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Notation

Throughout this text, the symbol €2 denotes an open set in R?. Points in R¢ are
denoted by = = (x1,...,x4), where x; € R, i € {1,...d} are the coordinates of z

and the norm of z is
d 1/2
o] = (z )
i=1

The i-th canonical vector is denoted by e; and by 7 : R — R! we denote the
projection onto d — 1 coordinates

(21, xg) = (T1, 0y Tg_1)-

The sign function sgn : R — R is defined as

1 x>0,
sgn(x)=¢0 x=0,
-1 x<0.

The symbol B¢ denotes a d-dimensional open ball centered at the origin with
the radius r

BY={z cR*: |z| <7}
and the symbol Qf,h denotes a d-dimensional cylinder
g,h = B x [=h, h).

The closure of a set S C R? is denoted by S. The boundary of a set S is
defined as
0S =SNR4\ S.

For S C R? and = € R? the distance from  to S is denoted by
dist (z, S) = inf{|z —y| : y € S}.

The characteristic function yg : R — R of a set S C R? is defined as

1 z€8,
XS(ZE)Z{O x ¢S

We say that a € N¢ is a multi-index. The length of a multi-index is denoted
by
|CL| =a;+as+ ... +aq.

For two multi-indices a,b € Nd we have
a<b & a; <bforallie{l,..d}
and a binomial coeficient defined as
()= () G2)- G2
; o )\ )\, )
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If f:Q — R is a function defined on €2, the support of f is

spt f=QN{zeQ: f(z)#0}

and the graph of the function f is the set

graph f = {(z,y) € A x R : f(z) = y}.

The space of continuous functions on €2 is denoted by C(£2). More generally, for

k € N let

olel £
Q) = QO —>R: Q) for all d <k
@ {f - 01 x10%21,5...0% 14 € C(Q) for all a € Ny, |a] < }
and we set
= J C*(Q)
kEN
We define

CEQ) =C* Q)N {f:Q— R:sptfis compact and spt f C Q}.

For p € [1,00) we define a functional on measurable functions on §2 as

= ( [l

Julloo = essupglul.

and

For p € [1, 00| we define the Lebesgue space
LP(Q) = {u: 2 — R measurable : |Jul|, < co}.

Let u € LY(Q) and a € N¢ be a multi-index. We say that the function
v € LY(Q) is the a® weak derivative of u if

/Q U= M / 8“1x8|af)ad$d

holds for all ¢ € C§°(§2). We denote Du = v.

For p € [1, 00| we define the Sobolev space
WP (Q) = {u € LP(Q) : D%u € LP(Q)}.

The space WP is equipped with a norm

[ullip = llell, + Z 1D u



Introduction

Sobolev functions are an important part of the modern approach to the partial
diferential equations. Recently, there has been a lot of development involving
Sobolev homeomorphisms, as they play an important part in the modeling of
elastic deformations.

The extension theorems for Sobolev functions are a very useful tool when
dealing with Sobolev spaces. The extension on Lipschitz domains was proved by
A. P. Calderén [1] in the case when p € (1,00) and the result was later extended
by E. M. Stein [2] to involve the endpoints. In [3] the extension theorem was
proved for a more general class of domains by P. W. Jones. The main idea of
these proofs revolve around the partition of unity. However, as homeomorphisms
are not closed under addition, any idea involving the partition of unity will not
work if we need to extend a Sobolev homeomorphism to a homeomorphism.

In this work we aim to prove the local extension of Sobolev homeomorphisms
on Lipschitz domains. Our main result in chapter 5 is the following theorem.

Theorem 1. Letp € [1,00), 1,y C R? be Lipschitz domains and f € WHP(Qy, )
be a homeomorphism onto Qs. Then there exist open sets Uy D Qp, Uy D €y, and
a homeomorphism F € WYP(Uy,Us,) such that

Flo, = f.

The definition of a Lipschitz domain is in the first chapter. This result might
be helpful in future works on Sobolev homeomorphisms, just like in [4] it would
have simplified the proof of the main theorem.

In the first chapter we present the readers with the standard proof of the
extension of Sobolev functions on Lipschitz domains and note, why the approach
used in the proof of the theorem does not work for homeomorphisms.

In the second chapter we define the notion of a C*® function and formulate
and prove some basic properties of these functions, which are useful in the rest
of this work.

In chapter 3 we prove that C*% domains are bi-C** homeomorphic to C* do-
mains. This allows us to generalise the results from C* domains to C*¢ domains.
Note that our result in chapter 3 is more general than we need in this thesis and
could be useful in further generalisations of our result for W*? homeomorphisms.

In chapter 4 we turn our attention to C'*° domains and make neccesary prepa-
rations to prove the extension theorem on C*° domains. To that end we work
with the function that maps a point to its closest point on the boundary of the
domain €2 and show that on some neighbourhood of the boundary such a function
is smooth.



Finally, in the last chapter we prove our main result, Theorem [I] Note that
by modifying the lemma in this chapter for BV functions or W*? functions our
method would also work for the extension of BV homeomorphisms on Lipschitz
domains and for the extension of W*? homeomorphisms on C*! domains. This
is the aim of our future work.

During the course of this thesis we consider only the case of Lipschitz domains.
Any work concerning the extension of Sobolev homeomorphism on more general
domains like in [3] remains an open problem.



1. Extension for Sobolev
functions

At this point we present the reader with the standard extension theorem for
Sobolev functions on Lipschitz domains. The following proof comes from the
chapter 4.4. in the book Measure Theory and Fine Properties of Functions [5].

Definition 1. We say that a function f : Q C RY — RF is lipschitz, if there
exists a real constant C' > 0 such that for all x,y € Q) we have

[f(z) = f(y)] < Clz —yl.

Definition 2. Let Q C R? be a bounded domain. Then ) is called a Lipschitz
domain if for every point x € O there exists an open neighbourhood U C R¢ of
z, an isometry g : R — R4, g = [g1,..., 4], v, h > 0 and a lipschitz function n
on R such that g(U) = Q¢ and

QNU ={z €U : ga(z) < n(m(g(x))}.

We provide two theorems from the book without proof. The first one is
a modification of Theorem 2 in the section 3.3.3 also known as the change of
variables formula.

Theorem 2. Let f : RY — R? be a lipschitz and one-to-one. Then for each
measurable function g : ) — R

Jo@ I f@yde= [ (77 @),
where Jf is the Jacobian of the function f.

The following theorem called integration by parts is Theorem 1 (ii) in the
section 4.3.

Theorem 3. Let Q2 be a Lipschitz domain, 1 < p < o0, ¢ € CHR?, R?) and
feC@Qnwhr(Q). Then

/ fdiv pdr = —/ Df - pdx —I—/ (o -v)fdH??,
0 0 a0
where v denotes the unit outer normal to Of2.

The whole proof is based around the following lemma, which is also known as
the partition of unity.

Lemma 4. Let Q C R? be an open bounded set and {G}F_, be a finite collection
of open sets in R such that Q C U¥_, G;. Then there are non-negative functions
¢i € C5°(Gy), 1 = 1,.... k such that for each function ¢; we have |¢illo@ < 1 and

for each x € Q we have



Proof.  There are open sets G} such that G7 C G; for each i € {1,...,k} and
Q C U, G). Then there exists an open set Gy such that RY = ! G; and
dist(Gry1, Q) > 0. We fix h > 0 such that dist(Gy1,Q) > h and dist(GY, G}) > h
for each ¢ € {1,...,k}. Next, we define a C*° function

|2

on(e) = LT lal <,
0 |z| > h

and cover each G, ..., G, and G}, with balls of a radius h and centers y;;. For
i = 1,...,k we choose a finite cover and for ¢ = k + 1 a locally finite cover. For
i€{l,....k+ 1} we define functions

bi(r) = D wl@ —yiy).

J

It is clear that ¢, € CF(G;) and for each x € © we have

and Yg11(z) = 0. We set
oy Yilx)

Then the system of functions {¢;}%_, fulfills the lemma.
[

Theorem 5. Let Q C R? be a Lipschitz domain, 1 < p < oco. Then for each
f € WLP(Q) there exists a function F € WYP(R?) such that

Flg=f.

Proof. Since € is Lipschitz, for each y € 02 there exists an open neighbourhood
U of y, an isometry g : R? — R%, 7, h > 0 and a lipschitz function 7 : R — R
such that g(U) = Q¢ and

QNU ={z €U : ga(z) <n(r(g(x)))}.
We fix y € 0€2. Without loss of generality we assume that g = Id. We denote
0 =QspsNQ and QY = Q5,5 — Q.
First we prove the claim for f € C*(Q) with spt f C Qf/gﬂh/?) N Q. Set
f(z) = f(z) for z € Q,

fH(x) = f(xe, ..., za 1, 2n(m(x)) — 24) for z € QF.

Note that on 92N Qy 5 we have f~ = f* = f. It is clear that f~ € W'(Q), we
want to show that f* € Whr(QF).



Let ¢ € C3°(Q1), since n is lipschitz we can pick a sequence {n,}nen of C™
functions such that

M <1,
n—oo .
N, — n uniformly,
Dn,, =% Dn almost everywhere,
sup || Dnp || < 00.
Forie {1,..,d — 1} we get
Iy
8xi
Since f € C1(Q) and p € C(QT) we have
0

S (@1, s e, 200(7(2)) = 20) 57 ()] < sup
i ze)

dp
afi

[ @5t @) = /Q (@1, w0, 20(n(2)) — 20) 5 (@) de

()

sup < 00

zeQt

dp
oz, ()

and as Q% is bounded, we can use the dominated convergence theorem and get

dp
8xi

[ £ s, 20(0(@) — 20 5 (2)de =

= lim f(!El, cers Td—1, 277n(7T([E)) - xd) a(p

nooo Jor oz,

(x)dx =

_ _ lim ( gf (21 oo i, 200 (1)) — )+

+2§:;fd(x1, e, 20 (m(2)) — xd)g’;’; <7r(a;))> o(x)da.

We chose the sequence {n,} such that sup | Dn,|l« < oo. Therefore all of the
integrands are once again uniformly bounded and the dominated convergence
theorem gives us

~ lim (gi (21, g, 2 (7 () — T)+

+2§:;fd(x1, e, 20 (m(2)) — xd)g’;’; <7r(a;))> o(x)da.
of

==, (M(xh ey g1, 2n(m(x)) — x40)+

422 (a1, 20(a) =

Overall, we have shown that

S n(a)) plopi

. f+(gj)§;i<x)d$ = /m (gi(xl, ey Ta—1, 2n(m(x)) — T4)+

—1—252(:(;1, oy Ta—1, 2n(m(x)) — xd)axi (7T(:1:))> o(x)dx.




Analogously we get

/Q+ f+(x)ai(x)dx = /Q of —— (21, ..., g1, 2n(m(x)) — z4)p(z)dz.

&zrd + aSBd

Function 7 is lipschitz and one-to-one, so ||Dn|l. < oo and by the change of
variables we get

AJDﬂQVWMAQMﬂ@y—mW%xSCAHHW

We continue by defining a function

f(x) zeq,
F(z)=1{f*(z) zeQf,
0 otherwise.

We observe that F is a continuous function and sptF C Q% Let ¢ € CF(R?).
For i € {1, ...,d} the integration by parts (Theorem E gives us

dp _ e,
/Rd F@xi - Ja- ! 8% o+ / 8951

- _/ af* aer (f = feri = _/ 8@ o+ Oz,

3% o+ (9@
We already know that f~ € Wl’p(Q )and fT € WHP(QT), so it follows from the
computation above that

1 lwre ey = I1f " lwre@e) + 1w < Cllf e

Thus F' € W'?(R?) and we have proven the claim for C* functions with support
in Qf/&h/?) N Q.

o5 aft

We continue by proving the theorem for arbitrary f € C*(Q). Since 99
is compact, we can cover 0f) with finitely many Uy, ..., Uy such that for each
i = 1,...,k there is an isometry g; such that ¢;(U;) = Q¢ , and the sets G; =
g;l(in/&hi/B)) are a cover of 0. Set Gy = IntQ). According to Lemma W] there
are non-negative functions ¢; € Cg°(G;), i = 0,..., k such that [¢if o < 1 and
for each x € Q F | ¢;(x) = 1. We denote f; = ¢;f. Then the support of f; is
in G; N, so according to the above there are functions F; € W1P(R?) such that
Filo = fi. Weset F =" F,. Then FF € WHP(R?),

! k
| Fllwio@ay < DN Ellwisrsy < CD | fillwrr = Cllf lwre@)

=0 i=0

and for x € ) we have

F(r) =Y Fie) = Y file) = Y oia) f(2) = () (1)

Finally, if f € WP(Q), there is a sequence of functions f,, € C*(Q) such that
fn =3 f in WHP(Q). For each f, there is an extension F,. Then

1Em = Eullwrr@ay < Cllfim = fallwie@)

9



and thus the sequence {F}, },cy is Cauchy, so there is a limit ' € WHP(R?), which
is the extension of f.
[

Definition 3. Let Q,Qy C R? be open. We say, that a function F : Q —
is a homeomorphism if it is continuous, bijective and its inverse function F~' is
also continuous.

It is easy to observe that a composition of two homeomorphisms is also a
homeomorphism. However, homeomorphisms are not closed under adition. For
example functions f(z) = z and g(x) = —z are both homeomorphisms of R onto
R, but f + g = 0 is not even one-to-one.

Unfortunately, the idea revolving around the partition of unity cannot work

for the extension of homeomorphisms, because the formula in (1.1) might not
give us a homeomorphism.

10



2. CF spaces

In this chapter we define the notion of C** functions and present the proofs of
some basic properties, the embedding theorem and how the space of C*® func-
tions behave under the addition and multiplication.

Definition 4. We say that a function f : Q C R? — RY is bilipschitz, if there
exists a real constant C' > 0 such that for all x,y € Q) we have

Slr— 9l < 17(x) — F(w)| < Cla— ]

The following lemma provides us with an equivalent definition of a bilipschitz
function.

Lemma 6. The function f : Q C R?* — R? is bilipschitz if and only if f is a
lipschitz one-to-one function and the inverse function f~! is lipschitz as well.

Proof. If f and f~! are lipschitz, there is a constant C' > 0 such that
f(2) = f(y)] < Clz —yland [ [~ (z) = [~ (y)] < Clz —y].
Thus we get
z =yl = [f7(f(@) = F(F )] < Clf(2) = fly)] < C?lw —yl.

On the other hand if f is bilipschitz, we have

7) = F0)] 2 e =,

so f(z) = f(y) if and only if x = y, f is one-to-one and there exists an inverse
function f=1: f(Q2) — R9. Let a,b € f(2). Then there are x,y € € such that
f(z) =a and f(y) = b and we have

[f7Ha) = f7H0)| = o =yl < Clf(x) = f(y)| = Cla —b].

]

It follows that bilipschitz functions are lipschitz homeomorphisms onto their
images, whose inverses are lipschitz as well.

Definition 5. Let k € Ny, o € [0,1] and Q C RY. We define the function space
C*2(Q) as

Ck,a(Q) _ {f e Ck(Q) . sup |Daf<(L’> B Daf(y)|
whyli=k oyl

< 00}.

We say, that a homeomorphism h is bi-C*< if h € C** and h™' € Ck=.

11



Remark. If f € C%(Q) then f is lipschitz and on bounded € these two notions
coincide.

Very useful property of the C*<(Q) spaces is the following embedding theorem.
Theorem 7. Let Q C R be open. Then
(i) For k € Ny and 0 < a < 3 <1 we have CH#(Q) — CF(Q).
(ii) For k € N we have C*(Q2) — C*11(Q).

Proof. (i) Let f € C*#. Then for z,y € Q we have
D () - DS ()| _

sup = <
wy,la|=k |z — 9|
De — Do De — Do
< sw D f(x) af(y)l N sup D f(x) af(y)! <
|z—y|>1,al=k |z — | 0<|z—y|<1,|a|=k |z — y|
Do _ Do
< 2 max [ D || + sup D f(x) fw)| <
lal=k 0<|z—y|<1,|a|=k |$ - yla
Do _ Do
< 2maXHDaf||oo+ sup | f(:L‘) f(y)| < 0.
lal=k 0<|z—y|<1,|a|=k |x - y|ﬂ

(ii) From the multidimensional mean value theorem and the Cauchy-Schwartz
inequality for a € N¢, |a| = k — 1 and z,y € Q we obtain

|1D%f (@) = D*f(y)| < [VD*flex + (1 = eJy)llz — y| < max [ D" fllocl — y].

m
This theorem allows us to prove some basic properties for operations with func-
tions from the spaces C**(2).

Lemma 8. Let Q C R? and f,g € C**(Q). Then we have the following proper-
ties:

(i) Function f+ g € CH*().
(ii) Function fg € C**(Q).
(iii) If inf,cq |g(z)| > h > 0 then the function f/g € C**(Q).

Proof. From the definition of C**(Q) space and its embeddings there are
constants C'y and C, such that

|D*f(x) — D f(y)| < Cylx —y|

and
[Dg(x) — Dg(y)| < Cylz —y|*
for all z,y € @ and |a] < k. We denote C' := max{Cy, C,}.

12



(i) From triangle inequality we get
[D*(f(z) +9(x)) = D*(f(y) + 9(¥))| <
< |D*f(z) = D*f(y)| + |D*g(x) — D*g(y)| < 2C|x —y|*.
(ii) The Leibniz rule gives us

| D*(f(x)g(x)) — D*(f(y)g(y))| =
> (3) 000 tate) - X () 000t =

b<a b<a

5 (§) 00D gta) - D7Dt

b<a

+D"f(z)D* " g(y) — D' (y) D"ty (y))| <

<y ( ) [ FloreClz = 317 + lgllereCla — 1) <

b<a

a «
< Cllflown + lollora) 3 (5 ) - i

b<a
(iii) We proceed by induction with respect to k. We want to show that if the
the proposition holds for all pairs of functions in C*~1, then it also holds for
functions in C*,

For k =0 we get

‘f(x) _ f(y)’ _ ‘f(x)g(y) — fWg(@)| _ [f(@)g(y) — f(=)g(x)|

9(y) 9(2)g(y) - h?
[f(2)g(x) = fFWg(@)] _ CUlf oo + llglloo) o
Now we assume that the proposition holds for all functions in C*~1*(Q). Let
f,g € C**(Q), it is enough to show that D* (f/g) € C%*(Q) for all multiindexes
a € Nd such that |a| < k. In the first step we have already shown that D° (f/g) =
f/g € C%(Q). Now let |a| > 0. Then there exists i € {1,..,d} such that a; # 0.
The quotient rule gives us

o () = e (i (£)) - e (2do 129,
g g g

As f,g € C**(Q) we have that D¢ f D%g € C*1%(Q) and thus from (ii) and
Theorem [7| we have D% fg — fD¢g, g> € C*1%(Q) and from the induction hy-
pothesis we get that

+

D% fg— fD%g
92

c Ck—l,a

As |a —e;| <k —1 we get that
Deifg — fD*
D <'§> = D% % ( fggg f g) c CO’Q(Q>

and the proof is complete.
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3. C*% domain

Extension theorems are valid only for some specific types of domains. In this
work we will be concerned only with extensions on lipschitz domains. However,
in this chapter we define a more general notion of a C** domain. The main result
of this chapter is the fact that each C*® domain is bi-C*® homeomorphic to a
C> domain.

Definition 6. Let Q C R? be a bounded domain. Then € is called a C** domain
if for every point x € 0N there exists an open neighbourhood U C R of x, an
isometry g : R — R g = [g1,...,94], 7 > 0 and a C** function n on R such
that g(U) = Q%) and

QNU ={zx e U:gq(x) <n(m(g(x))}.

Remark. If Q is a C%! domain, we say that € is a lipschitz domain.

g9
glx)

g(UIN Q)

Figure 3.1: Illustration of the definition of a lipschitz domain.

Our aim is to show that for each C** domain ) there is a bi-C* homeomor-
phism H (both H and H~! are C** functions) and a smooth C* domain ¥ such
that H(Q) = . We begin by showing that a graph of a C** function is locally
bi-C** homeomorphic to a graph of smooth function.

Lemma 9. Let 0 < K <p <71, 0<h < h and f € CH*(RI1) be such that for
all z € BS™" we have |f(x)| < K. Then there exists ¢ € C*(R™") such that

[f(2) = p(@)| <p- K

holds for all x € B~ and there is a bi-C** homeomorphism H : R4 — R such
that:

(’L) H‘Rd\Qih - [d‘Rd\Q;i,h
(it) H(Qpp N{za < f(m(x)}) = Qg N {za < p(m(2))}.

14
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Figure 3.2: Sketch of the construction in Lemma [0, We move a point z vertically,
such that the relative position of H(z) to the graphs of ¢ and f + ( is the same
as the relative position of x to f and f + (.

Proof.  Set B = p — K. Due to density of smooth functions there exists a
¢ € C®(R41) such that [|f — ¢|| < 8/2 in B&L. Let v € C¥(BY) be a
function such that ¢(z) = 1 for all z € BS'. Next, we define a function

g:=1=v)f +vp. (3.1)
It is clear by Lemmathat g € CF*(R?1), is smooth in Bgil and g = ¢ on ng.
We will construct a homeomorphism that changes only the d-th coordinate in

such manner that the relative position of x to the graphs of f and f — 8 and the
relative position of H(z) to the graphs of g and f — § are the same (see Fig. 3.2]).

For z € R? such that 0 < x4y — f(r(x)) < B we define a function

vq— f(m(z)) —
5

This function is C*® by Lemma 8] and has the following properties:
h+($1, ey Ld—1, f(ﬂ-(x))) = g(’ﬂ(l‘))?
hi(zy,. za, f(m(z) + B) = f(m(2)) + 5, (3.3)
hy({y € RY: f(w(2)) < 2a < f(7(2)) + BY) = [9(x(@)), f(m(x)) + B].
Similarly, for € R such that 0 < f(7(z)) — 24 < 3 we define a function

za — f(n(x)) +
B

h(z) = (Fm(a) + 8 - g(r@))) + fr@) + 5. (32

ho(a) = (s(r@) = #(x@) + 8) + f(x(@) - .

15



This function is also C** by the same argument and has the following properties
h(z1,.... 2a-1, f(n(2))) = g(n(x)),
h7<$17"'7xd717f(7r<x>> _6) :f(ﬂ(x)) _ﬁa (34)
h({y e R: f(w(2)) = B < wa < f(7(@)}) = [f(w(2)) = B, g((x))].
Moreover, by we have

1f(y) — g =vW)If(y) — )| <

which gives us

1B—=gy)+fW)| =18—1fy) — gl =
and 5
\5—ﬂ@+awnﬂﬁ—mw—f@mz§.

This allows us to define functions

e fn() - .
bole) = gt LS B H( () + 8 (35)

O i R
) e () R A

These functions are once again C** by Lemmaand have the following properties

ﬁ+(x1, ey Za—1, g(m(x))) = f(m(x)),
hi(@r, e wa, f(7(2) + B) = f(7(2)) + B,
hi(fy € R : g(m(2)) < 2 < f(w(2) + BY) = [f(x(x), f (=(x)) + B

and analogously

ho (21, ... 2q-1, f(m(x)) — B) = f(7
ho({y €R: f(m(2)) — B < 2a < gln(2))}) = [f(n(x)) = B, f(m(x))].
Furthermore, it follows from and that
raJEZE (f(n(2)) + B — g(r(x)))

he (2 ey Td—1, xr)) = ’
hi(xq, ..., 2q-1, hy(2)) f(r(z) + B8 — g(n(z)) o

fm(x))+ B — f(n(zx)) — B .
Fr@) 1 7 =gl TN+ B =

and similarly h_(xy, ..., z4_1, h_(x)) = 24. We continue by defining a function

+

hi(z) f(r(r)) <zq < fm(x)) + 8B,
hz) = qh(z) f(r(2)) =B <z < f(7(z)),
Tq lzq — f(m(x))| > B.
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It follows from (3.3) and (3.4) that this function is continuous. Similarily we
define a continuous function.

hi(@)  g(n(2) < 2q < f(m(x) + 6,
hz) = h-(z)  f(r(z)) =B < @a < g(m(2)),
ta  |ra— f(m(x))] > B

These functions are clearly C*® and it holds that

h(zy,...,zq-1, h(x)) = x4.

Finally, we define a mapping H(z) = [z1,...,24-1, h(z)]. The inverse mapping
is H Y (z) = [z1,...,24-1, h(x)]. Both H and H~! are C** functions, so H is
a bi-C** homeomorphism. As h(z) = x4 outside Q¢, we get that H [Ra\Qi, =
1 d|Rd\Qih. Moreover, it follows from ((3.3]) and that ‘

H(Qg N {za < f(m(2)}) = Q5 N {za < g((2))}
and as ¢ = 1 on BI~!, the formula for g (3.1)) gives us

H(Qpp N{za < f(m(2)}) = Qg N {za < @(m(x))}
[l

Lemma 10. Let Q C R be a bounded domain and Uy, ...,U, be an open cover
of 02 such that there are ri,...,7,, > 0, hy,....,h, > 0 and isometries g1, ..., g :
R? — R? such that g;(U;) = 7‘?1_7,11_. Then there are numbers py, ..., pn > 0, 1; > p;,
Ry, ...,hl, >0, h; > h; and sets G; C Uy,...,G, C U, such that g;(G;) = QZ“M
and 9Q C UG;. 1

Proof. 1In the first step we take U; and construct the set G;. For sets
UF = {z € U, : dist(z,0U,) > 1/k}

we have
Ul cutc... Juf=u
keN

and for 1/k < ry it holds that g, (UF) = le—l/k:,hl—l/k' The sets {UF : k € N} are
an open cover of the compact set 9\ (UyU...UU,), so we have a finite subcover
U™, ...,U™. Set p = r —min{1/m;}, b}, = r; —min{1/m;} and G, = U™,
Then the sets G, Us, ..., U, are an open cover of 02, thus we proceed inductively
for Us, ..., U,.

[

Finally, we are ready to prove the main theorem of this chapter.

Theorem 11. Let Q C R be a C** domain. Then there exists a C*® domain X
and a bi-C** homeomorphism ® : R? — R such that ®(Q) = X.

17



/

Q) o

Figure 3.3: Hlustration of the first inductive step

Proof. We denote by U, the open neighbourhood of point x € 92 from the defi-
nition of C¥* domain. As the set 92 is compact and the collection {U, : x € 90}
is a cover of 01, there is a finite subcover Uy, ..., U,. We denote ¢!, ..., g" the as-
sociated isometries. From Lemma [10| we get pq, ..., pn > 0, b}, ..., A, > 0 and sets

Gi,...,Gy.

We proceed by induction. In the first step we use Lemma |§] on sets ¢g'(Uy)
and ¢g*(G;) and C** function 1, from the definition of C*® domain. We get a
smooth function ¢; and homeomorphism H;, such that

H1(Qp, iy M {za < m(w(2)}) = Qp, py N {za < pr((2))}-

We put ®; = (g') Lo Hog! and ©; = ®,(Q). Note, that ®;() is a C** domain
and we have

NG ={z €Gi:(g)alx) < prn(g'(2))},
in other words we have smoothened 02 in Gy, for illustration see Figure [3.3]

In the m-th step we begin with a C** domain ,,_; that is smooth in
Gi, ., Go1. Next, we use Lemma [9] on sets ¢™(U,,) and ¢™(G,,) and C*
function n,,, which belongs to the domain €2,,, ;. Note that the construction used
in the proof of Lemma [9] does not worsen the smoothness on ¢™(U,, N U;) for
1 <17 < m. We again obtain a smooth function ¢,, and homeomorphism H,,,
such that

H( zm,h;n N{za < nm(r(z)}) = b, O {za < om(m(z))}.

We put ®,, = (¢™) ' o H,, 0 g™ and Q,, = ®,,(Q,,,_1). This Q,, is a C** domain
that is smooth in Uy, ..., U,,.

After n steps we get a domain €, that is smooth in Gy, ..., G,,. As this is a
cover of 0€),,, we get that €2, is a C*° domain and the desired homeomorphism is
d=0,0..00;.

m
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4. (C°° domain

Now we turn our attention to C°° domains. We already know from Theorem
that lipschitz domains are bilipschitz homeomorphic to C'* domains. In order to
prove the extension theorem for Sobolev homeomorphisms on lipschitz domains,
it is enough to prove the extension on C'*° domains.

Lemma 12. Let Q C R? be a C domain. Then there exists r > 0 such that for
each x € {y € R? : dist(z,0) < r} there exists a unique m, € 9Q such that

[me — 2| = inf |z —yl.

Proof. Let x € R%. Function y — |z — y| is continuous. As 99 is a compact set,
we get the existence of m, € 02 such that |m, — z| = inf cpq |2 — y|.

We prove the uniqueness by contradiction. Suppose that for each n € N there
is an a, € R? and p,,q, € 09, p, # ¢, such that

216%% |an - Z| = |an _pn| = |an - Qn| < %

The sequence {a, }nen is bounded in R%, so there exists a converging subse-

quence a,, "2% 4 € 99 and we have D> Ony, "Z% 4 as well. From the definition
of C'*° domain there is a U neighbourhood of a, an isometry g and a C* function
@ such that

oNU ={z €U : gy(r) = p(r(g(x)))},

without loss of generality we assume that g = Id. There exists ng, such that for
all n, > ny, we have p,, , ¢, € graph .

For nj > ny, we denote z,, = 7(pp,) and y,, = 7(g,,) and define a function
fn, : R—= R, by the formula

i (s) =l (5)),

where h,,, : R +— R is an isometry onto the line x,,, y,, . For the derivatives of
fn, We have

| n _ynk|

< [[Vells

7.(5)] = \wmnk(s)) -

and

x”ki:ynk . v%(;,nk(s))x”ki:ynk
T — Y| Ty, — Y|
We denote z,y € R points, for which we have h,, (z) = z,, and h,, (y) = yn, and
without loss of generality assume z,, < yy,.

[fa () = < [V*¢ll-

We consider just the two dimensional plane containing a,,,p,, and g, and
we get a contradiction there.
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(v, fn.-.(y))

(5]

f .n;-

Figure 4.1: Sketch of cg and f,, .

Points p,, and g,, belong to the boundary of a d-dimensional ball with a
center in a,,. The intersection of the interior of this ball and the graph ¢ is
empty, because the points p,, and g,, are the closest points to a,, on the graph.
On account of the fact that the intersection of a two dimensional plane and a
d-dimensional ball is a disk, there exists s = (s1,52) € R? and 0 < R < 1/k such
that

5= (@, fun@))] = |s = (0, fon ()] = R
and the intersection of the graph of f,, and the interior of the disk with the center
s and radius R is empty. Without loss of generality we assume sy > f,,, (). Then
So > fn,(y) as the function f,, cannot cross sp on the interval (s; — R, s; + R).
Denote
CR(t) = —/R? — (t—81)2+82, te (81 —R,Sl +R>

the parametrisation of the lower half of the circle with center in s and radius R.

We know that cr(z) = fo.(2), cr(y) = fu,(y) and cg(t) > f,(t) for t €
(s1 — R,s1 + R). In the point = we get

cr(z+h) —ca(x) o\ fu(e+h) = fo (@) _ (@)

= Jn,

/ _ .
CR('T) B hll;%l_‘_ h - h—)0+ h

and

cr(z + h) —cr(x ne (@ +h) — fo, (2 /

Together we conclude that cz(x) = f;, () and analogously ci(y) = f,, (y). From
the fundamental theorem of calculus it follows that

/: CRp(t)dt = dp(y) — cg(z) = /: FI(t)at,

20



so there is a point tg € (s1 — R, sy + R) such that f; (to) > c(to). We have that

t—Sl
R — (t — 5,)?

and e .
4 — > -
CR( ) (RQ_ (t—31)2)3/2 il R7

and as R < 1/k together this gives us

1
Ir (to) > dp(to) > = >k

Nk

Finally, for M € N such that M > [|[VZpl| we get a function f,,, and ¢, € R
and we have
M < |fy, (o)l < Vil < M

nm

which is a contradiction.

This allows us to define a function
m: {r € R : dist(z,0Q) < r} — 09,

which maps z onto its closest point in 9. Note that the vector x — m(x) is a
normal vector to the boundary of §2 at the point m(z). In the following lemma
we state some properties of m.

Lemma 13. Let Q C R be a C> domain and let r > 0 be such that the function
m: {r € R : dist(z,00) < r} — 09,

which maps x onto its closest point in OS) is well defined. The function m has
the following properties.

(i) Function m is continuous.
(i) There is a constant r > ry > 0 such that for all
r € {y € R : dist(y, 00) < r}
and t € (—ry,7r1) we have
x —m(x)
m | m(x) + t) = m(x).
( |z —m(z)|
(iii) There is a constant r > ro > 0 such that the function m is C*° on the set
{y € R : dist(y, 992) < ry}.
Proof. (i) We proceed by contradiction. Let x,, be a sequence which converges

to z € {y € RY: dist(y, 0Q) < r} but m(x,) does not converge to m(z). As 9
is compact, there is a subsequence m(z,, ) such that m(z,,) — [ # m(z). Then

|z — 1] < |z —x,| + |z, — m(z,)| + |Mm(x,) — 1] =
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= |z — z,| + dist(x,, 0Q) + |m(z,) — |
% dist(z, 09),

which is a contradiction with the uniqueness of the closest points.

(ii) Since 09 is compact, there is a finite cover Uy, ..., U, of 9Q and from the
definition of a C'*° domain there are corresponding smooth functions ¢y, ..., ¢,
and isometries g1, ..., g,. We choose K > 0 such that K > max ||¢,omo gy |lcee(uy)-

Let x € U; N 0N, without loss of generality we assume that x = 0, that the
associated isometry g; from the definition of a C*° domain is identity and that

Now let us consider a unit vector u € R 1. We define a smooth function
¢y : R — R by the formula

pu(t) = @i(tu).
Then ¢, (0) = 0 and for the derivatives of ¢, we have
vu(0) = Vepi(tu) -u =0

and
|2 (B)] = |u- VEpi(tu)u| < Vil < K.

By applying the fundamental theorem of calculus we get that
—Kt] < ¢, (t) < Kt

and i K
— 12 <, (t) < =12
51 Seult) = 5

Moreover, we have the following inequality
K? 1 K? 1 1 K ,\° 1
0< —t* =~ —t*+ —+? t2—:(—t2) —(—t2>.
4 K? * 4 + K? K 2 K?
Note that equality holds if and only if ¢ = 0. Equivalently we have

o, 1 K ,\°
(- 5)
K2 K 2

and as both sides are positive for t € (—1/K,1/K) and + — £¢* > 0 for the same

K
values of £, it follows that
L 2 < i _ 5152’
\ K2 - K 2

for t € (—1/K,1/K), which gives us



It is then clear that a closed ball centered at (0,1/K) with a radius of 1/K has
exactly one point in the intersection with graph ¢, and the point is 0, the same
is true also for a closed ball with the same radius and center in (0, —1/K).

As the observation above holds for all unit vectors in R, we may conclude
that balls in R? with centers in (0,...,0,+1/K) and radii of 1/K intersect 95
only in 0. Therefore we have that m(0,...,0,£1/K) = 0.

Let t € (—1/K,1/K) be such that m(0, ...,0,t) # 0. Then
1/K = dist ((0, ...,0,sgn(t)1/K),0Q) < dist ((0, ..., 0,sgn(t)/K), m(0,...,0,t)) <

< dist ((0, ..., 0,sgn(t)1/K), (0, ...,0,t)) + dist ((0, ..., 0,¢),m(0, ..., 0,t)) <
< 1/K — |t| +dist ((0,...,0,¢),0) = 1/K — |t| + |t| = 1/ K,

which is a contradiction. Thus we have proven the desired identity and as
the constant K is independent on the choice of z, the identity is valid for all
z € {y € RY: dist(y,0Q) < 1/K}.

(iii) Once again, as 0f) is compact, there is a finite cover Uy, ..., U, of 092 and
from the definition of a C'*° domain there are corresponding smooth functions
©1, ..., o, and isometries g1, ..., g,. We choose K > 1 such that

K > max ||¢g o 7 o ggl|cee. (4.1)

We will define a map N : 092 x [-1/K,1/K] — R"™ that maps = € 02 and
te[-1/K,1/K] to
N(z,t) = x + tv,,
where v, is the outer unit normal vector to 2 in x. Then the inverse function to

N maps
v € R (m(z), (1 - 2xa(x))dist(z, 00)).

The factor 1 — 2yq(z) ensures that the last component has the correct sign.
We want to use the inverse function theorem to show that there is some constant
T > 0 such that the inverse function is C* on the set {x € R? : dist(x,0Q) < T}.

Lety € 0QNU, where U € {Uy,...,U,}. Just like in (ii) without loss of general-
ity we assume that the corresponding isometry is identity and that V(7 (y)) = 0.
We have that 02 N U is the image of 7(U) under smooth mapping ¢ defined as

(I)(:L‘h "'7md—1) = ('Il; vy Ld—1, 90(1‘17 ...,$d_1))7

where ¢ is the smooth function from the definition of smooth domain. Observe
that @1 = 7 on 99, so ® is a bi-C* homeomorphism of 7(U) onto U N IN. We
can calculate the gradient of ¢

10 - 0 22y, mq)

01 0 2(zy,..,24.1)
V(I)(le, ...,.CL’dfl) = O

00 --- 1 %(wl,...,xd_l)
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and it is clear that the outer unit normal vector to Q2 in z € 9Q N U is

-1

~ (@) ~ g5 (@)

5L m(x)) — 7(x))

e (7(@)) e (n(x)
1 1

We note that the mapping x +— v, is C*° on U. For x € Q2N U we have obtained
a formula for N

-1

_%W)) —%wx))
— 22 (7 (x)) —22 (7 (x))

N(z,r)=z+r : :
ot (m(x)) 28— (7(x))

1 1

It is evident from the formula that N is a C* function.

For N : 7(U) x [-1/K,1/K] — R? defined as

—1
_%(z) —%(2)
) —22(2) —22(2)
N(z,r)=2(z) +r : :
_ag?il(z) ajf_l( )
1 1

and for x € U we have N(n(z),r) = N(z,7), hence it is enough to show that N
has a nonzero Jacobian at (7(y),t) in order to conclude that N has a C* inverse
in (y,t) as for x € N(n(U) x [-1/K,1/K]) we have

N7 () = (w1(<N1<x>>1), <fv1<x>>2) _ (@((N%x»l), <fv1<x>>z), (42)
where (N '(2)); € #(U) and (N '(2))s € [-1/K, 1/K]. We denote
~2e (@) \|
B ()
L(z,r)=r :
aff_l (x)
1

and as we assume that V(m(y)) = 0 we have L(7(y),t) = t. For the derivatives
it holds

_ 2
9 . ) r _, szzll g:(pi afi(;fﬂj
o TR
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for j € {1,...,d — 1} and thus we have 52~ L(n(y),¢) = 0. Moreover

e -1

and it follows that 2 L(m(y),t) = 1. Therefore for i,j € {1,...,d — 1} we have
that

0 Oy oL ) 0%
o (£(-52)) (300 = = 500 0 52 () = L), )3 (x(0)
D*p
and 0 0 oL 0
' i
“ (= - =
o (£(-52)) 0.0 = =St 5% (rt) =0
Finally, as
— 5 ()
N ~E(2)
VN(z,r)=V®&(2)+ V| L(z,7) :
O¢
_3%71( )
1
we have that the Jacobi matrix at (7(y),t) is
02 0% 0%
1 - thf _taxlxg T _taxlxd_l 0
o2 02 2
_ - 8x1iz 1 - tT;g A axij_l
VN(ylv”'Jyd—ht) = . : . . .
o2 2 2
_té)xle_l _taxng_l e 1= tazgi 0
0 0 e 0 1

I follows from (4.1)) that K > ||¢||¢~. Then for the Jacobian of N at (y1, ..., yg_1,t)
we have the following estimate

|5 (Y1, oo Ya1, 1) > 1 — td! K?
and for ¢ < ﬁ it follows that the Jacobian is nonzero as
| T5 (Y1, ooy a1, )| > 1/2.

Therefore we may apply the inverse function theorem. We get that there is a
C* inverse function of N and from (4.2)) it follows that the inverse of N is a
composition of C* functions and thus the inverse function N~! is C° on set

1
d. 4 <
{a: € R?: dist(z, V) < 5] d},
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B(x)

m(x)

Q

Figure 4.2: We define the homeomorphism S in Theorem as a symmetry
around the boundary of €2 with respect to the normal vector.

where V' is some neighbourhood of y in 9€2. Clearly this inverse function maps

e {x e R* : dist(z, V)  (m(x), (1 = 2xa(x))dist (2, 00)).

1
P
< s
The constant ﬁ is independent on the choice of y € 02, hence the mapping
1
d . 1 . .
r € {:E € R : dist(z,00) < 2d!Kd} — (m(az), (1 QXQ(x))dlst(a:ﬁQ))

is C* on its domain and we may finally conclude that the mapping m is C'** on
the set

1
4 di < — 0.
{x € R : dist(z,00) < 5 d}

[]

Theorem 14. Let Q C R? be a C*® domain. Then there exists r > 0 and a
bi-C'>° homeomorphism

B:{z€Q:dist(z,00) <r} = {z € R\ Q: dist(z,00) < r}.
Proof. We choose r > 0 such that the function m is C'*° on
{z e R?: dist(z,00) < r}
by Lemma [13| (iii). Next, we define
B(x) =2m(x) — .
It is clear that  is C'*°. Moreover, we have that

B(B(x) = 2m(2m(x) — ) —2m(x) + o =
> —2m(x) + .

=2m (m(x) — |z — 'm(az:)\é::;g;|
It follows from Lemma |13| (ii) now that
B(B(x)) = 2m(x) — 2m(z) + v =,

thus [ is the desired bi-C'* homeomorphism.
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5. Extension for Sobolev
homeomorphisms

In order to prove the main theorem of this thesis we need to show that the compo-
sitions of bilipschitz homeomorphisms and Sobolev homeomorphism are Sobolev
homeomorphism. First, we need an equivalent characterization of Sobolev func-
tions by the absolute continuity on lines. The following theorem comes from the
book Weakly differentiable functions: Sobolev spaces and functions of bounded
variation [6] (Theorem 2.1.4) and we present it without proof.

Theorem 15. Let Q@ C R? be open, p € [1,00) and u € LP(Q)). Then u €
WP(Q), if and only if u has a representative U that is absolutely continuous on
almost all line segments in S parallel to the coordiante axes and whose (classical)
partial derivatives belong to LP(S2).

The main ideas of the following lemma come also from [6], mainly from The-
orems 2.1.11 and 2.2.2.

Lemma 16. Let Q C R be a bounded set and p € [1,00).
(i) Let u € WHP(Q,RY) and f € COYRY, RY). Then fou € WHP(Q,RY).
(ii) Let f € C*Y(Q,R?) be a bilipschitz homeomorphism and u € W1P(R? R?).
Then uo f € WHP(Q,R?).

Proof. (i) We will show that the proposition holds for f € C%*(R?), the rest will
follow from the fact that our mapping has all components in W1#(Q).

First, we show that fowu € LP(Q2). Without loss of generality we assume that
0 € Q. As  is bounded, the constant function f(0) is in LP(€2). Moreover, as f
is lipschitz, there is a constant C' > 0 such that |f(z) — f(y)| < C|z — y| for all
x,y € Q. It follows that

1/p
17 0wl < I1f 0w = FO)l + 17O) s = 1FOl + ( ] 1Fute)) = r0)F) " <

< 1Ol + ([ c@P) " < 17l + Clul,

By Theorem [15] we know that the component functions of u have represen-
tatives Wy, ..., ug that are absolutely continuous on almost all line segments in {2
parallel to the coordinate axes. Therefore on almost all line segments in €2 parallel
to the coordinate axes all of the functions w7y, ..., ug are absolutely continuous. Let
A be such a line segment, without loss of generality we assume that A is parallel
to the d—th coordinate axe. Then

A={(s1,...,84-1,t) CQ:t € R}
for some fixed (sy, ..., 84-1) € R4"L. we denote A4 the set

Ad = {t eR: (81, ...,Sdfl,t) € A}
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Let € > 0, by the definition of absolute continuity there exists 6 > 0 such that
for each finite sequence ((z;, yz))fV:1 of disjoint subintervals of A, satisfying

N

Dolzi—wil <0

i=1
we have

Uj 7 €

izzl |uj(81a ceey Sd—1, xz) - uj(Sl, vy Sd—1, yz)| S @

for each j € {1,...,d}, where C is the Lipschitz constant of the function f. For
f ow this gives us

N
Z |f(@(s1, .y Sa—1,2:)) — f(@(s1, ..y Sa—1,4i))| <
i=1

N
€
< ZC!U(sl, ey Sd—1, %) — U(S1, eey Sa—1,Yi)| < Cd@ <e.
i=1
We have shown that the function f o w is absolutely continuous on almost all
line segments in €2 parallel to the coordinate axes. Therefore the classical partial
derivatives exist almost everywhere and we have the following estimate

Of o | f(@(z + he;)) — f(u(x))
‘ o h =
_ he)) —w P
Sllg%c u(r + eh) u(z) <C 8;(@

and as the partial derivatives of @w; for j € {1,...,d} belong to L?(Q) it follows
that the partial derivatives of f o @ are in LP(Q2) as well.

We have shown that the function fowu € LP(2) has a representative that is
absolutely continuous on almost all line segments in €2 parallel to the coordinate
axes and that the partial derivatives of the representative are in LP(2). It follows
from Theorem [15] that fou € W1P(Q).

(ii) Again we show that the proposition holds for v € W'?(Q2) and the rest
will follow. Let {ug}tren € C(2) be a sequence of smooth functions converging
to u in WH?(Q2). Then by Rademacher theorem we have for almost all x € Q

d
D' (uy o f)(x ZD]Uk; Df]( x).

As f is a bilipschitz homeomorphism there is a constant C' > 0 such that |V f| < C
and |Jp-1| < C. For arbitrary ¢ € C5°(Q2) we get

/Quof(x)Digo(x)dx—/ﬂuk o f(z)D'p(z)dz| <

< llplles [ o f(x) = weo f(a)|da
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and by the change of variables formula (Theorem [2)) we get
Iille [ fue f(z) = weo fl)] dv <

< oo — J - dr <

< llello [ () = w(@)| 1 @)lde <

<C oo/ u(x) — ug(x)| de — 0.
< Cliglle~ [, 1u(e) = )

Similarly

(D) (@)D i) p(@)dr — [ (Du) () D' fy(@)p(e)da| <

< Cllglle | (D)) = [ (Du)(F(@)|da

and by the change of variables formula

dr <

cwmwéhmmuwwaéwMMﬂ@>

< Cligle~ [, |Put@) = [ D) )|dz <
()

<2 w/ ‘Dj —/Dj dz — 0.
< Cllele- [ [Puta) ~ [ Dyt e

Together this gives us

/Qu o f(z)D'p(x)dr = T}Lrgo/gluk o f(z)D'p(x)dx =

— lim — [ D'(u0 )(a)p(a)de = lim - /ZDJuk 2)) D f; () (z)dz =

n—0o0 n—oo

=a/2£ﬂ #) D' () (w) e

This gives us that the weak derivative equals
d
D'(uo f)(x Z ) D' f;(z), (5.1)

now all that remains is to show that uwo f € LP(Q) and Di(uo f) € LP(2). With
the help of the change of variables formula we get the following estimates for the
norms

uo p:/uo xpdx:/ w(x)|? [T (2)|de < Cl|ul|f1,
lwo flly = J luo f(2)] f(Q)|()||f<)| [l

and
P

Do |l - D)D)
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Figure 5.1: Definition of the extension for C'* domain.
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Hence uo f € W?(Q) and the proof is complete.

@)

O

Theorem Let p € [1,00), 21,95 C R? be lipschitz domains and f €
Wl’p(& ,25) be a homeomorphism onto 5. Then there exist open sets U; D €,
U D Qy, and a homeomorphism F € W?(U;, Us,) such that

F|91:f~

Proof.  First we consider the case when €2; and €y are C*° domains. By the
Theorem [14] there is 7 > 0 and a bi-C* homeomorphism

Bi:{z € Q:dist(z,00) <1} — {z € RY\ Q) : dist(z,00;) < 71}
Similarily we get ro > 0 and a bi-C'*° homeomorphism
By {z € Qy i dist(z,00) < ro} — {z € R\ Q, : dist(z,08) < 7}

We denote U = {z € Q : dist(z,00) < ri} N f71{z € Qy : dist(z,00) < 12})
and define a function F' in the following way

o) — f(z) x €,
e {62(f(51‘1(w))) v e BU). 2
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Let us denote g = Bo(f (371 (2))). Weset Uy = QUB(U) and Uy = QuUBy(f(U)).
As Bi|aq, = id and Ps|aq, = id, for x € 9y we get

9(x) = Ba(f (B (2))) = Ba(f(2)) = [(2).

It is then clear that the function F' : U; — U, is a homeomorphism as a compo-
sition of homeomorphisms. It remains to show that U € W'?(Uy, Uy).

By the Lemma (16 we have that g € W'?(5,(U)). Let ¢ € C3°(Uy). As
F € C(U,), the integration by parts (Theorem [3)) gives us

O _ [ 9 +/ Op
B

v, 0r; ' Jo, Ox; ' () 871:]»91 B

= —/ oD’ f; —/ SOngi-i‘/ (fi — 9:)pv; = —/ @Djfi—/ 0D g;
2 B1(U) o8y 971 B1(U)

It follows that

[ Flwie@yy = 1 fllwre@y + lg9llwrr@o) < oo.

Now we turn our attention to the general case, when €2; and €2y are lipschitz
domains. By the Theorem (11| there are bilipschitz homeomorphisms ®;, $, and
C* domains %1, ¥y such that ®;(Q;) = ¥, and ®5(Q) = Xy. Then ®yofod;'isa
Sobolev homeomorphism between C'>° domains Y1 and Yo, as it is a composition of
a bilipschitz homeomorphism, a Sobolev homeomorphism and another bilipschitz
homeomorphism (see Lemma . We have already shown the extension for C'*°,
thus there are open sets S; D i, S; D ¥, and a Sobolev homeomorphism
G : S — Sy Weset U = &7'(S)), Uy = &;'(S,) and define a function
F : Uy — U; by the formula

The function F' is a composition of a bilipschitz homeomorphism, a Sobolev
homeomorphism and another bilipschitz homeomorphism, therefore it is a Sobolev
homeomorphism by Lemma . Moreover, as G = ®y0 fo®; ! on Xy, for z € O
we have ®;(z) € ¥; and it follows that

F(a) = &7 (G(®1(2)) = 07" (a1 (07 (22(0))) ) )= (@),

thus F' is the desired extension of f.
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