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Foreword

The nature of ultracold gases is remote to the sensual experience. Experimenters
study the cold peculiar life-unfavourable world purely by laboratory apparatus.
The study of ultracold matter reveals its properties and people desire to benefit
from their usefulness. In this thesis we study the theoretical description of such
rather simplified systems. We are aware that the research in this area leads to
technological improvement. Thus we implore scientists and others to treat the
knowledge (including the results of this thesis) in such a way as to support hu-
manity and preserve living nature.
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Introduction

The ultracold gases have been studied continuously in recent decades (Giorgini
et al. [2008a], Bloch et al.| [2008]). Experimenters have accomplished a high
level of control over the containment of gas using light beams and achieved tem-
peratures of gas in orders of nK. The temperature is low enough to span the
crossover from the non-degenerate to degenerate quantum statistics (Hadzibabic
et al| [2003]). Even more important is the possibility to control the strength of
the binary interaction. To this end, the complicated multichannel interaction of
two atoms is driven by the magnetic field in the regime of the Feshbach resonance
which is broad enough to be treated as an effective interaction in the thermal or
Fermi interval of energies. The effective interaction strength can be tuned from
weak to very strong, additionally attractive or repulsive (Kohler et al.| [2004]).

A readjustment of the interaction strength is typically done at the beginning
and/or at the end of the measurement, at which point atoms are released from
containment and their free flight is monitored. The temperature of the released
particles depends on the energy transferred to the system during the interaction
ramp. Our question is, how?

In this thesis we study the Fermi gas with the effective repulsive interaction.
It is essential that the binary interaction have a finite time duration. When the
interaction strength changes due to the magnetic ramp, the energy of the inter-
acting pair is affected. The heart of this thesis lies in the study and calculation
the energy transferred to the gas by this mechanism. We compare this collision
contribution with the energy transfer via mean field, or, to be more precise, via
the effects of the magnetic ramp on single-particle energies.

The mechanism of the energy transfer is explained in chapter [Ijon increasingly
more complicated models beginning from a modest classical barrier, continuing
in to a quantum barrier, and even as far as the realistic T-matrix in free space.
This T-matrix approach is used within the Boltzmann equation to evaluate the
collision energy transfer and the mean-field transfer in chapter 2] Both chapters
are original and provide the energy transfer in the high temperature limit. For
their technical simplicity and the possibility of obtaining analytic solutions, this
part of the original work serves as an introduction.

In the beginning of chapter [3, we turn our attention to degenerate systems.
To this end, we need the machinery of non-equilibrium Green functions described
in chapter [3] This chapter also provides the quasiclassical limit including gradient
corrections to the collision integral. The collision energy transfer is expressed in
terms of the gradient corrections in chapter 4] The derivation appearing in these
two chapters is an abbreviated version of previously published theoretical work.

Chapter 5| presents the majority of the novel results of this thesis: the energy
transfer to the degenerate system. First we show that the collision transfer de-
pends heavily on the approximation of the T-matrix, in particular, the in-medium
effects are unavoidable. Due to this, an implementation of the theory under gen-
eral conditions is prohibitively demanding. In order to make our calculations
feasible we are obliged to work at the zero-temperature limit. Although the gen-
eral nine-dimensional integral can be reduced to a two-dimensional one (assuming
a symmetric system), the final integration must be done numerically. This ap-



plies both to collision and mean-field energy transfer. The particular problem
emerged for three-body interactions of the mean-field energy transfer for very
strong interactions where numerical instabilities likely reflect physical instability
toward magnetic phase transitions.

The conclusion drawn from our results is that the mean-field energy transfer
dominates for weak interactions while the collision energy transfer is the dominant
one for strong interactions. Because this applies to high and zero temperatures,
we predict similar behavior at any temperature. General systems, even those
with a complicated space structure and non-equilibrium distribution of atoms,
can be studied by quasiclassical simulations using the Monte-Carlo treatment
of collisions. Gradient corrections responsible for the collision energy transfer
can be included into Monte-Carlo routines. Our study demonstrates that such
corrections must be based on the in-medium T-matrix.



1. Study of gases

Throughout history, the study of gases has contributed to several crucial con-
cepts of the present-day physics. In A New System of Chemical Philosophy (Dal-
ton| [2010]), John Dalton summarised the experiments with the dilute gases into
the law of multiple proportions. This was one of the main arguments in favour
of atomism. The phenomenological study of gases has led to understanding of
ever-present atmospheric pressure and in particular to the discovery of the ab-
solute temperature scale, the essential prerequisite for the development of ther-
modynamics. The great era of emerging the unified physical picture began with
the desire to describe the properties of gases with Newtonian mechanics applied
to atomic motion. The kinetic theory of gases and the statistical physics were
formulated. No recent study of gases can match historical success, however the
many-body quantum mechanics of gases is still a developing field of study. Quan-
tum effects play a substantial role at the very low temperatures within the field
of ultracold gases.

The historical progress has shaped our manner of describing gas. Gas is a large
amount of quantum objects which move relatively freely but feel each other and
can significantly interact with each other. Quantum mechanics offers methods of
perturbation theory for very exact description, but which are quickly inaccessible
for calculation. The fate of today physicists is the wise balance between including
corrections and neglecting terms.

1.1 Ultracold Fermi gases

The theoretical study contained in the core of this work is inspired by the study
of ultracold Fermi gases where the tunable Feshbach resonance plays a crucial
role. Unlike traditional many-body systems (*He, electrons in metals and semi-
conductors, the nuclear matter), atoms interacting via the Feshbach resonance
form a non-conserving system because the interaction strength is controlled by
the external magnetic field.

While it is intuitively clear that changes of the interaction strength neces-
sarily change the energy of the system, less is known about the mechanisms by
which it occurs. Here we focus on the mechanism which, to our knowledge, has
not been discussed in literature: the energy increase/decrease during binary colli-
sions. Indeed, within the customary kinetic approach, binary collisions are either
elastic or strongly inelastic but infinitesimal inelasticity due to smooth changes
of interaction strength is not assumed.

1.1.1 Study of ultracold Fermi gases

In past twenty five years there has been huge experimental and theoretical activ-
ity in the field of ultracold gases. As the Bose-Einstein condensation (Anderson
et al. [1995]) and Fermi degeneracy (DeMarco and Jin|[1999]) were experimentally
achieved, the imaginary door to the ultracold gas physics was opened. When the
ideal Bose gas is cooled under the condensation temperature, the Bose-Einstein
condensate is formed. Conversely, the ideal Fermi gas exhibits no special transi-



tion under the quantum degeneracy temperature, but rather a smooth crossover
is present between classical and quantum behavior. However in the presence of in-
teraction, a part of the Fermi gas is in the superfluid phase. More about ultracold
Fermi gases can be found in (Giorgini et al.| [2008b], Bloch et al.[ [2008]).

The condensation of Fermi gases indivisibly includes the interactions contrary
to the Bose gases. The interaction occurs via Feshbach resonance, which has
the s-wave character. Because of the Pauli exclusion principle, the s-wave scat-
tering is inhibited in the single component Fermi gas. Therefore, two different
spin components of the same Fermi gas are included. The s-wave interaction is
characterized only by a scattering length a, which is for the Feshbach resonance
magnetic dependent. This is a huge advantage. It is possible to tune the Feshbach
resonance using an external magnetic field.

The experimental group JILA (DeMarco and Jin|[1999]), which achieved quan-
tum degeneracy, worked with two spin components of “°K. Other groups (Schreck
et al.|[2001],Truscott et al.|[2001]) used a mixture of the two components °Li Fermi
gas and "Li Bose gas. The gas is held in by the optical lattice. There is no heat
influence containment vessel.

1.1.2 Feshbach resonance

Consider the ultracold Fermi gas. The interactions in the degenerate dilute Fermi
gas can be modeled quite precisely with few parameters describing two-particle
collision. In conditions of low temperature and large mean interparticle distance,
the range of interatomic potential Ry is substantially smaller than the thermal
wavelength A\p = /27nh/mkpT and the inverse Fermi wave vector Kgl. In this
regime, the majority of the scattering rate comes from the s-wave channel, the
states with zero angular momentum (I = 0). The Pauli exclusion principle pro-
hibits the s-wave interaction of particles with the same spin, allowing only for
particles with different spin to interact. The character of the s-wave interaction
is well known (Landau and Lifshitz [1987]), it is described by the scattering length
a in low energy processes.

The s-wave interaction is realised in the ultracold Fermi gas as Feshbach res-
onance. The privileged advantage of Feshbach resonance is the possibility of
tuning its scattering length using the external magnetic field. The mechanism is
explained in (Fano| [1961] /[Feshbach| [1962]). Some amount of energy is associated
with the scattering of two particles. If this energy is very close to the bound en-
ergy of the different-spin pair, the resonance between the scattering open channel
and the bound state closed channel is present. The magnetic moments of the pair
of atoms are effected by magnetic field. Therefore, two possible arrangements are
possible, the bound state in the closed channel is either just below the threshold
of the continuum spectrum in the open channel or just above. The transition
between these two occurs in the magnetic field By. The scattering length

A
a = ap, <1— B—BBO> (1.1)

is parametrized with the resonance width Ag and the scattering length of back-
ground ap,. The passing of the resonance, the scatterings length changes its sign.




The Feshbach resonance behaves from its nature as an attractive interaction.
The strength of interaction is given by the scattering length. If the bound state
is present in the spectrum, the scattering length changes its sign. Just above the
bound state the Feshbach resonance is an effectively repulsive interaction. This
is limited to a narrow interval of energies, where the T-matrix describing the
interaction can by parametrized by the scattering length.

To obtain the Feshbach resonance the external magnetic field must be tuned
nearby the resonant value of the external magnetic field. On the other side, to
abolish the interaction it suffices to turn off the external field. For example, the
ultracold gas of °L atoms behaves as a noninteracting gas in the absence of an
external magnetic field. It is not possible to turn off the external field quickly,
the back induction of coils could damage them and the recoil could harm the
experiment. Nevertheless, the Feshbach resonance can be affected optically via
one- or two- photon transitions (Fedichev et al. [1996]/Theis et al. [2004]), the
termination of the resonance is immediate, but the absorbed light causes heating
as a result of its later spontaneous emission.

Intuitive model of Feshbach resonance

It is possible to look at the Feshbach resonance in a classical analogy. Imagine
two particles with internal degree of freedom with a large but finite number of
configurations. These two particles collide and their kinetic energy is absorbed by
the internal degrees of freedom. The energy is distributed to the particular degrees
and excites them, but the kinetic energy of the relative motion of the particles
is reduced and they can not escape their potential well. The particles effectively
create the molecule. Each degree has a different number of configurations through
which the part of the internal system excited with the fraction of energy goes
through as it evolves. The mechanisms inside are conservative. The particle does
not leave until the same configuration of internal degrees of freedom is achieved.
Only then does the particle accept the desired quantum of energy and leave the
incident. For illustration, imagine the conjunction of all planets and their moons
in our solar system as analogy. The particle does not escape until the conjunction
of all planets is reached again. The return to the initial internal state lasts a very
long time in comparison with subatomic processes, but is still a short lifetime.

The existence of the relatively long-living Feshbach resonance of two atoms
vindicates our questions: How is the energy gained by this change distributed
within the gas? How can it be satisfactory described? These questions can be
answered as follows.

1.1.3 The properties of studied Fermi gas

The ultracold Fermi gas is trapped in the optical lattice in small samples in the
nodes of the crossed laser beams. In these small piles, we consider the gas to be:

e homogeneous and isotropic
o of ultracold temperature 7" — 0

 interacting only with s-wave interaction



e interaction is in the long-wave limit characterised only by the scattering
length a

The external influence is accomplished through manipulation with the scattering
length a, which is a function of time. The effects caused by the change in a are
the focus of this study.

1.2 Movement in time dependent potential

Our aim is the study of the change in interaction strength during a non-instant
collision process. Instead of a direct deep dive into quantum statistical mechanics,
it is more convenient to introduce a description of such a non-instant collision in
a simple classical example. The quantum analogue will follow.

1.2.1 Classical one-dimensional scattering

As was described in the introduction, the interaction caused by Feshbach reso-
nance can be manipulated via external electromagnetic fields. As a consequence
of changing the interaction strength, particles gain or lose energy during a colli-
sion.

For a simple demonstration of the energy gain, imagine a classical particle of
energy €; approaching the barrier potential

Viz,t)=Vo+Vt for —r<z<r (1.2)

from the negative side. Here V; and V are constants and V; > V't for all assumed
times. The particle hits the potential at ¢ = 0 having sufficient energy to cross
the barrier, ¢; > V;. Leaving barrier at time ¢., it has energy

€r =€ + Vtc (13)
such that in each encounter the particle gains energy
AE =€r — € = Vtc. (14)

Assuming that a particle undergoes collisions with scattering rate 1/7, the
energy of the particle increases in average as Vi, /7. We see that, even for very
slow changes of the scattering potential, a readjustment of barrier height from V}
to V1 leads to a net increase of the barrier of the particle energy by (Vi — Vo)t./T.
By a similar mechanism, the ultracold gas gains energy when the interaction
strength is readjusted.

1.2.2 Quantum description of non-instant collision

Within the quantum mechanical description, the energy gain Ag can be expressed
in terms of the scattering phase shift. We demonstrate it on infinite barrier of
time-dependent width

V(z,t) =00 for —r(t)<x<rt). (1.5)



Since it cannot tunnel through, the reflection is the only possible scattering chan-
nel. In the stationary regime, the wave function

’Qb(l’, t) — eikz—iwt +Reik’x—iwt (16)
is composed from the incoming wave e?** of momentum k and the reflected wave
e*'= of reversed momentum k' = —k with the reflection coefficient R.

We consider a slowly changing barrier. In the spirit of quasi-stationary ap-
proach, we expect the wave function in the form allowing for k' # —k and
time-dependent R. Since the incoming wave is totally reflected, from equal back-
ward and forward flows follows |R(¢)|*> = k/|k’| = 1. The reflection coefficient

R(t) = ¢*® (1.7)

is thus given by the phase shift ¢(¢). The wave function on the surface of barrier
must vanish, hence

) — iR (1) =7+ (k — K)r(t). (1.8)

The wave function (|1.6]) satisfies the Schrodinger’s equation

D gty === Lty + Vit (19
YotV Y T T a2V i '
which on the left side of the barrier reads
o o I N N
wezkxfzwt + (w o agf) eld)(t) ezk T—iwt _ % ezka:flwt +% ewﬁ(t) ezk z—iwt (11())

Comparing coefficients of incoming and reflected waves

k2 k' 0]
- —w == = 1.11
2m ’ 2m ot (L1.11)
We see that the energy of initial and final state differs from each other by
k' k2 0P
Ap=———=——. 1.12
7 om  2m ot ( )
The relation between energy gain and scattering phase shift is rather general.
Below we will recover it for a degenerate Fermi system.

We note that the above result can be confirmed in an alternative trivial way.
By transformation into the inertial coordinate system connected with the moving
barrier edge, the system becomes effectively stationary. By backward transfor-
mation to the laboratory framework, we obtain the energy gain ((1.12)).

1.2.3 Binary collision

Now we are ready to discuss a realistic collision of two distinguishable particles
interacting via the slowly changing potential. Let us consider two particles of
momenta k and p and masses my and m;. The symmetry allows us to separate



the centre-of-mass motion with the trivial solution and the relative motion which
we present. We employ the Lippmann-Schwinger equation

G (o + 1) =0, (1.13)

in which the wave function ¢ = g+’ is divided into the non-interacting particles
a1 ~—1 ~
Yo and the scattered wave ¢'. The Schrodinger operator G =G, —V includes
A1
two non-interacting particles G, = —i0; — Hy — H| and the interaction potential.

A1
The non-interacting particles satisfy G, ¢ = 0. Using the retarded boundary
condition we find

o' =Gy T, (1.14)
with T-matrix
T =D+ 8"D) =V +6, 7). (1.15)

In this diploma thesis, we discuss only s-wave Feshbach resonances, which
correspond to the contact interaction. With this in mind we restrict our attention
to point-like interaction V = |0) V (0|, where zero denotes the distance between
particles. From follows T = |0) 77 (0|, similarly G® = (0| G" |0). The
upper index R indicates the retarded initial conditions.

Since the only time-dependent part of Hamiltonian is the interaction potential,
the incoming wave 1)y has a constant energy w. Let us write with explicit
time dependence

V() = / didi GE(t' — )TR(E, et (1.16)

leaving aside unimportant variables. We have used (0| ¢y = e~®!. Free-particle
propagator Gy conserves energy, thus it depends only on the time difference. In
contrast, the T-matrix is not conserving. The slow time dependence of the T-
matrix can be handled in Wigner’s mixed representation

R(F i dw’ —iw' (I=1) TR (, /
TH(t,t)= | —e T (W), (1.17)
2m
which covers the fast time dependence on the difference time ¢t — ¢ by Fourier
components, while the slow dependence on the centre-of-mass time t = (f + )/2
is explicit.
We take ¢t = 0 as the reference time and expand the T-matrix in the logarith-
mic form

TR (w/’ t) _ TR (wl) etat log TR ~ TR (w/) eitaﬂb' (118)

In the second step, we have expressed T-matrix in terms of the amplitude and
the scattering phase shift, 7% = |T%[e*, and neglected the unimportant time
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dependence of the amplitude. Using (|1.18]), we get

)= [ didi G~ W' @D TR () 402 ih
2
/_F d(,d i ”
= dtdt 7‘(“] 8t¢/2)(t —iw (t R t+t)at¢)/2 71wt
= [ i Gi(¢ ~ e o OITR W) e

/ ~
=Gl — 10,9) gTR (w') e~ i ~0r0/2)t / [ &l w2t

=G5l (w' — 5010) C;;JTTR (W) e W =2/ on 5 (o — w + 30,9)
= e W= GR (1, _ 9, )T(w — 19,0). (1.19)

We see that the frequency of oscillations after collision is increased by the energy
gain

_0¢
ot

In the case of two-particle processes, we define the energy gain per particle, which
is the reason for the factor of two. We have confirmed that the energy transferred
to particles by time-dependent interaction is given by the time derivative of the
scattering phase shift.

2 = (1.20)

1.2.4 T-matrix for the contact interaction

For the contact interaction, the two particle propagator required in the T-matrix
has a simple form. We begin from the Fourier transform of the local element of
the retarded propagator

1
R
= (0 0). 1.21
G =0l 7" (121)
We express the bare Green function in the representation of relative & = km /M —
pm4/M and sum momentum K = k + p, where M = my + m, is the sum mass,
and g = mymy /M is the relative mass. The free-particle Hamiltonian then reads
k2 p2 K2 /%2

Hy+ H, = - - 1.22
P T, T o o (1.22)

The relative distance of particles is Fourier-conjugated to £. The projection on
the zero distance is thus integral over &,

gR—/ dr 1
0o — 2 72 .
@ﬂ‘—ﬁ—ﬂ+w

oM
1 2
= = Tam 202 (w — £
/ w—i— 2# (27T>2 ( 2M)
:Regf—%i%\&u (w— %) (1.23)
The formula [ - @) _ (xI-HO I fz) 5 (x0) is used and the principal value

integral is denoted as Re GZ'.
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With this propagator the T-matrix (1.15]) reads

T = — . , (1.24)

E - 2
v+ Y% L+ ReGf +idt/2p (w— £7)

where index zero emphasizes the use of the free-particle propagator G&f. Thus we
can rewrite in terms of the scattering length

L

o (5 + ReG) (1.25)

a =

as

r 2T a

"o 1+ia,/2u(w—%>'

In practice, the scattering length a is assumed to be constant in the interval of
energies of atoms in the ultracold gas. It is used as a parameter of the interaction
strength rather than the interaction potential, because it is experimentally acces-
sible. Moreover, there is a simple phenomenological dependence of the scattering
length on the magnetic field . When the interaction changes in time due to
manipulation with magnetic field, the scattering length changes too. We use the
scattering length as a parameter for an interaction ramp.

The T-matrix depends on independent energy w. It is the complete off-
shell form. In scattering rates we need only the on-shell value for w = % + %

It simplifies the T-matrix ([1.26]) to

(1.26)

2r a
R
= — . 1.27
7o w1l +iak ( )

We do not introduce any special notation to distinguish on-shell and off-shell
functions, as it will be clear from context which one is used.
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2. Energy transfer for Boltzmann
statistics

As it was outlined above, any change of the interaction strength transfers energy
to the gas. Here we compare the intensity of this transfer via collisions with a
complementary mechanism via mean field for the simplest case: a non-degenerate
statistic.

For the non-degenerate system, one can imagine the scattering process in
the classical picture of trajectories. It allows us to incorporate the energy gain
during collision into the kinetic equation in an intuitive manner. Moreover, binary
collisions are not affected by other particles and we can benefit from simple free-
space formulas.

Although we will use mostly classical ideas in this chapter, we maintain the
effect of the exchange of identical particles on a binary collision. In the contact
approximation their interaction drops out. We thus discuss the system composed
of two species with the interaction between indistinguishable atoms set to zero.

2.1 Kinetic equation with the energy gain

Since we are interested in the transfer of the energy from the external magnetic
field, we restrict our attention to homogeneous isotropic systems. The Boltzmann
equation

dfr(k;t) :/ dp dq
(2m)? (2m)?

ot
B / dp dq
(2m)? (2m)?

T 216 (ch—gqteprqg—er—2p) fr(k — a. 1) fL(p + q. 1)

‘TR|227T5(5k—q+5p+q_5k_€p>fT(k7 t)f¢(p, t) (21)

is a balance between particles scattered in the state k given by the first integral
and scattered out of the state k given by the second integral. In order to have the
universal norm of the distribution function, we use the factor (27)~® needed in
the quantum statistics. In this traditional kinetic equation, the time-dependent
interaction transfers energy to the system exclusively via the quasiparticle energy
k-

To include the energy gain described in the previous chapter, we modify the
kinetic equation as

Ofr (k1) :/ dp dq
(

BT o) (2m) | TH1?276 (ek—q + Eprq — €6 — Ep + 2Ap)

X filk —q,t —Ay)fi(p+q,t — Ay)

| T 1?2160 (ek—gq + Eprq — €k — £p — 205) 1 (k. 1) fL (D, 1).
(2.2)

B / dp dq
(2m)3 (2m)?

In the scattering-out, the particle leaves the state k at time ¢, when the collision
begins. In the scattering-in, the particle enters the state k at time ¢ when the
collision ends. Therefore, we need occupation of initial states k — q and p + ¢q

13



in the beginning of this process at time t — A, i.e., shifted by Wigner’s collision
delay Wigner| [1955]

d¢
Ay = — 2.3
=l (2.3)
with the scattering phase shift defined by
= TR e, (2.4)

The collision delay for more realistic collisions of ultracold atom have been studied
by several authors: Field and Madsen [2003], Guillon and Stoecklin|[2009], |Simoni
et al. [2009], Croft et al. [2017] and [Frye and Hutson| [2019).

The rate of energy density transfer to the gas by collision obtains by integra-
tion over energy

Dol = Z / 3fs I: ) (2.5)

SN

In the rearrangement we follow the approach put forward by Boltzmann. First
we substitute the time derivative by collision integrals and make it symmetric by
substitution: k,p,q — k—q,p+q, —q. In the result we obtain the combination
er +ep — (6k + €p — Ek—q — Ep+q)/2, which is zero for the energy conserving
collisions of the Boltzmann equation , but yields the energy gain Ag for
with the net energy transfer

dp dq dk
0ol :/ (27r)3 (27r)3 (27r)3 |TR|2AE 2775(5k—q + Eptq — €k — 5p)fT(kat)f¢(pa t).

(2.6)

In rearrangement we keep only linear terms in shifts A.

2.2 Rate of energy transfer via collisions

For the non-degenerate system, the formula for energy transfer via collisions ([2.6))
is simple enough to be evaluated analytically.
The T-matrix (1.27)), 7% = |7'R]ei‘7’, expressed in terms of the magnitude

a

= 2.7
= 2)
and scattering phase ¢ = arctan(—ak) yields the energy gain
10 10
Ap—_ 100 _10a & (2.8)

20t  20t1+ a’k?

Note that both quantities depend exclusively on the magnitude of the relative
momentum k.
For the sake of simplicity, we neglect interaction corrections to the quasipar-
ticle energies
oot k—q? |p+qg? & N

g — g A _ _ _ 2 (29
kT Ep T Eha T Epa ZmT+2m¢ 2m; 2m, 2 2’ (29)
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Figure 2.1: Energy transfer as function of scattering length. The total transfer
(solid green line) monotonously decreases with interaction, represented by the
dimensionless scattering length o = a/2ukgT. The collision contribution (dotted
blue line) is dominant for strong interaction a > 0.6, while the mean field (dashed
yellow line) dominates for weak interaction.

where A = Kk — q is the relative momentum after a collision. Again the energy
conserving delta function depends only on the relative momenta.
The Boltzmann statistics

o \2 _-k?
— 2mkgT 21
f(k) " (kaT> ¢ o ( O)

allow us to separate relative and sum momenta

o \: __ 2/ 2m \% __x
fr(k) fL(p) = nymy (ukBT> e kT (MkBT) e PMRBT (2.11)

Since dkdp = dKdk and dq = d\, the sum momentum can be integrated out

or \? / dr  dA K2\ 2
ol = / R2AL 276 | — — — kT | (2,12
tCcoll =141 (,UkBT> (27T)3 (27_(_)3 |76 | E &T 2ILL 2[u e B ( )

The integration over momenta has no angular dependence, therefore

3 oo
4 2 2 __ K
atgcoll = ,unTni < T > / dk f§3l76R|2AE' e 2wkpT
0

(2m)3 \pkgT
9 9 3 2,4 2

_Oamngn, m / J a’k . 513
ot 2w (uk3T> " (1+ a%k2)? ©ur (2.13)
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Using momentum scaled with thermal wavelength, & = k/+/2ukgT, and corre-
sponding dimensionless scattering length a = a/2ukgT we get

danyn,

atgcoll - ot I

(2.14)

with dimensionless function

C = j; (204(1 +a?) — /72 + 3a2)ea%erfc (i)) : (2.15)

The rate of the energy transfer has expected dependence on the product
of densities of both atomic species. The linear dependence on the time derivative
of the scattering length follows from the linearization of the T-matrix in the
velocity of the time change.

The dimensionless energy transfer C shown in figure begins from zero
because the scattering rate vanishes for weak interactions. After it reaches its
maximum at o = 0.92, it goes down asymptotically to zero for very strong inter-
actions because the T-matrix saturates as a — oo and Apg falls down, see

and .

2.3 Mean-field contribution

In order to appreciate the collision contribution to the total energy transfer, we
must evaluate the complementary energy transfer via mean field.
The quasiparticle energy ey, = 3y TO1 is composed of the bare kinetic energy

and the interaction contribution covered by the self-energy
dp
= [ = 2.16
7= [ G THiP) (2.16)

where 7 = Re T®. We need the mean field only for comparison, therefore we skip
the derivation and detail discussion of this formula. The interaction contributes
to the mean-field energy density

5y [ d’:, ootk (2.17)

SN

Since we assume a homogeneous system, the mean field does not act on the
momenta of the particle, therefore the distribution can change only via collisions.
The rate of the mean-field energy transfer thus reads

dk 803
Déms = 2%/ 2m)3 015 (k)
- G (ggggfﬁ(kwp» (218)

The time derivative of free T-matrix ([1.27) is

% ~Oda2w 1— a’k?

ot ot u (1+a2k2)? (2.19)
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Again, the derivative of the T-matrix depends exclusively on the magnitude of
relative momentum such that we can integrate over sum momentum and over
direction of relative momentum to arrive at

3
danyn, 2 K2 %
0,E,,, =22 /d ZhgT 2.20
eml o v (,uk:BT> mn 1+a2/<o2)2€ i (2:20)

The mean-field mechanism

OrEomy :g‘t”TD (2.21)

has the same form as the collision mechanism ([2.14)) with the dimensionless func-
tion

D =5 (2ﬁ(a2 +1) e erfe <;> —a(a® + 2)) : (2.22)

where o = a+/2ukgT as above.

The dimensionless transfer of energy via the mean field is shown in Figure
2.1 For a weak interaction it dominates over the collision mechanism. It is
noteworthy that the mean-field energy transfer becomes negative for very strong
interaction o > 1.2. It is because the T-matrix describes the reconstruction of
the wave function inside the potential. For the strong repulsive interaction, a
reduction of the interaction energy due to the depletion of the wave function is
faster the increase due to the growing potential.

As on can see in Figure [2.1] the total energy transfer is positive for any repul-
sive interaction as one intuitively expects. The collision mechanism is essential
to guarantee the positiveness of the energy transfer.
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3. Collision integral for finite
duration of interaction

For the dilute gas with non-degenerate distribution of atoms we have seen that
the collision mechanism of the energy transfer is of the same amplitude as the
mean-field transfer. In this chapter we discuss the energy transfer to the gas of
zero temperature which must be treated as the dense gas with the degenerate
distribution.

Intuitively one feels that the collision mechanism cannot play any role. As
the temperature drops to zero, collisions between quasiparticles freeze out and
the only possible energy transfer is via the quasiparticle energies. We will show
that this conclusion is false or true according to interpretation one prefers. In-
deed, there are non-dissipative collision-like processes by which the energy is
transferred. To reveal them the quantum statistical approach is necessary.

The system, which slowly changes in space and time and has well developed
quasiparticles, is described by the kinetic equation

o/ +%%—%%:Ef(51)(1—fl)—21>(51)f1- (3.1)

ot 0k or  Or Ok
This equation is not closed yet. The left hand side represents the diffusion of
quasiparticles in the phase space in the form known from the Boltzmann equation.
Here f is the density of quasiparticles in the phase space. The cumulative index
1 = k,r,t,7 stands for momentum, coordinate, time, and the excitation state
of atom called spin for simplicity. The right hand side can be simplified to the
Boltzmann-type collision integral by additional approximations. In the standard
local (in space and time) approximation, the right hand side yields no energy
transfer. Our aim is to introduce gradient correction beyond Boltzmann local
approximation which leads to nonzero contributions. To understand the structure
of these gradient corrections, we have to inspect the causal structures of many-
body Greens functions.
The result-oriented reader can skip into section

3.1 Quantum correlation functions

The formalism of Green functions we need can be found in textbooks and mono-
graphs (Kadanoff and Baym| [1962], Haug and Jauho [2008|, Lipavsky et al.
[2001]). Since individual authors use different conventions, we define all necessary
functions.

A particle is created or annihilated by second quantisation fermion opera-

tors @ADT(Z) and (1) where cumulative variable (1) = (1,41, s,) denotes particle
parameters position x;, time ¢; and spin s;. The operators satisfy equal time
anti-commutation relation

{000),8'@)} ot - 1) = (1 - 2). (32
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The behavior of the system is monitored by the double time correlation func-
tions

G<(1.2) = Te(pd ()i 1) ). (3.3)
G7(1,2) = Te (pi(1)i(2) ), (3.4)

where p is the grand canonical averaging operator. The correlation function
G<(1, 2) contains information about occupied single-particle states. It thus calls
a particle correlation function. Information about single-particle degrees of free-
dom is complemented by G~ (1, 2) which covers unoccupied states and calls a
hole correlation function.

The particle correlation functions can be used to evaluate any single particle
observable, since its time diagonal element is equal to the reduced density ma-
trix psy (@, y,t) = G<(x,t,s,y,t,s"). The focus of our attention is the energy
transfer which is not, however, a single particle observable as it includes essential
contributions from binary interactions.

Energy density

The energy density can be evaluated from the energy dependence of G<. To this
end we introduce Wigner’s mixed representation

G5 (w, k,7.t) = /d:p dre“T*  GS(r+2t+ I e — %t —2.1). (35)
We keep only spin-diagonal elements. In this thesis, the spin-off-diagonal elements

do not appear.
The energy density of the system is given by the Kadanoff-Baym formula

do dk 1 2
) =2 /271'(271’)3 2 <w+ 21ms

) (o o 1), (3.6)
]

in which the mean value of the total Hamiltonian is replaced by the time derivative
here represented by the energy w. We will use the quasiparticle approximation
of this form to evaluate the mean-field contribution to the energy.

Spectral function

The correlation functions G< and G~ are sufficient for description of the system
but such perturbative expansion would be extremely inconvenient. To have a
convenient theoretical machinery, it is necessary to introduce subsidiary functions
based on the spectral function

A(1,2) = G>(1,2)+G<(1, 2). (3.7)

From (3.3) and (3.4), we see that the spectral function is the mean value of the
anti-commutator, therefore at equal time its value is determined by (3.2) to be
A(1,2)0(t1 —ta) =0(1,2).

19



Using the spectral function A, the retarded G and the advanced G* corre-
lation function are defined

GR(1,2) = —if(t, — t5)A(1, 2), (3.8)
GA(1,2) =1i0(ty — t1)A(1, 2),

where 6 is the Heaviside step function. The retarded and advanced functions
allow one to retain trace of causality. One can reconstruct the spectral function
from those which yields the so-called spectral identity

i(GF -GN =G~ +G~. (3.10)

An analogous relation holds for any Fermi operator.

Langreth-Wilkins rules

For non-equilibrium systems, the perturbative expansion is formulated on a com-
plex time contour running along the real time axis from —oo to co and back. The
contour allows us to benefit from Dyson’s time-ordering operator with which we
can introduce the diagrammatic expansion.

The time contour however makes it impossible to employ the Fourier’s trans-
formation needed for practical implementations of the theory. To overcome this
setback, the perturbative expansion on the contour must be converted to real
time perturbative expansion.

The simplest conversion was put forward by Langreth and Wilkins. They
showed that the product which includes time integration over the contour

C°(1,2) = A(1, 3)B%(3, 2), (3.11)

converts to the analogues product of retarded or advanced function

CF(1,2) =AR(1,3)B™(3, 2),
CA(1,2) =A%1,3)BA(3, 2). (3.12)
and for the particle and hole function leads to
C<(1,2) =A<(1,3)B*(3,2) + A"(1,3)B<(3, 2),
C>(1,2)=A>(1,3)BA(3,2) + A"(1,3)B>(3, 2). (3.13)

Note that the time integration over t3 runs from —oo to time of observation ¢; or
to but not into the future as required by causality.

In all equations the bar emphasis variables which are integrated or summed
over. A detailed derivation can be found in (Haug and Jauho [2008]).

3.2 GKB equation

The perturbation expansion has the form of the Dyson equation

Ge(1,2) = GS(1,2) + GS(1, 3)2°(3, [)G(], 2), (3.14)
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where GG is a Green function of non-interacting particles defined by its inverse

0 1 0
Go'“(1,2)=6(1 - 2) [im————== |- 3.15
e(1,2) =801 - 2) (i - 5 ) (3.15
From the differential form of the Dyson equation
Gl=G;' - x° (3.16)

one can deduce a customary interpretation of the self-energy 3¢ as a self-consistent
potential. This interpretation is valid for hermitian parts of X4, but it is not
suitable for their anti-hermitian parts and for correlation functions < entering

the collision integral in (3.1]).
From the Dyson equation (3.14]), the equation for retarded function is derived

by using a rule (3.12))
Gt = Gl 4+ GEsRGR, (3.17)

the equation for advanced function is obtained by subscript interchange R <— A.

Application of rules (3.13) and (3.12) to the Dyson equation (3.14]) yields the
generalised Kadanoff-Baym (GKB) equation

G< = GRY<GA. (3.18)
The corresponding equation for G~ follows from the particle-hole symmetry for-
mally obtained by the interchange ><+—<.

T-matrix approximation

To proceed, we have to specify the self-energy. As we have seen in chapter 2 the
energy transfer requires to use the T-matrix

$6(1,2) = —iT(1,2)G5(2, 1). (3.19)

The cumulative variable includes the spin. In some cases the spin is explicit,
in which cases the cumulative argument is free of spin. Here, as elsewhere in
this thesis, the calligraphic letter denotes two-particle functions. We use only
spin-diagonal elements, which are excluded from cumulative variables and shown
explicitly in subscript. The opposite spin on the right and left sides reflects that
only particles of opposite spin interacts via contact interaction.

The formula (3.19)) is a particular case of the Galitskii-Feynman approxima-
tion in which the T-matrix is in the ladder approximation

T(1,2)=V3(1 —2)+VG(1,3)T(3,2) (3.20)
and the propagation of two particles is covered by the two-particle Green function
G°(1,2) = —iG4(1,2)G(1, 2). (3.21)

The delta function in (3.20|) shows that the interaction potential is instantaneous
and local.
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The ladder approximation (3.20f) is converted from the time contour to the
real-time axis by Langreth-Willkins rules

TR =V 4+ vghTh (3.22)
and similarly for advanced, and
T<=TRG=T". (3.23)

To convert relations (3.19)) and (3.21]) we use that for ¢; <. ¢y (time ordering
is on the contour a does not restrict real times) G°(1, 2) = iG<(1, 2), similarly
¥ =4¥< and T¢ = —iT < while G°(2,1) =iG~(2, 1). Therefore

E?(Z,Z) :T<(1,2)Gf(2,1), (3.24)
and
Q<(1,2):GT<(1,2)G§(1,2). (3.25)

Again, by interchange ><— < we obtain complementary equations. The self-
energy is completed.
Later we also need the retarded selfenergy which can be expressed as

SR(1,2) = —if(t — t2) (57 (1, 2) + B5(1, 2))
= —if(t — t2) (T7(1,2)G5(2, 1)+ T<(1,2)G7 (2, 1))
= —if(t, — t2) (T7(1,2) = T~(1,2)) G (2, 1)
—T(1,2) i0(t — t2) (G7 (2, 1) + G} (2, 1))
=TH(1,2)G7(2,1) = T<(1,2)G}(2,1). (3.26)

The last line is free of explicit theta functions which makes it preferable for
treatment in the Wigner representation.

3.3 On-shell and off-shell processes

The quantum statistical equations are prohibitively complicated for a direct so-
lution. We want to simplify them to a quasiclassical equation of Boltzmann type.
The first step is to separate the free propagation of particles between collisions
and their strongly-correlated motion during collisions.

The free motion emerges in the spectral function as a singularity in its
Wigner transformation. If the corresponding state is occupied, the same singu-
larity appears in the Wigner transformation of G<. The particle in this state is
considered to be on the energy shell, i. e. on-shell. States occupying the rest of
the energy spectrum are considered to be off-shell.

The separation of on-shell and off-shell parts was treated already by Fermi.
His Golden rule allows us to identify the on-shell part of the propagation after
collision by the integration to the future. Similarly, to separate the on-shell part
of G< we must leave the strictly causal structure of the GKB formalism and
introduce anti-causal components in a controllable way.
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First we extend the time integrals in the GKB equation (3.18)) as
A =3(GF - GME=G* - 1GHS~(GR — GY). (3.27)
The subtracted anti-causal pieces
=< =3(GRE G + G126 (3.28)
combine together with into the compete correlation function
GS =A< +E~. (3.29)

In equilibrium, it is straightforward that the A< is the on-shell part, while =<
supplements the off-shell part. Now we have prepared both components of the
collision integral in (3.1)). To derive the kinetic equation (3.1]) itself is all that
remains.

3.4 Kinetic equation

The equation (3.27) is the integral form of the kinetic equation. It is transformed
to the differential form via apparent rearrangement

—i(GR'A — ASGL') = 3(Z°A + AY) — J(IGE~G* — GFE=GRT), (3.30)
where
=243 =i(xf -5 (3.31)

is the anti-Hermitian part of retarded and advanced selfenergy.
For convenience we provide a list of Hermitian and anti-Hermitian of the
retarded and advanced functions

A=i(GR-GY, G=(GE+GY)2,

F=iXF-3%4), Y=(Ef+3%4))/2 (3.32)
A=i(Gh -G, G=(G"+G"/2, '
M=i(TE-TH, T=(TE+TH)2

These functions are also called the real and the imaginary parts according to their
energy-momentum representation. The imaginary parts of G® and X satisfy
spectral identities (3.10) and (3.31). The Bosonic form of spectral identities

satisfies two-particle functions

A=i(Gh—¢Y =g -G~
M=i(TH =T =T> T~ (3.33)
In terms of the real and imaginary parts equation reads
—i[Gyt = X, AT + L[, ASSG — GETA]_ =
LA S = [0,GE°G — 1ANTA]L) — L[ AS],. (3.34)

In the spirit of the Boltzmann equation, we have collected commutators [, |- on
the left side and anti-commutators [, |; on the right side.
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Quasiclassical limit

The Wigner transform of a product C' = AB has a form of the gradient expansion

i0 & 10 & i0 8 ,id 8

2ov 0 Alw, k,r t)B(W', k' 7' t"), (3.35)

where all primed variables are set equal to their non-primed counterparts. In
the quasiclassical limit (neglecting all but linear gradients), the anti-commutator
simplifies to usual product

[A,B], ~ AB = A(w, k,r,t)B(w, k,r,t) (3.36)

1
2
and the commutator reduces to the Poisson bracket

0A0B 0A0OB 0A0B 0AOB

—i|[A,B]l_~[ABl=—— ——— — —— + ——. 3.37
B~ ABI= 505 " otow  okor ' or ok (3.37)
The quasiclassical limit of equation (3.34) is

(G — £,A%] = <A~ — A<, (3.38)

We have neglected the term 1[I, AGE<] which is a higher order leftover of the
approximately removed off-shell contribution.

Quasiparticle approximation

Functions A>>< are dominated by the singularity on the energy shell. They can
be approximated by delta functions

AT (w) & 212m0(w — €1) f1,
A1>(w) ~ 21271'(5(&} — 81>(1 — f1> (339)

where the subscript is the cumulative variable 1 = 1, k,r,t. The quasiparticle
energy

2

k
&1 = % + 21<81) (340)

is a position of singularity. The wave-function renormalisation factor

1

_ 0%
1 ow

7 = (3.41)

w=¢€1

will be neglected in our further considerations (z; ~ 1).
Using the quasiparticle approximation (3.39)) in equation (3.38) we get the

kinetic equation for the quasiparticle distribution f;

Oh 0K _020R o
o T ok ar e ok~ D@ -f)=ETE)A, (342)

where we have integrated out the energy dependency in delta function. In this
step, we have confirmed the equation (3.1)).
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3.5 Gradient expansion of collision integral

In the kinetic equation (3.1]), we need the selfenergy

) d
Yi(e) = o (2337'<(Q, Q. r, )N (Q—e1,Q — k,7,t). (3.43)

This is the Wigner transform of equation . There is no gradient contribution
because both functions have identical centre-of-mass coordinates and times. We
have used only the on-shell part of G~.

All the internal dynamics of collision is hidden in the matrix product in rela-
tion (3.23) which, in the gradient expansion, reads

TS m TRGT + ST GIT + STRGS, T+ SG5 TR T, (344)

Writing the T-matrix in terms of the amplitude and the scattering phase shift,
TR =|TE e and T4 = TR e, we get

T< = ‘TR’2g< + 517-3‘2 ([ew’ g<] efz¢>+ez¢[g<7efz¢])

+59°IT" ([, [T e +[| T, e 7] ) (3.45)

which simplifies to

1

T = TG = |T"16,G7] + 59716, T[] (3.46)
The Poisson bracket consists of partial derivatives of the scattering phase
shift ¢. The energy derivative is known to be the Wigner collision delay and
we have shown in that the time derivative is the energy gain. In analogy,

the momentum and space derivatives can be interpreted as the relocation of the
interacting pair during the collision and the momentum gain, respectively,

Ap= —208?,
A =55
Ay = ;gf (3.47)

With the help of shifts (3.47)) we can express expansion (3.46]) in a compact form

T<(Qv Q7r7 t) :|TR<Q - AE? Q - AQa r— %Amt - %At)‘z
X GS(Q—2A5,Q —2Aqg,r — Apt — Ay). (3.48)
In the sense of the quasiclassical approximation, this formula holds to the linear

order in gradients. All shifts A depend on the same variables as the T-matrix,
thus we do not write these arguments.
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The two-particle Green function (3.25) is a convolution without additional
gradient contributions. Using the on-shell parts in the quasiparticle approxima-

tion (3.39)), it reads
GS(2—2AE,Q — ZAQ, — At —Ay)

~ /@

where 3= (1,Q —p—Aqg,r — At — Ay and 4= (|, p— Ag,r — Ayt — Ay).

27T5 QAE — &3 — 84) f3f4, (349)

Now we are prepared to complete the selfenergy (i3.43))

dQ dp
ilen) = / (2m)3 (2m)? I TR(e1+ 62— Ap,Q — Ag.r — LA, t — JA)P

X270 (81 +E9—E3— &4 — 2AE) (1 — fg)f3f4 (350)

where 2 = ({,Q — k,r,t). From the particle-hole symmetry, the selfenergy %7
obtains by interchange f «+— (1 — f).

Our interest is only in the energy transfer. Thus we leave aside space gradients
and assume a homogeneous isotropic system. The kinetic equation with

selfenergy (3.50) simplifies to

E N / (27T)3 (27T)3 (51 + &9 — AE7 Q7t _ %At)|2

X 27r6 (e1+e2—e3—e4—20r)(1— f1)(1 — f2) fsfa
d
p (614 €2 —AE,Q,t—%AtHZ

X 271'(5 (81 + E9 —E3 — &4 — 2AE) flfg(l — fg)(l — f4) (351)

This equation is the final result of a straightforward gradient expansion. The
first collision integral calls the scattering-in as it describes the process in which
particles of momenta @ — p and p encounter in time ¢t — A; and at time ¢ they
enter states with momenta k and @ — k. The second one calls the scattering-out
and describes the probability that the particle will be removed from the state k.

3.6 Space-time vs. particle-hole symmetry of
collision integral

The kinetic equation (3.51]) is not suitable for numerical simulations. Let us
outline the reason.

The kinetic equation includes two scattering integrals; scattering-in and scat-
tering-out. In simulation, each single collision scatters particles into new states
and removes them from previous states. If we look on the collision lasting Ay,
the particle scattered-in state k at time ¢ just went through the collision lasting
from t — A; to t. We see exactly this process in the scattering-in. In contrast, the
particle leaves state k when it enters the collision process which should last from
t to t + A,;. This is not consistent with time arguments seen in scattering-out of

26



(3.51) according to which the particles leave the state k at the end of collision
process.

The inconsistency of the asymptotic kinetic equation with classical pic-
ture of the collision used in simulations stems from the causality of the quantum
statistical machinery. It is prohibited to look into future, therefore, the scattering-
out is formulated as a collision of two holes which starts at t — A; and ends at ¢,
when one of collision holes annihilates the particle of momentum k.

The scattering-in and out in equation are linked by particle-hole sym-
metry. In contrast, the classical picture requires the space-time inversion.

To convert the collision integral of into a form with the space-time
inversion of in and out processes, we must employ anti-causal propagation. As
mentioned, anti-causal propagation is not supported by the Green function for-
malism. We can nevertheless achieve anti-causal time ordering in the case of
spectral functions when causal and anti-causal expressions are linked by alge-
braic identities.

The spectral function of the T-matrix (3.32)) in the causal form, M = TEAT4
follows from the analytical continuation of causal expansion . Alternatively,
it can be recovered directly by algebraic rearrangement with no regards to the
equation of motion

M=i(TE =T =TT = T )T =iTH(—G* + G T4 = TRAT.
(3.52)

This algebraic derivation can be modified to the anti-causal form

M =i(TE T4 =iTA T = T TR =T (64 + %) TH = TAATE.
(3.53)

In order to employ the anti-causal expression in the process of derivation of
the kinetic equation, we rewrite the right side of equation (3.38) as

YA — YA = T<A®A® — TPASAS = T<G> — T>G<
=THGTAG” - TG TAG= = THG-T A~ TRAT"G*
= THG<TAA - THATG". (3.54)
We have used the spectral identity A = G~ — G<.
Following the same steps as above, we arrive at the kinetic equation
o _ (i@ _ip
ot J (2m)3 (2n)
x 216 (61 + €2 — 65 — &4 — 28p) (1 = )1 = f2) = fif2) fsfa

d d,
- / (233 (27Tp)3 |TR(€1 + €2 + AEa Qat + %AtMQ

x 216 (61 + €2 — &3 — €1+ 208p) ffo((1 = f5)(1 = f2) — faf1), (3.55)

3 T (e1+ 62— Ap, Q. t — A

where 3 = (1,Q — p,t + A;) and 4 = (|, p,t + A;). The opposite signs of shifts
A originates from the opposite sign of the scattering phase shift of the retarded
and advanced T-matrix.
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The kinetic equation (3.51)) is the final form we will study in the following
sections. It is advantageous to separate true collisions and Bose exchange of
interacting pairs.

9 iQ d
8ftl -/ (233 (2:)3\71%(51 +e = Ap Q=54

X 27?5 (e14+e3—e3—e4—20) (1 — f1)(1 — fo)fafa
dp

(e1+e2+AEQ, t+1A)|

X 27r6 (61 + g2 — &3 — &1+ 2Ag) fifo(1 = f3)(1 = f2)

dQ dp 1 2
/ 2n) 2n)? (e1+e2— AR, Q,t — A
X 27r5 (61 +Eg—€3—€4— QAE) fifafsfa
d
p (e1 4+ e+ Ap, Q. t + 2 At)’
X 27?5 (81 —l— €9 —E3— &5+ 2AE) fifafsfa (3-56>

The first and second terms in the right side describe dissipative collisions with
usual Pauli blocking of final states. These processes freeze out as the temperature
drops to zero. The third and fourth term cover Bose exchange. As one can see,
both ‘initial” and ‘final’ states must be occupied by a pair of particles.

At the high temperature limit, the Bose-exchange contributions vanish and
only dissipative collisions contribute to the collision integral. In contrast, at
the zero temperature, the dissipative contributions vanish and only the Bose
exchange remains. The high temperature limit was discussed in chapter [2] the
zero temperature case is studied in chapter [5]
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4. Energy transfer in degenerate
system

As we have seen in the high temperature limit in chapter [2 the energy is trans-
ferred in two ways, via collisions and via a mean field. The same holds in the
degenerate system. In this chapter we derive formulas for both mechanisms.

4.1 Energy transfer via collisions

The quasiparticle approximation is constructed in such a way that the quasipar-
ticle distribution f satisfies the laws of conservation. Because of time-dependent
interaction strength, this conservation is violated. The system gains energy from
external fields during the interaction described by the collision integral.

We derive the energy gain via collision as a part of the change in mean energy
in which we do not include the contribution of the change of the quasiparticle
energy. The evolution of quasiparticle distribution is described by the kinetic
equation , thus the energy gain reads

_ [ dk df 0fa
8t5c:/(2) ( E—i_ 28t>

_/ dk: dQ dp
2m)?
X 27r5 (51 + 69— €3 — 4 — 2AF) ((1 — 1)1 = fo) — f1f2)f3f4
dk d d
/(27r) (27?) 32 p) |TR(€1 +er+Ap, Q. t+ %At)‘2(51 + &2)
x 210 (e1+ 82 — 3 — e+ 28p) fifa((1 = f3)(1 = fi) — fsfi),  (41)

ST er+ 62— Ap, Qt — $A)|* (1 + &2)

In absence of gradient corrections, Ag; = 0, the energy in collisions conserves,
&, = 0. To prove this, Boltzmann introduced the substitution Q@ — p = K/,
Q—k =p and Q = —Q' which interchanges initial and final states, 1 «+— 3 and
2 <— 4. We follow the same steps, applying the substitution to the scattering-in
integral,

o odp dQ dk ,
atec_/@ﬂg i | T (6 + 2 QO 28

x2m8(e1 + €3 — €3 — &?4)f1f2((1 — f3)(1 = f1) — f3f4)- (4.2)

In the rearrangement we have used that the theory is linear in gradients. Since
the energy difference is the gradient correction, 1 +ec5 —e3—e4 = —2Ag, we have
suppressed all other shifts A. Moreover, to evaluate the collision’s contribution
to the energy transfer, we assume time independent quasiparticle energies and
distributions. The exact derivation of formula can be found in (Lipavsky
and Lin| [2019)]).

The formula is our general starting point. Below we introduce several
simplifications needed for the numerical treatment.
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4.2 Quasiparticle energy transfer

The second contribution to energy transfer is via time dependence of the selfen-
ergy.

From the Kadanoff-Baym energy density (3.6), we can define the quasiparticle
part of the energy density neglecting off-shell contributions, G< — 27d(w —e1) fi,

therefore
g dk B L 1Q kP
=3 g (o) 5 (o4 500 ) 8) - o

The integrand depends on the momentum @ explicitly and also via cumulative
variable (2 = |, Q — k,r,t). The integral, however, is independent of Q.

The energy transfer is the time derivative of . The time derivative of the
distribution is covered by the collision contribution , thus we take the time
derivative of the quasiparticle energy

01 dk
— | —= (& )y 4.4
912 (2r) (B1(en) f1 + Xa(e2) fo) (4.4)
in which we consider quasiparticle distributions to be time independent.

The selfenergy (3.26]) in the Wigner representation has the form

3t5q =

dd d
where we have neglected the off-shell parts of fermion functions. Its real part is
Y d
21<W) o (262) (Q, Q)Q?T(S (Q — W — 62) fg
a2 dQ ©

In the first integral we have used the quasiparticle approximation . In the
second integral, Re A = /(Q — w — &5) is the principal value integral which cor-
responds to the quasiparticle approximation of its spectral function. We benefit
from the fact that the system is close to equilibrium using relation 7= = M fzg,
where fpg is the Bose-Einstein distribution with the chemical potential equal to
the sum of fermion chemical potentials.

We split the quasiparticle energy transfer
0i&y = 0 EN + 9, (4.7)

into two parts, corresponding to two terms in (4.6). The first part of quasiparticle
energy transfer has the form of the mean field

0 [dQ dQ dk
=0t 2r @rp 2ryp | (BQRTOQ—s —e) ife o (48)

and the second has a three-particle character

0 (dQ dQ dk ©
&, 2 = _ = Q Q)—

' ot ] 2 (2m)? (27r)3M< Q) e~ €1 — €

The formulae (4.8) and (4.9) allow us to compare the collision energy transfer
with the competing quasiparticle mechanism. The evaluation of these formulae

require further approximations which are specified in chapter

O, &N =

fi- (4.9)
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5. Fermi gas at the zero
temperature

In spite of low densities, sufficient low temperatures of ultracold gases have been
reached to achieve the degenerated Fermi system (Hadzibabic et al.| [2003]). For
simplicity we shall assume only the zero temperature. For such low temperatures,
phase transitions are to be expected. We do not assume them. In our treatment
the zero temperature is assumed merely to make the above formulae numerically
tractable.

At the zero temperature, the Pauli blocking is the determining factor. All
particles which might eventually collide are below the Fermi energy, while all
unoccupied states in which they can scatter are above the Fermi energy FErp.
Such processes are impossible because of energy conservation. In the jargon of
the theory of Fermi liquids, the collisions are frozen out. Accordingly, at the zero
temperature, all collision-like processes covered by the first and second scattering
integrals in vanish such that the energy transfer is exclusively due to the
Bose exchange covered by the third and fourth terms. For the same reason, in
the collision energy transfer the product of fifo(1 — f3)(1 — f4) freezes out
such that

dp dQ dk
o=~ [ (271:)3 (27?)3 g T (@ e Q0 24,

><27r5(€1 +e9 — €3 — E4)f1f2f3f4- (5-1)

with zero-temperature quasiparticle distributions f; = 0(Er — 1) and so on.

The self-consistent treatment of the quasiparticle energy makes the calculation
prohibitively complicated. One can expect that the self-consistency leads only to
minor quantitative corrections while qualitative features will remain the same.
For simplicity we use the free-particle approximation, e; = k?/2m and so on
for all quasiparticle energies in the integrand. We assume the symmetric system
with equal masses my = m; = m and equal densities ny = n; = n given by the
chemical potential Ep.

5.1 In-medium T-matrix

To proceed, we must evaluate the T-matrix. It would be tempting to use the
free-particle approximation employed in vast of majority simulations, however,
we must include in-media corrections because they differ drastically as we demon-
strate below.

The equation for the T-matrix ([3.22) written as 1/7% = 1/V — G can be
expressed in terms of the free-space T-matrix, 1/7f = 1/V — GE, as

(R

S — 5.2
1 o

where G, = G — G[! represents a medium effect on the two-particle propagation.
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The free-space T-matrix ((1.26)) in the notation of this chapter reads

_dn a

My fm (0 - £)

The parametric expression in terms of the scattering length a circumvents di-
vergences at very high momenta of the straightforward expansion in potential

V.

7542, Q) (5.3)

Two-particle spectral function

To construct the retarded two-particle Green function
Gh=g— 1A, (5.4)

we calculate the spectral function and the real part we get from the Kramers-
Kronig relation

G(Q,Q) = — ;l;ﬂzfl(z, Q). (5.5)

In general, the two-particle spectral function A(£2, K) in the Wigner’s repre-
sentation is calculated from the self-consistent Green function

A©.Q) = [ (2(17;3 ;lin (@)G5(Q-@) + G (@G5 (Q-@).  (5.6)

In the spirit of free-particle approximations implemented already above, we eval-
uate the in-medium propagator in free-particle approximation

dk 2 —Kk|?
A©.Q) = [ G (it (L= 1) = ) 278 (2= 47— 194°)
where the free-space propagation
dk 2 o
A2.Q) = [ 55 28 (9= & - ) (5.8)
is reduced by the effect of occupied spin 71 states
dk 2 o
A (9,Q) = — / Gy 127 (-2 - &) (5.9)
and spin | states
dk 2 o
A (2,Q) = — / s 12270 (CRCa (5.10)

In integrals we use barycentric coordinates @ and k = %Q— k in which the energy
splits into the centre-of-mass and relative-motion energy. The free-space spectral

function (5.8) can be easily evaluated, Ay(€2, Q) = 5=(/m (Q — Qi), giving the

am

square root seen in the free-space T-matrix (5.3)).
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Since we assume the symmetric system Ay = A, the in-medium correction
to the spectral function is A" = A+ + A = 2A4;. Thus we need only

A0.Q) = = [ 5 0 (ke — 3@ + &) 28 (2 - &~ %)

[e'¢) 1
1 . ~ - Q2 72
:—%O//{ d&/ldzé(kp—\/iQQﬂL/iQﬂLQm) 5(Q—m—a)> (5.11)

where we integrate in the spherical coordinates, z is the cosine of angle between
vectors @@ and k. The Fermi momentum kr = /2mEr. After integration over
the delta function

AT(Q,Q):—% m(Q-2Z)o(Q-Z)

X /1dz 0 (k‘p— \/mQ—l—QZ\/m(Q— f;)) : (5.12)

We express the argument of the Heaviside theta function as

0 (kp - \/mQ +Qzy/m (Q - ﬁ)) =0(Z(2,Q) — 2) (5.13)

k% —mQ

with

Z2(9,Q) = (5.14)

Depending on the value of Z(€2, @), the remaining integration

A(Q,Q) = —% Jm(@-2)o(a-2) /dz 0(Z(Q,0)—2), (5.15)

branches into

1< Z(Q,Q) 1 = 2
1< Z(Q,0) <1 /dz@ (Q0)—2) = Z(0,Q)+1. (5.16)
Z(Q,Q) <—-1 — 0 = 0

The in-medium correction to the two-particle spectral function thus reads
/ _m _Q _ QL
< 0(1+ 2(2,Q)) [2 6(2(2,0) - 1) + (2(2.Q) + 1)8(1 - Z(%, Q))} (5.17)

The total spectral function A = Ay + A’ is shown in figure [5.1 As one can
see, the total spectral function consists of three parts. At very high energies the
occupied low energy states do not matter and the spectral function is identical to
the free-space one. At the lowest energies the propagation is exclusively via the
Bose exchange which results in the reverse sign. In between there is a mixture
of both processes and the spectral function bridges the negative and positive
sections by linear segment.
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-------- free—space

total

Q/EF

Figure 5.1: Spectral function as a function of energy for the sum momentum
Q/kr = 1. The energy € is scaled with the Fermi energy. In the energy transfer it
contributes up to the maximal two-particle energy Q/FEr = 2 (vertical blue line).
The free-space spectral function (dotted blue line) has a characteristic square
root shape. For contributing energies, the total spectral function (solid yellow
line) has the sign opposite to the free-space one due to in-medium corrections.

Real part of the two-particle propagator
The lacking real part follows from Kramers-Kronig relations ({5.5)

T dz ©
2 2z —Q

—0o0

G (Q,Q)=— A(z,Q). (5.18)

We split the real part into a part with square root in the integrand

dZ p Q2
sqrt(Q Q) 27'(' e’ m(z—r)

—OO

x 0 (z ~ 2Y9(1+2(2,Q)) [ 6(2(=.Q) — 1) + 1} (5.19)

and a part with a linear integrand

m?2 7 dz P
2w Q 21 z—Q
x 0 (2 ~ ) 0(1+ 2(2,Q))0(1 - Z(2,Q)) (5.20)

where we use the definition of Z(£2, Q) (b.14)).

glznear(Q Q) (QEF - Z)
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From the definition (5.14]), the Heaviside theta functions in above integrals

0(1-2(2,Q)) =0 <z—7711 (;+k§—kFQ>>
0(Z(2,Q) —1) = ( (;+k%—kFQ> —z)

0(1+ 2(2,Q)) =0 (Qz + k2 + kFQ> ) (5.21)

| |
/‘\

restrict the integration limits

sqrt(Q Q) / d(mZ) id Q? \/@

m (rt2) d(mz) ©
o 0/ T me s @ Vmz (5.22)
and
(9" 2
Glinear($, Q) = %Q / o mz) — ﬂf@ 2 (k'% —mz — Ci) . (5.23)

(kr-%)°

where we have done the substitution mz — mz + Q?/4. Using the principal
value integrals fé’ dz*-\/z = 2vb — 2,/c ArcTanh(\/E/\/B) and f; dz 2 =
log(b — ¢) — log(a — ¢), we get

W (,Q) = — ;(‘kF—Q‘ kp+§

Q 2
R Q — = | ArcTanh 4 + ArcTanh m 4
+2 (1 Q)\? (. Q\?
Q ( ~9
(5.24)
and
2 2
mk kr+$) —mQ+ <
gl/inear(Qa Q) = - 27T5 472 (k:%‘ - mQ) log ( 2) 1 . (525)

(k —%)Q—mQ—i—%Z

The formulae (5.17)), (5.24) and (5.25)) give us the in-medium correction for

the retarded two-particle Green function
g;% - g;qrt + gl,inear - %A, (526>

Now we can express the in-medium T-matrix ([5.2]) using this result.
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On-shell expressions

In the quasiclassical picture of the kinetic equation, all processes contribute only
on the energy shell
Q2
Q= —|— — 5.27
4m  m’ ( )

We thus list the essential functions in their on-shell form.
The free-space T-matrix (/5.3))

R(Q R ) _4m_a
Ty <4 + Q>—m1—|—ia/<a (5:28)

now depends only on the relative momentum.
In-medium corrections to the retarded two-particle Green function ([5.26)) have
following on-shell expressions: the spectral function (5.17))

2
(fm + — - Q) :—% Ii@((kF+§Q)2_,@2>

X 29((@—;@)2—#) + K %g_ﬁ)z(rﬁ— (kF—;Q)Q) . (5.29)

the square-root term of the real part (5.24))

e (2 5.@) = 52 (Jhe — 3] + o + )

m
—2—7r2/<;Re

ArcTanh— " 4 ArcTanhK] (5.30)
ke +30) ke =30

and the linear term ([5.25))

2 mk
gl/z'near (f +7 Q) = 2 > (kQ 1Q - H2) log 1 2
Q kF_gQ) —HQ
(5.31)
These pieces form the on-shell in-medium T-matrix ([5.2)
Q2 1
T" ( Q = (5.32)
4m m ﬁi - sqrt gl'mear +1 (471_:% + 1"4/)

To calculate the collision energy transfer (5.1), we need the magnitude of the
T-matrix

TR Q2 - 1
4m " Q ) ; ? 1 oan2
\/( ira ~ Yeart glznea'r) + (%/{ + 5A/)

(5.33)

4 a
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and the energy gain (|3.47]) which we get as the derivative of the scattering phase
shift ¢ = Imlog 7%. The retarded T-matrix depends on time only via the scat-
tering length a, therefore

Q*>  K? 109 1 1 OT® 1 ROTH!
AE<+m’Q>__ =y (TR o ) "o\ T

m  Oa

_ e .34
16ma? Ot (5-34)

where we use formula . As one can see, the sign of the energy gain is given
by the sign of the spectral function of the T-matrix M.

The in-medium correction is essential for the calculation of the collision energy
transfer (5.1)). In figure the difference is obvious from the comparison of the
term |T72Ag in integrand of with in-medium corrections, calculated from
equations and , and calculated for free space using formulae
and .

For the centre-of-mass momentum () > 0, the maximum relative momentum
Kk = \/k% — Q?/4 is given by the energy which is limited to the Fermi energy,
2Er > Q = Q?/4M + k?/m. For the sum momentum @ = 0.65kf, the maximum
relative momentum is k = 0.95kr what appear in figure as positive values of
the product |T2|?Ag above this value. These values are not physical.

Dimensionless expressions

Apparently, the explicit formulae for the two-particle Green functions are quarrel-
somely complex. They can be partially simplified using dimensionless variables.
We denote them with corresponding letters with a tilde.

At the zero temperature all momenta are limited to Fermi surface. We scale
variables With Fermi momentum Q = Q/kp and & = k/kp. From the in-medium

corrections and - we factor out mkF getting A" = mkF A

. mkF _ mkF
gt = a1 qu,,t and leew = leear, where functlons with tilde depend on
scaled variables as

A(,Q) =-26((1+1Q) - &) {2 o((1-10) - #)

o7, Q) =+ = (1= 30| + 1+ 3))
2 R (ArcTanhE~ + ArcTanhiﬁ) ;
" 1+30) -0
2 1 2 (1 + %Q)Q — R
~ = 1,/ ~2
Ginear (:Q) = =~ + 5 (1-4Q" —#)log (1= 10— (5.35)

We scale also the scattering length o = kra. Using formulae (5.35)), we obtain
the dimensionless T-matrix 7% = %7‘
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Figure 5.2: The energy gain weighted with the dimensionless scattering rate
|7~’R|2AE = kp(0a/0t)D as a function of the relative momentum x = kpk. The

sum momentum is set to be () = 0.65kp. The product |7~’R|2A g is calculated in
the free-space approximation (orange, positive values) and with the in-medium
corrections (blue, negative values). The in-medium corrections qualitatively mod-
ify the result and thus cannot be omitted. The function is plotted for different
values of dimensionless scattering length o = 0.5 (plain line), a = 7/2 (dotted
line) and o = 4 (dashed line).

T'wQ) = = 1 (5.36)

o gsqrt - Q;inear +1 (l% + %"zl/)

«

which depends only on scaled variables £ and N@. We use also its real part 7 =
nf‘—,;T later and its imaginary part M = H%FM to express the energy gain

~ ]CF 8a~

Ag(R,Q) = 1ol Ot (5.37)

as a function of dimensionless momenta.

5.2 Collision energy transfer

We have derived all necessary components of the collision-energy-transfer integral
(5.1). Now we are prepared to calculate the rate of the energy transfer.
In the symmetric two-component gas, the collision energy transfer at the zero

38



temperature reads

B dp dQ dk | [ Q? ?
ke = _/ (2m)3 (2m)3 (27r) T <4m m’ Q) 28
a4 Q- _12-st_#)
2m 2m 2m 2m

X0 (krp — k)0 (kr — |Q — k[) 0 (kr — |Q — p|) 0 (kr —p) . (5.38)

Since the collision rate depends namely on the relative momentum, we in-
troduce the relative momenta before the collision as kK = %Q — k and after the
collision as A = %Q —p. The energy splits into centre-of-mass and relative motion
energy such that the energy conservation in the delta function simplifies as

de  dQ dA Q? ? KON
e~ [ ity (it @) 200200 ()
<0 (ke = [3Q + )6 (kr —|3Q — )
<0 (kr = [3Q = X)) 0 (ke — [3Q = X[). (5.39)

To benefit from isotropy, we employ spherical coordinates. We denote the
cosines of polar angles as z = (k- Q)/rQ and y = (A - Q)/AQ. The magnitude
of T-matrix and the energy gain depend only on magnitudes of
momenta. The magnitudes of relative momenta are limited to Fermi momentum
and the sum momentum to two times Fermi momentum. We integrate out all
trivial angular dependencies

2kp

0,6, = — /dQQ2/dmﬁ;‘TRmQ‘AEHQ/d/\AQ—é(F;—/\)
></dz«9(1{:%—iQ2—/ﬁQz—li2)«9(k‘%—iQQ—i—/ﬁQZ—RQ)
21

1
x_/ldy 0 (k2 —1Q% — AQy — N) 6 (k2 — 1Q* +AQy — X*).  (5.40)

After integration over A, the integration over y and z are identical, therefore, they
reduce to a square of one of them

2k

(9t£c:—(§m /d@/dmf T (6, Q) A, Q)

2
2 _1n2 _ .2 2 __1n2 2
x{/ldze<kF 222 “—z>9<kF gi “ﬂ)}. (5.41)

We have also rearranged the argument of theta function.
As one can see, the product of Heaviside theta functions is odd function of
z, thus we take twice the positive half of integration interval. For positive z the
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second Heaviside theta function is dispensable

2kp

/d@/dmf TR Q) Ar(s,Q)

{ /1 <k2 _ch):_/{ z>}2. (5.42)

0

2m

8,550 = —

—
l\D

The integration over z depends on the value of

K107 — 2
QK

Y(k,Q) = (5.43)

as

1
0< Y(kQ) <1 — /sz(Y(n,Q)—z) — Yk Q) (5.44)
0

1< Y(k Q) — 1 =
{ Y(k,Q) <0 — 0 =

and is expressed in terms of theta functions

{0/1dz e(y(n, Q) — z)}2

_ {e(y(/@, Q) —1) +Y(x,Qb(1 - Y(rQ)0(Y (x, Q))}2
=0(Y(r,Q) = 1) +Y(5,Q)%0(1 - Y(r,Q)0(Y(5,Q).  (545)

As a result we get

2kp

e = / dQ / dr 1 |[T (k, Q) Ap(x, Q) {KPQZG (- (3@+5)")
+ (k% S KQ) 0 ((;Q + /f)Q - k:%,) 0 (K} —1Q* - ?) } (5.46)

where we have rearranged the arguments of theta functions writing the explicit
Y from .

The last two-dimensional integral must be done numerically. To this end we
use scaled variables Q = Q /kp and k& = k/kp, scattering length o = kra and the
dimensionless T-matrix defined at the end of section . We introduce
the density n = k% /672 and the reduced mass u = m/2.

The collision energy transfer then reads

danyn
hE. = B, (5.47)
where
2 1
B=— LQQTO/dQO/d/% 7T R0) M7, 0) {/%2@29 (1 - (;@+&)2>
+(1—}1@2—&2)20<(;Q+ﬁ)2—1)9(1—1@2—%32)} (5.48)
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Figure 5.3: The dimensionless collision energy transfer B as function of the di-
mensionless scattering length . The function B (thick line) is the sum of two
contributions: integral B; (dashed line) and integral By (dotted line).

is a dimensionless two-dimensional integral. This integral is treated numerically
in two parts B = B + B,

2—2R

e / i / 1Q #Q" [T (5, Q)| M(%,Q) (5.49)

= 72%/%-/ dQ & (1 -

Figure shows B as a function of the dimensionless interaction . Two
features are similar to the collision transfer C derived above in the high-
temperature limit. The function B is maximal at a = 1.59. For the weak in-
teractions, a — 0, it goes to zero, and for very strong interaction, a > 3 it
also decreases to zero. The former follows from the weak-interaction limit of the
T-matrix 7% — V for o — 0, which leads to vanishing phase shift ¢ including
its time derivative, the energy gain Ag. The latter case we can understand from
the strong interaction limit of the energy gain . For o — oo, the spectral
function of the T-matrix depends only on the local two-particle Green function
such that the energy gain follows the power law 1/a?. Since the T-matrix also
becomes independent of a, the total energy transfer falls as 1/a?.

While the asymptotic behavior of the energy transfer B is understandable,
the double peak structure for medium interactions is not clear to us. Formally it
follows from different maxima of B; and By as shown in the figure |5.3|

- \fR(R,Q)\zM(;%, Q). (5.50)

»M»—‘
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5.3 Quasiparticle energy transfer

The collision energy transfer contributes to the total energy transfer during
the ramp of magnetic field. To see the relative magnitude of this contribution,
we calculate the quasiparticle energy transfer 0,&, for comparison.

For homogeneous isotropic symmetric two-component gas, general formulae
for the quasiparticle energy transfer ) and (| - ) read

y 0 [dQ dQ  dk

( ar —_— —_—
%, = ot) 2m (2m)3 (2@37(9,62)%5 (Q—e1—e2) fifo (5.51)
and
9 1dQ dQ dk o
@ _ e
R ) @ MQ Qe Q) g — (5.52)

At the zero temperature, the distribution of Fermi quasiparticles f; = 0( Er —
1) and the Bose-Einstein distribution of their pairs fpr(Q2) = —0(2Er — Q)
are simple step functions. Further approximations are necessary to make the
integration feasible. As we have seen in section[5.1] the in-medium effects included
in the T-matrix must be maintained. On the other hand we can neglect the
selfconsistent reconstruction of the single particle energy using e; = k%/2m and
o on,

o rdQ dQ dk 2|Q— k2
n - 2 [ == -
Ky = ot J 2w (2m)3 (27T)3T(Q’Q>2m5 (Q 2m 2m
X 0 (kr — k)0 (kr — |Q — K|) (5.53)
and
o dQ dQ dk o
(2) — —_
%" = 51 ) 2x @y M Qg T —aap? CEr =D (ke = k).

2m 2m

(5.54)

We note that the collision energy transfer was evaluated in the same approxima-
tion.

In the first part of quasiparticle energy transfer we integrate over €2 and switch
to the barycentric coordinates @ and Kk = %Q -k

2
%E; at/ = d'z7<2m+§2 Q) 0 (ke — 13Q—5]) 0 (kr — [3Q+5]).
(5.55)

The real part of the T-matrix (5.32)) depends only on magnitudes of momenta. We
integrate angular dependencies in spherical coordinates and rearrange arguments
of theta functions

" 1 a 2kp kp )
O} —8—(9— dQ/dm Q°k"T (k, Q)
/d 0<k2 il —z>9<k2 _,f;_“ —|—z>, (5.56)
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where z = (Q - kK)/Qk is the cosine of an angle between total and relative mo-
mentum. The z-integral is exactly the same as in equation (5.41)), therefore, we
treat the integral in the same way and take the result ([5.45])

2k

8t5q(1) :41t / dQ/dn kQ T(k, Q) {KQ 0 (k:F (%Q + m)Q)

(k-1 = w0 ((SQ+w) —k2) 0 (- 1Q2 =) b (5.57)
Only the real part of the T-matrix (5.32) is time dependent, such that
o7 _m1l

ot  4rma? (5.58)

2
(73 5
The remaining two-dimensionless integral must be treated numerically as for
the collision contribution as well. We introduce dimensionless momenta, scat-
tering rate and the T-matrix (5.36]) in exactly the same way as for the collision
energy transfer contribution integral .
The final form of the first part of the quasiparticle energy transfer then reads

R L (G R ) LIRS L

is the dimensionless integral. For purposes of numerical treatment, we split it
into two parts Q@ = Q1 + Qs

1 2—2R
Q; ngo/dk 0/ 1Q #Q" (T'7.Q) - MG, Q) (5.61)
2v1—k2
Qo = f:/d/{ 4 d@ /’%Q (1 _ iQQ B %2) (7.2(1%7@) _ iM2(%7@)) (5.62)

The first part of quasiparticle energy transfer, the function Q, is plotted in
the figure [5.4. This function parallels the mean-field contribution D obtained at
high temperature, see figure 2.1 For a = 0, both equal 27r. Than Q slightly rises
(contrary to D) and reaches its maximum for aw = 0.63. Thereafter, it falls to its
negative minimum at o = 7/2. For a — oo as the T-matrix become independent
of v, the quasiparticle transfer rises as —1/a?.

The second part of the quasiparticle energy transfer remains to be
evaluated. The spectral function of the T-matrix vanishes for < Q*/4m, which

follows from the definition of the T-matrix (1.26]), or (5.2)) with (5.3)) and (5.17).
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Figure 5.4: O, the first part of the dimensionless quasiparticle energy transfer, as
a function of the dimensionless scattering length . The function Q (thick line) is
the sum of two contributions: integral Q; (dashed line) and integral Qs (dotted
line).

The total energy of two particles is restricted from above by the Fermi energy,
) < 2EF, therefore

0P = = / / M(©.Q)— ,ﬁp_ g (b — k). (5.63)

2m 2m

In spherical coordinates, the only nontrivial angular dependency is the integral

over cosine z = (Q - k)/Qk

2Efp 2k
O EP) =

; at/dQ/dQQ2 QQ/dka/dz o w

(5.64)

By substitution in the spirit of the barycentric coordinates, Q = Q*/4m + k?/m,

we obtain
. VRE— 79 %

)
2 _
0P = o 0/ dr 0/ dQ KQ*M(x, Q)L(k, Q), (5.65)
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Figure 5.5: The second part of the dimensionless quasiparticle energy transfer
P as a function of the dimensionless scattering length «. The function P (thick
line) is the sum of the integral P; (dashed line) and the integral Py (light line).
The the numerical integration of P, is not stable. It is filtered and smoothed
resulting in the clearer function (dotted line).

where

kp 1
Lix, z/dkk2/d i
(8, Q) / J z mQ—kQ—iQ2+/€QZ

kg 2 2 1.2 2 2 12
21 21
:/dkklog</€ 1¢ —i—l)—klog(K i@ —1)
J Q

Qk Q Qk

et kg — (3Q + k)? log kp — 3Q — K|
2Q kp + 3Q + K
kp—(5Q — k) |kp—3Q + K|

+ o . 5.66

20 Slkp+1Q — A (5.66)

In the formula ([5.65)) only the spectral function of the T-matrix ([5.32) is time
dependent, its time derivative

oM m 1 oa
—_— = —. 5.67

ot 27 a? ot (5.67)
The last two-dimensional integral must be treated numerically as well. We shift
to the dimensionless momenta and functions as above.

The second part of quasiparticle energy transfer has the resulting form

B danyn,

&552) 8t /J )

(5.68)
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Figure 5.6: The dimensionless quasiparticle energy transfer Q + P as a function
of the dimensionless scattering length «. The function (thick line) is the sum of
the first part Q (dashed line) and the second part P (dotted line).

where

T(%Q)M(rQ)L(7Q) (569

is the dimensionless integral in which we use L(k, Q) = kpL(i,Q). We imitate
the two-integral structure of the previous contribution by splitting the integration
region at K = 1 — /2. We obtain

8/ dQ [ i fQ'T (7.Q) M (7.Q) L (7. Q) (5.70)
18 7 - \/TQQ S
07/ dQ / FEQT (7, Q) M (7,Q) L (% Q) (5.71)

1-3

which together form P = P; + Ps.

The integral P is plotted in figure 5.5l For v — 0, it begins at zero. It has
maximum at o = 7/2. For a > 7/2 the numerical integration is not stable such
that the rest of function had to be filtered and smoothed. In this interval the
integral drops to negative values similarly to the mean field. The division of the
integral into P; and P, reveals the origin of the two-maxima structure. The Py
covers the integration over momenta below 1 — Q/ 2, i.e., over the square-root
part of the two particle spectral function in figure 5.1l The Py covers the linear
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part in figure where hole-hole and particle-particle states contribute together.
This energy region close to the Fermi surface is vulnerable to phase instabilities
which also causes the numerical instability seen in figure [5.5

The overall quasiparticle energy transfer which we get as a sum of the two
above parts (5.59)) and (5.72))

8t€q = 77(Q+'P) (5.72)

is plotted in figure[5.6] The total quasiparticle transfer inherits its properties from
its parts. For weak interaction o — 0, it has the non-zero value (27) given by Q
while P drops to zero. For regime 0.5 < a < 7/2, the three-particle contribution
P dominates. For strong interaction, it falls to negative values and rises as 1/a?.

5.4 Collisions vs. mean field

We have calculated the collision and mean-field contributions in previous sections.
Now we compare them. Both contributions are plotted in figure As one can
see, there are three areas in the figure: the weak interaction region a < 0.5, the
middle region 0.5 < o < 2, and the strong interaction o > 2.

For the weak interaction the mean-field mechanism dominates. For zero scat-
tering length o — 0, the collision contribution vanishes as a?, but quasiparticles
contribute to the energy transfer at a finite rate. This feature seems to be uni-
versal as the identical rate results for both temperature limits. As the interaction
strength increases, the zero-temperature limit begins to deviate from the high
temperature one. As one can see for both, the collision and the quasiparticle
energy transfer rises at zero temperature. In contrast, at high temperatures only
the collision energy transfer rises, while the mean field has its maximum at o = 0.

In the middle region, 0.5 < o < 2, the collision contribution rises significantly
above the mean field. Both functions have a similar shape: the first (local)
maximum at o =~ 0.95 and the second (global) maximum at « = 1.6. The
similarity stems from the Bose-exchange process for quasiparticle as well as the
collision contribution. The two-maxima character of collision and also mean-field
contribution is given by the square-root part of the two-particle spectral function
and the linear part (figure . In contrast, in the high-temperature limit (figure
, the total energy transfer monotonously falls in spite of the fact that it is
dominated by the mean-field contribution for weak interaction and by collisions
for the strong interactions.

For the strong interaction, the mean field energy transfer drops after the maxi-
mum into negative values. This is because the T-matrix describes the reconstruc-
tion of the wave function inside the potential. For strong repulsive interaction,
a reduction of the interaction energy due to the depletion of the wave function
is faster the increase due to the growing potential. As the interaction strength
increases, the T-matrix becomes independent on scattering length and only the
prefactor 1/a? remains which determines the asymptotic shape. The total en-
ergy transfer is always positive as we intuitively assume. It is guaranteed by the
collision contribution which we take into account in this thesis but is usually not
considered. For unitary limit o — oo, all energy transfers go to zero.
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Figure 5.7: The dimensionless total energy transfer B+ Q + P as a function of
the dimensionless scattering length . The function (thick green line) is the sum
of the collision contribution B (dashed blue line) and the quasiparticle transfer
part @ + P (dotted orange line).

As the interaction gets stronger, the gas might undergo the phase transition
to ‘magnetic phase’. The numerical instability of integral might indicate the
appropriateness of assumption of such a transition.
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Conclusion

Having studied an effect of the magnetic ramp on a homogeneous isotropic sym-
metric two-component ultracold Fermi gas model, we restrict our attention to the
model of gases in which atoms interact with the contact repulsive interaction. The
interaction strength depends on the magnetic field, therefore it changes with time
with the magnetic ramp. During non-instant collision, the energy is transferred
to the system because the interaction is changing. Indeed, elastic collisions be-
come weakly non-elastic for weak time-dependence of the interaction. Although
collisions last for a very short time such that the non-elastic correction is very
small, the transferred energy accumulates. We have shown that, for a strong
interaction, the energy transfer via collisions is always the dominant.

We studied two cases: the high-temperature limit and the zero-temperature
limit. The realistic finite-temperature case involves more complicated calcula-
tions and numerical treatment, we thus restrict only on the idealised limit cases
presented in this thesis. By high temperatures in ultracold gases we mean nK
temperatures low enough to validate the simple form of the Feshbach resonance
but high enough to make the statistics non-degenerate. In both cases we have
evaluated transfer of energy by collisions which has not previously been studied
and compared it with the customary transfer by the quasiparticle energy.

At the high temperature limit, it was possible to derive analytic formulae for
the collision energy transfer as well as for the quasiparticle one. As shown in figure
2.1] for weak interactions the quasiparticle transfer dominates while, for strong
interactions, the collision contribution is essential. In particular, the quasiparticle
transfer has a wrong sign and the contribution of collisions is necessary to recover
proper thermodynamic behavior. For further implementations, e.g., within Monte
Carlo simulations, it is encouraging that, at high temperatures, the non-elastic
correction to a binary collision (the energy gain) is given by a simple analytic
form.

At the zero temperature, the gas statistics is fully degenerated. To cover
quantum-statistical aspects of the two-particle propagation during collisions, the
machinery of the non-equilibrium Green functions was employed. We have briefly
recovered these earlier results to introduce basic notation and involved approxima-
tions. In analysis of the two-particle T-matrix, we have shown that the quantum-
statistical aspects of the two-particle propagation, the so called in-medium effects
are essential, and approximations which neglect them give not only incorrect am-
plitude but also the opposite sign of the energy transfer.

Because of the in-medium effects, the energy transfer at the zero tempera-
ture requires numerical treatment. Since the general expression includes nine-
dimensional integration, several additional approximations are necessary. First,
assuming the isotropic system, the two angular integrals become trivial. Second,
for the contact interaction which has the s-wave component only, additional two
angular integrals are easily performed. Third, using free-space approximation of
the single-particle energy dispersion at internal states of collisions, the energy
conserving delta functions become tractable as well as the last two angular in-
tegrals. In this way we are left with a two-dimensional integral which can be
scaled such that it depends on a single parameter — the scattering length times
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the Fermi momentum.

The numerical results show that, for the strong interaction, the collision con-
tribution is surprisingly large compared to quasiparticle contribution, (see figure
. Moreover, we have obtained two unexpected maxima in the energy trans-
fer rate: at krpa = 0.906 there is a smooth peak and at kpa = m/2 there is
even higher, sharp peak. Both regions of enhanced energy transfer result from
processes in the energy region where the particle-particle and hole-hole channels
interfere, i.e. near the Fermi surface.

Several features found at the zero temperature parallel the high-temperature
case. For the weak interaction, kra < 0.5, the quasiparticle energy transfer dom-
inates. In particular, for kpa — 0, the collision contribution vanishes and the
mean field has a universal value. For very strong interactions, the rate of the
energy transfer goes to zero. As in the high temperature case, the quasiparti-
cle contribution has the negative sign and amplitude smaller than the collision
contribution.

We have to face an undesirable feature: the rate of the energy transfer fluc-
tuates for krpa > m/2. The collision contribution, which is the main focus of our
study, is stable. The numerical instability appears in the quasiparticle contribu-
tion which we evaluate only for the comparison. This instability is likely related
to the physical instability of the system towards magnetic ordering.

An interesting question is, under which conditions the energy transfer via
collisions can be experimentally confirmed? Unfortunately, three obstacles com-
plicate an eventual experimental study of energy transfer to strongly interacting
Fermi gases near the zero temperature. First, the cooling of Fermi gases below
the Fermi temperature is inefficient. Second, the repulsive interaction is realized
on the so-called upper branch of a Feshbach resonance, where decay is always pos-
sible into the so-called lower branch. This mechanism becomes effective already
for kpa > 0.25. The repulsive systems thus live only for a short time and the
eventual magnetic ramp must be fast, whereas we had assumed it to be adiabat-
icly slow. Third, for a very strong interaction (kra > 1 according to the theory
or kpa > 2.5 established experimentally) the gas undergoes the phase transition
to a ‘magnetic’ order.

Although the energy transfer via collisions is difficult to observe under con-
ditions we assumed to make the study feasible, we believe that the discussed in-
elastic correction Ag to the energy conservation in binary collisions can improve
numerical simulations. With a reasonable approximation of Ag, an implementa-
tion into simulation code is straightforward. We are unable to foresee eventual
implementations. Nevertheless, the heating or cooling of the system during the
magnetic ramp is clearly one.
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