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Introduction

Important as Lebesgue spaces are, there certainly are situations in which the
Lebesgue scale of function spaces is simply not fine enough. We shall illustrate that
by an oft-quoted example, which also adumbrates a common theme of this thesis.
Let W™(Q2) be the Sobolev space of weakly differentiable functions that together
with their derivatives belong to the Lebesgue space L"(2), where 2 is a bounded
Lipschitz domain in R™, n > 2. The standard Sobolev embedding theorem tells us
that W1"(Q) is (continuously) embedded in L4(2) for all ¢ € [1,00), a fact that we
denote by W1m(Q) — L9(Q). Tt is also well known that W1"(£2) is not embedded
in L°°(€), that is, functions from W1"(Q2) need not be (essentially) bounded
(consider, for example, the function u(z) = log (log (1 + m)), x € Q, where
zo € Q is a fixed point). At this point, one might wonder whether functions from
W1m(Q), which in turn also belong to “the half-open interval of Lebesgue spaces®,
have some better integrability properties that cannot be described/captured
by Lebesgue spaces. It turns out that this is the case. Due to the result of
N.S. Trudinger [94] (see also [68, O1]), we know that functions from Wh"(§2)
actually exhibit certain exponential integrability. In terms of function spaces,
Trudinger’s result can be stated as W'"(Q) < exp La-1(£2), where exp L7 ()
is the Orlicz space defined by the Young function (0,00) 3 ¢ +— exp(tﬁ) —1. We
have that

L®(Q) Cexp L+1(Q) C LYQ) for every ¢ € [1, 00).

In other words, there is a better (smaller) function space than L9(Q2), q € [1, 00),
in which W'"(2) is embedded. However, functions from W'"(Q) actually have
even better integrability properties than those revealed by Trudinger. H. Brézis
and S. Wainger showed in [I3] that

(1) WH(Q) = LmHQ),

where L°™~1() is a certain function space (more precisely, a Lorentz—Zygmund
space) such that

L®(Q) C L™ YQ) Cexp L»1(Q) € LI(Q) for every g € [1, 00).

That means that there is a function space even better (smaller) than exp L=-1 (1)
in which W*(2) is embedded. An imminent question is, are we done? Is the
embedding optimal? Or is it possible to improve even further?

If we are to answer such questions, we need to make more precise what we
mean by “a function space” first. All of the function spaces above in which
W1n(Q) is embedded are particular instances of so-called rearrangement-invariant
Banach function spaces (we shall simply say rearrangement-invariant function
spaces instead). The class of rearrangement-invariant function spaces contains a
large number of function spaces measuring in some sense integrability of functions,
such as Lebesgue spaces, two-parameter Lorentz spaces or Orlicz spaces. If we
restrict ourselves to the class of rearrangement-invariant function spaces, which
is a fairly reasonable restriction inasmuch as we are interested in integrability
of functions (admittedly, it would be a much less reasonable restriction if, for
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example, we wanted to measure smoothness of functions), then the embedding
is indeed optimal and cannot be improved. By that we mean that there is
no rearrangement-invariant function space Y (2) strictly smaller than L>™~1(Q)
such that is valid with L>°™~1(Q) replaced by Y (£2). However, how do we
know that there is no such rearrangement-invariant function space Y (2)? The
class of rearrangement-invariant function spaces is quite general and going through
all rearrangement-invariant function spaces one by one is of course out of the
question. It turns out that a possible way to solve the question of whether
can be improved is to reduce it to an equivalent question that is easier to manage
within the framework of rearrangement-invariant function spaces.

R. Kerman and L. Pick showed in [52] (cf. [39] and references therein) that
the validity of the Sobolev-type embedding

(2) WmX(Q) = Y(9Q),

where X (2) and Y () are rearrangement-invariant function spaces and W™ X () is
the m-th order (m € N, m < n) Sobolev-type space built upon X (Q2) (W™LP(Q2) =
Wm™P(Q)), (is equivalent to)/(can be reduced to) the validity of a certain one-
dimensional Hardy-type inequality, namely

1 m
3) / Fs)s5 sl < Ollf

Y (0,1)

for every nonnegative, measurable function f on (0,1), where C' is a positive
constant independent of f and where X (0,1) and Y (0, 1) are the representation
spaces of X () and Y (), respectively (roughly speaking, there is not much
difference between rearrangement-invariant function spaces over {2 and rearrange-
ment-invariant function spaces over (0,1)). The equivalence of the validity of
to the validity of is an example of what is now often called a reduction principle.
By means of that reduction principle, the authors of [52] were able to describe,
among other things, what the optimal rearrangement-invariant function spaces in
are, that is, if X (Q2) is a given rearrangement-invariant function space, what
the optimal target rearrangement-invariant function space (i.e., the smallest one)
Y () in ([2)) is as well as, if Y'(Q) is a given rearrangement-invariant function space,
what the optimal domain rearrangement-invariant function space (i.e., the largest
one) X () in is. By combining that with certain Hardy-type inequalities, one
can show that the optimal target rearrangement-invariant function space in ({2))
for X (Q) = L"(Q) and m = 1 is indeed the space L>>™~1(2). The message of this
narrative is that the reduction of the complicated Sobolev-type embedding (2 to
the one-dimensional Hardy-type inequality transforms the original problem to
another one, which is equivalent and more manageable, and the reduced problem
is more suitable for pursuing the question of optimality within the framework
of rearrangement-invariant function spaces as well as of fine properties such as
compactness (cf. [53]).

Since the aforementioned reduction principle was established, a great deal of
work on reduction principles and optimality within the framework of rearrangement-
invariant function spaces in various settings has been done. Those settings range
from all kinds of Sobolev-type embeddings (e.g. |29} 24], 30, 26, [5, 31]) and their
compactness (e.g. [53, 85]) to harmonic analysis (e.g. [14]). In this thesis, we
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shall pursue the question of reduction, optimality and fine properties such as
compactness in some new settings. The results presented in this thesis are based
on results from some of the papers authored or coauthored by the author (namely
[20,, 140, [66], 67, 19, [59]). We aim to obtain the results in a unified, coherent way.
In order to achieve that, we shall first establish a common theoretical background
providing us not only with the building blocks from which our results in particular
settings will be built but also with general theorems that might be of use in other
settings not considered in this thesis. A lot of results from the literature are of
course also used and they are cited at the places where they are used. The thesis
is structured as follows.

e In [Chapter 1, we introduce some notation and recall some background
material that is oft-used throughout the thesis. In particular, we recall basic
elements of the theory of rearrangement-invariant function spaces.

. contains the principal building blocks of the thesis. We investigate
behavior and properties of certain one-dimensional operators (namely those
defined by , , and ) acting on rearrangement-invariant
function spaces. is the most technical and, at the same time,
longest chapter of this thesis. One could say that is the place
where the heavy lifting is done. A lot of results in that chapter are stated
in a more general way than actually needed in later chapters so that they
might be potentially useful in other settings. With that being said, it should
be noted that generality is not pursued at all costs and there is definitely
room for further generalizations. For example, it would be of interest (and of
importance, cf. [30, 85]) to allow for kernels in the definitions of the Hardy-
type operators defined by and . However, such a generalization, if
approached in a comprehensive way, could be the subject of a short thesis
on its own.

o In|Chapter 3| we investigate the optimal behavior of certain classical opera-
tors of harmonic analysis on rearrangement-invariant function spaces over
R™. This topic was investigated in [40].

. deals with two instances of Sobolev-type inequalities on R”
(namely and (4.49)), in which the norm of a m-times weakly differen-
tiable function is bounded from above by the norm of the vector of its all
m-th order derivatives. This topic was investigated in [66] and [67].

o The final chapter of this thesis, that is, [Chapter 5| is devoted to studying
the compactness of Sobolev trace embeddings in which target spaces are
endowed with upper Ahlfors measures. This question (save for the content
of [Section 5.3)) was researched in [19], which generalizes [20]. [Section 5.3
together with [Section 2.3.2]is based on results from [59].

Useful as general results are, it is often not obvious how to apply them to
particular situations. Therefore, we shall put some effort into illustrating our
general results with particular examples. To this end, we will make use of the class
of Lorentz—Zygmund spaces, which encompasses many customary function spaces
(e.g., Lebesgue spaces, two-parameter Lorentz spaces or some Orlicz spaces).



If the author were to advise the reader on in what order they should read the
thesis, the author would recommend that the reader skim over first and
then start reading from so that they would know what applications we
have in our minds before burying themselves in



1. Preliminaries

Throughout the entire thesis L € {1, 00}.

We write P < @, where P, () are nonnegative quantities, when there is a
positive constant ¢ independent of all appropriate quantities appearing in the
expressions P and () such that P < ¢- Q. If not stated explicitly, what “the
appropriate quantities appearing in the expressions P and )7 are should be
obvious from the context. At the few places where it is not obvious, we will
explicitly specify what the appropriate quantities are. We also write P 2 @) with
the obvious meaning. Furthermore, we write P ~ Q when P < @ and P 2 @
simultaneously.

Throughout the thesis, we adhere to the convention that é =0-00=0.

1.1 Rerrangement-invariant function norms and
spaces

1.1.1 Basic definitions and properties

Throughout this section, (R, ) denotes a o-finite, nonatomic measure space. If
(R, 1) = (G, \y), where G C R™, n € N, is a Lebesgue-measurable set and A, is
the n-dimensional Lebesgue measure on G, we simply write G instead of (R, u).
We set

M(R, 1) ={f: fis a p-measurable function on R with values in [—o0, o0]},
Mo(R, 1) = {f € M(R, u): f is finite p-a.e. on R},

and
MY (R,p) ={f € MR, pn): f>0 pae}.

The nonincreasing rearrangement f*: (0,00) — [0,00] of a function f €
M(R, 1) is defined as

£ = inf{\ € (0,00): u({z € R: |f(x)] > A\}) <}, t € (0,00).

Note that f*(t) = 0 for every t € [u(R),o0). When (R, p) and (S,v) are two
(possibly different) (nonatomic, o-finite) measure spaces, we say that functions
f € MR,pu) and g € M(S,v) are equimeasurable, and we write f ~ g, if
p{x e R:|f(x)] >A}) = v({x e S:|g(x)] > A}) for every A € (0,00). We
always have that f ~ f*. The relation ~ is transitive.

The mazimal nonincreasing rearrangement f**: (0,00) — [0, 00] of a function

f € M(R, p) is defined as

1 t
() = ;/ f*(s)ds, t € (0,00).
0
If there is any possibility of misinterpretation, we use the more explicit notations

[ and f;* instead of f* and f**, respectively, to stress what measure the rear-
rangements are taken with respect to. The mapping f — f* is monotone in the
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sense that, for every f,g € M(R, u),
lfl <lg| pmae onR = f*<g* on(0,00);

consequently, the same implication remains true if * is replaced with **. We have
that

(1.1) fr< f forevery f € MR, p).

The operation f — f* is neither subadditive nor multiplicative. The lack of
subadditivity of the operation of taking the nonincreasing rearrangement is, up to
some extent, compensated by the following fact ([8, Chapter 2, (3.10)]):

(1.2) /Ot(f—i-g ds</f ds+/t *(s)ds

for every t € (0,00), f,g € Mo(R, ). In other words, the operation f +— f** is
subadditive.

There are a large number of inequalities concerning rearrangements (see, e.g.,
[48]). We state two fundamental instances of them, which shall prove particularly
useful for us. The Hardy-Littlewood inequality ([8, Chapter 2, Theorem 2.2]) tells
us that, for every f,g € M(R, p),

w(R)
(1.3) / Fllgl du < / (09 () dt.

In particular, by taking g = xg in ([L.3)), one obtain that

||
(1.4) [ians [ rea

for every measurable £ C R. The Hardy lemma ([8, Chapter 2, Proposition 3.6])
states that, for every f,g € 97 (0,00) and every nonincreasing h € 9™ (0, 0o),

/tf(s) ds < /tg(s) ds forall ¢t € (0,00),
then / f@h(t)dt < /OO g(t)h(t) dt.

A functional o: M+ (0, L) — [0, 0] is called a function norm (on (0, L)) if, for
all f, g and {fx}ren in MMT(0, L), and every A € [0, 00):

(P1) [[fllx(o,z) = 0 if and only if f = 0 a.e. on (0, L); [[Afllx(o,) = Allfllx(0,L);
1f +9llxo.0) < Ifllxc0.L) + 19l x0,);

1flx0.) < llgllx 0.0y if f < g ae on (0, L);

)
) kaHX(O,L) a HfHX(o,L) if fv /*f a.e. on (0>L);
)
)

(1.5)

(P2
(P3
(P4) [|xEellx(0,1) < oo for every measurable E C (0, L) of finite measure;

(P5) for every measurable £ C (0, L) of finite measure, there is a positive, finite

constant CE x, possibly depending on E and || - ||x(o,z) but not on f, such
that [, f(¢)dt < Cp x| fllx,5)-



If, in addition,

(P6) [[fllxw0.y = lgllx 0.y whenever f ~ g,

then || - || x(o,) is called a rearrangement-invariant function norm (on (0, L)).
The Hardy-Littlewood—Pdlya principle ([8, Chapter 2, Theorem 4.6]) asserts
that, for every f,g € M(0, L) and every rearrangement-invariant function norm

I I x0,1),

¢ ¢
(1.6) if/ fr(s)ds < / g*(s)ds for all t € (0, L), then || || x,z) < |9/ x(0,1)-
0 0

With every rearrangement-invariant function norm || - ||x(,z), we associate
another functional || - || x/(0,z) defined as
gesm+(0 L)
llgllx(0,0)<1
The functional || - ||x/o,z) is also a rearrangement-invariant function norm ([8|,

Chapter 2, Proposition 4.2]), and it is called the associate function norm of
| - |l x0,z). Furthermore, we always have that (|8, Chapter 1, Theorem 2.7])

(18) Ik = sup / F(#)g(t)dt for every f € M0, L),
geMt(0,L)
HQHX/ 0 L)<1
that is,
(1.9) I ey =11 Ixo.)-
Consequently, statements like “Let || - || x(o,z) be the rearrangement-invariant
function norm whose associate function norm is ...” are well-justified. The

supremum in (1.8]) does not change when the functions involved are replaced with
their nonincreasing rearrangements ([8, Chapter 2, Proposition 4.2]), that is,

(1.10) | fllx@z) = sup / () g*(t)dt for every f € IMMT(0,L).
geM*(0,L)
||9HX'(0 L)<1

If (R, ;1) is a nonatomic, o-finite measure space and ||-|| x(o,z) is a rearrangement-
invariant function norm, where

I— 1 if u(R) < 0,
oo if u(R) = oo,

we define the functional || - || x(g,.) as

{Hf;(u(z%)-mm,n if u(R) <

(1.11) 1l xRy = 9 1
g 157511 x 0,00) if u(R) =

o0,
o0,



for every f € M(R, p). Note that || f|lxrw = I/l xrm. When (R, ) = (0, L),
definition ([1.11]) extends the given rearrangement-invariant function norm to all
f € M0, L). The functional || - || x(r,) restricted to the linear set X (R, i) defined
as

X(R, 1) ={f € MR, p): [[fllx(rp <00}

is a norm (provided that we identify any two functions from 9(R, 1) coinciding p-
a.e. on R, as usual). In fact, X (R, 1) endowed with the norm ||-||x(r,) is a Banach
space ([8, Chapter 1, Theorem 1.6]). We say that X (R, i) is a rearrangement-
invariant function space. Note that f € MM(R, ) belongs to X (R, ) if and only
if || f||x(r,u < oo. The rearrangement-invariant function space X (0, L) is called
the representation space of X (R, ). We always have that

(1.12) S(R, p) € X (R, ) € Mo(R, ),

where S(R, i) denotes the set of all simple functions on (R, i) (by a simple function,
we mean a (finite) linear combination of characteristic functions of measurable sets
having finite measure). Moreover, the second inclusion is continuous if the linear
set Mo (R, i) is endowed with the (metrizable) topology of convergence in measure
on sets of finite measure ([8, Chapter 1, Theorem 1.4]). In particular, every
sequence converging in X (R, 1) to a function f € X (R, u) contains a subsegence
converging pointwise p-a.e. on R to f.

The dilation operator is bounded on every representation space X (0, L). More
precisely, we have that ([8, Chapter 3, Proposition 5.11])

(113) HDafHX(O,L) S max{l,a}HfHX(O,L) for every f c ﬁﬁ(O, L),

where
t
Duf(t) = f(=), t€(0.00), it L=oc,
t

it L=1.

The rearrangement-invariant function space X’(R, ) built upon the associate
function norm || - || x+(0,z) of a rearrangement-invariant function norm || - || x(o,z)
is called the associate function space of X (R, p). Thanks to , we have that
(X")(R,p) = X(R, p). Furthermore, one has that

(1.14) / [fllgldi < Crll fllx@mlgllxgp  for every f,g € M(R, p),
R

where

o {N(R) if u(R) < oo,
1 if u(R) = 0.

Inequality is a Holder-type inequality, and we shall refer to it as the Holder
inequality.

Let X(R,pn) and Y (R, u) be rearrangement-invariant function spaces over
the same measure space. We say that X (R, ) is embedded in Y (R, i), and we
write X (R, u) < Y (R, i), if there is a positive constant C' such that || f||y () <
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Cll fllx(rp for every f € M(R, p). U X(R, pn) = YV(R, p) and Y (R, p) — X(R, p)
simultaneously, we write that X (R, ) = Y (R, u). We have that ([8, Chapter 1,
Theorem 1.8])

X(R,pu) = Y(R,p) ifand only if X(R,u) CY(R,pn).
Furthermore,
(1.15) X(R,pu) = Y(R,p) ifand only if Y'(R,u) — X'(R, i)
with the same embedding constants. Note that
X(R,pu) — Y(R,p) if and only if X(0,L) — Y (0, L).
We always have that ([8, Chapter 2, Theorem 6.6])
(1.16) LY(R,p) N L¥(R, ) = X (R, p) = L'(R, p) + L=(R, ),

where L'(R, ) and L*°(R, 1) denote the rearrangement-invariant function spaces

built upon the standard L'(0, L) and L>(0, L) norms (see [Section 1.1.4)), respec-

tively. In particular,
(1.17) L*(R, p) = X (R, ) — L'(R, p)

provided that p(R) < oo.

We conclude this section by noting that the way we define rearrangement-
invariant function spaces in this thesis is actually different from the way used in
[8]. We start with rearrangement-invariant function norms defined on measurable
functions on intervals and then we define rearrangement-invariant function spaces
on general measure spaces by means of those functionals. The way used in [§]
is the other way around. Rearrangement-invariant function spaces are defined
there by means of rearrangement-invariant function norms defined on measurable
functions on general measure spaces, but the Luxemburg representation theorem
([8, Chapter 2, Theorem 4.10]) tells us that their approach is actually equivalent to
ours (at least as long as we consider nonatomic, o-finite measure spaces). However,
if u(R) < oo (and p(R) # 1), the approach that we use here gives rearrangement-
invariant function norms that are equivalent to (but possibly different from) more
customary norms. In a way, we actually already encountered that in the Holder
inequality . The reason for this is that, if u(R) < oo, we use rearrangement-
invariant function norms defined on the interval (0, 1) instead of (0, u(R)). An
advantage of our approach is that it simplifies notation and some calculations,
which shall prove particularly useful in more technical parts of this thesis.

Statements like “let X' (R, pt) be a rearrangement-invariant function space” are
to be interpreted as “let || - || x(o,z) be a rearrangement-invariant function norm
and let X (R, u) be the corresponding rearrangement-invariant function space”.

1.1.2 Fundamental function and endpoint spaces

When || - ||x(o,r) is a rearrangement-invariant function norm, we define its funda-
mental function ¢xo,r) as

S0)((()7L)(t) = HXEHX(O,L)a S [OaL)a
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where E is any measurable subset of (0, L) such that |E| = ¢t. The fundamental
function is well defined thanks to property (P6) of rearrangement-invariant function
norms and is quasiconcave, that is, ¢x(o,)(t) = 0 if and only if ¢ = 0, ¢ is
nondecreasing and the function (0,L) 3 t — @ is nonincreasing.

The fundamental functions of || - || x(,z) and || - || x/(o,z) satisfy ([8, Chapter 2,
Theorem 5.2]) that

(1.18) ox(0,0)(t)exrorn)(t) =t forevery t e [0,L).

When ¢: [0,L) — [0,00) is a quasiconcave function, there are always the
strongest and the weakest rearrangement-invariant function norms whose fun-
damental functions are (equivalent to) ¢, namely || - [[x,(0,) and || - |[az,(0,z)
respectively. These rearrangement-invariant function norms are defined as

[fllag0,0) = [ )f*(s) dp(s), fe M (0,L),
0,L

[ flIaa0,0) = sup f™(t)e(t), f€M(0, L),
te(0,L)

where ¢ is the least concave majorant of ¢, which satisfies ([8, Chapter 2, Proposi-
tion 5.10]) that 1@ < ¢ < &, and the integral f[O,L) f*(s)d@(s) is to be interpreted
as the Lebesgue-Stieltjes integral. We have that o, 0.0) = @, ¥, (0,L) = ¢ and

(1.19) A (0, L) < X(0,L) = M,(0,L)

whenever the fundamental function of ||| x(o,z) is equivalent to . The correspond-
ing rearrangement-invariant function spaces A, (0, L) and M, (0, L) are sometimes
called Lorentz endpoint spaces and Marcinkiewicz endpoint spaces, respectively.

If L =1, we have the following important characterizations of the endpoint
spaces L>(0,1) and L'(0,1) ([84, Theorems 5.2 and 5.3], cf. [8, Chapter 2,
Theorem 5.5]):

(1.20) lil(gr ¢ox0,1)(t) =0 if and only if X(0,1) # L>(0,1)
t—

and

(1.21) lim —— —0 ifand only if X (0,1) # L*(0,1).

t—0t SDX(O,l) (t)

1.1.3 Almost-compact embeddings

Throughout this section, (R, x1) is a finite, nonatomic measure space.
We say that a function f € X (R, ) has absolutely continuous norm in X (R, )
if
Jim | fxellx g =0

for every sequence of measurable sets Ej, C R such that xg, — 0, & — oo, p-a.e.
This is equivalent to the fact that

im || f*x(0,0)(£) || x0,1) = 0.
a—0t
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If every function f € X (R, ) has absolutely continuous norm in X (R, ), we say
that X (R, 1) has absolutely continuous norm.

We say that a rearrangement-invariant function space X (R, u) is almost-
compactly embedded in a rearrangement-invariant function space Y (R, 1), and we

write X(R, p) — Y (R, ), if

lim  sup  ||fxgllvrw =0

k=00 |1 £l x (g <1

for every sequence of measurable sets Ej, C R such that xgz, — 0, & — oo, p-a.e.
In other words, the closed unit ball of X (R, 1) has uniformly absolutely continuous
norm in Y (R, ). We have that

X(R, 1) < Y(R,p) ifand only if X (0,1) < Y (0,1)
and

(1.22) X(0,1) > Y(0,1) ifand only if lim  sup | (0w v = 0.

407 | fllx0,1) <1
Furthermore, we have that
(1.23)  X(0,1) <> Y(0,1) if and only if Y’(0,1) < X'(0,1).
The relation — is stronger than —, that is,
X(0,1) S Y(0,1) =  X(0,1) = Y(0,1).

There is this necessary condition for an embedding to be almost compact ([42,

(3.1))):

* t
(1.24) X(0,1) 5 Y(0,1) — lim 2ren® 4
t—0t ch((),l)(t)
We have the following important characterizations of the endpoint spaces
L>(0,1) and L'(0,1) ([84, Theorems 5.2 and 5.3]):

(1.25) L®(0,1) < X(0,1) if and only if X(0,1) # L=(0,1)
and
(1.26) X(0,1) < LY0,1) if and only if X (0,1) # L'(0,1).

For more information on almost-compact embeddings, which are sometimes
called absolutely continuous embeddings in the literature, the interested reader is
referred to [42, [84].
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1.1.4 Some customary rearrangement-invariant function
norms

Textbook examples of rearrangement-invariant function norms are the standard
Lebesgue function norms. For p € (0,00], we define the functional || - ||r(0,z) as

(J repar)” itpe (0.00),

O esssup f(t) if p = o0,
te(0,L)
for f € M*(0, L). The functional || - ||zr(o,z) is a rearrangement-invariant function

norm if and only if 1 < p < co. An important generalization of the Lebesgue
function norms is constituted by the two-parameter Lorentz function norms. For

0 < p,q < oo, we define the functional || - || zr.a(o,r) as
1 1
_ lr-t +
F ooy = [ @) f € MH0.L),
The functional || - ||zra(o,z) is equivalent to a rearrangement-invariant function

norm if and only if l <p<ocand 1 <g<oo,orp=g=1,0r p=q= oo ([19,
Corollary 8.2.4]). That means that there are a rearrangement-invariant function
norm o over (0, L) and a positive constant C, depending only on p and ¢, such
that

C0(f) < | flliaory < Colf) for every f € M(0, L).

If this is the case, we call the corresponding rearrangement-invariant function
space a Lorentz space. Note that ([8, Chapter 2, Proposition 1.8])
LPP(0,L) = LP(0, L).

Furthermore, if l <p<ocand 1 <g<oo,orp=¢g=1, or p=g = o0, we have
that (|8, Chapter 4, Theorem 4.7])

(1.27) (LP9Y(0, L) = LP*7 (0, L),
where p’ and ¢’ stand for the standard Holder conjugates of p and ¢, respectively,
that is, 110—1— 1% =1.

We define the functions ¢ and ¢ as ((t) = 1 + |logt| and €0(t) = £(L(t)),

t € (0,00). These functions are called broken logarithmic functions. Let A =
(i, aso) € R%. We denote by ¢4 and ¢4 the functions

oh) = {an(t), te(0,1),

2= (t), t € [1,00),

and

ao  JALee(t), te(0,1),
i = {M%O(t), tel,00).

We will sometimes need broken logarithmic functions with more than two layers of
logarithms. Such functions are defined in the obvious way. For A = (ag, a), B =
(B0, Bs) € R? and 0 < p, ¢ < oo, we define the functional || - || zpaez(o 1) as

1

IOl OYRO]

£l Loastm0,) = ‘ . femt(o,L).

L9(0,L

14



Note that the values of a,, and [, are immaterial if L = 1. If L = 1, we
simply write || f||Lr.a08(0,1), £¢ and 0P, where « = ap € Rand 8 = f, € R. If
B = (0,0) or 5 =0, we sometimes omit B or [, respectively, in the notation. If
A = (g, ) € R? and ¢ € R, we denote by cA and A + ¢ the vectors (cay, caiso)
and (ag + ¢, e + ¢), respectively. The functional || - || fp.qe5(0,00) is equivalent to
a rearrangement-invariant function norm if and only if ([75, Theorem 7.1])

(

l<p<oo,1<g<Lo0or
p=q=1,a0> 0,0, <0 or
p=q=1,00> 0,0, =0, <0or
p=q=1,00=0,5y> 0, <0 or

(1.28)
p=q=100=0,80 > 0,00 = 0,55 <0 or
p:oo,lgqgoo,oco+%<00r
p:oo,lgqgoo,ao—i-%:(),ﬁo—i-%<00r
(P =q=00,a0 = fip = 0.

The functional || - || fp.:e.8(0,1) 18 equivalent to a rearrangement-invariant function

norm if and only if ([75, Theorem 7.4])

(1 <p<o00,1<qg<ooor
p=q=1,a>0or
p=q=1,a=0,8>0or
p:oo,lgqgoo,a+%<()or
p:oo,lgqgoo,oz—l—%:(),ﬁ—l—é<00r
lp=qg=o00,aa=L0=0.

(1.29)

The corresponding rearrangement-invariant function space is called a Lorentz—
Zygmund space. If either p € [1,00), ¢ € [1,00], or p = ¢ = 00, 9 = a < 0,
Qoo > 0, we have that ([75, Theorems 6.2, 6.6, 6.11])

(LP92Y(0, 00) = L 4(0, 00),

(1.30) , »
(LPTY(0,1) = LP9-2(0, 1).

We will occasionally need other Lorentz—Zygmund-type spaces, namely
LPGAB) (0 00) and L®%A)(0,1), which are closely related to the spaces
Lra8B(0 00) and LP%8(0, 1), respectively. They are defined by means of the
same functional but with f* replaced by f**. If p € (1, 0] and one of conditions

(1.28) or (|1.29) is satisfied, we actually have that

L(p,q;MB)(O’ oo) _ an;A,B(O’ oo),

1.31
( ) L(p,q;aﬁ)(o’ 1) — vaq;a’ﬁ((), 1),

respectively. Both types of Lorentz—Zygmund spaces were exhaustively studied in
[75].

A large number of rearrangement-invariant function norms (including the
Lorentz-Zygmund ones) are (equivalent to) instances of the Lorentz A-functionals
|| - [| Aa(v) for suitable choices of v. Let v: (0, L) — (0, 00) be a measurable function
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such that V(t) < oo for every t € (0, L), where V(t) = fotv(s) ds, t € (0,L). We
define the functional || - ||p¢(v) as

(JE syt at)' it g e (0.00),

esssup f*(t)v(t) if ¢ = o0
te(0,L)

1 llas ) =

for f € M*T(0,L). If ¢ € [1,00], the functional || - ||aqqy) iS equivalent to a
rearrangement-invariant function norm if and only if

(1.32)
1 1 .
V() S 3V(s) foreveryO<s<t<L ifg=1,
VIt fsqv (5) ds <t forevery 0 <t < L if g€ (1,00),
¥ is a finite functlon and  sup o(t)! [ ﬁ ds < oo if ¢g=o00

te(0,L)

where 0(t) = esssupv(s), t € (0, L), that is, v is the least nondecreasing (essential)
s€(0,¢)

majorant of v. We refer the reader to [82] for ¢ € (1,00), to [17] for ¢ = 1 (see

also [90] with regard to local embedding of A'(v) in L') and to [45] for ¢ € (1, o0].

The multiplicative constants in (|1.32) may depend only on ¢ and v.

1.2 Sobolev spaces built upon rearrangement-
invariant function spaces

1.2.1 Basic definitions and properties

Let Q@ C R", n > 2, be an open set. If m € N and u is a m-times weakly
differentiable function on 2, we denote by V*u, k € {0,1,...,m}, the vector of
all k-th order weak derivatives of u on €, where V°u = u. We denote by D™«
the vector of all weak derivatives of u on € up to order m. We shall simply write
Vu and Du instead of Viu and D'u, respectively. We define the m-th order

Sobolev-type space W™ X (Q2) built upon a rearrangement-invariant function space
X(Q) as

W™X(Q) = {u € L, .(Q): uis m-times weakly differentiable on © and |D™u| € X ()},

where |D™u| stands for the ¢'-norm of the vector. The Sobolev-type space
WmX(Q) endowed with the norm

[llwmx @) = ZIIIV’“UII\X ), u € W"X(Q),

is a Banach space. We have that
(1.33) llullwmx @) = |||D™ul||x@) for every u € W™X(Q).
We shall simply write ||[V¥u| xq) and |[[D™u||x(q) instead of |||V*ul||x ) and

|| D™ul| x (), respectively. When X (2) = LP(Q), p € [1,00], we have that
WmLr(Q2) = W™P(Q), the standard Sobolev space of m-th order, possibly up to
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equivalent norms. We denote the subspace of W™({2) consisting of those functions
that together with their derivatives up to order m — 1 vanish on 92 (in a suitable
sense) by Wi X (Q), that is,

WX(Q) ={u e W™(Q): the continuation of u by 0 outside 2 is m-times
weakly differentiable on R"}.

The space WX () is a closed subspace of WX (). In particular, W[ X () is
a Banach space. The closure of C§°(£2), the space of all infinitely differentiable
functions having a compact support in €2, in the norm of WX (2) is contained
in WX (), but the inclusion may be strict.

We denote by V"X () the linear set of all m-times weakly differentiable
functions on Q whose m-th order gradients belong to X (), that is,

VmX(Q) = {u € L (Q): u is m-times weakly differentiable on  and |[V™u| € X (Q2)}.

Note that, for a function from V™X (), only its m-th order derivatives are
required to be elements of X (), whereas there are no assumptions imposed on
its derivatives of lower orders. The derivatives of lower orders are not required to
have any extra regularity apart from their existence in the weak sense, that is,
as locally integrable functions (cf. 64, 1.1.2]). Nevertheless, we have that ([64]
5.2.3])

(1.34) V™X(B) CW™LY(B) for every open ball B C R™.

In particular, functions from V™ X (B) are integrable over B.

We denote by V"X (2) the linear subset of VX () consisting of those
functions that together with their derivatives up to order m — 1 have finite
measure of all their level sets, that is,

VirX(Q) ={uecV™"X(Q): {z € Q: |VFu(z) > A} <ocoforall k=0,...,m—1
and every A > 0}.

If |©2| < oo, then we plainly have that V"X (Q) = V7" X (Q).

When 2 is a domain, that is, {2 is not only open but also connected, we say
that 2 has the cone property if there is a finite cone C' C R” such that every
x € ) is the vertex of a finite cone C, that is contained in €2 and congruent to C'.
When (2 is a bounded domain, we say that €2 is a bounded Lipschitz domain if for
every x € 02 there is a neighborhood U, of x such that Q2 N U, is the subgraph of
a Lipschitz continuous function of n — 1 variables. Bounded Lipschitz domains as
defined here are sometimes called bounded domains having the strong Lipschitz
property or C%'-domains (cf. [64, 1.1.9]). We follow the definitions given in [4,
Chapter 4].

1.2.2 Interpolation of Sobolev spaces

The K -functional associated to a pair (Xo, X;) of Banach spaces of functions from
Mo (R, i) is defined as (e.g., [8, 10])

K(t,u; Xo, X1) = inf  (|Jui||x, + tljuzllx,), v € Xo+ X1, t € (0,00),

u=ui+u2
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where the infimum is taken over all possible decompositions u = u; + us, where
w € X;,0=0,1.

Assume that ) is a bounded Lipschitz domain in R", n > 2. By [36], the
reiteration theorem [8, Chapter 5, Theorem 2.4] and Holmstedt’s formulas for
K-functionals of pairs of Lorentz spaces [50, Theorem 4.2], if py = qo = 1, or
1<py<p <ooand 1< q,q < oo, then

1
a0

ta
Kt @ wr (@) ~ ([ [ Dl )" as)
0

(1.35) +1 (/too (57 | D™l (5)] ds) Z

«a

for every t € (0, 00), where é = pio — pil. Furthermore, we have that

1

tPo m
(1.36) K (t,u; W™mLPOP(Q), WTL®(Q)) ~ (/ [s%_%]Dmu\*(s)}qo ds) '
0

for every t € (0,00). The multiplicative constants in (1.35)) and (1.36) depend

only on €2, po, p1, qo, and q;. Moreover, both equivalences are also valid for any
open set 2 C R"™ such that |Q2] < oo provided that W™ is replaced by W{".

18



2. One-dimensional operators on
rearrangement-invariant function
spaces

2.1 Operator-induced rearrangement-invariant
function norms

2.1.1 Hardy-type operators

Let u,v: (0, L) — (0,00) be measurable functions. Let v € (0,00). We define the
Hardy-type operators R, ,, and H,, , as

tl/
@1 Ruf )=o) [ 1F)u(s)ds, t€(0.L), f € M. L),
0
and
L
(2.2) Hywuof(t) =u(t) [ [f(s)v(s)ds, t € (0,L), feMO,L).
tv
If u = 1, we shall simply write R, , and H,, instead of R, ,, and H,,,, respec-

tively. The operators R, ,, and H,,, are in a sense dual to each other. More
precisely, by using the Fubini theorem, one can easily verify that

L L
23) [ fORuwuo®dt = [ gOHu0f()d for every f.g €M (0,1)

The following two propositions characterize when certain functionals induced
by R, ., and H,,, are rearrangement-invariant function norms.

Proposition 2.1.1. Let || - || x(o,z) be a rearrangement-invariant function norm.
Let u: (0, L) — (0,00) be a nonincreasing function such that 0 < U(t) < oo for
every t € (0,L), where U(t) = fotu(s) ds. If L =1, we assume that u(17) > 0.
Let v: (0,L) — (0,00) be measurable. Let v € (0,00). Set

, femt(o,L).
X(0,L)

o(f) = [lo() / f*(s)u(s) ds

If L =1, the functional o is a rearrangement-invariant function norm if and
only if v(t)U(t") € X(0,1).

If L = oo, the functional o is a rearrangement-invariant function norm if and
only if v()U (") x0,1)(t) + v(t)X(1,00)(t) € X(0,00).

Proof. Property (P1). The positive homogeneity and positive definiteness of o can
be readily verified. As for the subadditivity of g, it follows from (|1.2]) combined
with Hardy’s lemma (1.5)) that

/0 (F+g)" (8)u(s)x0 (5) ds < / £ (s)u(s) X0 (5) ds+ / g* (s)u(s)xi00) (5) ds
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for every f,g € M*(0, L) and ¢ € (0, L) thanks to the fact that u is nonincreasing.
Since || - || x(o,z) is subadditive, it follows that

o(f +9) <o(f)+o(g) forevery f,g € M (0,L).

Properties (P2) and (P3). Since | - ||x(,z) has these properties, it can be
readily verified that o, too, has them.

Property (P4). First, assume that L = 1. Clearly, o(x(,)) < oo if and
only if v(t)U(t") € X(0,1). Since p has property (P2), o has property (P4)
if and only if v(¢t)U(t") € X(0,1). Second, assume that L = oco. Let E C
(0,00) be a set of finite, positive measure. Clearly, o(xg) < oo if and only if
v(t)U (") x0,1e) () + v() X (1E,00) (t) € X(0,00). If |E| < 1, then

o) U () x 0,121 () + v(E) X (1E],00) () | x(0,00)
< [[v@UE)x 0.0 #) |l x 0,000 T [l0E) X111 )l x (0,000 T [10(#) X (1,00) (D) x(0,00)

< [loOUE)x 0. ()l x0.00) + (I}EI )IIU( o@)xq51.0 Ol x0.00)

F [0 () X (1,00) (E) | x (0,00)
1
< (14 —— Vo U®E t . D)X (100 (£ o
< (14 ) IPOUE xon®lxos + 0Ol xow
If E > 1, we can similarly obtain that
[v()U ()X 0,2 (t) + v(E)X(1E],00) (E) ]| X (0,00)
< [v@®UE)x0.1)#) I x©0.00) + (L +UUE ) [[0(E)X(1,00) () || x0,00) -

Either way, we have that o(xg) < oo if and only if

v(t)U () x0,0)(t) + v(t)x1,00)(t) € X(0,00).

Property (P5). Let E C (0,L) be a set of finite, positive measure. Let
f € M*T(0,L). Note that the function (0,L) > ¢t Uty fo s)ds is
nonincreasing because it is the integral mean of a nonincreasing functlon over
the interval (0,¢”) with respect to the measure u(s)ds. Thanks to that and the
monotonicity of u, we obtain that

tV
o [ pemea e O [ 5]
v )/0 fr(s)u(s)ds x0.L) = X(o |E|% (s X(0,1)

) 1 |E]
> |[v@®)U(t )X(o,\Eﬁ)(t) xo U(E]) Jy

(IE\_) =
x(,0) U(|E|

> o0 g, O] 1 / fls

X(0,L)

> 0T #)x g 3, () f(s)ds

where we used in the last inequality.

Property (P6). Since f* = ¢g* when f,g € 9M*(0, L) are equimeasurable, this
is obvious.

We conclude the proof by noting that the necessity of v(¢)U(t") € X(0,1) or
v(t)U (") x0,1)(t) + v(t)X(1,00)(t) € X(0,00) if L =1 or L = o0, respectively, was
proved in the paragraph devoted to property (P4). O
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The situation is more complicated with H,,, ,.

Proposition 2.1.2. Let || - || x(o,z) be a rearrangement-invariant function norm.
Let u,v: (0, L) — (0,00) be nonincreasing. If L = 1, we assume that v(17) > 0.
Let v € (0,00). Set

m*(0, L
X(O’L)’ fE ( Y )7

(2.4) = sup u(z / Jo(s) ds

h~f v

where the supremum is taken over all h € MM (0, L) equimeasurable with f.
If L =1, the functional o is a rearrangement-invariant function norm if and

only if

(2.5) Jutt) /t1 o(s) dsHX(O’l) < .

v

If L = 00, the functional o is a rearrangement-invariant function norm if and
only if

2.6 H t t/ d H <

(2.6) u(t)X(o,1)(t) | v(s)ds Xome) =

and

(2.7) sup v(b)[lux (o)l x(0,00) < 00
be[1,00)

Proof. Property (P2). Let f,g € 9M*(0, L) be such that f < g a.e. Consequently,
f* < g*. Suppose that o(f) > o(g). That implies that there is f € 9 (0, L),
f ~ f, such that

(2.8) sup
h~g

\»a

o) [, setsras] < oo [ Fits)as

v X(O7L) U

X(0,L)

When L = oo, we may assume that tlim () @) = tlim f*(t) = 0, for we would
—00 —00

otherwise approximate fby functions f,, = fx(om), n € N (the monotone conver-
gence theorem and property (P3) of || - || x(o,z) would guarantee that the inequality
above holds with fvreplaced by f. for n large enough). Thanks to [8, Chapter 2,
Corollary 7.6], there is a measure-preserving transformation (in the sense of [8|,
Chapter 2, Definition 7.1]) o: (0, L) — (0, L) such that f = f*oo. Since o is mea-
sure preserving, we have that (¢* o o) ~ g* ~ ¢ ([8, Chapter 2, Proposition 7.2]).
Consequently,

b s, 21 s,
(2.9) > |lu(t) Lf*(g(s))U(S)ds X
= uto) [, Foras]

By combining ([2.8)) and (2.9)), we reach a contradiction. Hence o(f) < o(g).
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Property (P3). Let f,fr € MT(0,L), k € N, be such that f, * f a.e.
Thanks to property (P2) of o, the limit klim o(fr) exists and we clearly have that
—00

klim o(fx) < o(f). The fact that klim o(fx) = o(f) can be proved by contradiction
—00 — 00

in a similar way to the proof of (P2).

Property (P1). The positive homogeneity and positive definiteness of ¢ can
be readily verified. As for the subadditivity of o, let f,g € 9*(0, L) be simple
functions. Let h € 9T (0, L) be such that h ~ f + g. Being equimeasurable with
f -+ g, h is a simple function having the same range as f + g. Furthermore, it is
easy to see that h can be decomposed as h = hy + hy, where hy, hy € MMT(0, L)
are simple functions such that h; ~ f and hy ~ g. Using the subadditivity of
| - llx0,z), we obtain that

Hu(t) /t L h(s)o(s) dsHX(M) < Hu(t) /tL ha(s)o(s) dsHX(OyL)Jr ”u(t) /tL ha(s)0(s) dsHX(

< olf) + olg). V

Hence o(f 4+ g) < o(f) + o(g). When f,g € M*(0, L) are general functions, we
approximate each of them by a nondecreasing sequence of nonnegative, simple
functions and use property (P3) of o to get o(f + g) < o(f) + 0(9).

Property (P4). When L = 1, ¢ has property (P4) if and only if o(x(0,1)) < 00
(note that here we use the fact that ¢ has property (P2)). If h € 9*(0,1) is
equimeasurable with x(o 1), then h =1 a.e.; therefore,

o(x.) = HU(t) /t

1
v

0,L)

1
as|
v(s)ds o)
Hence p has property (P4) (when L = 1) if and only if u(t) ftl% v(s)ds € X(0,1).
Assume now that L = oo. Let E C (0,00) be of finite measure. Set b =

max {1, 22;|E|1 } Let h € 9T (0, 00) be equimeasurable with yg. It is easy to see

that h = xr for some measurable F' C (0, 00) such that |F'| = |E|. Thanks to the

(outer) regularity of the Lebesgue measure, there is an open set G O F' such that

|G| < 2|F|. Being an open set on the real line, G N (b, 00) can be expressed as

GN(b,0) = J(ak, bi), where {(ay, bg) }x is a countable system of mutually disjoint,
k

open intervals. We plainly have that ' C (0,b] U (G N (b,00)), by — ax < 2|F]|
and a, > b. Furthermore, we have that by — a; < 2|F| < (2% —1)b < (2% — 1ag,
whence

(2.10) by — ay < ay.

We have that

[e.9]

Hu(t) /;O xr(s)v(s) dSHX(O,oo) < Hu(t) /ti (x(0.() +ZX(ak7bk)(S))U(S) dSHX(O,oo)

b

< Hu(t)X(o,bV)<t) /tl v(s) dSH

v X(07OO)

(2.11) + HU(t)Xma;)(t) /bk v(s)ds

X(0,00)

+;Hu(t)><(a;,b;)(t) /tl v(s)ds

X(0,00)



Note that (2.6) together with the monotonicity of w and v implies that
lux(0,0) || x(0,00) < 00 for every a € (0,00).

Since w is nonincreasing, it is sufficient to show that Hux(o,%)H X(0,00) < 00, which
follows from

1 1
0 > [utt)xn(®) / o ds] = fulxey® / o]

v

X(O,oo).

Now, as for the first term on the right-hand side of (2.11]), we have that

ot [, veras], < oo [; v

v X(O7OO) v X(0,00)

(2.12) + HU(t)xm,n(t) /lbv(s> ds”xm
+ Hu(t)x(w)(t) /tf v(s) dSHX(O,oo)

< A < o0,

where

_H Xoa®) [, v6)as] L, o6~ Dixonlixoes

tv

+u(1)(b = Dffuxw-1) Hx (0.00)-
As for the second term on the right-hand side of (2.11)), we have that

(2.13) Hu(t)X(o,ag)(t> /ab’“ dsH < w(ag)(br — ar) [ ux0,a0) |l x(0,00)

S B<bk‘ - a’k);
where B is the supremum in (2.7). In particular, B is independent of k. Next,

by, b
)‘“(t)x(ai»b;i)(t) /1 v(s)ds « < / v(s) dSHUX(ag,b;)”X(O,oo)
tv (0,00) ak
< v(ar) (br — ar)llux(opr—a)llx 0,00
(2.14) < v(aw) bk — ar)llux o, | x 0.00)
< B(b, — ag),

where we used the monotonicity of v and v in the second inequality and (2.10)) in

the third one. By combining ([2.11f) with - and ( - we obtain that

o0

(2.15) Hu(t) /t h(s)o(s) dsHX(m) < A+2B Z(bk —ay) < A+ 4B|E| < .

v

Hence o(xg) < oo provided that (2.6) and (2.7)) are satisfied. We now turn our

attention to the necessity of (2.6) and (2.7). The necessity of (2.6) is obvious

because we have that
1

Juttxont®) [, o

d H < .
p s)ds (0o < o(X(0,1))
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As for the necessity of ([2.7)), suppose that sup U(b)HUX(o,bv)
be[1,00)
follows that there is a sequence b, ' oo, k — oo, such that

X (0,00)

Jim w(b) [[ux 0.0 [l x(0.00) = 00

1
2u

We may clearly assume that b, >

the fact that u is nonincreasing, we obtaln that

HUX(O bY) HX (0,00) < HUX (0,(bp—1) HX 0,00) T HUX ((br—1)7,bY) HX (0,00)
< Jux 0,517 lx 0,000 + 1wX (0,67 — (b —1)) | X (0,00)
< HJux o, (br—1)) | x(0,00) F X (0,6 —1)) | x (0,00

= 2||ux(0,(bx—1)") || X (0,00)

Therefore,
olx0) 2 10 w09 ®) [, xornoeoas]
tv ,00

1
2 0(b) [uxco,6e-1) I x000) 2 5008) [ux o) [l x(0,00);

; hence b} — (b, — 1)V < (b, — 1)¥

= oo. It

. Using

which tends to oo as & — oo. Hence o(x(0,1)) = 00, and so ¢ does not have

property (P4).

Property (P5). Assume that L = 1. Note that (2.5)) together with v(17) > 0
implies that HuHX(Ol < oo. Let f € 9T (0,1). Since f* is nonincreasing, we

have that fo s)ds <2 fo s)ds. Since the function (0,1) 3 ¢+ f*(1 —1t) is

equimeasurable Wlth f, we have that

u(t) /11 (1= s)v(s) ds” o

H X(0,2-) f(l—s dsH

1
> (1) |uxos lxio / £(s)ds
0
v(1™ t
 hxioz-eilvon [ 1) ds
0
v(1~™ 1
> <2 )HUX(O,Z—V)HX(O,I)/ f(s)ds
0

where we used (1.4]) in the last inequality. Since @HUX(O,TV)H X(0,1)

— t\»ﬂ
N

(Y

€ (0,00)

does not depend on f, property (P5) follows. Assume now that L = co. As was
shown in the proof of property (P4), [[ux(,q)llx0,0) < o0 for every a € (0,00)
provided that is satisfied. Let f € 9™ (0,00) and E C (0,00) be of finite
measure. The function (0,00) 3 t — f*(t — |E|)x(E|,00)(t) is equimeasurable with

f. By arguing similarly to the case L. = 1, we obtain that

(2.16) o) 2 vCIEDuxcoren x| Fs)ds
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whence property (P5) follows.

Property (P6). Since the relation ~ is transitive, it plainly follows that o has
property (P6).

We conclude the proof by noting that the necessity of or of and
(2.7) if L =1 or L = oo, respectively, was proved in the paragraph devoted to
property (P4). O

The function norm defined by is quite complicated. The next proposition
tells us that the function norm can be considerably simplified provided that a
certain supremum operator is bounded on the associate space of X (0,L). We
define the operator T, where ¢: (0, L) — (0,00) is a fixed function, as

RIT) T = sy ) (5), 1€ (0,1), f M0, L)

Proposition 2.1.3. Let || - || x(o,z) be a rearrangement-invariant function norm.
Let v € (0,00). Let u: (0, L) — (0,00) be nomncreasing Let v: (0,L) — (0,00)
be a nonincreasing function such that U(lt) fo s)ds for every t € (0, L), where

€:(0,L) — (0,00) is a continuous function. IfL =1, we assume that v(17) > 0.

Assume that .

Jutrnn(® [, vis)as

tv

< 0
X(0,L)

and that the operator T, defined by (2.17)), is bounded on X'(0, L), where ¢ = %
Let o be the functional defined by (2.4) and set

o(f)=sup /f / T,g(s)u(s)dsdt, f €M (0,L).
geM+(0,L)
lgllx7(0,0)<1

The functionals o and ¢ are rearrangement-invariant function norms. Furthermore,
we have that

L
Hyou(f* < H t/ s)d H 5
(2.18) | Huoo (f) | x 0.1 _ilil; u(t) ) o) < o(f)

< NTo || x70,0) [ Hu (f )| x 0,2

for every f € MT(0, L), where | T,| x/0,1) stands for the operator norm of T, on
X'(0,L). In particular, the rearrangement-invariant function norms o and g are
equivalent.

Proof. Since f ~ f* for every f € 9M*(0,L), the first inequality in (2.18)
plainly holds. As for the second inequality, note that the function (0,L) >
t — Rywu(T,g)(t) is nonincreasing for every g € 9% (0, L) because it is the

integral mean of the nonincreasing function (0,L) > s — sup ¢(7)g*(7) over
T€E[s,L)
the interval (0, ") with respect to the measure £(s)ds. Consequently, for every
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feM(0,L) and every h € M (0, L) equimeasurable with f, we have that

L
HHu,v,VhHX(O,L) = sup / h(t)Ru,v,u(g*)(t> de
g€9ﬁ+(0,L) 0
gl x70,0)<1

L
< sw /h(t)Ru,v,u(T@w(t)dt
gemt(0,L) JO
llgll x7(0,0)<1

L
S sup / h* (t>Ru,v,u (Tgog> (t) de
gemt(0,L)
||g||x/(0 L)<1

~ sw /f v To9)(1)
geM*(0,L)
Hg||X’(0L)<1

= o(f),

where we used (note that the function H,,,h is nonincreasing for every
h € M*(0, L)) together with in the first equality, the pointwise estimate
g < T,g in the first inequality, the Hardy-Littlewood inequality in the
second inequality, and the equimeasurability of f and h in the last inequality.
Hence the second inequality in follows. As for the third inequality in ,
we have that

sup / PO R (Tog) () dt = sup )/0 Tog(8) o () (1)

gemt(0,L) geM*(0,L
llgll x (o, L)<1 gl x7co,0y<1
<N Huwo(F)lIxoy  sup N Togllxr0.1)
geM*(0,L)
gl x7(0,y<1

= HTsOHX’(O,L) ”Hu,v,l/(f*)HX(O,L)

for every f € 9™ (0, L) thanks to (2.3) and the Hélder inequality (1.14)).

Second, we shall prove that the functional p, defined by , is a rear-
rangement-invariant function norm. If L = 1, this follows immediately from
|[Proposition 2.1.2| If L = oo, owing to [Proposition 2.1.2| again, we only need to
verify that is satisfied. It follows from its proof that, if did not hold,
then we would have

sup
h~x(0,1)

)u(t) /:O h(s)v(s) dSHX(o,oo) = 0.

v

However, thanks to ([2.18]), we have that

sup
h~x(0,1)

L
) [, mspas| |~ oy v

1
N H Xon(t /5 v(s) dSHX(O,oo) =0

Therefore, ([2.7)) is satisfied.
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Finally, now that we know that the functionals ¢ and o are equivalent and the
former is a rearrangement-invariant function norm, it readily follows that o, too,
is a rearangement-invariant function norm once we observe that p is subadditive.
The subadditivity follows from

L
5f+rg) = sup /(f+9)*(t)Ru,v,u(T¢h)(t)dt
heM+(0,L)
IRl xr 0,1y <1

sup /f Ry (T, 1) (1)

hem+(0,L)
”h”X’(O L)<1

L
b s [ ORLT 0
hemt(o,L) JO
7l x7 0,0y <1

= o(f) +o(g) forevery f,g € M (0, L),

where we used ([1.2]) together with the Hardy lemma ([1.5]) (recall that the function
Ry v, (T,h) is nonincreasing for every h € 9 (0, L)) together with (1.2)). O

2.1.2 Calderén-type operators

Throughout this subsection, we assume that L = oo.
Let 0 = (o, 3,7,0) € [0,1]* be such that 0 <y <a<land 0<§ < < 1.
We define the operator S, as

(2.19) saf(t)=/0w| ()|m1n{iﬁ ta}‘f t € (0,00), f€MO,c0).

The operator S, is sometimes called the Calderon operator corresponding to the
interpolation segment [(«, 3), (7, d)] and is closely related to the interpolation of
operators of (joint-)weak type (e.g. [6, Chapter V], [8, Chapter 3, Section 5],
[15]).

The function S, f is plainly nonincreasing on (0, oo) for every f e M0, 00).
Furthermore, since the function (0,00) 3 s — min {£ tﬁ : 815 } is nonincreasing
for every t € (0,00), the Hardy-Littlewood inequality (1.3)) implies that

(2.20) Sef < S,(f*) for every f € 9M(0,00).

Note that, for every ¢ € (0,00), f € (0, 00),

tm 00

()]s ds 4 170 / F(s)]s™ " ds,

tm

(2.21) Sy f(t) = tﬂ/

0

where
-0
(2.22) m=b=0
a—=7
Furthermore, by Fubini’s theorem,
@2 S =(a-ne [ [l tarseas
tm Jo
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for every t € (0,00) and f € M(0,00). If o is as above, we define ¢’ as
(2.24) od=(1-6§1-71-031-a).

We have that (¢')’ = o and, by Fubini’s theorem,

(2.25) /000 Sef(t)g(t)dt = /000 f(t)S,g(t)dt for every f,g € M (0, 00).

The next proposition characterizes when a certain functional induced by the
operator S, is a rearrangement-invariant function norm.

Proposition 2.1.4. Let || - || x(0,0) be a rearrangement-invariant function norm.
Let o = (a, 8,7,9) € [0,1]* be such that 0 <y <a<1land0<d< < 1. Set

o(f) = I1S(f)Ix(0.00), | € MT(0,00).

Set

t 0 lOg( )X( 1) (t) + tiﬁX(l,oo)(t) foy = 07
2.26
(2.26) §) = {t "X0.1)(t) + 7P X (1,00)(2) if v>0.

The functional o is a rearrangement-invariant function norm if and only if £ €
X(0,00).

Proof. Property (P1). The positive homogeneity and positive definiteness of p
can be readily verified. Since the function (0, oo) > 5 mm{ tgl, 5151 is

nonincreasing for every t € (0, c0), it follows from ) and Hardy’s lemma ({1.5))
that

So((f +9))(1) < Se(f)(t) + Sa(g7)(t)  for every t € (0,00), f, g € M™(0,00),

whence the subadditivity of g follows.
Properties (P2) and (P3). These properties can be readily verified.
Property (P4). Let E C (0,00) be a measurable set of finite measure. Thanks

to the boundedness of the dilation operator (1.13]) and (2.19), it is easy to see
that ||Se(XE)l x (0,000 < 00 if and only if |[Syx0,1)]|x(0,00) < 00. It follows from

[£:21) that

IS2x00 o) £ X0 @ oo + £ X0 te) [
tm
(2.27) + 17X (1.00) (D) | x0,00)-

Assume that v = 0. Note that ma — § = —4. Since

1
P dsH
X (0,00)

and



it follows that

1
€
M98y ) 000 Ht*‘s t/ *1dH th*‘S 1 (—)H .
| X(0.1) (1) | x(0,00)F |t X(0,1) (1) LI R X(0,1)(t) log Mlxom

Assume now that v > 0. Note that ma — § > —4. Since

t=o f;n s tds

tl—igi =0 € (0,00)
and
tmafﬁ
lim - 07
t—0+ t9
it follows that
1
£ X (0,0 )| x (0,00) + Ht_6X(0,1)(t)/ o dSHX(O ) 17X 0.0 (8) | x0.0)
tm 0

Hence

1
228 1" X Olxom + £ 0 [

tm

o7 s~ el

whether v = 0 or v # 0. By combining (2.27) and ({2.28]), we obtain that g has
property (P4) if and only if £ € X (0, c0).

Property (P5). Let E C (0,00) be a measurable set of finite measure. Since
the function (0,00) 3 t — S, (f*)(¢) is nonincreasing for every f € 9™ (0, 00), we
have that

156 (f ) x(0,00) = 195 (f*) )X (0,121 (D] x(0,00) = So(F)IED X (0,12 | (0,00)

|E] . ) s¢ s Yy ds
> [Ix(0,12) | x (0,00) ; f (S)mln{waw}?
_(|E]* |Ep el
2 min { s e Hxoisllxos |5 ds

et EpT /
Zmln{ , } o s dS
E[P °|EpP X012 [ x(0.00) Ef()

for every f € 9T (0, 00), where we used in the last inequality. Hence o has
property (P5).

Property (P6). Since f* = ¢g* when f,g € 9M*(0,00) are equimeasurable, o
plainly has property (P6). O

2.2 Optimal function norms

In this section, we shall investigate optimal mapping properties of the operators
Hyvy, Ry, and S,, introduced in the preceding section. Let 1" be one of
those operators. We say that a rearrangement-invariant function space Y (0, L)
is the optimal target space for the operator T and a rearrangement-invariant
function space X (0,L) if T: X(0,L) — Y(0,L) is bounded and Y (0,L) —
Z(0, L) whenever Z(0, L) is a rearrangement-invariant function space such that
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T:X(0,L) = Z(0,L) is bounded (in other words, | - ||y, is the strongest
target rearrangement-invariant function norm for 7" and || - ||x(,z)). We say
that a rearrangement-invariant function space X (0, L) is the optimal domain
space for the operator T and a rearrangement-invariant function space Y (0, L)
if T: X(0,L) — Y(0,L) is bounded and Z(0,L) — X (0, L) whenever Z(0, L)
is a rearrangement-invariant function space such that 7: Z(0,L) — Y (0, L) is
bounded (in other words, || - || x(o,z) is the weakest domain rearrangement-invariant
function norm for 7" and || - |ly(o,z))-

2.2.1 Hardy-type operators and supremum operators

In this subsection, we study the operators H, ., R, ,, and the supremum operator
T, which is closely related to them. First, we describe the optimal domain space
for the operator R, ,, and a given rearrangement-invariant function space.

Proposition 2.2.1. Let || - ||y(o,z) be a rearrangement-invariant function norm.
Let u: (0,L) — (0,00) be a nonincreasing function such that 0 < U(t) < oo for
every t € (0,L), where U(t) = fgu(s) ds. If L =1, we assume that u(17) > 0.
Let v: (0,L) — (0,00) be measurable. Let v € (0,00). Assume that £ € Y (0, L),
where £ is defined as

v(t)U(t"), t € (0,1), if L=1,
v(t)U (") x0,1)(t) +v(t)X(1,00)(t), t € (0,00), if L = o0.
Let || - | x(o,) be the function norm defined as

(2.30) | fllxc0,0) = , feMT(0,L).

Y (0,L)

o(t) /0 F(s)uls) ds

The rearrangement-invariant function space X (0, L) is the optimal domain space
for the operator R, ,, and the space Y (0, L).

Moreover, if £ € Y (0, L), then there is no rearrangement-invariant function
space Z(0, L) such that Ry, : Z(0,L) — Y (0, L) is bounded.

Proof. First, note that the functional defined by is indeed a rearrangement-
invariant function norm thanks to [Proposition 2.1.1| and so we are entitled to
denote the corresponding rearrangement-invariant function space by X (0, L).
Second, thanks to the Hardy-Littlewood inequality and the monotonicity of
u, we have that

||Ru,v,1/f||Y(O,L) S ||Ru,v,l/(f*)||Y(0,L) = ||f||X(O,L) for every f € m+(0a L)

Hence R, ., : X(0,L) — Y(0, L) is bounded. Next, if Z(0, L) is a rearrangement-
invariant function space such that R, ,,: Z(0,L) — Y (0, L) is bounded, then we
have that

1flx0.0) = | Ruwr (F)von) SN Nzor) = 1 fllzo.ry for every f € MM (0, L),

and so Z(0,L) — X(0,L). Finally, note that, if R, ,,: Z(0,L) — Y (0,L) is
bounded, then

1€llyo.0) = [ Ruww (X)) Iy 0.0) S X0l x0,2) < 00.
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The following unsurprising proposition, which we state for future reference,
reflects the fact that the operators R, ,, and H,, , are in a sense dual to each
other (see (12.3))).

Proposition 2.2.2. Let || - || x(o,z), || - |vo,z) be rearrangement-invariant function
norms. Let u,v: (0,L) — (0,00) be measurable. Let v € (0,00). We have that

(231) sup ”Ru,v,VfHY(O,L) = sup HHu,v,Vg“X’(O,L)-

11l x0,y<1 lglly o,y <1
In particular,

Ryyy: X(0,L) = Y(0,L) s bounded if and only if

2.32
(2.32) Hyp,: Y'(0,L) — X'(0,L) is bounded.

Proof. We have that

L
w0 [Runflvon = sw s [ R, flg]ar
Il x0,0y<1 lf11xc0,2)<1llgllyr(0,Ly<L JO
L
= sup sup / | f(6)| Huwwg(t) dt
1 £lx0,2)<1 llgllyr(0,Ly<1 /0

= sup ||Hu,’U7Vg||XI(07L)
||9Hy/(0,L)§1

thanks to (|1.8), (2.3) and (1.7)). ]

Next, we describe the optimal target space for the operator R, ,, and a given
rearrangement-invariant function space.

Proposition 2.2.3. Let || - || x(o,) be a rearrangement-invariant function norm.
Let u,v: (0, L) — (0,00) be nonincreasing. If L = 1, we assume that v(17) > 0.
Assume that

(2.33)

u(t) [1 v(s)ds € X'(0,1) ifL=1,

u(t)X(0,1)(t) ftl% v(s)ds € X'(0,00) and S[up )U<b‘1’)HuX(0,b)”X’(0,oo) <oo if L = oc.

be(l,00
Let || - Iy o,y be the rearrangement-invariant function norm whose associate
function norm || - ||y+(o,) is defined as
L
@30 Wflvon =swu) [, hep()as| . remo.0)
h~f tv X'(0,L)

where the supremum is taken over all h € MY (0, L) equimeasurable with f. The
rearrangement-invariant function space Y (0, L) is the optimal target space for the
operator R, and the space X (0, L).

Moreover, if is not satisfied, then there is no rearrangement-invariant
function space Z(0, L) such that Ry, : X(0,L) — Z(0, L) is bounded.

31



Proof. First, note that the functional defined by ([2.34)) is indeed a rearrangement-
invariant function norm thanks to [Proposition 2.1.2, Therefore, owing to ,
we are entitled to denote by || - ||y (o,z) the rearrangement-invariant function norm
whose associate function norm is defined by . Second, since we plainly have
that

||Hu,v,l/f||X’(0,L) < ||f||Y’(07L) for every f € SDYJF(O, L)7

it follows that R,,,: X(0,L) — Y (0, L) is bounded thanks to (2.32). Next, let
Z(0, L) be a rearrangement-invariant function space such that R, ,,: X(0,L) —
Z(0,L) is bounded. Owing to again, this is equivalent to the fact that
Hy.,: Z'(0,L) — X'(0,L) is bounded. For every f € 9%(0,00) and each
h € M (0, L) equimeasurable with f, we have that

[ Huwhllx0,L) S 0llz 0,y = 1 f]l270,1)-
Therefore,
Iflvro.) S I fllzoz) for every f € MmT(0,L).
Hence Z'(0, L) — Y'(0, L), which is equivalent to Y (0, L) — Z(0, L) owing to
(1.15). Finally, we claim that, if there is any rearrangement-invariant function
space Z(0, L) such that H,,,,: Z'(0, L) — X'(0, L) is bounded, then (2.33) needs
to be satisfied. If L = 1, we plainly have that

1
Jutt) [, veas] = umaxosllvon S Ixonllzen <o
tv X/(071)

v

If L = oo, we can argue as in the proof of |Proposition 2.1.2| to show that, if either
of assumptions (2.33)) is not satisfied, then

sup ||Hu,v,VhHX’(0,oo) = 00,
h~x(0,1)

whence, thanks to the boundedness of H,,,: Z'(0,00) — X'(0, 00),

00 = sup |[Huwuhllx0,00) S IX01)]20,00) < 00,
h~x(0,1)
which would be a contradiction. O

Thanks to and , Y (0, L) is the optimal target space for the operator
H,,, and X(0,L) if and only if Y’(0, L) is the optimal domain space for the
operator R, ., and X'(0, L). Similarly, X (0, L) is the optimal domain space for the
operator H,,, and Y(0, L) if and only if X'(0, L) is the optimal target space for
the operator R,,,,, and Y'(0, L). Therefore, [Proposition 2.2.1|and [Proposition 2.2.3|
actually also characterize optimal rearrangement-invariant function spaces for the
operator Hy , ..

The next proposition describes the optimal domain space for H,,,, and a given
rearrangement-invariant function space.

Proposition 2.2.4. Let || - ||y(o,) be a rearrangement-invariant function norm.
Let u,v: (0, L) — (0,00) be nonincreasing. If L = 1, we assume that v(17) > 0.
Assume that

(2.35)
u(t) [1 v(s)ds € Y(0,1) if L =1,
u(t)X(0,1)(t) ftl% v(s)ds € Y(0,00) and sup U<b%)||uX(O,b)||Y(0,oo) < oo if L =o00.

be[1,00)
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Let || - || x(o,) be the rearrangement-invariant function norm defined as

L
2360 lfllwon =sw|ut) [, Hopas] L remio.n),

h~f B Y (0,L)
where the supremum is taken over all h € MY (0, L) equimeasurable with f. The
rearrangement-invariant function space X (0, L) is the optimal domain space for
the operator H,,, and the space Y (0, L).

Moreover, if (2.35) is not satisfied, then there is no rearrangement-invariant
function space Z(0, L) such that Hy,,: Z(0,L) — Y (0, L) is bounded.

The optimal target space for H,,,, and a given rearrangement-invariant func-
tion space is described in the following proposition.

Proposition 2.2.5. Let || - || x(o,) be a rearrangement-invariant function norm.
Let u: (0,L) — (0,00) be a nomncreasmg function such that 0 < U(t) < oo for
every t € (0,L), where U(t fo s)ds. If L =1, we assume that u(17) > 0.
Let v: (0, L) — (0,00) be measumble Let v e (0, ) Assume that £ € X'(0, L),
where & is defined by (2.29). Let |||y (o,r) be the rearrangement-invariant function
norm whose associate function norm || - ||y o,y s defined as

) /0 : F*(s)u(s) ds

The rearrangement-invariant function space Y (0, L) is the optimal target space
for the operator H,,, and the space X(0,L).

Moreover, if £ ¢ X'(0, L), then there is no rearrangement-invariant function
space Z(0, L) such that Hy,,: X(0,L) — Z(0, L) is bounded.

, femr(o,L).

X'(0,L)

I fllyro,) =

By combining |Proposition 2.1.3|and |Proposition 2.2.3, we obtain the following
theorem, which tells us that the optimal target space for the operator R, ,, and
a rearrangement-invariant function space X (0, L) has a much more manageable
description than that given by [Proposition 2.2.3| provided that the supremum
operator T, defined by with an appropriate function ¢ is bounded on
X(0,L).

Theorem 2.2.6. Let || - ||x(,) be a rearrangement-invariant function norm. Let

€ (0,00). Let u: (0,L) — (0,00) be nonmcreasing Let v: (0,L) — (0,00) be
a nonincreasing function such that — fo s)ds for every t € (0,L), where
€:(0,L) — (0,00) is a continuous functzon [fL =1, we assume that v(17) > 0.
Furthermore, assume that u(t)xo,1)(t) f;% v(s)ds € X'(0,L). Finally, assume
that the operator T, is bounded on X (0,L), where ¢ = £. Let || - ||y o,) be the

3
rearrangement-invariant function norm whose associate function norm || - ||y 1)

is defined as

I fllyio) =  sup / f*(s / T,g9(s)u(s)dsdt, f e M0, L).
geM*(0,L)
llgll x (o, L)<1

The rearrangement-invariant function space Y (0, L) is the optimal target space
for the operator R,,, and the space X (0, L). Moreover,

(2.37) | Hoor () xr0.2) < N llvrco.n) < 1Tl 0.0 [ Huww ()l x0,1)
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for every f € M*(0, L), where ||T,| x(0,z) stands for the operator norm of T, on
X(0,L).
Remark 2.2.7. Owing to the remark above |[Proposition 2.2.4] [Theorem 2.2.6|

can also be used to get a simpler description of optimal domain spaces for the
operator Hy, , .

We shall see that the supremum operator 7, and optimal spaces for the
operators R, , and H,, are actually far more closely related to each other than it
might appear at first sight. Before we reveal how close their connection actually is,
we need to prepare ourselves for the task by proving a few technical propositions
of independent interest.

Proposition 2.2.8. Let v € (0,00). Let p: (0,L) — (0,00) be quasiconcave. Let
feMr(0,L) be nonincreasing. We have that

(2.38) /Ot sup o(7)f(1)ds < G/Ot(gof)*(s) ds for everyt € (0, L).

T€E[s,L)
Consequently,
(2.39) swp () /(1) <6lleflxion
T€[t,L) X(0,L)
for every rearrangement-invariant function norm || - || x(o,z)-

Proof. Since ¢ is quasiconcave, it is, in particular, locally absolutely continuous
n (0,L) (|56, Chapter II, Lemma 1.1]) and we have that

* p(u)
(2.40) ©(s2) —(s1) < ——~du forevery 0 < s; < s9 < L.
s1 Uu
Note that
t ¢
| s erds < [ s plm)f()ds +t sup plr)1(7)
0 7€[s,L) 0 TE€s,t) T€[L,L)

< / sup (p(r) — () f(r)ds + / o(s) sup f(r)ds

76[3715) TE[S,t)

+t sup (1) f(7).
T€L,L)

(2.41)

Since f is nonincreasing, we plainly have that

(2.42) / o(s) sup f(r)ds = / o(s)/(s) ds.

TE[s,t)

Using ([2.40)), the monotonicity of f and Fubini’s theorem, we have that

/ tfil[{sg)(w(T)—so(S))f(T) s [ s [T i)
- </ Ti‘t%/ S
/ / EONCFWN
:/0 w) f(u) du.
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Using the fact that ¢ is quasiconcave, it follows that

o(s) — go(%) < ls #du < 290(5)5 = go(f) for every s € (0, L),

s 2 2

whence
s 4 [ s 1 /7
(2.44) ¢(s) < 2<,p<§> = go<§> du <4- [ ¢(u)du for every s € (0, L).
s 0
Using ([2.44)), we have that

t sup o(7)f(1) <4t sup l/OT e(u)du f(7)

relt,L) reft,L) T

(2.45)

=4 [ terran

where the third inequality follows from the Hardy-Littlewood inequality (1.3]) and
the last one from the fact that (¢ f)* is nonincreasing. By combining (2.41)) with
(2.42), (2.43), (2.45) and the Hardy-Littlewood inequality (|1.3]), we obtain ([2.38).

Finally, if || - || x(o,z) is any rearrangement-invariant function norm, then the

Hardy-Littlewood—P6lya principle ([1.6]) asserts that (2.38]) implies ([2.39)). ]

The next proposition tells us what a rearrangement-invariant function norm
of H,,, applied to a positive, nonincreasing simple function is equivalent to.

Proposition 2.2.9. Let || - || x(o,z) be a rearrangement-invariant function norm.
Let v € (0,00). Let u,v: (0,L) — (0,00) be nonincreasing. Assume that there is
a positive constant C' such that

(2.46) /2 v(s)ds < C/tv(s) ds for everyt € (0,L).
0 3

N

Set f =Y ciX(0,a:), where ¢; € (0,00),i=1,...,N, and 0 <a; <---<ay < L.
i=1

We have that

N

a‘
~ t X (0.av) (T (J)Z
X(0,L) HU()ZCX(OW)()U 5 )a

(2.47) Hu(t) t; f(s)v(s)ds

X(0,L)

where the multiplicative constants depend only on v and C'.
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Proof. On the one hand, we have that

0 [ 101, = [0 St [ o0,

ag

N ai
2
> Hut G v (t / (s dsH
(t) ;:1 X(0,4-va?)(t) g (s) o)

v

N

S TR SRR OO

i=1

N
1 v a;
= Atv HU(4 t) Z CiX(o,ﬁ)@)”(;)%

=1

X(0,L)
(2.48)

X(0,L)

1
41+1/

N
Q;
u(t) Z CiX(0,av)(t)v <5> a; HX(O 5

=1

>

thanks to the fact that v and v are nonincreasing and (|1.13)) (the boundedness of
the dilation operator Dyv).
On the other hand, using (2.46)) and the monotonicity of v, we obtain that

L N a;
t s = [0 o ® [, vt as]
o) [, 10 03 o) [} o]
N ai
< HU’j CiX(0,a) (T / v(s dsH
(); X(0,a7) () i (s) oL

< 2Hu(t) i CiX(0,ar)(t) /a?i v(s)ds
(2.49) = ’

< 20Hu(t) iv:CiX(O,aQ’)(t) /“ dSH
i=1

N
Q;
< CHu(t) Z CiX(0.av)(t)v <5> a; X
i=1 ’

By combining (2.49) and (2.48)), we obtain (2.47). ]

By combining the preceding proposition with the fact that every nonnegative,
nonincreasing function on (0, L) is the pointwise limit of a nondecreasing sequence
of nonnegative, nonincreasing simple functions, we obtain the following important
corollary.

X(0,L)

X(0,L)

N

Corollary 2.2.10. Let v € (0,00). Let v: (0,L) — (0,00) be a nonincreasing
function satisfying with some positive constant C. Let f € IMMT(0, L)
be nonincreasing. There is a nondecreasing sequence {fr}22, of nonnegative,
nonincreasing simple functions on (0, L) such that, for every rearrangement-
invariant function norm || - ||xo,L)

li H ~
Jim (L, (fo)llx o, = [ fllxo.n),

where the multiplicative constants depend only on C' and v.
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The following proposition is a modification of the results of Cianchi, Pick and
Slavikové [30, Theorem 9.5] and Pesa [78, Theorem 3.10], which is tailored to our
purpose because it allows v # 1 and u # 1. In [19], we needed that, and, while
we knew that their proofs would carry over, we still had to carefully check them
because there is a plenty of fine analysis involved. It turns out that their proofs
carry over nearly verbatim to our setting. The proof in our setting is actually
simpler because our operator H,,, does not have a kernel.

Proposition 2.2.11. Let || - ||x,z) and || - [[y(o,r) be rearrangement-invariant
function norms. Let u,v: (0, L) — (0,00) be nonincreasing. Let v € (0,00). The
following two statements are equivalent:

(i) there is a positive constant C' such that

(2.50) u 1f( (s)dsl|, . < ClFlxwn

tv

for every f € MT(0, L);

(ii) there is a positive constant C' such that

@251) Juto) [ sntsias], < Clolixon

for every nonincreasing f € M (0, L).
Moreover, if (ii) holds with C, then (i) holds with 27 C'

Proof. Since (i) plainly implies (ii), we only need to prove that (ii) implies (i).
Since the quantities in (2.50) and do not change when the function v
is redefined on a countable set, we may assume that v is left continuous. Set
R=R,,,and H=H,,,. Note that H f is nonincreasing for every f € 9*(0, L).
Hence, thanks to and (2.3)), in order to prove that (ii) implies (i), we need
to show that

(2.52)

sup sup / f(s s)ds < sup sup / (s )(s) ds.
FEMF(0,L) gem+(0,L) FEMF(0,L) gem+(0,L)
Hf||X(0,L)<1 lglly o, L)<1 II£1 x (o, L)<1 lgllyro,L)<1

We define the operator G as
Gg(t) = sup R(g")(7), t € (0, L),

TE[t,L)
for every g € M*(0, L). Note that Gg is nonincreasing for every g € 9™ (0, L).
Fix g € M*(0, L) such that |{t € (0,L): g(t) > 0}| < oo, and set
E={te(0,L): R(g")(t) < Gg(t)}.

It can be shown that there is a countable system {(ag, by.) }rez of mutually disjoint,
bounded intervals in (0, L) such that

(2.53) E = J(ax, be);

R(g")(t) ifte(0,L)\ E;
R(g*)(bk) ift e (ak,bk) for ke .

(2.54) Gy(t)
(2.55) Gy(t)
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This was proved in [30, Proposition 9.3] for L = 1 and in [78, Lemma 3.9]
for L = oco. Their proofs are for u = 1 and v = 1, but the fact that g*u is
nonincreasing and R(g*) is upper semicontinuous remains valid in our situation,
and so it can be readily seen that their proofs carry over verbatim to our setting.

Thanks to the fact that v and g*u are nonincreasing, we have, for every k € Z,
that

by by, v(bg by,
(b, — ar)R(g")(bg) = 2 / R(g™)(by) dt = 2/1 (b )bZ/O g (s)u(s)ds dt

+br  bHY
k2 k L

by w by
<2 / ]ff)bg /O g (s)u(s) ds dt < 21+ / R(g*)() dt

aptby kb
(2.56) b
<2" [ R(g")(t)dt,
ag
where we used the fact that v and (0,L) 5t — - fo s)ds are nonincreas-

ing, the latter being the integral mean of a nomncreasmg functlon, in the first
inequality, and we used the fact that b, < 2t for every t € (@, br) in the second
inequality.

Consider the averaging operator A defined as

Af =1 X(OL)\E+Z<

by
f*(s) ds> X(awb), | € MMT(0,L).

k’_ak

Note that Af is a nonincreasing function for every f € 9% (0, L). Furthermore,
it is known ([8, Chapter 2, Theorem 4.8]) that

(2.57) NAflIx0.0) < Ifllx.) for every f € M*(0,L).
We have, for every f € 9" (0, L), that
(2.58)
L L
/ FOR) A< [ @Gyl d < / F1(1Gg(t) dt
0
by,
= t)d
Joue ORI T [ OB

/f YomeOR() () dt
2y (5 - o 0 ar) ( / " R at)

kel

< o1 / AF(H)R(g) (1) dt,

owing to the Hardy-Littlewood inequality (1.3)), (2.53)), (2.54), (2.55), and ([2.56].
If L =00 and g € MT(0,00) is positive on a set of infinite measure, we consider

9Xon) /g, n — 00, and obtain ([2.58) even for such functions g thanks to the
monotone convergence theorem; hence we have proved that
(2.59)

/ (@) t)dt < 2t /L Af(t)R(g*)(t)dt for every f,g € MT(0,L).
0
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By combining (2.57) and (2.59)), we obtain that

L L
/ FOR(G) B dt <2 sup / B () R(g")(t) dt
0 hem+(0,L) Jo

1PNl x 0,2y <1

for every f € MT(0,L), || fllxor <1, and g € M*T(0,L). Note that here we
used the fact that Af is nonincreasing for every f € 9% (0, L). By taking the
supremum over all f,g € MT(0, L) from the closed unit balls of X (0, L) and
Y’(0, L), respectively, we obtain with the multiplicative constant equal to
21—1—1/‘ ]

[Proposition 2.2.11| together with [Proposition 2.2.2| has the following important
corollary, in which the first equality is just a consequence of the Hardy—Littlewood
inequality (1.3)) combined with the obvious inequality

sup HRu,v,u<f*) ||Y(O,L) S sup ||Ru,v,nyY(O,L)-
£ lx0,2)<1 1l x0,)<1

Corollary 2.2.12. Let ||-||x(,z) and |||y (o,) be rearrangement-invariant function
norms. Let u,v: (0, L) — (0,00) be nonincreasing. Let v € (0,00). We have that

sup || Ruw(f)lvoy =  sup  ||Ruvpfllvo.r

11l xc0,0)<1 11l x0,0y<1

= sup HHu,v,VgHX/(O’L)
(260) ||9HY/(0,L)Sl

~ sup ||Hu,v,u(9*)||X’(07L)'

H9||Y’(0,L)§1

We are now finally in a position to reveal the connection between the supremum
operator T, and optimal spaces for the operators R, , and H, ,,.

Theorem 2.2.13. Let || - || x(o,z) be a rearrangement-invariant function norm. Let
ve (0,00). Let&: (0,L) — (0,00) be a continuous function such that

1 t
(2.61) ;/ E(s)ds SE(t)  for every t € (0, L).
0
Set 1
v(t) = ———, t € (0,L).
fg £(s)ds
Assume that v satisfies (2.46) with some positive constant. Set ¢ = % Assume

that the function (0, L) >t — (t") is equivalent to a quasiconcave function. Let
o0 be the functional defined by (2.4]) with uw = 1. The following five statements are
equivalent:

(i) the operator T, is bounded on X'(0,L);

(i) there is a positive constant C' such that

(2.62) sup [ Hyohllxo.0) < CllHyo(f)llx0.L) for every f € 9M(0, L);
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(iii) there are positive constants Cy and Cy such that

L
Cr sup /mmmwmmswmm>
geM*(0,L) JO
o(g)<1

L
<Cp sup / 9O R, (f)(t)dt  for every f € MT(0, L);
geM*(0,L) J0
o(g)<1

(2.63)

(iv) the space X'(0,L) is the optimal domain space for the operator R,, and
some rearrangement-invariant function space Y (0, L);

(v) the space X (0, L) is the optimal target space for the operator H,, and some
rearrangement-invariant function space Y (0, L).

Proof. We start off by observing that any of the five statements implies that the
functional p is actually a rearrangement-invariant function norm. To this end,
note that [|x,1)(¢) ftl% v(s) dsl|x(0,) < 0o because

1 1 1
[xon® [ oras] < [ o asivonlven £ [ o6 dsivoylxon
tv X(OvL) 0 %

1
< U(i) X1l x0.L) < oo,

where we used the fact that v satisfies (2.46) and the monotonicity of v. If we
assume (), then the fact that g is a rearrangement-invariant function norm follows
from [Proposition 2.1.3| If (i7) is assumed, then we have that

1
S Hv yh < H t / d < .
hN;(EU || ) HX(O,L) ~ X(OJ)( ) ! U(S) s X(0,L) >

v

It follows from [Proposition 2.1.2[ and its proof that this actually guarantees that o
is a rearrangement-invariant function norm. If we assume (i7), then, in particular,
the set {g € MT(0,L): o(g) < 1} needs to contain a function g € 9MM*(0, L) not
equal to 0 a.e. It follows from |[Proposition 2.1.2f and its proof that o fails to be a
rearrangement-invariant function norm only if o(g) = oo for every g € MM*(0, L)
not equal to 0 a.e. Hence g is a rearrangement-invariant function norm if (i) is
assumed. If we assume (iv) or (v), ¢ is a rearrangement-invariant function norm
thanks to [Proposition 2.2.3| or |[Proposition 2.2.4] respectively. Therefore, in all of
the cases, we are entitled to denote the corresponding rearrangement-invariant
function space over (0, L) by Z(0, L). Note that actually reads as

(2.64) 1fllx0.L) = | Row (f ) 220,y for every f e MM (0, L)

by .
First, the implication (i) = (ii) follows immediately from [Proposition 2.1.3|
Second, we shall prove the implication (i) = (éi¢). Note that H,,: Z(0,L) —
X (0, L) is bounded thanks to |Proposition 2.2.11| combined with the inequality
| Hoo(f) N x0,0) < [ fllzor) for every f € 9M*(0, L), which plainly holds. Let
Y (0, L) be the optimal target space for the operator H,, and the space Z(0,L).
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Its existence is guaranteed by [Proposition 2.2.50 In particular, Y (0, L) — X(0, L).
Furthermore,

(2.65) £ llyr0.0) = 1Bos(f ) 20,0y for every f € 9M™(0, L).

Using the optimality of Y (0, L) and (2.62)), we obtain that

[ How () x0,0) S IHow(f)lvo,ny S N Nzo,r) = 1f]lzo.n)
S Hoo () x@,) for every f e MMT(0,L).

Hence

[Hoo(F)x0.0) 2~ ([ How(f)lyo,n)  for every f€7(0,L).
In particular, we have that
(2.66) [ Hopwhllx0,1)  [[Howhlly(o,r)

for every nonincreasing simple function h € 9™ (0, L). Combining (2.66|) with
|Corollary 2.2.10, we obtain that

1 Ix0.L) = 1f Iy for every f € M0, L).

Owing to the rearrangement invariance of both function norms, it follows that
X(0,L) =Y(0,L). Hence follows from combined with (1.7).

Next, note that (ii7) implies (iv). Indeed, coupled with |[Proposition 2.2.1|
tells us that X’(0, L) is the optimal domain space for the operator R, , and the
space Z'(0, L). Statements (iv) and (v) are clearly equivalent to each other owing
to the remark above |Proposition 2.2.4]

Next, the proof of the fact that (iv) implies (i7i) is based on the following
important observation. If X’(0, L) is the optimal domain space for the operator
R, , and some rearrangement-invariant function space Y (0, L), then, in particular,
R,,: X'(0,L) — Y(0, L) is bounded. Consequently, by virtue of [Proposition 2.2.3|
the rearragement-invariant function space whose associate function norm is given
by with © = 1 is the optimal target space for the operator R,, and the
space X'(0, L). By , that optimal target space is actually the space Z’(0, L).
Owing to [Proposition 2.2.1] there is the optimal domain space for the operator
R, . and the space Z'(0, L), which we denote by W (0, L). Moreover,

(2.67) Iflwo.L) = [Rop(f)lzr) for every f € MT(0,L).

The crucial observation is that we have, in fact, that X’(0,L) = W(0,L). The
embedding X'(0,L) < W(0, L) is valid because R,,: X'(0,L) — Z'(0,L) is
bounded and W (0, L) is the optimal domain space for the operator R, , and the
space Z'(0, L). The validity of the opposite embedding is slightly more complicated.
Since R, ,: X'(0,L) — Y (0, L) is bounded and Z’(0, L) is the optimal target space
for the operator R,, and the space X'(0, L), we have that Z’(0,L) — Y (0, L).
Consequently, since R, ,: W(0,L) — Z'(0, L) is bounded, so is R, ,: W(0,L) —
Y (0, L). Using the fact that X'(0, L) is the optimal domain space for the operator
R,, and the space Y (0, L), we obtain that W (0, L) — X'(0,L). Now that we

know that X'(0, L) = W (0, L), (2.64) follows from ({2.67)).
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It only remains to prove that (i¢7) implies (i). Using (2.64]) combined with the
fact that T, f is equivalent to a nonincreasing function for every f € M*(0, L),
we have that

1T fllxr0,) = |1 Ron (T f) ) z20,L) = |1 Ro (T f) 20,1

= o0 [ =5 sw et

90(8) TE[s,L)

ho 2 u

+ H sup / £(s
reft L)SO Z’OL)

tv 1 i
o0 [ i s e ds

Z'(0,L)

(2.68)

2/(0,L)
+ || sup T) (T ‘ )
Te[m)w( )7 (7) SoD
Since ¢ satisfies (2.61)), it follows from [46, Theorem 3.2] that
tv 1
/ sup (1) f*(1)ds < / f*(s)ds for every t € (0, L);
0 QO(S> TE[s,tY)
hence
tY 1
2.69 Hvt / sup (1) f*(r ds‘ S|Ro (f) 2 .
(2.69) 0 [ o e@rmas], S IR

Since the function (0, L) 3 t — ¢(t”) is equivalent to a quasiconcave function, it
follows from [Proposition 2.2.8| that

sup (1) f*(7)

< t f* v ) .
~ # VA ,L
reltv,L) HZ’(O,L) @) f ()] (0,L)

Furthermore, we have that

gy PO Elaon I ()lzon S Hm

= [[Ro ()l z 0.1,
where we used in the first inequality and (| in the second one. By

combining ([2.68} Wlth - and - and using , we obtain that
1T fllxr0.2) S 1R (F) 20,0y = || fllx0,)  for every f € MF(0, L);

hence T, is bounded on X'(0, L). O

k3 tV)

Z'(0,L)

Remarks 2.2.14.

(i) If X'(0,L) is the optimal domain space for R, , and some rearrangement-
invariant function space Y (0, L), then X’(0, L) is actually the optimal domain
space for R,, and its own optimal target space. This follows from the
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following. Thanks to [Proposition 2.2.3| and [Proposition 2.2.1, we are entitled
to denote by Z(0, L) the optimal target space for R, , and X'(0, L) and by
W (0, L) the optimal domain space for R, , and Z(0, L). We need to show
that X'(0,L) = W(0, L). On the one hand, since R, ,: X'(0,L) — Z(0, L)
is bounded and W (0, L) is the optimal domain space for R, , and Z(0, L),
we have that

X'(0,L) = W(0,L).

On the other hand, since R, ,: X'(0,L) — Y (0, L) is bounded and Z(0, L)
is the optimal target space for R, , and X'(0, L), we have that Z(0, L) —
Y (0, L); consequently, R,,: W(0,L) — Y (0, L) is bounded. Finally, since
X'(0, L) is the optimal domain space for R,, and Y (0, L), we obtain that

W(0,L) < X'(0, L).

Furthermore, by combining this observation with the remark above
sition 2.2.4) we also obtain that, if X (0, L) is the optimal target space for

H,, and some rearrangement-invariant function space Y'(0, L), then X (0, L)
is actually the optimal target space for H,, and its own optimal domain
space.

(ii) The assumptions of [Theorem 2.2.13| are satisfied, for example, when v(t) =
=7 (and £(t) = 1_7%1777_1), t € (0,L), provided that v € (0,1) and
1<v+y<2

We devote the rest of this subsection to so-called sharp interation principles
for the operators R,, and H, .

Proposition 2.2.15. Let || - ||x(,z) be a rearrangement-invariant function norm.
Let vy, v5 € (0,00). Letvy: (0,L) — (0,00) be measurable. Let vy: (0,L) — (0, 00)
be a nonincreasing function satisfying (2.46|) with some constant C' > 0. We have
that

[y [ reas] S 1R ) s

X(0,L

for every f € MT(0, L), where the multiplicative constant depends only on C and
Vy.

Proof. Note that, for every f € 91 (0, L), we have that

2.71 " ds < 22l T ds < 2[2l o d
(2.71) /Of(S)s_ / f*(s)ds < /Of(S)s

for every ¢t € (0, L) owing to the fact that f* is nonincreasing. Thanks to the
monotonicity of vy, the fact that vy satisfies (2.46) and the inequality (2.71)), we
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have that

v ads tr1v2
V1 \+V1 * < *
Hvl(t)vz(t )t /0 f (S)dSHX(O,L) S (v (@) ; UQ(S)dS/O fi(s)ds ‘X(O,L)
1 tviv2
< |vi (2 / Vo (S ds/ *(s)ds
1( o 2(5) ; fr(s) X
1 t‘;‘z?
< oy (t vo(S ds/ *(s ds‘
1( o 2(5) ; fr(s) X
1 sv2
< ||vi(t va(s (1 deSH
0 [, v [ rearas]
tv1 sv2
< ||vy(t va(s (1 deSH
0 [ ot [ e
< K\ %
>~ va,ul((R’Uz,Vz(f )) ) X(O,L)

for every f € 9MM™(0, L), where we used the Hardy—Littlewood inequality (1.3]) in
the last inequality. O

The following theorem generalizes [26, Theorem 3.4], which is limited only to
certain power weights and L = 1.

Theorem 2.2.16. Let || - || x(o,) be a rearrangement-invariant function norm. Let
v1,v9 € (0,00). Let vy: (0,L) — (0,00) be measurable. Let &: (0,L) — (0,00) be
a measurable function such that 0 < [;&(s)ds < oo for every t € (0,L). Set
1
va(t) = ————,
Jy " €(s)ds
Assume that vy satisfies (2.61) with some multiplicative constant Cy > 0. Set

u(t) =t (Hva(t), t € (0, L),

te(0,L).

and v = vy, Assume that

{v(t)t” € X(0,1) if L =1,
v(t)t"X(0,1)(t) + v(t)X(1,00) (1) € X(0,00) if L = o0.

Furthermore, set

(2.72)

1
= 1
to(tv)
Assume that n and g are nonincreasing. Furthermore, assume that n satisfies
(2.61) with some multiplicative constant Cy > 0 and that

, te€(0,L).

1 t
(2.73) ;/ s'v(s)ds = t"v(t) for everyt € (0, L).
0

We have that
(2.74) | Ry (R () ) x0,2) = [ B0 (f) | x00.2)

for every f € MT(0, L), where the multiplicative constants depend only on vy, vs,
C1, Cy and the multiplicative constant in (2.73)).
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Proof. First, note that the fact that vy is nonincreasing and satisfies (2.61)) ensures
that vy also satisfies (2.46|). Hence

1R s (R (F)Nx0,0) 2 1R (f) | x(0,0)  for every f € D7(0, L)
thanks to |[Proposition 2.2.15, Therefore, we only need to prove the opposite

inequality.
Since we assume ([2.72)), |[Proposition 2.2.1| with « = 1 guarantees that there is
a rearrangement-invariant function space Z(0, L) such that
1fllzo.) = [|1Ro (f)Ix(0,2) for every f € DF(0,L).
Furthermore, by (2.31]) and the Hardy-Littlewood inequality ((1.3)), we have that

(2.75) sup || Hupgllzo,r) = 1.
lgll x7c0,0)<1

Note that, for every f € 9™ (0, L), the function

t2
(0,1) BtHvz(t)/ E(s) sup ——f*(r) ds
0 T€[s,L) g( )
is nonincreasing because it is the integral mean of the nonincreasing function

(0,L) > s+ sup g( oLl (7) over the interval (0,¢"?) with respect to the measure
T€ls,L)
&(s)ds. In particular, it coincides with its nonincreasing rearrangement. By ([1.8])

and ([2.3]), we have that

L
Hva,Vl((Rv2,l/2(f*))*)”X(0,L) = sup /0 (RUQ:VQ(f*))*(t)H’UlyVlg<t) de

||g||X’(OL)<1
L
= s [ / 7y dr| (1) Ho () dt
lgllx(o,Ly<1 /0
< swp / / () sup o (r) dr] (1) Ho (1)
lgllxrc0,0y<1 CCE [7,L) ( )
UQ / 5 Sup —— ( )dSthVlg(t) de
||9HX/(0 L) <1 TE[s L) ( )
L L L
= sup / (f(s) sup —— *(T)></l vg(t)/1 g(z)vy(x) dxdt) ds
lollxr0,0)<1 0 rels.L) 5(7) 57 o
1 L L
< ||&(t) sup ——f"(s sup /vs/ TUTdeS‘
()se[t,L) 5(3) ( ) Z(0,L) llgllx70,y<1 t% 2< ) s% g( ) 1( ) z'(0,L)
1 L T
= ||&(t) sup ——f"(s sup /gTvlT/1 UQSdeTH
()se[t,L) £(s) (5) Z(0.L) gl x/(0,0y<1 ¥ (my(r) t72 (5) z'(0,L)
1 L
< [[€(t) sup —— f"(s sup /gTv )"0 TuldT’
()se[mL) §(s) #) ZO0,L) gl ro, 1y <1 11 Je¥ (T oe(r) 2/(0.L)
1
= ||€(t) sup ——=[f(s) sup  [|Huu9l 20,z
seft,L) §(5) Z(0.L) |jgl| s 0.1, <1 oL
1
= ||£(t) sup — f*(s ,
()se[t,L) £(s) (5) Z(0,L)
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for every f € 9+ (0, L), where we used Fubini’s theorem in the fourth and fifth
equalities, the Holder inequality in the second inequality, the fact that v
satisfies in the last inequality, and in the last equality. Therefore,
the proof will be finished once we show that

&(t) sup —— H SR (fF 1y forevery feamt(0,L).
H ® selt,L) f( ) ) Z(0.L) 1o (M0, ©.2)
Since the function % ¢ Is nonincreasing, we have that

t) s (o)

1
__ f* <
”5 Sub (s)f (S)HZ(O,L) - H selt,L) N(s

seit,) § Z(0,L)

for every f € 9ﬁ+(0, L). Hence it is sufficient to show that

SIRuu (f)lIxo,r) for every f e M0, L).

(2.76) Hn sup — f*(s) o)

s€t,L) 77(3)

Being the product of two nonincreasing functions, the function (0, L) > t —
n(t) SuPseps 1) ﬁf*(s) is nonincreasing for every f € 9% (0, L). Thanks to that
fact, we have that

[

HU b Lf*(s)HZ(o,L) - Hv(t) /Oty n(s) sup L (1) ds

s€ft,L) n(s) T€[s,L) n(7)

< || / " (s) sup —— () ds

Ao N

(2.77)

1 t”
+H su —*7’/ SdSH
TetupL) o )f( ) i n(s) X

for every f € 91 (0, L). Since the function 7 is nonincreasing and satisfies (2.61)),
[46, Theorem 3.2] guarantees that

[ rmans [

for every t € (0, L) and every f € 9" (0, L), whence

/fds

- HRUV )”X 0,L)

for every f € 9T (0, L). Furthermore, thanks to the fact that 7 satisfies (2.61])
again, we have that

(2.78) H”(t)/o "(S>T§§§V)% “(7)ds

X(0,L)

1 # 1
v(t) sup ——f"(7 / dsH < [[v(®)t"n(t”) sup —f*TH
H <>’T€[t”,L) n(7) ") 0 X(,L) e )Te[t”,L)n 7) (7) X(0,L)
=1 sup —f*(7 H

refe,n) 1(T) (7) X(0.L)

1
= || sup [ ()
TE[t,L) 77(7-1/)

(2.79)

X(0,L)
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for every f € MM*(0,L). We claim that

fH(7)

1
sup

(2:80) RArTe

< | Ry (f* )
o) S | R ()| x0,)

Thanks to the Hardy—Littlewood—P6lya principle (1.6)), it is sufficient to show
that

! 1 *( U ! * % I ever
(2.81) /OT:ipL) ) (1 )dsS/O(RU,V(f ))*(s)ds for every t € (0, L).

To this end, we have that

t 1 t t
*( U < x( U _ v (U
/0 Tsel[lsa) U(T”)f (7) ds N/o 77(5”)f (s7) ds /0 S()f(s7) ds

(2.82) sAmAM@msAwwwwww

for every t € (0, L), where the first inequality follows from [46, Theorem 3.2] (the
fact that the function (0,L) 3 s — = V) = s”v(s) is nondecreasing and satisfies
(2.73]) was used here), the second inequality follows from , and the last one
follows from the Hardy-Littlewood inequality . Furthermore, owing to (|2.73])
again, we have that

WﬁZSWT%WﬂﬁU<$m1/W”(MﬁWﬂ

sup

refr) N(7) relt,L) re[t,l) T
1 T
< sup —/ s"v(s)f*(s")ds < sup —/ R,.,(f
(2 83) re[t,L) T T€t,L)
. 1 7 * *
ssm>—/(Rwu»>@ms=;/<muf»<@®.
relt,L) T Jo 0

Inequality (2.81]) now follows from (2.82) and ([2.83]) inasmuch as

¢ 1 t 1 1
sup — f*(7")ds < / sup fA(7")ds +t sup (")
/O T€E[s,L) 77(7”) 0 TE[s,t) 77(7-”) T€[t,L) U(TV)
for every t € (0, L).
Finally, by combining (2.77) with (2.78]), (2.79) and (2.80]), we obtain (2.76)).
O

Remarks 2.2.17.

(i) Since [Theorem 2.2.16| has several assumptions, it is instructive to provide
concrete, important examples. Let vy, 15, 71,72 € (0,00). Set v;(t) = %71,
€(0,L),j=12If

(2.84) N+ =21 ity <1, n+n(+y) >1
(note that, in turn, v; < 1, j = 1,2) and

(2.85) £y (8) € X(0,00) if L = oo,
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1—o 1

then all assumptions of Theorem 2.2.16| are satisfied (with {(t) = 22t = )
and we have that

tv1 V2 tviv2
t”l_l/ 772_1/ “(o)do] (s dsH ~ t”lﬂm/ *(s dsH
e [ oo, e,

for every f € 9T(0,L). Moreover, the multiplicative constants depend
only on vy, 15, 71 and ~,. Furthermore, assumptions (2.84) and ([2.85) are
actually also necessary for this choice of functions v;, 7 = 1,2. Note that

assumptions ([2.84]) are satisfied provided that

(2.86) MAvi >l ity <1, vyt 2> 1

With L = 1 and the parameters vy, vo, 71,72 € (0,00) satisfying (2.86]),
ITheorem 2.2.16| recovers [26, Theorem 3.4].

(ii) When the functions 1 and g are merely equivalent to nonincreasing functions,
(2.74]) remains valid but with different multiplicative constants.

We conclude this subsection with a H,, counterpart to|Theorem 2.2.16, whose
proof is substantially more simpler than that of the theorem.

Proposition 2.2.18. Let || - ||x(,) be a rearrangement-invariant function norm.
Let vy,v5 € (0,00). Let vy: (0,L) — (0,00) be a nonincreasing function satisfying
with some multiplicative constant C° > 0. Let vy: (0,L) — (0,00) be
measurable. Set

v(t) =t (t7?)va(t), t € (0, L),

and v = vy, We have that

”Hvl,ul (Hvz,ugf)HX(O,L) ~ ||HU,Vf||X(0,L) fOT every f € m+(07 L)7

where the multiplicative constants depend only on vy and C.

Proof. On the one hand, we have that

L L
Hy o (Hy, = d d H
H 1 1( 2, 2f)HX(07L) /t”ll S% f<T)UQ<T> 7'1}1(8) 5 X (0,L)

= t; f(T)UZ(T)/tl vi(s) deTHX(

& 0,L)

v2

< t; F()va(7) /0 vl(s)dsdTH

X(0,L)

L
<| ;o
<| [, remmrnea]

for every f € 9™ (0, L) thanks to the fact that v; satisfies (2.61)). On the other
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hand, we have that

L T2
[Hoan Honn Doy = || [, £7)ealr) [, oats)dsar]
t

1 1
tv v

X(0,L)

> X (0.2-n11)(t) /2L1 ) f(m)ve(7) /lez v1(s) deTH

Vo tv tv1 X(0,L)

L 1
> oz ® [, | FEamnEn) e - ]

541 X(0,L)
1 L

SV " |

= 2HX<072 1L>()/232t$ fvamur)rdr|
1 L

> s | [, fEmamEar|

for every f € 9M*(0, L), where we used the monotonicity of v; and the boundedness
of the dilation operator Dov ((1.13)). H

2.2.2 Calderén-type operators
Throughout this subsection, we assume that L = oo.

Proposition 2.2.19. Let || - ||y (0,) be a rearrangement-invariant function norm.
Let 0 = (o, 3,7,0) € [0,1]* be such that 0 < vy < a<1land0<§ < < 1.
Assume that § € Y (0,00), where & is defined by (2.26)). Let || - || x(0,00) be the

rearrangement-invariant function norm defined as

(2.87) 1 £l x0.000 = IS (f*) Iy 0,00)s f € MMF(0, 00).

The rearrangement-invariant function space X (0,00) is the optimal domain space
for the operator S, and the space Y (0, 00).

Moreover, if £ € Y(0,00), then there is no rearrangement-invariant function
space Z(0,00) such that S,: Z(0,00) = Y (0,00) is bounded.

Proof. First, note that the functional defined by ([2.87) is indeed a rearrangement-
invariant function norm thanks to [Proposition 2.1.4] and so we are entitled to
denote the corresponding rearrangement-invariant function space by X (0, 00).
Second, owing to ([2.20)), we have that

1S5 flly 0,00) < 1Se(f) Iy 0,000 = If | x(0,00)  for every f € 9*(0, 00).

Hence S,: X(0,00) — Y(0,00) is bounded. Next, if Z(0,00) is a rearrangement-
invariant function space such that S,: Z(0,00) — Y (0, 00) is bounded, then we
have that

1 £l x 0,000 = 1Se (f) Iy 0,00) S I1f N1 200,00) = I f | 20,00)  for every f € IMF(0, 00).

Hence Z(0,00) < X(0,00). Finally, note that, if S,: Z(0,00) — Y(0,00) is
bounded, then

€11y (0,000 2 196 (X (0.0)) Iy (0,00) S IX(0.1) [ 2(0,00) < 0,

where the equivalence was established in the proof of [Proposition 2.1.4] O]
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The next two propositions are not surprising in light of (2.25).

Proposition 2.2.20. Let || - || x(0,00) and || - ||y (0,00) be Tearrangement-invariant
function norms. Let o = (a, 8,7,9) € [0,1]* be such that 0 < v < a < 1 and
0<d<pB<1. We have that

sup  [|Sofllyoe) = sup |99l x7(0,00)

11l x (0,00) <1 lglly(0,00) <1

where o’ is defined by (2.24]). In particular,

Sy X (0,00) = Y(0,00) s bounded if and only if

2.88
(2.88) Sy Y'(0,00) = X'(0,00) is bounded.

Proof. We have that

L
sip [ fllvomy =  sup  sup /Saf(t)lg(t)ldt
11l x (0,00) <1 111 x0,00) <1 [glly7(0,00) <1 YO
= sup sup / | f(t)|Sorg(t) dt
1£11x (0,00) <1 l9lly 7 (0,00) <1 SO

= sup HSUIQHX'(O,oo)

lglly(0,00) <1

thanks to (1.8]), (2.25)) and (1.7)). O

The following proposition describes the optimal target space for S, and a given
rearrangement-invariant function space.

Proposition 2.2.21. Let || - ||x(0,00) be a rearrangement-invariant function norm.
Let 0 = (o, 3,7,8) € [0,1]* be such that 0 < v < a < 1land0 < 4§ < f <
1. Assume that & € X'(0,00), where £ is defined by with parameters
(d,B,’y, 5) = o', where the parameters with tildes correspond to those used in
(12.26]).

Let || - |ly(o,00) be the rearrangement-invariant function norm whose associate
function norm || - ||y (0,00) s defined as
(2.89) £y 10,000 = 1150 (S| x 1 0.00)5 S € MT(0, 00).

The rearrangement-invariant function space Y (0, 00) is the optimal target space
for the operator S, and the space X (0, 00).

Moreover, if £ ¢ X'(0,00), then there is no rearrangement-invariant function
space Z(0,00) such that S,: X (0,00) — Z(0,00) is bounded.

Proof. First, note that the functional defined by (2.89) is indeed a rearrangement-
invariant function norm thanks to [Proposition 2.1.4, Therefore, owing to (|1.9),
we are entitled to denote by || - ||y (0,00) the rearrangement-invariant function norm
whose associate function norm is defined by .

Second, since we plainly have that

1S/ (f) I x10,00) < 1 fllyr0,00)  for every f e MMF(0,00),
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it follows that S,: X(0,00) — Y(0,00) is bounded thanks to (2.88). Next, let
Z(0,00) be a rearrangement-invariant function space such that S,: X (0,00) —
Z(0,00) is bounded. Owing to again, this is equivalent to the fact that
Syr: Z'(0,00) = X'(0,00) is bounded; consequently,

1y 0.00) S 1fllz70,00)  for every f € DMMT(0,00).

Hence Z'(0,00) < Y”(0, 00), which is equivalent to Y'(0,00) < Z(0, 00) by (L.17)).

Finally, if there is any rearrangement-invariant function space Z(0, o) such
that S, : Z'(0,00) — X'(0,00) is bounded, then ¢ has to belong to X’(0,c0).
Indeed, we have that

1€11x7(0,00) = [1Sor (X (0,1)) [|x70,00) S 11X (0,1 | 27 (0,00) < 00,

where the equivalence was established in the proof of [Proposition 2.1.4] O

2.2.3 Particular examples of optimal function norms

In this section, we provide some particular examples of optimal function norms for
the operators studied in the previous two sections and Lorentz—Zygmund spaces.

2.2.3.1 Optimal spaces for R,,

Throughout the following two subsections, we denote by v the function v(t) = ¢t =117,
t € (0,L), where v € [0,1). For the sake of readability, the results of these two
subsections are split based on whether L is finite or infinite and whether ~ is
positive or zero.

First, we provide optimal domain spaces for the operator R,, and Lorentz—
Zygmund spaces.

Proposition 2.2.22. Let v € (0,1) and v € (0,00). Assume that LP%*(0, 00) is
equivalent to a rearrangement-invariant function space, that is, the parameters

p,q and A = (o, as) satisfy one of conditions (with By = Be = 0).
There is a rearrangement-invariant function space Z(0,00) such that the operator
Ry,: Z(0,00) — LP9%(0,00) is bounded if and only if one of the following
conditions holds:

. p:ﬁand

*q<oo,aoo+%<00r

*q:OO,OéOOSO,'

. ”y+1/21andp>ﬁ;

1 1 .
e YH+r <l cmdp € (E’ 1,7,,,);
1

T and
——

s 7ytrv<lp=

*q<oo,ozo+é<00r

* q =00, ap < 0.
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Furthermore, if this is the case and we denote by X (0,00) the optimal domain
space for the operator R,, and the space LP9*(0,00), then

(L110.00+1) (0, 0), P=1=,4=10+1<0, ax+1<0;

LELA+L(0, 00), :ﬁ g=1,a0+1>0, a,+1<0;
Ll,l;(O,aoo—‘rl),(l,O)(O’ ), p= L ,qg=1a9+1=0, aoo +1<0;
L5840, 00), p= ﬁ, q € (1,00), aoo + = ; <0or
1
1—~ = 00, O S 07'
X(0,00) =4 w4 P Y !
L0190, 00), pE (ﬂ’ 1_7 =), y+rv<lor
pE(15,00), v+v=1;
LA (0, 00), p= 1;7”’ ap + l <0,v+v<1or
1

P=1 V,q—oo an <0, v+v <1,
_q_ooia0§07aoozo;/y+y>1'

"3

\Lﬁ@o;&(u 00),

Proof. Thanks to |Proposition 2.2.1] there is a rearrangement-invariant function
space Z(0,00) such that R, ,: Z(0,00) — LP%4(0, 00) is bounded if and only if

(2.90) ([t x0.0) ()| Lrast0,00) < 00 ARd [t X (1 00) () | Lrait(0,00) < 00

If v +v > 1, then we plainly have that

17 X 00y () | ot 0,00) < Ix01) | it (0,00) < 00

If y+v <1and q < oo, then we have that

— v 1_1 v—1
I X0 | T 0,0y = 17747 X000 (D) | T 0,00

1
— / tq(%+’Y+V*1)71€qa0 (t) dt,
0

which is finite if and only if % >1—vy—v,or é =1—~v—vandqo < —1. If

v+ v <1 and g = oo, then we have that

||t—1+'y+z/ Lgvtu— 1€a0( )

X(0,1) ( )”LpooA(o s0) = Sup tr
t€(0,1)

)

which is finite if and only if% >1—~v—v,or % =1—vy—vand ap <0. As for the
second term in (2.90)), whether v+ v > 1 or v+ v < 1, we have that, for ¢ < oo,

HtilJr’YX(LOO) (t)Hqu,q;A(o,oo) ~ Htp q+“/ EA( )X(Loo)(t)Hqu(o,oo)

:/ tq(%+v—1)—1£qaoo(t) dt,
1

which is finite if and only if ]13 <1—7,o0r ]lo =1—vand qay < —1. If ¢ = o0,
then

1Y 100y (Dl it (0.00) & SUD 17777100 (1)
te(1,00)

is finite if and only if ; < 1—v, or ; =1~ and as <0.
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Assume now that the parameters p, ¢ and A are such that (2.90) is true. Owing
to |Proposition 2.2.1| again, we have that

tV
1 llx@er ~ [t / () ds
0

for every f € 91(0, 00),
Lt (o) y € M(0,0)
where X (0, 00) is the optimal domain space for the operator R, , and the space
LP92(0,00). First, assume that v + v < 1. Since the function (0,00) > ¢
=1+ (1) is nonincreasing for every f € (0, o), being the product of two
nonincreasing functions, we have that

e | " re)ds

LP:44(0,00) - HtilJr’YJer** (tV)HLp’Q?A(O,oo)

1 v—1-1 Kok (U
) ) sn0m
lel v—1)—1 o
~ [t DT A ) £ (1) o o,00)

= ||f||L(%7Q;A)

(0,00)

for every f € M(0, 00). Hence X (0, 00) = LT07-0%% (0, 00), where T
1

p— Second, assume that v 4 v > 1. On the

is to be interpreted as oo if p =
one hand, we have that
1 1

Ht—hw /Ot” (s) ds‘ £ (1) [S_H%Vf**(sy)r(t)‘

(2.91) <[ eeh () sup s ()] o

sE[t,00)

Lpr:a:4(0,00) ‘ L1(0,00)

for every f € M(0,00). Furthermore, we have that
(2.92)
1_1 — v prx (U 11 - U pxk (U
Htp afh(t) sup sTTTYTV (s )HLq(o,oo) < Htp (A () (¢

s€[t,00)

) ||Lq(0,oo)

for every f € 9M(0,00). Indeed, if p,q < oo, the inequality follows from [40],
Theorem 3.2]. If p = ¢ = 00, ap <0, as > 0, or p < 00 and ¢ = oo, the inequality
follows from

= sup trlA(t) sup s IV E(sY)
L>(0,00) t€(0,00) s€E[t,00)

= sup s TP F(sY) sup t%EA(t)
s€(0,00) te(0,s]

A~ sup 871+’y+uf**(81/)5%£&<8),
s€(0,00)

t%gA (t) sup S—l+'y+uf**(8u)

SE[t,00)

where we used the fact that the function (0,00) 3 ¢ — tiﬁA(t) is equivalent to a
nondecreasing function. By combining (2.91)) and (2.92)), we obtain that

Ht_m /0 . £(s) ds‘
(2.93) ~ |

1 y—1—-1 Kk (U
SO @y

1,1 v—1)—1 Hok
R S OOV (3]

Lp,q;A(
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for every f € 9M(0,00). On the other hand, we have that

O O~ 57O o

< ||t%7%€A(t) sup 7TV
SE[t,00)

1 S
t%_%EA(t) sup —/ T dr 4 (sY)
0

s€[t,00) S

(s”) HL‘I(O,OO)

~
~

L3(0,00)

1 S
<[t sw = [ty ar]
(294> s€ft,o0) S Jo

< flermaet (1) sup [P E] )] ooy

SE[t,00)
1_1 v—1 psk U\ k%
= [t 2O O pago oo
= ([ ) L 0,00)

~ ||t’)’+zz—1f** (tl/> HLW?A(O,oo)

for every f € (0, 00), where we used the fact that the maximal nonincreasing
rearrangement of a measurable function is nonincreasing in the second inequality
and the first equality, the Hardy—Littlewood inequality in the last inequality,
and in the last equivalence (recall that p > ﬁ > 1).

By combining ([2.93)) and (2.94]), we obtain that X (0, c0) = L(HP(ﬁV*l)’q;A)(O, 00)

also when v + v > 1, where ﬁ is to be interpreted as W+Z71 if p = oo.

. v _ . . 1 1% . 1 .
Finally, note that W—Iiu—l) =1ifp= = and Wﬁv—l) >1ifp > fu—

La(0,00)

hence we have that

L(Hp(ﬂVfl):qA)((), ) = L1+p(wfu—1>’qA(0, oo0) provided that p > T~

thanks to (1.31). We finish the proof by noting that the space L11%4)(0, c0) is
described by [75, Theorem 3.8].

For future reference, we note that the only point where we used the fact that

~ > 0 was the last equivalence in (2.94) when p = ﬁ O

The following proposition is an analogue of |[Proposition 2.2.22| in the case
where v = 0. As was pointed out at the end of the proof of |[Proposition 2.2.22|
the only point where the proof fails when v = 0 is (2.94]). However, the inequality

101 v—1)-1 % v—1 pxxqv
£ 5T T A O SO]] ggne) S Nt 0.0

is still valid for every f € (0, 00) even when v =0, p = ﬁ =1, ay < —1 and,
consequently, ¢ = 1, oy > 0 (recall ((1.28))). Indeed, we have that
1 —1)— *ok — *%
[0 D1h ) e ()] = IO 0 300
~ ([T () e 0,000
< A Ol 000
= [ () 211 0,00,

where we used the Hardy—Littlewood inequality (|1.3) together with the fact that
the function #* is nonincreasing. Hence we have the following result when v = 0.
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Proposition 2.2.23. Let v = 0 and v € (0,00). Assume that LP%*(0,00) is
equivalent to a rearrangement-invariant function space, that is, the parameters

p,q and A = (o, as) satisfy one of conditions (with By = Bs = 0).
There is a rearrangement-invariant function space Z(0,00) such that the operator
R,.,: Z(0,00) — LP%%(0,00) is bounded if and only if one of the following
conditions holds:

e p=q=1, a0 >0 and a, < —1;
e v>1landp>1;

e v<landpe(l,i5);

. 1/<1,p:$and

*q<oo,a0—|—%<00r

* q =00, ap < 0.

Furthermore, if this is the case and we denote by X (0,00) the optimal domain
space for the operator R,, and the space LP44(0,00), then

(L1430, 00),

LTt %40, 00),

I
—_

,qzl,OzOZO,OzOO+1<O;
1,1%),V<107‘

1,00), v > 1;

L ao+%<0,1/§10r

v’

m M
—~
= X

L2040, 50),

—_
=

,q:O0,0é()SO,I/Sl;

RRIRIRNR I

4

00, g X0, ap >0, v > 1.

I
Q=

\Lﬁ,OO;A((L OO>7

Remark 2.2.24. |Proposition 2.2.22 and [Proposition 2.2.23[ together with
sition 2.2.1| tell us that the rearrangement-invariant function space X (0, 0o) whose
norm satisfies

1l x000) 2 [E 7 £ (8[| poin0,00) - Tor every f € (0, 00)

is the optimal domain space for the operator R,,, v € [0,1), and the space
L>%4(0, 00) when v + v > 1 and either ¢ € [1,00), ag + % <0orqg=o00, ay<0,
(o < 00, but they do not provide us with a description of X (0, c0) in terms of
Lorentz—Zygmund spaces in those cases.

The next proposition is an analogue of |[Proposition 2.2.22|in the case where
L=1.

Proposition 2.2.25. Let v € (0,1) and v € (0,00). Assume that L»4*(0,1) is
equivalent to a rearrangement-invariant function space, that is, the parameters p, q
and « satisfy one of conditions (with 6 = 0). There is a rearrangement-
invariant function space Z(0,1) such that the operator R,,: Z(0,1) — LP%*(0, 1)
is bounded if and only if one of the following conditions holds:

e vtrv=>1;

1.
1—y—v’

e Y+r<landp<
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1

T and
———

s 7+rv <l p=

*q<oo,a+%<00?“

* q=o00, a <0.

Furthermore, if this is the case and we denote by X (0,1) the optimal domain space
for the operator R, , and the space LP%*(0,1), then

(11(0,1), pell ) or
p:ﬁ,a+l<00r
p:f q=o00, a<0;
LYhet (1), p—l%,q—l a+1>0;
LW101(0,1), pz%,q-l Oz+1—0
X(071)2<L(17q;0‘)(0,1), pz%,qe(l ,00), a+ g L>0 or
pP=15,4=00, a>0;
Lﬁ"m(o, 1), pe (ﬁ, l—i—v)’ y+v<1or
pE (15,00 )7+V>P
L% (0, 1), pzliy o+, L0, v4+v<1or
pzl}Y ,q—oo a<0,v+rv<1;
\Lﬁ’m;o‘(o,l), p=qg=o00,a<0,v+v>1.

Proof. Thanks to [Proposition 2.2.1] there is a rearrangement-invariant function
space Z(0,1) such that R,,: Z(0,1) — LP%*(0,1) is bounded if and only if
|17 || g 0,1) < 00. It is easy to see (cf. the proof of [Proposition 2.2. 22[) that
| ||qua01) <occoifandonlyif y +v>1,ory+v <landp < —— v ~, Or

YHrv <l p=j; }YV,q<ooandoz+ <0,ory+rv <l p=jy ify,q—

and o < 0. Assume that the parameters p, ¢ and « are such that thls is the case.
Owing to [Proposition 2.2.1| again, we have that

tl/
£y = || [ 5r(s)a
0

for every f € (0, 1),

Lpaie(0,1)

where X (0, 1) is the optimal domain space for the operator R, , and the space
LP%e(0,1).

Ifp > ﬁ, we can proceed in the same way as in the proof of |Proposition 2.2.22
We just note that the space L% (0,1) is described in [75, Lemma 3.15, Theo-
rem 3.16]. If p € [1, ﬁ), we need to show that X (0,1) = L'(0,1). On the one
hand, since X (0,1) is a rearrangement-invariant function space, we have that

(2.95) X(0,1) = L*0,1)

thanks to (1.17). On the other hand, we have that

tY 1
t_1+’7/ *(g dS‘ </ *(s) ds t—l—i—fy e
(2.96) [ [ s as] g = | SO e

= Il 6@ oy
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for every f € 9(0,1). Note that
[£2 70 01 | ago,n) < 00
thanks to the fact that % + v —1>0. Hence (2.96) implies that
L'Y(0,1) — X(0,1).

By combining that with ([2.95)), we obtain that X (0,1) = L'(0,1). O

The analogue of |Proposition 2.2.23| in the case where L = 1 is the following.
Its proof is similar to that of |[Proposition 2.2.25| and is omitted.

Proposition 2.2.26. Let v = 0 and v € (0,00). Assume that LP9*(0,1) is
equivalent to a rearrangement-invariant function space, that is, the parameters p, q
and « satisfy one of conditions (with 5 =0). There is a rearrangement-
invariant function space Z(0,1) such that the operator R, : Z(0,1) — LP%*(0, 1)
is bounded if and only if one of the following conditions holds:

s 7trv2=21
. ’Y+1/<1andp<$;
. 7+V<1,p:$cmd

*q<oo,a—l—%<00r

* q=o00, a <0.

Furthermore, if this is the case and we denote by X (0,1) the optimal domain space
for the operator R, , and the space LP%*(0,1), then

(LB5et(0, 1), p=q=1a>0;
L%’q;a(o,l), pE (1,&), v<1or
X(0,1) = pe(l,0), v>1;
’ L% (0, 1), p=q1, e+, <0, v<1lor
p:%,q:oo,ag(), v <1;
\Lﬁ’ow(o,l), p=q=o00,a<0,v+rv>1

Remark 2.2.27. [Proposition 2.2.25/ and |Proposition 2.2.26| together with
sition 2.2.1[ tell us that the rearrangement-invariant function space X (0, 1) whose
norm satisfies

||f||X(071) ~ Ht71+7+yf**(ty)||Loo,q;a(0,1) for every f € M(0,1)

is the optimal domain space for the operator R,,, v € [0,1), and the space
Loo%2(0,1) when v+ v > 1, ¢ € [1,00) and ag + % < 0, but they do not provide
us with a description of X (0,1) in terms of Lorentz—Zygmund spaces in that case.

Next, we describe optimal target spaces for the operator R, , and Lorentz—
Zygmund spaces.
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Proposition 2.2.28. Let v € (0,1) and v € (0,00). Assume that LP%*(0, 00) is
equivalent to a rearrangement-invariant function space, that is, the parameters

p,q and A = (o, as) satisfy one of conditions (with By = Bs = 0).
There is a rearrangement-invariant function space Z(0,00) such that the operator
R,,: LP%%(0,00) — Z(0,00) is bounded if and only if one of the following
conditions holds:

e

e Y+v>1and

v
* P < 3, O

_ v
* p= y+v—17 Ao Z 0

Furthermore, if this is the case and we denote by Y (0, 00) the optimal target space
for the operator R,, and the space LP9*(0,00), then

(Lﬁ’oo(o,oo), p=q=1, ag =y, =0;
L;(ilfﬂuanﬂ(o? ), pe€(l,00),y+v<1or
pel, =), vtrv>1;

Y (0, 00) = Lo et
L1*7*”’Oo’ (0,00), P =q =00, Oéo§07 OéooZO; 7+V§1f
LO0,00;A(()’ OO), p= 7+—1V/—17 q =00, O S 0; Uoo 2 07 7_‘_1/ > 17’
\LOO(O,oo), P=77 <00, g = Qoo =0, v+ v > 1.

Proof. Thanks to |Proposition 2.2.3| there is a rearrangement-invariant function
space Z(0,00) such that the operator R, ,: LP%*(0,00) — Z(0, o) is bounded if
and only if

1
207 H " / —1+’yd H <
( ) X(O,l)( ) L s s (LP-@:8Y (0,00) >
and
b+
(2.98) o P )

be[1,00) QOLP"Z?A(O,OO)(b)

where we also used (|1.18)). Since v > 0, (2.97) is plainly satisfied. If v+ v <1,
then (2.98) is also plainly satisfied because we have that

b+l 1
<

sup < .
be[l,00) P LPaA(0,00) (b) ¥ Lr:a:4(0,00) (1)

If v+ v > 1, we use the fact that ([T, Lemma 3.7])

(170°=(1), p < o0;
1, p:oo,aoo+$<00r
(2.99) PLPait(0,00) (t) ~ P=q=00, Qoo < 0;
1
gam+a(t)> p = o0, O‘oo_‘_% > 0;
\M%(t), P =00, ¢ <00, aOO—i_%:Oa
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for every t € (1,00), whence it follows that we need to have that either

< v
P y+rv—1
or
v
= — d awx >0.
D N and  ay >

From now on, assume that the parameters p,q and A are such that both
and are satisfied. We denote by Y (0,00) the optimal target space
for the operator R,, and the space LP44(0, 00), whose existence is guaranteed by
IProposition 2.2.3] We define the function ¢: (0,00) — (0,00) as

(2.100) o(t) = € (0,00).

We denote by T' the operator T, defined by . Assume that v +v < 1. We
plainly have that T'f = f* for every f € 9(0,00) because the function ¢f* is
nonincreasing. Hence T' is bounded on any rearrangement-invariant function space
over (0,00) (and its operator norm is equal to 1). In particular it is bounded on
LP92(0, 00). Assume now that v +v > 1 and p < <3 . If ¢ < o0, then

N 17’7_ _ 1=y *
HTfHLPqA(Ooo = Htp q % 1£A( ) S[ltlp)sl V'Yf (S)HL‘I(O,OO) 5 Hf”vaqA(O,OO)
se|t,00

for every f € M(0, 00) if and only if

1-n ¢ g
(1= / s 07 ek () ds g/ sv (" (s)ds for every t € (0,00)
0

0
owing to [46, Theorem 3.2]. It is easy to see that this is the case if and only if

p < —2— %V ——. If ¢ = oo, then we have that

sup t%#'_ftlf‘*(t) sup sl_l_wa*(s): sup tl_l_TWf*(t) sup 35+771€A( ),
te(0,00) s€[t,00) te[0,00) s€(0,t]

whence it follows that 7" is bounded on LP**#(0,00) if and only if p <

S |14
or p = -,

LP92(0, 00) if and only if one of the following conditions holds:

'y+y ~y+v—1?
ag < 0, as > 0. Hence we have shown that 7' is bounded on

e v+rv <1

e Y+v>1and

* p < or

v
y+rv—1
— v —
*p_,y+yflaq_oo7 Oé(]goa 050020

In these cases [Iheorem 2.2.6[tells us that

2.101 1(0,00) R H s s’lﬂdsH for every f € 9(0, 00).
2100 Iflhviom = | [} 70005 for vy 7 €m0,

Recall that (LP%4)(0,00) = LP'¢~%(0,00) provided that p < oo or that

p=q=00, 00 <0, e >0 (see (1.30)).
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Let p=¢q¢=1 and ap = as = 0. We have that
fllvam = | [, st as] = [Tt as= 1,

whence Y (0, 00) :Lﬁ’oo((), 00).

Let l<p<oocandy+v<1l,orp=qg=00, ag <0, apo >0and v+ v <1,
0r1<p<#and7+y>1,orp: =00, ap < 0, ay > 0 and
v+ v > 1. On the one hand, we have that

/ f 71+’Y )

< v tagh )t | Ly
2102 67456408 (O

= ||t A ) fr(t )HL‘I'(O,oo)?

where we used the Hardy inequality [69, Theorem 2] (see also [I2, Theorem 2],
cf. [57]). On the other hand, we have that
t7 =7 0 () / f*(s)s—lﬂds)
¢

17T A1) / 1 f*(s)s_1+7ds‘
tv

v
y+rv—17 q

~
~

L4’ (0,00)

A [, P s

tv

L7 (0,00)

L7 (0,00) L4 (0,00)
5 1 2t
> 6772 “(s)s~H7d
> o[ st
2.103 -3, «
(2.103) > 677 () 260 o

L+ *L, — *
~ [t TR ()] o 0,00
Note that z% + v € (0,1] thanks to the restriction imposed on p. By combining

(2.102)) and (2.103)), we obtain that Y”(0, c0) = vam’ql;_A(O7 00), whence it follows
that
Y(0,00) = L0275 4(0, 00),

where

is to be interpreted as oo if p = (and v+ v > 1) and as

p(1— 7p v)+v 'y—i—,;—l
1,Yylfp oo(and7+1/<1)
Finally, let p =

we have that

o1 4 <00, g = 0o = 0 and y + v > 1. Owing to (2.34),

B > 1y
(2.104) 1 llv(0.00) ~§LEI;H/& hs)s dSHLﬁ’q/m,oo)

for every f € 9M(0,00), where the supremum is taken over all h € 9 (0, c0)
equimeasurable with f. We would like to show that

(2.105) Y'(0,00) = L'(0, 00).

To this end, note that Z(0,00) = L*(0, 00) whenever Z(0,00) is a rearrangement-
invariant function space whose fundamental function satisfies ¢ (p«)(t) =t on
(0,00). Indeed, this follows from combined with the fact that A, (0, 00) =
My (0,00) = L0, 00), where 9(t) = t, t € (0,00). Therefore, in order to prove
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(2.105)), we only need to show that @y (0.0 (t) =t on (0,00). As for the lower
bound, it follows from (2.16)) with f = x(0,), t € (0,00), that

(2.106) Pyr(0.00)(t) 2T v ‘0 OO)(t”)t ~tHTY =t

LT
for every t € (0,00). As for the upper bound, observe that we have that
AORE

(2.107) sup
t€(0,00) @Lﬁ,q(

®

consequently, we can argue in a similar way to the proof of (2.15) to obtain that

0,00

b
ng,(O,oo)(a) < HX(O’by)(t) /1 5*1+’Y dS‘

tv

L +4Ba for every a € (0, 00),
R very a € (0,00)

where b = —2%— and B is the supremum in (2.107)), whence it follows that

2v—1

(2.108) ri0.00(0) SV@ e () +am b +axa

for every a € (0,00). Therefore, (2.105)) is true owing to (2.106) and ([2.108));
hence Y (0,00) = L*>(0, 00) owing to (1.27)). O

Remark 2.2.29. When p = ¢ = 1, ag > 0, as < 0, |ag| + || > 0, or

:q:oo,aogo,aoo<0,'y+l/§1,orp:oo,q€[1,00),a0—l—%<0,
~v+v < 1,[Proposition 2.2.28 together with its proof tells us that the rearrangement-
invariant function space Y (0, 00) whose associate function norm satisfies
is the optimal target space for the operator R, , and the space LP%*(0, 00), but it
does not provide us with a description of Y (0, 00) in terms of Lorentz—Zygmund
spaces in those cases.

Whenp = 22—, q € [1,00), (o > 0, |to| + |ateo| > 0, v+v > 1,0rp= e
q=00,ay >0, a, >0,v+ v > 1, [Proposition 2.2.28 together with its proof
tells us that the rearrangement-invariant function space Y (0, co) whose associate
function norm satisfies is the optimal target space for the operator R, ,
and the space LP4*(0, 00), but it does not provide us with a description of Y (0, c0)
in terms of Lorentz—Zygmund spaces in those cases (see also [Theorem 2.2.13)).

The next proposition is an analogue of |[Proposition 2.2.28|in the case where
v =0.

Proposition 2.2.30. Let v = 0 and v € (0,00). Assume that LP%4(0,00) is
equivalent to a rearrangement-invariant function space, that is, the parameters

p,q and A = (g, ) satisfy one of conditions (1.28) (with By = Bs = 0).

There is a rearrangement-invariant function space Z(0,00) such that the operator
Ry, : LP%%(0,00) — Z(0,00) is bounded if and only if one of the following
conditions holds:

e p=q=1,00>1, ay, <0;
e v<1landp>1;

e v>1 and
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* pe(l,-%) or

T v—1

*pZﬁyOéooZO-

Furthermore, if this is the case and we denote by Y (0,00) the optimal target
space for the operator R,, and the space LP9*(0,00), then

(Ll,l;A—1<07 00), p=q=1,00>1, ay, <0;
LP9A(0, 00), pe€(l,0), v=1or
p =00, q € [l,00), a0+%<0, v=1or
p=q=00,00<0,v=1;
Lﬁ’q?‘*(o, ), p€e(l,00),v<1or
pe(l,5)v>1
Lﬁ,oo;A(O’ o), Pp=qg=00, g <0, o >0, v < 1;
KLOO’OO;A(O,OO), p=-5,q=00, g <0, ape >0, v > 1.

Proof. Thanks to |[Proposition 2.2.3| there is a rearrangement-invariant function
space Z(0,00) such that the operator R, ,: LP%*(0,00) — Z(0, o) is bounded if
and only if

1
2.109 Hl <_> t H )
( ) 0g / X(o,1)(t) (LP-a:4)!(0,00) >~

and
b
(2.110) sup ————— %
be[1,00) SOLPv%A(O,oo)(b)

where we also used ((1.18). If v < 1, then ([2.110]) is plainly satisfied because we
have that

< 00,

[ - 1
sup < )
bell00) PLra4(0,00) (D)~ PLpasa(0,00) (1)

If v > 1, it follows from ([2.99)) that (2.110]) is satisfied if and only if

v

<
p v—1

or

v
and o > 0.

p:V—l

As for (2.109), it is easy to see that (2.109) is satisfied when p > 1 (see ((1.30))

when p < 0o, and [75, Theorems 6.2 and 6.6] when p = 00). When p =1 (and,
consequently, ¢ = 1, ag > 0, o < 0), we have that

1 ~ —oap+1
102 () xon®)] iy 22 €7
which is finite if and only if oy > 1.

From now on, assume that the parameters p,q and A are such that both
and are satisfied. We denote by Y (0,00) the optimal target space
for the operator R, , and the space LP%*(0, 00), whose existence is guaranteed by
[Proposition 2.2.3| By arguing in the same way as in the proof of [Proposition 2.2.28]|
we can show that the operator T,,, where ¢ is defined by with v =0, is
bounded on LP%4(0, 00) if and only if one of the following conditions holds:
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*x p < S5 or
*p:ﬁvq:ooaaogovaoozo-

In these cases, [['heorem 2.2. 6| tells us that

(2.111) [ fllvr0,00) = H p fr(s)s™t dsH for every f € M(0, 00).

(Lr-3:A)(0,00)

Recall that (LP%4)(0,00) = LP'¢~%(0,00) provided that p < oo or that

p=q=00, 00 <0, s >0 (see (1.30)).

Let p=q=1, a9 > 1, ay, < 0. On the one hand, we have that

7o = 40 [ 75 as

ra /f s
_ / FH()AFL(5) A1 (s)s ldSHLw(OOO

< |le=2) /t zA—l(s)s—ldsH sup  f*(£)AL (1)

LOO(O,OO) tG(0,00)
A sup fH(OCA(L)
te(0,00)

L>(0,00)

Q

L (0,00)

- ||f||Loo,oo;7A+1(07oo).

On the other hand, we have that

Ifllviom = 0 s dSHM o

:max{ sup £~ / f*(s)stds, sup £ / f(s)s7t ds
t€(0,1] t€[1,00)
> m X{ sup £ / (s ds, sup £7%( / f*(s _lds}
t€(0,1] t€[1,00)
2/t 042
>m x{ sup 7( (2\/%)/ s ds, sup Ea“(t)f*(QtQ)/ st ds}
€(0,1] t te[1,00) t
= { sup £ (2\/%) log <i>, sup E_O“’O(t)f*(%g)log(%)}
te(0,1] \ﬁ te(l,00)

~max { sup () (1), sup o)1)}

t€(0,1] te(1,00)
= [[f l| Loo-oei=a41(0,00)-

Hence Y (0, 00) = LY5471(0, 00).

letl<p<owandv < l,orp=qg=00,00<0,a, >0andv <1, or
l<p<Fgandv>1l,orp= -5, qg=00, 09 <0, ap>0and v >1 On the
one hand, by arguing in the same way as in (2.102]), we have that

Loty [T eyt 5oL Ay g
R [ s S IR )
tv
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On the other hand, we have that

1 1 v 1
tilfilg ‘ ~ 7/7*/ ‘
‘ TN i f ()~ 14 (0,00) / fs L4 (0,00)
S
N L4 (0,00)
(2.113) . / 4 ‘
T 0R () (2t d
> ([t 77 R (E) f(20) t 51l v 000

v _ 1 «
~ 7T RO F (0 o 0.00)-
Note that 7 € (0, 1] thanks to the restriction imposed on p. By combining ([2.112))
and (2.113]), we obtain that Y’(0,00) = (L%’q/§_A)I(O, 00), whence it follows that

Y (0, 00) = L7940, 00),

is to be interpreted as co if p = =% (and v > 1) and as = if

where o )

l—py)—f—u
p=o00 (and v < 1).
Finally, let = 1 and p > 1. We claim that Y (0, c0) = LP%#(0, o). Note that

R, 1(f*) = f** for every f € M(0,00). We have that

1B a0 < 1R (im0
t

S YA *(s)d )

e [ e,

1941 .
Sl T ) () | ago,00)
= || fll zrast(0,00)

for every f € M(0,00), where we used the Hardy-Littlewood inequality (1.3),
the fact that f** is nonincreasing, and the Hardy inequality [69, Theorem 1]
(cf. [57]). Hence R, : LP94(0, 00) — LP94(0, 00) is bounded. It only remains to
show that LP%4(0), oo) is the optimal target space, that is, we need to show that
LP92(0,00) < Z(0,00) whenever Z(0,00) is a rearrangement-invariant function
space such that R, ;: LP%*(0,00) — Z(0,00) is bounded. This, however, follows
immediately from because we have that

1 £l z0,00) < N1 20,00) S N o20,00) = 1 f 1 o5 0,00)
for every f € (0, c0). O

Remark 2.2.31. Whenp=q=1, a0 > 1, ayo =0, 0r p =q = 00, a9y < 0,
oo < 0, v < 1,0rp=o00,q€[l,0), ap +% <0, v <1, |Proposition 2.2.30
together with its proof tells us that the rearrangement-invariant function space
Y (0, c0) whose associate function norm satisfies is the optimal target space
for the operator R, , and the space LP4*(0, 00), but it does not provide us with
a description of Y'(0,00) in terms of Lorentz—Zygmund spaces in those cases.

When p = %5, ¢ € [1,00), aee > 0, v > 1, 0r p = -5, ¢ = 00, ag > 0,
Qs > 0, v > 1, |Proposition 2.2.30| together with its proof tells us that the
rearrangement-invariant function space Y (0, 00) whose associate function norm
satisfies with v = 0 is the optimal target space for the operator R, , and
the space LP%4(0, 00), but it does not provide us with a description of Y (0, c0) in
terms of Lorentz—Zygmund spaces in those cases.
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The next proposition is an analogue of |[Proposition 2.2.28|in the case where
L=1.

Proposition 2.2.32. Let v € (0,1) and v € (0,00). Assume that LP4*(0,1) is
equivalent to a rearrangement-invariant function space, that is, the parameters p, q
and « satisfy one of conditions (with B =0). There is an optimal target
space Y (0,1) for the operator R,, and the space LP%*(0,1). Furthermore, we
have that

(L7750, 1), p=q=1,a=0;
Lp(leiu)g,,%a(O, 1)’ pe (1’ OO), y+v<1or
pe(l =), 1y > 1;

Y(0,1) = { L=57°%(0,1),  p=g=00,a<0,7+v<1;
Loo,oo;a(07 1)7 p= ,y+—1,j,1; q=00, & < 07 Y +v> 1;'
L>(0,1), p:7+—l;1,q<oo,oz:(),7—i—l/>10r
L p>7+y 7t >1
Proof. f v +v <1l,ory+v>1land p < —“*— +,, ——, the proof is similar to that of
|Propos1t10n 2.2. 28| and we omit it. Let p > 7 and v+ v > 1. It can be easily

verified that LP%(0,1) < LwT (0, 1); consequently, the optimal target space
for the operator R,, and the space LP%*(0, 1) is embedded in the optimal target
space for the operator R, , and the space L7+-1°°(0, 1), that is,

Y(0,1) = L=(0,1).
By combining that with ([1.17]), we obtain Y'(0,1) = L*°(0, 1). O

Remark 2.2.33. Whenp =g =1, a > 0, or p = 00, ¢ € [1,00), a—i—% <0,
v+ v < 1, the associate function norm of the optimal target space Y (0, 1) satisfies

| f} f*(s)s™1+7 ds||Loo,oo;_a(0,l), p=q=1,a>0;
o = 1 P67l 9= 00.0€ (L) a+ 3 <0
and vy +v <1,

for every f € 91(0, 1), but|Proposition 2.2.32does not provide us with a description

of Y(0,1) in terms of Lorentz—Zygmund spaces in those cases.
Whenp:ﬁ: qc [LOO)? 047&0, Yt > ]-7 orp= ﬁv q

v+ v > 1, the associate function space of the optimal target space Y (0, 1) satisfies

=o00, a > 0,

1
v ~sup | [ gls)s 1 ds
g~f M Jtv

Y g —
LT=7%7%0,1)

for every f € (0, 1), where the supremum is taken over all g € 9t (0, 1) equimea-
surable with f, but [Proposition 2.2.32 does not provide us with a description
of Y(0,1) in terms of Lorentz—Zygmund spaces in those cases (see also

rem 2.2.13).

When L =1, [Proposition 2.2.30| transforms into the following. The proof is
similar to that of [Proposition 2.2.30| and we omit it.
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Proposition 2.2.34. Let v = 0 and v € (0,00). Assume that LP9*(0,1) is
equivalent to a rearrangement-invariant function space, that is, the parameters p, q
and « satisfy one of conditions (with 6 = 0). There is a rearrangement-
invariant function space Z(0,1) such that the operator R, : LP%*(0,1) — Z(0,1)
is bounded if and only if one of the following conditions holds:

e p=q=1anda >1;
e p>1.
Furthermore, if this is the case and we denote by Y (0,1) the optimal target
space for the operator R,, and the space LP%*(0,1), then
(Ll,l;a71(07 1)7 p=q=1a>1;
LP%e(0,1), pe(l,00), v=1or
p=00,q€E [1,00),a+§<0, v=1or
p:q:miag()?V:]‘;
Y(0,1) = { Li=a7%9(0,1), pe (1,00), v <1 or
pe(l,-5), v>1;

LT=7(0,1), p=q=o00,a<0,v<1;
L2990, 1), p=;5,94=00,a<0,v>1
L_[100(0,1), p>ﬁ7y>]'

Remark 2.2.35. When p = o0, ¢ € [1,00), « +% < 0, v < 1, the associate
function norm of the optimal target space Y'(0, 1) satisfies

Iflhon = | [ £ 357a],

for every f € 9(0, 1), but|Proposition 2.2.34{does not provide us with a description
of Y'(0,1) in terms of Lorentz—Zygmund spaces in that case.

When p = *5, g€ [1,00), v > 1, 0orp= %, q=00,a>0,v>1, the
associate function space of the optimal target space Y'(0,1) satisfies

(1,¢';—a—1) 01)

Il =sup | [, o615 s

Lv,q/ﬁa(o,l)

for every f € (0, 1), where the supremum is taken over all g € (0, 1) equimea-
surable with f, but [Proposition 2.2.34] does not provide us with a description of
Y (0,1) in terms of Lorentz—Zygmund spaces in those cases.

2.2.3.2 Optimal spaces for H,,

Taking into account the remark above |Proposition 2.2.4] we can obtain optimal
spaces for the operator H,, and Lorentz-Zygmund spaces by combining the
results that we obtained in the previous subsection with the characterizations of
the associate spaces of Lorentz—Zygmund spaces provided in [75], Section 6]. We
omit their lengthy but straightforward proofs.

First, we describe optimal domain spaces for H,, , and Lorentz-Zygmund spaces.
Their descriptions follow from the corresponding results concerning optimal target
spaces for the operator R, ,, [Proposition 2.2.4/and |75, Section 6].
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Proposition 2.2.36. Let v € (0,1) and v € (0,00). Assume that LP%*(0, 00) is
equivalent to a rearrangement-invariant function space, that is, the parameters p, q
and A satisfy one of conditions (with By = P = 0). There is a rearrange-
ment-invariant function space Z(0,00) such that the operator H,,: Z(0,00) —
L340, 00) is bounded if and only if one of the following conditions holds:

s yHrvs1
. 7+1/>1cmdp>ﬁ;
. 7+y>1,p:ﬁandoz00§0.

Furthermore, if this is the case and we denote by X (0,00) the optimal domain
space for the operator H,, and the space LP%*(0,00), then

( .
L’Yi}rlﬂLA(O;OO% p:qzl; 04020, OéOOgO? 7—|—y§1,

LVA(0,00),  p=7%,q=1,0020, e <0, v +v>1;
L1<O,OO), p:ﬁ;a0:@m2077+y>1;
X1(0, 00), p=15,4=10a<0, e <0, v+v>1or

p:ﬁ,qe(l,oo], lag| + || >0, aoe <0, v+v > 1;
P .
L T%(0,00), pe(l,00), y+v <1 or
pe(i5,2),v+v>1
= q = 0Q, Oé():OéOOIO,'

X (0,00) = 1

L>(0, 00),
XQ(O, OO),

S

=q =00, ag <0, |ag| + || > 0 or

S

L p:oo,qe[l,oo),a0+é<0,

where X1(0,00) and X5(0,00) are rearrangement-invariant function spaces such
that

Y

L3(0,00)

tlztéﬁ‘*(t) /1 g(s)s‘lﬂds‘
1

£ 1000 = sup|
g~f

Y

~ —1 A OO * -1+ ‘
HfH)(z(O,OO) Ht “2(1) ] Fi(s)s ds L4(0,00)

1
v

for every f € M(0,00), where the supremum is taken over all g € IMT(0,00)
equimeasurable with f.

When v = 0, |Proposition 2.2.36| transforms into the following.

Proposition 2.2.37. Let v = 0 and v € (0,00). Assume that LP%*(0, 00) is equiv-
alent to a rearrangement-invariant function space, that is, the parameters p, q and A
satisfy one of conditions (with By = Boo = 0). There is a rearrangement-in-
variant function space Z(0,00) such that the operator H,,: Z(0,00) — LP94(0, 00)
s bounded if and only if one of the following conditions holds:

e v<1andp < oo;
e v>1andpe (v,00);

e v>1,p=vand ay, <0;
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e p=00, q € [1,00) anda0—|—1+%<0;
e p=q=00 and ag+1<0.

Furthermore, if this is the case and we denote by X (0,00) the optimal domain
space for the operator H,, and the space L*%*(0,00), then

L%’l;A(O,OO), p=q=1,00>0, a, <0, v <1;
LV54(0, 00), p=v,q=1,00>0, asp <0, v>1;
X1(0, 00), p=v,q=1,00<0, apoc <0, v>1 or
p=v,q€ (1,00], e <0, v >1;
X(0,00) = { Lv%*(0, 00), pe(l,0), v<1or

p€ (v,00), v>1;
Lo®bF1(0,00), p=qg=00, ap+1<0, as >0;
X5(0,00), p=q=00,0a0+1<0, an <0 or

p=00,q€[l,00), ag+ 141 <0,

\

where X1(0,00) and X5(0,00) are rearrangement-invariant function spaces such
that

)

L4(0,00)

tﬁﬁﬂA(t) /1 g(s)s‘lds‘
L

v

[ s0.00) = sup|
g~f

| F1 x20,00) = HtﬁfA(t) Oof*(s)s_1 ds‘

1
tv

L9(0,00)

for every f € M(0,00), where the supremum is taken over all g € IMT(0,00)
equimeasurable with f.

We now consider the case where L = 1.

Proposition 2.2.38. Let v € (0,1) and v € (0,00). Assume that LP4*(0,1) is
equivalent to a rearrangement-invariant function space, that is, the parameters p, q
and « satisfy one of conditions (with 3 =0). There is an optimal domain
space X (0,1) for the operator H,, and the space LP%*(0,1). Furthermore, we
have that

L#(0,1), p=g¢=1,a20,v+v<L;

LY(0,1), pell,i5), y+v>1lor
p:ﬁ,a:0,7+u>1;
LY5(0,1),  p=15.9=10a20,7+v>1;
X,(0,1), p=1%.,¢=1a<0,y+v>1or
X(0,1) = p=159€ (00, a0, y+v>1;

Lm%’q;“(o, 1), pe(l,00),vy+v<1or
pE(15.00), y+v>1;
L%’l(O,l), p=q=o00, a=0;
X5(0,1), p=qg=o00,a<0 or
p =00, q€ [l,00), oz+% <0,
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where X1(0,1) and X5(0,1) are rearrangement-invariant function spaces such that

1

1;71 (03 —
1£1x: 01 %Su?Ht 2 () / ols)s~ds]
g~ t

v

L9(0,1)’

| fllx200,1) = Hf%éa(t) 1 fr(s)s ds‘

1
tv

La(0,1)’

for every f € M(0,1), where the supremum is taken over all g € 9MT(0,1)
equimeasurable with f.

The next proposition is an analogue of |[Proposition 2.2.38|in the case where
v = 0.
Proposition 2.2.39. Let v = 0 and v € (0,00). Assume that L*%*(0,1) is
equivalent to a rearrangement-invariant function space, that is, the parameters p, q
and « satisfy one of conditions (with 5 = 0). There is a rearrangement-
invariant function space Z(0,1) such that the operator H,,: Z(0,1) — LP%*(0, 1)
is bounded if and only if one of the following conditions holds:

e p<oo;
e p=00, q € [1,00) anda+1+$<0;
e p=q=o00cand a+1<0.

Furthermore, if this is the case and we denote by X (0,1) the optimal domain space
for the operator H,, and the space LP%*(0,1), then

(Li10(0,1), p=gq=1a>0,v<1;

LY(0,1), pelv), v>1;

LY5(0,1), p=v,q=1,a>0,v>1;

X;(0,1), p=v,q=1,a<0,v>1or
X(0,1) = < p=v,q€ (1l,00], v>1;

Lv%(0, 1), pe(l,o0), v <1 or

peE (vo0), v>1;
Lot 1), p=g=o00, a+1<0;
\Xg(O,l), p:oo,qe[l,oo),oz+l+%<0,

where X1(0,1) and X5(0,1) are rearrangement-invariant function spaces such that

1
tv—al*(t) /1 g(s)s™! ds‘
L

v

=~ su y
I .00 = sup) b

1

~ ([t (t *(s)s~1d ‘ :
Ifbeon = [e30) [, ps)s™tas|
for every f € M(0,1), where the supremum is taken over all g € 9MT(0,1)
equimeasurable with f.

Next, we describe optimal target spaces for H,,, and Lorentz-Zygmund spaces.
Their descriptions follow from the corresponding results concerning optimal domain
spaces for the operator R, ,, [Proposition 2.2.5|and |75, Section 6].
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Proposition 2.2.40. Let v € (0,1) and v € (0,00). Assume that LP%*(0, 00) is
equivalent to a rearrangement-invariant function space, that is, the parameters p, q
and A satisfy one of conditions (with By = P = 0). There is a rearrange-
ment-invariant function space Z(0,00) such that the operator H,,: LP44(0, 00) —
Z(0,00) is bounded if and only if one of the following conditions holds:

. ’y+y21andp<%;

11y,
. 7+1/<1cmdp€(m,;);
. fy—l—l/<1,p:Land

v
*q=1,a9>0 or
*q>1,a0>1—%;

. p:%and

*q=1, a >0 or

*q>1,ozoo>1—$.

Furthermore, if this is the case and we denote by Y (0,00) the optimal target space
for the operator H,, and the space LP%*(0,00), then

(L7 %%(0, 00),

p=q=1,0020, 05 <0,v+v>1 or
pG(l,%),v—FVEl or
PE(55,3) v v <l
L1540, 00), P=r0=100>0, a0 <0,y +v <1
LHE00(0, 00), P=5,0=100>0, a0>0,7+v<1;

1,g;A—1 _ 1 _1 _1

L( 1 )(0,00)7 p—7+y,q€<1,00]7040>1 q;aoo<1 q
and v +v < 1;
(1,g;(@0—1,-1),(0,~1)) 1 1 _ 1
L 0 a (0,00), p—m,q€(1,00]7a0>1—5,0400—1—5
and v +v <1;
Y (0,00) =
( ) }/1(0’00)7 p:wlry,q€(1,00]7a0>1—§,a00>1—%
and v+v <1;
00,q;A—1 _ 1 _ 1 _ 1.
Loo%A1(0, 00), p=5 a0 <l—y qe>1—
Y5(0, 00), p:}y,qe[l,oo),a0>1—% ozoo>l—%;
L0 =1) () o0), p= %, qg=00, ag > 1, ag > 1;
Loo,l;(fl,aoo71),(71,0),(71,0)(0’ OO), p= %’ q= 1’ ap =0, as > 0;

o0 (=1 Aloog — W4, — J— .
postpee 00 00),  p=1 ge(lo0], ap=1-1, ag>1-1;
YE),(0,00), p:%7 q:17 Oéo<0, O[OOZO;

\Loo(o)oo)’ p:%; qzl; &020; OZOOZO,

where Y1(0,00), Y5(0,00) and Y3(0,00) are rearrangement-invariant function
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spaces such that

(2.114) £ lvaooe) 2 #7571 £ (Bl 20,1y + 1 Fll20.00)

I/ ll¥2(0,00) = ¢ 0 0= (8) (¢ )X (1,00) (t) | La(0,00) + I f1] 220 (0,00)
1 lva0.00) = IEH02071 () (2 )||L1 0,1)5

for every f € 9M(0,00).

When v = 0, [Proposition 2.2.40| transforms into the following.

Proposition 2.2.41. Lety = 0 and v € (0,00). Assume that LP%*(0, c0) is equiv-
alent to a rearrangement-invariant function space, that is, the parameters p, q and A
satisfy one of conditions (with By = Boo = 0). There is a rearrangement-in-
variant function space Z (0, 00) such that the operator H,,: LP4*(0,00) — Z(0, 00)
is bounded if and only if one of the following conditions holds:

e v>1andp < oo;
. y<1andp€(%,oo);
. 1/<1,p:%and

*q=1,a9>0 or
*q>1,a0>1—é;

e p=o00 and

*q=1,ay >0 or

*q>1,aoo>1—%.

Furthermore, if this is the case and we denote by Y (0,00) the optimal target space
for the operator H,, and the space LP%*(0,00), then

(Lp”’q;A(O,OO), p=q=1,00>0, a0, <0,v>1 or
pe(l,00), v>1or
pE(5,00), v<l
Ll’l;A«), OO): p= ll,) g=1 0020, ax <0, v <1;
Ll’l;(amo)(O; 00)7 b= ll,? q= 1; &%) Z 07 Qoo > 07 v < 1’.
(1,g;A—1) 1 -1 —
V(0.00) — 4 V00), p=1 € (ool 0> 1 o <1
and v < 1;
(L%(aoflvfl)v(ovfl)) _ _
L 5 (0700)7 b= V,qG(lOO] Oé()>]. 7a00_1_
and v < 1;
Y1(0, 00), p:%,qe(l,oo],ao>1—%,aoo>1—
and v < 1;
\Loo,oo;Afl(O’Oo)’ pP=q= 00, Oé()SO, Aog > ].,

where Y1(0, 00) is the rearrangement-invariant function space whose norm satisfies
(2.114).
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Remark 2.2.42. |Proposition 2.2.41| together with |Proposition 2.2.5| tells us that
the rearrangement-invariant function space Y (0, 00) whose associate function
norm satisfies

1 flly0,00) = Htflwf**(ty)HL(Lq’;—A—U(o,oo) for every f € M(0, o)

is the optimal target space for the operator H,,, where v(t) = ¢t~ t € (0,00),
and the space L>%*(0, 00) when either ¢ = 1, ap +1 < 0, as > 0, or g € (1, 00),
oo + % <0, age > 1— %, but |Proposition 2.2.41| does not provide us with a
description of Y (0, 00) in terms of Lorentz—Zygmund spaces in those cases.

Finally, we conclude this subsection with descriptions of optimal target spaces
for H,, and Lorentz—Zygmund spaces when L = 1.

Proposition 2.2.43. Let v € (0,1) and v € (0,00). Assume that LP%4*(0,1) is
equivalent to a rearrangement-invariant function space, that is, the parameters p, q
and « satisfy one of conditions (with B =0). There is a rearrangement-
invariant function space Z(0,1) such that the operator H,,: LP%*(0,1) — Z(0,1)
1s bounded if and only if one of the following conditions holds:

s ytvzl

1.
. 7+1/<1andp>7+y,
. 7+y<1,p:$and

*q>1,a>1—%07‘
*qg=1, a>0.

Furthermore, if this is the case and we denote by Y (0,1) the optimal target space
for the operator H,, and the space LP%%(0,1), then

pv

(Ll—m’q;a((),l), p=q=1,a>0,v+v>1or
pe(l,2),v+v=1or
11 .
pe(m,;),v—l—y<1,
Ll’l;a(oal)a b= 7%; q= 17 o> 07 v+ < 1;
(1,q;—1) _ _1 _1 .
Y(0,1) = LE4e72(0,1), p—7+y,q€(1,oo],oz>1 oYty <l
Leoteml(0,1),  p=1,a<l—y
Loovq;iéﬁl((h 1)7 p= %; qc (1’00]7 a=1- é;
00 1 _1
L>(0,1), p=3,a>1—<or
p:%,q:LOézOOT
1
\ p>;

The next proposition is an analogue of [Proposition 2.2.43|in the case where
v = 0.
Proposition 2.2.44. Let v = 0 and v € (0,00). Assume that LP9*(0,1) is
equivalent to a rearrangement-invariant function space, that is, the parameters p, q
and « satisfy one of conditions (1.29) (with § = 0). There is a rearrangement-
invariant function space Z(0,1) such that the operator H,,: LP%*(0,1) — Z(0, 1)
is bounded if and only if one of the following conditions holds:
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e v2>1;
. 1/<1andp>%;

. 1/<1,p:%and

*q>1,a>1—%07“

*qg=1, a>0.

Furthermore, if this is the case and we denote by Y (0,1) the optimal target space
for the operator H,, and the space LP%%(0,1), then

(LPv5(0, 1), p=q=1,a>0,v>1or
pe€(l,0), v>1or
pe(l00),v<l;

Ll,l;a(()7 1), p= %7 g=1,a>0,v<l1;
Lte=D(0,1), p=1,ge(lo0,a>1-1 v<i1;
| Looeoa1(0,1), p=gq =00, a < 0.

Y(0,1) =

Remark 2.2.45. |Proposition 2.2.44] together with |Proposition 2.2.5( tells us that
the rearrangement-invariant function space Y (0, 1) whose associate function norm
satisfies

I fllyo,1) = HfHVf**(tV)HL(Lq’;—a—U(o,l) for every f € M(0,1)

is the optimal target space for the operator H,,, where v(t) =t ¢ € (0,1), and
the space L°>%(0,1) when ¢ € [1,00) and a + % < 0, but |Pr0position 2.2.44| does
not provide us with a description of Y (0,1) in terms of Lorentz—Zygmund spaces
in that case.

2.2.3.3 Optimal spaces for S,

In this subsection, we provide optimal function spaces for the Calderén-type
operator S, with ¢ = (1,8,1 — (3,0), where $ € (0,1]. Note that we have that
m = 1, where m is defined by , and o = ¢/, where ¢’ is defined by .
Furthermore, thanks to , we have that

(2.115) Se(f*) = BHu1(f*) for every f € 9M(0,00),
where
(2.116) v(t)=t"", t € (0,00).

For the sake of readability, we split the results of this subsection based on whether
B<lorp=1.
We start off with optimal domain spaces.

Proposition 2.2.46. Let 5 € (0,1). Set 0 = (1,5,1 — 3,0). Assume that
Lp’q;A(O, o0) is equivalent to a rearrangement-invariant function space, that is,
the parameters p,q and A = (ag, as) Satisfy one of conditions (with
Bo = P = 0). There is a rearrangement-invariant function space Z(0,00) such
that the operator Sy: Z(0,00) — LP%4(0,00) is bounded if and only if one of the
following conditions holds:
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. p:%,q<ooandozoo—|—%<0;
« p=73,q¢=00 and as < 0;
« P>

Furthermore, if this is the case and we denote by X (0,00) the optimal domain
space for the operator S, and the space LP%*(0,00), then

( Ll,l;(O,aoo+l) (07 OO),

LBEA+1(0, 00),
L1100t 1,(L0)(( o),

X(0,00) = { L44(0, 00),

,q=1,a0+1<0, a,+1<0;
,gq=1,a00+1>0, ac+1<0;
%,qzl, ap+1=0, a+1<0;
5, 4 € (1,00), oo + ¢ <0 or

|
Wl e

™=

) q :7 aOO S 07'
B
LT+0=5%%(0), 00),

| L777(0, 00),

€

—~

%7 OO);

=00, Oy = Qg = 0.

SIS T~ TS TS T~ B~
I

I
<

Proof. First, assume that p < co. Thanks to (1.30)), we have that (LP%*)(0, 00) =
LP45=4(0,00) and p’ > 1. We claim that S, : Z(0,00) — LP%*(0, 00) is bounded if
and only if R,1: Z(0,00) = LP%4(0, 00), where v is defined by (2.116)), is bounded.
Once we prove it, we can use |[Proposition 2.2.22|with v = 1—( and v = 1 to obtain
the description of X (0, 00) provided that p is finite. Owing to [Proposition 2.2.20]
combined with the fact that o = ¢/, we have that S,: Z(0,00) — LP9%(0, 00) is
bounded if and only if S, : L?*9:(0, 00) — Z'(0,00) is bounded. We now observe
that S,: LP"7=4(0,00) — Z'(0, 00) is bounded if and only if R,;: Z(0,00) —
LP94(0, 00) is bounded. To this end, note that

(2117) sup ||Hv7l(f**)||zl(0700) ~ sup ||H'U,1(f*)||Z’(0,oo)'

1 Lot a7~ 0,00y <1 11 Lo 07— 0,00y S

Indeed, “>” follows directly from (1.1]), while “<” follows from the fact that

||f**||LP’vq’?*A(O,oo) < ||f||Lp,,q/;,A(Ovoo) for every f € MM (0,00) inasmuch as p’ > 1.
Consequently, we have that

sup 190 f 1|z 0.00) = sup 156 (f )| 2 (0.00)
”f”Lplﬂq/?_A(O,oo)Sl fHLpl7ql§_A(0,oo)§1
~ sup ||Hv,1(f**>||Z/(0,oo)
”f”Lp/,q/;—A(o!oo)Sl
~ sup | Ho 1 ()] 2 (0,00)
IIf”Lp/,q/;—A(O’OO)Sl
~  sup || Ry rat 0,00

l9ll z(0,00) <1

where we used the Hardy—Littlewood inequality in the equality, in
the first equivalence, and in the last equivalence.

Second, assume that p = co. It can be readily verified that the assumptions of
IProposition 2.2.19| are satisfied; hence the rearrangement-invariant function space
X (0, 00) whose function norm satisfies

£l x0,00) & || (f*) || zocais(0,00)  for every f e 9(0,00)
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is the optimal domain space for S, and L>®%%(0,00). If ¢ = 00, ap = as = 0,
then we have that

150 () 000) & 1ot (1)1 000) = / £ (s)s ds
(RS VR

for every f € M(0, 00) thanks to ) and - O

Remark 2.2.47. If p = o0, ¢ € [1,00), ap + 5 <0,orp=gq=o00, a <0,
|ag| + |atso| > 0, then the rearrangement-invariant function space X (0, 00) whose
function norm satisfies

£l x0,00) = Ht‘%‘*(t)/ f**(s)s’ﬁ ds‘ for every f € M*(0,0)
t

La(0,00)

is the optimal domain space for S, and L>%4(0, 00), where o = (1, 3,1 — 3,0),
S € (0, 1), but[Proposition 2.2.46| does not provide us with a description of X (0, c0)
in terms of Lorentz—Zygmund spaces in those cases.

When 5 = 1, [Proposition 2.2.46| transforms into the following.

Proposition 2.2.48. Set o = (1,1,0,0). Assume that LP%*(0,00) is equivalent
to a rearrangement-invariant function space, that is, the parameters p,q and
A = (ap, as) satisfy one of conditions (with By = P = 0). There is a rear-
rangement-invariant function space Z(0,00) such that the operator S,: Z(0,00) —
L340, 00) is bounded if and only if one of the following conditions holds:

e p=q=1, 0020, a0 < —1;
* p€(1,00);

e P =00, q <00, Ozo+1—i—%<0;
e p=gqg=00, 00+ 1<0;

Furthermore, if this is the case and we denote by X (0,00) the optimal domain
space for the operator S, and the space LP%*(0,00), then

LYATH0,00), p=1,¢=1, 0020, o+ 1 <0;
X(0, 00) = LPaA(0, 00), p € (1,00);
; L5410, 00), p =00, q € [1,00), a0+1—|—%<0, ozoo—}-%>0 or
p=q=00, ap+1<0, as > 0.

Proof. If p < oo, we can proceed in the same way as in the proof of
(we just make use of [Proposition 2.2.23|instead of [Proposition 2.2.22)).

Assume that p = oco. It can be readily verified that the assumptions of
|Proposition 2.2.19| are satisfied if and only if ¢ < co and ap+ 1+ % <0,0rq=00
and ag + I < 0; hence, in these cases, the rearrangement-invariant function space
X (0,00) whose function norm satisfies

£l x0,00) & || (f*) || zocais(0,00) for every f e 9 (0, 00)
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is the optimal domain space for S, and L°*%%(0, 00). Assume now, in addition,
that a + % > (. On the one hand, we have that

1 oo
loa * 00,q; - t_agA t * -1 d
10 imaniany = 175000 [ 557

-1 *ok —
ST (0 pa000) = IF Il ziann 0,00

(2.118)
~ |’fHL°°’q'*A+1(O,OO)

for every f € MM(0,00), where we used (2.115), the Hardy inequality [69, Theo-
rem 2] (its validity is the point where the extra assumption ae, + > 0 was used)

and - On the other hand, we have that

A ** -1
152 umasiom = [ 40) [ 1@
~ -3 *ok —1
~ et et n ® / fris s

+ ‘(t‘éﬁA(t)X(17oo>(t) /too o (s)s™ ds‘

L3(0,00)

1 2Vt
> [[#5ee txi0 (0 £ (2v) / s ds
t

e [t
~ HtiéfaOH(t)X(o,l) ) f (2\/¥) HLq(o,oo)
- Ht_%@%ﬁl(t))((l,oo) (t)f* (2t%) ”Lq(o,oo)
~ (|67 () x00) (6. (1) | 9 0,00
[T ) X 100y () 7 (8) | Lo 0,00)
~ [l L) £ () o000

= HfHL<°°’q?A+1)(O,oo) ~ ||f”L°°’Q5A+1(O,oo)

L1(0,00)

L3(0,00)

(2.119)

for every f € M(0, c0). O

Remark 2.2.49. If p = 00, g € [1,0), a0+1+% <0, ozoo%—% <0,0rp=gq=o00,
ap+ 1 <0, ayp < 0, then the rearrangement-invariant function space X (0, 00)
whose function norm satisfies

£l x0,00) & Ht_clzﬁA(t)/ f**(s)s’1 ds‘ for every f € M*(0, 0)
t

L49(0,00)

is the optimal domain space for S, and L>%4(0, 00), where o = (1,1,0,0), but
IProposition 2.2.48| does not provide us with a description of X (0, 00) in terms of
Lorentz—Zygmund spaces in those cases.

Next, we describe optimal target spaces.

Proposition 2.2.50. Let § € (0,1). Set 0 = (1,5,1 — 5,0). Assume that
Lp’q;A(O, o0) is equivalent to a rearrangement-invariant function space, that is,
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the parameters p,q and A = (g, ) Satisfy one of conditions (with
Bo = P = 0). There is a rearrangement-invariant function space Z(0,00) such
that the operator S, : LP%%(0,00) — Z(0,00) is bounded if and only if one of the
following conditions holds:

1 .
* P <15

|H

e p=173,q=1and a, > 0;

»

1 1
*P=15 q € (1,00] and oog > 1 — .

Furthermore, if this is the case and we denote by Y (0,00) the optimal target space
for the operator Sy and the space LP%4(0,00), then

(L%’OO(O oo) p=q=1, ag = ay = 0;

L0 74(0,00) pe )

L4710, 00), P=1tg a0 <11 e >1—;

}/1<07OO)7 p:ﬁ,qe[l,oo),oz0>l—%
and s > 1 — %;

1,00:003(0,0000—1) 0, 00), — L’ =00, 00> 1, as > 1;

Y(O OO) = 00,1;(—1, —1)((—1 0))(—1 0) 116 ! ’

LA D00, 00), p= L5 =1, a9 =
and o > 0;

Lo D=10) () 00) p=15 ¢ € (00, ag=1~¢
and Qo > 1 — %,’

Yé((),OO), p:ﬁ,qzl, ap <0, as =0,

| L7(0,00), P=134=1 0020, asx =0,

where Y1(0,00) and Y3(0,00) are the rearrangement-invariant function spaces
whose function norms satisfy

L e — *
1 llyic0.00) A [1E7 20570 £ (8) X 1.00) (D) | Lo(0.00) + 1 F |2 (0.00),
1 llya0.00) A [[EH7HE) £ (B) |22 0,

for every f € 9M(0,00).

Proof. First, assume that p > 1. In this case, we obtain the description of
Y (0, 00) from [Proposition 2.2.40| with v =1 — 8 and v = 1 upon observing that
S, i LP%4(0,00) — Z(0,00) is bounded if and only if H,;: LP%4(0, 00) — Z(0, 00)
is bounded, where v is defined by . Indeed, that observation follows from

sup 150l z(0.00) = sup  [[S5 ()] 2(0,00)
I 2,45 (0,00) <1 Fllpait (0,00) ST
~ sup [[Hua(f) 20,00
||f||Lp,q;A(o,oo)§1
~ osup [[Hoa ()l 20,00

||f||Lp,q;A(o,oo)§1

~ sup | Hoa £ 200,00

||f||Lp,q;A(o7oo)§1
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where we used the Hardy—Littlewood inequality in the equality, in
the first equivalence, in the second equivalence and in the last
equivalence.

Assume now that p=q¢ =1, ag > 0 and a,, < 0. It can be readily verified
that the assumptions of [Proposition 2.2.21| are satisfied; consequently, owing
to , the rearrangement-invariant function space Y (0, 00) whose associate
function norm satisfies

(2.120)  [Iflly/(0.00) & sup €% / f*(s)sPds for every f € MT(0, 00)

te(0,00)

is the optimal target space for S, and L'14(0,00). If, in addition, ag = ase = 0,

then, thanks to (|1.31)),

fllviom = [ 72 6)s7 s = 1l g % 01t

for every f € 9™ (0, 00), whence Y (0,00) = L%’OO(O, o0) owing to (|1.30)). ]

Remark 2.2.51. If p =¢ =1, ap > 0, e < 0, |ag| + |ae| > 0, then the
rearrangement-invariant function space Y (0, oo) whose associate function norm
satisfies is the optimal target space for S, and LY14(0, 00), where o =
(1,8,1 — 3,0), 8 € (0,1), but [Proposition 2.2.50] does not provide us with a
description of Y (0, 00) in terms of Lorentz—Zygmund spaces in that case.

The final proposition of this subsection is an analogue of |Proposition 2.2.50] in
the case where 5 = 1.

Proposition 2.2.52. Set 0 = (1,1,0,0). Assume that LP9*(0,00) is equivalent
to a rearrangement-invariant function space, that is, the parameters p,q and A =
(v, (o) Satisfy one of conditions (with By = Bs = 0). There is a rearrange-
ment-invariant function space Z(0,00) such that the operator S,: LP%4(0, 00) —
Z(0,00) is bounded if and only if one of the following conditions holds:

e p=q=1 0021, ax <0

e pE(1,00);

e p=00,q=1and oy > 0;

e p=00,q€ (1,00] and aee >1— 1%

Furthermore, if this is the case and we denote by Y (0,00) the optimal target space
for the operator S, and the space LP4*(0,00), then

Ll,l;Afl(O’ 00)7 p=q= 1; Q) Z 1, Ao < 0’.
Y(0,00) = ¢ LP74(0,00),  p€ (1,00);
Lot 1(0,00), p=q =00, ag <0, as > 1.

Proof. If p > 1, we can proceed in the same way as in the proof of |[Proposition 2.2.50)
(we just make use of [Proposition 2.2.41|instead of [Proposition 2.2.40)).
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Assume now that p = ¢ =1, ap > 0 and a < 0. Recall that (L4 (0,00) =
Loo>74((), 00) thanks to (1.30]). It can be readily verified that the assumptions
of |[Proposition 2.2.21| are satisfied if and only if ay > 1; consequently, if p = ¢ =1,
ag > 1 and ay < 0, owing to , the rearrangement-invariant function space
Y (0, 00) whose associate function norm satisfies

1 £lly 0,00 & sup €4 / f*(s)stds for every f € M (0, c0)

te(0,00)

is the optimal target space for S, and LV54(0,00). If ae < 0, by repeating the

same argument as in (2.118)) and (2.119)), we obtain that
11y 0.00) 2 1 f 1] ioocei00,00) B || f | 20r00i-141(0,00)-

Hence Y’(0,00) = L>®*~4+1(0, 00), whence Y (0, 00) = L»#471(0, 00) owing to
(7.30).
If aoe = 0, then

11y 0my & sup €79 / 7 / s &

t€(0,1) s
d
t€(0,1) S
d
~ sup £0tl(t / (s —8
te(0,1)
d
A sup 0~ oao—i—l / f** S
te(0,1)
where we again used the same argument as in (2.118)) and (2.119) and the Hardy
inequality [69, Theorem 1]. O

Remark 2.2.53. Set 0 = (1,1,0,0). If p =g =1, ag > 1, as, = 0, then the
rearrangement-invariant function space Y (0, 00) whose associate function norm
satisfies

1 llyrt0m0 ~ sup €%t / £ for every f € M (0,00)

te(0,1)

is the optimal target space for S, and L%#(0,00). If p=o00, ¢ =1, ap + 1 <0,
Qoo >0, 0r p=o00, q€ (1,00), ag+ % <0, ap >1— %, then the rearrangement-
invariant function space Y (0, 00) whose associate function norm satisfies

1 t
1oy = |77 €41 2) / £ (s) ds for every f € M (0, 00)
0

L4 (0,00

is the optimal target space for S, and L>%*(0, c0). However, [Proposition 2.2.52|
does not provide us with a description of Y (0, 00) in terms of Lorentz—Zygmund
spaces in those cases.
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2.3 Compactness of Hardy-type operators

In this section, we investigate compactness of the operator H,,, between two
rearrangement-invariant function spaces. The results of our effort will come handy
when we study the compactness of certain Sobolev-type embeddings in
Throughout this section, we assume that L = 1.

Since we have , and at our disposal, it is an easy exercise to verify
that H,,,: X(0,1) = Y(0,1) is compact if and only if R, ,,: Y'(0,1) = X'(0,1)
is compact, for the standard proof of the Schauder theorem, which states that
a linear operator between two Banach spaces is compact if and only if its dual
operator (in the classical sense) is compact, can be easily modified to serve
the purpose. To this end, it should be noted that the fact that the operators
H,,, and R, ,, are merely sublinear does not cause any trouble (see the proof of
IProposition 2.3.2). Therefore, the results that we will obtain for the operator H,,,,,
could be easily translated into similar results for the operator R, , ,. However, we
opt not to state them, because we shall not need them at all.

2.3.1 Compactness criteria for H,,,

The following proposition provides a necessary condition for the compactness of
H,,,, between two rearrangement-invariant function spaces. The proof proceeds
along the same lines as that of Slavikova’s result [85, Lemma 4.10], which covers
the case where u =1 and v = 1, but it translates verbatim to our setting.

Proposition 2.3.1. Let || - ||x1) and || - [y be rearrangement-invariant
function norms and v € (0,00). Let u,v: (0,1) — (0,00) be measurable. If
Hy vt X(0,1) = Y(0,1) is compact, then

lim sup ||HU,U,V(fX(O,r))||Y(0,1) =0.

+
r—0 1l x0,1)<1

Proof. First, note that the function (0,1) > 7+  sup  [[Huwo(fX0)|v(0,1)
11l x(0,1)<1
is nonincreasing, and so it is sufficient to show that

(2.121) lim sup ||Hu7v7y(fX(0,rk))||y(071) =0

k=00 | £l x (0.1 <1

for some sequence {ry}>, € (0,1) such that r, — 0 as & — oo. Since
Hy vt X(0,1) = Y(0,1) is compact, it is also bounded; consequently, for every
k € N, there is a function fi € X(0,1), || fe||x(©0,1) < 1, such that

1
2122) s HuwFon)lvon < 1Huwo(ios)lvon + -
11l x 0,1y <1

Furthermore, owing to the fact that the sequence {fyx g, 1 ) }izy is bounded in
X(0,1) and H,,,: X(0,1) — Y(0,1) is compact, there is a subsequence of
{Hu,v,u(ka(o,%))}z; converging to a function h € Y(0,1) in Y(0,1). We may
assume that ]}1_{210 Hu,v,u(ka(o%)) =hin Y (0,1). In particular,

(2.123) kh_{f}o [ Hu o (feX 0,0 Iy 01) = 1Py 0,1)-
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Moreover, we may also assume that {Hu7v7,,(ka(07%))}i‘;1 converges pointwise to

h a.e. on (0,1) (see (1.12)).
Second, observe that h = 0 a.e. on (0,1), Indeed, for every k € N, we plainly
have that Hu7v7,,(ka(07%)) =0on [;5, 1), and so h =0 a.e. on (0,1) thanks to the

pointwise convergence a.e. Consequetly, it follows from (2.123)) that
(2124) kh—>I£lo ||Hu,v,u(fk>(([)%))||Y(0,1) = 0.

Finally, by combining (2.122)) and ([2.124)), we obtain ([2.121]). O]

The next proposition characterizes the compactness of H,,,, from X (0,1) to
Y (0,1) provided that u has absolutely continuous norm in Y'(0,1).

Proposition 2.3.2. Let ||-||x(0,1) and ||-||ly(0,1) be rearrangement-invariant function
norms and v € (0,00). Let u,v: (0,1) — (0,00) be nonincreasing. Assume that u
has absolutely continuous norm in Y (0,1) and 0 < U(t) < oo for every t € (0,1).
Furthermore, assume that uw(17) > 0. The following siz statements are equivalent:

(i) the operator H,,,: X(0,1) = Y (0,1) is compact;

(ZZ) lim sup ||Hu,v,u(fX(O,r))||Y(0,1) = 0}'

+
r—=0 11l x0,1)<1

(ZZZ) hm sup HHu,v,u(f*X(O,r))HY(O,l) = 0,’

+
r—=0 1 fllx0,1)<1

(w) lim  sup |\xonHuvwfllvo1) =0;

+
r—0 IlFllx0,1)<1

(v) lim  sup  ||xon)Huwr([)vo1 =0;

+
r=0 Il fllx0,1)<1

(vi) we have that Yx(0,1) < Y (0,1), where Yx(0,1) is the optimal target space
for the operator H,,,, and the space X (0, 1), whose associate function norm
satisfies

||f||Y>’{(O,1) = ”Ru,v,u(f*)”X’(O,l) fO?" every f € Qﬁ(Oa ]-)

Proof. (i) implies (ii). This follows immediately from [Proposition 2.3.1}

(i4) is equivalent to (iii). This follows from (2.60).

(11) implies (iv). Thanks to the assumption that u has absolutely continuous
norm in Y (0, 1) we have that

(2125) 7}i)I(I)lJr ||UX(077‘)Hy(071) =0.
Fix f € X(0,1) and r € (0,1). We have that

X(0,r) (t)Hu,v,yf(t) < Hu,v,V(fX(O,a)>(t) + X(0,r) (t)Hu,v,ll(fX(a,l))(t>
< Huww (FX(0,0) () +v(@) | £l x0,00x70,0) (1)u(t) x (0 (1)

for every t € (0,1) and every a € (0,1), where we used the monotonicity of v and
the Holder inequality ((1.14). Consequently,

||X(O,T)Hu,v,l/fHY(0,1) S HHu,v,V(fX(O,a)>||Y(O,1)

(2.126)
+v(a)|| fll x0,02x 0,0 (D]wx o Iy o

81



for every a € (0,1). By taking the supremum over all f € X(0,1), || f|lx@©1) <1,
n ([2.126]) and letting » — 0%, we obtain that

(2.127)
hm+ sup ||X(0,T)Hu,'u7yf||Y(0,1) S sup ||HU7'U7V(fX(O:a))||Y(071)
=07 £l x 0,1) <1 11l x(0,1)<1

+v(a)pxio)(1) im [Juxom|lyo1
r—0t

= sup  ||Huwo(FX00)lvo0n
lfllx0,1)<1

for every a € (0, 1), where the equality is true thanks to (2.125)). Inequality
together with (iz) plainly implies (iv).

(iv) is equivalent to (v). This follows from

(iv) is equivalent to (vi). Note that x (o HM y f is a nonincreasing function

for every f € X(0,1) and r € (0,1). By (L.10)), . and (L.7)), we have that

(2128) sup HX(O,T)Hu,v,VfHY(O,l) - sup ||Ru,v,u(g*X(0,r)>||X’(0,1)

11l x 0,1)<1 lgllyr(o,1)<1

for every r € (0,1). It is easy to observe that (2.128)) together with (iv) implies
that Ry, x(0,1) € X'(0,1). Consequently, thanks to [Proposition 2.2.5, Yx(0,1)
is indeed the optimal target space for the operator H,,, and the space X(0,1).
Since

sup HRu,v,u(g*X(O,T)>HX’(O,I) = sup Hg*X(O,T)HY)’((O,l)a
H9||y'(0,1)§1 ||9HY'(0,1)§1
it follows from (2.128) that (iv) is equivalent Y’(0,1) < Y%(0,1), which is

equivalent to (vi) by ((1.23 -
(1v) zmplzes (7). We define an auxiliary linear operator H as

(2.129) Hft) = u(t) ., f(s)v(s)ds, t € (0,1), fe X(0,1).

Clearly, H|f| = Hy.,,f for every f € X(0,1). Using the equivalence of (iv) and
(vi), we know that H,,,: X(0,1) = Yx(0,1) is bounded. In particular, it follows

that H f(t) is well defined for every t € (0,1) and every f € X(0,1), and so H is

a well-defined linear operator on X (0, 1). It is easy to see that (7) will follow once
we prove that H: X (0,1) — Y(0,1) is compact. In order to prove that, we define,
for each r € (0, 1), the linear operator H, as

ﬁrf = X[T,l)ﬁfa f € X(07 1)

Note that (iv) implies that

(2130) 111'(1)1Jr ||H H ||X(0 1 _>y(0 1) O
where || - || x(0,1)-v(0,1) stands for the standard operator norm on the Banach

space of all bounded linear operators from X (0,1) to Y(0,1). Owing to (2.130)),
it is sufficient to show that each operator ﬁ]r, r € (0,1), is a compact linear
operator from X(0,1) to Y (0,1). The linearity is obvious. We shall show the
compactness by proving that, for every r € (0, 1), H, is the limit (in the operator
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norm) of a sequence of (bounded linear) finite-rank operators from X (0,1) to
Y (0,1). Fix r € (0,1). Let ¢ > 0. Since u has absolutely continuous norm
on Y(0,1) and w is nonincreasing, we have that ali)r(r)l+ ©y©1)(a) = 0 because
alg(?+ Yy (a) < u(+,) alirgl+ lux(0,a)llv0,1) = 0. Hence we can find a partition
{a: k=0,1,...,m}, m € N, of the interval [r,;1], r = ag < a1 < -+ < a,, = 1,
such that

(2.131) X e 1) Iy (0,1) <
ko u(r)v (s )pxion (1 —v)

3

for every k € {1,...,m}. Set

Sef = Z ]:]f(ak>X(ak—17ak)v S X(Ov 1)'
k=1

Clearly, S. is linear and of rank at most m. Furthermore, thanks to the Holder
inequality (1.14)) and the monotonicity of v, we have that

(2.132) HIf|(r) < u(r)o(ro) | flxonexon(l =)
for every f € X(0,1), and so S.: X(0,1) — Y(0,1) is bounded because

1S=Flly o) < D HIfar)ey (ax — ar—1) < mH|f|(r) ey (1)

k=1
1 1
< mu(r)v(rv )exo,) (1 =77 )ey o, () fllxon

for every f € X(0,1). Hence S. is a (bounded linear) finite-rank operator from
X(0,1) to Y(0,1). Finally, we have that

”f[r‘f - szHY(O,l) < Z H(flf(t) - ?[f(ak))x(ak—lyak)<t>HY(O»l)

k=1

ICH () ) = H ) @)X o100 )y o

NE

£
Il

1

ICH (7)) = H( ) (k)X (anr,a0 (Dl v 0.1

n
NE

< Z(ﬁ(f+)(ak_1) — H(f ) (@) | X(ap v [y 0.0)
+ Z(ﬁ(f_)(ak_l) — H(fF ) a) X tapr.an Iy 01
< ] 1 c I f:’vf + r ﬁ “r
< u(r)v(ru)¢xl(071)(1—ru)( (fT)r)+ H(f)(r))
‘ N
- 1 1 H r
W Derand =ty W)
< |l fllx

for every f € X(0,1), where we used the fact that H | f| is nonincreasing for every

f € X(0,1), (2.131) and (2.132)). Consequently, 1iI(I)l+ | Hy — Sellx(0,1)-v©0,1) = 0.
e—

Hence H,: X(0,1) — Y(0,1) is compact. O
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Remark 2.3.3. Assume that u = 1. The assumptions 0 < U(t) < oo for every

t € (0,1) and u(17) > 0 are plainly satisfied. The assumption that u has absolutely

continuous norm in Y (0, 1) is equivalent to the fact that lim+ @y (t) =0. By
t—0

(1.20)), the latter is equivalent to the fact that || - ||y (1) is not equivalent to
|/l < (0,1)- Therefore, [Proposition 2.3.2| characterizes the compactness of H,, from
an arbitrary rearrangement-invariant function space X (0, 1) into rearrangement-
invariant function spaces different from L>°(0,1).

When u = 1, we have the following criteria for the compactness of H,, to
L>(0,1). Note that the value of v is completely immaterial.

Proposition 2.3.4. Let || - || x(0,1) be a rearrangement-invariant function norm
and v € (0,00). Let v: (0,1) — (0,00) be a nonincreasing, integrable function.
The following five statements are equivalent:

(i) the operator H,,: X(0,1) — L*(0,1) is compact;

(i) lim  sup [ |f(s)|v(s)ds = 0;

+
T2 £l x 0,1 <1

(1i7) 7nl_i)r(1§1+ Hf”Sup _ fOT f*(s)v(s)ds = 0;
X(0,1)S

(iv) liI(r]l+ |lvx (0.l x70,1) = 0, that is, v has absolutely continuous norm in X'(0,1);
r—

(v) X(0,1) <> Ay (0,1), where V(t) = [J v(s)ds, t € [0,1].

Proof. (i) implies (ii). This follows immediately from [Proposition 2.3.1}

(17) is equivalent to (iii). Unlike the equivalence of (i) and (i) in
sition 2.3.2] where the integration is carried out over an interval “far from 07,
this equivalence is obvious because now the integration is carried out over a
right-neighborhood of 0. Indeed, this equivalence follows immediately from the
Hardy-Littlewood inequality together with the fact that v is nonincreasing.

(i7) is equivalent to (iv). We plainly have that, for every r € (0, 1),

T 1
sup / |f(s)[v(s)ds = sup / [F(s)lv(s)x (0. (5) ds = [loxqmllxo
Il x0,1<tJ0 Il x0,1y<1J0

thanks to ([1.7)).

(1) implies (i). For every a € (0,1), set
ﬁaf = j_v[(fX[a,l))) f € X(07 1)7

where the operator H is defined by with v = 1. By an argument similar
to that at the beginning of the proof of (iv) implies (¢) in [Proposition 2.3.2, it
is sufficient to prove that each linear operator ﬁ[a, a € (0,1), is compact from
X(0,1) to L®(0,1). Fix a € (0,1). We claim that the set {H,f: || fllx1) < 1} is
uniformly equicontinuous on [0, 1]. Let € > 0 be given. Thanks to (iv), which (as
already proved) is equivalent to (7i), there is 0 > 0 such that |[vx .| x/©01) < €
for every r € (0,9). Set

5 = min {%U,l/min{<2%>y_l, 1}5}.
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Let tq,ts € [0,1], t; < t9, be such that ty — t; < 5. We claim that

sup  |Hof(ts) — Hof (11)] < e.

11l x(0,1)<1

Ife < %, then we have that

sup | Hof(t2) = Hof(t2)] < sup /12 £ (s)IXtan)(s)v(s) ds = 0

1l x(0,1)<1 £l x0,1)<1 Sty

1 v
inasmuch as t§ < a. Assume now that ¢; > %-. Observe that

1 1

1 1 1 1 1 a \1-v
£y —t7 < — max {t7 ,1}(t2—t1)§—max{<—1> ,1}(t2—t1)<5,
1% 14

v

whence we have that, by the Holder inequality (|1.14)),

sup  |Haf(ts) — Hof(t)| < sup / F(8)[o(s) ds

11l x0,1)<1 I £l x0,1)<1 StV

< oq) < ,
< ||vx(t1%7t2%)||x (01) < HUX(O’th_tlg)HX (01) <€

11
inasmuch as t§ —t;y < J, where we used the monotonicity of v in the last but

one inequality. Hence {H,f: | /|| x(0,1) < 1} is uniformly equicontinuous on [0, 1].
Furthermore, the set is bounded in C([0, 1]) because

sup  sup ]ﬁ[af(t)] < v(a)pxio1)(1)
£l x 0,1y <1 t€[0,1]

thanks to the monotonicity of v and the Holder inequality . Therefore, by
virtue of the Arzela-Ascoli theorem, the set {H, f: || f]| x(0,1) < 1} is precompact in
C([0,1]), and so it is also precompact in L>*(0,1). Hence H,: X (0,1) — L>(0,1)
is compact.

(i) is equivalent to (v). Note that V is a concave function on [0, 1] such that
V(0T) =0 and V'(t) = v(t) for a.e. t € (0,1). We have that

sup /OT f*(s)v(s)ds = sup /0 7 (s)X(0.r)(s)v(s)ds

1 £l x(0,1)<1 £l x(0,1)<1

= sup 7 (s)X(0,m)(s)dV (s)

I/l x0,1)<1 J/[0,1)

= sup | xon Ao,
1 £l x 0,1 <1

whence the equivalence follows. O

Remark 2.3.5. Should H,, be bounded (compact) from a rearrangement-in-
variant function space to L>(0,1), v has to be integrable because we have that
| HyuX0,1)]|2(0,1) = ||Vl £1(0,1)- Hence the assumption in [Proposition 2.3.4] that v
is integrable is not restrictive at all.
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2.3.1.1 Particular examples

In this short subsection, we shall address the question of when the operator H,,,
with v(t) =t t € (0,1), v € (0,1), is compact between two Lorentz—Zygmund
spaces. We will make use of the following characterization of almost-compact
embeddings between two Lorentz—Zygmund spaces. Assume that pi, g1, p2, g2 €
[1,00], ay,B1, a2, B2 € R are such that LPrai9181((,1) and LP2®i*252(0, 1) are
equivalent to rearrangement-invariant function spaces, that is, the parameters
satisfy one of conditions (1.29). We have that (|85, Proposition 7.12] and [75]
Theorem 4.5], cf. [58, Theorem 3.12])

Lpthal:Bl (O, 1) 4 LP2,Q2;a2762 (07 1)

if and only if one of the following conditions is true:

(2.133)
( p1 > p2;
p1 = p2 < 00, oz2<041+min{qi1—qi2, };
P1 = pa < 00, ozgzozl—l—min{q%—q%,O}, 52<ﬁ1+min{q%—q%,0};

p1=p2 =00, Qg+ = <ay+

Pr=p2=00, 1 <o, a1+ =as+ =0, fot - < B+
Pr=pr=00, 1 <@, a1+ =+ - <0, B2 < B
PL=pa=00, 1 > o, a1+ - =ao+ -, fot oo <Pt

\

In light of [Section 2.3.1} it is not surprising that (2.133)) will come in useful while
we characterize the compactness of H,, between two Lorentz-Zygmund spaces.

Proposition 2.3.6. Let v € (0,1) and v € (0,00). Assume that LP*1:°1(0,1)
and LPQ’%O‘QWB(O, 1) are equivalent to rearrangement-invariant function spaces,
that s, the parameters satisfy one of conditions . The operator
H,,: LPraien((,1) — LP292020(0,1) is compact if and only if one of the following
conditions holds:

e pi=q=1,0,>0,v+v>1and

*p2<ﬁ0r

_ v
*p2—1,7;0¢2<041 or

*p22ﬁ7&2:a17ﬁ<0;

. plzmax{l,,y—iy}, ¢1=1,a,>0,v+v <1 and
* pr=qga=1,0<ay <y or
x*xpp=@=10=a <a, §>0o0r

xpp=@=10<a=aua,<0;
e m=-5,q€ (oo, ar>1— - y+v<1land

*p2:q2:1,0<a2<a1—1+qi1 or
* pp=q =1, a2=0and >0 or
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* Py =qo =1, oz2:oz1—1—|—qil and6<—1+qi1;

e pE (max{l,wr } l) and
* P2 < 15;;7 or
*pp=1hs e <art mm{— - q%,O} or
* Py = ﬁ;’iw Qg = +m1n{ L 0} B < mln{— - 70}7‘

_ 1
. p1—;;

041<1—qi1 and

* Pg < 0O Or

*pgzoo,oz2+qi2<oz1+i—10r
*pgzoo,ag—i—q%: +——1 6<m1n{——1,0};

. p1=l

7,al:l—qil and

* Pg < 00 OT

* pg = OQ, a2+—<00r
*pQ:OO7a2+_2:075+L2<_1+q%;

o cither p; = —, 041>1——1 0rp>—

Proof. Thanks to [Proposition 2.2.43| we have that H,,: LP»7:*1(0,1) — Z(0, 1),
where

(L™ 0,1), pr=qi=1,a1>0,7+v>1or
p1€(17l) y+v>1or
ple(}ﬂ, 7) T+Hr <l

LV (0,1), =g a=1a20y+v<l

LU= 1),  p = vﬁ’ ¢ € (1,0], a1 >1— q%, v <l1;

Z(O’ 1) - 00,q1;01—1 1
L 7q1i 11 (?71)7 p1:770é1<1—q—1
L°°7Ql7*ﬁv* (07 1)7 p1 = ,77 q1 € (1 OO] a1 = 1 q_1
L*>(0,1), plzi,a1>1—qilor
pr=75a=10a2>0o0
1
L D1 > )

and the space Z(0,1) is the optimal target space for H,, and LP9*1(0,1).
In the cases where Z(0,1) # L*(0,1), the assertion follows from
(see also [Remark 2.3.3) combined with save for the case
where p; = € (1,00}, a; > 1 — qll, v+ v < 1. In that case, we need

#7 q1

to know when LI-ae1=1)(0 1) < Lp2@:028(( 1), which can be obtained from

[58, Theorem 3.29]. If p = L ¢ =1, oy = 0, then Z(0,1) = L>(0,1), but
v

H,,: L%’l(O, 1) — L*°(0,1) is not compact owing to [Proposition 2. 3 4 inasmuch

—1+ _ 3 = - =

as [t x0,0) (¢ )||Lm o = 1 for every a € (0,1). If either py = 2, oy > 1 q1
* 1

or p; > %, then LP14:e1(0,1) < L7'(0,1), and so H,,: LPrae(Q, 1) — L>(0,1)

is compact owing to [Proposition 2.3.4{ O]
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2.3.2 Almost-compact embeddings versus fundamental
functions

As we have seen in [Section 2.3.1} compactness of H,, ,, between two rearrangement-
invariant function spaces is closely related to the relation of almost compact

embeddings. We know that

(2.134) X(0,1) < Y(0,1)
implies

t
(2.135) lim 2000

-0+ ©x(0,1)(t)

When both X (0,1) and Y (0,1) are Lebesgue spaces (or, more generally, two-
parametric Lorentz spaces), then (2.135)) is also sufficient for (2.134]). It might be
tempting to think that (2.135)) guarantees ([2.134]) in general. However, it is well

known that it is not the case. When we consider general rearrangement-invariant
function spaces, we may find X (0,1) and Y'(0,1) in such a way that is
satisfied but X (0, 1) is not embedded in Y(0, 1) at all. For example, this is the case
when X (0,1) = L2°4(0,1) and Y (0,1) = L%(0,1) ([75, Theorem 4.5]). However,
such a (counter)example is not particularly satisfactory, because X (0, 1) is not
even included in Y'(0,1). Nevertheless, it is known that, when X (0,1) and Y(0, 1)
are Orlicz spaces, guarantees that X(0,1) — Y(0,1), but it does not
necessarily guarantee that the embedding is almost compact (see [55, Chapter II,
§13], [79, Section 4.12]); therefore, when general rearrangement-invariant function
spaces are considered, it may happen that X (0,1) — Y(0,1) and is
satisfied, and yet the embedding X (0,1) < Y (0, 1) is not almost compact.

In this subsection, we investigate the question of how to “fundamentally enlarge’
a given rearrangement-invariant function space to a bigger rearrangement-invariant
function space in such a way that the resulting embedding is still not almost
compact. The results that we will obtain in this subsection can be used to
produce various (counter)examples related to compactness in the framework of
rearrangement-invariant function spaces.

First, we consider the situation where X (0,1) is a Marcinkiewicz space. The
following elementary proposition concerning concave functions shows that every
Marcinkiewicz space (not equivalent to L' or L>) can be enlarged to a strictly
bigger Marcinkiewicz space without making the resulting embedding almost
compact.

Y

Proposition 2.3.7. Let ¢: [0,1] — [0,00) be a nondecreasing, concave function
vanishing only at the origin. Assume that

t

(2.136) Jim 5 =0

and

(2.137) tlirg}r ©(t) = 0.

There is a nondecreasing, concave function 1: [0,1] — [0, 00) vanishing only at
the origin such that ¥ < ¢, litrgggf % =0 and ligﬁgp % = 1.
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Proof. We shall find, by induction, two sequences {tx}7°,, {7 }32, of positive
numbers converging to 0 such that, for each k € N,

b1 < T < tp,

— p(t tr) — p(t
(2.138) o(7) — p(trs1) < gk+1 p(te) — ¢l k-i—l),
T — tht1 le — tet1
(2.139) plten) <27 o(m).
Set t; = 1. Assume that we have already found ¢q,...,%; and 71,..., 7.1 for
some k € N. By (2.136)) there is 75, € (0,%) such that %Z’“) > 2’““%:“). Since

lim £0=2® — €0 by [BT37), there is tpy1 € (0,7) such that Sl >

t—0+ Tkt T —lk+1

2’““@. Moreover, we can find that ¢, in such a way that p(t,,1) < 275 1o(7)

k
thanks to (2.137) and the fact that ¢(7g) # 0.
Clearly tpy1 < 7 < tp and tpyq < 2% Since ¢ is concave, we have that

o(tx) > ‘P(tk)*@(tk+1)' Hence (1) —p(te+1) S ok+l o(tr)—p(tr+1)
) tg - te—tk+1 Th—tk+1 te—tk41
inductive step.

We define the function 1: [0,1] — [0,00) as

. This completes the

tk—tk+1

o(t) = Ptpr) + el ¢ )t e (to, ], k€N,
0, t=0.

Note that, since ¢ is concave and nondecreasing, so is 1. Clearly, (1) = o(tx)
for each k£ € N. Furthermore, since ¢ is concave and vanishes only at the origin,
Y(t)

we have that 0 < ¢ < ¢ on (0, 1]. Hence lim sup o0 = L
t—0t

Finally, for each k£ € N,

W) Ptk + 2l (g, )

_ te—tk+1
(7k) (7x)
P(te1) + Tk_l%i(ﬁm(% — tpt1)
B o(7k)
(=2 Ut + 27 ()
(7k)
< 27]690(7-]6) — 2—]{:’
o (7k)
where the first and the second inequalities follow from (2.138)) and ([2.139)), respec-
tively. Hence lim inf vl — g, O]
t—0t e(t)

Corollary 2.3.8. Let ¢: [0,1] — [0,00) be a quasiconcave function satisfying
([2:136) and ([2.137)). There is a nondecreasing, concave function v [0,1] — [0, c0)
vanishing only at the origin such that M,(0,1) C My(0,1), but the embedding
M,(0,1) — My(0,1) is not almost compact.

Proof. Let ¢ be the least concave majorant of ¢, which satisfies %& <p <o (8
Chapter 2, Proposition 5.10]). We plainly have that

M,(0,1) = M(0,1).
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Let 1 be the function from [Proposition 2.3.7 associated with ¢. Since ¢ < ¢ and

lim 1£1f ZE? = 0, we have that
t—0

M,(0,1) & My(0,1);

however the embedding M, (0,1) < M,(0, 1) is not almost compact due to ([1.24),
»@) _

for hin g}rlp 0 = 1. O]

Remark 2.3.9. Assumptions (2.136)) and (2.137) amount to the fact that

M,(0,1) # L>(0,1) and M,(0,1) # L*(0,1) (recall (1.20) and (1.21))). Therefore,

those assumptions are completely natural in light of (1.25)) and ((1.26)).

Although the Marcinkiewicz space My (0, 1) constructed in [Corollary 2.3.8|
was such that M,(0,1) C My (0,1) and the embedding was not almost compact,

My(0,1) was not “fundamentally larger” than M, (0, 1) inasmuch as lim sup @8 >
t—0t

0. However, that is hardly surprising, because it can be easily seen that m
implies when both spaces in question are Marcinkiewicz spaces. Therefore,
if we are to “fundamentally enlarge” M, (0, 1) to a rearrangement-invariant function
space Y (0,1) in such a way that the embedding M, (0,1) < Y(0, 1) is not almost
compact, Y(0,1) must not be a Marcinkiewicz space. This brings us to the
following theorem, which is inspired by [42, Example 3.4]. Before we state it, we
need to introduce the notion of slowly varying functions. We say that a continuous
function b: (0,1) — (0,00) such that 0 < litrgligf b(t) < limsupb(t) < oo is slowly

1~
varying near 0 if for every ¢ > 0 there is ¢y € (0,1) such that the functions

t +— t°b(t) and t — ¢t °b(t) are nondecreasing and nonincreasing, respectively, on
the interval (0, ).

Theorem 2.3.10. Assume that ¢: [0,1] — [0,00) is a quasiconcave function
satisfying

(2.140) %/0 (L % for every t € (0,1).

Let n be a positive, measurable function on (0,1) such that

(2.141) / (s)

(s)
(2.142) / (L ds < oo for everyt € (0,1),

ﬁ

ds < p(t) for everyt € (0,1),

<)
3

S

(2.143) /0 % —

Furthermore, assume that the function b: (0,1) — (0, 00) defined as

3

d

M0:1+L4H%d&temﬂx

is slowly varying near 0, and that
n(t
T / &(s)ds  for every t € (0,1),
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where £ is some positive, continuous function on (0,1) that is equivalent to a
nonincreasing function. Finally, assume that

¢ ¢
(2.144) L/ £(s)b(s) ds 5/ b(s)ds for every t € (0,1).
&(t) Jo 0
The functional || - ||y, defined as
(s)
(2.145) I fllyion) = sup —— / P55 s, £ em0.1),
te(0,1) (s)

is equivalent to a rearrangement-invariant function norm and we have that

M,(0,1) < Y(0,1) and linrr%’g))m = 0, but the embedding is not almost
t—0

compact.

Proof. We start off by observing that the functional defined by is indeed
equivalent to a rearrangement-invariant function norm, and so we are entitled to
denote the corresponding rerrangement-invariant function space by Y'(0,1). Set
b~' = 1. Note that we have that

1 flly.1) = H/t fr(s) S;Ej)) ds

for every f € M*(0,1),

Loo00b™1(0,1)
where the functional || - || oo g1y 18 defined as
1F [l o=t 00y = sup b ()f7(t), f € MT(0,1).
t€(0,1)
The functional || - || Looceiv—1(g,1) 18 equivalent to a rearrangement-invariant function

norm (see [77, Theorem 3.26]), and so we are entitled to denote by L>>""(0,1)
the corresponding rearrangement-invariant function space. Furthermore, assump—
tion guarantees that the supremum operator T¢, defined by (2.17] -
bounded on L>°%0"1(0,1) owing to [46, Theorem 3.2]. Therefore, the functlonal
|- ly(0,1) is indeed equivalent to a rearrangement-invariant function norm by virtue
of [Proposition 2.1.3|

We now turn our attention to the relation between the Marcinkiewicz space
M,(0,1) and Y'(0,1). Note that M,(0,1) < Y'(0,1). To this end, note that, since

p satisfies (2.140)), we have that

(2.146) [ f1122000,1) = S}IP) p(t)f*(t) for every f € M(0,1)
te(0,1

(see [72] Lemma 2. 1]) therefore, it is sufficient to verify that < > €Y(0,1), which is

easy (recall ( and ( m

Next, we clann that

t
oy (t) S % for every t € (0, 1).
Indeed, thanks to (2.141)) and the fact that the function b is nonincreasing, we
have that

©y(0,1)(t) = sup L )/u ;j((j)) ds < b(l)/ o(s) ds < Sp(t)‘




Hence liH}r w;+§;(0 = 0 thanks to (2.143]).
t—0

Finally, in order to prove that the embedding M,,(0,1) < Y(0,1) is not almost
compact, we consider functions f; € 9 (0,1), k € N, such that

0. 1€ (0.1)

) |
fi(t) = @X(o,%)(t) + -

Note that the set M = {fi: k € N} is bounded in M, (0, 1), for, thanks to (2.146),

1
ka|’M¢(0,1) ~ max{ sup (t), sup _<P(t)} =1,

@(%) te(0,1) te(£,1) p(t)

where the equivalence constants are independent of k. However, we claim that
M does not have uniformly absolutely continuous norm in Y'(0,1). Let 6 € (0,1).

Owing to (2.143]) and ([2.142)), we can find k£ € N large enough that

1
— <4
P
1
(2.147) b(%) < 2/ g
1 1(s)
| L
(2.148) /—dsZQ/ ——ds.
1 7(s) s 1(s)
Hence
1 /01 1 i1
1 fExosllvon 2 sup / ds > / as
kX (0.0) 1Y (0,1) et 0(t) Ji n(s) b (%) Jr n(s)
1 1
>1f 1d 1f%$ds—f6$ds
(2.149) _211d =3 T
f n(s § f%@ s
1
>1f ey 48 __f 77(15 ds_l
— 1 1 - )
P e 4

where the last but one inequality is valid thanks to (2.147) and the last one is
true owing to (2.148]). Since § € (0, 1) was arbitrary, (2.149)) implies that M does
not have uniformly absolutely continuous norm in Y (0, 1). [

Remarks 2.3.11.

(i) Since the question of whether a rearrangement-invariant function space is
(almost compactly) embedded in another one is invariant with respect to
equivalently renorming the spaces, [I'’heorem 2.3.10| can be used even when
the function ¢ is merely equivalent to a quasiconcave function on [0, 1].

(ii) Since [Theorem 2.3.10| has a large number of assumptions, it is worth noting
some concrete, important examples of functions that satisfy them.

o If p(t) = t(t)? with a € (0,1) and B € R, then we can take n(t) = t,
b(t) = £(t) and &(t) = t~L(t)~"
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o If p(t) = £(t)? with 8 < 0, then we can take n(t) = té(t), b(t) = £L(t)
and £(t) = ((t)~.

In each of the two cases, the function ¢ is equivalent to a quasiconcave
function on [0, 1], and ¢ together with the functions 7, b and ¢ satisfies the
assumptions of [I'heorem 2.3.10, Moreover, these examples illustrate how to
use [Theorem 2.3.10 when ¢ has the form ¢(t) = t*b(t), where a € [0, 1) and
b is a slowly-varying function near 0, which is often the case.

The next proposition is a general guideline on how to fundamentally enlarge a
rearrangement-invariant function space without making the resulting embedding
almost compact.

Proposition 2.3.12. Let Z,(0,1) and Z5(0,1) be rearrangement-invariant func-
tion spaces. Assume that lim 222000 _ g g Z1(0,1) € Z5(0,1). Set Y(0,1) =

t—0+ ¥Z1(0, 1 (t)

(Z1(0,1) N Z4(0,1)). We have that lim 22@2%D — 0 gnd Z,(0,1) — Y(0,1), but

t—0+ PZ1(0,1 )( )
the embedding is not almost compact.

Proof. By combining (1.9) and (1.15)), we obtain that Z;(0,1) < Y (0,1). Fur-

thermore, since ¢y (0,1) = max{©z(0,1), z)0,1)}, we have that

t / t / t t
lim pron®) _ o z0n0) < lim pzi00(1) _ lim vz 00 () _ 0.
t—0t $7,(0,1) (t) t—0t ©Y’(0,1) (t) t—0t QpZé(O,l) (t) t—0t 9021(071)@)
where we used (1.18)).

We would like to show that Z;(0, 1) is not almost-compactly embedded in
Y (0,1), which is equivalent to showing that Z7(0,1) N Z5(0,1) is not almost-
compactly embedded in Z{(0,1) thanks to (L.15). Owing to (1.15), we have that
Z5(0,1) € Z1(0,1); hence the embedding Z(0,1) N Z4(0,1) < Z;(0,1) is not
almost compact by virtue of [42, Lemma 3.7]. O

Remark 2.3.13. If at least one of the spaces Z1(0,1) and Z5(0,1) in
tion 2.3.12| has absolutely continuous norm, then Y (0,1) = Z,(0,1) + Z5(0, 1) ([8,
Chapter 3, Exercise 5]).

A large number of rearrangement-invariant function spaces are particular
instances of Lorentz A spaces. The following two theorems can be used for
fundamentally enlarging a Lorentz A space.

Theorem 2.3.14. Let g € (1,00). Letv: (0,1) — (0 o0) be a measurable function
such that V(t) < oo for every t € (0,1), where V(t fo s)ds, t € (0,1), that
satisfies

t
V(t)q,_l/ sTu(s)V(s)™7 ds <t9 for every t € (0,1).
0
Set Z(0,1) = A(v). Letr € [1,q). Assume thatw: (0,1) — (0,00) is a measurable

function such that W (t) < oo for every t € (0,1) that satisfies (1.32) with v and
q replaced by w and r, respectively,

S

(2.150) lim ()
t—0t+ V(t)

=0

S
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and

(2.151) /01 (%g)qqrv(t) dt = oo

Set Y (0,1) = A9(v)+A"(w). We have that lim 27 08 — 0 and Z(0,1) = Y(0,1),

t—0+ PZ(0,1) @)

but the embedding is not almost compact.

Proof. The assertion will immediately follow from [Proposition 2.3.12| with
Z1(0,1) = A9(v) and Z5(0,1) = A"(w) once we verify its assumptions. Note
that AY(v) and A"(w) are equivalent to rearrangement-invariant function spaces

(see ([1.32))). Assumption (2.151)) is equlvalent to the fact that Zl(R 1) L Zy(R, )
by [90, Proposition 1]. Since ¢z, 0,1) ~ Vi and ©72(0,1) R W, we plainly have

that lim £2200Y _ o thanks to (2.150)). It only remains for us to observe that

o0k #2100

Z1(0,1) has absolutely continuous norm. Indeed, owing to [82, Theorem 1]
combined with ([1.10]), we have that

1 q
19" X (0.0) 17 (0,1) = (/ (9" X0w) OV ()T o(t) dt)
0
+v<1)q/ ' (t) dt
0

for every g € Z1(0,1) and a € (0,1), whence the claim follows thanks to the
Lebesgue dominated convergence theorem. O]

The final theorem of this subsection is an analogue of [[’heorem 2.3.14|in the
case where ¢ = oo

Theorem 2.3.15. Let v: (0,1) — (0,00) be a measurable function such that
ve L>®0,1) and

1t
sup 0(t)- | ——=ds < o0,
t€(0,1) o U(s)

where v(t) = esssupv(s), t € (0,1). Set Z(0,1) = A®(v). Let r € [1,00). Assume
s€(0,t)

that w: (0,1) — (0,00) is a measurable function such that W (t) < oo for every

t € (0,1) that satisfies (1.32)) with v and q replaced by w and r, respectively,

W (t)r

=0
ot 0(t)

and

/01 5(t)"w(t) dt = co.

Set Y(0,1) = A®(v) + A"(w). We have that lim 220 y(t

)
t—0+ PZ(, 1)( )
Y (0,1), but the embedding is not almost compact.

=0 and Z(0,1) —
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Proof. The theorem can be proved in a similar way to [I'heorem 2.3.14] We just
note that (cf. [44, Lemma 1.5])

| fllac () = esssup f*(t)0(t) for every f e M™(0,1),
te(0,1)

is a positive, nonincreasing function on (0, 1),

l9llz7 01y =  sup / fr(t)g™(t)dt = / g~ (t) dt for every g € 9M7(0,1)
11l z0,1,<1 Jo o O(t)

and so, since

S =

thanks to (1.10). O

[Theorem 2.3.14] and [Theorem 2.3.15| combined with straightforward computa-
tions yield the following particular examples.

Corollary 2.3.16. Let p,q € (1,0], o, B € R, and r € [1,q). Set

L0, 1), p € (1,00);
Z(Oa 1) = LOO,q;a(O’ ]-)’ P =00, a+ % < O;'
L%5P(0,1), p=oo,a+l=08+1<0,

and
7—ir’;;’l“,, p € (1,00);
Z(0.1) + LP" a7 (0, 1 1
Y(0,1) = Z(0,1) + Lo"F a0 (0,1),  p=oo, a+l<0;
Z(O, 1) + Loo,r;—%vﬁ-f'g_?vg_?(o, 1)’ p =00, a+ é — 0; 6 +§ < 0.

We have that Z(0,1) — Y (0,1), lim £ren® 0, but the embedding is not almost
150+ $20,1)()

compact.
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3. Classical operators of harmonic
analysis and optimality

The question of when classical operators of harmonic analysis on R", such as
the Hardy—Littlewood maximal operator, various fractional operators or singular
integral operators, are bounded between various function spaces has been studied
for decades (e.g. [87, 89, [70, [7T], B4, 82, 16 22] 43, 1], to name some classic
references). In this chapter we shall focus on the sharpness of such results within
the class of rearrangement-invariant function spaces.

We say that a rearrangement-invariant function space Y (R") is the optimal
target space for an operator T' and a rearrangement-invariant function space X (R")
if T: X(R") — Y(R") is bounded (in particular, T" is well defined on X (R")) and
Y(R") — Z(R") whenever Z(R") is a rearrangement-invariant function space
such that 7: X(R") — Z(R") is bounded. We say that a rearrangement-invariant
function space X (R") is the optimal domain space for an operator T and a
rearrangement-invariant function space Y (R") if 7: X(R") — Y (R") is bounded
(in particular, T" is well defined on X (R")) and Z(R") — X (R™) whenever Z(R")
is a rearrangement-invariant function space such that 7: Z(R") — Y (R") is
bounded.

3.1 The Hilbert and Riesz transforms

The Hilbert transform H on R is a textbook example of a singular integral operator
with odd kernel (this statement, while subjective in nature, is “proved” by the
fact that E.M. Stein used the Hilbert transform to illustrate the theory of singular
integrals in [87, Chapter 2]) . The Hilbert transform is defined as

Hf(z) = L im / f(t)t dt, z € R,

T e—0+ $—t|2€ xr —
for those locally integrable functions f on R for which the limit exists for a.e. z € R.

Analogues of the Hilbert transform in R", n € N, n > 2, are the Riesz
transforms R;, j € {1,2,...,n}, that are defined as

[ (z; —y;)f(v)
. — 1 J J
R;(w) TWn_1 e |z — y|"H!

dy, = € R",

|lz—y|>e

for those locally integrable functions f on R™ for which the limit exists for
a.e. ¢ € R”, where w,,_; denotes the volume of the unit ball in R*'. For
both of these transformations an (in a sense) sharp pointwise estimate on their
rearrangements is known.

More generally, let T" be the singular integral operator defined as

Tf(z) = lim Qz -y fly)

e—0* |lx—y|>e |£L‘ - yln

y, v € R",

where €2 is an odd function on R™, which is not identically zero, that is homogeneous
of degree zero, that is, Q(ax) = Q(z) for every a € (0,00) and every z € R", and
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that satisfies the following “Dini condition” (cf. [87, p. 39]):

1
/@d§<oo,
o O

where w(§) = sup |w(z) —w(y)|, 6 € (0,1). Furthermore, let 7 be the
le—y|<d
|zl=|y|=1

corresponding maximal operator, that is,

e>0

—sup‘/ )f()dy x € R"™
lz—y|>e |JI - y|n

The Hilbert and Riesz transforms are particular instances of such singular integral
operators (2(x) = 77 and Qx) = #jlkr\’ respectively). Throughout this section,
T and T denote a singular integral operator and its corresponding maximal
operator, respectively, as above.

It is known (6, Theorem 16.12], cf. [6, Theorem 16.6], [74, Section 3]) that T
is well defined, that is, the limit exists (and is finite) for a.e. x € R™, for every
locally integrable function f on R™ such that

(31) [ rwas [Tro¢

and, for such functions, we have that

(3.2) (Tf) () < t/f @+/ (s 2

for every t € (0, 00), where the multiplicative constant depends only on 2 and n.
Moreover, we have that ([21], p. 55], cf. [83] Lemma 2.1]), for every nonincreasing
function g € M (0, c0) satisfying with f* replaced by g, there is a locally
integrable function f on R™ that is equimeasurable with g (and so f also satisfies

E1)) and
(3.3) / (s ds+/ (s S(Tf) (t) for every t € (0,00),

where the multiplicative constant depends only on §2 and n.

We shall utilize pointwise estimates and to characterize optimal
rearrangement-invariant function spaces for 7" and 7. It should be noted that
the optimal target space for the Hilbert transform H within the class of certain
symmetric quasi-Banach function spaces was obtained in a somewhat implicit
form in [92]. Furthermore, the optimal rearrangement-invariant function spaces
for the Hilbert transform H and the Riesz potential I, which we shall study in
the next section, were also obtained in the author’s Master’s thesis [65] by ad hoc
methods.

Having the pointwise estimates at our disposal, we can make the following
useful observation.

Proposition 3.1.1. Let X(R") and Y (R") be rearrangement-invariant function
spaces. Let S, be the Calderon operator S, defined by (2.19)) with o = (1,1,0,0)
(and so m = 1). The following four statements are equivalent:
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(i) T: X(R") = Y(R") is bounded;

(it) T: X(R") = Y(R™) is bounded;
(iii) Sy: X(0,00) = Y (0,00) is bounded;
(iv) S,:Y'(0,00) = X'(0,00) is bounded.

Proof. (i) implies (i1i). Assume that T: X(R") — Y (R") is bounded. In partic-
ular, T is well defined on X (R"). We would like to show that S,: X (0,00) —
Y (0, 00) is bounded. Owing to (2.20)), it is sufficient to show that

(3.4) 152(9") Iy 0,00 S l19llx(0.00)  for every g € (0, 00).

Let g € 9T (0,00). There is a function f € M (R") such that f* = g* ([8,
Chapter 2, Corollary 7.8]). Let {fr}?2; be a sequence of nonnegative simple
functions on R™ such that f; 7 f, k — oco. Since fi, k € N, are simple functions,
they satisfy ; hence we have that

Se(fi)(t) S (Tfe)"(t) for every t € (0,00) and every k € N
thanks to (3.3). Consequently, we have that

156 (fi) v 0000 S T fi) "Iy 0,000 = 1T fiellymem)
(3.5) S ellx@ny < 1 lx @
= llgllx©,00)

for every k € N. Desired inequality now follows from (3.5 combined with
the monotone convergence theorem and the fact that (fy)* 7 f* = ¢*, k — 0.

(7i1) implies (i). We first observe that is satisfied for every f € X(R"),
and so T'f is well defined on X (R™). Indeed, thanks to the boundedness of S,,
we have that

155 (f )y 0,000 S N1f I x(0,00) < 00 for every f e X(R"),

whence S,(f*)(t) < oo for every t € (0,00) owing to and the fact that
Sy (f*) is nonincreasing. In particular, S,(f*)(1) < oo for every f € X(R"). The
fact that T: X(R") — Y(R™) is bounded now follows immediately from (i)
combined with (3.2)).

(1) is equivalent to (iii). This can be proved in the same way as the equivalence
of () and (éi7), and so we omit the proof.

(7i1) is equivalent to (iv). Since ¢’ = o, where ¢’ is defined by , this
follows immediately from [Proposition 2.2.20] m

The following theorem describes the optimal target space for T" and T.

Theorem 3.1.2. Let X(R™) be a rearrangement-invariant function space such

that
(3.6) n € X'(0,00),
where
e 1
(3.7) n(t) = log <¥>X(o,1)(7f) + ;X[l,oo)<t)7 t € (0,00).
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The rearrangement-invariant function space Y (R™) whose associate function norm

is defined as
£ lyr0.000 = I1So (f )| x7(0,00) | € MT(0, 00),
where o = (1,1,0,0), is the optimal target space for the operator T' and the space
X (R™).
Moreover, if is not satisfied, then there is no rearrangement-invariant
function space Z(R™) such that T: X (R™) — Z(R™) is bounded.
Finally, exactly the same holds when T is replaced by T .

Proof. |Proposition 3.1.1| tells us that Y (R") is the optimal target space for the
operator T" and the space X (R") if and only if Y (0, c0) is the optimal target space
for the operator S, and the space X (0,00). Consequently, the theorem follows
from [Proposition 2.2.21| (note that o = o). O

When X (R") is a Lorentz—Zygmund space, the optimal target space for T (or T)
and X (R™) reads as follows. We obtain the result by combining [Proposition 3.1.1|
and |Proposition 2.2.52]

Theorem 3.1.3. Assume that || - ||pras(0,00) @5 equivalent to a rearrangement-
invariant function norm, that is, the parameters p,q and A = (o, ) satisfy one

of conditions (1.28)) (with By = Be = 0). We have that
T: LP4(R™) — Y (R™)

s bounded, where

\

(LVEA-LHRY),  p=qg=1,ay>1, as <0;
Y1(R™), p=qg=1,00>1, s = 0;
v JUTERL pe(1oo)
LA LR p=gqg=00, ap <0, ag > 1;
Y5(R™), p=00,q=1, a0+1<0, axe >0 or
p=00,q€ (1,00), oz0+%<0, Qoo >1—1

q}

where Y1(R™) and Y3(R™) are the rearrangement-invariant function spaces whose
associate function norms satisfy

— * > *ok dS
£l = sup €00+ [ 1767
1

te(0,1)

1 t
g0 = 7 €400 [ 57(s)ds
0

L7 (0,00)

for every f € 9MT(0,00). Moreover, Y (R™) is the optimal target space for T and
the space LP%A(R™). Furthermore, if p=q =1, ap € [0,1), as <0, or p = o0,
g=1,00+1<0, ap, <0, orp=00, q € (1,00), ao+%<0, aoogl—%, or
p=q=00, ayg <0, ay < 1, then there is no rearrangement-invariant function
space Z(R™) such that T': LP44(R™) — Z(R"™) is bounded.

Finally, exactly the same holds when T is replaced by T .

The following theorem describes the optimal domain space for T" and T .
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Theorem 3.1.4. Let Y(R") be a rearrangement-invariant function space such
that

(3.8) n € Y(0,00),

where 1 is defined by (3.7). The rearrangement-invariant function space X (R™)
whose function norm is defined as

1£llx 0000 = 195 (f) Iy 0.00), f € MT(0,00),

where o = (1,1,0,0), is the optimal domain space for the operator T and the space
Y (R™).

Moreover, if s not satisfied, then there is no rearrangement-invariant
function space Z(R™) such that T: Z(R") — Y (R") is bounded.

Finally, exactly the same holds when T is replaced by T .

Proof. |Proposition 3.1.1| tells us that X (R™) is the optimal domain space for the
operator 7" and the space Y (R") if and only if X (0, 00) is the optimal domain
space for the operator S, and the space Y (0,00). Consequently, the theorem
follows from [Proposition 2.2.19, O

When Y (R") is a Lorentz—Zygmund space, the optimal domain space for T" (or
T) and Y (R™) reads as follows. We obtain the result by combining|Proposition 3.1.1]
and [Proposition 2.2.48|

Theorem 3.1.5. Assume that || - || pan(000) 5 equivalent to a rearrangement-
invariant function norm, that is, the parameters p,q and A = (ap, (i) satisfy one

of conditions (1.28)) (with By = Be = 0). We have that
T: X(R") — LPA(R™)
18 bounded, where

le,l;AJrl(]Rn)’ p=14qg=1 0020, apc +1<0;
LPEA(RD), p € (1,00);
LA U (R™), p =00, g€ [1,00), ag+ 1+ 1 <0, as+2>00r

X(R") =
&) p=q=00,0ap+1<0, a,, >0;
X1 (R™), p=00,q€[1,00), ag+1+21<0, ap+21<0o0r
\ p:q:OO,O{()‘I—lSO,OéOOSO,

where X1(R™) is the rearrangement-invariant function space whose function norm
satisfies

for every f € MT(0, 00).
L4(0,00)

111 x100.00) & Ht_%fA(t) /too f(s)s™ ds‘

Moreover, X (R™) is the optimal domain space for T and the space LP94*(R™).

Furthermore, if p = q =1, ag > 0 and ay € [—1,0], or p = 00, ¢ € [1,00),
ap € [-1— %, —é), orp=q=00, ag € (—1,0], then there is no rearrangement-

invariant function space Z(R™) such that T: Z(R™) — LP94(R™) is bounded.
Finally, exactly the same holds when T is replaced by T .
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We conclude this section with the following observation.

Proposition 3.1.6. If X(R"™) is a rearrangement-invariant function space such
that T: X (R™) — X(R") is bounded, then X (R™) is the optimal partner space for
T, that is, X (R™) is the optimal domain space for the operator T and the space
X(R™) and, simultaneously, X (R™) is the optimal target space for the operator T
and the space X (R™).

Moreover, exactly the same holds when T is replaced by T .

Proof. Assume that T: X(R") — X(R") is bounded. Let Y(R") and Z(R")
be rearrangement-invariant function spaces such that 7: X(R™) — Y(R") and
T: Z(R") — X(R") are bounded. We need to show that X(R") — Y (R") and
Z(R™) — X(R™). Thanks to |[Proposition 3.1.1} we know that S,: X (0,00) —
Y (0,00) and S,: X'(0,00) — Z'(0,00), where ¢ = (1,1,0,0), are bounded.
Consequently, we have that

1 Iy 0,000 < [1F v 0.00) < 1S (f )y 0,00) S 111 x(0,00)

and that

11l z0,00) < 1M z20,00) < NSo(F ) z00,00) S ISl x7(0,00)

for every f € MM*(0,00). Hence X (R") — Y (R") and X'(R") — Z'(R"). Finally,
recall that the latter is equivalent to Z(R") — X (R™) thanks to (1.15]). O

3.2 The Riesz potential

The Riesz potential I, of order v € (0,n), n > 2, is defined as

Li@ = [ A

. —|I — dy, © € R",

for all locally integrable functions f on R™ for which the integral converges for
a.e. x € R™, where ¢(,n) is a certain positive constant depending on n and 7,

whose exact value is completely immaterial for our purposes (cf. [87, p. 117]). If
f is a locally integrable function on R™ such that

(3.9) /01 f*(s)ds + /100 Fr(s)s i ds < oo,

then it follows from the O’Neil convolution inequality [73, Lemma 1.5] that I, f is
well defined and

t o]
(3.10) (I,f)*(t) S tl_l/ f*(s)ds +/ fH(s)s7 T ds  for every t € (0,00),
0 t
where the multiplicative constant depends only on n and . On the other hand, for
every nonincreasing function g € 97 (0, co) satisfying (3.9)) with f* replaced by g,

there is a function f € 9M*(R™) equimeasurable with g (namely f(z) = g(w,|z|"),
zr € R™) such that

(3.11) ¢! /0 t fr(s)ds + /t N FH(s)s™ i ds < (I,f)*(t)  for every t € (0, 00),
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where the multiplicative constant depends only on n and ~. This fact was basically
observed already by R. O’Neil ([73] p. 142]), and its proof can be found, for example,
in [38, Lemma 3.4].

Having the (in a sense) sharp pointwise estimate of the nonincreasing rear-
rangement of the Riesz pontential at our disposal, we are now ready to characterize
optimal rearrangement-invariant function spaces for I,. The proofs of the following
results concerning I, are carried out along the same lines as their counterparts in

Section 3.1 We start off with a reduction principle for I,.

Proposition 3.2.1. Let n € N, n > 2, and v € (0,n). Let X(R™) and Y (R")
be rearrangement-invariant function spaces. Let S, be the Calderon operator S,
defined by with o = (1,2, 1,0) (and so m = 1). The following three
statements are equivalent:

(1) I,: X(R") = Y(R") is bounded;
(ii) S,: X(0,00) — Y (0,00) is bounded;
(7ii) S,:Y'(0,00) = X'(0,00) is bounded.

Proof. (i) implies (i7). Assume that I,: X(R™) — Y(R") is bounded. In partic-
ular, I, is well defined on X (R™). We would like to show that S,: X (0,00) —
Y (0,00) is bounded. Owing to (2.20), it is sufficient to show that

(3.12) 195(9") Iy (0.00) S 191l x(0.00)  for every g € MM™(0, 00).

Let g € 91T (0,00). There is a function f € M (R") such that f* = g* ([8,
Chapter 2, Corollary 7.8]). Let {fr}2; be a sequence of nonnegative simple
functions on R™ such that f, 7 f, k — oco. Since f;, k € N, are simple functions,
they satisfy ; hence we have that

Se(fe)t) S (I, fr)*(t)  for every t € (0,00) and every k € N
thanks to (3.11]). Consequently, we have that

156 (filly 0.00) S 15 f) "Iy 0.00) = 1y ficlly ey
(3.13) S I fellx @y < N Fllx@ny
= [|9[lx(0,00)
for every k € N. Desired inequality now follows from combined with
the monotone convergence theorem and the fact that (fx)* 7 f* = g%, k — oc.
(13) implies (7). We first observe that is satisfied for every f € X(R"),

and so I, f is well defined on X (R"™). Indeed, thanks to the boundedness of S,
we have that

195 (f*) Iy 0,000 S 1l x(0,00) < 00 for every f € X(R"),

whence S, (f*)(t) < oo for every t € (0,00) owing to and the fact that
Sy (f*) is nonincreasing. In particular, S,(f*)(1) < oo for every f € X(R").
The fact that I,: X(R") — Y (R") is bounded now follows immediately from (i7)
combined with .

(ii) is equivalent to (iii). Since o' = o, where ¢’ is defined by (2.24), this
follows immediately from [Proposition 2.2.20] O]
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The following theorem describes the optimal target space for I,.

Theorem 3.2.2. Letn € N, n > 2, and~y € (0,n). Let X(R™) be a rearrangement-
invariant function space such that

(3.14) n e X'(0,00),
where
(3.15) n(t) = (t+ 1), t e (0,00).

The rearrangement-invariant function space Y (R™) whose associate function norm

is defined as
Hf”Y’(O,oo) = HSU(.f*)”X’(O,oo)> f S i)ﬁ+<0a OO),

where o = (1,*-*,1,0), is the optimal target space for the operator I, and the

space X (R™).
Moreover, if (3.14) is not satisfied, then there is no rearrangement-invariant
function space Z(R™) such that I,: X(R") — Z(R") is bounded.

Proof. [Proposition 3.2.1] tells us that Y (R"™) is the optimal target space for the
operator I, and the space X (R") if and only if Y(0,00) is the optimal target
space for the operator S, and the space X (0,00). Consequently, the assertion
follows from [Proposition 2.2.21| (note that o = o). O

While the theorem above, describing the optimal target space for I, and a
rearrangement-invariant function space X (R™), is quite implicit, the next theorem
provides us with an explicit description of the optimal target space (save for one
case) when X (R") is a Lorentz—Zygmund space. The result is a consequence of
[Proposition 2.2.50 with 3 = "= together with [Proposition 3.2.1|

Theorem 3.2.3. Let v € (0,n). Assume that || - ||pr.as,00) 95 equivalent to a
rearrangement-invariant function norm, that is, the parameters p,q and A =

(v, i) satisfy one of conditions (1.28) (with By = foo = 0). We have that
L,: LP%%(R™) — Y (R™)

s bounded, where

( n%w"’o(R”), p=q=1, ag = ay =0;
Y1 (R™), p=q=1, 0 >0, ayp <0, |ag| + |@| > 0;
L= Th (R, pe(1,2)
LeoGA—L (R, p= %, g < 1— %, Qoo > 1 — é;

Y(R") = Y3(R™), p:%, q€[l,00), apg > 1—%, oo > 1—%;

Loo,OO;(O,aoo—l)(Rn)’ p= %, q=00, ap>1, oo >1;
Lot Loee DELOLORY) - p=1, g =1, ag =0, aw > 0;
Loo’q;(fé’amfl)’(*l’o)(]R"), p= %, g€ (1,00, ag=1-— %, Qoo >1—1;
Y3(R™), p="=2,q4=1 a0 <0, ax=0;

| L= (R™), p=2%q=1 0020, ax =0,
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where Y1(R™) is the rearrangement-invariant function space whose associate func-
tion norm satisfies

||f||y1/(0700) A sup K_A(t)/ f"""(s)s%_1 ds for every f € MT(0,00),
t

te(0,00)

and where Y2(R™) and Y3(R™) are the rearrangement-invariant function spaces
whose function norms satisfy

R .
[ F 120,00y 2 16720771 (E) F*(£)X (1,00) (E) | La(0,00) + | f ]| 220 (0,00)
1 lva(0,00) = [1E7H2 @) f* ()| 20,1,

for every f € M(0,00). Moreover, Y (R™) is the optimal target space for L, and
the space LP%*(R™). Furthermore, if p = %, g=1, ay, <0, orp= %, q € (1,00],
Qoo <1 — %, orp > %, then there is mo rearrangement-invariant function space

Z(R™) such that I,: LP4*(R") — Z(R™) is bounded.
The following theorem describes the optimal domain space for 7.

Theorem 3.2.4. Letn € N, n > 2 and~y € (0,n). Let Y (R") be a rearrangement-
invariant function space such that

(3.16) n € Y(0,00),

where n is defined by (3.15)). The rearrangement-invariant function space X (R™)
whose function norm is defined as

1£lx0.00) = 195 (f) Iy 0.00), f € MT(0,00),

where 0 = (1,2, 1,0), is the optimal domain space for the operator I, and the
space Y (R™).

Moreover, if is not satisfied, then there is no rearrangement-invariant
function space Z(R™) such that L,: Z(R") — Y/(R™) is bounded.

Proof. [Proposition 3.2.1| tells us that X (R™) is the optimal domain space for the
operator [, and the space Y (R"™) if and only if X (0, c0) is the optimal domain
space for the operator S, and the space Y (0,00). Consequently, the theorem
follows from [Proposition 2.2.19, O

We obtain a description of the optimal domain space for I, and a Lorentz—
Zygmund space Y (R™) by combining [Proposition 3.2.1 and [Proposition 2.2.46|
with 3 = .

Theorem 3.2.5. Let v € (0,n). Assume that || - || praa(e0) @5 equivalent to a
rearrangement-invariant function norm, that is, the parameters p,q and A =

(v, (o) satisfy one of conditions (1.28)) (with By = oo = 0). We have that

I,: X(R™) — LPT4(R")
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18 bounded, where

(L1 1(0as 1) (1) p=35,0=100+1<0, o +1<0;
LBLATL(RR), p= nL—w g=1 a0+1>0, an+1<0;
LU0, (10) (R, — n_ﬁv’ g=1,a0+1=0, a, +1<0;
LOaA) (R, p= #, q € (1,00), as + % <0 or

X(R") =< pP=3"%,4=00, Qo < 0;
Lt G4 (R™), p € (3%,00);
L%’I(R”), P=q=00, Qg = Qo = 0;
X (R™), p=00,q€[l,00), ap+, <0 or
\ p=q=00, ap <0, |ag| + |a| >0,

where X1(R™) is the rearrangement-invariant function space whose function norm
satisfies

Hf”Xl(O,oo) ~ Ht_qﬁA(t)/ f**(s)s%’ldsl for every f € 9)?*(0, 00).
t

L39(0,00)

Moreover, X(R™) is the optimal domain space for I, and the space LP%*(R™).
Furthermore, if p = TS 4 =00, 0 >0, 0orp =t g € [1,00), s + % >0,
orp < n"j, then there is no rearrangement-invariant function space Z(R™) such
that I,: Z(R") — LPSA(R") is bounded.

3.3 The Hardy-Littlewood maximal operator

The Hardy-Littlewood maximal operator M, which is defined for every f € 9 (R")
as .
Mi(w) =sup o [ 15l dy, @ € R
z3Q |Q‘ Q

where the supremum is taken over all cubes in R” whose edges are parallel to the
coordinate axes of R”, and its numerous variations have been indispensable in
various areas of mathematical analysis ever since G.H. Hardy and J.E. Littlewood
introduced it (in the one-dimensional setting) in [47]. The following sharp pointwise
estimate of the nonincreasing rearrangement of M is well known. We have that

(3.17) (M f)*(t) ~ f**(t) for every t € (0, 00),

where the multiplicative constants depend only on n. The upper bound on (M f)*
dates back to the 1930s, during which it was established by F. Riesz in [81] (n = 1)
and N. Wiener in [96] (n € N). The lower bound was proved a few decades
afterwards by C. Hertz (n = 1) in [49] and C. Bennett and R. Sharpley (n € N)
in [7].

We shall combine with results obtained in to characterize
optimal rearrangement-invariant function spaces for M. It should be noted that
optimal function spaces for M within a certain (more general) class of Banach
function spaces were also characterize in |35, [86]. It should also be noted that the
results of this section could be obtained by substantially more direct methods
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without the “heavy machinery” of [Section 2.2.1] However, since we already have
the machinery at our disposal (and we do not pay for using it), we will take
advantage of it. Furthermore, while we could get by without the machinery in
this section, we would not get far without it in [Section 3.4] For the interested
reader, we took a considerably more elementary approach to characterizing optimal
function spaces for M in [40].

Throughout this section, we set R = R,,, and H = H,,,, where R, ,,
and H,,, are the operators defined by and , respectively, with u =1,
v(t)=t""te€ (0,00), v=1and L = .

Proposition 3.3.1. Let X(R") and Y (R") be rearrangement-invariant function
spaces. The following three statements are equivalent:

(i) M: X(R") — Y(R") is bounded;
(i1) R: X(0,00) — Y (0,00) is bounded;
(iii) H:Y'(0,00) = X'(0,00) is bounded.

Proof. (i) implies (ii). Note that f** = R(f*) for every f € 9MM(R"). Let
g € M(0,00). Set f(x) = g*(wplz|™), z € R™. Note that f is equimeasurable with
g. Furthermore, we have that

[Rglly 0,000 < IRy 0,000 S M F) v 0,00) = 1M flly )
S fllx@ey = 119l x0,00)

thanks to the Hardy-Littlewood inequality (1.3), (3.17) and (i), whence (i)
follows.

(13) implies (i). This is an immediate consequence of ((3.17)).
(1ii) is equivalent to (it). This is [Proposition 2.2.2] O

The following theorem describes the optimal target space for M.

Theorem 3.3.2. Let X(R™) be a rearrangement-invariant function space such
that

(3.18) ne X'(0,00),

where ]
n(t) = log (;)X(o,l)(t), t € (0,00).

The rearrangement-invariant function space Y (R™) whose associate function norm
s defined as

lviom = | [~ 176 Sy £ €D 00)

X'(0,00

is the optimal target space for the operator M and the space X (R").
Moreover, if (3.18) is not satisfied, then there is no rearrangement-invariant
function space Z(R™) such that M : X(R") — Z(R") is bounded.
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Proof. Owing to [Proposition 3.3.1) Y(R™) is the optimal target space for M and
the space X (R"™) if and only if Y (0, c0) is the optimal target space for R and the
space X (0, 00). Thanks to that, the claim follows immediately from [Theorem 2.2.6}
To this end, note that @ is actually equality in our setting because T, f = f*,
where T, is defined by (2.17) with ¢ =1, and so its norm on X (0, c0) is equal to
one. [

When X (R") is a Lorentz-Zygmund space, [Theorem 3.3.2| reads as follows.
The result follows from [Proposition 3.3.1] and [Proposition 2.2.30] with v = 1.

Theorem 3.3.3. Assume that || - || prao,e) @5 equivalent to a rearrangement-
invariant function norm, that is, the parameters p,q and A = (g, ) satisfy one
of conditions (1.28)) (with By = Be = 0). We have that

M: LPF4(R") — Y (R™)
1s bounded, where

(LMAIRY), p=g=1, 0> 1, ag <0;

Y1 (R™), p=q=1,a>1, ap =0;
Y(R") = ¢ LP%A(R™), p € (1,00) or

p =00, q€[l,00), a0+%<0 or

p:q:O0,0é()SO,

\

where Y1 (R™) is the rearrangement-invariant function space whose associate func-
tion norm satisfies

o d
1f lvr0m0) & sup € / F(s 58+/1 f*(s)f, £ €M (0, 00).

te(0,1)

Moreover, Y (R") the optimal target spaces for M and the space LP%*(R™). Fur-
thermore, if p=q=1, oy € [0,1) and as < 0, then there is no rearrangement-
invariant function space Z(R™) such that M : LP%*(R") — Z(R") is bounded.

The following theorem describes the optimal domain space for M.

Theorem 3.3.4. Let Y (R™) be a rearrangement-invariant function space such

that
(3.19) n € Y(0,00),
where

n(t) = T t € (0,00).

The rearrangement-invariant function space X (R™) whose function norm is defined
as

1 lx©00) = 1 Iy 000y, | € (0, 00),

is the optimal domain space for the operator M and the space Y (R™).
Moreover, if (3.19) is not satisfied, then there is no rearrangement-invariant
function space Z(R™) such that M: Z(R™) — Y (R™) is bounded.
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Proof. Owing to [Proposition 3.3.1, X (R") is the optimal domain space for M and
the space Y (R") if and only if X (0, 00) is the optimal domain space for R and
the space Y (0, 00). Therefore, the claim follows from [Proposition 2.2.1} O

By combining |Proposition 3.3.1| and [Proposition 2.2.23| with ¥ = 1, we obtain
the next theorem, which describes the optimal domain space for M and a Lorentz—
Zygmund space Y (R").

Theorem 3.3.5. Assume that || - || pran(0,00) 5 equivalent to a rearrangement-
invariant function norm, that is, the parameters p,q and A = (g, ) satisfy one

of conditions (1.28)) (with By = B = 0). We have that
M: X(R") — LPT4(R")
is bounded, where

LAY RY . p=1,g=1, a9 >0, as +1<0;
X(R") = LPaA(R™), p € (1,00) or

p = 00, a0+%<0 or
p=q=00, ap < 0.

Moreover, X (R™) is the optimal domain space for M and the space LP%*(R™).
Furthermore, if p = ¢ = 1, ap > 0 and as € [—1,0], then there is no rear-
rangement-invariant function space Z(R™) such that M : Z(R") — LP%A(R") is
bounded.

We conclude this section with the following observation.

Proposition 3.3.6. If X(R") is a rearrangement-invariant function space such
that M : X(R") — X (R") is bounded, then X (R™) is the optimal partner space for
M, that is, X (R™) is the optimal domain space for the operator M and the space
X(R™) and, simultaneously, X (R™) is the optimal target space for the operator M
and the space X (R™).

Proof. Assume that M: X(R") — X(R") is bounded. Let Y (R") and Z(R")
be rearrangement-invariant function spaces such that A : X(R") — Y(R") and
M: Z(R") — X(R") are bounded. We need to show that X(R") — Y (R") and
Z(R™) — X(R™). Thanks to |[Proposition 3.3.1, we know that R: X(0,00) —
Y (0,00) and H: X'(0,00) — Z'(0,00) are bounded. Consequently, we have that

/Iy 0,000 < 1f ™ v 0,00) = IR )y 0,00) S 111 x00,00)

b ds o ds
Of o =l 105
/ ( )/5 s 11z/(0,00) t / (S) S 112(0,00)
~ H(f ) 20,000 S I1Fllx70,00)

for every f € 91 (0, 00), where we used ([1.13)) in the second equivalence. Hence
X(R") — Y(R") and X'(R") < Z'(R"). Finally, recall that the latter is equiva-
lent to Z(R") — X (R™) thanks to (|1.15]). O

and that

~

£l 000 ~ |
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3.4 The fractional maximal operator

Let v € (0,n). The fractional maximal operator M, of order v is defined, for
every f € M(R™), as

1 n
(3:20 V@) = sup e [ )y, @ € R,

where the supremum is taken over all cubes in R™ whose edges are parallel to
the coordinate axes of R". The fractional maximal operator M, in some sense
controls the Riesz potential I, (e.g. [3 Section 3.6]), as with the Hardy-Littlewood
maximal operator and the Hilbert transform (e.g. [89, Chapter 4]). Although
(3.20) with v = 0 gives the Hardy-Littlewood maximal operator M, the behavior
of M,, v > 0, is substantially different from the behavior of M, and we consider
these operators separately.

It was not until 2000 that a sharp pointwise estimate on the nonincreasing
rearrangement of M., was obtained. In [28, Theorem 1.1], A. Cianchi, R. Kerman,
L. Pick and B. Opic proved the following sharp pointwise estimate. For every
f € M(R™), we have that

(3.21) (M, f)*(t) < sup s»f*(s) for every t € (0,00),
SE[t,00)

where the multiplicative constant depends only on n and . Furthermore, for
every nonincreasing function g € M+ (R™), there is a function f € M (R™)
equimeasurable with ¢ (namely f(z) = g(w,|z|"), € R™) such that
(3.22) sup sn f**(s) < (M, f)*(t) for every t € (0,00),

SE[t,00)
where the multiplicative constant depends only on n and 7.

The inevitable presence of the supremum brings a number of problems, which
we did not face when dealing with the Hardy-Littlewood maximal operator.

Fortunately, the heavy lifting was already done in [Section 2.2.1] and we can
just reap the fruits of our labor. We start off with a reduction principle for M, .

Throughout this section, we set R = R, , and H = H,,,,, where R,,,,, and H,, ,
are the operators defined by ([2.1)) and (2.2)), respectively, with u = 1, v(t) = ta
t € (0,00), v=1and L = oc.

Proposition 3.4.1. Let X (R™) and Y (R") be rearrangement-invariant function
spaces. Let v € (0,n). The following three statements are equivalent:

(i) M,: X(R") = Y(R") is bounded;
(i1) R: X(0,00) — Y (0,00) is bounded;
(iii) H:Y'(0,00) = X'(0,00) is bounded.

Proof. (i) implies (ii). Let g € M(R™). Set f(x) = g*(wp|z|™), € R". Owing to
(13.22), we have that

* X sk X ek
129y 0,000 < IR v 0,000 = 1t 7 (O)llv0.00) < || sUP 57 f*(5)[lv(0,00)

s€[t,00)

S NG v 000) = 1My flly @y S 1 Fllx@n) = 9]l x 0,005
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where we used the Hardy-Littlewood inequality in the first inequality. Hence
R: X(0,00) — Y(0,00) is bounded.

(i) implies (i). Note that the function (0,00) 3t ~ t= is quasiconcave, and
so we have that

(323) || sup s7f(8)v(o00) S 17 F7()lly 000 for every f € (0, 00)

s€[t,00)

thanks to [Proposition 2.2.8] By combining (3.21]) and (3.23)), we obtain that

* X ek
M flly@ny = [[(Mf)[ly©00 S| sup s77(s)llv(0,00)

SE[t,00)
L sk * *
SOy ©.00) = 1B v 000 S 17 x0.00)
= [fllx@n)
for every f € M(R").
(7i1) is equivalent to (ii). This is [Proposition 2.2.2] O

The next theorem characterize the optimal target space for M, .

Theorem 3.4.2. Lety € (0,n). Let X(R") be a rearrangement-invariant function
space such that

3.24 f o ()t > 0.
(3.24) tel[? X0, ) (t)

The rearrangement-invariant function space Y (R™) whose associate function norm
is defined as

03 =] [T sria, L semon

where the supremum is taken over all g € IMT(0,00) equimeasurable with f, is the
optimal target space for the operator M., and the space X (R™).

Moreover, if is not satisfied, then there is no rearrangement-invariant
function space Z(R™) such that M, : X(R") — Z(R™) is bounded.

Proof. Owing to [Proposition 3.4.1} Y'(R") is the optimal target space for M, and
the space X (R") if and only if Y (0, 00) is the optimal target space for R and the
space X (0,00). Note that

1
HX(O’I)(t)/ swlds
¢

f (D7 >0
tEl[?oo) SOX(O )()

S xon llxr0,00) < 00

X’(0,00)

and that

if and only if

sup <,0X/(0700)(t)t%_1 < 00
te[1,00)

thanks to ([1.18). Hence the claim follows from [Proposition 2.2.3| O
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Although the general description of the optimal target space for M., is compli-
cated, it can often be considerably simplified. Throughout this section, we define
the operator Ty, a € (0,1), as

(3.26) Tof(t) =t sup s“f*(s), t € (0,00), f € M(0,00).

SE[t,00)

Note that T, = T,,, where T, is the operator defined by (2.17) with p(t) = t¢,
t € (0,00).

Theorem 3.4.3. Lety € (0,n). Let X(R") be a rearrangement-invariant function
space such that

(3.27) T+: X(0,00) = X(0,00)

n

is bounded. The rearrangement-invariant function space Y (R™) whose associate
function norm is defined as

0o t
1 fllvio,00) =  sup f*(t)tz_l/ Tvg(s)dsdt, fe€ IM™(0, 00),
0

lgll x (0,00)<1 /0

is the optimal target space for the operator M., and the space X (R™). Furthermore,
| - [ly7(0,00) % equivalent to the functional

X'’(0,00)

(3.28) M (0,00) > f H /too F*(s)s+Lds

Moreover, the equivalence constants depend only on n, v and the operator norm
of T on X (0, 00).

Proof. Since, owing to [Proposition 3.4.1] Y (R™) is the optimal target space for
M., and the space X (R") if and only if Y (0, 00) is the optimal target space for R
and the space X (0, 00), the claim follows immediately from [Theorem 2.2.6, [

Remark 3.4.4. Assumption (3.27)) is actually reasonable and natural because the
endpoint estimates for the operator T%, which have the form ([46, Theorem 3.2],
cf. [52, Lemma 3.5])

T>: L'(0,00) = L'(0,00) and Ta: L7>(0,00) — L7°(0, 00),

are consistent with those for M., which have the form ([93, Chapter VI, (2.19)]
and [28, (2.2)])

M,: LHR™) — Lo=°(R") and M,: L">™(R") — L=(R").

However, assumption is strictly stronger than assumption (|3.24]).

First, the fact that implies follows from comparing the preceding
two theorems and taking into account the “moreover part” of [I'heorem 3.4.2]
Alternatively, it follows from the following. If is satisfied, then, in particular,

(329) ||T%X(O,a)||X(O,oo) 5 @X(O,oo)(a) for every a € (0, OO)
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Note that
(3.30) T2x(0.)(t) = X(©.a) (t)ant~= for every a € (0,00) and every t € (0, 0).

By combining (3.29) and (3.30)), we obtain that
_ _ _
Px.00)(@)a™™ 2 X0 (D) Lx0.00 = (X0 ) [ x(0,00) > 0

for every a € [1,00), whence (3.24) follows.

Second, if (for example) X (0,00) = L7%(0,00) with ¢ € [1,00), then (3.24)
is satisfied, but T is not bounded on X (0, 00) (this can be obtained from [46],
Theorem 3.2]).

When X (R") is a Lorentz-Zygmund space, the optimal target space for M,
and X (R") reads as follows. The result follows from |[Proposition 3.4.1| and
IProposition 2.2.28 with v =1 and 7 = 1

Theorem 3.4.5. Let v € (0,n). Assume that || - || prano00) 95 equivalent to a
rearrangement-invariant function norm, that is, the parameters p,q and A =

(v, (o) satisfy one of conditions (1.28)) (with By = oo = 0). We have that
M,: LP94R™) — Y(R")

is bounded, where

(

L¥=(R"),  p
Yi(R™), p
Loa 8 (R™), pe
p
p

Y(Rn) = LO0,00;A(RH)’ - :7 q = 00, Op < 0; Qoo > 0:
Loo(Rn)7 = %7 /AS [17 OO); ap = Qoo = 0;
Y5 (R™), p=2,q€[1,00), a2 0, |ag| + |ase| > 0 or

p:%,q:oo,a0>(),a0020,

\

where Y1(R™) and Y3(R™) are the rearrangement-invariant function spaces whose
associate function norms satisfy

I fllviome) ~ sup £ / F(s)5% 1 ds, f € MH(0, 00),
te(0,00)
(3.31) ||f||y 0,00) Nsup‘tq we ()/ g(s)s 7 lds (000’ fem(0,00),
¢ ;00

where the supremum in (3.31)) is taken over all g € M (0, 00) equimeasurable with
f. Moreover, Y (R™) is the optimal target space for M., and the space LP%*(R™).

Furthermore, if p = % and o, < 0, orp > %, then there is no rearrangement-

invariant function space Z(R™) such that M, : LP4*(R") — Z(R™) is bounded.

Remark 3.4.6. By virtue of [Theorem 2.2.13| (see also [Remark 2.2.14((ii)), the
supremum in (3.31)) is inevitable.

The following theorem describes the optimal domain space for M,
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Theorem 3.4.7. Let v € (0,n). Let Y(R™) be a rearrangement-invariant function
space such that

(3.32) n € Y(0,00),

where
nt) = (t+1)""1, t e (0,00).

The rearrangement-invariant function space X (R™) whose function norm is defined
as

1 fllx .00 = [t ) ly0,00), f € M0, 00),

is the optimal domain space for the operator M, and the space Y (R™).
Moreover, if (3.32) is not satisfied, then there is no rearrangement-invariant
function space Z(R™) such that M., : Z(R") — Y(R™) is bounded.

Proof. Owing to [Proposition 3.4.1| X(R") is the optimal domain space for M,
and the space Y (R") if and only if X (0, 00) is the optimal domain space for R
and the space Y (0,00). Therefore, the claim follows from [Proposition 2.2.1, [

When Y (R") is a Lorentz—Zygmund space, the optimal domain space for
M., and Y (R") reads as follows. The result follows from |[Proposition 3.4.1| and
IProposition 2.2.22| with v =1 and 7 = 1

Theorem 3.4.8. Let v € (0,n). Assume that || - ||pras,00) 95 equivalent to a
rearrangement-invariant function norm, that is, the parameters p,q and A =
(v, (o) satisfy one of conditions (1.28)) (with By = oo = 0). We have that

M,: X(R™) — LPo4(R")

is bounded, where

(L1000 t1)(RR), pP=750=1 a0+ 1<0, a +1<0;
LULAHL(RR), p= n%y’ g=1,a0+1>0, a, +1<0;
LHLOex+).LO(R) p = n_zv’ g=1,a0+1=0, ax+1<0;
LLaA) (R, p= nan q € (1,00), A + % <0 or

X(R") = P= 3t 4= 00, Qo < 0;
) p e (2, 00);
L%’OO;A(R”), p=q=00, ag < 0, ay > 0;
X, (R™), p=q=00, g <0, an, <0 or
p=00, q€[l,00), Oéo-l-%l <0,

\

where X1(R™) is the rearrangement-invariant function space whose function norm
satisfies
X ek
1F11x0000) 2 E7 7 (8)] vt (0,00)5 | € DTT(0, 00).

Moreover, X (R") is the optimal domain space for M, and the space LP%*(R™).
Furthermore, if p = n”j, g =00, Qs >0, orp = n”j, q € [1,00), an + % >0,
orp < n”j, then there is no rearrangement-invariant function space Z(R™) such
that M : Z(R"™) — LP%A(R") is bounded.
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When T : X(0,00) — (0,00) is bounded, [Theorem 3.4.3) tells us that the
associate function norm of the optimal target space for M, and X (R") is equivalent
to the functional given by , which is considerably more manageable than
(3.25]). The following proposition tells us that, if T : X (0, 00) — X (0, 00) is not
bounded, then the supremum in (3.25) is indeed essential. The proposition follows
from [Proposition 3.4.1 and [Theorem 2.2.13| (see also [Remark 2.2.14(ii)).

Proposition 3.4.9. Let v € (0,n). Let X(R™) be a rearrangement-invariant
function space. The following three statements are equivalent:

(i) T+ X(0,00) = X(0,00) is bounded;

(ii) the function norm given by (3.25|) is equivalent to the functional given by
(3-28)

(117) X (R™) is the optimal domain space for the operator M, and some rearrange-
ment-invariant function space Z(R™).

Remark 3.4.10. By [Proposition 3.4.1| and [Remark 2.2.14{(i), if X(R") is the
optimal domain space for the operator M, and some rearrangement-invariant
function space Z(R"), then X (R") is actually the optimal domain space for the
operator M, and its own optimal target space.
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4. Optimal Sobolev-type
embeddings on R"

In this chapter, we study Gagliardo—Nirenberg—Sobolev-type inequalities
(4.1) [ully @) < ClIV™ul| xn)

in the framework of rearrangement-invariant function spaces, where C'is a positive
constant independent of u and u is a m-times weakly differentiable function
whose m-th order gradient belongs to X (R™). Obviously, cannot hold for
every u € VX (R") (as for the notation, recall [Section 1.2). Should there be
any chance for to hold, we need to limit ourselves only to those functions
u € V™X(R™) that have some decay at infinity or to subtract an appropriate
polynomial from u. We shall investigate both of these possible approaches.
Embeddings of Sobolev-type spaces on R™ within the class of rearrangement-
invariant function spaces were also studied in [5, [95] but with the right-hand side
of involving the full gradient (that is, derivatives of all orders). It turns
out that the optimal rearrangement-invariant function norm on the left-hand side
of the inequality ||ully®n) < C|lullwmx®n) behaves, loosely speaking, like the
optimal target rearrangement-invariant function norm for Sobolev embeddings on
bounded (regular) domains (see [52]) locally and like the norm on X (R") itself
“near infinity”. This time, however, there is no “localization”.
Throughout this chapter, we assume that n € N, n > 2.

4.1 Functions with some decay at infinity

In this section, we study the inequality having the form
(4.2) |ully@®ny < C|\V™ul|x@ny for every u € V" X (R"),

where m € N, 1 <m < n, and C is a positive constant independent of u. Recall
that the subscript 0 in V"X (R") means that [{z € R": |VFu(x)| > \}| < oo for
every A > 0 and k£ =0,1,...,m—1, which is in a sense the most general condition
on decay of u at infinity that ensures that may hold for appropriate pairs of
rearrangement-invariant function spaces.

We say that a rearrangement-invariant function space Y (R") is the optimal
target space for a rearrangement-invariant function space X (R") in if is
satisfied and, whenever is satisfied with Y (R") replaced by a rearrangement-
invariant function space Z(R"), Z(R") is larger than Y (R"), that is, Y (R") —
Z(R™). We say that a rearrangement-invariant function space X (R") is the
optimal domain space for a rearrangement-invariant function space Y (R") in (|4.2))
if is satisfied and, whenever is satisfied with X (R"™) replaced by a
rearrangement-invariant function space Z(R"), Z(R™) is smaller than X (R"), that
is, Z(R™) — X (R").

The first theorem of this section characterizes when, for a given rearrangement-
invariant function space X (R"), there is a rearrangement-invariant function space
Y (R™) that renders true by a condition on the associate space of X (R"),
and, if the condition is satisfied, it describes the optimal target space for X (R").

115



Theorem 4.1.1. Let m € N, m < n. Let X(R") be a rearrangement-invariant
function space such that

(4.3) (t+1)»"' e X'(0,00).
There is a positive constant C, which depends only on m and n, such that
(44) [l < CIV ullxn  for every u e V" X(R"),

where Yiarg(x,m)(R™) is the rearrangement-invariant function space whose associate
function norm is defined as

(4.5) 1117, o 0.00) = [£% £ ()| x7(0,00)s f € IMT(0, 00).

Furthermore, Yiarg(x,m)(R") is the optimal target space for X (R™) in (4.2)).
Finally, if X(R™) is such that (4.3)) is not satisfied, there is no rearrangement-
invariant function space Y (R™) making (4.2)) true.

Proof. The fact that (4.5)) is indeed a rearrangement-invariant function norm
follows from [Proposition 2.1.1| with u = 1, v(t) = t» ', ¢t € (0,00), and v = 1.
Before we start proving , we make the following important observation. If
k € N is such that £ < m, then is also satisfied with m replaced by k& (and so
[ ), 100, is a rearrangement-invariant function norm). Furthermore,

targ(X, k)(

if [ € N is such that k& + [ = m, then

(46) <t+ 1)771 € Y:c,arg( k)(0,00)
and

1l 00 = NEF £ (000
(47) ~ 6 7 Ol o000

= [I£llvy

targ(Vearg (X, k)1

for every f € MM (0,00). Note that (4.7)) is equivalent to

(48) Y;arg()ﬂm) (Rn) = }/targo/targ(X,k):l) (Rn)

l>(0,oo)

by ([1.9). The first part of the observation above is trivial inasmuch as (¢ + 1)%_1 <
(t+ 1) ~! for every t € (0,00). Furthermore, we have that

05 o = 57 [ w00
}|t”1 [(t+ 1) — 1] X'(0,00)
Ht’l [(t+ 1)% - 1]X(0,1)(t)| X7(0,00)
+ 15 X (10 (8)] X/(0,00)
Hf*1 [(t+1) " - 1]HLOO(OJ)“X(O»l)”X'(O»OO)
+ 15 X (100 (B)] X/(0,00)
< 0.
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Finally, the validity of (4.7) is much more involved. Nevertheless, we are well
prepared for the task. In order to prove (4.7)), we actually need to show that

M ek Ly . ok
lt™ () || x7(0,00) |t [sm f**(s)] (t)||X/(07oo) for every f € M (0, c0),

Which however, follows from [Theorem 2.2.16| (see [Remark 2.2.17|(i) with v = £,
Yo = E’ v1 = vy = 1). Moreover, the multiplicative constants depend only on m
and n.
We are now ready to prove by induction on m. First, assume that m = 1.
Since we have that
1 / f*(s)ds

tn—l/f )ds

for every f € 97 (0, 00), where we used the Hardy—Littlewood inequality (|1.3)),
we have that

(4.9) H/ F(s)s+~ds

owing to (2.31)). Let u € V; X(R™). Since |[{z € R": |u(x)| > \}| < oo for every
A € (0,00), we have that 1tlim u*(t) = 0. Furthermore, the generalized Pélya-Szegd
—00

=[£Il

X/ targ(X 1) OO)

X'(0,00)

< || fllx(00) forevery f e IM™(0, 00)

targ(X 1) (0700)

principle [23] Lemma 4.1] tells us that u* is locally absolutely continuous and

H du*

(4.10) o (s)s' ™

S IVul x @ny,
X(0,00)

where the multiplicative constant depends only on n. Therefore, by combining

(4.9) and (4.10), we have that

o0
Htutarg(X,l)(Rn) - Hu*HYtarg(le)(O’oo) - H/ B Karg(X,l)(O’oo)
= H/ 1“>Sn Lds
5/targ(X,l)(Ovoo)
1—1
ds <S)8 X(0,00)
S IVullx ).

Next, assume that 1 < m < n and that we have already proved (4.4) for all
smaller values of m. Let u € Vj"X(R™). For each i € {1,...,n} we have that
g—; € V"' X(R") and, by the inductive hypothesis,

ou
S|V < ||\V™ul| x®ny-
Haxl tharg(Xm 1)(Rn) H al‘l X (R - || HX(R )
Hence
(411) Hvu”yvtarg(X,m—l)(Rn) 5 ”vmu”X(Rn)’

and so u € V' Yiarg(x,m—1)(R"). Owing to ([£.6) with [ =1, k = m — 1, and the
inductive hypothesis, we have that

(4.12) 1Yot 1y E S NV 8y @2)-
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Finally, by combining (4.8)), (4.12)) and (4.11]), we obtain that

||u||§/targ(X,m)(Rn) ~ ”u”}/targ(ytarg(X,m—l)71)(Rn) 5 ||vu||yvtarg(X7m71)(Rn)

S V™

This finishes the inductive step.
Next, we shall prove the optimality of Yiue(x,m). Assume that Y/(R") is a
rearrangement-invariant function space such that

(4.13) ully @y S [Vl x@ny for every u € Vi" X (R").

We claim that (4.13]) implies that

(4.14) H/ F(s)s® 1 ds

The proof of is carried out along the lines of that of [5, Theorem 3.3]. Since
every function f € 91 (0, 00) can be pointwise approximated by a nondecreasing
sequence of nonnegative functions with bounded supports, it is sufficient to
establish for every f € 91 (0, 00) having bounded support. Furthermore,
we may assume that || f|| x(,00) < 00 because otherwise there is nothing to prove.
Let f € 9 (0, 00) be such a function. We define the function g as

:/ / / Fsm)sm ™ dsp -+ dsi, t € (0,00),
wnt™ J sy Sm—1

where w,, denotes the volume of the unit ball in R”. Routine, albeit slightly

Vo) S fllx,00) for every f e IM™(0, 00).

tedious, computations show that, for every k € {1,...,m — 1},
k 00
(4.15) g™ ()] < Ztl”_k f(s)snlds for every t € (0, 00)
wnt™
and that

m—1 00
(4.16) g™ ()| < flwat™) + Ztln_m f(s)sm'"1ds for a.e. t € (0,00).

wnt™

Set
u(r) = g(|z|), » € R™

The function u is m-times weakly differentiable on R™ and, by straightforward

. . . & .
induction on j = 1, ..., m, one can show that FoTa, Gema where oy +- - -+, = 7,

is a linear combination of functions having the form
ziy -2, g (|2 2| for ace. € R,

where [ € {0,...,7} and k € {1,...,j}. Therefore,

3

0™

aalxl e 80471:6

(4.17) ’ Z\g (|z)||z|*=™ for a.e. z € R,

k=1
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where o + - -+ 4+ a,, = m. Hence, by combining (4.15) and (| - ) with ( - we
obtain that

(4.18)

IVTu(z)| S flwn|x]™) + Z || m/ f(s)s='tds for a.e. z € R"

wn |x|™

Note that the sum on the right-hand side of (4.18) vanishes if m = 1. If m > 2,
we define, for each [ € {1,...,m — 1}, the linear operator 7T; as

T,h(t) = tl_g/ h(s)sn '"tds, h € (L' + L™®)(0,00), t € (0,00).
t

It can be easily verified that 7} is bounded on L'(0, 00) and L*>(0, cc). Moreover,
the corresponding operator norms depend only on [ and n. Therefore, T is bounded
on every rearrangement-invariant function space over (0,00) by [8, Chapter 3,
Theorem 2.2]. In particular, it is bounded on X (0, 00). Moreover, the operator
norm of 7; on X (0, 00) can be bounded from above by a constant depending only

on m and n. Hence, by (4.18]), we have that

m—1

(4.19) V™ ullx@n S I flx@ee) + > 1T x000) S 1 x000)5

=1

where the multiplicative constants depend only on m and n. Hence u € V™ X (R").
Furthermore, since the support of f is bounded, it follows that u € Vj" X (R").
By Fubini’s theorem

1 o m
u(r) = m /wnx|” f(s)sn ™(s — wylz|™)™ tds for every z € R",
whence
fullveny 2 || [~ #s)s¥ s = ras,
(4.20)

2|, 105° m’“dsﬂmm)—H / fegsEtas],

where the second inequality follows from the simple fact that —¢ > —3 for s > 2t.
We are finally ready to establish (4.14]). Indeed, by virtue of the boundedness
of the dilation operator on rearrangement-invariant function spaces over (0, co)

(see (1.13)), (4.13), (4.19) and (4.20]), we obtain that
‘Y(O,oo)

H/ f(s 1ds
S V™ ullx@ny S 111 x0.00)-

Thanks to (2.31)), (4.5) and (4.14)), we have that

1l o000 = 67 P Ollx000) S [ fllviom)  for every £ € M0, 00),

S ully@ny

5 H f(s)s%_l ds
2%

whence Yiarg(x,m)(R") = Y (R") owing to ((1.15]).
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Last, we observe that, if there is any rearrangement-invariant function space
Y (R™) such that is valid, then , too, is valid. Indeed, we already proved
above that, if is valid for a pair of rearrangement-invariant function spaces
X(R"™) and Y (R™), then

7 7 Oll 1000 S 1000y for every f € M0, 00),

whence the necessity of (4.3)) follows (we just consider f = x(1))- O

For instance, assumption is satisfied when X (R") = LP(R™) with p €
[1,2) or X(R") = Lm'(R").

A somewhat surprising property of optimal target spaces in is that they
are stable under iteration (cf. [26, Theorem 1.5], [30, Theorem 5.7]). This was
already proved at the beginning of the proof of [I'heorem 4.1.1] but it is worth
stating the sharp iteration principle as a separate theorem.

Theorem 4.1.2. Let k,l € N be such that k+1 < n. If X(R") is a rearrangement-
invariant function space such that (4.3) with m = k + [ is satisfied, then

(t + 1)%_1 S X/(07 OO) and t%_IX(l,oo)@) S (Ytarg(X,k’))/(Oa OO))

where Ytarg(ka)(o, 00) is the rearrangement-invariant function space whose asso-
ciate function norm is defined by (4.5)) with m =k, and

Y:carg(Ytarg<X7k),l) (Rn) = tharg(X,k-l—l) (Rn)a
where the constants of the norm equivalence depend only on k, | and n.

The following theorem tells us that not only can the validity of be reduced
to the validity of certain one-dimensional Hardy-type inequalities, but the validity
of is also equivalent to the boundedness of the fractional maximal operator
between associate spaces.

Theorem 4.1.3. Let m € N, m < n. Let X(R") and Y (R™) be rearrangement-
invariant function spaces. The following five inequalities are equivalent:

(4.21) [ully @y S IV ullx@ny — for every u € V" X(R™);

(4.22) s)sn Lds Sl x(0,00) for every f € M (0, 00);
Y(0,00)

(4.23) s»lds S fllx0,00) for every f € M (0, 00);
Y (0,00)

(4.24) 1t g™ () 0.00) S 1911¥7(0.00) for every g € MT(0, 00);

(1.25) Mg e < llgllvgae for every g € MR,

where M, is the fractional maximal operator defined by (3.20). Moreover, the
multiplicative constants depend only on each other, m and n.

Proof. The fact that | implies was established in the proof of [The;

orem 4.1.1] The equlvalence of , and (4.24) follows from [Corol
lary 2.2.12| Furthermore, the equlvalence of (4.22) and (4.25)) follows from
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IProposition 3.4.1l Therefore, it is sufficient to show that (4.24)) implies (4.21)).
Assume that (4.24]) is valid. In particular, (4.3) is satisfied inasmuch as

||(t+ 1)%_1||X/(O,oo) = ||t%_1X(1,oo)(t)||X’(0,OO) < ||t%X?§,1)(t)”X’(O,oo)
5 HX(O,I)HY’(O,OO) < 0.

Furthermore, we have that

lallvy,, 000 = 17 9 )l x/0.00) S N9llyr0.00)  for every g € M*(0, 00),

targ(X,m)

whence Yiarg(x,m)(R") < Y (R") owing to (1.15)). Hence we have that

lally @y S Mulliprgonm @) S IV llx@ny  for every u € Vg" X (R")

by virtue of [T'heorem 4.1.1] O]

The following proposition provides a necessary condition (sometimes called
“a condition of Muckenhoupt type” in the literature, cf. [0, Theorem 1] or [37,
Lemma 1]) on a pair of rearrangement-invariant function spaces X (R") and Y (R™)
for the validity of . This condition can be useful for singling out pairs of
rearrangement-invariant function spaces for which cannot hold.

Proposition 4.1.4. Let m € N, m < n. If X(R™) and Y (R") are rearrangement-
invariant function spaces such that (4.2)) is valid for them, then

SUD Py (0,.00) (0) |7~ Xao) (D)0 0.0) < 00

0<a<oo

Proof. For every a > 0 we have that

X0,y (0,001t ™ ™ X(a00) )| x70,00) = IX(0.0) [V (000)  SUD / |f(s)]s='ds

11l x (0,00) <1

< s |hoal® [ 1A ds
11l x (0,000 <1 t Y (0,00)
< s | It as
171l x 0,00y <1 /2 Y (0,00)
< 00,
where we used ([1.7)) and [Theorem 4.1.3] O

Complementing [Theorem 4.1.1] the following theorem characterizes when,
for a given rearrangement-invariant function space Y (R™), there is a rearrange-
ment-invariant function space X (R™) rendering true by a condition on the
fundamental function of the space Y (R"™), and, if the condition is satisfied, it
describes the optimal domain space.

Theorem 4.1.5. Let m € N, m < n. Let Y(R") be a rearrangement-invariant
function space such that

=%
(4.26) inf ——— >0,
1<t<oco SOY(O,OO) (t)
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There is a positive constant C, which depends only on m and n, such that
lully @) < CIV™Ull X gy my ey for every u € V5" Xaomv,m) (R"),

where Xaom(v,m)(R™) is the rearrangement-invariant function space whose function

norm is defined as
/ h(s)sn tds
t

where the supremum is taken over all h € IMT(0,00) equimeasurable with f.

Furthermore, Xaom(v,m)(R™) is the optimal domain space for Y (R™) in .
Finally, if Y(R™) is such that is not satisfied, then there is no rear-

rangement-invariant function space X (R™) making true.

, feM(0,00),

Y (0,00)

(427) ||f||Xdom(Y,m)(Ovoo) = 2111;
h>0

Proof. Owing to [Theorem 4.1.3) X (R") is the optimal domain space for a rear-
rangement-invariant function space Y (R") in if and only if X'(R™) is the
optimal target space for the fractional maximal operator M,, and the space Y’'(R™).
Hence the theorem follows from [Theorem 3.4.2] combined with (L.9). [

The general description of the optimal domain norm given by (4.27)) is quite
complicated. Fortunately, it can be significantly simplified in many customary
situations.

Theorem 4.1.6. Let m € N, m < n. Let Y(R") be a rearrangement-invariant
function space such that

Tm: Y'(0,00) = Y'(0, 00)

is bounded, where the operator Tm is defined by (3.26). The rearrangement-
invariant function norm || - || x, .y 0.00) defined by (4.27) ds equivalent to the
functional

(4.28) M (0,00) 5 [+ | /too F(s)s3 ds

Y (0,00)

Moreover, the equivalence constants depend only on the operator norm of Tm on
Y’(0,00), m and n.

Proof. Similarly to [I'heorem 4.1.5| this theorem follows from the corresponding
theorem for the fractional maximal operator M,,, namely [[heorem 3.4.3| O

|Theorem 4.1.6| can be used, for example, when Y (R") = LP(R") with p €
(", 00] or Y(R") = L= (R") (see the proof of [Proposition 2.2.28) also [66)

Proposition 5.4]).
The next theorem is an optimal domain counterpart to|Iheorem 4.1.2|

Theorem 4.1.7. Let k,l € N be such that k+1 < n. If Y(R") is a rearrangement-
invariant function space such that (4.26|) with m = k + 1 is satisfied and

Tr:Y'(0,00) = Y'(0,00)
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1s bounded, then
thow
inf > 0,
Ist<oo ('DXdom(Y,k) (0,00) (t)

where Xqom(y,k)(0,00) is the rearrangement-invariant function space whose asso-
ciate function norm is defined by (4.27)) with m =k, and

(4.29) Xaom(Xaom(yay ) (R") = Xaom(v1)(R"),

where the constants of the norm equivalence depend only on the operator norm of
Tr onY'(0,00), k, | and n.

Proof. Since (4.26)) with m = k + [ is satisfied, [Theorem 4.1.5| tells us that
Xaom(v,k+1) (R™) exists and its function norm is defined as

h(s)s'n ~'ds , [ €MT(0,00).

Y (0,00)

(430) IS lxuumiriss o) = SUP
h>0

Furthermore, since T : Y'(0,00) — Y’(0, 00) is bounded, [Theorem 4.1.6| guaran-

tees that Xgom(v,e)(R™) exists and its function norm satisfies

(431) o = | [ (5% s for every f € 9M*(0, 00).
t

Observe that

Y (0,00)

! l
a'"w al"w

inf ~ inf
12990 O iy (000) (@) 15000 || 23 1 (5) s dis]ly (0,00

a “n
> inf

Isa<eo HX(O,a)(t) foa snl dSHY (0,00)

al=w
~ inf —— >0

owing to the fact that (4.26)) with m = k + [ is satisfied. Therefore, thanks to
(Theorem 4.1.5) Xqom(x, dom(v.i]) (R™) exists and its function norm is defined as
(4.32)

o)

1_
”f“XdOm(xd (Yk)yl>(07oo) = sup h(s)sn Lds = m—i—(o’oo)'
om(Y, th X
h>0 dom(Y,k)(0,00)
By combining (4.31]) and (4.32]), we obtain that
(433> ||f||Xd°m<xdom(y,k)!l)(0’oo) ~ iul}) ||HU171(Hv271h)||Y(0700)

h>0

for every f € 9T (0, 00), where vy (t) = t~1*u, vy(t) = t 1, ¢ € (0, 00). Further-
more, we have that

(4.34) Sup | (Pl i) 0.0 = 00 H / a1 g

h>0 h>0

for every f € 91 (0,00) by virtue of [Proposition 2.2.18, Hence (4.29)) is true

thanks to (£:30), [@33) and ([@34). O
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Remarks 4.1.8.

(i)

(i)

(iii)

Assume that Y (0, 00) = LP%4(0, 00) is a Lorentz—Zygmund space. Note that
(4.26)) with m = k + 1 is satisfied, which is necessary should Xgom(vr+1)(R™)
exist, if and only if either p > m or if p = (kH and a, < 0
(see (2.99)). Furthermore, the validity of with m = k + [ implies that

Ti:Y'(0,00) = Y’(0,00) is bounded, and so we may use [Proposition 4.1.7]

whenever it makes sense. Indeed, it follows from [46, Theorem 3.2 that
Te:Y'(0,00) — Y'(0,00) is bounded if and only if p > - or if p = L,
qn: 1, ap > 0 and o < 0 (cf. the proof of [Proposition 2.2.28 also [66),
Proposition 5. 4]) hence T Y’(0,00) — Y’(0, 00) is bounded inasmuch as
p> L if Wlth m = k + [ is satisfied.

)
It may happen (see (iii) below) that (4.26|) with m = k + [ is satisfied (and
50 Xdom(vke+)(R™) and Xqom(v,r)(R™) exist) and

l
a'~n

inf >0
1§a<“3¢XhmmYkﬂ0mﬂ(a)
(and 80 Xdom(Xgom(y.p.) (R") exists), but T : Y'(0,00) — Y'(0,00) is not

bounded. If this is the case, then, instead of - we only have that

I X domixy oy (00) = sup [ Hoy 1 (Hoy 1 7)1y (0,00)

h>0

m(Y, k)

for every f € 91 (0, 00), whence it follows (by arguing as in the proof of
|Theorem 4.1.7)) that

Xdom(Xdom(Y,k) 7l) (Rn) — XdOIH(Y,k+l) (Rn) *

However, it remains an open question whether the opposite embedding, that
is, Xdom(vktn)(R™) — Xdom(X gom(y ) (R™), is/(can be) also true. That would
amount to show (or disprove) that there is a positive constant C' such that

sup sup |[Hy, 1(9)lly(0.00) < Csup [|Hoy 1 (Hos 1)y (0,00)
h~f g~Hyy1h h~f
h>0 g>0 h>0

for every f € MM*(0,00).

The situation described in (ii) happens, for example, when Y (0,00) =
LY(0,00) + L*>(0,00). We have that

1— k£l 1— k£l
a n a n
inf —— = inf ——=1>0.
1<a<oo Py (gooy(@)  1<a<oco min{l,a}

Furthermore, since we have that

Xdom(v,k)(0,00)(a) = sup // _1+%dsdt
hNX(Oa)
h>0
< sup / h(s)s™ 5 ds
hNX(O,a) 0
h>0

< / X(O@)(s)s’l*% ds = 2ok
0 k
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for every a > 0 thanks to the Hardy—Littlewood inequality (|1.3)), we also

have that

l
al~n

inf > 0.
1<a<oo ngdom(Y,k:)(O’oo)<a/)

However, T is not bounded on Y”(0,00) = L*(0,00) N L>(0, o) (|8, Chap-
ter 2, Theorem 6.4]), because T x(0,0) ¢ L>(0, 00) for any a > 0.

The next proposition, which follows from [I'heorem 4.1.3| and [Proposition 3.4.9|
tells us that, if T is not bounded on Y”(0, 00), then (4.27) cannot be simplified
to (4.28)).

Proposition 4.1.9. Let m € N, m < n. Let Y(R™) be a rearrangement-invariant
function space. The following three statements are equivalent:

(i) Tm: Y'(0,00) = Y'(0,00) is bounded;

(ii) the function norm given by (4.27)) is equivalent to the functional given by

B-29);

(7ii) Y (R™) is the optimal target space in (4.2)) for some rearrangement-invariant
function space X (R™).

We conclude this section with particular examples of optimal rearrangement-
invariant function spaces in . Since, thanks to [Theorem 4.1.3] is valid
for a pair of rearrangement-invariant function spaces X (R") and Y (R") if and
only if H,;: X(0,00) — Y (0,00) with v(t) = t= % t € (0,00), is bounded, we
obtain the following two theorems from |Proposition 2.2.40| and [Proposition 2.2.36)|
with v =2 and v = 1.

Theorem 4.1.10. Let m € N, m < n. Assume that || - || pp.an(0,00) 5 equivalent
to a rearrangement-invariant function norm, that is, the parameters p,q and

A = (g, o) satisfy one of conditions (1.28)) (with By = P = 0). Set
(4.35)

(L7 8 (R), p=g=10a0>0, as <0 or
pe (L)
) p=2 0<1-bau>1-k
Y1 (R™), p=12,gel,0),a0>1-1 ag>1-1
V(R") = q Looooilbace =l (Rm), p=2qg=00,a0>1, ax >1;
LoelitLasTDELOCIRY), p =2, g =1, ag =0, ax > 0;
00,g5(— % ,00—1),(=1,0) (om0 _n 41 1.
L a (R™), p=2,q¢€ (1,00, ap=1 g Qoo > 1— 2
YQ(Rn)7 p= %J q = 1; Qg < 0; Oeo = 07'
kLOO(Rn)’ p:%; q:l’ aOZO; O,/OO:O,

where Y1(R™) and Y2(R™) are the rearrangement-invariant function spaces whose
function norms satisfy

1 - *
£ 11y 0,00y 2 16707 71(E) F*(£)X (1,00) (E) | La(0,00) + [ f ]| 220 (0,00)
1 lva(0,00) 2 [1EH2 @) f* ()| 20,1,
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for every f € IMT(0,00). The space Y (R™) is the optimal target space in (4.2))

n) — [P.aG:A(Rn ; — — ] Y
for X(R") = LPU2(R"). Furthermore, ifp = 7=, ¢ =1, ase < 0, or if p = =,
g€ (1,00], ano < 1— %, orif p € (1, 00|, then there is no rearrangement-invariant

function space Y (R™) for which ([4.2) with X (R™) = LP44(R™) is true.

The final theorem of this subsection describes the optimal domain spaces in
(4.2) for a Lorentz—Zygmund space.

Theorem 4.1.11. Let m € N, m < n. Assume that || - || p.an(o,00) @5 equivalent
to a rearrangement-invariant function norm, that is, the parameters p,q and

A = (g, a) satisfy one of conditions (1.28]) (with By = B = 0). Set

(LVAR™),  p=-Tg=1,00>0, ax <0;
Ll(Rn)’ pP= "m0 ap = Qo = 0;
X1<Rn)7 p= nfmi q= 17 Qo < O; oo < 0 or

p= nilm7 qc (LOO]: |Oé(]| + |aw| >0, ae <0;

X RTL — < np .
(R") Ln+mp’q’A(R"), pE (nfm,oo);
L' (R™), P=q=00, Qg = Qoo = 0;
X2<Rn>7 P=q=00, (g §07 ’a0‘+|a00‘ >0 or

p:oo,qe[l,oo),ozo+%<0,

\

where X1(R™) and X5(R™) are the rearrangement-invariant function spaces whose
function norms satisfy

m

(4.36)  Ifllxi 000 ~ s Htl"qﬁA(t)/ g(s)s™ % ds‘
g~ t

La(0,00)

£ 11320000 =

0 lA () /too fr(s)sHw ds’

La(0,00)

for every f € MT(0,00). The space X (R™) is the optimal domain space in (4.2)) for
Y (R") = LP%A(R™). Moreover, the supremum in (4.36)) is inevitable. Furthermore,
if either p = —"— and as > 0 or p € [1, =), then there is no rearrangement-

invariant function space X (R™) for which (£.2]) with Y (R") = LP%A(R") is true.

4.2 Functions with no restriction on their decay
at infinity

The standard Poincaré-Sobolev inequality on balls (e.g. [60, Corollary 1.64]) can
be stated as follows: if p € [1,n), n > 2, and ¢q € [1, n”—_";)], then there is a constant
C, depending only on p,q and the dimension n, such that

(4.37) lu = tipllLes) < Cln,p,q)r' e~ » | Vul 1o

for every ball B C R™ with the radius r and every u € V!LP(B), where ug is
the integral mean of u over B. With ¢ equal to the Sobolev exponent n"Tpp, (14.37))
reads as

(4.38) lu =gl e < Clns D)Vl Loi)-
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Note that the inequality no longer depends on the radius r. If p = n, then
holds for each ¢ € [1,00), but there is no optimal Lebesgue exponent ¢ that
would render that inequality independent of  as was possible with p € [1,n) and
q= n"Tpp. Nevertheless, the situation can be salvaged by substituting the critical
Lebesgue space L™(B) with the smaller Lorentz space L™!(B) because we have
that (see [73, [76])

Inequalities (4.38)) and (4.39) suggest that Poincaré-Sobolev-type inequalities
might be possibly extended to the case where balls are replaced with the entire
R™ provided that we find an appropriate replacement for up. It is known (e.g. [60,
Theorem 1.78], cf. [51]) that, if p € [1,n), then for every u € VILP(R™), there is a
(unique) A € R, depending on u, such that

= Al 22, g < CUVllznay,
where the constant C' is independent of u. However, the method of their proof
cannot be used for extending the inequality (4.39) to the entire space. Nevertheless,
it was proved in [80, Theorem 3.7] by different techniques that there is a positive
constant C' such that for every u € VL™ (R") there is A € R, depending on u,
such that

||U — /\||L00(Rn) S CHVUHLn,l(Rn)

In this section, we will provide a (in a sense) sharp, general version of such
inequalities within the class of rearrangement-invariant function spaces.

We start off by establishing a Poincaré-Sobolev-type inequality on balls in
rearrangement-invariant function spaces. Although a certain version of a Poincaré-
Sobolev-type inequality on balls in rearrangement-invariant function spaces was
established in [I8, Lemma 4.2] (cf. [24, Theorem 3.1]), their version is not sufficient
for our purposes, because we need a better control over the multiplicative constant
appearing there. In the proof of the following theorem, we will make use of the
signed nonincreasing rearrangement of a function. If u € M(R™), we define its
signed nonincreasing rearrangement u°: (0,00) — [—o00, 0] as

u’(t) = inf{\ e R: {z € R": u(z) > A\}| < t}, t € (0,00).
Note that (u°)* = w*. In particular, © and u° are equimeasurable.

Theorem 4.2.1. Let X(R") and Y (R") be rearrangement-invariant function
spaces. If there is a positive constant Cy such that

/:O f(s)sntds

then there is a positive constant Cy, which depends only on Cy and the dimension
n, such that

(4.40) < Cillfllx,00) for every f e MT(0,00),

Y (0,00)

[(u —up)xBlly® < Col(Vu)xpllxmn

for every open ball B C R™ and every u € VX (B), where up denotes the integral
mean of u over B, that is, ugp = ﬁ [ u(z) da.
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Proof. Fix an open ball B C R" and a function u € V!X (B). Note that up is a
well-defined finite number, for u is integrable over B (see (1.34))). Since for any
real number v and a.e. x € B we have that

ju(e) —s] < Ju(e 7|+|B|/|u ~ldy
<|u(x) =y + |B| = l[(u = 7)xslly@lIxaly @

by the Holder inequality ([1.14]), it follows from this estimate and (1.18) that

(4.41) I(w = up) x5y < 2|(w—v)xplly®: for every v € R.

Since u° is locally absolutely continuous on (0, |B|) ([27, Lemma 6.6]), we have

[ 9L W [ (GG I N

(4.42) = (“‘“(7)) O'B”Hym

2
= X(o,|B|>(t)/ -
t

Hence, by virtue of (4.41) and (4.42)), it is sufficient to prove that

S|

Y (0,00)

|B|
2 du
@) fxem® [T —Eow] STl

with a multiplicative constant depending only on C} and n. Since (4.40)) is in
force, we have that

|B|
2 du® o0 du®
(FAENG /t o OLT WY SR /t S ()X g () s

o0 duO
= /t ~ds (S)X(O’“;I)(S)dSHY(o

du’
(D1 x 121, (0)|

Y (0, B)

(4.44)
S _

X(0,00)

where the multiplicative constant depends only on Cj. It is well known (e.g. [97,
Theorem 5.4.3]) that the isoperimetric function hp of a ball B C R" satisfies

hg(s) Z min{s, |B| — 3}1_% for every s € (0,|B])

with a constant that depends only on the dimension n. Hence

du° t du®
-1 < || —
’ Ol X(o,’i')(t)Hx(o,oo) H t (t)hB@)X(O’]23')(t)HX(0,oo)
4.45
(4.45) S) h (t)xm,B)(t)HX(OOO)

< [[(Vu)x Bl x®n),
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where the last inequality is valid thanks to [23] Lemma 4.1]. Exploiting the rear-
rangement invariance and the fact that the transformation (0, |B|) 3 s — (|B|—s)
is measure preserving on (0, |B|) several times (cf. [§, Chapter 2, Proposition 7.2])

together with (4.40), we obtain in a similar way to (4.44]) and (4.45) that

1Bl 1Bl

> due 2 du®
"X(“g”,|3|)(t)/t T dsHy(o,oo) = X @ /B—t_ 3 171 =) dS”Y((’*’O)

|B|

- (B1 1) [ =SB = 9) s
— X3 B ] ds Y (0,00)

1Bl

= du’
= B\ (t — B|—s)d
Yoz [T =B = )ds

Y (0,00)
du® 1
< = B| — )t t H
s | - Grus- ot gm0
du® -1
=1 - a1 (Bl —1) "X(O,%)OB| B zS>HX(0,<><>)
du® 1—-1
=1 — 1 ) (|B| —t) nX(f75’)<t>HX(0,oo)
du®
<l = t)hp(t tH
S| = g OhsOxoue @]
< [(Vu)xsllx@n)-
Hence
1B
2 du® <
(446) HX(}23’|B|)<t>/t - ds (5) dSHY(O,OO) ~ “(VU)XB“X(]RH)

Finally, by combining (4.44)), (4.45)) and (4.46)), we obtain ({4.43]). O

The following auxiliary result will soon help us to establish the main result of
this section.

Proposition 4.2.2. Let X(R") be a rearrangement-invariant function space

satisfying (4.3) with m = 1. Let u € V' X(R") and set

1

JP—
|Br| Jp,

u(z)dx, k€N,

where By are balls in R"™ such that By, C Byyq for every k € N. The sequence
{\e 32 is bounded. In particular, it has a convergent subsequence.

Proof. Note that [Theorem 3.2.2| guarantees that the Riesz potential I; is bounded
from X (R™) to some rearrangement-invariant function space over R". In particular,
it follows that

(4.47) L(|Vu|)(z) < oo and |u(z)] < oo fora.e. z€R"

by (1.12) and V!X (R") C L} (R™). Furthermore, since u € W'L'(By,) for every

loc

k € N, we have that (e.g. [60, Lemma 1.50])

(4.48) lu(x) — M| S I (|Vulxs,) (z) for every k € N and a.e. x € By,
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where the multiplicative constant depends only on the dimension n. By combining

and , we obtain that there is a point x¢y € By C By such that
lu(zo)| < oo and |u(xg) — M| S 1 (|Vul) (2g) < 0o for every k € N,
whence the boundedness of {\}72; follows. O
We are now ready to establish the main result of this subsection.

Theorem 4.2.3. Let m € N, m < n. Let X(R™) be a rearrangement-invariant
function space satisfying . There is a positive constant C, depending only on
m and n, such that for each u € V"X (R™) there is a polynomial P of order at
most m — 1, depending on w, that renders the inequality

true, where Yiag(x,m)(R"™) is the optimal target space in (4.2) for X(R™) given

by|Theorem 4.1.1|. Furthermore, if P and P are such polynomials, then P — P

is a constant polynomial. Moreover, if tlim DY are(xm) (0,00) (t) = o0, then these
—00 ’

polynomials are unique.

Proof. We start by proving the uniqueness part. Assume that for u € V" X (R")
there are polynomials P and P (of order at most m — 1) such that

||u - PH}ftarg(X,m)(Rn) S Cvau”X(Rn)

and B
||u - P||1/targ(X,m)(]Rn) S C”VmuHX(Rn)
Hence P — P € Yiarg(x,m) (R™). Since Yiarg(x,m)(R™) C (L' + L) (R™) by (1.16),

it follows that P — P is a constant polynomial. Moreover, we have that

‘P - Pl%p}ftarg(X,m) (0700) (k) = H (P - P)XEk H}/targ(X,m)(Rn)

S ||u - P||}/targ(x,m)(Rn) + ||u - P”}/targ(X,m)(Rn)
S I1V™ullx ny

< 00

for every k € N, where E;, C R" are such that |Ej| = k. Hence |P — P| = 0 if

tli{& QO}Qarg(x,m)(0700) (t) = 0.
We now prove the existence of such polynomials by induction on m. Assume

that m = 1. Let u € VIX(R"). Set

1

Mo = o
|Bk| JB,

u(z)dx, k€N,

where By is the ball in R™ centered at the origin having its radius equal to k.
Owing to [Proposition 4.2.2] we may assume, without loss of generality, that there
is A € R such that

(4.50) lim A\ = A,

k—oo
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By combining [Proposition 2.2.1| and |[Proposition 2.2.2 we obtain that

H /too f(s)s%’1 ds

Hence, by virtue of [[heorem 4.2.1] we have that

< ”fHX(O,oo) for every f € 2)]{*(0,00)_
X/targ(X,l)(OvoO)

[ = A)X B Wiy ®) S (VU)X |l x@n)  for every k €N,

where the multiplicative constant depends only on n. Consequently,

(4.51) 1 = M) X B gy @) S (VW) xB [ xRry < [Vl xny
for every k € N. Furthermore, we have that

lim (u(z) — A\g)xB, (x) =u(x) — A for a.e. z € R”

k—o00

by (4.50). Hence

||u - A||}/‘carg(X,l)(]Rn) S ll]?_l)})rolf ||(u - )\k)XBkHS/targ(X,l)(Rn) SJ ||vu||X(Rn)

owing to Fatou’s lemma [8, Chapter 1, Theorem 1.7] and (4.51)).

We now carry out the inductive step. Assume that 1 < m < n. Since
(t+1)n! < (t4+1)% 1 € X'(0,00), we are entitled to use the inductive hypothesis
for m = 1. Let u € V"X (R"). We clearly have that %Zlajf € VIX(R") for every
multi-index o € Nfj such that |a] = a; + -+ + @, = m — 1. By the inductive
hypothesis for m = 1, for every o € N§, |a| = m — 1, there is A, € R such that

olaly olaly
ey |2, o G T
(4.52) 5og Vo (81) 5o ) lxem = V™ u| x &)
Set \

v(x) =u(x) — Z &% ae z e€R",
a€eNg
|a|l=m—1

where a! = aq! - ap! -+ - a,!. Since

olel olel
(4.53) 8"; = E‘)"; — Ao forevery a € Ny, |af =m — 1,

we have that
v E Vm_letarg(X,l) (Rn)

m

thanks to ([.52). Furthermore, since (£ + 1) ! Y ra(x.1)(0,00) (see [Theo,

rem 4.1.2)), we are also entitled to use the inductive hypothesis for m = m — 1 and

X(R™) = Yiarg(x,1)(R™). Hence there is a polynomial @ of order at most m — 2
such that

-1
||U - Q||§/targ(Ytarg(X71),mfl)(Rn) 5 ||Vm UH)/targ(X,l)(Rn)’
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where the multiplicative constant depends only on m and n. Consequently, we
have that

[o-(@+ 3 257)

|a|=m—1

1/targ()(ﬂy7,>(]Rn) - HU T QHY':arg(X,m)(R”)

~ ||U - Q||}/targ(ytarg(xyl),M7l)(Rn)

5 ||Vm_1v||§/targ(x,l)(Rn)

olely
X Imax o
lajl=m~—1 0w Yiarg(x,1) (R™)
olely
= max . N\
la]=m—1 Il 0%z Yiarg(x,1) (R™)

S V™ ull x @,

where the first equivalence follows from [['heorem 4.1.2] the second equality is true

owing to (4.53)) and the last inequality is true thanks to (4.52). We complete the
proof by observing that Q + >° ’(\Jl—‘;:ra is of order at most m — 1. O]

|ajl=m—1

We obtain the following particular examples by combining [T'heorem 4.2.3| and

[I'’heorem 4.1.10l

Theorem 4.2.4. Let m € N, m < n. Let p,q € [1,00] and A = (ap, ) € R? be
such thatp =q=1, 00 >0, aee <0, orp€ (1,72), orp=2,q=1, ase > 0,
orp=",q¢€ (1,00, ap > 1~ %. Let Y(R™) be the rearrangement-invariant
function space given by . There is a positive constant C such that for every

u € VMILPGA(R™) there is a polynomial P of order at most m — 1 such that
lu = Plly@n) < Cl[V™ul| pat ).

Moreover, these polynomials P are unique except for the case where p = 7, q =1
and oo = 0.

Remark 4.2.5. An immediate consequence of [Theorem 4.2.4]is that, if |[Vul| €
L™(R™), then u is bounded on R™ (more precisely, its continuous representative
is). If m > 2 and |[V™u| € L="*(R"), then u obviously need not be bounded on
R™ (consider, for example, u(z) = ), but v differs from a polynomial of order
at most m — 1 by a bounded function on R™. Therefore, if |V™u| € Lm(R")
(m > 2) and u has “some decay at infinity”, that is, |[{z € R": |u(x)| > A\}| < o0
for each A > 0, it follows again that u is bounded on the entire space.
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5. Compactness of Sobolev-type
embeddings with measures

Throughout this chapter, we assume that n € N, n > 2. Let {2 C R” be an open
set such that || < co. We say that a finite (nontrivial) Borel measure p on €2 is
a d-upper Ahlfors measure on ), where d € (0,n], if

(5.1) sup n(Br@) Y < 00

)
z€R™ r>0 rd

where B,.(z) denotes the open ball in R™ of radius r centered at . A standard
example of a d-upper Ahlfors measure is the restriction of the d-dimensional
Hausdorff measure H¢ to a d-dimensional subset of 2. This includes, in particular,
the restriction of the d-dimensional Hausdorff measure to the intersection of 2
and a d-dimensional affine subspace of R™. Another notable example of a d-upper
Ahlfors measure is the absolutely continuous measure du(z) = |z — 209" du,
where x is a fixed point in 2. The class of upper Ahlfors measures provides a
common framework for studying various Sobolev-type embeddings in a unified
way instead of studying them separately as is often the case. We shall consider
Sobolev-type embeddings having the form

(5.2) WX (Q) = Y(Q, p).

Since a function from WX (£2) need not be a well-defined p-measurable function
on €2, such embeddings need to be understood as trace embeddings, that is,
WX (Q2) — Y(Q, 1) actually means that there is a bounded linear operator
T,: WrX(Q2) — Y(Q, p) such that T, u = @ whenever u € WX (Q2) N C(Q2),
where wu is the continuous representative of u. While embeddings were already
thoroughly studied by D.R. Adams ([I], 2]) and V.G. Maz'ya ([62] [63]) within the
class of Lebesgue spaces, it was not until recently that such embeddings were
satisfactorily studied within the class of general rearrangement-invariant function
spaces. In [31], A. Cianchi, L. Pick and L. Slavikova comprehensively investigated
the validity of in the framework of rearrangement-invariant function spaces.
Since WJ'LY(Q2) < Cy(Q) (e.g. [4, Theorem 4.12]), it comes as no surprise that
the situation where m > n is not particularly interesting within the scope of
rearrangement-invariant function spaces. Therefore, we limit ourselves to the
case where m < n for the most of this chapter and the rest of this introduction.
Rather unsurprisingly, allowing general rearrangement-invariant function spaces
in leads to some difficulties. It turns out that the situation heavily depends
on whether d € [n —m,n| or d € (0,n —m).

When p satisfies with d € [n — m, n], we say that u is fast decaying. For
fast decaying d-upper Ahlfors measures, their speed of decay on shrinking balls is
actually all that matters. When p is a fast decaying d-upper Ahlfors measure on
Q) that decays exactly like 7% around at least one point, that is,

i LBr@)N)
re(0,R) rd

the authors of [31] were able to completely characterize the validity of ((5.2)
(see [31], Theorem 4.1]) in terms of boundedness of a Hardy-type operator between

(5.3) >0 for some z; € Q and R > 0,
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the corresponding representation spaces. Furthermore, traces of functions from
Wi X (Q2) on (€2, 1) are always well defined owing to the sharp endpoint estimate
([31, Theorem 3.1])

T,: WLY(Q) — L= (9, )
and (L.17). However, the situation changes dramatically when d € (0,n — m).

A d-upper Ahlfors measure satisfying with d € (0,n — m) (and not
satisfying with any d > n —m) is said to be slowly decaying. Unlike when
d > n — m, traces of functions from WX () on (£2, ) need not be well defined
unless || -||x(0,1) is at least as strong as ||- ||Land’1(0 By that is, X(0,1) < L""1(0,1)
(see [25]). Furthermore, for slowly decaying d—lipper Ahlfors measures, to know
their speed of decay on shrinking balls is not enough for characterizing the validity
of . This can be illustrated as follows. On the one hand, if u = H%q,, where
d € (0,n—m)NN and € is the (nonempty) intersection of © and a d-dimensional
affine subspace of R", then

Ty W' L5 (Q) = L (2, p)

and || - HL n—d _is the strongest rearrangement-invariant function norm || - ||y 1)
m

(0,1)
that renders T,: Wg”LnT_d’l(Q) — Y(Q,u) true ([31, Proposition 3.4]). On
the other hand, if du(z) = |z — x| ™ dz, where zy € Q is a fixed point and
d € (0,n —m), then ([31, Proposition 3.5])

T, WIL™5N(Q) — LN, p).
Note that || - ||LL—d o) is a strictly stronger rearrangement-invariant function
norm than || - ||L 2401y inasmuch as %1 > 1. Therefore, instead of characterizing

the validity of for general slowly decaying d-upper Ahlfors measures, the
authors of [31] provided sufficient conditions for the validity of (see [31,
Theorems 5.1 and 5.2]). However, if we know not only the speed of decay of p on
shrinking balls but also that p has a radially nonincreasing density, that is, u has
the form

(5.4) du(z) = g(lz — o) dz,

where zy € 2 is a fixed point and g¢: [0,00) — [0,00), g # 0, is a nonincreasing
function, then the validity of can be characterized again in terms of bound-
edness of a Hardy-type operator between the corresponding representation spaces
similarly to the case where d € [n —m,n| (see [31, Theorem 5.2]).

In this chapter, we shall address the question of when the embedding is
compact, that is, when the trace operator

(5.5) T, WIX(Q) = Y(Q, ),

whose existence and boundedness were studied in [31], is compact. When pu is
fast decaying or has the form , we shall characterize the compactness of .
When p is a general slowly decaying d-upper Ahlfors measure, we shall provide a
sufficient condition for the compactness of .

It should be noted that the results concerning Sobolev embeddings ob-
tained in [31] have their “W™ X (Q2) counterparts” provided that certain regularity
assumptions are imposed on §2. Thanks to that, our results also remain valid in
the following two situations. The proofs just need a few routine changes.
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(i) When € is a bounded domain having the cone property, it is possible to

replace ((5.5]) by
T,: WmX(Q) = Y(Q, n)

provided that T,u = u whenever u € WX (Q) N C(Q) is replaced by
T,u=muforallu e W"X(2)NC(Q).

(ii) When © is a bounded Lipschitz domain and y is a d-Ahlfors measure on Q,
d € (0,n], that is, u is a finite Borel measure on §) satisfying

w(B,(x) N Q)

sup y

zeR™,r>0 r

it is possible to replace ({5.5)) by

T, WX (Q) — Y(Q,p)

< 00,

provided that (5.3)) is replaced by

(B,(21) Q)

iy i >0 for some z; € Qand R >0
re(0, T

and T, v = u whenever u € WJ"X(2) N C(R) is replaced by T, u = u for

all u € WmX(Q)NC®Q).

n—1

In particular, if €2 is a bounded Lipschitz domain and p = 7—[| 5q » this chapter also
provides compactness results for boundary trace embeddings

W™mX(Q) — Y (99).

5.1 General compactness results

We start with an auxiliary compactness result.

Proposition 5.1.1. Let Q be an open set in R™ such that || < co. Let || - || x(0,1)
be a rearrangement-invariant function norm. Let m € N, m < n. Let p be a
d-upper Ahlfors measure on €.

(i) If d € (0,n —m) and

(5.6) lim |65 0.0 (1) | x(0.2) = O,

r—0t

then the trace operator
T,: W"X(B) — L™ (B, p)

is compact for every open ball B C ). In particular, every bounded sequence
in WX (Q) contains a subsequence converging pointwise p-a.e. in € to a

function from L% (Q, ).
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(it) If d € [n —m,n] and
(5.7) X(0,1) # LY0,1),
then the trace operator
T,: W"X(B) — Lv='(B, 1)

s compact for every open ball B C ). In particular, every bounded sequence
in Wit X (Q2) contains a subsequence converging pointwise ji-a.e. in S to a

function from Ln%dm’l(Q, ).
Proof. First, assume that d € (0,n —m). Since
1775 0,0y < 775 X0 () xr0) + 7775 I llxro,)
for every r € (0,1), implies, in particular, that ||t_1+ﬁ||xf(071) < 0.
Consequently, owing to the Holder inequality , we have that
(5.8) X(Q) = L%5Y(9).

Note that (5.8) combined with (1.17)) implies that W™ X (B) is an intermediate
space between W™L"a"1(B) and W™L*(B) (|8, Chapter 3, Definition 1.4]). By
[31, Theorem 3.3], the trace operator

T,: WL (B) — L™ (B, 1)

is bounded. Furthermore, the embedding W™ L>*(B) — C(B) is compact (e.g., [4,
Theorem 6.3]). Hence, in particular,

T,: W"L>®(B) — L™ (B, )
is compact. We plainly have that
K (s WL (B), W L(B)) < () [ullwnxe)
for every w € W™ X (B) and every t > 0, where
() = sup { K (b, us W L5 (B), W L2(B)): lullwex(s) = 1}, ¢ € (0, 00).

Furthermore, v is quasiconcave (cf. [10, Lemma 3.1.1]). It follows from [61],
Theorem 1.1(i)] (cf. [33, Theorem 3.1(b)]) that T,,: W"X(B) — L' (B, ) is
compact provided that

5.9 li t) = 0.

(5.9) Jim 4(2)

n—d

Therefore, in order to prove the compactness of T,,: W"X(B) — L™= (B, p), it

is sufficient to show that (5.9)) is true. Thanks to ((1.36)), (1.33) and the Holder
inequality (1.14)), we have that

sup { K (1,1 W™ L5 (B), WL (B)): lullwnxn) = 1)

n—d

t m
A sup {/ s Hasa |D™u|*(s)ds: ||ullwmxpy = 1}
0

< HS_HﬁX(Oi"T—d)(S)’

X/(0,1)
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for every t € (0, 00); therefore, follows from (5.6). Furthermore, if {u; }R isa
bounded sequence in Wi" X (€2), we obtain that {T, u;}52, contains a subsequence
converging p-a.e. to a function g € M(Q2, ) by covering Q with countably many
open balls, using the compactness result that we have just established together
with and finally by employing the standard diagonalization argument.
Moreover, thanks to Fatou’s lemma ([8, Chapter 1, Theorem 1.7, (iii)]), we have
that

Second, assume that d € [n — m,n]. The proof is similar to that for d €
(0,n—m). Owing to (1.17), W™X (B) is an intermediate space between W™L!(B)
and W™L>*(B). The trace operator T,: W™L'(B) — Lﬁ’l(B,p) is bounded
thanks to [32, Theorem 3.1]; furthermore, T,: W™L*(B) — Lﬁ’l(B,,u) is
compact for any open ball B C Q ([4, Theorem 6.3]). Therefore, in order to
establish the compactness of T,,: WX (B) — L#’l(B,u), it is sufficient to
prove that (5.9) holds With WanT_d’ (B) replaced by W™L(B). To this end,
note that, by combining ((1.22)) and - with ( . we have that

lim — sup  |[f* X (0.0l 0,1) = 0-
=07 £l x 0,1y <1

Hence, by (1.36)), (1.33)) and the Holder inequality ((1.14)), we have that
lim sup { K (t,u; W"LY(B), W™L>*(B)): |ullwmxs) =1}

t—0t

~ lim sup {/ |D™ul*(s)ds: ||D™ul|xBy = 1} = 0.
t—>0+ 0

Remarks 5.1.2.

(i) If d € (0,n —m), then -5 € (0,1) and we have that

I Ol = s [P0 o)
(11l x 0,1y <1
= sup ||f"xonll, n=a.
1llx o<1 Lo

for every r € (0,1), where we used (1.10)) together with (1.9). Hence
assumption (5.6)) is equivalent to X (0, 1) < L%d’l(o, 1).
(ii) By (1.21]), assumption (5.7)) is equivalent to

t
lim — =0.
t—0t SOX(O,I) (t)

The next proposition provides us with a necessary condition for the compactness
of (5.5 in terms of the Hardy-type operator H,, defined by (2.2).
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Proposition 5.1.3. Let Q2 be an open set in R™ such that Q] < oo. Let || - || x(0,1)
and || - ||y, be rearrangement-invariant function norms. Let m € N, m < n.
Let p be a d-upper Ahlfors measure on S satisfying (5.3)). If the trace operator
Ty W X(Q) — Y(Q,v) is compact, then the operator H, a: X(0,1) — Y (0,1),
where v(t) = t~*% ¢t € (0,1), is compact.

Proof. We may, without loss of generality, assume that the R from (5.3)) is such
that B(z1, R) C Q. For each f € X(0,1), we define the function us: Q@ — R as

wn R™ wn R™ wn R™ - — m .
up(z) = () fwnm —z1|" S frm,ll f (55 rm drp,---dry if m > 2,
77(:1)) fwnkﬂ z1|" f(w R") “Hadr ifm= 1,

where n(2) = X(0w,rn) (Wn|z — 21]"), © € Q. By [26, inequality (4.20)], we have
that uy € WJ"X(Q) and

(5.10) [ugllwmx@) S 1 fllxor)  for every f e X(0,1).
Furthermore, owing to [31, inequalities (4.23) and (4.25)], we have that
(5.11) ||Hv7%f||y(071) S| Tuugllyu for every f e X(0,1).

Let {f;}32y be a bounded sequence in X(0,1). Owing to (5.10)), the se-
quences {uff }52, and {uf; }52, are bounded in Wi X (€2). The compactness of
T,: WX (Q2) — Y (Q,v) guarantees the existence of a subsequence {f;, }3>; of
{f]} °, such that both {T, Upt b, and {T, U 122, are Cauchy sequences in

Y (9, v). Finally, since

|Hyaf = Hyagllyoy < NH,af "= H,ag" v +I1H,af™ = H, 49" [y
<H, o (" =g ) vy + 1H, 2(f~ = g7)lIvon

and uy_, = uy — uy for every f,g € X(0,1), (5.11)) implies that {H, a(f;,)}7, is
a Cauchy sequence in Y (0, 1); hence {H, a(f;,)}7Z, converges in Y(0,1). O

When g is fast decaying or is of the special form ([5.4)), we manage to obtain a
sharp compactness result. When the target function norm is equivalent to || - || .,
the situation is different (and simpler) and will be dealt with later.

Theorem 5.1.4. Let Q be an open set in R™ such that [Q < co. Let || - || x(0,1)
and || - ||y ,1) be rearrangement-invariant function norms. Assume that || - |y (o,1) s
not equivalent to || - ||p. Let m € N, m < n. Let pu be a d-upper Ahlfors measure
on 2. Assume that d € [n —m,n| or p has the form (and d € (0,n]). Set
v(t) =t~ %t € (0,1), and consider the following siv statements:

(i) the operator H, a: X(0,1) — Y(0,1) is compact;

.. 1 _lam
(i) Jim  swp (LS 1™ 5 x00() dslly ) = 0
X0,1)=

(iii) lim  sup || [ f5(s)sT 5 X0 () sy ) = 0;

+
a=0" | fllx0,1y<1
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o 1
(iv) lim  sup ||X(0,a) (t) |3

+
a=0" | fllx 0,1y <1

FEsE ds]ly g, = 0

(v) lim  sup ||X(0,a)(t) ftl% fr(s)stw dsHy(o,U =0;

+
a—0 1l x0,1)<1

(vi) we have that Yx(0,1) < Y (0,1), where Yx(0,1) is the optimal target space
for the operator H, « and the space X(0,1), whose associate function norm
satisfies

3l

t

I lvgon = || [ r(s)ds

0

for every f € MT(0,1).

X7(0,1)

These statements are equivalent, and each of them implies that T, : Wi X (Q2) —
Y (Q, ) is compact. Furthermore, if, in addition, p satisfies (5.3)), then each of
(¢) - (vi) is also necessary for T, : WX (Q2) = Y (Q, u) to be compact.

Proof. Note that the six statements are indeed equivalent owing to |Proposi

tion 2.3.2| (see also [Remark 2.3.3)). Furthermore, since d € [n —m,n| or p has the
form @ , we have that

(5.12) T WX (Q) = Y (Q )

is bounded by virtue of [31, Theorem 4.4] or [3I, Theorem 5.3], respectively.
Let {u;}32; be a bounded sequence in WX (). We would like to show that
{T, u;}32, contains a subsequence converging in Y (€2, ). Thanks to [84, Theo-
rem 3.1, in order to show that, it is sufficient to prove that {T, u;}52, contains
a subsequence converging pointwise p-a.e. in €2 inasmuch as we have that
and (by (vi))

YX(Q’ M) c; Y(Q7 M)‘

First, assume that d € (n — m,n|. We claim that T,,: WX (B) — L'(B, p)
is compact for every B C Q. To this end, note that, by [64, Theorem 1.4.6/1,
the sufficiency part], every subset of C*°(B) bounded in W™L!(B) is precompact
in L'(B,p). Since functions from C*(B) are dense in W™L(B), a routine
approximation argument shows that T,,: W™LY(B) — L'(, u) is compact; hence
T,: WmX(B) — L*(B, ) is also compact owing to (L.17)). By covering 2 with
countably many open balls and employing the standard diagonalization argument,
we obtain that {T, u;}32, contains a subsequence converging pointwise y-a.e. in
Q.

Next, assume that d = n—m. The fact that {T, u;}52, contains a subsequence
converging pointwise p-a.e. in € will follow from [Proposition 5.1.1(ii) once we
show that X(0,1) # L'(0,1). Owing to [Proposition 2.2.43 with v =  and v = %,
we have that

(5.13) Y1(0,1) = L'(0,1).
Assumption (vi) together with (T.17)) ensures that Yy (0,1) <> L'(0,1), whence

(5.14) Yx(0,1) # L*(0,1)
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thanks to (1.26). By combining and (5.14), we obtain that X(0,1) #
LY(0,1).

Last, assume that d € (0,n—m) and p has the form . Since p is absolutely
continuous with respect to the Lebesgue measure, we actually have that T\, u = u
p-a.e. in € for every u € WX (Q) (cf. [31, Theorem 5.3]). Furthermore, for every
open ball B C Q, W™X(B) — L'(B) is compact by the Rellich-Kondrachov
theorem combined with . Therefore, by covering 2 with countably many
open balls and employing the standard diagonalization argument, we obtain that
{u;}32, contains a subsequence converging pointwise a.e. in 2. Hence {T), u;}52,
contains a subsequence converging pointwise p-a.e. in €.

Finally, if p satisfies , then the necessity of (i) follows from
tion o.1.3l O

For a general slowly decaying measure u, we provide a sufficient condition for
the compactness of , which can actually be used to produce sharp compactness
results when, roughly speaking, the domain function norm is “stronger enough
than” || - H (see [Theorem 5.2.5)).

01

Prop051t10n 5.1.5. Let Q2 be an open set in R™ such that || < co. Let m € N,
m < n. Let p be a d-upper Ahlfors measure on Q). Assume that d € (0,n—m). Let
|- x| - llv0,1) and || - || z(0,1) be rearrangement-invariant function norms such
that X(0,1) < L"="1(0,1) and Y(0,1) < Z(0,1). If T,: WX (Q) — Y (2, )
is bounded, then Tu- Wi X (Q2) — Z(Q2, 1) is compact.

Proof. Owing to (i), assumption X (0,1) <> L"2"1(0,1) is equivalent
to (5.6). By combining that with |Proposition 5.1.1, we obtain that every bounded
sequence in Wi X (§2) contains a subsequence converging pointwise p-a.e. in 2.
Since we assume that T, : WX (Q) — Y(€, ) is bounded and Y (0,1) < Z(0, 1),
the compactness of T,: WJ"X(Q) — Z(Q, ) follows from [84, Theorem 3.1]
(cf. [84, Theorem 3.2]). O

Remarks 5.1.6.

(i) If d € (0,n — m), traces of functions from WX (2) on (€2, ) need not be
well defined unless we assume that the rearrangement-invariant function
norm || - ||x(,) is strong enough. When || - ||x,1) is at least as strong

2t g that is, X(0,1) < L"=1(0,1), the
existence of T,: WI"X(Q) — Ll(Q 1) (we can actually replace L'(Q, 1)
by L (€, ,u)) is guaranteed by [31, Theorem 3.3] (cf. [54]). In fact, this
assumption on || - || x(o,1) is also necessary if d € (0,n —m) NN, see [25]. In
|Prop0sition 5.1.5| the stronger relation X (0,1) <5 L""1(0,1) is assumed.
The stronger relation ensures that the space X (0, 1) is not “too close” to the

as the Lorentz norm || -

endpoint space L%d’l(o, 1), and so we can extract a subsequence converging
pointwise p-a.e. It is not, however, too restrictive. For example, if X (0, 1) is
a Lorentz—Zygmund space LP%*5(0,1), then LP4A(0,1) < L%d’l(o, 1) if
and only if LP%*5(0,1) C L%’l(O, 1).

(ii) In order to use |Proposition 5.1.5 successfully, one needs to know when
T,: Wi X(Q) — Y(, ) is bounded. Sufficient conditions for that are
provided by [31, Theorems 5.1 and 5.2].
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When the target function norm is equivalent to || - |[z~(,1), the situation
changes significantly. It turns out that the speed of decay of y on shrinking balls
is immaterial.

Theorem 5.1.7. Let 2 be an open set in R™ such that || < co. Let || - || x(0,1) be
a rearrangement-invariant function norm. Let m € N, m <n. Let u be a d-upper
Abhlfors measure on Q2. Set v(t) = t7* %, t € (0,1), and consider the following
five statements:

(i) the operator H, a: X(0,1) — L>(0,1) is compact;

(i) lim  sup  ['|f(s)]s7" T ds = 0;
a—0% 1flxc0,1)<1

(iii) lim  sup [ f*(s)s™'w ds = 0;
a0+ 1flxc0,1)<1

) ] _1+% ’ =U;
(i) T [ 30 Ol = 0.

(v) X(0,1) < Lu1(0,1).

These statements are equivalent, and each of them implies that T,: Wi X (Q2) —
L>(Q, ) is compact. Furthermore, if, in addition, v satisfies (5.3), then each of
(i) - (v) is also necessary for T\, : WX (Q) — L*(Q, p) to be compact.

Proof. The equivalence of the five statements follows from [Proposition 2.3.4]
Assume that (v) holds. By iterating the sharp Sobolev embedding due to Peetre
([76, Theorem 8.1]), we have that

WELm5 Y (Q) — Lm==1Y(Q) for every j € {0,1,...,m — 2}
if m > 1, whence we get that
WX (Q) = WrLw'(Q) — W LatH(Q) — - — WIL™HQ).

Since WX (Q) — W1L™(Q), we have that, owing to [88] combined with [23]
Theorem 3.5],

(5.15) WX (Q) = Cy(Q);
consequently,
(5.16) T,u=1u forevery u e W;"X (),

where @ is the continuous representative of u. Furthermore, T, : Wi X (Q) —
L*>(Q, ) is bounded. Indeed, by (5.15)) and (5.16)), we have that

I Tl = Il < supla()] < lullwgxw)-

As
| Tpwl| peepy < llul|pe) for every u € Wi X (),

in order to prove that W[ X (Q) < L*(Q, ) is compact, it is sufficient to prove
that the embedding WX (Q2) < L*°(Q) is compact. By [53, Theorem 1.2], this is
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equivalent to (4i7) (and so also to (v)). Although embeddings on bounded Lipschitz
domains with no restrictions on boundary values were considered there, one can
readily check that their proof works for any open set 2 with || < oo provided
that we restrict ourselves to WX () (see also [20, Proof of Theorem 1.2]).

Finally, if p satisfies (5.3), then the necessity of (i) follows from
tion 5.1.3l ]

Remark 5.1.8. When d = n and p is the Lebesgue measure on €, [Iheorem 5.1.4]
and [Theorem 5.1.7| recover the sharp compactness results in the Euclidean setting
obtained in [53] (cf. [85]). When d € [n — m,n] NN and p = Hflﬂd, where
is the (nonempty) intersection of 2 and a d-dimensional affine subspace of R",
these theorems recover the sharp compactness results for trace embeddings on
d-dimensional affine subspaces obtained in [20].

For the sake of completeness, we conclude this section by covering the case
where m > n. Not surprisingly, the speed of decay of p on shrinking balls is
entirely immaterial.

Proposition 5.1.9. Let Q be an open set in R™ such that Q] < oo. Let || - || x(0,1)
and || - ||y o) be rearrangement-invariant function norms. Let m € N. Let ju be a
d-upper Ahlfors measure on €.

(i) If m =n and || - || x(0,1) not equivalent to || - |11y, then the trace operator
T, : WX (Q2) = Y (Q, 1) is compact.

(ii) If m =n and || - ||y 0,1y not equivalent to || - ||L~0,1), then the trace operator
T,: WiX(Q2) — Y(Q,u) is compact.

(tit) If m > n, then the trace operator T,: WX (Q) — Y (Q,u) is always
compact.

Proof. Recall that, when m > n,
(5.17) W LY Q) < Cy(2),  and the embedding is compact if m > n,

(e.g. [4, Theorems 4.12 and 6.28]). Hence, by (1.17), for every bounded sequence
{u;}320 in Wi X (Q), the sequence ()52, is bounded in L>(€2, u), where ; is the
continuous representative of u;. We would like to prove that there is a subsequence
{u;, }72, that converges in Y (€, u).

If m > n, the assertion immediately follows from ([1.17) and (5.17)).

If m =n and || - ||y, is not equivalent to || - ||z=(0,1), by and the
standard Sobolev embedding WL (Q) < Wo'L7"1(Q) (e.g. [4, Theorem 4.12)),
IProposition 5.1.1| ensures that {@;}32, contains a subsequence {i;, }72; that
converges pointwise p-a.e. in Q. Note that -5 > max{1, 2={}. Therefore, [84]
Theorems 3.1 and 5.2] guarantee that {a;, }7°, converges in Y (£, u).

If m = n and || - ||x(,u) is not equivalent to || - ||1(0,1), we have that the
embedding W} X (Q) — L>(Q) is compact (e.g. [20, Theorem 1.2]). Hence,
thanks to ((5.17) and , the conclusion follows from a line of argument similar
to that in the proof of [Theorem 5.1.7} O

142



5.2 Particular examples
In this section, we shall provide compactness results for the trace operator
T,: W(')’anthal(Q) SN LPQ’q”’Qﬂ(Q,u).

We consider two tiers of logarithms in the target space so that we can capture
even delicate limiting cases.
First, we consider fast decaying measures, that is, d € [n — m,n].

Theorem 5.2.1. Let 2 be an open set in R™ such that || < co. Let m € N,
m < n. Let u be a d-upper Ahlfors measure on Q. Assume that d € [n — m,n].
Assume that the parameters p1,q1,p2,q2 € [1,00], aq, 0,8 € R are such that
| - lzeraver 1) and || - || pr2asienso,1y are equivalent to rearrangement-invariant
function norms, that is, the parameters satisfy one of conditions . If one of
the following conditions is true:

e pi=q =1, a1 >0,d>n—m and

d

* P2 < —— Or
_ _d
* P2 = T, Qg < Qq or
d .
*p2:n,mya2:al;5<07

e m=q=1,a,>0,d=n—m and

*pp=gp=10<a <o or
x*xpp=q=1,0=ay<ai, >0 or
xp=@=10<a=qa, 3 <0;

e p1€(1,72) and

* Py < =L op

n—mpi
d

* Py = n_gpl g < —|—m1n{— — qiz,O} or
d

* Py = g =on + mln{— - — 0} B < mln{ 0};

. plzﬁ,a1<1—qilcmd

* Py < 00 Or
* Py = 00, a2—|—i<a1—|—i—1 or
1

* Py = 00, oz2+——oz1+——1 ﬁ<mln{——q—2 0},

. plzﬁ,alzl—qiland
* pg < 00 Or
*p22007a2+qi2<00r
*p2:oo,a2+qi2:0,ﬂ+qi2<—1—l—qil;

o cither py =, 041>1—qi1 orpp >,
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then the trace operator T,: W LPraien(Q) — LP242928(Q) 1) is compact. Fur-
thermore, if u satisfies (5.3)), then these restrictions on the parameters are also
necessary for T, : W LPr1591(Q) — [P292:025(Q) 1) to be compact.

Proof. The assertion is an immediate consequence of [Theorem 5.1.4] and [Theo]

combined with |Prop0sition 2.3.6| with v =2 and v = %. [

Corollary 5.2.2. Let 2 be an open set in R"™ such that || < co. Let m € N,
m < n. Let u be a d-upper Ahlfors measure on Q. Assume that d € [n —m,n|.

Let D1, q1,P2, Q2 € [17 OO]

o Ifps < =L andd > n—m, then T,,: W"L'(Q) — LP21(Q, p) is compact. If

w satisfies (6.3)) and d > n—m, then T,,: W"L'(Q) — Lﬁ"’o(Q,p) is not
compact. If u satisfies (5.3) and d = n—m, then T,: WL} (Q) — LY (Q, p)

18 mot compact.

e Ifpr € (1,2) and p2 < nfﬁip17 then T,: WiMLPL>(Q) — LP»Y(Q, ) is
compact. If py € (1,2) and p satisfies (B.3), then T,: WLP»'(Q) —
dp
L”—iwipl’oo(ﬂ, @) is not compact.
o Ifpy < o0, then T,: W"Lm>°(Q) — LP2Y(Q, ) is compact. If p satisfies
(5.3), then T, : Wgn L (Q) — L>(S2, 1) is not compact.

o Ifpi > 2, then T, : W LPv>(Q2) — L>(S2, p) is compact.

Second, we deal with the particular case where p has the form . Since
the case where d € [n — m, n] was already dealt with in the preceding theorem,
we restrict ourselves to the case where d < n —m. The proof is the same as that
of the preceding theorem.

Theorem 5.2.3. Let  be an open set in R™ such that |Q| < oco. Let m € N,
m < n. Let i be a d-upper Ahlfors measure on 0 having the form . Assume
that d € (0,n—m). Assume that the parameters py, qi,p2, ¢2 € [1,00], aq, a9, B € R
are such that || - || Levaier0,1) and || - || pra.aziens0,1) are equivalent to rearrangement-
invariant function norms, that is, the parameters satisfy one of conditions (|1.29)).
If one of the following conditions is true:

. plszer;qlzl,Oé1>OCLnd
* pp=qg=1,0<ay <ap or
*pQZQ2:1;0:O¢2<041}62007”
*p2:Q2:1;0<a2:041}/8<0:'

. plzmiﬂl,q€(1,0<>],a1>1—qi1 and
*p2:q2:1,0<a2<a1—1+qi1 or
* pp=q =1, a=0and >0 or
* P2 =q2 =1, 0422041—1%-%1 fmd5<—1+qi1;

e p1 € (mLer,%) and
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dpy

* po < o or

__ _dm
* pr = an <oy +m1n{— - = 0} or

_ _dp1 1 ol 1 .
* po= il =y +m1n{— — ,0}, b < mln{q—1 — q—2,0},

. plzﬁ,a1<1—q%cmd
* Py < 00 Or
*pgzoo,a2+qi2<oz1+i—1 or
*pQZOO,OQ‘FqLQ: +——1 ﬁ<m1n{——1,0};
. plzﬁ,m:l—qilcmd
* Py < 00 Or
* Py = 0O, a2+—<00r
*pgzoo,a2+q—2:0,6+qi2<—1+qil;

n

; —n _ 1 n
o citherpr =", a;>1 o 0T L > n

then the trace operator T, : Wi LPravioi(Q) — Lr2aze28(Q) 1) is compact. Fur-
thermore, if u satisfies (5.3)), then these restrictions on the parameters are also
necessary for T, : W LPr1501(Q) — LP292028(Q) 1) to be compact.

Corollary 5.2.4. Let 2 be an open set in R™ such that || < co. Let m € N,
m < mn. Let uu be a d-upper Ahlfors measure on € having the form (5.4). Assume
that d € (0,n —m). Let p1,qi1,pa, g2 € [1,00].

o If p satisfies (5.3)), then T,: WS”L#H’I(Q) — LY, p) is not compact.

o Ifpi € (g ) and py < B, then Tyr W LPr(Q) — LP2Y(Q, p) s
compact If py € (=%, 2) and p satzsﬁes (.3), then T,: WrLrH(Q) —

m~+d’ m

[ (Q, ) is not compact.

o Ifpy < oo, then T, : WLm>°(Q) — LP>Y(Q, 1) is compact. If p satisfies
(5.3)), then T,: W L= (Q) — L>(, n) is not compact.

o Ifpi> 12, then T, : WG LPv>(Q) — L>(82, u) is compact.

Next, we consider general slowly decaying measures u, that is, without the
extra information that p has the form (5.4)).

Theorem 5.2.5. Let 2 be an open set in R™ such that || < oco. Let m € N,
m < mn. Let u be a d-upper Ahlfors measure on Q. Assume that d € (0,n —m).
Assume that the parameters p1,q1,p2,q2 € [1,00], aq, 0,8 € R are such that
| - |zrraero1) and || -+ || ppzazienso) are equivalent to rearrangement-invariant
function norms, that is, the parameters satisfy one of conditions . If one of
the following conditions is true:

. p1=%l,oz1>1—%cmd

*p2<"7’d07“
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1

*p2:T’a2<a1_]‘+q_1_q_2 or
—d .
*pgz%,agzal—l—l———— ﬁ<m1n{ —2,0},
® ple(n?_d7%) and
d
* D2 n_fépl or
_dp 1
o n_ﬁim, s < oy —|—m1n{— — q—2,0} or
d
* Py = —ozl—i—mm{——— 0}, B<mm{ q270}}.

_n _ 1
e p1=,,a <1 o and

* Pg < 00 OT
* Pg = 00, a2+i<a +i—1 or

* Py = ooa2+——a1+ —1,6<min{qi1 qQ,O}

e =2 0=1-2 and

m’ q1
* pg < 00 or
*pgzoo,ag+qi2<00r
* pp =00, g+ - =0, B+ - <1+
o cither py =, 041>1—qi1 orp; >,

then the trace operator T, : WP LPrauo1(Q) — [P292:028(Q 1) is compact. Further-
more, if p satisfies (5.3) and p; > ”T_d, then these restrictions on the parameters
are also necessary for T, : W LPr1a1(Q) — [P292028(Q) 1) to be compact.

Proof. Set H = H,,, where v(t) = t"'*=, ¢ € (0,1), v = £. We define the
sublinear operator S as

a3

t
Sf(t) =t n-a fr(s)s tamads, t € (0,1), feM0,1).
0
We denote by Yiriase: (0,1) the optimal target space for the operator H and
the Space Lpraiei(0,1). Owing to [Proposition 2.2.43) we have that (note that

g < 4 inasmuch as d < n —m)

( d .
L 0,1), py € [ )

Loo,ql;al—l(o 1) P11 = ﬂ , 0 < 1-— q_1’
Lo g (0 1), plzm,qle(l ], ap =1—
L>(0,1), pL= 7, o >1—q—10r

= =1 a>0or

ql’

YLPL‘H?OQ (O, 1) =

\ b1 > %

First, if either p; = *, a1 > 1 — qil or py > 7, then LPLai1((), 1) < Lawl(0,1)
(see (2.133)). By [Theorem 5.1.7, T, : Wy LPr3:*1(Q) — L*°(, ) is compact;
hence T, : W LPravser(Q) — [P222:028(Q 1) is compact.
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Second, assume that either p; = *, a; <1 — q% or p; € ("T_d, ). We claim
that St LP19521(0,1) — Ypeiaed (0, 1) is bounded. To this end, note that we have
the following endpoint estimates for S ([32, Proposition 3.5]):

(5.18)  S: L'=n"(0,1) = L"="°(0,1) and S: Lw™(0,1) — L>(0,1).

If pp € (=% 2), then the fact that S: LPr4:1(0,1) — L”?ﬁ’q“al((),l) is
bounded follows from the endpoint estimates by non-limiting interpolation thanks
to [41, Theorem 4.1]. If p; = * and a; <1 — q%’ then we obtain the boundedness
of S: Lmdi®1(0, 1) — L*9i@1(0, 1) from the endpoint estimates by single-limiting
interpolation thanks to [4I, Theorem 4.2]. Finally, if py = *, ¢ € (1,00] and
a; =1 — =, we have that

IS0 sy S 1550 S Il ey S IS

N L ar (o)

for every f € 9M(0,1) owing to the fact that L=(0,1) < L% a"'(0,1) and

Loy (0,1) < Lw>°(0,1) ([75, Theorem 4.5]). Now that we know that
S: LPrarn (0, 1) = Yisrawe (0, 1) is bounded (H: LPY451(0,1) — Yyorares (0, 1)
is, of course, also bounded), [31, Theorem 5.1] implies that

T'ui Wéanl’ql;al (Q) — Yiriaion (Q, [1,)

is bounded. Therefore, thanks to [Proposition 5.1.5]

T, W LPR0ien () — [P22028(Q) 1)

is compact whenever Yz aia: (0,1) < LP292:928((), 1) (note that, since p; > 2=2 —<,
Lroaien (1) < L5140, 1)).
Last, assume that p; = "—;d and ap > 1 — qil. Note that LnT_d“ll?o‘l(O, 1) <

L%d’l((), 1) thanks to (2.133). Fix any v € (—o0 mln{— - O}) By combining
(5.18]) and 41, Theorem 4.2], we obtain that

(5.19) S: [Ataien(( 1) - L@t —a9 (g 1)
is bounded inasmuch as v < mln{— - = 0} Furthermore note that
Y, noa o (0,1) = L5051 (0,1) and L5 01(0,1)<—>L fazen =l 0,70, 1)

([75, Theorem 4.5]); hence we also have that
(5.20) H: L5500, 1) — L% @500, 1),
Owing to (5.19) and (5.20)), [31, Theorem 5.1] implies that

T, W L5t oen Q) — L === (q )

is bounded. Now, if ap < a1 — 1+ - — -, then ety a7(0, 1)
L";“mmﬁ(o, 1), no matter what ~ is, thanks to (2.133). If ap = oy — 1 + - ==

l12
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then L%d’q%al_prﬁ_é”(o, 1) < L%d’q”%ﬁ(o, 1) thanks to ([2.133)) provided that
B < ~. Hence
Tu: WOmL%,qum(Q) N L”Tjd,qz;ozzﬁ(g’u)

1

o Wwe take any

is compact owing to [Proposition 5.1.5| (if g =y — 1+ q% —
v E (5,11111(1{@%1 — q%,O}).

Finally, if p satisfies (5.3)) and p; > ’%‘i, the necessity of the restrictions on the
parameters follows from [Proposition 5.1.3 combined with [Proposition 2.3.6, [

Corollary 5.2.6. Let 2 be an open set in R"™ such that || < co. Let m € N,
m < mn. Let u be a d-upper Ahlfors measure on Q. Assume that d € (0,n —m).
Let P1,41,P2,42 € [17 OO]

e Ifpr € (=42 and py < 2 then T,,: WPLPv>®(Q) — LP2H(Q, ) is

'm n—mp1’

compact. If py € (=% %) and u satisfies (5.3)), then T,: WLP(Q) —

m ’m

dp
L=mm ™ (Q, 1) is not compact.

o Ifpy < o0, then T,: W Lm>°(Q) — LP»Y(Q, ) is compact. If p satisfies
(5.3), then T, : WL (Q) — L>®(S2, 1) is not compact.

o Ifpi> 7, then T, : W LPv>(Q) — L>(S2, u) is compact.

5.3 A few “counterexamples”

Let Q be an open set in R" such that || < co. Let m € N, m < n. Let u be
a d-upper Ahlfors measure on 2, where d € [n —m,n], that satisfies (5.3). Let
p,q,7, s € [1,00] be such that LP?(0,1) and L™*(0,1) are Lorentz spaces. Assume
that p < . It follows from [Corollary 5.2.2| that the trace embedding

(5.21) T, W LP9(Q) — L™ (S, )

is compact if and only if r € [1, —22_). In other words, (5.21]) is compact if and

’ n—mp
only if Lnfizw’oo(o, 1) € L™*(0,1). Note that, owing to , Lnjiw’oo(o, 1) is the
biggest rearrangement-invariant function space on the same “fundamental level”
as Lniiifnp’q((), 1), the optimal target space in for X(0,1) = L7(0,1) ([32,
Theorem 3.1]). In yet other words, is compact if and only if

8 t
i oL (m)()t o
=0 SOLniiifnza";’(o,l)()

We can see that the question of whether the trace embedding is compact is
completely determined by the fundamental functions of the corresponding Lorentz
spaces. However, as was foreshadowed in the situation is much more
complicated in the general setting of rearrangement-invariant function spaces.
The aim of this section is to provide a few “counterexamples” illustrating that
some principles concerning compactness of Sobolev-type embeddings, which are
valid and natural when we limit ourselves to Lebesgue or Lorentz spaces only, may
fail terribly when general rearrangement-invariant function spaces are allowed.
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Assume that Q, m, p are as above. Thanks to [31, Theorem 4.1, Remark 4.2,
the trace operator is bounded if and only if H,a: X(0,1) — Y(0,1) is
bounded, where v(t) =t~ ¢ € (0,1). Therefore, optimal spaces for T, are the
same as those for H, a (cf. [31, Theorem 4.4]). We shall use this fact throughout
this subsection without further explicit reference.

First, we show that the fact that a target space in ((5.5)) is strictly bigger than

the Marcinkiewicz space corresponding to the optimal target space in ({5.5)) does
not guarantee the compactness of (5.5)).

Theorem 5.3.1. Let 2 be an open set in R™ such that || < co. Let m € N,
m < n. Let u be a d-upper Ahlfors measure on ) satisfying , where d €
[n—m,n]. Let || - ||x,1) be a rearrangement-invariant function norm such that
tn=t ¢ X'(0,1). Furthermore, if d = n —m, we assume that || - || x@u) is not
equivalent to ||-|| 10,1y There is a rearrangement-invariant function norm ||- ||y ,)

such that M, (0,1) € Y(0,1) and T,: WX (2) = Y (2, 1) is bounded but

PYx(0,1)

not compact, where || - ||y, 1) is the optimal target norm in (5.5).

Proof. First, note that the assumption ¢=» ~' ¢ X'(0, 1) is equivalent to the fact that
Lw=m(0,1) € X'(0,1), which is equivalent to X(0,1) € Lw'(0,1) (see (L.27)
and (L.15))); hence, since Lm'(0,1) is the optimal domain space for H, 4 and
L*>(0,1) (Proposition 2.2.38)), we have that Yx(0,1) # L*(0,1). Therefore
Py (0,1) satisfies (2.137)) owing to (1.20]). Next, we claim that @y, (0,1) also satisfies
([2-136). Owing to (1.21), that amounts to proving that Yy (0,1) # L*(0,1). If
d € (n—m,n], then this follows from Yx(0,1) C ¥7.:(0,1) = Lnfdm’l(O, 1) € LY(0,1)
(Proposition 2.2.43| also [32, Theorem 3.1]). If d = n —m, then it is assumed that
X(0,1) # L*(0,1), whence it follows that X (0,1) <> L'(0,1) thanks to (1.26).
Therefore Yx(0,1) # L'(0,1) (see and (5.14)).

By virtue of |[Corollary 2.3.8, there is a Marcinkiewicz space My (0,1) such
that My, ., (0,1) C My(0,1), but the embedding is not almost compact. Since
Yx(0,1) = My, ,,(0,1) <= My(0,1), we know that T,,: Wi X (Q) — My (€2, p)
is bounded; however the trace embedding is not compact (Theorem 5.1.4). [

Remark 5.3.2. Since the assumption ¢» ! ¢ X’(0,1) is equivalent to the fact
that Yx(0,1) # L>°(0,1), that assumption is completely natural in light of ([1.25]).
Furthermore, if d = n —m and || - || x(0,1) is equivalent to || - [|11(0,1), then

d

Yx<0, 1) = Ln-

=1(0,1) = L'(0, 1);

hence the assumption that || - || x(o,1) is not equivalent to || - ||z1(0,1) when d = n—m
is also inevitable owing to (|1.26)).

The following examples show that it may actually happen that
t
lim —SOY(O’U( )
=0+ Py (0.1)(t)
and T,: WJ"X(Q2) — Y (Q,p) is bounded, but the embedding is not compact.
: : ¢
Moreover, it may even happen that tli%}*‘ % = Oand My, ., (0,1) € Y(0,1),

but the trace embedding T, : WJ"X(Q2) — Y (€, u), while bounded, is still not
compact.

=0
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Proposition 5.3.3. Let Q) be an open set in R™ such that |Q)] < co. Let m € N,
m < n. Let p be a d-upper Ahlfors measure on S satisfying (5.3), where d €

n

[n —m,n]. Letp e (1,2], ¢ € (1,00] and o € R. If p = , we assume that

a <1 Letrellq). Set

Lwwa 20, 1) 4 Lims ™+ 575(0, 1), pe )
Y(0,1) = ¢ Loow=1(0,1) + L7 a7 (0, 1), p=o0, a<l-1
co,q—L,—1 oo’r;7%’71+l,%7l,% o 41
L = (0,1)+ L a7 (0,1), p=o0, a= L

We have that lim —2X00 _ — o gpgd Wi LPs(Q) — Y (Q, u) is bounded but

t—0+ PYrp,aa (071)('5)
not compact.

Proof. Inasmuch as we have that (Proposition 2.2.43| cf. [32, Theorem 3.1])

Lnffnpvqwé(o’l)7 p c (1’%)’
YLP’Q‘O‘(()? 1) = Loo,q;afl([)’ 1)7 p=o00, a<l— %a
IJ()CJ#]?_%,—I(O7 1)7 p =00, a= 1 1

E?

the claim follows from |Corollary 2.3.16, O

Remark 5.3.4. By taking ¢ = oo in [Proposition 5.3.3] we obtain examples
of pairs of rearrangement-invariant function spaces X(0,1) and Y(0,1) such

that lim 2x@0® _ 0, M, (0,1) € Y(0,1) and the trace embedding

=0+ PYx 1)) Yx (0,1) =

T,: WX (Q2) — Y(€, i) is bounded but not compact.

We conclude this section with a collection of examples illustrating the unrelat-
edness of the compactness of ([5.5)) to the fundamental scale of the optimal target

space in (5.5]).

Proposition 5.3.5. Let Q) be an open set in R™ such that |Q)] < co. Let m € N,
m < n. Let u be a d-upper Ahlfors measure on 2 satisfying , where d €
[n —m,n|. Letp € (#,oo], q € (1,00] and o € R. If p = 00, we assume that
a+1<0. Set

Lavme(0,1) N LT 7°H175(0,1), p € (=, 00);

n—m’

Lwtet1(0,1) N X, (0,1), p=o0and a+1 <0,

X(0,1) = {

where X,(0,1) is the rearrangement-invariant function space whose function norm
satisfies

1
Pl = e e [, prs o a
t

n
d

La(0,1)

for every f € M*(0,1). We have that

Lra(0,1) N LM+ 74 (0, 1), pe (74, 00);

n—m’

Le(0,1) N LOO»‘J?O‘“_%J_%(O, 1), p=ooanda+1<0.

YX<07 1) = {
Furthermore, we have that:
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o the spaces X(0,1) and Yx(0,1) are mutually optimal in T, WX (Q) —
YX(Qv :u);'

o T,: WiX(Q) — Ay(Q, ) is bounded but not compact, where ¢ is a quasi-
concave function on [0, 1] such that

oy~ PO D E (2 00),
- ()t if p=o0 and a +1 < 0;

e lim 0 __—g
(0t Pyx 1)) ‘

Proof. Note that Ay(0,1) = LP5(0,1). Set

2.1 — Lp,q;aﬂ—%(o, 1) if pe (-4, 00),
) LOOJJ;OH-I—%,I—%(O, 1) 1fp = 00 and o —+ 1 <0.

Let Xp,nz(0,1), X4,(0,1) and Xz(0,1) be the optimal domain spaces for H, a
and A,(0,1) N Z(0,1), Ay(0,1) and Z(0, 1), respectively. We have that
tion 2.2.38))

Lo (0,1) i p € (4=, 00),

n—m’

L%’l?o“"l(O, 1) ifp=ococand a+1<0,

Xa,01)(0,1) = {

and o )
L I=50,1) if p e (=L, 00),

n—m’

X,(0,1) ifp=ocand a+1<0.

XZ(0,1)(07 1) = {

Furthermore, it can be readily seen from that Xj,nz(0,1) = X4, (0,1)N
Xz(0,1).

Since Ay (0,1) has absolutely continuous norm, we have that (A,(0,1) N
Z(0,1)) = M_+_(0,1) + Z'(0,1) ([8, Chapter 3, Exercise 5]). As p' < s—%— the

$(t) +m’

supremum operator T, defined by with () = tdﬂfm, t € (0,1), is bounded
on both Mﬁ(o, 1) and Z’(0, 1) owing to [46, Theorem 3.2]. It follows that T, is
also bounded on (A (0,1) N Z(0,1))". Hence the spaces in H,,: X,nz(0,1) =
Ay Z(0,1), Hyp: Xa,(0,1) = Ay(0,1) and H,,: Xz(0,1) = Z(0,1) are mu-
tually optimal in each of these embeddings by virtue of [[heorem 2.2.13| and
IRemark 2.2.14(i). Therefore, the spaces in T),: Wi" X (2) — Yx (€, 1) are indeed
mutually optimal.

We plainly have that Yx(0,1) — A,(0,1), and so the trace embedding
T,: Wi X(Q) — Ay(Q, 1) is bounded. Furthermore, we have that (see [75,
Lemma 3.14])

lim —¢<t> < lim —w(t)
=0 Pyy(0,1) () T 120" ©z0,1)(¢)
However, the embedding Yx(0,1) < Ay(0, 1) is not almost compact. Indeed, that

follows from [42, Lemma 3.7] because Z(0,1) € A (0,1) (see [75, Theorem 4.5]).
Hence T, : WX (©2) — Ay (£, i) is not compact owing to [ITheorem 5.1.4] O

=0.
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