢ AT
e TV lovi= o (4.1)
06 AT
—5r TV 1= d)vi] = o (4.2)

where ¢ is porosity or the volume fraction of the fluid phase, the fluid and matrix phases have
volume averaged velocities vy and v, and AI is the rate of mass exchange per unit volume
(kgm~3s7!) between the phases. A positive AI' corresponds to melting, a negative AL to

solidification.

4.2.2 Momentum conservation

The momentum equations remain identical to those without phase change, at least in the
approximation of infinite Prandtl number. Strictly speaking, new source terms of momentum
could arise from the phase change. When matrix material melts, it undergoes a velocity jump
from v, to vy which imposes an impulse discontinuity (Drew, 1983). These terms are however
of the order of the kinetic energy which is neglected in this study, as are the terms related to

acceleration.

As discussed in Bercovici et al. (2001a), the total momentum conservation is
—~VP+V -T—pgz+ V(ca)=0. (4.3)

In this equation, P, T and p are the average pressure, viscous stress and density, z is the
unit vector in vertical direction, ¢ is the magnitude of gravitational acceleration, and o is the
coefficient of surface tension. The quantity « is the melt-solid interfacial area per unit volume
of mixture; it has units of m~! and basically represents the inverse of the average size of grains
and pores in the mixture. Here we do not consider grain-grain contacts; these are subject of

a study by Hier-Majumder et al. (2006).
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The total momentum equation is the sum of equations for fluid and matrix which, indi-
vidually, are (Bercovici & Ricard, 2003)

—¢[VP;+prgz] +V - [¢Tf] + cAV + w[APV ¢ + V(oa)] = 0, (4.4)

—(1=9)[VPn+pmgz] +V-[(1—9¢)1,,] — cAV + (1 —w)[APV$+ V(oca)] =0, (4.5)

where Av = v,;, — v is the difference in velocities, and likewise AP = P, — Py is the difference
in pressures between the phases. The interaction coefficient c is related to permeability which
is itself a function of porosity. A symmetrical form compatible with the usual Darcy term is

(see Bercovici et al., 2001a)

HfHm

T Rl (L= )" 2+ pmm ]

(4.6)

where the permeability of the form kg¢™ was used (the exponent n is usually found to be
about 2-3). In the following we assume n = 2 and also fi,, > py. The interaction coefficient
then becomes ¢ = pur/ko (independent of porosity). The parameter w is discussed in section

4.2.2.

The relationship between stress and velocities does not include an explicit bulk viscosity

term (Bercovici et al., 2001a), and for each phase j the deviatoric stress is simply
T 2
Ty =n (VY +[Vv] = 5Vev; 1), (4.7)

where j stands for f or m, [-]7 denotes tensor transpose and I is the identity tensor.

Instead of using the two force balance equations (4.4) and (4.5), it is often easier to use
the total momentum equation (4.3) and the “action-reaction” equation that can be deduced

by combining the two former equations,

—p(1—9)[VAP+Apgz]+V - [p(1— ) AT]—T-Vp—cAv+(¢p—w)[APVp+V (ca)| = 0. (4.8)

Interfacial quantities

The interface between the phases exerts a surface force on the two-phase mixture. The coef-
ficient w, 0 < w < 1, controls the partitioning of the interface surface force between the two
phases (Bercovici & Ricard, 2003) and represents the fraction of the volume-averaged surface
force exerted on the fluid phase. The exact value of w is related to the microscopic behavior of
the two phases (molecular bond strengths and thickness of the interfacial region or “selvedge”

layer) and represents the extent to which the interface is embedded in one phase more than
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the other. The only general physical constraints that we have is that w must be zero when
the fluid phase disappears (when ¢ = 0) and when the fluid phase becomes unable to sustain

stresses (when py = 0). A symmetrical form like

" g

(4.9)

would satisfy these conditions.

Given the surface force partitioning, the velocity that controls the surface work is conse-

quently found to be the w-weighted sum of the phase velocities
Vo =wvs+ (1 —w)vp,. (4.10)

which reflects the extent to which the interface is advected by each of the phases (Bercovici &

Ricard, 2003).

On the microscopic level, a phase change contributes to the interface motion with the
velocity of the propagating phase front. However this phase front velocity has opposite direc-
tions at opposite sides of a grain/pore. The velocity of the interfaces due to a phase change
averaged over a control volume is proportional to the integral [AT'ndS, where the integra-
tion is over all the interfacial surfaces with normal n (pointing say, from the matrix phase
to the fluid phase). Assuming that the two-phase mixture is isotropic then the interfaces are
randomly oriented, in which case the integral [ AT'ndS is zero if AT is uniform or slowly
varying relative to fluctuations in n. The average interface velocity therefore remains v,, with

or without melting, i.e. is independent of the instantaneous melting rate.

Bercovici & Ricard (2003) show that the pressure P; on the interface between the two
fluids is (see also Drew, 1983)
Py = (1 —-w)P; +why,. (4.11)

Notice that the weighting factors w and 1 — w appear in a reverse order in (4.11) compared
to (4.10). The behavior of P; can be understood by rewriting the pressure jump AP as the
difference between the pressure jump across the matrix selvedge layer and that across the fluid
selvedge layer, AP = (P,, — P;) — (Py — P;). In the case where the surface effects are totally
embedded in the matrix (uy = 0 and w = 0), the entire pressure drop across the interface
should be accounted for by the matrix contribution, and therefore controlled by the first term
P,,, — P; containing the matrix pressure. One thus gets P; = P;. Later (in section 4.2.3) we
will find it necessary to introduce an effective interface density weighted in the same way as

the interface pressure P;,

pi=(1—w)ps+wpm- (4.12)
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4.2.3 Energy conservation

No terms related to phase change appear in the creeping momentum equations, and only appear
in a trivial way in the two mass conservation equations. In contrast, the energy equation is

modified in a substantial way and is now discussed in detail.

Each phase has a specific (per mass) internal energy, ey and &,,, respectively. In our
model where individual phases are incompressible, the internal energy density of each phase is
uniquely determined by the temperature. We assume the same temperature 7" in both phases
(local thermal equilibrium). We can write de; = C;dT, where C} is the heat capacity of phase
j. To account for its thermodynamic presence, the interface is treated as an independent
phase. The mechanical and thermodynamic state of the interface is described by its surface
energy &;, entropy s; (both per unit area), and surface tension coefficient o; these quantities
are (for chemically homogeneous systems) related according to (Bailyn, 1994; Bercovici et al.,

2001a)
do do

S; — —

The interfacial surface energy is transported by the moving continuum with the average inter-

face velocity v,, defined by equation (4.10).

The conservation of energy is expressed by the following equation where the left-hand side
represents the temporal change of energy content in a fixed control volume and the right-hand
side represents the different contributions to this change, namely internal heat sources, ), loss
of energy due to diffusion, V - q, advection of energy, and rate of work of both surface and

body forces.

0
ot [¢Pf5f + (1 = @)pmem + &ial

=Q -V -a—-V [dprepvs + (1 = @)pmemVm + §iavy] (4.14)
+ V- [=¢Pyvy — (1 = )PV + ¢vy Ty (1= @)V - T,,, + 0V,

—gbe-,Ofgi—(l—qb)Vm-pmgi.

The last equation is manipulated in the standard way using the mass and momentum
equations. We also use expressions for de; and relationship between interfacial energy and

entropy, (4.13). After some algebra we get

dprCy

D, T D, d d
+ (1= $)pmCin —T (“) ’

DT
—I= —m- Y la—) —Ta—W .
Dt Dt Dt \“ar OqrV Ve

da\ Dy R
=Q-V- —I—\I/—<AP+0> ~I—[As+—]AF,
Q-Va d6) Dt om  0f

(4.15)
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where Ae = ¢, — € is the difference between the specific internal energies of the phases, and

V¥ is the rate of deformational work,
U = cAv® + ¢Vvy : T+ (1 =)V i1, (4.16)

The fundamental derivatives are defined by

D; 0

A V4 4.17

Dt ot VY (4.17)
where j is to be substituted with the appropriate subscript f, m or w.

Equation (4.15) is arranged in such a way as to group the terms related to temporal entropy
variations on the left-hand side (—do/dT is the interfacial entropy). The right-hand side then
contains terms related to entropy sources and fluxes. In addition to the usual heat production,
diffusion and deformational work, two other expressions appear with clear physical meanings.
One of them includes AP + oda/d¢. As the quantity da/d¢ is the sum of the average
curvatures of grain/pores, 2/(R) (here curvature is defined positive when concave to the fluid;
see Bercovici et al., 2001a), the Laplace’s condition on the pressure drop across a curved
interface is recovered when the pressure difference between the two phases is AP = —od¢/da
(Landau & Lifshitz, 1959). The Laplace’s equilibrium condition can only be satisfied if the
phases are stationary. Thus AP + od¢/da is the out-of-equilibrium pressure difference, that
is due to the viscous deformation of the phases. The other term contains the difference in the
specific enthalpies Ah = h,,, — hy where the enthalpy of phase j is defined by h; = ¢; + P;/p;.
The energy equation (4.15) corresponds to the one found in Bercovici et al. (2001a, eqn. 59).

It contains one additional source term, AhATI", which arises from the phase change.

The mass conservation equations (4.1) and (4.2), the momentum equations (4.4) and (4.5),
augmented by the viscous stress relations (4.7), and the energy equation (4.15) need to be sup-
plemented with two more relations. In particular we need to determine the pressure difference
AP between the phases and the melting rate AI'. To this end, we examine entropy production
in the system and employ the method of non-equilibrium thermodynamics (e.g., de Groot &
Mazur, 1984) to arrive at the two requisite equations, similar to the approach that was pre-
sented in Bercovici et al. (2001a). In the case with no phase change (AT identically zero)
this non-equilibrium thermodynamics approach led to a relationship between the interphase

pressure drop AP and viscous compaction (Bercovici et al., 2001a).

The entropy conservation writes in the most general case (de Groot & Mazur, 1984)

0 do do
a ¢,0fo + (1 - QZ))pmSm - dTa:| =-V. |:¢pf5fvf + (1 - d’)PmSme - dTO‘Vw:| -V.-J+S,
(4.18)
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where J represents the microscopic non-convective entropy flux and S is the internal entropy
production. According to the second law of thermodynamics, S cannot be negative. To identify
the entropy sources and the microscopic flux in our particular case, we compare the energy
and the entropy equations (4.15) and (4.18) taking into account that, for each incompressible

phase, ds; = C;dT’/T = dej/T. After some algebra, one gets

q
J== 4.19
T’ ( )
1 da\ D,¢
TS=Q——=q-VT+¥— (AP +0— | == + ATA 4.2
S=0Q TqV+ ( +Ud¢> Dr Tt I, (4.20)
where we have introduced the difference in chemical potential between the two phases
P, P
Ap=Ac+ " — L _TAs, (4.21)
Pm  Pf

where As = s, — sy is the change in specific entropies. In addition to the usual entropy
sources related to heat production, diffusion, and dissipation ¥ (see equation (4.16)), we find
two additional entropy sources: one is related to the out-of-equilibrium pressure difference
and goes as —(AP + oda/d¢) multiplied by the temporal change in porosity D, ¢/Dt; the
other arises from the phase change rate AI', which is multiplied by the difference of chemical

potential of the bulk phases A.

It is tempting to recognize two thermodynamic scalar forces and their conjugate fluxes in
the last two terms of the entropy production (4.20). However, with this choice, the individual
forces and fluxes are not independent; the pressure jump affects the chemical potential dif-
ference, and the porosity change is affected by the melting rate. Therefore we reorganize the

entropy production term S in a somewhat different form. We write

1 da’\ (Dyo  p; pi da
TS = Q——=q-VT+¥— <AP + J) ( - AF) +AT [A — (AP + J)] .
97 a6) \ Dt " oyom Sy @)
4.22

In this expression, the pressure jump in excess of Laplace’s condition appears as conjugate to
the porosity change in excess of melting, which can be expressed, using (4.1), (4.2), (4.10) and

(4.12), as
Dw¢ Pi

Dt pipm
Using (4.11), (4.12) and (4.21), we can write

AT = (1-w)(1— @)V - Vi — wpV - v (4.23)

Di do Ap da  p;
Ap — AP+U>:A5—TA3—R—U .
: PfPm ( do PfPm do pgpm

(4.24)

The expressions (4.23) and (4.24) are chosen as the thermodynamic forces. Following
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the standard procedure of non-equilibrium thermodynamics (e.g., de Groot & Mazur, 1984),
we assume that there is a coupled linear relationship between the two thermodynamic scalar

fluxes, and the two thermodynamic forces, to wit

—<AP+U®‘>:LH<D‘”¢— Pi AI‘)—i—ng(Ag—TAs—BAp— da_pi >

g
do Dt prpm pipm Ao prpm
(4.25)
Dw % A i
AF:L21< o__r AF) + Lo (As—TAs—Pip—ada P > (4.26)
Dt prpm pfPm Ao prpm

The phenomenological coefficients L;; form a 2 by 2 matrix L. The off-diagonal coefficients
of this matrix can be constrained using the Onsager’s theorem (de Groot & Mazur, 1984).
The two forces (4.23) and (4.24) in our problem are odd and even functions of velocities,
respectively; then following Onsager’s findings we have Loy = —Ljo, i.e.,the matrix L is
antisymmetric. To insure the positivity of the entropy production, the symmetric part of the

matrix L must be positive definite; this constraint gives us L1 > 0 and Log > 0.

The existence of a non-zero coupling phenomenological coefficients like Lo is possible in
irreversible thermodynamic but is not always the case. In our context, a thought experiment
suggests that the two fluxes decouple (L12 = L9; = 0). Let us consider a situation of homoge-
neous isotropic melting without surface tension where the melt has such a low viscosity that
it cannot sustain viscous stresses and cannot interact with the solid by Darcy terms. For such
an inviscid melt w = 0 according to (4.9). In this case, as the melt can escape instantaneously,
the matrix should not dilate (i.e., using (4.23), the first term on the right-hand side of (4.25)
is zero), and thus the two pressures should be the same (therefore the left-hand side should
disappear). The only solution for the equation (4.25) to hold is to have Lis = 0 as the term

containing Ay can be arbitrarily imposed.

Another requirement is that (4.25) should correspond to what was found in Bercovici et al.
(2001a) and Bercovici & Ricard (2003) when AI' = 0. Simple micromechanical models (e.g.
Nye, 1953) allow us to evaluate L1,

Hf+ fm
Ly = Ko————. 4.27
=Ko fa =0 (4.27)

The dimensionless constant K accounts for grain/pore geometry and is of O(1).

Using these constraints we can therefore restate the two phenomenological equations

as

AP +o0— = —K — AT ), 4.28
do 6(1—¢) \ Dt~ prpm (4.28)

AF:L22<A5—TA5—PiAp da_pi >

_ e 4.29
PfPm do prpm (4.29)
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The first equation establishes a general relationship controlling the pressure drop between
phases. The left-hand side represents the out-of-equilibrium pressure difference due to defor-
mation of the two-phase mush. This deformation is represented on the right-hand side by the
temporal change in porosity less the contribution from the phase transition. This condition
is in agreement with that found in previous papers without phases changes (Bercovici et al.,
2001a; Ricard et al., 2001; Bercovici & Ricard, 2003). In the former, it was argued that some
deformational work could also affect this pressure drop. This hypothesis led to a damage
theory developed in Bercovici et al. (2001b); Ricard & Bercovici (2003) and Bercovici & Ri-
card (2005). Here we assume that the system remains close enough to mechanical equilibrium
that no damage occurs and we use (4.28). The generalization would anyway be straightfor-

ward.

The second equation gives the melting rate in terms of departure from thermodynamic
equilibrium between the phases, represented by the parentheses on the right-hand side. The
linear relationship assumes that the departures from equilibrium are small. The positive
coefficient Loy is related to the usual rate constant k. of kinetic theory (see for example
Lasaga, 1998).

4.2.4 The equilibrium condition

In the case of mechanical equilibrium (i.e., when Laplace’s condition holds), (4.29) recovers
the usual proportionality of the melting rate to the difference in chemical potentials of single
phases Ay (see also (4.24)). In general the non-equilibrium pressure drop affects the melting
rate. We thus define a new chemical equilibrium state from (4.29) with AT'/Laa — 0, which
requires

Ac - TAs_ p 2P do pi

O‘ =
PfPm do prpm

(4.30)

This equilibrium is controlled by the interface properties, interface pressure P; and interface
density p; (see (4.11) and (4.12)).

In the following we assume that the melting occurs at equilibrium and use (4.30) rather
than the kinetic relation (4.29) (this is equivalent to using (4.29) with a very large kinetic
coefficient Lgy). We also make the assumption that the heat capacities are constant; in this

case, for each phase j one has

ej =) + Ci(T — Ty), (4.31)

T
%=§+Qm(%>, (4.32)

where Tp, 69 and 59 are reference values. We assume that the two heat capacities are equal,
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C¢ = Cy, = C, and the equilibrium condition (4.30) thus simply writes

A da pi
(T —To)As + P22 4 552 Pi
pfPm Ao prpm

(4.33)

where As = As? and Ty = Ac®/As; Tp is therefore the melting temperature of a flat in-
terface at zero pressure. In this equation one can introduce the classical Clapeyron slope
v = —=Ap/(prpmAs) (in K Pa~'). We can also express the melting temperature in terms of
the measurable average pressure P:

P da

— o P + f Dw¢ Pi
T=Ty++yP—— L % VK1 —w-— ( — AT (a4
o Aspipmdd ol ¢)¢(1*¢) Dt pypm (4:34)

This equation shows that two new terms affect the Clapeyron static melting condition, T =
Ty + /P, that would hold in a single phase modeling. The third term on the right side of
(4.33), containing the surface tension o, represents the Gibbs-Thomson effect. For grains of
silicates in contact with the melt, the values of surface tension are around 1Jm™2. With
p ~ 3000kgm~3 and As ~ —(300-400) JK~1kg~!, this term is quite small for grain size of
10 pm—1 mm, spanning a range of about 0.001-0.1 K. In this calculation we took 1/grain size
as the measure of characteristic interface curvature. In theory the Gibbs-Thomson effect could
be significant, depending on the behavior of da/d¢, which is a more appropriate measure of
the average curvature, i.e., depending on the microscopic model of the interfaces. In the case
where all interfaces are between matrix and magma (i.e., when grain-grain interfaces are not
considered), the dependence of o on ¢ is such that da/d¢ becomes very large as ¢ — 0, remains
positive at small ¢ and changes sign at some ¢.. The nucleation of a new phase (at ¢ = 0)
requires lower pressure or larger temperature than those of the Clapeyron curve to overcome
the pressure jump associated with interface surface tension. Similar behavior was found in the
model that includes grain—grain interfaces in the case of large (> 60 degrees) dihedral angle. If
the dihedral angle is small (< 60 degrees), the presence of grain—grain interfaces causes the sum
of average curvatures da/d¢ > 0 to become negative and nucleation of melt occurs at higher
pressure or lower temperature compared to Clapeyron conditions (Hier-Majumder et al., 2006).
The question remains as to the nature of the first melt to appear. If the first liquid forms
at some localized nucleation sites as tiny droplets, the pressure will be increased due to large
positive interface curvature, and the Gibbs-Thomson effect will act against melting. This case
could be, at least qualitatively, modeled using a simple interface model without grain-grain
interfaces (discussed above); the model could be adjusted such that the change in curvature
sign occurs at some very small porosity ¢.. On the other hand, if the first melt behaves as
a wetting grain boundary phase, then melting is probably facilitated by the Gibbs-Thomson
effect.
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The last term on the right side of (4.34) is the dynamic pressure perturbation caused by
matrix dilation or compaction (that is not associated with melting of freezing). With pp < py,
and thus w = 0, the dynamic pressure perturbation simplifies to Koty (1 — ¢)/¢V - vy, In a
compacting melting matrix (V - v, < 0), the dynamic pressure is negative and melting thus
occurs at larger mean pressure P or at lower temperature than in a static case. Reciprocally, in
a dilating matrix (V - v,, > 0) melting requires lower pressure or higher temperatures. When
pf < Pm, the bulk volume increases upon melting. The melt is extracted since it is lighter
than the matrix and rises faster. Whether the matrix compacts or dilates depends on how
efficient the melt extraction is relative to the bulk volume increase. We have thus identified two
effects that change the Clapeyron melting condition based on the average pressure P: Gibbs-
Thomson effect and dynamic pressure perturbation. Both can influence the phase equilibrium

in either direction. The dynamic pressure effect will be quantified in section 6.1.3.

4.2.5 Simplifying assumptions and governing equations

The introduction of surface tension was crucial to derive our equations properly by forcing us
to be explicit in the definitions of the various quantities, pressures, densities and velocities,
pertaining to surfaces or phases. However, the surface tension also induces the well-known
Gibbs-Thomson effect in which case melting may be totally forbidden by capillary forces unless
a more sophisticated model of heterogeneous nucleation is considered. This physical difficulty
could be removed by considering a more realistic case wherein the matrix itself contains both
grain-fluid and grain-grain interfaces, each with different surface tension (see Hier-Majumder
et al., 2006, for a complete discussion). We leave the discussion of the surface tension effects

for future studies and assume in the rest of the paper that ¢ = 0.

We further assume that the matrix is much more viscous than the fluid phase (1 f < i)
as typical for melting scenarios, which implies that 7, = 0, w = 0, p; = py, P, = Py, and
Vo = V. For convenience we summarize the governing equations with these assumptions

(0=0, py < pim)-

By combining equations (4.1) and (4.2) we obtain the mass conservation for the two phase

material 5
v = Ap20
V. .pv=~»Ap 5t (4.35)

where pV = prédvy + pm(l — ¢)vy,. It must supplemented by another mass conservation

equation, for example the matrix equation

¢ AT
~5e tV (M= dva] = === (4.36)
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The equations of conservation of momentum for the fluid phase is
—¢V[Pr + prgz] + cAv = 0, (4.37)

and the force-difference (or action-reaction) equation is

; cAv
VI =) AP = (1= ¢)Apgz+ V- [(1 = ¢)T,,] — 5 O (4.38)
The deviatoric stress in the matrix is given by
T 2
Tm = tm | VvV + [V ] — §V vl ). (4.39)
The pressure jump between phases becomes
AP = —KO NV V. (4.40)

¢

Here Ko /¢ represents the bulk viscosity. The value of the dimensionless factor Ky depends
on the geometry of the two-phase mixture. In the case of non-interacting cylindrical inclusions
Bercovici et al. (2001a) found Ky = 1. Some more complicated functional dependence of
bulk viscosity on porosity was suggested (see discussion in Schmeling, 2000) that takes into
account the interaction between individual pores/grains. Here we will assume the simple 1/¢
dependence as it captures the most important characteristic of the bulk viscosity in the limit

of small porosity. For the sake of compact mathematical expressions here we adopt the value
Ky =4/3.

In general, when the phases are not in thermodynamic equilibrium, the rate of melting is

determined by (4.29), which, with (4.31) and (4.32), yields

AT = Lo | (T = Ty)As + P;2L| | (4.41)

PfPm
where Py could be replaced by P+ Kopim(1—¢)V vy, /¢ to emphasize the effect of compaction
on the melting condition. In the following we assume thermodynamic equilibrium, i.e., an

infinitely fast reaction rate (Lgga — 00).

The energy equation is

DT D,,, T AT? 1
pfgbC’ +pm(1 qﬁ)Cit—TAsAF Q- Vq—l—L——l—Koum ¢¢(V Vi )2+ 0. (4.42)

On the right-hand side one recognizes the various dissipative terms, in particular the chem-

ical relaxation term AI'?/Las (de Groot & Mazur, 1984), and the bulk compression term
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K—OMm(1 - ¢)/¢(V : Vm)2'

In the case of thermodynamic equilibrium (L — o0) the Gibbs equilibrium condition
(4.41) is no longer an equation for the melting rate. It can be interpreted as an equation for

the temperature while the energy equation (4.42) controls the melting rate.
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Table 4.1: Table of quantities et parameters of two-phase
model
symbol | description definition units
q average quantity defined for any g¢f, gm oqr + (1 — d)am unité of qf, gm
Aq difference quantity defined for any q¢, g, Gm — qf units of g;’s
10} porosity, volume fraction of fluid phase 1
V¢, Vip | average fluid and matrix velocities m/s (or dimless)
Vi average interface velocity m/s
AT melting rate kg/(m?s)
X degree of melting 1
Py, P, | average fluid and matrix pressures Pa (or dimless)
P effective pressure on the interface Pa
T temperature K (or dimless)
Tf, Tp, | fluid and matrix viscous stress tensor Pa
€f, €m | specific internal energies of fluid and ma- J/kg
trix
& interfacial surface energy J/m?
sf, sm | specific entropies of fluid and matrix J/(Kkg)
S interfacial entropy J/(Km?)
As difference of entropies at reference tem- s — 5? J/(Kkg)
perature Tj
hy, hym | specific enthalpies J/kg
Ah difference in specific enthalpies hpm — hy J/kg
Ay | difference in chemical potentials Ah =T (s — sy) J/1g
z vertical coordinate m (or dimless)
t time s (or dimless)
Z unit vector in vertical direction
pf, pm | fluid and matrix densities kg/m3
Pi effective interfacial density kg/m3
K, pm | fluid and matrix shear viscositites Pas
K geometric factor of O(1) 1
o surface tension J/m?
o interface area density 1/m
g gravitational acceleration m /s’
w surface energy partitioning coefficient 1
ko constant in permeability relationship m?
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Table 4.1: Table of quantities et parameters of two-phase
model (continued)
symbol | description definition units
c Darcy interaction coeflicient Pas/m?
Q heat source J/(m3s)
q heat flux J/(m?s)
v deformational work J/(m?s)
J non-convective entropy flux J/(Km?s)
S entropy production J/(Km?3s)
C heat capacity J/(Kkg)
To initial temperature of upwelling K
T, capillarity temperature scale K
% initial velocity of upwelling m/s
H length scale pfToAs?/(ApgC) m
¥ Clapeyron slope Ap/(prpmAs) K/Pa
kr thermal conductivity J/(msK)
R density ratio Pt/ Pm 1
VB buoyancy velocity Apg/(cV) 1
g —C/As 1
Rk7Ty/(ApgV H?) 1
compaction length Apir, [/ (3cH?) 1
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Chapitre 5

Quelques solutions simples de

couplage fusion/déformation

5.1 La fusion d’une sphére

L’étude de la fusion et compaction d’un échantillon sphérique présentée dans cette sec-
tion est un exemple simple de couplage entre fusion et déformation visqueuse. Une analyse
similaire de la compaction sphérique sans fusion a été présentée dans McKenzie (1984) et dis-
cutée dans Ricard et al. (2001). Dans le papier de McKenzie cette expérience hypothétique
de compaction sphérique a été proposée pour justifier la présence d’une viscosité de compres-
sion (bulk viscosity). Ricard et al. montre ’équivalence entre le terme Kou,,/¢ dans leurs
équations qui utilisent une seule viscosité de cisaillement pour chaque phase et la viscosité de
compression, ou seconde viscosité, de McKenzie (1984) dans le cas ot la porosité est constante

et uniforme.

Ici nous allons ajouter la fusion dans le modéle. Nous considérons une sphére de rayon g
(Figure 5.1) et restons dans l'approximation adoptée dans la section 2.2 (voir aussi la section
4.2.5) ou la viscosité de la phase liquide est beaucoup plus petite que celle de la phase solide
(uf < pim, et par conséquence w = 0, v, = Vi, p; = pf, P = Py, Ty = 0), et ou la
tension de surface est absente (o = 0). De plus, nous négligeons la force de gravité (g = 0).
Avec ces approximations, I’équation (2.18) pour les quantités de différence (appelée I’équation

d’action-réaction dans Bercovici et al., 2001a) devient

V1= ¢)AP|+V -[(1 - ¢)T,]

T 5 =0 (5.1)

Nous considérons le cas & symétrie sphérique ol toutes les variables dépendent uniquement

109
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v

Ve liquide inviscide (W << Y,,)

sans gravite (g = 0)

sans tension superficielle (o = 0)

<+

S

manteau impermeable
ou semipermeable

o\

2 ... force par unite de surface
T (negative en compression)

Fi1G. 5.1 — Une sphére de rayon rg a l'intérieur de laquelle la fusion se produit est encapsulée
dans un manteau imperméable ou semiperméable (i.e., le liquide peut sortir). Une force par
unité de surface X est appliquée a la surface.

de la coordonnée radiale r. Avec (3.28) et la substitution de AP de (2.19) avec Ko = 4/3
I’équation (5.1) devient

42
1-¢ 1 8(7’2vm) +352¢>v_m@_

¢ ﬁa , 8’[‘ A’U = 0, (52)

0

82—

¢8'r

ol vy, et Av sont des vitesses radiales et § est la longueur de compaction définie par

4u
2 _ *Hm
§ =35 (5.3)

5.1.1 Fusion et compaction sphérique sans interaction Darcy

On va d’abord étudier un cas ou l'interaction de Darcy est négligée (¢ — 0, qui se traduit
par 6 — 00). On peut trouver une solution analytique dans le cas d’une porosité uniforme
(¢(r) = ¢p). L’équation (5.2) devient
o190, ,

— | 5= (v =0 5.4
or |:’I"2 81"( m)] ’ (5:4)
dont la solution est v,, = Ar + B/r?, ott A et B sont des constantes d’intégration. Pour que

la solution soit réguliére au centre de la sphére, B doit étre 0. Pour obtenir A, il faut imposer

une condition a la surface de la sphére (en r = rg).
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Le champ de vitesse v, = (Ar,0,0) n’induit pas de contrainte visqueuse (7,, = 0), en

particulier la contrainte normale dans la direction radiale est nulle puisque

o = gr o (Y (55)

Supposons que nous imposions & la surface de la sphére une force par unité de surface. Cette
force ne peut étre supportée que par les pressions puisque les contraintes visqueuses sont
absentes. Si on impose la méme force aux deux phases, la pression sera la méme dans le solide
et le liquide (AP = 0). Dans ce cas, on obtient A = 0 & partir de ’équation (2.19) et la matrice
est donc immobile (v, = 0). La vitesse du liquide est obtenue par intégration (2.11). Dans le

cas & symétrie sphérique et avec v, = 0 la vitesse radiale du liquide est

Ap 1 "
vf = op 5 / 2 ATdr. (5.6)
pfPm G0t Jo

Méme avec une matrice immobile, du liquide est expulsé pour compenser le changement de

volume lors de la fusion.

Imaginons maintenant que la sphére soit encapsulée dans un manteau semiperméable
d’ou le liquide puisse sortir librement tandis qu’une force 3 (positive en tension, négative en
compression) appliquée & la surface est supportée par la matrice. La premiére partie de cette
condition impose Py = 0 & r = ro. En I'absence de forces volumiques (g = 0) et lorsque les
forces de Darcy sont négligeables (¢ = 0), le gradient de pression fluide est nul (voir (2.13)).
La pression du liquide reste donc partout nulle (P; = 0). L’application d’une force en surface
implique ¥ = —(1 — ¢o) P, a r = 79, et on peut remplacer P, par AP (puisque Py = 0). A
partir de I’équation donnant le saut de pression entre les phases (2.19) on obtient A, d’ou se

déduit I'expression de v,

po X
U, = —, 5.7
L . (5:7)
et, dans le cas du taux de fusion AI' uniforme,
by Ap AT
Vf=—"—"T"+——-—"7"T. 5.8
/ 4fim PfPm 3o ( )
La pression du solide est aussi uniforme, P,, = —%/(1 — ¢¢). De la conservation de la masse
(2.9) on déduit I’évolution temporelle instantanée de la porosité,
0 3¢pox AT
990 _ 302 | AT (5.9)

o 4 pm  pm

La porosité peut donc décroitre par la compaction de la matrice solide (terme en X)) ou par la

solidification du liquide (terme en AT).
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Dans cette étude ou la phase fluide est parfaitement inviscide (sans contrainte puisque
py = 0 mais aussi sans terme de Darcy puisque ¢ = 0) les résultats pour vy,, P, et Py sont
les mémes que ceux obtenus par (Ricard et al., 2001) lorsque la fusion n’était pas considérée
(AT = 0). La fusion modifie seulement la vitesse du liquide vy et I’évolution de la porosité. 11
faut souligner que les expressions dérivées ici sont valables uniquement dans la situation ou la

porosité est uniforme, donc seulement & I'instant initial de I’expérience.

5.1.2 Fusion et compaction sphérique avec le terme Darcy

L’approximation ¢ = 0 discutée dans la section précédente devient intenable & petite poro-
sité. C’est évident d’apreés 1’équation (5.1) puisque le terme proportionnel & ¢ qui apparait sous
la forme ¢/¢ ne peut plus étre négligé (la méme chose est observée pour le terme correspon-
dant dans I’équation 5.2). On va maintenant garder ce terme qui représente la résistance a la
séparation des phases, une manifestation du frottement cisaillant visqueux & travers 'interface
solide-liquide. Le coefficient ¢ est lié a U'inverse de la perméabilité k(¢) de la loi de Darcy

(équations 2.16 ou 4.6 ; Bercovici et al., 2001a; Darcy, 1856).
A porosité uniforme (¢(r) = ¢p), I'équation (5.2) devient

o190
h2§ [ﬂ&ﬂ(r%m)] — ¢oAv =0, (5.10)

ol h est I’échelle naturelle de longueur donnée par

h? = 6%po(1 — B3). (5.11)

Nous allons discuter des solutions analytiques dans deux situations spécifiques. Nous sup-
poserons d’abord un taux de fusion AI' uniforme. On montrera que les conditions thermody-
namique nécessaires pour générer un tel taux de fusion sont problématiques de point de vue
expérimental. Nous discuterons ensuite le cas ot la température est controlée par I’expérimen-

tateur.

Fusion a taux de fusion uniforme

Ici on considére AI' uniforme, on peut intégrer la conservation de la masse (2.11) et ainsi
obtenir ¢gAv = v, — T en fonction de v, et AI'. Aprés substitution dans 1’équation (5.10)

nous obtenons une équation pour la vitesse du solide

o190 1 Ap
h2§ [7«2(97"(7“2%1)} — Um = —gprAFT (512)
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La solution de cette équation est

h? h 1 A
Uy = A— |cosh <i> — —sinh <£> + fipAI‘r, (5.13)
r h r h 3 pfPm
ot A est une constante d’intégration et v,, = 0 au centre. La vitesse du liquide vy et la

différence de pression AP sont facilement obtenues des équations (2.11) et (2.19),

B 1 — ¢g h? r h . r 1 Ap
Uf = —A ¢0 7 |:COSh (ﬁ) — ; Slnh <h):| + gpfmAFT, (514)
4pm | b r Ap
AP =——-— |A—sinh | — — Al . 5.15
3 %o [ P <h>+pfpm ] (5.15)

Pour obtenir A on va utiliser la condition imposée par une membrane semiperméable en
surface. Contrairement au cas étudié précédemment, sans le terme de Darcy la contrainte
visqueuse radiale (5.5) n’est plus zéro. La condition a la surface maintenant devient ¥ =
(1 = ¢0)(Tyn,, — Pm)lr=r,, 0ft on peut toujours remplacer P, en surface par AP (P; = 0 est

imposé a r = rg). Aprés quelques manipulations on obtient

ro 3% Ap AF] K 3n2 1 > . /ro\ 3h ro T
A= — — — 1+ ——+ —|sinh(—) — —cosh|— . (5.16
B |G —00)  pypm o 7o ) () = eoh ()] 510

Si AT = 0 le résultat trouvé est semblable & celui discuté par Ricard et al. (2001).

La Figure 5.2 montre les vitesses du solide et du liquide v, et v en fonction du rayon pour
deux valeurs différentes de 1’échelle de longueur h. Le rayon est normalisé par rq et les vitesses
par 1o ApATL'/(3pfpm) qui est la vitesse commune de vy et vy, a la surface lorsque h < 1. Sur
les figures aucune compaction n’est imposée, c¢’est a dire que ni le liquide ni la matrice solide
ne sont restreints (X = 0). Toute la déformation est causée par la fusion. L’échelle de longueur
h correspond a la distance sur laquelle 'extraction du liquide est possible. La limite de h > rg
correspond a la situation sans terme de Darcy qui est discutée dans la section précédente. Dans
cette limite et avec 3 = 0 la matrice est immobile et la vitesse normalisée d’échappement de
vy augmente d’'une facone linéaire de 0 au centre & 1/¢g & r = 19 (équation(5.8)). Quand
léchelle de longueur h est comparable au rayon 7y (courbes épaisses & h = rg), le liquide
d’une densité inférieure qui est généré par la fusion s’échappe en entrainant la matrice a faible
vitesse. Quand l'échelle h est petite par rapport a 7o (courbes fines & h = r¢/10) le liquide ne
peut pas s’échapper et sa vitesse est considérablement réduite. A cause de la friction de Darcy,
le liquide reste prisonnier du solide prés du centre de la sphére ol les vitesses d’inflation du
solide et du liquide sont les mémes. Une couche limite d’une épaisseur proportionelle & h est
présente prés de la surface ou le liquide s’échappe librement pendant que la matrice solide se

compacte faiblement.
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25| / i

20 / I

Vitesse

0.0 0.2 0.4 0.6 0.8 1.0
Rayon

F1G. 5.2 — Vitesses du solide (trait plein) et du liquide (tiretés) en fonction du rayon normalisé
r/ro dans le cas de AT constant, ¥ = 0 et porosité uniforme de ¢y = 0.1. Les vitesse sont
normalisées par 7o ApAIL'/(3pfpm). Les courbes épaisses correspondent a h = rg, les courbes
fines & h = 19/10. La ligne pointillée montre vy, aussi que vy a la limite de h/rg — 0.
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F1G. 5.3 — Le changement de porosité d¢p/0t en fonction du rayon normalisé r/ry dans le
cas de Al constant, 3 = 0 et porosité uniforme de ¢y = 0.1. Le changement de porosité est
normalisé par AI'/p,,. On prend Ap/p,, = 1/6. La courbe épaisse correspond a h = rp, la
courbe fine & h = ry/10. La ligne pointillée montre la limite sans le terme Darcy (équation
5.9).

L’évolution temporelle de la porosité a I'instant initial (& 'instant ou la porosité est uni-

forme) est obtenue de la conservation de la masse (2.9),

do

. _
=5 = AL = go)~ sinh (%) + P AT (5.17)

PfPm

La Figure 5.3 montre le changement de porosité d¢g/0t normalisé par AT'/p,, le terme
source dans l’équation (2.9), en fonction du rayon normalisé /9. Quand I’échelle h est petite
par rapport a 7o (courbe fine) le liquide reste piégé dans le solide et le changement de porosité
est uniquement controlé par le terme source, donc atteint une valeur normalisé de p/p ¢. Pres
de la surface ou le liquide peut s’échapper la porosité augmente moins rapidement. Quand h
est grand, le liquide superflu peut s’échapper librement depuis tous les points de la sphére et

la croissance de porosité est donc plus uniforme mais moins rapide.
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Considération de la faisabilité de ’expérience

Il est utile de discuter la faisabilité de ’expérience proposée. Si on veut assurer un taux
de fusion uniforme & lintérieur de I’échantillon, il faut qu’on impose un certain profil de
température. A I'équilibre thermodynamique le profil de température nécessaire est, d’aprés
I’équation (2.20) en supposant I’équilibre thermodynamique, Lag = 0,

Pr Ap

T=Ty— ————. 0.18
° Aspfpm ( )

Comme on connait les vitesses des deux phases, donc aussi Av, la pression dans le liquide
est obtenue par intégration de la “loi de Darcy” (2.13) avec la condition limite Py = 0 a la

surface,
2

P = A(’;ZQ) K‘ sinh (%) - :;sinh (:Sﬂ . (5.19)

On peut aussi écrire Py en fonction du changement de porosité (5.17) comme

) . (5.20)

La pression fluide étant inhomogéne, un taux de fusion homogéne nécessite donc une

_ 9%
ot

p__h* [0k
T 92010 —go) \ o

r

température inhomogéne qu’on peut écrire en fonction du changement de porosité en utilisant
(5.18) et (5.20). La pression du liquide augmente de 0 a la surface vers des valeurs positives
a l'intérieur. Comme As est négatif-I’entropie d’un liquide est plus grande que celle du solide
de la méme composition— la température augmente aussi de Ty a la surface, vers l'intérieur
de la sphére, ot la pression élevée du liquide nécessite une température proportionnellement
plus élevée pour que la fusion se produise. L’écart de température AT = T — T} ainsi que la
pression du liquide sont montrés dans figure 5.4. La méme courbe montre P; normalisé par
IAr = 4pm AT (1=po) Ap/(3doptpm) et AT normalisé par HArAp/(|As|pfpm). La valeur IIar
est la pression du liquide a la limite de h < rq. Ces profils sont similaires a ceux de 1’évolution
de porosité (figure 5.3). Lors d’une expérience au laboratoire, ou la taille d’échantillon est
vraisemblablement beaucoup plus petite que la longueur de compaction §, la température en

exces au centre de la spheére est (de 5.16-5.18, 5.20)

To_gm Ty — 2Hm (0 NEIRUNY (5.21)
a 9 As \ ¢od PfPm

Si cette expérience était effectuée avec un échantillon centimétrique (rg ~ 0.05), & un taux
de fusion AT' ~ 1kgm™2 s™! (la totalité d’échantillon va fondre en ~ 1 heure), et en choisissant

pm ~ 3200kgm™3, Ap ~ 500kgm™3, us ~ 10Pas, u, ~ 10¥Pas, kg ~ 5 x 10710m?
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F1G. 5.4 — Pression dans le liquide en fonction du rayon normalisé r/ry dans le cas de
AT constant, > = 0 et porosité uniforme de ¢g = 0.1. La pression est normalisée par
Iar = 4pumAL(1 — ¢o)Ap/(3¢optpm). La courbe épaisse correspond & h = 7, la courbe
fine & h = r¢/10. Ces courbes représentent aussi 'écart de température AT, normalisé par

HarAp/([Aslpspm)-
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et As = —340Jkg ' K~!, un excés de température de 0.8 K serait nécessaire & une porosité
¢o = 0.01. Evidemment la dépendance de cet excés en 1 / ¢% implique qu’un solide pur exigerait
une température infinie en son centre pour que la fusion s’y produise. Un solide pur doit

forcement fondre uniquement & partir de I’extérieur.

Fusion a température uniforme

En pratique, ce n’est pas possible d’imposer une température a l'intérieur de 1’échantillon
qui dépende de r et qui croisse vers le centre. Il sera plus facile d’ajuster une température
uniforme dans I’échantillon. Imposons donc un écart de température AT =T — Ty uniforme.

Dans ce cas il faut utiliser la relation cinétique (2.20)

et écrire le taux de fusion en fonction de la température et la pression dans le liquide.
L’équation de quantité de mouvement du liquide (2.13), le taux de fusion (2.20) et I’équation

de continuité (2.11)

(les deux derniéres différenciées par rapport a r) conduisent a

8 1 6 LQQC( Ap

2
2 _

On peut écrire v en fonction de v, et Av et utiliser I’équation d’action-réaction (5.10)

pour obtenir

o109
iy e
or [7"2 or

(T2Av)] —Av =0, (5.23)

ou l'échelle caractéristique de longueur H est donnée par

h2 4 Ap \?1—¢2
— =14 —u,L 9. 5.24
gz T ghme (pfpm) o (5.24)

La solution a cette équation analogue a (5.12) , sans membre de droite est

Av = Al—f {cosh <%) - gsinh <;I)} , (5.25)

ou A est une constante d’intégration. Maintenant que la différence de vitesses est connue,
la pression dans le liquide est obtenue par 'intégration de I’équation (2.13) avec la condition

P; = 0 en surface,

Py = ”;T ﬁ[ sinh (%) - f’osinh (T;)} . (5.26)

Le taux de fusion AT est facilement calculé par (2.20). La vitesse moyenne du mélange
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biphasé est obtenue de 'équation (2.11), de T et Av les vitesses du solide et du liquide sont

calculées. La vitesse du solide est

H* r H . r 1 H?>\ H . o
Um = A¢07h27" |:COSh (ﬁ) — 7 sinh <H>:| + §AT¢O <1 — 7h2 > % sinh (ﬁ)
1 A
S LwATAs 2L (5.27)
3 PfPm

La différence de pressions AP et la contrainte radiale dans le solide 7,,,, sont facilement
calculées de (2.19) et (5.5). On considére la méme condition de membrane semiperméable a la

surface que précédemment. Cette condition donne

_ 31 h?rg { ¥ +g Ap LQQATAS}
4o H3 | pm(l—¢0)  3prpm oo

Les Figures 5.5, 5.6 et 5.7 montrent les vitesses du solide et du liquide, la pression dans
le liquide et le taux de fusion en fonction du rayon normalisé r/rg. On prend toujours X = 0
(pas de force imposée a la surface). On choisit h?/H? = 2 qui correspond & une valeur du

coefficient cinétique (5.24)

-1
1 Ap \*1-¢f
Los = | =i , 5.29
” [3M (prm) ¢>0] (529

Ce choix est assez arbitraire mais suffit pour montrer le comportement de la solution. Les
vitesses sont normalisées par

H? A
1 P

TOLQQAT‘AS’, (530)

Var = ——_—F
AT = 3755 PP

qui est la vitesse com mune du liquide et du solide & la surface dans la limite h < rg. La

pression du liquide est normalisée par

- 4 Ap 1-¢?
37" prpm do(15 + o)

Lo AT|As|, (5.31)

qui est la valeur de Py dans la limite h < rg. Le taux de fusion est normalisé¢ par Loo|As|AT
qui est la valeur & la surface. On voit que les vitesses et la pression du liquide sont similaires
au cas précédent ot AI' était uniforme. Par contre, on voit une différence dans le profil de
taux de fusion. Le taux de fusion est maintenant plus grand & la surface de ’échantillon, ot la

pression basse du liquide favorise la fusion. Si A est comparable & r( le taux de fusion décroit
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F1G. 5.5 — Vitesses du solide (trait plein) et du liquide (trait en pointillé) en fonction du rayon
normalisé /7y dans le cas AT constant, ¥ = 0 et une porosité uniforme ¢y = 0.1. Les vitesses
sont normalisées par Var (équation 5.30). Les courbes épaisses correspondent a h = rg, les
courbes fines & h = ry/10. Dans les deux cas on choisit h?/H? = 2. La ligne pointillée montre

U, aussi que vy a la limite de h/rg — 0.

vers le centre. Si h est plus petit que ¢, le taux de fusion diminue vers une valeur uniforme
au-dessous d’une couche limite prés de la surface. Dans ce cas, ’épaisseur de la couche limite
est proportionnelle a h (si h/H est fini) et la différence entre le taux de fusion a la surface
et dans le noyau uniforme varie approximativement comme 1 — H2/h%. Quand le coefficient
cinétique est grand, la fusion se produit prés de 1’équilibre thermodynamique. Dans ce cas le

rapport H?/h? est petit (5.24). A la limite H2/h? — 0 (on garde toujours ¥ = 0)

-1
A _ Dp LnATAs [Hsmh(’“o)} , (5.32)

prpm P00 H

A cette limite v,, = 0. La fusion se produit uniquement & la surface. La dépendance de
changement de porosité d¢g/0t est, avec une normalisation appropriée, similaire aux profils

de AT.
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F1G. 5.6 — Pression dans le liquide en fonction du rayon normalisé r/rg dans le cas AT constant,
Y = 0 et une porosité uniforme ¢y = 0.1. La pression est normalisée par IIn7 (équation 5.31).
La courbe épaisse correspond a h = 7, la courbe fine & h = 79/10 et on prend h?/H? = 2.



122 CHAPITRE 5. SOLUTIONS SIMPLES DE COUPLAGE FUSION/DEFORMATION

10 ' I ' I ' I ' I

09

08| |

0.7 *

Taux de fusion

h=r,/10

04 . | . | . | . | .
0.0 0.2 0.4 0.6 0.8 1.0

Rayon

F1G. 5.7 — Le taux de fusion AI' en fonction du rayon normalisé r/rg dans le cas de AT
constant, > = 0 et porosité uniforme de ¢y = 0.1. Le taux de fusion est normalisé par
LosAT|As|. La courbe épaisse correspond a h = rg, la courbe fine & h = r¢/10 et on prend
h?/H? = 2.



Chapitre 6

1-D steady-state melting

6.1 1-D steady-state melting

Various studies have dealt with 2-D simulations of melt migration with a simplified set of equa-
tions (Ribe, 1988; Spiegelman, 1993c; Choblet & Parmentier, 2001). However to understand
the physics of two-phase medium near the onset of melting we restrict our study to a simple
1-D melting problem. Similar problems were discussed by McKenzie (1984), Ribe (1985a) and
Turcotte & Phipps Morgan (1992). Although some of these studies described simultaneous
melting and compaction, they did not account for the feedback between the viscous deforma-
tion and the thermodynamics of melting. McKenzie (1984) considered isentropic batch melting
(i.e., no melt extraction) and prescribed a dependence of the degree of melting on temperature
and pressure. Turcotte & Phipps Morgan (1992) and Ribe (1985a) used an a priori melting
relation; Turcotte & Phipps Morgan (1992) actually decoupled the processes of melting and
compaction. Only Fowler (1989) discussed the effect of compaction on the melting behavior
in the case of simultaneous melting and compaction. However, Fowler’s basic equations differ
from ours in that he assumed the matrix pressure is lithostatic. The Darcy interaction term
present in his fluid momentum equation that goes as v — Vv does not have its equal and oppo-
site counterpart in the matrix momentum equation. Therefore Fowler’s formulation violates
Newton’s 3rd law; in particular, when the two momentum equations are added to describe the
force balance on the entire mixture, the Darcy drag term remains as a spurious body force
(i.e., the drag of the fluid on the matrix must be equal and opposite to the drag of the matrix
on the fluid).

In our model we consider the melting of a simple univariant system. In the melting region
temperature follows the Clapeyron slope, which describes equilibrium between the phases.

Melt extraction occurs simultaneously with melting, which leads to viscous deformation of the

123
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matrix and consequently to different pressure fields in the two phases.

We assume matrix material initially ascends with an upward velocity V' before melting
starts. No heat is supplied to the ascending matrix. As the matrix is incompressible, before
melting starts, there is no adiabatic gradient and the far-field temperature T remains uniform.
The melting starts when the ascending solid reaches the melting pressure. This point is
considered as the origin of the coordinate z, which is positive upward. From this point on two
phases coexist until all the matrix has melted. Above the melting zone, melt is transported
isothermally again. As in the previous section we assume that the matrix is much more viscous
than the fluid and we neglect surface tension. We only study the steady-state solution of this

problem.

First we write the equations in the dimensionless form. The natural length scale for this
melting problem is the width of the melting zone. It can be estimated from a simplified
form of the energy equation (4.42) assuming that the drop in temperature is purely due to
heat consumed by melting, i.e., A" = p,,VC(dT/dz)/(T'As), where the temperature gradient
dT'/dz is the Clapeyron slope. For the purpose of scaling, T' can be replaced with Tp, the initial
temperature, and the melting rate AI' can be assumed constant; in this case, integration of
(4.36) in 1-D steady state over the depth of the partial-melt layer H leads to AT' = p,,,V/H.
The previous two expressions for AI' combine to give H = prgAs2 /(ApgC). Velocity and
temperature are scaled with their initial values V' and Tj. Pressure is scaled with p,,gH.
Performing this scaling, the dimensionless thermal conductivity kr = prkiTo/(pmApgV H?)
(where k/. is dimensional conductivity), buoyancy velocity Vg = Apg/(cV), dimensionless
compaction length 6 = /4., /(3cH?) (McKenzie, 1984), and dimensionless Clapeyron slope
v =7 pmgH /Ty appear. The dimensionless Clapeyron slope is also simply the ratio of entropy
difference to heat capacity, v = —As/C. At last we introduce R as the density ratio R =
pt/pm. We assume py < pp, and As < 0, therefore all the dimensionless parameters are
positive. Note that in our description, the Darcy interaction coefficient ¢ is constant. More
generally it is written as ¢ = pr¢?/k(¢) in the case of w, > us (see equation (4.6)) with
k(¢) a porosity-dependent permeability. We assume k(¢) = kop? which leads to a constant

c = py/ko.

With these definitions, the 1-D steady-state governing equations are the dimensionless

form of the action-reaction equation (4.38) (with (4.39) and (4.40)),

2
65 (1 gf’ ‘{ﬁ”) _ Av=Vaé(l—9), (6.1)

where Av = v,, —v; can be expressed in terms of porosity and matrix velocity from integrated
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mass conservation (4.35) (continuous mass flux implies pv = const. = p,, V),

[1—(1—=R)plom -1

Ay = 6.2
v el =2, (62
the equation for the fluid pressure (4.37),
dPy 1—RAv
— =—-R — 6.3
dz + Vg ¢ (6:3)
the equilibrium condition (4.41) assuming Loy — 00,
T =1+~P;, (6.4)
the energy equation (4.42) with equilibrium melting (Lgog — 00),
1dT 1 2T  RAv?  R&%1—¢% [dupn\?
——+ -TAT' =k .
72 dz * vy Tzt Vi * Ve ¢ < dz ) ’ (6.5)
and the matrix mass conservation (4.36),
L 11— @yuom) + AT =0 (6.6)
P U, =0. :

This set of equations must be supplemented by their boundary conditions, which, as usual
in two phase flows, are not trivial. The porosity ¢ goes continuously from 0, for z < 0, to 1,
for z > 2y, where 2y is the as yet unknown position of where melting is complete (¢ = 1). The
matrix and melt fluxes, (1 —¢)v,, and Rovs (or ppm(1 — ¢)vy, and prévys in dimensional form),
are also continuous; this implies that vy, is continuous and equal to 1 (the upward velocity) at
z = 0, while vy is continuous and equal to R~ (the upward velocity augmented by the matrix
to melt density ratio) at z = zy. However, v is not necessarily continuous at z = 0 nor is v,
at z = zy. By definition "= 1 and Py = 0 at z = 0. Eliminating Av between (6.1) and (6.3)

we obtain 4P ( 152 d 24
't 1-R 1-— U
— =—-14+(1- - — . 6.7
dz +(A-R)o+ Ve dz < ¢ dz ) (6.7)
To assure Py = 0 at z = 0, we introduce an integration constant
1— R)6? 1 dup,
= LR Ldvn] (6.8)
VB ¢ dz |,_,

which has to be finite for the solution to be non-singular at z = 0. We thus have dv,,/dz =0
at z = 0 since ¢ = 0 there. Comparing (6.8) to the 1-D dimensionless form of (4.40), one
finds that zg = —AP|,—g = —Pn|.=0 = —P|.—0, the second equality coming from Ptl.—0 =0

and the third using also ¢ = 0 at z = 0. The finite pressure difference at the onset of melting
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results from the viscous deformation of the matrix; it is the dynamic pressure perturbation
discussed in section 4.2.4. The consequence is that the melting zone is shifted by zo (upwards
for positive zp) relative to what suggests the simple Clapeyron curve based on the average
pressure. Finally equation (6.1) at ¢ = 1 implies that 262(d¢/dz)(dv,,/dz) + Av = 0 at

Z:Zf.

In order to constrain the dimensionless parameters of the governing equations, we estimate
values of various material parameters for typical conditions of oceanic spreading centers. The
viscosity of the solid ji,,, could be about 10'¥-10'” Pas. For the viscosity ¢ of the basaltic melt
we adopt 10 Pas. These values of viscosities are however not well constrained and they span
a wide range in the literature. Moreover, a shift of several orders of magnitude in viscosity
might be expected in the presence of water (e.g. Karato, 1989; Mei & Kohlstedt, 2000b; Karato
& Jung, 2003). Here we will assume dry conditions. We choose kg = 5 x 10719 m?, which
corresponds to grain size of the order of 1 mm. The value of the compaction length then spans
a range 8-26km. A characteristic upwelling velocity of the mantle below the melting region
is few cmyr~!, up to about 10cmyr~!. We take p,, = 3200kgm™3 and pr = 2800kg m~3
for the densities of the solid and melt. The buoyancy velocity scale Vg therefore spans a
range of 60-160, the lower value corresponding to high upwelling velocity. We note that these
values of  and Vg were obtained for relatively low viscosity basaltic melt. These numbers
would be smaller for more viscous siliceous melts. The usual values of heat capacity and
entropy of fusion found in literature fall into C' = 1000-1300 J K~!'kg~!, and As = —(250-
400) Jkg ' K1 (see Kojitani & Akaogi, 1995, and references therein). The Clapeyron slope
of melting can be calculated from the given parameters. Alternatively, one can look at the
solidus values inferred from experiments on peridotite samples. Compilation by Hirschmann
(2000) of experimental data gives a depth-dependent solidus, where the slope changes from
133K GPa~! at ambient pressure to 100 K GPa~! at 6.5 GPa (200 km depth). The parameters
are listed in Table 6.1.

For calculations in this study we use the following preferred values: j,, = 10'® Pas, p F=
10Pas, V = 10cmyr™!, kg = 5 x 1071%m?, As = —340Jkg 'K, C = 1200J K~ 'kg™!,
Ky =3.7Wm 1K~ We take the Clapeyron slope 74/ = 1.3 x 10-"KPa~! (or 3.6 Kkm™1).
For initial matrix temperature Ty = 1673 K we get a length scale H = 115km. This choice
of parameters leads to dimensionless numbers § = 0.07, kr = 0.03, Vg = 60, R = 0.875 and
v = 0.28.

6.1.1 Darcy equilibrium: the outer solution

In magmatic settings the compaction length is usually much smaller than the thickness of the

melting zone. The dimensionless compaction length § is a small parameter and therefore the
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force balance on the phases should be similar to that with a simpler state where § = 0. We
call this state, where gravity is balanced by Darcy drag, the Darcy equilibrium. In Darcy
equilibrium the force balance (6.1) becomes an algebraic relation where the velocity difference
and the matrix and melt velocities are explicit functions of porosity, i.e., combining (6.1) and

(6.2) and using Av = v,, — vy leads to

Av = —Vgo(l — ¢) (6.9)
_1—RVp¢?*(1—¢)

Un = A-Ro (6.10)

_ 1+ Vso(l - ¢)? (6.11)

T TIC0-R)6
Numerical solutions for the Darcy equilibrium are easily obtained since four of the equations
are algebraic in this case ((6.4), (6.5) with thermal diffusion neglected, (6.10) and (6.11)) and
a single quadrature is needed in (6.3). Porosity as a function of vertical coordinate is shown
in Figure 6.1 for several values of the dimensionless buoyancy velocity Vp. When Vp is large,
(i.e., when Vg = 5.9 for R = 0.875 and v = 0.28), porosity becomes a multivalued function of
z and Darcy equilibrium cannot be a legitimate solution over the whole extent of the melting
region. To understand the limit of the Darcy approximation near the end of the melting zone,

a new quantity has to be introduced.

The degree of melting X at a point z is the mass fraction of matrix which has undergone

melting all the way from 0 to z, which in dimensional quantities is

z

1
X(2) = —— [ A'(¢))d7. 6.12
()= [ ArE) (6.12)
0
Contrary to the porosity, which is the instantaneous volume fraction of fluid, the degree of
melting accounts for the melting history. Integrating the mass conservation equation (4.36)
with the appropriate boundary conditions and using (4.35), the degree of melting can also be

written in dimensionless quantities as
X =Ropvy =1—(1—¢)vm. (6.13)

The degree of melting is thus also the magma mass flux divided by the total mass flux (Ahern
& Turcotte, 1979; Ribe, 1985b). If the densities are kept distinct but velocities are assumed
the same as in the case of batch melting, then we have the relation X = ¢ps/p, which is what
McKenzie (1984) and Iwamori et al. (1995) use. The batch melting approximation implies that
X ~ ¢ as py, ~ py. In the general case however ¢ and X can be largely different as vy can

be much larger than v,,. As long as melt is lighter than matrix and can escape easily, X can
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Figure 6.1: Porosity profiles in the melting zone in the Darcy equilibrium approximation
(0 = 0). All are curves calculated with v = —As/C = 0.28, R = py/pm, = 0.875. The values
of dimensionless buoyancy velocity Vg = Apg/(cV) are indicated. For Vg larger than ~ 5.9,
porosity becomes a multivalued function in the Darcy approximation.
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be close to 1 even at small porosity. At the end of the melt zone, z = 2y, however, one must
have X =1, ¢ = 1 and vy = 1/R simultaneously. The Darcy equilibrium solutions for large
Vg do not satisfy these boundary conditions; when X reaches 1, ¢ < 1 and vy > 1/R. This
implies that near the end of the melting zone ¢ has to increase and vy has to decrease rapidly
relative to Darcy equilibrium values. The magnitude of Darcy drag Av thus decreases while
the matrix viscous term V- [(1—¢)T,,], or at least its component —,,, : V¢, increases. At the
end of the melting zone, the viscous forces become important relative to Darcy drag even for

small values of the compaction length 9, and the Darcy approximation does not hold.

To understand the complete behavior of the system, we must drop the assumption of
Darcy equilibrium and take into account the viscous terms near the origin and near the end
of the melting. We focus on the behavior of our equations at low porosity as this case is more
interesting geophysically. An analytical expression is useful to understand the limitations of
the Darcy solution near z = 0. The matrix and fluid velocities (6.10) and (6.11) can be

expressed at small ¢ as
vm =1+ (1= R)¢ — [VsR — (1 - R)*|¢* + O(¢?), (6.14)

vp=1+ Vs +1-R)p— [Ve(1+R)— (1 - R)*|¢*> + O(4%). (6.15)

According to (6.3) and (6.4) and using (6.9), we get v 'dT/dz = —1+ (1 — R)¢. As T =1
at z = 0, the initial melting rate deduced from (6.5) is AT ~ —y~1dT/dz = 1 — (1 — R)¢.
Integration of the mass conservation (6.6) implies in turn that 1 — (1 — ¢)v, = [Al'dZ.
Combining these results and introducing the expression for v, from (6.14) we get, after some

algebra,

z z 2 2
Vidl-Ry?— 2 LB [y At ind )
o+ (Ve + )¢ I R O/¢Z+ BO/,Y—l_z+(1_R)fOZ¢dz”

dz’.  (6.16)

In the typical case, 1 — R < 1 < Vp. In the vicinity of z = 0 we neglect the two integral
terms on the right of (6.16) of order (1 — R)¢z and Vg¢?z; we also neglect 1 — R with respect
to Vp. We get the z-dependence of porosity

B RO+ V2. (6.17)
The porosity has therefore a parabolic form and varies as ¢ ~ (1/1+4Vpz/R — 1)/(2Vp).
The initial slope at z = 0 is equal to 1/R. Practically for all simulations that we performed,
R gives a rough estimate of the total thickness of the two-phase melting zone. The parabolic
form of the porosity profile is a consequence of n = 2 in the permeability-porosity law (see text

after equation (4.6)). Schmeling (2006) finds identical z(¢) behavior to our equation (6.17)
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when he restricts his melt extraction model for plumes to a single component case.

The matrix velocity increases initially with ¢ increasing (see (6.14)). This effect is due to
the dilation of the matrix by the introduction of less dense melt that cannot easily escape. As
soon as the porosity reaches (1 — R)/(2RVg) (see (6.14)), the draining of the fluid toward the
surface allows the matrix to compact and vy, starts decreasing. With parameters appropriate

for a ridge, the matrix would inflate until ¢ = 0.001 which would occur at

1-R
2Vp

zZp = (6.18)

after the first 120 m of melting.

Near z = 0, however, the Darcy equilibrium cannot be sustained. Indeed, the viscous
compaction term that was neglected goes as ¢~ 'dv,,/dz and is thus predicted by the Darcy
approximation to vary as 62(1 — R)/z; therefore this term will dominate the Darcy term Aw

(Av =~ —Vpz/R) at small enough z.

6.1.2 Initiation of melting

How melting initiates is not obvious in the framework of the Darcy approximation. The
presence of ¢ in the denominators of (6.1), (6.3) and (6.5) introduces a singularity at the onset
of melting. The first drop of liquid requires more volume than the equivalent mass of solid
it replaces. This raises the pressure in the fluid because the necessary dilation of the matrix
is inhibited by the large equivalent bulk viscosity pu,/¢. This excess pressure tends in turn
to bring the thermodynamic conditions back to freezing. From the mass continuity (4.35) at
z = 0 where ¢ = 0, v, = 1 and dv,,/dz = 0, one has [Rvy — 1]d¢/dz = 0. One possibility
to satisfy this equation would be d¢/dz = 0 at z = 0. But then from (6.6) the melting rate
AT would also be zero, i.e., at the onset of melting no melting would occur! Therefore one
necessarily has vy = 1/R; unlike in the Darcy approximation there is a finite difference in
velocities Av = —(1 — R)/R at the onset of melting. From (6.3) the gradient in Py is infinite
at z = 0 and through the equilibrium melting condition (6.4), this singularity translates into
a singularity of the temperature gradient that should not exist in the presence of thermal

diffusion.

In fact, equations (6.1)—(6.6) do not necessarily even have a solution when the starting
condition is a pure matrix with zero porosity. There are various possibilities to circumvent
this difficulty. One could consider that a finite porosity is present in the solid even before
melting starts. This removes the difficulty but in a somewhat unphysical way since it assumes
melt is already present before melting starts. One could account for the fluid phase compress-

ibility (Connolly & Podladchikov, 1998; Richard et al., 2007) since liquids are indeed more



132 CHAPITRE 6. 1-D STEADY-STATE MELTING

compressible than solids (Stolper et al., 1981). At high pressures this effect might even favor
melt initiation by a release of pressure accompanying melting. Another possibility is to remove
the discontinuity in temperature gradient at the onset of melting by taking into account the
kinetics of the fusion reaction and replace (6.4) by (4.41). This would require the knowledge
of the reaction rate factor Los which is likely to be a complex function of ¢, T" and Py. We will
further constrain Los in section 6.1.2 A simpler approach is to accept the singularity of the
thermal gradient but to neglect the thermal diffusion in the energy conservation (6.5). This is

the approach that we take in the following of this paper.

The squirting solution

The finite value of Av at the onset of melting induces a Darcy friction that can only be
balanced by the compactive viscous stress since the buoyancy forces which go as Ap¢, are
zero at z = 0 (see (6.1)). We call this equilibrium between the viscous compaction term and
the Darcy drag the “squirting” solution because the fluid pressure gradient has a singularity
at z =0, i.e., by (6.3) and using Av = —(1 — R)/R, goes as

dP;  (1—-R)?

~— . 1
dz RVgo (6.19)

According to the Clapeyron relation (6.4), the gradient in Py is also the gradient in temperature
dT'/dz, which is therefore also singular at z = 0. Furthermore, by matrix mass conservation

(6.6), with the condition dv,,/dz|,—0 = 0, AT near z = 0 obeys

d¢
— =~ AT 6.20
e (6.20)
In the energy equation (6.5), assuming the absence of thermal conduction, the singularity in
dT/dz can only be balanced by an infinite rate of melting (all the other terms are negligible

or zero at z = 0)
1dInT _(1-R)’

Al =~ — = 6.21
v dz RV ’ (6:21)
since T =1 at z = 0. From (6.20) and (6.21) one obtains
2z
~(1—-R . 6.22
o~ (1= R)\ (6:22)

With the initial behavior of ¢ determined, we search for a solution of (6.1)-(6.6) in the form

of a series in \/z. After a bit of algebra we obtain the following terms of the expansions,

B 22 2 2v(1 — R)? 3/2
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2z 2 (1 — R)? 3/2
Pr= —(1— _z S S .24
¢ (1-R) RV. 3 [R 7, |° +O(277), (6.24)
22’0 2VB 3/2 2
=14+=-=1/— . 2
U, + a2\ R ¢ + O(z7) (6.25)

These analytical solutions will be compared to the numerical solutions in the section 6.1.3.
The expansion for v, remains a function of zy that cannot be determined by an analytical
study at z = 0 but is controlled by the boundary condition at the end of the melting zone.
Getting an analytical estimate for zg is feasible but cumbersome. It consists of using the
boundary condition 26%(d¢/dz)(dvy,/dz) + Av = 0 at z = zy, obtained from (6.1) with the
use of ¢ = 1, with the expansions previously found for ¢ and v,,, the end of the melting zone
zf being obtained by solving ¢(zf) = 1. The sign of 2y is, however, easy to estimate from a
simple physical consideration. At low buoyancy velocity Vg, the melt is somewhat locked in
the matrix, and the volume expansion associated with first melting induces matrix dilation
at the base of the melting zone; therefore, according to (6.8), zy will be positive. At high
buoyancy velocity Vp, the easy extraction of melt allows the matrix to readily compact upon
first melting, and zq is negative. This change in sign of zg will be demonstrated later in Figure
6.7. During the initial squirting equilibrium the porosity increases and for large Vp the gravity
term Vpo(1 — ¢) can overcome the Darcy term Av = —(1 — R)/R. This may lead to a new

force balance.

Visco-gravitational equilibrium

The potential of balance between viscous compaction and buoyancy is called visco-gravitational
equilibrium. When the Darcy term Awv is negligible the pressure is simply (see (6.3) and

(6.4))
Py =(T—-1)y~= —R=. (6.26)

From the energy equation (6.5) the melting rate is simply

R

Al ———.
1— Ryz

(6.27)

Knowing the melting rate, the other variables are readily computed; one obtains from (6.6)
and (6.8)

¢~ Rz, (6.28)
m~ 1+ %727, .29
v +252(1—R)Z (6.29)

where the expansion of both ¢ and v,, was truncated after the first non-zero term in z. Again,

as in the squirting approximation, the value of zy can only be obtained by solving the equations
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in the whole integration domain. However, the sign of zg can be determined: Darcy drag is
negligible in this approximation, therefore the easy extraction of melt will allow the matrix to

compact and zy will be negative.

Ordering of boundary regions

Up to now we have defined three possible force equilibria: Darcy, squirting and visco-gravitational.
In each case one force term was neglected: the viscous compaction term, the buoyancy term,
V(1 —¢), and the Darcy drag term, Av, respectively. From the first order solutions given in
each domain ((6.14), (6.15) and (6.17) for Darcy equilibrium; (6.23)—(6.25) for squirting ap-
proximation; (6.26)—(6.29) for visco-gravitational balance), these neglected terms amount to
6%2(1—R)/(Rz) (viscous compaction term), (1—R)\/2Vzz/R (buoyancy force), and —(1—R)/R
(Darcy drag), respectively. We compare the magnitude of the neglected terms between pairs

of equilibrium approximations and introduce three coordinates

1
"~ 2RVp

29 = 02 visco-grav. (z < z2) vs. Darcy(z > z2), (6.31)

| 54
_ 3 . . .
3=\ -~ squirting (z < z3) vs. Darcy(z > 23). (6.32)

The squirting solution is thus valid from z = 0 to min(z1, z3), above which is possibly the visco-

21 squirt. (z < z1) vs. visco-grav.(z > z1), (6.30)

gravitational equilibrium up to zo. These inner solutions then give place to the outer Darcy

equilibrium. As 2123 = zg , the three domains have a common point where 26°RVz = 1.

This study of the squirting solution nearest the origin can be used to illustrate the prob-
lems when the thermal diffusivity is not neglected. The derivative of the fluid pressure remains
always singular (proportional to 1/¢, see (6.19)) although the presence of the thermal diffu-
sivity in the energy equation (6.5) forbids the singularity of d7'/dz. There is therefore no
possibility to insure the thermodynamic equilibrium. We could instead replace the thermo-
dynamic equilibrium (6.4) by the kinetic law (4.41), but this puts some constraints on the
functional form of the kinetic coefficient Los. For example, if ¢ varies like z”, the leading term
of Py will be in 2! (see (6.19)) and that of AT in 2"~ (see (6.20)). To balance these terms
into the kinetic equation we need to choose Loz o 22772 oc ¢?~2/". To have P;(0) = 0 we
need n < 1 and therefore Los should depend on a negative power of ¢. The kinetic rate should
therefore be infinite at z = 0 for a solution with diffusion to exist. Rather than exploring
this situation, and in the absence of a clear experimental or theoretical form for the kinetic

rate, we simply assume that the very small parameter kr is zero. In fact a layer dominated
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by thermal conduction should exist close to z = 0. Its thickness

k
o=y (6.33)

should be of order 300 m.

We summarize the various domains near z = 0 in Figure 6.2. The first domain of thickness
k% /(pmCV') corresponds to a diffusive layer. It has not been explicitly studied as it requires
one to take into account the kinetics of melting which would introduce various additional
unknowns and difficulties. The second domain corresponds to the domain of the squirting
equilibrium. It is replaced either by the Darcy equilibrium at low compaction lengths or by
the visco-gravitational equilibrium at larger compaction lengths. Near the end of the melting
zone, where z > R and ¢ < 1, the viscous force becomes again important and limits the validity
of the Darcy approximation. This diagram has been computed for Vp = 60 and changes with
VB, however its topology remains similar. For smaller values of Vp, one can distinguish a
dilational and a compacting regime in the Darcy domain (zp, which was defined in section
6.1.1, becomes larger than the thermal diffusive layer thickness z7). In the situation of the
Earth the force equilibrium changes directly from squirting regime to Darcy equilibrium even

for the least viscous magmas.

6.1.3 Numerical solutions

The full system of equations (6.1)—(6.6) can be solved numerically. We choose a domain of
integration from z = 0 to a sufficiently large z;,,4, (remember that the width of the melting zone
is yet unknown). From a guessed porosity we obtain the matrix velocity using a tridiagonal
solver of equation (6.1) with boundary conditions v,, = 1 at z = 0 and dv,,/dz = 0 at
Z = Zmagz- Fluid pressure is then calculated from (6.3) and the temperature from (6.4). We
use the inner squirting solution, (6.24), to estimate Py for the first two grid points to avoid the
numerical indeterminacy of the integral of Av/¢ near z = 0. The energy equation (6.5) is used
to calculate the melting rate. Finally porosity is updated from equation (6.6) (we actually use
the time dependent form of this equation, i.e. (4.36)). We iterate this scheme to obtain the

steady-state solution.

This numerical solution can be compared to the analytical solutions (6.23) and (6.17). For
this case we choose a rather low buoyancy velocity Vg = 10 and rather large compaction length
d = 0.26 in order to emphasize the thickness of the boundary region near z = 0 where the
viscous term is dominant. The results are depicted in Figure 6.3 where the complete numerical
solution (solid line) is compared to the Darcy solution (dotted line) and the squirting solution

(dashed line). This figure confirms the accuracy of the analytical solutions and shows that
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Figure 6.2: Graphical representation of the various regions along the melting zone (dimension-
less z coordinate plotted on the vertical axis in logarithmic scale, melting starts at z = 0) as a

function of the dimensionless compaction length 6 =

Apir /(3¢H?) (on horizontal axis with

logarithmic scaling). Plotted for buoyancy velocity Vg = Apg/(cV) = 60. The compaction
length appropriate for melting under a ridge is indicated by an arrow.
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Figure 6.3: Calculated porosity profile in the melting zone (thick solid line) compared to
the Darcy approximation (dotted line) and the initial squirting equilibrium approximation
(dashed line). The details of the curves near the origin are zoomed in the embedded panel.
All curves are calculated with v = 0.28, R = 0.875, Vp = 10, § = 0.26. As expected the
viscous equilibrium prevails in a very thin boundary layer near the origin.

the Darcy approximation remains very close to the real solution over the 2/3 of the melting
zone. The blow up panel shows the initial behavior of the numerical solution and confirms the

validity of the squirting approximation in the vicinity of z = 0.

Porosities for three different values of the compaction length ¢ are shown in Figure 6.4.
When ¢ is small compared to the width of the melting zone, the porosity follows the § = 0
Darcy equilibrium profile (gravity is balanced by Darcy resistance). At the end of the melting
zone there is a narrow region where the contribution of viscous forces becomes important
again relative to Darcy drag. In this region porosity increases rapidly with z until it reaches
1 where melting is complete. The overall thickness of the two-phase melting zone increases
with 4. This behavior is due to the contribution to the fluid pressure gradient by the viscous
deformation (the last term in equation (6.7) that is multiplied with §2). In the limit of very
large compaction length the force balance in the melting zone is basically between the viscous
compaction and buoyancy, and the difference in velocities remains small between the two
phases (numerical results for velocities are shown in Figure 6.6). Then the pressure gradient
in the melt is dPy/dz ~ —R (i.e.,the fluid pressure is controlled by the magma density;

see equation (6.3), also (6.26)). In the limit of very small compaction length one can see
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Figure 6.4: Porosity profiles in the melting zone for different values of the compaction length
0. All curves are calculated with v = 0.28, R = 0.875, Vp = 100. Values of the compaction
length are 2.6 (300 km; dashed line), 0.87 (100km; dot-dashed line) and 0.26 (30 km; solid
line). Porosity in Darcy equilibrium (6 = 0) is shown as thin dotted line.

from equation (6.7) that dPr/dz ~ —1 (i.e.,the fluid pressure is controlled by the matrix
density, since porosity also remains small in most of the melt zone; see Figure 6.4). When
d is comparable to (or exceeds) the size of the melting zone, the deviation from the Darcy
equilibrium is more pronounced. This case however is far from geophysical interest: in the
ridge case when the buoyancy velocity is large and the Darcy equilibrium is close to the real
force balance, the porosity profile is essentially identical to the Darcy solution, from which
it deviates only at the very end of the melting zone. Taking the limit Vp > 1 at the end
of the melting zone (z ~ R) in the approximate Darcy equilibrium solution (6.17) suggests
that the porosity jumps abruptly from a value close to ¢ ~ RV, 1/2 (or about 0.1 for the
characteristic values of R ~ 0.9 and Vp =~ 100) to ¢ = 1. This means that even in the case of
extensive melting (degree of melting of several tens percent) the porosity remains quite small
(< 10%).

Curves in Figure 6.4 depict porosity in the case of complete melting of a univariant ma-
terial. In real geophysical situations the matrix is a multicomponent material which partially
melts up to some limited degree of melting. In the case of pressure release melting under
mid ocean ridges the degree of melting typically does not exceed 20-30 % (Turcotte & Phipps

Morgan, 1992). In the numerical simulations the degree of melting increases in an approx-
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Figure 6.5: Degree of melting in the melting zone for different values of the compaction length
0. Values of parameters and line textures correspond to those in Figure 6.4.

imately linear fashion throughout the melting zone as is seen in Figure 6.5. This behavior
is very different from the parabolic evolution of ¢. In particular when Vp is very large, ¢ is
much smaller than X everywhere except at the end of the melting zone. Using the values of
parameters suggested in the previous section, porosity is only ~ 0.05 when X = 0.2. Although

the porosity profile is very dependent on the compaction length, the melting rate is not.

Figure 6.6 shows matrix (left panel) and fluid (right panel) velocities. The matrix enters
the melting zone at dimensionless velocity v,, = 1 and decreases regularly during the com-
paction process. The first drop of melt is already moving at velocity vy = 1/R as already seen
in section 6.1.2. This velocity is also the melt velocity at the end of the melting zone. For the
figure we used compaction lengths larger than appropriate for a ridge. The case with § = 0.07
(8 km) would however be very similar to the case § = 0.26 but the final viscous boundary layer
would be somewhat thinner. The maximum fluid velocity is about 10 times the velocity of the
upwelling mantle, e.g.of order of 1myr~—!. The matrix velocity curves are terminated at the
end of the melting zone; no matrix is present above the partial-melt zone, and matrix velocity

is therefore undefined here.

In the present theory the two phases are submitted to different pressure fields. The fluid
pressure Py, the matrix pressure P, and the average pressure P are different. The pressure

difference AP is a dynamical effect that comes from changes in porosity in excess to those due
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Figure 6.6: Matrix (left panel) and fluid (right panel) velocities in the melting zone. Values
of parameters and line textures correspond to those in Figure 6.4.

to melting as discussed in section 4.2.3. In the limit where the fluid phase is much less viscous
than the matrix, the pressure difference is directly related to deformation of the matrix. It
is positive when matrix compacts and negative when matrix dilates (equation (4.40)). The
observer at the surface of the Earth does not know the variation of the fluid pressure with
depth. He may believe to have a better understanding of the variations with depth of the
matrix pressure, P, = Pr+ AP, or the average pressure, P = Pf+(1—¢)AP and may expect
melting to start at the melting conditions P, = 0 or P = 0 when 7 = 1. However at the onset
of melting where Py = 0, P,, = P = AP = —z (see discussion around equation (6.8)). As
a consequence the melting does not start where expected but the onset of melting is shifted
by the distance zg. When zq is negative, the fluid pressure is lower than the average pressure
which favors melting at greater depths. On the contrary a positive zy implies higher pressure

in the melt and therefore the melting condition is only reached at shallower depth.

Figure 6.7 shows 2y as a function of the compaction length & for several values of the
dimensionless buoyancy velocity V. No simple functional dependence of zyp on § of Vg is
found. As seen from Figure 6.7, zp can be positive or negative depending on the value of
Vg, the change of sign occurring near Vg ~ 1. When the buoyancy velocity is small, the
melt extraction from the matrix is difficult. The only way to compensate for the bulk volume

increase upon melting is that both matrix and fluid velocities increase. Pressure in the fluid is
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Figure 6.7: Shift of the melting zy zone as a function of the compaction length & for the
following values of the buoyancy velocity: Vg = 100 (solid line, diamonds), Vp = 10 (dashed
line, circles), Vg = 1 (dot-dashed line, triangles), Vg = 0.1 (dotted line, squares). Both
dimensionless values (bottom and left axes) and values in km (top and right axes) are shown.
Positive (negative) zp means shallower (deeper) melting. Calculated with v = 0.28, R = 0.875.

in this case larger than in the matrix, and melting starts at a shallower depth (zo > 0). This
corresponds to the case of squirting equilibrium. On the other hand when Vg > 1 (visco-
gravitational balance), the melt extraction is efficient and the matrix compacts while the fluid
velocity increases. Pressure is in this case decreased in the fluid and the melting can start
deeper (zp < 0). When § decreases, the Darcy equilibrium prevails and as expected, zp tends
to zero. An asymptotic behavior is obtained at very large compaction lengths. For values
appropriate for a ridge the melting is likely to occur at most a few kilometers deeper than

what could be expected from the average pressure.

The sign of zj is indicative of the sign of the difference between pressure of the two phases
AP. In Figure 6.8 we show the pressure difference in the melting region as a function of
z for three values of the buoyancy velocity Vg and a fixed value of the compaction length
0 = 0.26. This value corresponding to 30 km is somewhat too large for a ridge but it is used
to emphasize the difference between the various cases. In the extreme case of very large or

very small buoyancy velocity the melt is either uniformly under-pressured or over-pressured
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Figure 6.8: Pressure difference AP = P,, — Py in the melting zone calculated with § = 0.26
(30km) and the following values of the buoyancy velocity: Vg = 100 (solid line), Vp = 1
(dot-dashed line), Vg = 0.1 (dotted line). Both dimensionless values of pressure difference
(bottom axis) and values in MPa (top axis) are shown. Calculated with v = 0.28, R = 0.875.
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with respect to the matrix. For intermediate values of Vg the pressure difference can change
sign twice. The pressure difference between matrix and fluid is about 5MPa (50 bar) even
far from the incipient melting for typical ridge parameters. The fact that the fluid is under-
pressured should somewhat inhibit hydro-fracturing of the matrix by the rising magma. For
moderate buoyancy velocities, however (dot-dashed line), there is significant tendency for the

fluid pressure to overcome that of the matrix.

6.2 Discussion and conclusion

In this paper we developed a theoretical model of two-phase flow in the presence of melting in
a single component system. Our model properly accounts for the feedback between the viscous
deformation of the phases and the thermodynamic conditions of melting. As in previous papers
(Bercovici et al., 2001a; Ricard et al., 2001; Bercovici & Ricard, 2003), we accounted for the
presence of surface tension on the interface between the two phases which imposes a clear
distinction between the properties of each phase and those of the interface (pressures, velocities
and densities). The conditions of equilibrium between the two phases are naturally deduced
from the second law of thermodynamics. The usual Clapeyron slope is affected by the presence
of the surface tension (Gibbs-Thomson effect) and by the dynamic pressure difference between
the phases. This pressure difference is proportional to the rate of matrix compaction and to
the inverse of porosity; its role is somewhat equivalent to the bulk viscosity of other theories
(McKenzie, 1984). It is only in the case of motionless mixture without surface tension that the
usual Clapeyron slope is recovered. In the motionless case with surface tension, the pressure
difference between the phases verifies the Laplace’s condition but the phase equilibrium is
affected by the Gibbs-Thomson effect. The model also allows for non-equilibrium situations,
in which case a kinetic relation links the melting rate to the departure from equilibrium. The
general non-equilibrium treatment will be useful in future extended models where the realistic

chemical composition of Earth material will be taken into account.

We use our equations in the simple case of 1-D melting. The equations are very complex
by the presence of various singularities near ¢ = 0. Neither the length of the melting zone nor
the position of melt initiation (z9) are known a priori. The solutions are primarily controlled
by two parameters, the compaction length § and the buoyancy velocity Vp. We discuss the
existence of various possible boundary regions near the onset of melting. The onset of melting
corresponds to a balance between the viscous forces and the Darcy friction. This first boundary
region is followed at large enough 62V by a zone of balance between gravity forces and viscous
matrix stresses. Then the Darcy balance (equilibrium between gravity force and Darcy friction)
dominates in most of the melting region. The Darcy equilibrium can itself be divided into a

domain where the fluid does not escape fast enough to avoid matrix dilation (caused by volume
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increase upon melting), and a domain where matrix compacts while the fluid is extracted.
This already very complex structure should also include a thin thermal diffusion boundary
zone (that was neglected in this study) which cannot be understood at exact thermodynamic
equilibrium unless the kinetics of the melting is taken into account. The effect of dynamic
pressure on the onset of melting can raise or depress the depth of melting by few kilometers with
respect to what would be expected from the average pressure. With parameters appropriate
for melting under an oceanic ridge (§ ~ 0.1, Vg ~ 100) all these boundary zones occur in the
first few kilometers of the two-phase region. The melting starts up to a few km deeper that

what could be expected from matrix pressure only.

The 1-D model suggests that for Vg = 1, 2y is negative, and therefore melting begins deeper
than standard Clapeyron slope predicts; likewise for Vg < 1, zg is positive, and melting does
not begin until lower pressure is reached. Parameters that determine the value of Vg are the
density difference between phases, average grain size, upwelling velocity, and melt viscosity,
the latter parameter exhibiting the largest variation in Earth. Thus, for example, differences
in melt viscosity at two otherwise similar geological locations would result in different depths
of melting; a more mafic magma of lower viscosity at oceanic arcs would facilitate deeper
melting compared to more felsic magma of higher viscosity at continental arcs. We stress
that these predictions are based on a fairly simple model and that further refinement of the
description is needed to generate more reliable predictions. In particular, the effect of surface
tension, which was neglected in the 1-D model application, could either facilitate or inhibit
melting, depending on the geometry of the first melt to appear; localized spheroidal pockets of
first melt of positive average curvature would hamper melting by Gibbs-Thomson effect, while
melting along grain boundaries resulting in melt network of negative curvature would favor
melting. More experimental evidence is needed on the geometrical distribution of the first
melt within the solid matrix. Moreover, the effect of viscous compaction/dilation on solid—
melt phase equilibria of multicomponent Earth material should be studied. In fact, the main
asset of the present study, rather than offering accurate predictions of geological observables,
is the development of a framework to consistently account for the interplay between two-phase

viscous flow and the melting condition.

The results of our 1-D model cannot be directly compared to those obtained by other
authors. Most previous studies had not attempted to solve the self-consistent set of equations
but have employed various approximations that do not seem to be supported by our study.
Various authors have imposed the melting rate as a simple function of depth (average pressure).
This decouples the melting problem from the compaction problem and may generate a spurious
layer of compaction where the porosity decreases (Turcotte & Phipps Morgan, 1992). In our
simulation the porosity is always increasing function of the vertical coordinate and the porosity

remains much smaller than the degree of melting (¢ < Vg Y 2). With ridge parameters this



6.2. DISCUSSION AND CONCLUSION 145

porosity corresponds to a threshold ~ 10 % after which the melt accumulates instantaneously
at some depth and the porosity jumps to 1 above it. This contradicts the adiabatic batch
melting model where porosity and degree of melting are closely related (McKenzie, 1984). Our
results are more similar to those of Fowler (1989), at least in their goals, although significant
difference in the starting equations makes a detailed comparison difficult: however, we agree
with him about the presence of significant pressure difference (5 MPa or 50 bar) between the

two phases all along the melting zone.

The present theory offers a framework for treatment of physical situations where melting
of viscously deformable media is concerned. Although our focus was on geological settings,
the description is applicable to much wider spectrum of problems. Various extensions to what
was discussed in the present study are possible, including melting of multivariant material,

non-equilibrium time-dependent melting, and 2-D (3-D) flow modeling.
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Chapitre 7

Notes sur la tension superficielle

Dans la section 4.2.4 (page 101) nous avons montré comment les conditions (P,T") de
changement de phase & I’équilibre sont affectées par la tension de surface et par la déforma-
tion (équation 4.34). Dans la suite, nous avons étudié en détail l'effet de la déformation sur
I'initiation de fusion (section 6.1), tandis que la tension superficielle o était négligée. Dans ce

paragraphe nous allons discuter les effets de celle-ci.

Nous avons déja montré que la déformation isotrope de la matrice génére une différence de
pression entre les deux phases, A P, non-zéro méme si o est négligeable. La tension superficielle
modifie encore ce AP. En général une interface courbe entre deux liquides, caractérisée par la
tension superficielle o et la somme des courbures principales K = K1+ /Ko = 1/R1 +1/Ry (R

et Rg sont les rayons principaux de courbure) produit une différence de pression
AP = ok, (7.1)

et la plus grande pression est du coté de l'interface o se trouvent les centres de courbure (1a
ou tombe le centre de la plus grande courbure s’il agit d’une interface de type "selle"). Notre
modele suppose que la relation de type (7.1) pour la différence de pression due a la tension

superficielle est valide sur les interfaces du milieux biphasé.

Pour quantifier la somme de courbures principales K, Bercovici et al. (2001a) introduisent
la quantité d’interface o, en m™!, qui est la superficie des interfaces par unité de volume.
La quantité a dépend de la porosité ¢ — par exemple dans le cas ot il n’y a pas d’interfaces
solide-solide ou fluide-fluide, o doit tendre vers zéro si ¢ — 0 ou ¢ — 1. Bercovici et al. (2001a)
proposent la relation

a=agp®(1 - ¢)", (7.2)

oll g est une constante approximativement égale & l'inverse de la taille caractéristique des
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grains ou pores et a et b sont des exposants entre 0 et 1. Ils aussi montrent que ’action de la
force superficielle sur le mélange biphasé s’exprime par un terme volumique moyenné V(o«)

(voir I’équation 4.3) et que

_da
=

La courbure positive correspond a l'interface qui est concave pour la phase f (e.g., pores sphé-

K (7.3)

roidaux contenant la phase liquide). La différence de pression causée par la tension superficielle
est donc
da
AP=P, — Pf=—0c—. 7.4
Maintenant, avec ce modéle d’interface nous pouvons regarder 'effet de la tension super-
ficielle aux conditions de changement de phase. Cet effet est visible dans le troisiéme terme &

droite de I’équation (4.34), qui donne les conditions de I’équilibre thermodynamique, i.e.,
A (75)

Ce terme est représenté dans la Figure 7.1 en fonction de la porosité avec a = b = 1/2 dans
Iéquation (7.2) et les valeurs du tableau 6.1 (page 127). La tension superficielle augmente la
température de fusion & petite porosité et la diminue & grande porosité & une pression donnée.
La forme de la dépendance a(¢) fait diverger K = da/d¢ vers +/— infini quand la porosité
tend vers 0/1. Pour initier la fusion (& ¢ = 0) il faut une température infinie (ou une dépression
infinie) d’aprés ce modéle d’interface! La difficulté d’un changement de phase homogéne sans

un modéle de nucléation est bien connu en physique.

Clairement le modéle de I'interface a(¢) (7.2) est trop simple. A faible porosité, le liquide
est supposé remplir de petits pores sphériques. La limite ¢ — 0 correspond a la réduction du
rayon de ces pores R — 0 ce qui donne une courbure K = da;/d¢ infinie. Ce modéle considére
uniquement les interfaces entre les régions occupées par les phases distinctes (i.e., interfaces
m—f ou solide-liquide). Dans la discussion de l'interconnectivité des magmas (paragraphe
1.3.3) nous avons montré I'importance des interfaces entre deux grains de la méme phase pour
le bilan énergétique, la valeur de I’angle de mouillage, et donc la forme et la micro-structure
d’un agrégat biphasé. Il faut un modéle plus sophistiqué dans cette direction pour obtenir un

effet de tension superficielle plus réaliste.

Hier-Majumder et al. (2006) ont développé un modéle micromécanique qui inclut les in-
terfaces solide-liquide ainsi que les interfaces solide—solide entre deux grains de la matrice
silicatée. Les interfaces solide—solide sont présents si la porosité est en dessous de la « poro-
sité de désagrégation » (Figure 7.2a). Au dessus de cette porosité la géométrie correspond a

des grains cylindriques qui ne se touchent pas et qui sont entiérement mouillés (Figure 7.2b).



149

I I I I I
8 -1 -60
— | {-40 '@
Z 4 d
? [ N _20 —
= i
1 0 0 o
m a
l_b 4 20 T
QAT o
-4 40 <4
-8} 41 60
| | | | |

0.0 0.2 0.4 0.6 0.8 1.0

¢

Fiac. 7.1 — Effet de la tension de surface sur la fusion a I’équilibre pour un modéle simple
des interfaces (sans interfaces solide-solide). Sans tension superficielle (o0 = 0) et dans une
situation statique (v = v, = 0) la fusion se produit aux conditions P=Py_o,T=T,—. La
tension superficielle nécessite un écart de température AT, = T —T,—¢ (si la pression moyenne
est maintenue & P,—q; courbe noire épaisse, axe vertical & gauche) ou un écart de pression
AP, = P — P,_q (si la température est reste constante; axe vertical a droite), pour que la
fusion s’initie (voir ’équation 4.34). Nous utilisons a = ag+/¢(1 — @) avec ag = 10°m™!, et les
valeurs dans tableau 6.1. Les régions colorés marquent le domaine métastable (e.g., en termes
de température, « overheating » du solide en rouge ou « undercooling » du liquide en bleu).
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L’énergie de surface oa(¢) de notre modéle issue de Bercovici et al. (2001a) devient naturel-

lement
X(Qb) = Ummamm(¢) + Umfamf(¢)a (76)

Ol Qpm et agyp représentent les interfaces solide-solide et solide-liquide (avec leurs tensions

Tmm €t o) et la différence de pression a cause de la tension superficielle est AP = —dx/d¢ =

_X/'

La Fi gure 7.3b montre les termes y et X’ en fonction de la porosité pour deux valeurs
de I'angle de mouillage 84. Un grand angle de mouillage refléte une faible tension superficielle
aux interfaces solide—solide par rapport aux interfaces solide-liquide (voir 1.11), et un com-
portement similaire au modéle sans interfaces solide—solide est obtenu (courbes bleues dans
Figure 7.3). La discontinuité montre la désagrégation a une porosité de 0.59 (le modeéle de
Hier-Majumder et al. (2006) présente cette discontinuité car les grains deviennent soudaine-
ment sphériques au dela de la porosité de désagrégation tandis qu’ils sont "a facettes" en

dega).

L’importance de la tension solide—solide augmente avec I'angle de mouillage décroissant
et change le caractére de dy/d¢ = x’ quand 6, devient inférieur & 90°. La courbe rouge de la
Figure 7.3b ot X’ < 0 & toutes porosités montre le cas o la tension solide-solide est maximale
(04 — 0).

Si nous ne pouvions fondre un solide en ne prenant qu’une tension superficielle solide-
liquide, il devient maintenant impossible de cristalliser tout le solide! Clairement, 'initiation
ou la fin d’un changement de phase demandent la prise en compte de thermodynamique &
petite échelle (par exemple la nucléation et une chimie multicomposante) qui dépasserait notre

approche.

La tension de surface est importante non seulement pour 'initiation de fusion mais aussi
pour la migration du liquide. Considérons comme d’habitude un liquide peu visqueux (uf <
Um, €t par conséquence w = 0, T, < 1). Dans ce cas, I’équation (4.8) en prenant compte
lexpression de AP ou nous gardons le terme de tension superficielle (4.28) et en remplagant

oa(¢p) par x(¢) (équation 7.6), s’écrit

cAv

9. vm) SV (1= 0)r,)+ (- 9)dg = B =0, (1)

¢

(1-¢"Vé+V (umKo

ott X" = d?y/d¢?. Supposons que le liquide coule & travers d’une matrice immobile (v,, = 0,

ainsi que T,, = 0 et Av = —vy) sans influence de gravité (Ap = 0). La vitesse du fluide

m

devient simplement

vi=—c'\"¢(1 - ¢)Vo. (7.8)



151

FiG. 7.2 — La disposition géométrique des grains solides (en blanc) et des pores remplis de
magma (en gris) dans le modéle micro-mécanique pour étudier la tension superficielle de Hier-
Majumder et al. (2006). Au dessous de la porosité de désagrégation les interfaces solide—solide
contribuent a la tension superficielle (a). Le magma est alors distribué¢ dans des tubules aux
interfaces des grains. Au dessus de la porosité de désagrégation il n’y a que des interfaces
solide-liquide et des grains cylindriques (b).



152 CHAPITRE 7. NOTES SUR LA TENSION SUPERFICIELLE

2 ' I ' I ' I ' I ' I

forte tension solide—solideéd,; —> 0 deg

faible tension solide—solided; = 120 ded

ans interfaces solide—solide

_15 -

B)

300
200
100

100 |
200 |
300 |
400 |

_500 L | L | | L | L | C)
0.0 0.2 0.4 0.6 0.8 1.0

¢

F1G. 7.3 — Comportement de 1’énergie de surface x du modeéle de Hier-Majumder et al. (2006).
a) x(¢); b) dx/d¢ qui correspond a oda/d¢ dans notre modéle, ainsi qu’a la différence de
pression —AP; ¢) d?y/d¢? est lié au gradient de AP. Un grand angle de mouillage 64 (courbes
bleues, §; = 120°) correspond & une faible tension solide-solide et le comportement est quali-
tativement similaire au modeéle sans interfaces solide-solide (courbes noires et Figure 7.1). Un
petit angle de mouillage (courbes rouges, 8; =— 0°) refléte une forte tension aux interfaces
solide-solide ; dx/d¢ < 0 a toutes porosités. Calculé a partir de Hier-Majumder et al. (2006)
avec oy, r = 1 et g = 1, les figures (a) et (c) reproduisent leurs Fig. 1.

d2x/dq?

¢ desaggregation 0.21 @ desaggregation 0.59
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Le liquide va dans la direction positive ou négative du gradient de porosité en fonction du
signe de la dérivé seconde de I’énergie de surface, x”. Si x” > 0 le flux, dans la direction de
—V ¢, a une tendance a diminuer les extrémes de porosité. Par contre si x” < 0, la migration
du liquide amplifie les perturbations des porosité et provoque la séparation (démixion) des
phases. Naturellement la simplification d’une matrice immobile ne peut plus tenir une fois
que la redistribution du liquide commence : il faut alors inclure les termes de compaction,

néanmoins 1’équation (7.8) est instructive pour montrer le role de x”.

Pour mieux comprendre la physique, regardons la différence de pression entre le liquide
et le solide, causée par la tension superficielle Py — P, = X' (équation 7.4). Entre deux
points A et B entre lesquels la porosité change de As_po, la différence de pression varie de
Aa_B(Pf— Py) = Aa_pX'. Maintenant si le signe Ay_px’ est le méme que celui de Ay_pd,
ce qui est une condition équivalente & x” > 0, la pression du liquide par rapport au solide sera
plus grande au point ou la porosité est la plus grande. Le liquide va s’écouler vers le point de
pression inférieure, donc la différence de porosité va diminuer. Dans le cas contraire (équivalent

a x” < 0) on obtiendra une amplification des différences de porosité.

Un travail pionnier sur l'effet de la tension superficielle pour la migration du liquide
dans un contexte géologique a été présenté par Stevenson (1986). L’analyse de la stabilité
marginale et les simulations dans le systéme général des équations de Bercovici et al. (2001a)
sont présentées dans Ricard et al. (2001); Bercovici et al. (2001b); Bercovici & Ricard (2003);
Hier-Majumder et al. (2006). Avec un modéle sans interfaces solide-solide, x” reste négatif a
toutes porosités (Figure 7.3, courbe noire). Le modéle de Hier-Majumder et al. (2006) avec
interfaces solide—solide donne un résultat similaire si la tension entre les grains est faible.
Avec une importante énergie de surface solide-solide x”(¢) > 0 au dessous de la porosité
de désagrégation et x”(¢) < 0 au dessus de cette porosité. Une forte tension solide-solide et
une taille de grain faible (I’énergie de surface x est alors plus grande) tend a "capturer" le
magma aux joints de grains, a empécher son extraction, et a géner la propagation de magmons

Hier-Majumder et al. (2006).
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Chapitre 8

Conclusion

8.1 Résumé

Dans cette thése nous avons étudié la modélisation des milieux biphasés en contexte des
Sciences de la Terre. Le travail comprend deux sujet principaux, nommément la modélisation
de la compaction et de la ségrégation planétaire et la modélisation de la fusion partielle dans

un milieu déformable.

Nous avons présenté un modéle général de la mécanique et la thermodynamique d’un mé-
lange de deux phases qui se déforment (chapitres 2 et 4). Le modéle est basé sur les équations
récentes de Bercovici et al. (2001a) mais introduit une extension importante qui est le trans-
fert massique entre les deux phases (le changement de phase). Le modéle décrit un mélange
mécanique & 1’échelle mésoscopique de deux fluides visqueux par des équations de milieux
continus. Le traitement cohérent de la thermodynamique prenant en compte l'interface entre
les deux phases conduit au couplage entre la déformation visqueuse, 'effet de tension super-
ficielle et le changement de phase. Puisque notre objectif principal est I’étude du couplage
fusion—déformation, nous avons considéré la composition chimique la plus simple d’un milieux

biphasé avec une seule composante.

Nous avons discuté des points communs et des différences entre notre modéle et le modéle
“classique” du milieu biphasé avec fusion partielle de McKenzie (1984). La comparaison est
possible lorsque nous écrivons nos équations dans la limite géologique ol une des phases
(appelée phase liquide) est beaucoup moins visqueuse que I'autre (phase solide). La différence la
plus importante de notre modéle par rapport & McKenzie (1984) est I'existence d’une différence
de pressions entre le solide et le liquide, qui est générée i) par la tension superficielle aux

interfaces, et ii) par la déformation isotrope des phases individuelles lors de ’écoulement.

Nous avons appliqué nos équations & la modélisation de la différenciation d’une planéte
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tellurique (chapitre 3). La phase solide représente les silicates du manteau et la phase liquide
est 'alliage métallique du noyau; il n’y a pas de transfert de masse entre les silicates et le
métal. La phase métallique est présente soit & I’état solide (& basse température) soit a ’état
liquide, et sa fusion/solidification est décrite d’une fagon simplifiée. Cette fusion/solidification
trés simplifiée nous permet donc de modéliser un milieu potentiellement tri-phasé (silicate
solide, metal solide, metal liquide). Nous avons étudié d’abord la compaction et la séparation
de phases sans considérer les effets thermiques dans une couche puis dans un corps symétrique
sphérique (modéles 1-D). Puis un code numérique Cartésien a deux dimensions a été présenté
et testé. Dans ce modéle, la libération de ’énergie potentielle dans le champs de gravité lors
de la différenciation et sa conversion en chaleur sont correctement incluses. Nous avons pré-
senté une simulation qui montre plusieurs mécanismes physiques de la séparation (ségrégation
quasi-1-D, instabilité Rayleigh-Taylor, écoulement diapirique, propagation d’un courant de

gravité...).

Dans le chapitre 5 nous avons présenté des solutions simples qui montrent le couplage de
la déformation et la fusion dans le nouveau modéle. Il s’agit de la modification de I’étude de
la compaction en géométrie sphérique présentée par McKenzie (1984), puis par Ricard et al.
(2001). Nous avons considéré un échantillon sphérique enveloppé dans une membrane qui ne
laisse sortir que la phase liquide, dans lequel la fusion partielle se produit, soit uniformément
en espace soit a cause d’un écart de température uniforme au dessus de la température de

fusion.

Nous avons étudié la décompression adiabatique dans un manteau remontant sous une
dorsale (chapitre 6). La déformation volumique du squelette solide génére une différence dyna-
mique de pressions entre le solide et le liquide : le magma subit une pression inférieure a celle de
la matrice qui se compacte. Cet effet devient particuliérement important lors de l'initiation de
la fusion et peut décaler la profondeur de la base de la zone de fusion de plusieurs kilomeétres.
L’effet de la tension superficielle & l'initiation de fusion est aussi discuté et dépend du bilan
énergétique des interfaces a I’échelle de grains, et en conséquence de la géométrie du premier
liquide. Les vitesses de remontée du magma atteignent au plus dix fois celles de la matrice. La
porosité reste faible (quelques %) méme a fort taux de fusion, et est d’allure parabolique sur

toute la zone fondue.

8.2 Perspectives

De nombreuses possibilités de développement sont possibles. Le modeéle de la différencia-
tion planétaire développé dans le chapitre 3 représente le travail en cours. Les simulations ici

présentées sont assez préliminaires et une analyse systématique des échelles de temps de la
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différenciation et des simulations plus réalistes seront le sujet de nos prochains travaux.

Les applications du modéle de fusion partielle dans cette thése se limitent aux cas ou la
fusion se produit a I’équilibre (a I'exception de la section 5.1.2) et les solutions données sont soit
instantanées (chapitre 5), soit a 1’état stationnaire (chapitre 6). Il serait important d’étudier
la dynamique d’un systéme en fusion partielle non stationnaire pour étudier le couplage entre

la fusion et la déformation lors de la propagation des ondes de porosité.

Vu la motivation principale qui était I’étude du couplage entre la compaction et la fusion,
nous avons limité la composition chimique dans notre modéle biphasé au cas le plus simple
a une seule composante. Une possible extension de ce modéle est I'introduction d’une com-
position chimique multivariante. Avec cette extension, notre description pourrait comporter
'enrichissement du magma et la déplétion du résidu solide lors de la fusion. A coté de la
composition chimique en composantes majeurs, le contenu en volatiles est extrémement im-
portante pour le processus de fusion dans la Terre et une parametrisation de cet effet serait

utile.

Le modéle de la différenciation métal-silicates en 2-D ne permet pas le changement de
phase au sens strict ; la transition entre ’état liquide et 1’état solide de la phase métallique est
décrite d'une facon simple qui néglige la chaleur latente et ne change pas la porosité. Prendre en
compte la chaleur latente dans les simulations de compaction en sphérique sera trés simple. La
programmation sera plus complexe en 2D car il faudra calculer et faire évoluer en chaque point
une nouvelle variable (le rapport volumique fer liquide sur fer solide). Néanmoins la méthode de
solution de cette thése ouvre la voie pour un prochain modéle 2-D avec un changement de phase

inclus plus précisément avec ses effets thermiques et le changement de volume associé.

Enfin nous souhaitons souligner que I'objectif principal de cette thése est la dérivation
rigoureuse d’un nouveau modéle biphase avec le changement de phase. Les applications pré-
sentées sont assez simples, et visent & révéler le comportement fondamental du systéme, en
particulier le couplage entre la fusion et la déformation. Le cadre temporel de la thése n’a pas
permis exploitation de nos équations dans les problémes plus spécifique ou plus appliqués de

géophysique. Nous espérons pouvoir le faire dans le futur.
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