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1 Introduction

1.1 Preliminaries

Before properly introducing the aims of the thesis and to avoid ambiguity, we
begin by fixing some notation and recalling a few key concepts that the readers
should be familiar with.

Convention (Sets of numbers). By N, we denote the set of all positive integers,
while Ny = NU{0} represents the set of all nonnegative integers. By Z,, we denote
the set {0, 1}, sometimes (when discussing affine spaces) understood as the field
of integers modulo 2. Unless said otherwise, by + and -, we mean addition and
multiplication in Z,.

As we work with vectors and block matrices, we will abide by the following
conventions for the simplicity of notation.

Convention (Vector notation). By default, we do not distinguish between row
vectors, column vectors, and tuples. However, we always use column vectors
whenever context allows for ambiguity (e.g., in matrix calculations).

All vectors are denoted by boldface. We use the notation 0 = (0,...,0) and
1=(1,...,1) whenever the length of this vector is clear from the context.

We do not distinguish between vectors of length one (resp. 1 x 1 matrices)
and scalars; this will find its use in denoting the dot product as a matrix multi-
plication.

Convention (Block matrix notation). When performing calculations with block
matrices of unspecified dimensions, we sometimes use vertical and horizontal lines
to separate corresponding blocks to avoid ambiguity. When we, for example, write

T
b
a31 a3z -
A1 A2 C1
a33 Aa34 Tn | = . )
Aj[As] A y
R Cr

V4

the block A; is a 2 x n matrix, A5 has k rows, and its number of columns is equal
to the number of rows of y, and so on.

All matrices and blocks are denoted by boldface, and by 0, we denote a block
of zeros. By I, we denote the unit matrix (dimensions of which might or might
not be specified).

We further assume the reader is familiar with the very basics of set theory,
linear algebra, combinatorics, and predicate logic (and boolean algebra). We are
using the usual notation for logical connectives, that is,

v AN = T L

denote disjunction, conjunction, true (tautology), and false (contradiction). We
use these symbols to distinguish boolean calculations from general operations or
constants (usually denoted by 0,1) on a two-element domain.
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In Chapter @, we also utilize the basics of order theory; we assume the notion of
partially ordered sets is clear to the reader, and, in addition to the basic < symbol,
we use the derived symbols <, >, >, £, and # with their usual meanings.

Finally, we provide the definitions of dummy variable, operation, and relation
to avoid any ambiguity.

Definition. Assume mapping f : A} X --- X Ay X --- x A, = B. We say k-th
variable is dummy if for any ¢y, co € Ay the mappings

fi(@r, o X1, Tty - ) = f(X1, e D1, €L, Tt 1y - -5 Tn) s
f2($1,---,$k71,$k+1, s 7$n> = f(9€1>---7$k71702,$k+1,---7$n)
are equal.

Definition. Let A be a nonempty set. For n € Ny we define n-ary operation as
a mapping A" — A. Operations of arity 1 are called unary, and operations of
arity 2 are called binary.

Definition. Let A be a set and n € N. A subset p C A" is called n-ary relation.

1.2 Clones and Galois Connection

The notion of a clone is one of the most essential concepts in the field of universal
algebra, which also finds numerous applications beyond the scope of the subject
itself. Before any definitions, let us provide the following motivation. Given
certain set A and two different sets O and O’ of finitary operations on A, we may
define two algebras (A, O) and (A, O’). The question that arises quite naturally
is whether these algebras are truly different or merely different representations
of the same algebra — let us provide an example. Consider the set of integers
equipped with two operations; in the first case with binary “4” and unary “—7",
in the second case with binary “—” and unary “—" (this time, all the operations
are defined as usual instead of on Zs). One sees that these algebras are essentially
equal despite being defined by different sets of operations. This example suggests
we need to look at “everything the sets of operations allow us to do” (that is,
what are the term operations) — this is where the notion of a clone naturally
appears.

Definition (Clone; adapted from [1]). Let A be a nonempty set. For every
n € N let Op,(A) denote the set of all n-ary operations on A and let Op(A) =
= Unen Opn(A) be the set of all finitary operations on A.

For positive integers m < n there is p!', € Opy(A) with pl(xq,...,x,) =
= 1z, called the m-th n-ary projection, and letting k,I € Ny, f € Opx(A),
g1y, 9k € Opi(A) we define composition of f with gi,...,gx to be a new [-
ary operation given by

(1, yx) = flgi(z, .. x) gk, .. x)

A clone on A is a subset C of Op(A) that contains all projections and is closed
under composition.



It is thus clear that in order to study some properties of algebras, it is useful to
work with clones generated by the set of operations these algebras are defined by.

Given a nonempty set A, one may ask what are all the clones on A. As it
turns out, this question is rather complicated — while one quite easily sees that
this system of clones on a fixed set forms a lattice (since the intersection of clones
is a clone itself), Janov and Muchnik [2], and Hulanicki and Swierczkowski [3]
proved that for |A| > 3, this lattice is already uncountable. In stark contrast,
there is a rather simple characterization of all clones for | A| = 2 that was originally
described by E. Post in 1941 [4] (to be precise, Post originally presented his
result in a conference paper in 1920 [b]; however, the proof was not published in
an article until 1941; let us also refer the readers to [6] or [[7] for more modern
approaches to the proof of this characterization). Moreover, this so-called Post’s
lattice is finite except for eight countable chains. One of the main goals of this
thesis is to recreate this result, thereby describing all the clones on a two-element
domain. We shall also mention that Post’s result is not only interesting but also
a valuable tool in many applications ranging from logic to complexity theory
(see [§] among others). It is therefore desirable to seek its generalizations and to
study clones on a finite domain in general.

While we shall refer readers to [l or [9] for more context, examples, and
properties of clones in general, we will now introduce one very important example
of a clone.

Definition. Let A be a nonempty set and p C A™ be an n-ary relation for some
n € N. We say a k-ary operation f is a polymorphism of p if it preserves the re-
lation, that is, if ay,...,a € p, then f(ay,...,ax) € p where the operation f
is applied coordinate-wise.

Given set R of relations on A, we define Pol(R) to be the clone of polymor-
phisms of R, that is, the set of all operations that preserve all relations in R.

Observation 1.1. Given set R of relations on a nonempty set A, Pol(R) is
a clone on A.

Proof. Projections trivially preserve every relation, and if any operations preserve
certain relations, their image is also an element of this relation. By this, Pol(R)
is necessarily closed under composition. [

Thus, we see that quite naturally, sets of relations give clones. We may also
define a mapping going the other way.

Definition. Let A be a nonempty set and let F C Op(A).

e By Inv(F) we define a set of all relations on A which are preserved by
all the operations in F applied coordinate-wise. Relation preserved by an
operation f is said to be invariant to f.

o By Clo(F) we denote the smallest clone containing F.

It is easy to see that the pair of mappings Pol and Inv gives us a certain Galois
connection between finitary operations and finitary relations on A. Assuming
the Clo operator is well-defined (see [[l] for the proof), it is quite an easy exercise
to see that

Pol Inv(F) = Clo(F) .
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The closure we get while composing the mappings the other way is a bit more
complicated but, in turn, more interesting. For a start, we may observe that for
any set R of relations on A, the set Inv Pol(R) always contains empty relations
and equalities.

In order to define this closure in a perhaps an easier way, we introduce
the predicate formalism for relations.

Definition. Predicate on A is a mapping A" — {T, L}, where n is called the arity
of the predicate. Predicates are equivalent to relations — an equivalent relation
contains exactly the tuples at which a predicate evaluates to T.

Convention. We usually do not distinguish between predicates and relations —
for a relation p, notations p(a) = T and a € p are equivalent.

On sets of predicates, we define the following closure operator.

Definition. Let pq, ..., ps be predicates on a set A. By primitive positive formula
(or pp formula for short) we mean an expression of the form

g Fre () A Aps(LLl)
Let R be a set of predicates (relations) on A.

« By [R],, we define the set of all predicates that can be defined by prim-
itive positive formulae using predicates from R. Elements of R are called

generators of [R] .

« By RelClo(R) we denote the set [RU {0, e}] ,, where ¢ is the binary equality
relation, that is, the relation satisfying (a1,a2) € ¢ <= a1 = as.

» R is called a relational clone if RelClo(R) = R.

Convention. Let us remark that while it is necessary to include an empty rela-
tion in the definition of a relational clone, we do not consider it in any particular
context since it does not give us anything nontrivial.

While we could define an equivalent closure without the notion of predicates
(see [9]), this definition utilizing predicate logic has many merits, as we will
see later. It should be mentioned that some authors ([L0] among others) use
the equivalent term co-clone rather than relational clone.

We are now finally equipped to present one of the most fundamental theorems
in the theory of clones.

Theorem 1.2 (Galois connection). Let A be a finite nonempty set. Let R be
a set of finitary relations on A and let F C Op(A). Then

PolInv(F) = Clo(F) ,
Inv Pol(R) = RelClo(R) .

Moreover, the mappings Inv and Pol form a Galois connection between clones
and relational clones on A.



This Galois connection has naturally been one of the main tools to study
clones since it was discovered by D. Geiger in 1968 [11] and later studied in [12
13]. We provide proof of a more general case of this theorem in Appendix @
while referring the readers to [9] for a comprehensive historical context and more
references.

As was pointed out in [14], the concept of relying on the notion of preservation
is “The most basic Galois connection in algebra”; indeed, the mere notion of
homomorphism essentially relates to specific relations being preserved by specific
operations. Moreover, as we will see in the rest of the thesis, Theorem [L.2 provides
powerful tools for studying clones.

We will now introduce a generalization of this concept — the notion of multi-
sorted clones and relations (predicates).

Definition. Let A be a nonempty set and k£ € N. By a k-operation, we define
a k-tuple of operations on A of equal arity. For n € N let Opr(A) be the set of all
n-ary k-operations on A and let Op*(A) = U,y OpF(A). A subset C € Op*(A)
containing all the tuples of projections to a common coordinate and closed under
(coordinate-wise) composition is called a k-sorted clone on A.

A predicate of arity n is called k-sorted if every variable has a sort from
the set {1,2,...,k}. The mapping s : {1,2...,n} — {1,2,...,k} assigning sorts
to the variables is called sorting of the predicate.

We analogously extend the definition of pp formulae for multi-sorted pred-
icates with the restriction that only variables of equal sorts may be identified.
More specifically, whenever we define a new predicate, every variable must have
the same sort in all the predicates in the pp formula.

We define the mappings Pol, Inv, Clo and RelClo analogously for multi-sorted
clones and relations (where the i-th operation needs to preserve variables of the i-
th sort and relational clones need to contain only such equality relations where
both variables have the same sorts).

As was studied in [15] or [16], we may generalize Theorem [1.2 for the multi-
sorted clones and relations.

Theorem 1.3 (Galois connection for multi-sorted clones and relations). Let A be
a finite nonempty set and k € N. Let F C Op*(A) and let R be a set of k-sorted
finitary relations on A. Then

Pol Inv(F) = Clo(F) ,
Inv Pol(R) = RelClo(R) .

Moreover, the mappings Inv and Pol form a Galois connection between k-sorted
clones and k-sorted relational clones on A.

We prove this theorem in Appendix .

From now on, we shall refer to this theorem as just the Galois connection, and
we will naturally use the idea of correspondence between operations and relations
throughout the text.

As this generalization of Theorem @ suggests, multi-sorted clones are a some-
what natural extension of the notion of single-sorted clones and have (as well as
single-sorted clones) many applications way beyond answering questions about
algebras and their term operations — let us provide two examples.



Example (Constraint satisfaction problems). A large number of both theoretical
and practical problems falls into the class of constraint satisfaction problems
(CSP for short); loosely put, CSPs are any problems that require finding values
of some variables to satisfy given constraints (one may, for example, think of
solving equations or a sudoku puzzle). Any constraint is essentially a relation
on some domain, and — as it turns out — pp formulae belong among the main
techniques used for reducing one CSP to another. Therefore, it is only natural
to consider polymorphisms of constraint languages due to the Galois connection.
The clones of these polymorphisms enable a more algebraic approach to CSPs,
allowing us to derive some nontrivial results. Additionally, one may consider
CSPs whose variables do not necessarily possess a common domain. In such
cases, the relations can be treated as multi-sorted, utilizing the theory of multi-
sorted clones.

We shall refer the reader to [17] for an introduction to this topic and a deeper
insight into why CSPs are closely related to universal algebra.

Example (Clones on {0,1,2}). As mentioned before, there are uncountably
many clones on the set Zs := {0, 1,2}, and the structure of their lattice is rather
complicated, making them a relevant subject for modern research (see [18] among
others). To some extent, we may also study them using 3-sorted clones on a two-
element domain. Indeed, taking f € Op({0,1,2}), such that f preserves the three
two-element subsets of {0, 1,2}, we may consider the restrictions of f on such sets

and study the 3-operation (f|{0,1}, flf0,2}, fl{1,23) € Op*({0,1}).

1.3 Aim of the Thesis

This thesis includes two main results. The first result (Chapter B) is an alternative
proof of the Post’s lattice theorem [, |, which relies purely on relations and is
perhaps more accessible to a reader inexperienced in the field.

The second result (Chapter @) is an alternative proof of the countability of
the lattice of multi-sorted clones on a two-element domain. This theorem is
due to V. Taimanov [19] from 1983; however, the proof was never published in
a journal® nor translated from Russian until 2022. Taimanov’s proof is split into
a series of 3 articles [20, 21, 22], and his approach is mostly operational, providing
a deeper insight into some properties of k-operations. In our approach, we take
advantage of the Galois connection to work with simpler objects. The ideas
behind the proof also allow us to shed some light on the classification of 2-sorted
clones in Appendix |Al.

All the results utilize some strong tools developed in Chapter , the most
important of which is Theorem @ originally due to D. Zhuk [23], stating that
every relational clone may be uniquely described by relations with a very special
structure that makes them really easy to work with. We provide an alternative
proof of this theorem as well as some other theorems that further simplify working
with such relations.

Lastly, while all the definitions and theorems above apply to any finite domain,
we will only be concerned with a two-element domain for the rest of the thesis;
we will without loss of generality (hereinafter “WLOG” for short) assume A =

— 7, = {0,1}.

1Originally, the result comes from Taimanov’s Ph.D. thesis.
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2 The Toolbox for Two-Element Domain

While working with a general domain is quite complicated, the relational clones
on a two-element domain allow for some almost surprisingly powerful properties.
Our aim is the description of (multi-sorted) relational clones on {0, 1}, which,
at first glance, may not seem like an easy task either; however, as D. Zhuk [23]
suggested in 2017 by providing quite a simple description of so-called key relations,
it is sufficient to only look at pp closed subsets of these sets whose elements can
be represented as disjunctions of linear equations.
Let us first provide a few definitions.

Definition. An equation
ax1+ -+ apTm =0,

where aq,...,a,,,0 € Zs and addition and multiplication are in Z,, is called
a linear equation. Any linear equation of this form may be viewed as a predi-
cate, which is true whenever a tuple (z1,...,x,,) satisfies the equation. A linear
equation where all but one coefficient a; are equal to zero is called an equality.
By Po,1 we denote the set of all single-sorted predicates on {0,1}. The class
of all single-sorted predicates that may be represented as a disjunction of linear
equations (with or without some dummy variables) is denoted DL. By DE C P 4,
we denote the set of all predicates that may be represented as disjunctions of
equalities, and by L C Py ; we denote the set of all predicates that can be
expressed by single linear equation (again up to dummy variables in both cases).
By 776“,1 we denote the set of all k-sorted predicates on {0,1}, where k € N;

analogously by DL*, DE*, and L* we will denote the k-sorted counterparts to
DL, DE, and L.

Convention. Unless specified otherwise, by “predicate” we always mean a pred-
icate on {0, 1} from now on.

Example. A predicate
(LE1+I2 = 1)V(.CC3+1’4+135 :0)

is an element of DL which, for example, evaluates to T at the tuple (1,0,1,1,1),
and to L at (1,1,1,1,1). It is not an element of DE nor L (as will become
apparent after a few observations). On the contrary, a predicate

([E1+J}2+ZE3:0)\/(ZL‘2 :O)\/<l’3: 1)
is an element of DE for it can be represented as

We will now prove that it is sufficient to only work with the elements of DL
and then provide a basic “toolbox” and some more simplifications, which we will
use for the rest of the thesis.



2.1 Maximal Predicates

The main goal of this section is to prove the following theorem.

Theorem 2.1. Let k € N. There is a one-to-one correspondence between the sets
R C P, such that [R] | = R and the sets S C DL* such that [S],, NDLF =5
provided by

f:R~ RNDL*, g:S~[S]a,

where, by [S|x, we denote the set of all predicates, which can be expressed as
a conjunction of elements from S.

While this theorem directly follows from Theorem 1 in [23], we provide a dif-
ferent proof, which (while similar in some parts) is somewhat more elementary
and provides deeper intuition.

To prove this fact, we first introduce the notion of maximal predicates.

Definition. Let £ € Nand let 7,0 € 736“7 , be predicates of equal arity and sorting.
We say 7 C ¢ if and only if this inclusion holds when the predicates are viewed
as relations (that is, if 7(x) = T = o(x) = T). We say a predicate is mazimal
in § C 776“’1 if it is an inclusion-maximal element among the predicates of equal
arity and sorting in .S.

We now aim to prove that maximal predicates in pp-closed sets are elements
of DL. To that end, we prove an even stronger claim by somewhat restricting
the pp formulae and thus extending the definition of maximal predicates in pp-
closed sets.

Definition. Let k£ € N and let p € Pgil be a predicate of arity m € N. By special
primitive positive formula (or spp formula) we mean an expression of the form

1 n

Elyl...Elymp(z%,...,zm)A---/\p(z?,...,zm),

where n € N, and for all i € {1,...,m} and all j € {1,...,n}, 2/ € {z;, 5}, and
x; 1s a free variable of the formula.

For a set R C Py, by [R],, we denote the set of all predicates that can be
defined by special primitive positive formulae using predicates from R.

Observation 2.2. Let k € N. Predicates defined by special primitive positive
formulae from p € Péil have the same arity and sorting as p.

Lemma 2.3. Let p be a predicate and let p' € [{p}] Then p C p'.

spp *

Proof. Let m be the arity of p. Since p' € [{p}] we may write

spp ’
pl(xlw--vxm> :Elyl-“zlymp('zllw”aqun) /\"'/\IO<Z?7"‘7Z7?1) ) (1>

where n € N and z/ € {z;,y;} foralli e {1,...,m}and all j € {1,...,n}.

Let us pick e = (ay,...,a,) € Z§ such that p(a) = T. Now, by setting
x; =y; = «; for every i € {1,...,n} in the equation (E), we get p'(a) = T, hence
pCp. O



Definition. Let m € N and o € Z7'. We say a predicate p of arity m is a spp-
mazimal predicate avoiding o if it is a maximal predicate in {n € [{p}],,, [ & 7}

Lemma 2.4. Let o = (v, ..., ) € ZY for n € N and let p be a spp-mazimal
predicate avoiding c. Then

p1(x1,y oy Tpo1) = p(X1, o Tty Q)
is a spp-mazimal predicate avoiding o = (aq,...,0p_1).

Proof. Let us write

plxy, ..., xp) =
= [p1(1,. .y 1) A (@ = )] V [p2(z1, .o Tpe1) A (T, = iy + 1)) .

If p; was not spp-maximal predicate avoiding o', we would be able to define
a predicate 11 2 p; from p; by some spp formula. Let us view this spp formula

as an operator on predicates — let D(py(x1,...,2,-1)) = 1 (z1,...,2,-1). Since
p2 has the same arity and sorting as p;, we may compute D(pa(x1,...,Tn 1)) =
= no(21, ..., 2, 1), which satisfies py C 1s by Lemma . Notice that we may

apply the same pp formula D to the predicate p; we just ignore the last variable
and perform the same calculations with the first n — 1 variables. Moreover, due
to the distributivity of existential quantifiers and conjunctions over disjunctions,
and the fact that D only operates on the first n — 1 variables, we may write

(1, ..., x,) = D(p(xy,...,2,)) =
=D([p1(x1,. -, Tpn-1) A (T0 = )]V
V[p2(21, . Tpt) A (T = oy + 1)]) =
= [D(p1(z1,...,Zn-1)) A (Tn = )] V
V [D(pa(x1, .- 1)) A (@ = 0y + 1)] =
= [m(@1, . Tp1) A (20 = a)] V
V[ro(@, .o 1) A (T = ap + 1)]

which contradicts the maximality of p since it would satisfy both = 2 p and
m(a) = L. O

Recall that the k-ary function f is said to preserve a relation p if
ay,...,0p €p = flag,...,an) €p.

Lemma 2.5. Let o« = (ay,...,,) € ZY where n € N. Assume p is an spp-
mazimal predicate avoiding a and let B € 7 \ p. Then, there is a mapping

7y — Ziy,

(xl,...,l'n) — (m1+g01,.--,$n+§0n)7

D .

for some @1, ..., @, € Zs, that preserves p and satisfies ®(8) = .

10



Proof. We may assume p(ay,...,q; +1,...,ap,) = T for every i € {1,...,n}. If
not, we may existentially quantify the variable on this position to get a predicate
of a lower arity which is false at (a4, ..., a;_1, @11, ..., Q). Since p was maximal,
it would thus need to be equivalent to this predicate with a dummy variable. We
could then use an inductive argument since the claim is trivial to check for arity
less than 2.

For the contradiction, let us assume there is a tuple 8 = (fy,...,5,) for
which such mapping does not exist; let us fix such 3. Since we may always pick
i = a; + f; to define a mapping satisfying ®(8) = a, we fix such ® and assume
there is a tuple ¢ such that p(¢) = T and p(®({)) = L.

We then show that we can define a larger predicate that avoids a but is
true at B. For four tuples of length n € N, we introduce a notation <— by
the following rule

Vie{l,....n} (W%(s)lz{(")@ <7>i=<5)1:,

where by (z); we mean the entry on i-th position of the tuple z. We then put

m(x1, .., 2) = Jyr ...y, /\p(’y@),@), (2)
vEp Y
where x = (21, ...,x,) and y = (y1,...,yn). Since 1 is defined by spp formula,
by Lemma E we have n O p, and upon inputting 3 we may pick y; = S; + 1,
which means every element in the conjunction is p evaluated exactly at every
~ € p which overall means n(8) = T. We only need to show that n(ax) = L,
which would finish the proof by contradiction.
Upon setting x to a in the equation () we get

nla) =3y A p(v%ﬁ) =

YEP

=3y A (2« 0() -

YEP
=3y A p(@(v)%@ :
YEP

where for the simplicity of notatiton by dy we mean 3y, ...3y,. Let ¥ be some
assignment of y. We will look at a mapping

y

F:iy— <<I>(’y)<i>a> :

The key observation is that if n(a) = T, this mapping has to preserve p for some

value of ¥ = (7, ..., 7,)-
We fix k£ € {1,...,n} and denote (ay,...,a4 +1,...,,) = @. Since we
assume p(@) = T, the mapping, then, in particular, has to satisfy

p(ToT)(@) =T.

Noticing

Vie{l,...,n} <(I>(7)<%>a> =((v+eit+ta+Da+ v+ e +0)T),

()
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we may use simple arithmetics to compute

(07 Z?ék,

(T o T)(@)), = (@(@(a)@a) <L>a>i — Wyt T+ T = { -

y y

This necessarily means that 7 = o + 1.

Repeating the same process, we get 7 = oy + 1 for all k € {1,...,n}. How-
ever, this assignment of y does not satisfy the term corresponding to the tuple ¢,
which indeed implies () = L as we wanted. O

This property is purely combinatorial and interesting in itself. Since such
mapping is self-inverse, it gives a somewhat neat pairing of elements of Z% while
preserving p, as is illustrated by Figure [l.

4 ;. A
p Zy \ p
[
PR
a B
K~
s )
~
) °
K~
d [}
/!
° °
K~
[}
[0}
~
° °
K~
P [
7
° °
K~
[
N J J

Figure 1: Bijective property of mapping ® from Lemma @

A more general casell of this lemma is proved in [23]; however, the proof relies
on the Galois connection [1.3. We also provide an alternative elementary proof of
this generalization in Appendix [ as it deserves mentioning yet is not important
for the rest of the thesis.

Finally, we prove two very important results that directly lead to the proof of
Theorem @

Lemma 2.6. Let o = (ovq,...,qp) € ZY and let p be a k-sorted spp-mazimal
predicate avoiding o. Then p € DL".

Proof. Let us proceed by induction on n, as the claim is trivial to check for arity
less than 3.

The predicate p'(z1,...,2n-1) = p(21,.... T, 1,,) is a spp-maximal predi-
cate avoiding o’ = (a, ..., a,_1) by Lemma @: thus p’ € DL* by the induction
hypothesis. We now consider two cases.

2We allow the mapping ® to be arbitrary; relations for which such a mapping exists are
called key relations and are further studied in [23].
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o p(x1,...,Tp 1,0, + 1) is a trivially true predicate.
We may write
p(xy, . 1, ) = p(21, . Tp1) V(T = + 1),
which is an element of DL*.

o There is a tuple 8= (f1,...,8n_1,n, + 1) € ZY \ p.
By Lemma @, there is a mapping

(I)I(.Tl,...,ZEn)'—>($1+Q01,--~,xn+30n)7

with the property ®(3) = a and p(v) = T = p(®(v)) = T. Since, in
this case, ¢, = 1, the following identity holds.

p(z1, .. xn) = [p (1, 20 1) A (T = )]V
VI (er+ @1, Tt + 1) A (2, = +1)]
Let p' be of the form
Py, ) = (VlTX/ = bl) \VERRRV; (vax’ = bk) ,
where X' = (x1,...,2,-1). Let ¢ = (¢1,...,¢n_1). We may then put
p(‘rl? ce 73771) =
= (VlT (X' 4 (xp + an) @) = bl) VERRRY, (VkT (X' + (xp + an)@') = bk> .

One easily verifies this since if x,, = «,, the predicate is equivalent to p’,
and if x, = a, + 1, every x; in every equation has ¢; added to it. This
completes the proof.

]

Theorem 2.7. Let p € Py . There are ps, ..., pn € [{p}],, N DL* such that

p(xy, ) = pr(zy, o T A A p(T1, e X))

Proof. We may write

p(xy, .. Ty) = /\ Po, p(T1, s Tm)
a cZi\p

where pq, , is any spp-maximal predicate avoiding e which can be spp-defined
from p. By Lemma P.6, we have pq,, € DL*. Note that such predicates always
exist since the set of predicates of arity m is finitet [

We are now equipped to prove Theorem @

3Moreover, the proof of the Lemma @ provides an iterative way to construct such predicates.
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Proof of Theorem @ We need to prove 4 claims.
o If R C Py, satisfies [R] | = R, then f(R) satisfies [f(R)],, N DL = f(R):

Due to Theorem @, every element of R is a conjunction of predicates from
f(R) = RNDLF and thus it is pp-definable from elements of R N DL
Overall we have

[/()],, NDL* = [RADLY]  ADL* = RADLE = f(R) .

p
o f is injective:
We will compute go f. Let R C Py, satisfy [R],, = R, then
(9o f)(R)=[RNDL", =R,
as we have discussed in the previous claim.

« If S C DL” satisfies [S],p N DLF = S, then ¢(S) satisfies [¢(S)]. = g(S):

pp

9,y = [[SIAl,, = [S],, = [[S],, "DL¥A = [S]r = g(S) .

pp
e g is injective:
We will compute f o g. Let S C DL” satisfy 1S, N DL* = S, then

(fog)(S)=[S]aNDL* =5,

2.2 Properties of Elements of DL

The usefulness of working with elements of DL stems not only from the mere
simplicity of their algebraic representation — we show that this representation
has few other algebraic properties which make them very practical to work with.
We begin with the following observation, which suggests that these predicates
exactly correspond to the affine spaces over Z,.

Definition. We call the space of vectors of input variables on which a predicate
p of arity n is false (that is, the space of tuples a € Z% \ p) the false space.

Observation 2.8. Let p € DL* be an arbitrary predicate in the form
o1, .. T) = (VlTX: 1+bl> Vv (Vng: 1—1—b2> \VERRRY, (VnTX: 1+bn> ,

for some choice of constants n € N, m € N, b; € Zy, and v, € Z3', where

X = (21,...,2m)". We may rewrite this as
p(x1, . Ty) = (X1, .y Ty) =
== KvlTx = b1> A (VQTX = bg) JARERWAN (VnTX = bnﬂ =
V1T V1T
vy vy
= - x=Db| = | x#b| =[Ax # b],
Vi Vi !
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where A € Z5*™ and b = (by,...,b,)T.

This means that the false space of predicates in DL* is affine. This space
thus has to contain all affine combinations — more specifically, if p(x1) = p(x2) =
= p(x3) = L, then p(x; +x2 + x3) = L.

Moreover, we may always assume that the matrix A is of a very specific form.

Observation 2.9. Let p € DL* be a predicate of the form Ax # b. Up to
a permutation of variables, p may be equivalently represented as

(1| C)x#b'.
Proof. The claim easily follows from the Gauss-Jordan elimination. ]

Another important property of these predicates ties to the notion of dummy
variables. Predicates with dummy variables are not really interesting as they are
equivalent to a predicate without dummy variables, and we may append or remove
any dummy variable by pp formulae (we remove dummy variable by existentially
quantifying it).

On the other hand, predicates without dummy variables, which are elements
of DL*, possess a strong property described by the following lemma.

Lemma 2.10. Let k,n € N and let p1, ..., p, € DL*. We put
plxy,. .., xp) :pl(xi,...,x}m) /\~~-/\pn(x?,...,xfnn) .

If p has no dummy variables and p € DL*, then {x1,...,x,} = {z},... 2l } for
alli € {1,...,n} and no x; is a dummy variable in neither predicate p;.

Proof. 1f there was i € {1,...,n} such that predicate p; was not dependent on
some variable, say z; (or the variable z; was dummy), we could pick values of z
for all j* # j such that p; is false. However, since variable z; is not dummy in
p € DL, we could alter the value of x; to change the value of p to true — this
could be done, since p consists of at least one equation of the form

---—|—:I)j—|—--~=C€{O,1}

and its truth value could be altered by altering the value of z;. This means
p can not be equal to the proposed conjunction since altering the value of z;
wouldn’t change the value of p;; hence all the predicates p; nontrivially depend
on all the variables z;. [

2.3 Properties of pp Formulae and Elementary Operations

As pp formulae are sometimes too cumbersome to work with, we will define simple
elementary operations, which are sufficient in many cases.

Definition. We define the following elementary operations.

1) Permutation of variables. For a predicate p(x1,...,,) and a permutation
oon {l,...,n} we define a new predicate p, as
pcr(xla s 7'rn) = p(xa(l)v s 7I0(n)) .

15



2) Identification of variables. For a predicate p(zy,...,z,) we define a new
predicate p’ as

p/(xh cee axn—l) - p(l‘l?xl)'r?v s 7xn—1) .

3) Composition of two predicates p; and ps. The new predicate p’ is defined
by

pl(l'l, s p—15Y1, - - ,ymfl) =

=Jzpi(xr, .z T ) AP2(Y1y ey 2y ey Y1) -
We always assume that the variable z is non-dummy in both p; and ps.

4) Appending or removing a dummy variable.
Observation 2.11. All elementary operations are primitive positive definitions.

Remark 2.12. Notice that we define composition only with non-dummy vari-
ables — if z were dummy in either of the predicates, the composition would es-
sentially become a conjunction of two predicates, which we consider a separate
operation due to technical reasons that will become apparent soon. We should
also mention that this composition has nothing in common with the composition
of operations described in the definition of a clone.

Definition. For a set of predicates S C P§, by [S],, we denote the set of all

€0
predicates that can be defined by repeated application of elementary operations

on predicates from S, where again only variables on positions equal sort may be

identiﬁedfE

Finally, since appending or removing a dummy variable and permutations
preserve the structure of predicates, it would be useful to introduce the following
notation.

Definition. Let R € P} ,. By (R), we denote the set of all predicates defin-
able from elements of R or an empty relation by a permutation of variables or
appending/removing dummy variables.

As opposed to general pp formulae, working with elementary operations is
rather convenient. To illustrate this, we give the following example.

Example. Consider the following composition of single-sorted predicates in DL
e+ z+a=1Va3=0Vay+as=1A[ph+1y2=0Vys+2z=1Vy, =1].
We may then employ the distributivity of disjunctions over conjunctions to get
r3=0Vry+a5=1Vy1+yo=0Vyy =1V Iz[r1+z+a2=1]A[ys+2=1],
which one easily checks to be equivalent to

1+ To+ys=0Vae3=0Vas+as=1Vy1+1y=0Vy,=1.

With some simplification, this shows that the composition of variables merely
joins the concerned equations.

4This limitation concerns composition too since identification is essentially involved as well.
When permuting variables, the sorting changes respectively.
5We will address this in more detail in Section g
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We may also notice that any predicate constructed from elements of DL by
elementary operations is an element of DL itself. The same holds for DE and
L and their multi-sorted counterparts, which further proves the usefulness of
elementary operations.

We will now show that in some less general cases like DE* or L* for k € N, it
is sufficient to work only with elementary operations.

Observation 2.13. For py,...,p, € 77(’{1 we can rewrite
Jrpi(co, )N Apa(a )
as

P10, DA App(c, 0, )V (e L ) A A (e )]

Lemma 2.14. Let R C P§, such that [R],, = R and let py,...,p, € R be
predicates with arities py, ..., p, € N (respectively). If p is a predicate defined as

oyt yk) = [Elxpl(zll,...,zzl,l) /\---/\pn<z?,...,zgn)],

where {zi, ... ,z;i} CA{x,y1,...,yx} for all i € {1,...,n}, then there are predi-
cates pl, ..., pl. € R with arities q1, . ..,qm € N (respectively) where m € N; such
that

p(y1, Y2, -, Yk) :p'l(u%,...,uél) /\---/\pgl(u?,...,ug;) :
where {uf, ..., ul}y C{y1, ..., ye} foralli € {1,...,m}.

Proof. We will represent the variables of predicates symbolically with ..., as
the meaning will always be clear from the context.

Let us assume that in every p; (fori € {1,...,n}), each y; (for j € {1,...,k})
and x are substituted at most once since substituting one value more than once
gives the same result as substituting them into the predicate with identified vari-
ables — and R is closed under identification. We may also assume the predicates
p; have no dummy variables.

We divide predicates p; into 2 disjoint sets based on how they depend on
variable z. If p; does not depend on z, let p; € I. If it depends on z, we let it
belong to the set D. Let us assume |D| > 2 as the claim is trivial otherwise.

We may now rewrite

o) = [ag; (/\L(...)>A</\ m...))] _ /\L(...)/\[Elx A n(...)]

Lel neD vel neD

due to the commutativity of conjunction and independence of predicates in [
on x. Since the first part is already a conjunction of predicates from R, we only
need to focus on the latter part.

Let D = {n,...,m}. Using the Observation , we may write

[Hx A np.)]::[ax[nlp..,x,“.)A---Anu(“.,x,“.ﬂ]::

neD

0 ) A AT 0V G L ) A AT 1)
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Now, we can use the distributivity of disjunction over conjunctions to further
expand the result. All the terms in the resulting conjunction will be of the form

TEZ'(...,O,...)\/th(...,l,...),

which is trivially true if ¢ = j or can be paired with the “opposite” term; con-
junction of these paired terms may then be expressed as

(0, )V L ) A1 ) V(0,0 =
:[TEZ<,O,>/\TE](,0,)] [TEZ(,L)/\TEJ(,].,)]:
‘ ]

which is an element of R since R is closed on compositions. Overall we get

pl..)= N\ u..)A

vel

S A n(.._)] _

neD

vel (i,5) €{1,...., k}?
1<)
We have thus represented p as a conjunction of predicates from R; hence, we have
the desired result. O

Remark 2.15. Lemma clearly holds for S C DL* such that [S],, NDL* = S
as well. It also suggests that if we introduced conjunctions as a fifth elementary
operation, we might replace the general pp formulae with with these elementary
operations.

We may now use Lemma to show that the elementary operations are
sufficient when working with elements of DE* or L*.

Observation 2.16. All predicates in DE® without dummy variables have ezactly
one false value, which uniquely determines the predicate (assuming entries of this
false value have assigned sorts).

Lemma 2.17. Let S C DE* such that [S],, N DE* = S, and let p1,...,p, € S.
If

p(xh”'axm) :pl(xla'”axm)/\'”/\pn(xla"wxm) )
and p € DEF, then neccessarily p € S.

Proof. We may assume p has no dummy variables (if so, we could existentially
quantify them on both sides and then use Lemma R.14). The conjunction of
predicates of equal arity (and sorting) corresponds to a union of their false spaces.
We then have

(Z3'\ p) = (Z3' \ pr) U -+ U(Z5' \ pn) -

This necessarily implies p; = --- = p, = p by Observation , since |Z3\ p| =
=17\ p;l =1forallie{l,...,n}. O
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Theorem 2.18. Let S C DE such that [S],, NDE = S. Then [S],, NDE = 5.

Proof. Let ny,...,m, € S and let p be pp-defined from these predicates. We
informally denote this general pp formula by

p(..) =32y, ... JeoTry [m (L. ) A Al )].

We will show that p € DE implies p € S.
Due to the repeated use of Lemma ﬂ, we may rewrite

I .. JwoTay [ ) A AT )] =
:me...axg[ﬂ%<...)/\"'/\T[},Ll(...)]:

~ 3w, [Tc’in—l(‘ L) A /\nm_l(. )] =

Nm

=[G )N AT ()]

where ; € S forall j € {1,...,n;} andi € {1,...,m}. We may assume p has no
dummy variables; if not, we may define an equivalent predicate by existentially
quantifying the dummy variables as well. Now, since p has no dummy variables,
is a conjunction of predicates from set S, and is an element of DE, it is an element
of S itself due to Lemma @ ]

Finally, we may prove an analogous (and somewhat even stronger) claim for
elements of L*.

Theorem 2.19. Let S C L* such that [S],, N\DL* = 5. Then [S] , NDL* = .

Proof. The proof is analogous to the proofs of Lemma M and Theorem .
We only need to notice that if a predicate p € DL* is defined as a conjunction of
predicates p1,...,p, € S for n € N, the predicates need to have the same arity
(say m) and sorting (up to a permutation of variables) by Lemma @ Moreover,
|Z5v\ pi| = 2™t for all i € {1,...,n}, which means |Z7* \ p| € {2™*,2™}. Thus,
p is either an empty relation or p = p; = -+ = p, (up to permutations of
variables). O
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3 pp-Closed Sets of Single-Sorted Predicates in
DL and Post’s Lattice Theorem

The main goal of this chapter is to describe all relational clones on {0, 1}, that is,
all the pp—closedE subsets of Py 1. By doing so, we prove the Post’s lattice theo-
rem [4, b] since all the sets with this property, which contain equality relations,
correspond to_all the clones on {0, 1} by the Galois connection.

Theorem shows that in order to study pp-closed sets of predicates, it is
sufficient to study their intersections with DL. It would also be useful to firstly
only focus on subsets of L or DE as they are much easier to work with. Moreover,
we may just consider the sets that already contain equalities; it would, however,
be useful to describe all the pp-closed subsets of DL and exclude those without
the equalities at the end. We divide the classification into three steps.

1) We classify all the pp-closed subsets of L in Section @

2) We Clasi@r all the pp-closed subsets of DE (and their closures in DL) in

Section .

3) We finish the classification by covering a few remaining cases and subse-
quently proving there are no cases left in Section B.3.

When presenting a new idea behind a particular construction, we provide a de-
tailed description to familiarize the reader. However, as the discussion progresses,
we omit certain details and assume no further commentary is necessary.

We also need to acknowledge that there are some shortcuts to be made in
the proof by, for example, directly employing the Galois connection (especially in
Section ) However, we ultimately decide against it, making the proof purely
relational and as elementary as possible. In our approach, we also completely
describe the set RN DL for any relational clone R and the relations that generate
these clones, which allows us to easily obtain their operational description.

Finally, we shall point the readers to [[] for a perhaps even shorter relational
proof of Post’s lattice theorem, which, however, utilizes operations as well.

3.1 pp-Closed Sets of Predicates in L

This step is pretty straightforward. We prove the following lemma to illustrate
the key ideas, after which we directly provide the classification.

nenf).

Lemma 3.1.

{21+ 25+ 25 = 1}],, NDL = <{§;x = (n mod 2)

Proof. For the purpose of this proof, we denote

T (X1, .. @) = (ixz = (n mod 2)> )

We admit a little inconsistency in what we mean by calling S C Py 1 pp-closed, as we
sometimes use the term do describe the sets satisfying [S] , NDL = S, [S] , NDE =S, or just
[S]pp = 5; we, however, make sure the context does not allow for ambiguities by mentioning
the set in which S needs to be closed.
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If we compose 13 with w,,, we get
B(z+a+ae=1)A(z4+23+ -+ Tpge1 = (n mod 2)) =
" [(ay +0 = 1) A v+ + 01 = (n mod 2))]V
Vi@ +a2=0)A(z3+  +2pe1 = (n® 1 mod 2))] =
= (1 + -+ Tpp1 = (n®1mod 2)),

where by “@” we denote the addition on N as opposed to the addition on Z,
denoted by “+” throughout this proof; analogously, we denote the subtraction on
N as “©”. Hence, we can construct all the predicates m,, for n € {3,4,...}. We
also get m; and s respectively from n3 and 1y by identification. Now, we only
need to check that the composition of p,, and p,, is of the required form. Indeed

F2(2+ 21+ + Tu01 = (n mod 2)) A

AN(Z+Tn+ -+ Tngmez = (m mod 2)) =

(214 + Toer = (n mod 2)) A ]

A(Zn+ -+ Tngmoz = (m mod 2))

v[ (@14 + Znor = (0 S 1 mod 2)) A ]:
AZp+ -+ Trneamez = (M1 mod 2))

= (14 F Tpgmez = (Nn®m OS2 mod 2)).

Hence, this set is closed under elementary operation; Theorem then gives
the desired result. O

Observation and definition 3.2. By ¢(x1, z2) we denote the equality predicate,
that is

e(xy, ) := (21 + 22 = 0).
Let S C DL. By S* we denote SU(e). If[S],, NDL = S, then [S*]  NDL = 5*.

Proof. Composition with € acts as an identity on Py ;. ]

Theorem 3.3 (Classification of pp-closed sets of predicates in L). The sets S C L
such that S = [S] , N DL are ezactly

o Sp:=10,
o Sio:={(z1=0)}), So1 = {(z1=1)}),

o Fi=({e (1 +22=1)}),

o BEy = {{(X%2 =0)|neN}),

o BB = ({(S2 2 =b) [neNbe {0,1}}),
« AEy = ({(XiLy 2 =0)[n € N}),

« AE = ({(XLi 2 = (n mod 2)) |n € N}),

and their unions_with () denoted by *. All these sets ordered by inclusion are
shown in Figure
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Figure 2: Hasse diagram of all pp-closed sets of predicates in L.

Proof. By Theorem , we only need to consider elementary operations. Let us
study these predicates with respect to their arity.

Sets containing only one or both of the predicates 1 = 0 and x; = 1 are
trivially closed on elementary operations.

Set containing only the predicate € is closed by itself, while by composing
x1+x9 = 1 with itself, one gets € as well. When adding ¢ to any of the three
sets of predicates of arity 1, they remain closed by Lemma B.2, while upon
adding the predicate xy + x5 = 1, we necessarily get all the predicates we
have mentioned so far (easily checked by composition).

From Lemma @ we know that the predicate xy + x5 + 3 = 1 generates
predicates of the form > " ; x; = (n mod 2) for all n € N. In an analogous
way, 1 + x2 + 3 = 0 generates predicates of the form > ; x; = 0 for all
n € N. Notice that the closure of these with x1 + x5 = 1, with z; = 0 (in
the first case), or 25 = 1 (in the second case) is the entire set L.

All the predicates with an even number of variables that is greater than 2
could be reduced to the cases x1 +xo+x3+x4 =00r 21 +x0+23+24 = 1.
The first case lets us generate all the predicates of the form 2", z; = 0
while the second case gives us the predicate ;1 + x9 + 3 + x4 = 0 by
composing x1 + xs +x3+ x4 = 1 with ;1 + x5 = 1, then all the predicates of
the form Y7, x; = b for any b € {0, 1}. Notice that adding more predicates
does not give us anything that has not been described yet.

All the predicates with an odd number of variables that is greater than 3
could be reduced to the 3-variable cases by identification, and they thus do
not bring anything new. [
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3.2 pp-Closed Sets of Predicates in DE

As Theorem suggests, we initially describe the sets S C DE with the property
[S],, NDE = S, and we compute the closure in DL afterwards. Notice that these
are exactly the sets S C DE that are closed under elementary operations; thus, we
only use elementary operations in the following lemmata and theorems. We begin
by making a trivial observation.

Observation and definition 3.4. Forn,m € Ny and n +m > 0 we define
Prn(Z1, o ) = (1 =0V -V, =0V2 =1V -V, =1).

All predicates in DE are (up to permutations and dummy variables) of this form.

When working with predicates in DE we may WLOG consider this fixed or-
der of variables as applying elementary operations on permutated predicates only
results in permutation of the result.

Once again, we prove the following lemma to illustrate the ideas behind work-
ing with predicates in DE, after which we immediately provide the classification.

Lemma 3.5.

{p2.1},, NDE = {J ({pn1}) =t Sn.1,

neN

[{p2,2}],, NDE = U {pmn})=T.

m,n €N

Proof. In the first case, we construct p;,1 by putting

p1,1(T1,T9) = pa1 (21,71, 22)
Then, we followingly construct all the other predicates by induction, as
Pn+1, 1(‘/E17 X2y .., Tn, Tnt1, $n+2) =
=3z Pn,l(l‘h Loy ..y Ty 2) N P2,1(Z737n+17 Tri2) -

We now aim to prove that this system is closed under the elementary operations
(that is, we can not get anything more). It is easy to see that by identification,
the predicate p, 1 can only become p,_1 1 for n > 2 (or something trivial). It is
thus sufficient to check what happens upon applying the third operation.

Indeed, by composing two nontrivial predicates p, 1 and p,, 1, one either gets
a trivial predicate or some permutation of a nontrivial predicate p,,,—1 1, which
concludes the argument.

In the second case, we first notice that putting

,02,1($1,902,$3) = p2,2($1,$2,9€37$3) )
we find ourselves in the same situation as before, and by putting
,01,2($1,902,$3) = p2,2($1,$1,9€27$3) )

we get a somewhat inverse situation.
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By the previous case, we may now construct all the predicates, p, 1, and p; ,
for all n € N. It is simple to see that

pm,n(xla .- ‘xm—s—n) - ElZPl,n(Z>$17 LR 7xn) A Pm,1($n+17 oo Jxm—l-'mZ) )

for all n,m € N. It thus remains to be shown that T is closed under composition.
Indeed, by composing p,, , with py; in a nontrivial way, we WLOG get

Pm+k—1,n+l—1($1, ce. axm+n+k+l—2) =
=32 P n (2, T1, o s Ton—1) A Pt (Titns - -+ s Tkt l—2, 2)
which gives us the sought after result [ps 2], N DE = T. N

Lemma 3.6. Let S C DE. By S* we denote SU ({p1,1}). If [S],, NDE =5,
then [S*],, N DE = 5*.

Proof. When composed with a predicate in DE, the predicate p;,; acts as an iden-
tity (or we get a trivial result) and [({p1,1})],, N DE = ({p1,1}). O

Theorem 3.7 (Classification of pp-closed sets of predicates in DE). All the sets
S C DE such that [S],, N DE =5 are ezxactly

« Spi=0,

® §5 = ({,02707,0170,P0717P0,2,P1,1}>,

o the sets
Sioi= U ool Sovi= U ool
Sho = fj (oo U honsd) + Fow= U (Gpo,d) 0 orol)
Seoi= U Uomol) Sori= U o)
o= U omo) Ul s Sini= U Qoo U onol)
where n € N,l -

o Sinvi={pinln €N}, Sy = {pn1|n €N},

o SV = {punponln e NV, SY 1= {pu1, puo|n € N},

« Sine = {prn-11n €N}, Snp1 = ({pn-1,1|m €N},

o V= {prn1,p0nn €N}, Sy 1= ({pn-1.1,Pn0 |0 € NY),
o T:={pmn|m,neN}),

« To:= ({pmn1|m,n €N}, Ty i= ({p1,n | m,n € N}),

. DE,

and their unions with ({p1.1}) denoted by *.
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Convention. As denoted by , the names of the sets established by Lemma @
and Theorem are temporary and will be replaced by the closures [-]pp N DL
after the proof of Theorem B.9.

Proof. Lemma @ shows that if [S] & contains py 1, it also contains p, 1 for every
n € N, equivalently, if it contains p; o, it also contains p; , for every n € N, and
whenever it contains both, it also contains all p,, ,, where m,n € N.
We may also use repeated identification to see that for p,, , € [S]pp , the fol-
lowing is true.
m>2 = py1€I[S], ,
n>2 — P12 € [S]p

n,m>2 — TQ[S]p

b
b -

As we have already covered these situations, and the proof of Lemma @ states
that p; ; only acts as an identity, we only need to check what happens when [S]
contains pg n Or Py o-

Notice that [{po,1}],, N DE = ({po,1}), which also applies to p1o. If n > 2
and po,» € [S],, NDE, then py ,, € [S],, NDE for all m < n by identification. We
may also observe that one only gets trivial results when composing the predicates
of this form. The same is analogously true for p, o.

It WLOG remains to check what happens when we compose the predicates
Pm,n and py o in a nontrivial way. We see that

pp

pm—l-k—l,n—l(xl? .. 7xm+n+k—2) -

= 32 P, n(T15 -+ s Tingn—152) A P02, Ty -+ Tinpni—2) 5 (3)
which specifically yields
* Pmtk—1,0 for n =1, and
o pr—1,n—1 for m = 0 (which always gives something significant unless n = 1).

Thus, in a situation where {p1 9, p2.1} C [S],,, we may construct all the predi-
cates p, o for n € N.
We also notice that putting £ = 1 in (B) essentially removes one “= 1" variable.
This analysis makes it easy to see that we have indeed listed all the possibil-

ities. L]

pp’

We may notice that all notation used in Theorem @ is consistent with the no-
tation from Theorem B.3. Let us also notice that @70 = % = A.

In order to compute the closure of these sets in DL, we begin by noticing that
elementary operations are not sufficient in general case.

Observation 3.8. Let S C DL such that [S],, N\DL = S. Then S C [S] , NDL.
Moreover, if p11 € S, then e € [S], ) NDL, and if {ps,0, po,2} € S, then (z1 +
+ 19 = ].) € [S]pp N DL.

Proof. Notice

(z1=0Vas=1)A(z1=0Vazy,=1)] =
=@ =1A22 =1)V (21 = 0Aws = 0)] = [z + 2, = 0] ,
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and

[(I1:OV$2:0)A($1:1\/LE2:1)}
=[x1=1AN22=0)V(z1=0N2y=1)] = [x1 + 22 =1],

which in itself contradicts the sufficiency of elementary operations. It also means
that the presence of p; ; implies the presence of z; + 29 = 0 and the presence of
both ps o and pg 2 implies the presence of x1 + 9 = 1. O

It is thus not sufficient to use only the elementary operations. However, if
a certain set is closed under the elementary operations, due to lemmata @
and .10, we only need to check what happens upon computing conjunctions of
elements of these sets.

Theorem 3.9. Let S € DE such that [S],, NDE = S. Then [S],, NDL is equal

to
- 5 for S € {Sp, So.n 5,0, b, S0 S0, S0, b w0 S}
. 5% forSE{S@, nO?SO ns nO?SOna‘SI%,O’%’%?%}:
e SUA, for S = S5,
o SU{e(@1,22) V po,nlws, ..., Tnt2) [0 € N} U ({e(z1, 22)})
for S € {818, S0 S vo o
o SU{e(x1,22) V pno(T3, ..., Tng2) |n € N}) U ({e(x1,22)})
for S € {1, S8, 1, S, 15 58,13
and finally
T}pp NDL = {p € DL|p(0) = p(1) =T},
To]  NDL={peDL|p(0) =T},
[Ti]  NDL={peDL|p(1) =T},

[DE] N DL = DL.

Proof. Let us individually go through all the sets and check their closedness under
conjunctions. We often use Lemma R.10, which lets us consider only conjunctions
of predicates of the same arities.

- 5o,

Observation @ We see it is closed under conjunctions.

N DL remains the same and [Sw} N DL now contains € as well by

. [575] N DL contains both € and x; + 2o = 1 by Observation @ and thus
pp

all the predicates from DL of arity 1 and 2. It is clearly closed under
conjunctions.
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o It is easy to check that if we were to compute a conjunction of predicates
without dummy variables from S, o and S ,,, the result would not have
any dummy variables. The only way for a conjunction to be an element
of DL is thus when all the predicates are equal (since they are uniquely

determined by their arity). It trivially follows that [Sm 0} NDL = 5,0
pp
and [Sp,| NDL =S,
1%%

o The sets [ . 0} NDL and [Sf; n} NDL contain € as well. When included,
»7lpp >pp

the sets remain closed under the elementary operations, and we only need
to check the conjunctions. The only cases we have not explored yet are

pn’()()/\é() s pO,n()/\g() s

which are either trivially false or not elements of DL. This indeed means
that we only need to add e and both S}, ; and S ,, remain closed.

+ By the same arguments, the sets S}, ; and Sj ,, remain closed, and S, and

i

0. remain closed upon including e. Note that we do not need to check
any other conjunctions since the remaining cases result in a predicate of
arity 1, all of which all the sets already contain.

o We propose

[ﬂ]pp NDL =
= SinU ({e(@1,22) V po,n(@3, - Tnga) [0 € N}) U ({e(ar,22)})

Observe that new predicates can be obtained in the following way:

(1 =0Vay=1Va3=1V--- Vg =1)A
ANzy =1V =0Vaz3=1V- -V, =1)]=

Now, it should also be clear that this set is closed under elementary oper-
ations, and it remains to be shown that we can not get anything else by
conjunctions.

Since every predicate in S; n has exactly one false value, the conjunction of
k > 3 distinct predicates of arity m has exactly k false values. Moreover,
all of them are of the form “all entries except one are 0” — this space is,
however, not closed under affine combinations, which means that whenever

we have a conjunction of three or more predicates, we do not get an element
of DL by Observation @

We compute [SN,J N DL likewise.
1%%

» By an analogous argument (and by checking some trivial conjunctions), it
is clear that the sets S? , S1,n,, and S y, (along with their counterparts)
need to be modified in the same way.
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o We propose that [T} o NDL = {p € DL|p(0) = p(1) = T}.

Notice that we can construct all the predicates from the proposed set. In-
deed, a predicate can be uniquely characterized by its false space, and as
this space does not contain vectors 0 nor 1, it could be expressed as a union
of one-element spaces, each of which corresponds to a predicate from T —
we can thus define the sought after predicate as a conjunction of predicates
from T

Now we observe that if our closure was to contain a predicate p satisfying

p(0) = L, p(1) =T,

we get a predicate x; = 1 by identification of all variables, which contradicts
Theorem P.1§ as it is unobtainable by elementary operations which 7T is
closed under. In the converse case, we get a predicate x1 = 0. It remains
to be checked whether it can contain a predicate p satisfying

p(0) =1, p(1) = L.

We pick a such that p(a) = T, then also p(a+1) = T (if not, a + 1 is
a false value, and since false values are closed under affine combinations,
a = (a+1)+1+0is false value as well; contradiction). We now identify all
the variables that correspond to 0 entries and all the variables corresponding
to 1 entries in a. This gets us the predicate xy + xo = 1 from which we
could get all the predicates in DL, again contradicting Theorem .

o Using analogous arguments, we get
T, nDL={p€DL|p(0,0,....0) =T},
Ti]  NDL={peDL|p(11,....1) =T},
[DE]pp N DL =DL.

]

Convention. Let S be a set described by Theorem @, by S we mean the closure
in DL described in Theorem B.9.

Remark 3.10. When discussing why 7" is pp-closed, we could also employ the Ga-
lois connection to get the result immediately (7" is the relational clone preserved
by all constant operations); however, we are avoiding using operations.

All he sets described by Theorem @ ordered by inclusion are shown in
Figure B.

28



0 0
1,No Ty 1 No, 1
| < < >
Ve
0 0
Sl-,Nn Sl,N T SN‘I SNn,l
S(ZJTN SLN SN,I SII\;F,U
. .
\ /
\ /

i \ « « / i
So,n So,N Sio Si,0
\ \ )/ \ / \L / /
\ \ A r v ’
| . / ) K
\ \ ’ N i’

\ SU, N \ // / SN, 0 /

\‘ // /r/ ’

‘\\ ’// ///
5 / /
// ,//
// /
// //
! %
So's S50
/, r’
/ /
/
7 * ! i
So 3 So 3 S3,0 / 3,0
/
/
S(] 3 S(l) 2 SZO SB.[)
« " i
50,2 55,2 A7 530 S0
So,2 So.1 Ay St o S5,0
So,1 S S10
Sp

Figure 3: Hasse diagram of pp-closed sets of predicates in DL described in The-
orem B.9.

3.3 pp-Closed Sets of Predicates in DL

We have now covered all the situations of [S] , N DL = S where S C L,
or [S],, NDE = SN DE where S C DL. Before the final classification, let

us describe all the sets that are generated by a single predicate, that is, all
the sets [{p}],, N DL for p € DL.

3.3.1 Single-Generated pp-Closed Sets of Predicates in DL

Convention. Throughout this section, we assume that every variable appears
at most once in a single equation.

Before proceeding with the description of the single-generated relational clones,
we name two remaining relational clones.

Definition. Let G; be the set of all the predicates in DL that can be (up to
dummy variables) expressed as a disjunction of only linear equations with an even
number of (different) variables. Furthermore, we put Gy :== Gy N 7T.
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Observation 3.11. In an arbitrary expression of any p € Gy as a disjunction of
linear equations, every equation has an even number of variables.

Proof. The claim easily follows from the matrix formalism. O

We now claim that we have described all the pp-closed sets in DL. We will
focus on proving this fact for the rest of this chapter.

Lemma 3.12.
{z1+2o=0Va3+x4=0}  NDL=Gy.
Additionally, we may equivalently define Gy as
Go={yeT|v(x)=L = y(x+1)=_1}.

Proof. We begin by noticing that by composition, we can construct a predicate
consisting of a disjunction of n equations x9; 1 + x9; = 0; then, by identification,
we can construct a desired predicate of the form.

\/ (xa—i—xb:()), Dg{177m}2 (4)
(a,b) € D

Now notice that

i€{1,...,4} \ je{1,...,4}
J#i
($1+$2:OAI’3+$4:O)\/
= | V(i +z3=0A20+24=0)V | =
\/(3171+ZL'4:O/\J]2+Z)33:0)

:[m1+x2+x3+x4:O] .

Following the proof of Theorem @, this also lets us construct predicates of
the form Z?ﬁl x; = 0 for all £ € N. Then, by repeated composition with a chosen
predicate of the form (@), we get any predicate representable as a disjunction of
any number of equations with an even number of variables and zero on the right-
hand side.

It only remains to be shown that we can construct predicates that are dis-
junctions of some equations of the form >2* x; = 1 and at least one equation of
the form Y% 2/ = 0 — there always needs to be at least one such equation since
we propose Gg C T'. However, these predicates are merely different representa-
tions of the predicates we have already constructed — this is most easily seen when
we represent the predicates as matrix inequalities as shown in Observation R.8.

[ V1T 1 | VlT 1
Vi 1 VmT 1
X) = X — | =|l—1|x —11 .
,Y( ) W1T 7& 0 W1T + V1T 7& 1
i W, " 0 /] i W, +vy' 1)]
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which may always be done since m > 1, as was explained before.

In order to show that this set is pp-closed, we will firstly comment on the equiv-
alent definition — if we put v € Gy, 7(x) = [Ax # b], we may notice that both
the definitions are equivalent to (v € T) A (1 € Ker A) — we may thus indeed
write

Go={yeT|y(x)=1L = 7y(x+1)=1}.

Gy is clearly closed under elementary operations, [T]pp N DL =T, and conjunc-
tions preserve the property

Y(x)=1L = y(x+1)=L1.
This then concludes the proof. Il
Lemma 3.13.
{x1+22=1Vas+zy= 1}]pp NDL =G;.
Additionally, we may equivalently define Gy as
Gi={yeDL|y(x)=1L = ~(x+1)=_1}.

Proof. The proof is analogous to the proof of Lemma . By two compositions
we can construct the predicate z; + x5 = 0V 23+ x4 = 0 and thus the whole Gj.
Then, we construct the predicate 1 + x5 = 1 by identification. Composition with
this predicate has the effect of flipping the right side of an equation, which means
we can construct all the predicates from (3. The rest of the argument remains
the same. ]

Lemma 3.14 (Generators of Gy and Gy).
1)
[{xl—i—xg :0\/132+$3 :0}]pp N DL :Go,
[{Z‘l—i-(l?g = 1\/$2+.Z'3 = 1}]pp N DL :Gl.

2) Let v € Gy \ L. Then

G07 fVEGO?

Hﬂ@ﬂDL—{&jvea\%.

Proof. As all the predicates are elements of their proposed closures, we just need
to show they generate it.

1) In the first case, we can get predicates
T+ o :0V932+I3:OV-'-Vl'n—1+$n:O,
by repeated composition. By identifying x4 with x5 in

SB1+$2:OVZE2+I3:0V$3+ZU4:O\/{L'4+QS5:0,
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we get the predicate r1 + 1o =0V 21 + 23 =0V 21 + 24 = 0, which can be
used to construct xy + xo + 3 + 4 = 0 as we have shown earlier.

Now, we perform the following composition

(1 +xo+25+2=0)A(z24+23=0Va3+z4=0)] =
:($1+$2+$5+$3:0\/Q33+£€4:O),

from where by identifying x3 with x5 we get GGy by Lemma .

In the second case, we can construct the predicate x1+x9 = 1. Composition
with it then lets us construct x14+x9 = 0Vay+x3 = 0. We thus get entire G
and we already know [Go U {z1 +zo = 1}] ) N DL = G,.

Assume v has no dummy variables. Let us view 7 as a system of linear
equations Ax # b. By Observation we may assume

A=(1]C),

where I is the identity matrix. Moreover, this matrix has at least two rows
since v ¢ L and the matrix C is always nontrivial since the false space of
contains at least two different values (letting n be the arity of v, there is
some (3 € Z% \ v because 7 is nontrivial, and since v € G, the false space
contains B+ 1 as well). By identifying all the variables corresponding to C,
we get the predicate
(I ‘ 1) x'#£b,
since we are identifying an odd number of variables per equation.

If v € G1\ Gy, then b = 0. By identifying all but one variable corresponding
to the I block, we get the predicate

1

1 01

(0 1 1) T2 7é0 =[$1+ZE3:1\/ZL‘2+J]3:1],
T3

which generates G by 1).

If v € Go, then b is either equal to 1 in which case we do the same as
before getting the predicate x1 + 3 = 0V x5 + x3 = 0 which generates G
by 1), or b has both 0 and 1 entries in which case we identify the variables
corresponding to the I part according to the entries in b. We end up with

1o 1\ (™ 1
I EnIE
Zs3
1o 1) (" 1
SERISEbIE
T3

:[$1+$2:0V$1+l’3:0],

—_
[\

which again generates Gy by 1). O
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We acknowledge that working with this matrix formalism might require some
“getting used to”; we thus offer an alternative approach of how to generate Gy
from “almost” any predicate from DL\ (DE U L) in Chapter Y (see Lemma {1.9).
One then easily fills the remaining gaps.

We will now proceed to describe the remaining single-generated sets.

Lemma 3.15.

[{5(71 + Ty = 0\/1'3 = O}]pp N DL = SNJ,

[{xl + To = 0 VX3 = 1}]pp N DL = SI,N .
Proof. Since both these predicates belong to their proposed closures, it is enough
to show that we can construct the generators p; o or ps ;.

By identification, we get p; 1 in both cases. Then by composition, we get
the desired result as

B[(z4+21=0Va=0)A(z=1Va3=0)]=[z1=1Vay=0Vz3=0].
The second case is analogous. [

Corollary 3.16. All the elements of Sx1 \ ({e,p1,1}) (or Sin\ ({e,p1,1})) gen-
erate Sy,1 (or Si.n).

Lemma 3.17.

[{$1+$2:bV$3:OV$4:1}]pp ﬂDL:T,
[{$1+$2+$3+$4:0VI5:b}]pp ﬂDLZT,

for any b € {0,1}.

Proof. Both predicates are elements of T'; thus, we just need to check whether
they generate it.

Let us look at the first predicate. If b = 1, we first compose the predicate
with itself and then identify two pairs of variables to get the case for b = 0. Now,
by identifying xo with x5 or x4, we get p; 2 or ps 1, which lets us generate 7.

For the second predicate, we first identify variables xs, x3, x4, and x5 to con-
struct p;, 1, after which we reduce the situation to the first case by putting

yAz[(x1 + 22+ y+2=0V25=>0)A
ANz=0Vas=1)Ay=1Va,=0)] =
=1+ =1Vaz=1Va,=0Vax;=10,

and identifying x5 with x3 for b =1 or x4 for b = 0. O
Lemma 3.18 (Generators of T'). Let p € T'\ (Sy,1 US1,nULUGy). Then

Proof. Assume p has no dummy variables. By Observation @, we may also
assume

p(x)=(I|C)x#b].
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If the block C were empty, the predicate would be an element of DE and all
the elements of (7'M DE) \ (Sn,1 U S1 ) generate T
Let us assume matrix C is nontrivial. It has at least two rows since p ¢ L.
Moreover, at least one of the equations has an odd number of variables since
p ¢ Go.
Grouping the equations based on the parity of the number of variables and
permuting rows and variables, we may assume
Ce.
Co

where the block (I, 0 C,) corresponds to the equations with an even number
of variables and the block (0 I, C,) conversely to the equations with an odd
number of variables. By both I, and I, we mean identity matrices (of sizes [
and m). By [, we have denoted the number of equations with an even number of
variables, and by m, the number of equations with an odd number of variables.
Finally, we denote b = (by +1,... by + 1)T.

Based on [ and m, we will now go through several cases and show that we can
always construct a generator of 7.

0
L,

L.

. #bl, 0

N [ | ¥

P(X1, e T YLy ey Yy Py e oy 2n) = (

1) There are at least two equations with an even number of variables (I > 2):

By identifying all the variables corresponding to the C block (that is, all
the variables z;), we get the following situation

(iL‘l +z= bl)\/ (y1 = bl+1)\/
X
Ie 01 \/<$2 +z= bz)\/ \/(yg = bl+2>\/
y|#b| = . v . ,
01 O : :
z
\/(iL‘l +z= bl) \/(ym = me)
"}/(xl,...,.fﬂl,Z) ﬂ:(yla"-;ym)

where v allows us to generate any element of Gy by Lemma M and vari-
ables of T may be identified to construct either pg 1, p1,0, or p1,1 depending
on the structure of p. This lets us construct any predicate of the form 7' v/,
where 1’ is either pg 1, p1,0, Or p1,1 and 7’ € G is arbitrary.

If ' = p1 1. we put 7/ (21, 22) = (21 + 22 = 0) and get a generator of T by
Lemma . If " = pyo (or analogously pg 1), we put 7/ (z1, g, T3, 24) =
= (z1 + 22 =0V 3+ x4 = 0) and identify variables to get

[($1+ZE2 :O\/LE3+IE4:O)\/(ZB4 :O)] =
=[(z1+22=0)V(z3=1) V(24 =0)]
which again generates T' by Lemma .

2) There are less than two equations with an even number of variables and
one equation with an odd number of variables (I < 2 and m = 1):

We necessarily have | =1 (p € L otherwise).
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If the equation with an odd number of variables has only one variable,
the equation with an even number of variables can not be x; + x5, = 0 as
p ¢ Sn,1US1 N, nor x1+x2 = L as p € T, hence, it has at least four variables
and has 0 on the right (by = 0) as p € T; this lets us reduce the problem to
a case that is already covered by Lemma B.17.

If the equation with an odd number of variables has at least 3 variables,

our situation looks like
Yy
Ce e bl + 1
21 | # ,
C, ) by +1

Zn

( ) 10
Py, 21, .., 2,) =
ha 01

where b; = 0 since p € T. Let us pick one variable z; from the second
equation and identify all the z; for 7 # 7. We WLOG end up with a situation

xr
100 1\|y 1
=lr+2z,=0Vy+z+2z =by.
(0 11 1) 2 7é(b2+1> [z + % y+aitz = b
Zj

Identifying z; with x lets us generate S; y or Sy 1 (depending on by) and
identifying z; with z; allows us to generate the other set — overall letting us
generate T'.

[l <2, m>1, and the matrix C, is zero:

Note that | = 1 since we assume C is nontrivial and p has no dummy
variables. If the equation with an even number of variables has only two
variables, we could always reduce p to x1 + 1o = bV a3 =0V xy =1 by
identification (since p € T\ (S1,y U Sn.1)). If the equation with an even
number of variables has more than two variables, we could once again get
either x1 +2o =bVar3=0Vaxy=1orz;+x9+2x3+24 =0V 25 =b, which
both generate T' by Lemma @

[l <2, m>1, and the matrix C, is nonzero:

By the last assumption, there is at least one equation with an odd number of
variables and more than 1 variable in total. We may assume this equation
corresponds to the last row of (0 I, C,). Letting e = (0,...,0,1) be
the last row of I, ¢ be the last row of C,, and denoting I, (or C,) without
the last row as I, (or C!)), we may construct a new predicate by the following
composition.
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] ) ]
Liolc) | ”
Jwllo |1 |C ol #£b|A
OeC ym—l
w
. Z -
] . ]
/
L.|o|cC, y,l
Aol |c 4b| =
y/
Ole| c m—1
w
Z/
i} ]
X/
U1
. olo olc. o .
0o L|0o o|lo C
—|lo oL, of|c, of| " |+V
oolor|o c|| ™
0 0|0 O] c =¢c
y;n—l
Z
Z/

This new predicate can easily be transformed to the form (B) just by per-
muting the variables from z, by adding the last row to some other rows, and
finally by permuting some more variables. It is clear that it has 2 +1 > 0
equations with an even number of variables and 2m — 2 > (0 equations with
an odd number of variables. Since m > 1, we have 2m — 2 > 2.

If 20 +1 > 2, we have a generator of 7" by 1). If 21 + 1 = 1, the predicate
satisfies either the assumptions of 3) or 4) (since 2m — 1 > 1), so we either
have a generator of T' by 3) or we may repeat steps above. The constructed
predicate will then have 2 equations with an even number of variables, thus,
it will be a generator of T' by 1).

As there are no more cases, we have completed the proof. Il

Lemma 3.19 (Generators of Ty and 77).

1)

[{$1+$2:1Vl’3:0}]pp mDL:T07
{z1+22=1Vay=1}] NDL=T.
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2)

Proof.
1)

Let p € DL\ (TUG, ULUDE). Then either p € Ty or p € Ty and

T07 p€T07

[{p}]pmeLz{Th e

We prove the statement for ;1 + 9 = 1V 3 = 0, the other statement is
analogous. As (x1 + 22 =1V x3 =0) € Ty, we only need to find a way to
generate it. We put

z[(r1+2=1Va3=0)A(ra+2=1Va3=0)] =
:[$1+{L‘2:0\/£L‘3:O],

from which we derive all the predicates from Sy ;. Now by putting
[(z1+2=1Va=0)A(z=0Vae3=0Vay=1)]=pao,

which lets us generate T and finally identifying x; with x5 in 1 + 29 =
=1V x3 =0 gets us 1 = 0, letting us generate the entire set Tj.

Let © € DL\ (T3 U Tp). The predicate thus consists of no equations with
an odd number of variables, since if it did, either ©(0) or p(1) would be
true. It is thus an element of Gy, and we have DL\ G; C Ty U T3.

Assume p has no dummy variables; let us express p as in the proof of
Lemma . We may also assume that all the equations with an even
number of variables have 1 on the right side (if not, both p(0) and p(1)
would be true)

C)

Moreover, b, is equal to 0 or 1 based on whether p € T} or p € Ty (if not,
we would once again get p(0) = p(1) = T).

I.| O

) 7Z -
p(x,y,2) (0 L

X
Y
VA

If there is at least one equation with even number of variables, we identify
all the variables belonging to x, all the variables belonging to y, and all
the variables belonging to z; we then get x1 + 2o =1Vaz3=1or z; + 25 =
= 1V x3 = 0 which allow us to generate Ty or 17 by 1).

If there are no equations with an even number of variables, there is at least
one equation with at least 3 variables. Similarly, as in case 4) in the proof
of Lemma , we compose p with itself. It is easy to see that the resulting
predicate will belong to T'\ (Sy, 1 US1, NULUG)) and thus will be a generator
of T'. Also, as was discussed in the proof of Theorem B.9, all the predicates
from T} can be reduced to x; = 1 (and all the predicates from Tj to z; = 0),
which (together with the set T") gives us Tp or T7.

]
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Theorem 3.20 (Single generated pp-closed subsets of DL). Let p € DL\ (DEUL).
Then

SN,17 pESN,17
SI,N7 PGSLI\M
GO; P€G0>

[{p}]pp NDL=4¢ Gi1, peGi\Go,
peT\ (Sy1USinUGy),
To, p€eTo\T,
T, peT\T.

Proof. Due to Lemma , Corollary , Lemma , and Lemma , we

only need to check that we have covered all the possibilities. Indeed

Sn,1 US1NUGoU[Gy \ GolU
UT\ (Sy1USInUG)U[To\T|U[TW\T] =ToUTy UGy,

and
(TyUT,UG,) N (DL\ (DEUL)) = DL\ (DEUL).

3.3.2 Finishing the Classification

We will describe all the pp-closed subsets of DL that contain predicates outside
LUDE. Let us call {S CDL| [S],, N DL = SAS\ (DEUL) # 0} the crown.

Lemma 3.21. The crown consists exactly of the sets on the Hasse diagram .

DL
N
9 T G, T, S0
< PN
S1,N S%N r 51%,1 SNo,1
]
S .. P ! N . e

Figure 4: Hasse diagram of all the sets from the crown.

Proof. By Theorem M we know that any .S belonging to the crown is necessarily
a superset of 51 n, Sy,1 or Gy and a subset of DL. Let us go through the diagram
from the top, always taking a set S and computing its closure with p ¢ S. It is
enough to separately investigate the three cases given by the supersets of S y,
Sw, 1, and Gy (Figure B). We begin by investigating the sublattice given by 7', T,
Ty, and DL.
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5P o /O/DL\ o /]ZJL\ , T /DL\\l Sfo1
ST Ny ST
\5 // Clo \\s /

Figure 5: The separate three cases in the proof of Lemma .

T, Ty, Ty and DL :

We have already shown in the proof of Theorem @ that taking the closure
of any predicate that is not an element of T" and T, we either get Ty, T} or
DL and it is clear to see that the closures of Ty and 17 with any predicate
they do not already contain is equal to DL as well.

This means there are no other sets containing 7" than Ty, 77, and DL.

Adding an element of T" to Sy, 1, S1,n, or Gy :

Let p € T and let U € {SN,hSl,N>GO}- If P ¢ (SNJ U Sl,N U Go), we
have shown that it generates 7. The only interesting cases are thus when
p € (Sy,1US1nUGH). We also see that all the elements of these three sets
besides x1 + xo = 0 and p1 1 (up to dummy variables) are their generators
(and these two predicates are the only elements of pairwise intersections of
these sets). It is easy to check that

[Sl,N U SNvl]pp N DL = [Sl,N U Go]pp N DL = [SNJ U Go]pp N DL = T,

so the only interesting case is when p = p; 1 and U = Gy, which lets us
construct

z[(z1=0Vz=1)A(z+22=0Va3+a,=0)] =
=[xy =0Vay=1Vas+z4=0],

which generates T' by Lemma .

Thus, we only need to focus on predicates that are not elements of 7.

Let us now go through the remaining sets.

S:Gll

Let p € DL\ Gy C Ty UT,. Then [{p} UGi],, NDL = DL since (z; +
+x9 = 1) € G; and by composing (x5+2 =0Vz;+xe+a23+24 =0) € Gy
with p (we WLOG pick the first variable) we get (p(xs,...) V1 +x9+ x5+
+ x4 = 0), which is an element of 7"\ (Go U Sy,1 U S1 ) so it generates T
by Theorem @ And clearly
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° S:Goi
If p€ Gi \T =G\ Gy we have [{p} UGol,, NDL = [{p}] , NDL = G,

by Theorem .

If p € DL\ (T"U Gy), we are adding either an element of 7o \ T or T} \ T,
from which we can always construct predicate x; = b. Let WLOG b = 0,
we then put

Gz [z=0Az4+21=0Va;+22=0Vaz+z4=0]=
=[r1=0Vay=1Vas+z4=0],
which means T' C [G U {p}],, N DL, which is a case that we have already
covered.
« §= Sl,N :

We may notice that by adding the predicates p; o or py 1 we get one of
the sets S%N, S1,n, Or 5’?7 No- All the arguments below apply to these sets
as well.

Let p € DL\ (T'UDE) (as we have already covered all the DE cases). If
p € L, either p = [21 + 23 = 1], in which case we get the entire DL, or p
has is an equation with at least 3 variables. Then

Jz[ry=0Vas=1Vz=1Alz+a3+ - +z,=0] =
=[t;=0Vas=1Vag+--+z,=b+1],

which is a generator of T

If p € DL\ (TTUDE U L), it is either an element of To \ T, T} \ 7', or
G1 \ Gy which all generate respective sets. And since we have already
shown [Sy y U Gl]pp N DL = DL, we have

[S1.nU{p}],, NDL € {T, Ty, Ty, DL} .

« S= SN,l :
Analogous. ]

Corollary 3.22. If n € DE\ ({po,1,p1,0}) = DE\L and X € L\ Ay, then
[{n, A},, N DL belongs to the crown.

Proof. Let us write

Nz, ..., xm) = (@1 =01 V- VT =by),
)\(?Jl,--wyn):(y1+“‘+yn20)7

where m > 2 and n > 3. Taking the composition

z(ry =0V VTp1=bpaVz=bp) A1+ +yp1+z=c) =
=@ =0V VTyp 1 =bpa VY + Y1 =c+by),

we get an element of DL\ (DEUL), allowing us to generate a set from the crown.
]

40



Theorem 3.23 (Complete classification of sets S C DL such that [S] , NDL =
= S). All the sets S C DL such that [S] , N DL =S are ezactly

o sets given by Theorem ,

o sets given by theorems @ and ,
o GO and Gl,
o SU{e} where

S € {S0,n, Sn,0: 50,5 Sn, 05 50,85 SN, 05 0,5, Sii,0 | 7 € N}

These sets are denoted by *.

Proof. Theorem @ describes all the sets S C L satisfying [S],) N DL = S.
Theorem gives us another class of closed sets S C DL, where for any
p € DE the set [SU{p}],, N DL again belongs to this class.
If S contains p € DL\ (DE U L), Theorem @ and Lemma B.21 state that

S belongs to the crown. The same appl

1S

for the cases when S contains both

n € DE\Land A € L'\ Ay by Corollary

B3.22.

Hence, we only need to check what happens when we add x; + x5 = 0 or
1 + 29 = 1 to the sets described by Theorem @

e 1 +xo=1":

Since composition with this predicate essentially only “flips” the value on
the right, most of the sets collapse into DL — precisely the sets containing
any predicates of arity 3 and higher. All the other sets are either subsets
of L, all of which we have described, or contain p; ; and their closure with
T1+ Ty = 1is 55.

1+ 29 =0":

We only need to focus on the sets that do not already contain it, that
is, the sets S € {Sp, S0, n, Sn,0, 54 0, Sk o|n € N}. Since composition with

n
this predicate “does nothing” and conjunctions only have trivial outcomes,

the sets remain closed upon adding it.

]

Additionally, we provide a list of generators of all these sets for an easier
description of the corresponding (operational) clones.
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Corollary 3.24 (Generators of relational clones on Z,).

Sp=[0],, N DL, F=[{r +x=1},, NDL,
= [{z1 + 22 =1,p1,0}],, N DL, Ss = [{p2,0: po,2}],, N DL,
Sn,0 = [{Pn,o}]pp N DL, Sﬁ 0 = [{n,0: po, 1}] N DL,
SO n = [{Po,n}]pp N DL ) Sé,n - [{pO,napl,O}]pp N DL )
51 v = [{p1,2}],, N DL, Sn.1 = [{p2.1}],, NDL,
~ {pr.2.p0.1}],, (DL, 59,1 = {pn1, pr0}l,, NDL,
51 No = [{p1,2:1,0}],, N DL, Sno,1 = [{p2,1,p0,1}],, N DL,
S(lJ No [{101,27100,17p170}]pp ﬂDL’ 51%071: I:{p2,17p1,07p0,1}]pp ﬂDL?
To = [{p2,2, p1,0}],, N DL, Ty = [{p2,2. po,1}],, N DL,
T = [{p2,2}],, NDL, DL = [{p2,2, po,1, p1,0}],, N DL,

Let us remark that this list of generators may also be used to finish the clas-
sification — as we have described all the single-generated pp-closed sets, we would

EE1

{x1+x2—|—x3+x4:0}]pp ﬂDL,
{$1+$2+$3:0}]pp ﬁDL7
{z1 + 22+ 23+ 24 =1}, NDL,
{$1+$2+$3:1}]pp ﬂDL,

=
=
[
=

Go=[{z1 + 22 =0V +23=0}] , NDL,
Glz[{x1+x2:1v:cl+x3:1}]pp NDL.

only need to compute pairwise joins of some of these sets.

Finally, if we consider only the sets containing the equality predicate €, we
get the desired classification of all relational clones on Zy as shown in Figure
One easily checks that this lattice is indeed antiisomorphic to Post’s lattice [4, 5]

where the antiisomorphism is given by the mapping Pol.
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Figure 6: Hasse diagram of all pp-closed sets of predicates in DL described in
Theorem B.23 that contain the predicate x1+x5 = 0. This lattice is antiisomorphic
to the Post’s lattice [Q, H]
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4 Cardinality of the Lattice of Multi-Sorted Re-
lational Clones on a Two-Element Domain

As we have shown in the previous chapter, Zhuk’s result about describing re-
lational clones using predicates in DL allows for quite an elementary way to
classify all (relational) clones on {0,1}. In this chapter, we will further demon-
strate the practicality of this approach by proving that the lattice of k-sorted
relational clones on {0, 1} is countable for every k € N.

As we already mentioned, this result is due to V. Taimanov [19, 20, 21, 22]
and the original proof is mainly operational. We offer a proof that is mostly
relational; however, we also take advantage of the Galois connection to avoid
working with complicated predicates as well as complicated operations. Addi-
tionally, our proof features simple inductive arguments, which, for example, help
to reduce the problem of studying 2-sorted clones to the already solved problem
of studying single-sorted clones.

The proof consists of three main parts, which are in some way analogous to
the single-sorted case. In the first part, we look at somewhat simple predicates,
the pp-closed subsets of L* and the pp-closed subsets of DE*; then, we look at
somewhat more complicated predicates in the second part, making use of their
operational description instead. In the final part, we prove the desired result.

First of all, we introduce some useful conventions.

Convention. As we are enumerating the closed subsets of DL* for each k € N,
let us fix £ > 2 throughout the entire chapter.

To avoid ambiguity, we denote the sort of a variable by a number in superscript
throughout this chapter.

For m € N, by E,,, we denote the set {1,...,m}.

4.1 L* and DE* — Finite and Countable

The first part of the proof is quite straightforward; let us directly prove the fol-
lowing lemma.

Lemma 4.1 (Cardinality of sublattice generated by elements of L*). There are
finitely many k-sorted relational clones whose intersections with DL* are subsets
of L¥

Proof. Throughout the proof, we say two predicates p,t € 736“71 are equivalent, if
{0}y = [}y

By Theorem El!, the statement is equivalent to the fact that there are only
finitely many sets S C L¥ satisfying [S],, N DL* = S (and containing equali-
ties). Notice that it will be sufficient to show that there are only finitely many
single-generated sets (that is, there are only finitely many equivalence classes
on elements of L*) since any S = [S] N DL can be represented in terms of
the single-generated sets as

kE k
NDLY = [S;U---US,] NDL",

pp

S =5],, NDL* = [U {r},, NDL*

peS
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where Si,...,.S, are some pairwise-different single-generated sets obtained by
choosing one predicate per every equivalence class.
For the purpose of this proof, let us denote

[(n1,m2, ... o) ()] (a1, ... 2k, ) =
= (a1 4 an, Aa L, a2, =)
~—_————
ny1 no nk

for any ny,...,n, € Ny and b € Z,. Notice that any predicate in L* is (up to
dummy variables) of this form. We will prove that every predicate is equivalent to
a predicate [(nq,...,ng)(b)] where nq,...,n; < 4. This, then, necessarily means
that there are finitely many equivalence classes and thus finitely many closed sets,
as we wanted to prove.

Let p = [(n1,n2,...,ng)(b)] and let us assume n; > 4 for at least one i € Ej
(trivially true otherwise); we fix such i. By identifying variables (and removing
all the dummy variables in the process), we construct p’ = [(n},n},...,n})(b)]
where n; € {3,4} and n) € {1,2}ifn; > 1, or n; = 0if n; = 0 for all j € Ej\ {i}.
Notice that parities of n; and n; remain the same for any j € Ej.

We now only need to prove that we can construct p from p’. Observe that by
repeated composition, we may construct the following sequence of predicates:

[(ny,...,nt....,n) ()],
[(2nf,...,2n, —2,...,2n;)(0)],
(

2

[(3nf,...,3n; —4,...,3n;)

[(2D)ny, ..., (200, +2 —41,...,(20)n},)(0)],
(2L + D)ny, ..., 2L+ )n; — 41, ..., (20 + 1)ng)(D)],

where the variables of sort ¢ are used for the composition. This is always possible
since n; > 3 means that (2n] — 2), (3n, — 4), (4n} — 6), (5n; — 8),--- > 3 as well.
We pick [ € Ny such that nj := (20 + 1)nj — 4l > n; and nf] := (21 + 1)n); > n; for
all j € Ey \ {i}, and then, we will identify variables (and get rid of any dummy
variables) to construct p. Once again, this may be done since all n; and n/ have
the same parity. Indeed, p is equivalent to p'. Il
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Remark 4.2 (Single-generated closed subsets of L?). The proof of Theorem @
presents a somewhat weak upper bound on the number of equivalence classes of
predicates in L*. We have described all of them in L!, and, for example, one only
needs to verify

1, 1, .2, 2
:O =
[{$1+$2+$1+$2 }}pp

1 1 2 2
:1 =
[{x} + 2} + 27 + 23 }Lm

[{xi—l—:c%%—xé—l—:v% :O}} =
PP m,n €Np

pp

[{m} R O}Lp =

[{x} +oy a2l = 1}}pp =

-
[ |
@&H
+
(]
8
Sl
I
)
———

<

|
{ol + 23 + 23+ 2} = 1} < U

|

<

Hoi+ai=0}]  =({l+ai=0), @] +a3=0), @1 +a3=0)}),

to describe all the predicate equivalence classes in L2.

We now proceed to prove that there are countably many pp-closed subsets
of DE*. To do so, we first introduce a few basic concepts from order theory.

Definition. Let (P, <) be a partially ordered set (poset). Any set D C P
satisfying
Vae DVbe P:b<a = beD

is called a downset; equivalently, we define an upset (by replacing “<” with “>”
in the definition).
A linearly ordered subset of P is called chain in P and a set A C D such that
Va,be A:(a£b)A(b<£a)is called antichain.
We will say P satisfies the descending chain condition (DCC) if for every
descending chain
S az3<az <ap,

where ay,as,--- € P, there is a m € N such that a,, = a,, 1 = .. ..
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Observation 4.3. If poset P satisfies DCC, then every nonempty subset of P
has at least one minimal element.

Lemma 4.4. Let (P, <) be a poset satisfying DCC. There is a one-to-one cor-
respondence between antichains and downsets.

Proof. Let D C P be a downset in P, then P\ D is clearly an upset in P, providing
a bijection between downsets and upsets. We will prove that every upset U C P is
uniquely characterized by the set of its minimal elements M C U. Let us observe
that M is nonempty due to DCC, and M is an antichain since the comparability
of any two distinct elements of M would contradict the minimality of one of them.
For A C P we will denote

tA={peP|JacA:a<p}.

We will prove U =1 M. Since M C U, we have T M C1U = U. Conversely, if
z € U, we consider the set U, = {u € U |u < x}. This set is nonempty, thus has
a minimal element m, € U, due to DCC; moreover m, € M — if not, there will
be m' € U \ U, such that m" < m,, but then m’ < m, < x and thus m’' € U,;
contradiction. Hence, x € T M since x > m, € M.

This indeed gives us a bijection between antichains and upsets since 1" A clearly
gives an upset for any A C P. ]

Lemma 4.5. Let m € N. The poset (N, <) where

[(n1,. .., nm) < (0, ...,nl)] < Vi€ E, :n; <nl]

has countably many downsets.

Proof. N™ satisfies DCC, hence the downsets correspond to the antichains. First,
we will show that every antichain of (N, <) is finite by induction on m.

Every antichain in N is finite since N is linearly ordered. Assume that every
antichain in N~! is finite and let A C N™ be an infinite antichain. Let us pick

(ny,...,ny,) € A. For every element (n},...,n,, ) € A there is at least one i € E,,
such that n} < n;. Thus, there needs to be at least one j € E,, such that the set
A" ={(n},...,n,,) € Aln} < n;} is infinite. If we express
A= {J {(n},....ny,) € Alnj =10},
bGEnj_1

we may notice that there needs to be b’ € {1,...,n; — 1} such that the set
(s omly) € Al = )

is infinite. However, this set corresponds to an antichain in N™~!, which contra-
dicts the induction hypothesis; every antichain is thus finite.

Hence, every downset corresponds to a finite subset of a countable set, of
which there are trivially countably many. [

Let us mention that this result may also be generalized to any product of
posets satisfying DCC, which do not contain infinite antichains themselves; we
provide the proof in Appendix @
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Lemma 4.6 (Cardinality of sublattice generated by elements of DEF ). There are
countably many sets S C DEF satisfying [S],, N DE* = S.

Proof. Let S = [S]pp N DE*. For the purpose of this proof, let us denote

Nor Mo2 ... Nok 1 k 1 k
(xla s 7$n0k’y1’ R 7yn1k) =
nip Nz ... Nig

zh=0V---val =0v.--.vah=0v...vazk =0v

no1 nok

= ot 1ok (%)

Vyi=1V---Vy, =1V---Vyf =1V.--vyr =1 ’

nii N1k

where n;; € Ny for all i € {0,1} and j € Ej. Every predicate in DE* is thus
(up to dummy variables and permutations) uniquely described by 2k nonnegative
integers. Let S’ denote the set of all predicates in S without dummy variables
and with a fixed order of variables so that any p € S’ may be represented as (x);
clearly [S'] ), N DEF = S.

Let us introduce partial ordering < on predicates which may be represented
as (x). We put

bop ... b
[am aok]<[01 Ok] <:>vl'€{0’1}’j€Eklaij§bij-

a1 ... Qig B bn blk
We introduce equivalence on S’ where p, t € S’ belong to the same class whenever

ViE{O,l},jEEk:aij:O <~ bij:()a

apy ... Qo b01 . b()k
p= y L= :
aip ... Qg b11 c. blk‘
We will denote the set of these equivalence classes £. It is easy to see that for
predicates p, n in the same equivalence class we have

p = = (l{p}],, NDE") C ([{r}],, NDE")

where

by identification of variables. Any E € &£ is thus a downset; moreover, on every
equivalence class, the ordering =< is isomorphic to an ordering (N™, <) from
Lemma where m < 2k is the number of nonzero entries of elements of said
equivalence class. If we write

k k
S:[S']ppﬂDE :lU E] NDE",
Ece lpp
we see that each S can be described by 22 — 1 downsets in N?*, thus, there are
countably many different sets S by Lemma @ [
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4.2 Complicated Predicates

Even though the main theme of Chapter a was to entirely avoid using the Galois
connection, working with multi-sorted predicates that are not elements of L* or
DE* turns out to be quite complicated. On the other hand, the corresponding
clones (except for a few trivial cases) turn out to have quite a simple structure,
which we will now describe. We begin with denoting a particular relational clone,
which plays a crucial role in the main proof.

Notation. For £ € N, k > 2, we denote
Uy = RelClo({xi—l—x% =0Vai4dai=0V---Vakyak :O}> :
Observation 4.7. Pol(Gy) = Op;(Z,).

Proof. Gy is the relational clone of all the relations 7 € DL satisfying v(0) =
=~(1) =T, and 7(x + 1) = y(x) for any tuple x. O

Lemma 4.8. Pol(Uy) is the k-sorted clone on Zs containing projections, all unary
k-operations (with their composition with projections), and all the operations
which are constant on at least one sort.

Proof. Let us observe that x1 + 2l =0V ai+22=0V---Val + 25 =0 is indeed
preserved by all the unary k-operations and all the k-operations that are constant
on at least one sort. All such k-operations clearly form a clone; thus, to finish
the proof, we will consider n-ary (n > 2) k-operation (fi,...,fr) € OpF(Zs)
that is not of the required form — that is, operations f; are nonconstant for every
1 € Fj and they are either all projections to j;-th coordinate or negations thereof,
where j1,...,jx € E, and |{j1,...,Jx}| = 2 in the first case, or at least one f;
is neither a projection nor negation of a projection in the second case. Since
the first case is trivial, we will assume the second case.

Let us notice that from z} + 2 =0V ai+ 23 =0V .-V} + 25 =0 we can
pp define any predicate in the form

71(37%,...,@”1) v---V7k(xlf,...,x§nk) ,

where ¢ is a predicate from the set G considered to be multi-sorted with all
the variables of sort 7.
For all 2 € £}, we now put

o If f; is not a projection nor negation of a projection, we choose v; € Gy
with tuples o, ..., & such that

’Yi(ozli) = .= %(ai) =T, and ’yi(fi<a§,...,a;>) = 1.

This is possible, since f; ¢ Pol(Gy) by Lemma @ We consider ~; to be
a multi-sorted predicate with all variables of sort 7.

o If f; is a projection or negation of a projection, we put %(le,xzz) = [xﬁ +
+ah=0and &’ =--- = a!, = (0,1).
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Finally, we define
7<x1, ce ,Xk> = fyl(xl) \ARERY yk(xk> .

Clearly v € Uy. Since there is i € E} such that f; is not a projection nor negation
of a projection, we have

VjEEn:”y(a;,...,a’?>:T,

j
and finally

v(fl(a%,...,a}l),...,fk<a’f,...,a7’j)) =1.
Thus, (f1,..., fr) does not preserve ~. O
Lemma 4.9. Letn € N, iy,...,1, € Fy, and

(xlf =c'y+ b))V

V(22 = ¢y Ty + by)V
(i =ey thV e (6)

n(:zcif,m?, - ,x;",y) =
V(zin = ¢,y +b,)

where b; € Zo and 0 # ¢; € ZY' for every i € E,; here m denotes the length of
the vector y and the sorts of variables in 'y are arbitrary. Then

(5171111 = wzf,z)\/
V(5 = 25 9)V

U<xif1a'-->$;f1717§1,2>--'7$%2> = : € [{T[}]pp . (7)

V(xiff 1= 37322)

Proof. We put
'l xin ah riry) =13 A n(al, i
O\Ty 159y, 1H L1253 L o) = 3TY Lar T2 asr 1 Tn e ¥) -
(a1,...,an)€{1,2}"
Now we just need to observe that
« whenever we assign the same value d € Z, to both z/, and z/, for some

j € E,, we may choose the value of y such that ¢;"y + b; = d (because
c; # 0) and o thus evaluates to T; and

« whenever the values d; | € Zs assigned to x? 1 differ from the values d; » € Zs
assigned to xzjg (that is, d; 1 = dj 2 + 1) for every j € E,, the predicate o
evaluates to L. Indeed, letting ¥ be any assignment of y, there is a tuple
(ay,...,a,) € {1,2}" such that

(d17a1 + 1= ClTy + bl)/\
/\(d27a2 + 1= CQT? + bg)/\

ANdp,a, +1=10¢,"y + by)

implying
Tt(dl,ala C.e ,dn,an,y) = U(d1,17 Ce 7d"717d1727 C. 7dn,2) = J_ .
Thus, a pp-defined predicate o is of the form (H) ]
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To simplify some of the following statements, we define the following partition
of a predicate.

Definition. Assume k£ > 2 and let p € DL* \ (DE* UL*) be a predicate without
dummy variables. By § € DE* we denote the highest arity predicate such that

p(xl,yl, e ,xk,yk) = 5(){1, - ,Xk) \/ﬁ(yl, o ,yk) ,

for some T € DL; note that the tuples of variables x’ or y* may be empty. The
predicate T is called the core of p, and the predicate ¢ is called the extended tail
of p.

Furthermore, we define {i,...,i;} C F}, as the largest set such that § is of
the form

ceVazh =0Veeeval =1V
for all 7 € {i1,...,i;}; we also denote {4},...,4_,;} = Ep \ {i1,...,7;}. We now
split 6 as
5(){1, e ,xk) =: 5<xi/1, ce ,xikfﬂ‘) \% n(xil, e ,Xij) .

Finally, we denote
n(zl, e ,zk) = ﬁ(yl, . ,y’f) V 77<Xi1, . ’Xij) ’

where by tuples of variables z' we mean tuples y* and x* (if present) grouped
together. We may now express p as

p(xl,yl,...,xk,yk> = TE(Zl,...,Zk> V(S(xia,...,xi;c*j) .

The predicate n is called the body of p, and the predicate 9 is called the tail
of p. Finally, the variables of 1 (that is, the variables x™, ... ,x%) are called
the peripheral variables of p.

Overall, we have

core extended tail
P(Xl,yla---,xk,yk) :ﬁ(yl,...,yk) Vop(xt, ... xY) vé(xi/l,...,x%j) :

body tail

Observation 4.10. The core, the extended tail, the body, the tail, and the pe-
ripheral variables of a given predicate in DL* \ (DEF U L*) are well-defined and
unique. The body has no dummy variables and no common variables with the tail.

Proof. Upon expressing p as a system of equations, we may perform Gauss-Jordan
elimination, uniquely determining the variables corresponding to the extended
tail. The rest of the system may then be expressed without these variables,
uniquely determining the core. The rest follows directly from the definition. [J

Lemma 4.11. Assume k > 2 and let p € DLF\ (DE*ULF) be a predicate without
dummy variables.

If the body of p has non-dummy variables of every sort and at least 3 non-
dummy variables in total, then Uy C [p] , N DLF.
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Proof. Let us assume the body of p is not an element of L*; we will discuss
the converse case at the end of the proof.

We will prove that we can construct the generator of U. Let ¢ be the tail
of p and let x be the tuple of its variables. Notice that we may focus only on
the body of p since after we construct

[ul +ub =0V ---Vaul +ul =0]vix)

from p, we may simply identify all the variables of § with common sort, after
which we get a predicate of the form

[ui+uy=0V---Vuf +uf =01 v \/ ' =b
lel

for some I C Ej, and b, € Zs for all [ € I. Then, we perform the following trick
for every [ € I by first identifying #' with v} and then with u}.

(~-'\/ull+ul2:0\/~~-\/ull:bl\/---

)/\ = (... l I
/\("'\/ull—l—ué:0\/...\/u12:blv”') 7( Vup+uy =0V )

This gives us the generator of Uy.

Let us focus only on the body of p — which we will denote as  — for the rest of
the construction (we may simply ignore § as it has no common variables with =,
and disjunctions are distributive over conjunctions). Noticing

(Ve =0veva =1V )A
/\(...\/Zizl\/...\/zéz()\/...):
:[...\/Zi'_|_25':0\/...}7

we may construct a predicate n’ from n which can be represented in the form (B)
This is achieved by identifying all the peripheral variables of © of a common sort
in “= 0" equalities and in “= 1" equalities (notice that p and n have the same
peripheral variables), followed by performing the described trick for each i € J,
where J denotes the set of sorts of peripheral variables of n. Was this step
unnecessary, we put v’ := 1.

We put Iy = () and finish the argument by performing the following inductive
construction on m ranging from 1 to k. Assume we have already constructed
the predicate

13

n’(zl,...,zk>v \V (uf+uy=0),

i€ Lp—1

where m € Ey, E,,_1 C I,,_1 C Ej, and z', ..., z" are the variables of 7’ (WLOG
grouped by sorts). We pick a variable of sort m (say z™) in i’ and perform Gauss-
Jordan elimination with 2™ as a leading variable. Using Lemma @ on 1’ in this
form, we thus get a predicate

(2?11 = Zfz)\/
V(Y " = yan")V i i
: vV V(v +uy=0). (8)

. 1€lp_q
in,m _ in,m
v(yn,l - yn,Q )
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Since this predicate has at least two equationsa we may construct

(2™ =2Zm)V

Vg =y )V o v\ (il +ul = 0),

i€l

VT =)
as well as
(5?1 = Z?Q)V
1,m 1,m
V(yz,l %3/2,2 )\/ v \/ (uzl"i_ué :O)

i€l

n’(zl,...,zk)\/

in,m

V(?/Zf’lm = Yn,2 )
by composition with /. By identifying the corresponding variables, we then get
n'(zl,...,zk> v\ (ul+ub=0),

i€Im

where I, = Ijy—1 U{m, i1 m,...,in m}. To finish the construction, we terminate
the process after constructing the predicate (§) for m = k and identify the corre-
sponding variables since [, = Ej.

Finally, if p has a body from L¥, it needs to be of the form

(0! o+l =)V (e =) Ve (el = )

where n >3, m > 1, and b, ¢y, ..., ¢, € Zy (and j, and [ are arbitrary integers
from Ej satisfying the assumptions of the lemma). There need to be a € E,, and
B € K, satistying j, = l3; this lets us define the predicate

3| Gl e ey =Y |
\/(xll1 =c) V-V (2l =cp)
— — lg_

A Wi+ -y =b) V(@ =c) V- V(2f =cs)V |

z —

V(z =cg) V (IL‘BB_H =cgp1) V- V(2 =cp,)
G T e ey = b )V
VO 4yl =BV (@l =) VeV (aly =) |
which lets us use the aforedescribed construction. O]

Corollary 4.12. If S C DL* satisfies [S],, N DL* = S and there is p € S sat-
isfying the assumptions of Lemma |4.11, then Pol(S) C Pol(Uy), that is, Pol(S)
only contains operations which are either constant in some sort, unary, or com-
positions of unary operations with projections.

Finally, we provide a lemma that will help us describe the predicates in
DL* \ (L* U DEF) which do not satisfy the assumptions of Lemma .

"This is where we use the assumption ' ¢ L*.

23



Lemma 4.13. Let p € DL\ DEF. We put

where l € N, b € Zy, and i € Ej,. Then [pm]pp = [pn]pp for any n,m € N,

Proof. Let us WLOG assume m < n, the inclusion [p,],, C [pa],, is then
obvious. Let us prove the converse inclusion. Let m and § be, respectively, the core
and the extended tail of p. Since p ¢ DE*, 1 is nontrivial, and we may use Gauss-
Jordan elimination to express p,, as

(sz =c,'z+b)V

V(up =c,'z+ by)
where x consists of the variables z, u%, ... ,uff belonging to n, and the variables
x' belonging to . Here, p € N and 44, ...,%, € E;. We may now use Lemma

to construct the predicate
am(u,x/,yi,...,y,il) = O'(Ll) V5(X/) v (yi =bV--- \/yqln = b>7
where u = (ui{l, o ,u;’jl,uifz, e ,u;, ,) and

(Ulfl = Ulf,2)\/
o(u) =

V(g = ! s)

It is now clear that from o,,, we can derive the predicate o,_,, (of the same form
as o,, but with (n — m)-many “y* = b” equalities) just by composing o, with
itself several times and identifying some variables. Finally, we put

(%00, 0) =

1o i T
Un(vl, R p,ul,...,up,x,ym+1,...,yn>/\
m(vl,u2,... .2, X yl,...,ym)/\
:31}11...31};” /\pm(ulav2v--' paZX yla'-'aym)/\
/
_/\pm(ulﬂu2a"'avppazaxayla"wym) ]

Even though this formula might look complicated, one may recognize it is merely
a repeated composition of ¢, with p,,, eliminating one equation coming from o
part of o, at a time. O
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4.3

The Main Result

We are now fully equipped to prove the main theorem.

Theorem 4.14. Let k € N. The lattice of k-sorted relational clones on {0,1} is
countable.

Proof. For k = 1, the lattice in question is the Post’s lattice, which is countable;
we will thus prove the claim by induction. Assume it holds for any 2 < k' € N,
k' < k. By Theorem P.1|, we will describe the lattice of sets S C DL* containing
equalities and satisfying [S] N DLF = S. We will distinguish two cases based on
whether Pol(S) C Pol(Uy) — in which case, we will use the operational formalism
— or not — in which case, we will use the relational formalism. The structure of
the proof is somewhat loosely depicted in Figure H

1)

Pol(S) C Pol(Uy). Let us denote F,, C Pol(S) the smallest subclone con-
taining all the unary k-operations in Pol(S) and F; C Pol(S) the smallest
subclones containing k-operations which are constant b on the i-th sort for
all b € Zy and @ € E,. We may then write

Pol(S) = F, U |J Fi
beZs
i€ Ey,

due to Corollary . Any clone Pol(S) is thus uniquely described by 2k+1
other clones. Since there are finitely many unary k-operations and since F,
is defined to be the least clone containing some unary k-operations, there
are only finitely many possibilities of what F, might be. And since com-
positions preserve the “constant in the i-th sort” property, all the sets JF}
contain only k-operations which are constant b on the i-th sort (besides their
compositions with projections and projections themselves). Moreover, com-
positions of these operations are — if we disregard the i-th sort — equivalent
to compositions of (k — 1)-operations. And even if we do not necessar-
ily have operations that are constant b on i-th sort and projections on all
the other sorts, compositions with standard projections from the clone F;
yield the same results. Thus, F} corresponds to either some (k — 1)-sorted
clone on {0,1} of which there are countably many by the induction hy-
pothesis, or to some closed set of k-operations on {0,1} which does not
contain projections itself, but is still closed on compositions with projec-
tions, thus yet again corresponding to a (k — 1)-sorted clone. It should be
mentioned that there is no other case since if F} contains one operation
which is constant b on ¢-th sort and projection on other sorts, it would
contain all the other operations of this form. Altogether, this means that
there are only countably many such sets S.

Pol(S) ¢ Pol(Uy). Assume k > 3. As in the proof of of Lemma @,
we say p,m € Py are equivalent if [p] =~ = [r] . We denote Sppr =

= [S N DEk} NDL* and S;» = SNL*. For any nonempty E C Ej, by Sg
pp
we denote the set of all predicates from S whose variables have only sorts

from E. Finally, for any ¢ € Ej and b € Zy, by S;, we denote the set of
all predicates not in DE* without dummy variables which are trivially true
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when we set any variable of sort ¢ to b but are nontrivial when we set any
such variable equal to b+ 1. Recalling the notation (R) for the set of all
predicates that may be defined from elements of R C P§, by permutations
or appending/removing dummy variables, using Corollary §.12, we may
write

S=SxUSpeeU{ U Se)u({ U Sis),

ECEy 1€ By
E#0 beZs

since the sets Sp and S; , contain precisely the predicates in DL*\ (DEFULF)
which do not satisfy the assumptions of Lemma {.11].

The set S is thus uniquely described by finitely many (not necessarily dis-
joint) smaller sets. Moreover, there are finitely many possibilities of what
Str might be by Lemma and countably many possibilities of what Spgx
might be by Lemma §.6. By the induction hypothesis, there are also count-
ably many possibilities of what every Sg might be since it corresponds to
a |E|-sorted relational clone (and |E| < k). Finally, any p € S; ;, may be
written as

p(xl,...,xk) :n(xl,...,xi_l,xiﬂ,...,xk) V(zi=bVv---Vval =b);

due to Lemma , these predicates are essentially (k — 1)-sorted as all
the predicates of this form which only differ in the number of variables of
sort i are equivalent, and any predicate in DL” pp-defined from elements of
Si.p is clearly again of this form. We may thus yet again use the induction
hypothesis to deduce that there are only countably many possibilities of
what any S, , might be (to be precise, the induction hypothesis gives us
that there are countably many (k—1)-sorted relational clones, S; ;, however,
corresponds to an arbitrary pp-closed subset of DL~ which does not need
to contain empty relation nor equalities; nevertheless, there is still countably
many of such sets).

Overall, we have that any S may be parametrized by finitely many natural
numbers, which means there are once again countably many of them. This
finishes the entire proof.

Finally, if £ = 2, we may use the same approach as before; however, we also
need to consider the predicates of the form
W'+ =b)V(zl=c)V---V(zh =c) V(@2 =c)V---V (22 =),
where m,n € Nog, m+n > 1, and b, cy,cy € Zs. Nevertheless, these pred-

icates form only finitely many equivalence classes by Lemma #.13, which
completes the argument. [
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0p*(Z*)

Figure 7: Schematic representation of the proof of Theorem . The lattice of
relational clones is depicted on the left, while the lattice of operational clones is
depicted on the right. We are working only with the highlighted areas, thereby
describing both lattices by the Galois connection.

Remark 4.15. We may use the described technique to prove the theorem without
relying on the countability of the Post’s lattice. We simply extend the construc-
tion described in the proof of Lemma {.11| (or use some claims from Section B.3.1)
to construct the predicate x1 + o = 0V 23 + x4 = 0 from any predicate in
DL\ (LUDE) that is not of the form z1 +2y =0Vx3 =bV---Vz, = b for some
b € Zy. Then, we use the described ideas to prove the countability of the Post’s
lattice.

By noticing that the described induction process preserves another key prop-
erty of the Post’s lattice, we may deduce one direct corollary of the provided
proof — Taimanov’s original result about the finite basis of every k-sorted clone
on ZQ.

Corollary 4.16. Every k-sorted clone on Zs is finitely generated. In another
words, for every clone C C Op¥(Zy) there isn € N and fi,..., fo € C such that

Clo({f1,..., fa}) =C.

Proof. The proof of Theorem implies that there are no infinite ascending
chains in the lattice of the clones. This implies that every clone is finitely gener-
ated. O

Finally, the provided proof also suggests a somewhat fractal structure of
the lattice of k-sorted relational clones. While — with a little exaggeration — pro-
viding an explicit description of such lattice for any k would require dedication
only matched by the lattice’s complexity, we will provide all the tools necessary
to describe the 2-sorted (relational) clones on Zs in Appendix A, making it trivial
to understand them in any particular use case.
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Conclusion

In this thesis, we have explored some alternative approaches to certain problems
in the theory of (multi-sorted) clones on a two-element domain (say {0, 1}).

In Chapter [ll, we have established clones as fundamental objects in universal
algebra with numerous applications in the field of constraint satisfaction prob-
lems. We have introduced their multi-sorted generalization and described the Ga-
lois connection between operations and relations, allowing us to focus on the
formalism of relational clones.

In Chapter B, we have described several properties of relational clones on {0, 1},
thereby providing important tools to study these objects. We have also presented
an alternative proof of the fact that any relation may be expressed as a con-
junction of relations from DL (that is, the relations that may be represented as
disjunctions of linear equations), which are pp-definable from_the original rela-
tion. When compared to the original proof by D. Zhuk from [23], the presented
proof does not require the Galois connection and describes an explicit way to find
such expression. We have also defined elementary operations whose application
is much more straightforward when compared to general pp formulae while being
sufficient in many cases.

In Chapter B, we have used these tools to provide an alternative proof of the fa-
mous Post’s lattice theorem [4, §]. While some alternative and more modern ap-
proaches to the problem have already been proposed (see [6] or [7] among others),
the presented proof is purely based on the relational formalism and elementary
combinatorial ideas. Furthermore, we have (up to conjunctions) described all
elements of relational clones on {0, 1}, thereby providing a deep understanding
of their structure.

In Chapter @, we have demonstrated how to apply the established tools to
prove the countability of the lattice of multi-sorted clones on {0,1}. Compared
to the original proof by V. Taimanov [19, 20, 21, 22|, the presented proof is
shorter and perhaps more elementary, making it arguably the most significant
result in the thesis. Moreover, while Taimanov mostly works with operations,
we primarily rely on the relational formalism, employing the Galois connection
only to avoid working with relations that are somewhat complicated. We have
also presented some simple inductive arguments that help to better understand
the overall structure of the lattice, allowing, e.g., for a simple proof of Taimanov’s
original result about a finite basis of every clone.

Finally, in Appendix [Al, we provide an insight into using the developed ideas to
study the 2-sorted clones on {0, 1}. Although the lattice is generally too complex
for explicit description without computational aid, the provided theorems allow
for sufficient understanding for many practical applications. However, this area
can certainly be expanded in future research by, for example, offering a better
characterization of k-sorted clones for k£ € N.

Overall, we have demonstrated some strengths of the relational approach to
the study of clones on {0,1} and presented a few results that are interesting not
only in the context of universal algebra but also for potential applications within
the field of constraint satisfaction problems.
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A Two-Sorted Clones

This appendix aims to provide intuition about the 2-sorted (relational) clones on
Zs and to equip the reader with all the tools necessary to understand the lattice
of all such clones completely. As is suggested by the proof of Theorem ,
we will focus on two main cases. If a relational clone contains U, we describe
the corresponding operational clone, while if it does not contain Uy, we provide
a relational description.

Similarly to Chapter @, we denote the sorts of the variables with superscript.

A.1 Relational Clones Not Containing U,

We will first describe all the single-generated 2-sorted relational clones on Zs
which do not contain Us,, then we will provide quite a useful criterion to see
whether a set contains U, only using elementary operations that are much easier
to apply than the general pp definitions (as we have — after all — shown in Chapter

). Together with the description of all single-sorted relational clones (and even
all the pp-closed sets) on Zs, this will then provide us with all the tools needed
to understand any 2-sorted relational clone on Zy not containing Us.

Lemma A.1. Let ny,ny € N, {i,5} ={1,2}, and by, by, c € Zs.

'+ =cvai=b V- val =b}| NDL?=

ni

pPp
(W +y*=cVai=bV---Val =b),
(Pi+ys=0Val =bV---Vai =1b),
= U (y%+y§—0vﬂ:blv---fon:bl), ,
mel (i =by+c+1Vvai=bV---Vai =b),
(Yi=bi+1Vvai=bV---Vazl =b)

» Uno na

{{yl—i-yQ:c\/(Sm’nZ(:C%,... I R )}} NDL* =

pp
(W' + v =V o me (21, .., 2, 2, 220,),
(b + 98 =0V Sy (xh, ozl a2 22,)),
W2+ 93 = OV Sy g (2ol 22, 22),
= U (y?—b1+c+1v6m1mQ(xi,...,x;“,xf,...,xgnz)), ,
m1,mg €N (Y1 = b1+ 1V Oy mo (@1, .. 20, 23, .., 22,,)),
(i =bo4+c4+ 1V oy mo(1, ..., 20 23, ..., 22,)),
(Y3 =bo+ 1V Oy o (1, ..., 2y, 2, 22))
where
b vVl = by
5m17m2(a:%,...,x#l,x%,...,x%): 1 1 " L

Val=byV---Val =by, |’

for mqy,my € N.



Proof. One easily verifies that these sets are closed under elementary operations.
To discuss the closedness under conjunctions, we may use the same arguments as
when we have discussed closedness of Sy iy and Sy, 1 in the proof of Theorem B.9.

]

Theorem A.2. All the single-generated 2-sorted relational clones on Zy not
containing Us are (up to permutations, dummy variables, and inclusion of both
equality predicates):

o all the single-generated single-sorted relational clone on Zs considered as
a 2-sorted with all variables of every relation having common sort,

o all the sets described in Remark @,

e all the sets
i =0 V-Vl =bV

where by, by € Zoy and m,n € N,

iE{l,...,m},jE{l,...7n}},

o all the sets
{p(XZ)\/x{:b\/~~-\/xin:b‘p€S,m€N},

where {1,7} = {1,2}, b € Zy, and S is a single-generated single-sorted pp-
closed subset of DL containing the equality pred@'catea considered as a set of
2-sorted relations with all variables of every relation having sort 1,

o the sets described by Lemma @

Proof. One easily observes that all these sets are pp-closed and that we have
described all the predicates not covered by Lemma ﬁ [

From now on, the classification is purely a combinatorial task. Moreover, all
the predicates we are working with have a really simple structure, which often
allows us to work with the elementary operations only and to use the classification
of single-sorted clones. Finally, we provide one more criterion which shows that
if Uy C [S],, for some S C DL?, we can always construct a predicate satisfying
the conditions from Lemma E only using elementary operations.

Theorem A.3. Let S C DL? such that 1S, =S. IfUs € S and U, C [S]
then

pp 7
SN[zt =0vay=1Vai=0Vva; =1} #0,

where by [S'|n we denote the set of all predicates which can be expressed as
a conjunction of elements from S' C Pg ;.

8This is one of the main merits of the description of all pp-closed subsets of DL (not only
relational clones) in Chapter B.

62



Proof. The condition (Uy & S)A(Us C [S],, ) and the proof of Lemma imply
that the predicate

v(2},23,23,23) = (¢} + 23 = 0) V (a7 + 23 = 0)

can be represented as a conjunction of predicates in S. Since conjunctions of
predicates are equivalent to unions of false spaces? and every affine subspace of
73\ v corresponds to a predicate in [{z} =0V a2l =1va? =0Vl =1}, NDL?
moreover, this predicate by itself generates v. This is easily checked as there are
(up to permutations of equally sorted variables) only four (one 1l-element and
three 2-element) affine subsets of Zj \ v. O

A.2 Relational Clones Containing U,

As is suggested by the proof of Theorem , any subclone of Pol(Uy) is uniquely
described by a clone of unary 2-operations and by (at most) four clones of 2-
operations that are constant in some sort. We aim to somewhat extend this

description to a one-to-one correspondence between these 5 simpler clones and
the subclones of Pol(Us).

Convention. We will use the following notation for unary operations.

0:x—0, l:z—1,
d:z—x, not:rx—x+1.

Any unary 2-operation in Op%(Zg) is a pair of these unary operations.
For i € {1,2} and b € Zy by id, ;, we denote the unary 2-operation which is
constant b in the ¢-th sort and identity in the other sort.

Let us first briefly discuss the unary 2-operations and the lattice of their
clones. Although a lot of the sets of unary 2-operations (out of 2!¢ in total)
generate the same clone, and although we may explicitly describe some smaller
classes (for example, see Figure § for the description of all 25 clones not containing
any constant operations), there are still a total of 232 clones generated by unary
2-operations (one easily verifies this by computer, by iterating over all 2'5 sets of
2-operations that include identity and checking their closedness; see Figure { for
the visualization of the lattice) and the structure of the lattice is rather intricate.
Nevertheless, no matter the complexity of the lattice, all the clones in question
have a really simple structure. Hence, an explicit description is not necessary for
any use case.

9We treat the variables of false spaces of predicates as accordingly sorted.
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\/

/< (not , not) >\
(0, not) (1, not) (not, 0) (not, 1)
(not, i (1, 1id) (id, 0) (id, not) (id, 1)
\ o /

Figure 8: Hasse diagram of all 2-sorted clones on Z, generated by unary 2-
operations with no operations that are constant in both sorts. Each vertex of
the diagram represents a clone formed either by the inclusion of a specified 2-
operation or by the union of the clones below it.

Figure 9: Unlabeled Hasse diagram of all 232 2-sorted clones on Z, containing
only unary 2-operations plotted using Wolfram Mathematica.

We thus assume the clones generated by unary 2-operations are well under-
stood. To understand the clones of 2-operations that are constant in one sort, we
notice the following really useful property.

Lemma A.4. Let f € Op*(Zy) be a 2-operation which is constant b € Zy in
i-th sort for a fived i € {1,2}, and non-constant in the other sort. Then Clo(f)
contains all the 2-operations which are constant b in the i-th sort and projection
in the other sort; in particular, id, ; € Clo(f)
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Proof. Let WLOG ¢ = 1. Throughout the proof, the n-ary constant operation
with value 0/ € Zy will be denoted by ¢, ;. We will show we can derive the unary
2-operation idy 1 = (c1p,1id) from which we may derive all the other desired
operations by compositions with projections from Clo(f).

Let n € N such that g € Op,,(Z,) is the lowest arity non-constant operation
satisfying (c,.5, 9) € Clo(f). If n = 1, then g is either identity or negation; either
way, we get the desired result by composing (c;p,¢) with itself. Let us now
assume n > 1. The 2-operation

(Cl,b(l’)) _ (cmb(:z:, e ,x))
h(y) 9y, .-, y)

then needs to be constant, let us put h(y) = ¢1,y(y) for some b’ € Z,. We now
claim that at least one of the (n — 1)-ary 2-operations

xi),

Cn,b(Cl,b($1) y L1y e 7$n—1)
glevv(y1) v, - - - )
Cn,b(l"l,cl,b( ) sy Tnot)
g(ylacl,b’(yl)7 ">yn71) 7
Cn,b(%; T, . .. 7cl,b(171))
9,2, ew(in) )
all of which belong to Clo(f), is non-constant, which would contradict the min-
imality of ¢. Indeed, if all these operations were constant, they would need
to be equal to (¢,—1,p,Cn—1,7). Now, since g is non-constant, we would need
g +1,...,b +1) £V, however, we also have g(b' + 1,..., 0/ + 1) =h() + 1) =
= 0/, which finishes the proof. H

Corollary A.5. There is a one-to-one correspondence between the 2-sorted clones
of 2-operations on Zy, which are constant b € Zy in the i-th sort for a fixed
i € {1,2}, and which include at least one non-constant 2-operation, and the single-
sorted clones on Zs.

Proof. By Theorem @, any such 2-sorted clone contains 2-operations, which are
constant b € Zs in the i-th sort and projections in the other sort. [

As another direct corollary of Lemma @, we may formulate the following
theorem, giving a complete implicit description of all subclones of Pol(Us).

Theorem A.6. Let F, C Op*(Zsy) be a clone generated by unary 2-operations.
For all i € {1,2} and b € {0,1}, we choose sets Cj C Op(Zy) and Fi C Op>(Zs)
followingly:

o Ifidy,; € Fu, we let C} be any single-sorted clone on Zy and define F| to
be the corresponding (by Corollary |A.f) clone of 2-operations which are
constant b on the i-th sort.

o If the condition is not met, we put both sets equal to ().
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The set (F, U F} U FLUFZUF?E) is then a subclone of Pol(Uy) if the following
conditions are met.

1) If Fi £ 0 and Fi # 0 for some i € {1,2}, then C} = Ci.

2) If (f1, fo) € Fu N OD3(Zy), and Fi # O for some i € {1,2} and b € {0,1},
then f; € Cj.

Moreover, any subclone of Pol(Usy) has this form.

Proof. One easily verifies that the given conditions are sufficient to assure that
(Fu UFSUFUFZUF?) is indeed closed.
Conversely, by the proof of Theorem 4.1%, we_may express any subclone of

Pol(Us) as (F,UFs UFUFEUF?). Corollary @ provides the correspondence
between Cf and F; and Lemma @lassures that conditions 1) and 2) are met. [
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B Proof of the Galois Connection

In this appendix, we provide a proof of Theorem inspired by [L1].

Convention. For the purpose of the proof, we fix £ € N, [ € N, and a finite
non-empty set A = {0,...,1 —1}.

Observation B.1. For all F/ C F C Opk(A) and all sets R' C R of k-sorted
finitary relations on A, we have

Inv(F) C Inv(F) , PolInv(F) D F, Inv Pol Inv(F) = Inv(F) ,
Pol(R) C Pol(R') , InvPol(R) D R, Pol Inv Pol(R) = Pol(R) .

Proof. Follows from the definitions of mappings Pol and Inv. [

Definition. Let F C Op*(A) and let p = {a,..., 0} be a k-sorted finitary
relation on A. We denote

(0)r = {f(er... ) | [ € Clo(F) NOP(A)} .

Lemma B.2. Let F C Op*(A) and let p = {au, ..., a,} be a k-sorted finitary
relation on A. Then F C Pol((p) ).

Proof. Let f € FNOpF (A) and By, ..., 8, € (p) 7. By definition, we then have
fi € Clo(F) N OpF(A) such that

fi(ab ttt an) = /31
foralli € {1,...,m}. Since Clo(F) is a clone and f € F C Clo(F), we also have

h(zy, .. xn) = fF(fu(@e, . 2n) sy fn(21, .. 2)) € Clo(F) NOpE(A) .

Then
f(,Bl,...,,Bm> = h(al,...,an) - <p>]_-

by definition, which means f preserves (p) ». N

Before proceeding with the proof, we introduce a common matrix notation
for relations and fix symbols for some useful relations.

Convention. Let p C A™ we then write

1 1 1 1 1 1
1 T -0 T 11 21 Tm,1
1 1 1 1 1
Ti,2 Ta2 T'm, 2 71,2 T3 2 T'm,2
_ |1 1 1 AN _ 1 1 1
pP= Tl,n1 T2,n1 Tm ni p= rl,nl ) r2,n1 ) ) Tm ni )
2 2 2 2
1,1 T21 T'm,1 11 Ta1 Tm,1
k k k k k k
lenk T27nk T ,rm7 Nk T17nk T27nk Tm7 N

where all ri ; € A" and the index in superscript denotes the sort of the variable.
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We also denote

WSD=1 0 ", W08 =1 0 |k,
-2 ... 1-1 0}
(-1 ... [—1

n

where ,,0] is the relation whose rows are all the tuples of length n with elements
in A in standard lexicographical order, and each block 0} in relation ,0F has
different sort (1,2, ...,k respectively in this order).

Theorem B.3. Let F C Op*(A). Then
PolInv(F) = Clo(F) .

Proof. We immediately have the inclusion Pol Inv(F) 2 Clo(F) since both clones
contain F and Clo(F) is the smallest such clone.

Let us take f € PolInv(F)NOpF(A) and a k-sorted ["-ary relation ,6F of size
n on A as defined above. We then have

F C P01(<n9{“>F) — <n9lk>f € Inv(F)

by Lemma @ and
f € PolInv(F) C P01(<n91k>f)

by Observation El] This means f(nﬁl’“) € <n9{‘“>F, which gives f € Clo(F) since
every tuple in <”01k>f uniquely corresponds to an image of m-ary operation in
Clo(F). O

Lemma B.4. Let F C Op"(A). Inv(F) is then a relational clone, that is,
RelClo(Inv(F)) = Inv(F).

Proof. Clearly, empty relations and equalities are preserved by all relations and
RelClo(Inv(F)) 2 Inv(F). We will prove that for any set of finitary, multi-sorted
relations R, we have the property

S C[R],, = Pol(S) D Pol(R) .

pp

Then for any p € RelClo(Inv(F)) we have Pol(p) O Pol(Inv(F)), which specif-
ically means F C Pol(p), which is just different way to put p € Inv(F); thus,
RelClo(Inv(F)) C Inv(F).

To prove the claim, we only need to check whether it holds for elementary op-
erations and conjunctions of relations as is suggested by the proof of Lemma@
Moreover, composition is a result of firstly adding dummy variables followed per-
forming a conjunction and existentially quantifying a variable. We thus only
need to check permutations, identifications, existential quantifications, conjunc-
tions and appending or removing dummy variables. Let p, p’ € R.

o If tis defined from p by permutation, then clearly Pol(t) = Pol(p).
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o If 1 is defined from p by identification, then Pol(n) O Pol(p) since any
operation preserving p has to preserve m because operations are applied
coordinate-wise.

o If n is defined from p by existentially quantifying some variable, then
Pol(n) D Pol(p), again because of how operations are applied.

o If m is defined from p and p’ by conjunction, then Pol(n) 2 Pol(p,p’),
because for any a € 1 we have

fla)en=pnp] = [(f(a) € p) A(f(e) € p)].

o If n is defined from p by appending or removing a dummy variable, then
clearly Pol(rt) = Pol(p). O

Lemma B.5. Let R be a set of k-sorted finitary relations on A. The relation
<”0;€>P R) can be defined as a conjunction of relations in R for any n € N.

Proof. We will verify that <”91’€>P B~ o, where

1 1 k k _
U(%,...,o’ cey L =1L, 00 735171,...,171) =

Aol |

- P\Tay(1), a2(1),an(1)7 -+ Lar (my), ca(mp),..., an(my) ) -
pPER

at,..., 0 €p

Here m, denotes the arity of p € R, by a;(j) we mean the element on j-th
position of the tuple «;, and i, ; denotes the sort of j-th variable of p. This is

true, since any tuple in <n91k> corresponds to an n-ary k-operation preserving

Pol(R)
every relation in R — or equivalently, rows in ,,0F correspond to every possible n-

tuple of elements from A; thus, every column in <n01"“ > represents the range

Pol(R
of any n-ary k-operation in Pol(R). And this is equivaler(lt)to the definition of o
— for each p € R, we look at the rows of ,0F corresponding to tuples already
in p and assign them every value an operation can have at these tuples so it
preserves p; by doing so for all the tuples in p and for all p € R we get precisely

the relation <n9f -

It should also be clear that this idea works for every sort separately, we thus
need not comment on it any further. We will just mention that the conjunction
is essentially finite since o is a finite subset of A*'", which means the conjunction
process has to terminate after finitely many steps. Il

Lemma B.6. Let R be a set of k-sorted finitary relations on A. If p € Inv Pol(R)
is a relation with no two repeating rows of the same sort, then there are pairwise-

different my,...,my € {1,...,1"} such that p = proj,,, .. <n9lk Pol(R)" Here n
30y 0

denotes the size of p, h its arity, and proj,, . . restricts the relation into
the coordinates my, ..., my (or equivalently, existentially quantifies variables cor-
responding to every coordinate i ¢ {my,...,mp}).
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Proof. For any row in p, there is precisely one corresponding row in ,0F of
the same sort; let m;-th row in ,,0F correspond to i-th row in p; i.e.

projml,..‘,mhnelk = p .

We prove, that p = proj,,, . m, <”0;€>P01(R)' The inclusion “C” is obvious since

Pol(.S) contains projections. Let us prove the other inclusion.

For the contradiction, let us assume there is f € Pol(S) N OpF(A) such that
PrOJny S (né’l’“) ¢ p. However, since k-operations are applied coordinate-wise,
this also means

D10 f (n0F) = F(D203y . nlF) = F(p) & .

This is, however, a contradiction, since p is invariant to every polymorphism of R,
hence also to f. O

Theorem B.7. Let R be a set of k-sorted finitary relations on A. Then
Inv Pol(R) = RelClo(R) .

Proof. By Lemma @ and Observation @, the set InvPol(R) is a relational
clone containing R while RelClo(R) is least such relational clone, which means
Inv Pol(R) D RelClo(R).

Let us now take p € Inv Pol(R); we will show we can pp-define it from relations
in R. We may assume it has no repeating rows of equal sort; if for example i-th
and j-th row were the same (and had the same sorts), p would be equivalent to
a relation without j-th row. Indeed,

/
p(..‘,ZL‘Z',...,ZEj_l,ZEj_i_l,...) :p(...,Ii,...,l’j_l,ZEi,fL'j+1,...) R
=pL..., T

p(...,aci,...,xj_l,xj,xj+1,...) /< ,...,$j_1,l’j+1,...)/\($j:in),

where clearly p’ € Inv Pol(R) as well.

By Lemma we may now define <n0lk> as a conjunction (intersection)

Pol(R)
of relations in R from which we can define p by existentially quantifying some

variables by Lemma @ This then completes the proof. ]

Putting these results together, we get the desired proof of the Galois connec-
tion [L.3.

Proof of Theorem . By Observation the mappings indeed have properties
of a Galois connection. Theorems E and then describe the closure operators.

]
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C Alternative Proofs and Generalizations

The entire leitmotif of this thesis is providing alternative, perhaps more approach-
able, proofs of known results. Pursuing this goal even further, we provide yet an-
other proof of two results from the text, which even let us generalize the claims.

C.1 spp-Maximal Predicates Avoiding Tuple

There are two more proofs of Lemma @ the author of this thesis is aware of.
Both of them have, however, some disadvantages compared to the provided proof.
The original proof by D. Zhuk from [23] relies on the Galois connection and is thus
less elementary and less clear to a reader inexperienced in the field; the second
one — while being elementary as well — does not offer an insight into the con-
struction of spp-maximal predicates avoiding a certain tuple and requires us to
prove the bijective property of the described mapping separately. However, both
approaches allow us to generalize the statement for any domain; hence, we offer
this elementary alternative to the original proof.

Theorem C.1 (Generalization of Lemma @) Let oo = (o, ..., ap) € A" where
n € N and A is a finite set. Assume p is an spp-mazimal predicate avoiding o
and let B = (B1,...,0,) € A"\ p. Then, there are maps ¢1,...,p0; - A — A such
that

A — A"
(@1, mn) = (or(z),- . @nl(n))
preserves p and satisfies ®(3) = a.

D .

Proof. We introduce variables ¢; , for every i € {1,...,n} and every a € A, and
by ¢ we denote the tuple of all |A|" such variables. We put

Tt(xlv e 7$n) =d¢ ( /\ p(¢1,717 .- "an,%)) N ( /\ ¢j7/8j = ij> :
)EP

(717"'77’” ]E{l,,k’}

Now, we may observe that

7 is spp-defined from p, since we may replace every ¢; s, in the first con-
junction with x;, getting rid of the second conjunction, thus, p C w; and

« 1(B) =T, since we may choose ¢; , = a for every i € {1,...,n} and every
a € A, thus, p C .

Hence, o € 7 since p is defined to be spp-maximal predicate which avoids c.
This means, that there is an assignment ¢; , of ¢; , for every i € {1,...,n} and
every a € A such that

o H - I

(71777”)612 ]6{177k}

We can thus define

pi(a) = dia
for every i € {1,...,n} and every a € A, which gives us a mapping with the de-
sired property. Il
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Finally, let us remark that the relations for which there is such mapping ®
are called key relations and are the main focus of [23].

C.2 Finite Antichains in Poset Products

We provided rather elementary proof of Lemma @ relying on the linear ordering
of (N, <). However, this result is not only a special property of linearly ordered
sets. Utilizing the infinite variant of Ramsey’s theorem [24], we may extend it to
any finite product of posets without infinite antichains satisfying DCC, obtaining
a result that is interesting in itself.

Lemma C.2. An infinite poset (P, <) has either an infinite chain or an infinite
antichain.

Proof. We will divide all two-element subsets of P in two classes; if either p; < po
or py < p1, we put {p1,pa} € C, if not, we put {p;,p2} € Cs. The proof follows
from the infinite variant of Ramsey’s theorem — see Theorem A in [24] for p =
=r =2. If A C P is infinite such that all two-elements subsets of A are elements
of C'1, then A is an infinite chain. Conversely, A forms an infinite antichain. [J

Theorem C.3. Let (P, <p) and (Q, <g) be posets without infinite antichains
satisfying DCC. Then the poset (P x Q, <) with

(1, 1) < (P2, 2)] = [(p1 <p p2) N (@1 <q @)]
has no infinite antichains.

Proof. Assume there is an infinite antichain A C P x ). We arbitrarily choose
a sequence (p;,q;)2, of distinct elements in A. Now, since (p;)2, is an infi-
nite poset which does not contain infinite antichain, it contains infinite chain by
Lemma . This chain contains a minimal element due to DCC; we thus have

Dr(1) SP Dr(2) SP Dn(3) SP - -

for some injective mapping n : N = N. Now, (pr»), ¢=))s2, is also an antichain
in P. Since infinite poset (¢x(;));2; does not contain an antichain, it has to con-
tain an infinite chain with minimal element due to DCC. We thus have injective
mapping o : N — N such that

Qoor(1) SQ Goorn(2) SQ Goon(3) SQ - - -

Since all elements of (pyox(i))i2, are also distinct and mutually comparable, we
must have

Poon(1) 2p Poor(2) 2P Poon(3) 2P

since (Dyor(i), Goor(i) )iy is an antichain. This, however, contradicts DCC; thus,
(P x @, <) has no infinite antichains. O]
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