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Department: Department of Low-Temperature Physics

Supervisor: doc. RNDr. David Schmoranzer, Ph.D.

Consultant: Mgr. Šimon Midlik

Abstract: This work concerns with quantum turbulence in superfluid helium gen-
erated via spherically symmetric thermal counterflow. To this end, we designed
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obtained a dependence of Vortex line density (VLD) on the power Q̇, the coun-
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Introduction
Probably everyone experiences turbulence during their life, whether it is on a
plane or by observing water disappearing into a canal. From the physical point
of view, turbulence is usually perceived as chaotic motion of a fluid or, more
explicitly, as random fluctuations of the flow velocity. Turbulence can also be
characterized by the creation of circulating structures called vortices, which are
difficult to describe quantitatively. The influence of turbulence on our lives led to
the development of many experimental methods as well as theoretical approaches.

The above mentioned classical-like type of turbulence occurs in all known
fluids in Nature. However, in fluids governed by the laws of quantum mechanics
such as superfluid helium a similar type of motion exists, usually called Quantum
Turbulence.

Helium has two stable isotopes 3He and 4He and in the following text we
will consider exclusively the more common and accessible 4He. Under normal
conditions (room temperature, atmospheric pressure) helium behaves as an inert
gas, but condenses into liquid state at 4.2 K. Temperature of the liquid can
be lowered further by pumping the saturated vapour. Upon reaching 2.17 K
(38 Torr), helium undergoes a second order phase transition, characterized by
the discontinuity in its specific heat in the shape of the letter λ. This is the
transition to the superfluid state and is called the λ-point. Below 2.17 K, helium
is superfluid and is denoted He II, possesses unusual properties like very low
(or in 0 K limit zero) viscosity, extremely high thermal conductivity and high
zero point energy due to low mass and filled s-orbitals. This prevents He II from
freezing unless sufficiently high pressure (≈ 25 bar) is applied. The classical liquid
helium above 2.17 K is then referred to as He I, see Figure 1.

Helium atoms have zero spin, and thus behave as bosonic particles obeying
Bose-Einstein distribution and can undergo the Bose-Einstein condensation (first
proposed by London [1]). For a non-interacting gas, this would happen at TB ≈
3.15 K, remarkably close to the observed transition. Above TB almost no particles
are in the energetic ground state, while below TB the number of such particles
begins to grow quickly. At low temperature, the De Broglie wavelength exceeds
inter-atomic distances which leads to the collective behaviour of the system, thus
to superfluidity.

In parallel with London, Tisza came with his two-fluid model [2], in which
he considers He II as a fluid with two co-existing components: normal, which is
viscous and carries the whole entropy of the system, and superfluid, inviscid and
with zero entropy. It seems to be straightforward to identify the superfluid com-
ponent with the particles in the condensate and the particles above condensate as
the normal component, but this approach does not provide a complete description
of superfluidity of He II. A quantitative phenomenological treatment of superflu-
idity was first suggested by Landau [3], who considered the normal component
as an ideal gas of thermal excitations: phonons perceived as longitudinal sound
waves and rotons (in fact phonons with longer wavelength). The dispersion curve
ε = f(p), also introduced by Landau and experimentally observed later, has a
special shape (see Figure 2) with the roton minimum and it is the presence of
this minimum that is important for the existence of superfluidity. We will discuss
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Figure 1: Phase diagram of 4He. Figure 2: Dispersion relation of thermal
excitations in He II.

the theoretical description of He II later in Section 1.2.
As we mentioned above, a special case of turbulent flow can occur in He II,

characterized by so-called Quantized Vortices present in the inviscid superfluid
component. These are essentially topological defects in the superfluid, with fluid
circulation quantized in natural multiples of the quantum of circulation κ, de-
scribed in more detail in Section 1.2.2. These well-defined structures were pre-
dicted by Feynmann [4] and indirectly experimentally observed by Yarmchuk and
Packard [5] and later directly visualized by Bewley [6] (see Figure 3), providing
an interesting object of study on both microscopic and macroscopic scales [7].

Our work follows the previous measurements of quantum turbulence in chan-
nels with square cross section, see e.g. Ref. [8], where turbulence was generated by
a special flow called Counterflow – oppositely flowing normal and superfluid com-
ponents. Quantized vortices were detected by the attenuation of second sound
resonances – oscillations of normal and superfluid components in anti-phase, i.e.,
standing waves of entropy/temperature. Our goal is to perform similar measure-
ments in spherical geometry, represented by a spherical cell around a point-like
heater used for driving the counterflow. This new approach promises to contribute
to our understanding of the physical nature of quantum turbulence, and turbu-
lence in general, with emphasis on unbounded flow. Spherically symmetric flow
can be investigated in superfluid helium with an advantage, since this symmetry
is inaccessible in classical fluids, with the closest analogy found in combustion
flows, or diverging jets. The interpretation of our results is based on numerical
simulations made by Inui and Tsubota [9], Varga [10] or in the case of cylindrical
symmetry, by the Newcastle group [11, 12]. Dedicated simulations of spherically
symmetric counterflow were also performed by Róbert Jurčo within his Bachelor
Thesis (to be submitted this year), which are also used for comparison.
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Figure 3: Visualization of quantized vortices in a rotating cryostat using trapped
microparticles. Taken from Ref. [6].
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1. Theory

1.1 Classical Newtonian fluid

1.1.1 Continuum approach
In the further text we will treat the fluid as a continuum that means time and
length scales of intermolecular collisions are much shorter in comparison with
the scales of the flow. Specifically, this requires that the Knudsen number Kn =
λ/l ≪ 1, where λ is the mean free path of molecules and l is the smallest relevant
length scale of a fluid. Similarly, the Weissenberg number Wi = ωτ ≪ 1, where ω
is a characteristic frequency of the flow and τ is the relaxation time of the fluid.
In this case we can suppose the fluid particle contains a sufficiently high number
of molecules so that their behaviour can be averaged out [13, 14]. Under these
assumptions we will describe a fluid by the Eulerian perspective, when the fluid
particle velocity v, the density ρ and also the pressure p are investigated at a
given time t and position r with the respect to an inertial frame of reference.

1.1.2 Continuity equation
The local conservation of mass is expressed by the equation of continuity (also
called as the advection equation):

∂ρ

∂t
+ ∇ · (ρv) = 0, (1.1)

where the first term denotes the time change of the density at a given point
and the second term denotes the divergence of the mass flux ρv. In the case
of an incompressible fluid, when the density remains constant, equation (1.1) is
simplified in the form:

∇ · v = 0. (1.2)

1.1.3 Momentum equation
The motion of a fluid is given by the momentum equation, which can be in the
general case written as:

∂(ρv)
∂t

= −∇ · Π, (1.3)

where the momentum flux tensor is given by Π = pI + ρvv − τ ′1, where τ ′ is
the viscous stress tensor causing the transport of momentum due to the viscous
friction [14]. Hereafter, we will restrict ourselves to the treatment of Newtonian
fluids possessing similar properties as water or liquid helium. This leads to the
assumption that the viscous stress tensor is a linear function of the strain tensor
and for incompressible fluids we can write:

τ ′ = η
(︂
∇v + (∇v)⊤

)︂
, (1.4)

1The term vv denotes a symmetric tensor of the second order, in components vv ≡ vivj .
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where η is the dynamic viscosity and ∇v is the velocity field gradient2. Substitut-
ing (1.4) into (1.3) considering constant viscosity we get the important Navier-
Stokes equations (NS-equations) in the incompressible form:

ρ
∂v

∂t
+ ρ (v · ∇)v⏞ ⏟⏟ ⏞

Convective
term

= −∇p+ η∆v⏞ ⏟⏟ ⏞
Diffusive

term

+f . (1.5)

The nonlinear convective term is unique for fluid mechanics, describing iner-
tial forces acting on continuum particles, while the diffusive term represents the
molecular diffusion and collisions and acts to unify the velocity field (viscosity
plays similar role here as thermal diffusivity in the heat equation). The first term
on the right hand side stands for pressure as a driving force for the fluid, and f
is an added external volumetric force, for example gravity.

Applying the divergence on the Navier-Stokes equations we can obtain a re-
lation for the pressure called Poisson equation, which has the form:

∆p = −ρ(∇v) : (∇v)⊤. (1.6)

These three relations (1.2),(1.5),(1.6) obtained above together with the equa-
tion of state and the boundary conditions provide a complete set describing in-
compressible Newtonian fluids [14]. The equation of state is medium dependent.
While gases can be described by the ideal gas law, or by van der Waals equation,
various empirical models exist for realistic description of liquids, too numerous
to mention here. The usual chosen boundary condition is so-called no-slip, which
requires the velocity v to be zero with respect to the velocity V of the boundary
(moving body)

v − V = 0. (1.7)

1.1.4 Principle of dynamical similarity
Let us consider two independent flow systems with geometrically similar bound-
aries treated by the NS-equations (1.5) with respect to their inertial frames of
reference [13]. We can assign to each of the systems a characteristic length L,
given by the dimensions, and velocity U , which can be perceived as mean flow
velocity. Assuming there is no other characteristic time scale of the flow (such
as, e.g., a period of oscillation), one may define dimensionless variables:

r̂ = r

L
, t̂ = tU

L
, v̂ = v

U
, p̂ = p

ρU2 . (1.8)

Substituting these new variables into (1.5) we obtain the Navier-Stokes equations
in dimensionless form.

∂v̂

∂t̂
+ (v̂ · ∇̂)v̂ = −∇̂p̂+ 1

Re∆̂v̂ (1.9)

Re = UL

ν
(1.10)

2∇v ≡ ∂vi/∂xj
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Only one relevant parameter Re describing these two flows remains, called the
Reynolds number. Flows with similar Re then can be considered as dynami-
cally similar, meaning they are governed by the same dynamical equation. The
Reynolds number also conveniently describes the ratio between the nonlinear and
viscous forces, and therefore is very often used to determine if a flow is laminar
or turbulent.

1.1.5 Classical turbulence
Turbulence itself is still not a completely solved and understood problem. It is
usual to imagine turbulence as a chaotic disordered flow characterized by non-
negligible fluctuations of velocity arising due to the convective term in (1.5). As
written above, the Reynolds number is a parameter determining if the flow is
turbulent, or not. In the case of high Re the viscous dissipative term is negligible
and the dominant non-linear term tends to produce perturbations in the velocity.
For low Re is the situation opposite, the viscous term wins and the flow is laminar.

For these reasons, turbulence must be described in a statistical sense, i.e.,
using mean values and their fluctuations. Considering that, the Reynolds decom-
position of the velocity field [13] is introduced:

v = ⟨v⟩ + v′, (1.11)

when the velocity is decomposed into its temporal mean value ⟨v⟩ and a random
fluctuation v′, which satisfies ⟨v′⟩ = 0. The same process can be repeated for
pressure. Substituting the decomposed velocity into (1.5) and averaging the whole
equation with respect to time, we get Reynolds-averaged Navier-Stokes equations
(RANS)[13]:

ρ
∂⟨v⟩
∂t

+ ρ(⟨v⟩ · ∇)⟨v⟩ = −∇⟨p⟩ + η∆⟨v⟩ − ρ∇ · ⟨v′v′⟩⏞ ⏟⏟ ⏞
Reynolds

stress

. (1.12)

A new term, originating from the convective term, appears on the right-hand
side. This Reynolds stress tensor expresses the momentum transfer due to the
turbulent motion of the fluid and has an effect on ⟨v⟩. It is necessary to emphasize
that the system of RANS, the Poisson equation and the equation of state, is
not closed, and the Reynolds stress must be given in some other way. Despite
that, the RANS are very often used for numerical simulation of turbulent flows,
because the approach of Reynolds decomposition carries less computational costs
than direct numerical simulations of NS-equations. It is possible to impose the
so-called eddy viscosity and make the equations even simpler, but that is beyond
the scope of this Thesis. In general, the RANS are very good for computing and
modelling turbulence in the continuum approach but do not say much about its
qualitative properties and its structure.

Turbulence always contains rotary motion and can be thought of as consisting
of individual vortices, or eddies. The velocity circulation around the core of the
eddy is described by its vorticity defined as ω = ∇ × v. It is also possible
to derive equations for ω by taking a curl of (1.5). Turbulent flows usually
contain such vortices of different characteristic dimensions, often spanning several
decades of length scales. These vortices undergo the so-called Richardson cascade,
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when the largest vortices gradually decay into smaller ones until at some point,
viscous dissipation will convert their energy to heat. Turbulence is assumed to
be homogeneous and isotropic at these small length scales, dominated by viscous
dissipation. On the other hand, at length scales much higher than this dissipation
length scale, the role of viscosity can be entirely neglected. The turbulent flow
consists of large energetic vortices, of typical dimension L, called the integral
length scale. Turbulence composed of such vortices is very non-homogeneous
and anisotropic, since boundaries of the domain affect them. The problem of
viscous dissipation and energy transfer in the vortex cascade is the essence of
the Kolmogorov theory [15]. The only relevant parameters of the theory are
kinematic viscosity ν = η/ρ and the dissipation rate ε. Taking into account
these variables, it is possible to define from dimensional analysis the so-called
Kolmogorov microscale:

λ0 =
(︄
ν3

ε

)︄1/4

. (1.13)

This scale is characteristic of the smallest vortices which dissipate energy and
corresponds to Re ≈ 1.

Other Kolmogorov assumptions concern length scales between L and λ0 far
from both. In this inertial subrange, energy is transferred from the large vortices
to the small, and it is described by only one parameter – the energy transfer rate
ε, which is equal to the dissipation rate. Considering this, we can derive the well
known Kolmogorov spectrum for the inertial subrange:

E(k) = Cε2/3k−5/3, (1.14)
where k is the wavenumber, a reciprocal quantity to the length scale. The exper-
imentally determined constant C is approximately equal to 1.5.

We can divide the length scales represented in the flow into three ranges: en-
ergy containing range, corresponding to the largest vortices, the inertial subrange
and the dissipation range, as one may see in Figure 1.1.

Energy

containig

range Inertial

subrange

Dissipation

range

Figure 1.1: Kolmogorov energy spectrum in logarithmic scales.

1.2 Superfluid 4He
As mentioned in the Introduction, the superfluid 4He or just He II is considered as
a two-component fluid with the inviscid superfluid and the classical-like viscous
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component. Each of the components can be matched with its own velocity vs, vn
and density ρs, ρn. The densities are temperature-dependent, and around 1.0 K
He II is almost completely superfluid. He II also possesses interesting unusual
properties, which cannot be completely understood by the classical continuum
approach.

1.2.1 Superfluidity
The main peculiarity is the ability of fluid to flow without any viscous friction.
As we will show, superfluidity is a consequence of an interaction between helium
atoms. Considering this, Landau looked at He II as a gas of thermal excitations,
phonons and rotons, with unique dispersion relation, see Figure 2. The linear
part can be described similarly as longwave phonons (elastic vibrations, sound
waves) in crystalline matter:

ε = C1p, (1.15)

where C1 is the speed of sound [16]. In the case of a fluid, we consider only lon-
gitudinal phonons due to negligible shear stresses. The nonlinear part belonging
to rotons is usually considered quadratic:

ε = ∆ + (p− p0)2

2µ , (1.16)

where ∆ is the energy gap, p0 the momentum corresponding to the roton minimum
and µ is the roton effective mass.

Now we will clarify the problem of superfluidity of He II. Let us consider
a particle moving through the static superfluid component with velocity V and
mass M . This particle will produce an excitation with energy ε(p) due to interac-
tions with condensate atoms. Then equations of the conservation of momentum
and energy must hold. From these equations, it is possible to derive the Landau
criterion of superfluidity with the critical velocity vL given by:

vL = min
(︄
ε(p)
p

)︄
, (1.17)

where p is the momentum of the excitation. For phonons vL ≈ 239 m/s and for
rotons vL ≈ 58 m/s [17]. It means superfluidity can occur at non-zero velocity,
even though interactions are, in principle, present. Conversely, the parabolic
dispersion relation for free particles ε = p2/(2m), would give vL ≈ 0 m/s, i.e., the
presence of interactions between helium atoms is essential for superfluidity.

1.2.2 Quantized vortices
Quantized vortices follow from the quantum nature of the superfluid component,
which is considered a Bose-Einstein condensate. A collective behaviour of He-
atoms under sufficiently low temperature, in the case of 4He under 2.17 K, leads us
to describe this system by a macroscopic wave function Ψ(r, t), which is related to
the superfluid density by the well-known quantum-mechanical formula ρs(r, t) =
|Ψ(r, t)|2. It is necessary to point out that we approximate the many-particle
problem, with a ground-state one-particle wave function holding for every particle
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in the condensate [18]. The wavefunction Ψ(r, t) can be generally obtained as a
solution of the Schrödinger equation containing an interacting non-linear term, for
weakly interacting gas, called the Gross-Pitaevskii equation (GPE). The solution
is usually considered in the form:

Ψ(r, t) =
√︂
ρs(r, t)eiϕ(r,t), (1.18)

where ϕ(r, t) is a macroscopic phase. Now we should remember the relation for
quantum probability flux:

j = − ℏi
2m4

[Ψ∗(∇Ψ) − Ψ(∇Ψ∗)] . (1.19)

Substituting (1.18) to (1.19) and using j = ρsvs, we arrive at:

vs(r, t) = ℏ
m4

∇ϕ(r, t). (1.20)

From (1.20) we see that the gradient of the macroscopic phase gives the superfluid
velocity, i.e., the flow of the superfluid component is potential. The potential flow
is also irrotational ∇×vs = 0, which indicates no classical-like turbulence should
be possible in the superfluid component. To be accurate, one situation with
non-zero circulation exists. Let us consider circulating vs along a closed curve γ:

Γ =
∮︂
γ

vs · dl = ℏ
m4

∮︂
γ

∇ϕ(r, t) · dl. (1.21)

To obtain Γ ̸= 0, the region with the trajectory γ must be multiply connected,
i.e., a hole must appear somewhere in the closed γ-loop. Due to the fact that the
wave function can not change after one round along γ, the only possible change
of ϕ is in multiples of 2π. Following that, the circulation is quantized:

Γ = ℏ
m4

2πn = κn, (1.22)

where κ = 9.98 · 10−8 m2/s is the Quantum of circulation. This means that
the superfluid component can create holes in itself and circulate around them,
and this is consistent with experimental observation of a meniscus forming on
the level of He II. These “holes” are called Quantized vortices, introduced as
topological defects or, simply, as thin lines with approximately 1Å core. They
must form closed loops – vortex rings, or begin and finish on a boundary due to
the conservation of circulation (Kelvin’s theorem).

It can be shown from GPE that superfluidity is suppressed in the vortex
core, and vs falls with the radius from the middle of the vortex as 1/r. Most
of the vortices are only once quantized, as it is energetically favourable. Their
nucleation in He II can be caused by exceeding a certain critical velocity, from
seed loops pinned at walls that were created in previous experiments, or during
the crossing of the lambda transition via the Kibble-Zurek mechanism. It was
observed that the level of rotating He II indeed has the same meniscus as it is
in classical fluids, and that a regular grid of quantized vortices with the density
n = 2Ω/κ is created.
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Figure 1.2: Example of a multiply con-
nected region Ω.

Figure 1.3: Sketch of a quantized vor-
tex.

The decay of quantized vortices can be caused by interaction with vortices of
opposite circulation, by shrinking when emitting phonons due to the presence of
Kelvin’s waves – vibrations of the vortex line, or by interaction with the normal
component. Indeed, the occurrence of quantized vortices in He II is substantial
for coupling of the normal and the superfluid component, which is described by
the Mutual friction force (1.35).

Dynamical interactions between quantized vortices lead us to the concept of
Quantum turbulence. We are interested in quantum turbulence generated via a
particular type of flow – thermal counterflow.

1.2.3 Counterflow turbulence
Counterflow, or better, thermal counterflow is a type of flow when the normal
and the superfluid component stream against each other with zero mass transfer.
So it is convenient to define the counterflow velocity:

vns = vn − vs, (1.23)

an important quantitative parameter for the characterization of our flow. Coun-
terflow can be easily driven by applying heat into the helium bath. The superfluid
component will be transformed to the normal in the vicinity of the heater. The
normal component will flow away and will be replaced by a new amount of super-
fluid, since the equation of continuity must hold. Considering the following set
of equations, respectively, the conservation of entropy, the equation of continuity
for incompressible He II, and the sum of densities:

Q̇

T
= ρsAvn, ρsvs + ρnvn = 0, ρ = ρs + ρn (1.24)

it is possible, together with (1.23), to derive a relation for the magnitude of vns:

vns = Q̇

ρssTA
. (1.25)

Here, A is an area with a normal parallel to the direction of the heat flux ρsTvn,
with s the entropy per unit mass and Q̇ is the power applied to the heater.

Thermal counterflow can generate turbulence in both components, in the nor-
mal component characterized by perturbation in velocity and in the superfluid
by quantized vortices. We are seeking the amount of vortices created due to the
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counterflow. The indirectly measurable quantity providing a mean distribution of
vortices in the system, is called vortex line density (VLD), denoted by L – total
length of vortices per unit volume. The equation describing the time evolution
of L in the vns-field was derived by Vinen [19]:

dL
dt =

(︄
dL
dt

)︄
gen

+
(︄

dL
dt

)︄
decay

= avnsL
3/2 + g(vns) − bL2, (1.26)

a = αχ1, b = κ

2πχ2, (1.27)

where χ1, χ2 are factors of order unity and α is the temperature dependent mu-
tual friction coefficient. The first generating term is based on the force acting on
expanding vortex rings together with dimensional analysis. The unknown func-
tion g(vns) is added to cover the emergence of vortices, which is not included in
the generating term and usually is neglected in calculations. The second decay-
ing term assumes annihilation of oppositely oriented vortices in the homogeneous
vortex tangle.

We can derive two unique solutions of this Vinen equation. The first holds
for the steady-state turbulence when the overall time derivative of L equals zero.
Then we have for L the formula:

L ≈ γ2v2
ns, (1.28)

where the coefficient γ is usually determined by experimental observations. The
second is the equation for temporal decay of the vortex tangle when we assume
the generating term is zero.

L ≈ Li

t+ t0
+ L0, (1.29)

where Li and L0 are, respectively, the constant factor of the decaying law and the
final remaining VLD, representing vortices that are impossible to remove from
the bath (without increasing the temperature) since they are attached to solid
bodies.

1.2.4 Vortex filament model
This mesoscopic approach to quantum turbulence is very useful to simulate a mo-
tion of a large bundle of vortices numerically. The vortex is considered as a thin,
one-dimensional line in space mathematically described as a parametric curve
s = s(ξ, t), where ξ is the arclength. Two forces act on the vortex, Magnus force
perpendicular to the tangent s′ = ds/dξ as a consequence of circulation causing
pressure differences in the flowing fluid, and drag force caused by scattering of
the normal component on the vortex. In the stationary state, these forces must
be equal and we obtain the so-called Schwarz equation [20]:

vL = ds
dt = vs + vi + αs′ × (vns − vi) − α′s′ × [s′ × (vns − vi)] , (1.30)

where α′ is the second mutual friction coefficient, and vi is the velocity induced
by the vortex itself and by other nearby vortices, and is given by the Biot-Savart
law:

vi(r) = κ

4π

∫︂ ds× (r − s)
|r − s|3

. (1.31)
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The integration should be made along the whole vortex line and can be split
into two parts – local (due to the local curvature of the vortex itself) and non-
local (effects of all other vortices). Since we consider the vortex line as a one-
dimensional object, the local part has a singularity and usually is approximated
by the following relation:

vSI ≈ β(s′ × s′′), (1.32)

β = κ

4π ln
(︃
R

a

)︃
, (1.33)

where R, and a, are, respectively, the radius of curvature, the diameter of the
vortex core and s′′ = d2s/dξ2.

This approach introduces certain difficulties, as it differs from the real situ-
ation in several important aspects. It is impossible to cover the emergence of
vortices, thus initial vortices must be imposed, and vortex reconnections and dis-
sipation must be prescribed artificially in some way. A similar problem exists
with macroscopic velocity fields vs and vn, i.e., vns.

1.2.5 HVBK equations
We still need a description, how the macroscopic velocity fields vs and vn be-
have in space and time. In the simplest case, neglecting quantized vortices and
the thermo-mechanical effect, it is possible to treat the motion of the normal
component by the NS-equations (1.5) and the superfluid by the Euler equations,
since its viscosity is zero. The thermo-mechanical effect (force ρss∇T ) is another
consequence of the two-fluid behaviour when a temperature gradient causes a
gradient of pressure [14].

The biggest problem is hidden in the introduction of quantized vortices in the
continuum approach, since the presence of a chaotic discreet vortex bundle highly
disturbs our idea of the continuum particle. The proposed solution assumes that
vortices are parallel aligned in the continuum particle and a macroscopic vorticity
ωs is introduced as a mean vorticity around every vortex in the studied particle.

The two above-mentioned effects and the assumption of the macroscopic vor-
ticity are included in the Hall–Vinen–Bekarevich–Khalatnikov (HVBK) equations.

ρn

(︄
∂vn

∂t
+ (vn · ∇)vn

)︄
= −ρn

ρ
∇p− ρss∇T + η∆vn + ρnρs

ρ
Fns,

ρs

(︄
∂vs

∂t
+ (vs · ∇)vs

)︄
= −ρs

ρ
∇p+ ρss∇T + T − ρnρs

ρ
Fns.

(1.34)

Here, T is the vortex tension force (analogy to a tension of a classical string),
and this term is usually omitted as its influence on the macroscopic field is not
significant. The mutual friction force Fns is coupling the components together
and has the same origin as the drag force acting on quantized vortices mentioned
above. It is given by:

Fns = B

2 ω̂s × (ωs × vns) + B′

2 ωs × vns, (1.35)

where B,B′ are density-independent mutual friction coefficients related to α, α′

as α = (ρnB)/(2ρ), α′ = (ρnB
′)/(2ρ). The unit vector ω̂s has the direction of ωs.
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In the frame of the HVBK-approach, it is possible to write an approximative
relation for vortex line density:

L = ωs

κ
. (1.36)

We can substitute this into (1.35), assume for simplicity the perpendicularity of
vns to ωs (as vortices tend to orient perpendicularly to counterflow) and omit the
conservative term with B′ perpendicular to vns, then a simplified form of (1.35)
is derived

Fns = −B

2 κLvns. (1.37)

1.2.6 Temperature profile
As we indicated above, counterflow is accompanied by an emergence of a tem-
perature profile, i.e, a gradient of temperature. The presence of the temperature
profile is essential for the steady state solution of HVBK-equations (1.34) as it
was calculated in cylindrical geometry [11]. Taking into account the geometry
of the experimental cell described in the section 2.4, we can consider the flow as
spherically symmetric. Only the radial component of vns is relevant and HVBK-
equations(1.34), in the stationary case, can be rewritten as:

ρnvn
∂vn

∂r
= − ρn

ρ

∂p

∂r
− ρss

∂T

∂r
+ η∆rvn + ρnρs

ρ
Fns · r̂,

ρsvs
∂vs

∂r
= − ρs

ρ

∂p

∂r
+ ρss

∂T

∂r
− ρnρs

ρ
Fns · r̂.

(1.38)

Here, ∆r is the radial part of the Laplace operator3. Now we can obtain ∂T/∂r,
taking into account fundamental relations holding for the two-fluid model (1.23),
(1.24) together with the simplified form of the mutual friction force (1.37).

ρs
∂T

∂r
= −ρn

2
∂

∂r

[︄
v2

n

(︄
1 − ρ2

n

ρ2
s

)︄]︄
+ η∆rvn − Bκ

2
ρnρ

ρs

Lvn. (1.39)

For this spherical case, the normal fluid velocity can be calculated as vn =
Q̇/(4πρsTr2). Determination of a correct VLD-profile L(r) is still under the
scope of experimental and theoretical research, therefore we will take the formula
following from the Vinen equation (1.26) L ≈ γ2v2

ns = (γρvn)2/ρ2
s.

The temperature profile given by (1.39) has to be calculated numerically using
a simple 1D finite differences approach. The result is compared with experimental
observations in Chapter 3.3.

We can also provide an approximative solution. It is possible to show that the
classical viscous term is negligible compared to the other two terms on the right-
hand side. The first term is proportional to the distance as 1/r5 and the third
term as 1/r6. From the calculation, the term 1/r6 is stronger for a sufficiently
high power (around 500 mW at 1.65 K) and distances smaller than 10 mm, which
corresponds to the radius of our cell. Neglecting also the first term and assuming
temperature variations between the heater and the bath are small, which means

3∆rvn = 1
r2

∂

∂r

(︃
r2 ∂vn

∂r

)︃
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other variables remain constant, the approximative relation for T (r) is obtained
by integration:

T (r) = T0 + ακγ2

5s4ρ3
s

(︄
Q̇

4πT0

)︄3 1
r5 , (1.40)

where T0 is the bath temperature or better the temperature at infinity. These
theoretical results together with experimental data have been already published
by our group in Ref. [21], included as an Appendix to this Thesis.

1.2.7 Second sound attenuation

Not only classical sound waves, waves of pressure or density, can propagate in
He II. The two-fluid behaviour enables the existence of other sound modes [22], the
crucial one for our research is the so-called Second sound (SS). The total density
ρ = ρn + ρs remains constant, but the ratio of component densities changes when
they oscillate with opposite phases. Since the entropy of the superfluid part is
zero, the oscillations are connected with an entropy periodic change, i.e., with
temperature waves. We know the presence of quantized vortices couples He II
components together, so it must have a non-negligible effect on second sound.
Especially, we seek resonances when the attenuating effect due to scattering on
vortices is apparent.

Assuming the second sound wave as a plane wave of vns travelling in the z-
direction, it is possible to show, by few steps with (1.34),(1.35), the wave vector
in the first order of the Taylor expansion has the form:

k = − ω

c2

(︃
1 − i

BκL

4ω sin2(θ)
)︃
. (1.41)

The imaginary part of the wave has the physical meaning of dissipation, which
is a linear function of L. The c2 is the temperature-dependent second sound
velocity, see Figure 1.4. The angle θ is the polar angle between L and vns,
and in the case of homogeneous and isotropic turbulence, we can take the mean
value ⟨sin2(θ)⟩ = 2/3. Since the attenuation is considered linear, the measured
resonance peak has the Lorentzian shape.

Moreover, we can introduce the relation between the VLD and the damped
amplitude A of the SS resonance [23]:

L = 6π∆f
Bκ

(︃
A0

A
− 1

)︃
, (1.42)

where A0 is the amplitude of the SS resonance in the flow without quantized
vortices and ∆f the width of the unattenuated resonance curve. At the end of
this subsection, we should emphasize that the attenuation, the energy dissipated
in the system, is inversely proportional to the quality factor of the resonator
Q = f0/∆f .
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Figure 1.4: The temperature depen-
dence of the second sound speed c2.
The local maximum lies around 1.65 K.
Values are taken from Ref. [16].
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sity. Values are taken from Ref. [16].

1.3 Second sound resonances in a spherical cav-
ity

1.3.1 Approximate analytical solution
We seek frequencies belonging to standing waves in a spherical cavity. This
problem is slightly more complicated than in the classical 1D-resonator, since we
need to treat it in spherical coordinates (x, y, z) → (r, ϑ, φ). When we neglect
dissipation, it is convenient to assume the counterflow velocity as a gradient of a
scalar potential vns = ∇ϕ. The function ϕ can be obtained as a wave equation
solution:

∇ϕ− 1
c2

∂2ϕ

∂t2
= 0. (1.43)

To find a general solution of (1.43), we will assume it as a product of two indepen-
dent parts – spatial and temporal, i.e., ϕ(r, t) = Φ(r)Υ(t). If we substitute this
into (1.43), using the separation constant k2 we get two independent equations.
The solution of the time-dependent equation can be written in the well-known
form Υ(t) ∝ exp(iωt). To obtain the spatial part, we must investigate solutions
of the Helmholtz equation:

∆Φ(r) + k2Φ(r) = 0. (1.44)

From the mathematical point of view, our problem is restricted to the seeking for
eigenvalues and eigenfunctions of the Laplace operator. Fortunately the general
solution in spherical coordinates is well-known:

Φ(r) =
+∞∑︂
l=0

+l∑︂
m=−l

(αlmjl(kr) + βlmyl(kr))Y m
l (ϑ, φ). (1.45)

We see (1.45) has a radial and an angular part. The radial part is given by so-
called spherical Bessel jl and Neumann yl functions, and the angular by spherical
harmonics Y m

l . Real numbers αlm, βlm are determined by boundary conditions.
The number l denotes the order of the spherical Bessel and Neumann functions,
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and in the case of spherical harmonics, the number m runs from −l to l with the
increment +1.

In our case, we seek standing waves between two concentric spheres, the inner
sphere with radius R1 represents the surface of the heater and the outer R2 wall of
the spherical cavity. The spherical harmonics do not affect resonance frequencies,
therefore we can investigate only the the radial part of the solution. Since the
velocity at the boundary must be zero, we get:

∂Φ
∂r

⃓⃓⃓⃓
⃓
r=R1

= 0 ∂Φ
∂r

⃓⃓⃓⃓
⃓
r=R2

= 0. (1.46)

Putting together (1.45) and (1.46), we get a set of simple equations:

αlj
′
l(kR1) + βly

′
l(kR1) = 0,

αlj
′
l(kR2) + βly

′
l(kR2) = 0.

(1.47)

We can take a determinant of this set to eliminate coefficients and find the zeros
kln numerically. Resonance frequencies can be then easily calculated as:

fln = c2kln

2π , (1.48)

where kln denotes the n-th zero of the l-th radial function.

1.3.2 Numerical solution incorporating SS-attenuation
The previous analytic approach has several problems. The first concerning en-
ergy dissipation was already mentioned. The second is hidden in the incorrect
boundary condition. The SS-wave is in our experiment driven by so-called Sec-
ond sound sensors, which we can imagine as a capacitor consisting of a permeable
membrane stretched over a brass electrode. One sensor works like a transmitter
and one as a receiver. We shall see the boundary condition at the sensors is
different, since they must not be fully reflective and can possess some non-zero
transmittance. This transmittance can effectively change the dimension of the
cell.

The equation incorporating attenuation can be obtained from the HVBK
equations (1.34), considering the relation for the mutual friction force (1.35) with-
out the conservative term perpendicular to vns. The detailed derivation can be
found for example in the article [23], giving:

∇(∇ · vns) + ω2

c2
2

(︃
1 + i

BκL

2ω sin2(θ)
)︃
vns = 0. (1.49)

To solve (1.49) analytically with correct boundary conditions, which are similar
to the experimental reality, together with the angular dependence, is highly non-
trivial. Thus it is a task for a suitable numerical approach.

Particular acknowledgement to Mgr. Jakub Kvorka from the Department of Geo-
physics, who suggested, programmed and executed the numerical approach to the
solution of (1.49) using the Spectral decomposition method.
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The solution of (1.49) is assumed in the form vns = vr(r, θ)r̂ + vθ(r, θ)θ̂, i.e.,
we added the angular-dependent part of velocity vθ(r, θ), considering only a de-
pendence on the polar angle θ. The r̂ and θ̂ are unit vectors. SS sensors are
placed exactly on the north and on the south pole of the cell at the positions
θ ∈ ⟨0; θd⟩ for the transmitter and θ ∈ ⟨π − θd; π⟩ for the receiver, since they are
considered to be circular with diameter 7.5 mm, where θd ≈0.375 rad.

The boundary condition/the radial velocity profile on the emitter is modelled
approximately by a cosine function:

vr|emitter = cos
(︄
πθ

2θd

)︄
. (1.50)

The determination of the boundary condition on the receiver seems to be less
trivial, since the membrane will move under the incoming SS wave, but the elec-
trode will immediately reflect the wave back towards the membrane. For these
reasons, the simple Dirichlet boundary condition was chosen:

vr|receiver = 0. (1.51)

For the rest of the outer and the inner sphere, the radial component of velocity
is assumed to be also zero.

For further numerical calculation the solution of (1.49) is decomposed into
the set of basis functions:

vns =
+∞∑︂
l=0

+l∑︂
m=−l

(ylmYlm + ψlmψlm + ΦlmΦlm) , (1.52)

where the basis consists of the vector spherical harmonics:

Ylm = Ylmr̂, (1.53)

ψlm = 1√︂
l(l + 1)

r∇Ylm, (1.54)

Φlm = 1√︂
l(l + 1)

r × ∇Ylm. (1.55)

Since the boundary condition is only radial, the coefficients in front of the last
basis function are identically zero and we seek for coefficients ylm, ψlm only.
Substituting these relations in (1.49), we can arrive to the set of equations for
ylm and ψlm, which hold for every l,m:

∂

∂r

⎛⎝ 1
r2

∂

∂r
(r2ylm) −

√︂
l(l + 1)
r

ψlm

⎞⎠+ σ(r)ylm = 0, (1.56)

√︂
l(l + 1)
r

⎛⎝ 1
r2

∂

∂r
(r2ylm) −

√︂
l(l + 1)
r

ψlm

⎞⎠+ σ(r)ψlm = 0, (1.57)

where σ(r) = (ω2 + iα(r)ω)/c2
2 and α(r) = (BκL(r))/3. The boundary condition

is decomposed in a similar way.
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The numerics is then performed on a Chebyshev radial grid, which possesses
uneven spacing convenient for such simulation. The differential matrix A is con-
structed and the whole problem is transformed into a solution of a classical matrix
problem Ax = b. We seek the vector x containing both ylm and ψlm for the given
angular frequency ω and boundary condition b. This algorithm is quite numerical
friendly, since the matrix A is a so-called band-matrix with non-zero values only
at and around the main diagonal.

The basis was taken for l from 0 to 50 with restriction on m = 0. The
results will be presented later in the experimental part to compare them with
experimentally measured resonances and those calculated from analytic formulae
(1.47).

1.4 VLD profile
To obtain a correct VLD profile, i.e., L as a function of the radius r, is not easy
due to the high complexity of the He II flow. Based on the steady solution of
the Vinen equation (1.28) we can expect L ∝ 1/r4, since the counterflow velocity
vns ∝ 1/r2. This approach has several issues. The specific dynamics of vortices
in the counterflow is not fully included, neither is the generation and decay of
vortices on the surface of the heater. The question of the generation and decay
on the surface is proposed by Holm [24] and it would require deeper analysis.

From numerical simulations, made by Tsubota [9] or by the Newcastle group
[12] in the cylindrical geometry, a vortex shell forms in the vicinity of the heater
with maximum density in some non-zero distance from the surface. From the
recent simulation by our group member Róbert Jurčo, we observe the dependence
L ∝ 1/r4, see Figure 1.6 with no such pronounced maximum, likely due to known
shortcomings of the model.

The temperature profile can have an effect on the vortex distribution as well.
Due to the temperature maximum at the heater, the counterflow velocity is af-
fected and we can expect a deviation from L ∝ 1/r4.

Figure 1.6: Result of the numerical
simulation based on the Vortex fila-
ment model, we observed the depen-
dence L ∝ 1/r4. Taken from Jurčo’s
Bachelor’s Thesis.

Figure 1.7: Gradual development of
steady state VLD in different spherical
layers. Taken from Jurčo’s Bachelor’s
Thesis.
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2. Experimental apparatus and
control

2.1 Cryostat and cooling
Our experiment was realized in a 60 l cryostat made by Precision cryogenics,
consisting of a cylindrical helium bath surrounded by an isolation shell. The
shell is filled with a shielding material, which prevents heat fluxes and radiation
from surroundings and is pumped to a vacuum. The outer face of the cryostat is
made of steel, providing resistance to possible overpressure or mechanical damage.

The experimental cell was mounted on the cryostat insert, a system of metal
tubes and flanges, which serves as a construction for attaching all experimental
components, including thermometers and wiring. The upper part of the insert
has holes for connections to pumps, a barometer and a siphon. The siphon is used
to transfer the liquefied helium from a transport Dewar-vessel. Liquid helium is
transported from the liquefier, located in the Cryogenics pavilion (same as our
laboratory).

Since we need to lower helium temperature, the pumping system is con-
nected to the cryostat. During an experiment, saturated vapours are continuously
pumped. This reduces temperature or keeps temperature stable in equilibrium
with a possible heat flux to the bath. In our experiments, we use two serially con-
nected pumps. The first is a classical rotary vane pump, which is used to pump
the boiling helium at 4.2 K, to the superfluid state and lower the temperature to
cca 1.65 K. For reaching a lower temperature than 1.65 K a more powerful pump
is necessary, in our case the Roots pump is switched on. This pump is oil-free
and the principle of its running is different, since two rollers, having a shape of
the number eight, co-rotate in a pump chamber and transport the helium gas.

Figure 2.1: Helium cryostat used for measurements.
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2.2 Temperature control
The temperature of liquid helium can be deduced from the saturated vapour
pressure (SVP), which works like a semi-primary thermometer. Values of SVP
against the temperature are well-known [16] and does not depend on an experi-
ment. SVP is tracked using the MKS Baratron, consisting of a measuring head
(model 690 A) directly connected with the cryostat by a tube and a readout unit
(model 670 C) ranging from 0 to 1000 Torr.

We installed different types of resistive thermometers useful in different tem-
perature ranges to observe the current temperature. During a pre-cooling process
by cold helium vapour from the Dewar flask, the Pt-100 thermometers in the up-
per, middle, and lower of the cryostat were used. At helium temperatures (4.2 K
and lower), the dependence of the Pt-100 resistivity on the temperature is too
weak, since temperature-independent crystallographic defects begin to play the
main role in the limitation of electron transport. For these low-temperature
ranges, we used semiconducting germanium or gallium arsenide, TTR-G ther-
mometers by the Microsensor company, which provide reasonably good accuracy.
One of these thermometers was located in the helium bath and one directly in
the experimental cell. Both thermometers were connected 4-point by brass wires
in the CuNi coating to the temperature-controller Lakeshore 340 and during the
cooling calibrated. After calibration, their operative range was between 1.25 K
and 3.00 K.

Stabilization of temperature was secured by a PID-algorithm with a regulation
40 Ω heater (manganin wire) in the 4He bath. The power applied to the bath by
the heater is given by the following formula:

Q̇(t) = P (T0 − T (t)) + I

t∫︂
t0

(T0 − T (t′))dt′ +D
d
dt(T0 − T (t)). (2.1)

How the coefficients P, I,D are chosen usually depends on experimental condi-
tions, for example, on the pumping rate, which is in fact a counter-effect. The
terms in brackets T0−T (t) actually mean a current error of the bath temperature,
since T (t) is a current measured temperature and T0 is the set-point. In our case,
T (t) was detected by the TTR-G thermometer in the bath. The implementation
of PID was made in the programming environment LabVIEW.

2.3 Second sound sensors
The role of the Second sound sensor (SS sensor) was outlined in the theoretical
part when we spoke about the numerical calculation of Second sound resonances
1.3.2. Such a sensor consists of a brass electrode in the shape of a cylinder with
3 mm in high and 7.5 mm in diameter, and for superfluid component permeable
membrane, which is from one side gold-plated with 20 to 60 nm of gold. The
membrane is stretched on the electrode and conductively connected to the body
of the experimental cell. The SS sensor can be considered a capacitor. To increase
the capacitance of the SS sensor, the electrode is pushed against the membrane
by a spring. The capacitance is inversely proportional to the distance between
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Figure 2.2: The sketch of the second
sound sensor and its placement in the
cell body.

Figure 2.3: The scheme of the experi-
ment arrangement.

plates. The detailed scheme of the used SS sensor and its attachment in the cell
body is in Figure 2.2.

A pair of SS sensors is needed in the experiment, the transmitter and the re-
ceiver. A DC voltage bias is applied to the body of the spherical cell, respectively
to electrodes. To induce the SS waves, we must get the transmitter membrane
to oscillate, which is caused by AC voltage applied to the electrode. Since the
membrane is not permeable for the normal component, the components of He II
will oscillate with opposite phases. These waves inevitably force the receiver
membrane to oscillate in a similar way, which causes the inducing of a detectable
voltage.

The Agilent generator 33250A supplied an AC voltage, and the resulting sig-
nal from the receiver was detected using a phase-sensitive amplifier Lock-in Stan-
ford Research SR-830. To suppress frequencies differing from the frequency of a
generating signal, the Lock-in takes a reference signal from the generator. The
product of the Input-signal from the receiver and the reference signal is then
integrated with the time frame given by time-constant τ , which is related to a
cut-off frequency as fcut ∝ 1/τ .

2.4 Spherical resonator
We developed a new spherical resonator/cell for our experiment, which should
fulfill the spherically symmetric counterflow requirements. The cell was sketched
in a free-downloadable Free-CAD program and manufactured from brass. The
whole construction consists of three parts – two are identical, and the third is a
joint between them, see Figure 2.4. The two identical parts constitute the inner
spherical cavity with the radius 10 mm. This dimension was chosen considering
the SS resonance profile and possible radial dependence of VLD.

A pair of SS sensors is placed oppositely in holes on the poles of the hemi-
spheres. Since the electrode has a flat surface, the geometry of the sphere is
slightly disturbed with a deviation of approximately 0.5 mm. We do not expect
it would have a significant effect on measurements, since the counterflow veloc-
ity at the cell’s wall is very small as it drops as vns ∝ 1/r2. This leads to the
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emergence of very few quantized vortices near the outer wall.

Figure 2.4: Photo of the completely
disassembled cell. Figure 2.5: The side-photo of the cell

with the heater and the capillary with
wires to the TTR-G thermometer.

A heater is held in the middle of the cell by a small steel capillary. The
heater is a small 150 Ω resistor covered by Stycast 2850FT epoxy (cca 1.8 mm
in diameter), which should ensure approximately isotropic diffusion of heat. The
capillary provides support for the heater itself and wiring – a brass conductor
in CuNi sheath was chosen for thermal insulation. Another heater of the same
type and resistance was placed in the helium bath, which allows the continuous
switching between powers applied to the cell and the bath. This is crucial during
a decay measurement. The power applied to the cell-heater was measured using
a 4-point connection, i.e., knowing the current from the power supply and the
measured voltage on the heater, the power can be easily calculated.
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3. Results

3.1 Spherical resonances of second sound
We carefully mapped resonances of second sound in our spherical cavity. As the
SS speed varies with the temperature, so do resonance frequencies. The optimal
temperature for SS mapping is 1.65 K, since the dependence shows the local
maximum, see Figure 1.4. The SS speed also grows steeply for temperatures
lower than 1.0 K, but this range is not accessible in our experiment, and due to
the low normal fluid density, the mechanical excitation of the SS wave would be
almost impossible.
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Figure 3.1: The frequency spectrum of the X-component of SS resonances in
the spherical cell at 1.65 K between 0 kHz and 10 kHz. The spectrum becomes
more complicated with increasing frequency, which is caused by degeneracy of
the spherical harmonics with the number m.

The amplitude of the resulting signal x0(ω) has two components: dispersion
and absorption, which are phase-shifted by π/2. Since the damping is linear,
these components can be in the complex notation described as:

x0(ω) = f0
(ω2

0 − ω2) − iγω

(ω2
0 − ω2)2 + γ2ω2 , (3.1)

where ω, ω0, γ and f0 are respectively the angular frequency of the driving signal,
the resonance angular frequency, the damping factor and the amplitude of the
driving force (in our case, this force is proportional to the AC voltage).
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Y-component, i.e., so-called Lorentzian
curves described by (3.1).

In the following, taking into ac-
count (3.1), we will consider the dis-
persion as a real Y-component and
the absorption as an imaginary X-
component, as Lock-In measures it.
Usually, these components have an ad-
ditional phase shift with respect to the
Lock-In, therefore a phase correction
must be set on the Lock-In to measure
the X-component as purely absorptive.

We sought resonances up to 10 kHz.
The frequency spectrum, driven by
7 Vrms (the root mean square voltage,
the amplitude of the initial signal di-
vided by

√
2) at 1.65 K without the

phase-correction, is in Figure 3.1.
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Figure 3.3: Experimentally observed resonance spectrum for frequencies between
2 kHz and 4 kHz in comparison with numerically and analytically (1.47) cal-
culated values for R1 = 0.9 mm and R2 = 10.04 mm at 1.65 K. The analytic
calculation does not include the dissipation due to the surrounding medium. Ar-
rows show corresponding peaks and black rectangle shows the resonance peak
used for further measurements. The amplitude of calculated resonances is rather
illustrative.
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Additionally, we provide a comparison of measured resonances with theoret-
ical calculations mentioned in the Section 1.3. Two regions were chosen, with
lower frequencies between 2 kHz and 4 kHz and with higher frequencies between
8 kHz and 9 kHz, to demonstrate the splitting, which is more apparent at high
frequencies. The resulting spectra are in Figures 3.3, 3.4.
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Figure 3.4: Experimentally observed resonance spectrum for frequencies between
8 kHz and 9 kHz in comparison with numerically and analytically (1.47) cal-
culated values for R1 = 0.9 mm and R2 = 10.04 mm at temperature 1.65 K.
The analytic calculation does not include the dissipation due to the surround-
ing medium. Arrows show corresponding peaks and black rectangle shows the
resonance peak used for further measurements. The amplitude of calculated res-
onances is rather illustrative.

We see the numerically calculated (the calculation based on the basis decom-
position) peak positions generally agree with the measured mainly in the lower
frequency region, but they still show some shifts. These shifts are caused by
uncertainty in boundary conditions, since the presence of the capillary is not in-
cluded in calculations, similarly to the perturbation caused by flat SS sensors or
deviation from the perfect sphere. Also, the damping can affect results, since the
real damping is higher than in the numerical calculation. The measured spec-
trum can contain not only second sound resonances but also resonances from
other sound modes, and some second sound resonances do not have to be de-
tectable due to the sensor geometry and the angular dependence of the resonance
profile. This angular dependence likely causes deviations in the high frequency
range. The radii R1, R2 were optimized in calculations to get the best agreement
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between calculated and measured resonances.
Looking only at theoretical values, we can compare results obtained numeri-

cally and analytically1. For the numerical calculation, the basis was chosen from
l = 0 to 50 and for the analytical only to 20, since we observed the frequencies
from higher l lie over 9 kHz. We see really good agreement, although the ana-
lytic calculation (1.47) does not include the correct damping. The analytically
calculated values are in Table 3.1.

l/n 1 2 3 4 5 6 7 8
0 1457 2523 3589 4665 5749 6839 7935 9034
1 670 1909 2949 3963 4978 6008 7053 8115
2 1079 2352 3423 4460 5478 6484 7487 8496
3 1457 2771 3865 4920 5958 6985 8002 9009
4 1823 3176 4292 5362 6411 7451 8481 9506
5 2180 3574 4709 5794 6854 7901 8940 -
6 2534 3964 5151 6219 7288 8343 9390 -
7 2884 4349 5525 6637 7718 8781 - -
8 3231 4730 5926 7050 8141 9213 - -
9 3577 5106 6322 7459 8560 9639 - -
10 3920 5481 6714 7864 8975 - - -

Table 3.1: Table of analytically calculated frequencies (1.47) up to 10 kHz at
1.65 K with boundary conditions R1 = 0.9 mm and R2 = 10.04 mm. Rows
denote the order of the spherical Bessel function l, and columns denote roots
n of the corresponding function. We coloured the values corresponding to the
resonances used for measurement.

From the measured spectrum, we chose two frequencies suitable for SS atten-
uation measurements 2950 Hz and 8923 Hz. The main factors speaking for this
choice were that no adjacent peak perturbs the chosen peak and its Q-factor is
high enough (higher than 1000). The lower peak had the Q-factor 1280 and the
higher 1720. According to the table 3.1, we see these frequencies should corre-
spond to calculated values 2949 Hz (l = 1, n = 3) and 8940 Hz (l = 5, n =
7).

As we know the resonance frequency, the resonance wave number kln and the
boundary conditions, we can easily obtain the profile of the undamped resonance
in the cell as a radially dependent function:

Φ(r) = αl

(︄
jl(klnr) − j′

l(klnR1)
y′

l(klnR1)
yl(klnr)

)︄
, (3.2)

where αl can be chosen arbitrarily, since it has the role of a scaling parameter.
Profiles are in Figure 3.5.

As we shall see, resonance profiles have different numbers of maxima, two and
six. This can have an effect on vortex detection. The sensitivity of the resonance
profile to the vortex tangle is proportional to the square of the amplitude, i.e.,

1For clarity, roots of the analytic formulae (1.47) must also be found numerically. Still, the
situation is different, since in the case of the basis decomposition, we numerically solve the
whole problem, including solutions of proposed differential equations (1.56),(1.57).
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Figure 3.5: Resonance profiles at 1.65 K belonging to resonance frequencies chosen
for further measurements. The dashed lines represent the surfaces of the heater
and the spherical cell.

the most sensitive parts of the curve are in its extrema [8]. We will discuss this
more later 4.1.

At the end of this section, we should mention the fundamental, the lowest
resonance frequency/mode. This mode is observable at the frequency 670 Hz and
corresponds to the first root of the first order function. We observed this mode
too, but its quality was poor, since the multiples of network frequencies were
present in the signal.

3.2 Cell overheating
Since we apply power to the heater in the middle of the spherical cell and the
cell’s body has a non-negligible thermal resistance, the temperature of He II can
be higher than in the bath. This overheating causes shifts in the SS speed, i.e.,
in resonance frequencies, and affects the ratio between densities.

From 3.6 we see the overheating becomes apparent at powers higher than
20 mW, and the maximum difference is 60 mK at 170 mW. This causes the reso-
nance frequency shift of approximately 0.3% with respect to the value measured
at 1.65 K, and 1.8% at 1.30 K.

We can obtain the absolute thermal resistance of our cell as RT = ∆T/Q̇ and
plot it against the power as it is in Figure 3.7.

A theoretical explanation of the observed behaviour is not straightforward.
Two channels are present to transport heat from He II in the cell through the
cell’s body to the bulk. The first is heat conduction through the brass, described
by Fourier’s law:

Q̇

A
= −k∇T, (3.3)

where k is the thermal conductivity. The thermal conductivity of brass is linearly
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Figure 3.6: Difference between the bath temperature and the temperature in the
spherical cell against the power applied to the heater. The bath temperature,
i.e., the temperature at infinity, was stabilized at 1.65 K with the shift of approx-
imately +2 mK at the highest power (by constant pumping rate using the PID
algorithm). Values for powers lower than 10 mW are affected by the uncertainty
of the thermometer’s calibration, estimated as ±1 mK. For powers higher than
10 mW, ∆T is clearly proportional to Q̇2.

proportional to the temperature k ∝ T at T < 10 K, since only the conduction
electrons contribute to the heat transfer. For small ∆T < 0.1 K, k can be consider
as constant of the magnitude approximately 1 W/(m · K) (taken at 1.65 K) [25].
This corresponds to a thermal resistance of ≈ 3.3 K/W.

The second is the heat transfer thanks to He II flowing through leaks in the
cell’s part junctions. As we know, He II has an extremely high thermal conduc-
tivity several orders of magnitude higher than brass, therefore this contribution is
non-negligible. For He II the phenomenological Gorter-Mellink relation [26] was
obtained: (︄

Q̇

A

)︄3

= −k̃∇T, (3.4)

where k̃ is the effective thermal conductivity of He II with the magnitude k̃ ≫ k.
What we should expect is ∆T ∝ Q̇ from (3.3) and ∆T ∝ Q̇

3 from (3.4).
Since the observed behaviour is ∆T ∝ Q̇

2, we can assume an interplay between
both heat channels. Nevertheless this problem would require deeper analysis with
respect to the geometry of the whole cell.
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Figure 3.7: Dependence of the thermal resistance RT on applied power Q̇ together
with the black line indicating RT ∝ Q̇. At bath-temperature 1.65 K.

3.3 Temperature profile measurements

The temperature profile is essential for the existence of the steady state turbulence
in the thermal counterflow as follows from calculations in cylindrical geometry
[11], which show that without a temperature gradient steady solutions cannot be
obtained.

The measurement was performed directly in the helium bath. We designed
a holder for three TTR-G thermometers (one of them was subsequently used in
the cell) and the heater, which could move vertically. The holder was 3D-printed
from PLA (polylactic acid) with copper nano-particles. The heater was again a
small resistor covered by silver-epoxy creating a sphere with 2 mm in diameter
– silver nano-particles should ensure better heat conductivity. This experiment
took place in the same cryostat with the same pumping system and thermometer
as we described above 2.1.

The measurement ran as follows: We periodically change between two dis-
tances, one near the heater at well-defined distance and one far from the heater.
This vertical movement was realized by a stepper motor. The temperature was
continuously measured by previously calibrated thermometers. The results are
plotted in Figure 3.9.

We see the temperature difference caused by the thermal counterflow is very
small, hundreds of µK, and since it falls with the radius as 1/rp, where p is
between 5 and 6, the profile is evident only up to 1 mm or 2 mm from the heater
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surface. We can treat this effect as negligible in comparison to the overheating of
He II in the cell, but taking into account the temperature dependence of vns (1.25)
and L ∝ v2

ns, the final distribution of VLD can be affected by the temperature
profile.

Figure 3.8: 3D-printed holder used for the temperature profile measurement.
Three TTR-G thermometers are placed horizontally and the resistive heater ver-
tically. Taken from Ref. [21].

Figure 3.9: Results of the temperature profile measurement, i.e., the temperature
difference between the temperature in the vicinity of the heater measured by three
TTR-G thermometers and the bath temperature 1.50 K. The applied power to
the heater was 500 mW. Experimental data are compared with the theoretically
obtained dependence as the numerical solution of (1.39). Taken from Ref. [21].

We obtained an agreement regarding the comparison of experiment and the-
ory, although the experiment requires high sensitivity of used thermometers,
which are significantly affected by electronic noise.
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3.4 Steady state turbulence
We investigated the amount of vortices, characterized by the mean vortex line
density (VLD, L), in the spherical cell generated via continuously driven coun-
terflow, which led to the emergence of a steady state. We used the second sound
attenuation method to obtain L calculated from the relation (1.42). We note
that strictly speaking, this relation works only for homogeneous vortex tangles.
As a consequence, our values of vortex line density need not be numerically accu-
rate, but scaling laws ought to be represented clearly. The attenuated amplitude
is taken with respect to the unattenuated – measured without the presence of
quantized vortices, at zero power. As we mentioned above, we chose two reso-
nance frequencies 2950 Hz and 8923 Hz (1.65 K). We decided to perform this
measurement at different He II temperatures: 1.30 K, 1.45 K, 1.65 K, 1.80 K and
1.95 K. The ratio between the normal and superfluid density is different at every
temperature, which means a different effect on the flow due to the presence of
the mutual friction force.
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Figure 3.10: Typical data collected by tracking the resonance peak. Individual
stairs belong to different powers applied to the heater. At higher powers, signifi-
cant overshoots are present due to the limitation of the PID algorithm.
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We accomplished the steady state measurement in two different ways. The
first way is to collect the full frequency spectrum around the studied peak,
called the frequency sweep. This peak is then fitted by a linear combination
of Lorentzian (3.1) and Gaussian shape, so-called pseudo-Voigt peak, with con-
sideration of a linear background. The final amplitude of the peak, used for VLD
calculation, is then composed of two contributions A =

√︂
X2 + Y2 + AG, where

X,Y are amplitudes of the absorptive and dispersive component and AG of the
Gaussian part.

The second way is to use continuous tracking of the resonance peak maximum.
This is ensured by a PID algorithm set to keep the ratio Y/X near zero, since the
amplitude of the Y-component is zero when the X-component is at its maximum.
All values of the X-amplitude recorded during some time frame are corrected with
respect to the linear background and time-averaged.

In Figure (3.11) we present data collected using the tracker and the frequency
sweeps. They show reasonably good consistency at all temperatures and both
frequencies. In further analysis, we constrain ourselves only to data from the
tracker, since they underwent statistical averaging, so we can consider them ac-
curate enough. We will present vortex line density against different quantities
characterizing the flow.
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Figure 3.11: Vortex line density L against power applied to the heater measured
at the lower and higher resonance frequency. TR denotes data from the tracker
and FS from the frequency sweeps.

The dependence of VLD against power Q̇ represents raw experimental data,
because Q̇ is a control parameter. On the other hand, it does not tell us much
about the properties of the turbulent flow. Nevertheless, looking at Figure 3.12 we
can deduce some basic characteristics of turbulence driven by the spherically sym-
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metric counterflow. VLD clearly increases with decreasing temperature, which
can be explained by higher vns at the same power due to the lower normal com-
ponent density ρn. This behaviour is good to see also in previous two Figures.
The second, more interesting observation is that the lower resonance frequency
(2950 Hz at 1.65 K) detects less quantized vortices at a given temperature than
the higher mode (8923 Hz at 1.65 K). This is probably an interplay of two effects,
the profile of resonant curve in the cell 3.5 and the spatial distribution of VLD
1.4. We note that measurements with higher harmonic modes with a dense profile
tend towards the average vortex line density in the experimental volume [8].
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Figure 3.12: VLD against power, at bath temperatures between 1.30 K and 1.95 K
for both resonance frequencies.

Next, we observed that the development of VLD on Q̇ does not possess any
clearly defined dependence. The data does not coincide with what we expect from
the Vinen equation (1.26) and that is L ∝ Q̇

2, since vns ∝ Q̇. We will discuss
this together with the effect of the resonance and VLD profile later.

The counterflow velocity gives us a better idea of how strongly the flow drives
the turbulence. We calculate the magnitude of vns at the distance r = 0.9 mm,
which should correspond to the surface of the heater. At the vicinity of the heater,
the magnitude is the highest, since we know the velocity drops with the radius
approximately as vns ∝ 1/r2. This is a significant contrast to the measurements
in channels [8, 27, 28], where vns is constant along the whole channel.

From Figure 3.13 we see the VLD collapses to single dependence in certain
regions, since vns reflects the physical properties of the whole system – tempera-
ture and geometry. We can divide these data into three main regions with respect
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to vns, which depend on the resonance mode. The first region belongs to the ve-
locities approximately up to 0.01 m/s, where VLD grows significantly with the
counterflow velocity. The second region, say between 0,01 m/s and 0.07 m/s,
shows slower growth of VLD than the previous one. In the third region, with
velocities higher than 0.1 m/s, VLD again displays an evident increase. The data
tend to grow together. Higher vns were unattainable due to the overheating caus-
ing significant shifts in resonance frequencies, beyond the capacity of the PID
regulator.
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Figure 3.13: VLD against the counterflow velocity calculated at r = 0.9 mm for
different bath temperatures.

The crossing between the data in the first and second regions, respectively the
very existence of the middle slowly growing region, is not presently understood.
We hypothesize that it can be caused by turbulence in the normal component.
To assess this phenomenon better, we shall use a parameter characterizing the
flow of the normal component alone, the Reynolds number given as:

Ren = vnD
νn

, (3.5)

where vn is given by (1.24), D is a characteristic length-scale, we will take the
radius of the heater surface R1, and νn is the normal component kinematic vis-
cosity.

In Figure 3.14 we see that data are still divided into three regions when the
slowly growing part starts at the Reynolds number around 40 or 50. At such
values of Ren, the non-linearities, originating from the convective term in (1.5),
can occur, breaking the laminar flow. The emerging normal fluid turbulence could
affect turbulence in the superfluid component. When we omit energy loss due
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Figure 3.14: VLD against the normal component Reynolds number Ren calculated
for D ≡ R1 = 0.9 mm for different bath temperatures.

to evaporating or overheating, we can consider an energy exchange between the
classical and the quantum turbulence in He II. The proposed theory is outlined
in Chapter 4.2.

From vns and L we can deduce the parameter γ defined by the relation (1.28),
which follows from the Vinen equation (1.26). This parameter should be only a
function of the temperature through the mutual friction coefficient α. This means
γ should be constant at given temperature. We can compare our measured γsph

with that observed in channels that satisfies γch(s/cm2) = 155.8T − 75.0. We
present the ratio γsph/γch in Figure 3.15, where γsph is easily calculated from
measured L as

√
L/vns.

We see the temperature dependence is slightly suppressed at both resonance
frequencies, but γsph is not constant. It differs significantly from that in the
channel and depends on the used resonance frequency. The ratio is constant only
at very low velocities, around 0.001 m/s and lower, at least we can obtain an
effective γ-factor in the cell as an average of this constant part and we get:

γeff
sph,1 ≈ 2.26γch γeff

sph,2 ≈ 3.41γch. (3.6)

The first value belongs to the lower resonance mode and the second to the higher.
The fact that these two values are greater than unity suggests that a higher VLD
is produced in the sphere than would appear in a channel with counterflow at
the maximum velocity. This behaviour in the sphere is probably given by the
absence of boundaries, which likely contribute to the vortex annihilation in the
channel or by the flow inhomogeneity.
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Figure 3.15: Ratio between the γ-factors observed in counterflow turbulence in
channels and in the sphere against the counterflow velocity at both resonance
frequencies.

We shall also briefly comment on the critical power/velocity for turbulence
generation. In short, we did not clearly observe any, since at the lowest power
≈ 0.5 mW (counterflow velocity ≈ 10−3 m/s) we measure a significant amount
of vortices. Based on other experiments [8, 23], a critical velocity must exist,
therefore we assume it is smaller than 10−3 m/s in our case.

3.5 Decay of turbulence
Next, we studied the temporal decay of quantum turbulence after the heater is
switched off. This can provide information about the conformation of the turbu-
lent tangle in our spherical cell. After the heater is switched off, the energy is
not further supplied to the turbulence (in general into turbulence in both compo-
nents), and turbulent structures begin to decay. In the case of classical turbulence,
they will undergo the Richardson cascade and afterwards dissipate energy due to
viscous friction. In the case of quantum turbulence/vortices, they can lose energy
through mutual reconnections, annihilation or by emitting phonons.

We performed the measurement using the tracker similarly to the steady state
case. After the cell’s heater is switched off, we needed the temperature in the cell
not to change, therefore we applied the same power to the compensation heater
in the bath. The time of turbulence generation, i.e., when power was applied to
the heater in the cell, was approximately 100 s. After this time, the turbulent
tangle should be fully developed and steady. Then we switched between the
heaters and let the turbulence decay. The decay phase time was chosen between
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300 s and 420 s depending on the used power. This sequence was repeated
50x and then averaged. We had to choose the used powers with respect to the
bath temperature, since at high powers, say 50 mW and higher, the resonance
frequency shifts a lot due to the significant cell overheating (already discussed
above), which is more pronounced at low temperatures.
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Figure 3.16: Example of the decay measurement sequence at 1.65 K with the
power of 100 mW. The On/Off-regions show when the heater in the cell is working.
In data processing, the regions with off-heater are separated from the signal and
averaged.

From the averaged signal, the vortex line density (VLD, L) is calculated using
(1.42). The unattenuated amplitude is taken as a maximum from the last 50
points of the X-component from all signals (before averaging). To obtain a correct
behaviour of VLD with time, we have to subtract the virtual origin time t0 and
constant L0 characterizing remnant vortices remaining in the cell after the decay.
The virtual origin time has a meaning of the time when VLD hypothetically
begins to decay from infinity value, therefore it should be t0 < 0. We obtained
t0 by linear fit from the plot t versus 1/L see Figure 3.17, the absolute term had
the meaning of t0. There is not an easy or a correct way how to obtain L0, thus
we estimated it directly from L versus t from the latest time values of L. The
obtained L0 ranged between 104 m−2 and 105 m−2 depending on the individual
dataset.

Final processed data are shown in Figures 3.18, 3.19, which differ in the used
resonance mode as it is described in the Figure’s captions. We shall see data
generally agree with the decay mode L ∝ 1/t following from the Vinen equation
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Figure 3.17: Typical way of obtaining t0 by the linear fit from the plot 1/L
against t.

(1.26). This dependence is strong mainly in the region of times between 50 s
and 200 s. At earlier times we can observe some deviations. To judge something
more accurate about times longer than 200 s is non-trivial, since data are affected
by noise and the correct subtraction of L0. In general, we do not observe any
significant dependence of the decay on the used resonance mode, temperature or
initial power.

The dependence, which we observe, is derived from the Vinen equation (1.26)
with the assumption of homogeneous and isotropic turbulence. We should em-
phasize the initial vortex tangle definitely does not fulfill this assumption due to
the presence of VLD profile 1.4. What exactly happens with a turbulent tangle
after the heater is switched off is a question and we discuss it in 4.3.
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Figure 3.18: Decay measured at the lower resonance frequency (2950 Hz at 1.65 K)
for different initial powers applied to the heater at bath temperatures. The red
line characterizes the dependence L ∝ 1/t.
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Figure 3.19: Turbulence decay measured at the higher resonance frequency
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4. Discussion

4.1 VLD and resonance curve profile
As we know in the case of the homogeneous and isotropic quantum turbulence,
we can derive from the Vinen equation (1.26) the dependence of VLD against
the counterflow velocity L ∝ v2

ns. We mentioned above that our data behaves
differently. Since we use the second sound attenuation and Equation (1.42), the
measured VLD need not correspond to the actual density of vortex lines, but
should approximate the mean VLD in the spherical cell. Under assumption of
linear damping the measured VLD can be written as:

L =
∫︁
L(r)Φ2(r)d3r∫︁

Φ2(r)d3r
, (4.1)

where L(r) is the spatial distribution of VLD and Φ(r) is the SS resonance curve
profile. Detailed derivation of this relation with other comments is possible to
find in the article [8]. We can further assume the simplest spatial distribution
L = γ2v2

ns = A/r4, where A = (γQ̇)2/(4πSTρs)2, and for simplicity only radially
dependent resonance profile Φ(r) given by the equation (3.2). We can substitute
this into (4.1) and integrate in the spherical coordinates to obtain:

L =

R2∫︁
R1

AΦ2(r)/r2dr
R2∫︁
R1

Φ2(r)r2dr
= A

I1

I2
∝ Q̇

2
. (4.2)

We see the result is still proportional quadratically to the power. It means that
under the simplifying assumptions, the experimentally observed behaviour is not
caused by specifics of the resonance profile or by the spatial distribution of VLD.
But in reality L ∝ 1/r4 is not satisfied exactly, especially close to the heater due
to the presence of the temperature profile. This interpretation is also supported
by the fact that the measured behaviour of L versus Q̇, see the figure 3.12,
does not depend on the resonance mode. At the same time we know that the
used resonance modes are spatially completely different, whether we look at the
number of extrema or at the much more complicated angular dependence of the
higher mode (l = 1 is connected to 3 different spherical harmonics and l = 5 to
11).

4.2 Quantum and classical turbulence interplay
In the following, we will investigate our hypothesis that turbulence in the nor-
mal component can affect the density and motion of quantized vortices in the
superfluid component, possibly being responsible for the slowly growing region
at medium powers in Figure 3.13. Since the normal fluid velocity is proportional
to the radius as vn ∝ 1/r2, turbulent structures can occur mainly in the vicinity
of the heater surface. To assess the flow properties of the normal component we
can compare the magnitude of the non-linear convective term (vn · ∇)vn and the
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viscous term νn∆vn. The ratio of these terms is in fact a radially dependent
Reynolds number, but we avoid this notation, as usually Ren is understood to
characterize a flow as a whole, not its local properties. We will remember the
relation vn = Q̇/(4πsTρr2) and define the prefactor δ := 1/(4πsTρ), assuming
constant s, T and ρ. Then, we obtain:

(vn · ∇)vn ≡ vn
∂vn

∂r
= −2δ2Q̇

2

r5 , (4.3)

νn∆vn ≡ νn
1
r2

∂

∂r

(︄
r2∂vn

∂r

)︄
= 2δνnQ̇

r4 . (4.4)

Then the absolute ratio is: ⃓⃓⃓⃓
⃓(vn · ∇)vn

νn∆vn

⃓⃓⃓⃓
⃓ = δ

νnr
Q̇. (4.5)

We see the ratio is linearly proportional to the power and inversely to the radius.
In Figure 4.1 we plot the dependence of this ratio on the radius for three different
heater powers.
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Figure 4.1: Ratio between the convective and diffusive term for the normal fluid
velocity against the radial coordinate in the cell. For better comparison three
powers were chosen, as indicated.

It is not simple to say when the flow undergoes instabilities and starts to
possess turbulent structures, we would need a detailed analysis of the stability of
this diverging flow. Currently we do not know of a theoretical work concerning
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spherically diverging classical flow, since it is impossible to observe in nature
due to the mass conservation law. So the most similar cases to ours are the
studies of flow instability in diverging channels [29] or in submerged liquid jets
[30, 31], which indicate diverging flows are less stable than, e.g., pipe flows or
flows around a smooth body. Critical Reynolds numbers, based on the analysis
in these works, range between 20 and 50. We note that our data correspond to a
Reynolds number of around 40, when the transition to the second regime occurs,
which seems consistent with these classical flows.

From Figure 4.1 it seems that at the power of 1 mW, we can assume the
normal flow is turbulent only in the immediate vicinity of the heater, while in
the rest of the cell, the flow is laminar. At the power of 10 mW, the highest
ratio is around 350 near the heater, which can definitely lead to the emergence
of significant turbulent structures, and in the rest of the cell the ratio is over 20.
Hence it is possible that the turbulent region would not cover the entire cell. At
the highest power of 100 mW, we can assume the flow is turbulent everywhere in
the cell.

Looking at the figure 3.12 with VLD against power, we can propose the fol-
lowing model of turbulence in our cell.

• At the lowest powers up to 3 mW, the energy from the heater is mainly
imposed into the excitation of quantised vortices (QV), leading to the in-
crease of VLD. The effect of the normal flow is negligible, because it is
mostly laminar, perhaps except very near the heater surface.

• At the middle powers between 3 mW and 30 mW, the energy is additionally
consumed by the emergence of the classical-like turbulence in the normal
component. This must lead to a lower energy input into QV and would
cause the reduction of VLD growth as we observe it. The energy input
into the classical-like flow would then propagate through the Richardson
cascade and be eventually dissipated by viscosity.

• At powers higher than 30 mW, the energy is divided between the classi-
cal and quantum turbulence. Since the normal component is significantly
turbulent in the whole cell, these highly turbulent structures can excite
additional QV in the superfluid component not only at the heater surface
but everywhere in the cell and so VLD may rise further. Conversely, quan-
tum turbulence can also drive the classical one, but this would require a
polarised (not random) vortex tangle.

This proposed mechanism stems from the idealized spherical thermal counter-
flow, i.e., from purely radially dependent velocity, but it is rather phenomenolog-
ical, based on simple calculations and observations. To confirm this scenario, we
would need either a direct experimental visualisation of the problem or a complex
numerical simulation concerning the coupled dynamics of the classical continuum
and the quantised vortices.

4.3 Local decay
We outline an explanation of the decay of the turbulent tangle in the spherical
case. As we mentioned, the initial vortex tangle is not homogeneous and isotropic
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as it is assumed by the Vinen equation 1.26. We assume, two competing effects
exist, the first is the diffusion of vortices and the second is their local decay, which
we expect to dominate, as shown by Milliken and Schwarz [32]. Any denser part
of the vortex tangle should decay faster, since we know dL/dt ∝ L2. We will
show, this spatially dependent (local) decay can explain the observed dependence
L ∝ 1/t. We will numerically solve a simple differential equation:

dL(r, t)
dt = −bL2(r, t), (4.6)

assuming the initial VLD is given by L(r, 0) = A/r4. The time evolution is shown
in Figure 4.2 and demonstrates that in the initial phase a rapid homogenization
occurs, after which the turbulence decays as a homogeneous tangle.
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Figure 4.2: Numerical simulation of the decay of the vortex tangle in the spherical
cell. Initial rapid homogenization is followed by a homogeneous decay, after less
than 1 s.

From these results, the average VLD in the cell may be calculated, with
weighting factors proportional to the volume of each spherical shell. We see in
Figure 4.3 that the averaged VLD in the cell decays as 1/t after the initial homog-
enization phase, which is in good agreement with the experimental observation.
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Figure 4.3: Result of the numerical solution of 4.6 with parameters A = 1013 m2,
b = −5·10−8 m2/s and a dynamically adapted integration time step. We compare
this result with the decay originating from the Vinen equation (1.26), L ∝ 1/t.

4.4 Comparison to the thermal counterflow in
channel

We can compare our results with those obtained in rectangular channels. The
relevant measurements in channels were performed mainly by E. Varga resulting
in his doctoral thesis [27] and publications [8],[28]. In the case of steady state
turbulence, the data from the channels clearly follows the dependence L ∝ v2

ns, in
stark contrast to our observations. We can point out the main differences between
both cases. In the sphere, vns ∝ 1/r2, however in the channel vns is constant
everywhere, since the area of the channel cross-section remains constant. This
means that the longitudinal distribution of vortices is uniform. Also resonances in
the channel are much simpler, having the profile of the sine function. Moreover,
the solid boundaries are known to cause the transition to turbulence in the normal
component in channel flows, and they can affect quantum turbulence as well, since
quantized vortices can be caught or annihilate on them. On the other hand, we
assume that the role of the outer boundary (inner wall of the cell) can be neglected
in the spherical case, because vns is two orders of magnitude smaller here than at
the heater.

In the case of turbulence decay, two types of decay were observed in channels.
The Vinen type L ∝ 1/t was present during the first second of the decay, then up
to the finish of the decay the scaling L ∝ t−3/2 was observed. This classical-like
decay is again caused by the role of channel walls, which cause energy input at
large scales due to the shear boundary layers. In the spherical geometry, this
type of decay was not observed, supporting our interpretation that the role of
the outer wall is not important and that turbulence is driven primarily at small
scales comparable to the inter-vortex distance.
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Conclusion
In the following, we will summarise the results of this Thesis. The main goal
was to specify and explain the peculiarities of the quantum turbulence driven
by spherically symmetric thermal counterflow and compare our results to those
previously obtained in rectangular channels.

We performed two completely independent measurements. The first was the
measurement of the temperature profile caused by the He II flow, and the second
was the measurement of VLD using the second sound attenuation method in both
steady and decaying turbulence. To this end, we designed and manufactured the
spherical brass cell.

• We mapped second sound resonances in the cell and compared them with
calculations based on direct analytical solution of the Helmholtz equation
or the numerical solution using spectral decomposition into vector spherical
harmonics. The agreement between measured and calculated resonances
is mainly apparent in the lower frequency range. At higher frequencies,
resonances are significantly split due to their angular dependence. We chose
two resonance frequencies for further measurements, 2950 Hz and 8923 Hz,
and matched them to theoretically calculated values, which provides us with
the knowledge of their profile in the cell.

• Next, we investigated the overheating of He II in the cell, which is caused
by the thermal resistance of the body of the cell. We obtained that the
temperature difference ∆T between the temperature in the cell and in the
bath is quadratic with the applied power, and the thermal resistance scales
linearly. The highest value of ∆T is 60 mK at 170 mW. The overheating can
perturb our results at higher powers, since the resonance frequency shifts
and the counterflow velocity is lower at higher temperatures, i.e., we can
observe lower VLD than we would expect at the given temperature.

• The temperature profile measurement ran separately from the VLD mea-
surements. We obtained reasonable agreement with the theory, which says
the temperature falls with the radius from the heater as 1/rp, where p is
between 5 and 6. The emergence of this profile is a direct consequence of
the two-fluid behaviour of He II and is essential for steady state turbulence.
Besides, it can affect the VLD profile and cause deviation from the ideal
L ∝ 1/r4.

• Steady state turbulence was investigated at different temperatures using
both resonance frequencies of second sound. We studied the dependence of
Vortex line density (VLD) on the power applied to the heater. We found
the counterflow velocity as the driving quantity for quantum turbulence, as
expected. The observed dependence of VLD on Q̇ and vns does not coincide
with what follows from the Vinen equation, L ∝ v2

ns, as in rectangular chan-
nels. On the other hand, we observed a distinct slowdown in the increase of
VLD at medium powers and velocities. We proposed a phenomenological
explanation concerning the effect of classical-like turbulence in the normal
component. The observed turbulence in the normal component is in a sense
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unique, since the flow is diverging in all directions, and vn is the function
of radius. This has no direct analogy in classical fluid dynamics. We hy-
pothesize that this flow may become unstable, and produce turbulence.

• We also evaluated the γ-factor in our cell and compared it with that ob-
served in channels. The γ-factor should be constant at the given temper-
ature, but we observe this only at really small vns. This is caused by the
specifics of the spherical geometry, when in contrast to the channel, our
turbulence is less affected by the presence of walls.

• The turbulence decay was investigated at multiple applied powers and bath
temperatures. Despite small deviations at early and late times, we observed
the decay predicted by the Vinen equation, L ∝ 1/t. This indicates that the
turbulence is driven mostly at small scales. However, the Vinen equation
assumes a homogeneous vortex tangle, which is not initially fulfilled by the
VLD profile in our cell. We assume that homogenization of this vortex
tangle occurs after the heater is switched off, thanks to the predominantly
local decay. We see different behaviour than in channels, where also the
decay derived from Kolmogorov theory L ∝ t−3/2 is seen.

The author should emphasize that this work is a direct extension of his Bach-
elor’s thesis. In this work, we used a newly manufactured metal cell, we have
fully described the spherical resonances, revised the interpretation of VLD de-
pendence on vns and measured the temperature profile in the cell. For a more
complete understanding of this phenomenon, we would need appropriate numer-
ical calculations or visualization experiments, which should be the next step of
our research.
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A. Attachments

A.1 Attachment 1. Spherical Thermal Counter-
flow of He II
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