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Abstract: In this thesis, we study various notions of variation of certain stochas-
tic processes, namely p-variation, pathwise p-th variation along sequence of par-
titions and p-th variation along sequence of partitions. We study these concepts
for fractional Brownian motions and Rosenblatt processes. A fractional Brownian
motion is a Gaussian process and it has been intensively developed and studied
over the last two decades because of its importance in modeling various phenom-
ena. On the other hand, a Rosenblatt process, which is a non-Gaussian process
that can be used for modeling non-Gaussian fluctuations, has not been getting as
much attention as fractional Brownian motion. For that reason, we concentrate
in this thesis on this process and we present some original results that deal with
ergodicity, p-variation, pathwise p-th variation along sequence of partitions and
p-th variation along sequence of partitions.
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Introduction

Fractional Brownian motions (fBm) and Rosenblatt processes are families of pro-
cesses that are indexed by Hurst parameter H € (0,1) and H € (3, 1) respectively.
In the past two decades, fBm received a lot of attention, because it was found very
useful in modelling various long-range and short-range dependent phenomena. It
is a Gaussian, self-similar process and if H € (%, 1) then it is also long-range de-
pendent. It has strictly stationary increments, and it can be showen that fBm is
the only Gaussian process that is self-similar with strictly stationary increments
(I, p. 2)).

A Rosenblatt process, on the other hand, is a non-Gaussian process. It is, simi-
larly as fBm, self-similar, long-range dependent and has strictly stationary incre-
ments. Long-range dependence turned out to be a desired mathematical property
when modeling certain, for example, economical phenomena. Rosenblatt process
is not as widely used as fBm, however, non-Gaussian data with fractal noise had
been observed (see [2]). In these cases, using a Rosenblatt process to model
these phenomena might be more appropriate than using fBm. Because Rosen-
blatt processes have not been as intensively studied as fBms, there are still many
mathematical properties that are yet to be proved or disproved.

In this thesis, we are interested in different concepts of variations. For the fBm,
most of these properties had already been proved and our goal is to prove them
for Rosenblatt process.

Namely, we analyze p-variation, pathwise p-th variation along the sequence of
partitions, and p-th variation along the sequence of partitions, for p > 0.

Thesis is divided into two chapters. In first chapter, we give some necessary
definitions. First, we define the Wiener process and fBm. We continue with the
Rosenblatt process for which we show how it was discovered and we also comment
on its connection with a fBm. After that, we define all various definitions of varia-
tions. Finally, we recall some basic definitions and theorems of the ergodic theory.

The second chapter is the author’s original work, however, some techniques of
proofs are known. We start by proving ergodicity of increments of a Rosenblatt
process. The reason why we need ergodicity is that we would like to use Birkhoff’s
Ergodic Theorem to prove [I'heorem 4] and consequently, prove that a Rosenblatt
process is not a semimartingale. In [4], it has been proved that a fBm is a semi-
martingale if and only if H = % In the case of fBm, it is easier because ergodicity
follows directly from the fact that its increments are mixing (see [5, Proposition
5.1.1]). After proving that a Rosenblatt process is not a semimartingale, we con-
tinue with proving that there exists some sequence of partitions of some bounded
interval for which the Rosenblatt process with Hurst parameter H € (%, 1) has
pathwise finite %—th variation along this sequence of partitions. In the last sec-
tion of the second chapter, we prove that P-a.a. paths of the Rosenblatt process

are of infinite %—Variation.



1. Preliminaries

1.1 Wiener process

Recall that a Gaussian process is a process with Gaussian finite-dimensional dis-
tributions. Gaussian processes are uniquely, up to finite-dimensional distribu-
tions, determined by their mean and covariance functions. For that reason, it
makes sense to define Gaussian processes only by the mean and covariance func-
tions.

Definition 1. A centered, continuous, Gaussian process W = (W, t € R™) with
Wy = 0 P-a.s. is called the Wiener process if its covariance function ¢ is of the
form

o(t,s) = E[W, W] = s At, (1.1)
for every t,s € R*.

To show the existence of the Wiener process, we would need to show that the
function given by the right-hand side of the is positive semidefinite and then
appeal to the Daniell-Kolmogorov theorem.

What follows is a characterization of Wiener process.

Lemma 1. ([0, p. 47], [9, p. 24]) The stochastic process W = (W, t € RT) is
the Wiener process, if

1. its trajectories are continuous,
2. Wy =0 P-a.s.,

3. it has independent increments, i.e. for everyn € N, to,...,t, € RT, 15 <
... <ty it holds that the random variables Wy, — Wy, , Wiy, = Wiy, ..., Wy, —
W, ., are independent,

4. for every s,t € R* it holds that W, — Wy R N(O, |t — s|).

For more properties of Wiener process see, for example, Chapter 2 in [7] or
Chapter 11 in [§].
Now we will define two-sided Wiener process (i.e. Wiener process defined on R).

Definition 2. ([9, p. 60]) Let W' = (W}, ¢ € RT) and W? = (W2, t € RY) are
two independent Wiener processes defined on the same probability space. Then
the process W = (W;,t € R) defined by

wh o t>0,
Wt - { t2
Wz, t<0,

is called two-sided Wiener process.

In the rest of this thesis, by Wiener process we will always mean the two-sided

Wiener process from |Definition 2|



1.2 Fractional Brownian Motion

Fractional Brownian motions are a family of stochastic processes parametrised
by the Hurst parameter H € (0, 1).

Definition 3. ([I0, p. 273]) A centered, Gaussian process W = (WH t € RY)
with WH = 0 P-a.s. is called the fractional Brownian motion (fBm) with Hurst
parameter H € (0,1) if its covariance function ¢ is of the form

1
¢H(t7 S) = E[WtHWsH] = 5 (t2H + 82H - |t - S|2H) ) (12>

for every t,s € R™.

Again, if we would like to prove the existence of the fBm, we would need to
show that the function on the right-hand side of the (|1.2)) is positive semidefinite.
Now, we are going to discuss some properties of the fBm which immediately follow
from the form of covariance function (1.2)).

If H = 1, then it holds that ¢1 = 1(t+s—|t—s|) = sAt. Thisis the same form
as the covariance function and we can conclude that if H = %, then fBm is
in fact the Wiener process. Hence, in this case it holds that its increments are
independent.

Next, we have that the fBm is self-similar (or more specifically H-self-similar).
It means that it is invariant in distribution under suitable scaling of time (see
the exact definition in [I1, Definition 1.1.1}). More precisely, for every o > 0
it holds that the processes (a W t € RT) and (WF,t € RT) have the same
finite-dimensional distributions. This follows because both processes are centered,
Gaussian and for every s,t € R* it holds that

1
E[(Q_HW£)(Q_HW£)] = a_QHi((at)QH + (ozs)QH — |at — ozs|2H
1

_ 5 (tQH 4+ g2 |t B S|2H)

= E(WHWH].

It also holds that fBm has strictly stationary increments (in the sense that it holds
WH — WH R WH_ for every s,t € Rt, s < t). Indeed, let us have s,¢ € R,
s <t. Then WH —WH and WH _ are both centered, normally distributed random
variables and it holds
B[|W = W] = Bl(W/")’] — 2B[W, W] + E[(W,")?]

_2H <t2H + g2H _ It — S|2H) + 2H

= |t —s]*

= B[[W,[].

Now, we are interested whether the increments of the fBm are dependent or
independent. Let us choose t1, s1,%2,50 € RT, 51 < t; < s9 < t5 and let us have



increments W/ — w/

oW — W Tt holds that

E(W/ = WIHWE = WD = éu(ts, t) — dulti, s2) — du(s1,t2) + du(si1, s2)
1
= 5 <—|t1 — tg’QH + |t1 - 52|2H
sy — o — |5y — so?) .

(1.3)
If H € (0,1), then by concavity of the right-hand side of (L.3), it holds
[t — so 4 |51 — tao*" < [t — to]* + |51 — so*
and therefore it holds
E[((W,] =W W —wi)] <o.
If H € (3,1) then
1t — so*™ 4 |51 — 6P > [t1 — Lo + |51 — s
and therefore it holds
E[(W, = W)W = W)l > 0.

Overall, we can conclude that if H € (0, %), then the increments of fBm are

negatively correlated and if H € (%, 1), then the increments of fBm are positively
correlated. If H = %, then fBm is the Wiener process and its increments are
independent.

We say that a stochastic process (X, ¢t € Ny) with finite second moments is
long-range dependent (definition from [11) p. 21]) if

i Ir(m)| = oo,

where r is the function r(n) = E[(X,11 — X,,) (X1 — Xo)], for n € N. In the
case of the fBm with H € (0,1), we have that (W2, — WH),cy, is a strictly
stationary, Gaussian process with

ra(n) = B(W, — W) (W — W)

1
=3 (]n + 12 4 n — 127 — 2|n|2H) , for every n € N.

From there, we obtain that if H € (%, 1), then the fBm is long-range dependent,
i.e. it holds 327 | |r(n)| = co. If H € (0, 3), then 0%, [rg(n)| < cc.

By Kolmogorov’s continuity theorem (see [7l, Theorem 2.9]), it holds that there
exists modification of a fBm with all paths being continuous functions (proof of
this can be found in [Il Section 3]).

In [4, Section 2], it was proved that fBm is a semimartingale if and only if H = 1.
For that reason, we cannot integrate with respect to the fBm in the sense of It6
stochastic integration theory.

It was actually Mandelbrot and Van Ness who first coined the term fractional
Brownian motion in their paper [I2]. They obtained an integral representation
of fBm in terms of the Wiener process.



Lemma 2. ([12, Definition 2.1], [I3} p. 35], [10, Proposition 5.1.2])
Let H € (0,1) and (W;,t € R) be a Wiener process. Then the process W1 =
(WH t € RY) defined for t € RT by

1 H,%

(=1 = (o)) am, (1.4)

is called the fractional Brownian motion with the Hurst parameter H € (0,1).
Here xy = max(z,0) for x € R and

wit = ci) |

R

N

['(2H + 1)sin(nH))
T(H + 3)

OI(H):(

where T'(z) = [(°x* e "dz, z > 0, is the Gamma function.

1.3 Rosenblatt process

1.3.1 History and definition of Rosenblatt distribution

The term Rosenblatt process was first coined by Taqqu in [I4]. It is called after
the American mathematician Murray Rosenblatt. While studying central limit
theorems for mixing sequences of random variables, he gave an interesting coun-
terexample for one of the central limit theorems.

Let us briefly describe the example. In [15, p. 434-435] he found the following pro-
cess: Let Y = (Y;H k € Z) be a centered, strictly stationary, Gaussian process
with unit variance and the the covariance function

ru(k) =EYIYA =(1+k) 7, fork € Z,

where H € (%, 1). From the definition of covariance function rg we see that Y
is long-range dependent because it holds 372 |rg (k)| = oco. Now let us consider
process X = (XH k € Z), defined by

X = (v,")? —1, for every k € Z, (1.5)

and set

o = (;(21{ - 1)H) ’

Then there exists a random variable Zx such that

o n
n—ﬁ S X2 7y (1.6)

n—00
k=1

and it holds that random variable Zy is centered and has unite variance. The
characteristic function of Zy for 6 € R is

o 0) = Bl ] = o Y200 F ). (17)

k=2

1 1
Ck;H :/0 . /0 |$1—$2|H_1|I'2_ZE3|H_1' .. |xk_1—l’k|H—1|]}k—[E1|H_1 dﬂ?k dxk_l . dxl.

——
k-times



It holds that series on the right-hand side of converges for small values of
6 (see [13, Appendix] for the proof and exact computation) and that is enough
to characterize the distribution function. The distribution of a random variable
characterized by is called a Rosenblatt distribution. From the form of right-
hand side of (1.7), it is easy to see that the Rosenblatt distribution with parameter
H € (1,1) is non-Gaussian. We can see also that it holds

oy — 1\ =, ckH — 1,
H—1 2 H—1

for every k € N and it holds for # € R that
, 1. (V2i0)F
lim ¢z, (0) =exp (2 3 ( - ) >

H—1— =2

exp (—;(log(l —V3i0) + \/52’9)) (1.8)

J1 = V20

In the second equality we used definition of natural logarithm via its Taylor series.
Function (L.8) is a characteristic function of random variable 3(e* — 1), where
the distribution of € is N(0,1). In other words, if H = 1, then the Rosenblatt
distribution is a chi-squared distribution ([16], p. 2]).

If H— {r, then the corresponding distribution of random variable Zy is N (0, 1)
(see the proof in [16]).

1.3.2 Definition of Rosenblatt process

Taqqu in [14] defines Rosenblatt process (Z#(t),t € R") for H € (3,1) as the
limit
ZH(t) == lim Z7(t) (1.9)

n—o0

where
o Lt
Z3t) = —F Y X{, teRY,
e

with X# = (X} k € Z) defined in (1.5 and limit on the right-hand side of ((1.9)
is in the sense of convergence in distribution. Note that the Rosenblatt distribu-
tion ((1.7)) is the same as distribution of Rosenblatt process Z(¢) in t = 1.

Now we continue with the definition of the integral representation of a Rosenblatt
process.

Definition 4. ([13, Equations 37-39], [5, Equation 3], [I7, Example 2])
Let H € (3,1). The Rosenblatt process R = (Rf',t € R") of the Hurst param-
eter H is defined by

! t H_ H_
Rf = CS/R2 (/0 (U—y1>+2 l(u_y2>+2 1du)dWy1dWy2, tER+v

where CE is a normalizing positive constant such that E[(R})?] = 1, the double
stochastic integral is the Wiener-1t6 multiple integral of order two with respect

9



to the Wiener process W = (W;,t € R) where the prime means that integration
excludes the diagonal y; = ys.

Remark 1. [18, Remark 1] It holds that
. 2H(2H — 1)
T op(1-H,4)
where (a,b) == [} v* (1 —v)*"*dv is the Beta function at a,b € R*.

Remark 2. From [Definition 4} it immediately follows that RY = 0 P-a.s. for
every H € (3,1).

R

1.3.3 Properties of Rosenblatt process

We start by characterizing the Rosenblatt process via its characteristic function.

Lemma 3. (|14, section 6], [13, equation (12), (13)])

Let R" = (Rf!,t € RT) be a Rosenblatt process with Hurst parameter H € (3,1).

For n € N, t,...,t, € RY, the characteristic function Yri . gi Of mndom
1 n

vector R:= (R!,...,R{)T at 6 := (6:,...,0,) € R" is

,,,,,

E[ei Z;;l Qthj ]

1. (2ioy)k
- P (22 ( kH) Z 951”‘eskS;I(tSl?"'vtSQ)

k=2 81 4eeey Ske{l ..... TL}

(1.10)

1
where 0 = ( (2H — 1)H) ., (-,+) is standard Euclidean inner product and

1
2

* boy bor H-1 H-1
SH(tsl,...,tsk)::/o /0 21 — @ Y|z — gL

cwroy — o 2k — 2 [P Ao dag—y - day.
(1.11)

Remark 3. Note again that the series on the right-hand side of converges
for small values of € R™ i.e. there exists ¢ > 0 such that the series on right
hand side of converges for every 6 € R" such that ||f||] < . The exact
computation of ¢ can be found in [I3, Appendix].

It has been shown in [16], p. 4] that

1 1
1):/0 /0 |a:1—:B2|H_1|$2—:B1|H_1dx2dx1
1

T 2H-1H
and
1 1 1 / / / ‘iL‘l —Z'Q’ ‘ | _1|I’3—$1‘H_1 dl’gdl’gdfﬂl
—0(H, H
H(3H— 1)5< )

10



Closed form expression of function S} for & > 4, k € N, could not be found
which means that it has to be computed numerically. In [I6, Section 2], a more
sophisticated method for numerical computing of S7; has been proposed.

It holds that a Rosenblatt process has strictly stationary increments. This follows
from the form of characteristic function ((1.10]) (or more specifically from (1.11J)),
or alternatively, the proof of this can be also found in [I7, Example 2]. Moreover,
it holds that the covariance function of a Rosenblatt process is of the same form
as the covariance function of fBm (proof can be found in [13} p. 40]). From
there it follows that the Rosenblatt process is long-range dependent (which is
not surprising because it is defined as a limit of sum of long range dependent
random variables). Because the covariance function of a Rosenblatt process is
of the same form as the covariance function of the fBm (with the same Hurst
parameter H € (%, 1)), we can apply Kolmogorov’s continuity theorem (see [7,
Theorem 2.9]) and we obtain that there exists a modification of the Rosenblatt
process with all paths being continuous functions.

Finally, from the the form of characteristic function ([1.10]) it also follows that
Rosenblatt process is self-similar (alternatively this also follows from the finite
time interval representation of Rosenblatt process in [I3| p. 40 and equation

(48)]).
Summary of properties of Rosenblatt process

Rosenblatt process (Rf’,t € R") with Hurst parameter H € (1,1)
 is a non-Gaussian process,
o starts at zero (i.e. RY =0 P-a.s.),
e is centered,
o has variance E[(R)?] = t*! for every t € R,
o has covariance function of the same form as fBm,
e is self-similar,
o has strictly stationary increments,
 is long-range dependent,

« has modification with all paths being continuous functions.

1.3.4 Connection with Fractional Brownian Motion

We begin with the definition of a Hermite process of order k£ € N.

Definition 5. [5, p. 2] We define the Hermite process Z}; = (Z};,,t € R*) with
Hurst parameter H € (3,1) of order k € N for ¢ € RT by

k 1
ZE(t) = c(H, k) /RJ (]:[s—yj 7t )ddeyl...dWyk (1.12)

11



where the above integral is a multiple Wiener-1t6 stochastic integral with respect
to Wiener process W = (W;,t € R) and ¢(H, k) is a positive constant such that
it holds E[(Z%(1))?] = 1.

Hermite processes are H-self-similar and have stationary increments (see [5]
p. 2]). In [Subsection 1.3.1] we showed in that the sum of correctly nor-
malized sum of dependent chi-squared random variables converge to Rosenblatt
distribution. Now we will show the significance of transformation z? — 1.

Hermite polynomial of degree m € Ny is defined (see [B, p. 2]) for z € R by

22 d™ 2

H,(z) = (—1)m67d$me

_z_
2

It holds that Hs(x) = 2® — 1., i.e. the transformation in is Hermite polyno-
mial of degree 2. Note that Hermite polynomials play important role in Malliavin
calculus because they form a complete orthonormal system in the space L? gen-
erated by Gaussian sequences (see [10, Theorem 1.1.1]). For more details we refer
the reader to the book [10].

Let us again consider centered, strictly stationary, Gaussian process

Y# = (V,H,k € Z) with unit variance such that its correlation function satisfies

2H-2

rg(n) = E[YoY,| =n"F L(n)

with H € (%, 1), k € Nand L is slowly varying function at infinity. Slowly varying
function L (see [L1, Definition 2.1.1]) is a measurable, positive function such that
for every x € R* it holds

. L(tz)

im =
Let us choose function g such that E[g(Y;)] = 0 and E[g(Y)?] < co. Furthermore,
let us suppose that if we can rewrite g as

g(x) = > c;H;(x)

j€No

where 1
¢ = il E[g(YoH;(Y0))]
and it holds
k= mln{] c N() -Gy 7& O}

Finally, by the Non-Central Limit Theorem [19, Theorem 1, p. 32|, it holds for
every t € RT that

Lnt]
1 D
Zhalt) = 3 gl45) =2 Z3(0)
=1

n—oo

where ZF = (Z%(t),t € RT) is a Hermite process of order k. Hermite processes
are therefore limits of normalized sums of long range dependent random variables.

12



If £ =1 then from we obtain that Z% is the fBm with Hurst pa-
rameter H from interval (3, 1) (compare with for k = 1). Remember
that fBm is long-range dependent only for Hurst parameter H € (%, 1). That
being said, fractional Brownian motion with Hurst parameter H € (%, 1) is the
simplest Hermite process and the only Gaussian Hermite process. Hermite pro-
cesses are non-Gaussian for every order £ € N, k > 2. The simplest non-Gaussian
Hermite process, with & = 2, is the Rosenblatt process with the Hurst parameter

H e (3,1).

1.4 Various Variations

In this section we introduce three different concepts of variation:

o p-variation (Definition 6)),
o pathwise p-th variation along the sequence of partitions ([Definition 7)),
o p-th variation along the sequence of partitions ([Definition 8)).

We start with definition of p-variation. Recall that path (or trajectory) of real-
valued stochastic process (X, t € I) indexed on non-empty set / is (deterministic)
function X.(w) : I — R for w € Q.

Definition 6. ([20, Definition 5.1}, 21} p. 163]) Let p > 0 and T" > 0. A function
f:]0,T] — R is said to be of finite p-variation if

| fl1p—var,j0,1] := ( sup o I fti) - f(tj)\l’) <

m€D([0,T]) [t,,t;41]€n

where the supremum is taken over the set D([0,7T]) of all partitions 7 of the
interval [0, 7).

Note that the notion p-variation is usually defined more generally on metric
space (F,d), but for our purposes, taking real-valued functions will be sufficient.
The notion of p-variation is of interest only for p > 1, because all continuous
functions with finite p-variation, where p € (0, 1), are constant (for the proof see
[20, Proposition 5.2]). It also holds that if f is a real continuous function on
[0, 7] with finite p-variation and finite p-variation on [0,7], where 0 < p < p,
then || f||p-var, 017 < || f]lp-var,jo,r] ([20, Proposition 5.3]). From there, it follows
that p-variation as a function of p is non-increasing. If p = 1, then 1-variation
is sometimes also called total variation. Functions with finite total variation are
called bounded variation functions. Bounded variation functions can be used
as integrators (for details see for example [22, Subsection 1.7.3]). It holds that
P-a.a. paths of Wiener process have infinite total variation on any non-trivial
interval (see [7, Corollary 2.17]). For that reason we cannot use Lebesgue-Stieltjes
integral if we want to integrate with respect to Wiener process, but we need some
additional theory.

We continue with the definition of the pathwise p-th variation along a sequence

13



of partitions. The concept of pathwise quadratic (case when p = 2) variation
along the sequence of partitions was first proposed by Follmer in [3] and later
generalized by Cont and Perkowski in [21] for p > 2.

Definition 7. ([2I Definition 1.1]) Let p > 0 and 7" > 0. A continuous function

f:1]0,T] — R is said to have finite pathwise p-th variation along a sequence of

partitions 7 = (7, )nen of interval [0, 7], where 7, = {tf, ..., %, } is such that
=15 <t} <...<U{(,) =T and has vanishing mesh

[Tn| = SUDseqr, Ny It — tiod] — 0, if the sequence of measures {u"},en

where

= Y 0yl f(tje) — f(E)]P, for every n € N,

[tjstj+1]€mn

converges weakly to a non-atomic measure p (here, §, denotes Dirac measure at
the point u € R). In that case we write f € V,(m) and [f]2(¢) := u([0,¢]) for
t € [0, 7], and we call [f]2 the pathwise p-th variation of f along sequence of
partitions 7.

Remark 4. Authors of [21], Definition 1.1] define p-th variation along sequence of
partitions (without the word "pathwise”). We added the this word because we
need to differentiate between concepts in [Definition 7|and [Definition 8, And since

we will be interested in applying to paths of stochastic processes, we
added the word "pathwise”.

Note that pathwise p-th variation along sequence of partitions is purely deter-
ministic notion. In [Section 2.4] we will prove that P-a.a. trajectories of Rosen-
blatt process with Hurst parameter H € (%, 1) have finite pathwise %—th variation
along sequence of dyadic partitions.

Definition 8. Choose p > 0 and let us suppose that X = (X;,t € R") is a real
valued stochastic process defined on probability space (€2, F,P). Furthermore,
choose t € RT and m = (m,)nen, Where 7 is the sequence of partitions of the
interval [0,¢] with 7, = {t5,... ¢}, } such that 0 = <t} <... <t} =1
and has vanishing mesh |m,| = sup;cy .y [0 — ] —— 0. We say that
process X has p-th variation along the sequence of partitions 7 at ¢, if the limit

lim > |Xy, — Xy, (1.13)

n—oo
[tjtj+1]€mn

which is defined in the sense of convergence in probability, exists. In that case
we write (X)2(2) 1= limy o0 Xt 1,1 )em, | Xt; — Xt; 4 |P (Where the limit is again
in the sense of convergence in probability).

1.5 Ergodic Theory

This section serves as a quick introduction to Ergodic Theory. We present some
essential definitions and we prove few lemmas because we will need some steps in
proofs later in [Section 2.1 Finally we will present fundamental result - Birkhoff
Ergodic Theorem. Most of the definitions and lemmas are taken from the excellent
book by Seidler [24] (book is in czech only).

We begin by defining endomorphism, one of the essential concepts in Ergodic
Theory.
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Definition 9 ([24, p. 19]). Let (2, F, ) be a measure space. We say that a
transformation 7" : @ — 2 is an endomorphism of space (£2, F, u) if it holds that

(i) T is measurable, i.e. it holds T7'F € F for every F € F,
(i) T is measure-preserving, i.e. it holds u(T'F) = u(F) for every F € F.

We say that 7" is an automorphism of (2, F, ) if T' is a bijection and both 7" and
T-! are endomorphisms.

Note that endomorphisms and automorphisms are sometimes called (for exam-
ple in [25]) measure-preserving transformation and invertible measure-preserving
transformation, respectively. The quadruplet (2, F, u,T') is sometimes called a
dynamical system. Let T be an endomorphism of probability space (€, F,P).
Then we define T° as the identity function, 7' = T, and for every n € N we
define 7"t =T o T™.

Dynamical systems have a natural probabilistic interpretation.

Lemma 4. |24, Section 1.2] If T is an endomorphism of probability space
(Q,F,P) and f : Q — R is a Borel measurable function, then (f oT",n € N) is
a strictly stationary process.

Proof. Let T be an endomorphism of probability space (2, F,P) and f:Q — R
be a measurable function. Choose n € N, ty,...,t, € I and h > 0 such that
t;+h €I for every i € {1,...,n} and choose z1,...x, € R. Then, it holds

P{weQ: (foT" M) (w) <ay,...,(foT"™)(w) < z,}]

(f o T ™) (=00, z1]) N ... (f o T 7} (=00, 7))

= [( o T" o T") ™! ((—00,z1]) N ... N (f o T o T") 7} ((—00, z,])]

=P [(T") "o (foT™) ) (=00, z1]) N ... N ((T") o (f o T')™)((—00, 2])]
(1) ((foT™) (=00, z]) N N (f o T') (00, 2]) )]
(foT™) (=00, m)) N (fo ™) (00, 2,])]
=P_{wesz:<foT“><w>le,...,<foTtn><w>sIn}}.

In = we used the measure-preserving property (ii) from [Definition 9 O]

Opposite implication also holds. Remember that canonical version of the
process is defined as process of projections on space of trajectories that have the
same finite-dimensional distributions as the original process ([24], p. 9]).

Lemma 5. [24, Section 1.2] Let (Z,,n € N) be a strictly stationary stochastic
process. Then there exists process (f o T™,n € N), which is a canonical version
of process (Z,,n € N), where f is Borel measurable function and T is endomor-
phism, both defined on the space of trajectories of (Z,,n € N).
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Proof. Let us have a strictly stationary stochastic process (Z;,t € N) on proba-
bility space (€2, F,P). Let us define

Q=R"={0:N R},
G : Q=R & — @), t €N, (1.14)
F=QBR) =o(R,,t €N).

N

Sigma algebra Fis generated by measurable cylinders of the form {& € Q-
o(t;) € Ty, € {1,...,k}}, where k € N, t1,...,t, € Nand I'y,..., Iy € B(R).
We can see that the mapping A : Q — Q defined as w — Z.(w) = (Zi(w), t € N) is
F-measurable because we have that for every measurable cylinder A € F of the
form A = {w € Q: w(t;) € Iy,i € {1,...,k}}, where k € N, t,...,t; € N and
[y,...,Tx € B(R), it holds A™'(A) ={w e N: Z; (w) eTyie{1,.....k}} € F.

We define probability measure P as the image of measure P under transformation
A ie P[] =P[A()7].

We have thus constructed probability space (Q,j—“ ,]15) with stochastic process
(G;,i € N). From the construction, it follows that the finite-dimensional distri-
butions of (Z;,i € N) on probability space (£, F,P) and those of (G;,i € N)
on probability space (Q,j—" ,]P~) are identical. Indeed, let us choose n € N,
0<t; <...<t,<ooand A;,..., A, € B(R). Then it holds

PlweQ: Z,(w) € Ay,..., 72, (w) € Ay} =

PA{weQ: Z,(w) € Ay,..., Zy, (W) € AY)]
PH{oeQ:at) €A, ..ot € ALY
P{oeQ: Gy @) e Ay,... G (@) € A}

Now, we define the shift operator T : Q — Q, by @(-) — @(- + 1). Then it
holds (T%@)(n) = (T o T)(©)(n) = (T o&)(n+ 1) = &(n + 2), for every n € N.
Therefore, it can be easily shown by induction that for any & € N it holds
(TF@)(n) = &(n + k).

Now, for t € N, we have G;(©) = @(t) = (T°®)(t) = (T'0)(1) = G (T'@) =
(Gy o T*1)(@) for @ € Q. For that reason, we can see that (G, o T*"',t € N)
and process (Z;,t € N) have the same finite dimensional distributions or in other
words (Gy o T*! ¢ € N) is a canonical version of (Z;,t € N).

Lastly, we will show that the shift operator T"is an endomorphism. Operator 7" is
measurable because for any measurable cylinder A € F, we have T~'(A) = {& €
Q: @t +1) €Tyie{l,...,k}} is again a measurable cylinder and therefore
an element of F. Now, we will show that operator T is measure invariant. By
[24, Lemma 1.1] it is enough to show that for every cylindrical set A € F it holds
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P [T-'A] = P [A]. We have

PT'Al=P{oeQ:a0t;+1)ely,ic{l,... k}}]
=PH{o€Q: Ry (@) eTyie{1,... k}}]
PA ({0 eQ: Ry (@ )er,ze{l k)]

(A~

=P{weQ: 2,1 eTyiell,. k}}]
=P{weN:Z, elyie{l,. k}}]
PA'({@€Q: Ry (@) €Ty,i € {1,...,k}})]
{o€Q:R,(@) elyie{l,...,k}}]
HoeQ:at) eTyie{l,... k}}]

[A],

where we used strict stationarity of process (Z;,7 € N). Thus operator T is shown
to be measure-invariant and therefore an endomorphism. O

(||
’%z o, T

Overall, we have showen that for every strictly stationary stochastic process
(Z,,n € N), there exists an endomorphism 7" and a measurable function f such
that the process (f o 7", n € N) has the same finite-dimensional distributions
as (Z,,n € N). On the other hand, we have showen that every process of the
form (f o T™ n € N), where f is measurable function and 7' is endomorphism, is
strictly stationary.

Let us assume that 7" is an endomorphism of probability space (2, F,P). We
say that set A € F is T-invariant if T-!A = A. We say that function f: Q — Q
is T-invariant if foT = f on Q. Let us denote S = {A € F : T'A = A}, a
system of all T-invariant sets. It is not difficult to verify that S is a o-algebra.
It is also not difficult to show that a measurable function f on €2 is T-invariant
if and only if f is S-measurable (the proof can be found in [24] p. 21]).

Now we will state a fundamental result - Birkhoff Pointwise Ergodic Theorem.
Note that there is also Mean Ergodic Theorem proved by von Neumann (see for
example [26] p. 23]) which we do not discuss in this work.

Theorem 1 ([20, Birkhoff Ergodic Theorem, 1931, p. 30]). Let (2, F,P) be a
probability space, T be an endomorphism on this space, and f € L'(Q,F,P).
Then it holds that

~

the limit lim,, o0 = Y720 f(T*w) = f*(w) exists for P-a.a. w € Q,
f*(Tw) = f*(w) for P-a.a. w € Q, i.e. f* is T-invariant,

fre LNQ, F,P) and |||y < [If]1,

if A€ F with T"'A= A, then [, fdP = [, f*dP,

5. Lty Tt — f*, in LY(Q, F, P).

Note that if we denote S to be the o-algebra of T-invariant sets, then statement
(4) in the above theorem, says that f* = E[f|S], P-a.e. Next we would like to
know some criterion when the function f* = E[f|S] in [Birkhoff Ergodic Theorem|
is constant. This leads us to the definition of an ergodic operator.
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Definition 10. Let 7" be an endomorphism of probability space (2, F,P) and
let us denote S = {A € F : T"'A = A} the o-algebra of T-invariant sets. We say
that dynamical system (2, F, P, T) is ergodic if P(A) € {0,1} for every A € S.

If the probability space is fixed, we usually talk about ergodicity of operator T.
We can think of ergodicity as ”in-decomposability condition”. If A € F is
T-invariant set and P[A] € (0,1), then we can study 7' on probability space
(A, Fla,Pla) and (2 \ A, Flona, P |o\a) separately. If (2, F,P,T) is ergodic
than this separation cannot be done. For that reson, ergodicity of dynamical
system gives us property that we cannot reduce or factor the dynamical system
into smaller components in the sense as described above.

An important characterization of an the ergodic operator is the following lemma.

Lemma 6. (|26, Proposition 4.1, p. 42]) Operator T on (0, F,P) is ergodic if
and only if every T-invariant measurable function on ) is constant P-a.e.

This leads us to the following theorem which is usually called the law of large
numbers for strictly stationary sequences.

Theorem 2 ([20, p. 44]). T is an ergodic operator on probability space (Q, F,P)
if and only if for every f € L'(Q, F,P) it holds that

Proof. Let us assume that dynamical system (92, F,P,T) is ergodic.
IErgodic Theorem)| statement (2) then tells us that if the limit f* exists, then it is
T-invariant. Therefore, because T is ergodic, by it holds that f* from
IBirkhoft Ergodic Theorem|is constant P-a.e. and this constant value is [, f dP.

On the other hand, let us suppose that for each f € L(Q,F,P), it holds
that f* is constant P-a.e. We would like to show that T is ergodic. For that
it is enough, by [Lemma 6], to show that every T-invariant measurable func-
tion on 2 is constant P-a.s. Let f be a T-invariant measurable function on
Q. Then, from T-invariance, we have f oT = f on {2 and from there, we have
L f(Trw) = L3020 fw) = f(w) = f*(w), P-a.e.. We showed that f is
constant on 2, for P-a.a. w € ().

O
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2. Variations of Rosenblatt
process

2.1 Ergodicity of increments of Rosenblatt pro-
cess

Our goal in this section is to show that the increments of Rosenblatt process are
ergodic. We first prove the following lemma which, as it turns out, is a key step
in proving ergodicity of increments of Rosenblatt process.

Lemma 7. Let (RF,t € R™) be a Rosenblatt process defined on a probability
space (Q, F,P) with Hurst parameter H € (5,1). Denote Y* = (Y, k € N) by
Yy = RE — RE | for every k € N. Furthermore, denote characteristic function
of random vector (Yt{{, . ,th)T by PYLLY T where p € N and ty,...,t, € RT,

t1 <...<ty,. Then, for every 6y,...,0,,0,11,...02 € R and 7 € N, it holds

|<PY31{ ..... YHYHE . EQ;I+T(91:-'-76p79p+17---792p)
—PYAL Kf(el"”’ep)%@ﬂf ..... 1@1;+T(6p+17--->92p)|—>7_>00 0.

Proof. Let us fix p € N, 7 € N and choose t4,...,t, € R*. Let (Rt € R") be a
Rosenblatt process defined on a probability space (£2, F,P) with Hurst parameter

He (i)

In order to ease notation in this proof, we denote t;, :=t; + 7 for i € {1,...,p}
and we will also write p(01,...,0,), ©(Opt1,...,02,) and (b, ..., 6,) instead of
gOYtiI 7777 YvH ((91, cen ,Gp), (thfH 77777 Ytgp ((9p+1, ce ,92p) and gOYtiI 77777 ng ((91, ce ,02p).

yd
By [Lemma 3] we have

o) Z'O.H k
0(01,...,0,)p(0p11, ..., 02) = exp (; 3 (2 - ) Fk(r))

k=2
where
Fk(7'>= Z 07,1---QrkS}}(tTl,...,tm)—k Z 0[1"'95k5}‘{(t517...,tlk)
1Tk E€{1,...,p} I, lk€{p+1,....2p}
(2.1)
and function S is from (1.11). Again, by [Lemma 3] we have

1. (2io)* .
(,0(‘91,. .. ,ggp) = exXp (2 Z ( l{}) Z Hjl .. 'eijH(tjU . 7tjk>) (22)

k=2 J1sedi€{L2D}

We can rewrite the series on the right-hand side of (2.2)) as
> O 0 Sh () = Fu(T) + Li(7)

where Fy(7) is defined in and
Lk(T) = Z (9]-1 "'ejks}k{(tjlv"'7tjk)' (2'3>

JsJk€{l,....2p}
3he{l,....k}:ine{l,....p}
Jge{1,....k}jge{p+1,...,.2p}



Now we would like to show that Ly(7) —= 0. In order to do that, we need to
show on the right-hand side of that it holds S (t;,, ..., t;) —— 0.

We suppose that ji,...,jr € {1,...,2p} and we fix h € {1,...,k} such that
Jgn € {1,...,p} and we fix g € {1,...,k} such that j, € {p +1,...,2p}. We
can also suppose, without loss of generality, that h < ¢g. Note that it holds

tj, = tj,—p + T because we used notation t; + 7 = t;;,, for every j € {1,...,p}.
Then it holds, for function S} from (2.3)), that

* _ *
Sttivs i ti) = Sty ooy bins ey tos oo )
P * . . . .
= S5ty tips sty FToee )
/tjl /tjh /t]'gp+T /tjk
tjl—l t]'h—l tjg—p""T_l tjk_l

|2y — o[ty — x|y — g [Ty — 2 [T L day

tjy /tjh /tjg—P /t]’k
tj—1 tj, —1 1 tj,—1

tjg—P_
R e R P o Lo
day ... dorgpdudrg ... doy
(2.4)
where in the last equality we substituted v = x4 + 7.
Let us denote, for g and h being still fixed, the function
fr(e, . oyap) o= oy — a7y g — g [T |py oy — gy + [
g =7 =z [T g — wgael T oy - [T

Let us denote
S=(ty, — Ltg) X oo X (, — Lt 0) X (Ljy—p — L, tj,—p)
X (i — Lt ) x .o x (t, — 1,t5,).

Jg+1 Jg+1

Then, for fixed 7, we can rewrite (2.4]) as

[ £-@)ar@).

where \ is the Lebesgue measure.
Now we will verify assumptions of Dominated convergence theorem (|22, Theorem
1.4.49]) for sequence of functions {f;},en. Let us define function ¢ as

¢(l’1, s ,ill'k) = fT(x17 s Lgo1,Tyg + 7, Loy -- 7xk)'

Then it holds that ¢ € L'(S,B(S),\). From the way functions f and ¢ are
defined, we can see that |f.(z)| < ¢(x) for l-a.a. = € S and for every 7 € N.
From definition of function f., it holds that f- — 0 A-a.s. on S.

All assumptions of Dominated convergence theorem ([22, Theorem 1.4.49]) have
been fulfilled, therefore we have

/Sff(x) A\ (&) —— 0.

T—00

From there it follows that Ly (7) — - 0 and the proof of our lemma is complete.
O
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Now we are ready to prove the main theorem of this section.

Theorem 3. Rosenblatt process (R, t € RY) with Hurst parameter H € (1,1)
has ergodic increments, i.e. it holds that the process

(RkH - RkH—lv ke N)
s ergodic.

Proof. Let (RF,t € RT) be a Rosenblatt process defined on a probability space

(Q, F,P) with Hurst parameter H € (%, 1). Let us define, similarly as in the

proof of [Lemma 5] the following notions
Q={0:N-=R},

G Q=R &— o)t eN,

F=QB(R).

N

Next, let us denote Y# = (Y k € N) by V! = Rfl — R’ | for every k € N.
Furthermore, let us have a mapping A : Q — Q defined by w — Y. (w) where
Y (w) = (Y (w), k € N) is a trajectory of process Y. Then A is F-measurable
(as we argued in the proof of . We define a probability measure P by
P[] = PA-()] o

Finally, we define a shift operator 7" : Q@ — Q by @(-) — @(- + 1). Operator
T is an endomorphism as we showed in the proof of and it also holds
that Y# on (Q,F,P) and (Gy o T*, k € Np) on (Q,]N-",IE;) have the same finite
dimensional distributions.

Our goal is to show that T is an ergodic operator. Let us have S = {A €
F : T7'A = A}. Then it holds that S is a o-algebra. Let us fix A € S. We
would like to show that P[A] € {0,1}. We know that every event (i.e. every
set) in a o-algebra can be approximated by a finite dimensional event (for the
proof of a slightly more general claim, see for example [27, Theorem D., p. 56]).
Therefore, for every € > 0 there exists n € N, ¢1,...,t, € N, t; < ... < t,, and
&1y, & € B(R) such that if we denote

B={oeQ:a)e&Yie{l,....n}},
then it holds that B € F and
P[AAB] <,
where A is the symmetric difference of two sets. From there we obtain
|P[A] —P[B]| <. (2.5)

It holds that B is generated by random vector (Y, ... | Y,')T because we have

B={oeQ:at)e&Vie{l,...,n}
={0eQ: G (@) e&Vie{l,...,n)
=A{we Q: Y (w) e &, Vie{1,...,n}}).
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Note that for the inverse mapping 7! it holds
T'B={oeQ:at+1) €&, Vie{l,. .. n}}
and more generally

THB=("o.. oTYB={0ecQ:a(ti+k) €&Vie{l, .. ,n}}.

k-times

for every k € N.
Now, let us denote for every 7 € N: A, := T "A and B, := T7"B. We have
A = A, because A € S (this holds in the sense that A C A, & A, C A). We
also have that B, approximates A, for every 7 € N because B, is generated by
the random vector (Y, ..., Y/, )7 and because Y is strictly stationarity. In
other words, we have

P4,]-P[B/]| <=

From there we have
P(ANA)A(BNB,)] <P[(AAB)]+P[(A.AB,)] < 2¢
because (AN A;)A(BNB;) C (AAB)U (A.AB;). So it holds
|IP[ANA,]—P[BNB,]| < 2.

Because A = A,, we have P[A N A;] = P[A] and we can rewrite the last
inequality as 3 .
|P[A] —P[BNB,]| < 2. (2.6)

We know that because T is an endomorphism, it holds P [B] = P [B.].
Next we have by the following convergence

[P[BNB,]~P[BP[B] — 0. (2.7)

Because T' is endomorphism (and therefore P -measure preserving mapping), it
holds P [B] = P [B;]. But this means that (2.7) could be rewritten as

|P[BN B, —P[BP| — 0.
But from it follows that P [A] can be approximated by P [B] and from (2.6)
it follows that P [A] can be approximated by P [BN B,] which converges to P [B]?
as 7 — co. Thus, both P[B] and P [B]? approximate P [A] which means that
either P [A] = 0 or P [A] = 1. In other words, T is ergodic operator. Therefore
YH is ergodic stochastic process. O]

2.2 p-th variation along the sequence of parti-
tions of Rosenblatt process

The following theorem is key step in proving that Rosenblatt process is not a semi-
martingale in the next section. We will prove that Rosenblatt process has finite
p-th variation along the sequence of dyadic partitions in the sense of
for p > L.

= H
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Theorem 4. Let (Rt € RT) be a Rosenblatt process with Hurst parameter
H e (%, 1) defined on probability space (2, F,P). Then it holds

2m P 07 pr > %7
1,

SSIRY — R P VBRI, =,

—~ _ L

/ 00, if 0 <p< 3.

Proof. Let us fix parameters H € (3,1) and p > 0. Let us denote Rosen-

blatt process with Hurst parameter H by (R, € RT) defined on a proba-
bility space (Q, F,P). Let us assume we have a sequence of dyadic partitions
{5.,7=0,...,2"}nen of the interval [0,1]. We define

Qn,p = Z ‘leé—n - R5—1)2—n’p(2n)pH71-
j=1
Let us now consider -
a 1
Qmp - on Z |R§{ - RH—1|p-
j=1

From self-similarity of Rosenblatt process, we obtain that for every n € N, @,
has the same distribution as Q),,,. As we already proved, the sequence (R} —

RI |k € N) is ergodic and strictly stationary (Subsection 1.3.3).
Let us have the same definitions of (2, F ,IF;), YH, (ék,k € N) and the shift
operator 1" as in the proof of Then we define the function f, : Q>R
by @ — |@(1)[P. We then have f, € LY(Q, F,P) because p > 0. Therefore, we

can use the [Birkhoft Ergodic Theorem| and we obtain the following convergence

P-a.s. and in L'(Q)

2" —1
3 5T B [ ) ap @)
k=0 4

By the similar argument as in the proof of it holds that (|RH —
R ||P,k € N) has the same finite dimensional distributions as (f, o T* k €

No) = (|(T*(+))(1)[?, k € Ny). Now we have that
| @ P @ = [ e ap @)
Q

oY

1) dP (@)

I
H B O O— O~ D

Vi (w)I" dP(w)

= [ R (w) = R{ (w)[P dP(w)
= E[|R{" — Ry |”]
= E[|R{"].
Let us denote C, := E[|R{[7].
Because it holds -
1 & .
27 Z fp(Tkw) 2 Qn,p?
k=0



A

for every n € N and because @), R Q,, for every n € N, we have that

D
Qnp — C.

n—oo

And because C,, is deterministic, we have
P
Qnp — C).
From there it follows that

on b 0, ) ifp> %,
n\1—-pH H H 1 .
(2P Qnp = D IRG — RLP——(E[R{[7], ifp=g,

=1 00, if0<p<+.

]

Remark 5. In the statement of we considered sequence of dyadic
partitions {Q%,j = 0,...,2"}en of the interval [0,1]. If we take sequence of
dyadic partitions of the interval [0, ¢] for ¢t > 0, i.e. we take sequence of partitions
{;—;t, j=0,...,2"},en, then all the calculations can be done in similar way as in

proof of and we obtain the following convergence
on 0, if p > %7
H H P Ee .
Zl Ry = Roo |l = EEIR ], ifp =,
]:

00, if0<p<+.

Similarly, if we take sequence of uniform partitions {%t,i =0,...,n}pen of the
interval [0, ] for ¢ > 0, then all the calculations will pass in the same way as in
the dyadic partitions case and we obtain the following convergence

. 0, if 1> 4,

P L .
SR, — RELL P —— CtE[R{|7],  ifp= g, (2.8)
= o0, if 0 <p< £

2.3 Rosenblatt process is not a semimartingale

In [4, Section 2], Rogers has proved that fracional Brownian motion is semi-

martingale if and only if H = % (i.e. only if fBm is the Wiener process). In this

subsection we will show that Rosenblatt process is not a semimartingale for every
H € (3,1). Proof for this is depends substantially on [Theorem 4]

Theorem 5. Rosenblatt process with Hurst parameter H € (%, 1) is not a semi-
martingale.

Proof. Let us fix H € (1,1), and let R” = (Rf,t € R") be a Rosenblatt process
with Hurst parameter H defined on probability space (€2, F,P).
Let us denote for every p > 0 and n € N

271
Vip = Z |R12in - R%W

Jj=1
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Because H € (3,1), it holds that £ € (1,2).

If p e (%, 2), then by [Theorem 4] we have V,, ,, ﬁ 0. Therefore there exists
increasing subsequence {n;}ien € N, n; —— oo such that V,,, , m 0. But
71— 00

1—r 00
that means that quadratic variation of R is zero and therefore, if R is to be a

semimartingale, then R must be a process of a finite variation.

If pe(l, %), then by [Theorem 4| it holds V;, , ﬁ 00. Therefore, there exists

P -a.s.
— OO

Jj—00

some increasing subsequence {m;};en € N, m; —— oo such that V,,
j—00

and therefore R cannot be a process of finite variation because p > 1.
Therefore, we have to conclude, Rosenblatt process with Hurst parameter H €

1 1) is not a semimartingale. m
2 g

§sP

2.4 Pathwise %-th variation along the sequence
of partitions of Rosenblatt process

In this section, we would like to show that the Rosenblatt process with Hurst
parameter H € (%, 1) has a finite pathwise %—th variation along a sequence of
partitions in the sense of [Definition 7} It means that we need to find some
sequence of partitions 7 or at least show that there exists some sequence of
partitions 7 of interval [0,77], such that for every continuous path S on interval
[0, T'] of Rosenblatt process, it holds that S € Vi (), in the sense of Definition 7]
We first define sequence of dyadic partitions because of its extensive use in this
section.

Definition 11. Let 7" > 0. We define the sequence of dyadic partitions of
interval [0,7T], Er = {Er,}nen, by Er, = {t8,i =0,...,n} with {7 = 2%T, for
ie{0,...,2"}

Now, we state the main theorem of this section. Throughout this section we
suppose, without loss of generality, that all paths of Rosenblatt process are con-
tinuous.

Theorem 6. Let us fir T > 0 and let (Rt € [0,T]) be a Rosenblatt process
defined on (Q, F,P) with Hurst parameter H € (%, 1). Let Er = {E7 }nen be the
sequence of dyadic partitions of interval [0,T]. Then there exists a subsequence
Er of Er such that

R"(w) € V%(ET), for P-a.a. w e Q,

where V% (+) denotes the set of all continuous paths with finite pathwise +-th

H
variation along the sequence of partitions Er, from

Before we begin with the proof of [Theorem € we will first prove the following

lemma.

Lemma 8. Let us fix T > 0 and let (RF,t € [0,T]) be a Rosenblatt process
defined on (2, F,P) with Hurst parameter H € (3,1). Then, for every t € [0,T]

25



it holds

S |RE — RE|m o B[R,
[tn tn 1]€E’Tn J+1 J n—00

where Ep = {ET,n}neN is a sequence of dyadic partitions of interval [0,T].

Proof. Let us fix T > 0 and t € [0,7] and consider the sequence of dyadic
partitions Er. In[T'heorem 4] we have already proved the statement of the lemma
for the case when t = T'. For that reason we consider ¢ € [0, 7).

Firstly, let us suppose that there exists m € N such that ¢t € Er,,, or in other
words, there exists m € N and j € {0,...,2™ — 1} such that ¢ = Q%T. Then we
have for n € N, n > m that

2nm

1
- Z ’R1+1T Rl—{ T’H

Z ‘Rlil B RH

[tistit1]€ET R
t; <t

T2n—m]
D
N27 Z |Rz+1 RH’H
=0
T S ;
TR | —
(2 on—mj 41 j—l—l o T

. 27l m
J T) H|x
— (Lt }j JEan
<2m T (2n w1 2 R |H)
(2.9)

In the second row, we used self-similarity of Rosenblatt process. Now, similarly as
in the proof of [Theorem 4| by [Birkhoft Ergodic Theoreml we obtain the following
convergence P-a.s. and in L'(Q):

1 on— m]

gomj 11 > IR, — RI|u

=0

P-as., L1(Q)
_—>
%

B[R |7). (2.10)

Combining (2-9), (2.10) and the fact that ¢ = ;LT we obtain the convergence

1 D 1
>, IR, — R{|7 —— tE[R{|7].
[tistiv1]€EET R
t; <t

From there, we obtain the desired convergence in probability

L P L1
>, IR, — R{|7 —— tE[R{|7]. (2.11)

[titit1]€EET R

t; <

because ¢ E[| R |#] is deterministic.

Now, let us suppose that ¢ is not dyadic rational, i.e. we suppose that there
does not exist any m € N and 7 € N such that ¢t = Z%T, or equivalently, for
every m € N it holds ¢t ¢ Er,,. It means that for every n € N, there exists
index z, € {0,...,2" — 1} such that ¢ € (227, 222 T). That gives us a sequence
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{2y nen for which it holds 527" <t < zgle for every n € N. We know that set

{2]—;, Jj € Ng,n € N} is dense on R*. From there it follows that

Inp 4y (2.12)
on n—00
and +1
Ty,
T oot (2.13)

As we already mentioned, for every fixed m € N it holds that 2T € Erpm and
Z"L“T € Er,,. For that reason, as we already proved in , it holds that

> IR, - RME

[titiv1]€EET
ti<GmT

P T L
— QTITEHRﬂH]

and

1 P xm+1
H —)

n—00 om

TE(|RY|7].

>, IR,

[tistit1)€EET R
ti< T T

It also holds on €2 and for every n € N, n > m that

Z |R2+1 7 Z |Rz+1 Rg % < Z |R2+1

[tistit1]€EET R [ti,ti+1}€ET,n [tistit1]€EET R
ti<GmT i<t ty<Tmtly

1

Therefore, if we send n — oo, we obtain (for m being still fixed)

Tm 1 1
QfmTEHRﬂH] < > IR, - R
[titiv1]€ET R

ti<

TE[|RY|#] (2.14)

xm—l—l
2m

Finally, (2.14) with $=T —t and x’g—,le —t, completes the proof. H

Remark 6. In the statement of [Lemma 8, we assumed E7 to be the sequence
of dyadic partitions (because dyadic rationals is a dense set on R) because we
needed to show that (2.12)) and (2.13) hold. The proof of would pass
in the same way for any sequence of partitions for which the convergences

and (2.13) hold.

We will continue with citations of two lemmas. The first lemma gives us suffi-
cient conditions for uniform convergence in probability of family of continuous
processes.

Lemma 9. (|28, Lemma 3.1]) Let (Z.)eso be a family of continuous processes.
Let us suppose that

1. for everye >0, t — Z.(t) is non-decreasing P-a.s.,

2. there ezists a continuous process (Z(t))i>o such that Z.(t) % Z(t).
E—

Then (Z.)e~o converges to Z uniformly in probability P.
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The next lemma gives us necessary and sufficient conditions for continuous path
to have a p-th variation along a sequence of partitions.

Lemma 10. ([2I, Lemma 1.3]) Let T > 0, S € C([0,T],R) and m = {7, }nen
be a sequence of partitions of [0,T]. It holds that S € V,(m) if and only if there
exists a continuous function [S]P such that

Ve [0, 7] Y. [S(tw) = SE)IF —= [STP(). (2.15)
[tjstj+1]€mn
t; <t

If this property holds, then the convergence in (2.15)) is uniform.

Now we have enough theory to prove the desired [Theorem 6]

Proof of [Theorem . Our goal is to show that there exists some sequence of par-
titions and continnuous function such that holds.

Let us fix T > 0 and let Er be a sequence of dyadic partitions of interval [0, T7.
Furthermore, let us denote for every n € N and t € [0, 7T

Z= S IR REP Z0)= R
[t?,t;ﬂrl]GET’n
tjgt

Then, from [Lemma 8| it holds that

Zn(t) —— Z(t), for every t € [0, 7). (2.16)

From there, it follows that for every ¢ € [0,7], there exists some increasing

subsequence of indexes {n¢j}ren C N with n — % and there exists Q, € F
—00

with P[] = 1 such that it holds, for every w € §);, that

Z

Nt k

(t,w) — Z(t,w).

In order to verify (2.15)), we need to show that {n;}ren and €; can be chosen
independently of t. In other words, we would like to show that there exists {2 € F

with P[Q2] = 1 and an increasing sequence of indexes {n}reny C N, ny ——
— 00

such that for every ¢ € [0, 7] and for every w € Q it holds

We do that by verifying sufficient assumptions of uniform convergence in proba-
bility in [Lemma 9

We have (Z,)nen family of continuous processes. Firstly, we are interested
whether it holds that for every n € N, the mapping ¢t — Z,,(t) is non-decreasing
P-a.s. on [0,T7.

Let us choose 0 < s < ¢t <T'. Then it trivially holds that Z,(s) < Z,(t) because

1
Zn(t)=Zn(s)+ > |Rp —Rpl®

[t;?,t;?_i_l]EET,n
s<t;?§t
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and therefore ¢ — Z,(t) is non-decreasing P-a.s. on [0,T] for every n € N. Tt
also holds that Z,(t) % Z(t), for every t € [0,T] as we showed in ([2.16)).

Therefore, by [Lemma 9] it holds that Z, % Z, or in other words, it holds that

Ve>0:P | sup |Z,(t) — Z(t)] >e| —— 0.

t€[0,T] n—oo

From there, it follows that there exists some increasing subsequence of indexes
{nik}ren C N with ny 00 and there exists Q2 € F with P[] = 1, such that
—00

for every w € Q it holds

sup |Z,, (t,w) — Z(t,w)] — 0.
te[0,7) k—o0

But it means that the following holds:

VweQVte[0,T]: S |RE (W) — RE ()7 — tE[|RY 7).
[£F ¢ % | €ET ), aa ’ o
t?kgt

Finally, by [Lemma 10, we have for every w € Q that R (w) € Vi (Er), where

Erp= {E7n, }ken. In other words, we say that all continuous paths of Rosenblatt
process R have finite pathwisie 1/H-th variation along a sequence of partitions
Er, ie. it holds that

pt = > 5t;‘k ’Rt%l - Rtgk \%

n n
[t;% ;5 1€BT 5

converges weakly to a measure p without atoms for every ¢ € [0,7] and it holds
that p([0,4]) = t B[|R}|7]. O

2.5 %—Variation of Rosenblatt process

In this subsection we will suppose, without loss of generality, that Rosenblatt
process (Rf',t € RT) with fixed Hurst parameter H € (3,1) is defined on com-
plete probability space (€2, F,P) with all paths being continuous functions.

The next question we might ask is whether paths of Rosenblatt process have finite
p-variation in the sense of Clearly, if p € (0, %), then the paths of
Rosenblatt process will not be of finite variation because, by it holds
that 33", \R’;in — R%P’ % 00.

In this section we will prove, that IP-a.a. paths of Rosenblatt process are not of
finite p-variation even if p = % Results proved in this section could not be found
anywhere in the literature, however, the techniques of the proofs are known (see
[29] where claims from this section are proved for fractional Brownian motion).

Firstly, let us define some notions. For a,b € R*,a < b, we define random
variable
n—1
Yoy = sup SR - R 8

tit1
neN,a<t;<..<tn<b i3
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Note that T, is a measurable mapping because Rosenblatt process has continu-
ous sample paths and therefore we can take the supremum over rational numbers
ty,...,.t, € Q.

Let A(+) be Lebesgue measure on B(R"), U be a finite union of disjoint open
intervals (s;,¢;) C RT with s;,¢; € Q for every i € {1,...,n} and some n € N,
and let U be the collection of such subsets of R*. For every U € U of the form
U=U"(si,t;), wheren e N, 0 < 51 <t1] <s9 <ty <...<s,<t, <b we
define the random variable

Gr = IR~ RI|H. (2.17)
i=1
Note that it holds
Tp(w)= sup (p(w), forevery w € Q.
UeU,UC]a,b]

Firstly, we prove the following simple lemma which follows from the |[Birkhoft
[Ergodic Theorem|

Lemma 11. Let us fix m € N and denote p,, = P[|R¥|# > m).
Let us denote Z(™ =1 ] for every n € N. Then it holds

1
(182~ RIL, | 2m

Proof. We know that increments of Rosenblatt process are strictly stationary and
they are also ergodic, as we proved in Consequently, the function

1 s is measurable and therefore also the process (Z(™ n € N) is ergodic.

For that reason, we can use [Birkhoft Ergodic Theorem|and we obtain

And we use the fact that E[Z{™] = pn. O

Note that we can see from the proof of that the convergence in the
statement of holds, by [Birkhoff Ergodic Theorem), also in the sense of
LY(2), but we do not need this type of convergence in further proofs.
The following lemma lies at the heart of the proof of the main result.

Lemma 12. Let us choose s,t € QT,s < t, denote I = (s,t) and fir m > 0.
Denote p,, = P[|[RE|% > m] and choose r € (0,py,). Then there exists A, € F
such that P[A,,] = 1 and for every w € A,,, there exists U, € U such that it holds

e U, C,
e MUL) > rX(),
. () 2 mA(UL).
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Proof. Let us fix m > 0. For every n € N and for every ¢ € {0,...,n} we define
th =s+(t—s)and J = (t;_,,ty) for k € {1,...,n}. Let us also denote

o, 71
>mt5]
- n

H H
Ry —Rpo
it+1 i

n—1
=0

By (2.17), we can see that for every w € Q and k € {1...,n} we have (jn(w) =
| Rt (w) — RtHg,l(w”% and A(J}') = =2 For that reason, S{™(w) counts the
number of subintervals Ji' for which it holds (;n(w) > mA(J}). By definition

of {tI',i € {0,...,n}}, strict stationarity of increments and self-similarity of the
Rosenblatt process, we have for every i € {0,...,n — 1} that

1
1 —_—
H H|H _ |pH _ pH H
‘Rt?+l - Rt? - R8+%(t*5) RS‘F%(t s)
1
D | pH H "
~ R%(t—s) R;(H)
" 1
D S H,/pH Hy|H
~ | | (Ri+1 - Rz )
pt—5|p H|H
~ ‘Ri—&-l - I

For that reason, it holds that S™ has the same distribution as Z{™, where Z{™
is defined for n € N by

By [Lemma 11|, we have that

From there, we have

because p,, is a deterministic. Therefore, there exists some increasing subsequence
{ni}tien € N, with n; —— o0, such that

1—00

lS(m) P-a.s. Don-
n; i 1—00
Let us denote ]
Ap ={weQ: =S (W) — p,}.
Tn; ¢

1—00
Then P[A,,] = 1. Let us fix w € A,,. Then there exists i,, € N such that

1
— S (w) > r, for every i €N, i > i,.
n; ‘
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Let us choose i € N, i > 1, and let

I, = {J,’ji ) =m— ke {1,...,ni}}.

(2

Then J, # 0 because if J, = 0, then S{™(w) = 0 would hold but we have
L 8(m(w) > r which is a contradiction. In fact, .J, has exactly S{™(w) elements.
Finally, let us denote

U, = U V.
Ve,
Then it holds that
AU) = S > rA()
and
a(w) = > Cv(w)
Vel

> Sh, (w)mt _' i

= mA(U,). l
That completes the proof. O

Corollary 1. Let us fir m € N, denote p,, = P[|R¥ |7 > m] and set r,,, = b

Then there exists C,, € F with P|C,,] = 1 such that if w € Cy, and V € U,
then there exists U, € U with U, C V' for which it holds N(U,) > rp,A(V) and
Cu, (w) > mAU,).

Proof. The statement follows from [Lemma 12| Indeed, by using we
obtain for every U € U set AY € F, P[AY] = 1 and for every w € AY there

exists U, € U such that U, C U, A(U,) > rA(U) and (y,(w) > mA(U,). Now it
is enough to set

Cr= ) AY.

veu

Lemma 13. Fiz 0 <a <b, a,b € Q. Then Y, 3(w) = oo for P-a.a. w € Q.

Proof. Let us choose m € N arbitrarily, fix 0 < a < b, a,b € Q, denote p,, =
P[|R,|# > m] and choose r € (0, py,). Then, by applying m to the open
interval I = (a,b), we obtain that there exists C}, € F such that P[C}] =1 and
for every w € C}, there exists Ul € U such that

Ul cl,
MUY > rA(T),
(o (w) = mA(U).

Let us denote
W' ={U!wecC.}
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Now, by |Corollary 1| (with m being already fixed), there exists C? € F such that
P[C?] = 1 such that for every w € C? N CL (the following holds by |Corollary 1

for every w € C?, but we will need it only for every w € C% N C!) and every
Ul € W, there exists U? € U such that

U CcI\UL,
ANUZ) > rA(I\U}),
Cuz(w) = mA(U2).
Let us denote
W? = {Ug,w € Cfn N Crln}

We continue in the same manner as before. At the k-th step (where k£ € N), we
have that there exists C¥ € F with P[C%] = 1 such that for every w € N}, C?,
and every Ul € W' ... U1 € W*! there exists UF € U for which it holds

UrcI\(ULu...uUkD),

MURY > rXI\ (ULU...UUkr1),
o (w) = mA(UE).

We denote i
Wr={UF,we N CL}.
i=1

Let us denote i
Cn=Cn
i=1
for every k € N, and
¢ = C.
i=1
Then it holds C¥ € F and P[C] =1 for every k € NU {oo}. Let us fix k € N.
Then, for every w € CF, we have UL € W', ..., U¥ € W* and N, US = 0 (this

also holds for k € NU {oo}).
Let us choose w € C* and denote

k
VE=JU..
=1

Then we have V* € U. Furthermore, from (2.17) and from properties of

1 k
U,,...,UE, we have

k k
Cur(w) = Z Cui (w) > Z:mA(U:;) = mA(VY). (2.18)

Now, we will prove by induction that

AMINVE) < (L=1)"(b~a).
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If £ =1, we have

AU > rA(T)
MUY < —rX(I)
AI) = MUZ) < A(I) —rA(])
AMIN\UL) < (1 =7)A()
MINV)) < (1 =r)(b—a)

Now, let us suppose that this inequality holds for £ — 1 and we will prove it for
k, where k£ € N . In other words, we suppose that it holds

AT\ VFT) < (1— 1) 1(b - a).

Then,
AIN\VE) = A1\ (VETUTE)) (2.19)
= NI\ VF1) = \UF). |
Now, from
AUF) > rA(I\ (UL U ... UUFT))
=7\ Vi1,

we have that

—AUE) < —rA(I\ V).
Therefore, if we continue in (2.19)), we obtain

AIN\VE) SXIN\VEL) —rA(I\ VET)
=1 =r)AI\ VI
< (1 —=7r)"b—a).

We proved that A\(I '\ V¥) < (1 —7)*(b — a) for every k € N. From the fact that
1 —7r€(0,1), we see that

and
AMVF) ——= M) =b—a.
k—o00

For this reason and from (2.18]), it holds for every w € C>° that
sup (v (w) > sup mA(Vy)

keN keN

=m lim \(V)

k—o00

=m(b— a).
And from there, it follows that for every w € C;¢ it holds

sup  (u(w) = sup Gye(w),
UelU,UC|a,b] keN
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and therefore
Tp(w)= sup (p(w)
Uel,UC|a,b]
> m(b—a)

for every w € C°.
We proved that for fixed m € N and for every w € C;° it holds

Yo (w) > m(b—a).

Now, we denote

c=(ck.

meN

Then it holds C € F and P|C] = 1, and furthermore, for every w € C, we have
that
T[a,b] (w) > m(b—a)

holds for every m € N, and therefore

Yiap)(w) = 00
holds for every w € C and P[C] = 1. O
Theorem 7. There exists N € F, P[N] = 0, such that for every a,b € Rt a < b,

it holds that B
sup  S|RML (w) = R ()] = oo

neN,a<t1 <...<t, <b i=0 s
holds for every w € Q\ N.
Proof. The claim follows from [Lemma 13| Indeed, for every 0 < a < b, a,b, € Q,
we obtain set N, € F with P[N,,] = 0 such that T, (w) = oo for all w €

Q\ Ngp. It is enough to set N = U, peg+ a<h Nap and we obtain the statement of
the theorem. O]

35



Conclusion

In this thesis we have proved numerous properties of Rosenblatt processes that
could not be found in the literature. First, we proved that the increments of
Rosenblatt processes are ergodic. We continued with proving that Rosenblatt
processes have finite p-th variation along sequence of dyadic partitions for p > %
and consequently we proved that Rosenblatt process is not a semimartingale.

After that, in [Section 2.4] we showed that Rosenblatt process has finite path-
wise %—th variation along sequence of dyadic partitions. We proved
for only one specific sequence of partitions (for sequence of dyadic partitions).
One possibility for further research is to find the class of sequences of partitions
for which holds. The problem may be approached by investigating
assumptions on how fast the mesh
sup  {|t7 —t7 4}
7=0,...,N(n)

will converge to 0 as n — oo, where {t},j = 0,..., N(n)}nen is a sequence of
partitions and N : N — N is some increasing function. For sequence of dyadic
partitions, this mesh converges exponentially fast i.e. 2% — 0.

Lastly, in we showed that P-a.a. trajectories of the Rosenblatt process

with Hurst parameter H € (%, 1) have infinite p-variation if p = % We also
argued that this holds for 0 < p < % The interesting open question remains

what happens if p > %? We could not find answers in the case of p > -+ in

H
literature for fractional Brownian motion either.
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