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Chapter 1 

Introduction 

Quantum systems with an inherent non-trivial geometry and topology which 
can induce various interesting spectral and dynamical properties are often 
studied in mathematical physics. The non-trivial geometry and topology 
can enter either through constraints, i.e. a restriction on the configuration 
space, or through properties of the interaction support. In the former case the 
particle motion is restricted to a given region or manifold, in the latter one 
we will be concerned mostly with so-called singular interaction models, where 
the interaction is supported by a non-trivial set of zero Lebesgue measure. 

In many situations, however, these two cases are dosely connected. This 
concerns, in particular, quantum waveguides, quantum graphs and leaky 
quantum graphs which are models of various tubular shape environments. 
Of course, every one of them has its own advantages. For instance, quantum 
graph models profit from their mathematical simplicity being essentially an 
ODE problem, quantum waveguides reflect more realistically the geometry 
of various nanometer-size objects, and quantum leaky graphs allow do the 
same taking quantum tunneling into account. Moreover, there are approxi
mation results relating them, e.g., quantum waveguides and quantum graphs 
- see [EŠ] for smooth non-branching Dirichlet tubes, [CE] for their singular 
limit, [EP] for the general Neumann tube system and [MV, Gr] for its Dirich
let counterpart - or leaky and "ideal" quantum graphs [EY]. Furthermore, 
there are many relations between properties of such systems. For example, 
geometrically induced bound states first observed for the quantum waveg
uides [DE, BGRS], have been afterwards found on their leaky counterparts 
[EI]. It is therefore natural to study these systems simultaneously as is the 
case in this thesis. We would mainly focus on singular interactions, however, 
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4 CHAPTER 1. INTRODUCTION 

a part of the treatise will be devoted to helix-shaped waveguides. 
The aim of this introduction is to present the motivation of our work and 

main results. The former comes from various parts of physics and we will 
mention the background only briefiy because it will not play an important role 
in the following. To convince the reader that the systems we are discussing 
here yield worthy physical models we refer to the literature which is vast 
indeed. For the point interactions we refer to the monograph [AGHH] and 
the extensive bibliography there, which can be all traced back to the classical 
work [Fe] by E. Fermi. More recently the progress in semiconductor physics 
gave strong motivation to study graph-like structures [KS, Kul, Ku2] while 
another motivation comes from optics, namely from investigation of photonic 
crystals [FK]. Apart of these general references we want to point out partic
ularly the work [Bh], because there our results obtained in [IV] were used to 
predict existence of bound states in optical helix-shaped waveguides for cold 
atoms and molecules; in this way the present work came into a close touch 
with the experiment. 

Let us now focus on singular interactions. The Hamiltonian of the most 
natural model of a non-relativistic particle in ]Rn with a singular interaction 
may be formally written as 

H = -6 + ó(x - E), (1.1) 

where 6 is the n-dimensional Laplacian and the interaction support E is a 
subset of ]Rn of zero measure. When E is a set of isolated points we get a 
point interaction, for the first time rigorously defined in the work of Berezin 
and Faddeev [BF] and later on systematically studied in numerous papers 
summarized in the monograph [AGHH]. In particular, the case when Eis a 
lattice corresponds to the celebrated Kronig-Penney model [KP]. In the one
dimensional situation there are more possibilities: the "usual" ó-interaction 
(1.1) is just a 1-parameter subfamily of the whole four-parameter family of 
point interactions [Šeb]. According to their scattering properties, we divide 
this family into three classes. In addition to the ó-interaction type, there 
is its counterpart called ó'-type (and a wider class with similar properties), 
and finally, an intermediate type in the sense which will be specified below. 
Properties of these point interactions are now well understood, however, the 
field is by no means closed. On the contrary, there are simple questions 
which remain open for a long time; let us for example mention the problem 
about the spectrum of the classical ó-interaction Wannier-Stark system (see 
[AEL, Ex2, ADE] for the ó' case). 
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Needless to say, the analysis is technically more complicated if the singular 
interaction is supported by an infinite set, e.g., a manifold embedded into 
iRn. Examples of such situations are the mentioned leaky wires where ~ is 
a curve [Ex6] and singular interactions supported by surfaces [AGS, BEKŠ], 
[EKon2, EKonl]. 

The great advantage of singular-interaction models is their exact solvabil
ity which depends, of course, on how complicated is the set ~ - in general the 
singular character allows us to pass from the original differential-equation to 
an algebraic, or integral-operator one. Let us illustrate the claim on the 
Kronig-Penney model. By a straightforward computation, which can be 
found in almost any quantum mechanical textbook, one obtains the spec
trum consisting of interlacing bands and gaps, the former being intervals 
LJí(E2í, E2i+1). The same is, of course, true for any Schrodinger operator 
with a periodic potential, the difference is that in the ó case the solution of 
the stationary Schrodinger equation on the period cell with Bloch bound
ary conditions is replaced by a simple implicit equation in the momentum 
variable. 

The main aim of this thesis is to use the solvability to derive explicit 
solutions in various specific situations which will allow us to demonstrate 
examples of unusual and interesting behavior such as 

a) peculiar time evolution demonstrated by non-smoothness of the decay 
laws 

b) various geometrically-induced spectral properties 

c) situations with interlacing dense point and absolutely continuous spec
tra. 

Let us now comment on these main results in more detail: 

a) Irregular decay laws 

The behavior of unstable quantum systems expressed in their decay law, i.e. 
non-decay probability as a function of time, exhibits various subtleties of 
quantum time evolution. On the one hand there is a short-time behavior 
related to the Zeno effect [EINZ], or possibly anti-Zeno [Ex4], on the other 
hand there is a long time deviation from the exponential decay rate [Kh] Up 
to now, however, nobody paid attention to local properties of decay laws, it 
was tacitly assumed that they are sufficiently regular. 
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6 CHAPTER 1. INTRODUCTION 

We are going to show that it is not the case. Our motivation comes 
from another striking example of time evolution of the state due to Berry 
[Be], independently discovered by Thaller [Th]. In the simplest setting, they 
consider the state 'lfJ(x) = 1 inside the infinitely deep well, i.e. an interval 
with Dirichlet boundary conditions, and find out that as a result of time 
evolution it turns generically into a fractal - see Chapter 3 for details. 

We use this example as a departing point and consider its generalization 
when the particle is allowed to leak through the wall, in particular we consider 
the tunneling through 8 and 8'-barriers. To be a bit more concrete, we 
consider a family of spherically symmetric singular interactions on a sphere 
and derive an explicit formula for the time-evolution of the wave function 
'lfJ(x, t) inside the sphere. Afterwards, we use the 8-shell model to numerically 
demonstrate that the decay law 

P(t) = j l'l/J(x, t)l2dx 
B(O,R) 

may be highly irregular and the 8' -shell model to show that the decay may 
not smooth out the irregular character of the wave function inside the sphere. 

b) Geometrically induced spectra 

Under this heading one can treat a number of problems, some of which were 
mentioned above. We will concentrate on a pair of questions which have not 
been addressed. The first is the above mentioned problem about geomet
rically induced bound states in a helix-shaped waveguide, the second deals 
with isoperimetric inequalities, which are closely connected to the problem of 
maximizing the ground state energy within the family of closed leaky curves. 

Geometrically induced bound states have a long history. Curvature in
duced bound states in Dirichlet tubes were observed in [EŠ]. Using the idea of 
Goldstone and Jaffe [GJ] their existence was later proven in [DE] and [BR] for 
arbitrary small bending; a similar result for arbitrary small bumps is proved 
in [BGRS]. Effects of twisting were recently discussed in [EKK, EKov]. In 
our work [IV] - cf. Appendix IV - we study the analogous problem for helix
shaped waveguides, in particular, we investigate the effect of a local change 
of the helix radius and derive conditions for the pitch angle under which 
bound states occur; we note that these conditions depend on the waveguide 
cross-section. This part has been motivated by the proposal to create by 
op ti cal means such helical waveguides for cold atoms and molecules [Bh] . 

p ' 



7 

The second part represent an extension of the works [Ex3, EHL]. In the 
first of them, Exner proves that the circle is a global maximizer of the ground 
state energy within the class of leaky quantum loops of a given length L 
provided the following inequalities are valid for p = 1 and every u E (O, L/2), 

L 

J Ll+P 7rU 
C~(r) := lr(s +u) - r(s)IPds::; --;z;- sinP L' 

o 

where r is any closed curve parameterized by its arc-length; in the second 
work these inequalities have been proved to be valid for p ::; 2, see also 
[Lu, Knot]. An answer to the natural question whether these inequalities 
can hold also for p > 2 remains unknown, however, in [III] we were able 
to prove a weaker result, namely that the circle is a local maximizer of the 
functional C~(·) up top= 5/2 and ceases to have this property for larger p. 

c) Interlaced spectral characters 

Spectra consisting of dense pure point and absolutely continuous components 
are expected for random Schrodinger potentials in higher dimensions, even 
if a proof of such a claim is missing and the problem is very difficult. In 
addition, one expects that in these situation there is a mobility edge, i.e. an 
energy separating the pure point spectrum below and absolutely continuous 
above it. There are, however, a few examples of specific non-random systems 
with interlaced spectral types, typically for potentials which are radially pe
riodic. We follow the work [HHHK] and using the same method we construct 
an example of such systems within the framework of singular interactions. 
In addition, we investigate the asymptotic ratio of the interlaced component 
lengths according to the singularity of the potential. 

Specifically, we study singular interactions supported by an infinite fam
ily of concentric, equidistantly spaced spheres and prove that the spectrum 
consists of interlacing dense pure point (pp) and absolutely continuous ( ac) 
intervals. The asymptotic ratio of the length of adjacent pp to ac parts 
depends on the type of the singular interaction. For the ó-type the length 
of pp segments tends to a positive constant while the length of ac ones is 
growing, for an intermediate interaction the ratio is asymptotically constant, 
and finally, for a ó'-type interaction the length of the ac segments tends to 
positive constant while pure point components dominate asymptotically the 
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8 CHAPTER 1. INTRODUCTION 

spectrum. In other words, in the generic case the pp segments dominate, 
what is a picture very different from the regular one treated in [HHHK]. 

Survey of the contents 

The structure of this thesis is the following. In the next chapter we define 
singular interactions as self-adjoint extensions of certain restrictions of the 
operator -6., the free Hamiltonian, and provide numerous examples. On 
one hand, we prepare thus the basic definitions and results for the later 
chapters, and at the same time we use this as a opportunity to present 
singular interactions in a wider context. 

The following chapters describe the main results of the thesis contained 
in aur papers [I]-[VI] the copies of which are attached in appendices I-VI. In 
particular, Chapter 3 concerns the smoothness of quantum tirne evolution 
being based on the papers [I, II]), Chapter 4 deals with the isoperimetric 
problems [III], in Chapter 5 we study systems with infinitely many radially 
periodic spherical singular interactions ( as discussed in the papers [V, VI]), 
and finally, in Chapter 6 we analyze geometrically induced bound states in 
helical waveguides [IV]. 

p 



Chapter 2 

Singular interactions 

As singular interactions are the central topic of this theses, we regard as 
useful to survey basic facts, definitions and properties before investigate such 
interactions in specific models. This is the contents of this chapter. 

There are various ways how to define Schrodinger operators with singular 
interactions. Probably the most common among them is based on self-adjoint 
extensions of a symmetric restriction which the operator has common with 
the "free" one. The construction starts with restricting the free Hamiltonian 
to functions vanishing at the support of the interaction under the consid
eration. We are specifically interested in situations when the support is a 
manifold. To be concrete, let M be a m-dimensional manifold embedded 
in IRn and Š the restriction of the operator H0 = -!:::. to the set of smooth 
functions with a compact support in IRn \ M. The closure of Š defines a 
symmetric operator S and we will associate the sought singular Schrodinger 
operators with its self-adjoint extensions. 

Naturally, the method is not limited to restrictions of the Laplacian and 
restrictions to exterior of a manifold; there are other situations when one 
defines a "singular" operator by choosing a self-adjoint extension of a closed 
symmetric operator S on a Hilbert space 'H endowed with the scalar product 
( ·, ·), which arises as a restriction of a self-adjoint operator A to a dense 
subspace N C 'H closed under the corresponding graph norm. In the most 
abstract form, this situation have been thoroughly analyzed in the papers by 
A. Posilicano [Pol]-[Po4]. They provide a simple recipe how to characterized 
all self-adjoint extensions based on an explicit form of their resolvents. 

In application, however, we often look for self-adjoint extensions defined 
via boundary conditions on the manifold M. The advantage of this approach 

9 



\ 

\ 

10 CHAPTER 2. SINGULAR INTERACTIONS 

is a more illustrative description of the whole set of s.a. extensions and 
related phenomena in quantum-mechanical systems - see, e.g., [ChFT]. Such 
conditions naturally arise in the theory of boundary triplets, which we will 
summarize in the next section. After that we will point out connections 
between this theory and the Posilicano approach and use them to introduce 
all singular interactions supported by a given manifold. We conclude the 
chapter with section 2.3 in which we provide a multitude of examples. 

2.1 Boundary Triple theory 

2.1.1 A survey of notions and results 

The boundary triple theory is an abstract approach to self-adjoint extensions 
of symmetric operators [GG, Pa]. It provides a convenient tool to derive the 
complete family of self-adjoint extensions to a given symmetric operator and 
to write down the corresponding resolvents. We will follow the exposition in 
[Pa] skipping naturally all the proofs, which the reader may find there and 
in the references therein. Let S be as above, ry be an auxiliary Hilbert space 
with a scalar product (-, ·) and 

JJ1 : D(S) -t ry, V2 : D(S) -t Q 

are two surjective linear maps. We say that (ry, v1 , v2 ) is a boundary triple 
of the operator S if for every tjJ, 'ljJ E D(S*) there holds an abstract Green 
formula 

(2.1) 

A symmetric operator with equal deficiency indices has always a boundary 
triple and the converse holds also true. This allows us to search for s.a. 
extensions of the operator S. One of the main results of the boundary triple 
theory is the one-to-one correspondence between self-adjoint linear relations 
on ry and self-adjoint extensions of S. Let us recall some basic definitions and 
facts. A closed subspace [, C ry EB ry is called a self-adjoint linear relation if 

Graph of any self-adjoint operator on ry is a self-adjoint relation, but the 
converse is not true. There are many ways how to parameterize a family of 
s.a. relations. In particular, the following lemma describes them by rneans 
of unitary opera tors on ry. 

p 



2.1. BOUNDARY TRIPLE THEORY 11 

Lemma 2.1 .L is a self-adjoint linear relation on Q if and only if there is a 
unitary operator U on Q such that 

(6, 6) E .L {::} i(l + U)6 = (1 - U)6. 

The above representation is unique and we will denote the corresponding 
relation by 1:,u. 

Note that a s.a. relation 1:,u is a graph of an s.a. operator if and only if 1 
does not belong to the spectrum of U. In the next theorem we connect the 
s.a. relations with s.a. extensions. 

Theorem 2.2 Let S be a symmetric operator on the Hilbert space 1i and 
(Q, v1, v2) be its boundary triple, then there is a bijection between all s.a. 
extensions oj S and s. a. relations on Q. A s. a. extension Au corresponding 
to a s.a. relation .Lu is a restriction of S* to the domain 

D(Au) ={</i E D(S*), i(l + U)v1</J = (1- U)v2</J}. (2.2) 

The basic tool for analysis of spectral properties of s.a. extensions of 
symmetric operators is the Krein resolvent formula, which is a closed-form 
expression for the difference between the resolvent 

Ru(z) :=(Au - z)-1
: 1i----+ D(Au) 

and a fixed "free" resolvent R(z) corresponding to a "free" s.a. operator A. 
Here we always put R(z) = R1d(z), i.e. we use the resolvent of the extension 

A-;). S: D(A) = {</i E D(S*), v1</i =O}. 

To write down Krein's formula in the language of boundary triples, we need 
some additional notation. For z E C \ IR, let Nz = Ker( S* - z) be the 
corresponding deficiency subspaces for S. Put 

These maps are well defined, since v1 , v2 are invertible linear maps of Nz ----+ Q, 
the latter being called the Weyl M-function. For every w, z in the resolvent 
set p(A) of the free operator it satisfies the identity 

r(z) - r(w) =(z - w)G(w)*G(z). 

\ 
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12 CHAPTER 2. SINGULAR INTERACTIONS 

Theorem 2.3 (Krein's resolvent jormula). Let Au be the selj-adjoint exten
sion oj S defined by boundary conditions (2.2). A number z belongs to the 
spectrum O'(Au) oj the operator Au i.ff OE cr((l - U)r(z)-i(l +U)). For any 
z E p(A) n p(Au) there holds 

Ru(z) = R(z) - G(z)((l - U)r(z) - i(l + U)r\1- U)G(z)*. 

There is also a useful characterization of the point spectra. 

Theorem 2.4 The number z is an eigenvalue oj Au ij and only ij z E 

Ker((l - U)r(z) - i(l +U)). Moreover, let ( E Ker((l - U)r(z) - i(l +U)), 
then G(z)( is an eigenjunction oj Au corresponding to z. 

Finally we shall note that the boundary triple is not uniquely determined. 
First of all, there is an ambiguity in the realization of the Hilbert space ÍJ, 
namely any unitary transformation V : ÍJ ----+ 6 defines a new boundary triple 
(6, Vv1 , Vv2). It is easy to see that any s.a. extension corresponding to U 
is mapped to a s.a. extension corresponding to VUV*. The other source 
of ambiguity arises from the symplectic structure [FKNS] on the right-hand 
side of the abstract Green formula (2.1). We summarize it in the following 
claim (cf. [Pol, Lemma 2.2]) 

Lemma 2.5 Let S be a symmetric operator, (ÍJ, v1 , v2) its boundary triple 
and B be any selj-adjoint operator on f). Put 

then (ÍJ, v1, ií2 ) is the boundary triple oj the operator S and for the corre
sponding Weyl-M junction (2.3) 

it holds that F(z) = r(z) + B. 
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2.1.2 Relations to Posilicano's theory 

Now we concentrate on the particular case when S is a trace restriction of 
a s.a. operator A. We again omit any proofs and follow the article [Po4] to 
which we refer for details. Let 

be a surjective map such that the operator S is a restriction of the s.a. 
operator A to the kernel of T, i.e. 

D(S) = { </> E D(A), T<Í' =O}. 

N ote that the kernel of T has to be closed under the graph norm corresponding 
to A. As above, for z E p(A) we denote 

R(z) := (A - z)-1 : 1-l ----t D(A) 

and put1 

G(z) := (TR(z))*: ~ ----t 'H, G* := ~(G(i) + G(-i)). (2.4) 

Then the operator G(z) maps ~ into the deficiency space Nz = Ker(S* - z), 

Ran(G(z) - G(w)) c D(A) \:/z, w E p(A) 

and we have the following result which connects the above definitions with 
the theory of boundary triplets. 

Theorem 2.6 The adjoint oj S is given by 

v1 : D(S*) ----t ~, 

v2 : D(S*) ----t ~, 

is a boundary triplet for S. 

ZJ1</> := (,p 

ZJ2cP := TcP* 

1 It will become clear in a few lines that this operator coincides with its namesake from 
the previous subsection, hence the symbol. 

\ 
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The resolvent formula may be now explicitly rewritten in terms of the trace 
T. For the sake of further reference we write down the formulas for the maps 
G(z ), r(z ), cf. (2.3). 

G(z) = (TR(z))*: Q ----t D(S*) 

r(z) = T(G(z) - G*) : Q ----t Q. (2.5) 

Remar k 2. 7 The boundary triple defined by the Zast theorem is typically not 
the optima[ one in the models we will consider, and we often need to find a 
new boundary triple by the procedure described in the lemma 2. 5. 

2.2 Singular interactions on a manifold 

After the abstract preliminaries in the previous section we return to the study 
of Schrodinger operators with singular interactions. First of all we set up a 
scene. We put H = L2 (1Rn) and we consider the free operator, which is the 
n-dimensional Laplacian 

to act in the role of free s.a. operator A. The domain will be also denoted as 
H 0 ; it is a Hilbert space when endowed with its natural norm, 

li · li~:= li· 112 + llHo · 112. 

Let M C IRn be a d-dimensional manifold embedded in IR.n. We will require 
that the following property holds true [Ko] 

Definition 2.8 {embedded manifold) Let x1 , ... , Xn are the standard Eu
clidean coordinates in IR.n and m is any point on the manifold M. Then 
there exists a open set Um C IR.n, m E Um, another open set Vm C IR.n and 
the smooth diffeomorphism 

such that 

h(U n M) = {x Ev, Xd+l = ... = Xn =O}. 
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The number k = n - d denotes the co dimensi on of M . 
Finally let S be the restriction of H0 on the subspace 

D(S) = {<fa E Ho, r</J = O}, 

where 

depends on the codimension k of the manifold, namely 

k=l 

k=2 

k=3 

~ = {O}, i.e. S =A. 

For M consisting of N separate points we put H"'(M) := JRN. Then by [St, 
VI.4] the trace operators T are well defined bounded maps and S is a closed 
symmetric operator. We associate family of its s.a. extensions with singular 
interactions supported by the manifold M. 

The corresponding boundary triple for the operator S is described by The
orem 2.6 and hence the family of its s.a. extensions may be straightforwardly 
obtain by the boundary triple theory. In particular, the resolvent of any sin
gular interaction may be obtain using the equations (2.5) and Theorem 2.3. 

2.3 Examples 

We demonstrate the above approach on all the singular interactions which 
appear in applications, in particular, point interactions on a line, plane and 
space [AGHH], leaky graphs in a plane and space [Ex6], and finally singular 
interactions on a surface in JR3, see [AGS, HHS]. 

Univerzita Karlova v Praze 
Matemat1ckG-fyziKólni fakulta 
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16 CHAPTER 2. SINGULAR INTERACTIONS 

2.3.1 Point interactions on a line 

This is indeed the most elementary example for the demonstration how the 
boundary triple theory works, and the reader may compare our treatment 
with the similar ones in [Pa, Po4] . Let 

'}{ = L2 (1R) Q = (<C E9 <C)N M = {yi, ... , YN; Yi E IR} 

Ho= - d~2 : W 2
•
2 (IR.) -> L2 (IR) T: D(Ho) -> Q 

Tf/y = ((r/J(y1), r/J'(y1)), · · ·, (</J(YN), r/J'(YN))) 
S= - d~2 : D(S) = { rjJ E D(Ho), rjJ(y) = r/J'(y) =O 'íly E M}. 

For z E <C \ (O, oo) the well known kernel of the integral operator R (z) = 
(-d2 /dx2 - z)- 1 reads 

R(z)(x _ y) = exp(i~~ - YI); 

and for ( = (((1, 6), ... , ((N, ~N)) E ry one has, cf. (2.4), 

G( )( - LN ( exp(ivzlx - Yjl) c exp(ivzlx - Yjl) . ( ) 
z - · - .,. · s1gn x - y · 

j=l J 2iy'Z J 2 J 

and from Theorem 2.6 it follows that 

where G* = 1/2(G(i) + G(-i)). The functions from the definition domain 
D(S*) are continuous from the right (left) and the following maps are well 
defined 

T+: D(S*)-> ry T+r/J = ((1i(Y1+), <P'(y1+)), ... ' (<P(YN+), <P'(yN+))) 
T_: D(S*)-> Q Lf/y = ((rjJ(y1-), <P'(y1-)), ... ' (rjJ(yN-), <P'(yN-))). 

A straightforward calculation gives 

1 
((T+ - r_)G*()t = ( and 2(T+ + r_)</i* = Tf/y*, 

where for ( = (((1, 6), ... , ((N, ~N )) we define 

(t := ((6, -(1), · · ·, (~N, -(N)). 

p 
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Moreover, the matrix representation shows that the operator ~ ( T + + r_) G* 
is self-adjoint. For a given <PE D(S*), <P = <P* + G*( we get 

and accordingly ((C EB C)N, v1 , v2 ) where 

v1</J := ((r+ - r_)</J)t 

v2<P := t(r+ + r_)</J- t(r+ + r_)G*((r+ - r_)</J)t 

is the boundary triple defined in Theorem 2.6. Dueto Lemma 2.5 and the self
adjointness of Hr+ + r_) G* the last term in the definition of v2 is redundant 
and we can define a more common boundary triple [Pa] 

V1</J := ((r+ - r_)</J)t 
1 

v2<P := 2(r+ + r_)<jJ. 

Using Lemma 2.5 once more we get the corresponding Weyl M-function 

Now we turn to a single center point interaction at the point y1 and de
scribe the whole family of s.a. extensions in great detail. In this case one 
has fJ = C EB C and according to Theorem 2.2 every single point interac
tion Hamiltonian may be parameterized with unitary 2 x 2 matrix U by the 
relations 

i(l + U)v1</J = (1 - U)v2 </J, 

assuming2 that -1 is not an eigenvalue of U we get the parametrization 
introduced in [EG] 

1-U 
v1 <jJ = 8v2 <jJ where 8 = -i--

1 +U 

is any self-adjoint operator. We put 

8 = ( ~ _"f/3 ) , a, (3 E IR, "( E C 

2vVe exclude separating boundary conditions. 

\ 

\ 

\ 



\ 

\ 

18 CHAPTER 2. SINGULAR INTERACTIONS 

and recover the well-known boundary conditions 

We define three natural classes of point interactions according to their spec
tral properties [I] ( see also [ ChFT] for the classification based on symmetries) 

• ó-type: Re I= (3 = O, 

• intermediate-type: Re I-=/= O, (3 = O, 

• ó'-type: (3-=/= O. 

The reader may found other equivalent forms of boundary conditions and 
their mutual transformations in [I, ChFT]. 

2.3.2 Point interactions in a plane 

To the best of our knowledge there is no treatment of this case using the 
boundary triple theory approach; the corresponding results obtained by von 
Neumann theory of self-adjoint extensions may be found, for example, in the 
point-interaction textbook [AGHH]. Let 

'H = L2(IR2) ~ = CN M = {yi, ... ' YN; Yi E IR2} 
Ho= -h.: w2,2(IR2) -t L2(JR2) T: D(Ho) -t ~ 

np = (</J(y1), · · ·, </J(YN)) 
S= -h.: D(S) ={</JE D(H 0), </J(y) = O'tly E M}. 

For lm v'z > O, the kernel of the resolvent of -h. in IR2 is given by 

1 1 
R(z)(x - y) = h. (x - y) = -Ko(iv'zlx - yj), 

- - z 27!" 

where Ka denotes the modified Bessel function of the second kind (see for 
example Appendix to [KPR]) and for ( = ((1 , ... , (N) E ~ it follows that 

p i 
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According to Theorem 2.6 the adjoint to S is given by 

S*</J = -6.</J* + R(i)G(-i)(.p: D(S*) = { cP* + G*(.p, </J* E D(Ho), (.p E CN}, 

where G* = 1/2(G(i) + G(-i)). 
Since Ko(z),....., ln(2/z) as [z[-----+ O one has 

( N 
G*((x - Yt) ,....., - ln([x - Y1[) 2~ + .?-= B(x - Yj)(j as x - Y1, 

J=l 

where the rotation-symmetric real function B is given by 

_ { 2~Re Ko(iVÍ[x[) for x =!=O 
B(x) - ln2 

for X= 0 27f 

and for </J E D(S*) it holds 

lim -271" <P(x) = (1, 
x->y1 ln [x - yi[ 

lim (<P(x) + ~ ln([x - yi[) - ~ B!j(j) = 
x->yz 271" L_,; 

j=l 

lim (</J(x) - G*((x)) = </J*(Yj), B1j = B(y1 - Yj)· 
x->y1 

is a boundary triple of S. Since Blj is real symmetric matrix we can simplify 
the treatment using instead a boundary triple of the form 

. </J( X) 
(v1</J)1 = hm -271" 1 I I 

x->y1 n x - Yl 

(v2</J)1 = lim (<P(x) + (vi</J)i ln([x - yif)) . 
x->yz 271" 

\ 

\ 

\ 
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A straightforward calculations give the Weyl M-function 

where 

N 

r(z) : cN---+ cN (r(z)()1 = L rj1(j, 
j =l 

{ 
2~Ko(ivzlYj - Yd) 

rj1 = 
2~ (ln 2 +i arg(-ivz*)) for j = l. 

for j I= l 

Self-adjoint extensions Hu are labeled by unitary matrices u : cN ---t cN 
through the boundary conditions (2.2). We will describe only the local inter
actions, which correspond to diagonal matrices U. We put Ujj = e-i2!.11, ej E 

[O, 7r) and obtain boundary conditions in the form 

In particular, around the j-th interaction center the function <P E D(Hu) has 
the asymptotic <P(x) rv A - B ln lx - Yjl/(27r), BI A = tan ej. 

Note that with the decomposition </> = <Po + 2:~1 CJ ln lx - YJI, where 

<PE D(Hu) and <Po E W1
2;;(IR2

), we have Hu</J = -6</>0 . 

2.3.3 Point interactions in the three-dimensional space 

The only difference from the previous subsection arises from a different 
asymptotic behaviour of the free resolvent kernel at the origin. Roughly 
speaking, except for replacing the terms ln lx - YI by 1/lx - YI we may copy 
and paste the previous paragraph. The reader may compare with the similar 
treatment in [Po4]. 

Let 

1i = L2(IR3
) fJ = cN M = {Y1, ... , YN; Yi E IR.3} 

Ho= -6: W 2·2(IR3
) ---t L2 (IR3

) T: D(Ho) ---t fJ 

T</J = (</J(Y1), · · ·, </J(YN)) 
S= -6: D(S) = {</> E D(H 0), </J(y) = O'Vy E M}. 

For Im JZ > O, the kernel of the resolvent of -6 in IR3 is given by 

1 eiv'zlx-vl 
R(z)(x - y) = 6 (x - y) = 4 I I - -z 1rX-y 

p 
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and for ( = ( (1 , ... , (N) E ÍJ it follows that 

According to Theorem 2.6 the adjoint to S is given by 

S*</>=-!::::.</>*+ R(i)G(-i)(</>: D(S*) = {</>* + G*(<f>, </>* E D(Ho), (<1> E <CN}, 

where G* = 1/2(G(i) + G(-i)). Using the rotation-symmetric real function 

B(x)= .~4nlxl I 
{ 

R eiv'ilxl for X _j_ O 

~ for X= 0 

one has 

( N 
G*((x - Yt) rv 4 I l I + L B(x - yj)(j as X -t Yt, 

7r X - Yt . 1 
J= 

and for <P E D(S*) it holds 

lim c/)(!,t)47ílX - Ytl = (1, 
tc-t'Yl 

lim ( cf)(x) - (i - t Bť() = 
x-YI 4:rrJx - yJ j=l 

3 3 

lim (<fa(x) - G ((x)) = </J.(y; ), Bli = B(Yt - y3). 
x-y1 

By Theorem 2.6 the trip! (<CN, 171 , 172), 

(í/1ef>)1 = lim ef.l(a:)47ílx - Yd 
X--+'111 

is a boundary triple of S. Since B1j is real symmetric matrix we can again 
pass to an alternative boundary triple of the form 

. ( ( ( V1 cp) l ) (v2</>)1 = hm <P x) - I I . 
X-tYL 47f X - Yl 

\ 
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A straightforward calculation gives the Weyl M-function 

where 

N 

r(z ) : <CN ---+ <CN (r( z )()z = L rjl(j, 
j=l 

Self-adjoint extensions Hu are labeled by unitary matrices U : <CN ---+ <CN via 
the boundary conditions (2.2) . We will again describe only the local inter
actions, which correspond to diagonal matrices U. We put Ujj = e - iWj, ()j E 

[O , 7r) and obtain boundary conditions in the form 

In particular, around the j-th interaction center the function </; E D(Hu) has 
the asym ptotic </; (X) rv A + 41rl:-Yj I ' BI A = tan () j. 

Note that under the decomposition </; = <Po + L::::f=1 Cj lx!Yjl, with </; E 

D(Hu) and </Jo E W1~;(1R2 ) we have Hu</;= -6</Jo. 

2.3.4 Singular interactions supported by a hypersur
face 

Since there is no point interaction in dimension n ~ 4, we leave now the 
common grounds of the monograph [AGHH] and pass to more complicated 
examples. The idea is to follow the method already used for lD point in
teractions, however there are several difficulties arising due to the infinite 
dimension of f) and therefore, from now on, we will not strive for complete
ness and limit ourselves to describing the ideas. In fact we knew that things 
are pretty complicated here and even basic questions about definitions of 
general s.a. extensions in the case of infinite deficiency indices remain open. 
To illuminate where is the core of the problem we refer, e.g., to the recent 
work [GM]. A similar treatment for 8-interaction type can be found in [Pol]. 

Let M be a compact manifold embedded in 1Rn, n ~ 2, of codimension 
one equipped with a unit normal field n. Moreover, let µ := µM be the 

p i 
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measure on M induced by the Lebesgue measure on lRn; then we define the 
needed restriction of the free Hamiltonian as follows 

'H = L2(1Rn) b = L2(M, dµ) EB L2(M, dµ) 
Ho= -6 : w2,2(1Rn) -; Lz(JRn) 

T: D(Ho) -; b T</> = (<PIM, n. \J <PIM) 
S= -6 : D(S) = {<PE D(Ho), <PIM = (n · V)cPIM =O}. 

Furthermore, we put T := (T1 , T2) with T1 , Tz : H 2(1Rn) -; L2 (!11[, dµ) given 
by 

Ti<P := <PIM Tz<P := (n. v)<PIM· 

Owing to [St] we have Ran(T1) = H312 (M), Ran(T2) = H112 (M), so we 
should take the direct sum of the indicated spaces as our auxiliary space b. 
Nevertheless, we prefer to work with a non-injective map T since it is much 
easier in such a case to compare our results with those in the literature, cf. 
also [Pol, Example 3.5]. We denote by R(z)(x -y) the integral kernel of the 
operator (Ho - z)- 1 , being given explicitly by 

1 (lx-yl)l-n/2 . 
R(z)(x - y) = (27r)n/z iv'z Kn;2-1(zvzlx - YI). 

Accordingly, for the operator 

G(z) : b -; D(S*) (G(z)()(x) = J G(z)(x - y) · ( ~~~~~ ) dµ(y) 

one has 

G(z)(x - y) = (R(z)(x - y), -(n · v)R(z)(x - y)), y E M 

and D(S*) = { <P* + G*(, <P* E D(Ho), ( E b }, where G* = 1/2(G(i) + G(-i)). 
Now we formally follow the lD case and define the left and right traces. 

Let <P E D(S*) be of the form <P = <P* + G*(, ( E C00 (M) , then we put 

(h<P)(y) = lim(cjJ(y ± cn), (n · v)<P(Y ± cn)). 
E-+0 

We do not know whether these maps posses generally any extension to D(S*). 
However, for ( = ((1 , ( 2 ) it holds 

(T+ - L)</J = (-(2, (i), T±cP* = TcjJ* 
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and according to Theorem 2.6 the triple (b, í/1, í/2) 

where ((1 , ( 2 )t = ((2 , -(1), is a boundary triple for S with the corresponding 
Weyl M-function 

f(z) = T(G(z) - G*) = 

( 
T1(R(z)(x - y) - (G*)i) T1((n. v)R(z)(x - y) - (G+h) ) 
T2(R(z)(x - y) - (G*h) T2((n. v)R(z)(x - y) - (G*)2) . 

The opera tors ( T ±hR( z) are well defined, hence we may get rid of the the 
renormalization operator G* in the first row. We define an extension of T1 to 
D(S*) by 

1 
71</J = lim -(</J(y +nt:)+ </J(y - nt:)), y E M 

c->+0 2 

and we put 

V1 </J = ( ( T + - L) </J) t , 
V2</J = (f1</J, T2(</J - (G*)2(Tt - T2-)</J)). 

Then (b, v1, v2) is a new boundary triple for S and the corresponding Weyl 
M-function reads 

r(z) = ( f1(R(z)(x - y)) f1((n · v)R(z)(x - y)) ) 
T2(R(z)(x - y) - (G*)i) T2((n. v)R(z)(x - y) - (G*)2) . 

Self-adjoint extensions are parameterized by 2 x 2 unitary-matrix-valued func
tions U on L2(M, dµ) EB L2(M, dµ). 

Before concluding this section we compare our results with those for the 
familiar ó-interaction appearing in the literature. We say that a singular 
interaction Hu on the hypersurface M is ó like, if it corresponds to a unitary 
matrix of the form 

( 
U1 O ) 

U= O Id ' 

where U1 is any unitary operator on L2(M, dµ). Moreover, we focus our 
interest on local interactions, i.e. the operator U would be a multiplication 
by a function and for a real function a(x) E L 2(M, dµ) we put 

(U 1 <P) (x) = exp(-2i arctan a(x) )<P(x). 

p c 
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A straightforward computation shows that this extension corresponds to the 
boundary conditions 

aq; aq; 
~(x) - ~(x) = a(x)if;(x) 
un+ un_ 

and that for t he corresponding resolvent one has 

this reproduces the formula known from [BEKŠ], which have been obtained 
there by means of quadratic forms as the resolvent corresponding to the 
closed, lower semi-bounded quadratic form 1' °' on W 2• 1 (!Rn) given by 

1' a(<P , 'lj;) = r v<P(x). \l'l/J (x)dx + r if;(y)'lj;(y)a(y)dµy . Jan JM 
It follows that the function a( x) is the coupling "constant" of this interaction. 

2.3.5 Leaky wires on a plane 

Now we use the results of the previous subsection to characterize ó-like sin
gular interactions supported by a regular curve in JR2 • These interactions 
provide a more realistic models for quantum graphs allowing to take the 
tunnelling effect into account - cf. [Ex6] and references therein. 

Let 1(s) = ('Y1(s), 12(s)) : [O, L] -+ IR2 be a regular curve parameterized 
by its arc-length, i.e. l"f'(s)I = 1. By["!] we denote the image of 'Y and t(s) := 
1'(s), n(s) := ,.,,(s)ť(s) denotes the tangent and normal vectors respectively, 
,.,,(s) := 'Y~(s)'Y~(s) - 'Y~(s)'Y~(s) is the signed curvature of the curve ["!]. 
Following the above discussion we define a self-adjoint operator by 

H°' : Haif> = -6</J D(Ha) = { if; E W2•2(1R2 \ [1]) : 

ao<P ('Y(s)) - :<P ('Y(s)) = a(s)</J('Y(s))}, (2.7) 
n+ un_ 

where a(s) E L2([0, L]). For further reference we write explicitly its resolvent 
in the form 

H 
1 

= R(z) - G(z) (Id+ al(z))-1 aG(z)*, 
u-z 

\ 
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where 

L 

G(z) : L2 ([0, L]) ----t L2 (1R2
), (G(z)()(x) = j 2_Ko(ivfZlx - 1(s)l)((s)ds 

27í 
o 

L 

(r(z)()(s) = j 2~ Ko(ivfZlr(s) - 1(s')l)((s1)ds1
• (2.8) 

o 

If [!] is a straight line and a(x) = a0 is a constant, then the problem is 
explicitly solvable; the spectrum is purely absolutely continuous 

a H _ { [O, oo) for a ~ O 
( °'0 )- [-a2/4, oo) for a< O. 

2.3.6 Singular interactions on a sphere 

Here we are interested in a spherically symmetric singular interaction sup
ported by a sphere. This exactly solvable model has been studied in [AGS] for 
ó-interaction, and later on in [Shl] for the finitely many concentric ó-sphere 
interactions and [HHS, Sh2] for ó'-interaction. 

For a vector x E !Rn we use the notation x = d, where r = lxl is the 
radial distance and x the appropriate element of the unit sphere. We employ 
the partial wave decomposition: the isometry 

defined by Uf(r) = r n2l J(r) allows US to write 

L2 (Rn) = E9 u-1 L2 (0, oo) ® S1, 
lENo 

where S1 is the l-th eigenspace of the Laplace-Bertrami operator on the unit 
sphere. Now we may identify ~ with the space ffi1 S1 and the spherically 
symmetric extensions would correspond to unitary diagonal matrices of the 
forrn é611d on every S1. We do not strive, however, for such a generality 
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and consider only extensions with the coupling constant independent of the 
partial wave. 

It follows that the s.a. extensions we are interested in may be parame
terized with 2 X 2 s.a. matrices 8 as follows 

He := E9 u-1He,1U ® lz, 
l 

where lz is the identity operator on Sz and the l-th partial wave operators 

H ·- d
2 

1 [(n - l)(n - 3) l(l 2)] e z .- -- + - + + n -
' dr2 r2 4 

(2.9) 

are determined by the boundary conditions (2.6) 

( 
1>'(R+) -1>'(R-) ) _ (a "f ) ( ~(č/>(R+) + 1>(R-)) ) 

-( 1> (R+) - 1> (R-)) - i -(3 H 1>' (R+) + 1>' (R-)) ' 

where R is the radius of the sphere. For the sake of clarity we write down 
explicitly the domain of He, z 

D(He,z) = {f E L2 (0, oo): J, J' E AC10 c((O, oo) \{R}); 

- J" + /2 [ (n-l)1n-3) + l(l + n - 2)] J E L2(0, 00 ); 

F(R+) = 8F(R-)}, 

where the last equation is a shorthand for the above boundary conditions. If 
the dimension n :S 3 we have to add a condition for behaviour of f E D(H1) 

at the origin: for n = 2, l = O we assume that limr__,o+[.JTln rJ- 1 J(r) = O, 
and for n = 3, l =O we replace it by J(O+) =O. 

We again distinguish between three subfamilies; in particular the c5-interaction, 
intermediate interaction and c5' -interaction. 

2. 3. 7 Leaky wires in a space 

Here we consider the singular interactions supported by a regular curve 1( s) : 
[O, L] --> IR.3 of the length L. This model have been previously studied in [ST] 
and later on the spectral properties have been studied in the series of works 
[EKonl, EKon2]. 

\ 
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We always assume that I is parameterized by its arc-length and define 
the following restriction S of the free Hamiltonian 

1t = L2(JR3) fJ = L2(0, L) 
Ho = -6 : w2,2(IR3) -+ L2(JR3) 

T: D(H0)-+ fJ (nP)(s) = cp(i(s)) 
S= -6 : D(S) = { </> E D(H 0), cp(i(s)) = O}. 

By a slight modification of Theorem 2.6 we have that 

* _ _ 1L l/2(év1wb(s)-xl + eiv'w}y(s)-xl) _ 
D(S) - {<P*(x) + 4 I ( ) I ((s)ds, o 1f/S -X 

~* E Ho ( E L 2 (0, L)} 

and by a limiting argument for every <P E D(S*) there is a decomposition 

(2.10) 

where </>* E W1!'c2(IR3) and it holds S*</J = -6</J*. The last two decompositions 
have the same asymptotes around the curve / and the boundary triple from 
the Theorem 2.6 reads 

1J1 </J = (, 1J2</J = Tep*. 
Now every unitary operator U on L2 (0, L) defines a self-adjoint operator Hu 
which is a restriction of S* to the set of functions satisfying 

í(l + U)((s) = (1 - U)<P*(l(s)) 

under the decomposition (2.10). Among these interactions the local ones are 
again determined by the pointwise boundary conditions 

where a is a real quadratically integrable function. 
The resolvent is determined by the Weyl M-function 

1L (eiv'zl"Y(s) -"Y(s')I _ 1) 
(f()(s) = o 47rlf(s) -1(s')I ((s')ds'. 

Other way of regularization of the r function have been done in e.g. [EKon2] 
by limiting over a family of comparison curves. A comparison of these results 
is out of aur scope. 

p 



, 
) 

s 
1 

J 

e 

~ l 
s 

Chapter 3 

Time Evolution of systems with 
ó-sphere interactions 

Time-evolution in the systems with singular interactions has attracted pre
viously some attention. A full list of related works would be rather long, we 
restrict ourselves to mentioning a few of them. Time-dependent propagators 
for a single ó-interaction in IR.n, n:::; 3 have been computed in [Seg] for n = 1, 
[ST] for n = 3 and later in [ABD] for any dimension n :::; 3 and the whole 
family of single-center singular interactions. The tunneling decay through a 
ó-interaction barrier, the so-called Winter model, have been studied in [Wi] 
and revivals in an infinite square well with the ó-interaction in the middle of 
it have been considered in [VDS]. Moreover, there are several works regard
ing the time-dependent [CDFM] and moving [DFT] point interactions. Here 
we study the time-evolution for singular interactions supported by a surface, 
and in particular, the decay of an initially confined state. 

A motivation to investigate such a problem comes from an example due 
to Berry [Be, Th]. Consider a lD free particle on a bounded interval with 
Dirichlet boundary conditions. The motion of the particle is periodic, of 
course, with the period T inversely proportional to the length of the interval. 
This do es not say anything, however, about the character of the state arising 
from the time evolution over times which are not multiples of the period; 
Berry observed that it may happen that such a state is fractal-like. For 
instance, the time-evolution of the initial state <P(x, t = O) = 1, i.e. the 
Neumann ground state, looks as follows. For rational multiples of the period 
qT, q = f; the state 'l/J(x, t = qT) has a step-function form, with the number 
of different values growing as q becomes a "more complicated" rational, i.e. 

29 
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Figure 3.1: Time-Evolution of the initial state <P(x, O) = 1 at an instant 
t = J9 T. The plot displays the absolute value 11/J(x, t)I. 

the number of steps is related to the denominator M; in the same vein 
for irrational multiples of the period T we get a fractal-like wave function, 
cf. figure 3.1. Similar phenomena may be observed for Neumann or mixed 
Dirichlet-Neumann boundary (DN) conditions. 

We are going to discuss the situation when the boundary of such a well is 
leaky making a tunneling decay possible. Specifically, we consider a particle 
confined by a spherical ó-shell interaction and demonstrate an intriguing 
lack of smoothness in the time-evolution on the non-decay probability for 
this particularly simple model. 

It is a common intuition that a decay causes smoothing, in particular, one 
expect that the decay rate would be a smooth function of time, and also that 
the Berry's step-like state function inside the well would be smoothed out by 
the presence of decay. We are going to show that neither of these claims may 
hold. Specifically, we consider a spherically symmetric singular interaction 
supported by a sphere, defined in the section 2.3.6 and demonstrate numeri
cally a lack of smoothness for the decay rate in the ó-interaction shell model. 
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Furthermore, we use the ó'-interaction in the same setting to show that the 
presence of the tunneling decay may not smooth out the time-evolution in
side the well. We recall that the spherical symmetry allows us to reduce the 
problem to study of the partial wave operators H8 ,1 (2.9), where 8 defines 
the interaction type - see the end of section 2.3.1 - and l is the partial wave 
index. 

Before we proceed to our main results we introduce the notions of reso
nances, time-evolution and decay. For a Schrodinger operator H = -L.+V(x) 
and k, lmk >O we put R(k) := (H-k2)-1 , the resolvent of H. Suppose that 
the resolvent has an analytic continuation to a lower-halfplane part of the 
second sheet of the energy surface, lm k < O, and this continuation has a 
simple pole at the point ER - if /2. Such a singularity is conventionally 
called a resonance of H and r is its corresponding width. 

In [l] we compute the high-energy asymptotics of resonances for any par
tial wave in our model for the entire family of singular interactions on the 
sphere. These results have an intrinsic merit, as they show that different 
asymptotic types correspond to the classification of the corresponding point 
interactions with respect to their spectral and scattering properties. Apart of 
noting this general feature we will use them to derive the properties of time 
evolution inside the well. Let us recall in a qualitative way the classification 
of resonances into the indicated subfamilies; the corresponding quantitative 
results can be found in [l]. We enumerate complex momenta kn of the res
onances in the order of increasing real parts. The latter are asymptotically 
equidistantly spaced and we have the following possibilities: 

• for the ó-interaction type the quantity lm kn increases logarithmically 
w.r.t. the resonance index as n ----+ oo, 

• for the intermediate type lm kn is asymptotically constant, 

• finally, for the ó' -interaction type the quantity lm kn behaves like O(n-2
) 

as n ----+ oo. 

Furthermore, we denote by 

the Schrodinger propagator corresponding to the Hamiltonian H. Given a 
projection P we introduce the decay law [Exl] for a pure state 'ljJ E RanP 
by P'l/J(t) = llPU(t)'l/Jll 2

• We are going to study, in particular, the decay of 

\ 

\ 
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a state initially confined within a semitransparent J-shell, which means that 
we chaose for P the projection onto a ball B(O, R) with the radius R centered 
at the origin. The decay law has then the following simple form 

P,µ(t) = { 17/J(x, t)l2dx. 
JB(O,R) 

(3.1) 

3.1 Smoothness of the decay rate 

For simplicity, we suppose spherical symmetry of the initial state which 
means that the state 7/J(x, t) is also spherically symmetric and we may re
strict aur attention to the s-wave component putting 7/J(x, t) = Jr1/·- 1cp(r, t), 
where r = lxJ is a radial distance. The time evolution of <P may be written 
in terms of resonant states Vn ( r) 

(3.2) 
n 

where M(k, t) is the so-called Moshinsky function, Cn = J
0
Rvn(r)cp(O, r) and 

kn is the n-th resonance, with Vn being a formal solution to He,oVn = knvn 
- for a detailed derivation of the above formula see aur work [II] and also 
[GMM]. 

We use this expansion to compute the decay of states initially confined 
within the J-interaction shell. We demonstrate the results on a decay of the 
initial state 'ljJ(r, O) = 4~ ./3R-3l2

. The corresponding numerically calculated 
decay rate is on the figure 3.2. Moreover, we are able to prove the following 
analytic result. Let t/T be irrational, then P'(t) ---+O as the strength of the 
interaction a ---+ oo. However for t/T rational we may have lim P'(t) > O, 

0<--tOO 

for example, lim P'(T) = -4/(3./3). The reader may found further details 
Q--t()() 

in our article [II] - cf. Appendix II. 

3.2 Time-evolution of states inside the J'-shell 

Here we want to show that the time evolution does not smooth aut the step
like states1 shown in fig. 3.1 if the boundary is made leaky by replacing 

1These states may be understood as the s-wave components of the partial wave decorn
position. 
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Figure 3.2: Decay law for the initial state cjJ(r, O) = R-3/ 2 y'3r. In the in
set we plot the logarithmic derivative averaged over intervals of the length 
approximately T /200. 
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the Dirichlet condition with a ó' shell-interaction model. We again assume 
that the state is spherically symmetric, 'l/J(x, t) = Jr,rr-1</J(r, t), and use the 
explicit formula (3.2) to study its properties. We already wrote down that 
in the ó' interaction model the first partial wave resonances kn tend to a real 
axis, here we will use a more concrete statement. Let E{; =: (k{;) 2 be the 
n-th eigenvalue of the free Laplacian with the Dirichlet boundary conditions 
at the origin and Neumann boundary conditions at the point R, then it holds 
k{; - kn = O(n-2

). Such asymptotics allow us to compare </J(r, t) with the 
DN evolution of the initial state </J(r, O), which we denote by <PN (r, t). By 
asymptotic expansion of (3.2) one has 

</J(r, t) =<PN (r, t) + L exp(-i(k{;)2t)Rn(r), 
n 

where Rn(r) are continuous functions, which satisfy Rn(r) = O(n-2
) uni

formly in r. It follows that 

where <jJf3(r, t) is continuous with respect to r. Therefore </J(r, t) fails to be 
continuous, whenever <PN (r, t) is not continuous. 

For regular Schréidinger operators is the time-evolution propagator rep
resented by a fast-decaying smooth integral operator and it follows that for 
any initial state 'l/J(x, O) E L1 (IR.3 ) the time-evolved states 'l/J(x, t) are smooth 
functions with respect to x. The above example show that this is not the 
case for ó'-shell interaction. In the following we introduce another notion of 
smoothness and show that ó'-shell interaction is a explicit model which does 
not exhibit this type of smoothness property either. 

Since U(t) is unitary on any Sobolev space, the regularity of an arbitrary 
initial state is not improved by a time-evolution. However (see [Zw] and 
references therein), we know that for any cut-off function x E C0 (IR.n) and 
u E L 2 (ffi.n) it holds 

and accordingly we say that H has a local smoothing property if the condition 
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holds. 
By [Zw] the local srnoothing property is dosely connected with resolvent 

bounds. One has the following, the Schrodinger operator H has a srnoothing 
property if and only if 

X (H - k2 ± i0r1 
X= O(~), k---+ oo 

holds in the L2 (~n) norrn. The left hand side of the last condition is dosely 
connected with resonances of the systern. Let ER - if /2 be the resonance 
pole of H then we have 

and it follows that the model does not have a smoothing property if reso
nances tends to a real axis as k ---+ oo. 

Now the explicit knowledge of the resonance asymptotes gives that ó'
interaction family does not have the local smoothing property. 

\ 

\ 
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Chapter 4 

An isoperimetric problem for 
leaky wires 

In this chapter we consider the singular interactions supported by a close 
curve in ffi.2 ; we will use the definitions and notation introduce in the section 
2.3.5. For a given L > O and a < O we consider a family of closed curves ry 
of the length L and the corresponding family of ó-interactions H'Y (2.7) with 
the strength a supported byry. We always consider that ry is parameterized 
by its arc-length, explicitly 

'Y : [O, L] ---+ ffi.2 ' 11' (s) I = 1. 

By C we denote a circle of circumference L, centered at the origin. 
Exner [Ex3] proposed that among these curves the ground state energy 

of H'Y is strictly maximized by the circle and reduced the problem to purely 
geometrie, isoperimetric inequalities 

L 

J Ll+P 1ru 
C~(ry) := h(s +u) - ry(s)IPcis :=::; ----:;p sinP L = C~(C). ( 4.1) 

o 

These inequalities have been subsequently [EHL] proved for p :=::; 2. 
Another motivation to study these inequalities is the question about the 

shape of the loop with a homogenous charge density [EHL] and energy of 
knots [Ha]. 

Firstly we briefiy remind the arguments that lead to ( 4.1), then we give an 
independent proof of these inequalities for p = 2 and afterwards we present 
aur main result concerning the local validity of (4.1) for p < 5/2. 

37 
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For the circle, due to the spherical symmetry the ground state </Jo is ro
tational symmetric. This yields that v1 <Po := <Polc is constant, we normalize 
it in a way such that v1</Jo := J:rr. 

Now we consider a general curve --y. By the Theorem 2.4 and the equation 
(2.8) we know that -r;,2 is an eigenvalue of Hl' if and only if there is a solution 
to the following equation 

O: {L 
27r lo Ko(r;,lf'(s) - 1(s')l)((s') =-((s). 

Eigenvalues of the latter integral equation are continuous and strictly de
creasing with respect to r;,, And a simple variational estimate gives (note 
that a < O) that the circle is a maximizer if 

holds for all r;, and /. Now the isoperimetric inequality with p = 1 implies the 
last condition by means of Jensen inequality and a simple change of variables 
(for details see [Ex3]). 

The importance of the inequalities ( 4.1) for p > 1 is hidden in the simple 
lemma [Ex3] 

Lemma 4.1 If circle is the global maximizer oj the functional C~(-), then it 
maximize this functional for any p' < p as well. 

Now we give an independent proof of the inequality (4.1) for p = 2; without 
loss of generality we put L = 27r. 

Let c(u) := f0

2
7r l1(x +u) - 1(x)l2dx. Since / is parameterized by its 

arc-length we have 
c(O) = c'(O) =O c"(O) = 47r 

and the same hold at the point u= 27r. Moreover straightforward computa
tion yields 

r2r. 
c'(u) = 2 Jo ('Y(x +u) - 1(x)) · 1'(x +u) = 

r21r 
l o ('Y(x +u) - 1(x)) · (i'(x +u)+ 1'(x)), (4.2) 
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where we get the second line by adding a zero term 

fo
2

1í ('-y(x +u) - 1(x)) · (r'(x +u) - 1'(x)). 

and for the second derivative one has 

{ 2'1í { 2'1í 
c"(u) = 2 lo lr'(x + u)l2 - 2 lo (r(x +u) - 1(x)) · 1"(x +u)= 

[21f 
lo lr'(x) + 1'(x + u)l2 - 47r, 

where we apply per-partes and the condition l1'(x)l2 = 1. 
Now we use the Cauchy inequality on the right hand side of the equation 

( 4.2) and get 
c'(u) 2

:::; c(u)c"(u) + 47rc(u). 

The idea of the proof is to used a kind of maximal principle to prove that 
for any solution of the latter inequality it holds 

where the righthand side is indeed the quantity c( u) for r a circle. We 
introduce an auxiliary function d(u), 87rsin2(u/2)d(u) = c(u) and prove that 
d(u) :::; 1. The boundary conditions gives d(O) = d(27r) = 1 and we have the 
inequality 

Suppose now for the contrary that there is a point u0 with d( u0 ) ;::: 1 and 
ď ( u0 ) > O. Then the left hand side of ( 4.3) is strictly positive, therefore 
d"(u0 ) is strictly positive and d(u) is nondecreasing for u> u0 , which is in 
contrary with the boundary condition d(27r) = 1. • 

Remark 4.2 This type oj prooj is closely related to the original prooj oj 
these inequalities by Luko [Lu) (see also [Knot)). However the prooj which 
directly connect the curvature oj r with the value oj CE(r) would be much 
more interesting. 

\ 

\ 

\ 



\ 

\ 

\ 

40 CHAPTER 4. ISOPERIMETRIC PROBLEM 

Now we turn to the investigation of isoperimetric inequalities for p > 2. 
Simple example of 'Y an interval, which may be considered as a limiting 
case of a stadium like curve, shows that these inequalities does not hold for 
p ~ 3.15. And this has been the best known counterexample. In our work we 
derive the critical exponent for these inequalities to hold locally and alongside 
we improve the best known results for global critical value top= 5/2. 

We use the approach of the paper [Ex3] and reconstruct 'Y ( up to an Eu
clidean transformation) by its sign curvature a(s) := 'Y;(s)'Y~(s)-'Y~(s)'Yi(s) 

'Y(s) = (la's cos{3(t) dt, 1s sin{3(t) dt) , 

where {3(s) := J; a(t) dt. The functional CE clearly depends on the curvature 
a only and we compute its first and second Gateaux derivatives with respect 
to a. By looking at its properties at the circle we derive the result below. 
For details see [III] - cf. Appendix III. 

Theorem 4.3 For a fixed are length u E (O, ~L] define 

then we have the following alternative. For p > Pc(u) the circle is either a 
saddle point or a local minimum, while for p <Pc( u) it is a local maximum oj 
the map"( 1--t CE(T). To get the announced best known global critical exponent 
put u= L/2 to the latter quantity. 



Chapter 5 

Singular interactions with 
interlaced dense pure point and 
absolutely continuous spectra 

In this chapter we present models of singular interactions with interlac
ing dense pure point and absolutely continuous spectra. We consider a 
spherically symmetric and radially periodic model of singular interactions 
supported by equidistantly spaced spheres of radii Rn = nd + d/2, n = 
1, ... , oo and d > O. The model is a simple generalization of the ó-sphere 
interaction discussed in the section 2.3.6, we again decompose the Hamilto
nian He of the model into the partial waves 

He= EB He,1 0 ldi, 
I 

where (with v denoting the space dimension v ;::: 2) 

He 1 = -~ + _!_ [(v - l)(v - 3) + l(l +v - 2)] 
' dr2 r 2 4 

is the Hamiltonian in the 1-th partial wave and functions from its domain 
satisfy the boundary conditions 

( f,~~::~ ) = eix ( : ~ ) ( fYi=~ ) (5.1) 

\ 

\ 

at every point Rn - for a detailed description of the domain see [VI]. \ 

41 
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Our aim is to describe how the spectrum of He is determined by that of 
the underlying one-dimensional generalized Kronig-Penney model. We put 
he for the Hamiltonian 

d2 
he= - 

dx2 

with the boundary conditions (5.1) holding for every n E Z\ {O}, R_n = -Rn. 
It has the well known purely absolutely continuous spectrum 

(J(he) = LJ[E2k, E2k+1J, Ei < E2 < · · · < EN < ... · 
k 

for the values of band edges and the proofs of the theorems quoted below we 
ref er to [V, VI]. 

5.1 The essential spectrum of He 

With the exception1 of the case n = 2, l = O, the centrifuga! term 

~ [(v - l)(v - 3) + l(l +v - 2)] 
r 2 4 

is strictly positive and we get inf (Jess(He) 2: inf (Jess(he) = : Ao. 
At large distances from the origin the centrifuga! term changes slowly, 

more precisely, for any fixed L > O and ,\ 2: O we may found l and r0 such 
that 

1 [(v-l)(v-3) ] 
r 2 4 

+ l(l +v - 2) ,.,_, ,\ on r E (r0 , r0 + L); 

it follows that for any A 2: O, Ao + ,\ E (Jess(He). Thus one has 

()ess(He) =[inf (Jess(he), oo) . 

1 If n = 2, l = O, the argument goes though with a slight modification, however, the 
non-positive interaction gives rise to a nontrivial discrete spectrum which we will mention 
below. 
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5.2 The absolutely continuous spectrum 

The partial wave decomposition implies 

O"ac(He) = LJ O"ac(He,z) 
I 

and we need to determine the ac spectra in the partial wave operators He, l· 
The centrifuga! term is relatively compact, and therefore O"ac(He,z) C O"ac(he). 

To prove the opposite inclusion we employ the variation of constants. Let 
u 0 , Vo be independent solutions to 

d2 
--w = >.w >. E O"(he) 

dx2 

satisfying the b.c. conditions (5.1) and let u be a solution of He,zu = >.u, 
then we write 

and by a priori estimates we prove that y2 + y12 is bounded. Thus the theory 
of subordinate solutions [GP] can be used which implies >. E O"ac(He,1), and 
therefore O"ac(He) = O"ac(he). 

5.3 Conclusion 

Theorem 5.1 The Hamiltonian He has the jollowing spectral properties: 

(i) For any gap (E2k-l, E2k) in the essential spectrnm oj he, 

(a) He has no continuous spectrum in (E2k-l, E2k), and 

(b) the point spectrnm oj He is dense in (E2k-1, E2k)· 

(ii) On any compact K contained in the interior oj a band oj he the spec
trum oj He is purely absolutely continuous. 

This result has interesting consequences; it is sufficient to notice that the 
asymptotic ratio of p.p. and a.c. component of the spectrum is the same as 
the ratio of gaps and bands in the underlying one dimensional model. The 
latter has been explicitly computed in [ChS, EG], with the following three 
possibilities occurring: 

\ 
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(i) the ó-type: /3 = O and 1 = ó = 1. In this case the gap width is 
asymptotically constant; it behaves like 2lald-1 + O(n-1) as the band 
index n ~ oo. This is the standard Kronig-Penney model. 

(ii) the intermediate type: f3 = O and 11 + ól > 2. Now the quotient of 
the band width to the adjacent gap width is asymptotically constant 
behaving as arcsin(2ló + 11-1 

)/ arccos(2ló + 11 - 1
) + O(n-1 

). 

(iii) the ó' -type: the generic case, /3 i- O. In this case the band width is 
asymptotically constant; it behaves like 81/Jdl-1 + O(n-1) as n ~ oo. 

5.4 Welsh eigenvalues 

To complete our analysis of the spectra of He we consider the eigenvalues 
below the essential-spectrum threshold >.0 . Such eigenvalues may appear only 
for n = 2, l = O and we show they are indeed present, and that there are 
infinitely many of them. 

To do this we formulate an oscillation theory for point interactions [VI, 
Appendix 2] and employ the Priifer type decomposition 

( 
y ) ( uo Vo ) ( sin 1 ) 
y' = ub vb a - cos 1 ' 

where a, 1 are Priifer variables, u0 , v0 are linearly independent real-valued 
solutions of the equation hAz = >.0 z and y is a solution of 

satisfying the corresponding boundary conditions ( 5.1). An analysis per
formed in [VI] shows that except of the free case the function 1 is unbounded, 
and this implies, in a similar way to the standard oscillation theory, that there 
are infinitely many eigenvalues below the essential threshold >.0 . 

The work of this chapter extends to the singular case results derived 
for regular potentials in the articles [HHHK] and [Sch]. In particular, the 
eigenvalues below the essential spectrum have been first observed in [Welsh], 
hence the title. 

r 
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Chapter 6 

Helical waveguide 

This chapter is motivated by the proposal [Bh] to construct experimentally 
an optical helix-shape waveguide. The interference of two identical counter
propagating Laguerre-Gaussian beams gives rise to a attractive potential 
with a minimum along a helix. Such optical lattice systems proved to be 
good environments for transport of ultra-cold matter, in particular, cold 
atoms are confined by the potential but move freely along its minimum. The 
radius R0 of the helix is proportional to the beam waist and its pitch is 
proportional to the wavelength of the light. Hence a local change in a helix 
radius may be easily obtained using (de)focusing lenses. Our aim is to study 
the consequences of such geometrical deformations on a quantum transport 
along a helix. 

We consider a Dirichlet waveguide with a fixed cross-section translated 
along the helix. Since the spectrum generating mechanism is robust - see, 
e.g., [DE, EI] - the hard walls seem to be a good approximation to describe 
the above experimental setting. 

A similar problem has been studied in [EKov], where it has been shown 
that slowing down the twist of the helix induced a bound state. A thorough 
treatment of spectral effects due to the twisting of the waveguide may be 
found in [EKK]. For more reference to geometrically induced spectral prop
erties of tubular environments and their consequences in nanotechnology see 
[DE] and references therein. 

Besides the local change in the helix radius we consider also the pertur
bation by means of a local protrusion of the waveguide. Let 

r: IR-+ JR3 f(t) := (t, R(t)cosO(t), R(t)sinO(t)), 
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where R(t), B(t) are smooth functions, be a helix-type curve. By n, b we 
denote its normal and bi-normal vectors and define the waveguide tube O as 
the image of the map 

(6.1) 

where the cross-sections w(s) are bounded connected neighborhoods of zero 
continuous with respect to s. They are typically obtained by a rotation of 
a fixed domain w. We identify our system with the Dirichlet Laplacian Hn 
on L2(D). For a construction of this Hamiltonian using a quadratic form 
approach see, e.g„ [EKK]. 

By putting R(t) = R0 , B(t) = B0t we get an unperturbed helix with the 
radius R0 and the pitch angle tan a 0 = (R0e0 )-

1
. In the experimental set

ting [Bh] the pitch angle is very small (app. 10-3) and Ra» Diam(w). Our 
first result refiects these quantities and concerns with a thin-tube limit of the 
helix-shape quantum waveguide. We study small perturbations of the helix 
radius, putting R(t) = Ra+ Eó(t), E--+ O, where ó is a smooth function of a 
compact support. We study two cases distinguished by the cross-section of 
the waveguide. In the first case w is a circle, in the second one a highly asym
metric ellipse (practically, a one-dimensional segment). The weak-coupling 
limits for these two cases have been obtained in the articles [DE, BC], re
spectively. In either case the bottom of the spectrum is determined by the 
one-dimensional Schrodinger operator with an effective potential, V,,1? and 
v;jjbon, respectively. By explicit calculations of these potentials we get the 
following results, for details we refer to [IV] 

In the "circular" cross-section case we have 

We can distinguish two cases, namely for a small pitch angle R0B0 > 1 
bound state occurs if J ó(t) < O , i.e. under the local reduction of the 
helix radius. On the other band, for R0B0 < 1 the bound state occurs 
if f ó(t) >O. 

p 
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In the "ribbon" case we have 

v( strip) (s) = - RM.16 - W6 
eff 4(1 + R6f:.16)2 

R68ó(R6t16 - 5)ó(t(s)) + (1 + R6t16)(R6t16 - 2)ó"(t(s)) 
+ 2Ro(l + R6t16) 3 e 

+ O(s2
) 

and again we get two cases. For R080 > J5 the bound state occurs 
under the local radius reduction, while for R080 < J5 the bound state 
occurs under the local extension of the helix radius. 

Remark 6.1 As we have said the experimental setting of [Bh] corresponds 
to the "ribbon" case, hence in view of the small pitch angle we expect that 
a local reduction of the radius would produce bound states. They may be 
tested, e.g., through resonance effects in transport of cold atoms through a 
finite-length helix. 

In our second result we keep the helix shape of the waveguide fixed change 
rather locally the cross-section. In particular, we consider lo cal protrusions 
of the waveguide. Let a( s) be the nonnegative smooth function then we 
consider the cross-sections w(s) = a(s)w, where w is any convex domain. 
We denote the corresponding Dirichlet Laplacians in the tube (6.1) by Ha 
and use the well-known approach of "straightening" the tube to establish the 
existence of bound states. For details see [IV]. 

Theorem 6.2 Suppose that a( s )-1 is a nonzero continuous function, which 
is nonnegative and compactly supported. Then the operator H0 (a) has at least 
one eigenvalue below the threshold oj the essential spectrum. 

The result of the theorem is of course expected [BGRS], however the 
presence of the centrifuga! force gives rise to some technical difficulties. For 
example, it is no longer true that any bump in the helical waveguide produces 
a bound state. 

\ 
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Abstract 

We consider a modification of the Winter model describing a quantum particle in presence of a spherical barrier given by a fixed generalized 
point interaction. It is shown that the three classes of such interactions correspond to three different ty pes of asymptotic behaviour of resonances 
ofthe model at high energies. 
© 2006 Elsevier B.V. Ali rights reserved. 

Models with contact interactions are popular because they 
allow us to study properties of quantum systems in a framework 
which makes explicit solutions possible. It was found in the be
ginning of the eighties that the usual 8 interaction on the line 
has a counterpart, named somewhat unfortunately 81

, and a lit
tle Jater the complete four-parameter class of the generalized 
point interactions (GPis) was introduced [1,2]. Properties of 
these interactions are now well understood-see [3] for a rather 
complete bibliography. 

The GPis fall into different classes according to their behav
iour at low and high energies. The simplest manifestation can be 
found in scattering. While a 8-type barrier behaves as a "usual" 
regular potential becoming transparent at high energies, the 81 

-

like one on the contrary decouples asymptotically in the same 
limit. In addition, there is an intermediate class for which both 
the reftection and transmission amplitudes have nonzero lim
its as the energy tends to zero or infinity [4]. Furthermore, in 
Kronig-Penney-type models describing periodic arrays of such 
interactions, the indicated classes differ by the gap behaviour 
at high energies; this has important consequences for spectral 
nature of the corresponding Wannier-Stark systems [5,6]. 

In this Letter we discuss the GPis in the context of the gen
eralized Winter model describing a quantum particle in pres
ence of a rotationally symmetric surface interaction supported 

• Corresponding author. 
E-mail address: exner@ujf.cas.cz (P. Exner). 

0375-9601/$- see front matter © 2006 Elsevier B.V. Ali rights reserved. 
doi: 10.1016/j.physleta.2006.07 .073 

by a sphere; we suppose that the interaction is repulsive, cor
responding to a barrier which gives rise to tunneling decay 
and scattering resonances. Our aim is to show that the said 
OPI classes correspond to different high-energy asymptotics 
of the resonances, specifically, we are going to show that, for 
the 8-type interaction, the resonance lifetime tends to zero with 
the increasing energy, for 81 interaction it increases to infinity 
asymptotically linearly in the resonance index, and that there 
is an intermediate case for which the resonance lifetime still 
tends to zero but in a slower way than it the 8 case, O(n-1) vs. 
O((n lnn)- 1 ). 

Recall that the Winter model was introduced in [7,8], orig
inally for the 8 barrier in which case the Hamiltonian can be 
formally written as 

H = -ll + a8(1xl - R), 

where R is the radius of the sphere SR and a is the coupling 
constant. A thorough analysis including the 81 extension can be 
found in [9]; an extension to multiple spheres is given in [10] 
and other related results are reviewed in [3]. Prom the math
ematical point of view such models are described by means 
of spherically symmetric self-adjoint extensions of the sym
metric operator Íl: Hýl= -llýf, defined on D(H) = {f E 

W2•2 (JR3 \SR), f(x) =V f(x) = 0 for X E SR}, i.e., the re
striction of the free Hamiltonian, defined on the Sobolev space 
W2•2 (JR3), to functions vanishing together with their derivatives 
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\ 
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on the sphere. These extensions form a four-parameter family 
characterized by the conditions (2). 

The spherical symmetry allows us to reduce the analy
sis to a family of halftine problems by a partial wave de
composition [10]. Using the isometry U: L 2((0, oo), r 2 dr) --+ 
L 2 (O, oo) defined by Uf (r) = rf (r) we write 

L 2 (R3) = EB u-1L2(0, oo) © sf1>, 
I 

. ffi I. 
H =Wu- h1U © 11, 

I 

where /1 is the identity operator on s;1i and h1 = - ~ + l(I~ 1 l 

with the domain D(h1) = {f E D(hi); j(R) = f'(R) =O}; 

here D(hi) = W 2·2((0, oo) \ R) if l =/;O while for l =O the 
requirement f (0+) =O is added. The equation 

hj f = k2 f, lmk >O, (I) 

has two linearly independent solutions [9, 10], namely 

Ol { ~../řlv(kr)HYlCkR)./R, 
</J (r) = 

k,l ~./Rlv(kR)HY\kr)../ř, 

(2) l i~lv(kr)../ř(H~(l)(kR)./Rk + HS 1 )(kR) 2~), 
</>k I (r) = 

' i~(l:CkR)k./R + lv(kR) 2~)HS
1\kr)../ř 

for O< r ~Rand r >R, respectively, where v= l + 1/2; thus 
we have a four-parameter family of extensions which can be 
pararneterized via boundary conditions at the singular point R. 

There are many different, mutually equivalent forms of such 
boundary conditions. We will use those introduced in [4]: a (ro
tationally invariant) surface interaction Hamiltonian is charac
terized by 

J'(R+) - J'(R_) 

= ~(f(R+) + f(R_)) +~(!'CR+)+ J'(R_)), 

f (R+) - f (R_) 

= -i(f(R+) + f(R-)) + ~(f'(R+) + J'(R_)) (2) 

for a, f3 E IR and y EC; we will call such an operator Ha.,fl,y· 

The three GPI classes mentioned in the introduction are the fol
lowing, 

• 8-type: Rey = f3 =O, 
• intermediate type: Rey =P O, f3 = O, 
• 8' -type: f3 =/;O. 

Notice that the intermediate class contains the "scale-invariant" 
interaction considered recently by Hejčík and Cheon [11]; it 
corresponds to a = f3 = O and 

h - h-1 + 2i sin</> 
y= , 

h + h-1 +2cos<P 

where h is their a. Notice also that this interaction is not as ex
otic as it might look; it appears in description of a free quantum 

motion on a regular metrie tree [12] where <P =O and h =VN 
where N is the branching nurnber. 

Of the other forms of the boundary conditions let us rnen
tion those of [13]. Denote by F the column vector of f(R+) 
and f (R-), with F' similarly corresponding to the one-sided 
derivatives at r =R. Then the self-adjoint extensions are para
metrized by 

(U - I)F + i(U + I)F' =O, (3) 

where 

is a 2 x 2 unitary matrix, u1, u2 EC with lu11 2 + lu21 2 =I and 
š E [O, n). The boundary conditions (3) are related to (2) by 

-2(a + {3) + 4i Rey u,= , 
JCaf3 + lyl2)2 + 4a2 + 4{32 + 81yl2 + 16 

1 (af3 + IYl 2 -4) - 4ilmy 
u2 = - ---r====7=7===;======== 

2i J(af3 + lyl2)2 + 4a2 + 4f32 + 81yl2 + 16, 

tanš=af3+1yl2+4, 
2(a - {3) 

in particular, the case u2 = O, or 

corresponds to the separated motion inside and outside the bar
rier; in such a case there are infinitely many embedded eigen
values on the positive real axis. The three distinct classes in 
the question can also be described through the matrix U. For 
instance, the 81 -type requires Re u 1 + cos š =P O, while for the 
former two types this quantity vanishes, the 8-type correspond
ing to lm u 1 = O. lt is easy to cast these conditions in to a more 
elegant form, 

• 8-type: det(U +/)=O, cr1 ur cr1 =U, 
• intermediate type: det(U + /)=O, CTJ ur CTJ =P u, 
• 8'-type: jdet(U + /)j >O. 

In particular, the 8 and intermediate type are the family of point 
interactions for which -1 is an eigenvalue of corresponding 
matrix U, with the 8-type being the subfamily invariant un
der the PT-transformation, induced by the map u --+ CTJ ur a,, 
where cr1 is the first Pauli matrix [ 14]. 

Another equivalent form of the boundary conditions which 
can be traced back to [1,2] is 

( 
f(R+)) ( f(R - )) 
f'(R+) =A J'(R-) ' 

where A is a matrix of the form 

A = eiX (ac db), [O ) b XE , Jr, a, ,c,dEIR, ad-bc=I; 

in terms of parameters used above A can be written as 

a/ 
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a/3 + I y 12 - 4 + 4i Im y 

(
a/3 + IYl2 + 4- 4Rey 

X 4a 
4{3 ) 

af3+1yl2 +4+4Rey · 

Using the transformations 

{ 
ei<P f, r <R, 

f- ifJJ ..__R e , rr 

it is easy to see that the extensions corresponding to U and U' 
are unitarily equivalent if lu2I = 1u;1. Moreover, to any exten
sion described by (a', /3 1

, y') there is a unitarily equivalent one 
with (a, (3, y) such that Im y =O. Indeed, the above transfor
mation with e = O means the replacement 

J\ - A = ei(x - 'Pl (a b) ' 
c d 

so in any class of unitarily equivalent extensions there is one 
with a real transfer matrix; this occurs if Im y =O. 

After these preliminaries let us tum to our main subject. If 
u2 # O the Hamiltonian has no embedded eigenvalues. The sin
gularities do not disappear, however, instead we have an infinite 
family of resonances. To find them, we have to derive an explicit 
expression for the resolvent which can be achieved by means of 
Krein's formula [3, Appendix A]: we have 

(H k2)-I (r:t ,{3,y),/ -

2 

= (Ho.1-k
2r 1 + L Am11(a,f3 , y)(<P~i, 1 „)<P~'.7l. 

111,11=1 

where <P~'.'? are the solutions to the deficiency equations (1). 
The coefficients Á;,j are found from the fact that the resolvent 
maps into the domain of H(u,{3,y) which means, in particular, 
that (Hcu,{3,y),t - k 2)-1 g must for any g E L 2((0, oo)) satisfy 
the boundary conditions (2). A straightforward computation 
then gives 

a - <P~(2)(R)(af3 + IYl2) 
AJ I = ----"-------

det),, 

A. _ y + <Pk2l(Ř)(af3 + lyl2
) 

12
- det),, ' 

A. - y + <Pk2\R)(af3 + IYl2) 
21 - detl.. ' 

A. _ - f3-<P2l(R)(af3+1yl 2) 
22 

- det),, 

where the denominator is given explicitly by 

detl.. = -1 - a<Pi1) (R)+ f3<P~C2l (R) - (y + y)<Pfl (Ř) 
1 

-4(af3+1yl2) (4) 

and by <Pk~J (Ř) := ! (<Pk~J (R+) + <P?/ (R-)). 
As usual the resonances are identified with the poles of the 

resolvent on the unphysical sheet, Imk <O, their distance from 
the real axis being inversely proportional to the lifetime of the 
resonance state. We will discuss the asymptotic in momentum 

k-plane, more specifically, the behaviour of Imk11 correspond
ing to the nth resonance, given through roots of the equation 

detl..(k, a, f3, y) =O (5) 

in the open lower halfplane. We are going to demonstrate that 

• for the 8-type the quantity lmkn increases logarithmically 
w.r.t. the resonance index as n - oo, 

• for the intermediate type Imk11 is asymptotically constant, 
• finally, for the 81-type with f3 > O the quantity Imkn be

haves like O(n-2) as n - oo. 

As the poles occur in pairs in the momentum plane we re
strict ourselves to those in the fourth quadrant. To prove the 
claims made we are going to compute explicitly the functions 

<P2i and to expand then Eq. (5) in terms of k- 1. The computa
tion is tedious but straightforward; it yields 

det),, = e2
ikR {2kRL-1 +Lo+ !:J__ + ~ + O(k-3)} 

2kR (2kR) 

- - Li 2 + 2kRL_1 +Lo+ 
2

kR + O(k- ), (6) 

where 

i 
L-1=-/34R' 

1 
Lo=f3-B-1-2ReyC_1, 

R 
i 

Li= f3R.Bo - 2i Rey Co - aiD1, 

1 
L2 = f3RBi - 2ReyC1 - aD2, 

- i 
L1=/34R' 

Lo= -1- ~(a/3 + IY1 2
), 

4 
- i - -
L1 = {3-Bo - aiD1 

R 

and the real constants B, C, D, which we do not present explic
itly, depends only on the partial-wave index l. Three distinct 
cases naturally arise. 

8-type interaction: If f3 = y = O (the general 8-type interac
tion with Im y # O, is unitarily equivalent to this case with 
a'= 

1 2
4

u 
4

) it holds L_1 = Lo =O and the resolvent-pole 
my+ 

equation (5) takes the form 

1 + ia = ia (-l)te2ikR (1+il(l+1)) + O(k-2) 
U U kR . 

In the leading order we have l = ~(-1)1 e2ikR. Taking the ab
solute value we see that Imk = o(k) as lkl - oo so we obtain 2 ~Ík = e-2R Imk up to higher order terms; substituting back to 
the first equation we get the asymptotic formulae 

kn = 
{ 

2k (2mr +ln+ 3!f.) + O(n-1 lnn) 

ťJ?. (2nn +ln+~)+ O(n- 1 lnn) 

for a> O, 

for a< O 
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Fig. I. Asyrnptotics of the resonances in the momentum plane, with the parameter values mentioned on the text. Here the ll-type poles are marked by +, the 
intermediate ones by x and the ll' -type ones by *· In the inset we show the behaviour over a smaller momentum interval to illustrate that the poles are roughly 
equidistantly distributed. 

and 

1 21 Reknl 1 
Imk11 = -- ln (1 + O(n- )). 

2R lal 

Intermediate-type interaction: If f3 = O and Rey # O the 
resolvent-pole equation (5) takes the form 

e2ikR(L _0_ ~) L L1 -O(k-2) 
o+ 2kR + (2kR)2 + o+ 2kR - ' 

so in the leading order of k- 1 we have 

Loe2ikR +Lo =O 

which shows that lm k is asymptotically constant because both 
coefficients are nonzero. Using the explicit forms of Li for 
f3 =O we get 

l _j_ ln(l+l/4ld) + 1-(nn + "!Il + ?!:.) + O(n-1) 
kn = 2R Rey R 2 2 ' 

_j_ln(l+l/41yl2) + 1-(nn + "!Il + 3rr) + O(n-1) 
2R -Rey R 2 2 ' 

where the upper expression holds for Rey > O and the lower 
oneforRey <0. 

8' -type interaction: In the most general case when f3 # O the 
same is true for L_ 1, and therefore in the leading order of k- 1 

we get the equation 

2kRL-1e2ikR + 2kRL_1 =O. 

lts solutions, 

k(O) _ nn n(l + 1) 
n - R + 2R ' 

are real which implies that Imk11 -7 Oas n -7 oo. To obtain the 
convergence rate, we have to expand the expression (6) in the 

vicinity of k~O) _ This shows that the first nontrivial contribution 
to the imaginary part of resonance is of the second order in 
(k~0))- 1 , hence we deal with a quadratic equation which yields 
the asymptotic formula 

_ coi i ( i 1
2 + 1 

kn - kn - k~O) R2 -2-

+ /R(Rey-l-~(af3+1yl2))) 
; ( 1 2 2 af3 1 + - I y I - (Rey) - -

(f3Rk~o))2 2 2 

+ /
6 

(af3 + IYl 2
)

2
) + O(n-3). 

This finishes the proof of the above claims. 
In order to suppress additional indices we restrict ourselves 

to JR3 , but the above formulae holds for general n with simple 
substitution l -7 v - 1 /2. 

To illustrate this result, we present in Fig. 1 the pole behav
iour for a sphere of radius R = 1 in the three cases. To show 
them on the single chart we choose the parameters a = 50, 
y = f3 = O for the 8-interaction, a = f3 =O, y = 1 +i for 
the intermediate interaction, and a= y =O, f3 =O.OJ for the 
8' -interaction. 
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Abstract 
Within a well-known decay model describing a particle confined initially within 
a spherical 8 potential shell, we consider the situation when the initial state 
has an unusual energy distribution decaying slowly as k -+ oo; the simplest 
example corresponds to a wavefunction constant within the shell. We show 
that the non-decay probability as a function of time then behaves in a highly 
irregular, most likely fractal way. 

PACS number: 03.65.Xp 

The decay of an unstable quantum system is one ofthe effects frequently discussed and various 
aspects of such processes were considered. To name just a few, recall the long-time deviation 
from the exponential decay law [I, 2], the short-time behaviour related to the Zeno and anti
Zeno effects [3-6], revival effects such as the classical one in the kaon-antikaon system, etc. 
In all the existing literature3, however, the decay law is treated as a smooth function, either 
explicitly or implicitly, e.g., by dealing with its derivatives. The aim of this paper is to show 
there are situations when it is not the case. 

A hint why it could be so comes from the behaviour of Schrodinger wavefunctions during 
the time evolution. While in most cases the evolution causes smoothing [8], it may not be trne 
for a paiticle confined in a potential well and the initial state does not belong to the domain 
of the Hamiltonian. A simple and striking example was found by Berry [9] for a rectangular 
hard-wall box and independently by Thaller [10] for a one-dimensional infinite potential well. 
It appears that if the initial wavefunction is constant, it evolves into a steplike-shaped 1/J (x, t) 

for times which are rational multiples of the period, t = q T with q = N / M, and the number 
of steps increases with growing M, while for an irrational q the function 1/f (x , t) is fractal with 
respect to (w.r.t.) the variable x. 

One can naturally ask what will happen if the hard wall is replaced by a semitransparent 
barrier through which the particle can tunnel into the outside space. In a broad sense, this is 
one of the most classical decay model which can be traced back to [11]. We will deal with 
its particular case when the barrier is given by a spherical 8 potential which is sometimes 

3 The bibliography concerning unstable systems is vast; most part can be derived from sources such as [2, 5, 7]. 

1751-8113/07 /061333+08$30.00 © 2007 IOP Publishing Ltd Printed in the UK 1333 
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called Winter model being introduced for the first tiine, to our knowledge, in [12]. A thorough 
analysis ofthe model can be found in [13]; it has also various generalizations, we refer to [14] 
for a bibliography. The described behaviour of the wavefunction in the absence of tunnelling 
suggests that in the decaying system the irregular4 time dependence could also be visible, both 
in the wavefunction and in various quantities derived from it, at least in the weak coupling 
case5 . The aim of the present paper is to demonstrate that this conjecture is indeed valid. 

To be concrete, we will study a spinless nonrelativistic quantum particle described by the 
Hamiltonian 

Ha = -D. + a8(lrl - R), a > O, (1) 

with a fixed R > O; we use rational units, h = 2m = l. For simplicity, we restrict our attention 
to the s-wave part ofthe problem, writing thus the wavefunctions as i/!(r, t) = Jr,rr- 1</J(r, t) 

with the associated Hamiltonian 
d2 

ha= - dr2 +a8(r - R) (2) 

in the lowest partial wave. We are interested in the time evolution determined by the 
Hamiltonian (1), i/! (r, I) = e-iH, r i/! (r, O) for a fixed in i ti al condition iff (r, O) with the support 
inside the bal! of radius R; the advantage of the used model is that the propagator can be 
computed explicitly. The time evolution is naturally defined for al! vectors in the Hilbert 
space, not only for those of the domain of the Hamiltonian, and it is in fact states outside the 
domain we will be primarily concerned with. Of a particular interest is the decay law, 

P(t) = 1R 1</J(r, t)l 2 dr, (3) 

i.e. the probability that the system localized initially within the shell will be still found there 
at the measurement performed at an instant t. We are going to derive an exact formula for the 
decay law which will then allow us to evaluate the function (3) numerically for a given initial 
state. 

It is straightforward to check [13] that the Hamiltonian (1) has no bound states. On the 
other hand, it has infinitely many resonances with the widths increasing logarithmically w.r.t. 
the resonance index. A natural and well-known idea [17, 18] is to employ them as a tool to 
expand the quantities of interest. 

Firstof all, we have to fi.nd Green's functiong(k, r, r'), i.e. the integralkernel of (ha-k2)-1 

which determines the time evolution in the standard way [19], 

e-I ul = - lim e-IAf lm dA. 'h 1 100 " 1 
7r e.j,O o ha - A. - Íc ' 

(4) 

recall that O' (h„) = [O, oo) for a > O; we are going to perform a resonance expansi on of the 
integral (4). The Green function for a system with singular potential is obtained from Krein's 
formula 

I 1 
ha - k2 = ho - k2 + A.(k)(<l>t. -)<l>k(r), 

where <l>k(r) := Go(r, R) is the free Green function with one argument fixed; in particular, 
<l>k(r) = Í sin(kr) eikR holds for r < R, and A.(k) is determined by 8-interaction matching 
conditions at the singular point R; by a direct calculation [13] one fi.nds 

a 
A.(k) = -1 + ~(1 _ e2ikR)' (5) 

4 We use this term in the sense common in mathematics, nan1ely as characterization of a depart from smoothness. 
5 This conjecture is also supported by the study ofrevivals in an infinite square well with a 8-barrier, see (15] ; another 
example of highly complex evolution is a similar situation that can be found in (16]. 
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By (4) we then get </>(r, t) = f0
00 

u(t, r, r')</>(r', O) dr' with the kernel expressed through 
Fourier transfonnation of lm g (k + ie, r, r'); since ha has no eigenvalues we may pass to the 
limit e --+ O obtaining 

u(t,r,r') = 100 

p(k,r,r')exp(-ik2t)2kdk, (6) 

where p(k, r, r') = ~lm g(k, r, r'). Using equation (5) this can be written explicitly as 

, 2k sin(kr) sin(kr') 
p(k, r, r) = (7) 

rr(2k2 + 2a2 sin2 kR + 2ka sin 2kR) 

The resonances ofthe problem are identified with the poles of g(·, r, r') continued analytically 
to the lower momentum half plane. They exist in pairs, those in the fourth quadrant, denoted 
as kn in the increasing order of their real parts and -kn· The set of singularities of the 
kernel (7) then also includes the mirrored points, being 

S= {kn. -kn, kn, -kn: n E N}. (8) 

In the vicinity of the singular point kn the function p ( ·, r, r') can be written as 

1 i Vn (r) Vn (r') 1 p(k, r, r) = -
2 2 

+X (k, r, r ), 
2rr k - kn 

(9) 

where Vn (r) sol ves the differential equation ha Vn (r) = k~v11 (r) and the function x is locally 
analytic. 

The factor 2~ is chosen to get the conventional norrnalization of the resonant state v11 (r) 
[17]. For fixed r, r' < R and a > O, the function p(·, r, r') decays exponentially in the sector 
Q" = {k E C : rr - a > I arg kl > a}. Moreover, putting ln (rp) = 2~ (2nrr + rr /2)(1 +i tan rp) 
we find that p (ln ( <p), r, r') is bounded independently of <p and n. Thus considering the 
integration curves r 11 (rp) = Un(<p) if <p </:- Qcp„ and !ln (rpn) I ei<P if <p E Qcp,,} with properly chosen 
rp11 --+ O, one can express p(k, r, r') as the sum over the pole singularities 

I ""' 1 I p(k, r, r) = L., --- Resl(p(k, r, r ) 
- k - k 

(IO) 

k ES 

and derive the following useful forrnula from the residue theorem: 

L:Resl(p(k, r, r') =O. (11) 

k ES 

The last two equations can be rewritten in view of equation (9) and the symmetry of the set S 
in the fonn 

(12) 

(13) 

where we denote Ln := -kn and v_n is the associated solution of the equation Ha V-n (r) = 
k~11 v_11 (r). 

Next, we substitute equation (12) into (6) and using the identity (13) we arrive at the 
fonnula 

, i 100 exp(-ik2t) 2k2 , 
u(t, r, r) = - L 2 2 -v11 (r)vn(r) dk 

2rr o nEZ k - k11 k11 

= LM(kn,t)v11 (r)v11 (r 1
) (14) 

nEZ 
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with M(kn, t) = 1 e"~ erfc(un) and Un := -e-irr/4kn ,Ji. Indeed, using 2k2 = 2(k2 
- k~)+ 2k~ 

we write u(t, r, r') as a sum oftwo terms, the firstofwhich vanishes in view of (13). The second 
one decomposes again into a sum of two integrals containing kn ± k in their denominators, 
which gives the right-hand side of (14) with 

i Joo e-ik
2
t 

M(kn,t) = - --dk, 
2n _00 k - kn 

(15) 

in other words, the above expression. 
Now a straightforward calculation using (3) and (14) allows us to express the decay law 

in the form 

P(t) = L CnČtln1M(kn, t)M(k1, t), (16) 
n,l 

with the coefficients 

Cn := lR </>(r,O)vn(r)dr, (17) 

This expression is valid for more general potentials, e.g., finite-range ones [ 18]; in aur particular 
case of the Hamiltonian (2) we can specify Vn (r) = ../2 Qn sin(knr) with the coefficient Qn as 
follows: 

( 
-2ik2 ) 1/2 

Qn = 2kn + a 2 R sin2knR +a sin ;knR + 2knaR cos 2knR 

Now we are ready to compute the decay law for a given initial state. Without loss of 
generality we may put R = 1, we chaose the value a = 500 for numerical evaluation6 and 
replace the infinite series by a cut-off one with ln I ~ 1000; this guarantees numerical stability 
of the result. As the first example we consider initial wavefunction constant within the well, 
i.e„ 

</>(r, O) = R-3!2 ../3r, r <R. (18) 

The corresponding decay law is plotted in figure 1. It is irregular having numerous steps 7, the 
most pronounced at the period T = 2R2 /n of motion in the inner part of the corresponding 
decoupled system (in other words, the infinite potential well) and its simple rational multiples. 
To make them more visible, we plot the logarithmic derivative of the function P (t) in the inset; 
it is locally smeared, otherwise the picture would be a fuzzy band. The irregular structure is 
expected to be fractal; it persists at higher time but its amplitude decreases relatively w.r.t. the 
smooth background. 

In the next example, we choose the initial state having constant reduced wavefunction, 
</> (r, O) = R-112 for r < R, so 1/f (r, O) has a (square integrable) singularity at the origin; 
the advantage is that the reduced problem offers a straightforward comparison to the one
dimensional example treated in [10] including the shapes of the wavefunctions. The decay 
law for this case is plotted in figure 2; it again exhibits derivative jumps around simple rational 
multiples of the period. The corresponding function I</> (r, t) 12 for three such values is plotted 
in figure 3. To compare with [10] one has to take the symmetry into account to conclude that 
the revival period of the infinite-well states is T /8. In the absence of decay the function for 
t = T /8 is just constant, the other two are simple step functions. We see that the tunnelling 

6 The effect is expected to be present for any a > O; however, for a numerical demonstration we seek here it is 
reasonable to choose a large value at which the particle leaks out only slowly. 
7 Another striking deviation from the exponential decay law is that the decay rate explodes as t --+ O, which is due 
to the fact that the energy distribution of the state i/f decays too slowly at high energies, cf [6]. 
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Figure 1. Decay law for the initial state </J(r, 0) = R-312,,/3r. In the inset we plot the logarithmic 
derivative averaged over intervals of the length approximately T /200. 
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To support the conjecture about the fractal character of P(t) let us look how its derivative 
behaves in the limit a ~ oo when <f>(r, t) expands asymptotically as 

(19) 
li 

It is easy to see that for a fixed n and a ~ oo the resonance position expands around 
kn,O := mr /R as 

k k k2 
k k 

n,O 11,0 • n,O 
~ o - - + -- - 1-- + „. 

n n, a.R (a.R)2 a.2R (20) 

which shows that in the leading order we have Vn(r) ~ .[f sin(knr) and, furthermore, that 

the substantial contribution to the sum in ( 19) comes from terms with n :S [a 1-• fl for some 
o< f; < 1/3. 

The derivative P(t) can be computed from the probability current conservation /(r) = 
-f, l</J(r, t) 12 ; integrating it over the interval (O, R) and using 1 (0) = O we get 

P(t) = -21m(r/>'(R, t){jJ(R, t)). (21) 

We plug the above expansion into (19) obtaining 

Loo n [ . 2 ( 2 )] ( 2k~,O ) ( k11 ,o .k~.o) </J(R, t) ~ (-1) Cn exp -1k 0t 1 - - exp ---t -- - i-
n, a.R a.2R a a.2 

n=l 

(22) 

and a similar expansion for </J'(R, t) with the last bracket replaced by kn ,O· We observe that 
for j > - l we have 

\ 

\ 

\ 
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'\' exp -2~t kj ~ - - a 2U+l)f3 J., 
00 

( k3 ) R (R )(j+tl/3 
L.., a 2 R n,O Jr: 2t 1 
n=I 

where we have denoted Ij := f0"" e-x'xj dx = ~re;1 
). 

Let us now we assume that the coefficients in (19) satisfy Cn ~ k,~~ as n --+ oo. First 
suppose that the decay is fast enough, p > 1; note that this is certainly trne in the finite-energy 
case with p > 3/2. The term -kn,o/a in (22) obviously does not contribute to the imaginary 
pait, hence we find that IP (t) I ::;;; const a 413-

4
/ 3p --+ O holds as a --+ oo uniformly in the time 

variable. 
The situation is different if the decay is slow8, p ::;;; 1. As an illustration take 

Cn = (-1)"+1 ~· which conesponds to the first one of the above numerical examples. 
Since the real part of the resonances changes with a, cf (20), it is natural to study the limit of 
P(ta) as a --+ oo at the moving time value ta := t(l + 2/aR). Up to higher order terms the 
appropriate value c/>(R, ta) is obtained by removing the bracket (1 - 2/aR) on the right-hand 
side of (22) and cf>' (R, ta) is obtained similarly. 

First consider irrational multiples of T. We use the observation made in [21] that the 
modulus of L;= 1 é""2

' is for an irrational t bound by CL 1-• where C, s depend on t only. In 
combination with a Cauchy-like estimate, I::;:1 anbn :S: I::;:1 I LJ=I aj I Ibn - b11+tl. which 
yields 

~ exp (-ik2 t) exp (-
2k~,o i) kj < const a 2! 3U+l-eJ 

L.., n,O a2 R n,O ~ 
n=l 

and, consequently, P (ta) --+ Oas a --+ oo similarly as in the case of fast decaying coefficients. 
Let us next assume rational times, t = ~ T. If pq is odd then SL(t) := L;=l ei"112

' 

repeatedly retraces by [21) the same pattem, hence P(t„) --+ O, cf figure 1 at the half 
period. On the other hand, for pq even ISL(t)I grows linearly with L and, consequently, 
lima~oo P(ta) > O. As an example let us compute this limit for the period T, i.e. p = q = 1. 
Using (21) we find 

. 24 (~ ( 2k~ o ) lim P(Ta) = - 2 lim lm L..,exp --
2
-' T 

a~oo R "~"" a R 
11=! 

~ ( 2k~ O ) ( 1 kn O)) x ~ exp - a 2 R T - ;;- + i -;T 

= -!; (~)2 2T11R111a = - 3~ ~ -o.n; 

this is approximately the value obtained by numerical calculations9 . 

Summarizing this paper, we have reexamined time decay in the Winter model and found 
indications that the decay law is a highly irregular function if the energy distribution decays 
slowly as k --+ oo. 

8 Resonance regime change due to momentum-space delocalization was also observed in a different context, see 
[20]. 
9 This is not obvious from the inset of figure 1. The difference is dueto the smearing. The trne width of the peak is 
about T /a with a = 500; a comparison to the chosen sca\e of local averaging explains the factor of order 2 by which 
the value differs from the height of the peak there. 
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The problem of maximizing the LP norms of chords connecting points on a closed curve separated by are length u arises in electrostatic and 
quantum-mechanical problems. It is known that among all closed curves of fixed length, the unique maximizing shape is the circle for l ~ p ~ 2, 
but this is not the case for sufficiently larfe values of p. Here we determine the critical value Pc (u) of p above which the circle is not a loca\ 
maximizer finding, in particular, that Pc('J_L) = ~· This corrects a claim made in [P. Exner, E.M. Harrell, M. Loss, Lett. Math. Phys. 75 (2006) 
225]. 
© 2007 Elsevier B.V. Ali rights reserved. 

If r(s) deseribes a planar eurve of parametrized by are length s and L is its total length, then 

L 

( ± J jr(s +u) - f'(sW ds) 

o 

deseribes the LP-mean of the Euclidean length of the ehords eonneeting points separated by are length u. A reasonable geometrie 
question is to determine the shape that maximizes this quantity for any given value of p. Some physieal phenomena have reeently 
been shown to have eonneetions to this geometrie question: 

l. What shape will a loop in JR3 earrying a uniform eleetrie eharge assume at equilibrium? That is, what is the minimum of the 
potential energy dueto Coulomb repulsion? For this problem see [1,4] and referenees therein. 

2. What is the shape of a loop 1 of length L that maximizes the ground-state energy of a leaky quantum graph in the plane? 
That is, how ean the fundamental eigenvalue of the leaky-graph Hamiltonian -~ - a8(x -1) aeting in L 2 (JR2) be maximized? 
This problem was eonsidered in [2,3] and referenees therein. 

In both of these problems it turns out that the solution reduees to eonsidering the LP -means of ehords, speeifieally to establishing 
the validity of 

cf (u): 

L 

f Ll+P nu 
c~(u) := jr(s +u) - f'(sW ds::::; -- sinP -, 

nP L 
o 

• Corresponding author at: Nuclear Physics Institute, Czech Academy of Sciences, 25068 Řež near Prague, Czech Republic. 
E-mail addresses: exner@ujf.cas.cz (P. Exner), fraas@ujf.cas.cz (M. Fraas), harrell@math.gatech.edu (E.M. Harrell II), 
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with p = l and u E (0, ! L]. In other words, can it be shown that the global maximizer is a planar circle of radius 2~ L, which by an 
elementary calculation attains the value on the right side? By a convexity argument it suffices to prove the inequality for any larger 
value of p to establish it for smaller values. 

The inequality cf (u) was established for the first tiine over forty years ago by Luko [5] for p = 2. The same claim was 
demonstrated more recently in different ways in [1,3]; see also a local proof in [2]. lt is natural to consider the maxima! value of p 
for which the inequality holds. The best upper estimate so far, p ~ 3.15, was obtained in [3] by investigating a stadium-shaped r. 

Our aim here is to improve this result. Using the method of [2] we shall show that among all planar closed curves, c~ (u) is locally 
maximized by a circle if p < 5/2, and to find a local critical value of p for "shorter" chords. Since the inequality in question has 
obvious scaling properties, it is sufficient to consider the case L = 2rr. We keep a general L in the main claims for the convenience 
of the reader, but otherwise we will work with the particular value L = 2rr. 

Without loss of generality we may assume that the r is a C2-smooth curve, the validity of the result being extended to less 
regular loops by continuity. Using the notation of [2, Section 5] the quantity c~ (u) can be cast in to the form 

L [ s+u s+u ( s" )]p/2 
c~(u) = f ds f ds' f ds" cos f y(r) dr , 

O s s s' 

where y := ř'2f1 - ř'1f2 is the signed curvature of r. Recall that the knowledge of y allows us reconstruct r up to Euclidean 
transformations by 

f(s) = (! cosf3(t)dt, j sinf3(t)dt), 

o o 

(1) 

where /3(s) := J~ y (t) dt is the angle between the tangent vectors at t =s and the initial point, t =O. We shall refer to this as the 
bending of the are. 

Our aim is to compute the first and second Gateaux derivatives of the map r r+ c~ (u) at the circle, r = C, and to demonstrate the 
claim by looking into their properties. Consequently, we shall consider gentle deformations of a circle, which can be characterized 
by variations of the curvature 

2rr 
y(s) = L + sg(s), (2) 

where g is a continuous L-periodic function and sis small in the sense that sllgll 00 « 1. The periodicity and continuity make it 
possible to express g through its Fourier series 

00 

(2nns) (2nns) g (s) = ao + Lan sin ----r:- + bn cos ----r:-
11=! 

with {a}, { b} E ť2 . We are interested in closed curves r, so we ask now how this property is reflected in Fourier series. 

Proposition 1. The tangent to r E C2 corresponding to (2) is periodic with period L if and only if ao =O. Furthermore, f'(O) = 
r(L) + 0(c3) provided that 

a1 = b1 =0 and 
00 00 

'"""bnb11+I + Unan+I '"""a11+1b11 - bn+tan 
~-------~ -o 
n=

2 
n(n + 1) - n=

2 
n(n + 1) - · 

Proof. As mentioned above, we may henceforth set L = 2rr. In view of the definition of f3 (s) it is clear that the tangent vector is 
continuous if f3(L) = 2rr. In our case the bending function is 

.r 

/3(s) =s+ s J g(t) dt =:s+ sb(s), 

o 

and the condition simplifies to Jg'' g(t) dt =O which holds ijf ao =O. In view of (1) the fact that r is closed means 

( 

2rr 2rr ) f cos,B(s)ds, f sinf3(s)ds = (0,0) . 

o o 

\ 

\ 

\ 



\ 

\ 
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For the terms on the right side of the last equation we have the expansi on 

cos{J(s ) = (1 - ~e2 b2 (s)) cos s -eb(s)sins + O(e3
), 

sin{J(s) = ( 1 - ~e2b2 (s ) ) sin s+ eb(s) cos s+ O(e3
). 

Up to the third order in e we get thus the conditions 

2rr 2rr f b(s)cossds= f b(s)sinsds=O, 

o o 
2rr 2rr f b(s) 2 cossds= f b(s)2 sinsds=0. 

o o 

(3) 

(4) 

It is convenient to rewrite the Fourier series for the curvature deformation in the complex form, g(s) = Ln#O cneins where C-n = Cn 

and for n > O we have Cn = ~ (bn - ian). For b(s) this yields the following series: 

b(s) = L icn [l - eins]. 
n 

n#O 

Using orthonormality of the trigonometrie basis we see that the condition (3) requires a1 = b1 =O. On the other band, the remaining 
condition (4) means that the integral J0L b(s) 2eins ds must vanish; with the help ofthe above series we can express it in the following 
way, 

and taking the real and imaginary part we arrive at the claimed identities for {an} and {bn}. D 

After this preliminary let us tum to our proper subject. The Gateaux derivative of the functional (1) in the direction g is 

acP (u) I p [ u] p/2-1 /
2

rr sf+u fs+u (/s" ) !s" 
Dgc~(u)=+ e=O =-2 4sin2

2 ds ds' ds"sin dt g(r)dr 

O s s s' s' 

(5) 

again for L = 2n, and the second derivative is 

2 p 12_ 2 2rr ( s+u s+u s
11 )2 

D~c~(u)= a ~~;u) l s=o =~(~-1)[4sin2 ~r J ds J ds' J ds"sin(s"-s') J g(r)dr 

O s s s' 

p/2_ 1 2rr s+u s+u ( s" )2 
-~[4sin2 ~] f ds f ds' f ds"cos(s"-s') f g(r)dr 

O s s s' 

(6) 

Rearranging the integrals in (5) we get 

2rr s+u s+u s11 

f ds f ds' f ds" sin(s" - s
1

) f g(r) dr 

o ~ 

2rr r r s+u L 

= f dr f ds f ds' f ds"sin(s11 -s1)g(r)dr=(4sin2 u+usinu) f g(r)dr=O, 

O r-u s r O 

which shows that for every p > O the circle is either an extremal or a saddle point. In the next step we analyze the second derivative 
to distinguish in between these two cases. Not surprisingly, the answer depends on the value of u. Our main result reads 
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Theorem 2. For afixed are length u E (0, ~L] define 

4 - cos( 2rr 11
) 

Pc(u) := 
1 

( 2~11 ), (7) 
- cos -y-

then we have thefollowing alternative. For p > Pc(u) the circle is either a saddle point ar a local minimum, whilefor p < Pc(u) it 
is a local maximum of the map r r+ c~(u). 

Before passing to the proof let us make a pair of comments. 

Remark 3. 

1. It will be seen from the proof that in the critical case p = Pc(u), the higher order derivatives of c~(u) come into play. We 
shall not address the critical case here. 

2. lt is natural to expect and easy to verify that for p > Pc circle is in fact a saddle point of the functional. 

Proof. We put again L = 2n and analyze the terms of the second derivative (6) separately. By a straightforward computation using 
orthonormality of the trigonometrie basis the iterated integral in the first term equals 

00 

~]a;,ts1 (n, u, p) + b;,tci(n, u, p)], 
11=2 

where 

16n ( nu . u . . nu)
2 

fs1 (n, u, p) = fc1 (n, u, p) := --3 -2n cos - sm2 - +srnu sm -
n-n 2 2 2 

In the second term we rearrange the integrals before using the Fourier series, 

s+u s+u s" s" f ds' f ds" f dr f dr' cos(s" - s')g(r)g(r') 

s' s' 

s+u s+u r s+u s+u s+u 

= 2 f dr f dr' f ds' f ds" cos(s" - s')g(r)g(r') =: f dr f dr' g(r)g(r') lnt(s, r, r'). 

s r s r' s r 

Hence the full integral in the second term of (6) equals 

2rr s+u s+u f ds f dr f dr'g(r)g(r')lnt(s,r,r') 

O s r 

2n r+u r 2rr r+u 

= f dr f dr' f ds g(r)g(r') lnt(s, r, r') =: f dr f dr' lnt2(r, r')g(r)g(r'), 

O r r'-11 O r 

where 

lnt2(r, r') := 2(r' - r - u) (cos(r' - r) +cos u)+ 4(- sin(r' - r) +sinu). 

Finally we use the Fourier series and obtain an expression for the iterated integral in the second term 

2rr s+u s+u ( s" ) 2 00 f ds f ds' f ds"cos(s"-s') f g(r)dr = l:]a;,ts2(n,u,p)+b;,tc2(n,u,p)], 

O .r .r s' n=2 

Where 

fs2(n,u,p) =fc2(n,u , p) := ~(-6n2 +2n4 -2(n2 -1)2
cosu + (n + 1)2cos(n - l)u + (n -1)2cos(n + l)u) . 

n-n 

Now we put it together and get the second derivative in the form 

00 2Pn sinP-2(") 
D~c~(u) =~)a;+ b;) S(n _ n 3) 2

2 
pT(n, u, p), 

n=2 

(8) 

\ 



\ 

\ 
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where 

T(n, u, p) := -(2n4 -6n2 -2(n2 -1)
2

cosu + (n + 1)2 cos(n - I)u + (n -1)2 cos(n + I)u) 

+ 2(p - 2)(-2ncos( n;) sin(~)+ 2cos(~) sin( ~u)) 
2 

(9) 

Since sin(u/2) is positive for u E (O, n), the sign of each term in the second derivative series (8) is determined by that of T(n, u, p). 
The equation 

T(2, u, p) = -16(4- p + (p- I)cosu) sin4 (~) 
gives T(2, u, p) >O for p > Pc(u), proving the easier part of the altemative, namely that for p > Pc(u) the circle fails to be a local 
maximum of the map r ~ c~ (u). 

lt is easy to check that T(n, u, p) is strictly increasing as a function of p. Hence to prove the other part of the theorem it is 
sufficient to show that T(n, u, Pc(u)) is negative for n? 3. To this aim we define 

S(n, u)= -(1- cosu)T(n, u, Pc(u)); 

we next prove that this function is positive for n ? 3. 
Inserting the critical exponent Pc (u) in to (9) we obtain 

S(n, u)= -4 - l0n2 + 2n4 + 2(n2 - 1) (-2(n 2 
- 2) cos u+ n2 cos2 u)+ 4cos(nu)(l - n2 + (2 + n2

) cos u) 

+ l2n sin u sin(nu), 

and using the inequality (a sinx + bcosx)2 ~ a 2 + b2 we get the bound 

S(n, u)) -4 - lOn 2 + 2n4 + 2(n 2 
- 1) (-2(n 2 

- 2) cos u+ n2 cos2 u) - 4/ (1 - n2 + (2 + n2) cos u )2 + 9n2 sin2 u. 

Hence S(n, u) is positive whenever 

-4- IOn2 + 2n4 + 2(n2 
- l)(-2(n2 

- 2)cosu + n2cos2 u) >O 

and 

(10) 

(-4 - IOn 2 + 2n4 + 2(n2 - 1) (-2(n 2 - 2) cos u+ n2 cos2 u) )2 > 16( (1 - n2 + (2 + n2) cos u )
2 

+ 9n2 sin2 u). (11) 

The first condition (10) is a quadratic equation in cos u, and a calculation shows that it is satisfied for cos u < 1 - 6/n2 . Using the 
notation cos u= x, the second condition (li) simplifies to 

4n2 (n 2 -1) 2
(8+n2 (x - l))Cx -1)3 >O, 

which provides us with a slightly stronger condition, 

8 
cosu < 1- 2· 

n 
(12) 

The vicinity of zero has to be regarded separately to prove the positivity of S(n, u) on the interval complementary to (12). By a 
straightforward computation the Taylor expansion of S(n, u) around zero equals 

n
2
u

8 
( I n

2 
n

4 
n

6
) u

10 

S(n, u)= 40 -9 + 4 - 6 + 36 + 10! Rrn, 

where for n ) 3 and u in the complement of (12) the O(u 10) term is bounded from below by 

R10? -136n 10 . 

Comparing the reminder with the first term on the right side of (13), we observe that S(n, u) is positive for 

2 1 ( 1 n
2 

n
4 

n
6

) 10! 
u < 40 -9 + 4 - 6 + 36 136n8 · 

(13) 

(14) 

Now we use the inequality cos u~ 1 - 7 /16u2 for u E (O,~) to compare the intervals (12) and (14). By simple analysis we find out 
that for n ? 4, 
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3.5 

li t--- - -
II 
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o 2.5 5 10 

p 

Fig. I. The relation between the critical exponent Pc and the are length u. The mean-chord inequalities hold locally in the region I. 

and hence in this case the union of the intervals covers (O, rr), which proves that S(n, u) ) O holds for n) 4. 
In the case n = 3 the positivity of S(n, u) is easily established, as the function S(3, u) simplifies now to 

S(3, u)= 2( 2sin ~r 
Since T(2, u, p) <O holds for p < Pc(u) the theorem is praven. O 

To visualize the result, in Fig. 1 we plot the relation between the critical exponent Pc given by (7) and the are Jength u. 

A comment is due on the closure of the curve r. In [2] the local validity of the inequality for p = 2 was proved without this 
hypothesis. Bere we used closure, but not to the full power of Proposition 1. We relied simply on the fact that the Fourier coefficients 
vanish for lni:::::; 1, which meant that the endpoints r(O) and f'(2rr) meet within an error of O(c2), not O(c3). 

Let us finally make one more remark, namely on a clairn made in [3, Theorem 5.4]. It was stated there that for a particular class 
of deformations the circle remains a local maximizer for all p, namely for those which, in the complex notation, have the form 
(1 - c)ei• + 8(c, s), with the assumption that for each c, 8(c, s) is orthogonal to ei• and B(c, s) is C2 smooth. In fact, the C2 

assumption in the variable c cannot occur. To see that, notice that the condition JI Ť'(s) J2 ds = 2rr together with orthogonality imply 

J les(c, s)l
2 

ds = 4rrc - 2rrc2
, 

where e, := ae;as. Since e is C2 by assumption, we may differentiate under the integral sign to get 

2Re 8 5 (c, s) ds = 4rr - 4rrc; f - ae.(c,s) 

ac 

using the observation from [3] that 8(0, s)= O we see that the left-hand side would tent to zero as c--+ O given the assumption 
that e is jointly C2 , while the right-hand one has the nonzero limit 4rr. To obtain smooth perturbations one should suppose, e.g., 
r(c, s)= (1 - c2)ei• + 8(c, s), and this would necessitate an analysis to second order in c, as has been done in this Letter. 
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Abstract 

Motivated by a proposal to create an optical helix-shaped waveguides for cold atoms and molecules, we discuss local perturbations which can 
create bound states in such a setting. This is known about a local slowdown of the twist; we show that a similar effect can result from a local tube 
protrusion or a change of the helix radius in correlation with its pitch angle. 
© 2007 Elsevier B.V. Ali rights reserved. 

1. Introduction 

Geometrically induced bound states in tubular regions appear in various contexts-see, e.g., (3,5] and references therein. In 
particular, effects of waveguide twisting were discussed recently in [6,9]. An independent strong motivation to look into such 
a problem came from a study [l] which showed how helical waveguides for cold atoms and molecules can be created by means 
of two counter-propagating beams. Such waveguides do not have hard walls, of course, but it is known that spectrum-generating 
geometrie mechanisms are robust-see, e.g., [7]-so it is useful to study such systems in a model which allows a mathematical 
treatment. 

It was observed in [9] that slowing down the waveguide twist acts as an effective attractive potential. Since the mentioned optical 
waveguides allow for various modifications it is useful to look for other perturbations which could have a similar effect. We will 
discuss two of them. One is a local protrusion which is well known to create bound states in straight tubes [2], however, the proof 
needs to modified to fit to helical waveguides. 

Another possible perturbation is a variation of the helix radius. Here it is more suitable to employ the formalism introduced 
originally in [5]. An exhaustive analysis would be complicated, however, and we restrict here to the situation of a thin waveguide 
when the cross section size is much smaller than the helix radius, paying attention to particular cases, those of a circular channel and 
of a fiat "ribbon-shaped" one. In both cases we observe that a local reduction of the helix radius can induce a weakly bound state if 
the "pitch angle" is large enough, and in contrast, at small pitch angles localized states may appear for a local radius enlargement. 
At the same time, the crossover between the two regimes depends on the cross section. 

2. Helical channel Hamiltonians 

We will employ the notation of [9] which we extend to the case of varying cross-section and helix radius. Let w be an open 
connected set in JR 2 we fix t 0 = (t~, t~) E w and define 

w(a) = {la(t) := (a(t2 - tf)+ tf, a(t3 - tf)+ t~): t E w}; 

Corresponding author. 
E-mail addresses: exner@ujf.cas.cz (P. Exner), fraas@ujf.cas.cz (M. Fraas). 
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changing a means a radia! scaling of the cross section w with respect to the point t0. Let further e (s), a(s) be differentiable functions 
from JR to R We define the mapping L from JR x w to JR3 by L := Č,(s, i), where tilde1 marks the scaling (2.1) for a:= a(s), i.e. 
í = (t2, i))= (a(s)(t2 - tf)+ tf, a(s)(t3 - t~) + t~), and 

l(s, t) :=(s, t2cose(s) + t3 sine(s), t3 cose(s) - t2 sine(s)). (2.2) 

We denote the L-image of JR x w by Q . It is tube in JR3 which is purely helical if the functions é (s), a (s) are constant. We will be 
concerned with a quantum particle concerned within this tube assuming that it has hard walls . Using appropriate units to get rid of 
unnecessary constants, we can then identify the pa11icle Hamiltonian with the Dirichlet Laplacian Hon L2(Q), i.e. the self-adjoint 
operator associated with the closed quadratic form 

Q[ýf]:= f IV1/fl 2dtds, ýf E7tÓ(fJ). (2.3) 

íJ 

The family of operators2 corresponding to given e(s), a(s) will be written as H(a). In particular, Ho(a) will denote the operator 
corresponding to e(s) = f3os, a(s), and Ho will refer to the purely helical tube, e(s) = f3os, a(s) = ao. A simple substitution of 
variables shows that the quadratic form Qo(a) associated with Ho(a) is unitarily equivalent to 

Oo(a)[ýf]= j J (IV11/fl2 +jas1fi+f3oiff~l 2)dtds, (2.4) 

JR. w(a(s)) 

denoted for simplicity by the same symbol, where we have introduced the notation J; := (t2a13 - t2812 )f in accordance with [9]. 
Furthermore, the quadratic form (2.3) can transformed to other unitarily equivalent expressions supported by a straight tube 

(cylinder) is such a way that the geometrie information is contained in the coefficients. Following [6] we arrive at the quadratic 
form q' [6] acting on L 2(S"Jo, IGl 112) as 

q'[l/fJ := J ca;ýf)aii(ajl/f)IGl 112dsdt, (2.5) 

IRxw 

where we number the variables in such a way that (81, 82, BJ) = (8s, a12 , 813 ) . By a straightforward computation we get for the 
metrie tensor the expression 

( I 

_ J!J._ 

-~) a(s) a(s) 

i. h2 l+h~ h2hJ (2.6) Gl = - a(s) a2(s) a2(s) ' 

hJ h2h3 l+h~ 
- a(s) a2(s) a2(s) 

where 

h2 = (t2 - tf)a(s) + t3é(s), (2.7) 

( o) - . h3 = t3 - t3 a(s) - t2e(s) . (2.8) 

We can also pass to a quadratic form on the Hilbert space L2(JR x w) without the additional weight IG 112 1; this is achieved by 
putting [6] 

q[ýf] := q'[IGl- 1141/f] 

= ( 8; iff, Gij aiiff) + ( 1/1, ca; F)aii cai F)l/f) - 2Re(a;i/I, Gii (aj F)l/f ), 

where F := log(IGl 114). Ifwe finally plugin the metrie tensor (2.6) we get 

q[ýf] =I +(ta(s)ast - h2a12Ýš -h3a131/f- a(s)iffl
2 

+ IVrl/fl2) dsdt. 
a (s) 

(2.9) 

(2.10) 

(2.1) After these preliminaries we shall formulate a theorem which will be proved in Section 4 below. We will consider helical tubes 
With a constant "pitch angle", e(s) = f3os for some f3o >O. Furthermore, we assume that outside a compact region Q is purely 
helical; without loss of generality, we may suppose that a(s) = 1 there so the unperturbed tube cross section is w. 

-1 It would be appropriate, of course, to use t indexed by the scaling parameter and to mark its dependence on s. Such a notation, however would be rather 
cumbersome and we believe that no confusion will arise. The tilde will be Jater used for functions on the scaled cross section w(a) as well. 
2 The function f) will be kept fixed so we do not write it explicitly in the operator symbol. 

\ 

\ 
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Theorem 1. Suppose that a (s) - 1 is a nonzero continuous function, which is nonnegative and compactly supported. Let further w, 
t 0 be such that (J)(a) c (JJ(a') holds for a (a', then the operator Ho(a) has at least one eigenvalue below the threshold oj the 
essential spectrum. 

Remark. We exclude here the case of a straight tube, f3o = O. Bound states induced by a local protrusion exists in such a situation 
also, however, one can use a more straightforward way to prove the claim-cf. [2]. 

3. Spectrum of Ho 

As in [9] our strategy is to regard Ho(a) as a perturbation of Ho= Ho(l). The spectrum ofthe latter operator is purely absolutely 
continuous and covers the half-line [E(l), oo), where E(a) is the lowest eigenvalue ofthe operator 

(3.1) 

acting in L 2 ((JJ(a)) (pay attention to the fact that this h(l) corresponds to h(O) of [9]). Moreover, the ground state is non-degenerate 
and the corresponding ground-state eigenfunction /r,(t) is strictly positive in (JJ(a). 

A simple substitution ofvariables given by la (2.1) allows us to pass to the unitarily equivalent operator h(a) acting on L2(w), 
thus without a tilde. lt acts as follows, 

(3.2) 

Next we ask about the dependence of h(a) on a. By fa(t) we denote the normalized ground-state eigenvector of h(a), i.e. 
JaCZa(t)) = Ía(t). 

Lemma 2. fa(t), E(a) are real-analyticfunctions ofa in (O, oo). lnparticular, there are E(l) <O and jCll(t) such that E(a) = 
E +(a - l)E(ll + o(a - 1) and fa(t) = f(t) +(a - l)jOl(t) + o(a - 1). 

Proof. We rewrite and estimate the integral on the right-hand side of (3.2), 

~~ J [-lt2a13 1/J-t3a12 1/Jl
2 + laCt2a13 1f!-t3a12 1/J) + (l -a)(t~a13 1/I- t~a,2 )1/11 2] dt 

(J) 

~z 1 2
1

/ 2 ~z 2/(I o 
1
2 

1 
o 

1
2) ( a 2 1 - 2a Jt2a13 1/J - t3a12 1f! I dt + 4 a 2 Cl - a) t2 a13 1fi + t3 a,2 1/J dt 

(J) w 

( C1(1/J, h(1)1/J) 

for some C 1 > O, since the last integral can be estimated by ( diam (J) li Y'11/J 11) 2. It follows that the operators h (a) form an analytic 
family type of type (B)-cf. [10, Sec. VIl.4], note that it is a particular case of Exercise 4.23 there. Hence the analyticity of fa, 
E (a) follows from finite multiplicity of the ground state; recall that in fact it is non-degenerate. 

lt remains to prove that E(ll < O which we will do using the minimax principie. Suppose that a > 1 and consider the test function 
obtained as a shifted ground state, -if,r(t) := f (t2 +(a - l)a2, t3 +(a - l)a3), where f means here the lowest eigenfunction of h(l) 
extended to (JJ(a) by zero. For small enough shifts a2, a3 we have {t2 +(a - l)a2, t3 +(a - l)a3} c (J)(a) for al! t = (t 1, t2) E w, 
and consequently 

(;jr, h(a)-if;) = (!, h(l)f) + 2(a - l)~J J Ct2a13 f - t3a12 f)(-a2a1J + a3a12 f) dt 

(J) 

+(a -1)2 J la2a13f- a3a,ifl 2dt . 

w 

If the term linear in (a - 1) does not vanish identically we are done. Suppose, on the contrary, that 

J (t2a13 f - t3a12 na13 f dt = J (t2a13 f - t3a12 na12 f dt =o 

(3.3) 
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holds, then we employ another test function, for instance one obtained by scaling, {i(t) := Jc'2 :
1f +tf, '3 :

1f + t~). Using (3.2) 
we get 

(- - -) 2/ 2 ( 1)/ 2 1/f, h(a)i/f = E - {30 ltza,J - t3a,2fl dt - 1- a 2 IY'dl dt 

w lV 

2/ 2 2f36/1 o o 12 +fJo lt2a13f - t3a12fl dt+(a-1) a2 tza13f-t3a12f dt 

lV w 

= E - 2(a - I) f IV'tfl 2 dt + o(a - 1), 

w 

and since f w I \71f1 2 dt > O we get the sought result. D 

4. Helical channel with a protrusion \ 

Now we are in position to prove Theorem 1. By assumption the function a(s) - 1 is compactly supported, hence Ho(a) - Hois 
relatively compact and <Tess(Ho(a)) = <Tess(Ho). Since we know the essential spectrum threshold, we can find eigenvalues below it 
using a variational estimate. 

Since a (s) - 1 is supposed to be nonzero and non-negative, one can find an interval (-so, so) within the support of this function 
on which the inequality 1 + t:ls - sol < a(s) holds for t: small enough. It follows from the domain monotonicity of Dirichlet 
Laplacian that it is sufficient to establish existence of a bound state for a(s) := 1 + t: ls - solx (-so, so). As usual in such cases we 
start constructing a tria! function from then threshold-resonance of Ho. Given 8 > O, t: > O we put 1/18,s (s, t) = f 8 (t)</J8 (s), where f 8 

is the ground-state eigenfunction of h(l + t: ls - solx (-so, so)) and 

I e8<>+so) if S :( -so, 
</J8 (s) = 1 if - so :( s :( so, 

e-8(s-so) if s > SQ. 

We plug this expression into (2.10) and by a straightforward computation we get 

~ ~ 

q[lf/8.e] - Elllfr8,sll
2 = 8 + j (E(l + t:ls - sol) - E(l)) ds - 2Re ff :C~/t3a1ifs -i2a13fs) 

-so -so w 

X (asfe - a(s) ((t2 -tf)81ife + (t3 -t~)a13fe - fe)) dsdt 
a(s) 

~ 2 

+ f f lasfs - ~~;~ ((t2 - tf)a,2fe + (t3 - t~)813 fs - Je) I ds dt. 
- so w 

(4.1) 

Now we inspect the behavior of the expression for small t: using Lemma 2. Using a(s) ~ t:sgn(s) and 8sfe ~ t:sgn(s)JOl we obtain 

so so 

q[lf/8,e]-Elll/!8,ell 2 =8+t: f E(l)ls-solds-2t:fJo ff (t~8,2 J-tf813 f)sgn(s) 
-so -so w 

x (!OJ - (tz - rg)a,2 f - (t3 - t~)813 f - J) dt ds + o(t:). 

The integral term vanishes due to the parity of the sign function; putting then 8 = t:2 we arrive at 

q[lf/8,e] - Elllfr8,ell 2 = t:E(l)s6 + o(e). 

Since E(l) is negative, it is sufficient to chaose t: small enough to conclude the proof. 

(4.2) 

\ 

(3.3) S. Thin helical tubes 

Next we look what happens if it is the radius rather than the cross section of the helical tube which is locally changed; for 
simplicity we restrict ourselves to small perturbations of a thin tube. To this aim it is more convenient to use the approach due to [8] 
and [5] where the cross section is taken perpendicular to the tube axis. Let us stress that while helical tubes do not fall into the class 
of the asymptotically straight ones for which the existence of geometrically induced discrete spectrum was established in [5], the 
perturbation theory with respect to the tube radius developed there and in [4] remains nevertheless valid and we can use it here. 

Univerzita Karlova v Praze 
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The generating curve of our thin channel will thus helix a varying radius, 

Í'(t)= (t,R(t)cosB(t),R(t)sine(t)), tElR, 

whose image in JR3 will be denoted [I']. With f we conventionally associate its Frenet triad frame (t, n, b) consisting of its tangent 
normal, and binormal vectors. Furthermore, K, r will denote the curvature and torsi on of f, respectively. We suppose that ' 

B(t) = f3ot 

and the radius is slightly changing according to 

R(t) = Ro + e8(t), (5.1) 

where 8(t) is a fixed (nonzero) C2 smooth function of compact support and e is a small parameter by which we mean that 
ell8lloo « Ro. 

For further reference, let us first inspect the unperturbed helix, e = O; the correspondent quantities will be indicated by the zero 
subscript. It is straightforward to check that for I'o (t) = (t, Ro cos f3ot, sin f3ot) the Frenet triad is 

( 
1 Rof3o sin f3ot Rof3o cos f3ot) 

to(t) = j I+ Rfiti{- j 1 + R5f3( / 1 + R5f3J • 

no(t) =(O, -cosf3ot, -sinf3ot), 

( 
Rof3o sin f3ot cos f3ot ) 

bo(t) = /1 + RJf3J ' /1 + R5f3J ' - /1 + R5f3'J . 

The normal vector no(t) is perpendicular to the helix axis while the tangent to(t) and binormal bo(t) contains with it nontrivial 
angles independent of t; the curvature and torsion are also constant and equal to 

f3o 
ro = 1 + R2{32. 

o o 
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To use the above mentioned results [5] and [4] we have replace t in the parametrization of [I'] by the are length of the curve, urriv 
I'(s) := Í'(t(s)), where t(s) is determined by the implicit equation 

t(s) 

s= j IÍ'(r)I dr. (5.2) 

o 

The parametrization change makes, of course, little difference for the unperturbed helix where the two are mutually proportional, 
t(s) =s(l + R5f3J)-112. 

We will consider two models of thin helix quantum waveguides corresponding to different cross-sections. The latter will a family 

(i) 

w (s) of bounded connected neighborhoods of zero, typically obtained by rotations of a fixed w smooth with respect to s; the tube (ii) 
in question Q c JR3 is then defined as the image of the map sr-+ I'(s) + x2n + x3b, (xz, x3) E w(s), as s runs through R The 
Hamiltonian is again the Dirichlet Laplacian on Q denoted by H and the parametric description of Q makes it possible to replace 
it by a unitary equivalent operator on the "straightened" waveguide. The two models we will be interested in are the following: 

(i) The cross-section is two-dimensional, circular with I' at its centre, and perpendicular to the helix. In that case we can make (1) 

fixed in the so-called Tang coordinate system which rotates around t with respect to the Frenet triad with the angular velocity r. 
In that case one achieves a full decoupling of the longitudinal and transverse coordinates in the "straightening" transformation, 
see [5] for details. The perturbation theory with respect to the circle radius developed there shows, in particular, that the bottom 
of the spectrum for a thin tube is determined-after subtracting the continuum threshold energy-by the one-dimensional 

d2 . 
Hamiltonian T := - d2s + Ve?f0 (s) with the effective potential 

. 1 2 
vcirc(s) ·- --K(s) 

eff ·- 4 · (5.3) 

Ack 

v 
in p; 
LCO 

(ii) The optical waveguides which we use as a motivation [1] are, however, far of a circular shape having a very elongated cross Reft 
section the sizes of which in two principal directions may differ by as much as two orders of magnitude. In such a case it 
is appropriate to use an idealized description dueto [4] in which the cross section is a one-dimensional segment and Q has LIJ J 

thus form of a winding ribbon; in accordance with [1] we suppose that the segment w(s) is perpendicular to the helix axis. 
To achieve that, the function a describing the rotation of w must be such that (ncosa - bsina)(s) is perpendicular the axis 
direction for any s, i.e. that the first component of this vector vanishes. By the analysis of [ 4] the weak-coupling problem is 3 \\ 
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again described in the leading order by a one one-dimensional operator in which the effective potential (5.3) is replaced by 

(5.4) 

Conditions for the existence of weakly bound states can be thus deduced from well-known properties of effective opera

tor - d~2s + Veff which has isolated eigenvalues if3 the potential is attractive in the mean, JIR CVeff(S) - Eo) ds < O, where 
Eo := lim1sl--->oo V(s); in our case the limit obviously exists since the curvature and torsion are constant outside a compact set. 

Let us look now what the above condition gives for the described geometries. Since the radius perturbation is weak by assump
tion, for the arc-length of perturbed helix we get from (5.2) the relations 

s 
t(s) = + O(s) =: to(s) + O(s); 

J1 + RJfJJ 

since 8 E C2 by assumption, also the first two derivatives of t(s) and to(s) coincide up to O(s). Then we can compute the geometrie 
quantities which enter the above expressions for effective potentials; after a straightforward if tedious computation we get 

2 24 22 „ 
({J0 - R0 {J0 )8(to(s)) - (R0 {J0 + 1)8(to(s)) ( 2) 

K(s)=Ko+ 2 2 2 s +O B ' 
(1 + RofJo) 

2 4 2 2 „ R0 {J0 8(to(s)) + (R0 {J0 + 1)8(to(s)) ( 2) 
r(s) = ro - 2 

2 2 2 
e +O s , 

RofJo(l + R0 {30 ) 

.Š(to(s)) 2 tana(s) = - e + O(s ) . 

RofJoJ1 + R5fJ5 

Comparing this results with the effective potential for the ribbon (5.4) we see that the terms linear in Š(to(s)) do not contribute 
to the integral in the condition J CVeff(s) - Eo) ds = O if 8 is smooth as assumed, and thus the ribbon twisting described by the 
function a plays no role in the leading order. Computing the effective potentials explicitly with the help of the above formulae we 
arrive at the following conclusions: 

(i) for the circular tube we have 

circ _ R5fJÓ Rof3ÓCR5f3J- l)tS(t(-)) + Rof35CR5fJ5 + l)Š(t(s)) ( 2) 
V ff (s) - - + 2 2 B + 0 B . 

e 4(1 + R5fJ5)2 2( I + Rof3o)3 
(5.5) 

Hence we can distinguish two cases: for a "steep" helix, Rof3o > 1, a weakly bound state occurs if JIR 8(t) dt <O, i.e. in the 
situation where the helix radius is locally reduced. On the other band, for a small pitch angle, Rof3o < 1 the bound state occurs 
if JR 8(t) dt > O, i.e. if the radius is locally enhanced. 

(ii) in the ribbon case we have 

ribbon R5f3Ó - 2fJJ R~.86<R6.85 - 5)8(1 (s)) + (1 + R5.BJ )CR5.85 - 2)8(1 (s)) O( 2) 
V (s)= - + B + B 

eff 4(1 + R5f3'1Y 2Ro(l + R5.BJ)3 ' 
(5.6) 

and again we have two cases differing from the previous situation just by the critical value of the pitch angle. For Rof3o > ./5 
the bound state occurs under the local "squeezing", while for Rof3o < ./5 we have to "inflate" the helix locally to achieve 
binding. Recall also that another condition for absence of bound states for strips on ruled surfaces was derived in Ref. [11]. 
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Abstract. We consider Schrodinger operators in dimension v 2': 2 with a singular interac
tion supported by an infinite family of concentric spheres, analogous to a system studied 
by Hempel and coauthors for regular potentials. The essential spectrum covers a half line 
determined by the appropriate one-dimensional comparison operator; it is dense pure point 
in the gaps of the latter. If the interaction is nontrivial and radially periodic, there are infi
nitely many absolutely continuous bands; in contrast to the regular case the lengths of the 
p.p. segments interlacing with the bands tend asymptotically to a positive constant in the 
high-energy limit. 
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1. Introduction 

Operators with unusual spectral properties are always of interest. This applies, for 
instance, to spectra consisting of interlaced intervals of different spectral type. A 
typical situation where they can occur concerns Hamiltonians of quantum systems 
with radially symmetric potentials such that the radial function is períodic. 

The idea can be traced back to the paper [I] by Hempel, Hinz, and Kalf who 
asked whether the gaps in the spectrum of the one-dimensional Schrodinger oper
ator 

d2 
- dr2 +q(r), (1.1) 

with an even potential, q(-r) = q(r), are preserved or filled up as one passes to 
the spherically symmetric operator 

(1.2) 

They proveď that for potentials which do not oscillate too rapidly and belong 
to L{0/JI~.). with the negative part uniformly locally integrable, the gaps are filled, 

\ 

\ 
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i.e. the essential spectrum covers the half line [/1.0, oo), where A.o is the essential
spectrum threshold of the associated one-dimensional operator (1.1). In the subse
quent paper [2] Hempel, Herbst, Hinz, and Kalf proved that if, in addition, q is 
periodic on the half line the absolutely continuous spectrum is preserved and the 
gaps are filled with a dense point spectrum. 

The spectrum has been studied further from the viewpoint of the eigenvalue dis
tribution in the gaps [3], and moreover, it was shown that the system has a fam
ily of isolated eigenvalues accumulating at the essential-spectrum threshold [4, 5]. 
Similar properties of the essential spectrum for analogous systems described by 
magnetic Schrodinger operators [6, 7] and Dirac operators [8] have also been 
investigated. 

A characteristic property of such an interlaced spectrum is that the intervals of 
dense pure point spectrum shrink as the energy increases. The aim of this letter is 
to present an example where the widths of the dense-point "bands" do not tend to 
zero in the high-energy limit, i.e„ as the band index goes to infinity, but instead 
to a positive constant. Since the asymptotic behavior is determined by that of the 
underlying one-dimensional problem, and thus by the regularity of the potential q, 
it is clear that we have chaose a singular interaction; we will investigate a family 
of Schrodinger operators given formally by 

li 

with a 8 interaction supported by a family of concentric spheres. We will describe 
the model properly in the next section, then in Sections 3 and 4 we will demon
strate the indicated spectral property. 

2. Description of the Model 

We start with the description of the one-dimensional model h = - :,22 + 
a LnEZ 8(x - x 11 ). We briefiy recall its rigorous construction [9] and summa
rize some of its properties. Throughout the article we assume that the distances 
between the interaction sites have a lower bound, inf11 ,tm lxn - Xm I = d > O. Under 
this assumption the symmetric form ta defined by 

ta[f, g]=(f', g')+a Lf(x11 )g(x11 ), D(ta)=1i 1 • 2 (~). 
nEZ 

is closed and bounded from below [9, 10]. We identify the corresponding self
adjoint operator ha, in the sense of the first representation theorem [11], with 
the formal operator mentioned above. One can describe it explicitly in terms of 
boundary conditions: it acts as haf= - f" on the domain 
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As in the regular case discussed in [l], our proofs use certain inequalities between 
norms of u, u', u"; we summarize them in the following lemma. 

LEMMA 2.1. (i) Let a > O. There exísts a positive b such that 

00 00 

lal L lf(xn)l2 ~ a J IJ'(x) l2 dx +b J lf(x)l2 dx 
n -oo -oo 

(2.1) 

holds for every f E1íl,2(JR). 

(ii) There is a constant C > O such that for every function u in the domaín of the 
operator ha we have 

llu'll ~ C(llhaull +Ilf li). (2.2) 

(iii) For every e > O there is a 8 >O such that the inequality 

y y+d y+d 

J lu'(x)l2 dx ~ e J lu"(x)l2 dx+8 J lu(x)l2 dx (2.3) 

~ ~~ ~~ 

holds true for every y ::::: YD and u E D(ha). 

Proof (i) Let I c JR be an interval and f E 1í1• 2(1). By a standard embedding 
we ha ve 1í1• 2(1) ~ C(/), more explicitly, there is a C >O such that 

lf (x)l
2 

<e c (/ lf (y) 1
2 

dy +!I!' (y)l2 
dy) (2.4) 

holds for every x E I. Let {Yn }nEíZ be an increasing sequence of positive num
bers such that sup IYn+I -y11 I> 2. We then have the family of mutually dis
joint intervals In= (y11 -1, Yn + 1) and summing the inequalities (2.4) for I= 
/ 11 over n we get 

To conclude the argument we employ a scaling. The last inequality applied 
to Íe: fe(x) = f (ex) gives 

L lf(eYn)l2 ~ C (e-J J lf(y)j2 dy+e JJJ'(y)j2 dy) ; 
l!EÍZ 0 0 

and the claim then follows by substitution Yn =x11 e- 1 with e such that Ce< 
a la 1-1 and sup I Rn+ 1 - Rn I > 2e, since without loss of generality we may sup
pose that a i- O. 

\ 

\ 

\ 
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(ii) The claim follows from (i) with a fixed a < 1 in combination with the rela
tion 

where in the second line we have used a consequence of the Cauchy
Schwarz inequality, (Ha,IÍ. f) S iCllHa,t!ll 2 + 11!11 2

) . 

(iii) Here we employ the Redheffer inequality [12), which states that 

b b b J IJ'(x)i 2 dx Se J lf"(x)i 2 dx+ó J lf(x)i 2 dx 
a a a 

holds for any t: > O, 8 large enough, and f twice differentiable in an inter
val [a, b]; without loss of generality we may assume that 8 does not depend 
on the length of the interval provided that lb - a I ::::_ d. Let Xm < Xm+ 1 < · · · < 
XM be the 8 interaction sites in the interval [yo,y] , and put A:=max{xm-1 . 
yo - d}, B := min{yo + d , XM+d· Since u E D(h11 ) is twice differentiable in 
every interval (xi, Xi+l) for m -1 S i S M, we have 

Y Xm Xm B 

j lu'(x) i2 dx S j lu' (x)i 2 dx + j lu' (x)l 2 dx+ „ · + j fu'(x) l2 dx 

YD A Xm+I XM 

S e (J'1u"i
2
+·· · + i lu" l

2
) + ó (J'1ul

2
+ „ ·+ i lul

2
) 

A XM A XM 

y+d Yo+d 

Sej lu"(x)i2 dx+ó J lu(x )l2 dx , (2.5) 

yo-d yo-d 

which concludes the proof. D 
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The Kronig-Penney model corresponds to a periodic arrangement of the 
8-interactions, for instance, x 11 = ( n - ! ) d. It has a purely absolutely continuous 
spectrum with the known band structure [9]. Specifically, each spectral band has 
one endpoint (it depends on the sign of a whether it is the left or the right one) 
equal to rr 2m 2/d2 with mEZ+. The gap widths behave asymptotically as 21ald-1 + 
O(m- 1) as the band index m ~ oo. These properties do not change when we pass 
to such a system on a half line with any boundary condition at the origin, the only 
modification will be that the spectral multiplicity would be one instead of two. 

After this preliminaries let us pass to our proper topic and define an operator 
which can be identified with (l .2); we suppose again that the distances between 
the spheres are bounded from below, inf I Rn - R111 I = d > O. As above we employ 
the appropriate symmetric form 

Ta[f, g]= J \,7f(x)·\,7g(x)dvx+a L J f(x)g(x)dQ, 

IR" li SR„ 

this time with the domain D(Ta)=CQ°(!Rv\{O}), where SR„ is the sphere of radius 
R11 and dQ is the corresponding "area" element. Since the form is spherically sym
metric, it is natural to use a partial wave decomposition. Consider the standard 
isometry 

v-l 
Uf(r) =r--r f(r), 

which allows us to write 

and 

L2(JRV)=EB u- 1L2(0, oo)@L2(S1) 

I 

ta=EB u-1ta.1u011, 
I 

where 11 is the unit operator on L 2(S1) and 

. Joo(, , 1 [(v-l)(v-3) ] ) Ta,1[f,g]= f (r)g (r)+ rZ 
4 

+l(l+v-2) f(r)g(r) dr+ 

o 
+a Lf(Rn)g(R11 ), 

li 

with D(Ta,i)=CQ°(O, oo). Let us introduce next the related operators 

. d2 1 ((v-l)(v-3) ) 
Ha.1=- dr2 + r2 4 +l(l+v-2) ' 



\ 
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with the domains D(Ha,1) given by 

D(Ha,t)= { fEL 2(0, oo); fEC(~)nCQ° ((O,oo)\y{R11}} 
-!" + r1

2 
[(v- l)t-

3
) +l(l+v-2)] f EL2(0, oo); 

f 1(R11+)-J'(Rn-)=af(R11 ) ) . (2.6) 

if I =!=O or v 2: 4. In the remaining cases, i.e. for the s-wave in dimension v ~ 3 we 
have to add a condition on the behaviour of f at the origin to get an e.s.a. oper
ator. Explicitly for v= 2 and I= O it reads 

lim [.Jrlnrr1 f(r) =0, 
r---+0+ 

and for v= 3, I= O, we require 1 

f(O+) =0. 

Finally, the closure Ha of the essentially self-adjoint operator 

Ha=EB u-1Ha.1U©l1. (2.7) 
I 

corresponds to the formal Hamiltonian above. Let us state the basic fact about 
these operators underlying our later results; we skip the proof which is a straight
forward modification of the argument given, e.g„ in [9, 10]. lt can yield an explicit 
description of the operator domain, but we will not need it. 

THEOREM 2.2. (i) The quadratic forms Ta, 1 for any l and Ta are bounded from 
below and closable on L2(0, oo) and L2 (~v), respectively. 

(ii) The self-adjoint operator Ha corresponds to the closure of the form Ta in the 
sense of the first representation theorem. 

3. The Essential Spectrum 

Let us first introduce some notation which we will use throughout this section. We 
need a one-dimensional comparison operator. For simplicity we take an operator 
on the whole axis extending the family {R11 }~ 1 of the radii to {R11 }nEZ by putting 
R_ 11 = -R11+1 for n =O, 1,. „. By ha we denote the self-adjoint operator defined in 
the opening of the previous section in which we now put x11 := R11 ; the correspond
ing quadratic form will be again denoted as ta . By ha, R we denote the self-adjoint 

1 Both these conditions mean absence of a point interaction in the centre of the sphere. One 
can choose other self-adjoint extensions specified by different boundary conditions at the origin for 
these operators without affecting the validity of our main results . 
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operator obtained from ha by adding Dirichlet boundary conditions at the points 
±R. Since ha and ha, R ha ve a common symmetric restriction with finite deficiency 
indices we have 

(3.1) 

Furthermore, by ha, (a , b) and ha, R, (a , b) we denote the self-adjoint operator 
which is a restriction of ha, ha, R to L 2(a, b), respectively, with Dirichlet boundary 
conditions at the interval endpoints. We note that 

ha, R, (0, oo) =ha, (O, R) EB ha, (R, oo) · (3.2) 

We use a similar notation, namely Ha, I, R and Ha, 1, (a, b), for operators in every 
partial wave. Furthermore Ha, (p, R) denotes the restriction of Ha to the spherical 
shell BR\ Bp. Our main result in this section reads as follows . 

THEOREM 3.1. The essentia/ spectrum oj the operator Ha. the closure oj the oper
ator Ha as defined by (2. 7), is equal to 

aess(Ha) =[inf aess(ha), oo). 

The idea of the proof is the same as in [l]. First we check that inf aess(Ha) can
not be smaller than inf aess(ha), after that we will show that aess(Ha) contains the 
interval [inf ae88 (ha), oo). 

PROPOSITION 3.2. Under the stated assumptions we have 

Proof The partial-wave decomposition in Theorem 2.2 in combination with the 
minimax principie imply that the spectral minimum is reached in the s-state sub
space, hence it is sufficient to consider spherically symmetric functions only. Now 
the idea of the proof is to estimate inf aess(Ha) with the lowest eigenvalue /J-p, R 

of the operator Ha, (p, R) and p, R large enough. The associated-spherical sym
metric-eigenfunction UpR clearly satisfied the 8 boundary conditions so the proof 
may be taken literally from [I], Proposition 1. O 

PROPOSITION 3.3. aess(Ha) :J [inf ae58 (ha), oo). 

Proof The idea is to employ the Weyl criterion. We will follow [13] and sup
pose that Ao E aess(ha) and A> O; then we have to show that for every e >O there 
exists a function 

rpED(Ha) satisfying llrpll ~ 1 and llCHa-Ao-A)rpll :Se. 

\ 

\ 
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The key ingredients in the estimates of the proof of the regular case-cf. [13], (i), 
(ii) on the first page-corresponds literally to the equations (2.2) and (3.1) here. In 
order to use directly the said proof, we have to deal with the boundary conditions. 
To do this we use the simple observation that whenever 

then 

</>(x) = f([x[)g(i) E D(Ha), 

where we denote x = (x1, i). Now we consider such functions <f>(x) and follow step 
by step the proof in [13]. O 

4. Character of the Spectrum 

In this section we will make two claims about the character of the spectrum. The 
first one holds generally, without a specific requirement on the distribution of the 
8 barriers other than inf I Rn - Rm I= d >O. It stems from the fact that the essential 
spectrum of the associated one-dimensional operator ha may have gaps; we want 
to know what the spectrum of Ha looks like in these gaps. First we observe that 
in every partial wa ve 

(4.1) 

Indeed, in view of (3.1) we have 

and since Ha, 1. co. R) has a purely discrete spectrum, we use (3.2) to infer that 

aessCHa, 1) = aess(Ha, l, (R, oo))· 

Furthermore, a multiplication by (a multiple of) r-2 is ha, (R, oo) compact, which 
implies by Weyl's theorem that 

aessCHa, l,(R, oo)) = aessCha, (R, oo)), 

and using once more the "chopping" argument we arrive at (4.1). Now we are 
ready to state and prove the claim which is a counterpart of the result derived in 
[2] for regular potentials. 

THEOREM 4.1. Let Ha be as described above, thenjor any gap (a, b) in the essen
tial spectrum oj ha the jollowing is valid: 

(i) Ha has no continuous spectrum in (a, b); 
(ii) the eigenva/ues oj Ha are dense in (a, b). 
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Proof By (4.1), none ofthe operators H„,1, l=O, 1, 2, ... has a continuous spec
trum in (a, b), hence H„ has no continuous spectrum in this interval either. On the 
other hand, the entire interval (a, b) is contained in the essential spectrum of H„, 
and it follows that the spectrum of H„ in (a, b) consists of eigenvalues, which are 
necessarily dense in the interval. D 

Now we pass to a particular case when the 8-sphere interactions are arranged in 
a periodic way, R11 =nd-d/2 with d >O, and prove that in this situation there is a 
purely absolutely continuous spectrum in the bands of the associated one-dimen
sional Kronig-Penney model. The argument is similar to Section 2 of [2] so we 
will concentrate mostly on the changes required by the singular character of the 
interaction. 

LEMMA 4.2. Let (a, b) be the žnterior of a band of the operator h„ in L2(JR). Let 
further K C (a, b) be a compact subinterval, c ER and xo > d. Then there exžst num
bers Ci, C2 >O such that for every )... E K any solution u of 

li c 
-u + 2u =Au, u E D(h„), 

r 

with the normalization I u (xo) 12 + I u' (xo) 12 = 1 satisfies 

c? ::: lu(x)l2 + lu'(x)l 2 

and 

X 

j lu(t)l 2 dt '.'.: C2(x -xo) if x - 3d '.'.: xo > d. 

xo 

(4.2) 

(4.3) 

(4.4) 

Proof Let )... E K. As is well known [14] the equation haw = J...w has two line
arly independent solutions uo = uo(-, J...), vo = vo(-. J...) such that uo, vo satisfies the 
boundary conditions (2.6), and luol, lu~I. lvol, lvól are periodic, bounded and con
tinuous w.r.t. J.... Without loss of generality we may assume that the Wronski 
matrix 

has determinant equal to one. Let Co >O be a constant such that 

Given any solution u of (4.2), the function 

\ 

\ 

\ 
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satisfies the equation y'=Ay on every interval (<n-~)d, (n+~)d), where 

v2 ] 
-u~vo 

in analogy with [2]. By a straightforward calculation we get 

_ [ vóu - vau' ] 
y - -u0u + uau' ' 

, _ .!:.__ [-vou] Y- , 
X2 UQU 

which implies that y, y' are continuous at the singular points. Thus 

y(x) ~exp {l A(t) dt} y(xo) 

is a solution of y' = Ay and as in [2] it holds that 

1 
2<1Yl 2

)' ~ l(y, y')I ~ llAlyl2 

and so for x ~ xo we have 

ly(x) 1
2 

,; ly(xo) 1
2 

exp [ 2 l 11 A(t) li dt} ,; IY-
1
(xo)1

2 
exp [ 2 l llA(t) li dt] 

for any solution of (4.2) with the normalization lu(xo) 12 +lu' (xo) 12 = 1. From 
X 

L~1~;)J=Y(x)Y- 1 (xa)[~,~:~J+ j Y(x)A(t)y(t)dt, x ~xo, 
XQ 

we now infer the existence of a number C1 >O such that 

iu(x)i 2 + iu'(x)l2 ~Cf, x ~ xo, (4.5) 

holds for all solutions of (4.2) which are normalized in the described way. This 
proves the inequality (4.3). 

Let u be a real-valued solution of (4.2), again with the same normalization, and 
suppose that v is a solution such that 

v(xo)=-u ' (xo), v 1(xo)=u(xo). 

Then the Wronskian of u and v equals one, and therefore 

1 = [u(x)v1 (x) - u' (x)v(x)] 2 ~ [u2 (x) + u12 (x)][v2(x) + v'2(x)], x ~ xa. 

Since v satisfies ( 4.5) we find that 

x-d 
(x - d) - (xo + d) j 2 ,2 d c2 ~ (u +u )(!) t 

1 xo+d 
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and from Lemma 2.l(iii) we infer that 

X 

X- X -2tf J ~2 S C3 u2
(t)dt 

l xo 

holds trne for C3 large enough. Now the inequality d ~ x7o proves the assertion 
(4.4) with C2=1/(3CfC3). D 

In particular, this lemma proves through (4.4) that the operator Ha.i has no 
embedded eigenvalues in (a, b). Next we will derive a Lipschitz bound for the 
number of eigenvalues of the operator hk =ha, co, Rk+d/2); we denote their number 
in the interval (A.1, A.2) by Nk(A.1, A.2). 

LEMMA 4.3. Let (a, b) be a spectral band of the operator ha in L2(m?.) and let 
A.1 <a< b < A.2. Then there exists a number C >O such that 

(4.6) 

for every k E N. 

Proof Let h(ll) be the operator ha acting on L 2(0, d) with 8-periodic bound
ary conditions. Then A. is an eigenvalue of hk if and only if there is an integer 
j E {O, ... , k-1} such that A. is the eigenvalue of h(jrr/k). The eigenvalues of hC8l 
are the roots of Kronig-Penney equation, 

d 
a . 

cos(e ) = cos(A.d) + - sm(A.d) . 
2).. 

It follows from Theorem III.2.3.1 in [9] that there is precisely one eigenvalue of 
h(fl) in every interval ((k-1)2rr 2d-2, k2rr 2d-2). Hence 

NkCA.1, A.2) ~k f c~ -A)~l 
~k (c~ -A)~+ 1) ~ Rk(A2-A.1)c, 

where 

C:=2d(,JX2 - .JX1) + n; 
drr()..2- A.1) 

we have used here the fact that Rk - !d > !kd. o 

With these preliminaries, we are prepared to prove the absolute continuity of 
the spectrum inside the Kronig-Penney bands. 

\ 

\ 
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THEOREM 4.4. The spectrum oj Ha, 1 is absolutely continuous in the interior oj 
each spectral band oj ha. 

Proof Since the argument is similar to [2], [14, Theorem 15.3], we just sketch it . 
The aim is to show that for any fixed f E C0 (0, oo) the function llE(A.)fll 2 , where 
E(A.) denotes the spectral measure of Ha. /, is Lipschitz continuous for A. in the 
spectral band (a, b). As there are no eigenvalues of Ha, 1 in (a, b) by Lemma 4.2 
one has the strong convergence 

ER" (A.)~ E(A.), Rn ~ oo, 

where ER11 (A.) denotes the spectral resolution of Hk := hk + c r-2. And so it is suf
ficient to prove that for [a, ,B] c (a, b) 

(4.7) 

for any e. The spectrum of Ha, 1, R
11 

is purely discrete and simple. Let us denote 
its j-th eigenvalue by A. j and suppose that the associated eigenfunction </J j has the 
normalization 

l</J j (Ro) 12 + l<P} (Ro) 12 
= 1. 

Lemma 4.2 establishes the existence of numbers C1, C2 >O such that 

((ER"(,8)- ER"(a))f, f) S L l(f, </Jj)l211</Jjll-2 

a < Aj < fJ 

c2 c 
S 1 11!11 2 1suppfl L, lS 

3 
#{j:a<Aj S ,B} , (4.8) 

C2(R11 - Ro) a<Aj < /3 Rn - Ro 

for all R 11 >Ro . Now we fixe so small that [a-e/2, ,B+e/2]c(a, b) and choose 
R11 (e) SO that 

lcl e 
- < - for r > Rn(e) (4.9) 
„2 2 

and impose an additional Dirichlet boundary condition at the point Rn(e) · Then 
the interval (0, Rn(e)) contributes a certain number Ce of eigenvalues. On the other 
hand, from Lemma 4.3 we know that the number of eigenvalues of the operator 
h (k,,k) in [a-e / 2,,B+e/2] can be estimated by 

C(f3 -a+ e)R11 

and by the minimax principle and (4.9) the number of eigenvalues of HRn(sJ in 
[a, {3] is estimated by the same expression. In this way we have proved the bound 

#{j:a<A.j S {3) S Ct:+Co(,B-a+e)R11 • 

Finally, we substitute this result back into the right-hand side of (4.8), and tak
ing into account that R11 can be chosen arbitrarily large, we obtain the required 
inequality ( 4. 7) concluding thus the proof. D 
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INTERLACED DENSE POINT AND ABSOLUTELY 
CONTINUOUS SPECTRA FOR HAMILTONIANS 
WITH CONCENTRIC-SHELL SINGULAR 
INTERACTIONS 
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Abstract 

We analyze the spectrum of the generalized Schri:idinger operator 
in L2 (IR"), v~ 2, with a general local, rotationally invariant singular 
interaction supported by an infinite family of concentric, 
equidistantly spaced spheres. It is shown that the essential spectrum 
consists of interlaced segments of the dense point and absolutely 
continuous character, and that the relation of their lengths at high 
energies depends on the choice of the interaction parameters; 
generically the p.p. component is asymptotically dominant. We also 
show that for v = 2 there is an infinite family of eigenvalues below 
the lowest band. 

PACS number: 03.65.Xp 
keywords: Schrodinger operators, singular interactions, absolutely 
continuous spectrum, dense pure point spectrum 

1 Introduction 

Quantum systems with the spectrum consisting of components of a different 
nature attract attention from different points of view. Probably the most 
important among them concerns random potentials in higher dimensions -
a demonstration of existence of a mobility edge is one of the hardest questions 
of the present mathematical physics. At the same time, a study of specific 
non-random systems can reveal various types of spectral behaviour which 
differ from the generic type. 

An interesting example among these refers to the situation where the 
spectrum is composed of interlacing intervals of the dense point and abso
lutely continuous character. A way to construct such models using radially 

1 



periodic potentials was proposed in [1]: since at large distances in such a 
system the radial and angular variables "almost decompose" locally and the 
radial part behaves thus essentially as one-dimensional there are spectral in
tervals where the particle can propagate, with the gaps between them filled 
densely by localized states. 

To be specific consider, e.g., the operator t = -d2 /dx2 + q(x) on L2(JR) 
with q bounded and periodic. By the standard Floquet analysis the spec
trum of t is purely absolutely continuous consisting of a family of bands, 
a(t) = LJ~=0 [E2k, E2k+i], corresponding to a strictly increasing, generically in
finite sequence { Ek}f:=o· Suppose now that the potential is mirror-symmetric, 
q(x) = q(-x), and consider the operator 

T = -6 + q(lxl) 

on L2 (JRv), v ;:=::: 2. It was shown in [1] that the essential spectrum of T covers 
the half-line [ E0 , oo), being absolutely continuous in the spectral bands of t 
and dense pure point in the gaps (E2k-l, E2k), k= 1, ... N. 

The well-known properties of one-dimensional Schrodinger operators tell 
us that the dense point segments in this example shrink with increasing 
energy at a rate determined by the regularity of the potential. If we replace 
the bounded q by a family of 8 interactions, the segment lengths tend instead 
to a positive constant [2] , nevertheless, the absolutely continuous component 
still dominates the spectrum at high energies. 

The aim of this paper is to investigate a similar model in which a family 
of concentric, equally spaced spheres supports generalized point interactions 
with identical parameters. We will demonstrate that the interlaced spectral 
character persists and, depending on the choice of the parameters, each of 
the components may dominate in the high-energy limit, or neither of them. 
Specifically, the ratio of the adjacent pp and ac spectral segments, (E2k -

E2k-1)/(E2k+i - E2k), has three possible types of behaviour, namely like 
O(k!L) with µ = O, ±1. What is more, in the generic case we have µ = 1 
so the dense point part dominates, which is a picture very different from 
the mobility-edge situation mentioned in the opening. Apart of this main 
result, we are going to show that the interesting result about existence of the 
so-called "Welsh eigenvalues" in the two-dimensional case[3, 4] also extends 
to the case of generalized point interactions. 

2 
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2 The model 

As we have said, we are going to investigate generalized Schrodinger operators 
in JR„, v 2: 2, with spherically symmetric singular interaction on concentric 
spheres, the radii of which are supposed to be Rn = nd + d/2, n E N. 
It is important that the system is radially periodic, hence the interactions 
on all the spheres are assumed to be the same. In view of the spherical 
symmetry we may employ the partial-wave decomposition: the isometry U : 
L2 ((0, oo),r„_1dr) ---+ L2 (0, oo) defined by Uf(r) = rv2

1 
f(r) allows us to 

write L2 (Rv) = EB1EN0 u-1 L2 (0, 00) 0 Si, where 81 is the l-th eigenspace 
of the Laplace-Bertrami operator on the unit sphere. The operator we are 
interested in can be then written as 

HA:= EB u-1HA,1u 011, 
L· 

(2.1) 

where 11 is the identity operator on 81 and the l-th partial wave operators 

d2 1 [ (v - 1) (v - 3) ] 
HA l := -- + - + l(l +v - 2) 

' dr2 r 2 4 
(2.2) 

are determined by the boundary conditions1 at the singular points Rn, 

(2.3) 

in the transfer matrix A : = eix (:~) the parameters a, (3, I, 8 are real and 
satisfy the condition a(3 - 18 = -1. In other words, the domain of the 
selfadjoint operator HA,! is 

D(HA,1) = {f E L2 (0, oo): f, J' E AC10 c((O, oo) \ Un{Rn}); 

-J" + ~ [(v-l)1v-3
) + l(l +v- 2)] JE L2 (0, oo); 

F(Rn+) = AF(Rn-) }, (2.4) 

where the last equation is a shorthand for the boundary conditions (2.3). If 
the dimension v ::; 3 we have to add a condition for behaviour of f E D(H1) 

at the origin: for v = 2, l = O we assume that limr--to+[Jrln r]-1 J(r) = O, 
and for v= 3, l =O we replace it by f(O+) =O. Since the generalized point 
interaction is kept fixed, we will mostly drop the symbol A in the following. 

1 For relations of these conditions to the other standard parametrization of thc gener
alized point interaction, (U - I)F(Rn) + i(U + I)F'(Rn) =O, see [?] 
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3 Generalized Kronig-Penney model 

As in the regular case the structure of the spectrum is determined by the 
underlying one-dimensional Kronig-Penney model. We need its generalized 
form where the Hamiltonian acts as the one dimensional Laplacian except 
at the interaction sites, Xn := nd + d/2, n E Z, where the wave functions 
satisfy boundary conditions analogous to (2.3). To be explicit we consider 
the four-parameter family of self-adjoint operators 

hAf := -J", D(hA) = {f E 7-í2
'
2 (lR \ Un{xn}): F(xn+) = AF(xn-)} 

(3.1) 
with the matrix A same as above ( without loss of generality we may assume 
x = O because it is easy to see that operators differing by the value of x 
are isospectral). Spectral properties of this model were investigated in [6, 7] 
where it was shown that the following three possibilities occur: 

(i) the ó-type: (3 = O and "( = ó = l. In this case the gap width is 
asymptotically constant; it behaves like 2lald-1 + O(n-1) as the band 
index n ___, oo. This is the standard Kronig-Penney model. 

(ii) the intermediate type: (3 = O and l'Y + ól > 2. Now the quotient of 
the band width to the adjacent gap width is asymptotically constant 
behaving as arcsin(2ló + "fl-1 

)/ arccos(2ló + "fl-1) + 0(n-1 ). 

(iii) the ó' -type: the generic case, (3 i- O. In this case the band width is 
asymptotically constant; it behaves like SlfJdl-1 +0(n-1 ) as n ___, oo. 

Recall that these types of spectral behaviour correspond to high-energy prop
erties of a single generalized point interaction as manifested through scatter
ing, resonances [5], etc. 

There is one more difference from standard Floquet theory which we want 
to emphasize. It is well known [8] that in the regular case the spectral edge 
E0 corresponds to a symmetric eigenfunction. In the singular case this is no 
longer true; one can check easily the following claim. 

Proposition 3.1 Let u be an a-periodic solution oj the equation -u" = E0u 
on (-d/2, d/2) with U(xn+) = AU(xn-), where E 0 :=inf a(hA). Then u is 
periodic for (3 2': O and antiperiodic for (3 < O. 

To finish the discussion of the one-dimensional comparison operator, let 
us state three auxiliary results which will be needed in the next section. 
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Lemma 3.2 There is a constant C > O such that for every function u in the 
domain oj the operator hA it holds that 

(3.2) 

Proof: We employ Redheffer's inequality [9] which states that 

b ( b b ) ! lu'(x)l'dx,; C' ! lu"(x)l'dx+ ! lu(x)l'dx 

holds for any u twice differentiable in an interval [a, b] and some C' > O; 
then we get an inequality similar to (3.2) for the squares of the norms by 
summing up these inequalities with a= Xn, b = Xn+i, and the sought result 
with C = 2C' follows easily. • 

Lemma 3.3 The set oj functions from D(hA) with a compact support is a 
care oj the operator hA. 

Proof: To a given u E D(hA) and E > O we will construct an approximation 
function ué E D(hA) which is compactly supported to the right, i.e. it satisfies 
sup supp ué < oo, and 

1 (lu - uél 2 + lu" - u~l 2 ) (t) dt :SE . 

Given x E JR. and d > O we can employ for a function v E 1i2,2(x, x + d) the 
Sobolev embedding, 

1
x+d 

lv(x)l 2 + lv'(x)l2 :S sup lv(t)l 2 + lv'(t)l2 :S C1 (lvl 2 + lv"l 2)(t) dt 
tE[x,x+d) x 

with a constant C1 which depends on d but not on x. Let us take next a pair 
of functions, <Pi E C00 (O, d), i = 1, 2, such that they satisfy </>1 (O) = <P~ (O) = 1 
and </>~(O) = </>2(0) = </>i(d) = <P~(d) = O. Denote by Mi the maximum of 
l<Pi(t)l 2 + l<P~'(t)l2 and put M := max{M1, M2}; then it holds 

fo\ 1a<P1 + b</>21
2 + la<P~ + b<f>~l 2 )(t) dt :S 2Md(a

2 + b2
). 
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In view of the assumption made about the function u we can find n such that 
fx:'(lul 2 + lu"l 2)(t)dt :S€:= c/(2 + 8M dC1) and define 

{ 

u(x) 
u10 (x) := ~(xn+)</>1(x) + u'(xn+)</>2(x) 

if X :S Xn 
if X E ( Xn, Xn + d) 
if X 2:: Xn + d 

Then u 0 belongs to D(hA) being compactly supported to the right and 

r (lu - Ui:l 2 + lu" - u~l 2 ) (t) dt :S 2100 

(lul 2 + lu"l 2 + lui:l 2 + lu~l 2 ) ( t) dt JR Xn 

:S 21~ (lul 2 + lu"l 2)(t) dt + 8Md(lu(xn)l2 + lu'(xn)l 2) 

:S (2+8MdC1)1~ (lul 2 + lu"l 2)(t) dt :S (2 + 8MdC1)€ = c. 

Furthermore, one can take this function u0 and perform on it the analogous 
construction to get the support compact on the left, arriving in this way at 
a compactly supported Ue: such that 

and since c was arbitrary by assumption the lemma is proved. • 

The last one is a simple observation, which is however the main tool for 
conversion of the proofs in the regular case to their singular counterparts. 

Lemma 3.4 Let u, v E D(hA), then the Wronskian 

W[u, v](x) := u(x)v'(x) - u'(x)v(x) (3.3) 

is a continuous function oj x on the whole real axis. 

Proof: The condition af3 - "(Ó = -1 for the transfer matrix A is equivalent 
to A*cr2A = cr2, where cr2 is the second Pauli matrix[6]. Then we have 

W[u, v](xn+) = iU*(xn+)cr2V(xn+) = i(AU(xn-))*cr2AV(xn-) 
= iU*(xn-)cr2V(xn-) = W[u, v](xn-), 
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which concludes the proof. • 
The way in which we are going to employ this result is the following. Suppose 

we have real-valued functions u0 , v0 , u which are 7-i2 '
2 away from the points 

Xn and satisfy the boundary conditions (2.3) at them. Let, in addition, 
W[u0, v0] be nonzero - in the applications below this will be trne as uo, Vo 

will be linearly independent generalized eigenfunctions of hA - then by the 
lemma the vector function 

Uo Vo u w -l VoU - VoU 
[ ]

-1 ( ) ( I I ) 

y = u~ v~ u' = [uo, vo] -u~u + uou' (3.4) 

is continuous everywhere including the points Xn· 

4 The essential spectrum 

Now we are going to demonstrate the spectral properties of HA announced 
in the introduction. We follow the ideology used in the regular case [10, 
1], localizing first the essential spectrum and finding afterwards the subsets 
where it is absolutely continuous. In view of the partial wave decomposition 
(2.1) it is natural to start with the partíal wave operators H1. 

The essential spectrum is stable under a rank one perturbation, hence 
adding the Dirichlet boundary condition at a point a > O to each of the 
operators H1, hA we do not change theír essentíal spectrum. Moreover , mul
tiplication by cx-2 ís a relatively compact operator on L2 (a, oo), thus the 
essential spectra of the said operators coincíde, 

( 4.1) 

With this prerequisite we can pass to our first main result. 

Theorem 4.1 The essential spectrum oj the operator (2.1) is equal to 

(4.2) 

The idea of the proof is the same as in [10]: first we check that inf (/ess(HA) 
cannot be smaller then inf (/ess(hA), after that we show that (/ess(HA) contains 
the W hole interval [inf (! ess ( h A), 00). 
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Proposition 4.2 Under the assumptions stated we have 

(4.3) 

Proof: If v> 2 we infer from equations (4.1), (4.4) that 

notice that with the exception of the case v = 2, l = O the centrifugal term 
in the partial waves operators (2.2) is strictly positive, and consequently, the 
mini-max principle implies 

inf a(H1) 2: inf a(hA) =inf aess(H1) 2: inf a(H1). (4.4) 

For v= 2 the argument works again, we have just to be a little more cautious 
and consider in the first partial wave the infimum over the essential spectrum 
only. • 

Proof: The idea is to employ Weyl criterion [11]. Let ,\0 E aess(hA) and 
,\ > O, then we have to show that for every E > O there exists a function 

</> E D(HA) satisfying ll(HA - Ao - .-\)</>li :S cll</>11-

Basic properties of the essential spectrum together with Lemma 3.3 provide 
us with a compactly supported u E D(hA) such that llu" - ,\0ull :S ~E. in 
view of the periodicity we may suppose that supp u C (O, L ). Next we are 
going to estimate ,\ by the repulsive centrifugal potential in a suitably chosen 
partial wave. Putting lR := [.JV?J we have 

]_ [(v - l)(v -
3

) + lR(lR +v - 2)] = ,\ + 0(R-1) for r E [R, R+ LJ 
r 2 4 

as R-----; oo, hence choosing R large enough one can achieve that 

1

1 [(v-l)(v-3) ] I 1 sup 2 4 
+ lR(lR +v - 2) - ,\ :S 2c. 

rE [R,R+L] r 
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Next we employ the partial wave decomposition, considering a unit vector 
Y E Sin, and putting </J(x) := u-1u(lxl - R)Y(x/lxl). It holds obviously 
</JE D(HA), 11</Jll = llu(· - R)ll, and2 

llHA</J- (>.o+ >.)<Pli= llH1Ru(r - R) - (>.o+ >.)u(r - R)ll 
:s; llu"(r - R) - >.ou(r - R)ll 

+li (r
1
2 [(v - l~(v - 3

) + lR(lR +v - 2)] - >.) u(r - R)ll :s; cll<Pll, 

which concludes the proof. • 

Once the essential spectrum is localized, we can turn to its continuous 
component. In view of the decomposition (2.1) we have to describe the con
tinuous spectrum in each partial wave and the results for HA will immediately 
follow; recall that the essential spectrum of H1 consists of the bands of the 
underlying one-dimensional operator hA. Our strategy is to prove that the 
transfer matrix - defined in the appendix, Sec. ?? below - is bounded 
inside the bands, which implies that the spectrum remains absolutely con
tinuous [12, 13]. The following claim is a simple adaptation of the Lemma 2 
from [1] to the singular case. 

Lemma 4.4 Let (a, b) be the interior oj a band oj the operator hA in L 2 (JR). 
Let further K C (a, b) be a compact subinterval, c E JR, and x0 > O. Then 
there is a number C > O such that for every >. E K any solution u oj 

c 
- u"+ -u = >.u u E D(hA) 

r2 ' 
(4.5) 

with the normalization 

lu(xo)l2 + lu'(xo)l2 = 1 (4.6) 

satisfies in (x0 , oo) the inequality 

lu(x)l 2 + lu'(x)l2 :s; C. (4.7) 

2 For simplicity wc allow ourselves thc licence to write llJll = llf(·)ll = llf(r)ll in the 
following formula . 
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Proof For a fixed ,\ E K the equation hA w = ,\w has two real-valued, 
linearly independent solutions, u0 = u0 (·, A.) and v0 = v0 (·, A.), such that 
uo, Vo E D(hA) and the functions luol, lubl, lvol, lvbl are periodic, bounded, 
and continuous with respect to A., cf. [8]. Without loss of generality we may 
assume that the determinant of the matrix 

y = [uo Vo] 
u' v' o o 

equals one; note that u0 , v0 are real-valued and hence det Y is continuous at 
the singular points in view of to the Lemma 3.4. It is also nonzero, hence to 
any solution u of ( 4.5) we can define the function 

y := y-1 [~,] 

which satisfies 

y' = Ay on every interval (na, (n + l)a), (4.8) 

where the the matrix A is given by 

v2 ] 

-U~Vo ' 

being integrable away of zero. By a straightforward calculation we get 

[ 
v'u - vou' ] 

y = -~bu+ u0u' 

and using Lemma 3.4 again we infer that y is continuous at the singular 
points. Consequently, 

X 

y(x) = exp { j A(t) dt }v(x0) 

xo 

is a solution of (4.8) and following [1] we arrive at the estimates 
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and so 

X 00 

Jy(x) J

2 :s; ly(xo) 12 
exp { 2 J llAll (t) dt } '.S; IY-1 (xo)l2 exp { 2 J llAll (t) dt } 

xa xo 

for x :2: x 0 and every solution of (4.5) with the normalization (4.6). From 

[
u(x)] -1 [u(xo) ] lx u'(x) = Y(x)Y (xo) u'(xo) + Y(x)A(t)y(t)dt 

XQ 

we then infer that the function Ju(·)l2 + Ju'(-)12 is bounded in the interval 
(x 0 , oo) which we set aut to prove. • 
Now we are ready to describe the essential spectrum of HA. 

Theorem 4.5 For HA defined by (2.1) the jollowing is true: 

(i) For any gap (E2k-1, E2k) in the essential spectrum oj hA, 

(a) HA has no continuous spectrum in ( E2k-1, E2k), and 

(b) the point spectrum oj HA is dense in (E2k-1, E2k) · 

(ii) On any compact K contained in the interior oj a band oj hA the spec
trum oj HA is purely absolutely continuous. 

Proof (i) By (4.1), none of the operators H1, l =O, 1, 2, ... has a continu
ous spectrum in (E2k-l, E 2k), hence HA has no continuous spectrum in this 
interval either. On the other hand, the entire interval (E2k_ 1, E2k) is con
tained in the essential spectrum of HA; it follows that the spectrum of HA 
in (E2k-li E2k) consists solely of eigenvalues which are necessarily dense in 
that interval. 
(ii) The claim follows from the previous lemma and [12, 13]. To make the 
article self-contained we prove in the appendix A a weaker result which still 
guarantees the absolute continuity of the spectrum in the bands in our sin
gular case. • 
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5 The discrete spectrum 

Recall that with the exception of the case v = 2, l = O the centrifugal term 
in the partial waves operators (2.2) is strictly positive, hence by the mini
max principie there is no discrete spectrum below E 0 . On the other hand, in 
the two-dimensional case Brown et al. noticed that regular radially periodic 
potentials give rise to bound states [3] which they named in a nationalist 
spirit. Subsequently Schmidt [4] proved that there are infinitely many such 
eigenvalues of the operator H0 below inf O'ess(HA)· Our aim is to show that 
this result persists for singular sphere interactions considered here. 

Theorem 5.1 Let v = 2, then except oj the free case the operator HA has 
infinitely many eigenvalues in (-oo, Eo), where Eo := inf O'ess(HA). 

Proof: The argument is again similar to that of the regular case [4], hence 
we limit ourselves to just sketching it. First of all, it is clear that we have to 
investigate the spectrum of HA,D· 

Let u, v be linearly independent real-valued solutions of the equation 
hAz = E0z, where u is (anti)periodic - cf. Proposition 3.1. - satisfying 
W[u, v] = 1. We will search the solution of H0y = -y" - 4;2Y = Eoy, we are 
interested in, using a Priifer-type Ansatz, namely 

( y ) ( u v ) ( sin r ) 
y' = u' v' a - cos r ' 

where a is a positive function and r is chosen continuous recalling Lemma 3.4 
and eq. (3.4). It is demonstrated in [4] that the function 1(·) and the standard 
Priifer variable e(·), appearing in 

are up to constant asymptotically equal to each other as r--> oo. According 
to Corollary B.3 there are then infinitely many eigenvalues below E0 if e, and 
therefore also 1, is unbounded from below. 

Now a straightforward computation yields 

I 1 ( )2 1 2 2 ( 1 V ) 
2 

r = - - u sin r - v cos r = - - cos r u - tan r - - . 
4r2 4 r r u 
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Furthermore, the Kepler transformation given by the relation tan </> = (r-1 tawy
r-1v/u) satisfies 1(r) = <fJ(r) + 0(1) as r--> oo, and 

I 1( 1 2 2 1 2 ) <fJ = - - sin </J cos </J - -u sin <P - - cos <P 
r 4 u 2 

1 ( 1 1 2 . ( 1 1 2) ) = -- - +-u +sm2</J+ - - -u cos2</J 
2r u2 4 u2 4 

(5.1) 

holds on IR\ Un{rn} with the discontinuity 

1 /3 
tan</J(rn+) - tan</J(rn-) = - - ( ) ( ) , 

Tn U Tn+ U Tn-
(5.2) 

where f3 is the parameter appearing in (2.3). A direct analysis of the equation 
(5.1) shows that </J' :S O, and owing to (5.2) and Proposition 3.1 the corre
sponding discontinuity is strictly negative for f3 =I- O. Hence </J is decreasing 
and there is a limit L = limr-+oo </>( r). Suppose that L is finite. Then the 
condition I f0

00 
<P'(t) dtl < oo gives 

1 1 ( 1 1 ) u2 (r) + 4u
2
(r) +sin 2</J(r) + u 2 (r) -

4
u

2
(r) cos 2</J(r)--> O as r--> oo 

(5.3) 
and, as u is ( anti)-periodic and </J tends to a constant, we infer that u 2 is 
constant also, not only asymptotically but everywhere. With the excep
tion of the free case this may happen only for pure repulsive 8' interaction, 
f3 > O, a = O, 1' = o = 1. To finish the proof we employ eq. (5.3) again and 
observe that L =I- 7r /2 (mod 7r) holds necessarily. We thus find a monotonous 
sequence of points rn such that <fJ(rn-) < ~ (1 + [2

;]), where [·] is thein
teger part. Since </J is monotonous we have </J(rn±) 2:: L, hence all these 
points belong to the same branch of the tan function. Summing then the 
discontinuities (5.2) we get 

N 

:S L tan </J(ri+) - tan </J(ri-) 
i=n 

N 1 f3 
= - ~ ri u(rá )u(ri-) ' 

where the right-hand side diverges as N --> oo for any /3 > O, while the 
left-hand side tends to a finite number tan(L)-tan</J(rn-)· Hence L can be 
finite for the free Hamiltonian only, which was to be demonstrated. • 
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A Continuous spectra for one dimensional 
Schrodinger operators with singular inter
actions 

In this appendix we consider Schrodinger operators on a halfline, 

(Hu)(x) = -u"(x) + V(x)u(x) 

u(O) =O, U(xn+) = AU(xn-), 

where we suppose that the condition 

l 00 

lu'l
2 

:S f3 l 00 

(I Hul
2 + lul

2
), 

(1.1) 

(1.2) 

(1.3) 

holds for some (3, K > O and every u E D(H). This is obviously the case of 
operators HA,!, where in the dimension v > 2 we may put K= O, while for 
v = 2 we have to chaose K > O. 

Given a solution u of Hu= Eu we define the transfer matrix T(E, x, y) 
at energy E by 

T(E, x, y) ( ~(~?) = ( ~g]) . (1.4) 

Our purpose is to prove the following result. 

Theorem A.1 Let T(E, x, y) be bounded on S. Then for every interval 
(E1, E2) C S we have Pac((E1, E2)) > O and Psc((E1, E2)) = O, where p 
denotes the spectral measure associated with the operator H. 

Following [13] we employ the theory of Weyl m-functions. For E E C+ = 
{z, lm z > O}, there is a unique solution u+(x, E) of Hu+(x, E) = Eu+(x, E) 
with u+ E L2 at infinity, which is normalized by u+(O, E) = 1. We define 
the m-function by 

m+(E) = u~(O, E); 

the spectral measure p is then related to it by 

1 
dp(E) = - lim lm m+(E + iE), 

7r e !O 

where the imaginary part at the right-hand side can be expressed as 

lmm+(E) = lmE fo
00 

lu+(x, E)l2dx. 
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It is known, see [13] and references therein, that 

supp Pse= {E: lim lm m+(E + ic) = oo}, 
ELO 

while dpac(E) = ~lm m+(E + iO) dE. Theorem A.1 is then an immediate 
consequence of the following result. 

Theorem A.2 If T(E, x, y) be bounded as above and E E (E1 , E2 ), then 

liminf Imm+(E+iO) >O and limsup Imm+(E+iO) < oo. 

Proof: For x =/= Xn we have the relations 

dT(E, x, y) = (O V(x) - E) T(E ) 
dx 1 O 'x, y ' 

d (o dy ((T(E1, x, y)T(E2, y, x)) = (E1 - E2)T(E1, x, y) O ~) T(E2, y, x). 

It is straightforward to verify that T(E1, x, y)T(E2 , y, x) is continuous at 
singular points with respect to y and hence 

1-T(E1, x, O)T(E2, O, x) = 1ri: (E1 -E2)T(E1, x, y) ( ~ ~) T(E2, y, x)dy. 

Now we put E1 = E, E2 = E + ic and multiply by T(E + ic, x, O) from the 
right to get the formula 

T(E+ic, x, O)= T(E, x, 0)-(ic) 1:r: T(E, x, y) ( ~ ~) T(E+ic, y, O)dy. 

By assumption we have jjT(E, x, y)ll ~ C, and therefore 

llT(E + ic, x, O)ll ~ C + c 1rr CllT(E + ic, y, O)lldy, 

so by iteration we get 

llT(E + ic, x, O)ll ~ Ceccx. 
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Note that detT = 1 so l!Tll = l!T-1 1!. Putting now 'Y = ((E + 1)2(32 +1)-1 

and using the condition (1.3) we get 

{

00 

lu(x)l2dx ~ "( f
00 

(lu(x)l2 + lu'(x)l2)dx 
Ío }K 

~ 0-2/(l + lm+l2) Lao e-2éCxdx' 

hence by (1.5) we infer that 

1 
lm m+ ~ 2c-31(l + !m+! 2). 

From here the first claim follows immediately, and since 

2C3"V-1 > 1 + !m+l2 > lm I 
1 

- Imm+ - +' 

we get also the remaining part . 

• 

B Oscillation theory for singular potentials 

In the case of point interactions the classical oscillation theory fails due to 
discontinuity of the wave functions. Nevertheless, we can employ the continu
ity of the Wronskian and formulate the oscillation theory using the approach 
of relative oscillations [14]. The aim of this appendix is to present briefly the 
basic theorems; since the claims are the same as in the regular case we follow 
dosely the above mentioned article. 

We consider Schrodinger-type operators on L2(L, l+) with the singular 
interactions at the points Xn E (L, l+), n E M c N which act as 

Tu(x) = -u"(x) + q(x)u(x), 

with a real-valued potential q E L[
0
c(L, l+) and the domain 

D(T) = {u, u' E AC1oc(L, l+) \ LJ {xn} : 
nEM 

Tu E Lf0 c(l_, l+) and U(xn+) = AnU(xn-) }. 
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Such an operator is obviously symmetric. Denote by H an arbitrary self
adjoint extension of it satisfying either 

(a) T is limit point in at least one endpoint, or 

(b) H is defined by separated boundary conditions. 

By 7/J±(E, x) we denote real-valued solutions of the equation T7/J±(E, x) 
E7/J±(E, x), which satisfy the boundary conditions defining H at the points 
l±, respectively. Note that such solutions may not exist, the theorems given 
below implicitly assume their existence. In particulary, their existence is 
assure for energies E outside the essential spectrum. And with respect to 
analyticity in spectral parameter we may use the oscillation theory also at 
the edge of the essential spectrum. 

The first theorem to follow provides the basic oscillation result, while the 
corollary of the second one is the result used in Section 5. By W 0 (u 1 , u2 ) 

we denote the number of zeros of the Wronskian W[u1, u2](x) in the open 
interval (L, l+), and given E1 < E2 , we put No(E1, E2) = dimRanP(E1,E2 ), 

where P is a spectral measure of the self-adjoint operator H. In particular, 
in case of the pure point spectrum N0 (E1 , E2 ) simply denotes the number of 
eigenvalues in the interval (E1, E2). 

Theorem B.1 Suppose that E1 < E2 and put u1 = 7/J_(E1), u2 = 7/J+(E2). 
Then Wo(u1, u2) = No(E1, E2)· 

Theorem B.2 Let E1 < E2. Assume that either u1 = 7/J+(E1) or u1 = 

7/J_(E1) holds, and similarly either u2 = 7/J+(E2) ar u2 = 7/J_(E2). Then 
Wo(u1, u2) :S No(E1, E2)· 

Next we introduce Priifer variables Pi, ()i defined by 

( 
ui(x) ) ( cosBi(x) ) 
u~(x) =pi(x) sinBi(x)' 

where Pi is chosen positive and ()i is uniquely determined by its boundary 
value and the requirement that Bi is continuous on (L, l+) \ UnEM{xn} while 
its discontinuity at the sites Xn of the point interactions satisfies IBi(xn+) -
Bi(xn-)I =O (mod 11"). 

Corollary B.3 Suppose that E1 is the edge oj the essential spectrum, and 
u1 = 7/J_(E1) ar u1 = 7/J+(E1 ). Then H has infinitely many eigenvalues below 
Ei if B1 ( ·) is unbounded. 
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Proof: In analogy with the regular case the function B2corresponding to 
u2 = 1/J±(E) is bounded for negative E large enough. This implies that 
[B2 -Bi[___, oo and since W[u1, u2](x) = P1(x)p2(x)sin(B2(x)- B1(x)) we get 
W0 (u 1 , u2) = oo. Hence Theorem B.2. completes the proof. • 
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