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Abstract
This work focuses on the theoretical study of the physical and chemical properties
of endohedral fullerenes, which can be used either to study exotic chemical bond-
ing or as components in molecular electronics. Part of this work is focused on
the study of interactions of simple molecules enclosed in a fullerene cage, such as
H2O, HF, NH3, or their dimers, and the observation of the so-called charge-shift
bonding. We have also investigated the bonding interactions between actinide
atoms in fullerenes and described general trends associated with this bonding. In
the course of studying actinide endohedral systems, we have proposed and cali-
brated a methodological approach to investigate the actinide–actinide bonding,
applicable in future research.

The acquired knowledge about the interactions in endohedral fullerenes al-
lowed us to design molecular components usable in so-called non-von Neumann
architectures. First, we published a proof-of-concept study on diatomic MX
molecules (M = hydrogen or metal, X = halogen or chalcogen) enclosed in a C70
cage. The molecule enclosed inside the cage can be rotated by an external electric
field; thus the whole system acts as a switch. We found that the conductivity of
the system depends on the rotational state of the molecule enclosed within the
system, and the system, therefore, behaves as a so-called memristor. Investiga-
tion of the conductivity of the Ti@C70 molecule revealed that spin-filtering occurs
when electrons pass through; we named such a molecule a spinristor. We have
also performed a thorough computational screening of various MX@C70 systems
that might be experimentally achievable.

Keywords: DFT, ab-initio, endohedral fullerenes, chemical bonding, actinide–
actinide bonding, single-molecule device, memristor, spinristor





Abstrakt
Tato práce se zaměřuje na teoretické studium fyzikálńıch a chemických vlast-
nost́ı endohedrálńıch fulleren̊u, které lze využ́ıt jako prostřed́ı pro studium exo-
tických chemických vazeb nebo jako komponenty v molekulárńı elektronice. Část
této práce je věnována studiu interakce jednoduchých molekul uzavřených ve
fullerenové kleci, jako jsou H2O, HF, NH3 nebo jejich dimery, a pozorováńı takz-
vané „charge-shift“ vazby. Zkoumali jsme také vazebné interakce mezi atomy
aktinoid̊u ve fullerenech a popsali obecné trendy týkaj́ıćı se této vazby. V rámci
studia endohedrálńıch systémů s aktinoidy jsme navrhli a kalibrovali metodický
př́ıstup ke zkoumáńı interakce An–An, využitelný v budoućım výzkumu.

Źıskané poznatky o interakćıch v endohedrálńıch fullerenech nám umožnily
navrhnout molekulárńı komponenty použitelné v takzvaných „non von Neuma-
nnových“ architekturách. Nejprve jsme publikovali takzvanou „proof-of-concept“
studii o dvouatomových MX molekulách (M = vod́ık, nebo kov, X = halogen,
nebo chalkogen) uzavřených ve fullerenu C70. Molekulu uzavřenou uvnitř klece lze
otáčet pomoćı vněǰśıho elektrického pole, a celý systém tak funguje jako přeṕınač.
Zjistili jsme, že vodivost systému záviśı na rotačńım stavu molekuly uzavřené
uvnitř systému, a systém se tedy chová jako takzvaný memristor. Během studia
vodivosti molekuly Ti@C70 se ukázalo, že při pr̊uchodu elektron̊u docháźı k filtraci
spinu; takovou součástku jsme pojmenovali jako spinristor. Provedli jsme také
d̊ukladný výpočetńı screening r̊uzných MX@C70 systémů, které by mohly být
experimentálně dosažitelné.

Kĺıčová slova: DFT, ab-initio, endohedrálńı fullereny, chemická vazba, vazby
aktinoid–aktinoid, jednomolekulárńı zař́ızeńı, memristor, spinristor





Acknowledgements
I’d like to thank my supervisor, Michal, for all the things we’ve been through,
both good and bad, his mentoring, and his support.

My never-ending gratitude goes to my partner Šárka, for her support during all
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1. Introduction
Since the beginning of the development of electronic computers, attempts to solve
chemical problems through complex calculations, unfathomable by the human
mind, have been made. For example, the very �rst documented use of a computer
to perform molecular quantum chemistry calculations in Great Britain dates back
to the year 1954, when the Mark II computer was used by Pritchard and Sumner
to calculate bond lengths of hydrocarbons, such as naphthalene, using the self-
consistent H•uckel calculation. In their other paper from the same year, even Alan
Turing himself is acknowledged (this being somewhat ironic given his tragic death
later that year).1,2

Computational chemistry has grown up since then, with many methods aris-
ing throughout the years, includingab-initio (also called wavefunction) methods
based on the Hartree{Fock (HF) approximation,3{5 density functional methods
(DFT) based on the Kohn{Sham theory,6,7 and approaches omitting the quan-
tum theory either partly or entirely, such as molecular mechanics (MM),8 semi-
empirical methods,9 and molecular dynamics (MD).10,11 Many of the aforemen-
tioned methods are often combined to get the best of both worlds, an example be-
ing the combination of molecular mechanics and quantum mechanics (QM/MM)
used for large systems, where precise treatment of the whole electronic structure
would be computationally impossible.

Nowadays, computational chemistry serves as a powerful tool to either pre-
dict or explain the physical and chemical properties of molecules, and its results
are often correlated with the experimental ones to get the full picture of given
chemical phenomena.

In this work, endohedral fullerene systems are studied using wavefunction and
DFT methods to discover the nature of interactions between fullerene cages and
the enclosed atoms or molecules. The speci�c properties of such systems are used
to design and predict new fullerene-based single-molecule devices. Introduction to
the world of fullerene chemistry and molecular electronics is given in the following
subchapters.

1.1 Fullerenes

It has been nearly 40 years since the discovery of C60 fullerene by Kroto et. al.
in 1985.12 The name emerged from the similarity between then newly discov-
ered molecule and domes designed by Buckminster Fuller.13 Initially, only small
amounts of fullerenes were isolated; however, in 1990, a method for the produc-
tion of fullerenes on a multi-gram scale was devised by Kr•atschmer et al., which
enabled further experimental research of these molecules.14 Soon after their dis-
covery, the isolated pentagon rule (IPR) was derived for fullerenes, saying that
cages, where there are no neighboring pentagons, are thermodynamically more
stable.15 IPR is valid for cations and neutral fullerene cages, while it is often vio-
lated by fullerene anions, e.g., in endohedral fullerenes, where metals share their
electrons with the cage; see below.16,17

The early synthesis utilized a laser ablation of graphite targets in a helium
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Figure 1.1: Scheme of the arc reactor. Adapted from review by Popov.18

atmosphere. Later also an electric arc discharge between graphite electrodes in
a helium atmosphere was used, as well as controlled combustion of hydrocarbons
(such as benzene), resistive heating, radiofrequency furnace, or plasma torch.
The scheme of the arc reactor is depicted inFigure 1.1 . During these processes,
carbon-containing material is heated, carbon atoms are vaporized, and carbon
clusters form in the gas phase. The condensed soot is then collected, dissolved,
and the species are separated using liquid chromatography.12,14,19{23 Generally,
these methods have to be used to overcome the kinetic barrier for the formation
of fullerene. Compared to graphite, the enthalpy of the formation of C60 and
C70 is 2328 and 2555 kJ/mol higher, respectively.24 That means that fullerenes
possess high kinetic stability, even though they are not the most preferred form
of carbon thermodynamically.

Figure 1.2: C60 (a) and C70 (b) fullerene cages.

Initially, only C 60 and C70 molecules (Figure 1.2 ) were produced and sep-
arated using liquid chromatography, but tuning of the reaction conditions and
methods yielded other cages and isomers, such as C76, C84, C90, and C94.25 The
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identity of the separated species can be determined using mass spectroscopy,
UV{Vis absorption spectroscopy, and nuclear magnetic resonance.

Applications of fullerene-based molecules include materials science, biology,
and medicine, or most recently solar and fuel cells.26{28

1.1.1 Fullerene derivatives

The fullerene cage can be modi�ed both from the outside or the inside, resulting
in the creation of the so-called exohedral or endohedral fullerene, respectively.
Interestingly, pre�xes exo- and endo- are not considered correct according to IU-
PAC, and incar- should be used instead of endo-; however, the community seems
to have ignored this proposition.29 By adding heteroatoms during the fullerene
synthesis, either in the graphite material or as a medium, doped cages such as
C59N or C59B can be created.30,31 Moreover, careful oxidation of the fullerene
cage can yield an open-cage modi�cation that can be either utilized as a porous
material or closed again to create an endohedral fullerene.32{35 Examples and
properties of two main groups of fullerene derivatives, exohedral and endohedral
fullerenes, are examined in the following subchapters.

Exohedral fullerenes

One of the �rst exohedral fullerenes was synthesized by Hawkins et al. by us-
ing osmium tetraoxide together with pyridine to create an adduct of the C60

fullerene,Figure 1.3 .36 Exterior reactivity of fullerenes similar to that of alkenes
was demonstrated in a series of reactions with transition metal complexes result-
ing in � 2 coordination of the fullerene to the transition metal.37{39 Reactions of
fullerenes with reagents such as azoalkanes,40{42 dienes,43{45 Grignard and organo-
lithium compounds showed that fullerenes are electrophilic and capable of cova-
lent connections to organic molecules.46,47 Electrophilic character of the fullerene
was further con�rmed by the successful preparation and characterization of a
halogenated cage.48 Another way of modifying the fullerene cage from the out-
side is to use transition metals as catalysts.49

All of the aforementioned synthetic procedures opened the door to the utiliza-
tion of fullerenes in medicine. Proposed uses include drug delivery, cancer therapy,
gene delivery, antiviral activity, antioxidation, MRI contrast agents, bone ther-
apeutic agents, or biosensors.50,51 Furthermore, functionalized fullerenes are also
used to create novel materials that can be utilized in electronics. Such examples
include fullerene-perovskite solar cells, multipurpose functionalized graphene, or
fullerene-based polymers.52{54

Despite all of the potential uses of functionalized fullerenes, the cost of synthe-
sis and puri�cation of fullerenes remains to be the main inhibitor of applications,
even though it was predicted that by now the price would be much lower.54

Endohedral fullerenes

Similarly, as in the case of pristine fullerenes, endohedral fullerenes can be syn-
thesized using methods that utilize heating and evaporation of carbon atoms
with the di�erence in the starting material, which is doped by elements that are
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Figure 1.3: Scheme of various ways to synthesize exohedral fullerenes using
transition-metal catalysts as presented by Itami.49

incorporated into the cage during the formation process.18 Using these meth-
ods, particularly laser ablation, the �rst evidence of endohedral metallofullerenes
(EMF) was gained { the initial graphite disc was impregnated with lanthanum
and species corresponding to the mass of La@C60 and La2@C60 were found in
mass spectra.55 Similarly, lanthanum-based fullerenes were synthesized using the
arc-discharge method, which has become the main source of EMFs since then.56

Initially, the amounts of produced EMFs were insu�cient to con�rm that the
metal is indeed inside the cage. A breakthrough came in 1995 when Takata et
al. used synchrotron X-ray di�raction to characterize the structure of Y@C82,
which showed a high density present inside the cage.57 Many other EMFs have
been synthesized and characterized since then. These contained Ca, Sr, Ba, Sc,
Y, Ti, Hf, Ac, Th, Pa, U, Np, Am, and all lanthanides besides Pm as metals
and various-sized fullerenes from C26 to C108.58,59 EMFs containing more than
one metal atom gained special interest because they enable chemical bonding
between the enclosed metals even in cases where it would be otherwise di�cult
to force these metals to bond. It is often complicated to assess whether synthe-
sized molecules are dimetallofullerenes or cluster fullerenes, such as in the case
of Sc2C2@C84, see below. To this day, many lanthanide dimetallofullerenes were
characterized, with metals such as Sc, Y, La, Ce, Pr, Sm, Gd, Tb, Dy, Er, Lu, and
cages of up to 104 carbon atoms in size.60{70 Interestingly, both mono- and dimet-
allofullerenes have been scarcely synthesized with the d-block metals. Recently,
two actinide dimetallofullerenes, Th2@C80 and U2@C80, were prepared and char-
acterized,Figure 1.4c .71,72 Their properties are one of the subjects of this study
and will be discussed later. Notably, trimetallofullerenes, Er3@C74, Tb3@C80,
Y3@C80, and Dy3@C98, have been detected by mass spectrometry, but whether
they are conventional EMFs or clusterfullerenes is yet to be determined.70,73{75

In 2001, it was found that what was previously thought of as Sc2@C86 is, in
reality, Sc2C2@C84, the �rst characterized carbide clusterfullerene (CCF), that
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was soon followed by Sc2C2@C82 and Sc3C2@C80.76,77 Y2C2@C108 characterized
in 2018 is the largest endohedral system known to this day.59 When a small
portion of nitrogen gas is introduced into the arc-discharge generator, nitride
clusterfullerenes (NCF) are obtained in which the triangular cluster of three met-
als around the nitrogen atom is formed inside the cage. The general formula of
NCFs is M3N@Cn and both single-element, such as Sc3N@C78, and multi-element
systems, such as CeSc2N@C80, are known.78,79 Clusterfullerenes containing metal-
oxide cluster,80 metal-sul�de cluster,81 and metal-cyanide cluster have also been
synthesized and characterized.82

Figure 1.4: Examples of endohedral fullerenes (adapted from respective refer-
ences) { He@C60 (a),83 H2O@C60 (b),84 and U2@C80 (c).72

In addition to these \classical" methods of endohedral fullerene synthesis,
there are two additional approaches. One of them is to implant atoms through
the walls of an existing fullerene cage, e.g., with ion bombardment, high-pressure
treatment, or explosions. Ion bombardment was used to synthesize nitrogen-
and phosphorus-based endohedral fullerenes, such as N@C60, N@C70, N2@C70,
and P@C60.85{88 Campbell et al. also used ion bombardment to implant alkali
metal ions, especially lithium, into C60 and C70 cages.89{92 In the 1990s, He@C60

and He@C70 molecules were synthesized using a high-pressure method,Figure
1.4a.83 Other noble gases (Ne, Ar, Kr, Xe) were also implanted using this method
later on.93{97 Notably, the increasing size of the noble gas atom enclosed inside the
cage enables stronger interaction with the fullerene. An explosion-based method
was recently used to prepare He@C60 and He2@C60 molecules by mixing C60,
helium, and an explosive in a closed chamber.98

The other alternative approach is to chemically open the cage using oxidation
agents, enclose a volatile molecule inside by high pressure, and close the cage
to its original structure by cycloadditions { this process was called \chemical
surgery" and was pioneered by Komatsu et al.33 In their �rst study, they enclosed
molecular hydrogen into C60. This was followed by the synthesis of H2O@C60 and
H2O@C70, and later also by HF�H2O@C70, Figure 1.4b .35,84,99,100 Besides the
synthesis that produces endohedral fullerenes with a fully closed cage, open-cage
endohedral fullerenes have also been prepared and characterized.101 These include
species with enclosed carbon monoxide (CO),102 hydrogen molecule (H2),103 or
recently published oxygen molecule (O2),104 hydrogen peroxide (H2O2),104 and
lithium and beryllium 
uorides (LiF and [BeF] + ).105
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1.2 Molecular electronics

Given the ever-growing demand for computational power, there is an e�ort to
improve existing devices that use the von Neumann architecture (a program and
data are stored in a memory and computations are performed in a processing
unit). This can be achieved by either increasing the single-thread performance106,
by using parallel computing,107,108 or by developing a new type of architecture
that removes the so-called von Neumann bottleneck (moving the data back and
forth between the processor and memory), e.g., in-memory processing.109{112 This
demand also leads to the ongoing miniaturization of both existing devices and
newly-designed ones to a molecular level, that gave a rise to the �eld of molecular
electronics.

The �eld of molecular electronics stands on the shoulders of Aviram and Rat-
ner, who proposed to use a single organic molecule as a molecular recti�er { an
electrical device that converts alternating current (AC) into direct current (DC)
{ in 1974. Their idea was based on a� -donor and a� -acceptor systems separated
by a methylene bridge.113 Since then, other molecular devices, such as wires,114

switches,115,116 transistors,117 and memristors have been proposed.118{121 Some,
such as molecular junctions, are in the process of commercialization.122

The aforementioned new designs of in-memory computing often utilize a de-
vice called a memristor (memory resistor) { described and named in 1971 by
Leon Chua as the missing device in the quartet of resistor, capacitor, and induc-
tor.123,124 A memristor is a device that can change its resistance (conductivity)
based on the current that went through it in the past. The concept of memristor
was experimentally veri�ed for the �rst time in 2008, in a research conducted in
Hewlett Packard Labs.125 This memristor was based on a TiO2 thin �lm. Since
then, other materials, as well as techniques, have been used to create memristors,
such as HfO2 dielectric, Fe3O4 nanoparticles, or SnO2 nanowire junctions.126{128

Some molecular electronic devices also employ the phenomena connected to
the electronic structure of particular molecular systems, such as spin-�ltering.
Spin-�ltering devices show di�erent conductivity for each spin of an electron,
thus introducing another exploitable degree of freedom besides the charge.

1.2.1 Molecular electronics based on fullerenes

Fullerenes have attracted the attention of material scientists since their discovery.
Some devices, that have been proposed at the beginning of the century, are based
on the pristine C60 cage.129{132 However, devices based on endohedral fullerenes
were given attention even earlier, in the 1990s. RbxC60-based material was found
to be superconductive at temperatures near 28 K.133 Rare-earth elements (La, Ce,
Gd, Tb, Dy, Ho, Er) enclosed in C82 were studied for their magnetic properties,
with possible applications spanning from superconductors to magnets usable for
memory modules.134{139 Note that these applications still belong to the �eld of
conventional electronics.

Recently, a novel single-molecule device (SMD), Gd@C82-based electret (mate-
rial with quasi-permanent dipole polarization) was developed and experimentally
tested, showing the feasibility of fullerene SMDs and the outlook to the possibil-
ity of further miniaturization, Figure 1.5a .140 A theoretical work discussing a
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Figure 1.5: Gd@C82-based electret (a),140 Sc2C2@C88-based switch (b),141

MX@C70-based memristor (c),142 and Ti@C70-based spinristor (d).

Ti@C70 system that functions as a memristor and a spin �lter (thus named spin-
ristor) is a part of this thesis and will be discussed in the Results and Discussion
section,Figure 1.5d .

Going from enclosed atoms to enclosed molecules, a switch based on dipolar
molecules enclosed in C70 was proposed in 2016,Figure 1.5c .143 In this theoreti-
cal work, the orientation of simple dipolar molecules, such as NaCl, NaF, or LiCl,
in the fullerene cage was manipulated using an electric �eld. Two distinct minima
were found, thus showing that the presented systems can work as an electric �eld-
driven molecular switch. When the MX@C70 system is anchored by carbon-based
linkers, the rotation of the MX molecule inside causes structural changes. Thus,
a proposition to read the state of the switch through the IR and Raman spectro-
scopies was made. As a part of this thesis, the concept of fullerene-based switch
was further developed and published in 2019 and 2023.142 This topic is discussed
in more detail in the Results and Discussion section. An experimental study of an
SMD switch based on Sc2C2@C88 has been published recently,Figure 1.5c .141

Authors show that the device in question is capable of logic-in-memory opera-
tions at room temperature. Although the experimental devices are not based
on dipolar diatomic molecules enclosed inside a fullerene, both con�rm the fea-
sibility of our approach and endohedral-fullerene-based molecular electronics. It
is worth mentioning that molecular switches based on clusterfullerenes were also
reported.144,145

1.3 Chemical bonding

Ever since the pioneering work of Lewis at the beginning of the 20th century,
the idea of chemical bonding has intrigued chemists around the world. In his
paper from 1916, Lewis proposed a \cubical atom" that operated with the idea
of the octet rule (each atom desires to �ll its valence shell with 8 electrons)
and a covalent bond (two electrons forming a pair).146 The very same paper also
introduced the idea of Lewis structures { diagrams showing bonds between atoms
in molecules as well as non-bonding valence electrons (in form of dots). The octet
rule was later extended to the 18-electron rule for d-elements by Langmuir.147

Note that these concepts predated the quantum theory published several years
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later by Schr•odinger.148 Shortly after the introduction of quantum theory, Heitler
and London laid foundations for what is nowadays known as the valence bond
(VB) theory that was later expanded with hybridization and resonance e�ects
by Pauling.149,150 Theory of molecular orbitals (MO), which was developed two
years later, presented an alternative approach to chemical bonding description.3{5

Although both VB and MO theories are taught at secondary schools, nowadays,
the �eld of theoretical chemistry is dominated by the MO theory.

The initial Lewis theory of a cubic atom did not even describe a formation of
a triple bond, thus failing for a molecule as simple as N2. The aforementioned
concepts and rules are, as it often tends to be with empirically derived ideas,
unfortunately failing in speci�c cases, such as in the case of boron hydrides that
feature 2-electron 3-center (2e{3c) bonds.151 Some authors even presented exper-
imental evidence of a 1e{2c bond between two boron atoms.152,153 Theoretical
description of 4e{3c bonds was studied on simple molecules like XeF4.154

Various options to describe chemical bonding are prompting both theoretical
and experimental chemists to propose, create, and describe systems that do not
ful�ll our usual expectations. Examples include the prediction of a UO6 molecule
containing a uranium atom in oxidation state XII,155 the collaboration between
theory and experiment to describe the quintuple bond between two chromium
atoms in a complex with organic ligand,156 the theoretical description of a chemi-
cal bond between two actinide atoms,157{159 or the attempt to reach the maximum
multiplicity of a covalent chemical bond.160 Notably, a chemical bond is more of
a theoretical concept and is not directly measurable, although electron density
itself is in principle observable.

1.3.1 Exotic bonding in endohedral fullerenes

The chemical interaction between two actinide atoms is a beautifully rare concept;
however, molecules containing such bonds are rather scarce. Until recently, the
only known experimental evidence was U2 detected in the gas phase by Gorokhov
et al. in 1974, and a matrix-isolated H2U{UH 2.161,162 Th2 was observed indirectly
through the 
uorescence spectroscopy in 2015, and in 2021 tri-thorium cluster
was experimentally prepared as a sandwich-like complex.163,164

Given the scarcity of systems with actinide{actinide bonds, fullerenes can
serve as nanolabs that enable such an exotic bonding. In the 1990s, endohedral
fullerenes containing two uranium atoms were observed in mass spectra.165,166 At
the beginning of the century, other light actinide (Th, Pa, U, Np, Am) endohedral
fullerenes were observed in mass spectra and some were even isolated using liquid
chromatography, indicating the feasibility of other diactinide systems in addi-
tion to the previously observed uranium ones.167{169 Recently, studies describing
actinide{actinide bonding between atoms enclosed in fullerene cages were pub-
lished. The bonding between two uranium atoms in U2@C60 was theoretically
probed by Wu and Lu in 2007.170 Using density functional theory (DFT), they
concluded that a sixfold 1e{2c bond occurs between uranium atoms. In 2015,
bonding interaction dependence on the size of the fullerene cage was evaluated,
and cage-driven bonding was coined as \unwilling".171 In that study, the highest
bond order between two uranium atoms of 2.1 was found in U2@C60, while the
lowest of 0.1 is in U2@C90. An experimental study followed in 2018, con�rming
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the existence of U2@C80. Notably, calculations performed by its authors pointed
out some discrepancies between di�erent levels of theory used to evaluate the
bonding.72 Subsequent theoretical study (which is a part of this thesis) described
the trends in bonding between actinides in series from actinium to curium and
in three di�erent fullerene cages (C70, C80, C90).172 Another study provided ex-
perimental evidence of the Th2@C80 system, while also pointing out some of the
aforementioned discrepancies.71 This led to a methodological study that is also
a part of this thesis and shall be further discussed below. During the prepa-
ration of this thesis, a new experimental study has been published, where the
authors observed various diuranium endohedral fullerenes spanning from U2@C48

to U2@C74, using mass spectroscopy.173
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2. Computational methods
Quantum chemistry o�ers a large number of methods and approaches to tackle
various chemical problems. Both wave function and density functional-based
methods were used throughout this work in many possible variations. The same
holds for population and bonding analyses calculated on top of the obtained wave
functions or electron densities and are introduced in this chapter.

2.1 Wave function methods

The central point of quantum chemistry is a solution of the time-independent
Schr•odinger equation for a given molecular system

Ĥ 	 = E	 ; (2.1)

whereĤ is the Hamilton operator, which includes kinetic energy terms for both
atomic nuclei and electrons and potential energy terms for the nuclei{nuclei,
nuclei{electron, and electron{electron interaction, 	 is the time-independent wave
function and E is the total energy.148

Since the analytical solution of the Schr•odinger equation is, as far as we know,
possible only for systems that contain no more than one electron, approximations
have to be used. The calculation of both nuclear and electronic wave function
and their dependence on each other would present an additional complexity (al-
though it is required in certain cases). Wave functions of nuclei and electrons
are thus decoupled and the kinetic energy of atomic nuclei is neglected result-
ing in the so-called Born{Oppenheimer approximation.174 By accounting for the
anti-symmetry of the fermionic wave function using the Slater determinant,175

and treating the electron{electron interaction in a mean-�eld manner, we will
reach one of the crudest, yet the most important approximate solution to the
Schr•odinger equation { the Hartree{Fock (HF) method, sometimes also called the
self-consistent �eld method (SCF) due to its iterative solution.3{5 In the frame of
the Hartree{Fock method, the electron{electron interaction is divided into two
terms. One, often called the Coulomb term, has its classical analog in the simple
repulsion of two negatively charged electrons. The other, called the Pauli (or
exchange) term, does not have a classical analog and describes an interaction of
two electrons with the same spin angular momentum, i.e., between two alpha
(with spin +1/2, also called \up") electrons or two beta (with spin -1/2, also
called \down") electrons.

Depending on the treatment of spatial orbitals, three main types of HF are
used. The restricted Hartree{Fock (RHF) method is used for closed-shell sys-
tems (with no unpaired electrons) and implies that two electrons of opposite
spin occupy the same spatial orbital. The restricted open-shell Hartree{Fock
(ROHF) method is used for open-shell systems and treats paired electrons in the
same way as RHF and only the unpaired electrons separately. The unrestricted
Hartree{Fock (UHF) method calculates spatial orbitals separately for the electron
of each spin and it is the most commonly used method for open-shell systems.
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Unfortunately, the use of the UHF approach has a major drawback { one Slater
determinant is no longer an eigenfunction of the total spin operator,Ŝ

2
. This

results in the so-called spin contamination { the ground state is contaminated by
excited states.

Besides the aforementioned assumptions and approximations, one more issue
has to be solved { in order to solve the HF problem, we have to know its solution.
Part of this problem is solved by using basis sets consisting of atomic orbitals,� i ,
that are linearly combined to describe the one-electron wave functions,� i , and
optimizing their coe�cients, ci , according to the equation

� i =
X

j

cij � j : (2.2)

The resulting one-electron wave function is often called a molecular orbital (MO).
This approach allows us to convert hard-to-solve integro-di�erential equations to
an algebraic problem and is known as molecular orbitals { a linear combination
of atomic orbitals (MO-LCAO). A guess to the wave function is then made,
e.g., using the extended H•uckel theory (EHT),176 and the problem is solved in
an iterative fashion until the energy is minimized. The feasibility of the energy
minimization is implied by the variational principle { the better the wave function,
the lower the energy. In practice, the RHF solution is obtained by solving the
Roothaan{Hall equations

FC = SC"; (2.3)

where F is the Fock operator matrix, C is the matrix of MO coe�cients, S is
the overlap matrix and " is the diagonal matrix of orbital energies.177,178 In UHF,
Pople{Nesbet equations are used

FC � = SC� " � (2.4)

FC � = SC� " � ; (2.5)

where� and � denote spin-up and spin-down electrons, respectively.179

While being a good starting point, HF is missing a substantial portion of
the interaction between two electrons { the electron correlation. Thus, the elec-
tron correlation energy (or simply just the correlation energy),Ecorr ,180 has been
de�ned to characterize what is missing as

Ecorr = Eexact � EHF ; (2.6)

where Eexact is the exact non-relativistic energy andEHF is the Hartree{Fock
energy. When the complete basis set is used, we arrive at the Hartree{Fock limit
{ the best possible solution that excludes only the electron correlation,Figure
2.1.

The solution outlined above assumes one important thing { only one Slater
determinant fully describes the wave function, which is sometimes not the case.
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Thus, a way to improve the results from HF is to linearly combine more Slater de-
terminants (also called con�gurations) and to perform the so-called con�guration
interaction (CI), 181,182 which is described by equation

	 =
X

i

ci  i = c0 0 + c1 1 + :::; (2.7)

where 	 is the ground state wave function, ci is the coe�cient of con�guration
i, and  i is the i-th con�guration. The �rst term usually refers to Hartree{Fock
con�guration and any subsequent terms can be characterized by the di�erence
from the HF con�guration. If the con�guration di�ers by one spin-orbital, it is
singly excited, if it di�ers by two spin-orbitals, it is doubly excited, etc. The in-
clusion of all of the possible interactions results in the so-called full con�guration
interaction (FCI) and is equal to the exact solution of the non-relativistic time-
independent Schr•odinger equation if the complete basis set is used. In practice,
FCI is computationally feasible only for systems with a small number of electrons
(such as the H2 molecule). Truncation of the CI expansion is thus necessary to
calculate larger systems. An example of such a truncation is SDCI (or CISD),
which includes only ground state, single-excited states, and double-excited states.
Unfortunately, this approach leads to the so-called size-inconsistency { the corre-
lation energy of systems with a di�erent number of electrons is treated di�erently,
thus introducing an error.

Figure 2.1: Correlation energy diagram. Created under public domain by Karol
Langner.

In cases where the c0 coe�cient is close to 1, we speak about the single-
reference (single con�guration) character of the system and the inclusion of ex-
cited con�gurations covers what we call the dynamic correlation. However, when
the c0 is much smaller than 1, we speak about the multi-reference character of
the system and the inclusion of excited con�gurations accounts for the so-called
static correlation. This allows us to not only distinguish between single- and
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multi-reference systems, but also single- and multi-reference methods, which shall
be discussed below.

2.1.1 Perturbation theory

One of the common ways to include dynamic correlation energy in quantum-
chemical calculations is the use of M�ller{Plesset perturbation theory (MP),183

which is based on more general Rayleigh{Schr•odinger perturbation theory.148,184

Since the correlation energy missing from the total electronic energy is usually
rather small, it can be treated as a perturbation to the Hamiltonian according to
the equation

Ĥ = Ĥ 0 + �V̂ ; (2.8)

whereĤ 0 is the unperturbed Hamiltonian, V̂ is the operator corresponding to a
small perturbation and � is a dimensionless parameter, that is ideally� << 1.
Expansion of the exact wave function then yields

	 =  0 + � (1) + � 2 (2) + :::; (2.9)

and analogously the expansion of energy is

E = E (0) + �E (1) + � 2E (2) + :::: (2.10)

Substituting these expansions into the Schr•odinger equation and collecting
terms with the same powers of� allows us to gain corrections ofn-th order for
both the wave function and the energy, denoted as n and E(n) in Equations 2.9
and 2.10. In practice, mostly M�ller{Plesset perturbation theory to second order
(MP2) is used, as the �rst order does not contribute to the energy and higher
orders are computationally expensive and often do not bring a substantial im-
provement. Spin-component scaled MP2 (SCS-MP2) is used in this work. In this
method, the accuracy is improved by separate scaling of the spin components.185

2.1.2 Coupled cluster

Another popular way of treating the dynamic electron correlation is the coupled-
cluster method (CC), originally developed for use in nuclear physics186 but later
reformulated for the electron correlation problem.187,188 The central point of CC
is the exponential ansatz of the wave function written as

	 = eT̂  0; (2.11)

where 0 is a reference wave function (Hartree{Fock in most cases) andT̂ is the
cluster operator in form

T̂ = T̂1 + T̂2 + :::; (2.12)
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where T̂1 is the single excitation operator,T̂2 is the double excitation operator
and so on. For practical purposes, the cluster operator is truncated. However,
unlike in the case of truncated CI, size-consistency is maintained. This is true
because the exponential ansatz ensures that higher excitations are still treated in
an approximate way. An example of such a truncation is a coupled cluster with
single and double excitation operators { CCSD.

While we would like to include as many terms as possible to get accurate re-
sults, scaling of these calculations is practically prohibitive. However, approaches
combining the coupled-cluster method with perturbation theory have been devel-
oped { this allows us to get to higher accuracy with lower computational cost.
An example that is also perceived as a gold standard of quantum chemistry is
the CCSD(T),189{191 where single and double excitations are calculated in the
CCSD manner and triple excitations are calculated non-iteratively on top of it
using the M�ller{Plesset perturbation theory.192,193 The domain-based local pair
natural orbital (DLPNO) CC approach is used in this work.194,195 In this ap-
proach, strongly correlated electrons are evaluated using the chosen CC level,
while weak electron{electron interactions are treated at a less computationally
expensive level of theory, such as MP2.

2.1.3 Multireference methods

When there is a strong in
uence of the static correlation, i.e., the system is not
described well by a single con�guration, multireference methods have to be used.
In contrast to the methods described above, which treat the so-called dynamic
correlation by optimizing the CI expansion coe�cients while retaining the origi-
nal orbital coe�cients from the reference wave function, during the calculation of
static correlation, both CI coe�cients and the orbital coe�cients are optimized.
Due to the computational cost of such a procedure, the so-called active space
is used in practical calculations { the number of active electrons and orbitals is
chosen and the FCI calculation is performed in this limited space. This method
is mostly known as complete active space self-consistent �eld (CASSCF),196 al-
though expansions such as restricted active space (RASSCF)197 and generalized
active space (GASSCF) exist too.198

Even when the static correlation is included using multireference methods, the
dynamic correlation still plays an important role in the correct description of the
system. Thus, an additional treatment of the multireference wave function has
been developed to include dynamic correlation. Examples of such methods are
multireference con�guration interaction (MRCI),199,200 or complete active space
perturbation theory to second order (CASPT2).201{203 Recently, multicon�gura-
tion pair-density functional theory (MC-pDFT) has also been used to treat the
dynamic correlation with special functionals, such as the fully translated PBE
(or ftPBE) used in this work.204{206

2.2 Density functional theory

Since the introduction of quantum mechanics, many attempts to solve the Schr•o-
dinger equation using the electron density instead of the wave function were made.
One of the �rst density-based models was Thomas{Fermi, later expanded to the
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Thomas{Fermi{Dirac model by including the exchange energy to account for
the Pauli exclusion principle.207{209 While being an important �rst step towards
density-based methods, these models are rather inaccurate and scarcely used.

The main era of electron density-based methods started with Hohenberg{
Kohn (HK) theorems published in 1964.6 In their paper, Hohenberg and Kohn
assumed an arbitrary set of electrons moving in an external potential. In an
atomic or molecular system, such potential is de�ned by the nuclei. Usingreductio
ad absurdumthey showed that the external potential is uniquely de�ned by the
electron density. Subsequently, density is uniquely connected to a wave function
and electronic energy is a functional of the density. This is known as the �rst HK
theorem and can be simply written as

� �! f N; ZA ; RA g �! Ĥ �! 	 �! E; (2.13)

where� is the electron density de�ned as

� (r~) = N
Z

� � �
Z

j	( r1~ ; r2~ ; :::; rn~ )j2dr2~ :::drn~ : (2.14)

We can then de�ne a universal functional,E [� ], that is valid for any number
of particles and any external potential

E [� ] = T[� ] + Eee[� ] + ENe[� ]; (2.15)

whereT[� ] is the functional of kinetic energy,Eee[� ] is the functional of electron{
electron potential energy andENe[� ] is the functional of nucleus-electron potential
energy. The second HK theorem says that this functional obeys the variational
principle { any trial electron density �~ yields energy higher or equal to the ground
state energyE HK

0 such that

E HK
0 � T[�~] + Eee[�~] + ENe[�~]: (2.16)

Since the form ofT[� ] and Eee[� ] is independent of the system, they can be
separated into a new Hohenberg{Kohn functional

FHK [� ] = T[� ] + Eee[� ]: (2.17)

Now we have derived all we need to solve the Schr•odinger equation exactly
using the electron density. Unfortunately, the main issue with DFT is that we do
not know the exact form of theFHK [� ]. To approach the unknown form of the
functional, Kohn and Sham started from a system of non-interacting electrons
moving in an e�ective potential VS(r~) such that the resulting electron density is
equal to the electron density of a real system with interacting electrons.7 Equa-
tions analogous to the Hartee{Fock method can then be derived

f̂
KS

' i = " i ' i ; (2.18)
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where ' i are the so-called Kohn{Sham (KS) orbitals," i are orbital energies and

f̂
KS

is the one-electron Kohn{Sham operator de�ned as

f̂
KS

= �
1
2

r 2 + VS(r~): (2.19)

Although the kinetic energy of electrons in a non-interacting systemTS is not
equal to the kinetic energy in a real system, it serves as a good starting point.
The electron{electron potential energy term can be further divided according to

Eee[� ] = J [� ] + Encl [� ]; (2.20)

where J [� ] is the functional for the classical Coulombic interaction, andEncl [� ]
includes all of the non-classical interactions, such as the Pauli repulsion. Kohn
and Sham thus expressed the density functional in the following form

F [� ] = TS[� ] + J [� ] + EXC [� ]; (2.21)

with EXC [� ] de�ned as

EXC [� ] = ( T[� ] � TS[� ]) + Encl [� ] = TC [� ] + Encl [� ]; (2.22)

where TC [� ] is the residual part of the electronic kinetic energy not covered by
TS. To summarize, the kinetic energy is to some degree evaluated using the KS
orbitals, the classical Coulombic interaction is also evaluated, and the missing
part of the kinetic energy and non-classical interactions are evaluated through
the exchange-correlation functional,EXC [� ]. Similarly as in the cases of the
restricted and unrestricted Hartree{Fock solutions for closed-shell and open-shell
systems, the electron density can be separated according to the spin into alpha
and beta parts. This leads to restricted (RKS) and unrestricted (UKS) Kohn{
Sham formalism.

Since we do not know the exact form of theEXC [� ], it has to be approximated.
In practice, the exchange and correlation parts of the functional are de�ned sep-
arately. The simplest approximate form of the exchange-correlation functional is
based on the homogeneous electron gas, which means a constant electron density
everywhere in space. Since the electron density in atoms and molecules is non-
homogeneous, this model is applied only locally, i.e., the space around atoms is
divided into much smaller sub-spaces with nearly constant density. This approach
is called the local density approximation (LDA)

E LDA
XC [� ] =

Z
� (r~)"XC (� (r~))dr~; (2.23)

or the local spin density approximation (LSDA) when the alpha and beta electrons
are treated separately

E LSDA
XC [� � ; � � ] =

Z
� (r~)"XC (� � (r~); � � (r~))dr~ (2.24)
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where "XC is the exchange-correlation energy per particle of a uniform electron
gas of density� (r~).

The exchange part was analytically derived by Slater (S),210 while the cor-
relation part has to be approximated. The well-known LSDA-based correlation
functional was obtained by Vosko, Wilk, and Nusair (VWN) by �tting on ran-
dom phase approximation.211,212 Combination of the exchange and correlation
part leads to the SVWN functional. Although the LSDA method opened the
door for a broad application of DFT and can predict geometries, dipole mo-
ments, or vibrational frequencies quite well, it is not as good for the energetics of
chemical reactions.213,214

Figure 2.2: Jacob's ladder of DFT as depicted by Perdew.214

A way to see the improvement of LSDA is an analogue to the biblical story
of Jacob's ladder (Genesis 28:12) adapted for DFT by Perdew, Fig 2.2.213,215 The
initial approximation can be improved by including not only the electron density
but also its gradient,r � , while slowly climbing the ladder in the process. The �rst
implementation of this approach, the gradient expansion approximations (GEA),
leads to worse performance due to the unphysical treatment of the exchange-
correlation holes. If the terms of the GEA expansion leading to these errors are
truncated, we obtain the generalized gradient approximation (GGA) of a general
form

E GGA
XC [� � ; � � ] =

Z
f (� � ; � � ; r � � ; r � � )dr~: (2.25)

Exchange GGA functionals used throughout this work include Becke (B),216

Perdew{Burke{Erzenhof (PBE),217 and Minnesota-15L (MN15L).218 Correlation
GGA functionals used in this work are Perdew (P86),219 Lee{Yang{Parr (LYP), 220
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Perdew{Burke{Erzenhof (PBE),217 and Minnesota-15L (MN15L).218 Going up,
another rung of the Jacob's ladder can be achieved by the addition of either
Laplacian of the electron density,r 2� , or kinetic energy density,� . This yields
the so-called meta-GGA functionals. Tao{Perdew{Staroverov{Scuseria (TPSS)
meta-GGA exchange and correlation functionals are used in this work.221

Yet another rung of the ladder is reached by the inclusion of some portion of
the exact (Hartree{Fock) exchange such that

E hybrid
X = (1 � a � b)E LSDA

X + aEHF
X + bEGGA

X ; (2.26)

wherea and b are �tted parameters. Functionals containing the exact exchange
are called hyper-GGA or hybrid. Hybrids used throughout this work include
B3,222 BHandH,223 B97,224 PBE0,225 TPSSh,226 M06,227 and MN15.228 Hybrid
functionals can be further improved by separating the exchange functional into
short-range (SR) and long-range (LR) terms, resulting in long-range corrected
(or range-separated, RS) hybrids, generally described by equation

E RS
X = aESR;HF

X + bELR;HF
X + (1 � a)E SR;DF T

X + (1 � b)E LR;DF T
X : (2.27)

The range-separated hybrid functionals used in this work are LC-! HPBE,229

CAM-B3LYP, 230 and ! B97-D3.231

Further improvements to DFT, such as the double-hybrid approach including
some portion of both the HF exchange and the MP2 correlation, are constantly
made. The connection of the time-dependent DFT (TD-DFT) with response
theory also enables the use of DFT for the study of excited states.

2.2.1 Dispersion corrections

DFT often su�ers from \locality" { long-range interactions are described inac-
curately. One way of dealing with this are the aforementioned range-separated
approaches. Another popular way is to add a dispersion correction to existing
functionals { an approach known as DFT-D.232 The DFT-D is perceived as a
revolutionary idea that allows us to obtain more accurate results for the com-
putational price of DFT calculation. In this approach, the dispersion energy is
described as

E DF T � D
disp = �

X

AB

X

n=6 ;8;10;:::

sn
CAB

n

Rn
AB

f damp(RAB ); (2.28)

where CAB
n denotes the isotropic dispersion coe�cient of then-th order of the

atom pair AB, RAB is the interatomic distance,sn is the functional-dependent
scaling factor, andf damp is the damping function limiting the range of dispersion
correction (to avoid the double-counting of correlation e�ects). The dispersion
energy is then simply added to the electronic energy obtained by the density
functional of choice. Commonly used corrections are D2 containing onlyC6 coef-
�cient, 233 D3 which includes also the geometry-dependentC8 coe�cient, 234 and
D4, which further improves the calculation of dispersion coe�cients.235 The D3
corrections are used throughout this work.
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2.3 Basis sets

Both wave function- and density-based methods require basis sets for calculations.
The most physically sound orbitals are derived from the analytical solution of the
Schr•odinger equation for the hydrogen atom { the Slater-type orbitals (STO).236

The radial part of these orbitals has a form

R(r ) = A(l; � )r le� �r ; (2.29)

where A is the normalization constant, l is the angular momentum and� is
an exponent. Although the STOs are more physically sound, using them for
evaluating integrals is computationally demanding. Thus, the approximation of
STO with Gaussians { Gaussian type orbital (GTO) { was proposed with the
radial part of the form

R(r ) = A(l; � )r le� �r 2
; (2.30)

where� is an exponent.237 GTOs are constructed such that one theoretical STO
is described by a sum of several Gaussians. This approach was �rst used with
STO-nG basis sets (n being the number of Gaussians used).238 When a single
basis function is used to describe each occupied orbital, the basis set is said to
be minimal. Later on, the split-valence basis sets were introduced. In these basis
sets, valence orbitals (that are the most interesting in chemistry) are described
by multiple basis functions. Since the Greek letter zeta,� , is used to describe the
orbital exponent in STOs, the split-valence basis sets with more basis functions
for the valence orbitals are dubbed double-� (DZ), triple- � (TZ), and so on.

Basis sets are also often enriched by so-called polarization functions with
higher angular momentum. This helps to properly describe the electron density
in molecules, where bonds with electron density lying between the atoms are
created, e.g., d-functions are added to the carbon basis set to properly describe
its bonding, although electrons of the carbon atom in the ground state do not
occupy them. Similarly, di�use functions can be added to the basis set. These
contain Gaussians with a small exponent and are often used when great 
exibility
is needed, e.g., for the description of anions or excited states.

Basis sets can be divided into \families" according to where they were created
and by whom. Throughout this work, Pople,239{245 Ahlrichs (Karlsruhe),246{249

Dunning,250{254 and atomic natural orbital (ANO) basis sets are used.255{258

2.4 Relativistic e�ects

The origin of relativistic quantum chemistry dates back to 1916, when Sommer-
feld derived the relativistic contraction and splitting using the \old quantum
theory".259 Relativistic e�ects are connected to the increase of the electron mass,
me, due to the �nite speed of light, c according to the equation derived by Lorentz

me =
m0q
1 � v2

c2

; (2.31)

22



where m0 is the electron rest mass andv is the speed of an electron.260 If we
insert this relation into the equation for the Bohr radius that describes the most
probable distance between an electron and nucleus in the hydrogen atom,261 we
get

a0 =
4�� 0~2

e2me
=

4�� 0~2

e2 m0q
1� v 2

c2

; (2.32)

where � 0 is the permittivity of vacuum, ~ is the reduced Planck constant, ande
is the elementary charge. We can thus see that with the increasing velocity of an
electron, the Bohr radius contracts.

Further implementation of relativistic e�ects into quantum chemistry became
possible when Dirac derived the one-electron relativistic equation

(h0̂ � i
@
@t

)	 = 0 ; (2.33)

wheret is the time and h0̂ is the relativistic free-particle four-component Hamil-
tonian of the form

h0̂ = �mc 2 + c(�p̂ ) =

 
+ mc2 c(�p̂ )
c(�p̂ ) � mc2

!

; (2.34)

where� and � are 4� 4 matrices,p̂ is the momentum operator and� are the com-
plex Pauli matrices.262,263 Interestingly, due to the mentioned matrices, Dirac's
equation gives rise to a four-component wave function
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; (2.35)

with elements that correspond to a spin-up electron, spin-down electron, spin-
up positron, and spin-down positron. The combination of the HF scheme with
the Dirac equation was proposed by Swirles, resulting in the Dirac{Hartree{Fock
method (DHF or DF).264 This method was later expanded to multiple con�gura-
tions (MDF). 265,266

Relativistic e�ects play role even in atoms as light as hydrogen, although it
is negligible. Thus, practically, the relativistic treatment is used only in cases
of heavy atoms in quantum chemistry. There are two main classes of relativistic
e�ects { scalar and non-scalar. The scalar e�ects are best shown on the afore-
mentioned contraction of electron shells. While in the case ofs and p orbitals,
a contraction due to relativity is seen,d and f orbitals expand. The scalar ef-
fects thus in
uence spectral characteristics or even bonding properties of atoms
in molecules. The dominant non-scalar relativistic e�ect, the spin-orbit coupling
(SOC), arises from the interaction of the spin angular momentum of an electron
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with the magnetic �eld induced by other charged particles as they move through
space. The inclusion of SOC leads to the splitting and shifting of energy levels,
as opposed to scalar e�ects that just shift them. Relativistic e�ects have been
connected for example to the yellow color of gold,267 liquid state of mercury,268

or voltage of the lead-acid battery.269

In practice, relativistic e�ects are often treated with various approximate
forms of the relativistic Hamiltonian. Relativistic Hamiltonian approximations
include exact two-component method (X2C),270{273 Douglas{Kroll{Hess method
(DKH), 274{276 or zeroth-order regular approximation method (ZORA).277{281

DKH to second-order Hamiltonian (DKH2) is used in this work. Another way to
include relativistic e�ects is by using so-called pseudopotentials, (PP, or e�ective
core potentials, ECP). Relativistic pseudopotentials impose a way to save com-
putational time (core electrons are not calculated), while also including scalar-
relativistic corrections. Pseudopotentials based on multireference Wood{Boring
(MWB), 282{288 and multireference Dirac{Fock (MDF) calculations are used in this
work.289{292

2.5 Non-equilibrium Green's function

To calculate the electrical current that can 
ow through the system of interest,
the non-equilibrium Green's function (NEGF) approach is often used. In this
approach, the molecule, and thus the Hamiltonian and wave function, are divided
into contact parts and a device part such that
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where� describes the interaction between the contacts and the device, indices 1
and 2 denote the contacts part and indexd denotes the device part. Instead of
solving the whole eigenvalue problem, Green's function,G, is de�ned

(E � H )G(E) = I; (2.37)

whereI is an identity. The whole problem is thus rede�ned to
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Once this equation is solved and Green's functions are obtained, they can be
used to gain properties such as electrical current. This approach is often combined
with DFT. 293{295

2.6 Population and bonding analysis

The oldest population method is based the on so-called Mulliken analysis.296{299

It can be derived by a combination of the normalization condition
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Z
j� (r )j2dr = 1 (2.39)

and LCAO (Equation 2.2), into the equation

1 =
X

�
C2

�;i + 2
X

�

X

�>�
C�;i C�;i S�;� ; (2.40)

where� and � denote speci�c orbitals andS�;� is the overlap matrix de�ned as

S�;� =
Z

� � (r )� � (r )dr: (2.41)

The �rst term in Equation 2.40 describes the net population of each basis func-
tion in orbital i , while the second (cross) term describes shared electrons. The
Mulliken atomic charge is then de�ned as

qA = ZA �
X

i

� i

X

� 2 A

C2
�;i +

X

� 6= �

C�;i C�;i S�;� ; (2.42)

where � i is the occupation number of orbitali and ZA is the atomic number
of atom A. The shortcomings of the Mulliken population analysis are that the
partitioning does not have a strict physical meaning, dipole moments are not
reproduced well, and it has a strong basis set dependence.300,301 L•owdin later
improved the Mulliken analysis by �rst orthogonalizing the orbitals and thus
having the cross-term equal to 0. While the L•owdin population analysis still
does not have a physical meaning, it is considered better in calculations of dipole
moments and su�ers less from the basis set dependence. Further improvement
is achieved when using orthonormal natural orbitals (NO), instead of canonical
ones.302,303 Such approach is dubbed natural population analysis (NPA) and has
been further expanded to evaluate bonding through natural bonding orbitals
(NBO). 304,305 Orbital coe�cient matrices can be used to construct the density
matrix, P such that

P�� =
X

i 2 �

C�i C�i +
X

i 2 �

C�i C�i ; (2.43)

where � and � denote spin. A density matrix can then be used to evaluate the
bond order between two atoms of interest. Popular ways to do that include the
Wiberg bond index (WBI) between atomsA and B de�ned as

B W iberg
AB =

X

� 2 A

X

� 2 B

P2
�� ; 306 (2.44)

or the Mayer bond order (MBO) de�ned as

B Mayer
AB =

X

� 2 A

X

� 2 B

(PS)�� (PS)�� :307 (2.45)
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An alternative to the aforementioned orbital-based methods is the partitioning
of the electron density as a whole, based on its topology. Such an approach
has been introduced by Bader and called quantum theory atoms in molecules
(QTAIM). 308 The electron density has local maxima at the positions of nuclei
and can be thus used to partition the system into atoms (in molecules). Points in
space, where the gradient of electron density,r � , is equal to 0, are called critical
points (CP). These critical points are divided into bond critical points (BCP),
which can be found between two nuclei, and ring critical points (RCP), which can
be found between more than two nuclei forming a cyclic structure. Integration
of the electron density over the atomic space yields the localization index (LI),
describing the number of electrons remaining on an atom, integration over the
space between atoms, de�ned by CPs yields, and the delocalization index (DI)
describing the number of electrons that are participating in the chemical bonding.

Yet another way to assess the charge distribution in a chemical system is to use
the electrostatic potential (ESP).309{311 ESP at a given point close to the molecule
is the force acting through the electron density of the molecule on a positive
test charge located at that point. ESP thus re
ects the charge concentration at
certain points in space around the studied molecule. ESP can serve as a guide
in assessing the reactivity of a given molecule towards charged reactants and is
often used together with MM calculations.

Mostly, orbital- and density-based population and bonding analyses, such as
MBO, NBO, or QTAIM, are used throughout this work.

2.7 Software

The Gaussian (version 16, revision C01) computational package was used for most
of the DFT calculations.312 The Orca (version 4.2.0) computational package was
used for theab-initio wave function calculations, such as MP2, CC, as well as
for some DFT calculations.313 Turbomole (version 7.5.1) was used for MP2 calcu-
lations and local-hybrid DFT.314 Molcas (version 8.4) and OpenMolcas (version
22.02) were used to perform the multireference calculations using the RASSCF,
CASPT2, MC-pDFT, and RASSI modules.315,316 The SIESTA (version 4.1-b3)
code was used to calculate the transmission properties.294,317

Population and bonding analyses were performed using NBO (version 7.0),318

AIMAll (version 19.10.12),319 Multiwfn (version 3.7),320 and AdNDP (version
2.0).321,322
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3. Results and discussion
Throughout the course of this doctoral project, two main topics regarding the
endohedral fullerenes were studied { exotic bonding interactions inside endohe-
dral fullerenes and molecular electronics based on endohedral fullerenes. In this
section, all of the published and submitted research articles are brie
y discussed
and the main conclusions are drawn. The details of the research can be found in
the attached papers.

3.1 Exotic bonding inside endohedral fullerenes

3.1.1 Charge-shift bonding in the fullerene (Paper I)

As mentioned earlier in the introduction, endohedral fullerenes can be created us-
ing molecular surgery. In a recent experimental study of HF�H2O@C70 by Zhang
et al., the authors attributed the shortening of the O� � �H distance to the limited
space inside the fullerene cage.100 In Paper I, we followed with a theoretical study
of HF@C60, H2O@C60, NH3@C60, HF@C70, H2O@C70, NH3@C70, (HF) 2@C70,
HF�H2O@C70, HF�NH3@C70, (H2O)2@C70, H2O�NH3@C70,
and (NH3)2@C70.323

We have shown that all of the systems studied are thermodynamically stable
as endohedral fullerenes, compared to the separated subsystems. This is in align-
ment with the experimental results { some of these systems, such as H2O@C60

and HF�H2O@C70, were synthesized. We predicted that other theoretically stud-
ied systems should also be available via experiment. To verify the credibility of
the DFT-D3 results, spin-component-scaled MP2 (SCS-MP2) calculations were
performed. An agreement was observed between the DFT-D3 and SCS-MP2 re-
sults, which can be demonstrated on the example of the interaction energies of the
HF�H2O@C70 system, i.e., the interaction energies of {15.6 kcal/mol and {14.4
kcal/mol calculated by DFT-D3 and SCS-MP2, respectively.

Figure 3.1: Interatomic distances of HF�H2O (a) and endohedral HF�H2O@C70

system (b).

Comparison of optimized interatomic distances of enclosed dimers with their
optimized geometry without the fullerene cage showed, that there is indeed a sys-
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tematic shortening of the hydrogen bond between the hydrogen bond donor and
the hydrogen bond acceptor, e.g., HF�H2O@C70 in Figure 3.1 . In the example
of the HF�H2O@C70 system, O{H and H{F distances change only negligibly upon
encapsulation, while the O���H distance is by 0.2�A shorter. Electron deformation
density (EDD) plots show the redistribution of electron density upon encapsula-
tion, Figure 3.2 . A depletion of electron density upon encapsulation is observed
between the heteroatom and the cage, which is unusual { generally, the lone pair
(LP){ � interactions feature a high concentration of electron density.

Figure 3.2: EDD plot of HF�H2O@C70 system. Blue and red represents electron
concentration and depletion, respectively. EDD is plotted at 0.005 (a), 0.001 (b),
and 0.0005 (c) e/�A3 isosurfaces. The position of the enclosed dimer corresponds
to the one depicted inFigure 3.1.

To further investigate the unusual bonding patterns, we employed the quan-
tum theory atoms in molecules (QTAIM) analysis and the delocalization index
(DI) parameter, see Section 2.6. The analysis showed that upon encapsulation the
O{cage and F{cage interactions strengthen, O{H and H{F interactions weaken,
and the O� � �H interaction strengthens in the HF�H2O@C70 system,Figure 3.3 .
Similar behavior was also observed in the HF�H2O@C90 system, even though C90

is more spacious than C70 and enclosed HF�H2O could theoretically retain its
gas-phase geometry.

Figure 3.3: DIs of HF�H2O (a) and endohedral HF�H2O@C70 system (b). Black
and red numbers represent DIs of HF�H2O dimer and its encapsulated form,
respectively.

In summary, due to the interaction of the hydrogen bond donor with the
cage, its hydrogen atom becomes more acidic and is therefore prone to interact
with the basic atoms of the acceptor. Thus, changes in dimer geometry upon
encapsulation are not only a result of limited space of the fullerene cage but also
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