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Introduction
A space is countable dense homogeneous if for any two countable dense subsets

there is an autohomeomorphism of the space sending one to the other.
Although the term countable dense homogeneity is often attributed to Bennet

who used it in [5], first results were already obtained by Cantor who showed
that R is countable dense homogeneous [8]. Later Brouwer [7] and Fréchet
[16] independently showed that the same holds for Rn for any n ∈ N. Many
contributions to this subject were made during 80’s by B. Fitzpatrick and Z.
Hao-xuan [11, 12, 13]. In more recent years notable contributions were made by
J. van Mill [38, 30, 28]. In recent years many set theoretic notions have been
introduced to the study of countable dense homogeneous spaces [18, 27].

In this thesis we aim to summarize known results about countable dense
homogeneous spaces and show examples of such spaces. In Chapter 2 we establish
these theoretical results as well as a general theoretical background. In Chapter 3
we provide many examples of spaces that are countable dense homogeneous and
spaces that are not along with proofs of their respective properties. In Chapter 4
we study a generalization of countable dense homogeneity and we present some
new results regarding this generalization.

Theorems, propositions etc. throughout this text can be divided into two
categories, those that include citation after theorem number and those that do
not. The theorems that include citation after the theorem number are, unless
specifically stated otherwise, taken from the cited literature including their proofs.
The nature of the theorems without citation are explained in the text on a case
to case basis. These are sometimes small technical lemmas not mentioned in the
literature however useful in the proofs, or well known and easy to prove facts that
are usually stated by the authors as folklore and whose proofs are hard to track
down to a particular author, sometimes these are also new results. For the cited
theorems we sometimes fill in some small steps that are mentioned by the authors
as easy or trivial, however we do not indicate this in the text as these really are
easy but the nature of this text requires the proofs to be as detailed as possible.
We also try to correct any misprints or typos that may appear in the original
papers.

Any author’s original contribution will be mentioned at a suitable place in the
text.
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1. Preliminaries
In this chapter we introduce some basic notions and definitions that will be

used throughout this thesis. However, these are not the main focus of this text,
therefore we do not include their proofs. We refer to [10] for basic topological
notions, to [22] for basics of descriptive set theory and to [24] for basic notions of
set theory.

1.1 Some basic notions and definitions

1.1.1 Polish spaces
Definition 1.1 (Polish spaces). We say that a topological space X is Polish if it
is separable and metrizable by a complete metric.

Polish spaces are the main object of the study in classical descriptive set theory.
Since these spaces have complete metric they behave somewhat nicely. Among
other nice properties Polish spaces satisfy the Baire category theorem, which is
widely used in their study. Some authors restrict their investigation of countable
dense homogeneous spaces to Polish spaces as there is a well developed theory
regarding Polish spaces. We do not restrict our attention only to Polish spaces
but we will still need some facts about them.

One of the aimes of studying Polish spaces is to categorize them up to homeo-
morphism. We do not have such categorization in general however, if we restrict
our attention to some subclass of Polish spaces we can obtain many results. One
of such well understood classes of Polish spaces are zero-dimensional Polish spaces.

Theorem 1.2 ([22]). The Cantor space 2ω is the unique, up to a homeomorphism,
nonempty compact metrizable zero-dimensional space without isolated points.

This result has an interesting and very useful corollary.
Corollary 1.3 ([22]). Let A be a non-empty clopen subset of 2ω then A ≈ 2ω.

The Cantor space has one more property that will be used later. It is the
universal space for zero-dimensional metrizable separable spaces.

Proposition 1.4 ([10]). Let X be a separable metrizable zero-dimensional space.
Then there exists an embedding f : X → 2ω.

Later on we will also need the characterization of the Cantor space without
one point and the Baire space.

Theorem 1.5 ([22]). The space 2ω \ {0} is the unique, up to a homeomorphism,
Polish nonempty noncompact locally compact zero-dimensional space without
isolated points.

Theorem 1.6 ([22]). The Baire space ωω is the unique, up to a homeomorphism,
Polish nonempty zero-dimensional space for which all compact subsets have empty
interior.
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We will later show that in some sense there are no more zero-dimensional
Polish spaces, which is well-known.

Even though Q is not a Polish space we have a very similar characterization
of Q.

Theorem 1.7 ([36]). The rationals Q is the unique, up to a homeomorphism,
metrizbale countable space without isolated points.

Another subject of study of classical descriptive set theory are Borel sets.
These are in some sense nice well-behaved sets in a given Polish space.

Definition 1.8 (Borel hierarchy). Let X be a Polish space, for every ordinal
number 1 ≤ ξ < ω1 we define the family of sets Π0

ξ and Σ0
ξ as follows.

Σ0
1 = {U ⊂ X; U is open}

Π0
ξ = {X \ A; A ∈ Σ0

ξ}

and for ξ > 1

Σ0
ξ =

{︄⋃︂
n∈ω

An; An ∈ Π0
ξn

, ξn < ξ

}︄
.

We also define ∆0
ξ = Σ0

ξ ∩ Π0
ξ.

We can also ask what happens with a Polish space if it is mapped by a
continuous mapping. This gives a rise to another class of interesting subsets of a
given Polish space.

Definition 1.9 (Analytic and co-analytic sets). Let X be a Polish space, we say
that A ⊂ X is analytic if there is Y Polish and ϕ : Y → X continuous such that
ϕ(Y ) = A. We say that B ⊂ X is co-analytic if X \ B is analytic. We denote the
family of analytic sets by Σ1

1 and the family of co-analytic sets by Π1
1.

These sets do not behave as nicely as Borel sets however there are still many
results concerning analytic sets.

Theorem 1.10 ([22]). Let X be a Polish space and A ⊂ X uncountable analytic.
Then A contains a copy of the Cantor space.

When constructing subspaces with given properties in a Polish space it is
interesting to ask how nice can the subspace be in the sense of Definition 1.8 and
Definition 1.9.

1.1.2 Topological groups and their actions
Later on we will also need some facts about topological groups and their

actions on topological spaces.

Definition 1.11 (Topological groups). A topological group is a group (G, ·)
together with a topology such that · : G2 → G and −1 : G → G are continuous
maps.

Remark. Note that for a topological group the map −1 is actually a homeomor-
phism.
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Definition 1.12 (Continuous group actions). Let (G, ·) be a topological group
and X be a topological space. A group action α of G on X is called continuous
action if the mapping α : G × X → X is continuous.

We say that the action is transitive if α((G, x)) = X for every x ∈ X.

Remark. If the action α is transitive then for any x, y ∈ X there is g ∈ G such that
α((g, x)) = y. The transitivity of the action is closely related to the homogeneity
of the space X.

Note that the topology on a group turning it into a topological group is by
no means unique. The discrete and the indescrete topologies make any group
into a topological group. Hence, it is quite natural to impose some additional
topological properties on topological groups to get a better behaviour. We will
mostly work with groups that have a Polish topology.

Definition 1.13 (Polish groups). We say that a topological group (G, ·) is a Polish
group if the topology on G is Polish.

We will work with the group of homeomorphisms of a given topological space
and its subgroups. For a topological space X we will denote H(X) the group of
all autohomeomorphisms. For a topological space X the group H(X) induces a
very natural action on X that maps the point (h, x) ∈ H(X) × X to h(x). There
is also a very natural topology on H(X). In some special cases H(X) with this
topology is a topological group and it acts continuously on X.

Definition 1.14 (Compact open topology). Let X be a topological space. A com-
pact open topology on H(X) is a topology generated by the subbase {V (K, U); K ⊂
X compact, U ⊂ X open }, where V (A, B) = {h ∈ H(X); h(A) ⊂ B} for
A, B ⊂ X.

Theorem 1.15 ([2]). Let X be a Hausdorff compact or Hausdorff locally compact
and locally connected space. Then H(X) with the compact open topology is a
topological group.

Theorem 1.16. Let X be a Hausdorff compact or Hausdorff locally compact and
locally connected space. Then the action of H(X) on X is continuous.

Proof. By Theorem 1.15 the group H(X) with the compact open topology is a
topological group.

Denote α the action of H(X) on X. Now let (h, x) ∈ H(X) × X and let U be
an open neighborhood of h(x). In both cases the space is locally compact, thus we
can find an open neighborhood G of x such that G is compact and h(G) ⊂ U . We
also have that (h, x) ∈ V (G, U) × G and α(V (G, U) × G) ⊂ U , hence the action
is continuous.

Remark. Note that for the continuity of the action we only need the space to be
locally compact. The other assumptions are to ensure that H(X) is actually a
group.

For a special class of spaces we have that the compact open topology on H(X)
is Polish.
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Theorem 1.17 ([22]). Let X be a metrizable compact or metrizable locally compact
and locally connected space. Then H(X) with the compact open topology is a
Polish group.

The actions of Polish groups on Polish spaces were studied by Effros [9], who
showed the following.

Theorem 1.18 (Effros theorem, [9]). Let G be a Polish group acting continuously
on a Polish space X. Then the following are equivalent:

1. For each x ∈ X, the map gGx ↦→ gx from G/Gx onto Gx is a homeomor-
phism.

2. Each orbit is of second category in itself.

3. Each orbit is Gδ in X.

Using the fact that the quotient map is open, Ungar [39] showed the following.

Theorem 1.19 ([39]). Let G be a Polish group acting continuously on a Polish
space X. If G acts transitively on X the map g ↦→ gx from G onto X is open.

Theorem 1.18 was used by Ungar [39, 38] when studying Polish countable
dense homogeneous spaces. We will present his results later.

1.2 Topological homogeneity
Now we introduce the notion of (topological) homogeneity and other homo-

geneity notions. Later we will show that these are closely connected to the notion
of countable dense homogeneity.

Definition 1.20 (topological homogeneity). Let X be a topological space, we say
that X is homogeneous, if for any two points x, y ∈ X there is h ∈ H(X) such
that h(x) = y.

Informally, homogeneous spaces are spaces that are the same at every point.
Very natural generalization of homogeneity is the notion of n-homogeneity

and strong n-homogeneity.

Definition 1.21 (strong n-homogeneity). Let X be a topological space, we say
that X is strongly n-homogeneous for n ∈ N, if for any two n-tuples (x1, . . . , xn),
(y1, . . . , yn) of distinct points of X, there is h ∈ H(X) such that h(xi) = yi for
i ≤ n.

Definition 1.22 (n-homogeneity). Let X be a topological space, we say that X
is n-homogeneous for n ∈ N, if for any two n-point subsets F, G ⊂ X there is
h ∈ H(X), such that h(F ) = G.

The notion of countable dense homogeneity might seem like an even more
general concept, and even though there are relations in some cases, as we will
later show, in general the concept of countable dense homogeneity stands on its
own.
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Definition 1.23 (Countable dense homogeneity). Let X be a separable topological
space, we say that X is countable dense homogeneous (CDH), if for any two dense
countable sets A, B there is h ∈ H(X), such that h(A) = B.

Remark. Sometimes we will write CDH property as an abbreviation for countable
dense homogeneity. We will also sometimes write X has the CDH property instead
of X is CDH.

On a first glance countable dense homogeneity might seem very restrictive, we
will show that in fact many classical spaces are actually CDH.

We introduce one more notion of homogeneity, which is very closely related to
the notion of CDH-spaces

Definition 1.24 (Strong local homogeneity). Let X be a topological space, we
say that X is strongly locally homogeneous (SLH), if it has a basis B such that for
any U ∈ B and every x, y ∈ U , there is h ∈ H(X) such that h(x) = y and h is
the identity on X \ U .

Remark. Similarly as for CDH property, for strong local homogeneity we will
sometimes use abbreviation SLH property and we will sometimes write X has the
SLH property instead of X is SLH.
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2. Theoretical results about
CDH-spaces

In this chapter we present some well-known properties of CDH-spaces.

2.1 General results about CDH-spaces
In this section we show some topological properties of CDH-spaces without

assuming any topological properties other than the CDH property. However there
is not much we can say in general about CDH-spaces. It is also worth noting
that in general the CDH property is closed under very few topological operations.
However as we will show later, in some special cases, such as zero-dimensional
Polish spaces, one has much better results regarding CDH-spaces.

We start by establishing the only separation axioms we have for CDH-spaces.

Theorem 2.1 ([13]). Let X be CDH, then X is T1.

Proof. Denote C the collection of all countable dense subsets of X. For x, y ∈ X
define x ≤ y if x ∈ {y}, and x < y if x ≤ y and x ̸= y. Further define an
equivalence relation on X by x ∼ y if and only if x ≤ y and y ≤ x, and we denote
Q the set of all nontrivial equivalence classes of ∼.

First we show that X is T0, so suppose Q ̸= ∅. Let K ∈ C. For every
A ∈ Q such that A ∩ K ̸= ∅, choose pA ∈ A ∩ K. The set of pA is at most
countable, since K is countable. Denote K ′ = (K \ ⋃︁Q) ∪ {pA, A ∈ Q}, then
K ′ is countable dense from the definition of Q. Choose A ∈ Q and p, q ∈ A,
p ̸= q. Define K ′′ = K ′ ∪ {p, q}, then K ′′ ∈ C. However, there is no h ∈ H(X)
such that h(K ′) = K ′′, since K ′ intersects every set of Q in at most one point
but K ′′ ∩ A = {p, q}. Therefore Q = ∅ and X is T0. This now implies that ∼ is
antisymmetric.

Now assume that X is not T1 and denote A = {x ∈ X; {x} ̸= {x}} and
B = {y ∈ X; y < x for some x ∈ A}. Let x, y ∈ X, we call y the primitive of x if
x < y and y ̸∈ B, this implies y ∈ A and x ∈ B. Assume that there are x, y ∈ X
such that y is the primitive of x.

Let K ∈ C such that {x, y} ⊂ K. Let K1 = {x ∈ K ∩ B; x and a primitive
of x are in K} and let K2 = K \ K1. Then K2 ∈ C but K2 contains no point and

its primitive. Therefore, there is no h ∈ H(X) such that h(K) = K2, which can
not be. This means that no point of X has a primitive, which implies A ⊂ B.

Next assume B \A ̸= ∅. Then there is a K ∈ C such that K ∩ (B \A) ̸= ∅. For
each x ∈ K ∩ (B \ A) choose px ∈ A, x < px. Let K ′ = (K \ (B \ A)) ∪ {px; x ∈
K ∩ (B \ A)}. Then K ′ ∈ C, but since K ′ ∩ (B \ A) = ∅, there is no h ∈ H(X)
such that h(K ′) = K, which is a contradiction. Therefore we have B = A.

It follows that for any x ∈ A there are y, z ∈ A such that y < x < z.
Inductively we can construct double-ended sequence yi, i ∈ Z such that yi < yj,
whenever i < j, i, j ∈ Z. It now follows that every K ∈ C contains such double-
ended sequence. If there is K ∈ C that does not contain such sequence we can add
such sequence to get K ′ ∈ C but then there is no h ∈ H(X) satisfying h(K) = K ′.
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Now let K ∈ C and let K ∩ A = {ki, i ∈ N}. Let L1 = (K ∩ A) \ {k ∈ K; k <

k1}. Then L1 = ⋃︁∞
i=1 K

(1)
i , where K

(1)
i = L1 ∩ {ki}. Let L2 = K

(1)
1 ∪ K

(1)
2 ∪(︂⋃︁∞

i=3 K
(1)
i \ {k ∈ K; k < k2}

)︂
. Then L2 = ⋃︁∞

i=1 K
(2)
i , where K

(2)
i = K

(1)
i ∩ L2.

We can now inductively define Li for i ∈ N and K
(n)
i for i, n ∈ N. Then K ′ =

(K \ A) ∪⋃︁∞
i=1 K

(i)
i ∈ C, however K ′ does not contain any double-ended sequence,

which is a contradiction and therefore X is T1.

Next we aim to show the result of Fitzpatrick and Lauer [12] that components
of CDH-spaces are also CDH. For that we first need two technical lemmas. Even
thought their main purpose is to be used in the proof of the theorem they can be
used to show that some spaces cannot be CDH.

Lemma 2.2 ([12]). Let X be CDH, then X has at most countably many nonde-
generate components.

Proof. Let S be a countable dense subset of X. There is at most countably many
nondegenerate components intersecting S. We can choose two distinct points from
every nondegenerate component intersecting S and add them to S. We obtain
countable dense set S ′, such that if K is a nondegenerate component intersecting
S ′ then S ′ contains at least two points of K. If there are uncountably many
components, choose one that does not intersect S ′ and choose a point x from it.
Then S ′ ∪ {x} is a countable dense subset, but there is no h ∈ H(X) such that
h(S ′) = S ′ ∪ {x}.

Corollary 2.3. Let X be a nontrivial connected space then X × 2ω is not CDH.

Proof. For every y ∈ 2ω we have that X × y is a nondegenerate component of
X × 2ω because X is nontrivial and connected. Since 2ω is uncountable, X × 2ω

has uncountably many nondegenerate components, therefore by Lemma 2.2 it
cannot be CDH.

In the next chapter we will show that 2ω is CDH and that there exist CDH
connected spaces. Therefore Corollary 2.3 actually shows that CDH-spaces are
not closed under finite products.

Lemma 2.4 ([12]). If X is CDH, then every nondegenarte component of X is
open.

Proof. Let K be a nondegenerate component of X. By lemma Lemma 2.2 we can
denote K1, K2, . . . the nondegenerate components of X \ K, if there are any. Let
S be a countable dense subset of X. Assume K is not open. Then the boundary
∂K is nonempty. Let S ′ = S \ ∂K. Then S ′ is a countable dense subset of X
that does not intersect ∂K. If for n ∈ N we have ∂Kn ̸= ∅, we choose a point in
∂Kn and add it to S ′. We obtain a countable dense subset S1 such that for one
nondegenerate component K of X with nonempty boundary we have S1 ∩ ∂K = ∅
and such that if Kn is any other nondegenerate component of X with nonempty
boundary, we have S1 ∩ ∂Kn ̸= ∅. Now let x ∈ ∂K. Then S1 ∪ {x} is a countable
dense subset of X, however there is no h ∈ H(X) such that h(S1) = S1 ∪ {x}.

Corollary 2.5. Let X be a a nontrivial connected space. Then X × Q is not CDH.
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Proof. For every y ∈ Q we have that X ×y is a nondegenerate component of X ×Q.
Since y is not isolated in Q, the component is not open. Thus by Lemma 2.4
X × Q is not CDH.

Remark. Note that in the proof of Corollary 2.5 we cannot use Lemma 2.2 as the
space X × Q only has countably many components.

Lemma 2.4 does not work for degenerate components, we will show later that
2ω is CDH.

Theorem 2.6 ([12]). Let X be CDH, then every component of X is also CDH.

Proof. Let K be a component of X. If K is degenerate then K is CDH, so assume
K is nondegenerate. Since K is open subset of separable space, it is separable.
Let A, B be two countable subsets of K

Let C = {h(K); h ∈ H(X)}. The set C is at most countable since the number
of components of X is at most countable. Let {Ci}α

i=1, where α ∈ N ∪ {∞}, be
an enumeration of the elements of C. For every i let hi ∈ H(X) be such that
hi(K) = Ci and also denote Ai = hi(A) and Bi = hi(B)

Now let S be a countable dense subset of X and denote

SA = (S \
α⋃︂

i=1
Ci) ∪ (

α⋃︂
i=1

Ai),

and
SB = (S \

α⋃︂
i=1

Ci) ∪ (
α⋃︂

i=1
Bi).

Since SB and SA are two countable dense subsets, there exists h ∈ H(X), such that
h(SA) = SB, there also exists i such that h(K) = Ci. Let f = h|K , f : K → Ci

and g = hi|K , g : K → Ci, then we have g−1 ◦ f(A) = B, so K is CDH.

As we will see throughout this text, the CDH property is not preserved by
many topological operations. The following theorem shows that topological sum
preserves the CDH property. The theorem is well-known and easy to proof,
however we do not know the original author.

Proposition 2.7. Let X1 and X2 be CDH-spaces. Then X1 ⊕ X2 is also a
CDH-space.

Proof. Clearly, X1 ⊕ X2 is separable. Let A, B be two countable dense subsets of
X1 ⊕ X2. Then A1 = X1 ∩ A and B1 = X1 ∩ B are countable dense subsets of X1
and A2 = X2 ∩ A and B2 = X2 ∩ B are countable dense subsets of X2. Therefore
there exists h1 ∈ H(X1) and h2 ∈ H(X2) such that h1(A1) = B1 and h2(A2) = B2.
Now define h : X → X by

h(x) =

⎧⎨⎩h1(x), x ∈ X1

h2(x), x ∈ X2

for x ∈ X. Then h ∈ H(X) and h(A) = B.
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2.2 Cardinality of CDH-spaces
Using the structure of a CDH-space provided by the existence of many homeo-

morphisms Arhangel’skii and van Mill [3] showed that we can bound its cardinality
assuming it is Hausdorff.
Theorem 2.8 ([3]). If X is a CDH Hausdorff space then |X| ≤ c.
Proof. Let M ⊂ X be a countable dense subset and put Y = X \ M . For each
y ∈ Y let Zy = M ∪ {y}.

Since X is CDH, for every y ∈ Y we can find fy ∈ H(X) such that fy(M) = Zy.
Let xy = f−1

y (y), put My = M \ {xy} and denote gy = fy|My
. Since M is dense

in Y , we have that y is not isolated in Zy and therefore xy is not isolated in My,
hence My is dense in M .

Now assume |Y | > 2ω. The set M is countable, hence the cardinality of all
possible mappings from any subset of M to M does not exceed 2ω. Therefore
by the pigeon hole principle there are p, q ∈ Y such that gp = gq, xp = xq and
Mp = Mq.

However, this is not possible since it means that one mapping h = gq = gp

from dense subset H = Mp = Mq of a Hausdorff space X can be extended in two
different ways fp and fq, which is not possible.

Without the assumption of Hausdorff property this does not hold. In fact we
can have arbitrarily large non-Hausdorff CDH-spaces as follows from the following
well-known example.
Example 2.9. Let X be an uncountable set, then X equipped with the cofinite
topology is CDH.
Proof. The space X is clearly separable, since any countable subset D ⊂ X is
dense in X. Now let C, D ⊂ X be two countable sets. We can find a bijection
h : X → X such that h(D) = C. Since bijections preserve cardinality, we also
have that h is a homeomorphism. Therefore X is CDH.

Remark. Note that all spaces defined this way are compact and not T2.
The bound on the cardinality of Hausdorff CDH-spaces contrasts with the

following result regarding countable CDH-spaces. It is not clear who is the original
author of this result, however it is a classical result for CDH-spaces.
Theorem 2.10. A countable space X is CDH if and only if it has the discrete
topology.
Proof. It is clear that discrete countable space X is CDH since the only countable
dense subset of X is X itself.

Now suppose that X is countable space that does not have the discrete topology.
This means that there exists x ∈ X such that x is not an isolated point, therefore
x ∈ X \ {x}. Hence X \ {x} is a countable dense subset of X. Since X is
countable, X itself is also a countable dense subset of X. However there is no
h ∈ H(X) such that h(X) = X \ {x}, therefore X is not CDH.

Remark. The same also holds for finite spaces.
This means that anything of interest can happen only for cardinalities between

ℵ0 and c. This sheds some light on why it is important to use also some set
theoretic results and notions when studying CDH-spaces.
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2.3 Connection between countable dense homo-
geneity and other homogeneity notions

Countable dense homogeneous spaces must have many homeomorphisms in
order to send any countable dense subset to any other countable dense subset.
Therefore it is natural to expect some level of homogeneity. In this, section we
show some results demonstrating the connections between the CDH property and
other notions of homogeneity. However, since the CDH property is closed under
topological sum, it is not reasonable to expect all CDH-spaces to be homogeneous.

Fitzpatrick and Lauer [12] showed that if we assume connectedness, therefore
excluding spaces obtained via topological sum, we get homogeneity.

Theorem 2.11 ([12]). Let X be CDH and connected, then X is homogeneous.

Proof. Suppose X is a connected CDH-space that is not homogeneous. Denote C
the collection of all countable dense sets, [x] = {h(x); h ∈ H(X)} for x ∈ X, and
G = {[x]; x ∈ X}.

First we show that if for x ∈ X the set [x] contains an open subset, then [x] is
itself open. Let G ⊂ [x] be open. If y ∈ [x] then from the definition of [x] there is
some h ∈ H(X) such that h(y) ∈ G. Since h is continuous, there is some open U
such that h(U) ⊂ G. This means U ⊂ [x]. Therefore [x] is open.

Now we show that there is no x ∈ X such that [x] is open. For suppose there
is such x ∈ X. Then X \ [x] is closed and nonempty. Since X is connected, we
have [x] ∩ X \ [x] is nonempty. Let y ∈ [x] ∩ X \ [x]. For h ∈ H(X) we have
h([x]) = [x] and also h(∂[x]) = ∂[x], this implies that [y] ⊂ ∂[x]. Let S ∈ C, then
S \ [y] ∈ C and also K = (S \ [y]) ∪ {y} ∈ C. However, there is no h ∈ H(X) such
that h(K) = S \ [y], which is a contradiction. This shows that for every x ∈ X
we have Int [x] = ∅ and thus X \ [x] is dense in X.

We also have that if S ∈ C and x ∈ X then S ∩ [x] is not dense and S ∩(X \ [x])
is also not dense.

Now let S ∈ C and x ∈ X. Since S ∩ (X \ [x]) is not dense, let D =
X \ (S ∩ (X \ [x])) ̸= ∅. Then D is open and D ⊂ (X \ S) ∪ [x] so D ∩ S ⊂ [x].
Let T = ((S ∩ D) ∪ (S ∩ (X \ [x]))) \ ∂D.

If p ∈ X \ T , p ∈ D and G is an open neighborhood of p, then (G ∩ D) ∩ S =
G ∩ (D ∩ S) is nonempty.

If p ∈ X \ T , p ̸∈ D and G is an open neighborhood of p disjoint from D. We
have p ∈ S ∩ (X \ [x]) so G ∩ (S ∩ (X \ [x])) is nonempty.

This implies that T is dense subset of X and since T ⊂ S, we have T ∈ C.
Since D is open and X \ [x] is dense, there is q ∈ D ∩ (X \ [x]). Now, let
Q = T ∪ {q} ∈ C, then there is h ∈ H(X) such that h(Q) = T . This also means
h(T ) ⊂ T . Since h(q) ̸∈ [x] and h(q) ∈ T ⊂ S, we have h(q) ∈ S ∩ (X \ [x]) and
also h(q) ∈ (S ∩ (X \ [x])) \ ∂D.

Because h(q) ∈ S ∩ (X \ [x]) and h(q) ̸∈ ∂D, we have h(q) ∈ X \ D. Note
that (X \ D) ∩ T ⊂ X \ [x]. From continuity of h, there is an open neighborhood
U of x such that h(U) ⊂ X \ D. Since T is dense and D is open, there is some
z ∈ U ∩ D ∩ T . We have z ∈ D and also z ∈ T ⊂ S, therefore z ∈ [x] and
so also h(z) ∈ [x]. However, we also have h(z) ∈ X \ D ⊂ X \ [x], which is a
contradiction.
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Bennet [5] showed that a connected and first countable CDH-space is homoge-
neous. His result appeared fifteen years earlier then Theorem 2.11, however it is
not as general.
Remark. We can see that in order to get a contradiction in the proof of Theorem 2.11
it is enough to assume that there exists some x ∈ X such that [x] is not open.
This means that [x] is clopen for every x ∈ X, since we have [x] = X \ ⋃︁y ̸∈[x][y].

Using the remark we can proof the following well-known result.
Corollary 2.12. Every CDH-space X can be written as a disjoint topological
sum X = ⊕α

i=0Xi, where α ∈ ω + 1 and Xi’s are pairwise nonhomeomorphic
homogeneous and CDH-subspaces of X that are clopen in X.

Proof. For x ∈ X let [x] = {h(x); h ∈ X } and let G = {[x]; x ∈ X}. Note that
[x] is clopen in X thus the set G is at most countable and the elements of G
are pairwise nonhomeomorphic. Thus we can write G = {Xi; i < α} for some
α ∈ ω + 1. Since all Xi’s are clopen we have that X = ⊕α

i=1Xi. Also note that the
spaces Xi are clopen in X and fixed by all homeomorphisms of X, thus separable
and CDH.

Similarly, we can show many decompositions for CDH-spaces in the sense of
the following theorem. It does not appear in the literature in such a general form,
however many special cases are known.

Theorem 2.13. Let X be a CDH-space and let G be an open set preserved by all
homeomorphisms of X i.e. h(G) = G for any h ∈ H(X). Then G is clopen in X
and CDH.

Proof. Since G is an open subset of a separable space it is separable. The set
X \ G is also open, thus separable. Let A ⊂ G be countable dense in G and
B ⊂ X \ G be countable dense in G. Suppose x ∈ ∂G then C1 = A ∪ B and
C2 = A ∪ B ∪ {x} are two countable dense subsets of X. Since G is preserved
by all homeomorphisms X, ∂G is also preserved by all homeomorphisms of X.
However, we have C1 ∩ ∂G = ∅ and C2 ∩ ∂G = {x}, which is a contradiction with
the CDH property of X. Thus we have G = G.

Since G is clopen and preserved by all homeomorphism of X, it is clearly
CDH.

Although the following does not directly relate to homogeneity properties of
X, we state the theorem here as we will need it later in this section. We first need
a well-known proposition regarding locally connected spaces.

Definition 2.14 (Connected im kleinen). Let X be a topological space and x ∈ X.
We say that X is connected im kleinen at x if each open neighborhood U of x
contains an open neighborhood V of x such that any pair of points of V lie in
some connected subset of U .

Proposition 2.15 ([40]). Let X be a topological space. If X is connected im
kleinen at every point then X is locally connected.
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Proof. Let U be an open subset of X and let C be a component of U . If x ∈ C
then there exists open set Vx containing x such that each two points of Vx lie in
some connected subset of U . This implies Vx ⊂ C and thus C is open.
Theorem 2.16 ([11]). Let X be connected, locally compact, metrizable and CDH,
then X is locally connected.
Proof. Since X is locally compact and second countable, we have that X is Polish,
therefore we can assume that we work with a complete metric.

Assume that X is not locally connected. Then by Proposition 2.15 there is a
point in X at which X is not connected im kleinen. Since X is connected and
therefore by 2.11 is homogeneous, X is not connected im kleinen at any point.

Suppose that every open set of X contains an open subset V such that some
component of V has an interior. We will show that there is some point in X at
which x is connected im kleinen. Let U1 be an open set of diameter less than 1.
Let V1 be an open subset of U1 such that some component C1 of V1 has nonempty
interior. Let U2 be open subset such that diam U2 < 1/2 and U2 ⊂ Int C1. Let
V2 be an open subset of U2 such that some component C2 of V2 has nonempty
interior. We inductively build sequence {Un}∞

n=1. Since X is complete there is
some x ∈ ⋂︁∞

n=1 Un and from the construction we also have x ∈ ⋂︁∞
n=1 Un. We have

that Ci, i ∈ N is a connected neighborhood basis for x which is a contradiction.
Therefore there exists an open set U such that if C is a component of a closure

of some open subset of U then C has empty interior. By the homogeneity of
X, every point of X belong to such a set. Since X is separable, there exists a
countable base G = {Vi, i ∈ N}, such that if C is a component of any Vi, then C
has empty interior. From Baire Category Theorem it then follows that if a set M
is at most countable union of sets C, each of which is a component of Vi for some
i, then M has empty interior.

Let x1 be a point of V1. Let x2 be a point of V2 not in any component of any
Vi containing x1, such point exists since the union of all such components has
empty interior. Let x3 be a point in V3 not in any component of any Vi containing
x1 or x2. Continuing this process we get countable dense set A in X, such that for
any Vn and any component C of Vn the intersection C

⋂︁
A has at most one point.

Now let x ∈ X. By the local compactness of X and using “Boundary bumping
theorem”, there exists sequence Mi, i ∈ N of nondegenerate connected sets
containing x, such that diam Mi < 1/i for i ∈ N. For each i ∈ N, let Bi be a
countable dense subset of Mi and let B = A∪⋃︁∞

i=1 Mi. Then B is countable dense
subset of X such that any open set containing x has a component which contains
infinitely many points of B. This implies that there is no h ∈ H(X) such that
h(A) = h(B).

Next we will show Ungar’s Theorem connecting n-homogeneity, strong n-
homogeneity and CDH-spaces. We will proceed in several steps, proving first few
technical lemmas and three theorems, which we will then use to prove Ungar’s
theorem.
Notation. Let X be a set and n ∈ N, we denote

F n(X) = X \
⋃︂

0≤i,j≤n
i ̸=j

{(x1, . . . , xn); xi = xj}.

This set is sometimes called the n-th configuration space of X.
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Note that if X is Polish and n ∈ N then the set F n(X) is open in Xn thus also
Polish. The n-th configuration space is very useful tool for studying homogeneity
of the space X.
Remark. Let X be a topological space and n ∈ N. When we say that the
group H(X) acts on F n(X), we always mean the action that for h ∈ H(X) and
(x1, . . . , xn) ∈ F n maps (h, (x1, . . . , xn)) to (h(x1), . . . , h(xn)).

Note that this action is transitive if and only if X is strongly n-homogeneous.
The following lemma is a well-known result for connected spaces.

Lemma 2.17 ([10]). Let X, Y be topological spaces such that Y is connected. Let
f : X → Y be continuous, open and onto such that f−1(y) is connected for any
y ∈ Y . Then X is also connected.

Proof. For a contradiction assume that X is not connected. Let A, B ⊂ X be two
disjoint nonempty open sets such that A ∪ B = X. Then we have that f(A) and
f(B) are two nonempty open subsets of Y . By connectedness of Y and the fact
that f is onto, there exists y ∈ f(A) ∩ f(B). Then we have that f−1(y) ∩ A ̸= ∅
and f−1(y) ∩ B ̸= ∅, but this contradicts the fact that f−1(y) is connected.

Using the following Lemma one gets a relation between the connectedness of
the space X and the connectedness of the space F n(X).

Lemma 2.18 ([39]). Let X be a topological space and n ∈ N. If no set of n − 1
points separates X then F n(X) is connected.

Proof. We proceed by induction. For n = 1 it follows from the definition of a
connected space.

Suppose the theorem holds for some k ∈ N and consider the case n = k + 1.
Let π : F k+1(X) → F k be the projection to the first k coordinates. If no k
points separate X we have that the set π−1(x1, . . . , xk) = {(x1, . . . , xk, x); x ∈
X \ ⋃︁k

i=1{xi}} is connected for any (x1, . . . , xk) ∈ F k. The map π is open and
onto the set F k(x) such that the inverse of any point in F k(X) is connected. Thus
by Lemma 2.17 F k+1(X) is connected.

We now present a lemma that can be used to find special countable dense
subsets of X. As the proof is quite technical we proceed in two steps, proving first
what can be seen as a version of Kuratowski-Ulam Theorem. We will need the
following notation.
Notation. Let X be a set and A ⊂ F n(X) for some n > 1.

For b ∈ X and i ∈ {1, . . . , n} we denote

D(i, b, A) = {(x1, . . . , xi−1, xi+1, . . . xn); (x1, . . . , xi−1, b, xi+1, . . . xn) ∈ A}

and
D(b, A) =

n⋃︂
i=1

D(i, b, A).

For k ∈ {1, . . . , n − 1} and {b1, . . . , bk} ⊂ X we also denote

D(b1, . . . , bk, A) = D (b1, D (. . . (D(bk, A)))) .
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Remark. Note that for a set X, A ⊂ F n(X) for some n > 1 and {b1, . . . , bk} ⊂ X
for some 1 ≤ k ≤ n − 1 we have that D(b1, . . . , bk, A) ⊂ F n−k(X). The subsets
D(b1, . . . , bk, A) can be viewed as sections of the set A.

Lemma 2.19 ([38]). Let X be a Polish space and let A be a first category subset
of F n(X) for some n > 1. Then B = {x; D(x, A) is not first category} is first
category. Furthermore if Ai is a first category subset of F i(X) for i = 2, . . . , k for
some k ∈ N, and C is a second category subset of X, then there exists x ∈ C such
that D(x, Ai) is a first category subset of F i−1(X) for each i = 2, . . . , k.

Proof. Assume B is of second category. Since A is of first category we can write
A = ⋃︁

i∈N Ei such that Int(Ei) = ∅. If b ∈ B we have

D(b, A) =
n⋃︂

i=1
D(i, b, A) =

n⋃︂
i=1

⋃︂
j∈N

D(i, b, Ej)

there is ib, jb such that Int(D(ib, b, Ejb
)) ̸= ∅.

Let U = {Ui; i ∈ N} be a countable base for F n−1(X) and let Ub the first
element of U contained in Int(D(ib, b, Ejb

)). Let Bi = {b ∈ B; Ub = Ui}. Then
B = ⋃︁

i∈N Bi and since B is of second category there is N ∈ N such that BN

is of second category. Let BN(i, j) = {b ∈ BN ; ib = i, jb = j}. Again there is
I, J such that BN(I, J) is of second category. This means that if b ∈ BN(I, J)
then Int(D(I, b, EJ)) ⊃ UN . Since UN is open in F n−1(X) and F n−1(X) is open
in Xn−1 there are open sets V1, . . . , VI−1, VI+1, . . . , Vn ⊂ X such that V1 × · · · ×
VI−1 × VI+1 × · · · × Vn ⊂ UN . This means that

V1 × · · · × VI × B(I, J) × VI+1 × . . . Vn ⊂ EJ .

This is a contradiction since the set on the right side has an empty interior,
however the set on the left side has a non-empty interior.

Now let Ai be a first category subset of F i(X) for i = 2, . . . , k for some k ∈ N.
Then the set

D =
k⋂︂

i=2
{x ∈ X; D(x, Ai) is of first category in F i−1}

is of second category, since by the previous it is a finite intersection of sets of
second category. Therefore we have D ∩ C ̸= ∅.

Lemma 2.20 ([38]). Let X be a Polish space and let A be a first category subset
of F n(X). Then there exists a countable dense subset of B ⊂ X such that
F n(B) ∩ A = ∅

Proof. Denote Sn the group of permutations on the set {1, . . . , n}. Note that
for any ϕ ∈ Sn the mapping ϕ̂ : F n(X) → F n(X) defined as ϕ̂(x1, . . . , xn) =
(xϕ(1), . . . , xϕ(n)) for any (x1, . . . , xn) ∈ F n(X) is a homeomorphism. Therefore
the set

Ã =
⋃︂

ϕ∈Sn

ϕ̂(A)

is of first category in F n(X).
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Let U = {Ui; i ∈ N} be a countable base for X. We will define the set B
inductively. We will choose the first n − 1 as follows. By Lemma 2.19 choose
b1 ∈ U1 such that D(b1, Ã) is a first category subset of F n−1. Now suppose we
have (b1, . . . bs) ∈ U1 × · · · × Us for some s < n − 2 such that for any decreasing
sequence of natural numbers s ≥ k1, . . . kl ≥ 1 for some l ≤ s we have that the set
D(bk1 , . . . , bkl

, Ã) is a first category subset of F n−l−1. For k = 1, . . . , s let

Ek =
⋃︂

{D(bj1 , . . . bjk
, Ã); s ≥ j1 > · · · > jk ≥ 1} ⊂ F n−k.

Note that since the unions are finite, we have that the sets Ek are of first category
for any k = 1, . . . , s. Hence by Lemma 2.19 we can find bs+1 ∈ Us+1 such that
D(bs+1, Ã) and D(bs+1, Ek) are first category for each k = 1, . . . s. This point
clearly satisfies the inductive hypothesis.

In order to define bn let Ek’s be as above. Using Lemma 2.19 we can find
bn ∈ Un \ En−1 such that D(bn, Ã), respectively D(bn, Ek) is first category in
F n−1(X), respectively F n−k−1(X) for each k = 1, . . . n − 2. Now we proceed as
before. Assume b1, . . . , bs has been defined for some s > n. We let Ek be as above
for k = 1, . . . , n − 1. By Lemma 2.19 we can find bs+1 ∈ Us+1 \ En−1 such that
D(bs+1, Ã) and D(bs+1, Ek) is first category for each k = 1, . . . , n − 2.

Let B = {bi; i ∈ N}. Clearly, B is dense. Let (bk1 , . . . , bkn) ∈ F n(B). We can
assume k1 < · · · < kn otherwise we can use suitable permutation in Sn and the
definition of Ã. Thus we have

D(bk1 , . . . bkn−1 , Ã) ⊂ En−1.

However, we have that bkn ∈ Ukn \ En−1 and thus (bk1 , . . . , bkn) ̸∈ Ã.

Now we are ready to proof the theorems connecting many notions of homo-
geneity.

The following Theorem was originally formulated for compact metric spaces
or locally connected and locally compact metric spaces. However some authors
realised [4] that one only needs a Polish topology on H(X), which is clear from
the proof.

Theorem 2.21 ([39]). Let X be Polish and n-homogeneous space such that F n(X)
is connected. Suppose there is a topology on H(X) such that H(X) is a Polish group
and the action of H(X) on X is continuous. Then X is strongly n-homogeneous.

Proof. Let G be the symmetric group on {1, . . . , n} with the discrete topology.
Then we have that H × G is a Polish group with multiplication defined coordinate-
wise. Define an action H × G on F n(X) as

(h, π)(x1, . . . , xn) = (h(xπ(1)), . . . , h(xπ(n))).

This is a continuous action and since X is n-homogeneous, it is also transitive.
Therefore by Theorem 1.19 the map T(x1,...,xn) : H × G → F n(X) is open for any
(x1, . . . , xn) ∈ F n(X). Now fix (x1, . . . , xn) ∈ F n(X) then for any π ∈ G we have
that Aπ = T(x1,...,xn)(H × {π}) is open in F n(X). Since the action of H × G is
transitive we have that F n(X) = ⋃︁

π∈G Aπ. We also have that Aπ is the orbit of
the point (xπ(1), . . . , xπ(n)) by the action of H. Since orbits are either disjoint or
equal and F n(X) is connected we have that all the orbits are equal to F n(X). By
taking π = Id we get that X is strongly n-homogeneous.
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The following Theorem was originally also formulated only for locally compact
spaces. However it has been pointed out by some authors [4] that again we only
need X and H(X) to be Polish.

We made some minor simplifications in the proof.

Theorem 2.22 ([38]). Let X be a Polish and countable dense homogeneous space,
such that no finite set separates X. Suppose there is a topology on H(X) such
that H(X) is a Polish group and the action of H(X) on X is continuous. Then
X is strongly n-homogeneous for any n ∈ N.

Proof. We will show that the action of H = H(X) on F n(x) is transitive. Let x̂ =
(x1, . . . , xn) ∈ F n(X) be arbitrary. Denote by H(x̂) = {(h(x1), . . . , h(xn)); h ∈ H}
the orbit of x̂.

Let A ⊂ X be a countable dense set. Then B ∪{x1, . . . , xn} is also a countable
dense set. From the countable dense homogeneity there exists h ∈ H such that
h(B) = A, hence (h(x1), . . . , h(xn)) ∈ F n(A) which is a countable set. Since x̂
was arbitrary, this implies that every orbit of the action of H on F n(X) intersects
the set F n(A) for any A ⊂ X countable dense.

Now suppose H(x̂) is meager in F n(X). Then by 2.20 there is A ⊂ X countable
dense such that H(x̂) ∩ F n(A) = ∅. However, this is a contradiction to what we
showed above. This means that any orbit of the action of H on F n(X) is a second
category subset of F n(X).

Since H(x̂) is of second category, we have that Int(H(x̂)) ̸= ∅. Therefore,
also H(x̂) ∩ Int(H(x̂)) ̸= ∅. Suppose there is (y1, . . . , yn) = ŷ ∈ H(x̂) \ Int(H(x̂).
Then we have (h(y1), . . . , h(yn)) ̸∈ {(h(z1), . . . , h(zn)); (z1, . . . , zn) ∈ Int(H(x̂))} =
Int(H(x̂)) for any h ∈ H, where the equality of the sets follows from the
fact that h acts as homeomorphism on F n(X). This means that H(x̂) =
{(h(y1), . . . , h(yn)); h ∈ H} ∩ Int(H(x̂)) = ∅, which is a contradiction. Hence
H(x̂) ⊂ Int(H(x̂)).

Suppose (z1, . . . zn) = ẑ ∈ H(x̂) and let (u1, . . . , un) ∈ H(ẑ). Then there exist
g ∈ H and a sequence {hi}∞

i=1 of points of H such that û = (g(z1), . . . g(zn))
and (hi(x1), . . . hi(xn)) → z. This means that (g(hi(x1)), . . . , g(hi(x1))) → û so
H(ẑ) ⊂ H(x̂) and also Int(H(ẑ)) ⊂ H(x̂). Hence we have

H(x̂) ⊂
⋃︂

{Int(H(ẑ)); ẑ ∈ H(x̂)} ⊂ H(x̂).

Hence H(x̂) is clopen and since F n(X) is connected for any x̂ ∈ F n(X) by 2.17,
the set H(x̂) is dense. By 1.18 we also have that H(x̂) is Gδ. Since X is Polish
and orbits are either disjoint or equal we have that the action of H on F n(X) is
transitive.

We not only have that Polish CDH-spaces with a Polish group of homeomor-
phisms are strongly n-homogeneous for any n ∈ N, but Ungar also showed the
inverse [38]. The following has been formulated in [38] again only for locally
compact metric spaces, however it again holds for any Polish space such that
H(X) admits a Polish topology. The proof resembles the very standard back and
forth argument.

Theorem 2.23 ([38]). Let X be Polish and strongly n-homogeneous for any n ∈ N.
Suppose there is a topology on H(X) such that H(X) is a Polish group and the
action of H(X) on X is continuous. Then X is CDH.
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Proof. Let A = {ai; i ∈ N} and B = {bi; i ∈ N} be two countable dense sets in X.
Let ρ be a complete metric on H(X). Denote N(h, ε) = {g ∈ H(X); ρ(h, g) < ε}
for h ∈ H(X) and ε > 0. Let c1 = a1 and d1 = b1. Since X is homogeneous, there
exists h1 ∈ H(X) such that h1(c1) = d1. Let c2 = a2 then by Theorem 1.19 we have
that {(g(c1), g(c2)); g ∈ N(h1, 1)} is open in F 2(X) and it contains (d1, h1(c2)). Set
d2 as the first bi such that bi ̸= d1 and (d1, bi) ∈ {(g(c1), g(c2)); g ∈ N(h1, 1)}. Then
there exists h2 ∈ N(h1, 1) such that (h2(c1), h2(c2)) = (d1, d2). Let 0 < ε2 < 1/2
be such that N(h2, ε2) ⊂ N(h1, 1). Set d3 as the first bi such that bi ̸= d1 and
bi ̸= d2. Since H(X) is a topological group there exists a δ2 > 0 such that
{g−1; g ∈ N(h−1

2 , δ2)} ⊂ N(h2, ε2). Again using Theorem 1.19 we have that
{(g(d1), g(d2), g(d3); g ∈ N(h−1

2 , δ2)} is open subset of F 3(X). Set c3 as the first
ai such that ai ̸= c1, ai ̸= c2 and (c1, c2, ai) ∈ {(g(d1), g(d2), g(d3); g ∈ N(h−1

2 , δ2)}.
Then there exists h3 such that h−1

3 ∈ N(h−1
2 , δ2) and (h3(c1), h3(c2), h3(c3)) =

(d1, d2, d3). Let ε3 < 1/3 be such that N(h3, ε3) ⊂ N(h2, ε2). We can the proceed
by a straightforward induction to construct a sequence of homeomorphisms {hi}∞

i=1
and numbers {εi}∞

i=1 such that 0 < εi < 1/i and N(hi+1, εi+1) ⊂ N(hi, εi). Since
d is a complete metric there exists h ∈ ⋂︁

i∈N N(hi, εi) and by construction we get
h(A) = B.

Connecting Theorem 2.21, Theorem 2.22 and Theorem 2.23 we have the
following.

Theorem 2.24 ([38], [39]). Let X be a locally compact separable metrizable space
such that no finite set separates X. Then the following statements are equivalent.

1. X is CDH.

2. X is n-homogeneous for every n.

3. X is strongly n-homogeneous for every n.

Proof. Note that X is Polish and by Theorem 2.16, Theorem 1.16 and Theo-
rem 1.17 we have that H(X) is Polish and acts continuously on X.

• “1. =⇒ 3.”: Follows by Theorem 2.22

• “3. =⇒ 1.”: Follows by Theorem 2.23.

• “2. =⇒ 3.”: Follows by Theorem 2.21 and Lemma 2.18.

• “3. =⇒ 2.”: Holds true in general.

Van Mill [29] showed that the implication “1 =⇒ 3” in Theorem 2.24 holds
level by level and for any space. Results in [29] are formulated for a more general
case of actions of groups on spaces. For keeping the text uniform in its approach
we present slightly less general results that are more in line with the rest of the
text, however the proofs remain the same. We again proceed in several steps
proving first some technical results. However, the first one is interesting in itself
as it reveals that CDH-spaces have richer structure of homeomorphisms then one
might expect.
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Theorem 2.25 ([29]). Let X be CDH. If F ⊂ X is finite and D, E ⊂ X \ F are
countable dense in X then there is h ∈ H(X) such that h(D) ⊂ E and h(x) = x
for every x ∈ F .

Proof. Let h0 ∈ H(X) be arbitrary. Suppose we constructed {hβ, β < α} for
some α < ω1. Since X is CDH, we can find hα ∈ H(X) such that

hα(F ∪ E) =
⋃︂

β<α

hβ(D).

For 1 ≤ α < ω1, let Tα be a nonempty finite subset of [1, α) such that hα(F ) ⊂⋃︁
β∈Tα

hβ(D). For mapping T : [1, ω1) → [ω1]<ω defined by T (α) = Tα there exists
A ∈ [ω1]<ω such that the fibre T −1(A) is uncountable.

Suppose that for every A ∈ [ω1]<ω we have that T −1(A) is countable. We
can find increasing sequence of countable ordinal numbers {αn}∞

n=1 such that
T −1(A) ⊂ αn+1 for any finite A ⊂ [1, αn] . Define α = supn αn, we have that A =
T (α) ⊂ [1, α) and we can find n such that A ⊂ αn, hence α ∈ T −1(A) ⊂ [1, αn+1),
which is a contradiction.

Let A ∈ [ω1]<ω be such that B = T −1(A) is uncountable. Then hα(F ) ⊂⋃︁
β∈A hβ(D) for every α ∈ B. Since ⋃︁β∈A hβ(D) is countable and B is uncountable,

by the pigeonhole principle we can find C ⊂ B uncountable such that for any
α, β ∈ C we have hα|F = hβ|F . Hence if we take α, β ∈ C such that α < β we
have (h−1

β ◦ hα)
⃓⃓⃓
F

= IdF and (h−1
β ◦ hα)(D) ⊂ E.

The following connects the strong n-homogeneity of a space X with an action
of a special subgroup of H(X) on the space X \ F for some F ∈ [X]n−1.

Lemma 2.26 ([29]). Let X be an infinite topological space and n ≥ 1. Then the
following are equivalent:

1. X is strongly n-homogeneous.

2. For every F ∈ [X]n−1, the group {h ∈ H(X); h(x) = x for any x ∈ F} acts
transitively on X \ F .

Proof. The first implication “1 =⇒ 2” is clear from the definition of strong
n-homogeneity.

We will prove the other implication by induction. For n = 1 there is nothing
to prove. So suppose the implication holds for n − 1 for some n ≥ 2 and suppose
2 holds for n. Since X is infinite 2 also holds for n − 1 and so by the induction
hypothesis X is strongly n − 1-homogeneous. Let (x1, . . . , xn) and (y1, . . . , yn) be
arbitrary n-tuples of distinct points of X. We can find g0 such that g0(xi) = yi

for all i < n. Let F = {y1, . . . yn−1}. Note that g0(xn) /∈ F . Therefore, by the
assumption we can find g1 ∈ {h ∈ H(X); h(x) = x for any x ∈ F} such that
g1(g0(xn)) = yn. For g = g1 ◦ g0 we then have that g(xi) = yi for any i ≤ n.

Lemma 2.27 ([29]). Let X be a CDH-space without isolated points. Then for
every finite subset F ⊂ X and any x ∈ X \ F the set {h(x); h ∈ H h(y) = y for
any y ∈ F} is open.
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Proof. Let x ∈ X \ F and let Y = {h(x); h ∈ H h(y) = y for any y ∈ F}. Assume
that Y has an empty interior. Note that F has an empty interior since X has
no isolated points. Then there is a countable dense subset D of X such that
D ⊂ X \ (Y ∪ F ). By Theorem 2.25 there exists h ∈ H(X) such that h|F = Id|F
and h(D ∪ {x}) ⊂ D which is a contradiction since h(x) ∈ Y and Y ∩ D = ∅.
Therefore Y has nonempty interior. Note that Y is an orbit induced by the action
of the group {h ∈ H; h(y) = y for any y ∈ F}. This implies that it is open.

Theorem 2.28 ([29]). Let X be a CDH-space and n ∈ N. If no set of size n − 1
separates X then X is strongly n-homogeneous.

Proof. By Lemma 2.26 it is enough to show that the group {h ∈ H(X); h(x) = x
for any x ∈ F} acts transitively on X \ F for any F ∈ [X]n−1. By Lemma 2.27
the orbits of this action are open and hence clopen. Since X \ F is connected we
get that the action is transitive.

We have seen that a CDH-space admits some level of homogeneity. On the
other hand it is reasonable to expect that spaces having “many” homeomorphisms
would be CDH. One such class of spaces with “many” homeomorphisms are SLH-
spaces. SLH-spaces are in general not CDH, however if we restrict our attention
to SLH Polish spaces then the situations improves.

First we present a theorem regarding convergence of sequences of homeomor-
phisms of a Polish space. We will use this theorem later on to show that SLH
Polish spaces are CDH. We include the proof for the sake of completeness.

Theorem 2.29 (Inductive convergence theorem [1]). Let (X, d) be a complete
metric space , let {hi}∞

i=1 ∈ H(X)N, denote gi = (hi ◦ · · · ◦ h1) for i ∈ N, and let
{Gi}∞

i=1 be a sequence of open coverings of X. Assume that the following conditions
are satisfied:

1. supG∈Gi
diam(G) < 1/2i for i ∈ N,

2. supG∈Gi
diam(g−1

i (G)) < 1/2i for i ∈ N,

3. for each x ∈ X and each i ∈ N there exist Gx ∈ Gi such that x ∈ Gx and
hi+1(x) ∈ Gx.

Then the sequence {gi}∞
i=1 converges to some g ∈ H(X).

Proof. Let p ∈ X and i ∈ N. We can find G ∈ Gi such that gi(p) ∈ G
and also gi+1(p) = hi+1(gi(p)) ∈ G. Then we have d(gi(p), gi+1(p)) < 1/2i.
Therefore, {gi}∞

i=1 is pointwise Cauchy and there exists a pointwise limit g. Since
d(gi(p), gi+1(p)) < 1/2i for all p ∈ X the convergence is uniform and we have that
g is continuous.

Let q ∈ X and i ∈ N. Then there is G ∈ Gi such that h−1
i+1(q) ∈ G and q =

hi+1(h−1
i+1(q)) ∈ G. Since diam(g−1

i (G)) < 1/2i we have that d(g−1
i (q), g−1

i+1(q)) =
d(g−1

i (q), g−1
i ◦ h−1

i+1(q)) < 1/2i. By a similar argument as above we get that g−1
i

converge to a continuous function of X into itself.
This implies that g is a homeomorphism.

Now we prove the theorem that is one of the main tools for showing that a
space is CDH. The limitation of this theorem is obvious as it can be used only for
Polish spaces. It can be found in [5], we present a proof mentioned in [4].
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Theorem 2.30 ([5]). If X is SLH and Polish, then X is CDH.

Proof. Let A = {a1, a2, . . . } and B = {b1, b2, . . . } be two dense subsets of X. By
the strong local homogeneity, we have that for every x ∈ X, any neighborhood
U of x, and any dense G ⊂ X there is g ∈ H(X) such that g(x) ∈ G and
g|X\U = IdX\U . We construct a sequence of homeomorphisms {hi}∞

i=1 having the
following properties:

1. hn ◦ · · · ◦ h1(ai) = h2i ◦ · · · ◦ h1(ai) ∈ B for each i ∈ N and n ≥ 2i,

2. (hn ◦· · ·◦h1)−1(bi) = (h2i+1 ◦· · ·◦h1)−1(bi) ∈ A for each i ∈ N and n ≥ 2i+1.

We proceed inductively. So assume we have h1, . . . , h2i−1 for some i ∈ N.
If h2i−1 ◦ · · · ◦ h1(ai) ∈ B, take h2i to be the identity on X. Otherwise we can

choose a small neighborhood U2i of h2i−1 ◦ · · · ◦ h1(ai) such that it is disjoint from
the set

{b1, . . . , bi−1} ∪ h2i−1 ◦ · · · ◦ h1({a1, . . . , ai−1}).

Take h2i ∈ H(X) such that h2i|X\U2i
= IdX\U2i

and

h2i ◦ h2i−1 ◦ . . . h1(ai) ∈ B.

If (h2i ◦ · · · ◦ h1)−1(bi) ∈ A, take h2i+1 to be the identity on X. Otherwise we
can choose a small neighborhood U2i+1 of bi such that it is disjoint from the set

{b1, . . . , bi−1} ∪ h2i ◦ · · · ◦ hi({a1, . . . , ai}).

Take h2i+1 ∈ H(X) such that h2i+1|X\U2i+1
= IdX\U2i+1 and

h−1
2i+1(bi) ∈ (h2i ◦ · · · ◦ h1)(A).

Since we can choose U2i and U2i+1 arbitrarily small, we can choose them small
enough so the conditions of 2.29 are satisfied, then the left product of the sequence
{hi}∞

i=1 converge to a homeomorphism h such that h(A) = B.

For non-Polish spaces it can be quite tricky to show the CDH property.
It is well-known that using the same techniques we can show even more. Since

the proof is very similar to the proof of Theorem 2.30 we don’t present all the
details.

Theorem 2.31. Let X be SLH and Polish. If A1, A2, B1, B2 ⊂ X are countable
dense subsets such that A1 ∩ A2 = ∅ and B1 ∩ B2 = ∅ then there is h ∈ H(X) such
that h(A1) = B1 and h(A2) = B2.

Proof. Let A1 = {ai
1; i ∈ N}, A2 = {ai

2; i ∈ N}, B1 = {bi
1; i ∈ N} and B2 =

{bi
2; i ∈ N}. We construct a sequence of homeomorphisms {hi}∞

i=1 having the
following properties:

1. hn ◦ · · · ◦ h1(ai
1) = h2i ◦ · · · ◦ h1(ai

1) ∈ B1 for each i ∈ N and n ≥ 2i,

2. hn ◦ · · · ◦ h1(ai
2) = h2i ◦ · · · ◦ h1(ai

2) ∈ B2 for each i ∈ N and n ≥ 2i,
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3. (hn ◦ · · · ◦ h1)−1(bi
1) = (h2i+1 ◦ · · · ◦ h1)−1(bi

1) ∈ A1 for each i ∈ N and
n ≥ 2i + 1,

4. (hn ◦ · · · ◦ h1)−1(bi
2) = (h2i+1 ◦ · · · ◦ h1)−1(bi

2) ∈ A2 for each i ∈ N and
n ≥ 2i + 1.

Assume we have h1, . . . , h2i−1 for some i ∈ N. For simplicity assume h2i−1 ◦ · · · ◦
h1(ai

1) ̸∈ B1 and h2i−1 ◦ · · · ◦ h1a
i
2 ̸∈ B2. Otherwise we can proceed similarly in all

the cases. Choose small disjoint neighborhoods U1
2i of h2i−1 ◦ · · · ◦ h1(ai

1) and U2
2i

of h2i−1 ◦ · · · ◦ h1(ai
2) both disjoint from the sets

{b1
1, . . . , bi−1

1 } ∪ h2i−1 ◦ · · · ◦ ({a1
1, . . . , ai−1

1 }),

and
{b1

2, . . . , bi−1
2 } ∪ h2i−1 ◦ · · · ◦ ({a1

2, . . . , ai−1
2 }).

We can find h2i ∈ H(X) such that

h2i|X\(U1
2i∪U2

21) = Id|X\(U1
2i∪U2

21) ,

h2i ◦ h2i−1 ◦ · · · ◦ h1(ai
1) ∈ B1

and
h2i ◦ h2i−1 ◦ · · · ◦ h1(ai

2) ∈ B2.

Similarly as in the proof of Theorem 2.30 we can construct the inverse mappings
as well and use Theorem 2.29 to ensure convergence of the sequence.

Remark 2.32. Note that for a Polish space X in Theorem 2.30 and Theorem 2.31
we do not need to use the whole group H(X). It is enough to use a subgroup
such that the SLH property holds using only homeomorphisms from the given
subgroup and it is closed under convergence in Theorem 2.29.

Theorem 2.31 has a very interesting well-known corollary.
Corollary 2.33. Let X be SLH and Polish and let C ⊂ X be a countable dense
subset. Then X \ C is CDH.

Proof. Without loss of generality we may assume that X has no isolated points,
since by Corollary 2.12 the set of isolated points is clopen in X.

Let A, B ⊂ X \ C be countable dense sets in X \ C. Then A and B are also
dense in X since X \ C is dense in X from the Baire Category Theorem and
because X has no isolated points. By Theorem 2.31 there is h ∈ H(X) such that
h(A) = B and h(C) = C. But this means that h(X \ C) = X \ C and we are
done.

For a CDH-space X and any two countable dense sets A, B ⊂ X we have that
X \ A ≈ X \ B. By Corollary 2.33 this space is CDH if X is SLH and Polish. It
is very natural to ask if this happens for any CDH-space X. In the next chapter
we will show that in general this is not the case.
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2.4 Zero-dimensional Polish CDH-spaces
As we indicated above, the situation for zero-dimensional Polish CDH-spaces is

much better. In fact one could say that the issue of countable dense homogeneity
is solved for zero-dimensional Polish spaces.

The following theorem is a consequence of the topological characterizations of
the classical zero-dimensional Polish spaces.

Theorem 2.34. Let X be an infinite, zero-dimensional, Polish and homogeneous
space. Then X is homeomorphic to either 2ω, ω, ωω or 2ω \ {0}.

Proof. Suppose X has an isolated point. Then from the homogeneity, every point
of X is isolated. Since X is Polish and infinite we have that X ≈ ω.

Now suppose X has no isolated points. We distinguish two cases.
First suppose that there exists some compact set in X that has nonempty

interior. From the homogeneity this means that every point in X is in a compact
set with nonempty interior and since X is metrizable it follows that X is locally
compact. If X is also compact by Theorem 1.2 we have X ≈ 2ω. If X is not
compact by Theorem 1.5 we have X ≈ 2ω \ {0}.

Now suppose that all compact sets have empty interior by Theorem 1.6 this
means that X ≈ ωω.

Proposition 2.35. Spaces 2ω, ω, 2ω \ {0} and ωω are all CDH.

We will show this later however this can be used to characterize all Polish,
zero-dimensional CDH-spaces. This result is due to [21], however we can find
some steps of the proof also in [14]. We present a different proof.

Let C = {X; X ≈ κ ⊕ (λ × 2ω) ⊕ (µ × ωω), where 0 ≤ κ, λ, µ ≤ ω}.

Theorem 2.36 ([21]). Let X be zero-dimensional, CDH and Polish then X ∈ C.

Proof. By 2.12 we can write X = ⊕α
i=0Xi, where α ∈ ω+1. Since all Xi’s are homo-

geneous zero-dimensional CDH-spaces we can use Theorem 2.34, Proposition 2.35
and the fact that 2ω \ {0} ≈ ω × 2ω.

This theorem has several very interesting corollaries showing that the behaviour
of zero-dimensional Polish spaces in regards to the CDH property is not as bad as
for general spaces.
Corollary 2.37. Let X be zero-dimensional Polish space then X is SLH if and only
if X is CDH
Remark. We will later show that all the classical zero-dimensional spaces are SLH.

Also since the class C is closed under countable and finite products we have
the following.
Corollary 2.38. Let Xi, 0 ≤ i ≤ α, where α ∈ ω + 1, be zero-dimensional, Polish
CDH-spaces. Then also X = ∏︁α

i=0 Xi is CDH.
However it is important to note that the requirement for the spaces to be

Polish is crucial. We will show later on that without this assumption the situation
is more complicated.
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3. Examples of CDH- and
non-CDH-spaces

In this chapter we introduce spaces that are CDH and some spaces that are not,
putting to a good use the theory we presented. We start this chapter by showing
that R is CDH. Although this will follow from some of the later examples, we
present the original argument by Cantor [8] using the “back and forth” argument,
it can also be found in Brouwer’s paper [7].

Example 3.1 ([7]). R is CDH.

Proof. Let A = {ai, i ∈ N} and B = {bi, i ∈ N} be two countable dense subsets of
R. We define function f : A → B inductively as follows. Define f(a1) = b1. Now
suppose we defined f(ai) for i ∈ {1, . . . n} for some n ∈ N. We find the smallest
index j ∈ N such that bj ∈ B \ {f(ai), i ≤ n} and bj has the same order relation
to all the points f(ai), i ≤ n as an+1 has to all the points ai, i ≤ n. Then we
define f(an+1) = bj.

Clearly f is one-to-one. Suppose j, n ∈ N are such that bj ̸∈ {f(a1), . . . , f(an)}
and {b1, . . . , bj−1} ⊂ {f(a1), . . . , f(an)}. Let k ∈ N be the smallest index larger
than n such that ak has the same order relation to all the points a1, . . . an as bj

has to all the points f(a1), . . . , f(an). For any l ∈ {n + 1, . . . , k − 1} if al < ak,
then since l < k there is i ∈ {1, . . . , j − 1} such that al < ai < ak, so we have
f(al) < f(ai) < bj, similarly if al > ak, then there is i ∈ {1, . . . , j − 1} such that
f(al) > f(ai) > bj. This means that bj has the same order relation to all f(ai),
i < k, such as ak has to all ai, i < k, which means f(ak) = bj. This means that
f is order preserving bijection. Since the topology on R is the order topology
we get that f is a homeomorphism between A and B. Now for any r ̸∈ A we
can find a1

i , a2
i ∈ A, i ∈ N such that for any i ∈ N we have [a1

i , a2
i ] ⊃ [a1

i+1, a2
i+1]

and {r} = ⋂︁∞
i=1[a1

i , a2
i ]. We can than define {F (r)} = ⋂︁∞

i=1[f(a1
i ), f(a2

i )] and for
any a ∈ A F (a) = f(a). This definition is correct since f is an order preserving
homeomorphism and R is complete. We get that F is also order preserving
bijection so it is a homeomorphism.

Ford [15] showed that normed linear spaces are SLH.

Proposition 3.2 ([15]). Every normed linear space (X, ∥ · ∥) is SLH.

Proof. From the properties of normed linear spaces, it is enough to show the SLH
property only for the unit ball as a neighborhood of zero. Let x0 ∈ B(0, 1) \ {0}.
For x ∈ X we can define

f(x) =

⎧⎨⎩x + x0(1 − ∥x∥) if ∥x∥ < 1,

x if ∥x∥ ≥ 1.

By distinguishing possible cases, we can show that for all x, y ∈ X we have

(1 + ∥x0∥)∥x − y∥ ≥ ∥f(x) − f(y)∥ ≥ (1 − ∥x0∥)∥x − y∥.

These inequalities show that f is injective and continuous and that the inverse is
continuous as well.
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To show surjectivity, note that for any x ∈ B(0, 1) \ {x0} and the map
g(t) : [0, 1] → R, defined as g(t) = 1 − ∥x − tx0∥ − t, there exists t0 ∈ (0, 1)
such that g(t0) = 0, since g is continuous, g(1) < 0 and g(0) > 0. This implies
f(x − tx0) = x − tx0 + x0(1 − ∥x − tx0∥) = x. Therefore f is surjective and so it
is a homeomorphism.

Example 3.3. By Proposition 3.2 we have that every separable Banach space is
CDH.

Note that by Example 3.3 we have that R is CDH and also that Rn is CDH.
Now we would like to show that the classical zero-dimensional spaces are all

CDH. We will do this by using Theorem 2.30. By the following, homogeneity
implies strong local homogeneity for zero-dimensional spaces.

Proposition 3.4 ([31]). Let X be zero-dimensional, homogeneous and Hausdorff.
Then X is SLH.

Proof. Let A ⊂ X be clopen and let x, y ∈ A. Then there is h ∈ H(X) such
that h(x) = h(y). Since X is Hausdroff and 0-dimensional we can find a clopen
neighborhood B of x such that B ⊂ A, h(B) ⊂ A, and B ∩ h(B) = ∅. Then we
can define g ∈ H(X) as follows

g(z) =

⎧⎪⎪⎨⎪⎪⎩
h(z), z ∈ B,

h−1(z), z ∈ h(B),
z, z ∈ X \ (B ∪ h(B))

for any z ∈ X. Since B and h(B) are clopen and disjoint, we have that g is a
homeomorphism. Since clopen sets form a base for the topology of X, we have
that X is SLH.

Note that even though Q is SLH by Proposition 3.4, it is not CDH by Theo-
rem 2.10. This does not contradict Theorem 2.30 since Q is not polish.

Using Proposition 3.4 we can finally show that the classical zero-dimensional
spaces are CDH.

Example 3.5. By Proposition 3.4 and and Theorem 2.30 we have that ω, ωω,
2ω and 2ω \ {0} are CDH, since these spaces are Polish zero-dimensional and
homogeneous.

We can use the CDH property of R to show the CDH property even for some
other topologies on R, namely the Sorgenfrey line. This example is well-known
and easy to show.

Example 3.6. The Sorgenfrey line S is CDH.

Proof. Let A, B ⊂ S be two countable dense sets. Then both sets are also dense
in R. In 3.1 we constructed h ∈ H(R) that preserves orientation and satisfies
h(A) = B. Since h preserves orientation, we also have h ∈ H(C).

Again using the properties of R we can show even more.

Example 3.7. Let S be the Sorgenfrey line and let C ⊂ S then the space S \ C is
CDH.
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Proof. Let A, B ⊂ S \ C be countable dense sets. Then A, B and C are also
dense countable subsets of R. By Remark 2.32 we can use Theorem 2.31 with the
subgroup {h ∈ H(R); h preserves orientation} to find an orientation preserving
homeomorphism h such that h(A) = B and h(C) = C. Since h is orientation
preserving, we have that h ∈ H(S) and we are done.

So far we have made an effort to present a theory regarding spaces that are
CDH. However it is also useful to have tools to show that some spaces cannot be
CDH. One such can be found in [17].

Proposition 3.8 ([17]). Let X, Y be two crowded, Hausdorff spaces with countable
π-weight. If X × Y is CDH, then X contains subspace homeomorphic to 2ω if
and only if Y contains subspace homeomorphic to 2ω.

Proof. Assume X contains a subset homeomorphic to 2ω but Y does not. Then
X × Y contains a subset homeomorphic to 2ω and we can find a countable dense
subset D ⊂ X × Y and a set Q ⊂ D such that ClX×Y Q ≈ 2ω.

Let B = {Un × Vn, n ∈ ω} be a countable π-base of X × Y , where for
each n ∈ ω Un is open in X and Vn is open in Y . Let πX , respectively πY ,
denote the projections from X × Y to X, respectively Y . Inductively, choose
a set E = {an, n ∈ ω} ⊂ X × Y such that πX(an) ∈ Un and πY (an) ∈ Vn \
{πY (a1), . . . , πY (an−1)}, for all n ∈ ω. Then πY |E is one-to-one and E is countable
dense in X × Y .

Assume there is h ∈ H(X × Y ) such that h(D) = E. Then there is R ⊂ D
such that K = ClX×Y R ≈ 2ω. Then T = πY (K) is compact subset of Y of
countable weight. Since T is not homeomorphic to 2ω, it contains an isolated
point p. Then we have X × {p} ∩ K is a clopen subset of K. Since πY |R : R → Y
is one-to-one and R is dense in K, we get that X × {p} ∩ K is a single point,
which is a contradiction.

Remark 3.9. Note that in the proof of Proposition 3.8 we constructed a countable
dense set E such that for no D ⊂ E we have D ≈ 2ω.

For quite some time it was not known whether the space Qω is CDH or not.
Note that this space is not Polish. It was finally solved in [14] in the negative.
Proposition 3.8 can be used to show this too in a more convenient way. This has
been done in [17].
Corollary 3.10. If X is crowded Hausdorff space of countable π-weight and contains
a copy of 2ω, then X × Q is not CDH.

Example 3.11 ([17]). Qω is not CDH.

Proof. This follows by Corollary 3.10 and the fact that Q × Qω ≈ Qω.

We have seen that for a Polish SLH space X and a countable dense subset
C ⊂ X we have that the remainder X \ C is CDH. This is however not true in
general for a CDH-space X. This example does not appear in the literature.

Example 3.12. There exists a CDH-space X such that for C ⊂ X countable
dense X \ C is not separable.
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Proof. Let Û be a non-principal ultrafilter on ω. Define U = {A ⊂ ω1; A ∩ω ∈ Û}.
Then U is clearly a non-principal ultrafilter on ω1. Let X be the topological space
(ω1, U). This is clearly separable since ω is a countable dense subset of X. On
the other hand the set X \ ω is an uncountable and discrete space since ω ∪ {x}
is open in X for any x ∈ X \ ω. It remains to show that X is CDH.

To this end, let A, B be two countable dense subsets of X. Since U is a
non-principal we have that A∩B is countable and A∩B ∈ U . We can find D1, D2
countable disjoint sets such that (D1 ∪ D2) ∩ (A ∪ B) = ∅. Since U is an ultrafilter,
we can find C ⊂ (A ∩ B) countable such that C ∈ U and (A ∩ B) \ C is countable.
Denote Â = A \ C and B̂ = B \ C. We have that Â and B̂ are countable. We can
find a bijection f : Â ∪ B̂ ∪ D1 ∪ D2 → Â ∪ B̂ ∪ D1 ∪ D2 such that

f(Â) = B̂,

f
(︂(︂

B̂ \ (Â ∩ B̂)
)︂

∪ D2
)︂

= D2

and
f(D1) = D1 ∪

(︂
Â \ (Â ∩ B̂)

)︂
.

We can also define f(x) = x for x ∈ X \
(︂
Â ∪ B̂ ∪ D1 ∪ D2

)︂
. Then we have

C ⊂ {x ∈ X; f(x) = x}, therefore {x ∈ X; f(x) = x} ∈ U . And for any A ∈ U
we have that

f(A) = f(A ∩ {x ∈ X; f(x) = x}) ∪ f(A \ {x ∈ X; f(x) = x})
= A ∩ {x ∈ X; f(x) = x} ∪ f(A \ {x ∈ X; f(x) = x}) ∈ U .

Therefore f preserves U . Similarly we can show that f−1 preserves U and thus f
is a homeomoprhism of X onto X and by definition f(A) = B.

3.1 λ-sets
In this section, we introduce the concept of λ-sets an show its connection to

CDH-spaces. Majority of this section is based on [18]. At the end of this section
we use these concepts to answer one of the open questions posed in [20].

Definition 3.13 (λ-sets). A set X ⊂ 2ω is called a λ-set if every countable set of
X is Gδ in X i.e. for any D ⊂ X countable D = ⋂︁∞

n=1 (Gn
⋂︁

X), where Gn are
open in 2ω.

Remark. The term λ-set is sometimes used for any zero-dimensional space such
that all countable sets are Gδ. We will use both concepts, however, it will always
be clear from the context which one we mean.
Remark. Being a λ-set is clearly a hereditary property. This also shows that no
λ-set X contains a homeomorphic copy of the Cantor space since dense countable
subsets of the Cantor space are not Gδ.

Definition 3.14 (bounding number). Let f, g ∈ ωω we say f ≤∗ g if the set
{n ∈ ω; f(n) ≤ g(n)} is cofinite. We define bounding number b to be the minimal
cardinality of a set F ⊂ ωω that is unbounded with respect to ≤∗.
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Remark. There exists an unbounded family F = {fα; α < b} such that if α ≤ β < b
then fα ≤∗ fβ.

Lemma 3.15 ([24]). ℵ1 ≤ b.

Proof. Let F = {fi; i ∈ ω} ⊂ ωω be any countable set. Define g(k) = max{fn(k);
n ≤ k}. Then for each n ∈ ω we have fn ≤∗ g, since fn(k) ≤ g(k) for each k ≥ n.
Thus we have b > ℵ0.

We have seen that Polish zero-dimensional spaces behave very well with respect
to the CDH property. If we want any “non-standard” behaviour we need to focus
on non Polish zero-dimensional spaces. One such class of spaces are meager spaces
and if we restrict our attention to those the notion of λ-set arises very naturally
in the study of CDH-spaces.

Theorem 3.16 ([14]). If X is metric, meager in itself CDH-space then X is a
λ-set.

Proof. First we show that there exists a countable dense subset of X that is Gδ.
Suppose X = ⋃︁∞

i=0 Fi, where each Fi is closed nowhere dense. Let U = {Ui, i ∈
ω} be a countable basis for X. Choose x0 ∈ U0 and for each n > 0 choose
xn ∈ Un \ ⋃︁n−1

i=0 Fi and let C = {xi, i ∈ ω}. Then C is countable dense from the
construction. And we have

C =
∞⋂︂

i=0

∞⋂︂
n=1

(︂
(X \ Fi) ∪ B 1

n
(Fi ∩ C)

)︂
.

Now let A ⊂ X be countable. Let B be countable dense subset of X. Since
X is CDH, we have that A ∪ B is Gδ in X. We also have that A is Gδ subset of
A ∪ B, therefore A is Gδ subset of X.

On the other hand all “reasonable” λ-sets are meager. therefore not Polish. It
is therefore reasonable to study those in regard to the CDH property.

Proposition 3.17. Every T1 and separable λ-set X without isolated points is
meager in itself.

Proof. Since X is separable, there exists D = {di, i ∈ ω} ⊂ X dense subset.
Then there are sets Gi, i ∈ ω open such that D = ⋂︁∞

i=0 Gi. This implies that
all the sets Gi are dense in X, therefore the sets Fi = X \ (Gi

⋂︁
X) = X \ Gi

are closed and nowhere dense in X. Since X does not have isolated points and
is T1, all the sets {di} are closed and nowhere dense in X and we can write
X = (⋃︁∞

i=1 Fi) ∪ (⋃︁∞
i=1{di}).

By Theorem 2.10 any interesting behavior for CDH-spaces can only happen
for cardinalities above ℵ0. From the definition of a λ-set it is not clear that an
uncountable λ-set even exists. The notion of a λ-set is due to Kuratowski [25].
Lusin showed the existence of an uncountable λ-set [26] and Rothberger [35]
showed that for any κ ≤ b there is a λ-set of cardinality κ. Here we present a
construction due to Miller [33] of λ-sets in ωω of cardinalities ≤ b. From that we
can also construct λ-sets in 2ω.
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Lemma 3.18. Let X ⊂ ωω be a λ-set then there is a λ-set in 2ω with the same
cardinality.

Proof. Let C be a countable dense subset of 2ω. Then we have 2ω \ C ≈ ωω, since
2ω \ C is a zero-dimensional Polish space such that all compact sets in 2ω \ C have
empty interior. We will show if X ⊂ 2ω \ C is a λ-set in 2ω \ C then it is a λ-set
in 2ω.

Let A ⊂ X be countable, then there are sets Hi ⊂ 2ω \ C, i ∈ ω such that Hi

is open in 2ω \ C for all i ∈ ω and A = ⋂︁
i∈ω(Hi ∩ X). For each i ∈ ω we can find

Gi open in 2ω such that Gi ∩ (2ω \ C) = Hi. We can also find sets Oi ⊂ 2ω, i ∈ ω
open in 2ω such that 2ω \ C = ⋂︁

i∈ω Oi.
Then we have A = ⋂︁

i∈ω (Gi ∩ Oi ∩ X).

Lemma 3.19 ([33]). Let X ⊂ ωω such that the cardinality of X is strictly less
than b. Then X is a λ-set.

Proof. Let C ⊂ X be any countable subset and enumerate X \ C = {xα; α < κ}
for some κ < b. Let {yi}∞

i=1 be a sequence of points of C such that every point
occurs infinitely many times. For every i ∈ ω let {Un(yi); n < ω} be a decreasing
neighborhood basis of yi in ωω. Now for every α < κ define gα ∈ ωω such that for
every i ∈ ω we have xα ̸∈ Ugα(i)(yi). Since κ < b, there is g ∈ ωω such that for
any α < κ we have gα ≤∗ g. Now define

U =
⋂︂

n∈ω

(︄⋃︂
i>n

Ug(i)(yi)
)︄

.

Then U is Gδ in ωω and we have C ⊂ U and (X \ C) ∩ U = ∅, therefore
U ∩ X = C.

Theorem 3.20 ([33]). There exists X ⊂ 2ω a λ-set with cardinality b.

Proof. We will find such λ-set in ωω. By Lemma 3.18 we will then have a λ-set in
2ω with the same cardinality.

Let F = {fα; α < b} be an unbounded family such that if α ≤ β < b then
fα ≤∗ fβ. Let C ⊂ F be countable. Since F is unbounded and C is countable and
therefore bounded, there exists α < b such that for every h ∈ C we have fα ̸≤∗ h.
This also holds for β > α, since fβ ≥∗ fα. Now let

K = {g ∈ ωω; fα ̸≤∗ g}.

We have that
K =

⋂︂
A⊂ω

cofinite

⋃︂
n∈A

{g ∈ ωω; fα(n) > g(n)},

so K is a Gδ subset of ωω. We also have that C ⊂ K ∩ F ⊂ {fβ; β < α} therefore
the cardinality of K ∩ F is strictly less then b. Therefore by Lemma 3.19, C is
relatively Gδ in K ∩ F . Since K is Gδ in ωω we also have that C is relatively Gδ

in F .

Remark. Note that since being a λ-set is a hereditary property, Theorem 3.20
actually shows that for any κ ≤ b there exists a λ-set in 2ω of cardinality κ.
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Before we proceed to the study of λ-sets in relation to the CDH property, we
present two useful results regarding λ-sets. We will use those later.

Lemma 3.21 ([18]). Let X, Y be λ-sets then also X × Y is a λ-set.

Proof. Let A ⊂ X × Y be countable. Let πX be the projection to the first
coordinate. Then X \ πX(A) is Fσ in X by assumptions. Therefore also X \
πX(A)×Y is Fσ in X ×Y . We also have that for all p ∈ πX(A) the set {p}×Y \A
is Fσ in p × Y and hence also in X × Y . We can also write

(X × Y ) \ A = ((X \ πX(A)) × Y ) ∪

⎛⎝ ⋃︂
p∈πX(A)

(({p} × Y ) \ A)
⎞⎠ .

Note that the last union is countable, therefore the set (X × Y ) \ A is Fσ.

Lemma 3.22 ([18]). Let X be a separable metric space such that X = ⋃︁
i∈ω Fi,

where Fi is a closed λ-set for each i ∈ ω. Then X is a λ-set.

Proof. The space X is zero-dimensional by the sum theorem for zero-dimensional
spaces [10]. Thus for every i ∈ ω there are clopen sets Gi

1 ⊃ Gi
2 ⊃ · · · ⊃ Fi such

that Fi = ⋂︁
n∈ω Gi

n. Let L1 = F1 and for i ∈ ω, i > 1 let

Li =
(︂
Fi \

(︂
G1

1 ∪ · · · ∪ Gi−1
1

)︂)︂
∪
(︂(︂

Fi−1 ∩
(︂
G1

1 ∪ . . . Gi−2
1

)︂)︂
\
(︂
G1

2 ∪ · · · ∪ Gi−2
2

)︂)︂
∪ · · · ∪

(︂(︂
F2 ∩ G1

i−2

)︂
\ G1

i−1

)︂
.

Then L = {Li; i ∈ ω} is a disjoint cover of X by closed λ-sets. Let A ⊂ X be
countable. Then Li \ A is Fσ in Li for every i ∈ ω since Li is a λ-set. But then
also X \ A = ⋃︁

i∈ω Li \ A is Fσ since Li is closed for every i ∈ ω.

Since by Proposition 2.7 the CDH property is preserved under topological
sum, we cannot expect all uncountable λ-sets to be CDH. We can start with an
uncountable λ-set X ⊂ 2ω and take X ⊕ Q ⊂ 2ω ⊕ 2ω ≈ 2ω, which will still be a
λ-set however not a CDH-space, since all homeomorphisms have to preserve Q
and X. Therefore we need only to consider λ-sets that are “uniformly” spread
throughout 2ω.

Definition 3.23 (tail equivalence). For x, y ∈ 2ω we define

x
tail∼ y if ∃m, n ∈ ω ∀k ∈ ω x(m + k) = y(n + k).

For set X ⊂ 2ω we define its saturation X∗ = {y ∈ 2ω; ∃x ∈ X x
tail∼ y}. We say

that a set X ⊂ 2ω is saturated if X = X∗.

Remark. For every x ∈ 2ω the equivalence class [x] of x in the tail equivalence
relation is countable and dense subset of 2ω.

Saturated sets are “uniformly” spread throughout 2ω. However now we again
run into the issue of existence of such uncountable λ-sets. Hernández-Gutiérrez,
Van Mill and Hrušák [18] showed that uncountable saturated λ-sets exist. Using
the fact that tail equivalence is a Borel equivalence. This follows easily from the
definition of tail equivalence.
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Lemma 3.24. The set E = {(x, y); x
tail∼ y} ⊂ 2ω × 2ω is a Borel set.

Proof. Let m, n, k ∈ ω and define A(m,n,k) = {(x, y); x(m + k) = y(n + k)}. These
sets are clearly closed and we have

E =
∞⋃︂

m=1

∞⋃︂
n=1

∞⋂︂
k=1

A(m,n,k).

We do not present a proof of the following since it is out of the scope of this
text. However, it can be used to construct an uncountable saturated λ-set.

Proposition 3.25 ([37]). Suppose R is an equivalence relation on 2ω such that
the set R is a Borel subset of 2ω × 2ω. Then there exists an embedding ϕ : 2ω → 2ω

such that for x, y ∈ 2ω and x ̸= y we have (ϕ(x), ϕ(y)) ̸∈ R.

Lemma 3.26 ([18]). For every λ-set X ⊂ 2ω there is a saturated λ-set Y ⊂ 2ω

of the same cardinality.

Proof. By Proposition 3.25 there is ϕ : 2ω → 2ω such that if x, y ∈ 2ω, x ̸= y then
ϕ(x)

tail
̸∼ ϕ(y). Now let Y = ϕ(X)∗. We have that ϕ(2ω)⋂︁Y = ϕ(X), thus ϕ(X)

is closed in Y . For σ ∈ ω<ω and k ∈ ω define an embedding hσ,k : 2ω → 2ω by
hσ,k(x) = (σ, x(k), x(k + 1), . . . ). Then we can write

Y = ϕ(X)∗ =
⋃︂

k∈ω

⋃︂
σ∈ω<ω

hσ,k(ϕ(X)),

so by Lemma 3.22, Y is a λ-set and since the unions are countable it has the same
cardinality as X.

Remark. Since being a λ-set is a hereditary property, Lemma 3.26 actually shows
that for any κ ≤ b there is a saturated λ-set of cardinality κ

In [18] it was shown that uncountable saturated λ-sets are CDH and that
the CDH property is closed under finite powers on these sets, however not under
countable infinite powers.

In [18] the following is proved. We do not include the proof, since it is quite
technical and complicated .

Theorem 3.27. [18] Let X ⊂ 2ω be an uncountable saturated λ-set. Then X is
CDH.

We can use Theorem 3.27 to show the following. The first two parts were
proved in [18] the last one is an easy consequence of properties of λ-sets and
Proposition 3.8.

Theorem 3.28. [18] Let X ⊂ 2ω be an uncountable saturated λ-set. Then we
have the following:

1. Xn is CDH for every n ∈ ω,

2. Xω is not CDH,
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3. Xn × 2ω is not CDH for any n ∈ ω, n ≥ 1.

Proof. 1. We will show that Xn is homeomorphic to a saturated λ-set in 2ω.
By Lemma 3.21, Xn is a λ-set. Define ϕ : (2ω)n → 2ω by

ϕ((x0, . . . , xn−1))(nk + j) = xj(k)

for any (x0, . . . , xn−1) ∈ (2ω)n, j ∈ {0, . . . , n − 1} and k ∈ ω. This is clearly
a homeomorphism between (2ω)n and 2ω.
Now suppose y = ϕ((x0, . . . , xn−1)) for some (x0, . . . , xn−1) ∈ Xn and
z

tail∼ y. Then there are m1, m2 ∈ ω such that for any l ∈ ω we have
y(m1 + l) = z(m2 + l). Suppose that m1 = k1n + j1 and m2 = k2n + j2 for
some k1, k2 ∈ ω and j1, j2 ∈ {0, . . . , n − 1}. Denote

α(q) = q mod n

for q ∈ N. Then for j ∈ ω and i ∈ {0, . . . , n − 1} we have that

z((k2 + 1 + j)n + i) = xα(j1+n−j2+i)(k1 + 1 + j).

This means that for i ∈ {0, . . . , n − 1} we have

(z(i), z(n + i), . . . ) tail∼ (xα(j1+n−j2+i)(k1 + 1), xα(j1+n−j2+i)(k1 + 2), . . . ).

Since X is saturated this implies that z ∈ ϕ(Xn). Thus Xn is homeomorphic
to a saturated λ-set in 2ω and therefore CDH by Theorem 3.27

2. Note that Xω ≈ X × Xω and Xω contains a copy of the Cantor space.
However, X being a λ-set does not contain a copy of the Cantor space. Both
X and Xω are clearly crowded spaces with countable π-weight. Thus, by
Proposition 3.8 Xω is not CDH.

3. By Lemma 3.21, Xn is a λ-set therefore it does not contain a copy of the
Cantor space. Using again Proposition 3.8 we get that Xn × 2ω is not CDH.

We can also show that a reminder of countable dense subset in uncountable
saturated λ-set is CDH as well. This is not mentioned in [18], however the proof
is very easy.

Proposition 3.29. Let X ⊂ 2ω be an uncountable saturated λ-set and let C ⊂ X
be countable dense then X \ C is CDH.

Proof. Let x ∈ X, then [x] = {x}∗ is a countable dense subset of X and X \ [x] is
uncountable saturated λ-set, therefore CDH by Theorem 3.27. Since X is CDH,
we have that X \ C ≈ X \ [x]. Thus X \ C is CDH for any C ⊂ X countable
dense.

Uncountable λ-sets can be used to answer one of the open questions posed in
[20, Problem 14]. This question has originally been asked by Medini in [27].

Example 3.30. There is a zero-dimensional CDH metric space X such that X2

is not CDH.
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Proof. Let Y be an uncountable saturated λ-set and consider X = Y ⊕ 2ω. By
Example 3.5. 2ω is CDH. By Theorem 3.27, we also have that Y is CDH, therefore
by Proposition 2.7, X is CDH. Clearly X is zero-dimensional and metrizable. We
have that X2 ≈ (Y × 2ω) ⊕ Y 2 ⊕ 2ω. By Theorem 3.28, item 3, Y × 2ω is not CDH.
Thus, it is enough to show that for any h ∈ H(X2) we have h(Y × 2ω) = Y × 2ω.

Let h ∈ H(X2). Since any clopen subset of Y × 2ω contains the Cantor set
and Y 2 does not contain the Cantor set, we have that h(Y × 2ω)⋂︁Y 2 = ∅. By
the same argument, we have h(2ω)⋂︁Y 2 = ∅. Now suppose h(2ω)⋂︁(Y × 2ω) ̸= ∅.
Denote by π1 : Y × 2ω → Y the projection to the first coordinate, then we
have that π1(h(2ω)⋂︁(Y × 2ω)) is compact, zero-dimensional metric space. It is
also a clopen subset of Y therefore it is a crowded space. But this means that
π1(h(2ω)⋂︁Y × 2ω) ≈ 2ω which cannot be since Y does not contain the Cantor
set. This and the fact that h(2ω)⋂︁Y 2 = ∅ implies that h(2ω) = 2ω and thus
h(Y × 2ω) = Y × 2ω, therefore X2 is not CDH.

Medini in his paper [27] also asks if we can consistently say anything about
the descriptive quality of such space. We will show that our example is actually
consistently co-analytic. Note that since λ-sets do not contain copy of the Cantor
space the space in Example 3.30 is not analytic, as uncountable analytic sets contain
a copy of the Cantor space. Also note that assuming Projective Determinacy all
projective uncountable sets contain a copy of the Cantor space, thus our example
cannot be co-analytic in ZFC. We will not go into more details regarding the set
theory as we are more focused on topology.

We will use the following well-known theorem.

Theorem 3.31 ([32]). Suppose MA + ¬CH + ω1 = (ω1)L. Then every A ⊂ 2ω

of cardinality ω1 is Π1
1.

Example 3.32. Suppose MA + ¬CH + ω1 = (ω1)L. Then there exists CDH-space
X ⊂ 2ω such that X2 is not CDH and X is Π1

1.

Proof. Let Y be an uncountable saturated λ-set of cardinality ω1. Then by
Theorem 3.31, Y is co-analytic, which implies that also Y ⊕ 2ω is co-analytic.
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4. Spaces with few types of
countable dense subsets

As we have seen, many space are CDH. However, there are also very natural
spaces that fail to be CDH such as [0, 1]. The notion of CDH-spaces can be
generalized to deal with many of those spaces.

Definition 4.1 (Nearly CDH-space). Let X be a separable space. We say that X
is 1

n
-CDH, for n ≥ 2 if X has exactly n many types of countable dense subsets. We

say that X is 1
ω

-CDH if X has countably many types of countable dense subsets.

Remark. Note that in the definition we require a 1
n
-CDH space to have exactly n

many types of countable dense subsets. To simplify notation we will say that a
space X is at most 1

n
-CDH, if there are at most n many types of countable dense

subsets. We will also say that a space X is at most 1
ω
-CDH if there are at most

countably many types of countable dense subsets.
Remark. If a space X is 1

n
-CDH for some n ≥ 2 and C0, . . . , Cn are countable

dense subsets of X then, by the pigeonhole principle, there exist 0 ≤ i < j ≤ n and
h ∈ H(X) such that h(Ci) = Cj. On the other hand, if for any countable dense
subsets C0, . . . , Cn there is 0 ≤ i < j ≤ n and h ∈ H(X) such that h(Ci) = Cj

then the space X is at most 1
n
-CDH.

These notions were studied by Kennedy in 80’s in [34], [23]. She mainly focused
on the connection of these notions and homogeneity properties of the given space.
More recent results can be found in [19]. In [19] the following turned out to be
very useful tool in the study of spaces with at most countable number of types of
countable dense sets.

Lemma 4.2 ([6]). The number of distinct homeomorphism classes of countable
subsets of R is c.

Proof. Since R is CDH, every countable subset of R can be embedded into Q, so
the number of distinct homeomorphism classes of countable subsets of R is at
most |P(Q)| = c.

Let X ⊂ R. Let P be the largest crowded subset of X and let S = X \ P be
the scattered part of X. We define scattered signature of H(X) of X as follows:
H(X) is a set of ordinal numbers, and α ∈ H(X) if and only if there is some
p ∈ P such that p has Cantor-Bendixon rank α in S ∪ {p}.

Let A = {αn; n ∈ N} be a countable subset of ω1. We show that there is a
countable subset of R with scattered signature A. On the interval [n+1/4, n+1/2],
embed ωαn + 1, making sure that the point ωn maps to n + 1/2. This can be done
since by Proposition 1.4 the space ωαn + 1 can be embedded into The cantor set,
which is homogeneous and can be embedded into [n + 1/4, n + 1/2] in such a way
that it contains the point n + 1/2. Include all the points Q∩ [n + 1/2, n + 3/4] and
call the resulting set X. It follows that the set X has scattered rank A. There are
c countable subsets of ω1. This shows that the number of distinct homeomorphism
classes of countable subsets of R is at least c.

Corollary 4.3. There exist c many nonhomeomorphic nowhere dense subsets of Q.
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Proof. By Lemma 4.2, there are c many nonhomeomorphic countable subsets of
R. Every countable subset of R can be embedded into Q, since R is CDH. Also
we have that Q contains a nowhere dense homeomorphic copy of Q, since there
exists countable dense subset of R containing a nowhere dense copy of Q. Thus
we can embed every countable subset of R into Q such that it is nowhere dense in
Q.

In this chapter we generalize some results mentioned in Chapter 2. These
doesn’t seem to be published, however many of the proofs are only a slight
modification of known proofs.

One of the drawbacks of studying 1
n
-CDH spaces in general is that we do not

have any separation axioms as the following example shows.

Example 4.4. The space X = {x, y} with indiscrete topology is 1
2-CDH.

Proof. Countable dense subsets of X are {x}, {y} and {x, y}. Clearly the sets
{x} and {y} are of the same type.

We first show a parallel with Theorem 2.6 for 1
n
-CDH spaces. We will proceed

in similar steps first showing that the number of components for 1
n
-CDH space is

bounded

Lemma 4.5. Let X be 1
n
-CDH for some n ≥ 2. Then X has at most countable

many nondegenerate components. Of those nondegenerate components at most
n − 1 is not open.

Proof. As in proof of Lemma 2.2, we can find a countable dense subset C0 of X
such that if K is a nondegenerate component of X intersecting C0 then C0 ∩ K
has at least two points. Suppose X has y many nondegenerate components.
Then we can find K1, . . . , Kn nondegenerate components of X such that for any
1 ≤ i ≤ n we have C0 ∩ Ki = ∅. For 1 ≤ i ≤ n let xi ∈ Ki, and define
Ci = C0 ∪ {x1, . . . , xi}. Then there are 0 ≤ j0 < j1 ≤ n and a homeomorphism
h ∈ H(X) such that h(Cj0) = Cj1 . However this is a contradiction as Cj0 intersects
exactly j0 nondegenerate components at one point and Cj1 intersects exactly j1
nondegenerate components at one point and j0 < j1.

Suppose K1, . . . , Kn are nondegenerate non-open components of X, and let
xi ∈ ∂Ki for i = 1, . . . , n. By the previous we can denote B1, B2, . . . nondegenerate
components of X \ ⋃︁n

i=1 Ki if there are any. Let C be a countable dense subset of
X and let C0 = C \⋃︁n

i=1 ∂Ki. Then C0 is a countable dense subset of X if for any
i ∈ N we have ∂Bi ̸= ∅ we can add a point from ∂Bi to C0. Then C0 is a countable
dense subset such that C0 does not intersect exactly n nondegenerate non-open
components at their boundary. Now define Ci = C0 ∪ {x1, . . . , xi}. Clearly, all of
the sets Ci for i = 0, . . . , n are countable dense subsets of a different type, which
is a contradiction.

By the following example, we cannot improve this result to 1
ω

-CDH spaces.

Example 4.6. There exists 1
ω

-CDH space with uncountably many nondegenerate
components.
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Proof. Let {xi; i ∈ I} be an uncountable set. Let

X = ({xi; i ∈ I} × {0, 1}) ∪ ((0, 1) × N) .

On (0, 1) × N we define the topology as the product of the standard topologies
on (0, 1) and ω. For the points y = (xi, j) for i ∈ I and j ∈ {0, 1} we define their
neighborhood basis as

({xi} × {0, 1}) ∪ ((0, 1) × {k ∈ N; k ≥ n})

for each n ∈ N. Informally we can describe this space as taking copies of segments
with shrinking lengths converging to a point and then splitting this point into
uncountably many copies of the space {x, y} with the indiscrete topology.

Components of X are of the form (0, 1)×{k} for some k ∈ N and {xi}×{0, 1}
for some i ∈ I. Thus X has uncountably many nondegenerate components.
Since the spaces (0, 1) × {k} for k ∈ N are CDH, every countable dense set
C ⊂ X is uniquely determined by its intersection with the set {xi; i ∈ I} × {0, 1}.
More precisely it is determined by the cardinality of this intersection and by the
cardinality of the set {i ∈ I; |C ∩ {(xi, 0), (xi, 1)}| = 2}. This implies that there is
exactly ω types of countable dense sets.

Remark. In Example 4.6, instead of uncountably many copies of {x, y} we could
glue an uncountable set with the cocountable topology. Thus obtaining a space
with nonseparable nondegenerate component. This shows that we cannot prove
Theorem 2.6 for 1

ω
-CDH spaces.

Although we do not have Lemma 4.5 for 1
ω
-CDH spaces in general, we can

show it for metrizable spaces.

Lemma 4.7. Let X be a metrizable 1
ω

-CDH space. Then X has at most countably
many nondegenerate components.

Proof. Let K be a nondegenerate component of X and let C ⊂ K be a countable
dense subset in K. Since K is connected, thus has no isolated points, C is crowded,
therefore by Theorem 1.7 we have C ≈ Q.

Let C be a countable dense subset of X. For any nondegenerate component K
of X intersecting C we can add to C a countable dense subset of K. Thus obtaining
a countable dense set C of X such that if K is a nondegenerate component of
X then K ∩ C is either empty or dense in K, thus homeomorphic to Q. Now
suppose X has uncountably many nondegenerate components. This means that
there exists nondegenerate component K of X such that K ∩ C = ∅. Let B ⊂ K
be a countable dense in K. By Corollary 4.3, there exists {Bi ⊂ B; i ∈ (0, 1)}
such that Bi are nowhere dense in B, thus nowhere dense in K, and pairwise
nonhomeomorphic. But then the sets Ci = C ∪ Ci for i ∈ (0, 1) are pairwise
nonhomeomorphic, which is a contradiction.

Remark. Note that the proof of Lemma 4.7 actually shows that for X metrizable
1
ω

-CDH space any countable dense subset C ⊂ X intersects every nondegenerate
component of X.
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In proving Theorem 2.6, we used that components of CDH spaces are open
and therefore separable. We need separability of components even for 1

n
-CDH if

we want to show that components of 1
n
-CDH spaces are 1

n
-CDH. However, as the

components of 1
n
-CDH spaces do not need to be open we do not get separability

as easily. Nonetheless we can still show separability for the components.

Lemma 4.8. Let X be 1
n
-CDH for n ≥ 2 and denote

K = {K; K is nondegenerate, non-open component of X}.

Then the set ⋃︁K∈C ∂K has at most n − 1 elements. Moreover if the set ⋃︁K∈C ∂K
has exactly n − 1 elements then the space X \ ⋃︁K∈C ∂K is CDH.

Proof. To strive for a contradiction, suppose there is {x1, . . . xn} ⊂ ⋃︁
K∈C ∂K.

Let C be a countable dense subset of X. By Lemma 4.5, the set K is finite,
therefore the set C0 = C \ ⋃︁K∈C ∂K is countable dense in X. For i = 1, . . . , n
define Ci = C0 ∪ {x1, . . . , xi}. Then clearly all the sets Ci are countable dense
sets of different types, which is a contradiction.

Now suppose that ⋃︁K∈C ∂K = {x1, . . . , xn−1} and let A, B ⊂ X \ ⋃︁K∈C ∂K
be countable dense subsets. Then clearly A and B are countable dense subsets
of X. Now let Bi = B ∪ {x1, . . . , xi} for i = 1, . . . , n − 1. Then there are two
distinct sets C1, C2 ∈ {A, B, B1, . . . , Bn−1} and h ∈ H(X) such that h(C1) = C2.
However, since the only sets that do not intersect ⋃︁K∈C ∂K are A, B and all the
sets Bi intersect ⋃︁K∈C ∂K in a different number of points, the only possibility
is {C1, C2} = {A, B}. Without loss of generality we may assume C1 = A and
C2 = B. Note that the set ⋃︁K∈C ∂K is preserved by any element of H(X). Thus
we have

h|X\
⋃︁

K∈C ∂K ∈ H(X \
⋃︂

K∈C
∂K)

and
h|X\

⋃︁
K∈C ∂K (A) = B.

Lemma 4.9. Let X be 1
n
-CDH for some n ≥ 2. Then every component of X is

separable.

Proof. Let K be a component of X. If K is degenerate then K is clearly separable.
So suppose K is nondegenerate. Let C be a countable dense subset of X and
define CK = (C ∩ K) ∪ ∂K. By Lemma 4.8, the set CK is countable and we have
CK ⊃ Int(K) ∪ ∂K = K = K.

We now have everything that we need to prove the following.

Theorem 4.10. Let X be 1
n
-CDH for some n ≥ 2. Then every component of X

is at most 1
n
-CDH.

Proof. Let K be a component of X. If K is degenerate then it is clearly at most
1
n
-CDH. So suppose K is nondegenerate. By Lemma 4.9 the space K is separable.

Let A1, . . . An be countable dense subsets of K. And let C = {h(K); h ∈ H(X)}.
By Lemma 4.5, the set C is at most countable. Let {Ci}α

i=1, where α ∈ N∪{∞},
be an enumeration of the elements of C. For every i let hi ∈ H(X) such that
hi(K) = Ci, also denote Ai

j = hi(Aj) for j = 1, . . . , n.
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Let S be a countable dense subset of X and for j = 1, . . . , n define

Sj = (S \
α⋃︂

i=1
Ci) ∪ (

α⋃︂
i=1

Aj
i ).

Then Sj is a countable dense subset of X for every j = 1, . . . , n. Thus there exist
1 ≤ j1 < j2 ≤ n and h ∈ H(X) such that h(Sj1) = Sj2 . There also exists i such
that h(K) = Ci. Let f = h|K : K → Ci and g = hi|K : K → Ci then we have
g−1 ◦ f(Cj1) = Cj2 .

Remark. We cannot improve Theorem 4.10 to specify the exact number of types
of countable dense subsets of the components. The space [0, 1) ⊕ (0, 1) is clearly
1
2 − CDH, however one of the components is CDH and the other 1

2 -CDH.
Spaces with a bounded number of types of countable dense subset still have

to have many homeomorphisms. Using the structure provided by these homeo-
morphisms, we can again bound the cardinality of Hausdorff spaces that are at
most 1

ω
-CDH.

Theorem 4.11. Let X be at most 1
ω

-CDH. If X is Hausdorff then |X| ≤ c

Proof. Suppose X > c. Let M ⊂ X be a countable dense subset and put
Y = X \ M . For each y ∈ M let Zy = M ∪ {y}. Since X is either 1

n
-CDH

or 1
ω
-CDH and |X| > c, there exist set B ⊂ Y such that |B| > c and for any

y1, y2 ∈ B there is h ∈ X such that h(Zy1) = Zy2 . Fix some point b ∈ B and
denote A = Zb. For any y ∈ B \ {b} we can find hy ∈ H(X) such that hy(A) = Zy.
Let xy = h−1

y (y), put Ay = A \ xy and denote gy = hy|Ay
: Ay → M . We have

that Ay is dense in A thus also in X.
Since Y > c and both the sets M and A are countable and the number of

subsets of a countable set and number of mappings between two countable sets
does not exceed c, there are p, q ∈ B \ b such that p = q, gp = gq, and Ap = Aq.
However, then the homeomorphism f = gp = gq defined on a dense subset of a
Hausdorff space X can be extended in two different ways on the whole space,
which is a contradiction.

We have shown that if for a CDH-space we have a local topological property
then we can find a clopen subset such that all the points of that subset have
the desired local property. We cannot do this for 1

n
-CDH or 1

ω
-CDH spaces. the

following example is 1
2 -CDH, however the set of isolated points is not clopen.

Example 4.12. The space X = {1/n; n ∈ N} ∪ {0} with the standard topology is
1
2-CDH

Proof. A countable dense subset of X is either {1/n; n ∈ N} or the whole space
X.

However, we still have some control over the set of isolated points of 1
n
-CDH

space.

Theorem 4.13. Let X be 1
n
-CDH and let I be the set of isolated points of X.

Then the set ∂I has at most n − 1 points and the space X \ I is at most 1
n
-CDH.
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Proof. The space X \ I is clearly separable. Let C1, . . . , Cn be countable dense
subsets of X \ I. Then Bi = Ci ∪ I for i = 1, . . . , n is countable dense subset of X
thus there exist 1 ≤ i1 < i2 ≤ n and h ∈ H(X) such that h(Bi1) = Bi2 . Note that
the set I is preserved by any homeomorphism thus we have g = h|X\I ∈ H(X \ I)
and g(Ci1) = Ci2 .

Suppose that {x1, . . . , xn} ⊂ ∂I. Let C be a countable dense subset of X and
let C0 = C \ ∂I. Then C0 is also a countable dense in X. Now for i ∈ {1, . . . , n}
define Ci = C0 ∪{x1, . . . , xi}. Then for all j ∈ {0, . . . , n} the sets Cj are countable
dense and pairwise nonhomeomorphic, since for every j ∈ {0, . . . , n} the set Cj

intersect ∂I in exactly j many points.

Remark. In the same way we could get a parallel with Theorem 2.13.
In Example 3.30 we constructed a space whose square is not CDH and it is

very natural to ask how many types of countable dense sets does the square of
the space have.

Example 4.14. Let X be an uncountable λ-set. Then the space X × 2ω has c
many types of countable dense set.

Proof. Since |X × 2ω| = c, it is enough to find c many countable dense subset of
X × 2ω of a different type.

Let x ∈ 2ω and let A, B ⊂ 2ω be open disjoint such that A ∪ B ∪ {x} = 2ω

and ∂A = ∂B = x. Note that by Theorem 1.5 we have A ≈ B ≈ 2ω \ {0}.
By Remark 3.9, we can find Q0 ⊂ X × A countable dense such that for no

E ⊂ Q0 we have E ≈ 2ω. Let {Un}n∈ω be a countable base of the space X × B.
For n ∈ ω let Fn ⊂ Un be countable such that Fn ≈ 2ω. Let Q1 = ⋃︁

n∈ω Fn and
put D = Q0 ∪ Q1. Then the set D is by construction a countable dense subset
of X × 2ω. By Corollary 4.3, there is a collection {Cr; r ∈ (0, 1)} of countable
pairwise nonhomeomorphic nowhere dense subsets of X × {x}. For r ∈ (0, 1) let
Dr = D ∪ Cr.

Now let 0 < p < r < 1 and suppose there is h ∈ H(X × 2ω) such that
h(Dp) = Dr. Let a ∈ X × {x}. First suppose h(a) ∈ X × A, then we can
find an open neighborhood V0 of a such that h(V0) ⊂ X × A. We have that
V0 ∩X ×B ̸= ∅ thus there exists n ∈ ω such that Un ⊂ V0 thus also Fn ⊂ V0 which
means h(Fn) ⊂ Q0. But this contradicts the fact that for no countable subset
E ⊂ Q0 we have E ≈ 2ω. Now suppose h(a) ∈ X × B. Then there is an open
neighborhood V1 of a such that h(V1) ⊂ X × B, thus also h(V1 ∩ X × A) ⊂ X × B.
Again, we can find n ∈ ω and Fn ⊂ h(V1 ∩ X × A). However, this means
h−1(Fn) ⊂ Q0, which cannot be. This means that h(X × {x}) = X × {x}, thus
h(Cp) = Cr, which is a contradiction. Thus all the sets Dr for r ∈ (0, 1) are of a
different type.

Example 4.14 shows that for an uncountable λ-set X the space (X ⊕ 2ω)2 has
c many types of countable dense sets. Thus this example also partially solves [20,
Problem 28] For which cardinals κ is there a zero-dimensional CDH space X such
that X2 has exactly κ many types of countable dense subsets, which also has been
originally asked by Medini [27].

44



Bibliography
[1] R. D. Anderson and R. H. Bing. “A complete elementary proof that Hilbert

space is homeomorphic to the countable infinite product of lines”. In: Bull.
Amer. Math. Soc. 74 (1968), pp. 771–792. issn: 0002-9904. doi: 10.1090/
S0002-9904-1968-12044-0. url: https://doi-org.ezproxy.is.cuni.
cz/10.1090/S0002-9904-1968-12044-0.

[2] R. Arens. “Topologies for homeomorphism groups”. In: Amer. J. Math. 68
(1946), pp. 593–610. issn: 0002-9327,1080-6377. doi: 10.2307/2371787.
url: https://doi.org/10.2307/2371787.

[3] A. V. Arhangel’skii and J. van Mill. “On the cardinality of countable dense
homogeneous spaces”. In: Proc. Amer. Math. Soc. 141.11 (2013), pp. 4031–
4038. issn: 0002-9939,1088-6826. doi: 10.1090/S0002-9939-2013-11649-7.
url: https://doi.org/10.1090/S0002-9939-2013-11649-7.

[4] A. V. Arhangel’skii and J. van Mill. “Topological homogeneity”. In: Recent
progress in general topology. III. Atlantis Press, Paris, 2014, pp. 1–68. isbn:
978-94-6239-023-2; 978-94-6239-024-9. doi: 10.2991/978-94-6239-024-
9\_1. url: https://doi.org/10.2991/978-94-6239-024-9_1.

[5] R. Bennett. “Countable dense homogeneous spaces”. In: Fund. Math. 74.3
(1972), pp. 189–194. issn: 0016-2736. doi: 10.4064/fm-74-3-189-194. url:
https://doi-org.ezproxy.is.cuni.cz/10.4064/fm-74-3-189-194.

[6] W. Brian, J. van Mill, and R. Suabedissen. “Homogeneity and generalizations
of 2-point sets”. In: Houston J. Math. 40.3 (2014), pp. 885–898. issn: 0362-
1588.

[7] L. E. J. Brouwer. “Some remarks on the coherence type n”. In: KNAW,
Proceedings. Vol. 15. 1913, pp. 1912–1913.

[8] G. Cantor. “Beiträge zur Begründung der transfiniten Mengenlehre”. In:
Math. Ann. 49.2 (1897), pp. 207–246. issn: 0025-5831. doi: 10.1007/
BF01444205. url: https://doi-org.ezproxy.is.cuni.cz/10.1007/
BF01444205.

[9] E. G. Effros. “Transformation groups and C∗-algebras”. In: Ann. of Math.
(2) 81 (1965), pp. 38–55. issn: 0003-486X. doi: 10.2307/1970381. url:
https://doi.org/10.2307/1970381.

[10] R. Engelking. General topology. Second. Vol. 6. Sigma Series in Pure Math-
ematics. Translated from the Polish by the author. Heldermann Verlag,
Berlin, 1989, pp. viii+529. isbn: 3-88538-006-4.

[11] B. Fitzpatrick Jr. “A note on countable dense homogeneity”. In: Fund. Math.
75.1 (1972), pp. 33–34. issn: 0016-2736. doi: 10.4064/fm-75-1-33-34.
url: https://doi-org.ezproxy.is.cuni.cz/10.4064/fm-75-1-33-34.

[12] B. Fitzpatrick Jr. and N. F. Lauer. “Densely homogeneous spaces. I”. In:
Houston J. Math. 13.1 (1987), pp. 19–25. issn: 0362-1588.

45

https://doi.org/10.1090/S0002-9904-1968-12044-0
https://doi.org/10.1090/S0002-9904-1968-12044-0
https://doi-org.ezproxy.is.cuni.cz/10.1090/S0002-9904-1968-12044-0
https://doi-org.ezproxy.is.cuni.cz/10.1090/S0002-9904-1968-12044-0
https://doi.org/10.2307/2371787
https://doi.org/10.2307/2371787
https://doi.org/10.1090/S0002-9939-2013-11649-7
https://doi.org/10.1090/S0002-9939-2013-11649-7
https://doi.org/10.2991/978-94-6239-024-9\_1
https://doi.org/10.2991/978-94-6239-024-9\_1
https://doi.org/10.2991/978-94-6239-024-9_1
https://doi.org/10.4064/fm-74-3-189-194
https://doi-org.ezproxy.is.cuni.cz/10.4064/fm-74-3-189-194
https://doi.org/10.1007/BF01444205
https://doi.org/10.1007/BF01444205
https://doi-org.ezproxy.is.cuni.cz/10.1007/BF01444205
https://doi-org.ezproxy.is.cuni.cz/10.1007/BF01444205
https://doi.org/10.2307/1970381
https://doi.org/10.2307/1970381
https://doi.org/10.4064/fm-75-1-33-34
https://doi-org.ezproxy.is.cuni.cz/10.4064/fm-75-1-33-34


[13] B. Fitzpatrick Jr., J. M. S. White, and H. X. Zhou. “Homogeneity and
σ-discrete sets”. In: Proceedings of the Symposium on General Topology
and Applications (Oxford, 1989). Vol. 44. 1-3. 1992, pp. 143–147. doi:
10.1016/0166-8641(92)90086-F. url: https://doi-org.ezproxy.is.
cuni.cz/10.1016/0166-8641(92)90086-F.

[14] B. Fitzpatrick Jr. and H. X. Zhou. “Countable dense homogeneity and
the Baire property”. In: Topology Appl. 43.1 (1992), pp. 1–14. issn: 0166-
8641,1879-3207. doi: 10 . 1016 / 0166 - 8641(92 ) 90148 - S. url: https :
//doi.org/10.1016/0166-8641(92)90148-S.

[15] L. R. Ford Jr. “Homeomorphism groups and coset spaces”. In: Trans. Amer.
Math. Soc. 77 (1954), pp. 490–497. issn: 0002-9947,1088-6850. doi: 10.
2307/1990837. url: https://doi.org/10.2307/1990837.

[16] M. Fréchet. “Les dimensions d’un ensemble abstrait”. In: Math. Ann. 68.2
(1910), pp. 145–168. issn: 0025-5831,1432-1807. doi: 10.1007/BF01474158.
url: https://doi.org/10.1007/BF01474158.

[17] R. Hernández-Gutiérrez. “Countable dense homogeneity and the double
arrow space”. In: Topology Appl. 160.10 (2013), pp. 1123–1128. issn: 0166-
8641,1879-3207. doi: 10 . 1016 / j . topol . 2013 . 05 . 004. url: https :
//doi.org/10.1016/j.topol.2013.05.004.

[18] R. Hernández-Gutiérrez, M. Hrušák, and J. van Mill. “Countable dense
homogeneity and λ-sets”. In: Fund. Math. 226.2 (2014), pp. 157–172. issn:
0016-2736,1730-6329. doi: 10.4064/fm226-2-5. url: https://doi.org/
10.4064/fm226-2-5.

[19] M. Hrušák and J. van Mill. “Nearly countable dense homogeneous spaces”.
In: Canad. J. Math. 66.4 (2014), pp. 743–758. issn: 0008-414X,1496-4279.
doi: 10.4153/CJM-2013-006-8. url: https://doi.org/10.4153/CJM-
2013-006-8.

[20] M. Hrušák and J. van Mill. “Open problems on countable dense homogeneity”.
In: Topology Appl. 241 (2018), pp. 185–196. issn: 0166-8641,1879-3207. doi:
10.1016/j.topol.2018.03.023. url: https://doi.org/10.1016/j.
topol.2018.03.023.

[21] M. Hrušák and B. Zamora Avilés. “Countable dense homogeneity of definable
spaces”. In: Proc. Amer. Math. Soc. 133.11 (2005), pp. 3429–3435. issn:
0002-9939,1088-6826. doi: 10.1090/S0002-9939-05-07858-5. url: https:
//doi.org/10.1090/S0002-9939-05-07858-5.

[22] A. S. Kechris. Classical descriptive set theory. Vol. 156. Graduate Texts
in Mathematics. Springer-Verlag, New York, 1995, pp. xviii+402. isbn:
0-387-94374-9. doi: 10.1007/978-1-4612-4190-4. url: https://doi.
org/10.1007/978-1-4612-4190-4.

[23] J. Kennedy. “More on a weaker form of countable dense homogeneity”. In:
Houston J. Math. 10.4 (1984), pp. 507–524. issn: 0362-1588.

[24] K. Kunen. Set theory. Vol. 34. Studies in Logic (London). College Publica-
tions, London, 2011, pp. viii+401. isbn: 978-1-84890-050-9.

[25] K. Kuratowski. “Sur une famille d’ensembles singuliers”. In: Fundamenta
Mathematicae 1.21 (1933), pp. 127–128.

46

https://doi.org/10.1016/0166-8641(92)90086-F
https://doi-org.ezproxy.is.cuni.cz/10.1016/0166-8641(92)90086-F
https://doi-org.ezproxy.is.cuni.cz/10.1016/0166-8641(92)90086-F
https://doi.org/10.1016/0166-8641(92)90148-S
https://doi.org/10.1016/0166-8641(92)90148-S
https://doi.org/10.1016/0166-8641(92)90148-S
https://doi.org/10.2307/1990837
https://doi.org/10.2307/1990837
https://doi.org/10.2307/1990837
https://doi.org/10.1007/BF01474158
https://doi.org/10.1007/BF01474158
https://doi.org/10.1016/j.topol.2013.05.004
https://doi.org/10.1016/j.topol.2013.05.004
https://doi.org/10.1016/j.topol.2013.05.004
https://doi.org/10.4064/fm226-2-5
https://doi.org/10.4064/fm226-2-5
https://doi.org/10.4064/fm226-2-5
https://doi.org/10.4153/CJM-2013-006-8
https://doi.org/10.4153/CJM-2013-006-8
https://doi.org/10.4153/CJM-2013-006-8
https://doi.org/10.1016/j.topol.2018.03.023
https://doi.org/10.1016/j.topol.2018.03.023
https://doi.org/10.1016/j.topol.2018.03.023
https://doi.org/10.1090/S0002-9939-05-07858-5
https://doi.org/10.1090/S0002-9939-05-07858-5
https://doi.org/10.1090/S0002-9939-05-07858-5
https://doi.org/10.1007/978-1-4612-4190-4
https://doi.org/10.1007/978-1-4612-4190-4
https://doi.org/10.1007/978-1-4612-4190-4


[26] N. Lusin. “Sur l’existence d’un ensemble non dénombrable qui est de première
catégorie dans tout ensemble parfait”. fre. In: Fundamenta Mathematicae
2.1 (1921), pp. 155–157. url: http://eudml.org/doc/212964.

[27] A. Medini. “Products and countable dense homogeneity”. In: Topology Proc.
46 (2015), pp. 135–143. issn: 0146-4124,2331-1290. doi: 10.12775/tmna.
2015.041. url: https://doi.org/10.12775/tmna.2015.041.

[28] J. van Mill. “A countable dense homogeneous space with a dense rigid open
subspace”. In: Fund. Math. 201.1 (2008), pp. 91–98. issn: 0016-2736. doi:
10.4064/fm201-1-3. url: https://doi-org.ezproxy.is.cuni.cz/10.
4064/fm201-1-3.

[29] J. van Mill. “On countable dense and strong n-homogeneity”. In: Fund. Math.
214.3 (2011), pp. 215–239. issn: 0016-2736,1730-6329. doi: 10.4064/fm214-
3-2. url: https://doi.org/10.4064/fm214-3-2.

[30] J. van Mill. “On countable dense and strong local homogeneity”. In: Bull. Pol.
Acad. Sci. Math. 53.4 (2005), pp. 401–408. issn: 0239-7269. doi: 10.4064/
ba53-4-5. url: https://doi-org.ezproxy.is.cuni.cz/10.4064/ba53-
4-5.

[31] J. van Mill. The infinite-dimensional topology of function spaces. Vol. 64.
North-Holland Mathematical Library. North-Holland Publishing Co., Ams-
terdam, 2001, pp. xii+630. isbn: 0-444-50557-1.

[32] A. W. Miller. Descriptive set theory and forcing. Vol. 4. Lecture Notes in
Logic. How to prove theorems about Borel sets the hard way. Springer-
Verlag, Berlin, 1995, pp. ii+130. isbn: 3-540-60059-0. doi: 10.1007/978-3-
662-21773-3. url: https://doi.org/10.1007/978-3-662-21773-3.

[33] A. W. Miller. “Special sets of reals”. In: Set theory of the reals (Ramat Gan,
1991). Vol. 6. Israel Math. Conf. Proc. Bar-Ilan Univ., Ramat Gan, 1993,
pp. 415–431.

[34] J. K. Phelps. “A weaker form of countable dense homogeneity”. In: Houston
J. Math. 3.1 (1977), pp. 89–97. issn: 0362-1588.

[35] F. Rothberger. “Sur un ensemble toujours de première catégorie qui est
dépourvu de la propriété λ”. fre. In: Fundamenta Mathematicae 32.1 (1939),
pp. 294–300. url: http://eudml.org/doc/213065.

[36] W. Sierpiński. “Sur une propriété topologique des ensembles dénombrables
denses en soi”. fre. In: Fundamenta Mathematicae 1.1 (1920), pp. 11–16.
url: http://eudml.org/doc/212608.

[37] J. H. Silver. “Counting the number of equivalence classes of Borel and
coanalytic equivalence relations”. In: Ann. Math. Logic 18.1 (1980), pp. 1–
28. issn: 0003-4843. doi: 10.1016/0003-4843(80)90002-9. url: https:
//doi.org/10.1016/0003-4843(80)90002-9.

[38] G. S. Ungar. “Countable dense homogeneity and n-homogeneity”. In: Fund.
Math. 99.3 (1978), pp. 155–160. issn: 0016-2736. doi: 10.4064/fm-99-3-
155-160. url: https://doi-org.ezproxy.is.cuni.cz/10.4064/fm-99-
3-155-160.

47

http://eudml.org/doc/212964
https://doi.org/10.12775/tmna.2015.041
https://doi.org/10.12775/tmna.2015.041
https://doi.org/10.12775/tmna.2015.041
https://doi.org/10.4064/fm201-1-3
https://doi-org.ezproxy.is.cuni.cz/10.4064/fm201-1-3
https://doi-org.ezproxy.is.cuni.cz/10.4064/fm201-1-3
https://doi.org/10.4064/fm214-3-2
https://doi.org/10.4064/fm214-3-2
https://doi.org/10.4064/fm214-3-2
https://doi.org/10.4064/ba53-4-5
https://doi.org/10.4064/ba53-4-5
https://doi-org.ezproxy.is.cuni.cz/10.4064/ba53-4-5
https://doi-org.ezproxy.is.cuni.cz/10.4064/ba53-4-5
https://doi.org/10.1007/978-3-662-21773-3
https://doi.org/10.1007/978-3-662-21773-3
https://doi.org/10.1007/978-3-662-21773-3
http://eudml.org/doc/213065
http://eudml.org/doc/212608
https://doi.org/10.1016/0003-4843(80)90002-9
https://doi.org/10.1016/0003-4843(80)90002-9
https://doi.org/10.1016/0003-4843(80)90002-9
https://doi.org/10.4064/fm-99-3-155-160
https://doi.org/10.4064/fm-99-3-155-160
https://doi-org.ezproxy.is.cuni.cz/10.4064/fm-99-3-155-160
https://doi-org.ezproxy.is.cuni.cz/10.4064/fm-99-3-155-160


[39] G. S. Ungar. “On all kinds of homogeneous spaces”. In: Trans. Amer. Math.
Soc. 212 (1975), pp. 393–400. issn: 0002-9947,1088-6850. doi: 10.2307/
1998635. url: https://doi.org/10.2307/1998635.

[40] S. Willard. General topology. Reprint of the 1970 original [Addison-Wesley,
Reading, MA; MR0264581]. Dover Publications, Inc., Mineola, NY, 2004,
pp. xii+369. isbn: 0-486-43479-6.

48

https://doi.org/10.2307/1998635
https://doi.org/10.2307/1998635
https://doi.org/10.2307/1998635

	Introduction
	Preliminaries
	Some basic notions and definitions
	Polish spaces
	Topological groups and their actions

	Topological homogeneity

	Theoretical results about CDH-spaces
	General results about CDH-spaces
	Cardinality of CDH-spaces
	Connection between countable dense homogeneity and other homogeneity notions
	Zero-dimensional Polish CDH-spaces

	Examples of CDH- and non-CDH-spaces
	λ-sets

	Spaces with few types of countable dense subsets
	Bibliography

