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Notation
Throughout this text, the symbol Ω denotes an open set in Rd. Points in Rd are
denoted by x = (x1, ..., xd), where xi ∈ R, i ∈ {1, ...d} are the coordinates of x
and the norm of x is

|x| =
(︄

d∑︂
i=1

x2
i

)︄1/2

The i-th canonical vector is denoted by ei and by π : Rd → Rd−1 we denote the
projection onto d− 1 coordinates

π(x1, ..., xd) = (x1, ..., xd−1).

The sign function sgn : R → R is defined as

sgn (x) =

⎧⎪⎪⎨⎪⎪⎩
1 x > 0,
0 x = 0,
−1 x < 0.

The symbol Bd
r denotes a d-dimensional open ball centered at the origin with

the radius r
Bd

r = {x ∈ Rd : |x| < r}

and the symbol Qd
r,h denotes a d-dimensional cylinder

Qd
r,h = Bd−1

r × [−h, h].

The closure of a set S ⊂ Rd is denoted by S. The boundary of a set S is
defined as

∂S = S ∩ Rd \ S.

For S ⊂ Rd and x ∈ Rd the distance from x to S is denoted by

dist (x, S) = inf{|x− y| : y ∈ S}.

The characteristic function χS : Rd → R of a set S ⊂ Rd is defined as

χS(x) =

⎧⎨⎩1 x ∈ S,

0 x /∈ S.

We say that a ∈ Nd
0 is a multi-index. The length of a multi-index is denoted

by
|a| = a1 + a2 + ...+ ad.

For two multi-indices a, b ∈ Nd
0 we have

a ≤ b ⇔ ai ≤ bi for all i ∈ {1, ..., d}

and a binomial coeficient defined as(︄
a

b

)︄
=
(︄
a1

b1

)︄(︄
a2

b2

)︄
...

(︄
ad

bd

)︄
.
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If f : Ω → R is a function defined on Ω, the support of f is

spt f = Ω ∩ {x ∈ Ω : f(x) ̸= 0}

and the graph of the function f is the set

graph f = {(x, y) ∈ Ω × R : f(x) = y}.

The space of continuous functions on Ω is denoted by C(Ω). More generally, for
k ∈ N let

Ck(Ω) =
{︄
f : Ω → R : ∂|a|f

∂a1x1∂a2x2...∂adxd

∈ C(Ω) for all a ∈ Nd
0, |a| ≤ k

}︄

and we set
C∞(Ω) =

⋃︂
k∈N

Ck(Ω).

We define

Ck
0 (Ω) = Ck(Ω) ∩ {f : Ω → R : spt f is compact and spt f ⊂ Ω}.

For p ∈ [1,∞) we define a functional on measurable functions on Ω as

∥u∥p =
(︃∫︂

Ω
|u(x)|pdx

)︃1/p

and
∥u∥∞ = essupΩ|u|.

For p ∈ [1,∞] we define the Lebesgue space

Lp(Ω) = {u : Ω → R measurable : ∥u∥p < ∞}.

Let u ∈ L1(Ω) and a ∈ Nd
0 be a multi-index. We say that the function

v ∈ L1(Ω) is the ath weak derivative of u if
∫︂

Ω
φv = (−1)|a|

∫︂
Ω

∂|a|φ

∂a1x1....∂adxd

u

holds for all φ ∈ C∞
0 (Ω). We denote Dau = v.

For p ∈ [1,∞] we define the Sobolev space

W 1,p(Ω) = {u ∈ Lp(Ω) : Deiu ∈ Lp(Ω)} .

The space W 1,p is equipped with a norm

∥u∥1,p = ∥u∥p +
d∑︂

i=1
∥Deiu∥p.
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Introduction
Sobolev functions are an important part of the modern approach to the partial
diferential equations. Recently, there has been a lot of development involving
Sobolev homeomorphisms, as they play an important part in the modeling of
elastic deformations.

The extension theorems for Sobolev functions are a very useful tool when
dealing with Sobolev spaces. The extension on Lipschitz domains was proved by
A. P. Calderón [1] in the case when p ∈ (1,∞) and the result was later extended
by E. M. Stein [2] to involve the endpoints. In [3] the extension theorem was
proved for a more general class of domains by P. W. Jones. The main idea of
these proofs revolve around the partition of unity. However, as homeomorphisms
are not closed under addition, any idea involving the partition of unity will not
work if we need to extend a Sobolev homeomorphism to a homeomorphism.

In this work we aim to prove the local extension of Sobolev homeomorphisms
on Lipschitz domains. Our main result in chapter 5 is the following theorem.

Theorem 1. Let p ∈ [1,∞), Ω1,Ω2 ⊂ Rd be Lipschitz domains and f ∈ W 1,p(Ω1,Ω2)
be a homeomorphism onto Ω2. Then there exist open sets U1 ⊃ Ω1, U2 ⊃ Ω2, and
a homeomorphism F ∈ W 1,p(U1, U2) such that

F |Ω1 = f.

The definition of a Lipschitz domain is in the first chapter. This result might
be helpful in future works on Sobolev homeomorphisms, just like in [4] it would
have simplified the proof of the main theorem.

In the first chapter we present the readers with the standard proof of the
extension of Sobolev functions on Lipschitz domains and note, why the approach
used in the proof of the theorem does not work for homeomorphisms.

In the second chapter we define the notion of a Ck,a function and formulate
and prove some basic properties of these functions, which are useful in the rest
of this work.

In chapter 3 we prove that Ck,a domains are bi-Ck,a homeomorphic to C∞ do-
mains. This allows us to generalise the results from C∞ domains to Ck,a domains.
Note that our result in chapter 3 is more general than we need in this thesis and
could be useful in further generalisations of our result for W k,p homeomorphisms.

In chapter 4 we turn our attention to C∞ domains and make neccesary prepa-
rations to prove the extension theorem on C∞ domains. To that end we work
with the function that maps a point to its closest point on the boundary of the
domain Ω and show that on some neighbourhood of the boundary such a function
is smooth.
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Finally, in the last chapter we prove our main result, Theorem 1. Note that
by modifying the lemma in this chapter for BV functions or W k,p functions our
method would also work for the extension of BV homeomorphisms on Lipschitz
domains and for the extension of W k,p homeomorphisms on Ck,1 domains. This
is the aim of our future work.

During the course of this thesis we consider only the case of Lipschitz domains.
Any work concerning the extension of Sobolev homeomorphism on more general
domains like in [3] remains an open problem.

5



1. Extension for Sobolev
functions
At this point we present the reader with the standard extension theorem for
Sobolev functions on Lipschitz domains. The following proof comes from the
chapter 4.4. in the book Measure Theory and Fine Properties of Functions [5].

Definition 1. We say that a function f : Ω ⊂ Rd → Rk is lipschitz, if there
exists a real constant C > 0 such that for all x, y ∈ Ω we have

|f(x) − f(y)| ≤ C|x− y|.

Definition 2. Let Ω ⊂ Rd be a bounded domain. Then Ω is called a Lipschitz
domain if for every point x ∈ ∂Ω there exists an open neighbourhood U ⊂ Rd of
x, an isometry g : Rd → Rd, g = [g1, ..., gd], r, h > 0 and a lipschitz function η
on Rd−1 such that g(U) = Qd

r,h and

Ω ∩ U = {x ∈ U : gd(x) < η(π(g(x))}.

We provide two theorems from the book without proof. The first one is
a modification of Theorem 2 in the section 3.3.3 also known as the change of
variables formula.

Theorem 2. Let f : Rd → Rd be a lipschitz and one-to-one. Then for each
measurable function g : Ω → R∫︂

Ω
g(x)Jf(x)dx =

∫︂
f(Ω)

g(f−1(x))dx,

where Jf is the Jacobian of the function f .

The following theorem called integration by parts is Theorem 1 (ii) in the
section 4.3.

Theorem 3. Let Ω be a Lipschitz domain, 1 ≤ p < ∞, φ ∈ C1(Rd,Rd) and
f ∈ C(Ω) ∩W 1,p(Ω). Then∫︂

Ω
fdivφdx = −

∫︂
Ω
Df · φdx+

∫︂
∂Ω

(φ · ν)fdHd−1,

where ν denotes the unit outer normal to ∂Ω.

The whole proof is based around the following lemma, which is also known as
the partition of unity.

Lemma 4. Let Ω ⊂ Rd be an open bounded set and {Gi}k
i=1 be a finite collection

of open sets in Rd such that Ω ⊂ ⋃︁k
i=1 Gi. Then there are non-negative functions

ϕi ∈ C∞
0 (Gi), i = 1, ..., k such that for each function ϕi we have ∥ϕi∥C(Ω) ≤ 1 and

for each x ∈ Ω we have
k∑︂

i=1
ϕi(x) = 1.
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Proof. There are open sets G′
i such that G′

i ⊂ Gi for each i ∈ {1, ..., k} and
Ω ⊂ ⋃︁k

i=1 G
′
i. Then there exists an open set Gk+1 such that Rd = ⋃︁k+1

i=1 Gi and
dist(Gk+1,Ω) > 0. We fix h > 0 such that dist(Gk+1,Ω) > h and dist(GC

i , G
′
i) > h

for each i ∈ {1, ..., k}. Next, we define a C∞ function

ωh(x) =

⎧⎪⎨⎪⎩e
|x|2

|x|2−h2 |x| < h,

0 |x| ≥ h

and cover each G′
1, ..., G

′
k and Gk+1 with balls of a radius h and centers yij. For

i = 1, ..., k we choose a finite cover and for i = k + 1 a locally finite cover. For
i ∈ {1, ..., k + 1} we define functions

ψi(x) =
∑︂

j

ω(x− yij).

It is clear that ψi ∈ C∞
C (Gi) and for each x ∈ Ω we have

k∑︂
i=1

ψ(x) ̸= 0

and ψk+1(x) = 0. We set

ϕi(x) = ψi(x)∑︁k+1
j=1 ψj(x)

.

Then the system of functions {ϕi}k
i=1 fulfills the lemma.

Theorem 5. Let Ω ⊂ Rd be a Lipschitz domain, 1 ≤ p < ∞. Then for each
f ∈ W 1,p(Ω) there exists a function F ∈ W 1,p(Rd) such that

F |Ω = f.

Proof. Since Ω is Lipschitz, for each y ∈ ∂Ω there exists an open neighbourhood
U of y, an isometry g : Rd ↦→ Rd, r, h > 0 and a lipschitz function η : Rd−1 ↦→ R
such that g(U) = Qd

r,h and

Ω ∩ U = {x ∈ U : gd(x) < η(π(g(x)))}.

We fix y ∈ ∂Ω. Without loss of generality we assume that g = Id. We denote

Ω− = Qd
r/3,h/3 ∩ Ω and Ω+ = Qd

r/3,h/3 − Ω.

First we prove the claim for f ∈ C1(Ω) with spt f ⊂ Qd
r/3,h/3 ∩ Ω. Set

f−(x) = f(x) for x ∈ Ω−,

f+(x) = f(x1, ..., xd−1, 2η(π(x)) − xd) for x ∈ Ω+.

Note that on ∂Ω ∩Qd
r/3 we have f− = f+ = f . It is clear that f− ∈ W 1,p(Ω), we

want to show that f+ ∈ W 1,p(Ω+).
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Let φ ∈ C∞
0 (Ω+), since η is lipschitz we can pick a sequence {ηn}n∈N of C∞

functions such that
ηn ≤ η,

ηn
n→∞−→ η uniformly,

Dηn
n→∞−→ Dη almost everywhere,

sup ∥Dηn∥∞ < ∞.

For i ∈ {1, .., d− 1} we get∫︂
Ω+
f+(x) ∂φ

∂xi

(x)dx =
∫︂

Ω+
f(x1, ..., xd−1, 2η(π(x)) − xd) ∂φ

∂xi

(x)dx.

Since f ∈ C1(Ω) and φ ∈ C∞
0 (Ω+) we have

|f(x1, ..., xd−1, 2ηn(π(x)) − xd) ∂φ
∂xi

(x)| ≤ sup
x∈Ω

⃓⃓⃓⃓
f(x)

⃓⃓⃓⃓
sup

x∈Ω+

⃓⃓⃓⃓
∂φ

∂xi

(x)
⃓⃓⃓⃓
< ∞

and as Ω+ is bounded, we can use the dominated convergence theorem and get∫︂
Ω+
f(x1, ..., xd−1, 2η(π(x)) − xd) ∂φ

∂xi

(x)dx =

= lim
n→∞

∫︂
Ω+
f(x1, ..., xd−1, 2ηn(π(x)) − xd) ∂φ

∂xi

(x)dx =

= − lim
n→∞

∫︂
Ω+

(︄
∂f

∂xi

(x1, ..., xd−1, 2ηn(π(x)) − xd)+

+2 ∂f
∂xd

(x1, ..., xd−1, 2ηn(π(x)) − xd)∂ηn

∂xi

(π(x))
)︄
φ(x)dx.

We chose the sequence {ηn} such that sup ∥Dηn∥∞ < ∞. Therefore all of the
integrands are once again uniformly bounded and the dominated convergence
theorem gives us

− lim
n→∞

∫︂
Ω+

(︄
∂f

∂xi

(x1, ..., xd−1, 2ηn(π(x)) − xd)+

+2 ∂f
∂xd

(x1, ..., xd−1, 2ηn(π(x)) − xd)∂ηn

∂xi

(π(x))
)︄
φ(x)dx.

= −
∫︂

Ω+

(︄
∂f

∂xi

(x1, ..., xd−1, 2η(π(x)) − xd)+

+2 ∂f
∂xd

(x1, ..., xd−1, 2η(π(x)) − xd) ∂η
∂xi

(π(x))
)︄
φ(x)dx.

Overall, we have shown that∫︂
Ω+
f+(x) ∂φ

∂xi

(x)dx =
∫︂

Ω+

(︄
∂f

∂xi

(x1, ..., xd−1, 2η(π(x)) − xd)+

+2 ∂f
∂xd

(x1, ..., xd−1, 2η(π(x)) − xd) ∂η
∂xi

(π(x))
)︄
φ(x)dx.
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Analogously we get∫︂
Ω+
f+(x) ∂φ

∂xd

(x)dx =
∫︂

Ω+

∂f

∂xd

(x1, ..., xd−1, 2η(π(x)) − xd)φ(x)dx.

Function η is lipschitz and one-to-one, so ∥Dη∥∞ < ∞ and by the change of
variables we get∫︂

Ω+
|Df(x1, ..., xd−1, 2η(π(x)) − xd)|p dx ≤ C

∫︂
Ω

|Df |p.

We continue by defining a function

F (x) =

⎧⎪⎪⎨⎪⎪⎩
f−(x) x ∈ Ω−,

f+(x) x ∈ Ω+,

0 otherwise.

We observe that F is a continuous function and sptF ⊂ Qd
r . Let φ ∈ C∞

C (Rd).
For i ∈ {1, ..., d} the integration by parts (Theorem 2) gives us∫︂

Rd
F
∂φ

∂xi

=
∫︂

Ω−
f− ∂φ

∂xi

+
∫︂

Ω+
f+ ∂φ

∂xi

=

= −
∫︂

Ω−

∂f−

∂xi

φ−
∫︂

Ω+

∂f+

∂xi

φ+
∫︂

∂Ω
(f− − f+)φνi = −

∫︂
Ω−

∂f−

∂xi

φ−
∫︂

Ω+

∂f+

∂xi

φ.

We already know that f− ∈ W 1,p(Ω−) and f+ ∈ W 1,p(Ω+), so it follows from the
computation above that

∥F∥W 1,p(Rd) = ∥f−∥W 1,p(Ω−) + ∥f+∥W 1,p(Ω+) ≤ C∥f∥W 1,p(Ω).

Thus F ∈ W 1,p(Rd) and we have proven the claim for C1 functions with support
in Qd

r/3,h/3 ∩ Ω.

We continue by proving the theorem for arbitrary f ∈ C1(Ω). Since ∂Ω
is compact, we can cover ∂Ω with finitely many U1, ..., Uk such that for each
i = 1, ..., k there is an isometry gi such that gi(Ui) = Qd

ri,hi
and the sets Gi =

g−1
i (Qd

ri/3,hi/3) are a cover of ∂Ω. Set G0 = IntΩ. According to Lemma 4 there
are non-negative functions ϕi ∈ C∞

0 (Gi), i = 0, ..., k such that ∥ϕi∥C(Ω) ≤ 1 and
for each x ∈ Ω ∑︁k

i=1 ϕi(x) = 1. We denote fi = ϕif . Then the support of fi is
in Gi ∩ Ω, so according to the above there are functions Fi ∈ W 1,p(Rd) such that
Fi|Ω = fi. We set F = ∑︁k

i=0 Fi. Then F ∈ W 1,p(Rd),

∥F∥W 1,p(Rd) ≤
k∑︂

i=0
∥Fi∥W 1,p(Rd) ≤ C

k∑︂
i=0

∥fi∥W 1,p(Ω) = C∥f∥W 1,p(Ω)

and for x ∈ Ω we have

F (x) =
k∑︂

i=0
Fi(x) =

k∑︂
i=0

fi(x) =
k∑︂

i=0
ϕi(x)f(x) = f(x). (1.1)

Finally, if f ∈ W 1,p(Ω), there is a sequence of functions fn ∈ C1(Ω) such that
fn

n→∞−→ f in W 1,p(Ω). For each fn there is an extension Fn. Then

∥Fm − Fn∥W 1,p(Rd) ≤ C∥fm − fn∥W 1,p(Ω)
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and thus the sequence {Fn}n∈N is Cauchy, so there is a limit F ∈ W 1,p(Rd), which
is the extension of f .

Definition 3. Let Ω1,Ω2 ⊂ Rd be open. We say, that a function F : Ω1 → Ω2
is a homeomorphism if it is continuous, bijective and its inverse function F−1 is
also continuous.

It is easy to observe that a composition of two homeomorphisms is also a
homeomorphism. However, homeomorphisms are not closed under adition. For
example functions f(x) = x and g(x) = −x are both homeomorphisms of R onto
R, but f + g = 0 is not even one-to-one.

Unfortunately, the idea revolving around the partition of unity cannot work
for the extension of homeomorphisms, because the formula in (1.1) might not
give us a homeomorphism.
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2. Ck,α spaces
In this chapter we define the notion of Ck,α functions and present the proofs of
some basic properties, the embedding theorem and how the space of Ck,α func-
tions behave under the addition and multiplication.

Definition 4. We say that a function f : Ω ⊂ Rd → Rd is bilipschitz, if there
exists a real constant C > 0 such that for all x, y ∈ Ω we have

1
C

|x− y| ≤ |f(x) − f(y)| ≤ C|x− y|.

The following lemma provides us with an equivalent definition of a bilipschitz
function.

Lemma 6. The function f : Ω ⊂ Rd → Rd is bilipschitz if and only if f is a
lipschitz one-to-one function and the inverse function f−1 is lipschitz as well.

Proof. If f and f−1 are lipschitz, there is a constant C > 0 such that

|f(x) − f(y)| ≤ C|x− y| and |f−1(x) − f−1(y)| ≤ C|x− y|.

Thus we get

|x− y| = |f−1(f(x)) − f−1(f(y))| ≤ C|f(x) − f(y)| ≤ C2|x− y|.

On the other hand if f is bilipschitz, we have

|f(x) − f(y)| ≥ 1
C

|x− y|,

so f(x) = f(y) if and only if x = y, f is one-to-one and there exists an inverse
function f−1 : f(Ω) → Rd. Let a, b ∈ f(Ω). Then there are x, y ∈ Ω such that
f(x) = a and f(y) = b and we have

|f−1(a) − f−1(b)| = |x− y| ≤ C|f(x) − f(y)| = C|a− b|.

It follows that bilipschitz functions are lipschitz homeomorphisms onto their
images, whose inverses are lipschitz as well.

Definition 5. Let k ∈ N0, α ∈ [0, 1] and Ω ⊂ Rd. We define the function space
Ck,α(Ω) as

Ck,α(Ω) = {f ∈ Ck(Ω) : sup
x ̸=y,|a|=k

|Daf(x) −Daf(y)|
|x− y|α

< ∞}.

We say, that a homeomorphism h is bi-Ck,α if h ∈ Ck,α and h−1 ∈ Ck,α.

11



Remark. If f ∈ C0,1(Ω) then f is lipschitz and on bounded Ω these two notions
coincide.

Very useful property of the Ck,α(Ω) spaces is the following embedding theorem.

Theorem 7. Let Ω ⊂ Rd be open. Then

(i) For k ∈ N0 and 0 < α < β ≤ 1 we have Ck,β(Ω) ↪→ Ck,α(Ω).

(ii) For k ∈ N we have Ck(Ω) ↪→ Ck−1,1(Ω).

Proof. (i) Let f ∈ Ck,β. Then for x, y ∈ Ω we have

sup
x ̸=y,|a|=k

|Daf(x) −Daf(y)|
|x− y|α

≤

≤ sup
|x−y|≥1,|a|=k

|Daf(x) −Daf(y)|
|x− y|α

+ sup
0<|x−y|≤1,|a|=k

|Daf(x) −Daf(y)|
|x− y|α

≤

≤ 2 max
|a|=k

∥Daf∥∞ + sup
0<|x−y|≤1,|a|=k

|Daf(x) −Daf(y)|
|x− y|α

≤

≤ 2 max
|a|=k

∥Daf∥∞ + sup
0<|x−y|≤1,|a|=k

|Daf(x) −Daf(y)|
|x− y|β

< ∞.

(ii) From the multidimensional mean value theorem and the Cauchy-Schwartz
inequality for α ∈ Nd

0, |α| = k − 1 and x, y ∈ Ω we obtain

|Dαf(x) −Dαf(y)| ≤ |∇Dαf(cx+ (1 − c)y)||x− y| ≤ max
|a|=k

∥Daf∥∞|x− y|.

This theorem allows us to prove some basic properties for operations with func-
tions from the spaces Ck,α(Ω).

Lemma 8. Let Ω ⊂ Rd and f, g ∈ Ck,α(Ω). Then we have the following proper-
ties:

(i) Function f + g ∈ Ck,α(Ω).

(ii) Function fg ∈ Ck,α(Ω).

(iii) If infx∈Ω |g(x)| > h > 0 then the function f/g ∈ Ck,α(Ω).

Proof. From the definition of Ck,α(Ω) space and its embeddings there are
constants Cf and Cg such that

|Daf(x) −Daf(y)| ≤ Cf |x− y|α

and
|Dag(x) −Dag(y)| ≤ Cg|x− y|α

for all x, y ∈ Ω and |a| ≤ k. We denote C := max{Cf , Cg}.

12



(i) From triangle inequality we get
|Da(f(x) + g(x)) −Da(f(y) + g(y))| ≤

≤ |Daf(x) −Daf(y)| + |Dag(x) −Dag(y)| ≤ 2C|x− y|α.
(ii) The Leibniz rule gives us

|Da(f(x)g(x)) −Da(f(y)g(y))| =

=

⃓⃓⃓⃓
⃓⃓∑︂
b≤a

(︄
a

b

)︄
Dbf(x)Da−bg(x) −

∑︂
b≤a

(︄
a

b

)︄
Dbf(y)Da−bg(y)

⃓⃓⃓⃓
⃓⃓ =

=

⃓⃓⃓⃓
⃓⃓∑︂
b≤a

(︄
a

b

)︄
(Dbf(x)Da−bg(x) −Dbf(x)Da−bg(y)+

+Dbf(x)Da−bg(y) −Dbf(y)Da−bg(y))
⃓⃓⃓
≤

≤
∑︂
b≤a

(︄
a

b

)︄
(∥f∥Ck(Ω)C|x− y|α + ∥g∥Ck(Ω)C|x− y|α) ≤

≤ C(∥f∥Ck(Ω) + ∥g∥Ck(Ω))
∑︂
b≤a

(︄
a

b

)︄
|x− y|α.

(iii) We proceed by induction with respect to k. We want to show that if the
the proposition holds for all pairs of functions in Ck−1,α, then it also holds for
functions in Ck,α.

For k = 0 we get⃓⃓⃓⃓
⃓f(x)
g(x) − f(y)

g(y)

⃓⃓⃓⃓
⃓ =

⃓⃓⃓⃓
⃓f(x)g(y) − f(y)g(x)

g(x)g(y)

⃓⃓⃓⃓
⃓ ≤ |f(x)g(y) − f(x)g(x)|

h2 +

+ |f(x)g(x) − f(y)g(x)|
h2 ≤ C(∥f∥∞ + ∥g∥∞)

h2 |x− y|α.

Now we assume that the proposition holds for all functions in Ck−1,α(Ω). Let
f, g ∈ Ck,α(Ω), it is enough to show that Da (f/g) ∈ C0,α(Ω) for all multiindexes
a ∈ Nd

0 such that |a| ≤ k. In the first step we have already shown that D0 (f/g) =
f/g ∈ C0,α(Ω). Now let |a| > 0. Then there exists i ∈ {1, .., d} such that ai ̸= 0.
The quotient rule gives us

Da

(︄
f

g

)︄
= Da−ei

(︄
Dei

(︄
f

g

)︄)︄
= Da−ei

(︄
Deifg − fDeig

g2

)︄
.

As f, g ∈ Ck,α(Ω) we have that Deif,Deig ∈ Ck−1,α(Ω) and thus from (ii) and
Theorem 7 we have Deifg − fDeig, g2 ∈ Ck−1,α(Ω) and from the induction hy-
pothesis we get that

Deifg − fDeig

g2 ∈ Ck−1,α.

As |a− ei| ≤ k − 1 we get that

Da

(︄
f

g

)︄
= Da−ei

(︄
Deifg − fDeig

g2

)︄
∈ C0,α(Ω)

and the proof is complete.
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3. Ck,α domain
Extension theorems are valid only for some specific types of domains. In this
work we will be concerned only with extensions on lipschitz domains. However,
in this chapter we define a more general notion of a Ck,α domain. The main result
of this chapter is the fact that each Ck,α domain is bi-Ck,α homeomorphic to a
C∞ domain.

Definition 6. Let Ω ⊂ Rd be a bounded domain. Then Ω is called a Ck,α domain
if for every point x ∈ ∂Ω there exists an open neighbourhood U ⊂ Rd of x, an
isometry g : Rd → Rd, g = [g1, ..., gd], r > 0 and a Ck,α function η on Rd−1 such
that g(U) = Qd

r,h and

Ω ∩ U = {x ∈ U : gd(x) < η(π(g(x))}.

Remark. If Ω is a C0,1 domain, we say that Ω is a lipschitz domain.

Figure 3.1: Illustration of the definition of a lipschitz domain.

Our aim is to show that for each Ck,α domain Ω there is a bi-Ck,α homeomor-
phism H (both H and H−1 are Ck,α functions) and a smooth C∞ domain Σ such
that H(Ω) = Σ. We begin by showing that a graph of a Ck,α function is locally
bi-Ck,α homeomorphic to a graph of smooth function.

Lemma 9. Let 0 < K < ρ < r, 0 < h′ < h and f ∈ Ck,α(Rd−1) be such that for
all x ∈ Bd−1

ρ we have |f(x)| < K. Then there exists φ ∈ C∞(Rd−1) such that

|f(x) − φ(x)| < ρ−K

holds for all x ∈ Bd−1
r and there is a bi-Ck,α homeomorphism H : Rd → Rd such

that:

(i) H|Rd\Qd
r,h

= Id|Rd\Qd
r,h

(ii) H(Qd
ρ,h′ ∩ {xd < f(π(x)}) = Qd

ρ,h′ ∩ {xd < φ(π(x))}.

14



Figure 3.2: Sketch of the construction in Lemma 9. We move a point x vertically,
such that the relative position of H(x) to the graphs of φ and f + β is the same
as the relative position of x to f and f + β.

Proof. Set β = ρ − K. Due to density of smooth functions there exists a
φ ∈ C∞(Rd−1) such that ∥f − φ∥ < β/2 in Bd−1

r . Let ψ ∈ C∞
C (Bd−1

r ) be a
function such that ψ(x) = 1 for all x ∈ Bd−1

ρ . Next, we define a function

g := (1 − ψ)f + ψφ. (3.1)

It is clear by Lemma 8 that g ∈ Ck,α(Rd−1), is smooth in Bd−1
ρ and g = φ on Bd−1

ρ .

We will construct a homeomorphism that changes only the d-th coordinate in
such manner that the relative position of x to the graphs of f and f − β and the
relative position of H(x) to the graphs of g and f −β are the same (see Fig. 3.2).

For x ∈ Rd such that 0 ≤ xd − f(π(x)) ≤ β we define a function

h+(x) = xd − f(π(x)) − β

β

(︃
f(π(x)) + β − g(π(x))

)︃
+ f(π(x)) + β. (3.2)

This function is Ck,α by Lemma 8 and has the following properties:

h+(x1, ..., xd−1, f(π(x))) = g(π(x)),

h+(x1, ..., xd−1, f(π(x)) + β) = f(π(x)) + β, (3.3)

h+
(︂
{y ∈ Rd : f(π(x)) ≤ xd ≤ f(π(x)) + β}

)︂
= [g(π(x)), f(π(x)) + β].

Similarly, for x ∈ Rd such that 0 ≤ f(π(x)) − xd ≤ β we define a function

h−(x) = xd − f(π(x)) + β

β

(︃
g(π(x)) − f(π(x)) + β

)︃
+ f(π(x)) − β.

15



This function is also Ck,α by the same argument and has the following properties

h−(x1, ..., xd−1, f(π(x))) = g(π(x)),

h−(x1, ..., xd−1, f(π(x)) − β) = f(π(x)) − β, (3.4)

h−
(︂
{y ∈ Rd : f(π(x)) − β ≤ xd ≤ f(π(x))}

)︂
= [f(π(x)) − β, g(π(x))].

Moreover, by (3.1) we have

|f(y) − g(y)| = ψ(y)|f(y) − φ(y)| ≤ β

2 ,

which gives us

|β − g(y) + f(y)| ≥ |β − |f(y) − g(y)|| ≥ β

2
and

|β − f(y) + g(y)| ≥ |β − |g(y) − f(y)|| ≥ β

2 .

This allows us to define functions

h̃+(x) = xd − f(π(x)) − β

f(π(x)) + β − g(π(x))β + f(π(x)) + β, (3.5)

h̃−(x) = xd − f(π(x)) + β

g(π(x)) − f(π(x)) + β
β + f(π(x)) − β.

These functions are once again Ck,α by Lemma 8 and have the following properties

h̃+(x1, ..., xd−1, g(π(x))) = f(π(x)),

h̃+(x1, ..., xd−1, f(π(x)) + β) = f(π(x)) + β,

h̃+
(︂
{y ∈ Rd : g(π(x)) ≤ xd ≤ f(π(x)) + β}

)︂
= [f(π(x)), f(π(x)) + β]

and analogously
h̃−(x1, ..., xd−1, g(π(x))) = f(π(x)),

h̃−(x1, ..., xd−1, f(π(x)) − β) = f(π(x)) − β,

h̃−
(︂
{y ∈ Rd : f(π(x)) − β ≤ xd ≤ g(π(x))}

)︂
= [f(π(x)) − β, f(π(x))].

Furthermore, it follows from (3.2) and (3.5) that

h̃+(x1, ..., xd−1, h+(x)) =
xd−f(π(x))−β

β
(f(π(x)) + β − g(π(x)))

f(π(x)) + β − g(π(x)) β+

+f(π(x)) + β − f(π(x)) − β

f(π(x)) + β − g(π(x)) β + f(π(x)) + β = xd

and similarly h̃−(x1, ..., xd−1, h−(x)) = xd. We continue by defining a function

h(x) =

⎧⎪⎪⎨⎪⎪⎩
h+(x) f(π(x)) ≤ xd ≤ f(π(x)) + β,

h−(x) f(π(x)) − β ≤ xd < f(π(x)),
xd |xd − f(π(x))| > β.
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It follows from (3.3) and (3.4) that this function is continuous. Similarily we
define a continuous function.

h̃(x) =

⎧⎪⎪⎨⎪⎪⎩
h̃+(x) g(π(x)) ≤ xd ≤ f(π(x)) + β,

h̃−(x) f(π(x)) − β ≤ xd < g(π(x)),
xd |xd − f(π(x))| > β.

These functions are clearly Ck,α and it holds that

h̃(x1, ..., xd−1, h(x)) = xd.

Finally, we define a mapping H(x) = [x1, ..., xd−1, h(x)]. The inverse mapping
is H−1(x) = [x1, ..., xd−1, h̃(x)]. Both H and H−1 are Ck,α functions, so H is
a bi-Ck,α homeomorphism. As h(x) = xd outside Qd

r,h we get that H|Rd\Qd
r,h

=
Id|Rd\Qd

r,h
. Moreover, it follows from (3.3) and (3.4) that

H(Qd
ρ,h′ ∩ {xd < f(π(x)}) = Qd

ρ,h′ ∩ {xd < g(π(x))}

and as ψ = 1 on Bd−1
ρ , the formula for g (3.1) gives us

H(Qd
ρ,h′ ∩ {xd < f(π(x)}) = Qd

ρ,h′ ∩ {xd < φ(π(x))}

Lemma 10. Let Ω ⊂ Rd be a bounded domain and U1, ..., Un be an open cover
of ∂Ω such that there are r1, ..., rn > 0, h1, ..., hn > 0 and isometries g1, ..., gn :
Rd → Rd such that gi(Ui) = Qd

ri,hi
. Then there are numbers ρ1, ..., ρn > 0, ri > ρi,

h′
1, ..., h

′
n > 0, hi > h′

i and sets G1 ⊂ U1, ..., Gn ⊂ Un such that gi(Gi) = Qd
ρi,h′

i

and ∂Ω ⊂ ⋃︁
Gi.

Proof. In the first step we take U1 and construct the set G1. For sets

Uk
1 = {x ∈ U1 : dist(x, ∂U1) > 1/k}

we have
U1

1 ⊂ U2
1 ⊂ ...,

⋃︂
k∈N

Uk
1 = U1

and for 1/k < r1 it holds that g1(Uk
1 ) = Qd

r1−1/k,h1−1/k. The sets {Uk
1 : k ∈ N} are

an open cover of the compact set ∂Ω \ (U2 ∪ ...∪Un), so we have a finite subcover
Um1

1 , ..., Uml
1 . Set ρ1 = r1 −min{1/mi}, h′

1 = r1 −min{1/mi} and G1 = U
max{mi}
1 .

Then the sets G1, U2, ..., Un are an open cover of ∂Ω, thus we proceed inductively
for U2, ..., Un.

Finally, we are ready to prove the main theorem of this chapter.

Theorem 11. Let Ω ⊂ Rd be a Ck,α domain. Then there exists a C∞ domain Σ
and a bi-Ck,α homeomorphism Φ : Rd → Rd such that Φ(Ω) = Σ.
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Figure 3.3: Illustration of the first inductive step

Proof. We denote by Ux the open neighbourhood of point x ∈ ∂Ω from the defi-
nition of Ck,α domain. As the set ∂Ω is compact and the collection {Ux : x ∈ ∂Ω}
is a cover of ∂Ω, there is a finite subcover U1, ..., Un. We denote g1, ..., gn the as-
sociated isometries. From Lemma 10 we get ρ1, ..., ρn > 0, h′

1, ..., h
′
n > 0 and sets

G1, ..., Gn.

We proceed by induction. In the first step we use Lemma 9 on sets g1(U1)
and g1(G1) and Ck,α function η1 from the definition of Ck,α domain. We get a
smooth function φ1 and homeomorphism H1, such that

H1(Qd
ρ1,h′

1
∩ {xd < η1(π(x)}) = Qd

ρ1,h′
1

∩ {xd < φ1(π(x))}.

We put Φ1 = (g1)−1 ◦H1 ◦g1 and Ω1 = Φ1(Ω). Note, that Φ1(Ω) is a Ck,α domain
and we have

Ω1 ∩G1 = {x ∈ G1 : (g1)d(x) < φ1(π(g1(x))},
in other words we have smoothened ∂Ω in G1, for illustration see Figure 3.3.

In the m-th step we begin with a Ck,α domain Ωm−1 that is smooth in
G1, ..., Gm−1. Next, we use Lemma 9 on sets gm(Um) and gm(Gm) and Ck,α

function ηm, which belongs to the domain Ωm−1. Note that the construction used
in the proof of Lemma 9 does not worsen the smoothness on gm(Um ∩ Ui) for
1 ≤ i < m. We again obtain a smooth function φm and homeomorphism Hm,
such that

H(Qd
ρm,h′

m
∩ {xd < ηm(π(x)}) = Qd

ρm,h′
m

∩ {xd < φm(π(x))}.

We put Φm = (gm)−1 ◦Hm ◦ gm and Ωm = Φm(Ωm−1). This Ωm is a Ck,α domain
that is smooth in U1, ..., Um.

After n steps we get a domain Ωn, that is smooth in G1, ..., Gn. As this is a
cover of ∂Ωn, we get that Ωn is a C∞ domain and the desired homeomorphism is
Φ = Φn ◦ ... ◦ Φ1.
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4. C∞ domain
Now we turn our attention to C∞ domains. We already know from Theorem 11
that lipschitz domains are bilipschitz homeomorphic to C∞ domains. In order to
prove the extension theorem for Sobolev homeomorphisms on lipschitz domains,
it is enough to prove the extension on C∞ domains.

Lemma 12. Let Ω ⊂ Rd be a C∞ domain. Then there exists r > 0 such that for
each x ∈ {y ∈ Rd : dist(x, ∂Ω) < r} there exists a unique mx ∈ ∂Ω such that

|mx − x| = inf
y∈∂Ω

|x− y|.

Proof. Let x ∈ Rd. Function y ↦→ |x− y| is continuous. As ∂Ω is a compact set,
we get the existence of mx ∈ ∂Ω such that |mx − x| = infy∈∂Ω |x− y|.

We prove the uniqueness by contradiction. Suppose that for each n ∈ N there
is an an ∈ Rd and pn, qn ∈ ∂Ω, pn ̸= qn such that

inf
z∈∂Ω

|an − z| = |an − pn| = |an − qn| < 1
n
.

The sequence {an}n∈N is bounded in Rd, so there exists a converging subse-
quence ank

k→∞−→ a ∈ ∂Ω and we have pnk
, qnk

k→∞−→ a as well. From the definition
of C∞ domain there is a U neighbourhood of a, an isometry g and a C∞ function
φ such that

∂Ω ∩ U = {x ∈ U : gd(x) = φ(π(g(x)))},

without loss of generality we assume that g = Id. There exists nk0 such that for
all nk > nk0 we have pnk

, qnk
∈ graphφ.

For nk > nk0 we denote xnk
= π(pnk

) and ynk
= π(qnk

) and define a function
fnk

: R ↦→ R, by the formula

fnk
(s) = φ(hnk

(s)),

where hnk
: R ↦→ Rd−1 is an isometry onto the line xnk

, ynk
. For the derivatives of

fnk
we have

|f ′
nk

(s)| =
⃓⃓⃓⃓
⃓∇φ(hnk

(s)) · xnk
− ynk

|xnk
− ynk

|

⃓⃓⃓⃓
⃓ ≤ ∥∇φ∥∞

and
|f ′′

nk
(s)| =

⃓⃓⃓⃓
⃓ xnk

− ynk

|xnk
− ynk

|
· ∇2φ(hnk

(s)) xnk
− ynk

|xnk
− ynk

|

⃓⃓⃓⃓
⃓ ≤ ∥∇2φ∥∞.

We denote x, y ∈ R points, for which we have hnk
(x) = xnk

and hnk
(y) = ynk

and
without loss of generality assume xnk

< ynk
.

We consider just the two dimensional plane containing ank
, pnk

and qnk
and

we get a contradiction there.
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Figure 4.1: Sketch of cR and fnk
.

Points pnk
and qnk

belong to the boundary of a d-dimensional ball with a
center in ank

. The intersection of the interior of this ball and the graphφ is
empty, because the points pnk

and qnk
are the closest points to ank

on the graph.
On account of the fact that the intersection of a two dimensional plane and a
d-dimensional ball is a disk, there exists s = (s1, s2) ∈ R2 and 0 < R < 1/k such
that

|s− (x, fnk
(x))| = |s− (y, fnk

(y))| =: R
and the intersection of the graph of fnk

and the interior of the disk with the center
s and radius R is empty. Without loss of generality we assume s2 > fnk

(x). Then
s2 > fnk

(y) as the function fnk
cannot cross s2 on the interval (s1 −R, s1 +R).

Denote
cR(t) = −

√︂
R2 − (t− s1)2 + s2, t ∈ (s1 −R, s1 +R)

the parametrisation of the lower half of the circle with center in s and radius R.

We know that cR(x) = fnk
(x), cR(y) = fnk

(y) and cR(t) ≥ fnk
(t) for t ∈

(s1 −R, s1 +R). In the point x we get

c′
R(x) = lim

h→0+

cR(x+ h) − cR(x)
h

≥ lim
h→0+

fnk
(x+ h) − fnk

(x)
h

= f ′
nk

(x)

and

c′
R(x) = lim

h→0−

cR(x+ h) − cR(x)
h

≤ lim
h→0−

fnk
(x+ h) − fnk

(x)
h

= f ′
nk

(x).

Together we conclude that c′
R(x) = f ′

nk
(x) and analogously c′

R(y) = f ′
nk

(y). From
the fundamental theorem of calculus it follows that∫︂ y

x
c′′

R(t)dt = c′
R(y) − c′

R(x) =
∫︂ y

x
f ′′

nk
(t)dt,
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so there is a point t0 ∈ (s1 −R, s1 +R) such that f ′′
nk

(t0) ≥ c′′
R(t0). We have that

c′
R(t) = t− s1√︂

R2 − (t− s1)2

and
c′′

R(t) = R2

(R2 − (t− s1)2)3/2 ≥ 1
R
,

and as R < 1/k together this gives us

f ′′
nk

(t0) ≥ c′′
R(t0) ≥ 1

R
> k.

Finally, for M ∈ N such that M > ∥∇2φ∥∞ we get a function fnM
and t0 ∈ R

and we have
M ≤ |f ′′

nM
(t0)| ≤ ∥∇2φ∥∞ < M

which is a contradiction.

This allows us to define a function

m : {x ∈ Rd : dist(x, ∂Ω) < r} → ∂Ω,

which maps x onto its closest point in ∂Ω. Note that the vector x − m(x) is a
normal vector to the boundary of Ω at the point m(x). In the following lemma
we state some properties of m.

Lemma 13. Let Ω ⊂ Rd be a C∞ domain and let r > 0 be such that the function

m : {x ∈ Rd : dist(x, ∂Ω) < r} → ∂Ω,

which maps x onto its closest point in ∂Ω is well defined. The function m has
the following properties.

(i) Function m is continuous.

(ii) There is a constant r > r1 > 0 such that for all

x ∈ {y ∈ Rd : dist(y, ∂Ω) < r1}

and t ∈ (−r1, r1) we have

m

(︄
m(x) + t

x−m(x)
|x−m(x)|

)︄
= m(x).

(iii) There is a constant r > r2 > 0 such that the function m is C∞ on the set

{y ∈ Rd : dist(y, ∂Ω) < r2}.

Proof. (i) We proceed by contradiction. Let xn be a sequence which converges
to x ∈ {y ∈ Rd : dist(y, ∂Ω) < r} but m(xn) does not converge to m(x). As ∂Ω
is compact, there is a subsequence m(xnk

) such that m(xnk
) −→ l ̸= m(x). Then

|x− l| ≤ |x− xn| + |xn −m(xn)| + |m(xn) − l| =
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= |x− xn| + dist(xn, ∂Ω) + |m(xn) − l|
n→∞−→ dist(x, ∂Ω),

which is a contradiction with the uniqueness of the closest points.

(ii) Since ∂Ω is compact, there is a finite cover U1, ..., Un of ∂Ω and from the
definition of a C∞ domain there are corresponding smooth functions φ1, ..., φn

and isometries g1, ..., gn. We choose K > 0 such that K > max ∥φk ◦π◦gk∥C∞(Uk).

Let x ∈ Ui ∩ ∂Ω, without loss of generality we assume that x = 0, that the
associated isometry gi from the definition of a C∞ domain is identity and that
∇φi(0) = 0.

Now let us consider a unit vector u ∈ Rd−1. We define a smooth function
φu : R → R by the formula

φu(t) = φi(tu).
Then φu(0) = 0 and for the derivatives of φu we have

φ′
u(0) = ∇φi(tu) · u = 0

and
|φ′′

u(t)| = |u · ∇2φi(tu)u| ≤ ∥∇2φi∥∞ ≤ K.

By applying the fundamental theorem of calculus we get that

−K|t| ≤ φ′
u(t) ≤ K|t|

and
−K

2 t
2 ≤ φu(t) ≤ K

2 t
2.

Moreover, we have the following inequality

0 ≤ K2

4 t2 = 1
K2 − t2 + K2

4 t2 + t2 − 1
K2 =

(︃ 1
K

− K

2 t
2
)︃2

−
(︃ 1
K2 − t2

)︃
.

Note that equality holds if and only if t = 0. Equivalently we have

1
K2 − t2 ≤

(︃ 1
K

− K

2 t
2
)︃2

and as both sides are positive for t ∈ (−1/K, 1/K) and 1
K

− K
2 t

2 > 0 for the same
values of t, it follows that √︄

1
K2 − t2 ≤ 1

K
− K

2 t
2,

for t ∈ (−1/K, 1/K), which gives us

K

2 t
2 ≤ 1

K
−
√︄

1
K2 − t2.
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It is then clear that a closed ball centered at (0, 1/K) with a radius of 1/K has
exactly one point in the intersection with graphφu and the point is 0, the same
is true also for a closed ball with the same radius and center in (0,−1/K).

As the observation above holds for all unit vectors in Rd−1, we may conclude
that balls in Rd with centers in (0, ..., 0,±1/K) and radii of 1/K intersect ∂Ω
only in 0. Therefore we have that m(0, ..., 0,±1/K) = 0.

Let t ∈ (−1/K, 1/K) be such that m(0, ..., 0, t) ̸= 0. Then

1/K = dist ((0, ..., 0, sgn(t)1/K), ∂Ω) ≤ dist ((0, ..., 0, sgn(t)/K),m(0, ..., 0, t)) ≤

≤ dist ((0, ..., 0, sgn(t)1/K), (0, ..., 0, t)) + dist ((0, ..., 0, t),m(0, ..., 0, t)) <
< 1/K − |t| + dist ((0, ..., 0, t), 0) = 1/K − |t| + |t| = 1/K,

which is a contradiction. Thus we have proven the desired identity and as
the constant K is independent on the choice of x, the identity is valid for all
x ∈ {y ∈ Rd : dist(y, ∂Ω) < 1/K}.

(iii) Once again, as ∂Ω is compact, there is a finite cover U1, ..., Un of ∂Ω and
from the definition of a C∞ domain there are corresponding smooth functions
φ1, ..., φn and isometries g1, ..., gn. We choose K > 1 such that

K > max ∥φk ◦ π ◦ gk∥C∞ . (4.1)

We will define a map N : ∂Ω × [−1/K, 1/K] → Rn that maps x ∈ ∂Ω and
t ∈ [−1/K, 1/K] to

N(x, t) = x+ tνx,

where νx is the outer unit normal vector to Ω in x. Then the inverse function to
N maps

x ∈ Rd ↦→
(︂
m(x), (1 − 2χΩ(x))dist(x, ∂Ω)

)︂
.

The factor 1 − 2χΩ(x) ensures that the last component has the correct sign.
We want to use the inverse function theorem to show that there is some constant
T > 0 such that the inverse function is C∞ on the set {x ∈ Rd : dist(x, ∂Ω) ≤ T}.

Let y ∈ ∂Ω∩U , where U ∈ {U1, ..., Un}. Just like in (ii) without loss of general-
ity we assume that the corresponding isometry is identity and that ∇φ(π(y)) = 0.
We have that ∂Ω ∩ U is the image of π(U) under smooth mapping Φ defined as

Φ(x1, ..., xd−1) = (x1, ..., xd−1, φ(x1, ..., xd−1)),

where φ is the smooth function from the definition of smooth domain. Observe
that Φ−1 = π on ∂Ω, so Φ is a bi-C∞ homeomorphism of π(U) onto U ∩ ∂Ω. We
can calculate the gradient of Φ

∇Φ(x1, ..., xd−1) =

⎛⎜⎜⎜⎜⎜⎝
1 0 · · · 0 ∂φ

∂x1
(x1, ..., xd−1)

0 1 · · · 0 ∂φ
∂x2

(x1, ..., xd−1)
... ... . . . ... ...
0 0 · · · 1 ∂φ

∂xd−1
(x1, ..., xd−1)

⎞⎟⎟⎟⎟⎟⎠
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and it is clear that the outer unit normal vector to Ω in x ∈ ∂Ω ∩ U is

νx =

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

− ∂φ
∂x1

(π(x))
− ∂φ

∂x2
(π(x))
...

− ∂φ
∂xd−1

(π(x))
1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

−1⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

− ∂φ
∂x1

(π(x))
− ∂φ

∂x2
(π(x))
...

− ∂φ
∂xd−1

(π(x))
1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

We note that the mapping x ↦→ νx is C∞ on U . For x ∈ ∂Ω∩U we have obtained
a formula for N

N(x, r) = x+ r

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

− ∂φ
∂x1

(π(x))
− ∂φ

∂x2
(π(x))
...

− ∂φ
∂xd−1

(π(x))
1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

−1⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

− ∂φ
∂x1

(π(x))
− ∂φ

∂x2
(π(x))
...

− ∂φ
∂xd−1

(π(x))
1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
It is evident from the formula that N is a C∞ function.

For Ñ : π(U) × [−1/K, 1/K] → Rd defined as

Ñ(z, r) = Φ(z) + r

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

− ∂φ
∂x1

(z)
− ∂φ

∂x2
(z)

...
− ∂φ

∂xd−1
(z)

1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

−1⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

− ∂φ
∂x1

(z)
− ∂φ

∂x2
(z)

...
− ∂φ

∂xd−1
(z)

1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
and for x ∈ U we have Ñ(π(x), r) = N(x, r), hence it is enough to show that Ñ
has a nonzero Jacobian at (π(y), t) in order to conclude that N has a C∞ inverse
in (y, t) as for x ∈ Ñ(π(U) × [−1/K, 1/K]) we have

N−1(x) =
(︄
π−1

(︂
(Ñ−1(x))1

)︂
, (Ñ−1(x))2

)︄
=
(︄

Φ
(︂
(Ñ−1(x))1

)︂
, (Ñ−1(x))2

)︄
, (4.2)

where (Ñ−1(x))1 ∈ π(U) and (Ñ−1(x))2 ∈ [−1/K, 1/K]. We denote

L(x, r) = r

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

− ∂φ
∂x1

(x)
− ∂φ

∂x2
(x)

...
− ∂φ

∂xd−1
(x)

1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

−1

and as we assume that ∇φ(π(y)) = 0 we have L(π(y), t) = t. For the derivatives
it holds

∂

∂xj

L = ∂

∂xj

r√︂
1 +∑︁d−1

i=1 (− ∂φ
∂xi

)2
= r

∑︁d−1
i=1

∂φ
∂xi

∂2φ
∂xi∂xj√︂

1 +∑︁d−1
i=1 (− ∂φ

∂xi
)2

3
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for j ∈ {1, ..., d− 1} and thus we have ∂
∂xj
L(π(y), t) = 0. Moreover

∂

∂r
L =

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

− ∂φ
∂x1

− ∂φ
∂x2...

− ∂φ
∂xd−1

1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

−1

and it follows that ∂
∂r
L(π(y), t) = 1. Therefore for i, j ∈ {1, ..., d − 1} we have

that

∂

∂xj

(︄
L

(︄
− ∂φ

∂xi

)︄)︄
(π(y), t) = − ∂L

∂xj

(π(y), t) ∂φ
∂xi

(π(y)) − L(π(y), t) ∂
2φ

∂xixj

(π(y)) =

= −t ∂
2φ

∂xixj

(π(y))

and
∂

∂r

(︄
L

(︄
− ∂φ

∂xi

)︄)︄
(π(y), t) = −∂L

∂r
(π(y), t) ∂φ

∂xi

(π(y)) = 0

Finally, as

∇Ñ(z, r) = ∇Φ(z) + ∇

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
L(z, r)

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

− ∂φ
∂x1

(z)
− ∂φ

∂x2
(z)

...
− ∂φ

∂xd−1
(z)

1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
we have that the Jacobi matrix at (π(y), t) is

∇Ñ(y1, ..., yd−1, t) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 − t∂2φ
∂x2

1
−t ∂2φ

∂x1x2
· · · −t ∂2φ

∂x1xd−1
0

−t ∂2φ
∂x1x2

1 − t∂2φ
∂x2

2
· · · −t ∂2φ

∂x2xd−1
0

... ... . . . ... ...
−t ∂2φ

∂x1xd−1
−t ∂2φ

∂x2xd−1
· · · 1 − t ∂2φ

∂x2
d−1

0
0 0 · · · 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

I follows from (4.1) thatK > ∥φ∥C∞ . Then for the Jacobian of Ñ at (y1, ..., yd−1, t)
we have the following estimate

|JÑ(y1, ..., yd−1, t)| ≥ 1 − td!Kd

and for t ≤ 1
2d!Kd it follows that the Jacobian is nonzero as

|JÑ(y1, ..., yd−1, t)| ≥ 1/2.

Therefore we may apply the inverse function theorem. We get that there is a
C∞ inverse function of Ñ and from (4.2) it follows that the inverse of N is a
composition of C∞ functions and thus the inverse function N−1 is C∞ on set{︃

x ∈ Rd : dist(x, V ) ≤ 1
2d!Kd

}︃
,
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Figure 4.2: We define the homeomorphism β in Theorem 14 as a symmetry
around the boundary of Ω with respect to the normal vector.

where V is some neighbourhood of y in ∂Ω. Clearly this inverse function maps

x ∈
{︃
x ∈ Rd : dist(x, V ) ≤ 1

2d!Kd

}︃
↦→
(︂
m(x), (1 − 2χΩ(x))dist(x, ∂Ω)

)︂
.

The constant 1
2d!Kd is independent on the choice of y ∈ ∂Ω, hence the mapping

x ∈
{︃
x ∈ Rd : dist(x, ∂Ω) ≤ 1

2d!Kd

}︃
↦→
(︂
m(x), (1 − 2χΩ(x))dist(x, ∂Ω)

)︂
is C∞ on its domain and we may finally conclude that the mapping m is C∞ on
the set {︃

x ∈ Rd : dist(x, ∂Ω) ≤ 1
2d!Kd

}︃
.

Theorem 14. Let Ω ⊂ Rd be a C∞ domain. Then there exists r > 0 and a
bi-C∞ homeomorphism

β : {z ∈ Ω : dist(z, ∂Ω) < r} → {z ∈ Rd \ Ω : dist(z, ∂Ω) < r}.

Proof. We choose r > 0 such that the function m is C∞ on
{z ∈ Rd : dist(z, ∂Ω) < r}

by Lemma 13 (iii). Next, we define
β(x) = 2m(x) − x.

It is clear that β is C∞. Moreover, we have that
β(β(x)) = 2m

(︂
2m(x) − x

)︂
− 2m(x) + x =

= 2m
(︄
m(x) − |x−m(x)| x−m(x)

|x−m(x)|

)︄
− 2m(x) + x.

It follows from Lemma 13 (ii) now that
β(β(x)) = 2m(x) − 2m(x) + x = x,

thus β is the desired bi-C∞ homeomorphism.
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5. Extension for Sobolev
homeomorphisms
In order to prove the main theorem of this thesis we need to show that the compo-
sitions of bilipschitz homeomorphisms and Sobolev homeomorphism are Sobolev
homeomorphism. First, we need an equivalent characterization of Sobolev func-
tions by the absolute continuity on lines. The following theorem comes from the
book Weakly differentiable functions: Sobolev spaces and functions of bounded
variation [6] (Theorem 2.1.4) and we present it without proof.

Theorem 15. Let Ω ⊂ Rd be open, p ∈ [1,∞) and u ∈ Lp(Ω). Then u ∈
W 1,p(Ω), if and only if u has a representative u that is absolutely continuous on
almost all line segments in Ω parallel to the coordiante axes and whose (classical)
partial derivatives belong to Lp(Ω).

The main ideas of the following lemma come also from [6], mainly from The-
orems 2.1.11 and 2.2.2.

Lemma 16. Let Ω ⊂ Rd be a bounded set and p ∈ [1,∞).

(i) Let u ∈ W 1,p(Ω,Rd) and f ∈ C0,1(Rd,Rd). Then f ◦ u ∈ W 1,p(Ω,Rd).

(ii) Let f ∈ C0,1(Ω,Rd) be a bilipschitz homeomorphism and u ∈ W 1,p(Rd,Rd).
Then u ◦ f ∈ W 1,p(Ω,Rd).

Proof. (i) We will show that the proposition holds for f ∈ C0,1(Rd), the rest will
follow from the fact that our mapping has all components in W 1,p(Ω).

First, we show that f ◦ u ∈ Lp(Ω). Without loss of generality we assume that
0 ∈ Ω. As Ω is bounded, the constant function f(0) is in Lp(Ω). Moreover, as f
is lipschitz, there is a constant C > 0 such that |f(x) − f(y)| ≤ C|x − y| for all
x, y ∈ Ω. It follows that

∥f ◦ u∥p ≤ ∥f ◦ u− f(0)∥p + ∥f(0)∥p = ∥f(0)∥p +
(︃∫︂

Ω
|f(u(x)) − f(0)|p

)︃1/p

≤

≤ ∥f(0)∥p +
(︃∫︂

Ω
Cp|u(x)|p

)︃1/p

≤ ∥f(0)∥p + C∥u∥p.

By Theorem 15 we know that the component functions of u have represen-
tatives u1, ..., ud that are absolutely continuous on almost all line segments in Ω
parallel to the coordinate axes. Therefore on almost all line segments in Ω parallel
to the coordinate axes all of the functions u1, ..., ud are absolutely continuous. Let
Λ be such a line segment, without loss of generality we assume that Λ is parallel
to the d−th coordinate axe. Then

Λ = {(s1, ..., sd−1, t) ⊂ Ω : t ∈ R}

for some fixed (s1, ..., sd−1) ∈ Rd−1. we denote Λd the set

Λd = {t ∈ R : (s1, ..., sd−1, t) ∈ Λ}.
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Let ε > 0, by the definition of absolute continuity there exists δ > 0 such that
for each finite sequence ((xi, yi))N

i=1 of disjoint subintervals of Λd satisfying

N∑︂
i=1

|xi − yi| ≤ δ

we have
N∑︂

i=1
|uj(s1, ..., sd−1, xi) − uj(s1, ..., sd−1, yi)| ≤ ε

Cd

for each j ∈ {1, ..., d}, where C is the Lipschitz constant of the function f . For
f ◦ u this gives us

N∑︂
i=1

|f(u(s1, ..., sd−1, xi)) − f(u(s1, ..., sd−1, yi))| ≤

≤
N∑︂

i=1
C|u(s1, ..., sd−1, xi) − u(s1, ..., sd−1, yi)| ≤ Cd

ε

Cd
≤ ε.

We have shown that the function f ◦ u is absolutely continuous on almost all
line segments in Ω parallel to the coordinate axes. Therefore the classical partial
derivatives exist almost everywhere and we have the following estimate⃓⃓⃓⃓

⃓∂f ◦ u
∂xi

(x)
⃓⃓⃓⃓
⃓ = lim

h→0

⃓⃓⃓⃓
⃓f(u(x+ hei)) − f(u(x))

h

⃓⃓⃓⃓
⃓ ≤

≤ lim
h→0

C

⃓⃓⃓⃓
⃓u(x+ hei) − u(x)

h

⃓⃓⃓⃓
⃓ ≤ C

⃓⃓⃓⃓
⃓ ∂u∂xi

(x)
⃓⃓⃓⃓
⃓

and as the partial derivatives of uj for j ∈ {1, ..., d} belong to Lp(Ω) it follows
that the partial derivatives of f ◦ u are in Lp(Ω) as well.

We have shown that the function f ◦ u ∈ Lp(Ω) has a representative that is
absolutely continuous on almost all line segments in Ω parallel to the coordinate
axes and that the partial derivatives of the representative are in Lp(Ω). It follows
from Theorem 15 that f ◦ u ∈ W 1,p(Ω).

(ii) Again we show that the proposition holds for u ∈ W 1,p(Ω) and the rest
will follow. Let {uk}k∈N ⊂ C∞(Ω) be a sequence of smooth functions converging
to u in W 1,p(Ω). Then by Rademacher theorem we have for almost all x ∈ Ω

Di(uk ◦ f)(x) =
d∑︂

j=1
(Djuk)(f(x))Difj(x).

As f is a bilipschitz homeomorphism there is a constant C > 0 such that |∇f | ≤ C
and |Jf−1| ≤ C. For arbitrary φ ∈ C∞

0 (Ω) we get⃓⃓⃓⃓∫︂
Ω
u ◦ f(x)Diφ(x)dx−

∫︂
Ω
uk ◦ f(x)Diφ(x)dx

⃓⃓⃓⃓
≤

≤ ∥φ∥C∞

∫︂
Ω

|u ◦ f(x) − uk ◦ f(x)| dx
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and by the change of variables formula (Theorem 2) we get

∥φ∥C∞

∫︂
Ω

|u ◦ f(x) − uk ◦ f(x)| dx ≤

≤ ∥φ∥C∞

∫︂
f(Ω)

|u(x) − uk(x)| |Jf−1(x)|dx ≤

≤ C∥φ∥C∞

∫︂
f(Ω)

|u(x) − uk(x)| dx → 0.

Similarly⃓⃓⃓⃓∫︂
Ω
(Dju)(f(x))Difj(x)φ(x)dx−

∫︂
Ω
(Djuk)(f(x))Difj(x)φ(x)dx

⃓⃓⃓⃓
≤

≤ C∥φ∥C∞

∫︂
Ω

⃓⃓⃓⃓
(Dju)(f(x)) −

∫︂
Ω
(Djuk)(f(x))

⃓⃓⃓⃓
dx

and by the change of variables formula

C∥φ∥C∞

∫︂
Ω

⃓⃓⃓⃓
(Dju)(f(x)) −

∫︂
Ω
(Djuk)(f(x))

⃓⃓⃓⃓
dx ≤

≤ C∥φ∥C∞

∫︂
f(Ω)

⃓⃓⃓⃓
Dju(x) −

∫︂
Ω
Djuk(x)

⃓⃓⃓⃓ ⃓⃓⃓⃓
Jf−1(x)

⃓⃓⃓⃓
dx ≤

≤ C2∥φ∥C∞

∫︂
f(Ω)

⃓⃓⃓⃓
Dju(x) −

∫︂
Ω
Djuk(x)

⃓⃓⃓⃓
dx → 0.

Together this gives us∫︂
Ω
u ◦ f(x)Diφ(x)dx = lim

n→∞

∫︂
Ω
uk ◦ f(x)Diφ(x)dx =

= lim
n→∞

−
∫︂

Ω
Di(uk ◦ f)(x)φ(x)dx = lim

n→∞
−
∫︂

Ω

d∑︂
j=1

(Djuk)(f(x))Difj(x)φ(x)dx =

= −
∫︂

Ω

d∑︂
j=1

(Dju)(f(x))Difj(x)φ(x)dx.

This gives us that the weak derivative equals

Di(u ◦ f)(x) =
d∑︂

j=1
(Dju)(f(x))Difj(x), (5.1)

now all that remains is to show that u ◦ f ∈ Lp(Ω) and Di(u ◦ f) ∈ Lp(Ω). With
the help of the change of variables formula we get the following estimates for the
norms

∥u ◦ f∥p
p =

∫︂
Ω

|u ◦ f(x)|p dx =
∫︂

f(Ω)
|u(x)|p |Jf−1(x)|dx ≤ C∥u∥p

W 1,p

and ⃦⃦⃦
Di(u ◦ f)

⃦⃦⃦p

p
=

⃦⃦⃦⃦
⃦⃦ d∑︂

j=1
(Dju)(f(x))Difj(x)

⃦⃦⃦⃦
⃦⃦

p

≤

29



Figure 5.1: Definition of the extension for C∞ domain.

≤
d∑︂

j=1

⃦⃦⃦
(Dju)(f(x))Difj(x)

⃦⃦⃦p
=

d∑︂
j=1

∫︂
Ω

⃓⃓⃓
(Dju)(f(x))

⃓⃓⃓p ⃓⃓⃓
Difj(x)

⃓⃓⃓p
dx ≤

≤ Cp
d∑︂

j=1

∫︂
f(Ω)

⃓⃓⃓
Dju(x)

⃓⃓⃓p
|Jf−1(x)|dx ≤ dCp+1∥u∥p

W 1,p .

Hence u ◦ f ∈ W 1,p(Ω) and the proof is complete.

Theorem 1. Let p ∈ [1,∞), Ω1,Ω2 ⊂ Rd be lipschitz domains and f ∈
W 1,p(Ω1,Ω2) be a homeomorphism onto Ω2. Then there exist open sets U1 ⊃ Ω1,
U2 ⊃ Ω2, and a homeomorphism F ∈ W 1,p(U1, U2) such that

F |Ω1 = f.

Proof. First we consider the case when Ω1 and Ω2 are C∞ domains. By the
Theorem 14 there is r1 > 0 and a bi-C∞ homeomorphism

β1 : {z ∈ Ω1 : dist(z, ∂Ω1) < r1} → {z ∈ Rd \ Ω1 : dist(z, ∂Ω1) < r1}.

Similarily we get r2 > 0 and a bi-C∞ homeomorphism

β2 : {z ∈ Ω2 : dist(z, ∂Ω2) < r2} → {z ∈ Rd \ Ω2 : dist(z, ∂Ω2) < r2}.

We denote U = {z ∈ Ω1 : dist(z, ∂Ω1) < r1} ∩ f−1({z ∈ Ω2 : dist(z, ∂Ω2) < r2})
and define a function F in the following way

F (x) =

⎧⎨⎩f(x) x ∈ Ω1,

β2(f(β−1
1 (x))) x ∈ β1(U).

(5.2)
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Let us denote g = β2(f(β−1
1 (x))). We set U1 = Ω1∪β1(U) and U2 = Ω2∪β2(f(U)).

As β1|∂Ω1 = id and β2|∂Ω2 = id, for x ∈ ∂Ω1 we get

g(x) = β2(f(β−1
1 (x))) = β2(f(x)) = f(x).

It is then clear that the function F : U1 → U2 is a homeomorphism as a compo-
sition of homeomorphisms. It remains to show that U ∈ W 1,p(U1, U2).

By the Lemma 16 we have that g ∈ W 1,p(β1(U)). Let φ ∈ C∞
0 (U1). As

F ∈ C(U1), the integration by parts (Theorem 3) gives us∫︂
U1

∂φ

∂xj

Fi =
∫︂

Ω1

∂φ

∂xj

fi +
∫︂

β1(U)

∂φ

∂xj

gi =

= −
∫︂

Ω1
φDjfi −

∫︂
β1(U)

φDjgi +
∫︂

∂Ω1
(fi − gi)φνj = −

∫︂
Ω1
φDjfi −

∫︂
β1(U)

φDjgi

It follows that

∥F∥W 1,p(U1) = ∥f∥W 1,p(Ω1) + ∥g∥W 1,p(β(U)) < ∞.

Now we turn our attention to the general case, when Ω1 and Ω2 are lipschitz
domains. By the Theorem 11 there are bilipschitz homeomorphisms Φ1,Φ2 and
C∞ domains Σ1,Σ2 such that Φ1(Ω1) = Σ1 and Φ2(Ω2) = Σ2. Then Φ2◦f◦Φ−1

1 is a
Sobolev homeomorphism between C∞ domains Σ1 and Σ2, as it is a composition of
a bilipschitz homeomorphism, a Sobolev homeomorphism and another bilipschitz
homeomorphism (see Lemma 16). We have already shown the extension for C∞,
thus there are open sets S1 ⊃ Σ1, S2 ⊃ Σ2 and a Sobolev homeomorphism
G : S1 → S2. We set U1 = Φ−1

1 (S1), U2 = Φ−1
2 (S2) and define a function

F : U1 → U2 by the formula

F (x) = Φ−1
2 (G(Φ1(x))).

The function F is a composition of a bilipschitz homeomorphism, a Sobolev
homeomorphism and another bilipschitz homeomorphism, therefore it is a Sobolev
homeomorphism by Lemma 16. Moreover, as G = Φ2 ◦ f ◦ Φ−1

1 on Σ1, for x ∈ Ω1
we have Φ1(x) ∈ Σ1 and it follows that

F (x) = Φ−1
2 (G(Φ1(x))) = Φ−1

2

(︃
Φ2

(︃
f
(︂
Φ−1

1

(︂
Φ1(x)

)︂)︂)︃)︃
= f(x),

thus F is the desired extension of f .
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