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Introduction
The goal of class field theory, which we will often abbreviate as CFT, is to describe
all abelian extensions of a fixed number field together with their Galois groups.

It all started when Kronecker was reading Abel’s work and noticed that certain
values arising from elliptic functions generate abelian extensions of imaginary
quadratic fields. He wondered if all abelian extensions can be obtained in this
way and so, as the first one, asked the key question of CFT.

However, we can also view CFT as a discipline connecting many themes of
algebraic number theory. It connects notions such as density of primes, decom-
position of primes in field extensions, reciprocity laws... For example, the Gauss’
quadratic reciprocity enables us to describe the sets of prime numbers which split
completely in quadratic extensions and, as we will see, this set says a lot about
abelian extensions.

We can gain some insight into what CFT deals with by looking at two par-
ticular types of abelian extensions. The first one, abelian extensions of Q, can
be handled easily due to the Kronecker-Weber Theorem saying that each abelian
extension of Q is contained in some cyclotomic field. Hence, by applying Funda-
mental Theorem of Galois Theory, we obtain an order reversing bijection between
abelian extensions contained in Q(ζm) and the Galois group Gal(Q(ζm)/Q) which
is isomorphic to (Z/mZ)×. This means, we are able to classify Galois groups of
abelian extensions in terms of the “inner arithmetic” of Q by which we mean the
family of groups (Z/mZ)× in this situation.

We are lucky to have a similar theorem in the case of unramified abelian exten-
sions. This theorem yields existence of a maximal unramified abelian extension
for a number field K, called the Hilbert class field. Since the Galois group of the
Hilbert class field is isomorphic to the ideal class group ClK , we obtain an order
reversing bijection between unramified abelian extensions and the subgroups of
ClK .

Since we also care about extensions other than the unramified ones, we need
to find a way to generalize this. For a fixed number field we prescribe a set
of ideals which we allow to ramify and then consider all the abelian extensions
which are unramified outside this set. For each such prescribed set we obtain a
generalization of Hilbert class field and a generalization of the ideal class group.
We canonically realize Galois groups of abelian extensions via Artin map in the
main theorem of class field theory called the Artin Reciprocity Law.

It is somewhat natural to work with ideals when describing abelian extensions;
however, the case distinction according to the set of possibly ramified primes
is rather unconvenient. We would like to have a more universal description of
abelian extensions, to describe all of them at the same time. This led Chevalley
to reformulate the main results of CFT in terms of objects called idèles.

Group of idèles is a group of invertible elements of another object called the
ring of adèles defined as a restricted product of all completions of a fixed number
field. Considering restricted product instead of the product of topological spaces
yields nice compactness properties. We are going to investigate some of them
even if we do not see immediate application in this thesis.
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Chapter 1 provides a brief summary of notions from algebraic number theory
and commutative algebra which we will need.

In Chapter 2 we take a closer look at the ring of adèles and the group of idèles.
In Section 2.1 we carefully work out the topology on adèles and point out the
difference between the restricted product topology and the product topology. In
Section 2.2 we present claims from [1] leading to the group isomorphism between
adèles and a certain product of adèles over Q. Another goal is to get familiar with
a tensor product point of view on adèles. What follows in Section 2.3 is showing
local compactness of adèles over Q and then using the results from Section 2.2 to
prove local compactness for adèles over a general number field. In Section 2.4 we
introduce the group of idèles and investigate its topology. Although it is a subset
of adèles, it turns out that taking the subspace topology is not the right choice.

In Chapter 3 we present the main CFT results formulated in terms of ideals.
We do not follow only one source; we always choose a way of introducing new
concepts most suitable to our exploration. The first two sections 3.1 and 3.2 serve
to get the initial insight into CFT via dealing with two particular types of abelian
extensions. In 3.1 we investigate abelian extensions of Q, in 3.2 we investigate
only those abelian extensions of a number field which are unramified. In both
sections, we introduce (their respective versions of) the Artin map, the main hero
of CFT. In Section 3.3 we generalize notions introduced in 3.1 and 3.2. We define
the ray class group and a general Artin map and check that these are indeed
generalizations of notions defined in 3.1 and 3.2. We state Artin Reciprocity Law
and Existence Theorem.

The aim of Section 3.4 is to introduce the conductor and use it to specify
primes which split completely in abelian extensions. First, we choose the ap-
proach of [2] to define the conductor of a congruence divisor class groups and
then relate it to the conductor of a field extension. On the way to do so we work
out some properties concerning congruence subgroups and their equivalence.

We include a table comparing the two particular cases of CFT with the general
one at the end of the chapter.

In Chapter 4 we use the strategy of [3] to define the Artin map on idèles
and state the idèlic version of the Artin Reciprocity Law.

Personal contribution

The thesis has a summarizing character and the goal is mainly to enrich the
theory with examples, motivate new concepts and write down some of the proofs
in more detail and with explanations that hopefully makes reading them easier.
Namely, I give more detailed proofs of lemmas 1.24, 2.9, 2.30 compared to the
literature where I found them and provide examples 3.16, 3.30 and 4.7 which are
of more extensive character. Another challenge was to unify and summarize the
content of various sources in Chapter 3, including the notation.

Finally, let me enumerate the statements whose proofs I worked out inde-
pendently. They are not very deep or innovative; however, they helped me to
become familiar with the topic: Lemma 1.41, Lemma 2.2, Lemma 2.5, Lemma
2.6, Lemma 2.7, Lemma 2.8, Lemma 2.18, Lemma 2.26, Lemma 3.23, Lemma
3.32, Proposition 3.35, Lemma 4.3, Lemma 4.11.
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1. Preliminaries
Most of the material in this introductory chapter was taken from [4].

1.1 Number fields, Galois extensions
We will always work with number fields, that is finite extensions of Q. Alterna-
tively we can view number fields as Q(α) for α algebraic. Recall that an element
of K is integral if it is a root of some monic polynomial in Z[x]. The integral
elements of K form a ring which we denote by OK .

Example 1.1. For K = Q(
√
D), with D ̸= 0, 1 square-free we have

OK =

⎧⎪⎨⎪⎩
Z[
√
D] ifD ≡ 2, 3 (mod 4)

Z[1+
√
D

2 ] ifD ≡ 1 (mod 4).

Definition 1.2. Let L/K be a field extension. An element α ∈ L is separable if
its minimal polynomial over K is separable, that is, all of its roots are distinct in
the algebraic closure of K. A field extension L/K is separable if all elements of
L are separable.

Theorem 1.3. Each finite separable extension is simple.

Because we work with number fields only and all polynomials over number
fields are separable, the definition of a Galois extension becomes simpler than the
general one.

Definition 1.4. An extension of number fields L/K is said to be Galois if L is
a splitting field of some polynomial in K[x]. We call the extension L/K abelian
if it is Galois and Gal(L/K) is abelian.

Abelian extensions are the only extensions which class field theory cares about.
Therefore, all the advantages stemming from restricting ourselves to Galois ex-
tensions will be available for us.

Theorem 1.5. For a Galois extension L/K it holds that [L : K] = |Gal(L/K)|.

A key feature Galois extensions possess is the one-to-one correspondence with
certain subgroups. Namely, there is an order reversing bijection

{M field | K ≤M ≤ L} ←→ {subgroups H < Gal(L/K)}
M ↦−→ Gal(L/M)

Fix(L,H) ↦−→H

where Fix(L,H) is the subfield of L which is fixed by the subgroup H. We will
refer to this correspondence as Galois correspondence.

We will come across many notions of norm maps on the way through this
work. We start with the simplest one. The notion of trace will be needed later
in the definition of discriminant.
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Definition 1.6. Let L/K be a Galois extension and α ∈ L. Then we define the
norm of α as

NL/K(α) =
∏︂

σ∈Gal(L/K)
σ(α)

and the trace of α as
TrL/K(α) =

∑︂
σ∈Gal(L/K)

σ(α).

Remark. The maps NL/K : L× → K× and TrL/K : L(+) → K(+) are group
homomorphisms, where K× denotes the multiplicative group of invertible ele-
ments of K and K(+) denotes the additive group of K, similarly for L. Also,
for a Galois extension K ⊂ L ⊂ M we have that NM/K = NL/K ◦ NM/L and
TrM/K = TrL/K ◦ TrM/L.

Next, the set of integral elements is closed under the trace. The same holds
for norms; however, we will need only the trace version.
Lemma 1.7. Let L/K be a Galois extension. Then TrL/K(α) ∈ OK for each
α ∈ OL.

1.2 Ideal class group
Let K be a number field and OK its ring of integers in the whole section.
Definition 1.8. A fractional ideal is a nonzero OK-module I ⊂ K such that
there exists a nonzero element r ∈ OK such that rI ⊂ OK .
Remark. Equivalently, we can define a fractional ideal to be a subset {0} ≠ I ⊂ K
such that for some nonzero r ∈ OK the set rI forms an ideal of OK .
Definition 1.9. A principal fractional ideal is a set of the form aOK where
a ∈ K×. We denote it by (a).
Remark. By “ideal” or “ideal of K” we always mean an integral ideal, that is an
ideal in the ring OK .

Since all ideals are fractional ideals, the notion of fractional ideal generalizes
the notion of ideal. We also generalize the ideal multiplication by defining the
product of two fractional ideals I, J as

I · J = {i1j1 + i2j2 + · · ·+ imjm | ik ∈ I, jk ∈ J for all 1 ≤ k ≤ m, m ∈ N}.

It can be shown that all fractional ideals of a number field K form a group
(see [4, Chapter 3, Thm. 3.20]) which we will denote by IK . Hence, the principal
fractional ideals form a subgroup of IK which we will denote by PK . The group IK
is abelian and by taking the quotient by PK we get an object of great importance.
Definition 1.10. The ideal class group ClK is the quotient ClK = IK/PK . The
size of ClK is called the class number of K and denoted by hK .
Lemma 1.11. ClK is trivial if and only if OK is a unique factorization domain.

Roughly speaking, the size of the ideal class group measures the extent to
which the prime factorization in OK is unique. Moreover, it is always finite,
which we obtain as a by-product of certain compactness properties of idèles in
Section 2.4.
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1.3 Factorization in field extensions
Let K be a number field. Unlike elements of OK , which do not have to factor
uniquely as products of prime elements, each ideal of OK can always be written
uniquely as a product of prime ideals. The proof can be found for example in [5].

Let L/K be an extension of number fields and p be a prime ideal of OK . Since
each ideal of OL factors uniquely, we have a unique expression

pOL = Pe1
1 ·Pe2

2 · · ·Peg
g

where P1,P2, . . . ,Pg are prime ideals of OL and ei ≥ 1 for each i. We say that
these prime ideals divide or lie over p and denote it by Pi|p.

Next, we call

• e(Pi/p) = ei the ramification index, and

• f(Pi/p) = fi := [OL/P : OK/p] the inertia degree of p in P.

What comes next is sometimes called the “efg Theorem”:

Theorem 1.12. Let L/K be an extension of number fields with [L : K] = n. Let
P1,P2, . . . ,Pg be all the prime ideals in OL dividing a prime ideal p of OK with
corresponding ramification indices e1, e2, . . . , eg and inertia degrees f1, f2, . . . , fg.
Then

g∑︂
i=1

eifi = n.

Moreover, if L/K is a Galois extension then e = e1 = e2 = · · · = eg,f = f1 =
f2 = · · · = fg, and thus efg = n.

In case when L/K is Galois we write

pOL = (P1 ·P2 · · ·Pg)e

and call the unique e, f from Theorem 1.12 the ramification index and the inertia
degree of p, respectively.

Since we will work with Galois extensions only, we formulate the following
definition for this setting.

Definition 1.13. Let L/K be Galois extension and p a prime ideal in OK . Then
we say that

p =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(completely) splits if g = n, e = 1,
ramifies if e ≥ 2,
is inert if g = 1, e = 1.

When describing abelian extensions, we will also focus on the set of primes
which split completely. Why? Such primes actually fully characterize the Galois
extension.
Notation. Let Spl(L/K) denote the set of prime ideals in OK which split com-
pletely in OL.

Theorem 1.14 (Bauer). Let L1, L2 be two Galois extensions of a number field
K. Then L1 = L2 if and only if Spl(L1/K) = Spl(L2/K).
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Let us mention one more feature of Galois extensions which we will need later
in Section 3.2 when defining the Artin symbol. It is the transitive action of the
Galois group on prime ideals dividing a fixed prime ideal of the base field.

Proposition 1.15. Let L/K be a Galois extension and P1,P2 prime ideals of OL
dividing prime ideal p of OK . Then there is σ ∈ Gal(L/K) such that σ(P1) = P2.

Ramification in quadratic number fields
Example 1.16. Let K = Q, L = Q(i), in which case we have OK = Z,OL = Z[i].
Then 13 splits, (13) = (2 + 3i)(2 − 3i), the prime 3 is inert, that is, (3) stays a
prime ideal in Z[i], and 2 ramifies, (2) = (1 + i)2.

We present a more general description of prime decomposition in quadratic
fields. We do so to demonstrate the connection between splitting of primes and
the law of quadratic reciprocity which can be derived from the Artin reciprocity
law (the main theorem of class field theory, to be analyzed in Section 3.3). Recall
that the Legendre symbol for a ∈ Z and an odd prime p ∈ Z is defined as

(︄
a

p

)︄
=

⎧⎪⎨⎪⎩
1 if p ∤ a & a is a square mod p,
−1 if p ∤ a & a is not a square mod p,
0 if p | a.

The following lemma describing the splitting behaviour of primes in quadratic
extensions in terms of Legendre symbols yields a tool to find the set of primes
which split completely. For simplicity we consider only odd primes, for 2 we
would have to add some additional conditions modulo 8.

Lemma 1.17. Let p ∈ Z be an odd prime and let D ̸= 0, 1 be a square-free
integer. Then

• p splits in Q(
√
D) ⇐⇒

(︂
D
p

)︂
= 1,

• p ramifies in Q(
√
D) ⇐⇒

(︂
D
p

)︂
= 0,

• p is inert in Q(
√
D) ⇐⇒

(︂
D
p

)︂
= −1.

Example 1.18. Suppose that an odd prime p ∈ Z splits in K = Q(
√

2). We will
show that then

(︂
2
p

)︂
= 1.

Since OK = Z[
√

2] is a principal ideal domain, we can assume that p = α · β
where α, β ∈ Z[

√
2] are non-units. Since the norm

NK/Q(x+ y
√

2) = (x+ y
√

2)(x− y
√

2) = x2 − 2y2

is multiplicative and NK/Q(p) = p2, necessarily NK/Q(α) = NK/Q(β) = ±p. This
means that there are x, y ∈ Z such that x2−2y2 = ±p, which implies the existence
of x, y ∈ Z such that x2 − 2y2 ≡ 0 (mod p). Note that p ∤ y (otherwise p would
divide x and the left-hand side would be divisible by p2). This means there are
x, y ∈ Z such that x2

y2 ≡ 2 (mod p), meaning
(︂

2
p

)︂
= 1.
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Recall that (one of the equivalent versions of) the quadratic reciprocity law
says that for odd primes p, q and an integer a such that p ∤ a we have

p ≡ ±q (mod 4a) =⇒
(︄
a

p

)︄
=
(︄
a

q

)︄
.

We can deduce that the factorization of an odd prime in Q(
√
D) depends only

on the residue modulo 4D.

Example 1.19. We will find the set of (integer) primes which split completely in
Q(
√

2). We know that 2 ramifies in Q(
√

2) and, by Lemma 1.17, no further primes
ramify. Since 2 ≡ 42 (mod 7), and hence

(︂
2
7

)︂
= 1, for all primes p congruent to

±7 modulo 4·2 = 8 we have
(︂

2
p

)︂
= 1 by quadratic reciprocity. On the other hand,

2 is not a square modulo 3, that is
(︂

2
3

)︂
= −1 and so for all primes p congruent

to ±3 modulo 8 we have
(︂

2
p

)︂
= −1 by quadratic reciprocity. Therefore, Lemma

1.17 yields that

p splits completely in Q(
√

2) ⇐⇒ p ≡ 1, 7 (mod 8).

1.4 Ideal norm
We already mentioned that all fractional ideals form an abelian group IK . More-
over, IK is the free abelian group generated by nonzero prime ideals of K, again
by [4, Chapter 3, Thm. 3.20]. Due to this fact, the norm map NL/K : IL → IK is
determined by images of prime ideals.

Definition 1.20. Let L/K be an extension of number fields, P be a prime ideal
in OL and p = P ∩ OK . We define the norm of P as

NL/K(P) = pf(P/p)

where f(P/p) = [OL/P : OK/p] is the inertia degree of p in P. We extend the
norm map from the set of prime ideals to the whole IL multiplicatively.

The ideal norm NL/K : IL → IK is defined so that it is compatible with the
norm NL/K : L× → K×. That is, the following diagram commutes:

L× IL

K× IK

a ↦→(a)

NL/K NL/K

b ↦→(b)

1.5 Discriminants and differents
Describing the set Spl(L/K) for L/K can be considered as one of the goals of
class field theory. Characterizing the set of primes which ramify was known
already before the main goals of class field theory were stated. The ramification
is captured by discriminants of a field extension. We distinguish between absolute
and relative discriminant when defining it but their purpose in terms of describing
the ramified primes is the same.
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Definition 1.21. An integral basis for a number field K is a tuple (a1, a2, . . . , an)
of elements of K such that it is a basis for K as a vector space over Q and
OK = Za1 + · · ·+ Zan.

The (absolute) discriminant of K is defined as

∆K = ∆K/Q(a1, a2, . . . , an) = det((Tr(aiaj))n×n)

where (a1, a2, . . . , an) is an integral basis for K.

Let us skip the details such as the existence of an integral basis for K or the
well-definedness of the discriminant. An interested reader can find them in [4,
Chapter 2].

Proposition 1.22. [4, Thm. 3.35] Let K be a number field. Then

p ∈ Z ramifies in K ⇐⇒ p divides ∆K .

To define the relative discriminant for a field extension L/K we need to intro-
duce an ideal called the (relative) different. And to define the different we need
the following two lemmas, both taken from [2, Chapter 2, Section 8]. We include
the proof of Lemma 1.24 in order to provide a more detailed explanation than
the book does.

Lemma 1.23. Let L/K be an extension of number fields. Then every K-linear
map L→ K is of the form α ↦→ TrL/K(αβ) for some β ∈ L.

Lemma 1.24. Let L/K be an extension of number fields and

S = {β ∈ L | TrL/K(αβ) ∈ OK for each α ∈ OL}.

Then the set S−1 = {a ∈ L | aS ⊂ OL} forms an ideal in OL.

Proof. First, observe that S is an OL-module. Indeed, S(+) forms a group by lin-
earity of trace map and for each β ∈ S, r ∈ OL, α ∈ OL we have TrL/K(α(rβ)) =
TrL/K((αr)β) ∈ OK .

Second, let us show that S ⊂ ∆−1
L OL. We know there is an integral basis

α1, α2, . . . , αn for OL; that means, it is a basis for L as a vector space over Q and
OL = α1Z + · · · + αnZ. Let β ∈ S. Then TrL/K(OLβ) ⊂ OK which implies that
TrL/Q(OLβ) = TrK/Q(TrL/K(OLβ)) ⊂ TrK/Q(OK) ⊂ Z. Thus,

S ⊂ R = {β ∈ L | TrL/Q(OLβ) ⊂ Z}.

From viewing TrL/Q as a bilinear form on the vector space L over Q

TrL/Q : (α, β) ↦→ TrL/Q(αβ)

we obtain the dual basis β1, β2, . . . , βn with respect to this form i.e. a basis of
L over Q satisfying TrL/Q(αiβj) = δij where δij is the Kronecker delta function.
Moreover, R = β1Z + · · ·+ βnZ. Indeed, for β = ∑︁n

i=1 qiβi with qi ∈ Q we have

β ∈ R ⇐⇒ TrL/Q(αj(
n∑︂
i=1

qiβi)) ∈ Z for all j’s

9



⇐⇒
n∑︂
i=1

qiTrL/Q(αjβi) ∈ Z for all j’s

⇐⇒ qj ∈ Z for all j’s.

Now, it suffices to show that for each i we have βi ∈ ∆−1
L OL, because then we

obtain the desired inclusion

S ⊂ R = β1Z + · · ·+ βnZ ⊂ ∆−1
L OL.

We can write βi = ∑︁
j αjqji for some qji ∈ Q. Then

(TrL/Q(αiαj))(qij) = In (1.1)

since on the coordinate (i, j) of this product we have

TrL/Q(αi(α1q1j + α2q2j + · · ·+ αnqnj)) = TrL/Q(αiβj) = δij.

Using the formula
A adj(A) = det(A)I

for a square matrix A and its adjugate matrix adj(A), we can rewrite (1.1) as

(qij) = (TrL/Q(αiαj))−1

(qij) = adj(TrL/Q(αiαj))
det(TrL/Q(αiαj))

∆L(qij) = adj(TrL/Q(αiαj)).

Since TrL/Q(αiαj) ∈ Z for all i, j, we obtain ∆Lqij ∈ Z for each ij meaning
that βi = ∑︁

j αjqji ∈
∑︁
j αj∆−1

L Z ⊂ ∆−1
L OL as we wanted.

Now, because S ⊂ ∆−1
L OL and it is an OL-module, it must be a fractional

ideal in L. Moreover, since OL ⊂ S, for its inverse fractional ideal

S−1 = {a ∈ L | aS ⊂ OL}

we have the inclusion S−1 ⊂ OL. This is true because for each a ∈ S−1 we
particularly have aOL ⊂ OL implying that a ∈ OL. Thus, S−1 is, as a fractional
ideal contained in OL, an integral ideal.

Definition 1.25. Let L/K be an extension of number fields and

S = {β ∈ L | TrL/K(αβ) ∈ OK for each α ∈ OL}.

The different of L/K is then defined as the ideal δL/K = S−1.

Proposition 1.26. [2, Section 8, Thm. 21] Let p,P be prime ideals of K,L
respectively and let e > 0 be the largest integer such that Pe | p. Then Pe−1 | δL/K.

We can view the different as an ideal identifying the “bad” primes and mea-
suring how “bad” they are. The reason why we call the ramified primes “bad”
will be clearer in Section 3.3. The Artin map, the key map realizing the desired
description of abelian extensions, can be defined only for ideals not divisible by
any ramified prime ideals.

10



Definition 1.27. The relative discriminant ∆L/K of L/K is the norm of the
different of L/K, i.e.

∆L/K = NL/K(δL/K).

Proposition 1.28. [6, Chapter III, Cor. 2.10] For an extension of number fields
K < L < M it holds that

∆M/K = NL/K(∆M/L)∆[M :L]
L/K .

Proposition 1.29. [4, Thm. 3.35] Let L/K be an extension of number fields and
let p be a prime ideal of K. Then

p ramifies in L ⇐⇒ p divides ∆L/K .

We see that by taking the norm of different we lose some information - we are
only able to identify those primes which ramify. The different itself contains also
information about the exact power in which a prime P from OL divides a prime
p from OL.

1.6 Absolute values
Since we will need the notion of completion of a number field to define the objects
called adèles and work with them, let us spend some time by defining this notion
thoroughly. On the way to do so, we mention other useful tools, such as Product
Formula or Weak Approximation Theorem.

Definition 1.30. An absolute value on a field K is a function K → R, x ↦→ |x|
satisfying

(a) |x| > 0 for all x ̸= 0, |0| = 0,

(b) |xy| = |x||y|,

(c) |x+ y| ≤ |x|+ |y|.

If moreover |x+y| ≤ max{x, y}, we call the absolute value non-archimedean. We
call it archimedean otherwise.

An absolute value |·| is said to be discrete if |K×| is a discrete subset of R+

with respect to the Euclidean metric.

Example 1.31. Let K be a number field.

• For an embedding σ : K ↪→ C we can define an absolute value as |a| =
|σ(a)|, where the latter is the usual absolute value on C. This absolute
value is archimedean.

• For a prime ideal p in OK we define the p-adic absolute value of a ∈ K× as

|a|p = NK/Q(p)−ordpa

where ordpa denotes the exponent of p in the factorization of aOK . We
define ordp0 = ∞, and so we obtain |0|p = 0. This absolute value is non-
archimedean.

11



It can be shown that for a discrete non-archimedean absolute value |·| on a
number field K the set A = {α ∈ K | |α| ≤ 1} forms a ring and it has a unique
maximal ideal M = {α ∈ K | |α| < 1} which is generated by some element π ∈ K
with the largest absolute value less than 1. We call this element a uniformizer.

Example 1.32. Consider a p-adic absolute value on Q where p is a prime number.
Then A = Z and the unique maximal ideal M is generated by p because the
integers z satisfying |z|p < 1 are precisely those divisible by p. Hence, p is the
uniformizer.

From now on, we will turn our attention on the equivalence classes of absolute
values rather than on absolute values themselves. Let us define the equivalence
first.

Because an absolute value |·| on K also defines a metric d on K via putting
d(a, b) = |a− b| we obtain an induced topology on K from this metric. The basic
open sets are open balls B(a, r) = {x ∈ K | |x− a| < r} with a ∈ K and r > 0.

We will say that an absolute value is trivial if |a| = 1 for each a ̸= 0.

Proposition 1.33. Let |·|1, |·|2 be absolute values on a field K where |·|1 is non-
trivial. Then the following statements are equivalent:

(a) |·|1, |·|2 define the same topology,

(b) |a|1 < 1 implies |a|2 < 1,

(c) |·|2 = |·|c1 for some c > 0.

Definition 1.34. We call the absolute values |·|1, |·|2 on a field K equivalent
if the conditions from Proposition 1.33 are satisfied. An equivalence class of a
non-trivial absolute values on a number field K is called a prime or a place of K.

The following theorem gives a classification of all places of a given number
field.

Theorem 1.35. Let K be a number field. Then there is exactly one place

• for each prime ideal p,

• for each embedding σ : K ↪→ R,

• for each conjugate pair of complex embeddings σ, σ̄ : K ↪→ C.

We distinguish between finite (or non-archimedean) primes which correspond
to a prime ideal of OK and infinite (or archimedean) primes which correspond to
a real or complex embedding of K. In each class of equivalence we can choose a
normalized absolute value:

• for a prime ideal p, choose |a|p = NK/Q(p)−ordpa,

• for an embedding σ : K ↪→ R, choose |a|σ = |σ(a)| where the latter is the
Euclidean absolute value on R,

• for a pair of complex embeddings σ, σ̄ : K ↪→ C, choose |a|σ = |σ(a)|2 (this
is in fact not an absolute value but it is a convenient choice for the Product
Formula which is stated below).
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A prime of a number field is usually denoted by v and the normalized absolute
value from its equivalence class by |·|v.

Theorem 1.36 (Product Formula). Let α be a nonzero element of a number field
K. Then ∏︂

v

|a|v = 1

where the product is taken over all normalized places v.

Notation. Let L/K be number fields and |·|v, |·|w absolute values of K,L, respec-
tively. If |·|v is the restriction of |·|w to K, we say that w lies over v and denote
this fact by w | v.

Theorem 1.37 (Weak Approximation Theorem). Let |·|1, |·|2, . . . , |·|n be nontriv-
ial mutually inequivalent absolute values of a field K and let a1, a2, . . . , an ∈ K.
Then for each ϵ > 0 there exists α ∈ K such that |α−ai|i < ϵ for every 1 ≤ i ≤ n.

1.7 Completions
Let us have a field K with a nontrivial absolute value |·|. We call K complete if
each Cauchy sequence has a limit in K. Recall that a sequence (an)∞

n=1 in K is
Cauchy if for each ϵ > 0 there is N ∈ N such that for all m,n > N it holds that
|am − an| < ϵ.

Example 1.38. Let K = Q. Then the sequence 1, 11, 111, 1111, . . . is Cauchy
with respect to the 2-adic topology since |am − an|2 = 2−n for m > n.

Notation. Let (K, |·|K) denote a field K which is equipped with an absolute value
|·|K .

Theorem 1.39. [4, Thm. 7.23] Let K be a field and |·|K an absolute value on
K. Then there is a complete field (K̂, |·|K̂) and a homomorphism φ : K → K̂
preserving |·|K ,i.e. |φ(a)|K̂ = |a|K for every a ∈ K. Moreover, φ has the following
universal property:

Every homomorphism K → L for some complete field (L, |·|L) preserving |·|K
extends to a unique homomorphism K̂ → L preserving |·|K̂ .

(K, |·|K) (L, |·|L)

(K̂, |·|K̂)

φ
∃!

Definition 1.40. The complete field K̂ from Theorem 1.39 is unique up to a
unique isomorphism. We call it the completion of a field K with respect to an
absolute value |·|.

Let us remark that we get the same completions for equivalent absolute val-
ues. Therefore, it makes sense to talk about the completion with respect to a
place/prime.
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Notation. For a field K and a place v we denote the completion of K with respect
to the absolute value |·|v by Kv. If the place v corresponds to a prime ideal p, we
may also write Kp for the completion.

How does this complete field Kv look? It can be shown that it consists of all
equivalence classes of Cauchy sequences in K. We say that two Cauchy sequences
(rn), (sn) are equivalent if and only if limn→∞|rn − sn|v = 0 and denote the
equivalence class containing (rn) by [(rn)]∼v . It can be further shown that the
operations are just

[(rn)]∼v ± [(sn)]∼v = [(rn ± sn)]∼v ,

[(rn)]∼v · [(sn)]∼v = [(rn · sn)]∼v ,

[(rn)]−1
∼v

= [(r−1
n )]∼v

and that v is extended from K to Kv via putting |[(rn)]∼v |v = limn→∞|rn|v where
(rn), (sn) are Cauchy sequences in K. Note that |Kp|p = |K|p from the discreteness
of the p-adic absolute value.
Notation. When speaking about an element of Kv we will write (rn) instead of
[(rn)]∼v .

We have a natural inclusion K ↪→ Kv mapping r ∈ K to the sequence
(r, r, r . . . ). We will identify K with its image in Kv.

Let us get more familiar with viewing the elements of the completion as se-
quences by proving the following easy lemma.

Lemma 1.41. Q is a dense subset of Qv for each place v.

Proof. If v is infinite, it corresponds to the Euclidean absolute value on R. It
corresponds to a p-adic absolute value for a prime p otherwise.

For the Euclidean absolute value the completion of Q is R and the density is
a basic fact from mathematical analysis.

For a p-adic absolute value we will show that all elements of Qp are limit points
of elements of Q. Take a sequence (q1, q2, q3, . . . ) ∈ Qp. This means, q1, q2, q3, . . .
is a Cauchy sequence of elements in Q. Then it is a limit of the sequence

(q1, q1, q1, . . . ), (q2, q2, q2, . . . ), (q3, q3, q3, . . . ), . . .

in Q since

lim
n→∞
|(q1, q2, q3, . . . )− (qn, qn, qn, . . . )|p =

= lim
n→∞
|(q1 − qn, q2 − qn, q3 − qn, . . . )|p =

= lim
n→∞

lim
j→∞
|qj − qn|p =

= 0

where we used the Cauchy property of the sequence (qn)n in the last equality.

Remark. Let us add a few more observations about Qp and Zp = {q ∈ Qp | |q|p ≤
1}.

• Any point inside an open ball B(a, r) in Qp is at the same time its centre,
i.e. B(a, r) = B(q, r) for each q ∈ B(a, r).
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• For any k ∈ Qp with |k|p = 1 it holds that B(ka, r) = B(a, r).

• {pnZp | n ∈ N} is a fundamental system of neighbourhoods of 0 in Qp.

Definition 1.42. The valuation ring of Kv where v is a finite prime is the set

Ov = {x ∈ Kv | |x|v ≤ 1}.

If v is an infinite prime then let Ov = Kv.

Remark. We use the same letter for valuation rings as for rings of integers. Why?
The ring of integers of Kv (where v corresponds to a prime ideal p) is defined as
the integral closure of Zp where p = Z∩p. However, this definition coincides with
the definition of the valuation ring Ov.

We give two more useful facts which we will need later in some proofs. The
first of them is known as Hensel’s lemma.

Proposition 1.43. [4, Prop. 7.31] Let v be a finite prime of a number field K and
π be a uniformizer of the valuation ring Ov of Kv i.e. an element generating the
unique maximal ideal {x ∈ Kv | |x|v < 1}. Assume that a polynomial f(x) ∈ Ov[x]
has a simple root a0 modulo π. Then there is a unique root a ∈ Ov of f(x) such
that a ≡ a0 (mod π).

Theorem 1.44. [1, p. 56,57] Let K be complete with respect to the place v and
let L be a finite separable extension of K. Then there is exactly one extension w
of v to L and L is complete with respect to w.

1.8 Unramified field extensions
Let L/K be a Galois extension. We already know what it means for prime ideals
of K to ramify in L. Hence, we can easily define a finite place v to be unramified
if the corresponding prime ideal p does not ramify. To define the unramified
extensions, we need to introduce the ramification of infinite primes as well.

Definition 1.45. Let L/K be a field extension and σ be an infinite prime of K,
that is σ corresponds either to an embedding of K into R or a pair of complex
embeddings of K into C. We say that σ ramifies in L if it is real but has an
extension to L which is complex. We call σ unramified otherwise.

Example 1.46. The infinite prime σ : Q ↪→ R (which is simply an inclusion) is
unramified in Q(

√
2) because both embeddings of Q(

√
2) into C are real. On the

other hand, σ ramifies in Q(
√
−2) ̸⊂ R.

Definition 1.47. An extension L/K is unramified if it is unramified at all of its
primes, both finite and infinite.
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2. Adèles and idèles
The aim of this chapter is to get familiar with an object called the ring of adèles
and its subgroup of invertible elements called idèles, together with their topo-
logical properties. We already know that there are several absolute values on a
number field and adèles enable us to consider all of them at the same time. But
instead of defining adèles as a product of all completions of a number field we use
another construction, so called restricted product, to obtain some useful compact-
ness properties. Adèles have a rich application far beyond this work; however,
we will meet them again in Chapter 4 when formulating the main results of class
field theory in idèlic setting.

2.1 Adèles
Before defining the adèle ring, let us first equip ourselves with the notion of
restricted product.

Definition 2.1. The restricted product ∏︁′
i∈I Xi of topological spaces Xi with

respect to a family {Ui ⊂ Xi} of open sets is the subset of ∏︁iXi consisting of
those elements (xi)i∈I for which xi ∈ Ui for all but finitely many i. The basic
open sets are of the form ∏︂

i∈S
Vi ×

∏︂
i/∈S

Ui

for Vi ⊂ Xi open and S finite.

Typically, we will use just the notation ∏︁′
iXi if it is clear from the context

what the open sets Ui are.

Lemma 2.2. Let K be a number field with a place v. Then Ov is an open set in
Kv.

Proof. If v is an infinite place, then Ov = Kv is open in Kv. If v is a finite place
corresponding to the prime ideal p then we can use the discreteness of p-adic
absolute value (namely, that ordpx ∈ Z) and write

Ov = {x ∈ Kv | |x|v ≤ 1} =
= {x ∈ Kv | ordpx ≥ 0} =
= {x ∈ Kv | ordpx > −1} =
= {x ∈ Kv | |x|v < NK/Q(p)}.

Recall that topological ring is a ring and a topological space at the same time
such that the addition and multiplication are continuous with respect to the given
topology.

Definition 2.3. Let K be a number field, P be the set of places of K and Kv

be the completion of K at the place v. Then the ring of adèles AK of K is the
topological ring where
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• the underlying topological space is defined as the restricted product∏︁′
v∈P Kv with respect to the open sets {Ov ⊂ Kv},

• the ring operations are defined component-wise.

In other words, AK = ∏︁′
v∈P Kv consists of elements (av)v∈P with |av|v ≤ 1 for

all but finitely many places v.
Notation. We write (av)v instead of (av)v∈P to denote an element of adèles.

Example 2.4. In Q each finite place corresponds to a prime number p and there
is exactly one infinite place corresponding to the inclusion Q ↪→ R. Let us index
the places of Q by p, including the infinite place p =∞. Then

AQ = {(ap)p | ap ∈ Zp for all but finitely many prime numbers p} ⊂ R×
∏︂
p<∞

Qp.

First of all, we need to check that Definition 2.1 is correct, i.e. the ring of
adèles is indeed a topological ring. Before doing so, we give one auxiliary lemma:

Lemma 2.5. There is a homeomorphism of topological spaces∏︂′

v∈P
Kv ×

∏︂′

w∈P
Kw
∼=
∏︂′

v∈P
(Kv ×Kv)

where ∏︁v∈P (Kv×Kv) is restricted with respect to the family {Ov×Ov ⊂ Kv×Kv}.

Proof. Let the homeomorphism identify an element ((av)v, (bw)w) ∈ ∏︁′
v∈P Kv ×∏︁′

w∈P Kw with (av, bv)v ∈
∏︁′
v∈P (Kv ×Kv). This is clearly well-defined and bijec-

tive. We now show that each open set of one topology is open in the other one
under this identification.

• Basic open sets of ∏︁′
v∈P Kv ×

∏︁′
w∈P Kw are sets of the form

(
∏︂
v∈S

Uv ×
∏︂
v/∈S
Ov)× (

∏︂
w∈S′

Vw ×
∏︂
w/∈S′

Ow) (2.1)

where Uv ⊂ Kv, Vw ⊂ Kw are open and S, S ′ are finite sets.

• Basic open sets of ∏︁′
v∈P (Kv ×Kv) are sets of the form∏︂

v∈˜︁S(˜︂Uv × ˜︂Vv)× ∏︂
v/∈˜︁S(Ov ×Ov) (2.2)

where ˜︂Uv × ˜︂Vv are open in Kv ×Kv, this means, they are unions of sets of
the form U × V ⊂ Kv ×Kv where U, V are open in Kv and ˜︁S is finite.

Each set (2.1) has (under the identification) Ov × Ov at each coordinate v ∈
P \ (S ∪ S ′), hence on all but finitely many coordinates v. On the rest there is
Uv ×Vv where Uv, Vv ⊂ Kv are open in Kv. One of them can possibly be equal to
Ov but this is also open by Lemma 2.2.

Conversely, each set (2.2) is clearly writable as union of sets of the form (2.1)
where we set S = S ′ = ˜︁S and where we choose open Uv, Vv ⊂ Kv such that the
union of their products at each coordinate gives ˜︂Uv × ˜︂Vv.
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Lemma 2.6. Let K be a number field. Then AK indeed forms a topological ring.
That is, the operations of component-wise addition and multiplication on AK are
continuous in the AK-topology.

Proof. We will show only the continuity of addition as we want to primarily
demonstrate that all we need is the component-wise continuity. Consider the
map

f :
∏︂′

v∈P
Kv ×

∏︂′

w∈P
Kw →

∏︂′

v∈P
Kv

((av)v, (bw)w) ↦→ (av + bv)v

and define

fv : Kv ×Kv → Kv

(av, bv) ↦→ av + bv.

We need to check that f−1(∏︁v∈S Uv ×
∏︁
v∈P\S Ov) for S finite is open in∏︂′

v∈P
Kv ×

∏︂′
v∈P

Kv. By Lemma 2.6 we can check it to be open in ∏︁′
v∈P (Kv ×

Kv) instead. Since the addition is defined component-wise, we have the equality

f−1(
∏︂
v∈S

Uv ×
∏︂

v∈P\S
Ov) =

∏︂
v∈S

f−1
v (Uv)×

∏︂
v∈P\S

f−1
v (Ov).

As the first step, let us show that f−1
v (Uv) is open in Kv ×Kv for Uv ⊂ Kv

open. First, assume that v is non-archimedean. To verify that f−1
v (Uv) is open

we need to find an open set around each (x̃, ỹ) ∈ f−1
v (Uv) inside f−1

v (Uv). Let
a = x̃ + ỹ. Since Uv is open, we can find r > 0 such that B(a, r) = {z ∈ Kv |
|z − a|v < r} ⊂ Uv. We can write

f−1
v (B(a, r)) = {(x, y) ∈ Kv ×Kv | |x+ y − a|v < r} ⊇

⊇ {(x, y) ∈ Kv ×Kv | |x− x̃|v < r, |y − ỹ|v < r} =
= B(x̃, r)×B(ỹ, r)

where the inclusion follows from the fact that v is non-archimedian which means
that

|x+ y − a|v = |x+ y − x̃− ỹ|v ≤ max{|x− x̃|v, |y − ỹ|v}.
If v is archimedean then Kv is either R or C. We know from mathematical

analysis that addition is continuous on both R and C, hence f−1
v (Uv) is again

open for Uv open in R or C.
As the second step, we show that∏︂

v∈S
f−1
v (Uv)×

∏︂
v∈P\S

f−1
v (Ov) =

⋃︂
S′ finite
S∩S′=∅

(
∏︂
v∈S

f−1
v (Uv)×

∏︂
v∈S′

f−1
v (Ov)×

∏︂
v/∈S
v/∈S′

(Ov×Ov)).

Each set of the union on the right-hand side is a basic open set in ∏︁′
v(Kv ×Kv)

since there is an open set at finitely many components and Ov ×Ov on the rest.
We obtain that the union, and hence the set ∏︁v∈S f

−1
v (Uv)×

∏︁
v∈P\S f

−1
v (Ov), are

open.
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Take (av, bv)v ∈
∏︁
v∈S f

−1
v (Uv)×

∏︁
v∈P\S f

−1
v (Ov). Since it is also in∏︁′

v(Kv×Kv)
we know that (av, bv) ∈ Ov×Ov for all but finitely many v’s, say for all v ∈ P \ ˜︁S
for ˜︁S finite. Let S ′ = ˜︁S \ S to see that (av, bv)v belongs to one of the sets of the
union.

Conversely, we have an inclusion∏︂
v∈S

f−1
v (Uv)×

∏︂
v∈S′

f−1
v (Ov)×

∏︂
v/∈S
v/∈S′

(Ov ×Ov) ⊂
∏︂
v∈S

f−1
v (Uv)×

∏︂
v∈P\S

f−1
v (Ov)

for each finite S ′ with S ∩ S ′ = ∅. This concludes the proof of the continuity of
addition.

For the continuity of multiplication we would have to verify that the preimage
of an open set Uv is open in Kv ×Kv under the multiplication map and then use
the same argument as in the second step.

We have seen that there is a canonical embedding K ↪→ Kv. This can be
extended to the canonical embedding K ↪→ AK sending a ∈ K to (av)v ∈ AK

where av = (a, a, a, . . . ) ∈ Kv.

Topology on adèles
Since the underlying set of the ring of adèles is a subset of the product of all
completions, one could wonder if the restricted product topology and the subspace
topology are the same. However, this is not the case. In fact, the restricted
product topology is strictly finer, which we are going to show now.

Here we work only with products of completions; nevertheless, what we state
about the restricted product topology and the subspace topology holds for general
topological spaces. Let K be a number field and P the set of places on K. Keep
in mind that we always restrict the product ∏︁′

v∈P Kv with respect to the open
sets {Ov ⊂ Kv}.

Recall that the product topology on ∏︁
v∈P Kv is defined to be the weakest

topology such that the canonical projections πv : ∏︁w∈P Kw → Kv are continuous.
In other words, the collection of the sets {π−1

v (Uv) | Uv ⊂ Kv open, v ∈ P} forms
a subbase, i.e. each open set is a union of finite intersections of these sets. Hence,
the basis of the product topology consists of the sets of the form∏︂

v∈S
Uv ×

∏︂
v∈P\S

Kv

where Uv ⊂ Kv are open and the set S is finite.
By the subspace topology on ∏︁′

v∈P Kv we will always mean the subspace
topology inherited from ∏︁

v∈P Kv. If we gave ∏︁′
v∈P Kv the subspace topology,

each basic open set would be an intersection of a basic open set of ∏︁v∈P Kv with∏︁′
v∈P Kv, that is

(
∏︂
v∈S

Uv ×
∏︂

v∈P\S
Kv) ∩

∏︂′

v∈P
Kv (2.3)

for some Uv ⊂ Kv open and some finite S. We will first show that the restricted
product topology is finer than the subspace topology.
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Lemma 2.7. Each set of the form (2.3) is open in the restricted product topology.

Proof. Let us show that for finite S ⊂ P we have the equality

(
∏︂
v∈S

Uv ×
∏︂

v∈P\S
Kv) ∩

∏︂′

v∈P
Kv =

⋃︂
S′ finite
S∩S′=∅

(
∏︂
v∈S

Uv ×
∏︂
v∈S′

Kv ×
∏︂

v∈P\(S∪S′)
Ov).

Let
(av)v ∈ (

∏︂
v∈S

Uv ×
∏︂

v∈P\S
Kv) ∩

∏︂′

v∈P
Kv.

Then av ∈ Uv for each v ∈ S and av ∈ Ov for all but finitely many v’s, say for
every v ∈ P \ S ′′ for S ′′ finite. Set S ′ = S ′′ \ S. Then

(av)v ∈
∏︂
v∈S

Uv ×
∏︂
v∈S′

Kv ×
∏︂

v∈P\(S∪S′)
Ov.

Conversely, we immediately see that∏︂
v∈S

Uv ×
∏︂
v∈S′

Kv ×
∏︂

v∈P\(S∪S′)
Ov ⊂ (

∏︂
v∈S

Uv ×
∏︂

v∈P\S
Kv)

and also ∏︂
v∈S

Uv ×
∏︂
v∈S′

Kv ×
∏︂

v∈P\(S∪S′)
Ov ⊂

∏︂′

v∈P
Kv

for each S ′ finite, S ∩ S ′ = ∅. Hence we have the inclusion for the whole union.
Since all sets in the union are open in the restricted product topology, we get

the desired claim.

We have the inclusion of the subspace topology in the restricted product
topology, the following lemma concludes the strict inclusion.

Lemma 2.8. The set ∏︁v∈P Ov is an open subset of AK in the restricted product
topology but it is not open in the subspace topology.

Proof. The openness in the restricted product topology is clear. If ∏︁v∈P Ov was
open in the subspace topology, it would be possible to write it as a union of sets
of the form

(
∏︂
v∈S

Uv ×
∏︂

v∈P\S
Kv) ∩

∏︂′

v∈P
Kv

for some Uv ⊂ Kv open and some finite S. But each such set contains some
elements which are not in ∏︁

v∈P Ov as we allow av ∈ Kv \ Ov to finitely many
places v.

2.2 Isomorphism of AK(+) and Ad
Q(+)

A topological group is a group and a topological space at the same time such
that the group operations are continuous with respect to the given topology. An
isomorphism of topological groups is a group isomorphism and a homeomorphism
at the same time.
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Notation. When introducing adèles we denoted the (topological) ring of adèles by
AK . Let us use the notation AK(+) for the same structure where we forget the
multiplication, that is the additive topological group with the same underlying
set and the topology of restricted product.

The goal of this chapter is to show the isomorphism of topological groups
AK(+) ∼= Ad

Q(+) for a number field K of degree d. This result holds more general
for any extension of number fields (see [1, Chapter II, Section 14]) but we stick
with the basic version since this is the only one we will need.

This section is inspired by [1, Chapter II] from where we took Lemmas 2.9,
2.10 and 2.12. For this reason, some details in the proofs will be skipped and
others will be carried out differently than in the book.

Since claims and facts leading to this isomorphism can be more easily formu-
lated in terms of tensor products, let us make a little digression into them.

(1) Tensor products of algebras – first definition
Let A,B be commutative rings containing a fieldK that gives them a structure

of K-algebras. First, let us view A,B as K-modules, for which the tensor product
A⊗K B consists of all finite sums of the form∑︂

i

ai ⊗ bi, ai ∈ A, bi ∈ B

such that

• (a1 + a2)⊗ b = a1 ⊗ b+ a2 ⊗ b,

• a⊗ (b1 + b2) = a⊗ b1 + a⊗ b2,

• k(a⊗ b) = ka⊗ b = a⊗ kb

for every a, a1, a2 ∈ A, b, b1, b2 ∈ B, k ∈ K. Now, we give A⊗KB the ring structure
by defining

(a1 ⊗ b1) · (a2 ⊗ b2) = a1a2 ⊗ b1b2

and extending to the whole A⊗K B linearly.

(2) Tensor products of algebras – second definition
Another approach to the notion of the tensor product of algebras is viewing it

as extending one of the algebras by “lifting” the coefficients from K to the other
ring.

Again, let us have K-algebras A,B and let b1, b2, . . . , bn be a basis for B as a
vector space over K, i.e. each element of B can be written as

n∑︂
i=1

kibi, ki ∈ K.

Let kmij ∈ K be the structure constants of B, that means elements satisfying

bibj =
∑︂
m

kmij bm.

Then we can define a ring C consisting of all elements of the form∑︂
i

aibi, ai ∈ A,
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where the elements bi have the same multiplication rule as bi, i.e.

bibj =
n∑︂

m=1
kmij bm

and we extend the multiplication A-linearly.
Less formally speaking, we lift the coefficients from K to A in the unique

expressions of elements of B and then we rename the basis so that C is a different
object. We write C = A⊗K B.

It is not difficult to see that the two definitions above coincide: Assume B
has a basis b1, b2, . . . , bn as a vector space over K. Then it suffices to check that

n∑︂
i=1

ai ⊗ bi ↦→
n∑︂
i=1

aibi

is the desired ring isomorphism.
From now on, we work with the second definition only.

Remark. There are the following embeddings of rings A,B into A⊗K B:

A ↪→ A⊗K B
a ↦→ ab1

B ↪→ A⊗K B∑︂
i

kibi ↦→
∑︂
i

kibi.

If we now assume A to be a topological ring, we can impose the product
topology on C via identifying ∑︁i aibi with (a1, . . . , an) ∈ An, call it the tensor
product topology.

Now, let us see what the tensor product looks like if A,B are moreover fields.

Lemma 2.9. Let A,B be fields containing a field K such that the extension B/K
is finite separable. Then we have a ring isomorphism

A⊗K B ∼= L1 × · · · × Lm

where L′
is are some finite extensions of A and contain an isomorphic image of

B.

Proof. Due to Theorem 1.3 we can write B = K(b) for some b ∈ B. Say the
degree of B over K is n. Then 1, b, b2, . . . , bn−1 form a basis for B/K. Moreover, b
is a root of some irreducible separable polynomial f(x) ∈ K[x] and A⊗KB = A[b]
for some b satisfying f(b) = 0. We can factor

f(x) = g1(x)g2(x) · · · gm(x)

where g1, g2, . . . , gm ∈ A[x] are irreducible and pairwise distinct from separability
of f(x). For each i define Li = A(bi) where bi is a root of gi(x). We can define
ring homomorphisms

λi : A⊗K B → Li

by sending the element h(b) to h(bi) where h(x) ∈ A[x]. It remains to verify that

λ1 × · · · × λm : A⊗K B → L1 × · · · × Lm
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is a bijection. Let us show the injectivity first. Suppose (λ1×· · ·×λm)(h(b)) = 0;
that is, h(bi) = 0 for each i. But since gi(x) are minimal polynomials for bi over
A, the assumption yields that h(x) is divisible by gi(x) for each i, and thus by
f(x). However, f(b) = 0, and so h(b) = 0.

Let us look at the dimensions of both sides as vector spaces over A. The
dimension of A ⊗K B = A[b] equals the degree of f(x), the dimension of L1 ×
· · ·×Lm equals the sum of degrees of gi’s, thus the same thing. We can conclude
that λ1 × · · · × λm is a bijection and thus the desired isomorphism.

Finally, we show that the ring homomorphisms

B ↪→ A⊗K B
λi−→ Li

n−1∑︂
j=0

kjb
j ↦→

n−1∑︂
j=0

kjb
j ↦→

n−1∑︂
j=0

kjb
j
i

are injective. Assume that ∑︁n−1
j=0 kjb

j
i = 0 for some k0, k2, . . . , kn−1 ∈ K. That

means that h(x) = ∑︁n−1
j=0 kjx

j is divisible by gi(x) in A[x]. But at the same time
h(x) ∈ K[x], and so it is divisible by the irreducible polynomial f(x) ∈ K[x].
This is because (gi(x))A[x] ∩ K[x] is an ideal in K[x], where (gi(x))A[x] denotes
the ideal generated by gi(x) in the ring A[x]. Hence, it is principal with generator
f(x). Since f(b) = 0, also h(b) = ∑︁n−1

j=0 kjb
j = 0.

Lemma 2.10. Let K be a number field of degree d and v be a place of Q. Then
there are at most d extensions w1, . . . , wm of v to K and there is an isomorphism
of topological rings

Qv ⊗Q K ∼= Kw1 × · · · ×Kwm ,

where Kw1 × · · · ×Kwm is equipped with the product topology.

Proof. (sketch) First, let us show the ring isomorphism. By Lemma 2.9,

Qv ⊗Q K ∼= L1 × · · · × Lm′

for some L′
is finite extensions of Qv and some m′. We need to show that those

L′
is are completions of K. By Lemma 1.44, the place v of Qv extends uniquely

to some place wi on Li and Li is complete with respect to wi. Let |·|i denote the
normalized absolute value of wi. Now, we can define the absolute values ∥·∥i on
K as

∥a∥i = |µi(a)|i
where

µi : K ↪→ Qv ⊗Q K → Li

is the embedding from the proof of Lemma 2.9.
For Li to be a completion of K with respect to ∥·∥i it suffices to show that

K ∼= µi(K) is dense in Li with respect to ∥·∥i :
Let α1, . . . , αd be a basis for K over Q. In Lemma 1.41 we checked that Q

is dense in Qv. This yields the density of Q ⊗Q K in Qv ⊗Q K since an element∑︁
i qiαi ∈ Qv ⊗Q K is the limit point of the sequence (∑︁i qi,nαi)n where qi’s

are limits of sequences (qi,n)n, qi,n ∈ Q. Now, K = Q ⊗Q K being dense in
Qv ⊗Q K ∼= L1 × · · · × Lm′ implies µi(K) being dense in Li when looking at the
i-th projection of the product.
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What is left to show is the 1-1 correspondence between L′
is and K ′

wi
s; that

means, that the absolute values ∥·∥i are pairwise disjoint and the only extensions
of v. Finally, we need to check that the isomorphism is a homeomorphism. You
can find all the details and the rest of the proof in [1, Chapter II].

Let us illustrate the steps leading to Lemma 2.10 on the following example
where we see explicitely what the fields L1, L2, . . . , Lm from Lemma 2.9 look like.

Example 2.11. Let K = Q(i) and consider 5-adic absolute value on Q. Then,
since 5 = (2 + i)(2− i), the extensions of 5-adic absolute value to K are precisely
the absolute values associated to prime ideals (2 + i), (2− i). Hence, we wish to
end with

Q5 ⊗Q K ∼= K(2+i) ×K(2−i)

where K(2+i), K(2−i) are the corresponding completions. Following the proof of
Lemma 2.9, consider f(x) = x2 + 1, the minimal polynomial for i over Q. Since
f(x) has a simple root modulo 5, Proposition 1.43 allows us to write f(x) =
(x− a)(x− b) for some a, b ∈ Z5. Set L1 = Q5(a) = Q5, L2 = Q5(b) = Q5. Hence,
by Lemma 2.9,

Q5 ⊗Q K ∼= Q5 ×Q5

and all we need to show is

Q5 ∼= K(2+i) ∼= K(2−i).

Now, we have ring homomorphisms

µ1 : K ↪→ Q5 ⊗Q K → Q5

x+ iy ↦→ x+ iy ↦→ x+ ay

µ2 : K ↪→ Q5 ⊗Q K → Q5

x+ iy ↦→ x+ iy ↦→ x+ by

and extensions ∥·∥1, ∥·∥2 of |·|5 to K by putting ∥z∥1 = |µ1(z)|5, ∥z∥2 = |µ2(z)|5.
By proof of Lemma 2.10 we have that Q5 is a completion of K with respect to
∥·∥1, ∥·∥2. Therefore, our task reduces to showing that, without loss of generality,
∥·∥1, |·|(2+i) are equivalent and ∥·∥2, |·|(2−i) are equivalent absolute values on K
since then we obtain K(2+i) ∼= Q5 and K(2−i) ∼= Q5 from Theorem 1.39.

Proof of the following statement would require dealing with traces in exten-
sions of completions and some more properties of discriminant. Let us refer to
[1, Chapter II, Section 12] instead.

Lemma 2.12. Let K be a number field and let α1, α2, . . . , αd be its basis over Q.
Then for all but finitely many places v on Q the isomorphism from Lemma 2.10
induces an isomorphism of topological rings

α1Zv × α2Zv × · · · × αdZv ∼= Ow1 ×Ow2 × · · · × Owm

where w1, w2, . . . , wm are all the places of K lying over v and the left hand side
is canonically identified with {∑︁d

i=1 qiαi | qi ∈ Zv for all i} ⊂ Qv ⊗Q K.
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Lemma 2.13. Let K be a number field of degree d. There is an isomorphism of
topological groups

(Qv ⊗Q K)(+) ∼= Qd
v(+).

Proof. In this case we can construct the isomorphism explicitly. Let α1, α2, . . . , αd
be the basis for K over Q. Define

φ : Qv ⊗Q K → Qd
v

d∑︂
i=1

qiαi ↦→ (q1, . . . , qd)

which is an addition-preserving bijection. Moreover, φ, φ−1 are continuous by
definiton of the topology on tensor products saying that U ⊂ Qv ⊗QK is open if
and only if φ(U) ⊂ Qd

v is open.

Now we can put together Lemma 2.10 and Lemma 2.13.

Corollary 2.14. There is an isomorphism of topological groups

(Kw1 × · · · ×Kwm)(+) ∼= Qd
v(+).

Let us add another example in order to warn that the isomorphism from
Corollary 2.14 does not preserve multiplication.

Example 2.15. K = Q(i), p = 3. Since 3 is inert in OK = Z[i] the only absolute
values on K extending the 3-adic one is the one given by the prime ideal (3) in
OK , so we get K3 ∼= Q2

3 from Corollary 2.14. Since K3 is a field and Q2
3 is not,

the multiplication cannot be preserved.

Theorem 2.16. There is an isomorphism of topological groups

AK(+) ∼= Ad
Q(+).

Proof. (sketch) First, observe that Ad
Q = (∏︁′

vQv)d = ∏︁′
vQd

v where the latter
product is restricted with respect to the family of open subsets {Zdv ⊂ Qd

v}. The
proof is analogous to the one of Lemma 2.5.

Second, it holds that∏︂′

w

Kw = (
∏︂
v

∏︂
w|v

)′Kw =
∏︂′

v

(Kw1 × · · · ×Kwm)

where the latter product is restricted with respect to the family of open subsets
{Ow1 × · · · × Owm ⊂ Kw1 × · · · × Kwm} and w1, w2, . . . , wm appearing at the
coordinate indexed by v are precisely those places which lie over v. The proof is
again analogical to the one of Lemma 2.5.

By Corollary 2.14 we have (Kw1 × · · · × Kwm)(+) ∼= Qd
v(+). Therefore, to

prove the isomorphism∏︂′

v

(Kw1 × · · · ×Kwm)(+) ∼=
∏︂′

v

Qd
v(+)

it remains to use Lemma 2.12 saying that

Ow1 × · · · × Owm
∼= α1Zv × α2Zv × · · · × αdZv ∼= Zdv

under the isomorphism from Corollary 2.14.
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2.3 Local compactness of AK(+)
Definition 2.17. We say that a topological space X is locally compact if we can
find a compact neighbourhood around each point; that is, for each x ∈ X there
is an open set U and a compact set C such that x ∈ U ⊂ C.

We say that topological group is locally compact if the underlying topological
space is Hausdorff and locally compact.

Let us recall two well-known topological statements:

• Tychonoff’s theorem: Any product of compact spaces is compact (with
respect to the product topology).

• A finite product of locally compact spaces is locally compact.

The results we present now hold for any completion of a number field and its
valuation ring. However, we show them only for Zp and Qp to keep things simple
and more familiar. We will prove that the topological group AQ(+) is locally
compact, the local compactness of AK(+) will be deduced from the isomorphism
AK(+) ∼= Ad

Q(+) given in the previous section.

Lemma 2.18. Zp is a compact topological space.

Proof. Assume there is a cover {Uα}α∈A of open sets with no finite subcover. Let
us decompose Zp as a disjoint union in the following way:

Zp =
⨆︂

0≤i≤p−1
(i+ pZp).

Due to our assumption we know there is 0 ≤ i1 ≤ p − 1 such that i1 + pZp
cannot be contained in just one of the sets from {Uα}α∈A. We proceed by writing

i1 + pZp =
⨆︂

0≤i≤p−1
(i+ p2Zp)

and again use our assumption to find i2 such that i2 + p2Zp cannot be contained
in just one of the sets from {Uα}α∈A.

By continuing this argument we obtain an infinite chain

(i1 + p1Zp) ⊃ (i2 + p2Zp) ⊃ · · · ⊃ (ik + pkZp) ⊃ . . .

where each set cannot be contained in just one of the sets from {Uα}α∈A. Now,
consider

lim
k→∞

ik = z ∈ Zp.

There must be a set V ∈ {Uα}α∈A containing z and k0 large enough satisfying
z + pk0Zp ⊂ V. But this is a contradiction, since z + pk0Zp = ik0 + pk0Zp.

Corollary 2.19. Qp is a locally compact topological space.

Proof. It suffices to show that we can find a compact neighbourhood around 0.
We can translate this set to get a neighbourhood of any point since translations
are homeomorphisms. However, {pnZp | n ∈ N} is a fundamental system of
neighbourhoods of 0 and Zp is compact by Lemma 2.18.
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Consider the product ∏︁pQp. Although all Qp’s are locally compact, the prod-
uct is not. This is also the motivation behind working with the restricted product
instead.

Proposition 2.20. The group AQ(+) is a locally compact topological group.

Proof. To show that AQ is Hausdorff let us consider (ap)p ̸= (bp)p ∈ AQ. Let p be
such that ap ̸= bp. Then d = |ap − bp|p > 0 and so B(ap, d), B(bp, d) are disjoint
open sets separating ap, bp. Indeed, if x ∈ B(ap, d) then

d = |ap − bp|p = |ap − x+ x− bp|p ≤ max{|ap − x|p, |x− bp|p}.

But since |ap − x|p < d, necessarily |x− bp|p ≥ d, and hence x ̸= B(bp, d).
For the local compactness, observe that the set

US = R×
∏︂
p∈S

Qp ×
∏︂
p/∈S

Zp

is locally compact for each finite subset S of primes. This is because ∏︁p/∈S Zp is
compact as a product of compact spaces, which implies that US is a finite product
of locally compact spaces.

Now, each (ap)p ∈ AQ lies in the set US for some S. Thus, we can find a com-
pact neighbourhood around (ap)p in US which is also a compact neighbourhood
in the whole AQ as US is an open subset of AQ.

Why do we care about local compactness of the additive group AK(+)? It
gives us the existence of a specific measure on AK(+) which is invariant under
translation.

Definition 2.21. A Haar measure µ on a locally compact abelian group G is a
nonzero Borel measure satisfying

• µ(S) <∞ for each S ⊂ G compact,

• µ(S) = inf{µ(U) | S ⊂ U, U is open} for each S measurable,

• µ(S) = sup{µ(C) | C ⊂ S, C is open} for each S open,

• µ(S) = µ(g + S) = µ({g + s | s ∈ S}) for each S measurable and g ∈ G.

Theorem 2.22 (Weil). Let G be a locally compact abelian group. Then there
exists a Haar measure µ on G which is unique up to scaling. This means that for
two Haar measures µ1, µ2 on G there is c > 0 such that µ1 = cµ2.

Having the Haar measure enables us to do analysis on adèles. Namely, we
can define L-functions, a generalization of Riemann zeta function, which encodes
information about how primes are distributed. L-functions are, together with
cohomology theory, used to prove main theorems of global class field theory. The
analytical proofs are to be found for example in the notes [3].
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2.4 Idèles
Definition 2.23. The group of idèles is the group of units of the ring of adèles;
that is, IK = A×

K .

And what does an element of IK look like?

Lemma 2.24. The idèle group consists of all elements of the form (av)v where
av ̸= 0 for all v’s and av ∈ O×

v for all but finitely many v’s.

Proof. If the two conditions hold then (av)v is clearly invertible.
Conversely, suppose (av)v∈P ∈ IK , i.e. there is (bv)v such that (av)v(bv)v = 1.

Since av, bv ∈ Ov for all but finitely many v, also av, bv ∈ O×
v for all but finitely

many v’s. The nonzero condition comes from av ∈ K×
v for all v’s.

This yields another description of idèles; namely, we can write IK = ∏︁′
vK

×
v

(so far this is just equality of sets) where we restrict with respect to the groups
of units {O×

v ⊂ K×
v }.

Topology on idèles
We have to be careful about the topology on IK as want IK to be a topological
group with respect to multiplication. If we took the AK-subset topology, the
inverse map would fail to be continuous.

Example 2.25. Consider the sequence (av)(2)
v , (av)(3)

v , (av)(5)
v , . . . in AQ where

(av)(p)
v = (1, . . . , 1, p, 1, . . . ) has p in the p-th component and 1 everywhere else.

This sequence converges to 1 ∈ AQ because for each open neighborhood of 1 of
the form

U = V ×
∏︂
p∈S

Up ×
∏︂
p/∈S

Zp

with 1 ∈ V, 1p ∈ Up for each p and S finite, we can find a prime p0 such that
(av)(p)

v ∈ U for each prime p ≥ p0.
On the other hand, the inverses do not converge to 1−1 = 1 because for an open

neighborhood U of 1 there are infinitely many primes p such that ((av)(p)
v )−1 =

(1, . . . , 1, p−1, 1, . . . ) /∈ U.

Instead, we consider the map

i : IK → AK × AK

(av)v ↦→ ((av)v, (av)−1
v )

which is injective. Hence, we can give IK the subset topology induced by the
product topology on AK × AK and the map i. This topology is finer than the
AK-subset topology and we call it the idèlic topology. Moreover, this topology
coincides with the restricted product topology. Before proving this claim, let us
remark that we again consider the topology induced by a place v on K×

v . Then
the set O×

v is open in K×
v , the proof is analogous to the one in Lemma 2.2.

Lemma 2.26. The idèlic topology coincides with the topology of the restricted
product ∏︁′

vK
×
v with respect to the family of open sets {O×

v ⊂ K×
v }.
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Proof. (1) We describe the basic open sets in the idèlic topology step by step:

• basic open sets in AK ×AK are of the form U × V for some basic open sets
U, V ⊂ AK ,

• basic open sets in (AK × AK) ∩ i(IK) are of the form

(U × V ) ∩ {(a, a−1) | a ∈ IK} =
= ((U ∩ IK)× (V ∩ IK)) ∩ {(a, a−1) | a ∈ IK} =
= {(a, a−1) | a ∈ (U ∩ IK) ∩ (V ∩ IK)−1},

• to conclude, basic open sets in the idèlic topology are those of the form
(U ∩ IK)∩ (V ∩ IK)−1 (we look at the first component of i(IK)), which can
be alternatively rewritten as U ∩ (V ∩ IK)−1 where U, V are basic open sets
of AK .

(2) Recall that the basic open sets of ∏︁′
vK

×
v are of the form∏︂

S

Wv ×
∏︂
P\S
O×
v (2.4)

for S finite and Wv open in K×
v .

For one inclusion, a set of the form (2.4) can be written as U ∩ (V ∩ IK)−1 for
U = ∏︁

SWv ×
∏︁
P\S Ov and V = ∏︁

SW
−1
v ×

∏︁
P\S Ov, both clearly open in AK .

For the other inclusion, we can write

U ∩ (V ∩ IK)−1 =
∏︂
S′
Wv ×

∏︂
P\S′

O×
v

for Wv = Uv ∩ (Vv ∩K×
v )−1 open in K×

v and some finite set S ′, as both U, V are
basic open sets of AK and thus have Ov in all but finitely many components.
This concludes the equality of the sets of basic open sets.

Idèle class group, Content of idèles
Now we would like to define the idèle class group, the crucial notion for the
description of all abelian extensions of a fixed number field in the language of
idèles.

As we discussed in Section 2.1, there is a natural embedding K ↪→ AK . Re-
stricting to the set of invertible elements yields the embedding K× ↪→ IK . We
identify K× with its image in IK and write K× ⊂ IK .

Lemma 2.27. [1, Chapter II, Section 16] K× is a discrete subgroup of IK .

Definition 2.28. The quotient CK = IK/K× is referred to as the idèle class
group.

Definition 2.29. The content map on idèles is the map

c : IK → R+

(av)v ↦→
∏︂
v

|av|v.
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Observe, that this map is well-defined since |av|v = 1 for all but finitely
many v’s. Moreover, it is a continuous homomorphism where we consider a
multiplicative structure on R+. It is surjective (from surjectivity of archimedean
absolute values) and by Theorem 1.36, I1

K := Ker(c) contains K×.
Now, let us take a closer look at the subgroup I1

K ⊂ IK and its topology. It
makes sense to impose both the IK-subset topology and the AK-subset topology
on it. In fact, these two topologies coincide upon restriction to I1

K , which is shown
in Lemma 2.31 below.

We again adopt both the upcoming lemmas 2.30 and 2.31 from [1, Chapter
II, Section 16]. However, we present the proof of Lemma 2.30 in more detail with
every step properly explained.

Lemma 2.30. I1
K is a closed subset of AK with respect to the AK-topology.

Proof. Let a = (av)v ∈ AK \ I1
K , that is, ∏︁v|av|v ̸= 1. We want to find an open

set U ⊂ AK such that a ∈ U and U ∩ I1
K = ∅. We will distinguish two cases:

(1) Assume ∏︁v|av|v < 1. Then we can take a finite set F of some places v such
that F contains all v’s for which |av|v > 1 and ∏︁

v∈F |av|v < 1. This is possible
because

• |av|v > 1 for only finitely many v’s as (av)v ∈ AK ,

• if |av|v < 1 for finitely many v’s we are done,

• if |av|v < 1 for infinitely many non-archimedian places v, where each of
them is equal to some power of a prime number, observe that |av|v ≤ 1

2 for
all such v’s, and so their product converges to 0.

Now, define the set U as the set of all (bv)v satisfying

• |bv − av|v < ε for every v ∈ F and ε small enough (to be specified later),

• |bv|v ≤ 1 for all v /∈ F.

Then U is open in AK since it is of the form∏︂
v∈F

Bv(av, ε)
∏︂

v∈P\F
Ov

and a ∈ U by definition of F.
Finally, for (bv)v ∈ U we need to verify that ∏︁b|bv|v ̸= 1. We use the triangle

inequality to get |bv|v < |av|v + ε for each v ∈ F which enables us to write∏︂
b

|bv|v =
∏︂
v/∈F
|bv|v

∏︂
v∈F
|bv|v < 1 ·

∏︂
v∈F

(|av|v + ε) =
∏︂
v∈F
|av|v + cε

where c depends on finitely many components of (av)v. Since ∏︁v∈F |av|v < 1, we
can choose ε small enough such that ∏︁v∈F |av|v + ε · c < 1, and so, for such choice
of ε, we get U ∩ I1

K = ∅.

(2) For ∏︁v|av|v = C > 1 define F to be the set of

• all places v for which |av|v ̸= 1,
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• all archimedean places,

• all extensions of p-adic absolute values on Q with p ≤ 2C.

Since |av|v ≤ 1 for all but finitely many v and ∏︁v|av|v > 1, there are only finitely
many v’s with |av|v < 1 (the same argument as in (1)). We get that the first
component of F is finite, and hence, by finiteness of the other two components,
F is finite. Now, we can again define the set U as the set of all (bv)v’s satisfying

• |bv − av|v < ε for all v ∈ F and ε small enough (to be specified later),

• |bv|v ≤ 1 for all v /∈ F

and check that U is open in AK and a ∈ U.
Next, we can choose ε small enough so that 1 <

∏︁
v∈F |bv|v < 2C for each

(bv)v ∈ U. Notice, that for v /∈ F either |bv|v = 1 or |bv|v < 1
2C . Indeed, v is

necessarily an extension of a p-adic absolute value with p > 2C and |bv|v is a zero
or a negative power of p.

If |bv|v = 1 for every v /∈ F, then∏︂
b

|bv|v =
∏︂
v/∈F
|bv|v

∏︂
v∈F
|bv|v > 1.

If |bv|v < 1
2C for some v /∈ F, then

∏︂
b

|bv|v =
∏︂
v/∈F
|bv|v

∏︂
v∈F
|bv|v <

1
2C · 2C = 1.

In either case, U ∩ I1
K = ∅.

As a little side remark, let us observe that I1
K is also closed in IK . By definition,

I1
K is the preimage of the closed subset {1} of R+. We only have to show that

c : IK → R+

(av)v ↦→
∏︂
v

|av|v.

is continuous. This holds because (av)v ∈ IK has a unit in all but finitely compo-
nents and the preimage of an open set in R+ containing c((av)v) is clearly open in
the remaining finitely many coordinates. Another reason could be the fact that
the idèlic topology is finer than the AK-subset topology.

Lemma 2.31. [1, Chapter II, Section 16] The IK-subset topology coincides with
the AK-subset topology on I1

K .

Whereas the idèle class group CK = IK/K× is not compact, we are more lucky
with the quotient I1

K/K
×.

Theorem 2.32. I1
K/K

× is compact.

Proof. (sketch) Recall that the image of a compact set under a continuous map
between two topological spaces is compact. Since I1

K is closed in AK by Lemma
2.30, its intersection with any compact set is again compact in adèlic topology.
Therefore, it is enough to find a compact setW ⊂ AK such that the mapW∩I1

K →
I1
K/K

× is surjective. How the set W is defined can be found in [1, Chapter II,
Section 16].
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Using Theorem 2.32 we can prove the finiteness of the ideal class group ClK
for a number field K. It can be verified that the map

τK : IK → IK

(av)v ↦→
∏︂
p

pordp(ap),

which plays an important role in Chapter 4, induces a surjective continuous map
τK : I1

K/K
× → ClK where ClK is given the discrete topology. Therefore, ClK is

finite as a compact group with respect to the discrete topology.
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3. Classical CFT
The goal of this chapter is to briefly summarize the main results of class field
theory (which we will abbreviate as CFT) formulated in terms of ideals. This
approach is older and somewhat more natural than the idèlic one. However, we
will see that it also brings some inconveniences.

As we advised in the introduction, class field theory describes all abelian
extensions of a fixed number field. Namely, we consider the following three goals
(adopted from [7]) which are to describe

1. all finite abelian extensions of a number field K,

2. the Galois group Gal(L/K) for all abelian extensions L of K,

3. decomposition of prime ideals in abelian extensions L/K

in terms of some “inner arithmetic” of the base field K which we will specify
later. Let us start with two particular types of abelian extensions before we dive
into the general description. At the end of this chapter we give a table comparing
those two special situations from sections 3.1,3.2 with the general one.

3.1 CFT over Q
This subsection is inspired by paper [7] of Garbanati who provides this introduc-
tion in a nicely organized manner.

The key advantage in the situation when the base field is Q is having the
Kronecker-Weber theorem. Recall that a cyclotomic field is a field of the form
Q(ζm) where ζm = e2πi/m is the primitive m-th root of unity.

Theorem 3.1 (Kronecker-Weber). Each finite abelian extension of Q is con-
tained in some cyclotomic field.

Based on this, we define a series of concepts which we generalize later in
Section 3.3. These generalizations will provide an analogous “larger field” also
for abelian extensions of a general base field K.

The first terms introduced are defining modulus and conductor for an exten-
sion of Q.

Definition 3.2. Let L/Q be a finite abelian extension. We call any m ∈ N such
that L ⊂ Q(ζm) a defining modulus of L. The least such m is called the conductor
of L and denoted by fL.

Notation. Let us denote the multiplicative group (Z/mZ)× by Cm. This group
will be later generalized to something called a ray class group which uses the
same notation.

Consider a finite abelian extension L/Q and its defining modulus m. Now,
by the Galois correspondence, Q ⊂ L ⊂ Q(ζm) is a fixed field of some subgroup
of Gal(Q(ζm)/Q) ∼= Cm. Denote this subgroup by IL,m.
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We see that we managed to fulfil the first goal of CFT which is to describe
the abelian extensions of Q in terms of some “inner arithmetic” of Q by which
we mean the multiplicative groups Cm here.

Another concept to be defined is the notion of the Artin symbol and the Artin
map. Again, we introduce them first in this concrete situation.

Definition 3.3. Let L/Q be a finite abelian extension and let m be its defining
modulus. The Artin symbol for an element a ∈ Cm is defined to be the restriction
of the map ζm ↦→ ζam to L and is denoted by

(︂
L
a

)︂
.

The induced map
(︂
L
·

)︂
: Cm → Gal(L/Q) is called the Artin map.

By verifying that the Artin map is a surjective group homomorphism and its
kernel is IL,m we immediately obtain a special case of the CFT key theorem by
Artin:

Theorem 3.4 (Artin Reciprocity Law for extensions of Q). Let L/Q be a finite
abelian extension and let m be its defining modulus. Then we have an isomor-
phism

Gal(L/Q) ∼= Cm/IL,m.

So we can also describe the Galois group of an abelian extension of Q using
the multiplicative groups Cm, fulfilling the second goal of CFT.

Now we will proceed towards the description of prime splitting behaviour. Our
goal is to give some “congruence conditions” stated in terms of the multiplicative
groups Cm characterizing those primes which split completely in L. Recall the
notation Spl(L/Q) for the set of primes of Q which split completely in L.

Here the conductor fL comes into play. The motivation behind defining this
notion is the study of ramification of primes as the following theorem captures:

Theorem 3.5 (Conductor-Ramification Theorem). Let L/Q be an abelian ex-
tension and let p be a prime of Z. Then

p ramifies in L ⇐⇒ p | fL.

Theorem 3.6 (Decomposition Theorem). Let L/Q be an abelian extension and
let m be its defining modulus. If a prime p does not divide m, then the order of
pIL,m in Cm/IL,m is f, the inertia degree of p.

Consider a Galois extension L/Q, its defining modulus m and a prime p.
It follows from theorems 3.5 and 3.6 that e = 1 ⇐⇒ p ∤ fL where e is a
ramification index of p and f = 1 ⇐⇒ p ∈ IL,m for p ∤ m. Thus, we get the
following characterization of primes which split in terms of fL, IL,m :

p ∈ Spl(L/Q) ⇐⇒ e = f = 1 ⇐⇒ p ∤ fL and p ∈ IL,fL
.

And how to obtain the previously mentioned congruence conditions to describe
Spl(L/Q)? Let IL,fL

= {a1, . . . , aj}. Then we easily get that

p ∈ Spl(L/Q) ⇐⇒ p ≡ ai (mod fL) for some 1 ≤ i ≤ j.
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3.2 Hilbert class field
In this section we will deal with describing all unramified abelian extensions i.e.
only a special case of the main goal which is to describe all the abelian ones. We
will define the Hilbert class field of a number field and state the Artin Reciprocity
theorem for this particular extension. All statements in this section can be found
in [8].

We again start with a theorem giving the existence of the “larger field” con-
taining all unramified abelian extensions of a fixed base field. It may remind us of
the Kronecker-Weber Theorem except for the abstract way in which we describe
it.

Theorem 3.7. Let K be a number field. Then there is a unique finite Galois
extension L of K such that

• L/K is unramified abelian,

• any unramified abelian extension of K lies in L.

Definition 3.8. The extension L from Theorem 3.7 is called the Hilbert class
field of K. We will denote it by ˜︂K.

The Hilbert class field, or in other words, the maximal unramified abelian
extension, will be later generalized. Roughly speaking, there will be a unique
extension unramified in all but finitely many places which we prescribe.

Now, we would like to define the Artin symbol for any Galois extension L/K
and an unramified prime of K for which we need the following theorem:

Theorem 3.9. Let L/K be a Galois extension, p be an unramified prime of K
and P be a prime of L lying over p. Then there is a unique element σ ∈ Gal(L/K)
such that

σ(α) ≡ αN(p) (mod P) for all α ∈ OL
where N(p) = |OK/p| is the numerical norm of p.

Definition 3.10. The element σ from Theorem 3.9 is called the Artin symbol for
L/K over P and is denoted by

(︂
L/K
P

)︂
.

Let us observe that in the setting of Theorem 3.9 it holds that(︄
L/K

σ(P)

)︄
= σ ◦

(︄
L/K

P

)︄
◦ σ−1

for all σ ∈ Gal(L/K). Indeed, for all α ∈ OL we have(︄
L/K

P

)︄
(σ−1(α)) ≡ (σ−1(α))N(p) (mod P),

(σ ◦
(︄
L/K

P

)︄
◦ σ−1)(α) ≡ αN(p) (mod σ(P)),

and so, by the uniqueness of the Artin symbol, the equality follows. Now, let
P1,P2 be two primes of L lying over p. By Proposition 1.15 there is σ ∈ Gal(L/K)
such that P1 = σ(P2), and so

(︂
L/K
P1

)︂
= σ ◦

(︂
L/K
P2

)︂
◦ σ−1. If the Galois extension
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L/K is moreover abelian, we get that
(︂
L/K
P1

)︂
=
(︂
L/K
P2

)︂
, in other words, the Artin

symbol does not depend on the choice of the particular prime lying over p. This
allows us to define the Artin symbol for L/K over p. We will denote it by

(︂
L/K
p

)︂
.

Example 3.11. Let K = Q, L = Q(i), p = 5. Then 5 = (2 + i)(2− i) and it can
be shown that N(2 + i) = 5. Hence, we have(︄

Q(i)/Q
5

)︄
(i) ≡ i5 ≡ i (mod (2 + i))

which means that the Artin symbol
(︂
Q(i)/Q

5

)︂
is the identity.

The Artin symbol for a prime p captures the splitting behaviour of p in OL
as the following proposition asserts:

Proposition 3.12. Let L/K be a Galois extension and p an unramified prime
of K. Then p splits completely in L if and only if

(︂
L/K
p

)︂
= 1.

Before defining the Artin map and stating the Artin reciprocity for the Hilbert
class field we need to generalize the notion of the Artin symbol to any fractional
ideal of K.

Recall that we denote the group of fractional ideals by IK and its subgroup
of principal fractional ideals by PK . We defined the ideal class group as ClK =
IK/PK .

Definition 3.13. Let L/K be an unramified abelian extension and a ∈ IK . Let
a = ∏︁

i p
ri
i where pi are prime ideals of OK and ri ∈ Z for each i. Then we define

the Artin symbol for a as (︄
L/K

a

)︄
=
∏︂
i

(︄
L/K

pi

)︄ri

which induces a map (︄
L/K

·

)︄
: IK → Gal(L/K)

called the Artin map.

Theorem 3.14 (Artin Reciprocity Law for the Hilbert Class Field). Let ˜︂K denote
the Hilbert class field of a number field K. Then

• the Artin map
(︃ ˜︁K/K

·

)︃
is surjective,

• the kernel of
(︃ ˜︁K/K

·

)︃
is PK .

Therefore, the Artin map induces an isomorphism Gal(˜︂K/K) ∼= ClK .

This result enables us to describe all abelian unramified extensions of a fixed
field K in terms of the “inner arithmetic” of K, by which we mean ClK , the ideal
class group of K.
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Corollary 3.15. Let ˜︂K denote the Hilbert class field of a number field K. Then
there is one-to-one correspondence

{K ⊂ L ⊂ ˜︂K L/K unramified abelian} ←→ {subgroups H < ClK}.

Example 3.16. Let K = Q(
√
−5). It can be shown that hK = |ClK | = 2

(for example by computing the Minkowski bound). Hence, |Gal(˜︂K/K)| = 2 and
[˜︂K : K] = 2. We will show that the Hilbert class field for K is L = Q(

√
−5,
√
−1)

for which it suffices to check that all primes of OK = Z[
√
−5] are unramified in

L. Let us look at the extension L/Q first.

L = Q(
√
−5,
√
−1)

K = Q(
√
−5) Q(

√
5) Q(

√
−1)

Q

Observe that ∆Q(
√

−1) = −4,∆Q(
√

−5) = −20. By Proposition 1.28 the discrim-
inant ∆L/Q is divisible only by primes 2 and 5, and thus, by Proposition 1.29,
they are the only ones which ramify in L. From the multiplicativity of ramifica-
tion indices, no other primes than those dividing 2, 5 have a chance to ramify in
L/K.

The prime 2 ramifies in K. If it ramified further in L/K, its ramification index
would be 4. But 2 does not ramify in Q(

√
5) since ∆Q(

√
5) = 5 and 2 cannot have

the ramification index 4 in a quadratic extension L/Q(
√

5). We conclude that the
primes lying above 2 in K cannot ramify in L.

Similarly, the primes lying over 5 in K do not ramify in L since 5 is unramified
in Q(

√
−1) as 5 does not divide ∆Q(

√
−1) = −4.

3.3 General version of CFT, Artin reciprocity,
ray class field

By going through sections 3.1,3.2 we gained some insight into what CFT deals
with. The task now is to define all the notions for a general abelian extension
L/K.

Notation. We sometimes denote a finite place by p if it corresponds to a prime
ideal p. Similarly, we denote an infinite place by σ is it corresponds to an embed-
ding σ.

Definition 3.17. Let K be a number field. A modulus for K is a formal product

m =
∏︂
v∈P

vnv

where P is the set of all places of K, nv ∈ Z≥0 and

• nv = 0 for almost all v,

• nσ ≤ 1 for all infinite real places σ,
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• nσ = 0 for all infinite complex places σ.

We can also write it in the form

m = m0m∞

where m0 is an ideal in OK and m∞ is a product of infinite real primes.

• Let Am be the subgroup of IK consisting of all the fractional ideals such
that their prime factorizations do not contain any prime ideal dividing m0.

Before defining the ray and the congruence subgroup we need to clarify what
a congruence means in this setting. Namely, we write α ≡ 1 (mod m) for α ∈ K×

such that (α) ∈ Am if

1. ordp(α− 1) ≥ np for all finite primes p dividing m0,

2. σ(α) > 0 for all infinite primes σ dividing m∞.

• Let H0
m be the subgroup of Am consisting of principal ideals of the form (α)

where α ≡ 1 (mod m). We call it the ray modulo m.

• Let Hm denote any subgroup of Am which contains H0
m. We call it a congru-

ence subgroup for the modulus m.

Remark. In other literature you can find a different notation, for example IS(m)

or ImK instead of Am, i(Km,1) or Pm
K instead of H0

m.

Example 3.18. Let K = Q and
(1) m = (5),
(2) m = (2) · (3) · (7).
Then:
(1) Am consists of all fractional ideals (α) where α = a

b
and a, b are integers

coprime with 5 and H0
m ⊂ Am consists of (α), α ∈ Q with α ≡ 1 (mod 5).

(2) Am consists of all fractional ideals (α) where α = a
b

and a, b are integers
coprime with 42 and H0

m ⊂ Am consists of (α), α ∈ Q with α ≡ 1 (mod 42).

Example 3.19. To slightly uncover the motivation behind the definitions given
above, let us illustrate the fact that the group H0

m can capture the decomposition
of ideals for certain m. Consider K = Q(i),OK = Z[i]. Then a prime p ∈ Z splits
in Z[i]⇔ p ≡ 1 (mod 4). Hence, if we set m = (2)2 then p splits ⇐⇒ (p) ∈ H0

m.

Definition 3.20. The quotient Cm = Am/H
0
m is called the ray class group modulo

m.

Now, we again follow the strategy from the paper [7] when stating lemmas
3.21 and 3.23 which confirm that our general concepts are indeed generalizations
of the concrete ones defined in the previous two sections. However, we also give
detailed proofs of those statements.

It is easy to see that if m = 1 then Cm = ClK , the ideal class group of K.
We will now show that the ray class group Cm is also a generalization of the
multiplicative group Cm = (Z/mZ)× from Section 3.1.
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Lemma 3.21. Let K = Q and m = (m)v∞ where m ∈ N and v∞ denotes the
only infinite place of Q, that is, the inclusion Q ↪→ R. Then we have a group
isomorphism Cm

∼= Cm where Cm = Am/H
0
m and Cm = (Z/mZ)×.

Proof. Let us define the map

φ : Am → (Z/mZ)×

(α) ↦→ ab−1 (mod m)

where α = a
b

and a, b ∈ N are coprime with m. Observe that there always are such
a, b by definition of Am and we can choose them to be positive as (α) = (−α).
The map is well-defined since ab−1 (mod m) indeed lies in (Z/mZ)×. It is clearly
a group homomorphism and the surjectivity also follows immediately as (a) ∈ Am

for each 1 ≤ a ≤ m− 1 coprime with m.
Moreover, for (α) ∈ Am where α = a

b
and a, b ∈ N are coprime with m we

have

(α) ∈ Ker(φ) ⇐⇒ ab−1 ≡ 1 (mod m) (where α = a

b
> 0)

⇐⇒ α ≡ 1 (mod m)
⇐⇒ (α) ∈ H0

m.

Therefore, φ induces an isomorphism Am/H
0
m
∼= (Z/mZ)×.

Hence, it appears as a good idea to view Cm as that “inner arithmetic” in
terms of which we will describe all abelian extensions.

Now we want to define the general version of the Artin map and then proceed
to the statement of general Artin’s Reciprocity Theorem. Although the definition
is analogous to the case with unramified extensions, let us state it properly for
the sake of completeness.

Definition 3.22. Let L/K be an abelian extension, m be a modulus ofK divisible
by all the primes which ramify in L and a ∈ Am. Let a = ∏︁

i p
ri
i where pi are prime

ideals of OK and ri ∈ Z for each i. Then the Artin symbol for L/K over a is
defined as (︄

L/K

a

)︄
=
∏︂
i

(︄
L/K

pi

)︄ri

where
(︂
L/K
pi

)︂
are the Artin symbols from Definition 3.10.

The Artin symbol induces a map

ψL/K,m : Am → Gal(L/K)

called the Artin map.

Observe that this definition makes sense since pi are unramified in L. More-
over, it indeed generalizes the definition for unramified extensions, since for m = 1
we have Am = IK . Now we are going to see that it also generalizes Definition
3.3 saying that, in case of an extension L/Q, the Artin symbol for an element
a ∈ Cm = (Z/mZ)× is the restriction of the map ζm ↦→ ζam to L.
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Lemma 3.23. Let L/Q be an abelian extension, L ⊂ Q(ζm) and (α) ∈ Am where
m = (m)v∞; that is, α ∈ Q× with numerator and denominator coprime with m.
Then (︄

L/Q
(α)

)︄
=
(︄

L

φ(α)

)︄

where φ is the map from the proof of Lemma 3.21 and
(︂

L
φ(α)

)︂
is the Artin symbol

from Definition 3.3, i.e. the restriction of ζm ↦→ ζφ(α)
m to L.

Proof. We will prove the statement in three steps:

• Let us first prove it for L = Q(ζm) and α = p ∈ Z where p is a prime
number such that p ∤ m. Then we know that OL = Z[ζm] and that each
automorphism of Q(ζm) is determined by ζm ↦→ ζam where a ∈ (Z/mZ)×.

We want to show that
(︂
Q(ζm)/Q

(p)

)︂
=
(︂
Q(ζm)
φ(p)

)︂
. To do this, we need to check

that if for some a ∈ (Z/mZ)× the map
(︂
Q(ζm)
a

)︂
: ζm ↦→ ζam satisfies the

condition from Theorem 3.9, i.e.
(︄
Q(ζm)
a

)︄
(β) ≡ βp (mod P) for all β ∈ Z[ζm] and P|p,

then necessarily a ≡ p (mod m). It suffices to verify that for β = ζm :

Suppose that a ̸≡ p (mod m) and ζam ≡ ζpm (mod P). Then ζa−p
m ≡

1 (mod P), and so ζa−p
m −1 ≡ 0 (mod P). However, (ζa−p

m −1) | m in Z[ζm],
and so it divides both P and mZ[ζm] as an ideal. But since P is a prime
ideal, this means that P | mZ[ζm], and also that (P ∩ Z) | (mZ[ζm] ∩ Z) in
Z. Therefore, p | m, which contradicts our assumption p ∤ m.

• Now, for general field L ⊂ Q(ζm) we have
(︂
L/Q
(p)

)︂
=
(︂
Q(ζm)/Q

(p)

)︂
|L by definition

of Artin symbol, and so(︄
L/Q
(p)

)︄
=
(︄
Q(ζm)/Q

(p)

)︄
|L =

(︄
Q(ζm)
φ(p)

)︄
|L =

(︄
L

φ(p)

)︄
.

• For general (α) = ∏︁
i(pi)ri where pi ∤ m and ri ∈ Z for each i we can write(︄

L/Q
(α)

)︄
=
∏︂
i

(︄
L/Q
(pi)

)︄ri

=
∏︂
i

(︄
L

φ(pi)

)︄ri

=
(︄

L

φ(α)

)︄

by multiplicativity of the map ζm ↦→ ζam.

Notation. For an extension L/K and a modulus m of K, let AL,m denote the
subgroup of IL consisting of all fractional ideals such that their prime factorization
do not contain any prime ideal dividing m0OL. Similarly, we define

• H0
L,m to be the set of all fractional ideals (α) ∈ AL,m satisfying

(1) α ≡ 1 (mod m0OL),
(2) δ(α) > 0 for each δ | σ where σ occurs in m∞,
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• CL,m = AL,m/H
0
L,m.

Observe that the ideal norm NL/K : IL → IK restrited to AL,m gives the norm
map NL/K : AL,m → Am which we will now extend to NL/K : CL,m → Cm. For a
prime ideal P ∈ AL,m, set

NL/K(PH0
L,m) = NL/K(P)H0

m ⊂ Cm

where PH0
L,m is the image of P in CL,m = AL,m/H

0
L,m and NL/K(P)H0

m is the
image of NL/K(P) in Cm = Am/H

0
m under the canonical projections. Then ex-

tend the norm multiplicatively to the whole CL,m. Since it can be verified that
NL/K(H0

L,m) ⊂ H0
m, the induced map on the quotient is well-defined.

Lemma 3.24. [9, Chapter V, Section 3] Let L/K be a finite abelian extension
and let m be a modulus of K. Then NL/K(AL,m) ⊂ Ker(ψL/K,m).

We state the key result of CFT in the same way as you can find it in [9,
Chapter V, Section 3].

Theorem 3.25 (Artin Reciprocity Law). Let L/K be a finite abelian extension.
Then there is a modulus m of K divisible by all the primes which ramify in L
(and possibly some others) such that H0

m ⊂ Ker(ψL/K,m) and for which the Artin
map ψL/K,m induces an isomorphism

Am/(H0
m · NL/K(AL,m)) ∼= Gal(L/K).

Remark. For some authors the Artin Reciprocity Law means a weaker version
giving the existence of m such that H0

m ⊂ Ker(ψL/K,m). In this formulation we
give the precise description of the kernel.

The condition H0
m ⊂ Ker(ψL/K,m) can be replaced by saying that Ker(ψL/K,m)

is a congruence subgroup for m.
The quotient Am/(H0

m ·NL/K(AL,m)) from the Theorem above can be rewritten
as follows:

Am/(H0
m · NL/K(AL,m)) ∼= (Am/H

0
m)/(H0

m · NL/K(AL,m)/H0
m) ∼= Cm/IL/K,m

where IL/K,m = NL/K(CL,m) ⊂ Cm. Hence, we obtain the isomorphism

Cm/IL/K,m ∼= Gal(L/K).

Recall that for the Hilbert class field ˜︂K we have Gal(˜︂K/K) ∼= ClK . Considering
general extension L/K instead of the Hilbert class field motivates the following
definition:

Definition 3.26. A generalized ideal class group modulo m is any quotient of the
ray class group Cm.

Equivalently (up to group isomorphism), we can say that a generalized ideal
class group is any quotient Am/Hm where Hm is some congruence subgroup for
m.

To sum up, Am/(H0
m · NL/K(AL,m)) ∼= Cm/IL/K,m is a generalized ideal class

group modulo m and IL/K,m is a generalization of the subgroup IL,m of Cm from
Section 3.1.

Let us continue towards generalization of the defining modulus from Section
3.1 and the Hilbert class field from Section 3.2.
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Definition 3.27. A defining modulus for L/K is any modulus m satisfying the
condition in Theorem 3.25, i.e.

• it is divisible by all primes which ramify in L,

• H0
m ⊂ Ker(ψL/K,m).

The following theorem states, in some sense, the “converse” of Artin Reci-
procity Law. It is again adopted from [9, Chapter V, Section 3].

Theorem 3.28 (Existence Theorem). Let K be a number field. Then for each
modulus m of K and each congruence subgroup Hm for the modulus m there is a
unique abelian extension L/K such that

• L/K is unramified at all primes which do not divide m,

• H0
m · NL/K(AL,m) = Hm or, equivalently, IL/K,m = Hm/H

0
m.

Choosing Hm = H0
m, we get the unique abelian extension L/K such that such

that it is unramified at all places not dividing m and Cm
∼= Gal(L/K).

Definition 3.29. The unique abelian extension of K such that Cm
∼= Gal(L/K)

is called the ray class field modulo m and denoted by K(m).

Example 3.30. (a) Let us compute the ray class field of K = Q(i) for modulus
m = (1 + i). Namely, we will show that K(m) = K(1 + i) = K. Since

Gal(K(1 + i)/K) ∼= C(1+i) = A(1+i)/H
0
(1+i)

we need to prove that C(1+i) is trivial, that means the inclusion A(1+i) ⊂ H0
(1+i).

Because OK = Z[i] is a principal ideal domain, all the fractional ideals of K =
Q(i) are of the form αZ[i] for α ∈ Q(i), i.e. cyclic Z[i]-modules. We will write
(α) instead of αZ[i] to be short. So we have that

A(1+i) = {(α) | α ∈ Q(i)×, ord(1+i)(α) = 0},
H0

(1+i) = {(α) ∈ A(1+i) | α ≡ 1 (mod 1 + i)}.

Now, observe that 1+ i | a+bi for a, b ∈ Z if and only if a, b have the same parity.
Indeed,

∃ x, y ∈ Z such that (1 + i)(x+ yi) = (x− y) + (x+ y)i = a+ bi

⇐⇒ ∃ x, y ∈ Z such that a = x− y, b = x+ y

⇐⇒ a, b have the same parity.

Take (α) ∈ A(1+i). By the previous observation we can write α = a+bi
c+di with

a, b, c, d ∈ Z such that a + bi, c + di are coprime and the pairs a, b and c, d have
different parity. This implies that (a − c) and (b − d) have the same parity,
and hence, again by the observation, 1 + i | (a − c) + (b − d)i. In other words,
a+bi
c+di ≡ 1 (mod 1 + i) which concludes (α) ∈ H0

(1+i).
(b) Let us show that the ray class field of K = Q(i) for modulus m = (2) =

(1 + i)2 is again the field K itself. We have

A(2) = {(α) | α ∈ Q(i)×, ord(1+i)(α) = 0}
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H0
(2) = {(α) ∈ A(2) | α ≡ 1 (mod 2)}.

Again, take α = a+bi
c+di ∈ A(2) with a, b, c, d ∈ Z such that a+ bi, c+ di are coprime

and the pairs a, b and c, d have different parity. Now, if a, c and b, d have both
the same parity, then 2 | (a − c) + (b − d)i, which means a+bi

c+di ≡ 1 (mod 2), and
so (α) ∈ H0

(2). If a, c and b, d have both different parities then we can simply
multiply α by i to come back to the first case. Since (iα) = (α) and there are no
more options for parities of a, c and b, d, we get that (α) ∈ H0

(2) in any case.
Let us observe that the ray class field is the desired generalization of the

cyclotomic field from the Kronecker-Weber theorem. We want to find the ray class
field of Q for the modulus m = (m)v∞ where m ∈ N and v∞ is the only infinite
prime of Q corresponding to the inclusion Q ↪→ R. An abelian extension L is the
ray class field for Q modulo m if and only if the map ψL/Q,m : Cm → Gal(L/Q) is
an isomorphism. By lemmas 3.21 and 3.23, this happens if and only if the map

(Z/mZ)× → Gal(L/Q)
a ↦→ (ζm ↦→ ζam)|L

is an isomorphism which is if and only if L = Q(ζm).
In the same way we can see that the Hilbert class field is the ray class field

for m = 1 and obtain the generalization from the other “direction” as well.
We promised a description of abelian extensions of a fixed number field K in

terms of some “inner arithmetic” of K. In the case of abelian extensions of Q,
this “inner arithmetic” was a family of the groups (Z/mZ)×, in the case of the
unramified abelian extensions it was the ideal class group ClK . Now we consider
it to be a family of the ray class groups Cm and fulfil our promise by concluding
everything we got in the following corollary:
Corollary 3.31. Let m be a modulus for the number field K. Then there is a
one-to-one correspondence
{K ⊂ L ⊂ K(m) L abelian extension of K} ←→ {subgroups H < Cm}

where L corresponds to the subgroup IL/K,m = NL/K(CL,m) of Cm.
Moreover, this is an order reversing bijection, meaning that for two abelian

extensions L1, L2 ⊂ K(m) of K we have
L1 ⊂ L2 ⇐⇒ IL1/K,m ⊃ IL2/K,m.

Proof. All we have to show is that this correspondence coincides with the Galois
correspondence, for which we have the order reversing property. In the Galois cor-
respondence L corresponds to Gal(K(m)/L). Why Gal(K(m)/L) ∼= NL/K(CL,m)
is clear from this diagram:
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3.4 Congruence divisor class groups, conductor
The goal of this section is to use a slightly different approach to build up the
main statements of CFT. The notions involved are adopted from [2].

Whereas in the previous section our steps led from fixing an extension L/K
to constructing an object it corresponds to, this approach starts with defining
objects related to the base field K and then observing they give rise to certain
abelian extensions of K. Specifically, our aim is to first define something called
congruence divisor subgroup for the base field K and then attach a class field to
each such group. Saying that each abelian extension arises in this way will again
yield a correspondence we are looking for.

At the end of this section we go back to our original setting and define the con-
ductor of a field extension. We do it in this section because the well-definedness
will be clearer after what we do now.
Notation. For two moduli m = ∏︁

v v
iv , n = ∏︁

vjv for some number field let m | n
denote the fact that iv ≤ jv for each place v.

When talking about moduli we sometimes omit “for some number field”. We
always consider moduli for some number field which is the same for all of them.

Lemma 3.32. Suppose m | n and let Hm be a congruence subgroup for m. Then
Hn = Hm ∩ An is a congruence subgroup for n and

An/Hn ≃ Am/Hm.

Proof. First, observe that An ⊂ Am since prime ideals in factorizations of elements
of An do not divide n, and so they do not divide m either. Similarly, H0

n ⊂ H0
m, and

so H0
n ⊂ H0

m ∩ An ⊂ Hm ∩ An = Hn which means that Hn is indeed a congruence
subgroup. Now, we can write

An/(Hm ∩ An) ≃ AnHm/Hm = Am/Hm

where the isomorphism is obtained by applying the third isomorphism theorem
and the inclusion AnHm ⊂ Am is clear. For the other inclusion it suffices to show
that Am ⊂ AnH

0
m.

Let m = ∏︁
v v

µv and take I ∈ Am, say

I =
∏︂
p

pνp =
∏︂
p∤n

pνp ·
∏︂
p|n

pνp = I1 · I2.

By Theorem 1.37 and the discreteness of a p-adic absolute value there exists
β ∈ K such that

• ordp(β − 1) ≥ µp if p | m,

• ordp(β) = νp if p | I2,

• ordp(β) = 0 if p ∤ I, p | n and p ∤ m

where by p | I we mean ordpI ̸= 0. But then I1 ∈ An and also I2
(β) ∈ An. At the

same time, (β) ∈ H0
m. Thus, the fractional ideal I can be written as a product of

something from An and something from H0
m, as we wanted.
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Example 3.33. It might help to see an example illustrating the second part of
the proof to grasp what is going on. Let K = Q and let

m = (2)(3)2,

n = (2)2(3)2(5)(13)2(19),
I = (5)(7)(11)(13)3 = (7)(11) · (5)(13)3 = I1 · I2.

Then, by Weak Approximation Theorem, there is β ∈ Q such that

• ord2(β − 1) ≥ 1, ord3(β − 1) ≥ 2; that is,
β ≡ 1 (mod 2) and β ≡ 1 (mod 9),

• ord5(β) = 1, ord13(β) = 3; that is,
β ≡ 0 (mod 5), β ̸≡ 0 (mod 25) and β ≡ 0 (mod 133), β ̸≡ 0 (mod 134),

• ord19(β) = 0; that is,
β ̸≡ 0 (mod 19) and 1

β
̸≡ 0 (mod 19).

Then I1 ∈ An and also I2
(β) ∈ An (since ord2(β) = ord3(β) = 0) and (β) ∈ H0

m.

Definition 3.34. Let m1,m2 be two moduli for a number field K and let Hm1 , Hm2

be (some of) their associated congruence subgroups. We will call these two groups
equivalent and write Hm1 ∼ Hm2 if there is a common multiple m of m1,m2 such
that

Am ∩Hm1 = Am ∩Hm2 .

One can easily see that it is indeed an equivalence relation. We can come
across various equivalent definitions of the equivalence of congruence subgroups
(for example in [10]), let us include them as well.

Proposition 3.35. The following statements are equivalent:

1. Hm1 ∼ Hm2

2. Am1/Hm1
∼= Am2/Hm2

3. Am1 ∩Hm2 = Am2 ∩Hm1

Proof. 1⇒ 2 : Let us take the common multiple m of m1,m2 such that Am∩Hm1 =
Am∩Hm2 . Then for Hm = Am∩Hm1 = Am∩Hm2 we get that Am1/Hm1

∼= Am/Hm
∼=

Am2/Hm2 using Lemma 3.32.
2 ⇒ 3 : Take J ∈ Am1 ∩ Hm2 . Since the image of J in Am2/Hm2 under the
projection map is trivial, J must also lie in Hm1 . Since J ∈ Hm2 ⊂ Am2 we get the
inclusion Am1 ∩Hm2 ⊂ Am2 ∩Hm1 . The other inclusion follows from symmetry.
3 ⇒ 1 : It holds for any common multiple m of m1,m2 that Am ∩ Am1 = Am and
Am ∩Am2 = Am. Hence, we obtain 1 by taking the intersections with Am on both
left and right hand side.

Remark. Let us get some intuition for the notion of this equivalence. Talking
about equivalent congruence subgroups helps us to deal with the existence of more
defining moduli for a field extension L/K. Let us have m1,m2 such that they are
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both divisible by all primes which ramify in L and H0
m1 ⊂ Ker(ψL/K,m1), H0

m2 ⊂
Ker(ψL/K,m2). Now, by Artin Reciprocity Law,

Am1/Ker(ψL/K,m1) ∼= Gal(L/K) ∼= Am2/Ker(ψL/K,m2).

Introducing the equivalence relation will remove the ambiguity in describing
Gal(L/K) via identifying the kernels if and only if

Am1/Ker(ψL/K,m1) ∼= Am2/Ker(ψL/K,m2).

Lemma 3.36. [10, Prop. 21.5] Let m1,m2 be two moduli with congruence sub-
groups Hm1 ∼ Hm2 and let m = gcd(m1,m2). Then there is a congruence subgroup
Hm such that Hm ∼ Hm1 ∼ Hm2 .

Definition 3.37. The equivalence class (with respect to the isomorphism) of any
quotient group Am/Hm is called a congruence divisor class group and denoted by
A/H.

The conductor f of A/H is then defined as the smallest m (with respect to
the ordering by divisibility), for which there is some Am/Hm belonging to the
equivalence class A/H. Let us denote it by f(A/H).

Note that the definition of conductor makes sense - the smallest such m indeed
exists by Lemma 3.36.

Definition 3.38. A finite algebraic extension L/K is called a class field for A/H
if the prime ideals p in K which split completely in L are precisely the elements
of Hf where f = f(A/H) and Af/Hf ∈ A/H.

Now we give the key result of CFT in terms of congruence divisor class groups,
adopted from [2, Chapter V, Section 17].

Proposition 3.39. Let K be a number field. There is a one-to-one correspon-
dence

{L/K abelian extensions} ←→ {congruence divisor class groups A/H in K}

where L/K corresponds to the unique A/H for which L/K is a class field and
A/H corresponds to the unique class field L/K for A/H.

Proof. We will show only the easy part - the uniqueness. We start with the
uniqueness of A/H assigned to the abelian extension L/K. Suppose that there
are (A/H)(1), (A/H)(2) such that L/K is a class field for both of them. Then
we have Spl(L/K) = Hf1 = Hf2 where f1 = f((A/H)(1)), f2 = f((A/H)(2)) and
Af1/Hf1 ∈ (A/H)(1), Af2/Hf2 ∈ (A/H)(2). Then all fractional ideals of Hf1 are
coprime with f2 and vice versa, and therefore

Af2 ∩Hf1 = Hf1 = Hf2 = Af1 ∩Hf2 .

This means Af1/Hf1
∼= Af2/Hf2 by Proposition 3.35 and so (A/H)(1) = (A/H)(2).

The uniqueness of the class field for A/H follows immediately from Theorem
1.14.
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In Section 3.1 we defined the conductor of L/Q to be the smallest m such
that L ⊂ Q(ζm). We can define the conductor of L/K in the same manner:

Definition 3.40. The conductor fL/K of an abelian extension L/K is defined as
the smallest defining modulus m (with respect to the ordering by divisibility).

Again, this definition makes sense due to Lemma 3.36 and discussion in the
remark above it.

And what is the relation between conductor of an extension and conductor
of a congruence divisor class group? For an abelian extension L/K let A/H be
the congruence divisor class group containing all quotients Am/(H0

m ·NL/K(AL,m))
where m is a defining modulus. Then f(A/H) = fL/K . Indeed, the smallest m such
that there is a congruence subgroup Hm with Am/Hm ∈ A/H is the same as the
smallest m such that H0

m ⊂ Ker(ψL/K,m).

Prime decomposition
Now we turn our attention to the description of how primes decompose in a
general abelian extension L/K. Recall that the conductor fL/K is the smallest
modulus such that it is divisible by all primes which ramify in L and H0

m ⊂
Ker(ψL/K,m). It is true that it actually does not contain any other prime ideals
than those which ramify:

Theorem 3.41. [7, Th. 7.15, Conductor-Ramification Theorem] Let L/K be an
abelian extension and p be a prime ideal of K. Then

p ramifies in L ⇐⇒ p | fL/K .

As in the situation with extensions of Q we can again show that the set
Spl(L/K) is determined by some congruence conditions.

Theorem 3.42. [7, Th. 7.18, Decomposition Theorem] Let L/K be an abelian
extension and m be its defining modulus. If a prime ideal p of K does not divide
m, then the order of pIL/K,m in Cm/IL/K,m is f, the inertia degree of p.

Consider an abelian extension L/K, its defining modulus m and a prime ideal
p of K. We proceed completely analogously as in the case of extensions of Q. It
follows from Theorems 3.41 and 3.42 that e = 1 ⇐⇒ p ∤ fL/K where e is a
ramification index of p and f = 1 ⇐⇒ p ∈ IL/K,m for p ∤ m.

Let f = fL/K . We obtain the following characterization of primes which split
in terms of f and IL/K,f :

p ∈ Spl(L/K) ⇐⇒ e = f = 1 ⇐⇒ p ∤ f and p ∈ IL/K,f.

And how to obtain the congruence conditions to describe Spl(L/K)? Let IL/K,m =
{a1H

0
f , . . . , ajH

0
f }. Then we get

p ∈ Spl(L/K) ⇐⇒ p ≡ ai (mod f) for some 1 ≤ i ≤ j.
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Let us conclude this chapter by giving a table summarizing the main con-
cepts we introduced. The middle column contains general notions, left and right
columns provide particular realizations in the special case of extensions of Q and
in the special case of unramified extensions where we can consider just the trivial
modulus.

L/QL/QL/Q
abelian

L/KL/KL/K
general abelian

L/KL/KL/K
unramified abelian

m ∈ N
m = (m)v∞

m = m0m∞ modulus of K m = 1

the “inner arithmetic” of K

Cm = (Z/mZ)× Cm = Am/H
0
m

ray class group
Cm = IK/PK = ClK

ideal class group

Artin symbols and maps(︂
L
a

)︂
= (ζm ↦→ ζam)|L

(︂
L/K
a

)︂
= ∏︁

i

(︂
L/K
pi

)︂ri
(︂
L/K
a

)︂
= ∏︁

i

(︂
L/K
pi

)︂ri

(︂
L
·

)︂
: Cm → Gal(L/Q) ψL/K,m : Am → Gal(L/K)

(︂
L/K

·

)︂
: IK → Gal(L/K)

Artin’s Reciprocity Law

Gal(L/Q) ∼= Cm/IL,m
IL,m = Gal(Q(ζm)/L)

Gal(L/K) ∼= Cm/IL/K,m
IL/K,m = NL/K(AL,m)H0

m

Gal(L/K) ∼= ClK

Defining modulus

any m ∈ N such that
L ⊂ Q(ζm)

any m such that
p ramifies in L⇒ p|m
and H0

m ⊂ Ker(ψL/K,m)

Conductor

fL = smallest m ∈ N
such that L ⊂ Q(ζm)

smallest m such that
p ramifies in L⇒ p|m
and H0

m ⊂ Ker(ψL/K,m)

The ray class field

Q(ζm) = Q(m)
where m = (m)v∞

unique abelian K(m)/K
s.t. Cm

∼= Gal(K(m)/K)
˜︂K = K(1)

Hilbert class field
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4. Chevalley’s reformulation
Let us look at what led Chevalley to reformulate the main results of CFT which
we described in Section 3.3 in a different language. One (rather aesthetic) issue
lies in considering many different moduli m which makes comparing two abelian
extensions L1, L2 of a number field K quite ugly. We know from Corollary 3.31
that we would have to compare the subgroups IL1,K,m1 ⊂ Cm1 and IL2,K,m2 ⊂ Cm2

via finding the common multiple m of m1,m2 and then using the result saying
that

L1 ⊂ L2 ⇐⇒ IL1,K,m ⊃ IL2,K,m.

In order to canonically realize abelian extensions, we have to fix a modulus
m first. Moreover the description will include only subfields of the ray class field
modulo m. Considering the congruence divisor class groups A/H and applying
the correspondence from Proposition 3.39 is not very nice either.

Language of idèles helps us to handle this inconvenience. This means, we are
able to describe all abelian extensions at the same time, no matter what their
defining moduli are.

4.1 Idèle norm
Before stating the Artin reciprocity law in terms of idèles, let us do some prepara-
tory work. Namely, we need to define a norm on the idèle class group CK = IK/K×

introduced in Section 2.4.
Let L/K be a Galois extension. There is a natural injection

i : IK ↪→ IL
(av)v ↦→ (aw)w

where aw = av for all places w lying above v. We identify IK with its image in IL
and write IK ⊂ IL.

Now, the element σ ∈ Gal(L/K) induces a natural group action on IL, namely
the map σ : IL → IL defined coordinate-wise as

(σ((av)v))w = σ̂(aσ−1(w))

where σ̂ is the unique homomorphism

σ̂ : Lσ−1(w) → Lw

extending L σ−→ L ↪→ Lw (and preserving the absolute value). The existence and
the uniqueness follow from Theorem 1.39.

L L Lw

Lσ−1(w)

σ

∃!σ̂
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Definition 4.1. Let L/K be a Galois extension and G = Gal(L/K). We define
the idèle norm as the map

NL/K : IL → IK
(av)v ↦→

∏︂
σ∈G

σ((av)v).

Remark. The idèle norm can be alternatively defined by

(NL/K((aw)w))v =
∏︂
w|v

NLw/Kv(aw)

for (aw)w ∈ IL, as claimed in [6]. This helps to see that the image NL/K(IL)
indeed lies in IK .

Because we switched from the language of ideals to the language of idèles it
would be nice to have some kind of compatibility of their norms.

The link between idèles and ideals is the map

τK : IK → IK

(av)v ↦→
∏︂
p

pordp(ap)

where the product is taken over all prime ideals of OK . It is sometimes referred
to as the ideal map, producing an ideal out of an idèle in the most natural way.

Lemma 4.2. [11, p. 2] Let L/K be a Galois extension. Then the following
diagram commutes:

IL IL

IK IK

τL

NL/K NL/K

τK

Recall we have an embedding K× ↪→ IK sending a ∈ K× to (av)v ∈ IK where
av = (a, a, a, . . . ) ∈ K×

v which enables us to write K× ⊂ IK . We want to extend
the definition of the idèle norm to the idèle class group CK = IK/K×.

Lemma 4.3. Let L/K be a Galois extension. Then NL/K(L×) ⊂ K× where
NL/K : IL → IK is the idèle norm.

Proof. Let (av)v ∈ L× be an element having (a, a, a . . . ) at each coordinate of IL
for some a ∈ L×. By definition of NL/K , the diagram

L L

Lσ−1(w) Lw

σ

σ̂

commutes, and therefore, the element (av)v ∈ L× satisfies

σ̂(a, a, a, . . . ) = (σ(a), σ(a), σ(a) . . . )
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for each σ ∈ G = Gal(L/K). Thus,

NL/K((av)v) =
∏︂
σ∈G

(aw)w

where aw = (σ(a), σ(a), σ(a), . . . ), and so at each coordinate of NL/K((av)v) we
have (∏︁σ σ(a),∏︁σ σ(a),∏︁σ σ(a), . . . ). This allows us to identify NL/K((av)v) with∏︁
σ σ(a) which lies in K×.

As a consequence, the idèle norm extends naturally to

NL/K : CL → CK

by sending (av)vL× to NL/K((av)v)K× where (av)vL× is the image of (av)v ∈ IL
in CL and NL/K((av)v)K× is the image of NL/K((av)v) in CK under the canonical
projections.

Moreover, the map τK : IK → IK induces τK : CK → ClK as τK(K×) = PK ,
where we recall that PK denotes the principal fractional ideals of K.

We have also the compatibility of norms of class groups:

Lemma 4.4. [11, p. 2] Let L/K be a Galois extension. Then the following
diagram commutes:

CL ClL

CK ClK

τL

NL/K NL/K

τK

4.2 Artin map and Artin reciprocity for idèles
In most of literature the Artin map on idèles is defined via local Artin maps.
That would mean going into local class field theory, which we avoid by presenting
the idèlic class field theory as developed in [3].

We wish to define the Artin map on idèles via composing the ideal map

τK : IK → IK

(av)v ↦→
∏︂
p

pordp(ap)

with the Artin map on ideals. However, the Artin map on ideals is defined only for
fractional ideals with no ramified primes in their prime factorizations. Therefore,
we have to work with a defining modulus m and consider an auxiliary subgroup
Um of IK which captures the information about the primes which ramify.

The strategy of defining the Artin map on idèles

θL/K : IK → Gal(L/K)

goes as follows: We first introduce a subgroup of idèles Um for a modulus m and
define the Artin map on Um. Then we claim that IK = K×Um and extend the
definition to the whole IK by setting θL/K((av)v) = θL/K((bw)w) where (av)v =
k(bw)w with k ∈ K×, (bw)w ∈ Um. Of course, the well-definedness needs to be
verified.
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Definition 4.5. Let m = m0m∞ be a modulus for a number field K with m0 =∏︁
p p

np . Then we set

Um =
∏︂
p|m0

(1 + pnp)
∏︂
v|m∞

K◦
v

∏︂′

v∤m
K×
v

where
• 1 + pnp is the ball with center 1 and radius |πnp|p and π is a uniformizer for
Kp with respect to |·|p,

• K◦
v is the connected component of 1 in K×

v ; that is, K◦
v = (0,∞) if v

corresponds to a real embedding and K◦
v = C× if v corresponds to a pair of

complex embeddings,

• ∏︁′
v∤mK

×
v is the restricted product with respect to the sets O×

v .

Remark. Note that Um is a subgroup of IK and that τK(Um) ⊂ Am. Indeed, the
order of all the primes dividing m0 is 0. Moreover, τK : Um → Am is surjective.
Lemma 4.6. [3, Section 4.1] Let m = m0m∞ be a modulus for a number field K.
Then

IK = K×Um.

Example 4.7. Let us prove Lemma 4.6 for a particular choice K = Q,m = (2).
We have that

U(2) = B2(1, 1
2)
∏︂′

v ̸=2
Q×
v

where B2(1, 1
2) is the ball with center 1 and radius |2|2= 1

2 in Q2. Since the
inclusion IK ⊃ K×Um is clear, we are left to show that

IQ = Q×
2
∏︂′

v ̸=2
Q×
v ⊂ Q×B2(1, 1

2)
∏︂′

v ̸=2
Q×
v ,

in other words, that Q×
2 ⊂ Q×B2(1, 1

2).
Take q = (q1, q2, q3, . . . ) ∈ Q×

2 and let |q|2 = limn→∞|qn|2 = 2z where z ∈
Z. Let qn denote the constant sequence (qn, qn, qn, . . . ) in Q2 for every n. By
discreteness of the 2-adic absolute value there exists n0 such that for each n ≥ n0

• qn ∈ B2(q, 2z−1),

• |qn|2 = 2z.
For such n we can write qn = kn2−z where |kn|2 = 1. By Remark 1.7,

qn ∈ B2(q, 2z−1) ⇐⇒ q ∈ B2(kn2−z, 2z−1) = B2(2−z, 2z−1).

In fact, we do not need the existence of infinitely many n satisfying the two
conditions above. The existence of one such n already yields q ∈ B2(2−z, 2z−1).
But now,

B2(2−z, 2z−1) = {a ∈ Q2 | |a− 2−z|2 < 2z−1} =
= {a ∈ Q2 | |2−z a

2−z − 2−z|2 < 2z−1} =
= {a ∈ Q2 | 2z| a2−z − 1|2 < 2z 1

2} =
= 2−zB2(1, 1

2),

and thus q ∈ 2−zB2(1, 1
2) ⊂ Q×B2(1, 1

2).

52



Notation. For the inclusion map ιK : Um → IK let us denote by

ιK : Um → IK/(K× · NL/K(IL))

its composition with the quotient map.
Similarly, for τK : Um → Am let us denote by

τK : Um → Am/(H0
m · NL/K(AL,m))

its composition with the quotient map.
The proof of the following theorem provides an explanation why we first define

the Artin map on Um as an intermediate step.

Theorem 4.8. Let L/K be a finite abelian extension and m its defining modulus.
Then there is an isomorphism

IK/(K× · NL/K(IL)) ∼= Am/(H0
m · NL/K(AL,m)).

Proof. (sketch) Consider the maps

IK/(K× · NL/K(IL)) ιK←− Um
τK−→ Am/(H0

m · NL/K(AL,m)).

The map ιK is surjective since, by Lemma 4.6, Um
∼= IK/K×. Also the map τK is

surjective as τK : Um → Am is surjective. Hence, it suffices to show that Ker(ιK) =
Ker(τK) because than the first isomorphism theorem implies the isomorphism
from the statement. For the rest we refer to [3, Section 4.2, Thm. 6].

The Artin Reciprocity for ideals says that for a defining modulus m the Artin
map ψL/K,m induces an isomorphism Am/(H0

m · NL/K(AL,m)) ∼= Gal(L/K), and
hence, by Theorem 4.8, we also have

IK/(K× · NL/K(IL)) ∼= Am/(H0
m · NL/K(AL,m)) ∼= Gal(L/K).

We want this isomorphism to be the map induced by the Artin map on idèles.
In other words, we want to define the Artin map θL/K : IK → Gal(L/K) such
that the induced map θL/K : IK/(K× ·NL/K(IL))→ Gal(L/K) coincides with the
following composition of maps:

IK/(K×·NL/K(IL))
ι−1
K−−→ Um/Ker τK

τK−→ Am/(H0
m·NL/K(AL,m))

ψL/K,m−−−−→ Gal(L/K)

After defining the Artin map on idèles we will show in Lemma 4.11 that this is
indeed the case. Stating Artin Reciprocity Law on idèles; that is, the isomorphism

IK/(K× · NL/K(IL)) ∼= Gal(L/K)

induced by the Artin map for idèles, will then be a consequence of Lemma 4.11
and Theorem 4.8.

Definition 4.9. Let L/K be a finite abelian extension and m be its defining
modulus. The Artin map on idèles is defined in two steps:
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1. First, define

θL/K : Um → Gal(L/K)

(aw)w ↦→
∏︂
p∤m0

(︄
L/K

p

)︄ordp(ap)

where the product is taken over the finite primes only and we write aw = ap
if w corresponds to a prime ideal p.

2. For (av)v ∈ IK there is k ∈ K×, (bw)w ∈ Um such that (av)v = k(bw)w by
Lemma 4.6. Define

θL/K : IK → Gal(L/K)
θL/K((av)v) = θL/K((bw)w).

Remark. The well-definedness of the Artin map on idèles consists of the following
parts:

(a) The Artin symbols are well-defined since all p’s for which p ∤ m0 are unram-
ified.

(b) The product ∏︁p∤m0

(︂
L/K
p

)︂ordp(ap)
is finite because all but finitely many coor-

dinates of (av)v lie in O×
v and for such coordinates corresponding to finite

places we have ordp(ap) = 0.

(c) θL/K((av)v) does not depend on the choice of (bw)w ∈ Um. Suppose that
(av)v = k(bw)w = l(cw)w with k, l ∈ K×, (bw)w, (cw)w ∈ Um. We need to
show that θL/K((bw)w) = θL/K((cw)w). Indeed, we have θL/K((bw)w(cw)−1

w ) =
θL/K(k−1l) where k−1l ∈ K×∩Um. However, τK(K×) = PK and so τK(K×∩
Um) consists of principal fractional ideals which are congruent to 1 modulo
m. Since m is a defining modulus, the image of τK(K× ∩ Um) under the
Artin map for ideals is trivial.

(d) θL/K((av)v) does not depend on the choice of a defining modulus. It can be
shown that if m1,m2 are two defining moduli then Um1 ∩ Um2 = Un where n
is the least common multiple of m1,m2 and n is again a defining modulus.

Lemma 4.10. Let L/K be a finite abelian extension. Then K× · NL/K(IL) ⊂
Ker(θL/K). Thus, θL/K can be extended to θL/K : IK/K× ·NL/K(IL)→ Gal(L/K).

Proof. (1) We show K× ⊂ Ker(θL/K). Let m be a defining modulus for L/K and
k ∈ K×. Clearly, 1 ∈ Um and k = k · 1 where k on the left-hand side is considered
to be an element of IK and k on the right-hand side is just a scalar from K×. By
definition of Artin map, we can write

θL/K(k) = θL/K(1) =
∏︂
p∤m0

(︄
L/K

p

)︄ordp(1)

=
∏︂
p∤m0

(︄
L/K

p

)︄0

= 1,

meaning k ∈ Ker(θL/K).
(2) By proof of [9, Chapter V, Prop. 5.2] the following diagram commutes:
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IL Gal(L/L)

IK Gal(L/K)

θL/L

NL/K

θL/K

This implies NL/K(IL) ⊂ Ker(θL/K) and completes the proof.

Lemma 4.11. Let L/K be a finite abelian extension and let m be a defining
modulus of L/K. Then the Artin map θL/K coincides with the compositions of
maps ψL/K,m ◦ τK ◦ ι−1

K on IK/(K× · NL/K(IL)).

Proof. It will be all clear after writing down what both maps do. Take (av)v ∈ IK
and consider its image under the projection map (av)v ∈ IK/(K× · NL/K(IL)).
Then

θL/K((av)v) = θL/K((av)v) = θL/K((bw)w) =
∏︂
p

(︄
L/K

p

)︄ordp(bp)

where (bw)w is any element of Um such that (av)v(bw)−1
w ∈ K×.

On the other hand, we have

IK/(K× · NL/K(IL))
ι−1
K−−→ Um/Ker(τK) τK−→ Am/(H0

m · NL/K(AL,m))
ψL/K,m−−−−→ G

(av)v ↦→ (cw)w ↦→
∏︂
p

pordp(cp) ↦→
∏︂
p

(︄
L/K

p

)︄ordp(cp)

where

• (cw)w ∈ Um is any element of Um such that (av)v(cw)−1
w ∈ K× · NL/K(IL)

and (cw)w denotes its image in Um/Ker(τK),

• ∏︁
p pordp(cp) is the image of ∏︁p p

ordp(cp) in Am/(H0
m · NL/K(AL,m)).

But now, from the well-definedness of ψL/K,m ◦ τK ◦ ι−1
K , for (bw)w ∈ Um such

that (av)v(bw)−1
w ∈ K× ⊂ K× · NL/K(IL) and (cw)w ∈ Um such that (av)v(cw)−1

w ∈
K× · NL/K(IL) it must hold that ∏︁p

(︂
L/K
p

)︂ordp(bp)
= ∏︁

p

(︂
L/K
p

)︂ordp(cp)
.

Theorem 4.12 (Artin Reciprocity Law for idèles). Let L/K be a finite abelian
extension and let m be a defining modulus of L/K. Then the Artin map θL/K
induces an isomorphism

IK/(K× · NL/K(IL)) ∼= Gal(L/K).

Proof. From Theorem 4.8 and the discussion below it, the isomorphism is induced
by ψL/K,m ◦ τK ◦ ι−1

K . By Lemma 4.11, this map coincides with the Artin map on
IK/(K× · NL/K(IL)).

Remark. The quotient IK/(K× · NL/K(IL)) from Theorem 4.12 can be rewritten
as follows:

IK/(K× · NL/K(IL)) ∼= (IK/K×)/(K× · NL/K(IL)/K×) ∼= CK/NL/K(CL).
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Let us finish with idèlic analogies to ray class groups Cm which are isomor-
phic to Gal(K(m)/K) and groups IL/K,m = NL/K(CL,m) which are isomorphic
to Gal(K(m)/L). We want to replace the ray class field K(m) by the maximal
abelian extension of K denoted by Kab. We submit a short summary of what can
be found for example in [7, Section 8].

Let us denote the connected component of 1 in CK by DK . Then NL/K : CL →
CK induces NL/K : CL/DL → CK/DK via NL/K(aDL) = NL/K(a)DK ∈ CK/DK

where a ∈ CL. Then the desired isomorphisms (including the Artin Reciprocity
Law) are:

1. Gal(L/K) ∼= CK/NL/K(CL),

2. Gal(Kab/K) ∼= CK/DK ,

3. Gal(Kab/L) ∼= (CK/DK)/(CK/NL/K(CL)) ∼= NL/K(CL/DL).
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5. Vocabulary
We submit translations of selected notions into Czech. It might not be possible to
find Czech literature on this topic; however, it might help in spoken conversations
or just entertain Czech readers. However, we advise to take the expressions with
a grain of salt as we suggest our own translations for some terms.

ramify větvit se

split štěpit se

adèles adely

idèles idely

idèle class group idelová třídová grupa

content map obsahové zobrazení

defining modulus definující modulus

Artin symbol Artinův symbol

Artin map Artinovo zobrazení

Hilbert class field Hilbertovo třídové těleso

congruence subgroup kongruenční podgrupa

ray modulo m paprsek modulo m

ray class group paprsková třídová grupa

ray class field paprskové třídové těleso

congruence divisor class group třídová grupa kongruenčních divisorů

conductor průvodič

ideal map ideálové zobrazení

58


	Introduction
	Preliminaries
	Number fields, Galois extensions
	Ideal class group
	Factorization in field extensions
	Ideal norm
	Discriminants and differents
	Absolute values
	Completions
	Unramified field extensions

	Adèles and idèles
	Adèles
	Isomorphism of AK (+) and AQd(+)
	Local compactness of AK(+)
	Idèles

	Classical CFT
	CFT over Q
	Hilbert class field
	General version of CFT, Artin reciprocity, ray class field
	Congruence divisor class groups, conductor

	Chevalley's reformulation
	Idèle norm
	Artin map and Artin reciprocity for idèles

	Bibliography
	Vocabulary

