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Abstract: Despite abundant research into neural network applications, many ar-
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upper bound on the number of neurons of a shallow neural network required to
approximate a function continuous on a compact set with given accuracy. Divid-
ing the compact set into small polytopes, we approximate the indicator function
of each of them by a neural network and combine these into an approximation
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Notation Index

P(A)

The set of all natural numbers (excluding 0)

The set of all non-negative real numbers

A fixed natural number larger than 1

The d-dimensional open ball centred at € R? with radius ¢ > 0
The standard scalar product of vectors a and x

The closure of a set A

The indicator function of a set A

A fixed compact subset of R?

The space of continuous functions from K to R

The Euclidean norm (on R?)

The sup norm (on a space of functions)

The rectifier function, p: R — R, p(z) = 21 = max(0, x)
The d-dimensional unit sphere, S¢°! = {x € R? | ||z| = 1}
The restriction of a function f to a set A

The transpose of a matrix M

The set of all subsets of a set A



Introduction

Even though neural networks have been a dominant area of research for years
now, we still lack systematic theoretical understanding and many fundamental
questions remain unanswered. One of the more studied theoretical topics is ex-
pressive power of shallow (one-hidden-layer) networks, where several versions of
approximational universality have been proved. However, no bounds found in the
literature are general and explicit enough to allow us in practice, given a contin-
uous function, to estimate the sufficient and necessary size of a shallow network
required to approximate the function with given accuracy. The main goal of the
thesis is to provide such a bound.

Given a compact set K C R%, a continuous function f : K — R and ¢ > 0,
we construct an upper bound on the least number A such that there exists a
neural network g that has a single hidden layer consisting of A neurons and that
satisfies ||f — ¢||., < €. Our bound depends on the input dimension d > 2, on
the diameter of the set K denoted diam K, on the sup norm of f, || f|,,, and
of course on €. Furthermore, complexity of the target function f is expressed by
the inverse modulus of continuity,

w(f,e) =sup{d' >0 | Vyi,y2 € K : [ly1 —wol| <& = |f(y1) — f(y2)| < e}

Denoting § = w™! (f, %), one of the bounds we obtained is

diam(K)
10(d+1)* =522
0e?

h< <6mdiam(K) £l oo

This holds for any K, f and €.

Previous bounds of this nature are formulated for f contained in Sobolev
spaces. The Sobolev space W*P(K) is the set of functions that have bounded
weak derivatives of all orders up to k in the LP norm (see Subsection [1.2| for more
details).

For f:[0,1]% — R lying in the unit ball of the space W"? ([O, l]d), Maiorov
[1] and Mhaskar [2] provide bounds of

a—1 a
0" snza(t)
g £

Note that here dependence on the norm of f is hidden in the assumption that f
lies in the unit ball.

In order for any of these bounds to be applicable, the function f needs to
be at least Lipschitz (or satisfy a Holder condition) — They cannot be used for
general continuous functions. Also, Sobolev spaces require a very nice underlying
set. The bounds cannot be applied for example for K not full-dimensional, or
even for many reasonable choices of K. However, in situations where both are
applicable, these bounds surpass our result.

Most previous bounds are formulated for networks with a sigmoidal activation
function and others have been stated for ReLLU networks. Our bound uses the
exponential activation, exp(t) = e'. This is because we use the property that the
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Figure 1: (a) We are given a function f continuous on a compact set K. (b)
We divide the graph of f into horizontal slices. (c) Sum of indicator functions
of the slices approximates f. (d) We approximate the indicator function of each
slice by a neural network. (e) Then, we sum these approximants. (f) The sum
approximates the original function f.

product of two functions representing such a neural network is again a function
representing a neural network. Even though it is possible to transfer the bound
to sigmoidal or ReLLU activations, it was beyond the scope of the thesis to provide
an efficient transition — In Subsection we provide a simple method of transfer
that results in a significant increase of the bound.

Our construction is inspired by a proof of the Stone-Weierstrass Theorem,
in particular by Brosowski and Deutsch [3]. As illustrated in Figure , we di-
vide the graph of the target function f into horizontal slices of height 5. We
approximate the indicator function of each of these slices and sum them to get
an approximation of f.

The non-trivial step here is approximating the indicator functions of the slice
sets, as these can be complex. Our solution, shown in Figure [2] is to divide K
into congruent polytopes, approximate the indicator function of each of them and
take the product of those approximants that correspond to polytopes intersecting
the set.

The indicator function of a single polytope is then approximated by taking
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Figure 2: (a) We want to approximate the indicator function of a set A C K.
(b) We divide K into regular polytopes and approximate the indicator of each of
them. (c) We take the product of all approximants that correspond to polytopes
intersecting A. (d) The result approximates the indicator of the set A defined as
the union of polytopes that intersect A, which in turn is an approximation of A.



an exponential function for each of its facets and exponentiating their average in
a specific way.

As for the structure of the thesis, in Chapter[l| we survey some previous results
on the expressive power of shallow neural networks. First, we look at different
ways of proving shallow networks are universal approximators — Section [1.1
introduces three such methods. We illustrate each method by applying it to the
ReLU activation function. Thereafter, in Section [1.2] we survey some previous
bounds on network size found in the literature.

However, the main focus lies in Chapter [, which presents the construction
described above. We proceed in the opposite direction from the one seen here,
starting with approximation of a polytope’s indicator function in Section [2.1]
Section then contains the rest of the construction. More precisely, in Subsec-
tion [2.2.1| we survey some results from the theory of lattices, in order to make the
decomposition of K into polytopes as efficient as possible — This corresponds to
an open problem called the Lattice Covering Problem. Finally, Subsection
puts this all together to approximate a continuous function on a compact set.

To conclude Chapter[2] we explore an alternative approach in Section[2.3] If we
are content with approximating the target function everywhere on K except for a
set of small measure, we can use the Vitali Covering Theorem to get a sequence of
small enough disjoint balls that cover most of K. Then, we approximate each of
these balls by a polytope and approximate each polytope’s indicator by a neural
network as in Section [2.1| — This is why we set Section [2.1| apart from the rest of
the original construction. Subsequently, a weighted sum of these neural networks
approximates the target function. However, to fully complete this construction
we would need to bound the number of balls in the Vitali Covering Theorem (or,
more precisely, the minimal radius). Such a bound is not found in the literature
and it is beyond the scope of the thesis to construct one.

Subsection studies approximations of a ball by a polytope. There are two
independent proofs stating how many facets of a polytope we need to approximate
a convex body with given accuracy, but one of them, by Dudley [4], is hidden in
terms of a complicated theory, while the other, by Bronshteyn and Ivanov [5], is
very brief. Therefore, as we have not found a clearer reformulation of either in
the literature, we created one for the special case of a ball. This also allows us
to specify the bound explicitly, without any non-specific constants. We then use
the results in 2.3.2 to finish the sketch of the construction.



1. Expressivity of Shallow Neural
Networks

In this chapter, we survey some of the most important among the multitude of
results concerning approximation properties of shallow neural networks. First,
we review classical methods of proving approximability of classes of functions
on compact sets by shallow neural networks. Thereafter, we look at bounds on
network size in relation to approximation accuracy.

In almost all of the thesis, we focus on shallow (one-hidden-layer) networks
with a ridge activation function, that is, a function of the form ¢((a,x) + b),
where ¢ : R — R. We adopt the following formalisms.

Definition 1. Let H be a set of functions from K to R, sometimes called a
dictionary. Define the affine span of H as

span H = {604—262-1%- |co e RneNVi<n:c¢ eR A, EH}.
i=1
For any function ¢ : R — R and k € N, the set of (d-dimensional) functions
represented by a k-hidden-layer neural network with activation ¢ is defined in-

ductively as follows:
Gfpo) = span I,

where 11 is the set of all d projection functions, and
(k+1) _ (k)
Gy =span po G7.

Here, po Gf@k) denotes the set of all compositions {cp ogl|gce€ Gg“)}.

Remark. We will write simply G, instead of GS) and call it the set of repre-
sentables for short. In other words,

G, = {co + 3 cip((ai @) +b;) | meN,c R Vi <m:a; €R e by € R}.
=1

Example. Probably the most well-known examples of activation functions are
sigmoidal functions and the rectifier. A function o : R — R is sigmoidal if it is
continuous and if limy_,_, o(t) = 0 and lim;_,,, o(¢t) = 1. Then, we say the set

H,={o((a,x) +b) | a € R" bR}

is a sigmoidal dictionary. We have G, = span H, — G, can be seen as a free
vector space over H,.
Let p: R — R be the rectifier function, p(t) = max(0,¢). Then,

H, = {max(0,(a,x) +b) | a € R",b € R}
is the ReLU (rectified linear unit) dictionary. Again, G, = span H,,.

The central result of this chapter is the following, proved independently by
Cybenko [6], Hornik et al. [7] and Funahashi [8].

Theorem 1 (Universal Approximation Theorem). Let K C R¢ be compact and
let 0 : R — R be a sigmoidal function. Then, the set of functions represented
by a one-hidden-layer neural network with activation o is dense in the space of
continuous functions on K with the supremum norm, G, = C(K).

7



1.1 Approximation Methods

In the following, we review several methods of showing that G, (or a different
G,) is dense in the space C(K) of real continuous functions on K. We can
restate the claim of Theorem (1| in the following way: Any function in C'(K) can
be approximated with arbitrary precision by a function represented by a neural
network. Or, more formally, for all ¢ > 0 and all f € C(K) there exists g € G,
such that ||f — gl <e€

1.1.1 Stone-Weierstrass Theorem

One way to prove density of the set of representables G, generated by a function
¢ is to show that affine combinations of ¢ can approximate a one-dimensional
function h (or a set of functions) for which we know that Gy, is dense. A similar
method was employed by Hornik et al. [7]. We formalised this by proving the
following simple claim.

Theorem 2. Let K C R? be compact, h : R — R such that Gy, is dense in the
space of continuous functions on K, C(K), and ¢ : R — R. If for all 6 > 0 and
all u < v € R there exvist n € N and {a;}7_,{b;}}_1,{c;}j—g € R such that

h(t) — (CO + i Cj(p (ajt + bj))

J=1

sup
te[u,v]

then G, is dense in C(K).
Proof. For f € C(K) and € > 0, take m € N, {a;}, CR? {337, {7}, C R

such that
||f( (70_{_271 au +62)>

For each i < m, define u; = inf,ex (oy, ) + 5; and v; = sup, ek (i, ) + Gi.

<0,

<E.

‘ o

Then, 0; = &, there exist coefficients {a’}ii,, {0:}7,, {¢i}iiy such that
sup |h(t) — (cf) +> (aét + b;)) < 0.
te[ui,vi}

j=1

Denoting by ¢; the function
_CO ZCQD ala >+Bl)+b;)v
we have
€
sup [yih ({0, @) + Bi) — vipi(@)| < —.
rxeK m

Together, this implies

Hf(az) - (o iwxm))

=1

SHf( <70+Z% (o, +@)>H +

o0

Z |vih({ew, ) + B;) — vips(@)|| o < 2.
Since (o + X0 vivi(x)) € Gy, we get [ € G, O

8



This proposition is useful in case we can prove density of GG}, for a function h
that is not particularly suitable as an activation function of neural nets.

The next claim, proved in this form by Chen et al. [9], shows that for sigmoidal
dictionaries we can use Theorem [2| with any continuous function A. Furthermore,
it gives a precise bound on approximation accuracy.

Definition 2. Let K C R?. Denote the modulus of continuity of f : K — R by
w(f,0) =sup{|f(x) - f(Y)| |z.y € K & |-yl <d}

Theorem 3. Let 0 : R — R be a continuous function such that lim;_,., o(t) =1,
limy , o 0(t) =0 and 0(0) = 1. Then for any h € C([0,1]):

1
A = gnllo Sw <h, > (4 + 2sup ]a(t)]) :
n teR

where
-1

n

gu(t) = h(0) +§jl <h (;) _h <Z >) o (L (nt — i),

where 1, is the smallest positive integer such that fort < —l,: |o(t)| < % and for
t> 1, [1—o(t) <+

Remark. This implies a similar result for all C'([a, b]), although with a potentially
different accuracy.

The proof of the theorem uses the fact that any sigmoidal o approximates the
Heaviside step function oy = 1jg« in the sense that for ¢ # 0:

klim o(kt) = oo(t).

To show that neural networks with any sigmoidal activation function are dense
in C(K) it now suffices to find a continuous h : R — R such that G}, is dense in

C(K). This can be done using the Stone-Weierstrass Theorem (see for example
[10, Theorem 7.32]).

Theorem 4 (Stone-Weierstrass). Let K C R? be compact and let G be a vector
subspace of C(K) satisfying
(i) G is closed under multiplication,

(it) G contains a constant, non-zero function,

(iii) for all x #y € K there exists h € G such that h(x) # h(y).
Then, G is dense in C(K).

We can easily verify that all three conditions are satisfied for the exponential
dictionary. There are also other options, such as the dictionary of all polynomial
functions (even though it is not generated by a single function, the main ideas
remain the same).

Corollary 5. Let K C R? be compact. Then, Geyp, is dense in C(K), where
exp(t) = €' is the exponential function.

Combining Theorems [2] and [3] with Corollary [3], we get:

Corollary 6. Let K C R? be compact and let o : R — R be continuous such that
lim; oo 0(t) = 1, limy, o, 0(t) = 0 and 0(0) = 1. Then, the set of representables
G, is dense in C'(K).



The ReLU Dictionary

We illustrate the method by proving that neural networks with the rectified linear
unit activation, p(t) = max(0,t), are dense in C(K). This follows from the fact
that a one-dimensional ReLLU network can represent a sigmoidal function, for
example p(t) = p(t) — p(t — 1). Since G, C G, density of G, implies density of
G,. However, we constructed a variation of the proof adapted directly for p in
order to provide an example of the method.

To that end we prove the following, which corresponds to Theorem |3|— That
the rectifier can approximate any continuous function on the one-dimensional unit
interval. Similar proofs are known, but we created our own for clarity. Notice
the approximation accuracy is better than in the sigmoidal case.

Theorem 7. For all h € C ([0,1]) and alln € N,

Hh(t) - (h(O) + zn:cip(t + bi)> Hoo < 2w (h, 21n> ;

=1

where b; = —=2, ey = n (h (L) = h(0)) and ¢; = n (h (1) — 20 (52) + b (52))

n

n ’

forie{2,...,n}.

0 i
Figure 1.1: The function g, is a polygonal chain with 4 vertices approximating
h.

Proof. Denote g, (t) = h(0)+ >, c;p(t+b;). We will show that g, is a polygonal
chain as in Figure [I.1} -
For je{l,...,n} and t € {%, %), p(t + b;) equals 0 for i > j and t + b; for
i < j. Therefore,
J
gn(t) = h(0) + D ci(t + by).
i=1

We will show by induction that

h(O)—l—zj:ci(t—l—bi):n(h(‘j) —h(j_l))t—(j—l)h(i) +jh <j;1)

i=1 n n

10



For j =1 this equals n (h <1> - h(O)) t + h(0). As for the induction step,

n

J
h(0) + 3 ¢ (t+b;) + cjur (E+bjp) =

=1

(o) n () v
()@ D)
()0 (1) e )

*

Hence, g, is a polygonal chain with vertices ( h (n

)), 1 < n, as shown in Figure

2
)

'For all i, w (h, %) >3 ‘h (%) —h (%)

() - (S =l () - ()l (G- 5) - Gl
= i (o () = (S ) (-0 <)
(

, since

1 1
<w(h o h )
> W ( ) 2”) +w s on

Therefore, for all ¢ € [%, =y %)

() -
() () =2 (ngy)

Similarly for ¢t € ( + i, ﬂ and by continuity the inequality holds for all
t €0,1]. O

Therefore, the rectifier can approximate any one-dimensional function on an
interval, including the exponential, and combining Theorem [7| with Theorem
and Corollary o, we get the following.

Corollary 8. Let K C R? be compact and let p : R — R denote the rectifier
function. Then, the set of representables G, is dense in C'(K).

1.1.2 Convolution

Apart from more direct approaches, such as the one in Subsection [1.1.1], proofs
based on integral approximation are common in approximation theory. Two such
methods are presented in the following two subsections.

The convolution method uses the fact that a sequence of convolutions of the
goal function can be shown to converge to the function and we can approximate
the convolutions by the dictionary in question. The approach was first adopted
in this way by Xu et al. [I1], although the proof by Funahashi [8] proceeded
similarly.

11



Theorem 9. For h € LY(R?) (a function Lebesque-absolutely integrable on R?)
such that [ h(x) de = 1, let h,(x) = nh(nx). Furthermore, let f : R? — R be
bounded and uniformly continuous. Then,

Fhy, ll-lloo 7,

n—0o0
where f* hp(x) = [ga f(x —y)hn(y) dy is the convolution of f and h,,.
We will derive the function A from our activation function.

Definition 3. Let ¢ : R — R be continuous. Define the convolution kernel
hy,: R = R as
1 _
ho(@) = —— [ pll@,u)) ds" (),

ag—1

where ag_1 is the surface area of the d-dimensional unit sphere S4', ag_1 =
fsdfl de_l(U).

The following theorem forms the basis of this approach.

Theorem 10. Let a > 0, K = [—a,a]? and let p : R — R be uniformly continu-
ous on R. If

(i) h, € L*(R?) and
(i1) oo ho(2) da # 0,

then, the set of representables G, is dense in C(K).

Remark. The proof of Theorem [I0] uses the convergence from Theorem [J] ap-
proximating the convolutions by an integral sum of h,, which in turn is approxi-
mated by a linear combination of g.

Complications arise in directly applying Theorem (10| to sigmoidal functions.
Since h,, is a radial function (depending only on the distance from the origin), to
satisfy condition (i) ¢ has to go to 0 towards infinity quickly enough (faster than
t=4). Sigmoidal functions, however, tend to 1 by definition. Furthermore, it is
clear that h, = 0 for ¢ odd, which is often the case for ¢(t) = 20(t) — 1 with the
most popular sigmoidal functions, implying h, = 5 ¢ L'(R).

We will instead use the function ¢(t) = o(1 +t) + o(1 — t) — 1, where o
is a sigmoidal function. Then ¢ is even and since ¢ can be represented by a
one-dimensional o-network, clearly G, C G, so density of G, implies density of
Go.

The following technical lemma from [11] facilitates verification of the condi-
tions of Theorem 10l

Lemma 11. Let d be odd and let ¢ : R — R be even and uniformly continuous
for which there exists ¢ > 0 such that for allp > d —2: |p(t)| < wp- Then:

1. hy, € L' if and only if for all j € {0, . .,%}:
/OO ()t dt = 0.
0

12



2. It holds that

/]Rd hy(x) dx = —204d,27d/0 ()t dt,

where 74 = [ (1 — £ dt.

A similar claim holds for d even. The proof of the lemma is somewhat com-
plicated, but it allows us to formulate the following result.

Theorem 12 (Xu, Light, Cheney [11]). Let a > 0, K = [—a,a] and let p : R —
R be even and uniformly continuous. Suppose there exists ¢ > 0 such that for all
p>d—2:|o(t)] < p and that

/ ()t dt #£ 0.
0
Then, the set of representables G, is dense in C(K).

Remark. While the conditions are not satisfied for sigmoidal functions in general,
they hold for some of the most commonly used, for example taking the logistic

function

B 1
o l4et

o(t)

and o(t) =o(l1+1t)+o(l—1t)—1.

The ReLU Dictionary

The convolution method is easy to apply to the rectified linear unit, p(t) =
max(0,t), using Theorem . Again, we cannot use p itself, since it does not
vanish toward infinity, so we will use instead the triangle function

p(t) = p(t +1) = 2p(t) + p(t = 1),

which is a polygonal chain with vertices (—1,0), (0,1) and (1,0). It is clearly
representable by a one-dimensional p-network, so proving density of G, in C(K)
suffices to prove density of G,.

The inequality |@(t)] < # holds for any p > d — 2, since ¢(t) <1 on [—1,1]
and ¢(t) = 0 elsewhere. Furthermore, for ¢t € [0, 1], ¢(t) =1 —t, so

00 1 1 1 1
£yt dt:/ )it dt:/ 1-t)t"tdt =~ - ——#0,
| e o) [a-1 R e
Therefore we can apply Theorem
Corollary 13. Let a > 0, K = [—a,a] and p(t) = max(0,t). The set of

representables G, is dense in C'(K).

1.1.3 Dual Spaces

Another integral-based approach to neural network approximation uses dual space
theory. This method was employed by Cybenko [6].
First, let us review some simple notions from functional analysis.

13



Definition 4. Let X be a real vector space. The dual space X* of X 1is the space
of all bounded linear mappings from X to R (bounded linear functionals on X ).
Let V. C X, the annihilator of V is the set V° C X* defined as

VO={he X*|VYoeV:h(v)=0}

The following simple theorem forms the basis of this approach to approxima-
tion. For a proof see for example [12, Theorem 1.18].

Theorem 14. Let X be a real vector space. Then a subspace V' C X is dense in
X if and only if the annihilator of V is trivial, that is, V° = {0}, where 0 is the
constant zero functional.

Therefore, to prove density of the set of representables it is sufficient to study
its annihilator. This is mainly useful in spaces whose dual has a manageable
representation.

The following theorem, reformulating Theorem 1 of Cybenko [6], specifies this
for the space of continuous functions on the d-dimensional unit cube, using the
fact that the dual of C([0,1]¢) is isomorphic to the space of Radon measures on
0, 1]¢ with bounded variation.

Theorem 15 (Cybenko). Let ¢ : R — R be a continuous function such that
for all Radon measures p on [0, 1]% with bounded variation it holds that if for all
a cR? and b € R:

v((a, ) +b) du(x) = 0,

[0,1]¢

then 1= 0. Then, the set of representables G, is dense in C([0,1]¢).

The rather technical proof that the annihilator of a sigmoidal dictionary is
trivial can be found as Lemma 1 in [6] — See Theorem (18| for a similar proof.

While this method is less constructive than the previous two, it can be easily
generalized to other cases. For example, we can get a similar result for radial basis
activation functions, functions depending only on the distance from a certain
point.

Theorem 16. Let K C R? be compact and ¢ : R — [0,1] a continuous function
such that lim 1 p(t) =0 and p(0) = 1. Then:

(i) The following implication holds for all Radon measures jn on K with bounded
variation: If for all b € K and all a € R:

[ ¢lallz=bl) du(@) =0,
then = 0.

(i) The set
span {¢ (a [z b)) | bc K,a € R}

is dense in C(K).

14



This approach is also easily transferable to other function spaces. The case of
LP spaces — spaces of functions with Lebesgue integrable p-th power, whose dual
is known to be L? for ¢ such that % + % =1 — is a corollary of the case of C(K):
Density of G, in C'(K) implies density of G, in all LP(K'), because C(K) is dense
in LP(K) when K is compact. However, the following theorem formulates the
approach directly for LP(K).

Theorem 17. Let K C R? be compact, p,q € [1,00) such that % —1—5 =1 and
¢ : R = R. The set G, is dense in LP(K) if for all h € LI(K) the following
implication holds: If for all a € R? and b € R:

| o ((a.@) + ) h(=) dz =,
K
then h = 0 almost everywhere.
However, the proof that sigmoidal functions satisfy the required implication
is again non-trivial.
The ReLU Dictionary

Once more we illustrate the method by applying it to ReLU networks G, p(t) =
max(0,t). We will show that p satisfies the condition of Theorem We adapted
the proof from the one for sigmoidal functions.

Theorem 18. Let K C R¢ be compact and let 1 be a Radon measure on K with
bounded variation. If for all a € R* and b € R

[ pl(a.@)+b) dulz) =0,
then u = 0.
Proof. Define p as zero outside K. We will show that the Fourier transform of y,

_ i{a,x)
Fila)= [ e du(a),
where i is the imaginary unit, equals zero for all a € R?.
We will approximate the integral by a Riemann sum. Let b = inf,cx (a, x),
¢ = Sup,eg (@, x) and for n € N and j € {0,...,n} define ¢7 = b+ j<2. Then,
by the Left Hand Riemann Sum Theorem,

F,(a) = lim / e rdu(x
u(a) nl_moz ¢ o<ty tdp(z)

We will show that for all j < n, u ({t;ﬂl <(a,x) < t;‘}) = 0. Fixing one such
j, define for all m € N

Sm = /K mp ((a,m> - <t;‘_1 - ;)) —mp ((a,m) — t;‘_l)
—mp ((a, x) — <t§‘ - 1)) +mp ((a, x) — t;‘) du(x).

m
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Figure 1.2:  The sequence {s,,}°°_; approximates the measure of the set
{w ceR?| (a,z) € {?_1,15?)}.

The definition of s, is illustrated in Figure[1.2l By the Lebesgue Dominated
Convergence Theorem,

s f (@ @) du(@) = ({8, < {a,@) < 47}),
where 14(u) is the indicator function. At the same time, s, = 0 for all m by the
claim’s assumption that [ p ({(a,x) +b) du(x) = 0. Altogether, F,(a) = 0 for
all @ € R? and, by uniqueness of the Fourier transform, p is the constant zero
measure. O

Together with Theorem [15| we get the desired result.

Corollary 19. The set of representables GG, is dense in C ([0, 1]d>, where p(t) =
max(0,1).

1.1.4 Non-Polynomial Activation Functions

We have seen several methods of proving the Universal Approximation Theo-
rem, Theorem [T}, focusing on sigmoidal and ReLU activation functions. However,
Leshno et al. [I3] proved a stronger version of the theorem, stating that G, is
dense in C(K) if and only if ¢ is not Lebesgue-equivalent to a polynomial func-
tion. While the method at the heart of this proof is the one of Subsection [I.1.1]
showing ¢ can approximate any one-dimensional continuous function and using
the Stone-Weierstrass Theorem, in this general version the one-dimensional step
is more complicated.

Theorem 20 (Leshno et al. [13]). Let K C R¢ be compact and let ¢ : R — R
be locally bounded such that the set of points of discontinuity of ¢ has Lebesque
measure zero. Then, the following are equivalent:

(1) G, is dense in C(K),
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(ii) ¢ is not Lebesque-equivalent to a polynomial.

Proof. One implication is simple: If ¢ is a polynomial of degree k, then any
h € G, is a polynomial (in d variables) of degree at most k. The set of polynomials
of bounded degree is not dense in C'(K).

In the other direction, denote by G}p the set of functions representable by a
neural network with one-dimensional input. Leshno et al. [I3] divide the proof
into steps similar to the following:

L. If G}, is dense in C([0, 1]), then G, is dense in C(K).

e This follows from theorems of Subsection|[1.1.1], namely Theorem [2land
Corollary [5]

2. If ¢ is non-polynomial and smooth on R, ¢ € C*(R), then G, is dense in
([0, 1]).

e Since ¢ is not a polynomial, there exists ¢, € R such that all derivatives
of ¢ are non-zero at ty. Using this it can be shown that ¢ can approx-
imate any polynomial, so G}, is dense in C([0,1]) by the Weierstrass
Approximation Theorem.

3. Denoting by C'°(R) the set of all smooth real functions with compact sup-
port, for all h € C°(R) the function ¢ * h is an element of the closure of
GL.

©

e Here, pxh is the convolution of ¢ and h as defined in Subsection [1.1.2}
e h(t) = [@(t — s)h(s)ds. The proof of this step is non-trivial.

4. If there exists h € C°(R) such that ¢ x h is non-polynomial, then G is
dense in C([0,1]).

e By ., o*h € CT}D, which implies G,;, C Gi}p. Since ¢ x h € C*
non-polynomial, by . G}D*h is also dense in C([0,1]), so G}p is dense
in C(]0,1]).

5. If for all h € C°(R): ¢ * h is a polynomial, then there exists & € N such
that all ¢ * h are polynomials of degree at most k.

e Again, this step is a bit technical: Denote by C2°([a,b]) the set of
all functions in C2°(R) with support in [a,b]. Because C2°([a,b]) =
o * C([a,b]), we can write C2°([a, b]) as the union over k of sets of
all ¢ = h of degree at most k. By the Baire Category Theorem, this
sequence of sets has to stabilize, meaning all ¢ % h are of uniformly
bounded degree.

6. If for all A € C°(R) the function ¢ * h is a polynomial, then ¢ is a polyno-
mial.

e This follows from 5] using results from distribution theory.

Altogether, if ¢ is non-polynomial, then by [6] some ¢ * h is non-polynomial,
so by . G, is dense in C([0, 1]) and by . G, is dense in C(K).
O
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Remark. We changed a few details from the original proof, as it used some
potentially misleading notation: G, is there defined to be dense in C(R?) if it is
dense in C(K) for all K C R% compact. However, for example for o sigmoidal,
G, is dense in C(R?) in this sense, but it is never dense in C'(R?) in the sense
that for all f : RY — R continuous and £ > 0 there exists g € G, such that

SUPgepa | f(x) — g()] <&

1.2 Bounds on Network Size

In this section we survey some previous bounds on expressive power of neural
networks. Basic expressivity results are usually stated in the form "Networks
of complexity m can approximate some class of functions with accuracy €”, or
(equivalently) "In order to approximate functions with accuracy e by a neural
network, the minimal required complexity is m”. For our purposes, complexity of
a neural network will be synonymous with the number of hidden units. However,
in more recent literature other measures of complexity are often considered, such
as the number of non-zero weights (as in [I4]) or an approximation thereof by the
sum of weight sizes (see for example [I5] for further motivation).

Definition 5. For ¢ : R — R and m € N denote by G, the set of functions
represented by neural networks with activation ¢ having at most m neurons in
the hidden layer (including a potential constant term),

Gom = {Z cip({as, ) +b;) | Vi<m:a; €RY ¢ b; € R} .
i1

Note that this definition implies that the complexity of a function g € G,
is the least number of neurons necessary to express g, even though ¢ may have
several representations of different sizes.

Definition 6. Let X be a vector space and A C X. Define the error of approzi-
mation of A by B in the space X as

Ex(A, B) = sup Inf [la = bl| .

We will write Ex(a, B) instead of Ex({a}, B).

Remark. Consequently, Fx(A, B) < ¢ is equivalent to: For all a € A there exists
b € B such that |la — b|| < e. That is, any member of A can be approximated
by some member of B within an error of . Conversely, Ex(A, B) > ¢ can be
restated as: There exists a € A such that for all b € B: |ja — b||, > ¢. That is,
some element of A cannot by approximated by B better than with an error of €.

1.2.1 Sobolev Spaces

Most bounds on network complexity found in the literature are expressed in terms
of Sobolev spaces and because these are often presented in a somewhat advanced
manner, we give a quick summary of some important facts. The bounds use
Sobolev spaces to quantify complexity of the approximated function — Functions
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belonging to higher order Sobolev spaces are more regular (smoother in case of
continuous derivatives) and therefore easier to approximate.
Recall that for p € [1,00) we define LP(K) as the space of all functions
f : K — R such that the integral [, |f|" d\? is finite, together with the norm
1

1£Il, = (fK |fI? d)\d)g. For p = oo, L*(K) is the space of functions bounded
almost everywhere on K with |[|-||  defined as the essential supremum. On a
compact set it holds that LP(K) O LK) for p < g and that C(K) is a dense
subset of all LP(K).

Sobolev spaces are typically defined on the whole R? or on well-behaved open
subsets, which usually means sets with a nice boundary called Lipschitz domains.
A Lipschitz domain is a non-empty connected open set U such that the boundary
of U can be locally represented as the graph of a Lipschitz function. Previous
bounds are usually formulated on balls or cubes, which satisfy these conditions,
but there exist many natural sets that do not.

Definition 7. Let U C R? be a Lipschitz domain. For k € NU{0} andp € [1,00],
the Sobolev space W*P(U) is the space of all functions f : K — R such that all
weak derivatives of f of order up to k have a finite LP norm.

Remark. A function h is an i-th weak derivative of f, i < d, if for all » € C*(U)
with compact support: [;; fa%iw d\? = — [, hp dX\?.

For k=0, WoP(U) = LP(U). For ky < ky we have W*1P D Jy/k2p,

Alternatively, W*P(U) can be defined as completion of the space of functions
that have all derivatives up to order £ bounded in the LP norm. However, it is
important to note that weak derivatives lack some properties of classical deriva-
tives. The space is equipped with a norm based on L? norms of derivatives of
order up to k:

1
[ f s = ( > HD“fﬂﬁ) :
a:la|<k
or for p = oo:
[f e = max [[D*fl| .

a:|la|<k

As we are mainly interested in continuous functions and the sup norm, we
will define a more intuitive type of spaces and relate it to Sobolev spaces.

Definition 8. Let U C R be open. For k € NU {0} the Hélder space C*1(U)
is the space of all f : U — R such that derivatives of f of order up to k are
continuous and derivatives of order k are Lipschitz continuous.

Denoting by C*(U) the space of functions with continuous derivatives of order
up to k (where C°(U) = C(U)), we have

)20 U) 20 (U) 2 (U) 2 ...
The following are consequences of one of Sobolev Embedding Theorems.
Lemma 21. Let U C R? be a Lipschitz domain. Then:

1. Forallk > 1: Wkee(U) = C*1Y(U).
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2. If k1 > ko > 0 and p € [1,00) such that ko < ky — %, then WkP(U) C
Wk2eo(U).  In particular, if f € WEP(U) for p(k — 1) > d, then f is

Lipschitz continuous.
8. If f € WkP(U) for pk > d, then f is continuous.

Sobolev spaces are not usually defined on non-open sets. However, for K that
is a closed ball or a hypercube, under assumptions on k and p (in particular that
kp > d) it holds that any function in the Sobolev space defined on the interior
of K has a uniquely determined extension, along with its derivatives, onto the
boundary of K. Then, W*?(K) can be seen as the same space as W*P(int K).

We formulate the bounds for K = [0, 1]¢, but the same bounds with potentially
different constants hold for K = B(0, 1), or other similar sets. The bounds are
usually presented normalized in the sense that f is assumed to satisfy || f||;ye, < 1.

Definition 9. Denote by B¥? the closed unit ball in W*P([0,1]9), that s,

B = {f e W (10,117 | | flhyes <1}

Remark. Note that not only are the bounds formulated only on very nice sets
K, but they also require k£ > 1. With respect to C ([O, 1]d), we need the approx-
imated function to be at least Lipschitz in order for the bounds to be applicable.

1.2.2 Bounds on Error of Approximation

Now we look at some lower and upper bounds on approximation error, which
correspond to lower and upper bounds on the number of necessary neurons. For
a more detailed survey see [16] and [14].

We will begin with lower bounds. In this thesis we focus only on ridge acti-
vations, so that the resulting function is a combination of some ¢({a;, ) +b). If
we allow ¢ to vary, we get a surprisingly useful lower bound. Denote by R,, the
set of all m-term combinations of continuous ridge functions,

R, = {Z cipi({as, ) |Vi<m:a; R ¢; eR,p; € C(R)}.
i=1

If ¢ : R — R is continuous, then clearly G, ,, € R,,, so for any X containing R,,
and for f € X:

Ex (f,Gom) = 10t |l =gllx = inf |F = gllx = Ex (. o).

Therefore, if we can bound FEx (f, R,,) from below, we get a bound also on
Ex (f,Gym). Maiorov [1] provides such bounds for approximation by ridge func-
tions for X = L?. Note that the upper bound does not imply anything about
Go.m, it only means we can get no better lower bounds using this approach.

Theorem 22 (Maiorov [I]). Let k > 1, then there exist Cy,Cy > 0 such that for
allm>1
__k_ k.2 __k_
Cym™ 1 < Bpa (B*, Ry ) < Com™ a1,
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Remark. In other words, the lower bound implied for any ¢ € C(R) can be
stated as: There exists f € B¥? such that for all ¢ > 0 and g € G,p: If
IF = gll, < & then

d—1

~ /1IN
h>C () L
€
It was even proved by Maiorov et al. [I7] that the set of all f that force this

bound is large (in measure), so it is not just some pathological case.
It is simple to verify that the same bound holds for any p € [2, 0.

This lower bound on approximation error is in general not tight — For some

d
o sigmoidal it holds that the number of necessary neurons is at least C' (%)k

However, Maiorov and Pinkus [I8] define a sigmoidal function that attains this
bound.

Theorem 23 (Maiorov and Pinkus [I8]). There exists 0 € C(R) sigmoidal and
strictly increasing such that for all k > 1 and p € [1, 00| there exists C' > 0 such
that for all m > 1

Eps (B, Gopm) < Cm~ a1,

Remark. However, even though the function is C*°, it is constructed using sep-
arability of the space C([—1,1]) and it is definitely not usable as an activation
function in practice. The conclusions that the authors draw from this result are
that (i) sigmoidality, monotonicity and smoothness are not sufficiently strong
properties to rule out pathological functions, and that (ii) these properties do
not impede approximation, as there is a function having these properties that
attains the best possible degree of approximation.

A stronger lower bound on error of approximation can be derived if the pa-
rameters of the approximating network, the coefficients, weights and thresholds,
depend continuously on the approximated function f. While this is usually not
the case in practice, results based on DeVore et al. [19] imply that for such
networks the lower bound increases to

[SAES

Cm™ 4.

Next, we turn our attention to upper bounds on approximation error. Prob-
ably the most important bound in this direction was proved by Mhaskar [2].

Theorem 24 (Mhaskar [2]). Let ¢ : R — R be a function satisfying that there
exists an open interval U C R such that |y € C®(U) and ¢ is non-polynomial
on U. Then, for all k > 1 and p € [1,00]| there ezists C > 0 such that for all
m>1

B (B, Gym) < Cm™ i,

Remark. In other words, for ¢ smooth the following holds: For all f € B*? and
€ > 0 there exists g € G, for

such that || f —gl|, <e.



The proof uses the known fact that for all f € W*? and all n € N, there
exists a (d-variate) polynomial p, of degree at most n such that [|f —p,| <
Cn™" || fllyyrr- The polynomial is then approximated using derivatives of (.

Because of the assumptions on ¢, the previous bound cannot be applied to
the ReLU activation or the Heaviside function 1jg o) that are either non-smooth
or polynomial on all intervals. Petrushev [20] proved, among other results, that
these functions satisfy the same bound for certain values of k.

Theorem 25 (Petrushev [20]). For n € NU {0}, define

", t>0;
=30 t<0

Then, for all1 <k <n+1+ % there exists C' > 0 such that for all m > 1:
Epa2 (B, Gopm) < Cmd.

Remark. As the Heaviside function and the rectifier equal oy and o1, the bounds
hold for them for k& up to % and %, respectively.

As for more recent results, probably the most notable in a direction similar
to the previous is the work of Yarotsky [14], who proves several lower and upper
bounds for deeper neural networks. One of these results specifies a bound on the
size of one neural network architecture that approximates all functions in B%>
with some setting of weights.

Theorem 26 (Yarotsky [14]). Let k > 1 and e € (0,1). Then, there exists ¢ > 0
and a neural network architecture N with ReL U activation of depth at most

) +)
() () 1)

neurons and connections (non-zero weights), such that for all f € B> there ex-
ists a weight setting of N represented by a function g € G, such that ||f — g||, <
€.

and with at most

On the other hand, if the architecture is allowed to depend on the approxi-
mated function f, he proves that a network of constant depth and the number of

neurons bounded by
c

elog (%)
that approximates f. However, this result is formulated only for one-dimensional
functions f, that is, for any Lipschitz function on [0, 1].
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2. A Constructive Upper Bound
on Network Size

We construct an upper bound on the number of neurons in the hidden layer nec-
essary to approximate a continuous function on a compact set. We achieve this
using the approach from Subsection [1.1.1] working with networks with exponen-
tial activation and then approximating the exponentials by the given sigmoidal
function in one dimension.

The construction is inspired by a specific proof of the Stone-Weierstrass The-
orem by Brosowski and Deutsch [3]. We use a lattice to divide the compact set
into polytopes on each of which the target function’s range lies in a small interval.
We approximate the constant function on each polytope by a neural network with
exponential activation and combine then to get an approximation of the target
function.

At the end of this chapter we consider an alternative approach — Approxi-
mating the target function everywhere except a set of small measure. We give
an overview of the potential construction and specify what theoretical results are
required to complete it.

2.1 Approximation of the Indicator Function of
a Polytope

In this thesis, by a polytope we understand the convex hull of finitely many points
in R%. For a detailed overview of basic definitions see [21], Section 4.2].

Definition 10. For d,m € N, d > 2, denote by P% the set of all d-dimensional
polytopes having m facets.

Remark. Because the definition requires the polytopes to be full-dimensional,
P¢ is non-empty only for m > d + 1.

The following theorem, stating that we can approximate the indicator function
of any polytope, is original, but it is loosely inspired by Lemma 1 from [3].

Definition 11. Let P € PL, © € P and a € R. Denote by a x,, P the dilation of
P by o centred at x,
a#*y P=a(P—x)+ x.

Recall that Gep ), denotes the set of functions representable by a shallow
neural network with the exponential activation function, exp(t) = e*, that has h
units in the hidden layer.

Theorem 27. Let K C RY be compact, P € P4 such that PNK # (), xo € int P,
a>1and e > 0. There exists g € Gexp such that

e glx: K—10,1],

e forye PNK: g(y) >1—¢,
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o fory e K\ (axs P): g(y) <e,

® g € Gexpp for

diam(P)diam(K)

h = (3(2)7” (2)6mlog2m<a1>q2
m € ’

where q is the minimal distance from xq to a facet of P.

Proof. Denote by H(a,b) the hyperplane perpendicular to @ € S?°! shifted by
ba, that is,
H(a,b) ={y €R'| (a,y) —b=0}.

Let {a@;}™, be outer unit normal vectors of P’s facets and let {b}}, and {b?}7,
be real numbers such that the supporting hyperplanes of facets of P and a*,, P
are of the form H(a;,b}) and H(a;,b?), respectively. That is, P = {y | Vi < m :
(a;,y) — bl <0} and a*g,y P ={y | Vi < m:{a;,y) —b? <0}. Take b; = @
The whole situation is illustrated in Figure [2.1}

Figure 2.1: Facets of polytopes P and a *,, P lie on hyperplanes of the form
H(a;,b}) and H(a;,b?), respectively. Hyperplanes H(a;,b;) then correspond to
facets of the polytope § *z, P. Outer normal unit vectors of facets of all poly-
topes are @y, ..., a,. b}, b; and b? are oriented distances from the corresponding

hyperplanes to the point O.

For each facet of P we will define an exponential function that is larger than
my for some y on the outer side of H(a,;,b?) (w.r.t. a;) and smaller than 2 on the
inner side of H(a;,b;), also normalizing them to range inside [0,1] on K. This
way, taking p(x) as the average of these exponentials, p is larger than ~ outside
¥4, P and smaller than 7 inside P. This will allow us to exponentiate p in order
to get the required bounds.

If {(a;,y) — b} = 0 for some y, then b? = (a;, a(y — xo) + xo), SO

bj — b = (ai,a(y — @) + o) — (a1, y) = (a — 1)(b; — (@i, z0)).

bl — (a;, o) = |b} — (a;, To)| is the distance between hyperplanes H(a;,b}) and
H(a;, {a;, xo)), which equals the distance from &, to the i-th facet of P. Denote
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this distance by ¢; and let ¢ = min;<,, ¢; be the minimal distance from x; to a
facet of P. We get
b = b = (a —1)g; > (a — 1)g. (2.1)

For each ¢« < m take s; = 1(()5(_2?)13131' Then, by 1' we have

(a—1)q?

et (0) — (2m)2enat > (2m)F = v2m (2.2)

and
—(a—1)¢?

osi(bl=bi) (2m) 20 < (2m)”

N |=

1
T (2.3)
Taking y; € P and yy ¢ « %, P — which means (a;, yl) 0 for all 4, and
(aj,yz) — b5 > 0 for some j < m — we get from (2.2) and 1|

sj({aj,y2)—b;) 55 (b2b;) Vom
eI > e% > =2
\/2m

> 2§:esi(b > 226 (@iy1)—
i—1

(2.4)

Let A :
diam(P)diam(K)
= (Zm) (a— 1)‘12
and define

q;({a;,®)—b;)—diam(P)diam(K)

m
Z (a—1)q?

_ LS sitaamny _ L
Z) = mz ;6 m 4

Then, p|x ranges in [0,1]: p is clearly non-negative. For any y € K and
i < m, taking ¥y’ € PN K # () we have (a;,y') < b} < b;, so (a;,y) — b; <
(a;,y) — (a;,y') < [{a;,y) — (a;,y’)|. This is the distance between hyperplanes
H(a;,{a;,y)) and H(a;, (a;,y’)), which is at most ||y — y'||. However, since both
y and y’ are elements of K, their distance is at most diam(K). Altogether, we
get (a;,y) — b; < diam(K). Combined with the fact that ¢; < diam(P), this
implies

(2m) (D < (2m) (DF =z

sop < 1.

Furthermore, by for any y; € P and ys ¢ a %, P we have

p(y2) > \/\/ﬁiz = 22\;% > 2p(y1).

Next, we manipulate p to get the required bounds. Denote

iam(P)diam(K)
V2 2 (om)” A

7\/_zm

'This definition is motivated by a later result, Lemma where it will be useful to have
s; = cq;, where ¢ is common for all . We could instead take s; = 1(0 5(_217;2 for all 4, slightly

reducing the bound of this theorem — See the remark after this proof.
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so that p < 3 on P and p > 7 outside a x5, P. If K\ (a %4, P) is empty, the
theorem can be satisfied by a constant function, so assume K\ (a*,, P) # (). This
implies for some 7 that diam(K) > 0? — b} > (o — 1)q. Because diam(P) > 2q

and m > 2, we have vy < 472 = L.

Let k = {7 1J meaning kv € [\/_ -, \/5) - (\/5 — %, \/5), and define

Then,
1 1 1
g (1) Tos (%] ~ Tos (%)
which implies (%7)“ < g, and also

log (V2) ~ log(v2— ) ~ log(kv)’

meaning ﬁ < E.
Finally, take
g=(1-p"".
As in the proof of [3, Lemma 1], for y € P N K we get by Bernoulli’s inequality

and by : §
g(y) >1— (kp(y))" >1— (l{W) >1—c¢

2
and for y € K \ (a #4, P), using again Bernoulli’s inequality and (2.6):
9(y) = G p(y))n( —p(y)")" < 7(kp(y))n(1 p(y)")" (1+k"p(y)")
; o n\k"™ n\k" _ ; i 2an\ k™
< (k:p(y))”(l p(y)")" (1+p(y)") (kp(y))n(l p(y)™)
1 1

<eE.

= Gl = ()

To summarize, we have defined the function g as

1 m qi(<ai,z>—bi)—diam(P)diam(K) ny k"
g(a:) =(1—-[— Z(Qm) (a—1)q? ,
m

i=1

diam(P)diam(K)

where n = { 5 log(e 1 and k = {\/ﬁ@m) (@D — 1J. As n and k are both

21log(2)
positive integers, it follows that g € Geyx,. We have shown that g|x ranges in
[0,1] and that for y € PN K: g(y) > 1 —¢c and for y € K \ (a*,, P): g(y) < e.
As for the number of hidden units, we know that p € Gexpm. As a consequence
of the multinomial theorem, the n-th power of an m-term expression contains
at most (":ff 1) terms (see e.g. [22, Chapter 5]). The number of terms in

g = (1—p")*" is at most the number of terms in (1 —p)™*". Therefore, g € Gexpp

fOI' m m
b= (nk + m) < ((nk: —|—m)e> _m <nk: N 1) |
m m m
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Furthermore,

1 2
_5 0g€+1 5log2< )

n
— 2log?2 -2
and
\/_ diam(P)diam(K)
— \/_(Qm) (a—1)q2
v
— 2(1+10g2 m) 7dlam(<ap>f;zmu()+l logo m
diam(P)diam(K)
S 22log2mi(oﬁl)q2
Together,

diam(P)diam(K)

k< (2)510g2m (a—1)q2
- \e

and therefore

- 2m c

510 g 2 510g2m%diam(l() m
< em &2 (6) < > (a—1)q? 11
g

3e\™ /92 5mlogy mPEEEIERE 1y
< ooy -
m €

]

Remark. Instead taking s; = 1(05(27” for all 7 in the proof produces a slightly

better bound of

m(K)

b (36)m (2)6m10g2md(al)q
S \m € '

However, our version is preferable for the purposes of Section [2.2]

2.2 Constructive Approximation of a Continu-
ous Function

We will use the preceding approximation of a polytope’s indicator function to
construct an approximation of a continuous function. We will do this by dividing
the underlying compact set into small enough polytopes and approximating the
value of the function on each of them. In Subsection we look at ways of
efficiently dividing sets into polytopes and in Subsection [2.2.2| we put this together
with Theorem 7] to finalize the construction.

2.2.1 Lattices

In the rest of the construction we want to divide the space into polytopes such
that each fits in a sphere of a given radius. The problem of finding the most
economical way to cover the Euclidean space with balls of equal radius is known
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as the Covering Problem and in general it is open. For our purposes, regular
arrangements of ball centres, lattices, are of particular interest. We will see that
while an optimal lattice is unknown in all but a few dimensions, we are able to
define a somewhat reasonable one. In this subsection we survey some results on
lattice coverings. We will proceed to decompose the space into polytopes using
the lattice points as their centres.

We are interested in point arrangements such that balls around each of them
cover the whole R?. On the other hand, we want to keep the covering as sparse
as possible, so we do not want points to be too close to each other. These two
dual notions are formalised in the following definition.

Definition 12. Let § > 0. A set of points X C R? forms
e a O-packing if for all x; # x5 € X the balls B (:1:1, g) and B (332, g) are
disjoint,

e a d-covering (of R?) if RY C Uyex B(x,9),

e a d-net on R? if it is both a J-covering of RY and a &-packing.

To illustrate consequences of the definition we give some simple bounds on
the number of points in a ball of radius R. Even though we constructed our own
proof, similar bounds are known.

Theorem 28. Let R >0, § > 0, and let X C R%. Then,
(i) if X is a 0-packing,
2R

d
X N B0, R)| < (5+1> :

(ii) if X is a 8-covering of R%, define X = {x € X | B(z,8) N B(0, R) # 0}.
Then B(0,R) C U, 5 B(x,0) and

<= (4)

Proof. (i) For all ® € X N B(0, R) the balls B (a:, %) are pairwise disjoint subsets
of B (O, R+ g) Denoting by A\? the d-dimensional Lebesgue measure, this means

that
2\ (B <O,R+ g)) > |X N B(0,R)| \ (B (0, g))

M (B(0,R+2 R+ 9\¢
|XﬂB(0,R>|§ (d ( 52)):< jz) )
X(B(0.5)) :
(ii) Since B(0,R) C R? C U,ex B(,d), from the definition of X it follows
that B(0, R) C U, 5 B(x,d). Similarly to (i):

and so

2

X!(B(0, R) < |X| N(B(0,9)),

meaning




Lattices and Voronoi Tessellations

The main goal of this section is to divide a compact set into small regular subsets.
Given a set of vertices, we can achieve this by taking sets of points closest to one
vertex.

Definition 13. Let X C R The Voronoi tessellation of X is the map V : X —
P(RY) defined for x € X by

Viz)={y eR" | Vz' € X \{z}: [ly — = < |y — ']}
The set V(x) is called the Voronoi cell of x.

As the Voronoi tessellation of a general X C R? can be wild, we will focus
only on regular sets of vertex points.

Definition 14. A set X C R? is called a (geometric) lattice if

1. X is a subgroup of the additive group (RY,+,—,0), that is, if it is closed
under addition and subtraction, and contains 0, and

2. there exists a, 5 > 0 such that X is an a-packing and a [-covering.

We define the packing radius and the covering radius of X respectively as

1 1
ap =sup{a > 0| X is a 2a-packing} = 5:51;35@( Ty — a2 = io;irmléx l|lz]|

and
Bo=1inf{f >0 | X is a B-covering} = sup inf ||y — x| .
yEeRI T X

The following lemma summarizes some well known facts about lattices, see
e.g. |23 Sections 1.1.2 and 2.1.2].

Lemma 29. Let X C R? be a lattice. Then

(i) the additive group (X, +, —,0) is isomorphic to (Z%,+,—,0). In particular,
X is countable and has a basis of size d;

(it) the Voronoi cells V(x) for € X are polytopes and they are congruent in
the sense that for @y, xs € X: V(x1) = V(@s) — 2 + x1;

(7ii) the packing radius o of X is equal to the inradius of V(x) and the covering
radius By of X is the circumradius of V(x) for any x € X.

Example. The simplest example of a lattice is the cubic lattice Z¢. This is
Vd
2
as the length of the main diagonal of a unit d-cube is v/d. Voronoi cells of Z? are
hypercubes of edge length 1 — For example, V' (0) is the hypercube with vertices

of the form (:I:%, e :i:%)T.

clearly an additive subgroup of R? and it is also a 1-packing and a ¥%%-covering,

Definition 15. Let X be a lattice and let wq,...,uy be its basis. The matrix
M = (uy,...,uq)" is called a generator matriz of X.
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Example. For many lattices it is easier to specify a basis as vectors in R4+ that
all lie on the same hyperplane. The corresponding generating matrix is then of
the shape d x (d + 1).

For example, the simplectic lattice A, is typically defined via the basis u; =
€;,.1 — e, where eq,..., ey is the standard basis of R*!. The vectors e; are
vertices of a regular d-simplex and the basis vectors u; corresponds to some edges
of the simplex. This is illustrated in Figure 2.2/ for d = 2. The Voronoi tessellation
of A, is the well known hexagonal tiling of the plane. Ay can also be defined as
those vectors in Z%*! whose coordinates sum to 0.

Lattice Covering Density

For a given > 0, we would like to find a lattice d-covering that is as sparse
as possible. This is known as the Lattice Covering Problem and it is an open
problem for all but a few dimensions.

Definition 16. Let M be a generator matriz for a lattice X. The determinant
of the lattice X is defined as det X = det(MM").

Remark. The determinant of X corresponds to the square of the volume of
the parallelotope with vertices > ;c;u;, I C {1,...,d}, called the fundamental
parallelotope of X. The determinant does not depend on the choice of the basis.
Figure 2.2¢] illustrates how copies of the fundamental parallelotope fill the whole
space.

Definition 17. Let X be a lattice and By > 0 its covering radius. The covering
density of X is defined as

X(B(0, £o))
Vdet X

The Lattice Covering Problem is then formulated as finding the least dense
lattice in R

O(X) =

Example. In two dimensions, the covering radius of Z? is g and the fundamental

parallelotope is a unit square (of volume 1). The density of Z? is therefore . It
can be shown that As has a density of 32—\% and Kershner [24] showed that this is

the smallest possible covering density in R

The Permutohedral Lattice

We will now define a lattice that is optimal in low dimensions. We do so by
specifying a basis, again on a hyperplane in R4*+!

Definition 18. Denote 1 = (1,...,1)" € R**!. The d-dimensional permutohe-

d
dral lattice A} C R4+ is generated by the basis {ei - il}l v where ey, ..., €411
1=

d+1
is the standard basis of R+,
Let us fix for the rest of the thesis a linear isometry ® from the hyperplane
{(yl, o Yar) T € R | L — O} to R, We will denote by A% C R? the
image of A} under .

30



€3
\ .

€1

(d)

Figure 2.2: (a) Points ey, ey, e3 are vertices of a regular 2-simplex, an equilateral
triangle. The vectors e;—e; and e3 —e; form a basis of Ay. In R? this corresponds
to ®(ez) — P(ey) and P(ez) — P(ey), where ® is a linear isometry from the
hyperplane {(yl, Yo, y3) T ER3 | T2y = 1} to R?. (b) Points of A, in R% (c)
Decomposition of R? into copies of the fundamental parallelotope of Ay, shown in
grey. The parallelotope depends on the choice of basis, but its volume does not.
(d) The covering radius of As. (e) The Voronoi tessellation of A, is the hexagonal

tiling of the plane.
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Figure 2.3: The three-dimensional permutohedron of order 4 is known as the
truncated octahedron and it is the Voronoi cell of A3. It has 8 hexagonal faces
and 6 square faces, totalling 2* — 2 = 14.

Remark. The notation A} comes from the fact that the permutohedral lattice
is dual to the simplectic lattice Ag.

A% can be defined as the orthogonal projection of Z*! onto the hyperplane
{(yl, o Yapr) T ERIFL | Ly = 0}, the basis above corresponding to the pro-
jection of the standard basis of R4, See [25] for a detailed overview of the
permutohedral lattice.

While the definition does not give much insight into the structure of A}, the
lattice is well studied and the following lemma summarizes some known facts (see
[23, Section 4.6.6]).

Lemma 30. The permutohedral lattice A} has covering density equal to

O(A%) = X (B(0, 1)) VA + 1 (%) ’

The packing and covering radii are

A, |dd+2)
d+1 "\ 12(d+1)

and det A} = ﬁ. The Voronot cells of A} are permutohedra of order d + 1,

having 241 — 2 facets.

Remark. A permutohedron of order d + 1 is a d-dimensional polytope having
(d+1)! vertices. Explicit definitions of permutohedra are again typically given in
R this time on the hyperplane {(yl, o Yapr) T E R ALy — "(”;1)},
as the convex hull of all coordinate permutations of the vector (1,...,d + 1)T.

Permutohedra of order 3 are hexagons, Figure [2.3| shows a permutohedron of
order 4.

Example. For d = 2, A5 = A, is the lattice whose Voronoi tessellation is the
hexagonal tiling, shown in Figure A% is called the body centred cubic lattice
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and it appears in crystallography. Its Voronoi tessellation, known as the bitrun-
cated cubic honeycomb, consists of truncated octahedra shown in Figure A

basis in R3 is given by (—l 1 1)T, (l —1 1) and (2, 2,—1)T.

27272 27 272 2

Remark. A} is known to be optimal for the Lattice Covering Problem for d < 5,
but is not optimal in general — For d = 24 there is a lattice specific for this
dimension called the Leech lattice Foy such that ©(Ey) < O(A%,). In high
dimensions, constructions based on low-dimensional lattices produce lattices that
significantly surpass A} (see [26]). However, A7 is relatively simple to define and
to work with, so we will use it as a good approximation.

The dual problem to the Covering Problem, the Sphere Packing Problem, is
probably more well-known and studied. It asks to maximize the packing density
of a (lattice) point arrangement, defined analogously to the covering density.
In the cases of d = 2 and d = 3, the Sphere Packing Problem is known as
the Honeycomb Conjecture and the Kepler Conjecture, respectively, and in both
cases the simplectic lattice A4 has been proved optimal (even including non-lattice
arrangements) by Hales in [27] and [28]. Among lattice packings, Ay is known to
be optimal for d < 7.

In dimensions 8 and 24, lattices specific for the dimensions, Fg and FEs4, have
been proved to be optimal by Viazovska [29] and Cohn et al. [30]. Accordingly,
the self-dual Leech lattice Ey, surpasses A3, in the Covering Problem. On the
other hand, E§ = Ej is not optimal for the Covering Problem, as ©(A}) < ©(Es).

Bounds on the Number of Lattice Points in a Ball

Finally, we proved the following theorem, which converts the results into a form
useful for our construction.

Theorem 31. Let X C R? be a lattice with packing and covering radii ag > 0
and By > 0, let uy,...,uq be a basis of X and let 6 > 0. Then, 6X is a lattice
with packing radius dag and covering radius 05y and for all R > 0:

X(BO.D) (R &
16X N B(0,R)| < Tt <5+;|| le)

Proof. The first half of the claim is trivial. As for the bound, copies of the
fundamental parallelotope given by duq, ..., duy, shifted by members of §.X, fill
the whole space R%. Boundaries of these polytopes can be redistributed so that
we get a decomposition of R? into disjoint sets such that each contains exactly
one lattice point. One such set is called a fundamental region (see [23, Section
1.1.2]). Denote by L(zx) the fundamental region containing & € 6.X. We have

M (L(z)) = \/det(0X) = y/det (6M)(6M)T) = 6%/det(X),
where M is the generator matrix of X with rows wuy ..., u .
Denote X = {z € 6X | L(z) N B(0,R) # 0}. If & € 6X N B(0, R), then
clearly x € X, s0 X 2 X N B(0, R).
Also, for any « € X: L(x) C B(0, R + diam L(x)). Since L(x) corresponds
to a parallelotope except for boundaries, diam L(x) is the length of the longest

< 050 [luill.

main diagonal, which is of the form HZ | Eou,
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Then,

U L(z) C B <O,R+ 52dj IluiH),

zeX =1

which means
d
A? <B (0, R+ ||ui||>> > 3 M(L(@)) = |X| X(L(0)),
i=1 zeX
Altogether,
M (B(0,R+65L, uil))
5, /det(X) '

6X N B0, R)| < |X] <

]

Remark. By the nature of the proof, the same bound holds for balls not centred
on 0.

The theorem also formally justifies why we are interested in the least dense
covering: Let X and Y be lattices with covering radii Sx and By, respectively,
such that ©(X) < ©(Y). By definition, this means

d d
Ad(B(o,U)\/(fexW < Ad(B(o,1))\/§§T
M (B(0,R)) M (B(0,R))

d < d )
(2) det(X) (L) y/det(y)
which is almost the bound from Theorem , except for the diameter of the
fundamental region, for d equal to % and B%.

Corollary 32. Let 6 > 0 and define X =9 1;&33 A’. Then, the lattice X has

covering radius 4, packing radius ¢,/ d%Q and for all R > 0:

|IX N B(0,R)| < \(B(0,1))Vd+1 (% +Vd+ 1) :

Proof. By Lemma , the covering radius of A} is fgéfl)) and det A = d—}rl.

By the proof of Theorem we can replace the sum of basis norms in the bound
by the diameter of the fundamental parallelotope, which can be shown to be

d(dd++12) < v/d+ 1. Therefore,

d

12(d+1) 0

< M(B(0,1))Vd+1 (,/d;;“; +Vd+ 1) :

|IX N B(0,R)| < (B(0,1))Vd+1 ( dd+2) R + Vd+ 1)
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Corollary 33. Let 6 > 0 and define X = 5%24 Then, the lattice X has
covering radius §, packing radius 5% and for all R > 0:

|X NB(0,R)| <A(B(0,1)) (fR + \/'>

Proof. The covering radius of Z¢ is @ and det Z¢ = 1. The fundamental paral-
lelotope is the unit cube. This way we get

|X N B(0,R)| < A\%(B(0,1)) (gR J&) .

Remark. In comparison, bounds given by Theorem [28| are

d
Vd+ 2R N 1)

| X1 N B(0,R)| < ( 73

for X1 =0 12(d+1 7 Ag and

XN B(0, R)| < (‘fR 1>d

for Xo =6 led. In low dimensions these bounds may be more efficient than the
ones given by the corollaries.

Bound on the Number of Exponentiated Lattice Terms

Before finishing the construction, in the next lemma we proved a bound on the
number of exponential functions needed in our particular situation, which will
allow us to significantly decrease the final bound.

Definition 19. Let X be a lattice.. Two elements &1 # x5 € X are neighbouring,
if V(x1) and V(xy) share a facet.

Remark. Let a € S9! be an outer unit normal vector of a facet of V(x) and let
q be the distance from « to that facet. Then, x + 2¢a is a neighbouring element
of x in X.

Lemma 34. Let X C R? be a lattice and © € X. Let ay,...,a,, € S% be outer
unit normal vectors of facets of V(x) € PL | let qi,...,qn > 0 be distances from
x to the corresponding facets and define for some cy, ..., c, € R:

g(,y) =co+ Z Cieqi<ai’y>.
=1

Then, for alln € N: g" € Gexp,n, where
h=(2n+1)%
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Proof. For all i« < m, ¢;a; are members of the lattice %X that neighbour the point
0. Let uq,...,uy be a basis of %X . It follows that all lattice points neighbouring
0 have coordinates in {—1,0, 1} with respect to the basis.

Let ¢ : Z* — 1X be the coordinate function, ¢(z1,...,24) = L&, zu;.
Let Z§ = {z ez ||z|l, < k} = {—k,...,k}% By the previous, there exist
21, ..., 2, € Z% such that

qia; = ©(2;).
Additionally, set zp = 0. Then,
g(y) — Z Ciew(zl),y)
i=0

Any additive term of ¢g" is of the form
ﬁ Cije@(zij),y) — (ﬁ Cz'j) e<E;L:1 @(Zij)’y> — (f[ Cij) 6<‘P(Z?:1 Zz']')’y>7
j=1 j=1 j=1

where ¢; € {0,...,m} for each j. Since ‘

zi < 1 for all j, we have

zij oo S n,

n
Z Zi;
j=1

n
<>
9 J=1

SO 2?11 zi; € Zg. That is, there exist zq,...,2, € Z;,f, zi#zj,and ¢1,...¢, €R
such that

h
" (y) = Z 52.6(@(4)7?;)’
i=1

which implies an injective function the terms of g" to Z2¢. Therefore, the number
of terms in ¢g" is at most ‘Z,‘f‘ = (2n + 1)<
O

Remark. It can be easily verified that in the case of A} this bound is attained.

2.2.2 Construction

In the proof of the following theorem, we took inspiration in the final proof in
[3]. Recall that the Voronoi cell of a set X at @ € X is the set of all points
of R? closest to & among members of X (Definition . Also recall that Gexp i
denotes the set of functions representable by a shallow neural network with the
exponential activation function, exp(t) = e, that has k units in the hidden layer
(Definition [5)).

Definition 20. Let f : K — R and ¢ > 0. Denote by w™(f, ) the inverse
modulus of continuity of f at €, that is,

w(f,e) =sup{d' >0 | Vyr,y2 € K : |y — ol <& = |f(y1) — f(y2)] < e}
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Theorem 35. Let K C R? be compact, let f : K — R be continuous and let
e (0,1).

Define C' = maxyek f(y) — mingex f(y), let n = {%J — 1 and define 6 =
wl (f, %) as the inverse of the modulus of continuity of f at %

Let X C R? be a lattice with covering radius g such that the Voronoi cells of
X have m facets, V(x) € P4, and let q be the packing radius of X. Let

k=HzeX|V(@)nK #0},

Then, there exists g € Gexp, Such that || f — gl < &, where

25diam(K)

Akn, 5dlog, mTer
z .

h = (6k)" (

Pmof Take f f —ming f, so that the codomain of f lies in [0, C]. Also, let
et X ={xe X | V(z)NK #0} and for all € X define

o= (s o)+ i o))

yeV(x) yeV(x

Then, V(x) C B(m,g), so for y1,y2 € V(x): |[y1 — y2|| < I, which means

‘f Y1) (yg)’ < . Therefore, for all y € V(x): ‘ x_f(y)’ <3

For all # € X define g, as in Theorem [27] such that g,|x K — [0,1], for
yeV(x)NK: g.(y) >1— S andforye K\ (2%, V(x)): g (y)<—n

For alli e {1,...,n} define X; = {x € X | vy > ic}, let

pi=1- 1101 -g)

xeX;

and take .
g=¢ sz'-
i=1

Then, p; approximates the indicator function of U,cx, V() in the following sense:
pilx K — [0,1]. Let @y € X; and y € V(x) N K. Then, 1 — g4, (y) < ;- and
for x # xy € X;: g.(y) <1, s0
€ 5
i >1——>1—-—.
pi(y) e
For y € K\ Ugzex, (2% V(x)), 1 —go(y) > 1 = for all € Xj, so by Bernoulli’s
inequality

e\ £ |1 X
; 1—11-— <1—-1+- <
nw)<1-(1-2) " 2114250 <
If y; € (2 %4, V(x2)) \ V(22), then for all yo € V(x3):
2 1
Y1 — vl < [lyr — @2 + [[22 — 92| < 35 + 55 = 0.

Therefore, |f(y1) — va,| < 5. However, if y; € V(x;), then also |f(y1) — ve,| <
5, which means that [vy, — vg,| < e. As a consequence, for any i < j < n, for all

37



x1 ¢ X; and 2 € X; we have vy, < ic and vy, > (i + 1), so by the previous
V(i) 0 (250, V() = 0.

Altogether, for € X and i < n such that € X; \ X;;; — that is, v, €
lie, (i + 1)e) — there are 7 indices j such that p; is close to 1 on V(x), n —i—1
gs such that p; is close to 0 on V(z) and one index, i 4 1, such that p;4; € [0, 1]
on V(x).

Take y € V(z) N K. On one hand, for j <i+1: p;(y) <1 and for j > i+ 1:
pj(y) < %7 80

it+1 n -
gy) =2 pily) +e 3 pily) < (i+eten—i-1)~
j=1 j=i+2

< (i+1)e+¢e
On the other hand, for j <i: p;(y) >1— £ and for j > i: p;(y) >0, so
N % n ‘ c
gy) =<2 pily) +e 3 pily) > il - )
j=1

j=it+1

> je — 2.

That is, g(y) € (ic —&2%, (i + 1)e +¢%). Because v, € [ig, (i + 1)g), we get
lve — g(y)] < € + &% We also know that ’vw - f(y)) < £, hence (because ¢ < 1)
o 1 _

’f(y) —g(y)‘ < <1+€+2>€ <2 =¢.

Finally, take g = g + minyex f(y). Then, || f(y) — 9(¥)ll,, <&

diam(V (0))diam(K)

As for the number of terms, denote k = b/ﬁ(?m) a? — 1| (note

that the packing radius ¢ of X equals the least distance from x to a facet of V' (x)
for all z € X) and v = [g log, (%”ﬂ Let a,...,a, denote outer normal unit

vectors of facets of V(0) and let ¢y, ..., g, be distances from 0 to corresponding
facets of V(0). By the proof of Theorem , g is for all x € X of the form

v

=1

for some constants ¢f and a common s. Then,

piw) =1 11 (1— (1- (Zeeuen) ) )

In turn, ég is a sub-expression of

1— H (1 — (1 — (Z CZ,EeS(qmi,y)) ) ) 7
zeX =1

which contains at most as many exponential terms as

m ZIHV|§| m vV k
<1 _ Z €S<q¢ai7y>> — (1 _ Z 68<qia¢,y>> ) (2.7)
i=1 1=1
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By Lemma , the number of terms in ([2.7)) is at most
h = (2uk’k +1)*

5l an
O
-2 82 €
diam(V (0))diam(K)

v < <2kn>51°g2m P
K; PR
- €

Since V(0) C B (0, g), diam(V(0)) < 2. Together,

As in Theorem [27]

and

24diam(K) d

5logy m=———
2 2 3¢2
h < 5102<k"><k”> k1
€ €

28diam(K)
3q2 +d

2%n 5dlogy, m
5 >

< (o0 (2
Il

Remark. If f : K — R is Lipschitz continuous with a constant L > 0, that is, if
forall z,y € K

|f(x) = fy)l < Lz -y,
then for any € > 0 the inverse modulus of continuity is bounded by +.

Putting together Theorem [35| with the permutohedral lattice and Lemma [30},
we get the following bound.

Corollary 36. Let d > 2, let K C R? be compact, let f : K — R be continuous
and let € € (0,1).

Denote by d = w™'(f, 5) the inverse modulus of continuity of f at 5. Then,
there exists g € Gexpn such that ||f — gl < e, where

diam(K)
h—<6\/—dlam( )11/l >1°(d+1)4 o
02

Proof. Let X = §,/ dH)Ad By Corollary , X has covering radius % and

3\ d(d+2)
packing radius ¢ = m. By Lemma the number of facets of V() is

m=2"_92 Lt X ={xeX|Vx)nNK # 0}. There exists yo € R? such
that K C B(yo, R) for R = idiam K. Then, XCB (yO,R—l— ) and, denoting

k= |X|, again by Corollary .
5 d
E<|XNB (yo,R—I— g)‘ < M(B(0,1))Vd +1 ( 3<d+21;(R+ ) +Vd+ 1)
V3R V3+6
= AY(B(0,1))(d+ 1) ( 55 - )
< 6(d+1)% (32?)
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Then, taking C = maxyex f(y) — mingex f(y) and n = {2ECJ — 1 < Al
Theorem [35] gives us

2k

3

d+1_ o) 6(d+2)ddiam(K)
) 5d log, (2441 —2) A2cemlE) 1g

£

< %in >10d(d+1 (d+2) B2 4 g

- (6 mdm( ) [1/1l ) e

10(d+1 3 dlam(K)

m(K)
=5

0e2

We get a similar bound using Z? instead of A%.

Corollary 37. Let d > 2, let K C R? be compact, let f : K — R be continuous
and let £ € (0,1).

Denote by § = w™(/, 5) the inverse modulus of continuity of f at 5. Then,
there exists g € Gexp,n such that || f — g||, < e, where

. 60d3 logy (d) 422
. <Mdlam<K> ||f||oo>

0e?

Proof. Let X =0 ﬁZd. By Corollary , X has covering radius g and pa(iliing
radius ¢ = ;%=. The number of facets of V(x) is m = 2d. Again, let X =
{x € X | V(sc) NnK # (D} There exists yo € R? such that K C B(yo, R) for

R = 1dlam K. Then, XCB (yO,R+ ) and, denoting k =

éoﬁ

, by Corollary

k<

XNB <y0, R+ g>| < M(B(0,1)) (W + \/E)

— \(B(0,1))d? (3R 4 3>d

26
2R
<
oot ()

Then, taking C' = maxyex f(y) — mingex f(y) and n = {icJ —1 < Wi
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Theorem [35] gives us
18dddiam(K)
2/m> 5l log, (2d) B4damUO |

h < (6ks>d(

diam(K)
2%n, 30d? (logy (d)+1) =25~ +d
(6k)" ( . >

£
<

diam (K
2%, 60d2 log, (d) B2mUK)
€

0e2

. 60d3 logy (d) B22U)
< (svatim i)

Transition to a Sigmoidal Activation

As the exponential function is not commonly used as an activation function in
neural networks, it would be desirable to transfer the bound to sigmoidal (or
ReLU) functions. However, the straightforward method along the lines of Subsec-
tion leads to the following unsatisfactory bound. This is due to dependence
on outer weight size of the exponential neural network in addition to the number
of neurons. See the Conclusion for possible improvements.

Theorem 38. Let d > 2, let K C R? be compact, let f : K — R be continuous
and let ¢ € (0,1). Also let 0 : R — R be a continuous function such that
limy oo 0(t) =1, limy, o o(t) =0 and (0) = 1.

Denote by 6 = w™(f, 5) the inverse modulus of continuity of f at 5. Then,
there exists g € G, such that ||f — g||, < e, where

l — (5 + 7_) Hfi‘oo h%hﬁ-‘,—?)

where h is the bound from Corollary |36,
Proof. By the proofs of Theorems [B5] and [27] the function from Corollary [36] is

of the form
_ gz - 11 (1 _ (i 1€s<<qiai,y>ﬁf>>y>ﬁ 7
TEX; i—1

where s((gia;,y) — ;) < 0 for all z, 7 and y € K. Multiplying two exponentials
that range in (0, 1] produces another one such, so we can write

h . -
G(y) = 3 gel@v) b
=1

where for all i: e{®)=b . g — (0, ] Denote A; = {(a;,y) |y € K} = (a;, K) C
R and g¢; : A; — (0,1], ¢;(t) = e'~". That is,

= ;@gi(@,w)
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Then, for all ¢ and § > 0, w(g;,d) < 5. Let n; = W-‘, where 7 =
supeg |o(t)|. By Theorem [3] there exists g € G,,, such that
I = Gll < (90 ) (44 7) < (44 7) (@+m)= =
i — Gi wlgi, — 7) < 7_7 T) = ——.
S Al =, n; @l h(d+7) @l h

Let g(y) = X, @&gi({(@;,y)). Then,
~ K ”
||g_g||oo < Z|Cl| ||g7, a’za' ) Z(<a'z’>)||oo
~ ~ nA;
= Z ¢l llgi — giHoo
< ) lal =
Z R \h

R

As a consequence of the multinomial theorem, for all i < h:

|~| <e (k,mu>’f”””
C; n .
= m

Also, by the proof of Theorem h = (2kvk” 4+ 1) Together, § € G,;, where

th Zh:<|cl\h4+7)+1>
y (: Z|cz

| /\

€
2 v\ kY
< h+h (4+T)£n (k‘V/{ >
€ m

1
§ (5+T)|’fi|ooh;hd+2'

]

2.3 Towards a Bound on Approximation Almost
Everywhere

An alternative approach to the construction presented in Subsection would
be to create a function represented by a neural network that approximates the
target function everywhere except a set of small measure. This could lead not
only to a cheaper approximation with respect to the number of hidden units, but
also even general measurable functions could potentially be approximated in this
manner via Lusin’s Theorem (see e.g. [10, Chapter 2]).

In this section we lay the groundwork for further research in this direction.
However, some steps are beyond the scope of this thesis. The main idea is to
approximate the target function by a sum of functions constant on balls. The balls
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are then approximated by polytopes and the indicator functions of the polytopes
are approximated by a neural network as per 27]
Given a continuous function f : K — R and € > 0, define a set of balls

Vi = {B(:IZ,?“) lee K &re (O,w’l(f,s))},

where w™! is the inverse modulus of continuity defined in Definition 20} The set
V; is a Vitali covering of K, meaning that for every y € K and v > 0 there
exists B € V; such that y € B and A(B) < 7. As such, we can apply the Vitali
Covering Theorem found in this form in [31, Lemma 3.9 and Corollary 3.10].

Theorem 39 (Vitali Covering Theorem). Let K C R? be a set of finite measure
and let V be a Vitali covering of K by balls. Then for every d > 0 there exists a
finite sequence By,..., B, € V of disjoint balls such that

A <K\ UBi> < 4.
i=1

For a given § > 0, let B(xy1,71),...,B(xy, ) € V§ be the sequence of balls
from the theorem. Then, the function f defined as

n
~

F =Y f(@)lB@.r),

=1

Il m

where 1p(g,,,) is the indicator function, approximates f on UL, B;i: If y
B(z;, ;) for some 7, then ||y — x;]| < w™(f, €) and therefore e > |f(x;) — f(y)|

)~ f(v))-

2.3.1 Approximation of the Unit Ball by a Polytope

It was proved independently by Dudley [4] and Bronshteyn and Ivanov [5] that
any convex body can be approximated by a convex polytope having m vertices

with accuracy —%— (in the Hausdorff metric). We will use the formulation by

d—1
Bronshteyn and Tvanov. However, because the proof in the original paper is very
brief, we adapted it and expounded it in the rest of the section for the special
case of approximation of the unit ball. This results in a simplified proof and also
allows us to specify the multiplicative constant. The first lemma of this section

corresponds to Lemma 1 from the paper.

d-1
- 8
Lemma 40. For ally € (0,1) there exists m € N, m < /2nd («,W) and

Y1y Ym € STL such that S C U™, B(ys, 7). That is, there is a y-covering
of the d-dimensional unit sphere having m points.

Proof. Let m be the largest number such that there exist points xy,...,x,, €
St 50 that the balls B(x;, ) are pairwise disjoint (that is, x1,...,x,, form a
~v-packing). Such a maximal number exists because we can clearly find one such
point, but not arbitrarily many.

Then, the points form a 7-covering — Suppose by contradiction there is a
point y € S9! such that for all @ < m: ||y — x;| > 7. This means the balls
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B (y, %) and B (a:z-, %) are disjoint and {y,x,...,@,} is a y-packing of size
m + 1.

Next we construct a bound on the number m. Let § denote the surface area
(the (d—1)-dimensional Hausdorff measure in R?). Since the sets S*"'NB (a:z-, %)
are pairwise disjoint and their union is a subset of the sphere, the sum of their
surface areas is at most the surface of the sphere. All S (Sdil NnB (mi, %)) being

equal, we get mS (Sd_l NB (azi, %)) <S (Sd_l), or

me— SG7)
T S(S N B (w1, 3))

Let U be the orthogonal projection of S%~' N B (zcl, %) onto the tangent hyper-
plane to S ! at ®;. Then, S(U) < S (Sd_l N B (a:l, g)) and therefore

S (Sdfl)
m < S (2.8)

U is a (d — 1)-dimensional ball of some radius » > 0. We will show that r =

v /122
2V 1— 16

Choose a point z € SN OB (:1:1, %) on the intersection of the unit sphere

and the boundary of B (:L'l, %) and denote by «a the angle between x; and z —
The situation is illustrated in Figure 2.4 Since 0, x; and z form an isosceles

triangle with sides 3, 1 and 1, we can easily get that sin (%) = 7.

Figure 2.4: The radius of the projection, ||Z — ||, can be calculated by means
of elementary geometry.

5 is also the angle at @; in the right triangle formed by x, z and z, where
z is the projection of z to the tangent hyperplane (the complement to 7 of

this angle is equal to the pair of angles in the isosceles triangle 0, 1, z). So,
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|2 — z|| = sin (%) |z — ;|| = §. Finally, we apply the Pythagorean theorem to
the same triangle to get

2 2\ 2 2
||s—m1||=¢||z—m1||2—||s—z||2zd(’g) —(’;) RV EY)

Next,
27r%
S Sdfl —
R
and it
T2 d—1
S(U) F(d%l) :

which together with (2.8)) and (2.9) means that
) (5 Y ()
<2 -1 - = <V2d | —— .
ms 2T r(d) \2 6] =V <%/16—72>

Definition 21. A point y € R\ B(0, 1) illuminates a point z € S¥1 if the line
segment [y, z) does not intersect S1.

]

The following lemma corresponds to Lemma 3 of [5].

Lemma 41. Let § > 0, © € S and let y = x + dx. The set of all points
illuminated by y is SN B(x,r), where r = w/f—d&.

Proof. A point z € S9! is illuminated by y if and only if the tangent hyperplane
to S at z intersects the line segment [x,y]. Let z be a point such that the
tangent hyperplane at z contains y. We will show that ||z — z|| = ,/12—55.

Denote by a the angle at 0 in the right triangle 0, z, y, as shown in Figure
2.5, Then,

1
cos(a) = ll=Il = —.
Iyl 1+
Considering the triangle 0, x, w;Z we get

==l =sin (5) = =57 = V 2(1(15)'

Therefore, ||z — z| = /3.
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Figure 2.5: Calculation of the distance from x to z.

]

The left-to-right implication of the next lemma was inspired by Lemma 4 from
[5].

Lemma 42. Let yy,...,Yn, € R?\ B(0,1). Every point of S4! is illuminated
by some y; if and only if S is contained in the convex hull of {yi,..., Ym}-

Proof. Denote by N the convex hull of {y1,...,y,,} and first suppose there is a
point z € S¥71\ N. Since N is convex, there exists a hyperplane L separating z
from N. Among the points of S?~! that are on the same side of N as z, there
exists one, x, whose tangent hyperplane, L, is parallel to L. Because all the
points y; are on the same side of L as S% !, the hyperplane does not intersect
any of the line segments [y;, m] and so the point x is not illuminated by any of
them.

Conversely, suppose € S?! is not illuminated by any of the vertices. Then,
the tangent hyperplane at x does not intersect any of the line segments [y;, HZ—’”]
and so the hyperplane does not intersect the convex hull N. Therefore, = ¢
N. O

The following theorem is the main result of this subsection and the proof is
based on the main theorem of [5].

d—1
Theorem 43. Let 6 € (0,1). There exists m € N, m < v/2rd (%) , and

a polytope P having m vertices such that B(0,1) C P C B(0,1 + ).

Proof. Let v = ,/1%. By Lemma [40| there exists a y-covering of S9! of m <
1

d—
\/27rd< 8 ) points, @1,...,x,,. For all : < m let y; = x; + dx;. By

Y4/ 16—~2
Lemma 41 all points in S 1NU™, B(x;,~) are illuminated by some y;. However,
since the points form a vy-covering, STt N, B(x;,v) = S¢! and therefore by
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Lemma [42] S9! is contained in the convex hull of {yi,...,y,}. That in turn is
clearly contained in B(0,1 + §).
By definition of ~,

VvV 2md

(=) - (i)
= 27rd( )

— A2 é é

V16—~ £5,/16 — 25

( \/47(; 2++5§5> h '

Remark. For ¢ € (0,1), f% < 27% and therefore

m < @(%)d_l.

Decreasing the range of allowed values for §, we can lower the constant to any
value higher than v/2.

While many results describe polytopes by the number of their vertices, for
our purposes the number of facets is more useful. In the proof of the following
claim we use the fact that those two characteristics are dual.

Corollary 44. For all ro > ry > 0, 9 < 271, there exists m € N such that

-1
m§\/27rd( 21 ) ,

r2—Tr1
T1

and that there is a polytope P € P satisfying B(0,7) C P C B(0, 7).

Proof. Take § = *2-"* (then, ¢ € (0,1)) and apply Theorem (43 to get a polytope
P having m vertices satisfying B(0,1) C P C B(0,1+ ). Then the polar of
P, P ={x cR|Vy € P: (x,y) < 1}, is a convex polytope having m
facets, P° € P see e.g. [21, Lemma 2.4.5]. That Lemma also implies that

m?

if B(0,1) € P C B(0,1+4), then B(0, :15) € P° C B(0,1). Multiplying by
r1(140) we get B(0,r1) Cri(1+d)P° C B(0,r3). O

Remark. By simple translation, Theorem [44| can be applied to any pair of con-
centric balls.

For completeness, in the following lemma we construct an upper bound on
approximation accuracy to complement Theorem [43] Even though the proof of
the lemma is original, we created it based on the concluding remark of Bronshteyn
and Ivanov in [5].

Lemma 45. Let P € P% and r > 0 such that B(0,r) C P C B(0,1). Then,

1
r<l-— —.
2ma—1
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Proof. First, let P be a polytope having m vertices such that B(0,1) C P C
B(0,1+¢) for some § > 0. Take a vertex y of P and denote & = - BY

Lemma the set of points illuminated by ¥ is a subset of S¢~1N B(zx, r), where

r= %. The surface area of S%~* N B(x,r) is less than the surface area of the

sphere 0B(x,r). By Lemma , any point on %! is illuminated by some vertex.
Altogether,

S(STY) < mS(0B(z, 7)),

which means i

S 1 /1 1N\*T
S(0B(x,r))  ri-1 (2 * 25) ’

m >

or in other words,

1
5> —F . (2.10)
2md-1 —1
Now let P € P¢ and r > 0 such that B(0,7) C P C B(0,1). Then, taking
the polar P° = {x € R? | Vy € P : (z,y) < 1} as in the proof of Corollary ,
we have B(0,1) C P C B(0, %) By 1) this implies that

1 1
-—1>—7—,
r 2ma-1 — 1
which yields
1
r<l-— .
2md—1

Similarly to Corollary [44] we can reformulate this in the following way:

Corollary 46. Let r, > r; > 0 and let P € P. be a polytope satisfying

B(0,7) C P C B(0,73). Then,

d—1
1
m > .
27’2_7"1
V T2
Proof. Take P'= LP. Then, B(0,2) C P C B(0,1) and by Lemma

™ 1
—<1- —.
T2 2md—1

d—1
m> | — .
27’2_7"1
T2

In other words,
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6 6
O
K K
(a) (b) (c)

Figure 2.6: (a) Based on the proof the Vitali Covering Theorem, we can construct
n disjoint balls (here n = 7) that cover the set K except for a set of small size. (b)
We approximate each ball by a pair of concentric polytopes and for each we use
Theorem 27| to construct a function small outside the outer polytope and close to
1 inside the inner polytope. (c) A weighted sum of these functions approximates
the target function on the union of the inner polytopes. This set, denoted Ay,
is shown in grey and we can increase its size either by increasing the number of
balls n, or by improving the approximation of the balls by polytopes, expressed
by k.

2.3.2 Sketch of a Bound on Almost-Everywhere Approx-
imation

At this point, we have almost everything we need to formulate a bound on the
number of neurons required to approximate a function everywhere except on a
small set. However, we would first need a bound on the number of balls required
in the Vitali Covering Theorem (Theorem [39)).

Definition 22. Let K C R? be compact and let R > 0 and § > 0. Denote by
ng(R,9) the least number of disjoint balls of radius at most R required to cover
K up to a set of measure less than 6,

nK(R,é):min{neN ‘ Jxy,...,x, €RY Iry,...,r, € (0,R]:

2\ (K\ U B(wi,ri)> <0 &Vi#j<n:B(z,r)NB(x,;,r) = (Z)}.
i=1

While the Vitali Covering Theorem implies that ng (R, 0) is finite for all K,
R and 9, we have not found any bounds on the number in the literature and it
is beyond the scope of this thesis to create one. To be more precise, we need a
lower bound on the radius of the smallest ball, which can then be used to get a
bound on the number of balls. We proved the following theorem, into which such
a bound can be inserted. The construction is illustrated in Figure [2.6]

Theorem 47. Let K C RY, let f : K — R be continuous, let e > 0 and let § > 0.
Let B(xy1,11),...,B(®s, ) be disjoint balls such that r; < sw™'(f,e) for all
i and that \ (K \ UL, B(z;,7;)) < §. Denote r = min;<, r;.
Then, for every k € N there exists Ay C K and g, € Gexpp,, Where

(2L
g
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such that

i=1
and for ally € Ax: |f(y) — gr(y)| < e.

Proof. Assume k > 2 — otherwise the claim is tr1v1a1 — and take f = f+
mingex f(y), so that minyex f(y) =0 and maxyer HfH <21 fll -

Define Ry = /1 — 2 and Ry, = 1. Then, the balls B(0,R;) and B(0, R»)
satisfy

M (B0, By) \ B(0, Ry)) < 2>\d(B(0, Ry)). (2.11)

Let Ry = {1 — % By Corollary , there exists a polytope P € P4 such that
B(0,R;) C P C B(0, R3), where

d—1 a1
m < Van ( ) - 27rd(4’5) .
R3—Ry d/k—1 1
Rl k—2

Consequently, B(0, R;) C P C R%P C B(0, Ry).
We assume that for all i < n: K N B(x;,r;) # 0 — otherwise, omitting
unnecessary balls will only decrease the final bound. For each i < n define

bi=nrP+w
and let Ay = K NUY, P;.. We have B(x;, Ryr;) C P, C

by (2-11):
MK\ Ap) <\ (K\ Lnj B(x;, ;) ) + A4 (O (4,73 \Ak>

i=1

Ri z, P € B(0,r;) and

<0+ znj M (B(xi,m:) \ P)

i=1

<0+ Zn: M (B(z,73) \ B(z;, Ri7;))

=1

< 5+Z /\d B(x;,73))

= 1

=5+ %)\d (U B(x;, m) .

=1

Define for each i < n

mzé( max f(y)+ min f(y)>-

yEB(i,r;) yeB(xi,r;)

Then, as r; < %w‘l (f, &?) for all yy,yo € K N B(xs, i) ||yr — v <w™! (ﬁ 8),
SO ‘f(yl) — f(yz)’ < e. Therefore, (yl) —v;
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By Theorem 27| for each i < n there exists g; € Gexp such that g;|x : K —
0,1], fory € LN K: ¢g;(y) > 1— |m| and for y € K\ (— Kz, B): g:(y) <
. Define

e
11l

2n|
= Z v;9i(Y)
i=1

Then, for y € K N P;:

9(y) > v ( ) > v
2anH

and also, since y € K \ (R%, *g, PJ) for all j # 1,

gy) <vi+> v ° <ot n— < v + =
i e = Vi 5o S Ut g,
7 o] T
which together means ’f(y) - §(y)‘ < ’f(y) —v|+ v —g(y)| < §+5=¢ So
defining g = § — maxyek f(y), for all y € Ay, we have |f(y) — g(y)| < e.

Lastly, we bound the number of neurons. The remark after Theorem 27| gives
us a bound for one g; of

dam(K) m2 da (K)

()" (f)< Z (4an\? ) )
m 5 - 5 ’

where ¢; is the smallest distance from x; to a facet of P;. Define r = min,<,, ;.
Then, for all 7: ¢; > r. Using the Laurent series at oo, it can be shown for all
t > 0 and d € N that

Vi = ! e larar+ 21
d/t+ —%_d/1+%_1 ) 2 .

Therefore, we have

45 —2 \“!
Jk—1—Vk—2

< 2md (4.5 <d(k -2)+ d;1>>d1

< 2nd (5dk)*"

m? < 27rd<

and also
(1) = ho¥k-1, 1 L
R VE=1 “dk—1)+4% ~ dk’

Together, g € Gexp,n for
pea 4L
€
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Conclusion

Neural networks abound both in science and in everyday life and there has been
an unceasing, rapid increase in their use for many years now. In practical appli-
cations of neural networks, specific bounds on the necessary number of neurons
could prove invaluable for assessing resource requirements. Currently, such delib-
erations are mostly based on heuristics and trial-and-error methods, but a better
understanding of the theory could lead to a significant increase in efficiency. Ex-
isting bounds do not easily lend themselves to such uses. The aim of this thesis
was to bring theoretical results a step closer to practical applicability.

We provided a bound that applies to any function f continuous on a compact
set (. Given a desired accuracy ¢, we have shown the minimal number of neurons
h required to approximate f satisfies

diam(K)

. 10(d+1)* =%

0e2

or alternatively

diam (K)

) 60d? log, (d) =%

)< (Mdiamm 1.

oe?

where ¢ is the inverse modulus of continuity at 5.

Previous bounds of this nature are only applicable to specific sets K such as
balls and cubes and they require the approximated function to have continuous
derivatives of order up to k and Lipschitz continuous derivatives of order k. Under
such conditions, the bound by Mhaskar [2] gives

1\ Fi1
h<C () o (2.13)
€
Here, C' is independent of ¢, but it is allowed to depend on the dimension d, as
well as the size of K.
Focusing on continuous functions, our bound is strictly more general. The
bound can however also be applied to some non-continuous functions.
Given a function f : B(0,1) — R such that || f|| ;1. < 1, we have || f]|_, <1
and f is Lipschitz continuous with a Lipschitz constant that is at most 1. Then,

d > e and ([2.12)) reduces to

1 ) 60(d+1)*L

9 20(d+1)*1 _
h< (6\/d+ 1€> _¢ (

€
In comparison, (2.13) gives

1 d

£

However, the results of this thesis are only the first step in this direction and
several ways of improving the bound could be considered. One is simply a more
careful numerical analysis of the number of neurons. While this would probably

52



improve the multiplicative constant and the number in the exponent, some in-
gredients of the bound cannot be reduced without changing the method: In the
exponent, we can get no less than d2v/dlog d, as one d is given by exponentiation
and one comes from the number of lattice points inside a sphere, the v/d results
from the fact the exponent contains 1 over the packing radius of the lattice —
For the lattices we have seen, this is at least @. The logd corresponds to the
logarithm of the number of facets of one Voronoi cell, which is at least d + 1.

As for our choice of lattice, we focused mainly on the number of lattice points
in a sphere. However, the number of facets is also an important factor, as is the
packing radius. From and we can see that the choice of lattice did
not have a great impact on the bound. We might be able to get a lattice that
performs better asymptotically in d, but for low dimensions A} is the best lattice
known. Therefore, it would be probably better to focus on the simple cubic lattice
74, for which we can make some further optimizations that might help surpass
(12.12).

Another topic for further research is transfer of the bound to sigmoidal ac-
tivations. The direct approach from Theorem could probably be improved
to some extent, but we would like to consider a different approach. Notice that
nowhere in the construction itself we use the fact that we are working with ex-
ponential functions — The proofs would work only with slight modifications for
any transition function, even though the result would not correspond to a neural
network, but to a linear combination of products of the function. If we started
with linear functions, the result would then be a polynomial and we could use
previous results on approximation of polynomials by sigmoidal networks.

Alternatively, the important property of the exponential functions we start
with in the proof is that each is large on some half-space and small on almost the
complement. A product of two such exponentials is then a function large on some
other half-space whose normal vector is sum of the original two. If these properties
in the final function are sufficient to guarantee approximation, we might be able
to replace each exponential in the result by one sigmoidal function that is large
on the corresponding half-space.

Also, a clear bottleneck of the method is the approximation of one polytope,
from which comes the 825 iy the exponent. It might be worthwhile to consider
improvements of this proof, since the current bound for one polytope might be
far larger than necessary.

Many other possible alternatives could be investigated, especially when it
comes to the method of approximating the slice sets of the function. For example
for concave functions, these level sets are convex, so each could be approximated
by a single polytope.

Eventually, since our bound is constructive and the proofs are more or less ele-
mentary, the method could in theory be used to construct the actual approximat-
ing network. Should the bound be improved, this might also be worth exploring
further.
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