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Introduction

Gauge symmetry is a concept at the very heart of contemporary fundamental
physics and provides language for some of the most illuminating ideas and math-
ematical models. Becchi et al. [1976], Batalin and Vilkovisky [1981] have shown
that such symmetries extend and unfurl into a much richer geometric world of
graded symplectic geometry. But why would we embark on such a journey in
the first place? The answer, precisely formulated by Costello [2007], is that the
BV-BRST formalism provides a gateway for quantization of gauge theories.

Even though we start with bosonic gauge fields, the BRST formalism leads us
to a theory on a space of bosonic and fermionic fields. Moreover, we will see that
on top of the Z, even/odd grading, auxiliary fields within the BV framework may
in general acquire a Z-grading in the form of the so called ghost degree. These
fields are purely auxiliary; the so called ghosts.

bosonic gguge fields,
osonic or
gﬁalllge AM AN’ € fermionic
ees ghosts

This, however, is not the whole story. BV formalism relies on the extension of
this field-ghost configuration “along cotangent directions”. We may introduce
fields formally conjugate to gauge fields and ghosts, the antifields.

bosonic gaUghe ﬁtelds,
MUk ghosts,
AAAANAAANAAANAD !
e A Ao (A i,
antighosts

This may remind us of the famous solution to the Zeno’s paradox within
classical mechanics. Zeno wonders:

“What is movement, if at every instant, an arrow is motionless?”

In other words; we may wonder where the information about movement along
a path z(t) is lost if we restrict ourselves to a single instant ¢t = t5. The answer
seems easy from today’s viewpoint: we need to include the whole phase space
into our model.
position &

% %
[ e e 2 22 2 22 2 i s pl momentum
coordinates

position
coordinates

Movement does not reside in the instant ¢ = ¢y but in its microscopic neighbour-
hood. To talk about movement at ¢t = ¢y, we have to keep the information about
some kind of a germ of movement, a Taylor expansion of the x(t) path around
the z(to) point. The tiniest non-trivial information about such germ — its linear
part — is precisely what we call the momentum p;. The phase space can thus be
thought of as a minimal (linear) model of:

a space M and the the germs of movement R — M

Similarly, we might wonder:



“What is (BRST) gauge symmetry, if for every physical field con-
figuration, the gauge is fixed?”

This phrasing may seem rather paradoxical, but remember that this is pre-
cisely the case of Zeno’s paradox as well. We may, once again, try to consider
germs of movement, but this times, what moves is the gauge itself.

a field configuration and the the germs of gauge change

These germs are the antifields (and antighosts).

We witness graded manifolds arising from gauge theoretic reasoning as infinite-
dimensional “ghost-enriched manifolds”. Within the AKSZ framework due to
Alexandrov et al. [1997], however, one constructs the relevant geometric struc-
tures on two finite-dimensional manifolds and then lifts them onto a naturally
defined infinite-dimensional manifold of maps betwen them. To follow the AKSZ
philosophy of quantization of field theories thus means to study the geometry of
the source and the target finite-dimensional graded manifolds.

In the presence of fermionic (and ghost) degrees of freedom, we adapt differ-
ential geometry using the simple concept of a sheaf: a functorial assingment of
an algebra (of fields, ghosts, ...) to every open set of a space.

restriction

graded algebra graded algebra

I I

inclusion
open set < open set

The particularly well-behaved class of non-negatively graded manifolds will
translate the geometric data familiar from gauge theories to graded symplectic
language. The central example is the classical master equation encoding gauge
symmetry of the dynamics given by the actional S (action functional).

(5,81 =0

Here, the Poisson bracket refers to the precisely the bracket whose conjugate co-
ordinate pairs are fields and antifields, it is the result of our “gauge phase space”
extension.

In particular, the low degree cases will provide fruitful examples; the degree 2
case has been found to coincide with Courant algebroids known from generalized
geometry. We will follow the reasoning of Roytenberg [2002], who shows that
in this case, the “cotangent extension” takes the form of a minimal symplectic
realization.

minimal
aigebeaty B [E symplectic
realization

To extend this correspondence to a proper categorial equivalence, we follow
the construction of Lagrangian correspondences in the spirit of Weinstein [2010]
and Wehrheim and Woodward [2007]. The idea is to consider a morphism not as

3



an element-wise assignment = — f(z) subject to algebraic rules, but as a subset
L of the cartesian product of the target and source spaces M, N endowed with
geometric properties.

LCMxN

We can, for example, represent smooth maps as smooth submanifolds.
L— MxN

We will use the results of Vysoky [2020], who gives a precise description of corre-
spondences of Courant algebroids using Dirac structures, the natural “substruc-
tures of Courant algebroids”. Constructing the appropriate “cotangent exten-
sion”, we will rely on results of Griittzmann [2010]; in particular they will take
the form of conormal subbundles.

Dirac
structure L

* conormal
N*L subbundle

Finally, we will mention how the resulting categorial framework fits into the idea
of functorial quantization of odd symplectic manifolds put forth by Severa [2002],
which will be the end of our journey.

We presuppose basic knowledge of differential geometry, theory of fibre and
principal bundles and elementary knowledge of category theory. A familiarity
with gauge theories provides an excellent motivation for the topics at hand, but
is not needed.



1. Ghosts & Graded Manifolds

Gauge-theoretic structures of quantum field theories’ may be extended into a
larger and richer graded-commutative geometric world, built above the original
concept of a Lie group G-action and a connection 1-form A,(x) corresponding to
a bosonic gauge field.

Firstly, in section 1.1, we will briefly recall elements of bosonic gauge theories
and the geometric objects arising in the Batalin-Vilkovisky (BV) quantization
formalism, refering to Becchi et al. [1976], Batalin and Vilkovisky [1981]. More-
over, we will mention the AKSZ framework originally due to Alexandrov et al.
[1997] which allows one to talk about the geometry of the BV field theories in
terms of finite-dimensional manifolds. We will focus precisely on (the category of)
those finite dimensional manifolds equipped with bosonic, fermionic and general
auxiliary “ghost coordinates”.

A large part of this chapter, sections 1.2, 1.3, 1.4, is devoted to the basics of
the theory of non-negatively graded manifolds (N-manifolds) endowed with geo-
metric structures mirrored in the BV formalism. In section 1.5, we will provide a
treatment of “the first non-trivial class” of examples of N-manifolds, the special
“deg = 27 case, which is known to correspond to familiar structures from gener-
alized geometry. We follow mainly Roytenberg [2002] and Cattaneo and Schaetz
[2011].

1.1 Gauge Fields & the AKSZ Philosophy

The BRST supersymmetry of a theory, due to Becchi et al. [1976] is one of the
first to stand witness to an extension of a gauge theory by enlarging the field
space. It will be our first example: let us briefly sketch the relevant ideas as
a motivation for the following study of graded manifolds. This chapter may
also be seen as the one that sets one of the main goals of this thesis: to review a
rigorous geometric framework that embodies the structures found in this chapter.

For further reading, we refer to the extensive textbooks of Weinberg [2013] and
Henneaux and Teitelboim [2020] . This section is strongly inspired by lectures on
gauge theory led by Jitfi Novotny at Charles University in Prague in the winter
semester of 2020.

1.1.1 Becchi-Rouet-Stora-Tyutin Cohomology

Let us start with the example of Yang-Mills theories. Gauge symmetry endows
a Yang-Mills theory with a set of contraints onto which we may “reduce” the
dynamics. To ensure compatibility of the dynamics given by an actional Sy
with the gauge symmetry, it is desirable to find a “pull-back” of the constrained

LOr more precisely; a classical field theory we aim to quantize.



generating functional Z,.4 of the form
Zred[J] = /D(b eiSO[J]+iJ-¢>

along the reduction, into “a general coordinate system”, so to speak. Here, we
may understand D¢ as a formal path integration of fields that may have values
in (a representation of) a Lie algebra g.

The solution is the Faddeev formula. We simply multiply the integrand by
appropriate formal Dirac d-functionals and certain volume corrections.

We are, however, not quite done yet. To obtain a manifestly Lorentz invariant
(ie. “covariant”) generating functional, we may construct the following extension
of the field space:

We smear the delta functionals by introducing the bosonic Nakanishi-Lautrup
fields n and construct the volume corrections from Berezinian? integration of a
new set of fermionic fields; the Faddeev-Popov ghosts b(x), c(x). The resulting
generating functional is described by the Faddeev-Popov formula.

Z[J] = / DADDbDc ¢ SVHi7¢

The new extended actional S now exhibits an extended version of the gauge
symmetry given by the gauge field A, (x), the BRST symmetry given by a dggsr
operator.

Remark 1 (BRST Symmetry). On A,(x) and c(x), in particular (and with
explicit Lie algebra indeces), the BRST (Becchi-Rouet-Stora-Tyutin) symmetry
transformation reads as follows.

1
c c.ab
OprerC’ = §eC’ab c*c

where D, is the covariant derivative associated to the connection Ay, e is a
coupling constant and C ¢ the structure constants of g. Note that this is a “su-
persymmetry” as it switches between bosonic and fermionic fields. Moreover, it
is important that this is an affine transformation.

The integral representation of the BRST operator is the Slavnov operator.
Let us write out its form for the restriction on Ay, ¢ fields and by 5% denote a
formal functional derivative.

d 1 5
(5BRST - /DADC <(D”C)aw+§ecabccacb@)
“w

2The natural notion of integration on supermanifolds, we refer eg. to Caston and Fioresi
[2011].

9Here, latin indeces enumerate Lie algebra components, greek indeces enumerate spacetime
coordinates. Note that the (z)-dependence is implicit and so is the “(x)-contraction” within
the action of the operator D, <+ Dy,,. To be a bit more precise about the contraction, we may
think of it as of “integrating over a derivative of a delta function”.
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The remaining fields  and b serve to define the gauge fixing fermion F
terms in the actional. It should not be surprising that its purpose is to effectively
fix the gauge upon integration.

It turns out that 62, = 0, ie. the BRST differential defines a chain complex

on the space of fields. Eg. its cohomology classes in degree 0 coincide precisely
with gauge invariant functionals depending only on the A, gauge fields, indepen-
dent of the auxiliary fields. In other words:

“gauge symmetry —— zeroth dgrsr-cohomology”

Note that other cohomology groups do also have physical interpretations, we refer
to Jurco et al. [2019].

Remark 2 (Ward identities). Within the BRST framework, we can construct a
mean value a functional G roughly via path integration over the space of fields.
Given a theory with a gauge fixing fermion F, we denote the mean value by:

(9)F

One of the results that goes by the name of Ward identities states that the
mean value is invariant wrt. a deformation of the gauge fixing fermion by an
infinitesimal transformation o, provided it is a symmetry of the actional.

(G rrsr =19)F

We will not specify this statement here. Let us just remark that the deformation
of F may be understood in the sense of remark 58, which closes this thesis.

1.1.2 Batalin-Vilkovisky Formalism

Staying with the example of a Yang-Mills theory, one may think of the BV method
as an extension of the BRST framework “along cotangent directions”. Given a
set of fields (including the auxiliary ghosts), for each ¢ we introduce an antifield
¢*. We extend the BRST actional S by adding terms of the form:

¢: (5BRST )a

In other words, the antifields play the role of the “sources of the BRST transfor-
mation”. We define a graded version of a Poisson bracket, the antibracket st.
(¢% ..., ¢3,...) forms its (formal) Darboux chart.

{o% ¢y} = 0y

We will give a precise definition later, within the language of non-negatively
graded manifolds.

This construction further intertwines the actional and its gauge symmetry.
Now, by construction, the extended actional S is a “Hamiltonian generator” of
the BRST transformation on ¢ fields.

6BRST¢ = {Sa (b}

7



A natural generalization of the transformation is to simply let {S, e} act on the
antifields as well. We will denote it by Q.

Q= {95, e}

Since Q(S) = {9, S}, the extended gauge invariance of the actional now takes
on a new form:

(5,8} =0

This is the classical master equation, its solution S is said to be a classical
master actional.

Definition 1 (Heuristic). A classical BV-BRST theory defined for an actional
Sp with a given symmetry is a field-antifield configuration with a ghost field for
every dimension of the symmetry action equipped with the following structure.

+ A graded Poisson structure (“antibracket”) {e, o}.

e An odd differential Q st. Q% = 0.

- So.

e A classical master actional S st. .S =0

Note that given the actional and one of the other objects, we can define the

remaining one.

Remark 3 (Gauge fixing). We may define a gauge fizing fermion for general BV
theories in analogy with the F field of the Faddeev-Popov actional. The gauge
fixing is a restriction on a subspace defined by:

Sﬁxed =S

S F
¢Z: 340

In the general case of “gauge symmetries having their own symmetries”, we
may introduce higher ghosts with each next level fixing the lower ones. The ghost
degree |¢| is an integer asigned to each field ¢ that labels these levels of gauge
fixing. The operator Q is of ghost degree 1. The antighosts acquire negative
ghost degrees: |¢*| = —|¢| — 1. We refer to Jurco et al. [2019] for a contemporary
summary in the language of L. .-algebras and higher algebraic structures. For an
introduction to higher gauge theory, we refer to Baez and Huerta [2011].

One of our main tasks will be to describe the structures appearing in the
“heuristic prescription” 1 in the language of non-negatively graded manifolds (and
Courant algebroids) without a priori bounding the ghost degree (from above).

In what follows, we will have good reasons to choose a different grading while
the cohomological data of the Q operator stays the same. We refer to Royten-
berg [2002], who mentions a theorem clarifying this statement, due to Kostant
and Sternberg [1987].

To quantize a BV field theory with a classical master action and the Q differ-
ential, we must take one last step and add the differential operator Agy to the
mix. This is the so called BV Laplacian and it is a shadow of the calculations



of mean values in terms of path integrals weighted by the BV action. It is de-
sirable to obtain a theory with a gauge symmetry compatible with both S and
Apgy. This is what we need to start the general renormalization procedure of a
gauge-fixed BV action; we refer to Costello [2007]. We will touch on quantization
again in section 2.2.4.

1.1.3 Alexandrov, Kontsevich, Schwarz & Zaboronsky

Finally, let us mention the core philosophy of the AKSZ method originally due
to Alexandrov et al. [1997], refering to Cattaneo and Schaetz [2011] for a an in-
troductory text in a formalism similar to ours.

Roughly, one models the classical fields as maps between graded manifolds and
lifts the symplectic and Q structure from the source and target to Map(M,N)
by means of (Berezinian) integration. Here, M and N are graded manifolds
and Map(M,N) is an appropriate notion of a space of maps between the two
manifolds.

fields

i ; symplectic
dlgf;?lgfilal 5 differential
manifold graded

\/ manifold

Here, “differential” refers to the structure of a Q operator. We will provide the
precise defintions in the next chapter.

Remark 4 (DeWitt notation). On the target graded manifold, in the case its
coordinates are at most of degree 2, we will usually choose the following notation
for a local chart:

('ria Py, g‘uv 6I/)
These correspond to the following field-antifield configuration: bosonic (gauge)
fields A% (x), their antifields (A*), (x), fermionic ghosts c*(x) and their antighosts

ci(x). )
(45 (), (A)y (@), ¢"(@), ¢ ()
In terms of indeces, we have the following assignment:

latin, greek,

sp?icetime (CL7 (l’)), (b7 (l’)), e — graded w, v, ...

elds coordinates

greel; & latin, o

Spij:telg;ne (,U, a, (.Z’)), (Va b? (.T)), cee — graded 1,7,
fields coordinates

Thus the “structure constants” (obviously not constant in general) Dy, will cor-
respond to graded structure constants of the form QZ, the “structure constants”

C,  toC,r.



1.2 Sheaves & the Three Magic Theorems of
Differential Geometry

Our task is now to introduce a theory of graded geometry that may serve as a
source or target manifold of an AKSZ model. In particular, we have the heuristic
prescription of definition 1 in mind; the geometric contents of a BV-BRST theory.

We start with bosonic fields Afj(:v) — those simply correspond to smooth
functions z* on the target manifold, see remark 4. We may, however, shift the
attention to the sheaf of functions. This provides us with a perspective which
can be adapted to fermionic supercommutative “coordinates”. Similarly, we will
introduce ghosts as graded-commutative coordinates. For a comprehensive treat-
ment of sheaves on manifolds, we refer to Kashiwara and Schapira [1990].

Let us remark that the most important algebraic properties that provide the
right framework for generalizations of “commutative” smooth manifolds are the
famous “three magic theorems of differential geometry.”

1.2.1 I: Manifolds as Locally Ringed Spaces

We denote by Openy; the category consisting of open sets of M with arrows given
by the natural subset inclusion C relations.

U=V

A presheaf on M is a (contravariant) functor F : Openy; — C °P, where we will
restrict ourselves to C being a category of locally free modules or (commutative

or graded-commutative) associative algebras®. The most common example will

be:
F : Openy — Alg*®

In other words, here, F(U) for U € Openy, is an associative algebra and the
morphisms induced by inclusions are called restriction maps.
U—V
FU) + F(V)

Since we choose target categories where object admit elements, we may talk about
them as of local sections of a presheaf. We denote the restriction by:

fefly

Given the objects of Openys are sets consisting of points on the manifold M,
we can localize this notion of a “neighbourhood algebra” F(U) even furher; look
at the “microscopic” behaviour around x € M. We denote by

17 @)

all open sets containing the point z € M. Note that the inclusions induce a
partial order on [[ F (U). For every pair of open sets U, V, there is another one,
W, such that:

1By “algebra” we implicitely mean R-algebra, unless we say otherwise.

10



Considering this whole partially ordered set as a diagram, we can take its
colimit, which usually goes by the name “stalk of F at z”. Compatibility of the

canonical projections 7y, Ty, ... with the restriction maps
F(U)
AN
AN
A
N\
A
\\
N
TU N ‘F (W)
\\ -
N P
A
\* k// W
colim, F

implies that in colim, F, we have forgotten all the data outside of any intersection
of sets containing x. If there existed a set U,, “the smallest open set containing
z”, then colim, F would be precisely F (U,). That is not the case on a manifold,
but given we work with a well-behaved target category 4ly, we can define the
stalk explicitely as follows.

Definition 2 (Stalk). For a presheaf F on M we define the stalk at z € M as:

Fl, = ( Hf<U>) /~

Usz

where two sections f, g € [[ F (U) are glued together, f ~ g, if their restrictions
coincide on some neigbourhood of x. Such an equivalence class [f] € F ‘x is called
a germ at x.

It is easy to show that a stalk inherits the mutliplication on F (U) and thus
forms a ring.

Example. Considering the basic example of a presheaf on a manifold, C*(M),
its stalk at x € M consists of Taylor expansions of smooth functions. le. a germ
of a smooth function at x is its Taylor expansion around x, its jet.

Definition 3 (Sheaf). We say a presheaf F on M is a sheaf if the following
axioms hold for any U € Open)y; and its arbitrary open cover Ll.

o the uniqueness axiom: If the restrictions of two sections of F(U) coincide
at any elements of the open cover 4, they are the same.

11



o the gluing axiom: If there is a family of sections defined on the whole open
cover 4 such that their restrictions onto intersections coincide, there is a
section of F(U) that produces them as its restrictions.

Definition 4 (Locally ringed space). A pair M = (M, O;) with Oy being a
presheaf on M is said to be a locally ringed space if the following axioms hold:

e Oy is a sheal.

o Every stalk OM’x is a local ring; it contains a unique maximal ideal.
The manifold M is said to be the body of M and O, the structure sheaf.

Example. The sheaf of smooth functions on a manifold C*°(M) is a locally ringed
space, the maximal ideal at a point x € M is m, the germ of functions vanishing
at x. Similarly for the sheaf of differential forms Q(M).

Specifying a local model of (M, O,;) amounts to prescribing what the struc-
ture (pre)sheaf locally looks like; Oy (U) ~ Ay, for any U € Openy,.

(U, Ap)

The first magic theorem of differential geometry states that it is natural to think
of manifolds as locally ringed spaces with the local model

(U,C>(U))
For a proof, we refer to Kolar et al. [1993].

Theorem 5 (Milnor’s Exercise). The smooth function functor
C>(e) : Man — Alg°®
1s fully faithful.

More specifically, it states that the morphisms of manifolds are completely
described by the morphisms of their smooth function algebras.

Homg, (M,N) ~ Homﬂ[g(Coo(N) ,C®(M))

This is an essential observation as it will guide us when defining a category
of manifolds with supercommutative fermionic coordinates: Talk in language of
the “local function algebras™

There is, however, one thing we must be careful about if we are to intro-
duce generalizations of manifolds. The statement of the first magic theorem of
differential geometry non-trivially depends on the structure of the very specific
smooth function algebra functor C*(e). If we are to introduce its generalizations,
we shall consider the morphisms of the structure sheaves as such. That is, mor-
phisms of the families of local sections, not just the global ones over M. This
way, we know we are staying in whatever “category of generalized manifolds” we
have constructed if we talk about local sections, their derivations etc.

In other words, we will talk in the language of locally ringed spaces.

12



1.2.2 II: C*(M)-Modules as Vector Bundles

It is becoming clear that the central object of our interest will be sheaves of alge-
bras on a manifold. They will be naturally accompanied by locally free modules
over the ring C*°(M). The second magic theorem of differential geometry states
that we can always think of them as modules of sections of some vector bundle.

Let VectB); denote the category of smooth vector bundles over M of
finite rank and ProfMod 4 the category of locally free (ie. projective) finitely
generated modules over the algebra A. For a proof, we refer to Nestruev [2003].

Theorem 6 (Smooth Serre-Swan). Let M be a connected smooth manifold. Then
the category VectByr is equivalent to ProjfMod corgy. More precisely, smooth sec-
tion functor

['(e) : VectBy — ProjMod e

that produces locally free finitely generated modules as the modules of smooth
sections I'(M) over the algebra of smooth functions C*°(M) is fully faithful and
essentially surjective.

The theorem gives rise to a heuristic; if we specify a locally free C*°(U)-module
& we will identify the local generators of £ with some local coordinates in the
fibre of a vector bundle F. This is the basic ingredient we need to introduce the
notion of a Courant algebroid.

Moreover, it inspires the definition of a vector bundle over locally ringed
spaces. We will just replace the ring defined by the algebra C*(U) by the ring
defined by the local model O .

Note that by a “sheaf of Oy-modules”, we mean that we have a sheaf F
locally given by a module F(U) over the O, (U) ring. By definition, the local
models are isomorphic for any U € Openy,.

1.2.3 III: Tangent Fields are O,/~-Derivations

The third magic theorem of differential geometry is perhaps the most well-known.
It states that the natural map

direction — directional derivative

is an isomorphism. More precisely, if we denote Der (C*(M)) the (finitely gen-
erated projective) C*°(M )-module of derivations of the algebra C*(M), the fol-
lowing theorem instantiates the isomorphism in the category PriModcoors).

Theorem 7. Tangent fields are the derivations of smooth functions.
[(TM) ~ Der (C*(M))

Once again, this property of ordinary manifolds provides a natural way to
define a familiar object in a generalized setting given by a local model; local
tangent fields should be derivations of the local algebras O (U).

13



1.3 Fermionic Sheaves are Supermanifolds

The next task is to describe fermionic “anticommuting functions” on a smooth
manifold in terms of local algebras.

Yo = =gy

Recall that the auxiliary ghosts (already in the BRST framework) can in gen-
eral be fermionic even though the “physical” content is just a set of bosonic fields.

Anticommuting algebras are precisely Zs-graded supercommutative algebras
and supergeometry is just what we are looking for. We will present only the
most elementary definitions, for a comprehensive treatment we refer to Caston
and Fioresi [2011].

1.3.1 Basics of Supergeometry

A super vector space V is a Zy-graded vector space.
V=Wowh

Vb is said to be the even part and V; the odd part. It is equipped with the
parity; the map that assigns the numbers 0 or 1 to homogeneous elements.

lv| =0if v el
| =1ifvel

Morphisms of super-vector spaces are linear and preserve parity, the category of
super vector spaces is denoted by Vects. The parity shift functor

I1

A

Vects

merely switches the parity of homogeneous elements. If we embed the category of
ordinary vector spaces into super vector spaces Vect — Vects as the purely even
ones, the parity functor restricted to Vect sends vector spaces to purely odd super
vector spaces H"Ve ot - Vect — Vectgs.

Definition 5. A superalgebra is a Zy-graded (associative) algebra A = Ay®.A4
equipped with the parity map, st. for all homogeneous elements f, g € A:

fg=(=1)Wlgs
|fal = 1f]+1d]

The morphisms of superalgebras are morphisms of algebras respecting the parity,
the category of superalgebras is denoted by Afs.
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Any super vector space V' can be made into a superalgebra by taking the
quotient of its tensor algebra by the ideal consisting of elements of the form:

v@w— (—1)"y@w  for homogeneous v, w € V

Considering a super vector space consisting only of odd elements (ie. one that
can be thought of as a shifted ordinary vector space IIW) the ideal reduces to
the symmetric ideal generated by:

VWt wRuU for 8 ¢ IIW

The resulting superalgebra is the well-known Grassmann algebra A(W).

Definition 6. A supermanifold of dimension m|n is a locally ringed space
M = (M, O,,) with a local model of the form

(U, C*(U) @ A(W))

where dim M = m and IIW = Span (64, ...,6,). It is equipped with an atlas
composed of charts of the form (U, ¢, ®), where U € Openys, ¢ is a coordinate
map of the body M and ® is an isomorphism of superalgebras which preserves
maximal ideals of the stalks in U.

(U)o A (W) —2

Ou(U)

Definition 7 (Morphisms of supermanifolds). Let M, N be supermanifolds. We
denote the category of supermanifolds Mans, where the morphisms of M, N are
defined to be the natural transformations of the structure sheaves of superalge-
bras, ie .

Hom,, (M,N) =~ [On, Ou]

Remark 8. Vector bundles on supermanifolds are sheaves £ of Onrq-modules,
their duals are sheaves of graded (ie. degree shifting) natural transformations into
the structure sheaf & = Oxy, tensor products and pullbacks are defined stalk-
wise.

1.4 Sheaves of Ghosts & NQP-Manifolds

Now, we will extend the Z, grading to a general integer degree. Let us recall and
look what structures (in def. 1 ) we aim to describe and what we know about
them (eg. from remark 1 and 4).

o Graded-commutative “ghost” coordinates, subject to affine transformations.
e An odd differential operator Q with a non-trivial chomology.
« A graded Poisson structure (“antibracket”) {e, o}.

o A Hamiltonian generator © of Q. In other words, a solution of the classical
master equation.

(0,0} =0
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Note that here, ©, the analogue of the BV actional S, will be constructed
simply as a section of (pre)sheaf, a C*>°(U)-linear combination of local generators
of a given local model. It is no longer a functional — an integral operator —
investigating only the target space of an AKSZ model instead of the whole “space
of fields” reduces the reasoning to finite dimension.

We will mention general Z-grading and some of its sheaf-theoretic issues and
then move on to a review of non-negative grading. It will provide us with a
sheaf-theoretic description of all the objects mentioned above. At the end of
this chapter, we will turn out attention to the degree 2 case, ie. the geometry
of non-negatively graded manifolds with local coordinates of degree at most 2.
We will follow mainly Roytenberg [2002], Cattaneo and Schaetz [2011]. We also
often refer to Vysoky [2021], who recently developped a precise theory of general
Z-graded manifolds.

1.4.1 Z-Grading

A graded vector space is a vector space decomposing into
V- By
i€z

equipped with the degree map that assigns an integer to every homogeneous
element.
lv| =i forveV

The dual of a graded vector space is the graded vector space with
(V) = (V)"

The k-shifted graded vector space is defined by shifting the degree of homoge-
neous elements k steps down.

Vik] = @ Vi

This way, the linear functions on V[k| are shifted k steps up:

(VIR = (V)in

Remark 9. All the definitions can be repeated for a vector bundle E (over an
ordinary manifold); fibre-wise. We use the same notation for a shifted vector
bundle, E[k|. In the case of the tangent bundle, we denote the shifted bundle
Tk|M. We can think of the k-shift as of a functor in the category of graded
vector bundles and define the k-shifted tangent functor.

Tlk] = [k]oT

The same can be repeated for the cotangent functor. We will use these [k]-shifted
(co)tangent bundles to construct a “total space model” of graded manifolds in
what follows.
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Definition 8. A graded algebra is a Z-graded associative algebra A = @, , A;
equipped with the degree map, st. for all homogeneous elements f, g € A:

fg=(=1)llgy
|fgl = 1f1+ 9]

The morphisms of graded algebras are morphisms of algebras respecting the de-
gree. The category of graded algebras is denoted by Gral.

Given a graded vector space V', we obtain a graded algebra by defining the
suitable factoralgebra of the tensor algebra.

Definition 9. The graded-symmetric algebra S,(V') of polynomials on V' is
the tensor algebra factored by the ideal composed of:

v@w— (=) @ v for homogeneous v,w € V

Now we may try to define the appropriate notion of a graded manifold with
the structure sheaf of graded “ghost algebras” following Cattaneo and Schaetz
[2011] by a local model given as:

(U, C*(U) @ Sg(V))

Example 10 (BV Ghost-Grading). First, we refer to the “translation chart” be-
tween BV-BRST fields and the graded coordinates on a low degree graded manifold
in remark 4.

In the context of the BV formalism without higher ghosts, we would have just
the bosonic body coordinates x*, their antifields p; of degree —1, ghosts & of degree
1 and antighosts e,, of degree —2. The antibracket has degree 1.

There are, however, sheaf-theoretic problems with general Z-graded manifolds
defined naively. Let us mention just two of them: one of a global nature and one
on the microscopic level of stalks.

1. The gluability condition is problematic for an infinite cover i, as we may
need a global section with unbounded powers of even coordinates. But
there is simply no such a global polynomial section; its powers must vanish
at some points.

2. The rings given by local models fail to be local.

The solution of Vysoky [2021] is to consider formal power series instead of
polynomial sections. Then one may define the proper graded incarnations of vec-
tor spaces, algebras, sheaves and locally ringed spaces; eg. by requiring them to
satisfy familiar categorial properties.

We will not need the general theory, we will use instead restrict ourselves to
non-negative grading. That will be just enough to talk about Courant algebroids
and the structures familiar from BV-BRST theories from definition 1 and the
beginning of this section 1.4 (up to a degree shift). For those, the sheaf theoretic
problems are just minor.
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1.4.2 N-Manifolds

We will now restrict ourselves to non-negative grading in the local model of
our graded manifolds. As a shorthand, we will use the letter N to stand for
“non-negatively graded”. Here, we follow mainly Roytenberg [2002].

Note that a presheaf F with values in N-algebras defines a family of presheaves
of vector spaces:

(-Fi)ie{(),l,z...}

The restriction maps of F; are well defined since F preserves the degree thanks
to its functoriality.

Definition 10. We say a pair (M,Oy) is a locally ringed N-space if the
presheaf Oy is a presheaf of N-alebras st. in each degree i € {0,1,2,...}, (Onm),
is a sheaf and the stalks of O, are local rings. We may call such a “degree-wise
sheaf” O a N-sheaf. In the case of the “structure presheaf” here, we will refer
to O as to the structure N-sheaf of M.

Definition 11. A N-manifold is a locally ringed N-space M = (M, O,4) with
the local model:
(U,C*(U) ® Sg(2))

where = = Span (£!,...,&") is a N-vector space with [¢#| > 1 for all p. It is
equipped with an atlas composed of charts of the form (U, ¢, ®), where U €
Openyy, ¢ is a coordinate map of the body M and ® is an isomorphism of N-
algebras which preserves maximal ideals of the stalks in U.

We defer the question of consistency and sheaf-theoretic rigor to later, to the
discussion of the Batchelor’s theorem 14.

Definition 12 (Morphisms of N-manifolds). Let M, N be N-manifolds. We
denote the category of N-manifolds Many, where the morphisms of M, N are
defined to be the morphisms of the structure N-sheaves of N-algebras.

Homg (M, N) =[Oy, Ou]

o lU ——>U Opm (¢~ 1(U)) OmU)
T ] lrestriction lrestriction
oV >V Opm (¢~ 1(V)) Onp(V)

The local coordinates of an N-manifold are the local coordinates of the
body together with a homogeneous basis of the N-vector space = generating the
local N-algebra.

(xl,...,:vm,fl,...,fn)

Remark 11. The degree of M defines the highest degree of a local coordinate
degM. A N-manifold is a tower of affine fibrations.

MO Ml M2 T Mdeg/\/l =M
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The arrows in Manpr simply denote the morphisms of structure presheaves and
the tower translates to a filtration

OMO‘—>OM1‘—>OM2‘ e C OMdegM:OM

consisting of inclusions of structure sheaves. Here, My, is a N-manifold of degree
k and the My <— My can be thought of as a vector bundle projection.

Let us clarify that “affine fibration” refers to the fact that the maps coincide
with vector bundle projections, only the structure group is affine. If by £®) we de-
note a local coordinate of degree k, then a local coordinate change has the following
diagrammatic form:

23)

D @M g e Ve g_ (i’)z_ﬁ £
2(2)

¢ © M 3 £@) — £
z(1)

¢ £

Here, a full line stands for a Gl(k) transformation, which can be thought of as a
bundle isomorphism of a vector bundle corresponding to My +— M. A dashed
line stands for an affine contribution proportional to a (graded-symmetric) tensor
product of lower degree coordinates to the new & coordinate. Degree 2 is thus the
“lowest non-trivially affine degree”.

Definition 13. A graded derivation of degree k = |D| € Z of a graded
algebra A is a linear map D st.

D(fg) =D(f)g— (-1)"fD(g)  forall f,ge A

A graded derivation of A is a O, -linear combination of homogeneous graded
derivations.

A local tangent field at U on a AN-manifold M is a graded derivation of
the local N-algebra O,(U) in the structure presheaf. Globally, a tangent field
is a family of local tangent fields compatible with the restrictions; they form a
(co)presheaf we will denote as X .

Similarly to the case of ordinary manifolds (or supermanifolds), every tangent
field is uniquely specified by its action on the local coordinates.

X'=X(z"), Xr=X(¢")

This is captured by the lemma proved in greater generality by Vysoky [2021],
Prop 4.14.
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Lemma 12. Local tangent fields are free Op-modules generated by:

0" and ﬁ '
o'}, e

o]
oz’

0
dEn

Here, the partial derivative operators are defined in the usual way and

analogously.

Every N-manifold comes equipped with the following tangent field.
Definition 14. The Euler field ¢ is locally defined to be:

- M Ma
€¢:;|§|§a—§u

The important property of the Euler field is that the homogeneous elements
of the local N-algebras of the structure presheaf are precisely its eigenvectors.

e(f)=kf & |fl=k

Thus if we denote the local C*(U)-module of k-eigenvectors of order k by A*(U),
the definition of a N-manifold ensures it defines a sheaf A* and we recover the
local N-algebra model as

OmU) = @Ai(U)

equipped with the original multiplication of sections. Let us stress that while the
N-algebras do not form a sheaf, the definition of a N-manifold ensures each A*
does; this is precisely what we will need when

Remark 13. Severa [2001] noted that a N-manifold can be seen as a superman-
ifold with additional structure in the local model. Taking the odd generators £* as
the generators of the local Grassmann algebra, we have a local model consisting
of C®°(U) and A(£°Y) which is now mized with £V by means of the graded-
symmetric algebra.

In the language of the Euler field, extending a supermanifold to a N-manifold
amounts to introducing the action of the the multiplicative semigroup (R, x) by
means of the Euler field;

fr— 2 A €R,
st. for X\ = —1 it coincides with the parity shift
II=(-1)°.

Essential examples of N-manifolds are shifted vector bundles with the fibre
coordinates viewed as a homogeneous basis of the N-space Z generating the local
graded-symmetric algebra. More precisely, given a shifted vector bundle

Elk] — M,

we think of I'(AE*) as of the structure N-sheaf of a N-manifold over the body
M.
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Definition 15. We say (M, EJe]) is a split N-manifold if the collection of vector
bundles E[e] = (E;)c ., is such that:

Ele] = @ Eii] = M

The structure sheaf is given by exterior powers of the dual bundles. We refer to
Bonavolonta and Poncin [2013] for more details and for the proof of the following
theorem, which is central to the theory of N-manifolds.

Theorem 14 (Batchelor’s theorem for N-manifolds). Every N-manifold is (non-
canonically) isomorhpic to a N-manifold associated to graded vector bundle E[e].

Remark 15 (Are AM-manifolds well defined N-sheaves?). In an arbitrary split-
ting, we can see that the sheaf conditions are given by the Serre-Swan theorem 6.

Let us sketch the proof of locality of the stalk rings, which was brought to our
attention at the Prague Mathematical Physics seminar in 2021 by Jan Vysoky.

The locality of the rings defined by the local models can be seen by inspecting
the set of invertible germs U in a stalk in x € M. This encodes the potential
non-locality of the ring. Since there are no coordinates of negative degrees, graded
sections have no inversions and the set 8 reduces to the set of germs of C*°(U)
functions non-zero at x. One then constructs the Jacobson radical J composed
of (’)M‘x excluding the set L. In other words, J consists of sections either van-
ishing at v or of degree > 1.

Now, we may use an essential observation: the ring OM‘x is local iff J 1is
an ideal. Clearly, for N-manifolds, this is an ideal: multiplying sections either
vanishing at x or of degree > 1 by any section gives a section vanishing at x of
degree > 1. From this we see that any N-manifold is automatically locally ringed.
We refer to Vysoky [2021] for more® details.

5A lot more.
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1.4.3 The Antitangent N-Manifold

To talk about differential forms on N-manifolds, we let the mechanisms of or-
dinary manifolds chart the course. Locally, we have a free Ox(U)-module of
tangent fields X (U). The idea is to consider its dual, denoting the dual local

frame by:
(dz',... ,dz™, d¢, ..., d¢")

We need to be careful about what we mean by

“the dual” in the graded case. To be able to assign -
non-trivial grading of the d¢ coordinates (now not /,/”j.-“"

in the sense of p in p-forms, but in the sense of grad- X2 - ) A2
ing of graded modules), we need to consider maps M i Ty
that change the degree. In other words, we will con- _..-";//’" =
sider k-shifting morphisms, ie. morphisms of graded %l -7 Al

M
modules: =
Xm(U)k] — Om(U) __.»"/'//”

A single differential 1-form decomposes into a col- X%, - ——— C>®(M)
lection (Oé(l'))iez of maps upon restriction onto %fw ..___.-'///,‘7__.-’
tangent fields of degree i. In the diagrammatic ex- ST
ample, the full lines symbolize a 0-shifting differen- :{X/} —/; 0
tial form, the dashed lines a 1-shifting form and the //’fj-"
dotted lines a 2-shifting form. Notice that since we AT
exclude negative degrees in the structure N-sheaf, f{ﬁ —/,; 0
the only way to make a differential form of degree k e
“structure-preserving” — in the category Modop,, — e

is to let it vanish on all tangent fields of degree i st. i + k < 0.
Notice, however, that this is not a special property of differential forms — by

definition, a local partial derivative field % is (— |&#|)-shifting.

Definition 16. We define a k-shifting differential 1-form on M to be a
morphism of functors Openyy — GrProjMod v, st.

a € [Xp[k], Ou]

More concretely; it sends a local homogeneous tangent field X of degree | X| to
a section of Op(U) of degree |X| + k for some integer k € Z independent of
U € Openyy.

Xy — ATF

Naturally (or naively), for each coordinate £ we might be tempted to define
a |¢|-shifting 1-form. Then the naive local duality condition is well-defined.

0
()

That is; since the degree of % is —|¢#] and d&* is |£#|-shifting and thus eg.

det <a%1> really yields a degree 0 function in C*°(M).
Now, we can define d¢’s as local coordinates of a new N-manifold. For TM,
we have C*°(TU) = C*(U) ® Span (dz, ...); we consider T[1|M € Many such
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that for M = M an ordinary smooth manifold, they coincide.

To get the most out of this idea, we should ensure compatibility of the natural
grading of the exterior algebra of local differential forms and the degree we are
adding “artificially” in the context of N-manifolds. The natural notion of a degree
of a differential k-shifting 1-form is k (see the naive duality condition). Then,
the degrees of (dz?, ..., da™, d¢Y, ..., dE™) are opposite to the degrees of:

9 2 9 9
ST B BT B

Those, in turn, are defined to have the degree opposite to the degrees of the
original coordinates (z!,...,2™ &', ... &). In other words, we have:

;o [dEr] = [€"]

This way, we get |dz?| = 0 for all the differentials of the base coordinates. This is
clearly not compatible with the exterior algebra grading: in the local N-algebra,
we have dz®dz? = da’ da’, while the exterior product differs by a minus sign:
dz' Ada? = —da? A dat.

‘dxl| = |xz

The two products coincide if we shift the degree by 1. Therefore, we can
capture the idea of differential forms by associating the following N-manifold to
a given N-manifold.

Definition 17. The antitangent N-manifold 7[1]JM of a N-manifold M is
defined over the same body M, by associating to each set of local coordinates of
M; (2t a™ gL €, the local coordinates:

(2. o™ g det L da™ dg L g
where we define the degrees as
dz'| =1, [d&*] = [¢*+1
and the atlas is such that in the case of T[1]M € Many the coincides with.

By differential p-forms we refer to sections of T[1]M from the p-th sym-
metric power.

Notice, however, that the “naive local duality condition” cannot be satisfied
now: the differentials of coordinates always shift the corresponding partial deriva-
tive tangent fields into A' instead of A°, where the constant function 1 hidden
in 5; resides. This is a small price to pay for the model that unifies the graded-
symmetric algebra with the “Cartan algebra”. The solution is simple: We define
the contraction ¢ » to be a derivation of Orpju of degree (£ — 1) st:

DEM

Lo dg¥ = 4"

IEH

We may call this relation the shifted local duality condition.
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Every antitangent A-manifold 7[1]M is equipped with the de Rham tan-
gent field d € X730 defined locally as:

+ dg#i

; 0
d:=dx Jer

ozt

The graded commutator of homogeneous tangent fields X, Y is defined as:
[(X,Y]=XoY — (-1)¥My o X
Now, we can define the Lie derivative Lx of a differential form.
Lx = [ix,d] = 1xod+(=1)¥dox

This way, we can easily recover the following identity of Cartan calculus; the Lie
derivative is a de Rham chain map.

[Lx,d] =0
Now, we can see that the e-eigenvalues of coordinate 1-forms:
L. (d€") = dLgH = [¢4] dg”

Now it makes sense to define the degree k of a differential p-form such that it
coincides with both the e-eigenvalue and the original “naive” intuition for the
grading of the coordinate 1-forms.

Definition 18. The degree of a differential p-form o € £2, = O is
defined to be
k= |O./| - D

where |a| is computed in the sense of degrees of sections of O7yjm.

1.4.4 NQ-Manifolds are Lie n-Algebroids

We have built the theory of AN-manifolds as such, now we can start to construct
additional structure. First, let us turn our attention to BRST-like differentials:
we require Q@ to be odd, to square to zero and define an a priori non-trivial
cohomology.

Remark 16 (Graded Frobenius Theorem). Let us first remark on the notion of
integrability on N-manifolds. Let X € X be an odd tangent field. Then

X, X] =0

if and only if X integrates into a “graded curve” with a graded “time parameter”.
For more details, we refer to Cattaneo and Schaetz /2011].

Definition 19. A tangent field Q on a AM-manifold is said to be cohomological
if it satisfies the following axioms:

o integrability:  [Q,Q] =0
o degree(Q) is 1: [e,Q]=Q
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Note that since in degree 1 Q is odd, a cohomological tangent field is always
nilpotent:

0=1[9,9]=00Q—(-1)'Q0oQ=2Q00Q.
We conclude that any NQ-manifold defines a cochain complex (Ak, Q).

AO Q Al Q AQ Q

Definition 20. Morphisms of NQ-manifolds are defined as morphisms of N-
manifolds which are also chain maps.

. L
B 2. p 2, p 2
Example 17. (T[1]M,d) has local coordinates (x',... x™ dz', ... dz"™) and the

canonical de Rham field d = da* a?:i has degree 1 and is integrable:

d®>=0

Its cohomology coincides with the ordinary de Rham cohomology of M. NQ-maps
T[1]M — T[1]|N are such that they induce 0 maps in de Rham cohomology. These
are the “small transformations”.

There is a generalization of the canonical NQ-structure on T'M given as:
(T'M,dand [e,e];, )

Namely, we consider a sheaf of Lie algebras £ together with structure that models
the “de Rham-closure / Lie-involutiveness” on M.

(£, models of integrability)

A Lie algebroid is a vector bundle L. — M equipped with a sheaf of Lie
algebras £ = I'(L) equipped with the anchor map g (e) : £L — I'(T'M) st.

o the anchor is a Lie algebra homomorphism
e ([X,Y]) =le(X),e(X)],
o the anchor eztends the action of [L,e] onto C*°(M) ® L.
(X, Y] =FIX Y]+ (e(X) )Y

The Frobenius’s theorem in the relates Lie algebroid structures on a manifold
and (generalized) foliations into which they integrate. We could say that Lie
algebroids, since they turn out to be “tangent-like” sheaves that disjoint the un-
deryling manifold into leaves of a (generalized) foliation, are “systems of local
models of integrability”. Here, “systems” simply refers to sheaves.

Now we will sketch the construction of a one-to-one correspondence between
(isomorphism classes of) Lie algebroids and (isomorphism classes of) NO-
manifolds of degree 1. The theorem is the following one, we follow the proof
sketched by Roytenberg [2002].
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Theorem 18. A split N-Manifold of degree 1 defines a Lie algebroid iff it is an
NQ-manifold.

Proof (Sketch). For degM = 1, local homogeneous coordinates are of the form:

(xl,...,a:”,fl,...,ﬁm)
The complete tower of fibrations truncates after 2-terms.
Mo — M,

In the “odd fibre” the transformations are just a Gl(n)-action on the fibre coor-
dinates (see remark 11). Therefore a splitting that the Batchelor’s theorem 14
provides is of the form M = E[1] and we recover a vector bundle over the body

M — Mo.
M <— FE[1]
Note that O coincides with the sheaf of “Grassman algebras of odd functionals”
on F, ie.
Opm =" A(E[N))

Now, we can write down a general form of Q € X}, in the chosen homogeneous
coordinates:
0 0
1 o

-+ C M —
gai T O 8 5
and [e,, e,], = C, ¢, we have a Lie
— I(T'M) satisfies the Lie algebroid

Q=o¢"

Q% = 0 implies that for (g(e,)z") = o
algebra on A' and the anchor g (e) : A
axioms.

Conversely; given a Lie algebroid, we construct the A-manifold L[—1] €
Manpr. The structure constants QL and C 7 define Q uniquely (in a chosen
chart) by the non-degeneracy of the Poisson bracket. ° O

(2
I
1

Remark 19. Compare Q to the Slavnov operator in remark 1, see remark 4
for a “translation” between the BV-BRST indeces and the N-indeces. Note that
the structure constants satisfy the axioms of a NQ manifold of degree 1 iff they
define a principal action of a Lie group with C' being the structure constants of
the corresponding Lie algebra g.

Remark 20. NQ-manifolds over a single point body
{#} =— My

reduce to Lo, algebras. Thus NQ-manifolds are really to Leo-algebras what Lie
algebroids are to Lie algebras, which corresponds to the case degM = 1. This
demonstrates that “Lie m-algebroids” is indeed a pretty good name for NQ-
manifolds. We refer to Bonavolontda and Poncin [2015] for more details.

SNote that the anchor @ (e) extends the new Lie bracket [A', o] , from A" to A°® A'. But
this space contains the whole homogeneous basis of Oy, thus the tangent field Q is specified
uniquely.
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1.4.5 NQP-Manifolds are Poisson-Lie n-Algebroids

Now we aim to introduce the antibracket or equivalently a graded symplectic
structure. Morevoer, we will arrive at the notion of antighost and the Hamiltonian
generator © (corresponding to the BV actional S) satisfying the classical master
equation.

(6,6} =0

A (homogeneous) symplectic structure of degree k is a 2-form 2 € Oz
of degree k, non-degenerate with respect to the contraction”.

Darboux charts exist via Batchelor’s theorem. In a Darboux chart,
Q = dp; dz’ + de,, d€*,

where the degrees of the conjugate coordinates add up precisely to || in each
term.

Lemma 21. The degree of an N'P-manifold cannot exceed the degree of Q.
Proof. In a Darboux chart, it is clear from non-degeneracy. O]

Recall that a Darboux chart is defined precisely so that the data of a Poisson
structure reduce to the following relations.

We define the graded Poisson bracket folowing Cattaneo and Schaetz [2011].
{A, B} = (=)' X4(B)

Here, X4 is the unique tangent fields st. tx,2 = dA holds, we say A is a
Hamiltonian function of X,. A symplectic structure of degree k defines a
Poisson structure {e, e} of degree —k. This means that {f, e} is a derivation of
O of degree |f| — k. In a Darboux chart (¢, pj, £, e,), we have:

{2',pj} =9

{¢" e} =0y
Those relations are extended by definition above onto polynomial sections of Oy
by a graded Leibniz rule. It is straightforward to show that the graded Poisson

bracket of degree —Fk satisfies graded analogues of the properties of ordinary
Poisson algebras.

Lemma 22 (Properties of a graded Poisson bracket).
{A,BC} = {A, B} C + (-)AIBER pra ¢y
{4, B} = —(=)10W0 {B, A}
0= (—1)A=RUBI=R) £ 4 LB C}} +c.p.

“Contraction with a tangent section X € X4, ie. non-degeneracy wrt. the map tx € Xrm-
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Example 23. For T*[1]M with a Darbouz chart (z*,X;), the properties of the
antibracket define precisely the Schouten bracket on tangent multivector fields.

Theorem 24. A N-manifold equipped with a symplectic form of degree 1 is sym-
plectomorphic to T*[1]M with the canonical Schouten bracket on Op-qju.

Proof. By lemma 21, the manifold is at most of degree 1. We decompose the
action of the Poisson bracket on the N-sheaf of N-algebras Oy = A° @ Al

o {A% A%} =0, on A° the Poisson structure coincides with the zero map.
o {A', A'} C A', on A! the Poisson structure defines a Lie algebra structure.

o {A!', A%} C A° provides an action of the A' on A° = C®(M). Since {A', o}
is a derivation, it gives rise to a map A' — T'(T'M). Non-degeneracy and
the properties of the Poisson bracket ensure it is an isomorphism of (sheaves
of) Lie algebras.

Now for T*[1]M € Many we have A' ~ T'(T'M) and the Schouten bracket is the
unique extension of the canonical Lie bracket on I'(T'M) to Op«1)um- O

Definition 21. A NQP-manifold of degree k is a N-manifold equipped with a
symplectic structure €2 of degree k£ and a cohomological field Q st. £o§2 = 0.

We present the following calculations of Cattaneo and Schaetz [2011].
Lemma 25. A symplectic 2-form ) homogeneous of degree k > 1 is exact.
Proof. The statement follows from the following usage of the Cartan identity.

kEQ = L. = dif2
Now we see that 2 = d(%LEQ). O
Lemma 26. On a NQP-manifold, Q is Hamiltonian.

Proof. Define a candidate for a Hamiltonian as H = t..of). Now:
dH = dietoQ = Letg — 1 digQ) = Lo — 1e Lo = Lo = (k+ Q) ol
Thus the function ﬁH is a Hamiltonian function of Q. O

This lemma provides us with a “Hamiltonian generator” © of the transforma-
tion given by the Q-structure, analogously to the case of ordinary Hamiltonian
geometry.

Q(4) = {6, A}

In other words, we have a candidate for the finite-dimensional analogue of the
classical master actional.

Lemma 27. The integrability condition of Q translates to the classical master
equation for ©.

(9,9] =0 <« {6,0}=0
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Proof. We have seen earlier that

[Q, Q) (f) = 2Q°(f),

while the graded Jacobi identity gives

Q'(f)={o.{6. 1} =+{f.{6.6}} —{0,{6,}},
thus we have [Q, Q] (f) = £{f,{O,0}} and the statement follows. O

For the next theorem, we refer to theorem 4.11. of Cattaneo and Schaetz
[2011], originally due to A. Schwartz.

Theorem 28. Isomorphism classes of NQP-Manifolds of degree 1 are in a 1-to-1
correspondence with isomorphism classes of Poisson Manifolds.

Proof. The Hamiltonian is of the form IT = $I19(z)X,;X;, the master equation
on On =~ Orp«qyu (see theorem 30).

{11, 11} = [I1,11] =0

Schouten

ensures 117 (z) defines a Poisson tensor on M. O

1.5 Degree 2

In degree 2, N-manifolds start to transform under affine transformations; they
thus present, in some sense, the first non-trivial class of examples of N-manifolds
(see remark 11). We will show how the additional BV-like structure corresponds
to pseudo-Euclidean vector bundles and Courant algebroids.

1.5.1 Pseudo-Euclidean Vector Bundles & ghostsdantighosts

Locally, in a chosen chart of an N’P-manifold, a Poisson structure of degree —2
defines a non-degenerate symmetric matrix of O, functions by its restriction on
Al

g (x) = {€" "}

We may call it the ghost matrix. The matrix has degree 2 — k, thus for k = 2,
g (z) is a matrix of C*(U) functions.

Note that if we consider the inverse matrix and denote it by g, (z) we have
an “index-lifting mechanism” on the non-trivially graded variables. We may call
the local sections e, = g,,{" the “antighosts”. Note that in the following, we
will find it useful to consider the following scaling of antighosts: 6, = %gwfﬂ.
We may call g, () the antighost matrix.

Remark 29 (Minimal Symplectic Realization). Let us consider a ghost matriz
on a split NP-manifold E[1] (of degree 1) equipped with a symplectic structure of
degree 2.
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Firstly, note that on (E & E*)[1], a ghost-antighost® coordinate system de-
fines a presymplectic® structure of degree 2.

1

§g;w dfl/ dg“
The embedding E[1] — (E ® E*)[1] by £ — £ @ 3g(£) is an isometry wrt. the
natural pairing (€ ® 60, @® ¢) = &£(¢) +n(0) on (E @ E¥)[1].

Furthermore, we can see that for g, (x) constant wrt. every chart {z'},, the
“ghost-antighost generating set” extends into a Darboux chart on T*[2]E[1].

Q = dp;da? + do, d¢*,
which than reduces to:
1
Q =dp;da? + §gwj d¢v dgr

The Darbouzx chart then comprises only of the three types of variables —
(2%, pj, &") — since B, ’s (or e’s) can be obtained from &"’s. Given z* and £" come
from E[1], the coordinates can only have the following degrees so that T*[2]E[1]
is a NP-manifold: || = 0, |p;| = 2, [€*| = 1, |eu] = |0,] = 1. The nonzero
brackets are:

{#'.pj} =9
{euv GV} = 8uv {fuv ev} = 55 {g,u’fV} =g

It is an important observation that T*[2| E[1] defines a minimal symplectic
realization of the Poisson manifold (E @ E*)[1]. That is, it is a symplectic
manifold with a Poisson map into (E & E*)[1] with the minimal possible dimen-
sion.

We say a vector bundle is pseudo-Euclidean if it is equipped with a non-
degenerate fibre-wise pairing (e,e). We will sketch the proof of the following
theorem due to Roytenberg [2002].

Theorem 30. A split N-manifold of degree 2 defines a unique pseudo-FEuclidean
vector bundle iff it is a N'P-manifold.

Proof. First, assume we are given a split N’P-manifold M.
By lemma 21, the degree of M is at most 2. We decompose the action of the
Poisson bracket on the A-sheaf of N-algebras O = A’ @& A' ¢ A%

. A0, A% = 0.

. [AL A% = 0.

8We can think of £ @ E* as a ghosts @ antighosts bundle, more in example 38.

9A presymplectic structure is a degenerate symplectic structure — we revoke the non-

degeneracy axiom.
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o {A' A'} € A% on A' the Poisson bracket locally defines the ghost matrix
gt = {&H 7). This corresponds to a pseudo-Euclidean structure on E
for a splitting of M st. A' = T'(E[1]*). My — M, is a morphism of
N-manifolds, it is degree preserving and it defines a Poisson map from a
symplectic manifold (Ms, {e, e}) to a Poisson manifold (M, {e, o}‘OMl).

By dimensionality, it is a minimal symplectic realization.

o {A% A%} C A° provides an action of A% on A". Note that by the Leibniz
rule, {£*¢7, f} =0+ 0=0. Ie.

{ALAY A% = 0.

So the action of A% on A° is given completely by the canonical relations
{at,p;} = (5; We get this exact sequence of N-sheaves of graded modules.

0 —> AlA! A2 D(TM) —— 0

o {A% A} C A! provides a Hamiltonian action of A% on A
o {A% A%} C A? defines a Lie algebra structure on A2

Now, the Serre-Swan theorem provides a vector bundle A st. T'(A) = A% The
map A — T'M is a morphism of Lie algebroids. By the above, A fits into the
following exact sequence; the Atiyah exact sequence of (FE, (e e)).

0 —> A2(EY) A TM —> 0

A can be thought of as the bundle of symmetries of (F, (e, ®)) with A? (E*) acting
trivially on the base manifold. Thus all the structure of M corresponds to the
structure of a pseudo-Euclidean vector bundle and its natural symmetries.

(M, E,A)

Now, conversely, assume we are given a pseudo-Euclidean vector bundle £ — M.
We define M; := E[1] and the pairing defines a graded Poisson bracket on its
sections. Now we just define My = M = E[e], as a minimal symplectic real-
ization by pulling back the minimal symplectic realization along the isometric
embedding from remark 29.
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Remark 31 (Affine transformations of the momenta). On a N-manifold, coor-
dinates of degree 2 transform non-linearly, see remark 11. In the case of N'P-
manifolds of degree 2, the p coordinates acquire an affine transformation term.
We refer to Roytenberg [2002], specifically the text after example 3.4. Consider a
canonical transformation of the form f+{H, f}, where H € A? can be thought of
as a section of the Atiyah bundle A, see proof of theorem 30. Is is straightforward
to show that for

) 1 y
H = Uz(x)pi + §§Mhuug )
a general canonical transformation reads:
¢ =q'(q)
& =T,(d)¢"

aqi/ 1 laT'u/
R T M TV, v
p] an pl + 2€ axl gMV v f

!

Note that for g,, = const., we have g,,,, = const.

1.5.2 Poisson-Lie 2-Algebroids are Courant-Lie 2-Algebroids

It is time to add the differential structure and move to NQP-manifolds of degree
2, ie. Poisson-Lie 2-algebroids. In degree 2, the Hamiltonian generator O is
necessarily of degree 3. Locally, it has the following form.

- 1
O = szupi - éc,ul/afufyfa

The —% coefficient is an arbitrary choice which will be useful later. Notice the

analogy with the structure constants of a deg = 1 NQP-manifold and. With the
structure constants of a BRST operator, see remark 1 and 4.

Now, we follow Roytenberg [1999] and introduce the derived brackets.

Definition 22. Given a © and {, }, the derived bracket [, ] is defined as follows.

[f, 9] = {{f,©},9}

Derived brackets satisfy some very useful properties, namely a version of a
graded Leibniz-Jacobi identity and their graded-symmetric part is “infinitesimal”.
See lemma 3.5.1. of Roytenberg [1999]. These properties resemble some of the
properties of Courant algebroids, which we will find useful in the next section.

Remark 32. Note that in degree 1, the derived bracket

[[fug]]l'[:{{f7n}7g}

on T*M defines precisely the Poisson bracket associated to the canonical symplec-
tic structure on T* M.
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Definition 23. A Courant algebroid is given by the data

(E, (e, 0), [0, 0], 0(e))

Here, E — M is vector bundle, (e, o) is a non-degenerate fibre-wise pairing on
E, [e, o] is a linear bracket on the sections of E, g (e) is a bundle map £ — T'M.
They are required to satisfy the following axioms for Ve, ey, ey € I'(E).

- e [er, eo]] = [le; ea] , o] + [en, [e, e2]]

o ([e1, e2]) = [e (e1) , 0 (€2)]

[e1, fe2] = fler,ex] + (@ (en) - f)ea

(e, [e1, €2] + [e2, e1]) = 0 (€) - (€1, €2)

o(e) - (er,e2) = ([e, 1], e2) + (en, [e, e2])

Remark 33. Note that we can define the coanchor " : T*M —s E st.
e(en) 2" = (e 0" (dz'))

It can easily be shown that p o o* = 0. Note that this makes a Courant algebroid
into a chain complex:

—_

A

*

0 — T"M 2> E 25> TM —> 0

If the chain reduces to an exact sequence, the Courant algebroid E is said to be
exact.

Example 34. Given a smooth manifold M € Man, one defines the standard
Courant algebroid as the vector bundle given by T M & T*M equipped with the
natural fibre-wise pairing of split signature;

(XS a,Y&p)=al)+B(X),

an anchor given by the canonical projection TM & T*M — TM and the Dorf-
mann bracket defined as:

[X® oY @] =[X,Y]® (LxB — ty(da))

It can be checked this satisfied the axioms of a Courant algebroid. Moreover, it is
an exact Courant algebroid.

A Courant-Lie 2-algebroid is a N-manifold of degree 2 equipped with the
maps
(0,0) : A x A1 — A°
[o,0] : A" x A' — A!
o(e): At x A® — A°
defined on local sections of the structure sheaf, satisfying the same axioms as the
operations of a Courant algebroid above. We fix this terminology to make it clear
we are formally always working within the N-world in the following calculations.
We state the following lemma due to Roytenberg [2002] and sketch its proof!”

to give at least a rough idea of how the structure constants recombine into the
Courant algebroid axioms.

10We have found no detailed proof in the literature.
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Lemma 35. Let (M,0,{e,e}) be a split Poisson-Lie 2-algebroid and [e,e],
o(e) - o the derived brackets associated restricted onto A' x A' and A' x A°
respectively. Then:

{6,0} = ((ec 0" da’) - 2') pip;
+ ([e(en) 0 (e)] — @ ([en e])) - ' pighe”

1

+E <Meu’ ev] ep]] + [ew, [[ew epM - [[eua [e., epM s eq) EMEVEPET

Proof (Sketch). Locally, the master equation (which takes place in A*) decom-
poses into three independent equations proportionate to either pp, p£€ or EEE&;
the three ways one can construct a term of degree 4 in the given chart.

{6.0}={0,0}], +{6,6}| . +{0.6} |,

The {©, ©} expression reads:

(0.6} = { 46~ §Cuunt €7, ", — Com6°€°€ | =
= {0&"pi. 04"} } — 5 {0}6"pi Cum €6
— G, B} + 35 {Cuot EE, Can €6

e The pp term
Only the term with two anchors which contains two p’s contributes. From
it, the graded Leibniz rule then picks out only the single term containing
the bracket {&#,£%}.

{67 @} ‘pp = {€M7 fa} QLszZyp]
The term can easily be seen to equal to ((g o @* dz?) - 2%) p;p;.

e The p&& term
This terms is linear in p, therefore the only the following terms contribute.

{@7 6} |p££ = Q; {pzv Q]a} gufapj + Qg {Q:up]} fufapi
1 . 1 ,
- BQL]% {é’ﬂ’ ga&-,@fw} Cocﬁw - BCMV,D {£N£V§p7 goc} nypj

The first two terms give a Lie derivative of tangent fields, each one given
by a single o symbol, this gives [0 (e,), 0 (e,)] - @'p;§#E”. The rest gives a
term with the anchor of a Courant bracket; it corresponds to —o ([e,, e,]) -
a'pighEY.

o The £££€ term
Here, we get contributions of terms where p’s are either absent or “con-
sumed” by the Poisson bracket.

(6,0} e = ~ 584 1P Capn} €€ — < {Cpuoi} Al "

1
+ %Cuupcaﬁ'y {guéﬂ/gp’ Safﬁ{y}
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The last term breaks into a combination of the structure constants C' cor-
responding precisely to the Leibniz-Jacobi identity as it is familiar from the
case of a Lie algebra. The first two terms correspond to the action of the
derived bracket on the structure constants, which is implicitely present in
terms like this one: [[e,, e,],e,].

]

We continue with Roytenberg [2002], stating the central theorem of this chap-
ter.

Theorem 36. A split NOQP-manifold of degree 2 is a Poisson-Lie 2-algebroid iff
it s a Courant-Lie 2-algebroid.

Proof. Given either © = Qiﬁ“pi — %CWUS%VS" or the derived brackets [e, o],
o (e) - o we require:

!
[[el“ 61’]] = C,uupep

ole,) 7' =g
o Poisson-Lie = Courant-Lie
We define the Courant bracket to be the derived bracket wrt. © restricted
on Al x A! and the anchor to be the derived bracket restricted onto A! x A°.
We refer to calculations carried out explicitely by Roytenberg [1999]: Ax-
ioms 1. and 4. of a Courant Algebroid (see definition 23) are provided by
the general properties of derived brackets in lemma 3.7.1. Proof of theorem
3.7.3. contains the derivation of axioms 2., 3. and 5. from the classical
master equation.

o Courant-Lie = Poisson-Lie
By the non-degeneracy of the Poisson bracket, locally, the relations defin-
ing the derived brackets fix © uniquely st. @(e,) - 2* = @/, and C,,, =
([eu, €n] s ep). It can be directly checked that © is defined globally using
canonical transformations from remark 31. Note that the affine term van-
ishes thanks to the fact that g, = const. = g,/,» = const., using the chain
rule. The classical master equation is satisfied by lemma 35 and remark 33.

]

Corollary 37. Isomorphism classes of Poisson-Lie 2-algebroids are in a 1-to-1
correspondence with isomorphism classes of Courant algebroids.

Example 38 (BRST Charge). Following example 4.9 of Roytenberg [2002], we
recover a BV-BRST model (see definition 1) given by a Lie algebra g = ghost
acting on a manifold M. Consider the following trivial bundle:

E[e] = (ghost & ghost”™) [1] x T*[2]M
We have the following “BRST charge”
, 1
O = Sugzpz - §€M€VCMVUQU
0

where g, = gi(m)axi is a generator of the Lie algebra ghost-action and C' its
structure constants.
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2. Gauge Fixing &
The Wehrheim-Woodward
Category

It was noted by Weinstein [1971] that the rather restrictive class of “the obvious
morphisms” of symplectic manifolds — symplectomorphisms — can be extended
by introducing the so called Lagrangian relations. A symplectomorphism is a
smooth map that preserves the non-degenerate symplectic form and thus must
be non-degenerate itself. There are, however, relevant relationships between sym-
plectic manifolds that cannot be described by diffeomorphisms. Those include
symplectic reductions, originally described by Marsden and Weinstein [1974].

This construction has been adapted to the case of Courant algebroids, in most
detail by Vysoky [2020]. We will introduce the appropriate notion of relations of
NP and NQP-manifolds that coincides with relations of Courant algebroids in
degree 2, following the ideas sketched by Severa [2001]. Furthermore, to obtain
a proper categorial picture, we will extend relations into generalized correspon-
dences following the ideas of Wehrheim and Woodward [2007] summarized by
Weinstein [2010].

Example 39 (Gauge fixing). First, let us mention a motivating example of a
Lagrangian relation. The equation

oF
35 = ¢

familiar from the BV formalism, see reamrk 3, fizes a submanifold that is clearly

Lagrangian. We may thus view the choice of a Lagrangian submanifold as a
generalization of the gauge fixing process.

2.1 The Courant Algebroid Category

We will follow Vysoky [2020], who provides a very precise treatment of relations
of Courant algebroids. Let us recall the data of a Courant algebroid;

(E, (e, 0),[0.0],0(e))

a vector bundle £ — M, a non-degenerate pairing (e, e) of arbitrary signature
and the anchor defining a “bracket homomorphism” from E to T'M satisfying the
Lie algebroid anchor axioms. We fix the following terminology.

A subbundle L C FE is a subbundle of F supported on a submanifold
S C M if L is a vector subbundle of the restricted vector bundle E‘ 5 We denote
the (e, ®)-orthogonal complement by L. We say L is isotropic if for any two
sections f, g € I'(F) the pairing vanishes, (¢, ) = 0. A subbundle L is compat-
ible with the anchor if o (L) C TS.
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Lemma 40. Let a subbundle L C E supported on S — M satisfy L # E{S and
L #0. Then L and L+ are compatible with the anchor.

To talk about “subbundles over a submanifold”, we denote the submodule of
sections that restrict to L over S.
I(E;L)={AeT(E) | A| SeTI(L)}
A subbundle L is involutive if
[T(E;L),D(E; L)] CT(E; L)

It is a very pleasant fact! that L is involutive iff it is locally involutive on every
element of an arbitrary open cover. This means we need only to check involutivity
locally.

Definition 24. A Dirac structure of a Courant algebroid £ — M supported
on S — M is a subbundle L st:

e L is isotropic,
e L is involutive,

o L' is compatible with the anchor.

Example 41. We refer to Gualtieri [2004] for examples of Dirac structures on the
standard courant algebroid T M & T* M which correspond to symplectic, Poisson
or complex structures on M as well as their generalizatins and interpolations.

2.1.1 Dirac Relations

Remark 42. In the rest of this text, we will adapt the convention suggested eg.
by Baez and Huerta [2011]. In diagrams, we will draw arrows from the right
to the left. Now the composition notation f o g has the same order of f and g
as the diagram.

Moreover, we denote:

Hom (A, A") = C(A', A)
We follow Vysoky [2020].

Remark 43. Tuke a pair of Courant algebroids, E — M and E' — M'. Now, if
L CFE and L' C E' are involutive structures over S and S’ respectively,

L'xLCFE xFE

is an involutive structure supported on S’ x S. This is the content of proposition
XXX of Vysoky [2020].

The prove this, we only need to check that the Dirac structure naturally con-
structed “pair-wise” truly defines a Dirac structure. Note that this is generally
not true for maximally isotropic subbundles usually considered in the literature.

1See Vysoky [2020].
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Definition 25 (Dirac Relations). Let £ — M and E' — M’ be Courant alge-
broids. A Dirac relation from F to E’ denoted

E' < E

is a Dirac structure R C E’ x E supported on S C M’ x M.

Remark 44. The diagonal relation Ay C E x E is defined by the diagonal
embedding of E into the Cartesian product. It is easy to check that it is indeed a
Dirac structure: the sign flip in E provides isotropy, compatibility with the anchor
can be seen eg. by from the fact that Ay and o (®) “commute” and involutivity is,
similarly, inherited pair-wise.

The composition R’ o R of Dirac relations R : E” «-- ' and R: E' «-- FE
is defined as the set:

RoR={(c"e)e E"xE| (¢",¢) € R, (¢',e) € R for some € € E'}
Clearly, R' o R € Rel(E", E) The hard question reads:

“Is a composition of Dirac relations a Dirac relation?”

The question is adressed in great detail by Vysoky [2020]. In general, the
answer is no, the resulting set might even fail to have the structure of a smooth
submanifold.

To find the right “composability conditions”, it is useful to decompose the
definition of composition into two sequential geometric constructions.

1. We define the diagonal concatenation of relations.
RoR=(R xR)N(E" x Ap x E)

le. we take the fibre product R'o R = R’ xa,, R It consists of the data of
R’ and R in the form of the pairs of pairs:

((e",€),(€e))
E" <--— E' E <—-—-F

encoded as a composition of morphisms all the way from E to E”, glued
along E’ by the diagonal relation (the identity).

E" x E' E' x E
E" R B —— F' R FE
A P Y\\\ ///
e e
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2. A composition is then defined to be the projection of a diagonal concate-
nation forgetting the gluing data (the choice of the element ey = €}).

R'oR=p,_. (R ¢R)

where p,—, is the projection onto the first and the fourth element of the
quadruples in (E” X Apr X E)

RloR
Fpr==~_ ===
Es Ey —= Ep E,
~__-7 x~__-"

This setting provides one with geometric objects to carry the right kind of “com-
posability conditions”. Similarly to the original works of Weinstein [1971], these
will be some incarnation of the transversality conditions.

Definition 26. Let S,5" C M be submanifolds. We say S and S’ intersect
cleanly in M and write

NS
if, for Vx € SN S’, we have:
T.(S'NS)=T,5NT,.S

In other words, the two submanifolds locally look like intersecting vector
spaces.

Definition 27. We say R’ and R

1 /
E" «-:- B <-5-- E

compose cleanly and write
RoR=R®R
if the following conditions are satisfied.
1. (R x R)N (" x Ag x E)
2. Psso 18 & surjective submersion.
Remark 45. Let us say a bit more on those two conditions.

o Condition 1. ensures that the diagonal concatenation of R' and R — the

fibred product R'oR = (R’ x R)N (ﬁ X Npr X E) — forms a vector bundle.

o Provided condition 1. holds, condition 2. ensures that R’ o R C R'o R is a
vector subbundle.

Again, for more details, one may consult Vysoky [2020].
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The conditions are thus purely on the level of vector bundles. We need not
mention the Courant algebroid structure; neither the pairing, nor the bracket and
the anchor. The following theorem due to Vysoky [2020], however, shows that
no other obstructions arise if we are asking the “composition vector bundle” to
carry induced “Dirac data”.

Theorem 46. If two Dirac relations compose cleanly, their composition defines
a Dirac relation.

The diagonal relation can be shown to compose cleanly with every Dirac relation
and to act like an identity morphism:

Re®As=R
Ae®R=R

Note that the ® operation is also associative whenever a double clean composi-
tion is defined.

We have thus arrived at a “category” with a weakened composition axiom:
not all morphisms (going into and out of the same object, respectively) can be
composed. We have a “category” of Courant algebroids with morphisms being
Dirac relations which compose into another Dirac relation if they compose cleanly.
We will denote this collection of objects and morphisms as:

CourAlgRel

Example 47 (Dirac points). Note that every Dirac structure L C E supported
on S C M defines a Dirac correspondence from the singleton.

E I {+}

We may borrow the terminology from supergeometry (and algebraic geometry),
Caston and Fioresi (2011] and call such relation a Dirac point.

Remark 48. The most natural class of Dirac relations is given by graphs of bun-
dle maps. Restricting the “Hom sets” to graphs of bundle maps, we force the
cleannes conditions of definition and obtain a well-defined category CourAlyGr. *

An elementary example of a functor with values in CourAlgGr is the Dorf-
mann functor. It takes an ordinary manifold M into the category of vector
bundles by the tangent functor T : M — T M and then to the standard Courant
algebroid TM & T*M.

2Note that what we denote by CouralgRel is by Vysoky [2020] denoted by Caly, the category
given by graphs of bundle maps Cour4lyGr is denoted by CAaly.
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Example 49. Let us mention only in a diagrammatic manner the example of a
Dirac relation given by the so called Poisson-Lie T-duality, we refer to Bugden
[2019] for a thorough treatment. In the diagram, we have the following special
case.

Dirac relation

¥ AN

1< "<
~.

N and N’ are total spaces of principal bundles with M being a quotient they share,
the bundle maps to E are given by pullbacks. If we are able to lift the Lie group
action to Courant algebroids, given appropriate technical conditions, E' and E
can be seen to be non-trivially Dirac-related. This relation cannot be described by
a bundle map.

2.1.2 Generalized Dirac Correspondences

We follow Weinstein [2010] inspired by Wehrheim and Woodward [2007].
(Ryy...,Ry)

Definition 28. A (generalized) Dirac correspondence is an equivalence class
of sequences of Dirac relations of the form

(R, ..., Ry)

composable in Rel wrt. the equivalence relation ~. We will denote such sequences
by a full line.

JR,0---0R1
£, I R Ry
@ «<-————- @ €———— . €-———-— @ €«-———— @
(Rrv-”le)

The equivalence ~ is defined as follows.
(RFR)~RoR iff RoR=R®R.

R
@ <—-—- 0 <--— @

NS

(R',R)AR'®R
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That is, a 2-term sequence (R', R) is identified with the 1-term sequence (R’ ® R).

The composition of correspondences is defined by formal concatenation:
(RS, ce ,RT+1) (Rr, ce ,Rl) = (Rs; ce ,Rl)

The empty sequence () is equivalent to the identity relation A,. We call the
resulting category the Wehrheim-Woodward category of Courant Alge-
broids.

CourAlgCorr

Remark 50 (Universal property of Cour4lgCorr). By construction, the CourAlgCorr
is the minimal one with the given objects such that for any functor ¢ defined on
all correspondences st.

¢(R'®R) = o(R) o p(R)

factors uniquely through CourAlgCorr. In other words, we have the following dia-
gram in the (quasi)category of categories Cat.

Ca#—d)»C

CourAlgCorr

Here, Corr denotes the Wehrheim-Woodward category built (over the same class of
objects) from the relations in Rel (here without taking any equivalence classes).

2.2 The NQP-Category

Again, the obvious morphisms of NQP-manifolds being diffeomorphisms are too
restrictive; the do not desribe Courant algebroid relations or quasi-isomorphisms
(isomorphisms on cohomology) of the NO-chain complexes. We will adapt the
constructions of Weinstein [2010] and Vysoky [2020] to the case of AN’P-manifolds.
Furthermore, we will show that in degree 2, we can define appropriate relations
that extend the relationship of Courant algebroids and Poisson-Lie 2-Algebroids
into a categorial equivalence.

2.2.1 Lagrangian N-Relations

A N-submanifold of M is a N-manifold £ equipped with a monomorphism ¢
embedding £ into M.

(i: L= M) e Manp (L, M)

In a splitting, a N-submanifold is given by a subbundle L C FE supported on a
submanifold S < M st. the inclusion map L — F is a degree preserving map.

We consider the product in Many over the product manifold body M’ x M.
Oprvxm is a N-sheaf over C*°(M') @ C*(M), the needed products of sheaves A’
are defined stalk-wise. It satisfies the usual universal property described by a
diagram in Manys.
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Note that here, the canonical projection maps (such as all the others) are degree
preserving. The existence of a product of graded manifolds was proved by Vysoky
[2021].

A Lagrangian N-submanifold of a A’P-manifold (M, Q) is a N-submanifold
j L= M st.
Q‘,c =0

with the mazimal dimension st. this condition might be satisfied.

Here, the restriction is to be understood as the pull-back j*(€2). Moreover, we
fix the following notation for a “symplectic sign flip”:

(M, Q)=(M, -Q)

Definition 29. Let M = (M, Q) and M’ = (M’', Q) be two N'P-manifolds. A
(Lagrangian) N-relation from M to M’ is a (Lagrangian) N-submanifold

R M x M

over a body S — M’ x M. We denote Lagrangian N-relations by “squiggly ”
lines.

M <Ee M

The diagonal concatenation R’ ¢ R of N-relations is defined as a fibre
product M” x y ¢ M in a setting analoguous to the constuction of Dirac relations.

M’ x M M x M
A ] T T pqr ] k‘
M R/ M = M R M
W W

The projection p,_., is precisely the map in Many, that makes the maps going
from R’ ¢ R to M” and M in the following diagram commute.
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Note that the “inner butterfly” subdiagram commutes automatically from defi-
nition of R ¢ R. The conditions of clean composition R’ ® R of N-relations
can always be checked in a chosen splitting E[e] = €, E;[4] of the correspon-
dence space. The task reduces to defining a composition of a collection of the
E;[] shifted bundles st. the resulting relations are degree-preserving (here, in the
sense of graded vector bundles). Ie. we translate the problem to the language of
graded components of the relation, £, For £;, we may repeat the construction of
Dirac relations. (Recall that we only needed to view the Dirac structure as a vec-
tor subbundle, forgetting about the extra structure.) Moreover, the Lagrangian
property is completely independent of the grading and works just as in the case
of ordinary symplectic manifolds, see Weinstein [2010]. Therefore, we may use
theorem 46 for £;’s and obtain its analogue for N’P-manifolds.

Theorem 51. A clean composition of Lagrangian N-relations is a Lagrangian
N-relation.

R ® R

M”‘\/}/{,\NM/W\%\N‘M

We denote the collection of N-manifolds together with N-relations ManyRel
and the collection of AP-manifolds together with Lagrangian N-relations by
Marpnp Rel .

2.2.2 A-Relations of NQP-Manifolds

In this chapter, we elaborate on som ideas of Severa [2001]. The following defini-
tion and this entire section is inspired by Griittzmann [2010].

Definition 30. A A-structure of a NQP-manifold® (M, ©) is a Lagrangian
N-submanifold £ < M st.
e|,=0

3Here, we will not write out the symbols for the symplectic structures explicitely.
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Remark 52 (Degree 1 & Coisotropic Submanifolds). A submanifold S — M
of a Poisson manifold (M,{e e}y) is coisotropic if the ideal of functions
vanishing on S denoted by Z(S) forms a Lie subalgebra:

{Z(5),Z(5)tn € Z(9)

following Severa [2001], we find that A-structures in NQP-manifolds of de-
gree 1 (which can be split as M = T*[1]M ) correspond to conormal bundles
of coisotropic submanifolds S — M. For more on such structures, we refer to
Schdtz [2009]. In what follows, will use the same strategy in degree 2.

For a submanifold ¢ : S < M, we define the conormal bundle N*S C T*M
of a submanifold to be the (fibre-wise) dual space to:

TyeyM
N, Si=
(z) T.S

In other words, it is a submanifold locally generated by the coordinates of L and
the normal momenta, which do not vanish under the quotient.

For a split NQP-manifold of degree 2, ie. a Courant-Lie 2-algebroid (see
theorem 36), we define the conormal N-submanifold N*L associated to a sub-
bundle L C E over S < M by:

N°L = N*[2]L[1]
(LCE) ——> (N'L C M)
Generally, in Manyy, (fibre-wise) quotient bundles translate to (stalk-wise) quo-

tient structure N-sheaves.

Theorem 53 (Griitzmann [2010]). L is a Dirac structure iff NX(L) is a A-
structure.

Proof. We need to show N*L is Lagrangian and that © 0.

NI
o Locally, we can choose a trivialization st:
N*L = L[]‘] S” Ngase[z]s @ Ngbre[z]L[]']

Ny o[2]S and N, [2]L[1] are by construction Lagrangian in 7*[2]M and
in a fibre of T*[2]L[1] respectively. Now since all the “momenta” in the N*
subspaces are are normal to L and the dimensions are just right, the triple
sum MN*L is then Lagrangian iff L is isotropic.

e To show that

[O(E; L), D(E;L)] CT(ESL) < ©

aer =0

one turns sections of £ | ¢ Into functions in E[e] by “lifting the index” by the
pairing ¢ — g(1)) and understanding the resulting sections as functions on
E[e] by pulling back from E[1]. Then, we may prove and use the following
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equivalence.

Y e I(E; L) & Xgyp is tangent to NL.

We will not repeat the details, let us just mention that we may the fact that
the construction of the Hamiltonian field is a Lie algebra homomorphism,;

Xipgy = £ [ X5, Xy,

and tranlates the derived (Courant) bracket to a nested graded commutator
of tangent fields.

Xyroyg = T[Xy, Q] Xy

For more details, see proof of theorem 2.62. of Griitzmann [2010].

Now it is easy to

Lemma 54. Let (M, El[e]) be a split Poisson-Lie 2-algebroid, where E|®] fits into
the following pull-back square (see theorem 30).

E[e] T*[21EN]

l l

E] — (E® E")[1]

Then the construction of a conormal N-submanifold

{Dirac structures in £} — {A—structures in M = E[e]}
L+— N*L

is a bijection.

Proof. Injectivity is trivial, thoerem 53 ensures that N* indeed takes values in
the set of A-structures. As to surjectivity: for a given A-structure £, we can
construct a subbundle L C F by taking the image of the composition

L — > Efe]

l

B[]

and identifying the functions of the graded bundle f € Ogj) with sections of L
via the inner product:

Y <— g(1)

Now consider a local trivialization such that £ is defined by setting a certain
subset of the local N-algebra generators to zero. Let us collectively denote by
(x, ) the base coordinates, by (n,7) the degree 1 coordinates and by (p, p) the
degree 2 coordinates. Locally, £ is defined by fixing:

P=0,7=0, p=0
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In other words, L is locally spanned by x,n, p. Now L is an isotropic subbundle
defined by the set of & variables and a set of & <— g(1)) “ghost” coordinates by
setting

P =0, (=0

in E[1]. Here, &'s are a subset of n’s; n = (£,e), 7 = (£,¢). Note that the
“antighosts” e, ¢ are absent in F[1], just as the momenta (p, D).

Now since £ is Lagrangian, it does not contain any pair of conjugate coordi-
nates. Moreover, by maximality, those coordinates contained in £ while missing
in L, that is e and p, constitute a mazimal set of momenta that are not conjugate
to any of the coordinates x, & in L. These are precisely the “normal momenta”; p
and e. If we take take the conormal N-manifold N*L, it can be locally generated
by the same coordinates as £. Note that the local reasoning was based solely on
degree-wise dimension counting and it is thus justified since coordinate changes
preserve the degrees.

This shows that every Lagrangian N-submanifold of E[e] can be constructed
as a conormal submanifold of an isotropic subbundle. Then, theorem 53 ensures
that if we start with £ being Lagrangian, the isotropic subbundle is also a Dirac
structure. This concludes the proof of surjectivity. ]

Definition 31. Let M’, M be NQP-manifolds. A A-relation from M to M’
is a A-structure R € M’ x M.

Now for R € CouralyRel(E', E), the associated conormal N-manifold defines a
N-relation.

CourAlgRel (E', E') N ManpRel (M, M)

(RCFE XE) ———— (R=NLCM x M)

Note that for A(R) — M’ x M, the proof of lemma 54 carries over, since we
can always take the natural induced splitting on M’ x M given splittings of M
and M’. That means the target category is, in fact, ManyopRel.

CourAlgRel (E', E) —N > ManpopRel (M, M)
By lemma 54, we obtain the following corollary.

Corollary 55. Let M, M’ € ManngpRel be split NQP-manifolds of degree 2

given as minimal symplectic realizations of Courant algebroids E, E' € CourAlgRel .

CourAlgRel (E', E) ~p;; ManpopRel (M', M)

Example 56 (A points). Repeating the terminology of example 47, we may call
a correspondence from a point to M a A-point, or a “gauge firing”.

M o {3}
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2.2.3 Generalized A-Correspondences

Here, we repeat the construction of the Wehrheim-Woodward category for La-
grangian N-relations and finally arrive at a categorification of the relationship:

NQP —manifolds of degree 2

Courant algebroids

Definition 32. A (generalized) Lagrangian N-correspondence is an equiv-
alence class of sequences of Lagrangian N-relations of the form

R R,_1 R1 R1

[ ) (\/\/\/TW— @ €EC NN~ o h AN~ @O €N~ O
(Rrv--le)

wrt. the equivalence relation ~, which is defined once again by:
(RyR)AR oR iff RoR=R ®R.
IR'&R

R/ R

@ <€ «~~ - @ €« O

NS

(R, R)AR' @R

The composition of correspondences is, again, defined by formal concate-
nation.

(Rsy-. -, Rys1)  Rpy. .., R1) = (Rs, ..., R1)

We denote the resulting Wehrheim-Woodward N'P-category Manyp Corr. Note
that Man}p Corr, the category consisting only of N-manifolds of degree n, is a full
subcategory of Manpp Corr.

In the same fashion, we may define (generalized) A-correspondences of
NQP-manifolds. The complication is that in general, we do not know* whether
R' ® R defines a A-relation. We leave this question to further endeavours; at this
point, we may only conjecture that the above construction defines a Wehrheim-
Woodward NQP-category ManygpCorr under the same conditions as in the
case of Manpp Corr.

However, in the case n = 2, lemma 54 enables one to think of any A-
correspondence in Man3;opRel in the form N*R for some Dirac relation R. But for
Courant relations, theorem 46 states that a clean composition R’ ® R indeed de-
fines a Dirac relation. Then, lemma 54 provides N*(R' ® R) with a A-structure.

Since this can be done for each element of the sequence (R,,...,R;) of any
A-correspondence, the Werheim-Woodward NOP-category in degree 2 is
a well-defined category.

Man3op Corr

We can summarize the results in the following theorem. Recall that two
categories 4, B are said to be equivalent if there is a functor 4 — B which is
fully faithfull (a bijection on morphisms between any two given objects) and
essentially surjective (every object in the target category B is isomorphic to
an object in the image of the functor).

4At least we have not found a proof in the literature.
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Theorem 57. The category Manjz\/QPCorr is equivalent to the category CourAlgCorr.

Proof. The equivalence is given by functor defined on objects of CouralgCorr by
constructing the minimal symplectic realization.

CourAlgCorr > (M <+ E) — (M + E[1] + E[e]) € Man3,p Corr

Batchelor’s theorem 14 states that the functor is essentially surjective, since any
NQP-manifold of degree 2 is isomorphic to a split N-manifold of the form M =
(M «+ E[1] < EJe]).

On morphisms, corollary 55 of lemma 54 states that the construction of a
conormal N-submanifold

CourAlgCorr(E',E) > R — N*R € Man3;op Corr(M', M)

is a bijection. In other words, it extends the map on objects into a fully faithfull
functor. O

More loosely, we might say something along the lines:

Poisson-Lie 2-algebroids are essentially minimal symplectic re-
alizations of Courant algebroids and their A-correspondences are
“conormal Lagrangian realizations” of Dirac correspondences.

2.2.4 Quantization of Odd AN’P-Manifolds

As a final remark, we show how the idea of functorial quantization of odd NP-
manifolds put forth by Severa [2002] fits into Weinstein’s constructions. We
consider the odd symplectic category

OSC = ManQ¥ Rel

consisting of A/P-manifolds in odd degrees (a full sub“category” of ManppRel).
Those are precisely the A’/P-manifolds equipped with odd symplectic structures.

Let us introduce the necessary ingredients, following Severa [2002]. Let £ <
M € 0S¢ be a Lagrangian N-submanifold. Locally (around L) there exists a Dar-
boux chart (¢*,...,¢" n,...,n.) With ¢’s even and 7’s odd, st. L is described
by setting the n coordinates to 0.

We will consider formal Dirac /-distributions supported on a Lagrangian
N-submanifold £. For more details, we refer to Khudaverdian [2004]. In the
Darboux chart above, we can write:

51::5771@"'@5%

Here, the tensor product is over the ring R, in the sense of linear functionals on
suitable test functions. We will, further, require d, to behave like a semi-density
under the coordinate transformations ¢ on M.

gb*(;ﬁ = (det J¢)1/2 (55
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This ensures the following product of semidensities given by formal integration
(over a N-submanifold) is chart independent®.

/Oz®5

We denote the vector space of semidensities on M by Dens? (M). Note that this
space inherits grading as well and thus we have the odd-even decomposition:

Dens? (M) = Denséven(/\/l) @ Densédd(./\/l)

Definition 33. We define the quantum® odd symplectic category QOSC
to have the same objects as OSC and the morphisms given by semidensities on
correspondence spaces:

Hom gog50(M', M) = Dens? (M x M)
The composition of morphisms

M <o M <o M

S/ or

is defined by “integration of dz' ® g € Dens? (R' x R) over Apy”.

Opr 0 0R = / orr @ OR
A

M

Let us specify this prescription a bit further: given dz and dx:, we define an
induced d-semidensity on R’ ¢ R. Then, we integrate the coordinates in R' ¢ R
originating from Ay .

The composition is not always defined. However, for R’ ® R, we have a good
chance that the integral makes sense. That is:

1. The first condition of clean composition provides R’ ¢ R with a structure
of a smooth (N-)manifold — now it makes sense to define semidensities on
R’ ¢ R in the first place. Moreover, cleanness

“T after N = N after T”

ensures we do not lose any tangent directions in R’ and R provided they
coincide on the diagonal A .. We can thus take the pullback of the semi-
density on R’ x R onto R’ ¢ R (which corresponds to integration of J-
functionals).

2. The second condition says that the projection p,_, is a surjective sub-
mersion (we may understand this in terms of an arbitrary splitting). The
implicit function theorem states that locally, there exists such a chart in
R’ ¢ R such that R' o R = ps—yo (R ©R) is be defined by fixing some of the

coordinates on R’ ¢ R to be zero. Now (up to a canonical transformation)

5Provided the integral is well-defined in the first place.
SWe will clarify why it is reasonable to use the word “quantum” a little later.
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integration over Ay does precisely that. This means that for R’ ® R, we
indeed have

/ drr @ 0p € Dens%(w X M)
Ay

In other words:

(57@ o (573 c QOSC (MN, M)

Of course, the integrals might still be ill-defined; the argumentation above merely
suggests that composition of relations is not be to blamed. Provided the integra-
tion indeed makes sense, Weinstein [2010] shows that the resulting semidensity
on M"” x M coincides with the d-distribution supported on R’ ® R defined above.

dr/ 0 0r = dr/emr

le. the assignment £ +— ¢, satisfies the condition of remark 50 and it always
Odd

factors through the Wehrheim-Woodward category OSCorr := Man{fp Corr.

Corr —Q> QOSCorr

OSCorr

Therefore we may define the Wehrheim-Woodward quantum odd sym-
plectic category QOSCorr by considering sequences of . relations and the quan-
tization functor Q : OSCorr — QOSCorr as an identity on objects and by the
following assignment on relations

Q: (R M x M) — (5R € Dens? (M’ x M))

and the induced element-wise assignment of sequences of relations. Using the
terminology of Weinstein [2010], QOSCorr can be said to be the “universal quan-
tization category” defined for the proper class of odd NP-manifolds.

Thus, with the help of the Wehrheim-Woodward categories, we have arrived
to a notion of functorial quantization of odd N'P-manifolds but we have yet to
clarify its “quantum” nature. We will only provide a very brief remark following
Severa [2002] and refer to the works of Costello [2007] and Khudaverdian [2004].

Remark 58 (The BV Laplacian). The classical master equation describes an
incarnation of gauge symmetry of the BV action functional. However, to en-
sure that quantum mean values calculated in terms of path integrals stay gauge
invariant, one has to introduce the so called BV Laplacian Agy and replace the
classical master equation with the quantum master equation.

{0,0} +hAgy(©) =0

It is thus desirable to translate our “graded symplectic system” into a “system
compatible with the BV Laplacian”. The statement of Severa [2002] is that the
quantization functor provides such translation from the world of odd N'P-manifolds.
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Definition 34. The BV Laplacian is defined in a Darboux chart

(qla s 7qn77]1a cee 77]71)
of M € OSCorr as a differential operator on semidensities.

02
Apyv =
BV Bga0n°

Let us summarize some of its properties mentioned by Severa [2002].
Lemma 59 (Properties of Agy).

1. Agy is odd

2 AZ, =0

3. [LXf, ABV} =0, ie. Apy is invariant under Hamiltonian diffeomorphisms.

The property 3. ensures Agy is independent of the choice of a Darboux chart.
Properties 1. and 2. say that Ay can 1be understood as the differential of a
Zs-graded chain complex defined on Densz(M).

Apv

T

Dens]%ven (M) Densgdd (M>

\/

Apv

Now this is, according to Severa [2002], a suitable kind of “quantum system” in the
context of Batalin-Vilkovisky quantization. We repeat his remark on the following
symmetry: If we denote by ¢(L) a deformation of a Lagrangian N-submanifold L
by a Hamiltonian diffeomorphism (ie. a change of gauge fizing), it can be shown
that for a € Dens%(./\/l) being Agy-closed, we have the following kind of gauge

mvariance:
/54,(5)@)04:/55@0(

Notice the analogy with the Ward identities in remark 2.

Finally, just as a Lagrangian N-submanifold L can be seen as a choice of
gauge firing (as in example 39 and remark 3) or a A-point (example 56), the set
of QOSCorr-points

{M~—{}}
can be interpreted as the quantization of M.

QOSCorr(M, {*})
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Conclusion

Let us summarize our journey.

First, in section 1.1 we recalled the geometric objects arising in BV-BRST the-
ories as a motivation for studying graded symplectic geometry, mentioning the
elementary example of the Yang-Mills theories, refering to Becchi et al. [1976],
Batalin and Vilkovisky [1981], Weinberg [2013], Henneaux and Teitelboim [2020]
and Jurco et al. [2019]. In particular, we saw the AKSZ framework mentioned
in 1.1.3 due to Alexandrov et al. [1997] enables us to forge the needed geometric
structures on finite-dimensional differential graded symplectic manifolds instead
of the infinite-dimensional field configurations.

In sections 1.2, 1.3, 1.4, 1.5, we reviewed the basics of the theory of NOP-
manifolds following mainly Roytenberg [2002] including the example deg = 2
corresponding to Courant algebroids known from generalized geometry. We saw
that the sheaf-theoretic language naturally extends from supermanifolds to N-
manifolds degree-wise. It may be an interesting question whether the differential
symplectic structure translates into the general theory of graded manifolds in the

spirit of Vysoky [2021].

In the second chapter, we introduced Lagrangian N-submanifolds as a gen-
eralization of the concept of gauge fixing following the philosophy of Weinstein
[2010]. In section 2.2.1, we extended the notion of Lagrangian relations to NP-
manifolds using the known results for Courant algebroid relations seen in section
2.1 due to Vysoky [2020]. Furthermore, in sections 2.2.2 and 2.2.3 we showed
that the 1-to-1 correspondence between isomorphism classes of Poisson-Lie 2-
algebroids and Courant algebroids seen in theorem 36 can be extended into an
equvialence of Wehrheim-Woodward categories (introduced by Wehrheim and
Woodward [2007]) . We relied on the results of Grittzmann [2010].

The following question is left open: Is the NQP-Wehrheim-Woodward cate-
gory well-defined under the same cleannes conditions for general degrees of N-
manifolds? What about the Z-graded setting?

Finally, in section 2.2.4, we mentioned the idea of functorial quantization of

odd symplectic manifolds due to Severa [2002] as an application of the Wehrheim-
Woodward construction for A’P-manifolds.
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