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Abstract

The work focuses on the development of a smaller-scale non-linear Dynamic

Stochastic General Equilibrium model with typical  New Keynesian features,

which  is  subsequently  applied  for  modelling  the  Czech  economy  business

cycle. To this end, the model is estimated using maximum likelihood Bayesian

method with the Kalman filter and  the Metropolis-Hastings algorithm.

Special care is paid to the the issues of derivation and approximation of the

model, in order to retain its non-linear nature. Although some of the properties

of the estimated model are not fully satisfactory, the estimated model can be

considered an useful approximation of the Czech economic reality.

Abstrakt

Práca sa zameriava na vývoj nelineárneho dynamického stochastického modelu

všeobecnej rovnováhy s charakteristickými novokeynesiánskymi prvkami. Ten

následne používame na modelovanie hospodárskeho cyklu v českej ekonomike.

Pre tento účel je model odhadnutý pomocou bayesiánskej metódy maximálnej

vierohodnosti  za použitia Kalmanovho filtru a Metropolisovho-Hastingsovho

algoritmu.

Zvláštnu pozornosť  venujeme otázkam odvodenia a aproximácie modelu, tak

aby sme zachovali  nelineárnu povahu modelu.  Hoci  niektoré  charakteristiky

odhadnutého modelu nie sú  úplne uspokojivé,  odhadnutý model  predstavuje

použiteľnú aproximáciu českej ekonomiky.
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Introduction

This paper presents a dynamic stochastic general equilibrium (DSGE) model with

New Keynesian features, that is tailored to provide a suitable description of the

Czech economy. The model is �rmly anchored in the optimization behavior of

the individual agents in the economy, who then represent the basic force behind

the dynamics of the model.

We also estimate the model using a set of observations based on the macroe-

conomic data for the Czech Republic. To achieve this, we employ the Kalman

�lter and the Metropolis-Hastings algorithm in a Bayesian maximum-likelihood

estimation framework, an approach that has been shown to be highly e�cient

(c.f. Smets and Wouters (2002), or Lubik and Schorfheide (2006)).

The DSGE models used for the research purposes, that were estimated for the

Czech economy, so far heavily relied on linearization of the model structure, not

only for the purposes of estimation, but also to derive the aggregate model dy-

namics. This approach, however has its severe limitations: �rst, it imposes some

undesirable features unto the dynamics of the model, namely the certainty equiv-

alence property, which can have negative consequences, especially relevant for

the volatile and highly opened Czech economy. Also, as shown by Kim and Kim

(2003), linear approximations of the DSGE models can have misleading implica-

tions in welfare and policy evaluations. This work therefore derives the model

in such way that no linearization is required to describe the aggregate dynamics

based on the behavior of individual agents. It also applies a second-order Taylor

expansion algorithm of Schmitt-Grohe and Uribe (2004) to obtain non-linear ap-

proximation of the model dynamics in the simulations. The structural equations

presented in this work can thus serve as a starting point for both optimal policy

1



2

evaluations as well as in more sophisticated nonlinear solution methods..

The paper is structured as follows: �rst chapter provides a general overview

of the results of the New Keynesian DSGE modelling both abroad and in the

Czech Republic. Second chapter then describes the methods used to build, solve

and estimate a DSGE model. Core of the work lies in next two chapters. Chap-

ter three presents the theoretical roots of model, building on both foreign and

domestic experiences. It then continues by aggregating and stationarizing model,

while retaining the underlying structure of the model intact. In chapter four, we

describe the issues concerning the Bayesian estimation of the model, using the

data for the Czech republic. Special care is paid to the treatment of the data as

well as to the diagnostics of the estimation process. Finally, chapter �ve inquires

into dynamical properties of the estimated model, using variance decomposition

and impulse responses to judge the performance of the estimated model.



Chapter 1

New Keynesian DSGE

modelling

1.1 The origins of New Keynesian DSGE mod-

elling

New Keynesian school of economic thought was formed in mid-1990's by a merg-

ing together two distinctive branches of economics. First one was built around

the neo-classical general equilibrium concept, augmented by the rational expecta-

tion hypothesis and application of wide array of statistical tools; these concepts

are nowadays increasingly called the Real Business Cycles theory (RBC). Un-

like purely macroeconomic neo-Keynesian theories, the RBC models were based

on optimization behavior of the representative agents in the economy. When

aggregated, their decisions de�ne the long-run balanced path; with some small

exogenous random perturbations added, the agents respond by changing these

stationary decisions. This results in �uctuations around the long-run trends,

while all the markets are clearing without any rigidities assumed1.

The second branch of thought that, among others, emerged to prominence

in 80's is New Keynesian school. Instead of having one central theory, it devel-

1Seminal paper in this area was delivered by Kydland and Prescott (1982)
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CHAPTER 1. NEW KEYNESIAN DSGE MODELLING 4

oped several concepts, also rooted in microeconomic behavior, that may result

in imperfectly clearing markets on macroeconomic level. Unlike classical Keyne-

sian approaches, stressing the fundamental uncertainty and increasing returns to

scale, New Keynesian theorists relied on menu costs and monopolistic structure

driven price and real rigidities, e�ciency wages leading to under-employment,

NAIRU concept (also a result of imperfect competition on labor market) and

hysteresis on the labor market.

Both approaches were later tied together by putting these nominal rigidities

into general equilibrium framework and methodology of RBC models, ultimately

resulting in New Keynesian DSGE models. In some literature, this is also called

as �New Neoclassical Synthesis�2. Some of the earlier works demonstrated that

this approach delivered results, that were at odds with standard RBC postulates,

especially regarding the e�ects of monetary policy3. It also provided the New

Keynesian school of thought with instruments immune to rational expectations

critique. The new modelling possibilities opened by this synthesis together with

increased computational power necessary for the application of the solution al-

gorithms required by the models resulted in recent proliferation of research in

focusing on DSGE models and their applications. DSGE modelling also form

a vital part of the so-called New Open Economy Macroeconomics, an approach

pioneered by M. Obstfeld and K. Rogo�4, which today forms the basis for the

modelling of open economies.

There are two reasons behind this success of DSGE models. First, as demon-

strated by the seminal work by Smets and Wouters (2002) and later by for ex-

ample Christiano et. al. (2005) and Lubik and Schorfheide (2005), the New

Keynesian DSGE models with variety of nominal and real shocks are both able

to replicate the dynamical responses observed in the real data as well as �t the

empirically observed unconditional �rst and second order moments5. This makes

New Keynesian DSGE models very suitable for addressing the issues of optimal

monetary, or welfare policy in a dynamic setting.

2See Galí (2002), or Garratt (2005). Basic characterization of New Keynesian DSGE is
discussed at length for example in Woodford (2003)

3C.f. Clarida et. al. (1999), Rotemberg and Woodford (1997)
4For example Obstfeld and Rogo� (1996)
5C.f. An and Schorfheide (2005)
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Second reason for the widespread adoption of DSGE models with nominal

rigidities is the gradual switch to in�ation targeting policies by various central

banks. This resulted in the increased needs for reliable forecasting models, for

which purposes DSGE approach proved deliver same degree of accuracy within

a theoretically appealing and tractable framework6.

1.2 Czech New Keynesian DSGE models

Application of New Keynesian DSGE models for the Czech economy started to

gain ground somewhat later, around mid-2000's. The suitability of this approach

to explain the structure was somewhat limited before then (and to some extent

is limited even today) by the short time-span of the data observed, as well as

the volatility and structural changes brought about by the economic transition

process. Since then, however, several DSGE models with New Keynesian fea-

tures have been made to suitably describe the Czech economic reality, mainly by

CNB and researchers at the Research Centre for the Competitiveness of Czech

Economy.

First, the Czech National Bank (CNB) initiated development a large-scale

DSGE model used for predictions, required for the in�ation targeting regime; its

g3 model was used alongside previous Quarterly Projection model since 2007 and

since 2008 it is the core projection model7. The initial outline for the model is

given by Bene² et. al. (2005); the model includes standard New Keynesian DSGE

and NOEM blocks, including time-to-built capital, imperfect interest rate pass-

through and exchange rate disconnect mechanism. However, due to its size and

complexity (the model aims not only to explain business cycle, but incorporates

long-term trend predictions) it doesn't present a good starting point for the

researchers.

From the perspective of this paper, research made by K. Musil, O. Va²í£ek,

M. Hlou²ek and A. Remo (Va²í£ek and Musil (2005), Va²í£ek and Musil (2006),

Va²í£ek and Remo (2008), (Hlou²ek (2008) and Musil (2009, forthcoming) ) o�ers

a much more suitable reference point. In the �rst of these papers, Va²í£ek and

6Examples of such models can be given by Bank of Canada's ToTEM, Global Economy
Model of the IMF, or g3 model used by the Czech National Bank.

7See Czech National Bank (2008)
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Musil (2005), the authors adopt the model by Ireland (2005), estimate the model

using data of the Czech economy and investigate the model's dynamic properties

by variance decomposition and impulse responses of the model. Va²í£ek and

Musil (2006) o�er much similar analysis, but using a di�erent speci�cation of

the model, which is based on research papers published by Reserve Bank of New

Zealand, especially Lubik (2005) and Liu (2006). In both cases, authors �nd

the models to provide a good explanation of the Czech economical reality. The

model of Va²í£ek and Musil (2006) is then extended in two ways: Musil (2009,

forthcoming)) adds a di�erentiation between domestic tradable and non-tradable

sector. He �nds that this extension has an impact on the dynamics within the

model; still however, he doesn't conclude that it is necessary to obtain favorable

results. Va²í£ek and Remo (2008), on the other hand, models the central bank

decision function as a result of minimization of a loss function, using algorithm by

Dennis (2005) to solve for this additional optimization problem. Finally, Hlou²ek

(2008) adopts a model by Maih (2006), which itself is a modi�cation of models

devised by Ambler, Dib and Revei (e.g. Ambler et. al. (2004)), used in several

working papers published by Bank of Canada. He then performs several tests

on the estimated model to gain some inference of the overall �t of the model.

The model is subsequently used to investigate the impact of price and wage

stickiness on the Czech economy; author �nds the wage stickiness to play the

most important role among the nominal rigidities.

The four last mentioned papers have several features in common: they all use

Bayesian estimation with Kalman �ltering to obtain the estimation of the model

parameters, use Calvo-type of staggered price setting, they all separate between

trend and cyclic component and �lter out the former and they all linearize the

model in the aggregation process. To build on their results, we shall adopt these

features; we shall, however relax the last restriction and derive the model in non-

linear form, that is perfectly consistent with the building blocks of the underlying

micro-foundation.



Chapter 2

Methodology

The focus of this chapter is twofold: it gives a short summary of the methodolog-

ical approach inherent in the New Keynesian DSGE modelling. Two remaining

sections then summarize the technical procedures used for solution and estimation

of the model, which are then used in the later chapters.

2.1 Basic characteristics of New Keynesian DSGE

models

Although there is a considerable heterogeneity in the precise speci�cation of the

New Keynesian type of models, since its introduction in mid-1990's several build-

ing blocks have become the hallmarks of the DSGE modelling1:

1. Models have �rmly rooted microeconomic foundations. This is done by

modelling various sectors by homogeneous representative agents, facing in-

dividual intratemporal and stochastic intertemporal optimization problems.

Mainly, they are represented by the households, which make decision on the

consumption, the hours worked and the savings and which collectively own

the �rms; and by the �rms, which are �personi�cations� of the production

1A well arranged and comprehensive summary of the New Keynesian DSGE modelling is
given for example in Galí (2002)
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CHAPTER 2. METHODOLOGY 8

function. The homogeneity in turn allows for straightforward aggregation

in the models.

2. All the models assume formation of rational expectations2 on the side of

the representative agents. Together with the microfoundations, it makes

the models immune to Lucas' critique3. However, there is no fundamental

uncertainty among the agents with respect to the structure of the economy,

or distribution of the shocks.

3. In line with the RBC approach, all the markets are cleaning, including

labor market4. General equilibrium constraints then generate a complex

dynamics exhibited by the model, multiplying small re-allocations desired

by the agents into large movements in the key aggregates.

4. Unlike in the case of the homogeneous representative agents, there are in-

�nitely many di�erentiated goods with their corresponding markets, usu-

ally modelled by the Dixit-Stiglitz setting. Imperfect substitution between

them allows for monopolistic competition, resulting in mark-up pricing and

possible allocative ine�ciency.

5. Monopolistic competition setting also allows for the existence of nominal

and persistent rigidities in the markets, which are the main channel of

introducing Keynesian features to the models. Price rigidities are mod-

elled in various ways. Some models use price adjustment costs to keep

prices sticky5, other models assume random duration between price opti-

mization events, with a time-invariant distribution of this duration6. Most

widely used approach, however, is based on setting by Calvo (1983), mainly

because of its simple implementation, while keeping the results plausible

enough; it assumes, that in every period, constant fraction of agents is

selected at random, and these then set their prices by maximizing the ex-

pected value of their objective function.

2Lucas (1972)
3Lucas (1976)
4This assumption, however, is not universal. For example sticky wage model in Gong and

Semmler (2006) in Ch.8 augments the standard DSGE model with non-clearing labor market.
5For example Ireland (2005)
6E.g. Dotsey et. al. (1999), Murchison et. al. (2004)
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6. There are two kinds of shocks to the economy. One is based on exogenous

changes in production functions and in preferences, both taken from RBC

models. Against these changes to the �real� side of the economy stand

shocks to nominal prices, which tend to a�ect the real economy through the

nominal rigidities on the markets. Among these shocks, special attention

has been paid to shocks in the monetary policy and cost-push shocks to

in�ation (usually in the form of shocks to mark-ups).

7. The models often work with the gap-form speci�cation of the model. Usu-

ally, this comes quite natural, the primary focus of the models is to explain

the �uctuations in the economy and in order to derive a numerical solution

to the model, it is approximated around a stable attractor point. Rewriting

the model by taking only the laws of motion for these deviations under con-

sideration both simpli�es the model and allows for it to be used empirically,

even under long-term trend changes in the structure of the economy.

The model we shall present here is built according to the aforementioned building

blocks. Since Czech Republic is a highly opened economy, we shall also augment

it by some basic NOEM assumptions, namely rigidities on import markets with

imperfect pass-through of foreign prices and international capital mobility, to-

gether with risk-adjusted uncovered interest rate parity assumption.

2.2 DSGE model solution

One of the main issues with New Keynesian DSGE modelling is, that in general,

there is no closed-form solution of the model prescribed by the standard DSGE

model building blocks. We shall therefore turn our attention to describe the

approximate numerical solution approaches and provide the solution algorithm

used in our estimation and simulation process.
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2.2.1 In�nite horizon optimization

7At the heart of a DSGE model are in�nite time-horizon optimization problems

faced by the various representative agents. Any of these can be written as

max
{ut}

Et

∞∑
s=0

βsU(xt+s, ut+s)

subject to

xt+1 =S (xt, ut, zt) (2.1)

zt =Pzt−1 + εt (2.2)

where xt ∈ Rm is a vector of state variables, ut ∈ Rn vector of control vari-

ables. Instantaneous objective function U : Rm+n 7→ R is discounted by factor

β ∈ [0, 1). Operator Et stands for expectations conditional on information set

Ωt available at time t. Vector of shocks zt ∈ Rp is assumed to follow an AR(1)

process with exogenous innovations εt, that are assumed to be serially indepen-

dent and identically distributed with Eεt = 0 and E (εt εt ′) = Σε. Unlike in case

of deterministic optimization problem, where the solution is given in the form of

explicitly written optimal trajectory, we must look for a solution in the form of

an optimal policy (or decision) function

ut = Gt (xt, zt) (2.3)

Equations (2.1), (2.2) and (2.3), together with initial conditions x0, z0 and the

sequence of innovations {εt} then describe the complete dynamics of the system.

Straightforward numerical solution could be, at least theoretically, obtained

by dynamic programming algorithm. Let us denote

V (x0, z0) = max
{u}

Et

∞∑
s=0

βsU(xt+s, ut+s)

The optimization problem can be then written using (2.1), (2.2) and Bellman

7This formal structure of this subsection is based on Gong and Semmler (2006)
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equation

V (xt, zt) = max
{ut}

[U (xt, ut) + βEtV (xt+1, zt+1)] (2.4)

The solution for G could be obtained by using �xed point theorem to derive

the values of V (xt, zt) for any given (xt, zt) and approximating the relationship

between ut and (xt, zt) implied by V .

Such solution algorithm, however, would be very demanding without any

further prior knowledge about V . The standard way of approximating G, which

we shall follow in our work, is to derive �rst-order optimality conditions for ut and

derive an approximation of the policy functions around the (presumed unique)

stationary point given by the �rst order conditions. The Lagrangean function is

L ({λt} , {xt} , {ut}) =Et

[ ∞∑
s=0

βs (U(xt+s, ut+s)−

− βλ′t+1+s[xt+1+s − S(xt+s, ut+s, zt+s]
)]

(2.5)

where λt is the Lagrange multiplier associated with the state vector xt . First

order conditions take the form

∂U(xt, ut)
∂xt

+ βEt
∂S(xt, ut, zt)

∂xt
λt+1 = λt (2.6)

∂U(xt, ut)
∂ut

+ βEt
∂S(xt, ut, zt)

∂ut
λt+1 = 0 (2.7)

Equations (2.1), (2.2), (2.6) and (2.7) then, together with innovations sequence

and initial conditions, pin down the dynamics of the model.

2.2.2 Optimal policy function approximation

Multiple ways of �nding the approximations of the optimal policy functions from

the �rst order optimality conditions were proposed in the literature. Standard ap-

proach to the problem is to linearize the equations of the model, transforming the

original problem into linear-quadratic programming problem. The key solution

algorithm is given by Blanchard and Kahn (1980) and McCallum (1983). Simpler

and equivalent procedure was proposed by Uhlig (1998). While relatively simple
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to implement and quick, linearization of the model results in much simpli�ed

dynamics of the model and certainty equivalence property of the solutions8.

Other algorithms have been proposed, that would allow for non-linear so-

lutions to the model. For example Lim and McNelis (2008) use a projection

algorithm to directly estimate the policy function, which they parametrize using

simple neural network. Parameters of this network are then estimated by mini-

mization of the sum of squared deviations from the a-posteriori evaluated optimal

path, using Monte Carlo simulations. While applicable for the simulations of the

model, the method is too much computationally demanding for the estimation

process.

We shall therefore turn our attention to perturbation methods, proposed by

Sims (2000), Collard and Juillard (2001) and Schmitt-Grohe and Uribe (2004)

and which we shall subsequently use in the later chapters. The central idea is to

derive Taylor approximation of the policy function around the stationary point of

the model, using Taylor approximation of the �rst order conditions of the model.

These methods allow for less simpli�ed approximation of the dynamics around

the stationary equilibrium of the model, but on the other hand, they are still

feasible for the computationally demanding estimation procedures.

2.2.3 Perturbation approximation methods

To derive the �rst-order approximation, we rewrite the �rst order conditions and

constraints of the model in following manner: since it is no longer necessary to

strictly di�erentiate between control and state variables in the equations (2.1),

(2.2), (2.3), (2.6) and (2.7), we shall merge the vectors ut, xt, zt and λt into

one vector of endogenous variables yt ∈ R2m+n+p. Transition equations can be

then written as yt = h(yt−1, εt), where the transition function h : R2m+n+2p 7→
R2m+n+p incorporates both the constraints (2.1), (2.2) and the optimal policy

equation (2.3)9. Finally we can write both the constraints and the �rst order

8Certainty equivalence in this sense means, that optimal reaction policy ignores the future
shocks, treating them all being equal to zero with no variance. See for example Heer and
Maussner (2008), Ch. 2 for more detailed discussion.

9For the simplicity, we build on our example with only one optimization in the model. In
case of more independent optimization problems in the model, we can simply add the additional
control, state and shock variables, with their corresponding multipliers and innovations to
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optimality conditions together as

Et [f(yt+1, yt, yt−1, εt)] = 0 (2.8)

Our goal now is to �nd the �rst-order Taylor expansion for the (partially un-

known) transition function h. By iterating the solution for yt, we can rewrite the

last equation using only the past variables yt−1 and the current and the future

shocks εt, εt+1:

F (yt−1, εt, εt+1) =f (h (h (yt−1, εt) , εt+1) , h (yt−1, εt−1) , yt−1, εt)

0 =Et [F (yt−1, εt, εt+1)] (2.9)

Without loss of generality, let's assume, that ȳ = 0 is the steady state of the

model and thus h(0) = 0 and f(0) = 0. By taking �rst order approximations

F (1) of F , we obtain

Et

[
F (1) (yt−1, εt, εt+1)

]
= Et [fy+ (hy− (hy−yt−1 + hεεt) + hεεt+1) +

+fy (hy−yt−1 + hεεt) + fy−yt−1 + fεεt] =

= (fy+hy−hy− + fyhy− + fy−) yt−1+

+ (fy+hy−hε + fyhε + fε) εt

where fy+ = ∂f
∂yt+1

∣∣∣
0
, fy = ∂f

∂yt

∣∣∣
0
, fy− = ∂f

∂yt−1

∣∣∣
0
, fε = ∂f

∂εt

∣∣∣
0
and hy− = ∂h

∂yt−1

∣∣∣
0
,

hε = ∂h
∂εt

∣∣∣
0
. This result, together with (2.9) then give

(fy+hy−hy− + fyhy− + fy−) yt−1 + (fy+hy−hε + fyhε + fε) εt = 0 (2.10)

Since (2.10) holds for any yt−1, εt, both parenthesis must be zero-matrices. By us-

ing this result, we can compute the approximation of transition function h(1) (yt−1, εt) =
hy−yt−1 + hεεt. Still, in general, there are in�nitely many solutions hy− and hε
satisfying the restrictions given by (2.10). On the other hand, provided that

Blanchard-Kahn conditions10 are satis�ed, there is a unique stable solution for

vectors yt and εt.
10Blanchard and Kahn (1980)
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h(1). The exact coe�cients can be for example obtained by a procedure proposed

in Schmitt-Grohe and Uribe (2004), using Schur decomposition to identify the

unstable solutions.

Second order approximation of ht can be obtained by similar techniques. Since

corresponding derivations are rather lengthy to be described here in full, we refer

an interested reader to Schmitt-Grohe and Uribe (2004), which describes the

exact solution algorithms actually used in later chapters of this work.

One problem connected with higher order approximations of the policy func-

tion is that in iterative simulations, terms with higher power enter into the iter-

ation results. In case of larger deviations from the stationary state, these could

cause a divergence from the stationary state in the simulations. We shall therefore

augment the solution by a �pruning� procedure described in Kim et.al. (2008).

Let us suppose, that ȳ = 0, transition function for the k-th coordinate of yt is

approximated as hy,kyt−1 + yt−1
′ hyy,k,kyt−1 + hconst,k + hε,kεt and

{
y

(1)
t

}
is

a simulated sequence of endogenous variables using �rst order approximation.

Then pruned second order iterations for hy
(2p)
t,k are given as

y
(2p)
k,t = hy,ky

(2p)
t−1 + y

(1)
t−1

′
hyy,k,ky

(1)
t−1 + hconst,k + hε,kεt (2.11)

2.3 Estimation of DSGE models

As DSGE models are able to produce complex dynamics, they have been used

to model the empirically observed features of the economy ever since the RBC

theory inception. Two main approaches have been used to construct models,

that �t into the empirically observed patterns. Older approach is to calibrate the

free parameters in the models directly, according to some exogenously observed

quantities. More recent approach, however, is to use more formal statistical

methods in order to estimate the parameters directly from the observations of

the endogenous variables of the model11.

The main issue in estimation of DSGE models directly is that many state

variables have no empirically observed counterparts. Approaches to the estima-

11For more detailed discussion and comparison see Garratt et. al. (2006), or Fuka£ and
Pagan (2008)



CHAPTER 2. METHODOLOGY 15

tion procedure in the literature are therefore quite diverse. Halfway between

calibration and estimation, Gong and Semmler (2008) utilize a combination of

Generalized Method of Moments (GMM) estimation for the equations with ob-

servable variables12 and calibration to �nd the values of the model parameters.

Christiano et. al. (2005) use a two-step estimation procedure: they �rst estimate

a vector autoregression (VAR) model to obtain impulse responses to the shocks

of interest and then they minimize the distance between the simulated impulse

responses of the DSGE model and the impulse responses of the estimated VAR

model.

Such approaches however often su�er from the misspeci�cations that are

present in the stylized DSGE models, resulting in parameter values inconsis-

tent with the economic theory13. Recent literature thus resorts to Bayesian ap-

proaches, represented by the DSGE-VAR estimation procedure of Del Negro et.

al. (2004b) and by the Bayesian maximum likelihood estimation procedure, an-

alyzed for example by An and Schorfheide (2006). The former technique sets

up empirically constructed VAR model and calibrated DSGE model as opposite

poles in the space of models representing the data and then search for a combi-

nation of these two, that maximizes the likelihood, given some prior assumption

about the distance of the resulting model from these two extremes. In the latter

approach, one �rst forms some prior assumptions about the parameter distribu-

tion and subsequently adds in the information contained in the observed data to

obtain posterior distribution of the parameters by applying the Bayes formula to

evaluate the posterior likelihood of the data.

Especially the maximum likelihood Bayesian estimation procedure gained a

rather large following in the recent literature14. Mancini-Gri�oli (2007) summa-

rizes several reasons for this:

1. Through the use of state-space representation, maximum likelihood method

estimates simultaneously the whole structure of the model. It also allows for

12GMM method, �rst proposed by Hansen (1982), provides a robust estimation, with respect
to requirements placed on innovation errors, and also allows to retain the non-linear structure
of the model

13See for example Del Negro et. al. (2004a), or Garratt et. al. (2006)
14For example Smets and Wouters (2002), Lubik (2005), or Ambler et. al. (2004) among

many. Also, most of the DSGE models of the Czech economy this were estimated using this
method.
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the introduction of observation errors into the estimation in a very natural

way.

2. The prior distribution of the parameters serves as a constraint that binds

the parameters to remain within theoretically imposed limits even in case

of misspeci�ed model. It also helps to identify the parameters and usually

simpli�es the numerical maximization of the likelihood.

3. The estimated likelihood can serve as a basis for comparison between the

models, using standard likelihood ratio testing.

As we shall use this method in the chapter 4 let us describe it here in greater

detail.

2.3.1 Bayesian estimation

The Bayesian maximum likelihood estimation procedure used in this work can

be decomposed into four blocks:

1. The prior distribution of the model parameters ϑ ∈ Θ is speci�ed by prior

density function p(ϑ)

2. Computation of the likelihood p(V |ϑ0), given the parameter values ϑ0 and

the observed data V = (v′t)
′
t=1..T , is done via the Kalman �lter. For this

purpose, we log-linearize the model15 and use the linearized model to de�ne

the space-state representation required for the �lter; more details are in the

section 2.3.2.

3. Posterior probability density function p(ϑ0|V ), evaluated at any given ϑ0

is computed by the Bayes formula

p (ϑ0|V ) =
p (ϑ0) p (V |ϑ0)´

ϑ̃∈Θ
p
(
ϑ̃
)
p
(
V |ϑ̃

) (2.12)

Logarithm of posterior density can be thus easily calculated up to a constant

that represents the numerator in the (2.12).

15While the Dynare software, used for the estimation, can log-linearize the equations auto-
matically, it is often worthwhile to derive the log-linearized model analytically to gain better
insight into the structure of the estimated model.
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4. Posterior parameter estimates are obtained as the mean value of the pos-

terior distribution:

ϑ̂ =
ˆ
ϑ∈Θ

ϑp (ϑ|V ) dϑ (2.13)

Since the analytical formula for p(ϑ|V ) is not available to us, we must

estimate the integral numerically using a Monte Carlo estimation procedure.

Detailed algorithm which we shall use, is described in section 2.3.3.

2.3.2 The Kalman �lter

16Linearized DSGE model can be described by the transition function, given in

section 2.2.3. Let us rewrite the �rst-order approximation of this function in the

form

yt+1 = H (ϑ) yt + ηt (2.14)

where H (ϑ) is identical to hy− (with explicit parametrization added) and vt is a

vector of linear transformation of the original shocks εt, such that ηt
iid∼ (0,Q (ϑ)),

with Q (ϑ) = hεΣεh′ε. The equation linking endogenous variables yt to the vector

of observable variables vt is given as

vt = M (ϑ) yt + ζt (2.15)

where ζ
iid∼ (0,R (ϑ)); we shall also assume that E(ηtζ ′t) = 0. Equations (2.14)

and (2.15) together form a state-space representation of the model. This spec-

i�cation is very useful for our needs, as it allows for estimation of the model

with unobservable endogenous variables. Such estimation can be done using the

Kalman �lter.

Suppose, that matrices H,M,Q,R are known. Then, provided that the un-

conditional distribution of y1 is known, the Kalman �lter computes the estimates

ŷt|t = E (yt|Vt), where Vt = (v1, ..., vt). The �lter itself can be written as a

recursive algorithm with two steps in each iteration

1. Prediction of the state variables yt using the information in Vt−1: the pre-

16Results of this section are based on the description of the Kalman �lter given in Hamilton
(1994), Ch. 13.
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diction is done according to the equation (2.14),

ŷt|t−1 = E (yt|Vt−1) = Hŷt−1|t−1

with mean square error of the prediction

Pt|t−1 = E
[(
ŷt|t−1 − yt

) (
ŷt|t−1 − yt

)′]
= HPt|tH′ + Q

2. Updating inference on yt using Vt: the updated forecast ŷt|t = E (yt|Vt)
follows

ŷt|t = ŷt|t−1 + Pt|t−1M′ [MPt|t−1M′ + R
]−1 [

vt −Mŷt|t−1

]
with its corresponding mean square error Pt|t = E

[(
ŷt|t − yt

) (
ŷt|t − yt

)′]
given as

Pt|t = Pt|t−1 −Pt|t−1M′ [MPt|t−1M′ + R
]−1

M′Pt|t−1

The starting point for the recursion is given by ŷ1|0 = E (y1) and P1|0 = var (y1).
The �lter thus allows us to reconstruct the sequence of endogenous model

variables yt. More importantly, the Kalman �lter can be used to compute the

likelihood function for the observed variables, given the parameters ϑ. If we

assume, that y0, ηt, ζt have Gaussian distribution, then

vt|Vt ∼ N
(
M (ϑ) yt|t−1, M (ϑ)Pt|t−1M (ϑ)′ + R (ϑ)

)
and

p (VT |ϑ) =
T∏
s=1

fvs|Vs (vs|Vs) (2.16)

This last result can be directly used to calculate the likelihood in the Bayes

formula (2.12).
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2.3.3 Metropolis-Hastings algorithm

We compute the posterior density in two separate steps. First we �nd the mode of

the posterior distribution ϑM . This is done by maximizing the posterior density,

given by (2.12), using standard numerical optimization routines.

Then we can look for the posterior mean ϑ̂ using Monte Carlo estimation

techniques. More speci�cally, we adopt a Metropolis-Hastings type of algorithm17

to construct a random walk Markov chain
{
ϑ(n)

}
n=1..N

, which we will use for

the examination of the parameter space Θ. The chain is de�ned recursively by

following rules:

1. At each iteration step n ∈ {1, ..., N}, we pick a candidate ϑc from multi-

variate Gaussian distribution N
(
ϑ(n−1), jΣM

)
, where ΣM is the Hessian

matrix of p (ϑ|Y ) evaluated at the mode ϑM and j ∈ R is a scaling param-

eter.

2. n-th iteration of
{
ϑ(n)

}
is obtained as

ϑ(n)

= ϑc , with prob. q
(
ϑc, ϑ(n−1)

)
= ϑ(n−1) , with prob. 1− q

(
ϑc, ϑ(n−1)

)
where

q
(
ϑc, ϑ(n−1)

)
= min

{
1;

p (ϑc|V )
p
(
ϑ(n−1)|V

)}

The estimator of posterior mean is then de�ned as

ϑ̂ =
1− d
N

N∑
n=N

d +1

ϑ(n)

where d ∈ [0, 1) is the fraction of iterations dropped from the estimation proce-

dure, in order to lower the impact of initial setting ϑ(1). According to Hastings

(1970), ϑ̂
a.e.→
´
ϑ∈Θ

ϑp (ϑ|V ) dϑ as N → +∞, thus, provided that the mean value

17The general algorithm is based on simulated a annealing optimization procedure by
Metropolis et. al. (1953), modi�ed by Hastings (1970). We however use a speci�c formu-
lation, suited for our needs, as stated for example in An and Schorfheide (2005) .
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of posterior parameter distribution exists, our estimator converges towards this

posterior mean.



Chapter 3

The model

In this part, we shall construct a small open New Keynesian DSGE model, that

should be suitable for the description of the Czech economy1. It consists of

�ve principal sectors: the household sector, domestic producers, domestic im-

porters, the government and the foreign economy. Interactions between them are

facilitated by several intermediaries, whose purpose is mainly to aggregate di�er-

entiated goods and services; although it is true, that inclusion of these doesn't

alter the functioning of the model and they could be merged with the afore-

mentioned principal sectors, their explicit representation in the model allows us

decompose the decision processes in the economy into several steps and obtain

more comprehensible picture of the economy.

In line with other DSGE models, household, domestic producers' and im-

porters' sector are modeled using representative agents. In each sector, each

agent is optimizing along the same preferences as other agents and is consid-

ered perfectly rational. In each period he re-evaluates his expectations of future

development using all the information available to him and sets new optimal

trajectories for his decision variables accordingly.

Domestic economy is treated as small compared to the rest of the world and

highly open, a reasonable assumption in case of Czech Republic. Hence, foreign

1To some extent, the basic structure and representation of the model is built on the models
by Ambler et. al. (2004) and Lim and McNelis (2008). Some parts of the model were adopted
from Hlou²ek (2008), especially those regarding world economy.

21
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sector is modeled as exogenous aggregates that are considered by domestic agents

as given in each period. On the other hand, foreign sector is not in�uenced

by domestic economy (e.g. domestic in�ation has no in�uence on the foreign

in�ation) and real �ows and stocks in the domestic economy are assumed to be

of negligible magnitude when compared with size of the foreign economy.

In line with New Keynesian methodology, there are several nominal rigidities

incorporated in the model in order to achieve more realistic approximation of the

actual economic dynamics. Aside from shocks to prices, they are represented by

price stickiness. To this end, standard Calvo mechanism of staggered price setting

in Dixit-Stiglitz type of imperfect competition environment is utilized. With

respect to staggered wage setting, two variants were proposed in recent literature.

The more traditional approach, developed in Woodford (1996) and Erceg et.

al. (2000), is to consider households as suppliers of di�erentiated labor, with

each household setting its own wage rate (according to Calvo mechanism) and

supplying di�erent amount of labor. In order to analytically derive the aggregates

in the household sector, a labor insurance scheme is required. Alternative setting

was proposed in Schmitt-Grohe and Uribe (2006), where households supply equal

amount of homogeneous labor, that is transformed into di�erentiated labor by

monopolistic labor unions, which set the wage rate for each type of labor in

staggered fashion. This way, it is possible to leave out the labor insurance scheme,

at the cost of a bit more complicated model structure. Since, however, Schmitt-

Grohe and Uribe demonstrate, that there is negligible di�erence in actual dynamic

properties of the model between these two formulations (and no di�erence at

all in the linear approximation of the model), we can freely opt for the more

widespread formulation of Erceg et.al. (2000) without any binding consequences

for the dynamics of our model.

One important issue regarding stationarity in open economy general equilib-

rium model must be addressed. Standard closed economy models assume only

one type of risk-free bond, with endogenously determined interest rate, to be

available in the economy. Open economy setting, however, allows for risk-free

foreign bonds, with exogenously determined interest rate. In such setting, steady

state of the economy is dependent on initial conditions, which in turn implies,

that shocks to economy can change the steady state. Several modi�cations of
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the basic models have been proposed to deal with this problem, summarized in

Schmitt-Grohe and Uribe (2003). From these readily available remedies, we opt

for the inclusion a risk premium on foreign bond interest rate, that would be

dependent on foreign debt stock2.

Following sections focus on individual sectors of the economy and present the

optimization problems of the various agents in the economy. Then we shall de-

rive general equilibrium of the model and stationarize the variables in section

3.2. Complete set of equations describing the model in the gap-form is given in

section 3.3. For a more legible picture, Figure A.1 illustrates all relationships

in the economy, with bold lines representing the �ow of goods (and correspond-

ing �nancial transactions) and thin lines representing transfers of funds. Also,

Appendix A.1 gives a list of all variables used in the model.

Finally, two technical remarks: �rst, whenever there is a transaction of goods

or services described in the model, the amount demanded is written with small

letters and amount supplied is written with capital letters (e.g. ct represents

consumption demanded by households and Ct consumption supplied by home

goods traders); price is always determined by supply side. Second, to avoid

confusion, small Greek letters are used to denote model parameters.

3.1 Representative agents behavior

3.1.1 Labor aggregators

Labor aggregation is carried out by a continuum of perfectly competitive labor

aggregators on interval (0, 1). Each aggregator i ∈ (0, 1) buys di�erentiated

labor input from households at given wage rate, and, using Dixit-Stiglitz aggre-

gator technology with constant elasticity of substitution υ, transforms it into

aggregated labor, that is supplied to domestic producers for the price set by ag-

gregator. Since the aggregators don't face any individual risks and have the same

technology, they all make the same decisions and we can drop the index i in the

representative labor aggregator's optimization problem and write the expressions

2This choice is motivated mainly by its simplicity; still, Schmitt-Grohe and Uribe (2003)
demonstrate, that all commonly used modi�cations of the standard model have very similar
e�ects on dynamics of the model
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for the aggregated sector:

max
lt(j)

[
WtL

A
t −
ˆ 1

0

lt(j)Wt(j)dj
]

s.t. LAt =
(ˆ 1

0

lt(j)
υ−1
υ dj

) υ
υ−1

(3.1)

where Wt represents aggregated wage index, LAt aggregated labor supply, lt(j)
demand for labor of household j and Wt(j) wage set by household j.First order

condition, together with perfect competition constraint, are

lt(j) =LAt

(
Wt(j)
Wt

)−υ
(3.2)

Wt =
[ˆ 1

0

Wt(j)1−υdj

] 1
1−υ

(3.3)

3.1.2 Households

Household sector is populated by a continuum of individual households on interval

[0, 1]. In each period t, each representative household j ∈ [0, 1] does the following
actions:

1. It supplies di�erentiated labor e�ort Lt(j) to labor aggregators at wage

Wt(j) set by household j

2. With constant probability 1− ξw it negotiates new wage for its labor e�ort

3. It demands the amount ct(j) of aggregated consumption good at home

goods market price Pht

4. It collects its domestic bonds holdings Bt−1(j) bought in the previous pe-

riod, each worth 1 monetary unit, and buys new amount of domestic bonds

Bt(j) at price 1
Rt

per unit

5. It collect all foreign bonds from previous period F ∗t−1(j) and buys F ∗t (j)
new ones, at price 1

R∗t
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6. It buys (positive, or negative) amount I(j) of labor income insurance for

the price P I and collects payment ΨI
t (j) per unit of insurance

7. It receives share of domestic and import �rms' revenues, obtained in lump-

sum transfers Ψd
t and Ψm

t

8. It pays lump-sum taxes Tt to government

Each household maximizes its discounted expected utility, which is identical

across all households.

Vt(j) = Et

+∞∑
s=0

βsUt+s(j)

where β ∈ (0, 1) is the utility discount factor. Instantaneous utility function is

assumed as CES function of consumption and labor supply, strictly decreasing in

the latter and strictly increasing in the former:

Ut(j) = aλt

[
(ct(j)− χHt(j))

1−δ

(1− χ)(1− δ)
− aLt

Lt(j)1+ω

1 + ω

]

Term aλt represents a temporary shock to utility, aLt is labor utility shock. Coe�-

cient δ ∈ R+ is the relative risk aversion in the consumption. Coe�cient ω ∈ R+

corresponds to inverse of Frisch elasticity of labor supply3. The term Ht(j) rep-
resents a habit in consumption. As Smets and Wouters (2002) show, inclusion

of habit in consumption can be considered a real rigidity of sort and allows for

slower adjustment of consumption path towards equilibrium. For simplicity, we

shall use the external consumption habit formulation, which depends on past ag-

gregate of consumption (also described as �catching up with the Joneses� e�ect)

and leads to less complicated formulation of optimality conditions4

Ht(j) = ct−1

3Frisch elasticity of labor supply measures the relative change of labor supply to unit increase
in real wages, provided, that shadow price of household wealth is constant. See Heer and
Maussner (2005), p.192 for a more detailed speci�cation.

4As Schmitt-Grohe and Uribe (2006) argue, there is no di�erence between external and
internal type of habit formation with respect to steady state of the economy and only negligible
di�erences in the adjustment dynamics
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Since it will later simplify the aggregation of household sector, we shall di-

vide optimization problem of the representative household into two parts: the

staggered wage setting problem and the optimization of the savings and the con-

sumption path. The latter one can be formally written as

max
{cτ (j)},{Bτ (j)},{F∗τ (j)}

Et

+∞∑
s=0

βsaλt+s

[
(ct+s(j)− χct+s−1)1−δ

(1− χ)(1− δ)
− aLt+s

Lt+s(j)1+ω

1 + ω

]
s.t. Bt−1(j) + F ∗t−1(j)St + ΨL(j) + Ψd + Ψm =

=
Bt(j)
Rt

+
F ∗t (j)St
R∗tΦt

+ Pht ct(j) + Tt (3.4)

where St denotes nominal exchange rate, Rt and R
∗
t represent nominal domestic

and world interest rates respectively, Φt is current period risk premium on foreign

bond market. Term ΨL
t (j) denotes labor income and is equal to Wt(j)Lt(j) +

It(j)ΨI
t (j)− It(j)P It (that is, net revenue from labor income insurance plus total

salary). First order conditions for optimal paths of ct, Bt, F
∗
t can be derived in

following form:

aλt (ct − χct−1)−δ =ΛHt (j)Pht (3.5)

ΛHt (j) =βRtEtΛHt+1(j) (3.6)

ΛHt (j)St =βR∗tΦtEt
(
ΛHt+1(j)St+1

)
(3.7)

where ΛHt (j) is the Lagrange multiplier of the budget constrained. Standard

interpretation of this particular multiplier is the shadow value of wealth of j-th

household.

Second optimization problem is tied to wage setting. We shall modify the

standard staggered wage setting of Erceg et.al. (2000) that uses government as

a means of labor income insurance, along the lines proposed in Bene² et. al.

(2005), replacing state insurance by a private labor insurance sector discussed in

the next section. In each period, only a fraction 1− ξw of households, randomly

chosen, is allowed to set new, optimal wage for the labor supplied. Since impact

of individual wage on aggregate wage is negligible, households take the aggregate

wage as exogenously given. The remaining ξw fraction of the households is only
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indexing the wages according to last period aggregate wage in�ation5 with an

indexation shock added6. At any wage level, each household then fully satis�es

demand for labor by labor aggregators. For a better tractability in the rest of

the work, we shall introduce the following notation system: if the last period

in which j-th household was optimizing its wage was at time t1, then wage at

time t2 ≥ t1 can be written as Wt2(j) = Wt2|t1(j). This way we can write the

currently optimized wage as Wt|t(j) and the indexation mechanism as

Wt|t−s(j) =Wt−1|t−s(j)Πw
t−1a

w
t (3.8)

where Πw
t = Wt

Wt−1
denotes sector-wide gross wage in�ation.

The wage setting problem of the j-th household can be then formulated as

max
Wt|t(j)

Et

+∞∑
s=0

(ξwβ)s
[
ΛHt+s(j)Wt+s|t(j)Lt+s(j)− aλt+saLt+s

Lt+s(j)1+ω

1 + ω

]
s.t. Lt+s(j) =lt+s(j) (3.9)

lt+s(j) =LAt+s

(
Wt+s|t(j)
Wt+s

)−υ
Wt+s|t(j) =Wt|t(j)Πw

t−1,t+s−1

t+s−1∏
k=t

awk+1

where ΛHt (j) is the shadow value of wealth, derived in consumption optimization

problem. The term Πw
t,t+s−1 is a compounded wage in�ation between periods

t− 1 and t+ s− 1 and is equal to Πw
t−1,t+s−1 = Wt+s−1

Wt−1
=
∏t+s−1
k=t Πw

k .

5While standard sticky price formulation seems to be more appealing theoretically, it either
requires the steady state of wage in�ation to be unitary (an unrealistic assumption), or it
results in dispersion of wages in steady state, which complicates analytical derivation of steady
state and subsequent transformation of the model in the gap form. We shall thus assume full
indexation, a position widely adopted in recent literature (for instance Ambler et. al. (2004),
or Christiano et. al. (2005)).

6This allows for modelling a nominal shock to in�ation in a simple and convenient way. First,
it will allow us to derive an explicit solution for wage in�ation without the need to linearize
any equation connected with staggered wage setting (unlike, for example, similar approach used
in Hlou²ek (2008), that utilizes shocks to wage-markups to achieve the same e�ect on model
dynamics). On the other side, coupled with the speci�c form of the shock dynamics described
in section 3.1.11, it allows for external shocks to linearized wage Phillips curve, that have a �rm
micro-foundation.
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First order optimality condition is

Et

+∞∑
s=0

(ξwβ)s
Wt|t

1+υω LAt+sΛ
H
t+s(j) Wt+s

υ

(
t+s−1∏
k=t

Πw
k a

w
k+1

)1−υ

−

− υ

υ − 1
LAt+s

1+ω
aλt+sa

L
t+s Wt+s

(1+ω)υ

(
t+s−1∏
k=t

Πw
k a

w
k+1

)−(1+ω)υ
 = 0 (3.10)

3.1.3 Labor income insurers

Labor income insurance is carried out by a continuum of perfectly competitive

insurers on unit interval. Each is selling (positive, or negative amount of) con-

tingent insurance claims to each household for the price of P It per unit. These

are used to insure against the only idiosyncratic risk the j-th household is facing

each time period - namely the risk of not being allowed to re-optimize its wage

contract. Thus the insurance claim is constructed in such way that it pays one

monetary unit if and only if household fails to optimize its wage rate. Since no

insurer faces any unique shocks, all representative insurers have identical price

decisions, and we can directly write the sector aggregate conditions:

ΨI
t (j)

= 0 , if j − th household optimizes its wage

= 1 , if j − th household fails to optimize its wage

P It = ξw

The latter condition follows from perfect competition requirement, that re-

quires insurers to provide a fair insurance. This simpli�es the behavior of house-

holds - a risk averse household will always insure in such amount, as to com-

pletely eliminate any risk stemming from staggered wage setting environment.

Under such circumstances, labor income ΨL
t (j) is identical across all households

and their consumption and wealth paths are then also identical. This will allow

us to aggregate the household sector in section 3.2.2.
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3.1.4 Domestic product aggregators

As in case of labor aggregators, continuum of domestic product aggregators op-

erates under perfect competition and transform di�erentiated product of indi-

vidual domestic �rms into Dixit-Stiglitz aggregate, with constant elasticity of

substitution η. Since they face no unique shocks and risks and all possess the

same technology, their decisions are identical, and we don't need to di�erentiate

among them. Similarly to section 3.1.1, we can write the optimization problem

of representative aggregator as

max
lt(j)

[
P dt Y

d,A
t −

ˆ 1

0

ydt (j)P dt (j)dj
]

s.t. Y d,At =
(ˆ 1

0

ydt (j)
η−1
η dj

) η
η−1

(3.11)

(where j denotes individual supplier of domestic good, not the aggregator!) with

following necessary conditions:

ydt (j) =Y d,At

(
P dt (j)
P dt

)−η
(3.12)

P dt =
[ˆ 1

0

P dt (j)1−ηdj

] 1
1−η

(3.13)

3.1.5 Domestic producers

Domestic production sector is populated by continuum of domestic �rms on [0, 1]
interval, which are monopolistic suppliers of imperfectly substitutable domestic

goods Y dt (j) at the price P dt (j). Firms are collectively owned by the households

and pro�ts generated by the �rms are transferred to households in lump-sum

payments Ψd
t (j). In each period, each �rm demands aggregated labor input lAt at

the price Wt and sells its product Y dt (j) at the price P dt (j). In addition, it also

requires additional input in the form of �nished home-market good yKt (j) at the
price Pht in order to produce own goods7. The j-th �rm transform inputs into

7Inclusion of this quasi-capital variable was proposed by Ambler et. al. (2004) and was also
used in estimation of DSGE model in Hlou²ek (2008). It serves two purposes: �rst it allows for
more direct in�uence of exchange rate on domestic goods prices. Second, without its inclusion,
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outputs according to CES-CRS production function

Y dt (j) = yKt
κ (
ATt a

T
t l
A
t (j)

)1−κ
(3.14)

where κ represents share of �nished good input on output (roughly an equivalent

of capital intensity in the standard capital and labor production function). There

are two labor-augmenting technology processes; ATt represents the non-stationary

worldwide technology growth trend, while aTt accounts for transient shocks to

technology in the domestic economy, that are assumed to be stationary.

Pro�t maximization of domestic �rms can be decomposed into two distinct

optimization problems. In each time period, individual �rm is minimizing total

cost of inputs, with the output being treated as given. In each period, only a

fraction 1 − ξd of �rms, chosen at random, is allowed to optimize the price for

their supplied output; rest are only indexing their prices to last period aggregate

domestic good price in�ation Πd
t−1 = Pdt−1

Pdt−2
multiplied by indexation shock adt .

All �rms take aggregate domestic good price as given and supply just enough

product to satisfy all demand by domestic goods aggregators.

Cost minimization problem is written as

max
lAt (j),yKt (j)

P dt (j)Y dt (j)−Wtl
A
t (j)− Pht yKt (j)

s.t.Y dt (j) = yKt
κ (
ATt a

T
t l
A
t (j)

)1−κ
First order optimality conditions are

lAt (j) = (1− κ)
Qt(j)
Wt

Y dt (j) (3.15)

yKt (j) =κ
Qt(j)
Pht

Y dt (j) (3.16)

Qt(j) =
(

1
ATt a

T
t

)1−κ

.

(
Pht
)κ (Wt)

1−κ

κκ (1− κ)1−κ (3.17)

where Qt(j) is the Lagrange multiplier associated with the production constraint,
which is identical with the notion of (nominal) marginal cost per unit of output

response of wages on demand shocks is highly counter-cyclical.
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produced.

Firms, which are allowed to set optimal prices for their product, maximize

the expected discounted households' utility from the stream of revenue generated

by these �rms until next optimization period. Using notation similar to section

3.1.2, we write

max
Pd
t|t(j)

Et

+∞∑
s=0

(
ξdβ
)s

ΛHt+sΨ
d
t (j)

s.t. Ψd
t (j) =Y dt+s(j)

[
P dt+s|t(j)−Qt+s(j)

]
(3.18)

Y dt+s(j) =ydt+s(j) (3.19)

ydt+s(j) =Y d,At+s

(
P dt+s|t(j)

P dt+s

)−η

P dt+s|t(j) =P dt|t(j)
t+s−1∏
k=t

(
Πd
ka
d
k+1

)
(3.20)

where P dt1|t2(j) denotes the price of the output evaluated at t1, when the last price
optimization was at t2; equation (3.20) then describes the indexation mechanism.

First order optimality condition is

Et
(
ξdβ
)s

ΛHt+sY
d,A
t+s

[
P dt|t(j) P

d
t+s

η
t−s−1∑
k=t

(
Πd
ka
d
k+1

)1−η −
− η

η − 1
Qt+s P

d
t+s

η
t−s−1∑
k=t

(
Πd
ka
d
k+1

)−η]
= 0 (3.21)

3.1.6 Imported goods aggregators

Imported goods aggregators sector mirrors that of labor and domestic goods

aggregators. All have the same aggregation technology, with elasticity of sub-

stitution equal to θ, they are perfect competitors. Representative aggregator

minimizes the cost of supplying the demanded amount of aggregated imported
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good

max
lt(j)

[
Pmt Y

m,A
t −

ˆ 1

0

ymt (j)Pmt (j)dj
]

s.t. Y m,At =
(ˆ 1

0

ymt (j)
θ−1
θ dj

) θ
θ−1

where Pmt is the price of aggregated imported good, Y m,At is the amount of

aggregate imported good supplied by aggregator and ymt (j) and Pmt (j) are the

demanded amounts of di�erentiated import goods from importers and the prices

set by them. Equilibrium conditions are

ymt (j) =Y m,At

(
Pmt (j)
Pmt

)−θ
(3.22)

Pmt =
[ˆ 1

0

Pmt (j)1−θdj

] 1
1−θ

(3.23)

3.1.7 Importers

We assume a continuum of importers on [0, 1] owned by households, each buys

mt(j) amount of di�erentiated imports on world market for the unit price P ∗t St

and sells the same amount Y mt (j) = mt(j) to imported goods aggregators at

the price Pmt (j). With probability 1 − ξm, this price is optimized in each pe-

riod t to Pmt|t(j) ; otherwise it is only updated from the previous period as

Pmt|t−k(j) = Pmt−1|t−k(j)Πm
t−1a

m
t , where Πm

t = Pmt
Pmt−1

is gross aggregated import

good in�ation and amt is import price indexation shock. Each period, importers

supply exactly the amount of individual imported goods demanded by imported

goods aggregators. When re-optimizing for new price Pmt|t, each importer maxi-
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mizes the expected discounted households' utility from his pro�ts:

max
Pm
t|t(j)

Et

+∞∑
s=0

(ξmβ)sΛHt+sΨ
m
t (j)

s.t. Ψm
t (j) =Y mt+s(j)

[
Pmt+s|t(j)− P

∗
t+sSt+s

]
Y mt+s(j) =ymt+s(j) (3.24)

ymt+s(j) =Y m,At+s

(
Pmt+s|t(j)

Pmt+s

)−θ

Pmt+s|t(j) =Pmt|t(j)
t+s−1∏
k=t

(
Πm
k a

m
k+1

)
(3.25)

The optimal price must satisfy

Et (ξmβ)s ΛHt+sY
m,A
t+s

[
Pmt|t(j) P

m
t+s

θ
t−s−1∑
k=t

(
Πm
k a

m
k+1

)1−θ −
− θ

θ − 1
P ∗t+sSt+s P

m
t+s

θ
t−s−1∑
k=t

(
Πm
k a

m
k+1

)−θ] = 0 (3.26)

3.1.8 Home goods aggregators

Continuum of home goods aggregators operate in perfect competition environ-

ment on unit interval. The j-th aggregator buys yd,A,ht (j) amount of domestic

aggregated good and ym,At (j) amount of goods for their respective unit prices

P dt and Pmt . Using a CES aggregator, he bundles them to aggregate home good

Y ht (j), which he supplies for the prevailing price Pht (j) per unit. Since no aggre-
gator faces any uncertainties, we can again drop the indices in further derivations.

Cost minimization problem of each aggregator is then

max
yd,A,ht ,ym,At

Pht Y
h
t − P dt y

d,A,h
t − Pmt y

m,A
t

s.t. Y ht =
[
α0

1
ζ ym,At

ζ−1
ζ + (1− α0)

1
ζ yd,A,ht

ζ−1
ζ

] ζ
ζ−1

(3.27)
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Equilibrium conditions can be written as

yd,A,ht = (1− α0)Y ht

(
P dt
Pht

)−ζ
(3.28)

ym,At =α0Y
h
t

(
Pmt
Pht

)−ζ
(3.29)

Pht
1−ζ

=α0 P
m
t

1−ζ + (1− α0) P dt
1−ζ

(3.30)

3.1.9 Government and Central bank

Government is included in the most simple fashion, based on Maih (2006). It

serves only to provide additional real shock to the home good market and to

allow for more proper treatment of empirical data on consumption expenditures

in the economy. Government spending gap from its steady state path follows a

multiplicative autoregressive process of order 1, with innovations εGt :

ĝt = ĝt−1
ρG eε

G
t (3.31)

where government spending gap is de�ned as

ĝt =
gt

ATt G
(3.32)

All government spending is covered by taxes Tt, which are collected lump-sum

from the households.

Monetary policy is conducted by the central bank, which is assumed to set

interest rates on domestic bonds according to a simple Taylor rule with interest

rate smoothing, taken from Lubik (2005):

Rt = Rt−1
µ

[(
Π̂h
t

)νΠ (
Ŷ d,At

)νY ]1−µ

aRt (3.33)

where Π̂h
t and Ŷ dt represent gap of home in�ation gap and domestic output gap

respectively. Parameter µ ∈ (0, 1) governs interest rate smoothing, positive pa-

rameters νΠ and νY control the intensity of response to corresponding deviations

from steady state. aRt represents a monetary policy shock, either explained by de-
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viation of market interest rate from desired target, or as discretionary departures

from the rule by the central bank.

3.1.10 The world economy

We assume the world economy to be of several orders of magnitude larger than

domestic one, and largely una�ected by it. Hence we will model it as exogenously

determined with respect to domestic economy. For the purposes of our model,

we model three foreign variables of interest, foreign output Y ∗t , foreign in�ation

Π∗t and interest rate on foreign bonds R∗t , as structural VAR(1) process, based

on speci�cation laid down in Maih (2006) and Hlou²ek (2008)8. Let's denote

Ω̂t =

 log Y ∗t
ATt Y

∗

log Π̂∗t
log R̂∗t

 ε∗t =

 εY ∗

εΠ∗

εR∗

 iid∼ N (0, I)

then the world economy can be written as system of three equations:

AΩ̂t = ALΩ̂t−1 + Σε∗t (3.34)

with following identi�cation scheme

A =

 1 0 0
−ρYΠ∗ 1 0
−ρY R∗ −ρΠR∗ 1

 Σ∗ =

 σY ∗ 0 0
0 σΠ∗ 0
0 0 σR∗


First equation in the system describes foreign output gap as an AR(1) process;

second equation corresponds to Phillips equation for the world economy; and

third equation represents a sort of Taylor rule for foreign interest rate gap.

The world economy interacts with domestic economy through three principal

8Other ways of modelling foreign economy are also found in the literature. Bene² et. al.
(2005) models the world economy as a continuum of economies identical to domestic one. A
more traditional approach, taken in Musil (2009, forthcoming) models the world economy as
closed DSGE model with the same internal structure as in the domestic economy. However,
we opt for the SVAR speci�cation, since it is much simpler to estimate and to evaluate its
dynamics and also less demanding on the data required; given that foreign economy is not of
our prime concern, SVAR formulation allows for enough �exibility for our purposes.
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links. One, already described by eq. (3.7), is through the participation on the

foreign capital market9. To fully specify the dynamics, we also specify the process

for the risk premium Φt that is charged to households in the domestic sector:

Φt = Φ0e
−ϕ F∗t St

Y dt P
d
t aΦ

t (3.35)

where Φ0 is an autonomous steady state risk premium, ϕ ∈ R+is the elasticity

of risk premium to net foreign debt to nominal GDP ratio. Shock aΦ
t accounts

for all other dynamics of risk premium.

The second channel, through which the world economy in�uences the domestic

one is through the demand for domestic exports. No explicit structure of domestic

export sector is considered on neither domestic or world side of the export process.

Export demand is modeled as a variation of equation for domestic demand for

imported aggregate good (3.29):

xt = α∗Y ∗t

(
P dt
P ∗t St

)−ζ
(3.36)

α∗is small positive number, representing share of domestic exports on total world

consumption. Substitution between domestic and foreign goods is considered to

be equal in both domestic and world economy.

The last, passive channel of interaction with world economy is, that world

economy readily supplies any amount Mt of domestic imports at the prevailing

world price P ∗t . All three channels are constrained by the balance-of-payment

equation, describing the equilibrium on foreign exchange market:

MtStP
∗
t − xtP dt = F ∗t−1St −

F ∗t St
R∗tΦt

(3.37)

where F ∗t =
´ 1

0
F ∗t (j)dj. On the left side, net out�ow of foreign exchange on cur-

9For a better illustration of the e�ects of this channel, we can combine equations (3.6) and
(3.7) to obtain

Rt = R∗
tΦt

Et
(
ΛHt+1(j)St+1

)
Et
(

ΛHt+1(j)
)
St

which is a risk-adjusted uncovered interest rate parity, which implies a long-run constraint for
domestic interest rates.
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rent account must be compensated by corresponding decrease in foreign portfolio

assets holdings (all measured in the domestic currency units).

3.1.11 Shock processes

Aside from the government spending and world variables, which all serve as ex-

ogenous shocks in the model, there are nine other shocks that drive the dynamics

of the model. All eight stationary shocks aλt , a
L
t , a

T
t , a

w
t , a

d
t , a

m
t , a

R
t and aΦ

t are all

modeled as multiplicative AR processes:

log aλt =ρλ log aλt−1 + ελt (3.38)

log aLt =ρL log aLt−1 + εLt (3.39)

log aTt =ρT log aTt−1 + εTt (3.40)

log awt =ρw log awt−1 + εwt (3.41)

log adt =ρd log adt−1 + εdt (3.42)

log amt =ρm log amt−1 + εmt (3.43)

log aRt =ρR log aRt−1 + εRt (3.44)

log aΦ
t =ρΦ log aΦ

t−1 + εΦ
t (3.45)

where innovation errors εjt
iid∼ (0, σ2

j ) and parameters ρj ∈ [0, 1) for all j ∈
{λ, L, T, w, d,m,R,Φ}.

On the other hand, nonstationary technology shock ATt is considered to be of

non-stochastic nature and we will consider it in the simplest exponential growth
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form10

ATt = AT γt (3.46)

.

3.2 Aggregation

3.2.1 General equilibrium

General equilibrium is given by following equations:

1. Domestic shocks update according to (3.38)-(3.45), government spending

according to (3.32) and world economy according to (3.34)

2. Households follow their optimal consumption path (3.5), domestic savings

path (3.6), foreign savings path (3.7) and either re-optimize their wages

(3.10), or adjust their previous wages (3.8)

3. All individual di�erentiated labor markets clear (3.9)

4. Labor aggregators minimize their costs (3.2) and set price of aggregated

labor (3.3)

5. Supply of aggregated labor is matched by domestic �rms' aggregated de-

mand:

LAt =
ˆ 1

0

lAt (j)dj (3.47)

10Our formulation is taken directly from Ambler et. al. (2004). The usual approach, however,
is to work with technology process as with a random walk with drift, thus creating I(1) pattern
in the real variables in the model. Such behavior of the model should then better correspond
to the stochastic trends observed in the real data. This modelling approach, however, has its
limitations. First, it assumes that technology process is the only stochastic I(1) trend in all real
variables, implying a cointegrated relation that is seldom con�rmed in the data. Second issue
is, that GDP growth is often I(1) itself - to account for this, technology shock would have to
be an I(2) process, leading to complicated stationarization of the model. Therefore, this model
rather tries to account for the cyclic behavior of the economy only, and we shall try to �lter the
I(2) long-term trends from the data externally. This approach enjoys a popularity among some
researchers and in case of models of Czech economy, it was used in Va²í£ek and Musil (2006).
For a more detailed analysis and criticism see for example Fuka£ and Pagan (2006, 2008).
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6. Domestic producers minimize their costs and set their optimal demands for

aggregate labor and �nished home goods (3.17), (3.15) and (3.16). They

also either set new prices (3.21) or adjust their previous prices of produced

goods (3.20)

7. Supply of the production good Y Kt is matched by aggregate demand for it:

Y Kt =
ˆ 1

0

yKt (j)dj (3.48)

8. All individual di�erentiated domestic goods market clear (3.19)

9. Domestic goods aggregators minimize their costs (3.12) and set price of

aggregate domestic good (3.13)

10. Supply of imports is matched by domestic importers' aggregated demand:

Mt =
ˆ 1

0

mt(j)dj (3.49)

11. Importers set new prices for imported goods (3.26) or adjust their previous

period prices (3.25)

12. All individual di�erentiated imported goods markets clear (3.24)

13. Imported goods aggregators minimize their costs (3.22) and set price of

aggregate imported good (3.23)

14. Domestic goods market clears:

Y d,At = Xt + Y d,A,ht (3.50)

15. Export market clears: Xt = xt

16. World demand for domestic exports is set as (3.36)

17. Domestic-to-home good market clears: Y d,A,ht = yd,A,ht

18. Aggregated import good market clears: Y mt = ymt
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19. Home good aggregators minimize their costs (3.28), (3.29) and set price for

home good Y ht (3.30)

20. Home good market clears:

Y Ht = Ct + Y Kt +Gt (3.51)

21. Consumption good market clears:

Ct =
ˆ 1

0

ct(j)dj

22. Government consumption demand is matched by supply: Gt = gt

23. There is equilibrium on foreign exchange market (3.37) and foreign bonds

risk premium is set (3.35)

3.2.2 Aggregation on the markets

Labor insurance market allows for straightforward aggregation of households sec-

tor - risk averse households will always insure their wages to such extent, as to

completely eliminate any idiosyncratic risk stemming from individual price set-

ting; thus labor income ΨL
t (j) is identical across all households. As the individual

households face no other unique shocks, their consumption, domestic savings and

foreign savings decisions are identical. Thus we obtain the aggregate optimal

paths by leaving out the individual index j and then by integrating all equations

on the set of all households [0,1] (which leaves the equations essentially intact).

Note, that since households are the sole entities trading in domestic bonds, there

is no net domestic debt.

Same applies for wage-setting problem. Although households which under-

went their last re-optimization of wages in di�erent periods will have di�erent

wage-rates set, but all households, which are optimizing in current period will set

the same new wages for their labor, writing Wt|t(j) = Wt|t.

Such result allows us to derive the aggregate version of price of aggregated

labor, knowing that fraction (1 − ξw) ξw s was optimizing their wages s periods
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into the past:

Wt =
[ˆ 1

0

Wt(j)
1−υ

dj

] 1
1−υ

Wt
1−υ =(1− ξw)

+∞∑
s=0

(ξw)s Wt|t−s
1−υ (3.52)

The aggregate relationship between individual labor demand and aggregate labor

supply can be obtained by de�ning lt =
´ 1

0
lt(j) and writing

lt =
ˆ 1

0

LAt

(
Wt(j)
Wt

)−υ
dj

lt =LAt D
w
t (3.53)

where Dw
t =

´ 1

0

(
Wt(j)
Wt

)−υ
dj is a price dispersion on labor market. It re�ects

the ine�ciency caused by imperfect competition between households and due to

Jensen's inequality, it is always greater or equal than unity (with unity being

achieved in case, that all individual wages Wt(j) are equal)11. By replacing out

Wt(j) as in case of derivation of Wt yields

Dw
t = (1− ξw)

+∞∑
s=0

(ξw)s
(
Wt|t−s

Wt

)−υ
(3.54)

Aggregation of domestic goods market and imports market is done in the very

same way, netting similar equations P dt , y
d
t , D

d
t and Pmt , ymt , D

m
t .

Equations describing the aggregate demand for factors of productions lAt =´ 1

0
lAt (j) and yKt =

´ 1

0
yKt (j) can be written by leaving out the individual indexes

in equations (3.15)-(3.17).

3.2.3 Stationarization

In order to use �rst and second order perturbation approximation method, the

model must have a stationary attractor, around which it can be linearized. How-

11Schmitt-Grohe and Uribe (2005) o�er more detailed analysis of the properties and role
dispersion in general equilibrium models.
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ever, there are two sources of nonstationarity in the derived model. First one is

the global nonstationary technology process ATt , which a�ects all the real vari-

ables and wages. This nonstationarity has some adverse e�ects under the original

speci�cation of the model, namely that unless δ = 1 (logarithmic utility of con-

sumption), or ω → +∞ (which would mean, that labor supply is completely

inelastic), the labor supply will exponentially decrease over time. This is a nec-

essary result of separable instantaneous utility function12. Since no such trend

was ever observed, we will restrict δ to one in further derivations.

Second nonstationary processes are the prices, as there is no constraint in the

model for the general price level. However, home market in�ation Πh
t is restricted

by the monetary policy rule and relative prices are restricted by the structure of

the model.

We shall therefore stationarize the model and simultaneously transform it to

gap-form, with �gaps� de�ned as relative deviations of variables from their steady

state growth path13 by applying the following set of substitutions:

Yt = Y ATt Ŷt ,∀Y ∈

{
Y ∗, Y d, yd, Y d,A, yd,A, X, x, Y d,A,h, yd,A,h,

M,m, Y m, ym, Y h, yh, G, g, C, c, Y K , yk

}
ΛHt =

ΛH λ̂Ht
ATt P

h
t

Wt = wATt P
h
t ŵt

Wt|t−s

Wt−1
= ΠwΠ̂w

t|t−s

P dt = pdPht p̂
d
t

P dt|t−s

P dt−1

= ΠdΠ̂d
t|t−s

Pmt = pmPht p̂
m
t

Pmt|t−s

Pmt−1

= ΠmΠ̂m
t|t−s

St = Z
Pht
P ∗t

Ẑt

Ft = f
Y dt P

d
t

St
f̂t

Vt = V V̂t , for all the remaining variables (except shocks)

Stationary state of the model is given by the restriction ∀t ∈ N, V̂t = 1, for
all the endogenous variables Vt of our model. The steady state implies following

12This result was discussed for example in King et. al. (1988).
13This means that gap corresponding to variable in their steady state is equal to 1
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relationships that will be of interest to us:

1. There is a steady state household consumption share c
Y h

= αC , government

consumption share G
Y h
αG and production goods share Y

K

Y h
=
(
1− αC − αG

)
of the total home market goods consumption.

2. The share of imports on home goods market is Ym

Y h
= α and the share of

domestically produced goods is Y d,A,h

Y h
= (1− α), where α = α0 (pm)−ζ

3. The share of exports in domestic goods produced is X
Y d,A

= αX and share of

domestic-to-home market goods is Y d,A,h

Y d,A
=
(
1− αX

)
. Furthermore, there

is a steady state relationship between import and export shares

αX =
α (ϑ− 1) + ϑ (α− 1) (1−β)f

Π∗γ

ϑ− α
(3.55)

4. There is a steady state relationship between real interest rate, growth and

discount factor
1
β

=
R

γΠh

5. Also, it holds that Πh = 1
γΠw = Πd = Πm and that price dispersions are

equal to unity.

3.3 The complete model

3.3.1 Computation of the in�nite summations

In order for the model to be numerically solvable by computer algorithms, all the

in�nite summations in the model must be replaced by relationships with �nite

number of variables. There are altogether nine equations working with in�nite

sums: aggregate price equation, price dispersions and staggered price setting;

each for wages, domestic prices and import prices (for of wages, they are given

by (3.52), (3.54) and (3.10) respectively).

Of these, aggregate prices and price dispersion can be directly rewritten in a

recursive way, which we can illustrate on the example of eq. (3.52) for aggregate
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wages; when substituted for stationarized variables, we obtain

Πw
t

1−υ = (1− ξw)
+∞∑
s=0

(ξw)s Πw
t|t−s

1−υ =

= (1− ξw) Πw
t|t

1−υ + (1− ξw)
+∞∑
s=0

(ξw)s+1 Πw
t|t−s−1

1−υ =

= (1− ξw) Πw
t|t

1−υ + ξw(1− ξw)
+∞∑
s=0

(ξw)s
(

Πw
t−1|t−s−1a

w
t

)1−υ

Πw
t

1−υ = (1− ξw) Πw
t|t

1−υ + ξw
(
Πw
t−1a

w
t

)1−υ
Staggered price setting proves to be somewhat more of an obstacle, with sev-

eral authors resorting to linearization of the price-setting condition to obtain a

New-Keynesian Phillips curve even in case of otherwise retaining the nonlinear

structure of the model14. However, we shall rather follow the approach of Lim

and McNelis(2008), and retain the nonlinear structure of the equations. Con-

tinuing in using wage/labor equations as an illustration, we rewrite (3.10) using

stationarized variables,

Et

+∞∑
s=0

(ξwβ)s
 Π̂w

t|t
1+ωυ

Π̂w
t+s

υ−1
λ̂Ht+sŵt+sL̂

A
t+s

(
t+s−1∏
k=t

awk+1

)1−υ

−

− Π̂w
t+s

(1+ω)υ
L̂At+s

1+ω
aλt+sa

L
t+s

(
t+s−1∏
k=t

awk+1

)−(1+ω)υ
 = 0

Π̂w
t|t

1+ωυ
=
Et
∑+∞
s=0 (ξwβ)s Π̂w

t+s

(1+ω)υ
L̂At+s

1+ω
aλt+sa

L
t+s

(∏t+s−1
k=t awk+1

)−(1+ω)υ

Et
∑+∞
s=0 (ξwβ)s Π̂w

t+s

υ−1
λ̂Ht+sŵt+sL̂

A
t+s

(∏t+s−1
k=t awk+1

)1−υ

Now, we de�ne auxiliary variables wNt and wDt as numerator and denominator

in the last expression. Unlike the original summation, these can be written in

14For example Ambler et. al. (2004)
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recursive fashion:

Π̂w
t|t =

(
wNt
wDt

) 1
1+ωυ

wNt =aλt a
L
t L̂

A
t

1+ω
Π̂w
t

(1+ω)υ
+ ξwβEt

[
wNt+1 a

w
t+1
−(1+ω)υ

]
wDt =λ̂Ht ŵtL̂

A
t Π̂w

t

υ−1
+ ξwβEt

[
wDt+1 a

w
t+1

1−υ
]

3.3.2 The complete model

Complete model is described by following 46 equations prescribing law of motion

for 12 shocks (including Ĝt and Ωt), 6 auxiliary variables and 26 endogenous

variables. Since the quantities demanded and supplied are identical in all the

markets in each period, we shall only use capital letters do describe this amount.

1. Optimal consumption and savings path conditions:

λ̂Ht =aλt

(
γĈt − χĈt−1

γ − χ

)−1

(3.56)

λ̂Ht =R̂tEt
λ̂Ht+1

Π̂h
t+1

(3.57)

λ̂Ht =
R̂∗t Φ̂t
Ẑt

Et
λ̂Ht+1Ẑt+1

Π̂∗t+1

(3.58)

2. Domestic government and monetary authority decision processes:

R̂t = R̂t−1
µ
[

Π̂h
t

νΠ

Ŷ d,At

νY
]1−µ

aRt (3.59)

log Ĝt =ρG log Ĝt−1 + log εGt (3.60)
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3. Staggered wage setting:

ŵNt = (1− ξwβ) aλt a
L
t L̂

A
t

1+ω
Π̂w
t

(1+ω)υ
+ ξwβEt

[
ŵNt+1 a

w
t+1
−(1+ω)υ

]
(3.61)

ŵDt = (1− ξwβ) λ̂Ht ŵtL̂
A
t Π̂w

t

υ−1
+ ξwβEt

[
ŵDt+1 a

w
t+1

1−υ
]

(3.62)

Π̂w
t|t =

(
ŵNt
ŵDt

) 1
1+ωυ

(3.63)

Π̂w
t

1−υ
= (1− ξw) Π̂w

t|t
1−υ

+ ξw
(

Π̂w
t−1a

w
t

)1−υ
(3.64)

ŵt =
Π̂w
t

Π̂h
t

ŵt−1 (3.65)

4. Domestic producers aggregate demand:

q̂t =ŵ1−κ
t aTt

κ−1
(3.66)

L̂At =
q̂t
ŵt
Ŷ dt (3.67)

Ŷ Kt =q̂tŶ dt (3.68)

Ŷ dt =D̂d
t Ŷ

d,A
t (3.69)
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5. Staggered domestic good price setting:

p̂d,Nt =
(
1− ξdβ

) q̂t
p̂dt
Ŷ d,At Π̂d

t

1+η
+ ξdβ

Π̂d
t

R̂t
Et

[
p̂d,Nt+1 a

d
t+1

−η]
(3.70)

p̂d,Dt =
(
1− ξdβ

)
Ŷ d,At Π̂d

t

η
+ ξdβ

Π̂d
t

R̂t
Et

[
p̂d,Dt+1 a

d
t+1

1−η]
(3.71)

Π̂d
t|t =

p̂d,Nt

p̂d,Dt
(3.72)

Π̂d
t

1−η
=
(
1− ξd

)
Π̂d
t|t

1−η
+ ξd

(
Π̂d
t−1a

d
t

)1−η
(3.73)

p̂dt =
Π̂d
t

Π̂h
t

p̂dt−1 (3.74)

D̂d
t =

(
1− ξd

)( Π̂d
t|t

Π̂d
t

)−η
+ ξd

(
Π̂d
t−1a

d
t

Π̂d
t

)−η
D̂d
t−1 (3.75)

6. Staggered imported good price setting:

p̂m,Nt = (1− ξmβ)
Ẑt
p̂mt

Ŷ m,At Π̂m
t

1+θ
+ ξmβ

Π̂m
t

R̂t
Et

[
p̂m,Nt+1 amt+1

−θ
]
(3.76)

p̂m,Dt = (1− ξmβ) Ŷ m,At Π̂m
t

θ
+ ξmβ

Π̂m
t

R̂t
Et

[
p̂m,Dt+1 amt+1

1−θ
]

(3.77)

Π̂m
t|t =

p̂m,Nt

p̂m,Dt

(3.78)

Π̂m
t

1−θ
= (1− ξm) Π̂m

t|t
1−θ

+ ξm
(

Π̂m
t−1a

m
t

)1−θ
(3.79)

p̂mt =
Π̂m
t

Π̂h
t

p̂mt−1 (3.80)

D̂m
t = (1− ξm)

(
Π̂m
t|t

Π̂m
t

)−θ
+ ξm

(
Π̂m
t−1a

m
t

Π̂m
t

)−θ
D̂m
t−1 (3.81)

M̂t =D̂m
t Ŷ

m,A
t (3.82)
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7. Equilibria on goods markets

Ŷ d,At =αXX̂t +
(
1− αX

)
Ŷ d,A,ht (3.83)

1 =α p̂mt
1−ζ + (1− α) p̂dt

1−ζ
(3.84)

Ŷ d,A,ht = (1− α) Ŷ ht p̂dt
−ζ

(3.85)

Ŷ m,At =αŶ ht p̂mt
−ζ (3.86)

Ŷ ht =αCĈt + αGĜt +
(
1− αC − αG

)
Ŷ Kt (3.87)

8. World economy:

AΩ̂t =ALΩ̂t−1 + Σε∗t

X̂t =Ŷ ∗t

(
p̂dt

Ẑt

)−ζ
(3.88)

log Φ̂t =− ϕf f̂t + log aΦ
t (3.89)(

f (1− β)
Π∗γ

+ αX
)
M̂t

Ẑt
p̂dt
− αXX̂t =

=
f

Π∗γ

[
f̂t−1

p̂dt−1

p̂dt

Ẑt

Ẑt−1

Ŷ dt−1

Π̂∗t
−βf̂t−1

Ŷ dt

R̂∗t Φ̂t

]
(3.90)

9. Remaining shock processes are described by equations (3.38)-(3.45)

10. Steady state value of export share αX of product is given by (3.55).



Chapter 4

Estimation

Estimation is largely performed along the lines summarized in the methodology

part. For the purposes of estimation, the model is log-linearized in order to

be accommodated in the linear state-space representation required for Kalman

�ltering and solved. Kalman �lter is then used to obtain the likelihood of the

�tted model. First, we shall compute the mode of posterior distribution, using

estimated likelihood and prior distribution of parameters. Then posterior distri-

bution is computed using Metropolis-Hastings algorithm (with mode serving as

a starting point). All estimation was performed using Dynare 4 together with

Matlab 7.1, and with EViews 5.0 . Finally, we shall take a look at the diagnos-

tics of the estimation process and estimation results. We shall also compare our

parameter estimates with results reported by Va²í£ek and Musil (2006), Musil

(2009, forthcoming) and Hlou²ek (2008)1.

4.1 The data

First however, we shall discuss the data, that were used in the estimation pro-

cess. The choice of variables is limited by two constraints: First, some of the

variables represent unobservable qualities (such as shadow price of households'

1While Va²í£ek and Musil (2005) also present results relevant for the Czech economy, struc-
ture of the model estimated in the paper is quite di�erent from ours, making sector-by-sector
comparison di�cult.

49
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wealth ΛH). Second, a necessary condition of the state space �ltering is that

number of observable variables is equal or less than number of innovation error

processes in the model2. One way around this problem is to add observation

errors to the data. However, highly stylized nature of our DSGE model often

results in misspeci�cation of the true structure of the economy and in order for

the data to be accommodated in the state-space model, the �tted observation

errors tend to be of the same magnitude as the observation themselves. Because

of these restrictions, these observable variables were chosen as observables in the

model: the real domestic variables Ŷ dt , Ĉt, Ĝt, L̂
A
t , then domestic relative prices

and in�ationsΠ̂h
t , Π̂

w
t , R̂t, Ẑt; instead of Π̂d

t , which would be a logical choice, we

have chosen Π̂w
t , since there is no available and reliable index of total aggregate

prices of producers of domestic goods and services available. Since wages form

the major share of input costs of producers, they were chosen as a closest proxy to

the domestic producers' price in�ation. Finally, world economy is fully observed

by Ŷ ∗t , Π̂
∗
t , R̂

∗
t .
3

4.1.1 Data sources

Since the observables in the gap-form are not readily available, Table 4.1 summa-

rizes the data we have used to create the observable variables according to their

de�nition in the model 4.

All the series are quarterly, spanning the period 1996Q4 to 2008Q4. Series

GDP,Cons,Govt, Y for, PIfor were seasonally adjusted from the source. To

obtain workable series for Hours,Wtotal and PIcons the series were seasonally

adjusted using CensusX12 module in EViews prior to any further computations.

2This is because the state-space representation of the data implied by the model imposes
deterministic relationships between some variables, that don't necessary hold in reality, with
degrees of freedom in the state-space equal to the number of innovations. Hence, if we use more
observables than innovations, there is generally not enough �exibility in the model coming
from (unrestricted) innovations to accommodate restrictions given by observables (unless some
speci�c structure of the model is used). For more detailed discussion, see for example Ireland
(2004).

3This brings the number of observables to 11, compared to 12 shocks in the model. As we
shall see later, however, shock structure of the model is not able to reasonably accommodate
12 observed variables.

4Description of abbreviations: CZSO - Czech Statistical O�ce; CNB - Czech National Bank;
ECB - European Central Bank; CZ - data for the Czech Rep.; EU16 - data for the current (2009)
Eurozone members; HHs - households
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Table 4.1: Data sources and description
Name Description Source

Pop Total population, CZ CZSO
GDP GDP in stable prices of 2000, CZ CZSO
Cons Household consumption in stable prices of 2000, CZ CZSO
Govt Government expenditures in stable prices of 2000, CZ CZSO
Hours Total hours worked, CZ CZSO
CPI Consumer prices index, CZ CZSO,CNB
Wtotal Total salaries paid CZSO
Rrate 3M PRIBOR rates CNB
Exch EUR(ECU)/CZK exchange rates CNB
Y for GDP, EU16 ECB
Pfor De�ator of consumption of HHs, EU16 ECB
Rfor 3M EURIBOR rates ECB

4.1.2 Observable variables de�nition

To obtain variables in the form used in the model, we �rst create analogues of

their actual values from the series5:

Y d,obst = GDPt
Popt

Cobst = Const
Popt

Gobst = Govtt
Popt

LA,obst = Hourst
Popt

Πh,obs
t = ∆CPIt W obs

t = Wtotalt
Hourst

Robst = Rratet Zobst = ExchtPfort
CPIt

Y ∗,obst = Y fort
Popt

Π∗,obst = ∆Pfort R∗,obst = Rfort

All real variables (except labor) exhibit exponential trend growth and testing

for stationarity suggests, that there is and I(2) stochastic trend in logarithms

of Y d,obst , Cobst and Y ∗,obst . Hodrick-Prescott �lter6 with the smoothing param-

eter set at 400 was therefore used to extract the stochastic trends from all the

logarithms of the real variables Y d,obst , Cobst , Gobst , Y ∗,obst and of the wage rate

W obs
t and to obtain stationary deviations from the trend Ŷ d,obst , Ĉobst , Ĝobst , Ŷ ∗,obst

and Ŵ obs
t . The observed gap of wage in�ation is then de�ned as Π̂w,obs

t = ∆Ŵ obs
t .

5Real �ow per household variables would be better obtained by dividing corresponding
aggregate by working age population, as is usually done in the literature. Since, however, data
on working age population were unavailable in the span required, we use total population as an
approximation. Since Czech population demographics were stable in the time-span used, this
shouldn't create any serious issues.

6Hodrick and Prescott (1997)
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In the literature concerning DSGE modelling of small open economies with

in�ation targeting regime, CPI in�ation gap is often de�ned as the ratio of actual

in�ation to in�ation target. The applicability of this approach is questionable in

case of the Czech economy, because the in�ation targets of the central bank

were announced only since 1998, and only starting in 2006 they were announced

in the form conforming to described approach. Instead, Hodrick-Prescott �lter

with the standard setting of smoothing parameter of 1600 was used to extract

(logarithm of) Π̂h,obs
t (that is, gap of CPI). Same approach was applied to obtain

Π̂∗,obst . Since there is a steady state relationship between nominal interest rate

and in�ation, changes in in�ation trend should be carried over to interest rate

trends. For this reason, we also apply Hodrick-Prescott �lter also to both Robst

and R∗,obst to extract the gap of interest rate.

Theoretically, real exchange rate and labor should have constant trend and

gaps de�ned as deviations from the mean of series. As for the real exchange rate,

there is a well-known observed phenomenon of real exchange rate convergence in

the fast-growing open economies, that can be explained, for example, by Balassa-

Samuelson e�ect7. Since, for simplicity, our model doesn't distinguish separate

domestic tradable and nontradable sector, it can't account for the real conver-

gence. Findings in Musil (2009, forthcoming) show, however, that there while

there is a measurable impact of Samuelson-Balassa mechanism on the dynamics

of DSGE model, it can't be considered a necessity. We therefore �lter out any

trend in the Zobst to obtain Ẑobst .

Similarly, labor supply exhibits a structural break in early 2000's, for which

there is no explanation possible in our model. To get workable series, we thus

also use Hodrick-Prescott �lter with standard smoothing to eliminate both the

trends and the break.

Finally, an important requirement of the model is, that all the data used for

the estimation are stationary. To this end, a stationarity testing was undertaken,

using ADF test8 with lag length determined by Schwartz information criterion

(with maximum of 10 lags allowed) and KPSS testing using Newey-West variance

estimator9, which is an useful alternative, as it has null hypothesis of stationarity.

7Balassa (1964), Samuelson (1964)
8Said and Dickey (1984)
9Kwiatkowski et. al. (1992), Newey and West (1987)
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Table 4.2: Unit root test results
Variable ADF statistic 5% crit. KPSS statistic 5% crit.

Ỹ d,obs -2.8181 -2.9297 0.0562 0.4630

C̃obs -5.46756 -2.9367 0.0411 0.4630

G̃obs -6.1523 -2.9252 0.0448 0.4630

L̃A,obs -5.2635 -2.9252 0.1196 0.4630

Π̃h,obs -6.1094 -2.9297 0.0426 0.4630

Π̃w,obs -8.4479 -2.9266 0.0570 0.4630

R̃obs -3.5163 -2.9266 0.0738 0.4630

Z̃obs -3.6141 -2.9266 0.0636 0.4630

Ỹ ∗,obs -3.1714 -2.9281 0.0558 0.4630

Π̃∗,obs -5.5543 -2.9251 0.0410 0.4630

R̃∗,obs -3.4055 -2.9297 0.0751 0.4630

EViews 5.0 was used for the purposes of testing. Results are summarized in the

Table 4.2. Unit root hypothesis is not rejected only in case of Ỹ d,obst . Since,

however, it is only on the margin of 95% con�dence interval, and KPSS test

doesn't reject stationarity hypothesis, we shall adopt this hypothesis.

4.2 Prior distribution of parameters

4.2.1 Calibrated parameters

Prior to proper Bayesian estimation, we shall calibrate some of the parameters

and steady state values and keep them �xed throughout the estimation. There

are several reasons for this. First, some parameters have only marginal e�ect

on the dynamics of the model, which makes any statistical inference on them

unreliable. Second, some parameters can be readily estimated from the available

data with high con�dence. Third, in face of short time series available, reducing

the number of free parameters generally increases the precision of estimation of

the remaining ones. Speci�c list of restriction follows:

1. Elasticities of substitution of domestic goods η and of imported goods θ

have only very marginal e�ect on the dynamics of the model. This makes

the estimation of them di�cult at best (or impossible as in case of η dis-
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appearing from the log-linearized model completely). For this reason ,we

shall set them to η = θ = 8, which implies a markup of 1, 14 in the domestic

producers and importers sectors.

2. While labor substitution elasticity υ appears directly in the equations, we

shall also restrict it to υ = 6, since this makes it much easier to draw

inference on distribution parameters ξw and ω later. All three restrictions

fall within commonly used values in the literature.

3. Shocks aLt and awt are come into model only through equation wage Phillips

curve equation

Π̃w
t =

1
1 + β

[
Π̃w
t−1 + (1− ρwβ) ãwt

]
+

β

1 + β
EtΠ̃w

t+1+

+
(1− ξwβ) (1− ξw)
(1 + β) ξw (1 + ωυ)

[
ãLt + ãλt + ωL̃At − λ̃Ht − w̃t

]
Without any further identi�cation, it is impossible to properly estimate

both. While it is possible for example to abolish AR structure in one of

them10, it still makes the identi�cation di�cult and �nal �t is largely de-

pendent on the prior densities of parameters governing the shock dynamics.

Since possible bene�t of two individual shocks is largely negligible (com-

pared to restrictions imposed by the model structure), we shall abolish the

labor preference shock altogether and keep the wage-indexing shock, albeit

with a broader interpretation.

4. Some parameters can be reliably estimated from averages in the available

data. This way we can set αC and αG to the averages of ConstGDPt
and Govtt

GDPt
.

Unlike previous ratios, the export-to-GDP ratio is clearly non-stationary

throughout the whole period, which makes it rather unsuitable to calibrate

parameter αX this way.

5. Similarly, growth parameter γ is set to match the long-term average of

∆GDPt and foreign in�ation steady state Π∗ is set to its long-term average.

10This approach was analogously used by Maih (2006)
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6. Parameter f , which denotes the steady state foreign bond holdings corre-

sponds roughly to net international investment position. NIIP of the Czech

economy was decreasing throughout the whole observed period, which does

not make it very suitable for calibration. On the other hand, the param-

eter has rather marginal importance within the model, as there is much

�exibility allowed in the dynamics of f̃t. We shall therefore set f = −1

7. Calibration of parameter β could be easily obtained from the data, since
βR
γΠh

should be equal to unity. Strangely from the perspective of the model,

β calibrated in this fashion is greater than one, which makes convergence

of the model towards equilibrium impossible and somewhat casts doubts

on the model structure. We shall therefore resort to calibrate β closely to

unity from below, setting β = 0.9975 implying 1 per cent net real interest

rate per annum, which value is in line with some other calibrations used for

Czech DSGE models, e.g. Hlou²ek (2008).

4.2.2 Direct estimations

Another possibility of reducing the number of free parameters o�ers itself in

the exogenous shock processes - since there are readily available observations for

Y ∗t ,Π
∗
t , R

∗
t and Gt, we can estimate processes governing their motion directly.

OLS estimation of the shock process for G̃t is straightforward. Estimation of

foreign sector SVAR was taken in two steps: �rst, an unrestricted VAR equation

Ωt = BΩt−1 + Su∗t

was estimated by OLS, which yield consistent results under the given speci�-

cation. Insigni�cant elements of B matrix were then restricted to 0. Finally,

matrices A,AL and Σ were computed by Choleski decomposition. All parame-

ter estimates on the matrix A are compatible with standard assumptions about

Phillips curve and Taylor rule speci�cation.
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4.2.3 Prior distributions of the Bayesian estimation

Bayesian estimation was used for all other parameter estimations. As a �rst step

for the estimation, we specify theoretical prior distributions of the parameters in

question. As discussed in Chapter 2, these then serve as an anchor, which keeps

the values of the parameters within theoretically acceptable boundaries and also

somewhat mitigate possible misspeci�cations in the structure of the model.

Since there is little certainty about shock variance distribution, inverse gamma

distribution was used with in�nite variance and mean of 0.01 . For the same

reasons, this distribution was used for parameter ϕ.

For parameters bound on [0,1] interval, beta distribution was assumed. Mean

of α was set to 0.65, roughly corresponding to average of import-to-GDP ratio

throughout the period. Prior means of habit parameter δ and interest smoothing

µ are both set to 0.75 falling within commonly used range. Prior mean of labor

share in production is set to approximately 2/3, setting the mean of κ to 0.35.

Calvo parameters of wage, domestic output price and import price persistence

are all set to 0.75, meaning, that on average, price contracts last for 4 quarters.

Shock persistence is divided into two categories: real shocks have higher mean

of autocorrelation set to 0.75, while nominal shocks are thought to be much less

persistent with mean autocorrelation of 0.4. Both values are lower than those

usually considered in the literature. Hlou²ek (2008) however argues, that for

country in transition, expectation formed by individuals are much more prone to

changes and expect much more volatile environment.

All other parameters are bounded on [0,+∞) and gamma distribution is used

to describe prior inference on them. Reaction elasticities of central bank were set

to characterize a predominantly in�ation targeting central bank, with means of

νΠ, νY set to 1.5 and 0.2 respectively. Inverse Frisch elasticity of labor is usually

calibrated between 1/3 and 1 without any general consensus in the value11, imply-

ing that ω ranges from 1 to 3. We adopt the position of choosing a compromise,

setting the mean value of ω to 1.75 with a standard deviation of 0.5, allowing for

larger �exibility. Finally, elasticities of substitution between imports and domes-

11For example Christiano et.al. (2005), or, in case of Czech model, Va²í£ek and Musil (2006)
set the labor elasticity near 1, while Maih (2006), or Hlou²ek(2008) assume its prior mean at
1/3



CHAPTER 4. ESTIMATION 57

tic goodsζ is assumed to be distributed around mean of 1 with standard deviation

of 0.33 .

A summary of all prior distributions of parameters as well as calibrated pa-

rameters is given in Appendix B.1

4.3 Estimation results

4.3.1 Estimation algorithm

Posterior density Bayesian estimation was carried out using Dynare 4.0 . No

observation errors were added to the data. Log-linearized model was solved us-

ing the algorithm described in Schmitt-Grohe and Uribe (2005) and this solution

was used as the parametrized state-space model. Likelihood was evaluated using

Kalman �lter and, together with prior density, was used to obtain posterior den-

sity function. The mode of posterior density (a global maximum) and Hessian

matrix evaluated at mode were calculated via numerical optimization algorithms;

simplex-based fminsearch and quasi-Newtonian csminwel Matlab routines were

used independently for this task. Both algorithms converged to the same val-

ues and all the parameters are well identi�ed by the maximization of posterior

density.

Posterior density of the parameters of the model was then estimated by run-

ning one chain of 1000000 draws of Metropolis-Hastings algorithm starting at the

mode of the density. First 33% of replications were discarded to avoid depen-

dence on initial values. The variance of jumping distribution was scaled in such

way, that average acceptance rate was 0.261 . This falls well within the advised

range for the Metropolis-Hastings algorithm12.

Convergence of the estimated posterior density distribution towards the un-

derlying distribution was assessed by Monte Carlo Markov chain testing proce-

dure. 5 chains of Metropolis-Hastings algorithm of 500000 iterations each were

run with initial values randomly set in the neighborhood of the mode of the poste-

rior distribution. Result of the convergence testing based on algorithms described

12As Mancini-Gri�oli (2007) argues, if the acceptance rate were too small, then the chain
would spend comparatively little time in the tails of the distribution. On the opposite extreme,
with low acceptance rates, the iterations could get �lost� in a subspace of the parameter space.
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in Brooks and Gelman (1998) is shown in Fig. B.5 . In the uppermost graph,

y-axis value of the upper line represents between-chain variance of a con�dence

interval evaluated for the �rst x numbers of draws. Lower line then represents

the average of corresponding within-chain variance estimated for the individual

chains. Second and third graphs uses second and third moments instead of in-

terval statistics. Convergence is achieved, when both lines converge and stabilize

at constant values, which seems to be our case.

4.3.2 Parameter estimates

Figure B.1 shows graphical results of the estimation. Grey curve depicts prior

density of the given parameter, black curve posterior density and vertical dashed

�gure represent the posterior density mode. All of the parameters have densities

with well de�ned peaks around their means. Numerical results are given in Table

4.3.

Most of the parameter estimates fall close to their respective prior means. De-

gree of openness α is estimated at 0.74, somewhat higher than prior assumption;

since the prior was formed on long-term average of apparently non-stationary

variable, this shift doesn't pose any serious problems with the data. Similar es-

timated value was obtained by Hlou²ek (2008) and Va²í£ek and Remo (2008).

Habit formation parameter almost doesn't move from its prior mean value; sim-

ilar applies for ω, suggesting a rather elastic supply of labor, but well within the

theoretically accepted boundaries. κ is estimated to be close to 0.4, meaning that

labor intensity in the domestic producers' sector is approximately 0.6 . Posterior

estimate of interest rate smoothing is substantially lower than prior assumption.

This is suggestive of a rather active central bank, in line with Va²í£ek and Remo

(2008), but doesn't correspond to recent estimates by Hlou²ek (2008), or Musil

(2009, forthcoming). It must be mentioned though, that all of these models use

di�erent speci�cation of Taylor rule, if at all. Va²í£ek and Musil (2006), working

with the same functional form of the Taylor rule as in our model, report estimated

interest rate smoothing of 0.65, close to our estimate. Response elasticities of the

central bank again match those reported by Va²í£ek and Musil (2006), which sug-

gests, that the central bank is also taking output gap into account in its policy,

but stabilization of in�ation has still much higher priority.
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Table 4.3: Posterior parameter estimates
Parameter Posterior mean 90% conf. interval Posterior mode Prior mean

α 0.7440 0.6428 0.8497 0.7761 0.65
χ 0.7415 0.6325 0.8508 0.7422 0.75
ω 1.6642 0.8594 2.4300 1.5366 1.75
κ 0.3988 0.3324 0.4615 0.3974 0.35
µ 0.6753 0.5841 0.7642 0.6899 0.75
νΠ 1.4373 1.2211 1.6484 1.3947 1.5
νY 0.4422 0.2502 0.6300 0.4292 0.2
ξw 0.5268 0.3613 0.6836 0.5864 0.75
ξd 0.5003 0.3592 0.6384 0.5239 0.75
ξm 0.7035 0.6131 0.7954 0.7285 0.75
ζ 0.4726 0.3052 0.6431 0.4264 1
ϕ 0.0068 0.0022 0.0114 0.0043 0.01
ρλ 0.3426 0.1509 0.5318 0.3044 0.75
ρT 0.6542 0.4917 0.8192 0.6680 0.75
ρw 0.0968 0.0219 0.1684 0.0709 0.4
ρd 0.1830 0.0484 0.3159 0.1373 0.4
ρm 0.1123 0.0276 0.1968 0.0794 0.4
ρR 0.0926 0.0223 0.1596 0.0673 0.4
ρΦ 0.5852 0.4430 0.7349 0.6214 0.4
σλ 0.0504 0.0293 0.0710 0.0445 0.01
σT 0.0141 0.0114 0.0166 0.0135 0.01
σw 0.0579 0.0451 0.0701 0.0526 0.01
σd 0.0658 0.0359 0.0958 0.0590 0.01
σm 0.0285 0.0178 0.0390 0.0234 0.01
σR 0.0066 0.0054 0.0078 0.0062 0.01
σΦ 0.0117 0.0074 0.0159 0.0105 0.01
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Calvo parameters of nominal stickiness are estimated at around 0.5 for wages

and domestic prices and 0.7 for import prices. This means, that on average, prices

in the domestic sector are re-optimized every two quarters, while duration of price

contracts is almost one year. There is no general consensus in the literature on

the magnitude of price rigidities in the Czech Republic. Hlou²ek (2008) suggests

that wage rigidity is substantially higher, with average wage contract duration of

almost 1.5 years; estimated degree of domestic and import goods prices stickiness

is, however similar to ours13. Other papers don't assume staggered wage setting

mechanism at all. Still, in line with our �ndings, Va²í£ek and Remo (2008) also

�nd that rigidities in import sector are sti�er than those in domestic producers'

sector. Similarly result is reported by Musil (2009, forthcoming), but both Calvo

parameters are estimated to be much lower than in other studies. Finally Va²í£ek

and Musil (2006) suggest values of ξd and ξm of 0.64 and 0.44, contrary to all

other papers. Our results thus represent certain �middle� ground with respect to

the other studies.

Elasticity of substitution between domestic and imported goods is estimated

at about 0.5, meaning that domestic and foreign goods are of complementary

nature. Other studies suggest similarly low elasticity. Elasticity of net foreign

wealth on risk premium is low, with posterior mean value of 0.0068. Estimated

posterior distribution functions closely follows prior distribution, suggesting that

this parameter is rather poorly identi�ed.

Most of the shocks display very low persistence, with technology shock and

risk premium shock having highest autocorrelation parameters. There is, how-

ever, quite large uncertainty in the estimates of persistence. Variance of innova-

tion errors, described by the standard deviations in the Table 4.3, is rather high,

compared to the magnitudes of observed endogenous variables, especially regard-

ing price indexation (or, equivalently in�ation) shocks awt , a
d
t and amt . Variance

in in�ation is therefore almost completely covered by temporary in�ation shocks,

leaving rather small room to changes occurring through re-optimization of prices.

All of this imply, that there is still quite a large variance in the data, that is not

re�ected by the model. Similar results regarding the impact of shocks is given

13It must be noted, however, that estimated form of wage Phillips curve in that study has a
di�erent parametrization, which could explain for the di�erence.
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by Va²í£ek and Musil (2006), the other studies showing bit smaller and more

persistent contribution of the shocks to the overall dynamics.

4.4 Analysis of the posterior estimates

4.4.1 Smoothed shocks

To inspect, whether estimated unobservable shocks correspond their theoretical

speci�cations in the model, estimated realization of the shocks was obtained

via Kalman smoothing algorithm14. Estimates of all 7 unobservable shocks are

depicted in Figure B.2 . All price indexing shocks exhibit high volatility and low

persistence, which is in line with their respective AR coe�cients estimates as well

as with theoretical assumptions. Both real shocks show higher persistence which

also re�ects in the estimates of autocorrelation coe�cients.

However, highest degree of persistence is with two remaining nominal shocks

aRt and aΦ
t . The latter almost seems to follow a random walk pattern. Neither

ADF, nor KPSS testing con�rm this on 5% level of signi�cance. First order

autocorrelation coe�cient of the estimated aΦ
t series is 0.632, well within the

90% interval from posterior estimation. Behavior of smoothed aRt clearly doesn't

correspond to the posterior estimate of autocorrelation, which is less than 0.1 .

Markedly higher volatility in the beginning of the observed time-span suggest,

that there is a structural break in the data, which is not su�ciently explained

within the model.

4.4.2 One-step �ltered forecasts

To get more insights into �t of the observed endogenous variables, one-step ahead

forecasts were computed from the estimated Kalman �lter. These were plotted

against the current values of the observed variables; results are shown in Figure

B.3 15. Examining them, we can conclude, that 1-step ahead predictions of

14Kalman smoothing algorithm is an extension to standard Kalman �lter. Starting with
Kalman �lter-estimated state space, it utilizes information available at current time to update
information about previous period state-space variables. See for example Hamilton (1994).

15Since the processes for government consumption and for the world economy variables were
estimated separately using OLS method, we shall omit these from the discussion, which focuses
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Table 4.4: Simulated and observed variance
variance Ỹ dt C̃t L̃At Π̃w

t Π̃h
t R̃t

model 0.0355 0.0516 0.0724 0.0523 0.0243 0.0184
observed 0.0076 0.0105 0.0127 0.0248 0.0078 0.0042

variance Z̃t G̃t Ỹ ∗t Π̃∗t R̃∗t
model 0.0486 0.0183 0.0078 0.0030 0.0025
observed 0.0371 0.0196 0.0056 0.0026 0.0015

the model are more or less equal to their current value, which stems from low

persistence nature of the shocks. For most variables, volatility of �ltered forecasts

is greater than volatility of actual realizations of the observed variables. This

is most striking in case of output Y dt , labor L
A
t and domestic interest rates Rt.

Only estimated volatility of real exchange rate Zt seems to be lower than observed

volatility. However, the �tted data follow their empirical counterparts rather well,

none of the variables have striking mismatches with respect to their empirical

counterparts.

4.4.3 Simulated and observed variance

A standard diagnostic for the estimated DSGE model is to compare the uncon-

ditional covariances implied by the estimated DSGE model with their theoretical

counterparts. In our case, we shall limit our focus only to the unconditional

variances, which are listed in Table 4.4

Clearly, the estimated model overshoots the variance in the endogenous do-

mestic variables by a large margin, which seems to be the largest problem of the

estimated model. Only variances of separately calibrated processes and variance

of real exchange rate do match their empirical counterparts (however, in case of

Zt it is rather caused by the higher observed variance, than for most of the pa-

rameters). This variance seems to be caused mainly by price indexation shocks,

which in turn imply high volatility in the New Keynesian Phillips curves. Aside

from structural problems with the model, or problems within the estimation al-

gorithm, there are two other possible explanations concerning the data:

on the analysis of Bayesian estimation results.
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1. There is a period of high variance at the start of the observations. This

may result in �tted innovation errors that don't satisfy the assumptions of

normality and stationarity.

2. There seems to be a negative �rst-order autocorrelation in L̃A,obst and espe-

cially Π̃w,obs
t series, resulting in quite di�erent dynamics compared to the

rest of the series16. This leaves the wage in�ation shock as the only mean

of �tting these two behavior patterns together. It might be appealing to

relax the assumption of non-negative autocorrelation in the shocks at the

�rst glance, however, that would be rather indefensible on mathematical

theoretical grounds.

Both hypothesis are supported, to some extent, by Figure B.4 , which shows the

autocorrelation functions of the variables implied by the �tted DSGE model (solid

line) and by VAR(1) model17, with the calibrated set restrictions for government

and world sector (dashed line). While the dynamics of DSGE model, restricted

by the prior distribution of parameters is exhibiting more, or less conventional

dynamic patterns, the VAR model implies, that there are some improper oscilla-

tions in the data. Even though VAR model doesn't necessarily provide a faithful

description of the dynamics of the Czech economy, these results cast doubt on

the data.

16Note, that there seems to be no such pattern in similar choice of observables in Hlou²ek
(2008).

17The autocorrelation function for the DSGE model was estimated by 50000 simulated model
iterations



Chapter 5

Dynamics of the estimated

model

Problems with the �t mentioned in the end of the previous chapter notwith-

standing, we shall continue with the analysis of the dynamic behavior of the

estimated model. To do this, we run several simulations of the �tted and solved

model. This time, however, we are not constrained by linear state-space represen-

tation required in Kalman �lter and can thus use less restrictive approximation

scheme. Hence we approximate the laws of motion prescribed by the �tted model

using a second order log-linear perturbation method, which doesn't imply the cer-

tainty equivalence property to the solutions. Since there are comparatively high

magnitudes of innovation errors, we shall also augment the solution by pruning

procedure, described in the end of section 2.2.3.

5.1 Variance decomposition

Table 5.1 summarizes theoretical long-run contribution of shocks (in percents) to

variance of endogenous parameters, as implied by the �tted DSGE model. We

computed the decomposition for observed variables Ỹ d, C̃, L̃A, Π̃w, Π̃h, R̃, Z̃ and

also for domestic and import goods prices in�ation Π̃d and Π̃m, and for exports

and imports X̃ and Ỹ m.

64
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Table 5.1: Long-run variance decomposition
ελ εT εw εd εm εR εΦ εG εY ∗ εΠ∗ εR∗

Ỹ d 0.38 0.94 56.46 27.62 3.27 4.01 5.73 0.09 1.47 <0.01 0.02

C̃ 20.4 0.12 6.8 10.77 28.95 3.13 25.07 0.15 4.53 0.02 0.07

L̃A 0.25 1.81 87.8 3.35 2.6 1.19 2.63 0.03 0.34 <0.01 0.01

Π̃w 0.25 0.18 93.77 1.1 4.08 0.36 0.24 <0.01 0.03 <0.01 <0.01

Π̃h 0.05 0.71 38.4 13.05 42.51 2.42 2.71 <0.01 0.14 <0.01 0.01

R̃ 0.48 0.48 27.48 3.07 46.16 9.92 11.97 0.02 0.39 <0.01 0.02

Z̃ 0.14 0.09 6.38 0.68 61.52 9.85 20.83 <0.01 0.42 0.01 0.08

Π̃d 0.11 0.94 47.14 45.35 5.47 0.59 0.37 <0.01 0.04 <0.01 <0.01

Π̃m 0.07 0.53 26.93 4.26 61.73 2.66 3.65 <0.01 0.16 <0.01 0.01

X̃ 0.54 0.97 58.03 18.44 6.24 3.89 9.5 0.01 2.34 <0.01 0.03

Ỹ m 10.54 0.89 32.68 5.78 28.96 2.16 15.05 0.99 2.92 0.01 0.04

We can see, that price-indexing shocks are the driving force behind most of

the dynamics observed in the model and a combination of them makes up for the

majority of variation for in any endogenous variable. The only other important

contributions come from time preference shock aλt and risk premium shock aΦ
t .

World sector plays a rather marginal role in this respect; to a large extent, this

is rather caused by the relatively low volatility of the world sector, compared to

variance in domestic indicators. Same pattern in the variance decomposition is

reported by Hlou²ek (2008), who uses a similar structure of the shocks in the

linearized model, although the prominence of in�ation in the Phillips curve is

somewhat lesser in his study.

All three price indexation shocks awt , a
d
t and amt play the role of cost-push

in�ation shocks in the New Keynesian Phillips curve. Some studies1 suggest

that our results from variance decomposition analysis result just demonstrate a

general structural property of all New Keynesian DSGE models, which tend to

overemphasize the cost-push in�ation shocks at the expense of the variation in

technology shocks.

1E.g. Peersman and Straub (2006)
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5.2 Simulated impulse responses

The basic analysis of dynamic properties in the model is made by examining the

dynamic responses of the model to changes in the exogenous environment. Our

structure of the exogenous shocks o�ers us the most natural way of orthogonalized

decomposition of the subspace of exogenous variables - all shocks are modelled to

be independently distributed and they have a well-de�ned economic foundation,

based on the behavior of the individual agents in the economy, described in

chapter 3. We shall therefore analyze the impulse response functions of the model,

generated by a change in each innovation error of the magnitude of one times its

standard deviation, respectively for each error. Response functions are computed

as a Monte Carlo average based on the 20000 simulations per each innovation

error. We shall also use the standard categorization of shocks into demand shocks,

which at the same time tend to increase both in�ation and output and supply-side

shocks, for which in�ation rises and equilibrium output falls. Finally, as we are

interested in the e�ects of the shocks on the domestic economy, the plots of the

impulse response functions only track the seven endogenous observable variables

Ỹ dt ,C̃t,L̃
A
t ,Π̃

w
t ,Π̃

h
t ,R̃t and Z̃t, plus the unobserved variables for the domestic and

import in�ation Π̃d
t and Π̃m

t . The plots of the impulse response functions are

given in Appendix D, Figures D.1-D.11

5.2.1 Response to utility time preference shock aλt

Temporary increase in utility of consumption increases both consumption and

hours worked. At the same time it creates a pressure on in�ation, driven by the

push on wages by the households. The onset of the event can thus be characterized

as a demand shock. As the central bank reacts in response to both increasing

consumption and prices and the shock fades out, consumption stabilizes below its

potential, while wages and prices continue to increase, albeit signi�cantly slower,

together with output above the potential. Much the same pattern was observed

in other studies for the Czech economy.
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5.2.2 Response to technological shock aTt

Increase in labor-augmenting technology aTt drives the output above the potential

and at the same time it lowers the marginal costs of the domestic producers,

resulting in decreased in�ation on both domestic and home markets. We can

therefore talk of a positive type of supply-side shock. The increase in productivity

is accompanied by only a mild increase in real wages, so the consumption increases

by a small margin above the long-run equilibrium and labor supply falls. This is

somewhat in contradiction with Hlou²ek (2008), but similar pattern was obtained

by, for example Smets and Wouters (2002), or Christiano et. al. (2005).

5.2.3 Response to wage in�ation shock awt

Shock to wage indexation awt , which can be both interpreted as a labor preference

shock and a wage in�ation shock, constitutes another example of a supply-side

shock. Initial response of the economy is, that increased wages push both hours

worked and output below the steady state, while increase in wages drives the

economy-wide in�ation rates upwards, which invokes the reaction of in�ation-

stabilizing central bank. Through the interest rate parity, real exchange rate

appreciates, which diminishes in�ation pressures on the home market. Similar

results are given by Hlou²ek (2008).

5.2.4 Response to domestic prices in�ation shock adt

The shock drives the prices of domestic goods upwards, creating similar initial

direction of movements as in the previous case, although with di�erent precise

magnitudes and dynamic pattern of the changes. The domestic in�ation quickly

falls to negative values, which, together with output gap still below its steady

state the forces the central bank to lower the nominal interest rates. Resulting

fall in interest rates causes a depreciation in real exchange rates, which is of the

enough intensity as to result in overshooting of the in�ation target and, generally,

in cyclic adjustment towards the equilibrium
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5.2.5 Response to import prices in�ation shock amt

In the high degree of openness of the economy, import in�ation immediately

projects into CPI in�ation. The domestic output also rises, as it is more com-

petitive on the home market. The central bank, however, strongly reacts to the

shock, with rising interest rates and, through the UIP, quick appreciation in real

exchange rate. This results in a sharp fall in the exports and output. At the

same time, while domestic prices increase, demand for labor peaks and, subse-

quently, wages rise. The home market prices, however stabilize in response to

the monetary policy and the steady state is more or less achieved in the medium

run.

Unlike the other in�ation shocks, positive shock to import prices acts more

as a demand shock, at least in the initial stages of propagation. These general

results runs in line with the predictions by the models, that incorporate these

types of shocks, e.g. Va²í£ek and Musil (2006), or Hlou²ek (2008).

5.2.6 Response to monetary policy shock aRt

Sudden increase in nominal interest rate hits both policy targets Π̃h
t and Ỹ dt ,

which simultaneously decrease in the short run. This is immediately followed by

all the other variables. Thus it is clear, that monetary policy shock (which can

be also treated as increase in the target in�ation) is a demand shock. The nom-

inal interest rate subsequently falls, constrained by the interest rate smoothing

mechanism. Shortly, real output and real exchange rate stabilize at the station-

ary points. Prices converge to the steady state only in the medium horizon. As

usual, consumption smoothing causes the consumption to converge to the steady

state only over the long term horizon.

5.2.7 Response to risk premium shock aΦ
t

Since high risk premium makes the net foreign wealth less attractive, according

to the uncovered interest rate parity, real exchange rate immediately depreciates

and then appreciates for some time, until the shock does not peter out, causing

the exports and in turn domestic product to increase. This creates expansionary

pressures on prices, and the central bank increases the interest rate accordingly.
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Thus in the initial stages, aΦ
t also serves as a demand shock. Consumption re-

mains low, as the households are paying higher interest rates on the foreign capital

markets (the calibration of the model assumes, that they are net borrowers), cre-

ating constraints to consumption. On the other hand, wages remain una�ected

at �rst, which, and households are willing to supply high amount of labor. Only

later, as the real wages fall, becomes the labor comparatively competitive and the

demand for labor remains above the potential. This in turn allows real wages to

catch-up in the medium run. Our response function thus produces much higher

lag in wage in�ation than the one obtained in Hlou²ek (2008).

5.2.8 Response to government spending shock aGt

Rather interesting dynamics can be obtained in case of the increase of government

spending. Such shock causes a very short-lived increase in the domestic output,

which causes an immediate upsurge in wage in�ation and subsequent decline.

However it takes some time, until the e�ects of this �bump� in the wages fully hit

the home market CPI in�ation. Since the central bank is targeting both in�ation

and output, it increases the interest rates immediately, which causes the CPI

in�ation as well as real exchange rate to be only at the the steady state at the

onset of the shock. Only in the longer run in�ation increases as the marginal costs

of domestic �rms rise. Hence the government spending shock acts as a demand

shock in the longer run. Also note, that with increasing in�ation, government

consumption gradually crowds out the consumption of household in the short

run.

While the pattern of increasing CPI in�ation is apparent in other studies made

for the Czech economy, the e�ect of the initial response of the central bank does

not negate the in�ation pressures as the shock hits the economy. The most likely

explanation is that tighter interest rate smoothing coupled with lower sensitivity

to output gap, as estimated by Hlou²ek (2008) or Musil (2009, forthcoming), do

not allow for the such intensity of the of the central bank's response.
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5.2.9 Response to foreign output shock aY ∗
t

The nature of the foreign output shock is in many respects similar with that of

the government spending shock, except that foreign output shock was estimated

to be highly persistent and it has an opposite impact on the balance of pay-

ments. The lasting pressure on domestic output (in order to satisfy the increased

world demand for exports) nets much higher wage in�ation than in the case of

government shock. Again, the initial response of the central bank negates the

in�ation pressures at the onset of the shock and it takes some time until the CPI

in�ation increases. Second channel works through the in�ow of foreign capital

from the domestic exports, which together with high interest rates appreciate the

real exchange rate for a short time. Then, in the medium run, in�ations on all

markets peak and high interest rates and falling demand for exports drive them

below their respective steady states, with real exchange rate following suit.

5.2.10 Response to government spending shock aΠ∗
t

The foreign in�ation shock acts through two channels. Higher foreign in�ation

increases the real exchange rate, which mirrors in higher demand for domestic

exports and in increasing costs for importers. The �rst channel then progresses

through the in�ationary pressures on labor market, increasing consumption and

wage in�ation. Second channel hits the home market CPI in�ation. In response

to this apparently demand-side shock, central bank pushes the nominal interest

rate upwards, overshooting the target once the foreign in�ation returns to its

steady state. This response pattern is much in line with other studies performed

for the Czech economy.

5.2.11 Response to foreign in�ation shock aR∗t

Through the uncovered interest rate parity, increase in R∗t instills a short-lived

period of appreciation in the real exchange rate towards the steady state. This

then drives domestic exports in the short term, and has long-term e�ects on

consumption and labor. At the same time, domestic expansion fuels the economy-

wide rise in in�ation, which in turns increases the nominal interest rate, which



CHAPTER 5. DYNAMICS OF THE ESTIMATED MODEL 71

suppresses the CPI in�ation on the home market. Overall e�ects on domestic

and wage in�ations are rather negligible.

5.2.12 Summary

Let us conclude this analysis by a short summary of some common results:

A common feature of the dynamics in the estimated model is the very high

degree of consumption smoothing. This is, however, in line with a very high

value of the discount factor β and signi�cant impact of the habit formation. The

households want to spread their consumption and they do not face any prohibitive

losses in utility consumption even in medium run.

Also, there is somewhat suspicious dynamic response to government spending

and foreign output shock. Evaluation of the nominal interest rate trajectory

suggest, that the estimated form of the Taylor rule resulted in signi�cantly high

interest rates even in case of rather low in�ation.

Aside from possible expectations-based channels, which are not easily tractable

in our analysis, there are two common channels of propagation of the disturbances

in the model. First, substantial part of the e�ects of the monetary policy relies on

the uncovered interest rate parity and movements in the real exchange rate. Due

to high degree of openness, these are readily transferred to the home prices, de-

spite high rigidities in import prices. Second channel a�ects the output-in�ation

relationship. At the onset of an upsurge in output demand, labor supply readily

adjusts to the needs of the producers. The wages, however adjust only slowly,

because of the staggered wage setting mechanism. Even then, it takes more time

until the increased costs of labor are transferred into domestic prices, which them-

selves are not fully re�ected in the home prices (CPI). The lag between a pure

output shock and increase in CPI in�ation can be therefore considerable.



Conclusion

In this work, we presented a New Keynesian dynamic stochastic general equilib-

rium model of the Czech economy. We paid attention to the derivation of the

DSGE model used for this purpose as well to the estimation procedure and eval-

uation of its results. We also compared our results with the results obtained in

other studies that modelled the Czech economy using DSGE models.

There were two main objectives of this work. First one was to derive the DSGE

model without the need to resort to linearization in any of its equations. As works

of Kim and Kim (2003), or by Ambler et. al. (2004) show, comparisons of welfare,

or evaluation of optimal policy can be misleading, when using only �rst-order

approximations of the model around the steady-state stationary equilibrium. The

model presented here can be therefore subsequently used as a basis for such

evaluation. It can be also readily used in more general non-linear simulation

setting, such as in the simulation method described in Lim and McNelis (2008).

Second objective of this work was to estimate this DSGE model. For this

purpose, Bayesian estimation procedure was used, with the Kalman �lter and

the Metropolis-Hastings algorithm utilized to obtain the posterior distribution of

the model parameters. This estimation technique has gained a large following in

the recent years. The results of the estimation are found to be consistent with

the theoretical assumptions about these parameters as well as with the estimates

obtained by other studies performed on the Czech economic data. The only more

serious issue with the model is a high unconditional variance predicted by the

model for some domestic aggregates. This might point to some misspeci�cations

in the model structure, or problems with the estimation procedure. However,

analysis using �tted VAR model suggests, that there might be a problem within
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the data inputs, as there seem to be improper oscillations in the nominal wage

in�ation time-series.

Judging by the result of the �nal two chapters, we can conclude, that our New

Keynesian DSGE model o�ers a suitable approximation of the Czech business

cycle.

This work o�ers some opportunities for further research. First, the analysis of

the impulse responses of the model suggests that there might be some bene�ts in

considering more sophisticated rules for the monetary policy2. Second, without

much additional augmentation, the model can be used for the optimal economic

policy analysis. Finally, it might be worthwhile to simulate the non-linear model

using some other techniques than perturbation methods, since pure higher-order

Taylor approximations of the model are suitable only on a rather small neighbor-

hood of the steady state equilibrium. This can be a severe constraint in case of

modelling a relatively volatile open economy.

2Some research in this area of DSGE modelling, applied for the Czech economy, has already
been done in Va²í£ek and Remo (2008).
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Appendix A

Model representation

General notational conventions

V̂t (Gross) deviation of variable Vt from its steady state

Ṽt Logarithm of deviation of Vt form its steady state

V ∗t World economy variable

Vt, vt Supply and demand for V , if applicable

Vt|s Value of V at time t, provided that last optimization of V was at time s

Figure A.1: Flow of funds within the model

(Thick arrows represent transaction of goods and services, �owing in the opposite direction)
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Alphabetical list of domestic variables of the model

aλt , a
L
t , a

T
t , a

w
t Time preference, labor, domestic technology, wage indexation shocks

adt , a
m
t , aRt , a

Φ
t Domestic, import prices indexation, interest rate, risk premium shocks

ATt World technology shock

Bt Domestic bonds held by households

Ct, ct Consumption supply, consumption demand

Dwt , D
d
t , D

m
t Dispersion of wages, domestic goods prices, import goods prices

ft Net nominal foreign bonds to nominal GDP ratio

F ∗
t Net nominal foreign bonds held by households

Gt, gt Government consumption supply, demand

It Net amount of labor insurance bought by households

Lt, lt Di�erentiated labor supply, demand

LAt , l
A
t Aggregated labor supply, demand

Mt, mt Import supplied by world economy, import demanded by importers

P dt , P
h
t , P

m
t , P It Domestic, home market, imported goods, labor insurance prices

pdt , p
m
t Domestic to home prices ratio, import to home prices ratio

Qt, qt Nominal marginal costs, real marginal costs of domestic �rms

Rt Gross interest rate on domestic bonds

St Nominal exchange rate

Tt Lump-sum taxes levied on households

Wt, wt Nominal wages, real wages

Xt, xt Domestic supply of exports, world demand for exports

Y dt , y
d
t Di�erentiated domestic goods supply, demand

Y d,At , yd,At Aggregated domestic good supply, demand

Y d,A,ht , yd,A,ht Domestic-to-home market (aggregated) good supply, demand

Y ht , y
h
t Home market good supply, demand

Y Kt , ykt Production good (quasi-capital) supply, demand

Ymt , ymt Di�erentiated import goods supply, demand

Ym,At , ym,At Aggregated import good supply, demand

Zt Real exchange rate

ΛHt , λHt Nominal shadow price, real shadow price of households' wealth

Πdt , Πht , Πmt , Πwt Domestic, home (CPI), import prices in�ation, wage in�ation

Φt Risk premium on foreign bonds charged to households

ΨLt , ΨIt Households' labor income, labor insurance claims

Ψdt , Ψmt Domestic �rms' pro�ts, importers' pro�ts



Appendix B

Prior and posterior estimates

B.1 Parameter priors and calibration

Table B.1: Calibrated parameters

Parameter Value Description

β 0.9975 Utility discount factor

γ 1.0072 World technology growth rate

αC 0.5026 Household consumption share of home goods

αG 0.2134 Government consumption share of home goods

υ 6 Elasticity of substitution of labor

η 8 Elasticity of subst. of domestic goods

ϑ 8 Elasticity of subst. of imported goods

f -1 Steady state of net foreign assets to GDP

Π∗ 1.005 Steady state of world in�ation rate

ρG 0.1589 AR parameter of gov't consumption

σG 0.0181 Std. error of innovations of gov't consumption
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World parameters estimates

A =

 1 0 0
−0.2056 1 0
−0.0634 −0.0297 1

 AL =

 0.8562 0 0
0.3335 0 −1.0544
0.0859 0.0574 0.5037



Σ∗ =

 0.00402 0 0
0 0.00195 0
0 0 0.000462
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Table B.2: Prior parameter distributions

Param. Prior density Description

Shape Mean Std.error

α beta 0.65 0.05 Share of imports

χ beta 0.75 0.1 Habit parameter

ω gamma 1.75 0.5 Inverse of elasticity of labor

κ beta 0.35 0.05 Pseudo-capital intensity

µ beta 0.75 0.1 Interest rate smoothing

νΠ gamma 1.5 0.15 Monet. policy, in�ation weight

νY gamma 0.2 0.1 Monet. policy, output gap weight

ξw beta 0.75 0.1 Nominal wage stickiness

ξd beta 0.75 0.1 Nominal wage stickiness

ξm beta 0.75 0.1 Nominal wage stickiness

ζ gamma 1 0.33 Elast. of import substitution

ϕ inv.gamma 0.01 +∞ Risk premium elasticity

ρλ beta 0.75 0.15 Time preference shock persistence

ρT beta 0.75 0.15 Technology shock persistence

ρw beta 0.4 0.15 Wage indexation shock pers.

ρd beta 0.4 0.15 Dom. p. indexation shock pers.

ρm beta 0.4 0.15 Import p. indexation shock pers.

ρR beta 0.4 0.15 Interest rate shock persistence

ρΦ beta 0.4 0.15 Risk premium shock persistence

σλ inv.gamma 0.01 +∞ Time preference shock volatility

σT inv.gamma 0.01 +∞ Technology shock volatility

σw inv.gamma 0.01 +∞ Wage indexation shock volatility

σd inv.gamma 0.01 +∞ Dom. p. indexation shock volat.

σm inv.gamma 0.01 +∞ Import p. indexation shock pers.

σR inv.gamma 0.01 +∞ Interest rate shock persistence

σΦ inv.gamma 0.01 +∞ Risk premium shock persistence
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B.2 Posterior estimates

Figure B.1(a): Prior and posterior densities
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Figure B.1(b): Prior and posterior densities

0 2 4 6
0

0.2

0.4

0.6

0.8

omg

0.2 0.4 0.6
0

5

10

kap

0.4 0.6 0.8 1
0

2

4

6

8
mi

1 1.5 2
0

1

2

3

niPI

0 0.5 1 1.5
0

1

2

3

4

niY

0 0.5 1
0

1

2

3

4

xsiw

0 0.5 1
0

1

2

3

4

xsid

0.4 0.6 0.8 1
0

2

4

6

xsim

0 1 2
0

1

2

3

4

dze

0 0.05 0.1
0

50

100

150

200

fiprm

0 0.5 1
0

1

2

3

rolmb

0 0.5 1
0

1

2

3

4

roT

0 0.2 0.4 0.6 0.8
0

5

10
rowi

−0.2 0 0.2 0.4 0.6 0.8
0

2

4

rodi

0 0.2 0.4 0.6 0.8
0

2

4

6

8

romi

0 0.2 0.4 0.6 0.8
0

5

10

roMP

0 0.5 1
0

1

2

3

4

roFi



APPENDIX B. PRIOR AND POSTERIOR ESTIMATES 87

Figure B.2: Smoothed shocks
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Figure B.3: Observed and �ltered variables
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Figure B.4: DSGE and VAR(1) autocorrelation functions
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B.3 Estimation diagnostics

Figure B.5: Metropolis-Hastings algorithm convergence diagnostics
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Appendix C

Model dynamics

Fig C.1: Impulse response to shock aλt Fig C.2: Impulse response to shock aTt
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Fig. C.3: Impulse response to shock awt Fig. C.4: Impulse response to shock adt
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Fig. C.5: Impulse response to shock amt Fig. C.6: Impulse response to shock aRt
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Fig. C.7: Impulse response to shock aΦ
t Fig. C.8: Impulse response to shock aGt
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Figure C.9: Impulse response to shock aY ∗t
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Figure C.10: Simulated response to shock aΠ∗
t
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Figure C.11: Simulated response to shock aR∗t
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