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1 Introdution

There are basially three types of di�ult problems in physis. The �rst lass

onsists of problems that are di�ult to desribe, but when the desription is

omplete, it is possible to solve them by known methods. The seond lass is

formed by problems whose setting is simple, but it is di�ult to solve them

and new methods and ideas must be developed to sueed. The third lass

is the ombination of the previous two.

As an example of the �rst lass problem we an take some phenomena in

the solid state physis well desribed in the one-partile piture. It is hal-

lenging to identify the important physis in experiment, but one identi�ed

all the alulations are more or less straightforward.

The problems of the seond lass are usually given by setting a simple

Hamiltonian desribing a ompliated physis. The task lies in �nding the

free energy for the Hamiltonian. Unfortunately, even very simple Hamiltoni-

ans do not possess simple solutions. One of the most important example in

the 20th entury physis is the physis of phase transitions. Hamiltonians for

e.g. magneti systems are simple. But to ahieve understanding, a bunh of

new ideas, like saling, universality and renormalization, had to be developed

before phase transitions have eventually been understood.

An example of the third-lass problems is studied in this thesis. We study

a reent problem of magneti impurities in metals. The task of identifying

the proper Hamiltonian to desribe the relevant experimental fats took more

than twenty years. Some approximate solutions were found but they did not

desribe most of the physis. After that the problem, i.e. �nding a solution

to a simple Hamiltonian, was waiting quite a long time for both qualitative

and quantitative understanding and it is not ompletely understood even

nowadays.

The problem of magneti impurities in metals does not involve intera-

tions of impurity spins. This is ensured by a low onentration of impurities.

Nevertheless, even if it is not a spin ordering type of problem, its understand-

ing was ahieved only after introduing the renormalization group ideas, al-

though it is not related to phase transitions by physis but rather by the

desription.

1.1 Physial overview

In this setion we provide an overview of a model of magneti impurity and

its known physial properties. We do not refer to the original papers, sine

there is a vast amount of them, but rather to a omprehensive book [1℄, whih

summarizes some of the older and well known results.
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We onsider a system of independent impurities in a metal. To desribe

suh a system it is su�ient to onsider a single impurity in a bath of on-

dution eletrons. The impurity itself is formed by an atom with a partially

�lled outer shell (e.g. d or f shell), whih an be oupied by two, one or

zero eletrons. The eletrons from the ondution band an hop onto the

impurity and bak. When there are two eletrons on the impurity site, there

is a Coulomb repulsion between them and it osts some additional energy to

add an eletron to the impurity if there is already one.

These properties an be summarized in a simple model. It is alled Single

Impurity Anderson Model (SIAM) with the Hamiltonian

∑

kσ

(
ε
k,σc

†
kσckσ + V

k
d†

σckσ + V ∗
k
c†
kσdσ

)
+

∑

σ

(Ed − σh)nd
σ + Und

↑n
d
↓. (1)

The ondution eletron operators are denoted c
(†)
k,σ, the impurity opera-

tors d
(†)
σ and the oupation number operator at the impurity nd

σ = d†
σdσ.

The symbol k denotes the quasi-momentum of ondution eletrons, the

symbol σ = ±1 is the spin variable, h means the magneti �eld measured in

units of the Bohr magneton µB, U expresses the e�etive Coulomb intera-

tion strength when two eletrons are at the impurity (later also referred to

as a bare interation), Ed is the energy of the relevant shell to whih ele-

trons bind, εk,σ is the single-partile energy of the ondution eletrons and,

�nally, we all Vk the hybridization between the ondution band levels and

the impurity level. This term governs the hopping of eletrons from and to

the impurity. The hybridization broadens the impurity level to a width ∆.

There are several di�erent parameter regimes of the model. The most

important one for us is the loal moment regime. It is de�ned by inequali-

ties Ed − µ ≪ −∆, Ed + U − µ ≫ ∆. The energy required to add a seond

eletron to the impurity is large, as well as the energy of the bound state of

one impurity eletron. Therefore, the impurity is oupied almost always by

one eletron. The magneti moment of this eletron e�etively interats an-

tiferromagnetially with the spin of the ondution eletrons. The sattering

ross setion of the ondution eletrons on the impurity strongly varies with

temperature near the absolute zero. The most important sattering proess

is a spin-�ip sattering that an be realized only indiretly through a virtual

intermediate state.

Other regimes embody two nonmagneti regimes, where both levels Ed

and Ed + U are well below (above) the Fermi level µ. The impurity is then

fully oupied or ompletely empty, respetively. There is also so alled

mixed valene regime when one of the levels lies within the broadening ∆
neighbourhood of the Fermi energy. This regime is haraterized by strong
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�utuations of the impurity oupation, sine eletrons an hop to the on-

dution band and bak without tunnelling any energeti barrier. The model

is then governed essentially by the hybridization and many-body interation

is relatively unimportant.

We shall disuss the loal moment regime of the single impurity Anderson

model. When U is large enough at a onstant hybridization, SIAM beomes

equivalent to the s-d model with a �xed impurity oupation number, but

allowing for a sattering on the impurity. The sattering is a potential sat-

tering or a spin-�ip sattering, when the impurity eletron exhanges its spin

with a ondution eletron. The oupling onstant J of the spin-�ip satter-

ing in the s-d model is related to the parameters of SIAM as J
.
= |V |2/U .

It is su�iently aurate to desribe the model in a simple form of per-

turbation theory at high enough temperatures. This simple approximation

already explains the resistivity minimum as the interplay between the T 5

phonon ontribution and log T impurity ontribution. The sattering ross

setion alulated at seond-order of the perturbation theory has a magni-

tude of the order of log T . It means that perturbation theory breaks down

at small temperatures. In fat, a simple perturbation theory result diverges

at a small temperature TK alled the Kondo temperature. We annot look

at the proess as a weak sattering of ondution eletrons on the impurity

near and under this temperature. In fat, the ground state of the s-d Hamil-

tonian is a spin singlet. The ondution eletrons sreen the impurity spin.

The binding energy of this singlet state is proportional to the Kondo tem-

perature TK . Therefore the Kondo temperature sets an energy sale at low

temperatures.

It is well known that the impurity suseptibility has a Curie-Weiss form

χimp(T ) ∼ T−1 at high enough temperatures. It annot, however, ontinue

down to zero temperature, the impurity suseptibility has to saturate at some

�nite value χimp(0). The rossover region is just the region near the Kondo

temperature TK . For the s-d model the zero temperature suseptibility reads

(see [1℄)

χimp(0) =
(0.413 ± 0.002)(2µB)2

4kBTK

, (2)

that an serve as a de�nition of the Kondo temperature TK . An exat result

obtained by means of the Bethe ansatz tells us, that the Kondo temperature

dereases exponentially with the Coulomb interation strength U . Obviously,

this behaviour annot be reprodued by summing up only a few terms in the

U expansion.

The Curie-Weiss suseptibility annot be easily explained in the one-

partile piture. The reason lies in appliability of the Sommerfeld expansion
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to a non-interating system of fermions at low temperatures. The Sommerfeld

expansion is an expansion in powers of temperature, where the oe�ients

are derivatives of the density of states at the Fermi level. One an obtain a

diverging suseptibility ∼ 1/T from this expansion at low temperatures only

if the oe�ients in the series are large and inrease with the order of the

expansion. Thus, there must be sharp features in the density of states at the

Fermi energy. Those sharp features an appear in the one-partile piture

only if an unphysially large hybridization, several order of magnitudes larger

than the realisti value, is assumed. Another problem of the one-partile (i.e.

mean-�eld) approah is the predition of an unphysial symmetry breaking

state 〈n↑〉 6= 〈n↓〉 at large enough U .

All the properties mentioned above an be explained if the density of

states has the following form. It should be a superposition of the one-partile

piture density of states, having two broad peaks of a width ∼ ∆ at the

impurity levels Ed and Ed+U , and a sharp peak of a width ∼ TK at the Fermi

level. This peak is sometimes alled Abrikosov-Suhl resonane. A typial

form of the impurity density of states is shown in Figure 1.

Ed µ Ed + U

D
O

S

ω

Figure 1: A three peak struture of the density of states

1.2 Wilson's renormalization group alulation

The breakthrough to the impurity models ame from Wilson (see [2℄), whose

ontribution was honored by awarding him the Nobel prize. His idea is based

on the fat that all energy sales are important at the rossover region, being

a harateristi feature of logarithmi divergenes. The ondution band is
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disretized into an in�nite number of intervals of a dereasing width when

going to the Fermi level. Only the most important states are taken into

aount from eah bin. The Hamiltonian (1) is mapped to a half-in�nite

hain of eletrons with the oupling falling to zero along the hain. The

hain is trunated and the dependene on the hain length is then studied by

a renormalization group tehnique. After eah step of the renormalization

group transformation the trunated Hamiltonian is approximately diagonal-

ized and only several thousands lowest lying states are kept. This proedure

works due to an e�etive deoupling of the states with high energy and

small energy when physial quantities are alulated. The high energy states

(ompared to the inverse temperature β) are attenuated due to the Boltzman

fator e−βE, the states of low energy are only weakly oupled to the interme-

diate energy states and their ontribution redues to a onstant due to the

Boltzman fator e−βE .
= 1. Only within the intermediate states of energy E

of the order of β something interesting happens.

From what was said above it follows that there is a mapping between

temperature and the hain length neessary to desribe the physis. As the

hain length varies, an e�etive Hamiltonian desribing the physis varies

as well. From the renormalization group methodology it is known that the

e�etive Hamiltonian spends most time near �xed points of the renormaliza-

tion group transformation. There are two �xed points for the s-d model and

three for SIAM. Let us disuss those of the s-d model.

One of the �xed points desribes the high temperature behavior, the

other the low temperature one. The e�etive Hamiltonian near the high

temperature �xed point is equivalent to the s-d Hamiltonian with a weak

oupling J . The sites of the Kondo hain are almost deoupled near this

�xed point (totally deoupled at the �xed point), so that the behavior an

easily be desribed by perturbation theory. The other �xed point desribes

the low temperature behavior and orresponds to J = ∞. The �rst site of

the hain is in�nitely strongly oupled to the seond one, but this luster is

almost deoupled from the rest of the hain. The resulting Hamiltonian near

the �xed point an be mapped to a form resembling the SIAM Hamiltonian

with renormalized parameters. Those parameters are ompletely di�erent

from the orresponding parameters for the original model. The Hamiltonian

at the �xed point an be analyzed in the one-partile piture and an enhaned

density of states at the Fermi level is found, so that it explains the entral

peak in the density of states. The low temperature �xed point orresponds to

weakly interating quasi-partiles and the model in this regime an therefore

be desribed by the Fermi liquid theory.

The Hamiltonian at intermediate temperatures (resp. at an intermedi-

ate stage of the iteration proedure) is di�ult and an be assessed only
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numerially. At the rossover region the e�etive Hamiltonian hanges very

quikly. It, nevertheless, provides the orret rossover from the Curie-Weiss

suseptibility to the regime with a saturated suseptibility.

The message of Wilson's renormalization group alulation is the fol-

lowing. At di�erent temperatures di�erent e�etive Hamiltonians govern

the impurity problem. The physis at the high-temperature and the low-

temperature regimes an be desribed in terms of simple Hamiltonians, at the

intermediate stage it is impossible. The proess of the impurity suseptibility

saturation and the singlet state formation near the Kondo temperature TK

is desribed as a rossover from one �xed point Hamiltonian to the other.

The three peak struture, more preisely the mysterious sharp entral peak,

is explained as the property of the low temperature �xed point Hamiltonian.

From the quantitative point of view, the renormalization group alu-

lation is able to provide good results for thermodynami quantities. Some

thermodynami quantities an be alulated exatly from the Bethe ansatz

solution. What remains unsolved is the dynamis of the model, i.e. the en-

ergy dependene of the density of states. There exists no exat solution for

the density of states and all available methods have some drawbak.

1.3 Goal of the thesis

At this moment we have at hand a physial piture of the impurity problem.

What was said above onerns only the model without any external magneti

�eld. The goal of this thesis is to investigate the dynamis of the single

impurity Anderson model in a nonzero external magneti �eld.

We approah the problem by using the weak-oupling diagrammati per-

turbation theory. The perturbation series is applied onto the two-partile

vertex and will be summed by using the parquet approah developed in

papers [3℄ and [4℄. The parquet theory therein will be generalized by inor-

porating the third hannel of the Bethe-Salpeter equations into the theory.

The generalization of the parquet theory is interesting in its own sake and

an be used to takle more di�ult models like the Hubbard model in future.

The developed formalism is eventually applied to SIAM and the Kondo

peak splitting in the magneti �eld is investigated.
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2 Diagrammati perturbation theory

A general idea how to takle problems without an exat solution is perturba-

tion theory. We �rst identify the term making the problem di�ult to solve,

then solve the problem without this term and �nally expand all quantities

as a Taylor series in the di�ult term. The di�ult term does not have to

be small if we take enough orders of the series and if the series onverges.

The many-body perturbation theory, well developed in the past, an be

also applied to problems of magneti impurities. The perturbation theory

approah is not, however, the only possible approah to impurity problems.

There are other methods to obtain some features of the full solution. Those

methods, like the Numerial Renormalization Group (NRG) tehnique or

the Diagrammati Monte-Carlo (DMC) approah are purely numerial and

of a limited appliability We have to get a reliable analyti insight from

somewhere else. The many-body perturbation theory is a proper framework

to investigate impurity problems analytially and to ontrol the qualitative

behavior.

At the partiular example of the single impurity Anderson model with

Hamiltonian (1) we an expand physial quantities (namely the Green fun-

tion, from whih all one-partile operator averages an be determined) in

powers of either the Coulomb interation strength U or the hybridization

term Vk. Unperturbed state is of ourse di�erent in the two perturbation

shemes. In the �rst ase one has a free impurity level oupled by a hybridiza-

tion term to the ondution states (known as the non-interating limit), in

the other ase (known as the atomi limit) one has an independent band

of the free ondution eletrons and an impurity with the Coulomb term.

The latter an be diagonalized exatly. The phase spae of the impurity is

formed by just four basis states: the empty impurity, the twie oupied

impurity and the impurity oupied by an eletron with spin up or down.

On this spae the Hamiltonian is expressed as a 4 × 4 matrix, whih an be

diagonalized easily.

While the perturbation expansion in powers of U leads to the standard

form of the diagrammati theory (Feynman diagrams, see e.g. [5℄ or Ap-

pendix A), the expansion in the hybridization term is di�ult to pursue,

sine one annot easily formulate Wik's theorem. The reason is that Wik's

theorem is valid when the unperturbed Hamiltonian onsists of one-partile

operators only. A method to deal with it has been proposed in [6℄, but has

not led to signi�ant results.

That is why we onentrate on perturbation theory in U exlusively. Un-

fortunately, it does not su�e to take into aount only a few lowest orders of

the perturbation series. In fat, to desribe onsistently the strong oupling
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limit, where U is large, one has to sum up the leading terms of the series to

all orders.

The generating quantity to be investigated is the one-partile Green fun-

tion. This funtion ontains the whole one-partile dynamis and an be used

for the evaluation of a mean value of any one-partile operator. The one-

partile Green funtion an be evaluated by using Feynman diagrammati

rules. In this thesis the derivation of Feynman rules is not explained, we

just summarize them in Appendix A. Interested reader should onsult any

of standard textbooks on quantum �eld theory in ondensed matter physis,

e.g. [5℄.

The one-partile Green funtion is alulated as the sum of all diagrams

with two external points. Let us onsider any diagram X ontributing to

the one-partile Green funtion. We an onstrut a diagram, ontributing

to the Green funtion as well, by just onneting several X's linearly by

bare propagators. Apparently, the Green funtion an be represented as a

geometri series of diagrams that annot be split into two parts by utting

one bare propagator, so alled one-partile irreduible diagrams.

The quantity summing all the one-partile irreduible diagrams is alled

the self-energy Σ. The one-partile Green funtion an be reovered from it

by using the Dyson equation (see [5℄)

G−1 = G0−1 − Σ, (3)

where G0 is the noninterating one-partile Green funtion. There is a smaller

number of diagrams ontributing to Σ. By using the Dyson equation for

the alulation of the Green funtion we in fat sum an in�nite number of

diagrams, onstruted by onatenating subdiagrams from Σ behind eah

other.

The problem of determining Σ still annot be addressed diretly by sum-

ming diagrams order by order for a number of models, inluding the single

impurity Anderson model, beause it is mathematially very di�ult. One

an analytially sum up only a few orders of the perturbation expansion. The

problem is that it is neessary to have an in�nite number of diagrams in Σ
to orretly desribe the impurity model in the strong-oupling regime. For-

tunately enough, only a spei� lass of diagrams is responsible for a spei�

qualitative behavior of the model.

The main idea of this thesis is to generate diagrams ontributing to the

self-energy Σ starting from the two-partile Green funtion and then to prop-

erly ontrat them to obtain diagrams with one inoming and one outgoing

line. It happens that the qualitative features of the self-energy near the Fermi

energy are aused by singular features in two-partile funtions. When using

the two-partile formalism we an more easily ontrol these singularities.
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When deriving equations in this thesis we have in mind their appliation

to the single impurity Anderson model in the external magneti �eld. Their

appliability range is, however, not that narrow. It depends on the form

of the one-partile bare propagator and the bare interation. Plugging in

a more omplex form of those we an address e.g. the problem of multi-

orbital Anderson model. Adding momentum as a dynamial variable we an

takle the Hubbard model et. Derived equations an be straightforwardly

generalized to those ases.

2.1 Two-partile funtions

To be able to use the two-partile formalism we have to derive equations

governing it when the magneti �eld is applied. These equations are more

ompliated than in the spin-symmetri ase of papers [3℄ and [4℄. We de-

rive the equations �rst in a graphial form and only then we write them as

mathematial equations.

One has to hoose a onvention for displaying signs of diagrams when

drawn graphially. Below we are subjet to the onvention that signs result-

ing from a permutation of external lines or losed fermioni loops are kept

outside the diagrams. At the same time all �blak boxes� like vertex fun-

tions are onsidered being fundamental building bloks. It means that we

keep all signs of these �blak boxes� inside them, so that they are evaluated

aording to the same rules as any other diagram and as suh an be used

as a part of a bigger diagram. Another onvention we adopt is that we draw

the external points (even those of subdiagrams) in a �xed order. We should

now shortly reapitulate some basi notions of the two-partile diagrams.

We �rst introdue the two-partile Green funtion. It is the sum of all

diagrams with four �xed external points formed by ends of fermioni lines.

This quantity an be deomposed to simpler parts. There are diagrams whih

have two unorrelated parts. Then there are diagrams that orrelate all four

external points. We write an equation of Figure 2 by whih we de�ne the

two-partile vertex funtion Γ. This funtion ontains all the two-partile

G(2) = − + Γ

Figure 2: The two-partile Green funtion
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di�ulty. It an be evaluated using the standard Feynman rules. Vertex Γ is

formed by the one-partile irreduible diagrams onneting all four external

points having just four free ends of the bare interations orresponding to

the four external points.

By the latter manipulation we haven't ahieved muh simpli�ation, sine

the vertex Γ is still too di�ult to evaluate. Now, even Γ an be further

deomposed. Here omes into play the important notion of two-partile ir-

reduibility. A diagram is two-partile irreduible if it annot be split to two

disonneted parts by utting two internal lines. So vertex Γ deomposes into

two parts. One is the sum of all irreduible diagrams. The other is the sum

of all reduible diagrams, whih an be onstruted in the Dyson-equation

manner. There are three types of two partile reduibility.

Eletron-hole reduible diagram an be split into two parts (left and

right) by utting two lines of the opposite diretion, going horizontally.

This type of diagram is shown in Figure 3.

Figure 3: An example of an eletron-hole reduible diagram. The blak boxes

denote any subdiagram. Note, that after utting the two visible lines, the

diagrams split into left and right parts.

Vertially reduible diagram an be split into up and down parts by ut-

ting two lines going vertially in the opposite diretion. Suh a diagram

is shown in Figure 4.

Eletron-eletron reduible diagram an be split into diagonal-diagonal

parts by utting two lines of the same diretion. An example diagram is

drawn in Figure 5. Note that there is no fourth hannel, sine eah re-

sulting part onnets two external points and this an be aomplished

in three nonequivalent ways (i.e. one external point an be onneted

to any of the three other external points).

2.2 The Bethe-Salpeter equations

Having de�ned the possible reduibility types (hannels) we an onstrut a

two-partile analogue of the Dyson equation, the Bethe-Salpeter equations.
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Figure 4: An example of vertially reduible diagram. The blak boxes

denote any subdiagram. The diagram splits into up and down parts. This

an be viewed as a rotated eletron-hole reduible diagram.

The irreduible part of Γ is alled the two-partile irreduible vertex and de-

noted Λeh for the eletron-hole hannel, Λv and Λee for the other hannels,

respetively. Before proeeding to the formulation of the Bethe-Salpeter

equations we should still explain one onfusing point. Note that a fermioni

line starting in one external point must end in some other by the harge

onservation law. There are two ways to aomplish this: the line an run

horizontally or vertially. Any �box� (e.g. Λ, Γ, U) an be written as a

sum of the two diagram types. Any diagram appearing in the �rst lass ap-

pears rotated in the seond lass with the opposite sign, sine it represents a

transposition of external points. One should hek that all signs �t and that

no diagram is ounted more than one. In Figure 6 we an see the deom-

position of two-partile funtions into a sum of all diagrams with fermioni

lines running horizontally and vertially. Note that the box representing the

bare interation U onsists of two parts as well. This onvention is used

throughout the thesis.

In Figure 7 the Bethe-Salpeter equation in the eletron-hole hannel is

displayed. The summation over frequenies and spins of the internal prop-

agators is implied. Similarly, we an write the Bethe-Salpeter equation in

the vertial hannel whih is basially a rotated eletron-hole hannel (Fig-

ure 8). The equations di�er only in sign. The Bethe-Salpeter equation in the

eletron-eletron hannel is more ompliated. The problem an be easily

seen, when we expand the eletron-eletron onvolution of Λ and Γ. This is
done in Figure 9. Eah diagram is ounted twie here, sine there are two

pairs of idential terms. Hene, these eletron-eletron onvolution terms
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Figure 5: An eletron-eletron reduible diagram. The blak boxes denote

any subdiagram. After utting the two lines the diagram splits into diagonal

parts, onneting the upper-left external point with the lower-right one and

the lower-left with the upper-right one.

Γ (Λ) = Γ̂ (Λ̂) + Γ̃ (Λ̃)

U = -

Figure 6: Deomposition of the two-partile vertex Γ, any two-partile ir-

reduible vertex Λα and the bare interation U into �diret� and �rotated�

parts.

should enter the equation not with a prefator one, like in the eletron-hole

ase, but with a prefator 1/2, aneling the double-ounting. The Bethe-

Salpeter equation in the eletron-eletron hannel is drawn in Figure 10.

The latter equation, however, holds, only if the �horizontal� and �vertial�

parts of Γ ontain the same diagrams, whih is by de�nition true for the

exat Γ. Nevertheless, we are going to use an approximate Γ in whih we do

not ful�ll this symmetry. That is why we modify below the Bethe-Salpeter

equation in the eletron-eletron hannel and overome the double-ounting

by di�erent means. But �rst we should review the Shwinger-Dyson equation

and explain the parquet approah.
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Γ = Λeh + Λeh Γ

Figure 7: The Bethe-Salpeter equation in the eletron-hole hannel. Sum-

mation over frequenies and spins of the internal propagators is implied.

Γ = Λv −

Λv

Γ

Figure 8: The Bethe-Salpeter equation in the vertial hannel. Summation

over frequenies and spins of the internal propagators is implied.

2.3 The Shwinger-Dyson equation

The one partile dynamis of the system is desribed by the dynamial part

of the self-energy. Two-partile funtions are more general and ontain more

information than one-partile funtions, so that it should be possible to al-

ulate the self-energy from the knowledge of the two-partile vertex.

To ompliate things, there are at least two di�erent ways to onstrut

the self-energy from a two-partile vertex. First, there is a relation known

as the Ward identity (see Appendix B). This relation is known ([7℄) to be

onneted to the onservation laws and proper thermodynami behavior of

the model. Then there is the Shwinger-Dyson equation of Figure 11 (for

derivation see e.g. [8℄). It omes diretly from the Shrödinger equation and

therefore is related to the proper dynamis of the model.

The two relations mentioned above must hold at the same time, sine

they are exat. Nevertheless, no approximate theory is able to ful�ll both

simultaneously. One has to deide whih quantities are the important ones for

his problem and then orrespondingly hoose the proper relation to pursue.
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Λ̂ee Γ̂
=

Λ̃ee Γ̃

Λ̂ee Γ̃
=

Λ̃ee Γ̂

Figure 9: Eletron-eletron onvolution term expanded. Note, that there are

two pairs of idential terms.

In this thesis we are interested in the dynamis, so we use the Shwinger-

Dyson equation for the self-energy alulations.

2.4 Parquet equations

When working with one-partile funtions, one usually expresses them by

using the Dyson equation and the self-energy. The self-energy is an input to

this equation. In pratie one hooses an approximation to the self-energy,

i.e. a sum of skeleton diagrams, and the Green funtion is then alulated

self-onsistently in this approximation. The diagrams appearing in the Green

funtion by this proedure are of a quite simple form. They are basially

a repetition and ombination of skeleton diagrams; when oversimplifying a

little bit one an ompare them to a geometri series of skeleton diagrams.

We would like to extend this proedure to two-partile funtions. The role

of the self-energy in the two-partile formalism is played by a two-partile

irreduible vertex Λ. Therefore, if we want to approximate the one-partile

irreduible vertex Γ in a self-onsistent way, we should use Λ as a fundamental

building blok. It may seem that we have aomplished this by writing down

the Bethe-Salpeter equations. Unfortunately, this is not true. We should

inlude in�nitely many diagrams in the self-energy as well. Only some of

the diagrams and their repetitions are, however, usually important and they

are inluded by putting them into the approximate self-energy as skeleton
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Γ = Λee +
1

2

Λee Γ

Figure 10: The Bethe-Salpeter equation in the eletron-eletron hannel.

Summation over frequenies and spins of the internal propagators is implied.

Σ = - Γ

Figure 11: The Shwinger-Dyson equation relates the self-energy and the

two-partile vertex Γ
.

diagrams. The rest is governed by the Dyson equation itself. In the two-

partile piture we would like to sum at least all �ladder� diagrams (see

Figure 12) in all three hannels. The Bethe-Salpeter equation in one hannel

produes ladders in this hannel only, so that ladder diagrams in the other

hannels have to appear in the hannel's irreduible vertex! I.e., one has

to put them into the fundamental building bloks. This means that the

fundamental building blok eases to be elementary.

Figure 12: Examples of ladder diagrams

What was said above suggests that there is something more fundamen-

tal than the two-partile irreduible vertex Λ. The quantity is alled the
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two-partile fully irreduible vertex and we denote it I. It is de�ned to be

the subset of the two-partile irreduible diagrams that ontains only the

diagrams irreduible in all hannels. An example of a ontribution to the

two-partile fully irreduible vertex is the bare interation U . Some other

diagrams ontributing to I are shown in Figure 13. It is now possible to

Figure 13: Some ontributions to the two-partile fully irreduible vertex

generate the irreduible vertex Λ from the fully irreduible vertex I and plug

them into the appropriate Bethe-Salpeter equation. To produe ladders in

all hannels one has to use all three Bethe-Salpeter equations simultaneously.

If we pursue it in the simplest way, we add ladders from three hannels and

end up with an approximation known as FLEX (Flutuating Exhange Ap-

proximation). For details see e.g. [9℄.

The parquet approah, �rst used in [10℄, ahieves even more than just

summing up all the ladder diagrams. The idea of it is based on the follow-

ing observation. A diagram reduible in one hannel is irreduible in the

other hannels (for proof see e.g. [10℄). From this follows that diagrams on-

tributing to the two-partile vertex an be divided into four non-overlapping

lasses: fully irreduible diagrams (forming the fully irreduible vertex I)
and diagrams reduible in eah hannel α, denoted Γα. This mathematially

reads

Γ = I + Γee + Γeh + Γv. (4)

The irreduible verties Λ an be deomposed as well into three disjoint

sublasses. Consider that a diagram irreduible in one hannel an still be

reduible in eah of the other hannels. Putting this into equations we obtain:

Λeh = I + Γee + Γv, (5)

Λee = I + Γeh + Γv, (6)

Λv = I + Γee + Γeh. (7)

From the presented set of equations we an express the two-partile vertex
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by the irreduible verties

Γ =
1

2

(
Λeh + Λee + Λv − I

)
. (8)

We an substitute the last equation into the three Bethe-Salpeter equations

of Figures 7 to 10. By this method we obtain a set of oupled integral

equations for Λ's. The only two-partile input to this set of equations is the

fully irreduible vertex I. Note that the entire proedure up to here ontains

no approximation, so that the presented theory is exat as far as the exat

fully irreduible vertex I is plugged in.

We should make a few omments about what diagrams are atually taken

into aount when solving the parquet equations. This question an be an-

swered by a reursive onstrution transferring the expliit iteration of the

equations into diagrams. Suppose that we have at some stage a diagram X.

This diagram is the fully irreduible vertex in the beginning. We obtain a

ontribution to Λα by onvolving X with I in a hannel α. This diagram

ontributes to the two-partile vertex Γ as well. So a general diagram of

the parquet approah is onstruted by multiple onvolutions in di�erent

hannels of I with earlier onstruted diagrams.

The �rst approximation made when using parquet equations is at the very

hoie of an approximation for I whih ertainly annot be known exatly.

Most of the physis is in fat ontained not in the fully irreduible vertex but

in the ombination of diagrams using the two-partile onvolutions. There

are, however, some models and regimes, where even I has to be renormalized

and determined self-onsistently. This is the ase in the strong oupling

regime of Mahan-Nozières-de Dominiis model [11℄, where, by the way, the

two-hannel approximation to the parquet equations is exat. In the rest of

this thesis we are going to use the simplest approximation U = I providing

the leading logarithmi-order solution in the ritial region of the Bethe-

Salpeter equations of SIAM.

2.5 Modi�ation of equations when dealing with two

hannels only

Our theory is not spin invariant, beause of the magneti �eld. This should

be ontrasted to the former parquet theory of papers [3℄ and [4℄. Our analysis

must inlude the vertial hannel of the Bethe-Salpeter equations. Unfortu-

nately, nobody has yet been able to takle the parquet equations with all

three hannels simultaneously. To obtain quantitative results we need to

work expliitly with only two hannels of the Bethe-Salpeter equations.
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Remember that the quantity of interest for us is the self-energy. The

two-partile vertex Γ serves only as an auxiliary quantity from whih we

determine the self-energy. The important diagrams of the vertial hannel

are ontained in the eletron-hole hannel when the bare interation is a sum

of two ontributions from Figure 6. We an reover their ontribution by

modifying the Shwinger-Dyson equation of Figure 11.

Before doing so we have to modify the Bethe-Salpeter equations of Fig-

ures 7 to 10 to desribe as muh as possible within only two hannels. We

onsider only the equations of Figures 7 and 10. We emphasize that we in-

lude only suh diagrams into irreduible verties Λeh,ee that do not ontain

diagrams reduible in the vertial hannel. Most of the double-ounting men-

tioned above is then solved, sine the equality signs in Figure 9 do not hold.

We still, however, ount some diagrams twie. Those are the ones with the

bare interation oming from Λ's. We an ompletely get rid of the double-

ounting onsequently by subtrating one part (horizontal or vertial, we

hoose the horizontal one) of the bare interation from the eletron-eletron

irreduible vertex in the onvolution. The resulting Bethe-Salpeter equation

in the eletron-eletron hannel is shown in Figure 14.

Γ = Λee +
Λee Γ

+
Γ

Figure 14: The relevant version of the Bethe-Salpeter equation in the

eletron-eletron hannel

Let us proeed with the modi�ation of the Shwinger-Dyson equation

of Figure 11. In this equation the ladder diagrams in the vertial hannel

emerge due to the vertial hannel only. The �vertial� part of the two-

partile vertex, i.e. the part where the fermioni line onnets left inoming

and outgoing lines, does not ontribute sine the matrix element of the bare

interation onnets only two fermions with the opposite spin. One an

substitute the �horizontal� part of the bare interation by the full bare in-

teration (i.e. the sum of the �horizontal� part and the rotated part). By

this modi�ation we inlude the vertial hannel diagrams into our approx-

imation in kind of FLEX manner. We have, however, introdued another

double-ounting. The only double-ounted diagram is the seond-order one
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and the double ounting an easily be ured by subtrating it. The resulting

Shwinger-Dyson equation is shown in Figure 15.

Σ = - Γ U +

Figure 15: The modi�ed Shwinger-Dyson equation

The last neessary modi�ation is to be done in the parquet deomposi-

tion. In the reasoning preeding equation (4) we avoided diagrams reduible

in the vertial hannel. Equation (4) is therefore transformed into

Γ = I + Γee + Γeh (9)

and from (8) without Λv and Γv one obtains

Γ = Λeh + Λee − I. (10)

In the rest of this thesis we work with the modi�ed equations from this

setion. In the following setion we put the �pituresque� equations into

the orresponding analyti form and develop a method to solve the parquet

equations.
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3 Matrix formulation of the parquet equations

To be able to solve the parquet equations we have �rst to formulate them in

an expliit form, i.e. to rewrite the �pituresque� equations of the preeding

setion into mathematial expressions. To pursue this task a few onventions

for denoting external variables of verties must be adopted. The hosen

notation in this thesis is the one of Figure 16. We remind the reader that

we always draw the verties in a �xed orientation of orners, so that the

notation is unique. For onveniene we de�ne all two-partile funtions with

minus signs so that the bare interation U is then positive. This hanges

the relative sign of the terms on the right hand side of the Bethe-Salpeter

equations (Figures 7 and 14).

Γσσ
′

ττ ′ (k, k′; q) = Γ

k + q, τ

k, σ

k′ + q, τ ′

k′, σ′

Figure 16: Notation for the two-partile funtions. Vertex Γ an be replaed

by other funtions (Λ, U). Variables k, q, . . . denote in general the four-

vetors (iωn,k) and the summation
∑

k means the summation over all om-

ponents with a proper normalization fators. In the appliation part of this

thesis we onsider only the Matsubara frequenies iωn and the summation

means
∑

k = 1/β
∑

n

.

In order to perform alulations in the simplest way we represent two-

partile onstituents of the Bethe-Salpeter equations by 4×4 matries. Con-

volutions in the Bethe-Salpeter equations of Figures 7, 14 are then written

in a ompat form as matrix multipliations. We have to distinguish the

matries to be used in the eletron-hole hannel and in the eletron-eletron

hannel onvolutions; they are denoted Γ(eh) and Γ(ee), respetively. We show

the plaement of terms Γσσ′

ττ ′ in the matrix for the two-partile vertex Γ, but it
is the same for any other two-partile funtion and Γ an be diretly replaed

by other symbols (Λ, U). The matries for the two-partile vertex read (for
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simpliity we omit writing internal variables here)

Γ(eh) =




Γ↑↑
↑↑ Γ↑↑

↑↓ Γ↑↓
↑↑ Γ↑↓

↑↓

Γ↑↑
↓↑ Γ↑↑

↓↓ Γ↑↓
↓↑ Γ↑↓

↓↓

Γ↓↑
↑↑ Γ↓↑

↑↓ Γ↓↓
↑↑ Γ↓↓

↑↓

Γ↓↑
↓↑ Γ↓↑

↓↓ Γ↓↓
↓↑ Γ↓↓

↓↓




, Γ(ee) =




Γ↑↑
↑↑ Γ↑↑

↓↑ Γ↑↓
↑↑ Γ↑↓

↓↑

Γ↑↑
↑↓ Γ↑↑

↓↓ Γ↑↓
↑↓ Γ↑↓

↓↓

Γ↓↑
↑↑ Γ↓↑

↓↑ Γ↓↓
↑↑ Γ↓↓

↓↑

Γ↓↑
↑↓ Γ↓↑

↓↓ Γ↓↓
↑↓ Γ↓↓

↓↓




.

(11)

Some of the terms in these matries are zero by the spin onservation law.

Only those terms an be nonzero, in whih there are either four equal spins

or two pairs of the same spins. Below we introdue a speial notation for the

non-vanishing terms

Γ(eh) =




Γt 0 0 −Γt

0 Γs 0 0
0 0 Γ−s 0

−Γ−t 0 0 Γ−t


 , Γ(ee) =




Γt 0 0 0
0 Γs −Γt 0
0 −Γ−t Γ−s 0
0 0 0 Γ−t


 . (12)

The bare interation of Figure 6 takes a form

U (eh) =




0 0 0 −U
0 U 0 0
0 0 U 0

−U 0 0 0


 , U (ee) =




0 0 0 0
0 U −U 0
0 −U U 0
0 0 0 0


 . (13)

We an easily see the "diret" and the "rotated" term of U in these matries.

The internal propagators in the Bethe-Salpeter equations an be written

as matries as well. They are the same for the eletron-hole and eletron-

eletron hannels. The matrix takes the form

G(2)(k, k′) =




G↑(k)G↑(k
′) 0 0 0

0 G↑(k)G↓(k
′) 0 0

0 0 G↓(k)G↑(k
′) 0

0 0 0 G↓(k)G↓(k
′)


 . (14)

Within the introdued formalism we an write down the Bethe-Salpeter

equations of Figures 7 and 14. The Bethe-Salpeter equation in the eletron-

hole hannel reads (using the eletron-hole type of matries (12))

Γ(k, k′; q) = Λ
eh(k, k′; q)−

∑

k′′

Λ
eh(k, k′′; q)G(2)(k′′, k′′ + q)Γ(k′′, k′; q). (15)
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Similarly in the eletron-eletron hannel we an write

Γ(k, k′; q) = Λ
ee(k, k′; q) −

∑

k′′

(
Λ

ee(k, k′′; q + k′ − k′′) − Ũ
)
×

× G(2)(k′′, k + k′ + q − k′′)Γ(k′′, k′; q + k − k′′). (16)

using the eletron-eletron type of matries (12). The matrix Ũ is the o�-

diagonal part of the bare interation U from equation (13). It an easily be

on�rmed that the matrix multipliation really orresponds to the summation

over spins of internal propagators.

Before proeeding to the parquet solution we should get some feeling of

the equations by solving them in a simple approximation. This is aom-

plished in the following subsetion.

3.1 Random Phase Approximation (RPA)

The simplest and therefore often used approximation onsists in onsidering

the fully irreduible vertex I to be a onstant equal to the bare interation U .

We onsider the eletron-hole hannel only. The two-partile vertex is to be

determined from equation (15). The equation rewritten with a onstant Λ =
U reads

Γ
RPA(k, k′; q) = U − U

∑

k′′

G(2)(k′′, k′′ + q)ΓRPA(k′′, k′; q) (17)

From the struture of the equation one an see that Γ
RPA(k, k′; q) depends on

the onserving frequeny q of the eletron-hole hannel only. The solution an

hene be expressed in a purely algebrai way. For onveniene we introdue

a speial symbol for the eletron-hole bubble

χ(q) =
∑

k

G(2)(k, k + q) =




χ↑↑(q) 0 0 0
0 χ↑↓(q) 0 0
0 0 χ↓↑(q) 0
0 0 0 χ↓↓(q)


 (18)

and its eletron-eletron ounterpart

ψ(q) =
∑

k

G(2)(k, q − k) =




ψ↑↑(q) 0 0 0
0 ψ↑↓(q) 0 0
0 0 ψ↓↑(q) 0
0 0 0 ψ↓↓(q)


 . (19)
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These quantities an be (and later are) quite easily evaluated for any parti-

ular model. The RPA solution using just introdued notation takes a form

Γ
RPA(k, k′; q) =

1

1 + Uχ(q)
· U . (20)

The fration 1/ . . . means the matrix inverse of the denominator. Sine there

are many zero terms in the matrix one an easily �nd the inverse in a simple

losed form. By inverting the matrix we arrive at a solution

ΓRPA
s (q) =

U

1 + Uχ↑↓(q)
, ΓRPA

−s (q) =
U

1 + Uχ↓↑(q)
, (21)

ΓRPA
t (q) = ΓRPA

−t (q) =
U

1 − U2χ↑↑(q)χ↓↓(q)
, (22)

ΓRPA
t (q) = − U2χ↑↓(q)

1 − U2χ↑↑(q)χ↓↓(q)
, ΓRPA

−t (q) = − U2χ↓↑(q)

1 − U2χ↑↑(q)χ↓↓(q)
. (23)

In this solution we an see an intriguing feature of the approximation.

In the ase of the model to be investigated the χ's have a negative stati

real part. When U exeeds a ertain ritial value there is an unphysial

pole in the two-partile funtion with the Hartree one-partile propagators.

This pole does not appear in the eletron-eletron hannel solution, sine in

this hannel the solution is basially the same with ψ's instead of χ's in the

denominator and the ψ's have a positive real stati value.

We should remark that breakdown of RPA at a ritial value Uc does not

mean inappliability of the perturbation theory in U . It just means that we

are taking a wrong or insu�iently large subset of diagrams. In a riher set

of diagrams the amplitudes of large-order terms are redued by subtration

of similar ontributions with di�erent signs. In our approah the divergene

at �nite U is later to be ured by renormalizing the bare interation, so that

the denominator does never ross zero for a �nite interation strength.

Other possible approah to get rid of this singularity is the one-partile

self-onsistent FLEX, whih takes the two-partile vertex Γ to be equal to the

RPA one and alulates the self-energy from the Shwinger-Dyson equation

by using full propagators. The ritial point is shifted to in�nite U but it

predits wrong dependene of the width of the Kondo peak on U .

3.2 Parquet equations

In this subsetion we eventually implement the ideas skethed in Setion 2.4

and equation (10). The purpose of the parquet approah is to sum diagrams

of more hannels to regularize the singularity in the bare RPA solution.
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Starting from the eletron-hole-hannel Bethe-Salpeter equation (15) and

plugging in the deomposition of the two-partile vertex (10) we obtain equa-

tion

Λ
ee(k, k′; q) = U −

∑

k′′

Λ
eh(k, k′′; q) ×

× G(2)(k′′, k′′ + q)
(
Λ

eh(k′′, k′; q) + Λ
ee(k′′, k′; q) − U

)
. (24)

Pursuing the same algorithm for the eletron-eletron-hannel Bethe-Salpeter

equation (16) we arrive at a seond parquet equation

Λ
eh(k, k′; q) = U−

∑

k′′

(
Λ

ee(k, k′′; q + k′ − k′′) − Ũ
)

G(2)(k′′, k+k′+q−k′′)×

×
(
Λ

eh(k′′, k′; q + k − k′′) + Λ
ee(k′′, k′; q + k − k′′) − U

)
. (25)

The parquet equations form a set of ompliated integral equations. As was

stated earlier, we are not as muh interested in a full quantitative solution

but rather in spei� qualitative features of the solution in the two-partile

ritiality. In the next setion we show how to approximately solve the

equations in this regime. We ahieve the solution by disregarding some of

assumed unimportant frequeny variables.

There has been an attempt to solve the full parquet equations numer-

ially [12℄. It is, however, possible to do so only in the high-temperature

regime, where the e�et of small energies of the order of the Kondo temper-

ature TK is smeared out by thermal �utuations.

3.3 The Shwinger-Dyson equation

We have to formulate the Shwinger-Dyson equation of Figure 15 as an ex-

pliit formula. Within the matrix formalism the Shwinger-Dyson equation

an be written as

Σσ(k) = U
∑

k′

G−σ(k′) + U2
∑

k′

Gσ(k′)χ−σ,−σ(k′ − k) −

−
∑

τ

∑

k′′,q

(
Γ(k, k′′; q)G(2)(k′′, k′′ + q)U

)σσ

ττ
Gτ (k + q). (26)

The self-energy Σ an be split to a stati Hartree term and a dynamial

ontribution Σ̃
Σσ(k) = Un−σ + Σ̃σ(k). (27)

The stati term only renormalizes the energy level by a onstant number.

Later on we are going to use propagators with the stati term inorporated
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into the energy level, so that the self-energy in fat ontains only the dynam-

ial orretion.

3.4 Simpli�ation of the parquet equations in the riti-

al regime

We are interested in solving the parquet equations in the ritial regime de-

�ned by a Kondo sale, here denoted a and to be de�ned later, going to zero.

This orresponds to U being su�iently strong. We an get some insight into

the ritial behavior already from the RPA solution from setion 3.1. We

know that the eletron-eletron irreduible vertex Λ
(ee)

(ontaining eletron-

hole ladders) tends to be singular while the eletron-eletron vertex remains

�nite. Another feature of the RPA solution is the fat that the divergene

appears only in the harateristi variable for the eletron-hole hannel. In

the other variables the vertex is bounded.

We base our approximation to the parquet equations on utilizing this

insight from the RPA solution. The approximation desribed here was de-

veloped for the ase of zero magneti �eld in papers [3℄ and [4℄. We assume

that only the eletron-eletron vertex Λ
(ee)

is singular while the eletron-

hole vertex Λ(eh) stays bounded. We also assume that the singularity is

ontained in just one variable, the one of the RPA solution, so that we

approximate Λ
ee(k, k′; q) = Λ

ee(q). Variation of a bounded funtion Λeh

with dynamial variables is by assumption small with respet to the diverg-

ing ones and therefore irrelevant for the ritial behavior. That is why we

set the eletron-hole irreduible vertex equal to a renormalized interation,

Λ
eh(k, k′; q) = U . Note, that matrix U ontains more nonzero terms than

the bare interation. We should emphasize that after making the assump-

tions above the vertex funtion Λ is not the genuine vertex any more, but

rather an auxiliary vertex to be used when evaluating the self-energy. Any

alulation of a stati two-partile quantity (e.g. the suseptibility) annot

be performed diretly from Λ, but has to be evaluated via the self-energy.

Using the above assumptions and notations equation (24) takes a form

Λ
ee(q) = U − Uχ(q)

(
Λ

ee(q) + U − U
)
. (28)

It is a simple algebrai equation for the matrix Λ
ee(q) and an easily be

solved by matrix inversion. The formal solution to equation (28) reads

Λ
ee(q) = U − 1

1 + Uχ(q)
Uχ(q)U . (29)

The matrix inversion in the equation is more involved than in the RPA solu-

tion but still an be done analytially. The s hannel solution has an idential
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struture to the result from [4℄

Λee
s (q) = U − U s +

U s

1 + U sχ↑↓(q)
(30)

Λee
−s(q) = U − U−s +

U−s

1 + U−sχ↓↑(q)
. (31)

The t and t hannels have a more ompliated solution. To shorten the re-

sulting form of the solution we introdue a symbol Dt(q) for the denominator

de�ned by

Dt(q) =
[
1 + U tχ↑↑(q)

] [
1 + U−tχ↓↓(q)

]
− U tU−tχ↑↑(q)χ↓↓(q). (32)

Then we an write

Λee
t (q) = U − U t +

U t

Dt(q)
(33)

Λee
−t(q) = U − U−t +

U−t

Dt(q)
(34)

for the t hannel solution and

Λee
t (q) =

1 − U tχ↑↑(q)

χ↑↑(q)
− 1

Dt(q)

1 + U−tχ↓↓(q)

χ↑↑(q)
(35)

Λee
−t(q) =

1 − U−tχ↓↓(q)

χ↓↓(q)
− 1

Dt(q)

1 + U tχ↑↑(q)

χ↓↓(q)
(36)

for the t hannel solution. Note, that the struture of these equations is

di�erent from the s hannel. Namely, the denominator, from whih the

divergene originates, has hanged, so that the divergene in the s and t
hannels is di�erent. We postpone the disussion and ome bak to this

issue later.

By solving the parquet equation (24) we desribe the divergene in Γ in

terms of the renormalized interation U . We still, however, do not know

the relation of the renormalized interation to the bare one. This relation

is retrieved from the seond parquet equation (25). Using this equation and

plugging in it the simpli�ed form of the verties one obtains

U = U −
∑

k′′

(
Λ

ee(q + k′ − k′′) − Ũ
)

G(2)(k′′, k + k′ + q − k′′) ×

×
(
Λ

ee(q + k − k′′) + U − U
)
. (37)
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This equation is apparently inonsistent. First, the right hand side is a

funtion of three variables, seond it ontains singular quantities while the

left hand side remains regular. To make our approximate ansatz onsistent

we �rst need to regularize the right hand side of equation (37), that is, to

neglet �nite-frequeny �utuations. The equality there then will hold only

in average. We found that the appropriate proedure is �rst to solve the

equation in the spin spae (i.e. invert the matrix) and then to average the

equation with a weight of the eletron-eletron bubble.

To pursue this we �rst rewrite equation (37) to

{
1 +

∑

k′′

[
Λ

ee(q + k′ − k′′) − Ũ
]
G(2)(k′′, k + k′ + q − k′′)

}
×

×
(
U − U

)
=

∑

k′′

(
Λ

ee(q + k′ − k′′) − Ũ
)

G(2)(k′′, k + k′ + q − k′′) ×

× Λ
ee(q + k − k′′). (38)

To simplify the subsequent formulas we introdue a notation

Lσσ′

ϕ (Q, k) =
∑

k′

Λee
ϕ (−k − k′)Gσ(k′)Gσ′(Q − k′), (39)

where ϕ = s, t, t, . . . . We denote Lσσ′

ϕ = Lσσ′

ϕ (0+) and L(Q, k) =
∑

Λ
(ee)(−k−

k′)G(2)(k′, Q − k′). Equation (38) then hanges into

[
1 + L(q + k′ + q) − Ũψ(k + k′ + q)

] (
U − U

)
=

=
∑

k′′

(
Λ

ee(q + k′ − k′′) − Ũ
)

G(2)(k′′, k + k′ + q − k′′)Λee(q + k − k′′).

(40)

Q and k are unspei�ed Matsubara frequenies. We should set them to some

values, sine they are not dynamial variables at this equation. At zero

temperature we set Q = 0 an k = 0 on the left hand side to keep the e�etive

interation real. On the right hand side we deouple the seond Λ
(ee)

term

from the �rst one and set Q = 0 and k = 0 in the �rst term as well. We

arrive at an equation

U − U =
1

1 + L − Ũψ

(
L − Ũψ

)
Λ

ee(q + k − k′′). (41)

After taking the matrix inversion we onvolve the equation with Gσ(k′′)Gτ (Q−
k′′) with spin indies appropriately hosen for eah spin hannel: ↑↓ or ↓↑
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for the s or −s hannel, respetively, and ↑↑ or ↓↓ for the t, t hannels or the
−t, −t, respetively.

A solution to equation (41) is best written with a shorthand notation for

L's

Ls ≡ L↑↓
s L−s ≡ L↓↑

−s (42)

Lt ≡ L↑↓

t
L−t ≡ L↓↑

−t
(43)

Lt ≡ L↑↓
t L−t ≡ L↓↑

−t (44)

and for the denominator

D = (1 + L−s)(1 + Ls) − (Lt − Uψ↓↑)(L−t − Uψ↑↓). (45)

The solution for the renormalized interation in the s and −s hannels reads

U sψ↑↓ = Uψ↑↓ + 1 − Ls − D−1 [1 + L−s + Uψ↑↓(Lt − Uψ↓↑)] (46)

U−sψ↓↑ = Uψ↓↑ + 1 − L−s − D−1 [1 + Ls + Uψ↓↑(L−t − Uψ↑↓)] . (47)

In the t and −t hannels the solution has a similar form

U tψ↑↑ = Uψ↑↑ − L↑↑

t
+ D−1

[
L↑↑

t
(1 + L−s) − L↑↑

−s
(Lt − Uψ↓↑)

]
(48)

U−tψ↓↓ = Uψ↓↓ − L↓↓

−t
+ D−1

[
L↓↓

t
(1 + Ls) − L↓↓

s
(L−t − Uψ↑↓)

]
. (49)

The solution in the t and −t hannels is the simplest one and reads

U tψ↑↑ = − L2
t

1 + Lt

(50)

U−tψ↓↓ = −
L2
−t

1 + L−t

. (51)

Note that the symbols of dynamial quantities like χ↑↓(ω+) written without

variable denote the quantity alulated at zero frequeny just above the real

axis, i.e. χα = χα(0+).
We an simplify the solution muh within the ritial regime. In this

regime the L funtions are large and together with U they ontribute most.

A simpli�ed set of equations for the renormalized interation an be diretly

derived from the full solution (51) giving

U sψ↑↓
.
= Uψ↑↓ − Ls U−sψ↓↑

.
= Uψ↓↑ − L−s (52)

U tψ↑↑
.
= Uψ↑↑ − L↑↑

t
U−tψ↓↓

.
= Uψ↓↓ − L↓↓

−t
(53)

U tψ↑↑
.
= −Lt U tψ↓↓

.
= −L−t. (54)
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At this moment we have at hand a set of equations determining the two-

partile funtions. To lose this set we have to plug in a partiular form of

the one-partile propagators. If we used the exat fully irreduible vertex I,
we would have to use the full one-partile self-onsistent propagators. In

an approximate theory, however, we have more freedom in the hoie. It

is known (see e.g. [3℄) that full propagators used together with an approxi-

mate vertex I produe undesirable results, in partiular they do not produe

the Hubbard satellite peaks in the density of states. A good hoie used

in this thesis is to use the Hartree propagators with parameters alulated

from the full self-energy. Thus we keep the one-partile self-onsisteny at

the stati level only. We need to obtain the parameters n and m from the

full self-energy, alulated out of the Shwinger-Dyson equation (26). There-

fore the solution proedure must employ this equation as well. A possible

solution proess is an iterative one. One an start from some initial guess

of the Hartree propagator, solve the parquet equations with the guess as an

input, plug the solution into the Shwinger-Dyson equation and repeat the

proedure until it onverges.
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4 SIAM in the magneti �eld

In this setion we eventually arrive at the atual solution of the parquet equa-

tions for a partiular model in the magneti �eld. We heavily use equations

and results of the preeding setions and appendies.

First, we have to speify the model to be solved. We use the Hamilto-

nian (1) of the single impurity Anderson model in the magneti �eld. It is

possible to integrate out the internal degrees of freedom k of the deloalized

eletrons (see e.g. [1℄) and obtain a losed problem for the impurity eletron

only. After doing so one ends up with a bare propagator of the form

G0
σ(x + iy) =

1

x − (Ed − µ) + σh + i sign(y) [∆(x + iy) + |y|] . (55)

Here σ is a spin index and takes values ±1 for spin up or down, respetively.

The strength of the magneti �eld h is measured in Bohr magnetons µB.

The funtion ∆(ε) is related to the ontinuum deloalized states εk by an

equation

∆(ε+) = π
∑

k

|Vk|2 δ(ε − εk). (56)

In a realisti system ∆(ε+) an be pratially any smooth funtion with width

of order of the width ξ of the ondution eletrons band. As is usually done

in the literature we take it to be a onstant ∆(ε+)
.
= ∆ on the energy spaing

of the bandwidth. We take this value as our unit of energy below, i.e. we

set ∆ = 1. The bare propagator an be easily analytially ontinued to the

real axis. The analytial ontinuation reads

G0
σ(ω+) =

1

ω+ − (Ed − µ) + σh + i∆
. (57)

We would like to obtain the fully interating propagator

Gσ(ω+) =
1

ω+ − (Ed − µ) + σh − Σσ(ω+) + i∆
. (58)

By the method presented in the preeding setions we tried to formu-

late the theory in a two-partile self-onsistent way. To put it in another

words, we expeted to start with the bare propagator and the bare inter-

ation U , plug them into the parquet equations, get the two-partile vertex

out of it, put it into the Shwinger-Dyson equation and arrive at the self-

energy. Aording to the disussion in the previous setion we do not use

full one-partile propagators in the equations, but we rather use statially

renormalized propagators instead. This means that we are taking from the
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self-energy only the stati Hartree term de�ned in equation (27). With this

in mind we an write down our �interating� propagator G0
σ(ω+) (we use the

same symbol as for the bare propagator, sine that is not used any more and

the symbol G is reserved for the genuine fully interating propagator)

G0
σ(ω+) =

1

ω+ − (Ed + Un−σ − µ) + σh + i∆
. (59)

We an rewrite this into a more onvenient form

G0
σ(ω+) =

1

ω+ − µ̄ + σh̃ + i∆
, (60)

where µ̄ is an e�etive hemial potential µ̄ = Ed + Un/2 − µ and h̃ is

an e�etive magneti �eld de�ned as h̃ = h + Um/2. To express those we

used the total impurity oupation number n = n↑ + n↓ and the impurity

magnetization m = n↑ − n↓. Remember that quantities n and m should be

evaluated using the fully interating propagators Gσ(ω+) = G0
σ(ω+−Σ̃σ(ω+))

employing the de�nition

nσ =
∑

k′

Gσ

(
k′ − Σ̃σ(k′)

)
= − 1

π

∫ 0

−∞

dxGσ

(
x+ − Σ̃σ(x+)

)
(61)

at zero temperature.

As an ingredient for the solution we need the values of the eletron-hole

and eletron-eletron bubbles of equations (19) and (18). These should be

alulated with the propagators G0
σ as well. Appendix D is dediated to their

evaluation.

4.1 Evaluation of the equation onstituents

As has already been stated, our aim is to solve the parquet equations in the

ritial regime to obtain a relation between a vanishing Kondo sale a and the

bare interation U . In this regime the vertex funtions Λα are almost singular

at zero frequeny due to the very small denominators in equations (31)÷(36).

An inspetion of those equations tells us that there are two di�erent

denominators 1+U sχ↑↓ and Dt from equation (32). The other denominators

are the same due to symmetries of χ (see Appendix D), whih imply the

symmetry U s = U−s, U t = U−t and U t = U−t. The denominators have

zero imaginary part at zero frequeny and the real part an take any small

positive value.

We de�ne the Kondo sale to be the value of the denominator in Λα at

zero frequeny. This quantity is in the strong oupling regime related to
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the Kondo temperature disussed in the Introdution. The relation an be

established for instane on the grounds of the Kondo peak width. Within

this relation the two quantities are approximately proportional to eah other.

Sine there are now two di�erent denominators, there are naturally two

di�erent Kondo sales

as = 1 + U sχs, at = 1 + (U t + U t)χt. (62)

We denoted here χs = χ↑↓ and χt = χ↑↑. In the pure RPA as and at would

ross zero when inreasing the magnitude of the bare interation U . The

role of the parquet equations is to renormalize the oupling onstants by a

diagrammati resummation to stay within the ritial region and not to ross

the ritial point at �nite interation strength. The singularities then remain

the RPA ones.

The almost singular vertex Λ
(ee)

is used for evaluating other quantities by

integration. When Λ
(ee)

is integrated over it produes a term logarithmially

diverging with as,t going to zero. We an evaluate suh integrals by taking

the main ontribution oming from low frequenies. At this point one an

expand the denominators, obtaining

1 + U sχs(ω+)
.
= as + U sχ

′
sω + O(ω2) (63)

1 + (U t + U t)χt(ω+)
.
= at + (U t + U t)χ

′
tω + O(ω2). (64)

Neessary quantities to be used in the parquet equations are onvolu-

tions L de�ned in equation (39). By using the method of Appendix C we

rewrite the disrete sum as an integral

Lασσ′(ω+) = − 1

π

∫ 0

−∞

dx
{

Λ∗
α(−ω − x + i0+) ×

×ℑ
[
Gσ(x+)G∗

σ′(i0+ − x)
]
− Gσ′(ω+ − x)G∗

σ(x+ − ω)ℑΛα(i0+ − x)
}

. (65)

We are interested in the value of L at ω = 0. By taking the imaginary part

of equation (65) we an easily notie the identity

ℑLασσ′(0+) =
1

π

∫ 0

−∞

dx ℑΛα(i0+ − x) ×

×
{
ℑ

[
Gσ(x+)G∗

σ′(i0+ − x)
]
+ ℑ

[
Gσ′(i0+ − x)G∗

σ(x+)
] }

= 0. (66)

The real part of L(0+) an be simpli�ed to the form

ℜLασσ′(0+) =
1

π

∫ 0

−∞

dx ℑ
[
Λα(i0+ − x)G∗

σ(x+)Gσ′(i0+ − x)
]
. (67)
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We should now plug the verties from equations (31)÷(36) into the just

derived formula. When doing so we take into aount only the singular part of

the verties. After expanding the denominators, introdued in equation (64),

all the verties take the form Λsing(ω+)
.
= b/(a+cω) near ω = 0. The integral

in equation (67) an be done generally for this ansatz

ℜLασσ′(0+)
.
=

1

π
ℑ

[
Gσ(0+)∗Gσ′(0+)

b

c
log

cξ

a

]
for Λsing

α (ω+)
.
=

b

a + cω
, (68)

where a frequeny uto� ξ of the order of the bandwidth has been introdued.

Employing this general equation we �nally arrive at the demanded result to

be used in equations (52)÷(54)

Ls

.
=

1

π|χ′
s|2

ℑ
[
G↑(0+)2χ′

s

]
log

∣∣∣∣
χ′

sξ

asχs

∣∣∣∣ > 0,

L↑↑

t

.
= Lt

.
=

|G↑(0+)|2
2π|χ′

t|
log

∣∣∣∣
χ′

tξ

atχt

∣∣∣∣ > 0. (69)

At this point we shall solve equations (52)÷(54) for the Kondo sales as,t.

Equations (52)÷(54) an be ful�lled in the ritial region only when U t > 0
and 1 + U tχs(0+) > 0, so that the onditions for the denominators in Λ to

be zero read

1 + U sχs
.
= 0, −1

.
= (U t + U t)χt. (70)

The renormalized interations Uα an then then expressed using the Kondo

sales as,t as

U s = −1 − as

χs

(71)

U t =
1

2

(
U − 1

χt

)
+

at

2χt

(72)

U t = −1

2

(
U +

1

χt

)
+

at

2χt

. (73)

Plugging the results (69) into the simpli�ed parquet equations in the eletron-

eletron hannel (52)÷(54) we obtain expliit asymptoti representations for

the Kondo sales as,t in terms of the bare interation strength U up to a

non universal numerial prefator

as
.
= exp

{
− |χ′

s|2π
ℑ

[
χ′

sG↑
2(0+)

] χt

χs

(U |χs| − 1)

}
,

at
.
= exp

{
− π|χ′

t|
|G↑(0+)|2

χs

χt

(U |χt| − 1)

}
. (74)
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The Kondo sales oinide at zero magneti with eah other and with the

result of paper [3℄. The result of referene [3℄ is known to oinide with the

exat result derived from the Bethe ansatz (see e.g. [1℄) up to a numerial

fator.

The exponents in equations (74) are not purely linear in the interation

strength U , sine the latter appears in the expression for the e�etive �eld h̃
as well. The relation between U and h̃ an only be established numerially.

4.2 The self-energy alulation

It still remains to alulate the self-energy from the now known two-partile

vertex Γ using the Shwinger-Dyson equation (26) to lose the solution loop.

This step allows us to alulate thermodynami quantities like magnetiza-

tion m from the two-partile funtion.

We substitute the two-partile vertex Γ in equation (26) by its parquet

deomposition of equation (10). Then we plug in the results obtained from

equations (31)÷(34). An expression

Σ̃σ(k) = −U
∑

k′

{
G−σ(k′)

Uσsχσ,−σ(k′ − k)

1 + Uσsχσ,−σ(k′ − k)
+

+ Gσ(k′)

[
U−σt

Dt(k′ − k)
− U

]
χ−σ,−σ(k′ − k)

}
(75)

is obtained in the Matsubara frequeny representation. This frequeny sum

an be transformed to an integral representation by the method of Ap-

pendix C. The integral representation reads

Σ̃↑(ω+) =
U

π

∫ 0

−∞

dx

{
U sχ

∗
↑↓(x+ − ω)

1 + U sχ
∗
↑↓(x+ − ω)

ℑG↓(x+) +

+
U tχ

∗
↑↑(x+ − ω)

D∗
t (x+ − ω)

ℑG↑(x+) + G↓(ω+ + x) ×

×ℑ U sχ↑↓(x+)

1 + U sχ↑↓(x+)
+ G↑(ω+ + x)ℑU tχ↓↓(x+)

Dt(x+)

}
. (76)

The integrals appearing in the integral representation of the self-energy (76)

are rather ompliated and obviously annot be alulated analytially (in

fat nor its onstituents). The alulation of the self-energy is performed

numerially in subsequent hapters on a quite wide interval of frequenies.

We an nevertheless estimate the qualitative behavior of the low-frequeny
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asymptotis of the self-energy by expanding the almost singular frations in

equation (76) and taking into aount the logarithmi ontributions only. As

the integral representation (76) onsists of two parts of an almost idential

form, we should better alulate them both at the same time. We denote the

ontribution of one part C(ω+) and we set it to be

C(ω+) =

∫ 0

−∞

dx [A∗(x+ − ω)ℑB(x+) + B(x+ + ω)ℑA(x+)] . (77)

We an easily transform the integral representation to a learer form

ℜC(ω+) =

∫ 0

−∞

dxℑ [A(x+)B(x+ + ω)] −
∫ ω

0

dxℜA(−x+)ℑB(ω+ − x)

ℑC(ω+) =

∫ ω

0

dxℑA(i0+ − x)ℑB(ω+ − x). (78)

The expanded singular term A(x) has a form A(x) = c/(a+ bx), where a, b, c
are onstants and a → 0. The integrals in equation (78) an be approximately

evaluated to

ℑC(ω+)
.
= − log

∣∣∣∣1 − bω

a

∣∣∣∣ℑB(0)ℑc

b
+ 2πℑB(0)ℜc

b
arg

(
1 − bω

a

)

ℜC(ω)
.
= ℑ

[
B(ω+)

c

b

]
log

∣∣∣∣
a

bξ

∣∣∣∣ , (79)

where ξ is a uto� of order of the bandwidth. In partiular, for the s-hannel
ontribution to the self-energy we obtain formulas

ℑΣ̃s
↑(ω+) = U

ℑG↓(ω+)

π|χ′
↑↓|2

{
ℜχ′

↑↓ arg

[
1 − U sχ

′
↑↓

ω

as

]
−

−ℑχ′
↑↓ log

√(
1 − U sℜχ′

↑↓

ω

as

)2

+

(
U sℑχ′

↑↓

ω

as

)2
}

(80)
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for the imaginary part of the self-energy and

ℜΣ̃s
↑(ω+) = U

ℑG↓(ω+)

π|χ′
↑↓|2

{[
arctan

ℜχ′
↑↓

ℑχ′
↑↓

+ arctan(h̃ + ω)

]
×

×
[
ℜχ′

↑↓(h̃ + ω) −ℑχ′
↑↓

]
−ℑχ′

↑↓ arg

[
1 − U sχ

′
↑↓

ω

as

]
+

+
[
ℜχ′

↑↓ + ℑχ′
↑↓(ω + h̃)

]
log

|χ′
↑↓|

√
1 + (ω + h̃)2

a
−

−ℜχ′
↑↓ log

√(
1 − U sℜχ′

↑↓

ω

as

)2

+

(
U sℑχ′

↑↓

ω

as

)2
}

. (81)

for its real part. To obtain the t̄-hannel ontribution, one has to make sev-

eral substitutions in equations (80) and (81). It is neessary to hange the

propagator G↓ by G↑, hange the renormalized interation U s by U t, substi-

tute the Kondo sales as → at and the derivatives of the eletron-hole bubbles

χ′
↑↓ → 2χ′

↑↑. Note, that in this ase ℜχ′
↑↑ = 0 for any h̃ (see Appendix D).

The seond-order ontribution to the self-energy is not rapidly hanging and

thus annot be evaluated by the proedure above. It is, however, small near

the zero frequeny.

The self-energy depends on a number of parameters. That is why we do

not plot it in this setion. The omparison of the analyti form of the self-

energy (80) and (81) and the numerial results is pursued in the subsequent

setion.
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5 Results

In this setion we present the solutions to the parquet equations for the single

impurity Anderson model in the magneti �eld. We �rst alulate generalized

RPA solution, where the interation strength is not renormalized and then

proeed to the full solution with renormalized interation strengths.

The solution has to be performed numerially, sine it involves onvo-

lutions of ompliated funtions. The numeris is, however, used only to

determine several parameters in otherwise analyti form of the self-energy.

This simpliity should be taken as the major advantage of the parquet ap-

proah presented in this thesis.

5.1 Generalized RPA solution

In the generalized RPA solution we make use only of the eletron-hole par-

quet equation to generate the singularity of the two-partile vertex, while the

renormalized interation strengths are taken to be equal to their unrenormal-

ized values. We should see the qualitative features in dynamis already on

this level.

The generalized RPA is haraterized by setting U s = U , U t = U and

U t = 0 in the alulation. We alulate the self-energy from equation (76)

using these values of the renormalized interation strengths. Note, that the

self-energy depends on the e�etive �eld h̃, the bare interation strength U
and the renormalized interations strengths Uα only. In pratie we an

therefore take the value of the Kondo sale as and the e�etive �eld h̃ as

the input to the alulation. The interation strengths are easily alulated

using equations (62), requiring only the knowledge of h̃ and as. The self-

energy is evaluated from equation (76). One an obtain magnetization m
from equation (61). The last unknown quantity, the bare magneti �eld h is

alulated from the de�nition of h̃ = h + Um/2.
The fundamental quantity of the alulation is the self-energy. We plot

the individual onstituents of it to get some insight what they look like. The

part oming from the s-hannel vertex in the Shwinger-Dyson equations is

shown in Figure 17 at zero magneti �eld and in Figure 20 at h̃ = 0.3. Cor-
respondingly, we plot the t-hannel ontribution in Figure 18 and Figure 21;

the seond order ompensating term is plotted in Figure 19 and Figure 22.

Note, that these ontributions depend solely on the e�etive �eld h̃ and the

bare and renormalized interations. Hene, they have the same form in the

full solution. We only have to hange the weight of the ontributions and the

Kondo sales.

We plot the total self-energy in Figure 23. We plot there also a omparison
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Figure 17: The s-hannel ontribution to the self-energy. We set a = 0.001
and h = 0.

between the total self-energy alulated numerially and the total self-energy

alulated from analyti formulas (80) and (81). We an see that the results

oinide near the zero frequeny, whih is the region important for the Kondo

peak formation. The analyti formulas an be therefore used e.g. for the

investigation of the peak shift.

The most important feature of the self-energy is its rapid variation near

the zero frequeny (Fermi energy), sine it gives rise to the Kondo peak. It is

determined by the singularity in the eletron-eletron irreduible vertex. The

singularity has the same form in the full parquet solution and in the RPA al-

ulations. The overall weight of the self-energy is, however, determined from

the bare interation strength U . The RPA annot desribe the model with

U larger than some ritial value Uc. The relation between the renormalized

parameters and the bare parameters (Uα versus U) surely di�ers from the

full parquet solution. The overall weight of the self-energy heavily a�ets the

Kondo peak shape. The form of the Kondo peak found from RPA annot be

expeted to be ompletely orret.

It is important to know, whih Λα has the major impat on the Kondo

peak shape. We show the density of states of the spin-up omponent eval-

uated by using di�erent ontributions to the self-energy in Figure 24 and

Figure 25. We an see that within RPA the entral peak is driven almost

exlusively by Λs. Other ontributions, however, a�et the Hubbard satellite

peaks (high-frequeny features) in the density of states, so they are important

for global properties as well.
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Figure 18: The t-hannel ontribution to the self-energy. We set a = 0.001
and h = 0.
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Figure 19: The negative seond order ontribution to the self-energy. We set

a = 0.001 and h = 0.
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Figure 20: The s-hannel ontribution to the self-energy. We set a = 0.001
and h̃ = 0.3.
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Figure 21: The t-hannel ontribution to the self-energy. We set a = 0.001
and h̃ = 0.3.
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Figure 22: The negative seond order ontribution to the self-energy. We set

a = 0.001 and h̃ = 0.3.
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Figure 23: The self-energy alulated within RPA in all hannels numeri-

ally (n) ompared to the analytial result (80) and (81) (denoted a). The

parameters are a = 0.001 and h = 0.1.
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Figure 24: The density of states of the spin-up omponent, alulated at

�xed as = 0.01 and h̃ = 0.3. The urves demonstrate the e�et of di�erent

ontributions to the self-energy.
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Figure 25: A magni�ed entral part of Figure 24. The frequeny variable

is resaled by the Kondo sale as. One an see that the form of the Kondo

peak is essentially determined by the s-hannel.
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An example of the RPA alulation with the full self-energy is disussed

below. Sine we are interested in the singular behaviour, we �x the Kondo

sale as rather than U in the alulation within RPA. The resulting depen-

dene of the other Kondo sale at on the e�etive magneti �eld h̃ is plotted

in Figure 26. Note, that the sale at is always larger than as, whih or-

responds to the dominane of the s-hannel in the Kondo peak formation.

The dependene of the bare parameters on h̃ for the same setting is shown

in Figure 27. We an see from the �gure that magnetization does not show

a rapid rise with the magneti �eld as expeted. This does not agree with

the known magneti suseptibility at zero magneti �eld, obtained from the

Bethe ansatz (see [13℄). This issue will be disussed later.
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Figure 26: Kondo sales as and at within RPA

The spin-up density of states for di�erent values of as at a �xed e�etive

�eld h̃ is plotted in Figure 28 and the magni�ed Kondo peak is given in Fig-

ure 29. The peak, shifted right at the smallest as, shifts left with dereasing

ritiality. It eventually merges with the lower satellite peak and annot be

alled Kondo peak any longer. It is to be reminded that our theory beomes

unjusti�ed at as,t ∼ 1. A detailed analysis of the peak shift will be presented

in one of the subsequent subsetions.

The random phase approximation provides us a qualitative view of the

form of the self-energy and the Kondo peak shape. It, however, delivers an

inorret dependene of the renormalized parameters on the bare ones. This

mismath is relatively unimportant at zero �eld, but after applying the �eld
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Figure 27: Bare parameters of the model with respet to the e�etive �eld h̃
within RPA. The Kondo sale is kept onstant at as = 0.001. A symbol U0

denotes the value of the bare interation U at zero �eld (U0 = 3.138).

it auses the stati magneti properties to be less reliable.

5.2 The full self-onsistent solution

To obtain the full parquet solution of the model we should inorporate the

seond parquet equation (37), relating the bare interation strength U to the

renormalized interations U s, U t and U t. It allows us to study the model

with an arbitrary physially large U . The solution proedure of the full

parquet theory does not hange muh with respet to the RPA solution,

sine magnetization m enters the parquet equations only via the e�etive

�eld h̃. It is, however, desirable to �x the measurable parameter U rather

than the Kondo sale in the full alulation.

Nevertheless, a new di�ulty appears in the full solution. The problem

is that the seond order ompensating term in the Shwinger-Dyson equa-

tion (75) is overestimated for large U . It makes the imaginary part of the

self-energy to ross zero and hene auses spurious unphysial nonanalytii-

ties in the density of states. It is reasonable to expet, that a renormalized U
should be used instead of the bare U at this plae. We therefore hange the

value of U in the square brakets in equation (75) to a renormalized one. In

Figures 30÷32 we show the e�et of taking di�erent ompensating terms on
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Figure 28: The density of states of the spin-up omponent at �xed h̃ = 0.3
and various as within RPA
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Figure 29: A magni�ed entral part of Figure 28. The frequeny variable is

resaled by the Kondo sale as. The Kondo peak has essentially the same

shape for a wide range of as.
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Figure 30: The density of states of the spin-up omponent at �xed h̃ = 0
and as = 0.01 within the full self-onsistent solution. The di�erent urves

orrespond to di�erent ompensating term in the self-energy.

the density of states of the spin-up omponent at the zero �eld. The satellite

peaks should be pinned down to ω = ±U/2 in this regime. The position of

the satellite peaks is obviously dependent on the ompensating term, while

the Kondo peak is not a�eted muh. Based on this analysis, the subtration

of U t instead of U appears to be the optimal solution and we do it so in all

of the subsequent alulations.

To get an idea what the parameters of the full solution look like we �rst

plot the Kondo sales (Figure 33) and the renormalized U 's (Figure 34) as a

funtion of the e�etive �eld h̃ for a �xed value of the bare interation U = 8.
We an onlude that the s-hannel Kondo sale as is the dominating one in

both the full parquet solution and the RPA one. Both the Kondo sales as and

at are inreasing with the e�etive �eld h̃, hene the magneti �eld diminishes

the ritiality. The values of the renormalized interation strengths also

evolve with the �eld h̃ and are plotted in Figure 34. The magnitude of the

renormalized interation strengths is inreasing with the magneti �eld at

the �xed U , whih orresponds to a slower deay of ritiality with the �eld

ompared to the RPA solution.

Before proeeding to the disussion of the magneti properties of the

model alulated within the full parquet solution, we should mention what

the exat solution by means of the Bethe ansatz tells us about it. The
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Figure 31: The density of states of the spin-up omponent at �xed h̃ = 0.5
and as = 0.01 within the full self-onsistent solution. The di�erent urves

orrespond to di�erent ompensating term in the self-energy.
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Figure 32: A magni�ed entral part of Figure 30 (solid line, the peak is

resaled by a fator 1/2) and Figure 31 (dashed lines)

51



-2

-1.8

-1.6

-1.4

0 0.2 0.4 0.6 0.8 1 1.2 1.4

lo
g 1

0
a

h̃

log10 at

log10 as

Figure 33: A dependene of the Kondo sales as and at on the e�etive �eld h̃
at a �xed U = 8
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Figure 34: A dependene of the renormalized interation strengths U on the

e�etive �eld h̃ at a �xed U = 8

52



0.24

0.26

0.28

3 4 5 6 7 8 9

∂m

∂h

∣∣∣∣∣
h=0

U

Figure 35: The zero �eld magneti suseptibility alulated within the full

parquet solution

magneti properties of the symmetri Anderson model were alulated in [13℄.

Aording to this paper the zero �eld magneti suseptibility varies with U as

χimp(0) ∼
(
1/
√

U
)

exp [(π/4)(U − 1/U)] for U & 1. This relation shows the

expeted (see equation (2)) behavior of the suseptibility χimp(0) ∼ 1/TK for

large enough U . The most important feature of this formula is its monotonous

growth with U .

The zero �eld suseptibility within the full parquet solution is plotted

in Figure 35, a plot of magnetization m with respet to the bare magneti

�eld h is given in Figure 36, while the relation between the magneti �eld h
and the e�etive �eld h̃ is plotted in Figure 37. From Figure 35 we an

see that zero �eld magneti suseptibility alulated within the full parquet

approah does not agree with the exat result. The urve in the �gure is not

monotonous and the suseptibility varies only a little while the Kondo sale

hanges of almost two orders of magnitude. Magnetization also breaks the

exat generalized Friedel sum rule, introdued in Appendix B and disussed

also in the subsequent setion. Note, that magnetization m and the external

magneti �eld h appear in the solution only via the e�etive �eld h̃ = h +
Um/2. Thus any impreision in the relation between the bare U and the

renormalized U hanges the magneti properties signi�antly, whih an be

viewed as one of the possible origins of this problem. The just desribed issue

is still an unresolved problem of the parquet approah and some future work is
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Figure 36: A dependene of the magnetization m on the magneti �eld h for

di�erent values of U

required to ure it. It ould have been, however, antiipated, sine the stati

thermodynami parameters enter the dynamis in nonzero magneti �eld,

while they are well separated in the ase without �eld, studied in [4℄. One

ould alulate the suseptibility from the �utuation-dissipation theorem.

The input to it is the two-partile vertex. We, however, know from the

beginning that vertex Γ alulated within the simpli�ed parquet equations is

not the genuine vertex, but rather an auxiliary one used to alulate the self-

energy. The vertex is singular, so that the suseptibility diretly alulated

from it would be of order of 1/as. In this ase it is, nevertheless, better

result than the one oming from the one-partile quantities. Apparently,

there is some ompetition between the two-partile and the one-partile self

onsisteny.

The main result of the full solution is the density of states. We plot the

density of states of the spin-up omponent for two di�erent values of U and

di�erent h̃'s in Figure 38 and Figure 40. The Kondo peak shape an be more

easily seen in Figure 39 and Figure 41. The overall form of the density of

states evolves muh more slowly than in the RPA alulation. In partiular,

this onerns the satellite peaks that deay signi�antly more slowly. The

shape of the Kondo peak is more asymmetri than in the RPA solution and

the magnitude of the peak shift is larger. The Kondo peak height, however,

dereases muh faster than in the RPA solution. The peak shift is to be
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Figure 37: A dependene of the magneti �eld h on the e�etive �eld h̃ for

di�erent values of U

disussed in the subsequent setion in more detail.

5.3 The Kondo peak splitting

In the preeding setion we promised to disuss here the Kondo peak shift

in more detail. We �rst derive an analyti formula for the shift, relate it to

the known exat identities for the self-energy from Appendix B and, �nally,

report on the shifts obtained within both the RPA and the full parquet

solution.

We start from the de�nition of the impurity density of states

ρσ(ω) = − 1

π
ℑGσ(ω). (82)

To obtain the peak position ω0 we take a derivative of ρσ(ω) and equate it

to zero. The equation reads

∂ℑΣ̃σ(ω0)/∂ω

∂ℜΣ̃σ(ω0)/∂ω − 1
=

2(1 −ℑΣ̃σ(ω0))(ω0 + σh̃ −ℜΣ̃σ(ω0))

(ω0 + σh̃ −ℜΣ̃σ(ω0))2 − (1 −ℑΣ̃σ(ω0))2
. (83)

This equation has up to three solutions. Two roots orrespond to satellite

peaks in the density of states. Sine the equation is essentially non-algebrai,

we have to resort to numerial methods to �nd the roots. The ondition for
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Figure 38: The density of states for the spin-up omponent at U = 4 and

di�erent h̃'s
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Figure 39: The magni�ed entral part of Figure 38. Frequeny ω is resaled

by the Kondo sale as for eah Kondo peak.
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Figure 40: The density of states for the spin-up omponent at U = 8 and

di�erent h̃'s
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Figure 41: The magni�ed entral part of Figure 40. The frequeny ω is

resaled by the Kondo sale as for eah Kondo peak.
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the peak to be the loal maximum derived by taking the seond derivative of

the density of states is too ompliated in the nonzero magneti �eld. Below

we use the maximum riterion evaluated at zero magneti �eld

2

(
∂ℜΣ̃σ

∂ω
− 1

)2

− ∂2ℑΣ̃σ

∂ω2
> 0. (84)

It is possible to determine the initial peak shift ω0 (i.e. the derivative

dω0/dh) from equation (83). We multiply equation (83) by ℜΣ̃′
σ − 1, take

the total derivative of the equation with respet to h and set h = 0. The

resulting formula for the peak shift evaluated at h = 0 reads

dω0,σ

dh
= −σ ·

2

(
∂ℜΣ̃σ

∂ω
− 1

)2

2

(
∂ℜΣ̃σ

∂ω
− 1

)2

− ∂2ℑΣ̃σ

∂ω2

·
1 − σ

∂ℜΣ̃σ

∂h̃

1 − ∂ℜΣ̃σ

∂ω

· dh̃

dh
. (85)

We should make a few omments on this equation. Due to symmetry ondi-

tions ℜΣ↑(ω) = −ℜΣ↓(−ω) and ℑΣ↑(ω) = ℑΣ↓(−ω) we dedue

∂ℜΣ↑(0)

∂ω
=

∂ℜΣ↓(0)

∂ω

∂2ℑΣ↑(0)

∂ω2
=

∂2ℑΣ↓(0)

∂ω2
. (86)

From another relation Σ↑(ω, h̃) = Σ↓(ω,−h̃) we get

∂ℜΣ↑(0)

∂h̃
= −∂ℜΣ↓(0)

∂h̃
. (87)

It follows that both of the frations in equation (85) are spin independent,

so that the only spin dependent part in the equation is the multipliative

fator σ. Hene the spin omponents really shift in di�erent diretions by the

same amount. The �rst fration in equation (85) is positive by riterion (84).

The derivative dh̃/dh is obviously positive as well. The seond fration in

equation (85) hene determines the diretion of the peak shift.

At this point we an make use of the exat relations (104) and (98) from

Appendix B. The numerator of the seond fration in (85) an be determined

from (98) and by this equation it must be positive for the positive m. We

reognize the seond fration itself to be just the positive Wilson ratio R.

Therefore the peak for the spin-up omponent must shift left.

The peak shift predited by the RPA solution is plotted in Figure 42.

The urve is plotted for a �xed value of U . The same quantity alulated
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within the full solution an be seen in Figure 43. The peak shifts by a muh

larger amount within the full solution than within the RPA one, but remains

of order of the Kondo sale. There is also a orret tendeny of the peak

shift inreasing with inreasing U . The initial diretion of the peak shift

is, however, wrong. At larger �elds the peak has a tendeny to shift to

the orret diretion. The Kondo sales, supposed to be small during the

derivation, are, however, not small in this regime and the peak is no longer

the genuine Kondo peak.

-0.3
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-0.1

0

0.1

0 0.1 0.2 0.3

ω
0
/a

s

h

Figure 42: The shift of the Kondo peak measured in units of the Kondo

sale as within the RPA solution for a �xed U , orresponding to the zero-

�eld Kondo sale as = 0.001.

It was stated above that our approximation in nonzero magneti �elds

breaks the generalized Friedel sum rule of equation (98). This inonsisteny

is the reason for the peak shifting initially in the opposite diretion with

respet to the expeted one. The immediate problem lies in the form of

the self-energy. The numerator 1 − σ∂ℜΣ̃σ/∂h̃ in equation (85) should be

positive, while using our self-energy it omes out negative. The seond order

ontribution of the perturbation expansion to the self energy gives the same

opposite sign of σℜΣ̃σ(0). This term, however, does not overweight the

onstant 1, from whih it is subtrated, and the numerator is positive. The

question is why our theory, supposed to hold in the strong-oupling regime,

does not predit the orret diretion of the peak shift. It seems to be stuk

in the weak-oupling regime introdued by the RPA form of the singularity
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Figure 43: The shift of the Kondo peak measured in units of the Kondo

sale as within the full self-onsistent solution at di�erent values of U .

in the vertex funtion. This issue is ommon for all theories improving upon

the weak-oupling one and is not spei� only for the parquet approah. The

real part of the spin-up self-energy is negative in the weak-oupling regime

and has to beome positive in the strong-oupling regime. There is yet no

theory desribing this hange of sign. The issue ertainly has to be straighten

up in future.

5.4 Other approahes

In the last setion of the thesis we disuss some results and approahes ex-

isting in the literature. There is no spae to desribe it in detail, therefore

we only brie�y disuss the most important ontributions and the interested

reader has to �nd details in the original papers.

One of the most developed methods to treat the impurity problems is the

Numerial Renormalization Group (NRG) approah based on Wilson's orig-

inal idea skethed in Introdution. Wilson's approah had to be generalized

to be able to aess dynamial quantities. The �rst suessful alulation

of SIAM in the nonzero magneti �eld was performed by Hofstetter in [14℄.

Costi in [15℄ used a similar method to alulate a limiting ase of SIAM, the

s-d model. Another alulation omes from Hewson, Bauer and Koller in [16℄.
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They used a modi�ed form of the renormalization group alulation, when

they �rst alulate the e�etive Hamiltonian near the �xed point and other

results are alulated perturbatively from these NRG parameters. The shape

of the Kondo peak found in these papers is very similar to our result. They

obtained also the orret diretion of the peak shift and magnetization on-

sistent with the known results. The satellite peaks are alulated for small U
only, so that they lie within the small frequeny region. Appliability of NRG

for �nding the satellite peaks far from the Fermi level is questionable. The

self-energy value at zero frequeny is alulated aurately. Magnetization

urve is alulated from the �utuation-dissipation theorem, i.e. not from the

density of states. Having alulated the magnetization loally, NRG ful�ls

the Friedel sum rule (97). The magnetization alulated from the density of

states di�ers from the loal magnetization. We should remark, that NRG is

limited to �nite temperatures, they an, however, be arbitrary small. All the

results must be extrapolated when one needs the zero temperature results.

As for analyti methods, there exists (Moore and Wen in [17℄) a solution

for the peak shift within the s-d model based on the Bethe ansatz. The peak

shift diretion is orret and the magnitude is probably the most exat one

available. The method is, however, not purely analyti, sine it involves a nu-

merial solution of a ompliated integral equation. The asymptoti behavior

is nevertheless obtained purely analytially. The impurity magnetization in

the nonzero magneti �eld is solved exatly within the Bethe ansatz in [13℄.

Another analyti method is Hewson's renormalized perturbation the-

ory [18℄. Hewson's alulation desribes the model only near to zero fre-

queny and the Kondo peak. The diretion of the peak shift is predited

orretly. Magnetization is alulated from the Friedel sum rule (97). A

question unanswered is, how this ompares to the magnetization alulated

from its de�nition via the whole self-energy range.

For the author the most appealing (and at the same time losest related

to the material of this thesis) method is Logan's and Diken's Loal Moment

Approah in [19℄ and [20℄. The basi idea is attrative. They make the

perturbative expansion not around the restrited mean �eld state (with no

spontaneous symmetry breaking) as we do, but rather around two states

oming out from a spontaneous symmetry breaking. In the ase of zero

magneti �eld they restore the symmetry by simply summing the propagators

of both states. The symmetry restoration ondition in their alulation is the

requirement for the real part of the self-energy to vanish at the Fermi level.

The Fermi liquid behaviour is ensured by requiring the imaginary part of the

self-energy to vanish at the Fermi level. The zero �eld magneti moment is

found self-onsistently to ful�ll the above relations. The self-energy in the
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solution is taken to have the RPA form. The divergene does not appear,

however, beause of the introdution of the nonzero loal moment from the

beginning. It redues the magnitude of the eletron-hole bubble thanks to

inreasing h̃ = h + Um/2, so that the RPA denominator remains nonzero.

Hene, there is no need for any interation strength renormalization.

At the nonzero magneti �eld the situation hanges, sine there is no a

priori symmetry ondition. They assume that the solution jumps into the

more energetially favorable symmetry broken state when turning on the

magneti �eld. The value of the loal moment is alulated within the zero

�eld ase and it is shown that the nonzero �eld pratially does not hange

this value. They alulate magnetization from the generalized Friedel sum

rule (97), whih is therefore postulated. They, nevertheless, do not provide

any relation between the magnetization alulated from the sum rule and the

genuine one. It is a matter of importane, sine if they were idential, the

method would predit nonzero magnetization even in the zero-�eld ase. The

density of states provided by LMA is in agreement with the NRG alulations

near zero frequeny. It annot be orret globally beause magnetization

would be nonzero even in the zero �eld ase.

We an ompare LMA to our approah. They ahieve the orret diretion

of the peak shift by assuming a large value of the e�etive �eld h̃ even at

zero �eld. It has been shown in the previous setion that our method gives

the orret shift diretion at unphysially large h̃. LMA irumvents this

problem by starting at a large value of h̃. It is not lear, however, how to

interpret the density of states obtained from LMA.
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6 Conlusion

In this thesis we generalized the parquet approah of papers [3℄ and [4℄ to

the spin asymmetri ase. We added the third hannel of the Bethe-Salpeter

equations to the existing omputational sheme, although in an approximate

way. We formulated the parquet equations in a matrix formalism whih an

be used even for more ompliated models in future.

The formalism was applied to the single impurity Anderson model in

the nonzero external magneti �eld. The simpli�ed parquet equations were

solved in the ritial regime for this model providing two di�erent Kondo

sales (singlet and triplet) driving the singularity in the two-partile vertex.

The singlet one was shown to be dominant at larger values of the �eld.

The formalism was also used for obtaining the self-energy and the density

of states of one-partile exitations. We provided the results of a simple

RPA like approximation as well as the full self-onsistent solution. While the

shape of the Kondo peak agrees with other alulations quite well, the peak

shift in the magneti �eld does not and has initially the opposite diretion.

The predited magnetization urve does not agree well with known results as

well. The origin of the problems was identi�ed to be the interplay between

the loal quantities at the Fermi energy (Fermi liquid theory onsequenes)

and the global quantities (magnetization), depending on the overall form of

the self-energy.

The theory presented provides some satisfatory results, mostly dynami-

al ones, but due to the problems mentioned is still not fully satisfatory in

partiular for stati thermodynami quantities. Some further work on it is

both neessary and planned.
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A Many-body formalism

For omprehensiveness of this thesis we summarize the Matsubara formalism

and Feynman rules for evaluating diagrammati ontributions to the one-

partile and two-partile funtions. The rules are derived in the easiest way

using the path integral formalism, best explained in [5℄. The Feynman rules

are taken from that book as well.

In the Matsubara formalism we evaluate the one-partile Green funtion

G(α1τ1|α2τ2) = −
〈
T cα1

(τ1)c
†
α2

(τ2)
〉
, (88)

where T denotes the time-ordering operator on the imaginary time axis, or

the two-partile Green funtion

G(2)(α1τ1, α2τ2|α4τ4, α3τ3) =
〈
T cα1

(τ1)cα2
(τ2)c

†
α3

(τ3)c
†
α4

(τ4)
〉

(89)

in the imaginary time τi ∈ (0, β). Indies αi an be any quantum numbers

fully speifying a noninterating eigenstate. The average symbol 〈. . . 〉 means

thermal averaging. We an make the Fourier analysis on a �nite interval

(−β, β). Ferminoni Green funtion must be antiperiodi in imaginary time,

whih in the expansion admits only the terms with frequenies (so alled

Matsubara frequenies)

ωn =
(2n + 1)π

β
, (90)

where n is an integer. In the text we often denote them by k to simplify

notation.

The one partile Green funtion depends on one frequeny only due to

energy onservation. We an therefore set

G(α1k1|α2k2) = δ(k1 − k2)G(k1). (91)

For the same reason the two-partile Green funtion depends only on three

frequenies, so that we an write

G(2)(α1k1, α2k2|α4k4, α3k3) = δ(k1+k2−k3−k4)G
(2)α4α2

α1α3
(k1, k2; k3−k2), (92)

onsistently with Figure 16.

The Green funtion, represented in diagrams by double arrows, an be

alulated for a model with any two-body interation with Hamiltoian

H =
∑

α

εαc†αcα +
1

2

∑

α,β,γ,δ

(αβ|v|γδ)c†αc†βcδcγ (93)
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by using the Feynman rules with two fundamental building bloks: a bare

propagator and a bare interation. The bare propagator has the form

G0
α(iωn) =

1

iωn − (εα − µ)
(94)

and is represented by a simple arrow in diagrams. The bare interation vertex

has a value (αβ|v|γδ) and is represented as

γ

α

β

δ

in diagrams. The nth-order ontribution to the one-partile Green funtion

Gα(iωn) is alulated by the following rules:

Draw all distint diagrams omposed of n bare interation verties

onneted by bare propagators (simple arrows) with two external

points, arrying label α and Matsubara frequeny iωn. Two dia-

grams are distint if they annot be deformed so as to oinide

ompletely inluding the diretion of arrows. Sum the ontri-

butions of all diagrams. Attah the fator G0 with the proper

frequeny and label to every propagator. A propagator starting

and ending at the same point should be multiplied by a onver-

gene fator eiωn0+ . In eah diagram for eah vertex inlude the

fator −(αβ|v|γδ). Sum over all one-partile labels α and over

all internal Matsubara frequenies iωn. The sum of ingoing Mat-

subara frequenies and outgoing Matsubara frequenies must be

the same in every interation vertex. Multiply the expression by

1/β for eah summation over Matsubara frequeny and by −1 for

eah losed fermioni loop.

The value of the two partile Green funtion G(2)(α1k1, α2k2|α4k4, α3k3) an
be evaluated by the same rules using four external points with appropriate

labels and frequenies and multiplying eah diagram by −1 if the fermioni

line starting at the external point (k1, α1) ends in external point (k3, α3).
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B Some exat relations for the self-energy

In the past people noted several exat relations for the self-energy. They

are of ourse very useful when estimating quality of approximations used or

relating one quantity easy to evaluate diretly to another di�ult to evaluate

diretly. In this setion we show some of them that are valid at zero temper-

ature. The notation of Chapter 4 is used through this appendix.

1. As the �rst example of an exat relation we mention here the relations

forming the heart of the Fermi liquid theory for the impurity model (see [1℄).

The ruial property of the self-energy for a system to be desribed by the

Fermi liquid theory near T = 0 is the quadrati vanishing of the imaginary

part of the self-energy near zero frequeny (Fermi energy). This property

has a diret physial meaning. It states that we an identify the exitations

near the Fermi energy to be long living quasi-partiles of an in�nite lifetime

at the Fermi energy. This property

ℑΣσ(ω) ∝ ω2, ω → 0 (95)

an in fat be rigorously proven for a large lass of systems (see [21℄).

At the same time the real part of the self-energy an be related to the

impurity magnetization m by the so alled generalized Friedel sum rule. The

rule is a diret onsequene of a relation

ℑ
∫ 0

−∞

dω
∂Σσ(ω)

∂ω
Gσ(ω) = 0 (96)

derived in [21℄ for a very general situation. By several algebrai manipula-

tions one an dedue from equation (96) a generalized Friedel sum rule

nσ =
1

2
− 1

π
arctan

(
µ + ℜΣ̃σ(0) − σh̃

)
. (97)

It is then trivial to obtain a losed equation for magnetization m from this

rule when µ = 0

m =
2

π
arctan

(
h̃ −ℜΣ̃↑(0)

)
. (98)

2. It is well known that in the partile-hole symmetri ase half-�lled im-

purity (i.e. impurity with 〈n〉 = 〈n↑ + n↓〉 = 1) orresponds to a hemial

potential µ equal zero. The standard proof of this theorem is based on a

symmetry transformation of the full Hamiltonian or on the just derived gen-

eralized Friedel sum rule (97). In our alulation, however, we are bound to
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use the self-energy as the fundamental funtion desribing the system, thus

disarding the Hamiltonian. Our self-energy is obviously only approximate.

Hene it is not a priori lear whether this orrespondene holds even in our

desription. We show su�ient onditions for this relation to hold.

It is easy to hek that the exat self-energy as well as our approximate

self-energy ful�ll symmetry onditions

ℜΣ↑(ω) = −ℜΣ↓(−ω), ℑΣ↑(ω) = ℑΣ↓(−ω), (99)

expressing the partile-hole symmetry of the problem for µ = 0. Due to these
symmetries when µ = 0 we an rewrite the de�nition of 〈n〉

〈n〉 = − 1

π

∫ 0

−∞

dxℑ [G↑(x) + G↓(x)]

to a form

〈n〉 = − 1

π

∫ ∞

−∞

dxℑG↑(x). (100)

Now one should take into aount an expliit form of the unperturbed prop-

agator G0
↑(x) when µ = 0

G0
↑(x) =

1

x + σh̃ + i∆
.

From this de�nition using the residue theorem one obtains

〈n0〉 = − 1

π

∫ ∞

−∞

dxℑG0
↑(x) = 1, (101)

i.e. unperturbed propagator ful�lls the relation µ = 0 ⇒ 〈n〉 = 1.
Both funtions G↑ and G0

↑ are analyti in the upper half-plane. The

di�erene G↑−G0
↑ is analyti and integrable there, sine both funtions have

the same asymptoti behavior G↑(z) ≈ 1/z as z → ∞ so that the leading

order behaves like 1/z2. Hene, by Cauhy's theorem used to the ontour

formed by the real axis and a half-irle in the upper half-plane we arrive at

∫ ∞

−∞

dx
[
G↑(x) − G0

↑(x)
]

= 0.

Taking imaginary part of this formula and relating it to equation (100) im-

plies that the unperturbed and interating ases have the same �lling whih is

by equation (101) equal to 1. Consequently, the setting dependent su�ient

onditions for the relation µ = 0 ⇔ 〈n〉 = 1 are equations (101) and (99).
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As the result n = 1 ⇔ µ = 0 depends on the analyti form of the self-

energy only, we ould use it to hek our numerial results. Error in 〈n〉 must

be small ompared to 1 and magnetization as well. This is more di�ult to

pursue in the strong oupling regime, sine there are sharp features of the

self-energy at the Fermi level. One has to adjust grid spaing to ahieve an

aeptable error in 〈n〉.

3. There exists a relation between derivatives of the self-energy and the

Wilson ratio. Wilson ratio is de�ned to be (see e.g. [1℄) basially the ratio of

the impurity magneti suseptibility χimp and the impurity heat apaity γimp

given by

R =
4

3

(
kBπ

gµB

)2
χimp

γimp

. (102)

The value of R is 1 for non-interating eletrons and it is 2 for the fully

interating spin-symmetri ase. For the asymmetri model it an have any

positive value dependent on harge suseptibility, but we do not go into any

detail here. The relation of interest for us is

R =
1 − σ∂Σσ(0)/∂h

1 − ∂Σσ(0)/∂ω
> 0, (103)

whih was derived in [1℄ but misprinted there. Note, that the right hand side

of this equation does not depend on σ. For the use in the body of the thesis

it is best rewritten as

R =
dh̃

dh

1 − σ∂ℜΣ̃σ(0)/∂h̃

1 − ∂ℜΣ̃σ(0)/∂ω
> 0. (104)

4. In the body of the thesis we refered to the Ward identity. This relation is

onneted to the onservation laws and is responsible for the proper thermo-

dynami behavior of the model. Interested reader should onsult [22℄. Here

we present the form of a partially integrated Ward identity from paper [7℄.

It expresses the imaginary part of the self-energy via the one-partile irre-

duible vertex in the eletron-hole hannel. Its form at zero temperature

is

ℑΣσ(ω+) =
1

π

∫ 0

−∞

dx
[
ℑΛehσσ

σσ(x+ − ω)ℑGσ(x+) −ℑΛehσσ

σσ(x+)ℑGσ(x+ − ω)
]
.

(105)

One an obtain the real part of the self-energy by exploiting analyti prop-

erties. Self-energy Σσ(z) is known to be analyti in the upper half-plane so
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that a Kramers-Krönig relation an be employed

ℜΣσ(ω+) =
1

π
P

∫ ∞

−∞

dx
ℑΣσ(x+)

x − ω
. (106)

By this the ausality of the theory is guaranteed.

One an easily see that in the approximation desribed in this thesis the

Ward identity (105) is not satis�ed. As an indiator of this failure we an

take the fat that the identity expresses the self-energy only by the Λ±t part

of the vertex funtion. This vertex is governed by the Kondo sale at and the

sale as does not enter the theory anywhere. The self-energy has therefore

di�erent behavior at least near zero frequeny.

This is not surprising, sine as we mentioned in the body of the thesis, the

two-partile vertex Γ in the simpli�ed parquet approah is not the genuine

physial two-partile vertex but rather should be understood as an auxiliary

quantity, a generator of the self-energy.
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C Summation over Matsubara frequenies

In the body of the thesis the Matsubara formalism is used heavily and sum-

mation over Matsubara frequenies is arried out without any ommentary.

We explain here the proedure on a simple example here. We evaluate the

eletron-hole bubble of equation (17). The proedure an then be easily

generalized when more terms are present in the sum.

To proeed we need to know the analyti struture of the Green funtions.

It is well known ([5℄) that the Green funtion analytially ontinues to the

retarded Green funtion in the upper half-plane, while in the lower half-plane

it analytially ontinues to the advaned Green funtion. The retarded Green

funtion is analyti in the whole upper half-plane, as well as the advaned

Green funtion in the lower half-plane. Hene, the analytial ontinuation of

the Matsubara Green funtion has a branh ut on the real axis.

The trik to perform the summation is based on properties of the Fermi-

Dira distribution funtion

fFD(z) =
1

eβz + 1
. (107)

The funtion has poles with residue −β−1 just at the fermioni Matsubara

frequenies k = (2n + 1)iπ/β (where n is integer) in the omplex plane.

The trik onsists of multiplying the funtion we want to sum by fFD. The

resulting funtion has poles at the fermioni Matsubara frequenies and the

residues are −β−1 times what we want to sum. Hene, if we evaluate a line

integral of the produt over a ontour enirling the poles, we obtain the

desired sum. We must be, however, areful not to ross any branh ut line

by the ontour.

In the partiular example of equation (17) the sum to ontinue reads (The

bosoni Matsubara frequeny q = 2miπ/β)

χσσ′(q) =
∑

k

Gσ(k)Gσ′(q+k) =
1

β

∑

n

Gσ

((2n + 1)iπ

β

)
Gσ′

((2n + 1)iπ

β
+q

)
.

(108)

By expressing the idea above in terms of equation we obtain

χσσ′(q) = − 1

2πi

∫

Γ

dz fFD(z)Gσ(z)Gσ′(z + q), (109)

where the ontour Γ is shown in Figure 44. The straight parts of the ontour

are in�nitesimally above (below) branh uts. It remains to evaluate the

integrals on eah part of the ontour. From general properties ([5℄) of the

Green funtions follows their asymptoti behavior G(z) ∼ 1/z for z → ∞.
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ℜz

ℑz

−q

R → ∞

Figure 44: Integration ontour for integral (109)

The irular part an therefore be disregarded when taking the limit z → ∞.

We also employ the branh ut ondition G(x + i0+) = G(x − i0−)∗. The

resulting integral for χ(q) then reads

χσσ′(q) = − 1

π

∫ ∞

−∞

dxfFD(x) [Gσ′(x + q)ℑGσ(x+) + Gσ(x − q)ℑGσ′(x+)]

(110)

When we have χ(q) in this form, we an analytially ontinue it to the real

axis just by a substitution q → ω+, so that we arrive at the �nal result

χσσ′(ω+) = − 1

π

∫ ∞

−∞

dxfFD(x) ×

× [Gσ′(x + ω+)ℑGσ(x+) + Gσ(x+ − ω)∗ℑGσ′(x+)] . (111)

Another sums are alulated analogously but with more terms and the

integration ontour may be more intriate, sine it has to go along the branh

uts of the summand.
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D Calulation of χ's and φ's

In the body of the thesis we needed to determine values of the eletron-

hole and the eletron-eletron bubbles and their derivatives, introdued in

equation (17). We use the methodology of Appendix C to express the value

of the bubbles as integrals and alulate them.

For self-ontentedness of this appendix we remind the reader of the de�-

nition of χ and ψ

χσσ′(q) =
∑

k

Gσ(k)Gσ′(k + q), ψσσ′(q) =
∑

k

Gσ(k)Gσ′(q − k). (112)

. These Matsubara sums an be analytially ontinued to the real axis as

χστ (ω+) = − 1

π

∫ ∞

−∞

dxfFD(x) ×

× {Gτ (x + ω+)ℑGσ(x+) + G∗
σ(x+ − ω)ℑGτ (x+)} (113)

for the eletron-hole bubble and

ψστ (ω+) = − 1

π

∫ ∞

−∞

dxfFD(x) ×

×
{
Gτ (ω+ − x)ℑGσ(x+) − Gσ(ω+ + x)ℑGτ (−x + i0+)

}
(114)

for the eletron-eletron bubble.

It is possible to relate the eletron-eletron bubble, equation (114), to

the eletron-hole bubble from equation (113) by exploiting the symmetry

property Gσ(x+) = −G∗
−σ(i0+ − x) of the propagator. Substituting this into

equation (114) we arrive at

ψστ (ω+) = − 1

π

∫ ∞

−∞

dxfFD(x) ×

×
{
−G∗

−τ (x+ − ω)ℑGσ(x+) − Gσ(ω+ + x)ℑG−τ (x+)
}

, (115)

whih means that there is a simple relation in between χστ and ψστ

ψστ (ω+) = −χτ,−σ(ω+). (116)

Other symmetry relation for the eletron-hole bubble an be derived just by

looking at equation (113)

χ∗
↑↓(−ω+) = χ↓↑(ω+). (117)
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Yet another symmetry relation exists for χ↑↑ and χ↓↓ that is more di�ult

to derive. We should prove that in fat

χ↑↑(ω+) = χ↓↓(ω+). (118)

Let us denote D(ω) = χ↑↑(ω)−χ↓↓(ω). By the symmetry property Gσ(x+) =
−G∗

−σ(i0+ − x) we obtain an integral representation of D(ω)

D(ω) = − 1

π

∫ ∞

−∞

dx
[
G↑(x+ + ω) + G∗

↑(x+ − ω)
]
ℑG↑(x). (119)

Obviously D(−ω) = D∗(ω). Taking the imaginary part of D(ω) we subtrat
two idential integrals (the integration domain is (−∞,∞), so that integrals
di�ering only by a shift of variable are the same), therefore ℑD(ω) = 0. The
real part ℜD(ω) an be rewritten as

ℜD(ω) = − 1

π
ℑ

∫ ∞

−∞

dxG↑(x+ + ω)G↑(x+). (120)

This integral is equal to zero by the residue theorem, sine the integrand is

an analyti funtion in the upper-half plane and we an lose the integration

ontour in the upper-half plane due to the asymptoti Gσ(z) ∼ 1/z, |z| → ∞.

So we proved ℜD(ω) = 0.
In this thesis we investigate only the ase of zero temperature. In this

regime we an replae fFD(x) by a step funtion Θ(−x). We also need to

know only the values of the bubbles using the statially renormalized propa-

gators G0(x) instead of full ones G(x). This makes them analytially alu-

lable. We alulate below the values χστ ≡ χστ (i0
+) and χ′

στ ≡ χ′
στ (i0

+).
We start with the value χ↑↓. It is given by an integral

χ↑↓ =
2

π

∫ 0

−∞

dx
x[

(x − h̃)2 + 1
] [

(x + h̃)2 + 1
] , (121)

whih evaluates to

χ↑↓ = −arctan h̃

πh̃
, (122)

a purely real quantity. We reover χ↓↑ from the symmetry relation (117)

getting χ↓↑ = χ↑↓ ≡ χs. Similarly, the integral for χ↑↑ reads

χ↑↑ =
2

π

∫ h̃

−∞

dy
y

(y2 + 1)2
, (123)
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evaluating to purely real result

χ↑↑ = − 1

π(1 + h̃2)
< 0. (124)

By the symmetry (118) we obtain χ↑↑ = χ↓↓ ≡ χt. Eletron-eletron bubbles

are now trivially written making use of symmetries (116) and (117)

ψ↑↓ = ψ↓↑ ≡ ψs = −χ↑↑ = −χ↓↓ =
1

π(1 + h̃2)
> 0, (125)

ψ↓↓ = ψ↑↑ ≡ ψt = −χ↑↓ =
arctan h̃

πh̃
> 0. (126)

We an use a property G0
σ

′
(x+) = −G0

σ

2
(x+) of the bare propagator to

alulate the derivative of the eletron-hole bubble. The formula follows from

equation (113) by taking a derivative of the integrand and reads

χστ
′(ω+) =

1

π

∫ 0

−∞

dx
{

G0
τ

2
(x + ω+)ℑG0

σ(x+) − G0
σ

∗2
(x+ − ω)ℑG0

τ (x+)
}

.

(127)

First we evaluate this formula for the ase of opposite spins. The integral to

be evaluated reads

χ′
↑↓ = − 1

π

∫ 0

−∞

dx
1

[(x + h̃)2 + 1][(x − h̃)2 + 1]
×

×
[

(x − h̃)2 − 1 − 2i(x − h̃)

(x − h̃)2 + 1
− (x + h̃)2 − 1 + 2i(x + h̃)

(x + h̃)2 + 1

]
(128)

This integral an be done expliitly. The solution for the imaginary part

takes a form

ℑχ′
↑↓ = − 1

π(1 + h̃2)2
< 0, (129)

and for the real part it follows

ℜχ′
↑↓ = − 1

4πh̃2


arctan

2h̃

1 − h̃2
−

2h̃

1−h̃2(
2h̃

1−h̃2

)2

+ 1


 ≈ −4h̃

3π
. (130)

The ≈ sign expresses small h̃ asymptoti. By the symmetry relation (116)

we an easily get the value for χ′
↓↑

χ′
↓↑ = −χ′

↑↓

∗
(131)
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The orresponding integral for the equal spin ase reads

χ′
↑↑ =

4i

π

∫ h̃

−∞

dy
y

(y2 + 1)3
(132)

and results into

χ′
↑↑ = − i

π(1 + h̃2)2
< 0. (133)

Note that the real part of χ′
↑↓ is zero only for zero h̃ while χ′

↑↑ stays purely

imaginary for any h̃.
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