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Introduction

Hash functions belong among most important cryptographic primitives.
A hash function takes as input an arbitrary long binary message and maps it
to a binary output of a fixed length. The length of the output message is the
length of the hash function. The output is called the hash value of the input.
The hash value is also known as a“digital fingerprint” of the input message.
Just like a fingerprint can be used to identify (almost) uniquely a person
the hash value of a message can be used to identify (almost) uniquely the
message.

There are several requirements a well designed hash function should
satisfy. First of all, the algorithm for computing the hash value of a given
input should be very fast even for extremely long input messages. On the
other hand, the hash function should be “one-way” meaning that it is very
difficult to invert it, i.e. to find any input with the prescribed hash value.

Besides various other applications, cryptographic hash functions are also
used in digital signature schemes. Every digital signature scheme is based
on an asymmetric cipher. The digital signature of a document is obtained
by applying the decryption function of the cipher to the document. When
used in this context the decryption function is also called the signature func-
tion. As asymmetric ciphers are notoriously slow the decryption function
is applied only to the hash value of the document rather than to the docu-
ment itself. This restricts the length of the message to which the decryption
function is applied to the length of the hash function used in the digital
signature scheme.

However, replacing the document by its hash value in digital signature
schemes is not without danger. A digital signature of a message is simulta-
neously a digital signature of any other message with the same hash value
as the original one. Thus it is critical that the hash functions used in digital
signature schemes are collision resistant, meaning that it is computationally
infeasible to find two different messages with the same hash value. Only in
this case it is possible to assign uniquely a digital signature to the signed
document.

If a hash function is found not to be collision resistant then it does not
mean automatically that all digital signatures that used the hash function
earlier can now be repudiated. To falsify a signature of a given document
requires to find a second preimage of the hash value of the document i.e. to
find another message with the same hash value as the original document.
This is much stronger requirement than just to find any two different mes-
sages with the same hash value.

Less than two years ago collision resistance of several widely used hash
functions was broken. A group of researchers lead by Prof. X. Wang (of
Shandong University, China) presented in [2] collision resistance attacks on
MD5 and other hash functions. Since then a lot of research on various as-
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Figure 1: Hash function in a digital signature scheme

pects of the Wang et al. attacks was published, see e.g. [4], [5], [6], [7]. In
this master thesis we present various improvements of multi-message modi-
fication - the method behind the original Wang et al. algorithm for finding
collisions in MD5. We also present a new algorithm which is up to our
knowledge the fastest known algorithm based on multi-message modifica-
tions. While writing this thesis Stevens [8] and Klima [9] published their fast
algorithms for finding collisions in MD5. In their algorithms multi-message
modifications are followed by so-called tunelling. The idea of tunelling leads
to further improvements in running time of their algorithms. Stevens’ algo-
rithm is about twice as fast as our algorithm and the Klima’s algorithm is
about ten times faster than our. We also present a detailed calculation of
the computional complexity of the three algorithms and verify experimen-
tally that our results correspond very well to the actual running times of
the algorithms.



1 The MD5 Algorithm

In this section we give a description of the MD5 hash algorithm. We present
a slightly modified version to be more suitable for further cryptanalysis and
for the description of our algorithm for finding collisions.

The hash function MD5 was designed by Ronald Rivest in 1992. It is an
improved version of MD4 and a more detailed description of the algorithm
can be found in its specification RFC 1321 [1]. To be consistent we present
the entire description of the MD5 hash function.

First, the message is “padded” (extended) so that its length (in bits) is
congruent to 448 mod 512. Then the 64-bit representation of the message’s
length is appended to the result. Now the message length is a multiple of
512 bits and the message can be divided into 512-bit blocks. The initializa-
tion vector IV consisting of four 32-bit registers (words) (IVy, IVy, IVa, IV3)
together with the first message block form the input to the compression
function, denoted hjpsps, of the MDb5 algorithm. The output of the com-
pression function are four 32-bit registers. These registers together with the
second block of the message form the second input to the compression func-
tion. This process continues for all blocks of the message, always using the
output of the previous application of the compression function as a new I'V
together with the next message block as the input to the next calculation of
the compression function value. The output of the last computation of the
compression function value is the output of the entire hash function. The
hash value of MD5 has 128 bits.

Mathematically we can summarize the process of calculating the MD5-
hash value of a message m as follows

MD5(m) = MD5(m’)
= MD5(MO|MY|...|M")
= haps(haps(- - - harps(harps (IV, MO), MY) .. 0), ME=1), MF),

where m is the input message, m/ its extended (padded) version, and M9 ... |M*
is the decompositions of m’ into blocks of 512 bits.

1.1 The Compression Function

The most important part of the MD5 hash function is its compression
function hpsps. It has two inputs, a 128-bit initialization vector IV =
(IVo, IVy, IV, IV3) and a 512-bit message block M. We will use notation
harps(IV, M), to denote the value of the compression function hpsps at a
given initialization vector IV and a message block M.



First, four registers R_y4,..., R_; are initialized by IV in the following

way

R_4
R_3
R_»
R

Iy
IVs
IV,
= I

Then 64 similar steps are executed, in each step the new value of register
R; is computed. This computation is described in the following definition.

Definition 1.1. An MDS5 step is a computation of the next register R;
in the compression function hyrps from known values of the previous four

registers Ri_4, Ri_3, Ri_27 Rz’—l-'

N

Ay

Z; = Z7
7 ’
R, = Ri+%,

=

or equivalently,

= fi(Ri—1,Ri—2, Ri—3) + Ri—a + K; + Wj;

for 0 <74 < 63.

Ri=Ri1+ (fi(Ri—1,Ri—2, Ri—3) + Ri_y + K; + W;) <%

The symbols used in this formula have the following meaning:

e The message block M is divided into sixteen 32-bit words, My, ..., M5.
(We use the upper index for indexing the 512-bit message blocks and
the lower index for indexing the 32-bit registers.) The message block
M consisting of 16 words My, M1, ..., M15 is expanded into the se-
quence of 64 words W; as follows

M;
W, =

for 0 < i < 15,

M 45 mod 16, for 16 <1 < 31,
M54 3; mod 16, for 32 <1 <47,

M7; mod 16,  for 48 <@ < 63.

e K is a pseudorandom constant of length of 32 bits. The values of K;

are given in [1].

e + means the addition modulo

232 where each word of length 32 bits

is interpreted as a binary expression of a natural number < 232



° Zi<<<si is a left circular shift by s; bits of the register Z;, the values of

s; are given in [1].

e f; is a bitwise nonlinear Boolean function defined as

F(z,y,z) =(@Ay)V(-zAz), for 0<i<15,
) Gx,y,2) =(@ANz)V(yA-z), forl6<i<3l,
fi= H(z,y,2) =2®y® 2, for 32 < i <47,
I(z,y,2) =y® (zA-z), for 48 <1i < 63.

Remark 1.2. Notice that the calculation of the value of the register R; de-
pends only on the values of four previous registers R;_4,..., R;_1 and one
word W; of the message block M. So it is necessary to keep the values of
only four registers R;_3, R;_o2, R;_1, R; at every step of computation. This
view of the MD5 calculation is used in its specification RFC 1321[1].

Finally, the new initialization vector is computed as:

IVy = R_4+ Reo,
IVs = R_3+ Re,
IV, = R_5+ Rea,
IVi = R_1+ Res,

where “+” means addition modulo 232.

M;; Ri4

fi(Ri.1, Ri-2, Ri.3) ¥

Figure 2: MD5 compression function



1.2 Notation

We shall use two different notations for a sequence A of 32 bits. The se-
quence A will be called a word or a register. The hexadecimal notation is
emphasized by the prefix 0z. For example

028000e000 = 8 * 167 + 14 % 16°.
The value of A in binary representation will be denoted by
[10000000 00000000 11100000 00000000]y = 23! 4 215 4 214 4 213,

The i-th bit in A is denoted by A[i], where i is the order of the bit. Bits
in A are in the order [A[31]... A[0]]2. By the symbol A[30 — 28] we denote
the sequence of bits A[30], A[29], A[28] of the register A. In the following

definition
n  mod k)

k
, for a natural number n and a positive natural number k.

ndivk:n_(

Definition 1.3. Let a = [a[31],a[30],...,a[0]]2 and b = [b[31],b[30], ..., b[0]]2.
We set 71 =0 and fori=20,...,31 we set

i = ali] +0b[i] + Ti—1 div 2.

The value of T; is called the carry from position i in the sum (a + b), for
-1 <¢ <31,

Note that
(a + b)[i] = ali] + b[i] + 7—1mod 2

for every ¢ = 0,...,31. The carry in the sum of more then two words can
be defined similarly.



2 Attack Principle

Wang et al. [2] presented the first pair of colliding messages for MD5 at
the rump session of the Crypto 04 conference in August 2004. Later at
Eurocrypt 2005 the same authors explained the basic features of their al-
gorithm for finding collisions in MD5 in more detail[3]. Their description
consisted of a detailed set of conditions, the so-called differential path, that
gives many conditions for the content of registers during the calculations of
the MD5-hash value of a message m = (M°|M*') consisting of two blocks,
each of length of 512 bites. Although Wang at al claimed that their condi-
tions on the content of registers were sufficient for finding another message
n = (N°|N1) of the same length as m and with the same hash value as
M it was shown by Yajima and Shimoyamain in [6], by Liang and Lai in
[7] and by Stevens in [8] that Wang’s sufficient conditions in fact were not
sufficient and further conditions, especially on the form of the sum Z; used
in the calculation of the register R; were needed for certain indexes i. We
will shortly describe the method of Wang et al. [3].

Although the specification of the MD5 hash function uses a fixed initial
vector IV, the attack of Wang et al. works for any initial vector. We will
denote the initial vector of the attack by IV?, the first block of the first
message by MY, the second block of the first message by M?!, the first block
of the second message by NV and the second block of the second message
by N'. To provide two different messages m = (M°|M?') and n = (N°|N?)
with the same hash value it is necessary and sufficient to prove that

harps(harps(MO, TVO), M) = hayps(harps(N°, TVO), N1,

(padding is overlooked since it is the same for both messages m and n, since
they have the same length). We set further IVl = hy;ps(M°, IVY) and
IV.E = hpps(NO, TVO).

The collisions presented by Wang et al. in [2] and [3] as well as all other
colliding pairs found by various authors since the first Wang’s announcement
[2] have the following properties (so- called differentials)

AY=M°—N° = (0,0,0,0,2%%,0,0,0,0,0,0,+2%,0,0,231,0) (1)
Al =M'—N' = (0,0,0,0,2%%,0,0,0,0,0,0,—2%,0,0,231,0) (2)
Iv’nlz _ Ian — (231’ 231 + 225’ 231 + 225’ 231 + 225). (3)

Wang et al. then proceed with giving precise forms for modular differences
R;— R} and xor differences R;®& R, for i = 0, ..., 63, where R;, R} are the reg-
isters obtained during the calculation hy;ps(IV°, M) and hyps(IVY, N9),
as well as precise forms of I'V,, @ IV} and forms of modular and xor differ-
ences for registers R;, R} obtained during the calculation of hpps(IV,5, M1)
and hpps(IV,E, NY). This is what they call the differential path for MD5
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collision. From the differential path they derived a set of conditions for par-
ticular bits in the registers Ry, ... Rg3, obtained when processing the first
block MY, for particular bits in IV,. and for particular bits in the regis-
ters Ry, ... Rg3, obtained when processing the second block M1 (i.e. when
calculating hpsps(IV,L, M1)). They claimed these conditions were sufficient
for a message m = (M°|M?!) satisfying the conditions and another message
n = (M°+ A% NY + A!) to have the same hash value. As we stated above
the claim about sufficiency of their conditions is false and in fact further
conditions on Z; for some indexes ¢ are needed. However, it should be noted
that all collisions in MD5 found so far have the same differential path as de-
scribed by Wang et al. in [3]. The conditions we used in our algorithms are
based on conditions in [7]. The list of all conditions is contained in Tables
31, 32, 33 and 34. In what follows we call them the prescribed conditions or
briefly the conditions. Notation we use is taken from [8]. For the bit R;[j],
i=—4,...,63and j =0,...,31:

’0 if there is no condition on the bit,
Rilj] = 07, ’1’ if R;[j]must be the value 0 or 1,
i o if R;[jJmust be equal to R;_1[j],
ak if R;[jlmust not be equal to R;—1[j].

Bits in registers that are not prescribed are called free bits. Bits in registers
that have a prescribed value are called fixed or prescribed bits.

2.1 The Principle of our Algorithm

The general method of the attack is to compute messages M;, 0 <i < 15),
from the first 16 registers R;, where R;, 0 < ¢ < 15, satisfies the prescribed
conditions. Then we can continue in computing of registers R;, 16 < i <
63, and check (verify) if the prescribed conditions are satisfied. If we find
a condition that is not satisfied then we stop the computing and change
some bits in R;, for some 0 < ¢ < 15. Then we calculate a new message
word M; for indexes ¢ that were affected by the change in registers R; and
continue in computing and verifying of the conditions for R;, i > 16. If all
prescribed conditions are satisfied we have found the first (or the second)
block of the colliding message m. The other colliding message n is then
given by (1) (or (2)).

By the procedure of verification or simply the verification we will call the
process of calculating the values of registers starting from R and checking
the prescribed conditions for R;, ¢ > 16. If some condition is not verified
then we start changing some bits in R; for some 0 < ¢ < 15. Then we
compute the affected message words M;. By the generating of a candidate
for collision we mean the process of changing bits in registers and computing
affected message words M;, where by a candidate for collision we mean the
message block that can be calculated from the modified registers. We want

11



to note that the computation of affected message words M; does not have to
be done before the procedure of verification is started. In fact, the changes
in R; does not have to affect the M; needed in calculation of Rig (or the first
step in the verification procedure). We can use advantage of that fact and
calculate the affected message word only after some of the first conditions
are checked, what will make our algorithm faster.

The complexity of that kind of attack depends on the number of con-
ditions we need to check and on the probability that these conditions are
satisfied. The efficiency of this method can be improved if we can somehow
satisfy some of the prescribed conditions for R;, 16 < ¢ < 63. In Section
2.2 we will show how the prescribed conditions for R;, 16 < ¢ < 18 can
be satisfied by specific changes in R;, 12 < ¢ < 15. This kind of message
modification we use for finding the second colliding block.

For finding the first colliding block we make use of the observation that
there are no conditions for registers Ry, R; which means we do not have to
set their value in advance. The message word M; is used message word M;
in the calculation of R1g . This means we can set the value of register Rig
as we need to and calculate My from the registers R;, i = 12,...,16. Four
prescribed conditions for Rig are then fulfilled. The message word Mg is
used in the calculation of Rj7, which can be calculated from R;, i = 2,...,6.
Similarly, the message word M7 used in calculation of Ryg can be calculated
from R;, 1 = 7,...,11. This means we can calculate the value of Ry7 and
R, without knowing the values of Ry, R;. In Section 2.2 we will show how
we can increase the probability that conditions for Ri7 and Rig are fulfilled.
Now we can choose the value of the register Ri9 and calculate the message
word My from R;, i = 15,...,19. Then we can calculate Ry, R; and the rest
of the message words M;,i = 2,...,5. Furthermore, after that we can just
change bits in Ryg and verify the conditions for R;, i = 20,...,63 and IV,
The registers Ri7 and Rig will not change. In Section 3.1.2 we present an
analysis how to set the value of the register Ri9 that allows us to increase
the probability of satisfying the conditions for Ryy and Rs; and to specify
the probability that condition Zs9[17] is satisfied. That means the procedure
of verification starts with the calculation of the register Rog and the process
of generating a new candidate for collision starts with changing of bits in
Ryg.

2.2 Satisfying of the Prescribed Conditions on R4, R;7 and
Rig

The method of satisfying prescribed conditions for registers Rjg, Ri7 and
R1g we will be explained by the following example. Suppose we want to
satisfy the condition R;[j] =0 or R;[j] = 1. In the equation

Ri=Ri—1+ (G(Ri—1,Ri—2, Ri—3) + Ri—4 + K; + W;) <<%

12



We set :

N
|

(G(Ri—1,Ri—2,Ri—3) + Ri—a + K; + W)
7. — ( )<<<sZ
Gi = G(Ri—1,Ri—2,R;3)
KMi = Ki + WZ‘
KRM; = Ki+Ri—4+W,;
KGM; = Ki+G;i+W;

S-A

Further we denote the bits in these registers as it is in the Tables 1, 2, 3.

Ri—1[j —0]|bj bj—1 bj_a ... bo
Z:[j —0] Zj Zj—1 Rj—2 .-+ 20
Rz[j - 0] Tj Tj—1 Tj—2 ... X0

Table 1: R;
Rz 4[k 0] ap Qp—1 Qp—2 ... QQ

Gilk = 0]\ gk Gk-1 k-2 --- Qo

KM;[k —0]|mg mi_1 mg—s ... my

Zz[k 0] Zj Zj_l Zj_g oo 20

Table 2: Z;, k= j — s; mod 32

[k — 0]|dy, dp1 dys ... do
[k —0]|ck ck—1 Ck—2 ... Co
c1[k — ]|k et brs ... bo
Gi|9k k-1 Gk—2 --- 90

Table 3: G;, k= j — s; mod 32

We want to satisfy the condition x; = 0 or x; = 1. There are several
places where we can influence the value of z;:

e Bits bj, bj_1, bj_2,... in R;_1 are free, meaning there are no prescribed
conditions for them. We know:

zj=bj+zj +1j—1 mod 2 (4)

13



To choose the right value of b; (4) we need to know the value of 7;_;. The
equality 7j_1 = v € {0,1} holds if and only if for the largest { < j — 1 such
that b, = 2 we have by = 2y = v. In most cases we will set b;_1 = z;_1.
Then we immediately know that 7;_; = z;_; and from (4) we can calculate
the unknown b;.

e Bits b;, bj_1,... in R;_1 are fized, meaning there are prescribed condi-
tions for these bits, so we need to arrange bits z;, z;_1,... in Z; so that the
equation (4) holds. This can be done in R;_4 or in G; or in W;. We must
find free bits in these registers and change them in a way that we get the
desired bits in Z°.

Example 2.1. We need to arrange bits z, z5_1, 2x_2, in Z;, to be (1,1,0) (or
6 in decimal expansion). Furthermore, the bits ax, ax_1, ax_2,ar_3 in R;—4
are free. Denote the sum G; + K; + W; by Y and by y, Yx—1, Yt—2, Yk_3 the
bits Y[k — (k — 3)]. Then we can write the equation:

(day, +2ap—1 + ap—2) + (4yr +2Yx—1 + Yp—2) + k3 =6 mod 8.  (5)

If yp_3 = 0, then we set ap_3 = 0 and obtain 7,_3 = 0. If y5_3 = 1, then
we set ar_3 = 1 and obtain 7,_3 = 1. This allows us to solve (5) for the
unknowns ay, ap_1, Qp_2.

The situation when we can change the bits in G; is similar. We denote
again Y = K; + R;_4 + W;, then solve the equation

(4gk + 2gk—1 + gr—2) + (4yr + 2yr—1 + Yp—2) + T3 =6 mod 8

for the unknowns gi, gr_1, gr—o and set the bits in R;_1, R;_2 and R;_3 so
that

G(Ri—1,Ri—2, Ri—3) = (9K, Gk—1, 9k—25 k—3)-

The most difficult situation happens when we need to change some bits
in the message register W; = My, for i = 16,17,18 i.e. i’ = 1,6, 11, because
we do not have enough free bits in R;_1, R;_o, R;_3 and R;_4. In this case
we need to write down the equation for the computation of M/, ' = 1,6, 11,
and see whether we can influence specified bits in M;» by changing of some
of the bits in the registers Ry/,...,Ry_4. An example of changing bits
in M; can be found in 3.2.1, where we attempt to satisfy the condition
Ri6[3] = Ri5[3].

14



3 Our Algorithm

The algorithm we present consists of two separated parts. The first one,
generates the first block of a colliding message. The second one finds the
second block of a message to complete the collision. We begin with the
pseudocode of both parts. We recall that the conditions for the verification
procedure are described in Appendix B in Tables 31 - 34.

Algorithm 1 Finding the first block
Input: Initial vector I1V?°
Output: Pair of messages M, N° IV 1V!
. Ry IVQ, Rg—IVQ R g« IV, Ry « IV
2: Initialize Rs, Rs, ..., R1g with regard to the fixed bits;
3: repeat

(a) Randomly change free bits in Ry, R3, Rz, Rsg, Rg, Rio, Ri1;
(b) Calculate Mg, M7, Mg, Mo, Mg, M11, Mi2, Ri7, Ris;

(c) if one of the conditions for Rj7 and R;g is false then
- Try to satisfy them by specific changes in registers Ri3— Rig
- Calculate R17 and Rjg again;

(d) if conditions for Ry7 and Rjg are true then
- Calculate Mg, M4, My, Mq;
- if M;5[17] = 0 then execute step 4;

4: Loop over all possible choices in R19[6 — 0] and Rj9[14 — §]
(a) Change Rjo;
(b) Calculate My, Ry, R1, M5, Rog, Ro1;

(C) if Rgo[?)l] 7& 0 or R20[17] 7& R19[17] or R21[31] 7é 0 then
- Change some bits in Rjg to satisfy the conditions;
- Calculate My, Ry, R1, M5, Rog, R21 again;

(d) if R20[31} =0& R20[17] = R19[17] & R21[31] = (0 then (Verify the
candidate)
- Calculate RQQ, M4, R23, MQ, Mg, R24, R25, ey IVl;
- Verify the conditions for Rgs, ..., Res, IV,};
- if all conditions are true then return M°, N° V! TV!,
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Algorithm 2 Finding the second block

Input: Pair of initial vectors IV,}, I'V,! (output from Algorithm 1)
Output: Pair of messages M!, N'.

1: R74 — IV’V}Z,O’ ng — IV’V}L,37 R72 — IV’V}L,Q’ Rfl — IV7}L,1
2: Initialize R1, Ro, ..., R15 so that the fixed bits are satisfied;
3: Loop until conditions for Ry, Ri7, R}, are true

(a) Randomly change free bits in Ry, ..., Rg;

(b) Calculate My, Ms, Rig, Ri7, R}7, where R). is calculated from
ng, R/14, R15, RIG, M6 and R’14 is R14 with changed bit R14[17];

(c) if conditions for Ryg, Ri7, are not satisfied then
- try to satisfy them by specific changes in R12, Ri3, R14, Ri5;
- calculate Rig, R17;
- calculate R}, from Ry3, R, Ri5, Ri6, Mg, where R), is R4
with changed bit Ry4[17];

4: Compute My, Ms, M3, My, Ms;
5. repeat (Generate a new candidate)

(a) Change free bits in Ry, Rg, Ry, R1o, Ri1;
(b) Compute Mi1, Ris;

(c) if Ryg[31] # 0 then replace Ry4 by R}, and compute Rjg from
Ry, Ris, Ris, Ry7;

(d) if Rig[17] = 0 and Zig[17 — 3] # (1,1,...,1) then (Verify the
candidate)
- Compute Ryg, Rag, Mio, Ro1, M1s, Roa, Ras, Mz, Mg, My,
Mo, Mz, My, Roy, ..., Re3 ;
- Verify the conditions for R, ..., Rgs3;
- if all conditions are true then return M', N';

3.1 Explanation of Algorithm for the First Block
3.1.1 Step 3.c of Algorithm 1.

We want to satisfy the conditions for Ri7 and Rig in this step. The general
method of satisfying the conditions is described in 2.2. Here we describe
the process of satisfying the conditions for Ri7 and Rig in the first block.
Notation we use is taken also from 2.2. The conditions to be satisfied are
o Ry7[31] = 0 and R17[29] = R16[29]. We have fully under our control
the register Rig. We will set the bits R14[31 — 28] = (0,0,0,0) and arrange
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the bits Z,,[31 —28] = (0,0,0,0). The conditions Ry7[31] = 0 and R;7[29] =
R16[29] = 0 then follow from the equation Ri7 = Rig + Zf7 as can be seen
from Table 4.

22 21 20 19 18

31 30 29 28 KRMi6|y22 Y21 Y20 Y19 Y18
R16 0 000 R14 0 0 0 0 0
Z320 0 0 0 Ri5|c22 €21 €20 C19 Ci18
R17 000 7 R16 - - - - -

Zizl O 0 0 O 7
Table 4: R17[31] =0

Table 5: R;7[31] =0

We have
Z17 = (G(Ri6, R15, R14) + KRM7).

To achieve the desired bits in Z17 we will change bits in G(R1¢, R15, R14)-
We set Ri4[22 — 17] = (0,0,0,0,0). Then G(Rig, Ri5, R14)[22 — 17] =
R15[22 —17]. Now we need to solve the following equation for the unknowns
€22, €21, €20, €29

(8y22 + 4y21 + 2y20 + y19) + (8¢cag + 4cay + 2¢90 + c19) + T1s =0 mod 16. (6)

If yx_4 = 0, then we arrange T8 = 0 by setting cx_4 = 0, and if yp_4 = 1,
then we arrange 713 = 1 by setting ¢y_4 = 1. Now the equation (6) can be
solved. The changes in R4 and Ry5 could be done because the bits are free.

e Ry7[17] = 1. We have another prescribed condition Ry4[17] = 0 which
causes we can not fulfill the condition for R;7[17] only by changes in Rig.
To control 717 in Rig + Zf7, we set Zf7[16] = Ri6[16]. Then we can find
out, how we need to arrange Z-[17]. Bits Z;;[17 — 16] can be arranged by
changes in G17 in the same way as we did for the condition R;7[31] = 0.
The situation is described in Tables 6 and 7.

8 7 6
|17 16 KRMg|ys yr Ye
Rig| 0 b1 Riu/1 1 1
27;217 216 Rys| . . .
Riz| 0 . Ri6|bg bz bg

Zyr |27 216

Table 6: R17[17] =1
Table 7: Ri731 =0
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e Rig[31] = 0. To control 739 in Ry7 + Zjs, we set Z;3[30] = Ri7[30].
Then we find out how we need to arrange the bit ng [31]. We arrange the
bits Z)[31 — 30] in Ry4[17 — 16], but this time we need to calculate 15 in
R4+ KG Mg in the algorithm, because it can not be set as we did for the
previous conditions. The situation is described in Tables 6 and 7.

31 30 17 16 15
Ryi7| 0 b3 Ryislai7 aze 1
Zig|231 230 KGMig|y17 yi6 Y15
Rig| 0 . Zf7 231 230
Table &: R18[31] =0 Table 9: R18[31} =0

e Ryg[17] = 0. We satisfy this condition in our algorithm only prob-
abilistically with probability %. That means we increase the probability
of fulfilling the condition from obvious % to %. We will try to change bit
Z,3[17], what will change the bit R;s[17]. The change of bits Ry5[3] = Ris[3]
will produce the change of G1g[3] and Z/4[17] only in case Ry7[3] # Rig[3).
We suppose that the condition Ri7[3] # Rig[3] holds with the probability
1

5. Then with the probability % we can successfully change R1g[17]. The

situation is described in Tables 10 and 11.
3 2 1
KRMg|y3

Ri5|c3

Ri6|cs

Ry7| b3

<
Ziglz17 . Tun .

Table 10: Rys[17] = 0
Table 11: Rig[17] =0

3.1.2 Step 4. of Algorithm 1.

First, we show how a change in the bit Ri9[i] affects the registers Rag, Ro1.
For simplicity we consider only the case Rig[i] = 0. Then

Rlg = Ryg + 2'. (7)

The other case Rig[i] = 1 and R}y = Rjg — 2 is similar. For the register
RY, we have

% = Rig+ (Ris + G(Rig, Rus, Rir) + Mg + Kg0) < (8)
Changing Rj9 will affect only the terms highlighted by bold.
- The term R} in (8) will add difference +2°.
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- The term G(R)y, Rig, Ri7) in (8) after left shift rotation will add the dif-
ference +21° in case Ri7; = 1 and no difference in case Ri7; = 0. We will
denote this as (+2i+5)x(317[i}:1), where

o 1, condition =TRUE
X(condition) = 0, condition = FALSE

The expression X (condition) We Will call the x-coefficient of the difference
+20F5,
- Term M is calculated from the message word

M} = (Rs — R))<* — R} — F(R4, R3, R2) — K5 (9)

where R} is affected by the change in Rjg. We can write the following
equations for other affected registers.

Ry = R+ (Rs+F(Rg, Ry, Ro0) + My + K1) (1

Ry = Roi+ (Ry+F(R_1,R9,R3)+ My + Ko)<"  (
M(,J = ( ,19 - R18)<<<12 — Ry5 — G(ng, Ry, R]_ﬁ) — Kig (

_ =
N = O
~— ~— —

From (7) and (12) we have

My = Mg+ 2"+12 (13)
and from (11) and (13) we get

R) = Rg+219, (14)

Denote k = (i +19) mod 32. Then the bit £+ j, 0 < j < 31 in the term
F(Rj, R_1, R_3) will be changed if the following conditions are satisfied

Lo Ry (k4j) 7 Bz (ktg)-
2. R} (k+7) # Ry (k4j) i-e. carry in Rp + 2i+19 affected the bit k + j.

3. (k+j) < 32 ie. carry in Ry can affect only bits from position & to
position 31.

Using x-coefficients we can rewrite this fact in the following form

F(Ry, R—1,R_5) F(Ryg,R_1,R_3)

2 X (R [K£R—a k)

2N (R 1)£ R ol 1)) X (Ro k41 Ry 1)) X (b 1<32)

2 N (R (k2R k+2]) X (Ro [k+2) R} [k+2)) X (k+2<32)

o
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Then from (10) and (9) it follows

R/1:R1 +
+

HoH

M, =M; —

HH OH A

and finally from (8)

_l’_

HoH A

:F

21’—&-19

23N (R (k)R [H)

27:X(R71 [k+1]#£R_2[k+1]) X (Ro [k+1]#R) [k+1]) X (k+1<32)
2 X (R 2 £ R [l2) X (Ro [k+2) R} [k+2]) X (k+2<32)
e
23X (R kR[]

2'X(R_1 [k+1]£R 2 [k+1)) X (Ro[k+ 1) AR, [+ 1) X (k+1<32)

2 N (R 2 £ R [l2) X (Ro [k+2)£ R} [k+2]) X (k+2<32)

we get

21'
2i+5X(R17,i=1)
2i+24

27X (R (k2R )
2O X (R bt 1] B l1]) X (Ro k1) 2 R [b-+-1)) X (k-4+1<32)

2 O (R k2 £ R [l2) X (Ro [k+2)£ R} [k+2]) X (k+2<32)

where k = (i +19) mod 32.
Then we also have

Ry = Rbhy+ (Rir + G(Rhg, Rlg, Rig) + Mo + Ka1) <.

The term RY, will add the same differences as in (15). The value of the
nonlinear function G will change at the position j if one of the following

conditions is satisfied.

1. ng[]] =0 and Rllg[]] 7’é RlQ[]]

2. Riglj] = 1 and Rb[j] # Raolj]
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Then from (15) we get

R,21 = R21 + 2Z

+5
2+ X(Ri7,i=1)
2i+24

+

2N (R kR k)
2Z+5X(R,1 [k-+1]£R_2[k+1]) X(Ro[k+1]£R) [k+1]) X (k+1<32)

270 (R-1[k+2]#R_2[k+2]) X(Ro [k+2]# R} [k+2]) X (k+2<32)
2i+9
2i+5+9

X (Rus[i+5]=1) X (Ry7[i]=1)

2i+24+9X(R13[i+24]:1)

2O (Raslir41=1) X (R R K]

2O R 5)=1) X (R (k1) R k1) X (Ro [k+1]7 Ry [k+1]) X (k+1<32)

20049y (Ras[i+6]=1) X(R—1[k+2]#R_2[k+2]) X (Ro[k+2]#Rj [k+2]) X (k+2<32)

(17)

HH H K HHHHH HH

From (15) and (17) we see that the term +2i+5X(R17,¢=1) strongly depends
on the bit Ry7[i]. It means if the register Ry7 contains many 0’s then this
term will not contribute to differences Rb, — Roo and R); — Rao.

The second observation we should make is the fact that the term

T2 (R (k2R [H)

depends on the registers R_; and R_s, which are words of the initial vector
for the attack. If we can choose the IV, then we can set R_; = R_5 and
avoid all differences of that kind in (15) and (17).

The last observation we should make is the fact that not all the condi-
tions in the y-coefficients of the differences in (15) and (17) have the same
probability. For example the term

:':2i+6X(R71[k+2]¢R72[kJrQDX(RO[k-i—Q];éR() [k+2]) X (k+2<32)

in (15) will add the difference 27 if and only if R_1[i + 21] # R_s[i + 22]
and there is carry in Rg + 2719 from bit i + 19 to ¢ + 21, which means
that Rpli + 19] and Ry[i + 20] both have to be equal 1. If we suppose
R_1[i+21] # R_2[i+22], then the probability that Ro[i+19] = Rp[i+20] =1
1
1S e

Now there are two interesting questions:

1. Which bit in Rj9 do we need to change, in order to change (with high
probability) the bits Roo[17], R20[31], Ra1[31]7
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2. Which bits in Rj9 can we change, in order not to change (with high
probability) any of bits Rgg[17], Roo[31], R21[31]?

An answer to the first question will help us to increase the probability
of satisfying the conditions in Rgp, R21. From (15) and (17) we choose the
bits at positions 7,25,22. We give an overview of most probable changes
that these differences bring to registers Rog and Rs1 in Table 12. We want
to note that in column Rs; we omit the differences that are the same for
R20 and R21.

Roo Roy

+27 | 427 4212 3231 | 4216 4921 498
:':2117 :!:2127 :F213 :|:220, :|:221, :|:222
49225 | £225 4230 1217 | 492 497 4926
7229, 7230 3231 | 426 427 +28
:|:222 :|:2227 :|:227, :F2147 :|:231, :|:24, :|:223,
F226 7227 3228 | 423 424 425
+20 | 420 4925 924 | 499 4old 4ol
:F247 :F257 :F26 i213, j:2147 4915

Table 12: Change in Rig

We claim that:

1. if Rog[31] # 0, then the probability of satisfying the condition Rag[31] =
0 can be increased by changing the bit Rjg9[7]. This change can also
change bit Rg;[31].

2. if Roo[17] # Rig[17], then the probability of satisfying the condition
Roo[17] = R19[17] can be increased by changing the bit Ry9[25].

3. if R91[31] # 0, then the probability of satisfying the condition Ry;[31] =
0 can be increased by changing the bit Rj9[22].

An intuitive proof of this claim follows from (15) and (17) From the same
reason we claim that if a new collision candidate is generated from the
register Rig by adding difference +2° to the value of the register Rig, then
the new candidate will (with a high probability) satisfy the conditions for
Rog and R2;. Better statistical analysis would be required. We decided to
generate a new register Rj9 by changing the bits R19[6 — 0] and Rj9[14 — §].
The change is done by adding the difference +2° to the previous register
Rig. If the conditions of the registers Rog and Ra; are not satisfied, then we
change in the register Rq9 the bits at the positions i = 7, 22, 25.
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Implementing of the first block of the attack showed that for the original
IV the probability of fulfilling the if condition in step 4.c was only in 15.78%
of cases. That means that the number of calculations M D5 step in one run
of loop 4 Algorithm 1 was in average

(0.8422 % 6 4 0.1578 % 12) = 6.9468 M D5 steps.

The if condition in step 4.d of Algorithm 1 was fulfilled with the probability
approximately 86.67%. That means we generated

(0.8667)2 = 14200.0128

of collision candidates that were satisfying all prescribed condition for R;, 7 <
21 in the whole loop 4.(2'* runs). The total number of M D5 steps that
were needed to create these candidates was ko + (6.9468)2, where kg is
the average number of M D5 steps calculated in the step 3 of Algorithm 1
before executing the step 4. The average price for generating of one of these
candidates is then

ko + (6.9468)214
14200.0128

= 8.0242 M D5 steps,

where we estemated ko ~ 27.

For a random initial vector was the average price for generating of colli-
sion candidate satisfying all prescribed condition for R;,i < 21, even smaller
- approximately 7.86 M D5 steps.

Tests for estimating of the probabilities for if conditions in the loop 4.
were done for more than 233 runs of the loop 4 of Algorithm 1.

3.1.3 Improving the Probability of Zx[17] =0

After implementing the algorithm for the first block we observed that the
first condition in the verifications procedure is not satisfied with the expected
probability 0.5. In some cases the probability was remarkably higher, in
some cases it was remarkably lower. We will explain what was behind this
observation.

The condition on Z[17] = 0 is checked only when all the previous
prescribed conditions are satisfied. That means R;g[17] = 0 and we have
specified the prescribed condition Ri9[17] = Rag[17] = 0. (Saying otherwise
we have set bit Rjg[17] = 0). That causes G(Rig, R0, R21)[17] = 0. The
message word M5 used in the calculation of Zy, is not affected by the change
in Rig and remains in the step 4 the same, but we do not know it’s value.
We noticed that the probability of the satisfying the condition Z3[17] = 0
was remarkably higher than 1 in case Mi5[17] = 1 and remarkably lower
than } in case M;5[17] = 0. The situations are described in Tables 13 and

14.
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17 16 17 16
Rig| 0 Rig| 0
Ga2| 0 Ga2| 0
M| 1 . Mi5| 0 .
Ko 0 1 Ky 0 1
Zoo| 0 . Zaal 0
Table 13: Zy2[17], good Table 14: Zys[17], bad
situation situation

The difference is caused by the carry from the 16-th bit 74 in the sum
Ris + Gog + My5 + Kg9. For the value of 116 can be calculated from the
values of the words Rig, Gos, M5, Koo as

716 = ((R1s mod 2'7) + (Ga2 mod 2'7) + (M5 mod 2'7) + (Kas mod 2'7)) div 2.

We denote by S the sum on the right side of the equation. The value
(K22 mod 2'7) = 12454 in decimal expansion. If we suppose that the values
of Rig mod 27, Gao mod 217, My5 mod 2'7 are “random” i.e. chosen from
the uniform distribution, then

if S € [124545,217 —1] = 1.66%

if S [2'7 25— 1] = 33.33%
if Se[218 218 4217 1] =33.33%
if § e [2'8 4217 517758] = 31.67%

T16 =

w N = O

This fact explaines why the probability of satisfying the condition Zy3[17] =
0 was higher in case M;[15] = 1 then in case M;[15] = 0. We needed
716 = 1 or 3 which has probability approximately 65% in the first case and
we needed 716 = 0 or 2 which has the probability approximately 35% in the
second case. Then we improved our algorithm for the first block by adding
the condition m5[17] = 0 to the step 3.d of the algorithm for the first block.
This condition will ensure that the probability of the condition Za2[17] = 0
is satisfied will be 0.65.

3.2 Explanation of Algorithm for the Second Block

3.2.1 Step 3.c of Algorithm 2.

We are satisfying the prescribed conditions for Rig and Ri7 in this step. The
general method of satisfying the conditions is described in 2.2. Computation
of the register R}- is being done to prepare for step 4. and will be described
in 3.2.2.

The conditions to be satisfied are
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30 29 28 27
3 2 1 0 R O 1 1 1
Ri5|b3 ba by bg Gl ? 1 1 1
<
Ziglz3 22 21 20 My |m3g mag mog mar
Rig|x3 Kl 1 1 1 0
Zlﬁ z3 Z9 21 20

Table 15: Rig3 = Ri53
Table 16: Z16

e Ris[3] = Ri5[3]. We want to satisfy the condition by changing of bits
Ri53-_0. The situation is described in Table 15.

If Zf6[3 — 0] # (1,0,0,0), then we can set the bits b, b1, by so that
bs = x3. If Z4[3 — 0] = (1,0,0,0), the condition Ry6[3] = Ris[3] can not
be satisfied by changing of bo, b1, by. In this case (%6 of all possibilities) we
need to change at least one bit in M;[30 — 27].

My = (Ry — Ro)<®2712) — (F(Rg, R_1, R_5) + R_3 + K1)

That means M;[30 — 28] can be changed by some change in Ry[10 — 8] or
R1[10 — 8]. Then we obtain Z;4[3 — 0] # (1,0,0,0) and the condition can be
satisfied by changing of bits bo, by, bg.

e Ryg[15] = Ry5[15]. We satisfy the condition by the specific changes in
Ri5 and Ri5 as it is shown in Tables 17 and 18.

15 14 10 9 8
Rgs bi5 O Ri2|a10 ag ag
Zig|l 0 0 KGDMie|y10 Yo s
Rig|w15 14 Zigl 0 0 7
Table 17: Ri6[15] = Rys[15] Table 18: Zig

We set bit Ry5[14] = 0 and then arrange Z,4[15 — 14] = (0,0). Then the
condition Rye[15] = Ry5[15] is satisfied. Bits in Z;4[15 — 14] we arrange in
R12[10 — 8] as it is shown in Table 18.

e Rig[l7] =0. We have free bits R15[17 — 16|, that means we can satisfy
the condition by changing of these bits. The situation is shown in Table 19.
We set bit big = z16 = T16- Bit b17 is the solution of the following equation

bi7+z17+116 =0 mod 2.
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17 16
R£5 bi7 big
Zig| 217 216
Rig] O

Table 19: Rig[17] = 0

e Ry7[17)=1. According to Ry6[16] we find out how we need to arrange
bits in Zf7’17716. If big = 0, then we need to arrange Z;[17—16] = (1,0). If
big = 1, then we need Z;,[17 —16] = (0,1). Z]-[17 — 16] can be arranged by
changing G17[8—6]. Bits G17[8—6] we arrange by setting R14[8—6] = (0,0, 0),
which causes G178 — 6] = R15[8 — 6]. The situation is described in Tables
20 and 21.

17 16 8 7 6

R£6 0 b6 G17|88 87 Ze

Zi7| 217 216 KRM7|ys yr Ye

R17 1 ? Z17 Z17 216 ?
Table 20: Ri717 =1 Table 21: Zi7

e Ry6[31] =0. The situation is described in Tables 22 and 23.

26 25 24

31 30 Ris| 1 1 1
‘Ri5| 0 bsg Gl 1 0 1
Zif@- 231 230 My |mag mas Moy
Rig| 0 7 Kl 1 1 0
Z16| 231 230 7

Table 22: Rig31 =0
Table 23: Zlﬁ

If 231 = 230, then the condition can be satisfied by setting bsg = z3¢9. If
231 # 230, then changing of z39 can but don’t have to help us. Problem is
with the carry bit 799 in the sum Rqg + Zf6. That is why we need to change
Zf6731730. There are no free bits in R12[26 — 24] and G14[26 — 24] and we
need to change bits in M;[26 — 24]. It holds for a message word M;

My = (Ri — Ro)®” — (F(Ro, R-1,R-2) + R_3 + K1).
The change in M;[26 — 24] can by done by the change of R;[4], Ry[4] or in
some cases in Ro[24] (it depends on R_1[24] and R_3[24]).
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e Ri7[31] =0 & R17[29] = R16[29]. We are fulfilling these two conditions
at once. The situation is similar to the situation of satisfying Ry7[17] =
1. According to bits Rig[31 — 26] we find out how we need to arrange
717131 — 27]. Then we change bits in G17[22 — 18] to obtain the required
bits Z17[22 —18]. We set bits R14[22 — 18] = (0,0,0,0,0) and R;5[22—18] =
(922, 921, 920, 919, g18)-

31 30 29 28 22 21 20 19 18
R£6 0 b3o bag bog G16|822 821 820 819 818
217|231 %29 229 %08 KRMg|y22 Y21 Y20 Y19 Y18
Ri7| 0 230 729 728 Zi7| 231 %29 229 Z28 7
Table 24: R17[31} =0 Table 25: Z17

3.2.2 Step 4. of Algorithm 2.

We are generating a new collision candidate for the second block and we
are trying to satisfy the condition Rjg[31] = 0 in this step. We know that
changing of bits in Ry, ..., Ri; will not affect the equations for M; and Mg.
The registers Rig and Ri7 are computed from Rio,..., Ri5, M; and from
Ris, ..., Rig, Mg. That means R and R17 will not change as well.

The computation of R15[31] is described in Tables 26 and 27. The change
of bit R14[17] will cause the change of Z4[31] and the change of Z;[31] will
cause the change of R;5[31] what was our goal.

31 30 17 16 15

R£7 0 b30 R14 a1y 0 0

2151731 230 KGMg|y17 yi6 Y15

Rig| 0 7 Z18| z31 230 7
Table 26: R18731 =0 Table 27: Zlg

Now we can see why we calculated the register R}, in step [3.b]. We
wanted to be sure that changing of R14[17] will not change the conditions
for Rig and Ry7, but it will change R;g[31].

Rig = Ri5 + (G(Ri5, Raa, Ri3) + Rig + My + K1) <.

The function G(R15, R}, Ri13) will not change because the bit Ri3[17] = 1.
That means R will not change as well.

Ri7 = Rig + (G(Rug, R15, Ryy) + Ris + Mg + K17)<<<9,

We don’t know how the register R}, will change. To ensure that the pre-
scribed conditions for R, will not change we did the calculation of R} in
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step 3.c of Algorithm 2. We want to note that R/, will be satisfying the pre-
scribed conditions for Ry7 with very high probability. The change in R14[17]
would have to change G(Ri6, R15,R14) and then the carry in Zf7 would
have to change bits Z},[26 — 29] to change the condition R;7[29] = R16[29].

The verifying of the condition Rjg[17] will cause that in average we
will go to the verification procedure (Step 5.d) after the calculation of
4 M D5 steps (2x My; and 2x Ryg). Probability that the condition Z;g[17 —
3] # (1,1,...,1) is not satisfied is 27! and can be neglected.

28



4 Klima’s and Stevens’ Algorithms

Most recently two new algorithms for collision attack on MD5 were pub-
lished. The first one was published by Marc Stevens [8], the second one
by Vlastimil Klima [9]. First we will present the Stevens’ algorithm. The
pseudo code is slightly different from Stevens’ presentation in [8] but corre-
sponds more exactly to the source code published by Stevens in [8] Appendix
B. We must note that the original description is probably better for under-
standing and the changes we made are minor. On the other hand the changes
improve the running time of the algorithm. We also try to give an overview
of the Klima’s algorithm. The computational complexity of the algorithms
will be calculated in the next section.

Both Stevens and Klima use different indexing for registers. The initial
vector IV occupies the registers QQ_3,0 _2,Q _1,Q0 and the MD5-compression
function then proceeds with calculating the registers Q1, ... Q¢s4. To empha-
size the different indexing of registers we will use the letter @ when the
registers are counted from —3 to 64 and the letter R when they are counted
from —4 to 63.

4.1 Stevens’ Algorithm

Notation used in [8] is following

Qi = Ri—1, 1<:1<64,
m; = Mi 0 < 1 < 15,
T = Z;, 0<i<63.

A new collision candidate in Algorithm 3 is computed in Step 4, where
registers Qg, Q19 are changed. Then a message mqg is calculated and the
verification starts in Step 4.(b). Stevens’ Block 2 search algorithm [8] (Sec-
tion 6) differs from the Block 1 search algorithm only in Step 3 where the
loop is repeated until the registers Q17,...,Q9; fulfill the conditions. (In
the Block 1 search algorithm @7 fullfills the conditions immediately.) This
change will extend the duration of Step 3. But because this step is computed
only once for 2% collision candidates, it will not extend the duration of the
whole algorithm remarkably.
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Algorithm 3 Stevens’ Block 1 search algorithm
1: Choose @1,Qs3, ..., Q16 fulfilling conditions;
2: Calculate mqg, mg, ..., m1s;
3: Loop until @1s, ..., Q21 are fulfilling conditions:

a) Choose Q17 fulfilling conditions;

(

(b) Calculate my from Q16, Q15, Q14, Q13, Q12;
c) Calculate Q2 and mo, ms, mg, ms;

(d) Calculate Q1s, ..., Q21;

4: Loop over all possible QQg, Q19 satisfying conditions such that mi; does
not change:

(a) Calculate mqo;

(b) Calculate Q22, @23, @24, Mg, Mg, M12,mM13, Q25 . .., Qs4;

(c¢) Verify conditions for Qa9,...,Qs4, To2, T34 and the iv-conditions
for the next block. Stop searching if all conditions are satisfied
and a near-collision is verified.

5. Start again at step 1.

4.2 Klima’s Algorithm

In the paper “Tunnels in Hash Functions: MD5 Collisions Within a Minute”
[9] a new method of tunneling is explained. The paper was published in
March 2006 in the time of finishing of this text, but we try to present the
method by using our terminology. Klima noticed that the method of multi-
message modifications as suggested by Wang et al. and improved in this
thesis has some limits. Multi-message modifications can help to satisfy some
of the conditions for R;, ¢ > 16, but it is difficult to satisfy all conditions
up to Ros. He asked himself the following: “Suppose we can find a collision
candidate satisfying the conditions up to register Ro3. Can we change some
bits in registers R;, ¢ = 0,...15, and calculate a new collision candidate
that will satisfy the conditions for Rig, ..., Re3?” The answer is “yes”. He
specified several collections of bits in Ry — Rjg that have the property that a
change to the bits does not influence (with high probability) the prescribed
conditions for the registers Rig,..., Ro3. He calls these collections of bits
tunnels. According to the numbers of changes that can be done in the tunnel
he defines the strength of the tunnel. The tunnel of strength n can create 2"
of different collision candidates satisfying all the conditions for Ryg, .. ., Ra3.
Different tunnels can be composed. If we can obtain 2" of collision candidates
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using a tunnel of strength r and then we apply another tunnel of strength
s then we obtain together 2”5 of collision candidates. He further describes
different types of tunnels (Section 3). A probabilistic tunnel is a tunnel
that will create a new collision candidate satisfying the conditions for all
R;, i < 23, with probability of success p. The probability p is called the
probability of the tunnel. A deterministic tunnel is a tunnel that will create
a new collision candidate satisfying the conditions for all R;, i < 23, with the
probability 1. A dynamic tunnel is a tunnel in which bits can be changed
according to the values of bits in the other registers. We will add a new
parameter called the price of the tunnel to the description of the tunnels.
This parameter will tell us how many calculations of M D5 steps need to be
done to create a new collision candidate in this tunnel. Suppose that T"is a
tunnel and the number of M D5 steps that are computed in the calculation
of a new collision candidate is n. The price of the tunnel T is an average
number of M D5 steps needed to create a collision candidate satisfying the
conditions for all R;,i < 23. In the case of some tunnels of probability p, we
have ¢ = p~!n. In the case of more complicated tunnels, some of the registers
affected by the change in the tunnel can be calculated only after we have
checked that the change in the tunnel has generated a new collision candidate
satisfying the prescribed conditions for all R;, ¢ < 23. In this case the price
of the tunnel is ¢ = p~'ny + no, where n; is the number of calculations of
M D5 steps that need to be done to check whether the change in tunnels has
generated a new collision candidate satisfying the prescribed conditions for
all R;, ¢ < 23, and nsg is the number of calculations of M D5 steps needed
to be done because of the change in the tunnel.

We summarize the information about the tunnels given in Section 3 of
[9] in the following table, where we named the particular tunnels by 7T; for
i =1,...,6. We must note that the numbers in this table are very roughly
estimated and further analysis is required. However, we will show the idea
of calculation of the complexity of the attack in the next section.
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tunnel strength | probability | price changed words
T : Q9 3 1 3 Mg, Mgy, M2
Ty : Q4 1 1 3 M3, My, My
T, : Q14 8 1 8 My, M3, My, Rag, Mg
Mz, My, My
Ts : Q10 2 : 4*%2 + 3| Mo, Ra1, Raz, Ras,
My, Mg, Mi3
T : Q13| >10 3 3*7 + 3 | M5, Rao, Ro1, M5, Raoa,
My, Rog, My, My, M3
Ty : Q20| >3 roughly: | 7%6 + 3| Ms, Rao, Ro1, Raz, My,
Ras3, My, My, M3

Table 28: Tunnels in the first block
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Algorithm 4 Klima’s algorithm

1: Loop until the conditions for Ry, ..., Rs3 are fulfilled
2: Loop over all possible changes in T
3:  Generate a new candidate for collision
4:  Verify the candidate

5:  Loop over all possible changes in T5.
6 Generate a new candidate for collision
7 Verify the candidate

8 Loop over all possible changes in T3
9: Generate a new candidate for collision
10: Verify the candidate

11: Loop over all possible changes in Ty

12: Generate a new candidate for collision
13: Verify the candidate

14: Loop over all possible changes in 75

15: Generate a new candidate for collision
16: Verify the candidate

17: Loop over all possible changes in Tg
18: Generate a new candidate for collision
19: Verify the candidate

20: End of loop T

21: End of loop T5

22: End of loop T}

23: End of loop T3

24:  End of loop Ts
25: End of loop T}
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5 Algorithm Complexity

We enumerate the prescribed conditions for registers Rog, ..., Rgs in first
block and we denote by A; the event that condition number j is true as in
Table 29. For the second block we denote by Bj; the event that condition
number j is true as it is in Table 30. For the conditions on more than one
bit in Z; we used symbol 1*, that means that all specified bits are 1, and 0*
to mean that all specified bits are 0.

Ay : Ry[17] =0 A Ry[31] =0 A3 : Ry [31] =0

Ay Zp[17] =0 As: Rp[31] =0 Ag: Ra3[31] =0

Aq 2 Z34[15] = 0 Ag : Ry7[31] = Rys[31] | Ag : Rug[31] = Ryg[31]
Aqo s Ryo[31] # Ry7[31] | A11 : Rso[31] = Ryg[31] | A1a : R51[31] = Ryg[31]
Ay3: Rso[31] = Rs0[31] | Ars: Rs3[31] = Rs1[31] | Ays : Rs4[31] = Ris[31]
Agg : Rss[31] = Rs3[31] | Arr: Rse[31] = Rsa[31] | A1g : Rs7[31] = Rss[31]
Ayg : Rsg[31] = Rs[31] | Ago : R59[25] =0 Aoy @ Rsg[31] # Rsr7[31]
Agy : Reo[25] =1 Agz : Reo[31] = Rss[31] | A2q : Re1[25] = 0

Ags : Re1[31] = Rso[31] | Agg : Re2[25] =0 Ag7 ¢ Rea[31] = Reo[31]
Aog : IVH[25] =0 Agg : IV} [25] =1 Agp : IV4[26) =0

Agy s IVQH31] = IVE[31] | Asp : IVH[5] =0 Ass : IV[25] =0

Agy : TVE[26] =0 Ags : TV [31] = TV} [31]

Table 29: Conditions block 1

5.1 Conditions on the Initial Vector

The influence of the initial vector value IV on the running time of collision
search algorithm was first described by Stevens in [8] (section 5). There are
8 conditions for the initial vector of the second block IV!. The initial vector
IV? depends on the initial vector IV? as follows

V¢ = 1VQ + Re,
v} = IVQ + Rg,
IVy = IVy + R,
vl = IVY + Res.

Since the conditions IV4![25] = 0 and IV, [25] = 1 are being verified when
the conditions for Rg1[25], Re2[25] are satisfied, the conditions 1V3![25] = 0
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By : Z1[24 — 26] £ 1* | By : Ryg[3] = Ri5[3] | Bs : Rig[15] = Ry5[15]
By : Ryg[17] =0 Bs : Ryg[31] =0 B : Ry7[17) =1

Bz : Ry7[29] = Ry6[29] | Bs : Ry7[31] =0 By : Zis[17 — 3] £ 17
Bio : Ris[17] =0 Bi1: Ris[31] =0 Biy : Z1g[31 — 29] # 0*
Bis : Ryg[31] =0 Bia : Rao[17) = Ryg[17] | Bis : Ryo[31] = 0

Big : Ry1[31] =0 Bir: Zoo[17] =0 Bis : Ry3[31] =0

Big : Ry3[31] =0 Bao : Z34[15] =0 Bai : Ryz[31] = Ry5[31]
Bay : Rus[31] = Ryg[31] | Bas : Rug[31] # Raz[31] | Bas : Rso[31] = Rus[31]
Bas : Rs1[31] = Ryg[31] | Bag : R52[31] = Rso[31] | Bor : Rs3[31] = Rs1[31]
Bas : Rsa[31] = Rs2[31] | Bag 1 Rs5[31] = Rs3[31] | Bso : Rsg[31] = Rsq[31]
Bs1 : Rs7[31] = Rs5[31] | Bsa 1 Rss[31] = Rsg[31] | Bss : Rsg[25] =0

Bay : Rso[31] # Rs7[31] | Bss : Reo[25] = 1 Bsg : Rgo[31] = Rss[31]
Bsr : Zg1[21 — 15] # 1* | Bsg : Rg1[25] = 1 Bsy : Rg1[31] = Rs[31]
Byo : Rga[25] =1 Bui : Rea[31] = Reo[31] | Bao [25] = 1

and IV;[25] = 1 depend on the values of IV and IVy).

Table 30: Conditions block 2

Stevens proposed

to add conditions IVY[25] = IV[24] and IVY[25] # 1VY[24]. We present

the calculation of probability of the event Asg

: IV} [25] = 0 given that all

events A;, 1 < 28, have already occurred and the calculation of probability
of the event Agg : IV [25] = 1 given that all events A;, i < 28, have already
occurred. The calculation is based on the following proposition.

Proposition 5.1. The sum of two registers and the carry bit.

1.

Let A = [a31,a30, .. .,ap]2 and B = [bs1,bs0,...,bol2 be a random 32-
bit long registers. Bits a;, 0 < 1 < 31, and b; 0 < ¢ < 31 are inde-
pendent and chosen from the uniform distribution. Denote by p; the
probability that 7; = 0 in the sum A+ B and denote by ¢; = 1 — p;, the
probability that 7; = 1 in the sum A+ B. Then
1\ 2
<2> (18)

= (B0 0)6) 6)-5
BONGIENON

Let A = [as1, a3, . . ., aple be given in advance and B = [bsy, b3, - . ., bol2
be a random 32-bit long register, where b; 0 < ¢ < 31 are independent,

<
I
o

<
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and chosen from the uniform distribution. Denote by p; the probability
that 7; = 0 in the sum A+ B and denote by §; = 1 — p; the probability
that ; = 1 in the sum A+ B. Then

pi = zi:(l - ai—j) (;)Hl + (;)Hl, (20)

7=0
i 1\7 !

(ji = Zai,j <2) . (21)
7=0

Proof.

i. We prove the formula for p; by the mathematical induction on i. The
formula for ¢; then follows For ¢ = 0, pg = %. 70 = lonlyifag=by =1,
and 179 = 0 in the other 3 cases.

Suppose that k£ > 0 and the proposition holds for i = k — 1. For i = k,
7, = 01if a, = by = 0 or if ap # by and 7,1 = 0. We can write

a(EOON0TE
MOIOIMOND

The second equality in (18) and (19) are obvious.

(]

ii. Fori=0
forap =0, pg = 1,

forap=1, po = P(bp=0)=

Suppose that k£ > 0 and the proposition (ii) holds for i = k — 1. Then

forap, =0, pr. = P(bk:0)+P(bk:1|Ti_1:0)
= P(by = 0) + P(by = 1)P(r;_1 = 0)
— l_i_ EN
- 2 2pk)717
forap =1, pr = Pbpr=0]|7_1=0)
1

= §pk—1-
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We used the fact that the bits b;,7 = 0,...,31 are mutually indepen-

dent. Then
e = S(—a)+ o
P = 2 9% 2pk—1
k+1 k=1 42
1 1 1
— 2(1—ak)—|—<2> +Z 1l—ap_1- —j <2>
]:

J+1 k+1

= Z(l—ak j

7=0

where we used the induction assumption for pg_1. The formula for ¢;
can be proved similarly.

O
It follows from Proposition 5.1.7i.:
p2s = P(Aag|Nicas Ai)
24 .
N +1 24+1
= (B0 () (02
j:
for IVPy5 =0, (724 =0),
- (22)
24 ,
+1
goa =Y doaj (3)7,
§=0
where IV30 = [ds1,ds0, - .., dol2, and 794 is the carry from the position 24 in
the sum Rg1 + IV30.
The value of pog can be calculated as follows
P9 = P(A2g| Nicag Aj)
24 .
+1
goa = dos_j (3)7,
j=0
= (23)
A 1\j+1 1) 24+1
P2 = | L1~ e2ny) ) +E)TT
‘]:
where V3 = [e31, 50, - -+, Col2, and To4 is the carry from the position 24 in

the sum Rgo + [ VZO. For the original initial vector we get pog = 0.9017 and
pog = 0.3650.

37



Remark 5.2. Stevens in [8] (Section 5) proposed to add conditions IV{[25] =
IVP[24] and IVQ[25] # IV [24] on the initial vector of the attack. These
conditions will cause that pog > % and pog > % If the rest of the bits in the
IV and IVY are chosen randomly from the uniform distribution, then the
average value of pog and pog should be close to the value 0.75.

5.2 The Calculation of Complexity

In this section we present the calculation of computational complexity of
the three presented algorithms independent from such values as CPU perfor-
mance or programming language in which the algorithms were implemented.

Basic unit in which we measure complexity is computation of one MD5
step from definition 1.1. This computation consists of four additions mod-
ulo 232, one bitwise boolean function at registers of length of 32 bits and
one left shift rotation:

Ri=Ri_1+ (fi(Ri—1,Ri—2, Ri—3) + Ri_a + K; + W;)<<0
The computation of M;,
M; = (R; — Ri—1)B27%) — (fi(Ri—1, Ri—a, Ri—3) + Ri—a + K),

has the same complexity as 1 MD5 step. Computation of the whole com-
pression function hjsps has complexity 26 M D5 steps.
We will ask three different questions for all the algorithms.

1. What is the average number of collision candidates that need to be
verified in order to find one collision?

2. What is the average price for creating one candidate for verification,
i.e. what is the average number of M D5 steps that are computed in
generating one candidate for collision?

3. What is the average price for one verification procedure i.e. what is
the expected value of the number of M D5 steps being computed in
the procedure of verification?

The following consideration will give us the answer to the first question.
Suppose a random experiment has two possible outcomes, success with prob-
ability p and failure with probability ¢ = 1 — p. The experiment is repeated
until a success happens. The number of experiments needed until the first
success occurs is a random variable X with the probability density function

flz) = P(X =x)=q" p.
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The expected value and the variance of a random variable X that has a
geometric distribution with parameter p are

E(X) = -, (24)

1
p
1—
var(X) = Tp

p
Proofs of these facts can be found in every basic course of the probability
theory. An interpretation of the expected value is that we need in average
6 tries to throw a 6 on a die. The same fact will be used in calculation of
the number of collision candidates that need to be verified. We need to find
out the parameter p i.e. probability that all conditions for the registers R;
in the verification procedure are true. Then

p:P(Alﬂ-”ﬂAgg,) = P(A35|A1ﬂ‘-'ﬂA34)P(A1ﬂ-~ﬂA34)
= P (As5| Ni<c3s Ai) P (Asa| Ni<aa Ai) P(Ni<344;)

35
= JIPA1nic; 4)
j=1
For j = 2,...35, we denote p; = P (Aj|Ni<j A;) and p1 = (P(A1)).
That means
35
p= Hpi-

j=1

Similarly we will denote p; for the events Bj, j = 1,...,42 as P (B;| Ni<; B;)
in the second block.

Proposition 5.3. We denote by C the random variable specifying the num-
ber of collision candidates needed to be wverified until a colliding block is
found. Then for the first colliding block we have

i. BE(Cy) =231 L for Stevens’ algorithm,

P28 P29’

ii. BE(Cy) =22 L for Klima’s algorithm,

P28 P29

ii. BE(C) = 2291}“%]%, for our algorithm,

where the values of pag and pag are given in section 5.1 and they depend on
the initial vector of the first block, the values of ps,...,pg in the Stevens’
algorithm are estimated as %, the value py of our algorithm is given in sub-
section 3.1.3, where it is also explained why the probability py vs 0.65. For
the second colliding block holds

i. 128226 for Stevens’ algorithm.
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-+ 128 8929 ;
i, 15772 for our algorithm.

Proof. The random variable C' has geometric distribution. Then from the
description of the algorithms for the first block we can write

35
Ds = Hpj
=3
35
b = Hpj
J=T7

35
Po = H bj-
j=1

For the first block we will make assumption that the value of p;, for j =
7,...,27,30,...,35,is %, because the occurrence of the events A;, i < j does
not have any influence on the occurrence of the event A; and the probability
that condition is satisfied is % We have estimated the value of ps,...,pg
in the Stevens’ algorithm at % The calculations of pog and pgg are given in
Section 5.1. Proposition then follows from (24). Propositions for the second
block can be calculated in the same way. We note that the constant %g is
from the probability of the event Bs7 given that all events B;, for i < 29
have already occurred and the constant % is from the probability of the event

Bjo given that all events B;, for ¢ < 12 have already occurred. ]

For the original VY, p2_81 p2_91 = 3.0384. That means the average numbers

of collision candidates should be close to (3.0384)23! for Stevens’ algorithm,
(3.0384)227 for Klima’s algorithm, (4.6745)2% for our algorithm. Conditions
on the IV added by Stevens will in average change p2—81p2—91 = 0.7572 = 1.77,
what should speed up the attacks.

Proposition 5.4. We denote by G the random variable specifying the price
for gemerating of one collision candidate for the first colliding blocks. Then
for generating of the first block holds

.

k
E(G) =1+ QT; = 1.03 M D5 steps

where kg1 is the average number of M D5 steps being computed in steps
1.-3. of Algorithm 3,
6
co+ 3 225<i % (2% — 1)¢

=1 .
E(Gg) = I E SR — = 3.314 M D5 steps

where cq is the price for finding the first collision candidate satisfying
the prescribed conditions for R;,i < 23, s; is the strength of the tunnel
1 and ¢; is the price of the tunnel i, fori=1,...,6.
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E(G,) =8.02 M D5 steps

for our algorithm.
For generating of the second block holds
i.

ksa .
E(Gs) =1+ 2%5 =2 MD5 steps,

where kso is the average number of M D5 steps being computed in steps
1.-8. of Stevens’ algorithm for the second block.

E(G,) =4 MD?5 steps

for our algorithm.

Proof. The computation of the average price for our Algorithm 1 is given at
the end of subsection 3.1.2. The average price for generating the candidate
our Algorithm 2 follows from the explanation of the algorithm in subsection
3.2.2.

For Stevens’ algorithms the value follow from the construction of the
algorithms. The constant ks1 and ks1 can be estimated according to the
implementation of step 3 in the algorithms. For the first block there are
9 prescribed conditions for Ri7,..., Rog to be satisfied and we can suppose
that ks < 210, For the second block there are 14 prescribed conditions and
we can suppose that kg < 215,

We used the following consideration for the Klima’s algorithm with the
tunnels. In the beginning we must generate the first collision candidate
satisfying all the prescribed conditions until Rs3 for the price ¢y. Then we
clone the first collision candidate in the first tunnel into the 2% collision
candidates. That means we need to do 2% — 1 computations of the new
collision candidates for the price ¢;. Then we clone the 2°! candidates into
the 251752 candidates in the tunnel 2. That means we need to do 25!(2%2 —1)
computations for the price co. Applying this to all tunnels we calculate
the total price for creating of 2517+ candidates that are satisfying the
prescribed conditions for the registers R;,7 < 23. We get the number 3.314
by substituting the values of s; and ¢; from the Table 28. 0

Proposition 5.5. We denote by V' the random wvariable specifying the ex-
pected price for the verification of one collision candidate. Then for the
algorithms for the first block holds

i. BE(Vs)=2.9999 M D5 steps for Stevens’ algorithm,

ii. E(Vi) =16.9999 M D5 steps for Klima’s algorithm,
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iti. E(V,) =4.5750 M D5 steps for our algorithm.
For the algorithms for the second block holds
i. E(Vs)=2.9999 M D5 steps for Stevens’ algorithm,
ii. E(V,) =1.9440 M D5 steps for our algorithm.

Proof. We can count the number of M D5 steps from the beginning of the
verification procedure to the point when particular condition is being verified
and calculate the probability that the verification procedure will end when
the condition j is not satisfied. This probability can be calculated from

pe = [1=TTw) | {112

Jj=t i<t

where the first product goes over all conditions for step ¢ and the second
product goes over all conditions for steps j < ¢. The values are for both
blocks are given in Appendix B in Tables 35 and 36. Now we can calculate
the expected value of the random variable V' given by Table 35 and 36 as

E(V) = inpacm

where 7 goes over all steps in the particular verification procedure. O

Now the average running time of the algorithms until they find a colliding
block for the original IV can be calculated as

E(C) (E(G) + E(V)),

where C, P and V are the random variables defined in Propositions 5.3, 5.4,
5.5.

For the first colliding block and the original initial vector the average
running time is

i. (3.0384)231(1.032 + 2.999) = 24.5010(23°) M D5 steps for Stevens’
algorithm,

ii. (3.0384)227(3.314 + 16.999) = 7.7153(23°) M D5 steps for Klima’s al-
gorithm,

iii. (4.6745)22%(8.02+4.5750) = 29.437(23) M D5 steps for our algorithm.
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For the first colliding block and given initial vector we have
1. 8.0638(])28]729)_1230 M D5 steps for Stevens’ algorithm,
ii. 2.5392(pagpag) 1230 M D5 steps for Klima’s algorithm,

iii. 9.6884(pagpag) 123" M D5 steps for our algorithm, where the values
pog and pog depends on the given initial vector and formulas for their
calculation are given in Section 5.1.

We did not calculate the complexity of the Klima’s algorithm with tunnels
for the second colliding block, but it can be calculated similarly than for the
first block algorithm. For Stevens’ and our algorithms we have

i 128276(2 +2.999) = 0.3149(230) M D5 steps for Stevens’ algorithm,
ii. 1522229(4 4 1.9440) = 3.4233(2%°) M D5 steps for our algorithm.

Now we can estimate that Klima’s algorithm for the first block is the-
oretically about 3.17 times faster than Stevens’ algorithm and Stevens’ al-
gorithm is theoretically only slightly faster than our algorithm for the first
block. The Stevens’ algorithm for the second block is about eleven times
faster than our algorithm for the second block. If we compare the complex-
ity of our algorithms for the first and the second block, then the complexity
of the algorithm for the first block is about 8 times higher than the com-
plexity of the algorithm for the second block. For Stevens’ algorithms is
the complexity of the algorithm for the first block approximately 93 times
higher than the complexity of the algorithms for the second block. It says
that the complexity of algorithms for the first block is more important for
the complexity of finding two colliding messages.
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6 Results

We implemented our proposed algorithm for the first block as described in
Section 3. First we measured the running time of 226 full MD5 compression
functions which is equivalent to 232 M D5 steps of our implementation on
AMD Athlon XP1800+ and we obtained that 232 M D5 steps = 58.12 sec.
From this we can calculate that 29.437(23%) M D5 steps = 427.719 sec. Then
we ran 239 tests of the algorithm for the first block and original IV and we
got the average running time 456.83 sec. This test confirmed that our theo-
retical calculation is quite close. Stevens in Section 6 of [8] gives his results
for the average number of M D5 steps for his first block and recommended
IV is 2336 If we suppose that his recommendation gives the average value
of probabilities from Section 5.1 pag = pag = 0.75, then according to our
calculation of complexity in Section 5.2. the average running time should
be
(0.75)72(1.032 + 2.999)23! = (7.168)23! = 23384,

That also confirms our theoretical calculations of the complexity, based not
on the measuring.

Our implementation of the algorithm for the second block differs from
the proposed algorithm in Section 3, but allows us to find the second block
in 171 sec in average.

Remark 6.1. Some other statistics of the Klima’s and Stevens’ implementa-
tion can be found at http://crypto-world.info/info/result.pdf. The statistics
confirm our theoretical calculation that Klima’s algorithm is approximately
three times faster than the Stevens’.
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Conclusion

Our presented algorithm using multi-message modification allows us to find
collisions in MD5 in only minutes on a common personal computer. We com-
pared computional complexity of our algorithm with algorithms of Klima
and Stevens. The new method of tunneling seems to be very efficient com-
pared to the multi-message modification method. We have also shown the
impact of the initial vector value to the running time of the algorithms.
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A Prescribed Conditions

[ [Rif3]] Ri[0] |
O | voeee e e e e
1o o e s e e
2 | e, ....0.. ..0.. Ot
3 |1...0... 0°""1°"" =777 1~~~ ~011....
4 | 1000100. 01000000 00000000 0010.1.1
5 | 0000001~ 01111111 10111100 0100°0~1
6 | 00000011 11111110 11111000 00100000
7 | 00000001 1..10001 0.0.0101 01000000
8 | 11111011 ...10000 0.1°1111 00111101
9 |0111.... 0..11111 1.01...0 O01....00
10 | 0010.... ..0001 1.00...0 11....10
11 | 000..."" ..1000 0001...1 O.......
12 1 01....01 ..1111 111....0 O...1..
13 | 000...00 .1011 111....1 1...1
14 | 011...01 ........ 10...... ..0..
151 001..... i e .

Table 31: Prescribed conditions for Ry, ..., Ri5, block 1

Notation:

RZ[]]: )~

if there is no condition on the bit,
if R;[j]must be the value 0 or 1,

if R;[j]must be equal to R;_1[j],

if R;[j]lmust not be equal to R;_1[j].
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| i | Ri[31] R;[0] | Z;

16 O1...... ...... 0. ~....... -
17 | 0.7 ol Lo i e
18 | 0vevvnn oinl 0 v e Zig[17 — 3] # 1*
1 Z19[31 — 29] # 0*
200 | Oceiiiin el T e e
21 | Oueviiis e s
22 Ottt e e e Zp[17) =0
23 | L s e

2444 | oo e e Z34[15] =0
S e
T R
A
T
49 | Keviiiir i e
50 | Jei e e
5
52 | Jeiii e s
53 | Keuiiir i e e
5 N
51 S GO
56 | Juiiit e e
BT | Keoie e e e
58 | Je e s
59 | I..... 0 i e
60 | J..... Lo i e
61 | I..... 0 i e
62 | J..... 0. e e e
63 | e e s

Voo | oo o

Vg | voeen. Oh i e

Vg | ~eunn. 0

Vi, -~ 00. il el 0L

Table 32: Prescribed conditions for Ry,
I,J,K € {0,1}, 1 # K

48
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| i | Ri[31] R;[0] |

o 2 0. s i s e
20 Toa.. O
= B R 00. ... il ..0.. ...
0 1...010 10001 ....0.. .0 ...
1 ~~~7010. ..0°7"""1 0..71... ~~0..00.
2 “011111. ..011111 1..01..1 01177111
3 ~011101. ..000100 ..00""0 00010001
4 110010.. ..101111 ...01110 01010000
) ~..0010. ..10..10 .1.01100 01010110
6 1..1011" ~.00..01 ~0.111110 O0O0..... 1
7 ~..00100 0.11..10 1..... 11 111...70
8 ~..11100 O..... 01 0..7..01 110...01
9 “.o..0111 1....011 1..0..11 11....00
10 =~ ~101 1°°70..11 11....11
11| ~~~~°77” 1000 0001 1.......
12 10111111 1111 111..... 0...1

13 | ~1000000 1...1011 111..... 1...1

14 | o1111101 ....... 0 00......

15 0.10.... ....... O

Table 33: Prescribed Conditions for R_3, ..., Ry5, block 2



| i | Ri[31] Ri[0] | Z; |

16 [0, ool 0. “~vi... - Z16[24 — 26] £ 1*
17 | 0.7 i 1o i

18 | 0vevvnn oinn 0v e e Z1g[17 — 3] # 1*
P Z19[31 — 29] # 0*
20 (0o ... S

7 0

22 | 0ttt e e Zao[17] =0
23 | L e e

24-44 | i e e Z34[15] = 0

T e P

46 | T e e

e P

A8 | T e e e

L

5O | Jee e e e

5 G

B2 | T e e

B3 | Kettiin i e e

BA | T e e

5T S G

56 | Tt e e e

57 | Kt i e e

B8 | Je e e e e

59 | I..... 0 e e e

60 |J..... Lo i e

61 | I..... Lo e e Zg1[21 — 15] # 1*
62 |J..... Lo e e e

63 | ...... Lo e e

Table 34: Prescribed conditions for Rjg, -
I,JJK € {0,1},] # K
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B Procedure of Verification

Our Alg. Stevens’ Alg. Klima’s Alg.
1 n; Dj Z; Dz, T; Da; x; Da;
21 | 1| 27t 1 (21
22 | 2| p;, 271 1 0.675 2 3(273)
23 | 1] 271 3 0.65(272) 3 24
24-33|0 0 4-13 0 4—17 0 1-9 0
34 | 1] 271 14 | 0.65(27%) 18 275 10 2~ 1
35-46 |0 0 15 — 26 0 19-30| 0 11-22| 0
47 | 1| 27! 27 ] 0.65(27%) 31 276 23 272
48 [ 1| 27! 28 | 0.65(279) 32 277 24 273
49 | 1| 27! 29 | 0.65(279) 33 278 25 24
50 | 1] 271 30 | 0.65(277) 34 279 26 270
51 | 1] 271 31 0.65(27%) 35 210 27 276
52 | 1] 271 32 | 0.65(279) 36 211 28 277
53 | 1] 271 33 0.65(2710) 37 2712 29 278
54 | 1| 271 34 [0.65(271) 38 213 30 279
5, | 1| 27! 35 10.65(2712) 39 214 31 210
56 | 1| 271 36 | 0.65(2713) 40 2715 32 211
57 | 1] 271 37  0.65(27) 41 216 33 2712
58 | 1] 271 38 10.65(2719)| 42 217 34 213
59 | 2|27 271 39 | 1.95(2717) 43 |3(2719) 35 | 3(2719)
60 |2 (274271 40 [1.95271)| 44 [3(272YH|| 36 |3(27')
61 |2 (274271 41 195272 | 45 [3(27%)|| 37 |3(27Y)
62 |2 (274271 42 [1.95(2723)| 46 [3(27%)| 38 |3(27%)
63 |0 0 43 0 47 0 39 0
vt |8 44 0.65(2723) | 48 272 40 2~
Total 32 33 29

Table 35: The verification procedure block 1

*py = P(Z22[17] = 0) = 0.65 for our Algorithm 1. For Stevens’ Algo-
rithm is estimated as 0.5.

o1




Our Alg. Stevens’ Alg. Klima’s Alg.
i n; Dj T Da; X Dz Z; Da;
19 | 141% | 271 271 1 9(274)
20 2 |27 o7k 2 21(279)
21 1 21 4 7(277) 1 (271
22 2 |27t 27l 6 21(27) 2 3(273)
23 1 271 7 7(2710) 3 274
24-33| 0 0 8 —23 0 4-17 0 1-9 0
34 1 2-! 24 | 7(271) 18 275 10 2-!
35-46| 0 0 25 — 36 0 19 — 30 0 11— 22 0
47 1 P 37 | 7(271%) 31 276 23 272
48 1 271 38 7(2713) 32 277 24 273
49 1 2-1 39 7(2714) 33 28 25 24
50 1 271 40 7(2719) 34 279 26 275
51 1 2~ 1 41 7(2716) 35 210 27 276
52 1 271 42 7(2717) 36 211 28 277
53 1 271 43 | 7(2718) 37 2712 29 278
54 1 271 44 | 7(2719) 38 2713 30 279
55 1 271 45 | 7(2720) 39 214 31 2~ 10
56 1 2-! 46 | 7(272h) 40 2715 32 2- 1
57 1 2-! 47 | 7(27%2) 41 2-16 33 212
58 1 2~! 48 7(27%) 42 217 34 213
59 2 | 27127t 49 2127 43 3(2719) 35 3(271%)
60 2 | 27127t 50 |21(2727) 44 | 3(272h) 36 3(2717)
61 |2+1%| 271 271 51 D 45 |25(2727) || 37 |25(27%)
62 2 | 27127t 52 £33 46 [21(272) | 38 |21(27%)
63 1 0 53 | iz A7 727 | 39 | 7(27%)
Total 29 + 2* 26 + 1* 22+ 1*

Table 36: The verification procedure block 2
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