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Preface

This thesis consists of five research papers which present new results in Choquet’s
theory of integral representation. Namely,

e M. Bacak: Representation of Concave Functions by Radon Probability Mea-
sures, WDS’06 Proceedings of Contributed Papers: Part I — Mathematics
and Computer Sciences (eds. J. Safrdankovd and J. Pavli), Prague, Mat-
fyzpress, pp. 106 — 111.

e M. Bacék: Point simpliciality in the Choquet theory, submitted to Extracta
Mathematicae.

e M. Bacak: Minimal measures and nonsimplicial function cones, submitted
to Commentationes Mathematicae Universitatis Carolinae.

e M. Bacak: Unique decomposition property and extreme points, to appear
in Rocky Mountain Journal of Mathematics.

e M. Bacak, J. Spurny: Complementability of spaces of affine continuous
functions on simplices, to appear in Bulletin of the Belgian Mathematical
Society.

In the first chapter, we employ Choquet’s theorem to obtain Radon probability
measures that represent given compact convex sets of L, functions, and we investi-
gate uniqueness of those representing measures. We get an example of a compact
convex set which is not a simplex, that is a set where maximal representing mea-
sures are not uniquely determined. That provides a natural motivation for a theory
developed in Chapter 2. We define the point of simpliciality as a point which has a
unique maximal representing measure. The set of all such points is called the set of
simpliciality. This is a central term of this work. We describe topological, algebraic,
and measure-theoretical properties of the set of simpliciality.

A generalization of point simpliciality for function cones is presented in Chap-
ter 3.

Forth chapter presents a solution to an open problem whether the Unique De-
composition Property of a function space is necessary for obtaining a full charac-
terization of extreme points of the unit ball in the dual space of a quotient of the
function space.

The last chapter includes a joint work with Jifi Spurny. We show that comple-
mentability of a space of affine continuous functions on a simplex does not depend
on topological properties of the set of extreme points. Namely, we have conctructed
two simplices X; and X5 with homeomorphic sets of extreme points such that the
space of affine continuous functions on X is complemented in C'(X;) whereas the
space of affine continuous functions on X5 is not complemented.






CHAPTER 1

Representation of Concave Functions by Radon Probability
Measures

ABSTRACT. The aim of this paper is to represent given sets of concave functions
by Radon probability measures. We define sets K, (for p € [1,c0]) of concave
functions from the spaces LP((0,1)) having some additional properties. These
sets of functions are convex and compact so that Choquet’s theorem can be used
to obtain existence of representing measures. Uniqueness is examined on a case-
by-case basis.

1.1. Preliminaries

At first, let us introduce some notation. The symbol x 4 means the characteristic
function of a set A, the symbol ext(A) denotes the set of all extreme points of a
convex set A. The set of all positive Radon measures on a compact space K is
denoted MT(K), the set of all Radon probability measures M!(K). By &, we denote
the Dirac measure at the point © € K. The symbol C(P) stands for the set of all
real-valued continuous functions on a topological space P.

We present some basic facts on the Choquet theory. Details can be found in [10]
or [24].

THEOREM 1.1.1. (Hervé) If C is a nonempty metrizable compact convex set in
a locally convex space E, then the set of extreme points ext(C') is Borel.

THEOREM 1.1.2. (Choquet) If C' is a nonempty metrizable compact convex set
in a locally convex space E, then for each x € C' there exists a Radon probability
measure p € MY(C) such that

0 @) = [ 1) auty)
for all f € E* and p(ext(C)) =1

A Radon probability measure p satisfying (1) is called a representing measure.
In general, it is not determined uniquely.

We say that a metrizable compact convex set K in a locally convex space is a
simplex if for each point x € K there exists only one representing measure pu €
M(K) such that p(ext(K)) = 1.

Let (X, 7) be a topological vector space. We say that a net (x,),er is a Cauchy
net if for every neighborhood U of 0 there exists vy € I' such that z, — z3 € U for
all a, B = 70. A subset M of a topological vector space is called complete if every
Cauchy net is convergent in M. A subset M of a topological vector space (X, 7) is
precompact if for every neighborhood U of 0 there exists a finite set F' C X such
that M C U + F. Analogously as for a metric space we have the following theorem,
see [16, Theorem 7.6].

THEOREM 1.1.3. A subset M of a topological vector space (X, T) is compact if
and only if it is complete and precompact.

9



10 1. REPRESENTATION OF CONCAVE FUNCTIONS

1.2. Definition of sets K,

We consider the space C((0,1)) of all continuous real functions on the interval
(0,1) equipped with the topology of the pointwise convergence. Then C((0,1)) is
a locally convex space and its topology is generated by the family of seminorms

{ps 1 x € (0,1)} defined by

po(f) = |f(@)[  forall f e C((0,1)).

Neighborhoods of 0 are indexed by € > 0 and by finitely many points x1,...,z,
from (0,1) :

Us(e,x1, ..., ) ={f € CU0,0)): |f(z)| <e,...,|f(xn)| < e}
Let us define the following sets of functions

K,={f:(0,1) = [0,00), f concave, ||f||r» <1}, p € [1,00].
PROPOSITION 1.2.1. The sets K, for p € [1,00] are convex.

Proof. We want to show that af +(1—a)g € K,, provided f, g € K, and a € (0, 1).
Since the function af + (1 — «)g is obviously nonnegative and concave, it remains
to show that its norm is less or equal 1. It follows from the triangle inequality that
loof + (1 = a)gll < [[ef | + (L = a)gl = allf| + (1 = a)]lgll < 1. We conclude that
the function af 4+ (1 — a)g belongs to K. O

We note that the sets K, are metrizable, since it suffices to take seminorms p,
for z rational. Consequently, we can deal with sequences instead of nets.

PROPOSITION 1.2.2. The sets Ky and K, are compact in C((0,1)) equipped with
the topology of the pointwise convergence.

Proof. Since both cases are similar we will proceed to prove compactness of K; and
K simultaneously. According to Theorem 1.1.3, we want to prove that these sets
are complete and precompact. To show completeness, consider a Cauchy sequence
{fn} of K; (of K, respectively). Then for every x € (0,1) and for every € > 0 there
is ngp € N such that |f,(x) — f(x)| < €, provided n, m > ng. For each = € (0,1)
one gets a Cauchy real-valued sequence. Using completeness of R we can define the
function f by

f@) = lm f(z), @ e (0D,

It is easy to see that f € K; (f € K., respectively). (The norm inequality in
the case of Kj follows by Fatou’s lemma). It remains to show that K; (K, re-
spectively) is a precompact set, that is, for each neighborhood Uy(e, x4, ..., x,) =
{f € C((0,1)) : |f(x1)] < &,...,|f(x,)] < €} to find a finite set G C C((0,1))
such that for every h € K; (h € K, respectively) there exists g € G such that
h € g+ Uy(e, x1,...,2,). Let us notice that obviously h(0,1) C [0,2] whenever
h € K1 UK. Fix m € N such that m > 1/e and denote zq = 0, 2,41 = 1. Define
F as the family of restrictions to (0, 1) of all piecewise linear continuous functions
g :[0,1] — [0,2] such that g(x;) € {k/m : k=0,...,2m}. Clearly, G has the desired
property. We conclude that the sets K; and K., are compact. O

We shall see in section 1.4 that compactness of K, for p € (1, 00), is useless.

In the following sections, we shall look for Radon probability measures that
represent elements of Kj,, where p € [1,00]. At first, we have to determine sets of
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extreme points of K. Then we use Choquet’s theorem which provides representing
measures supported by extreme points. Using images of these measures, we obtain
explicite integral formulas for elements of K, where the integration domain is a unit
interval. Finally, we examine uniqueness of representing measures.

1.3. Representation of functions from K

Extreme points of K. For every y € [0, 1] define the following functions g, on the

interval (0, 1) by
2%, O<z<y<l,
g9y(x) = Y
21T7 0< Y S T < 1,
y
for y € (0,1) and
gO(x) :2(1—l‘), gl(x) :21', ZS (071)
We claim that
(2) ext(K1) = {g, : y € [0,1]} U {0}.
It is easy to show that the zero function and every function g, are extreme points of
K. Indeed, suppose that g, = %(f—i—h) for some f, h € K;. Then from the fact that
f, h are concave we immediately get f = h = g,. Now, let us prove the opposite
inclusion in (2). Take f € ext(K;). Then clearly either f =0 or || f||z: = 1. Suppose
that ||f||z: = 1 and that sup f = 8 < 2. Denote ¢ € [0, 1] a point where the least
upper bound is attained. Let us define functions fy, fi on (0,1) by:

o) — f(z) = Bx, x<c,
o) {ﬁﬂ—w% c<a,

and

) PBa, r <c,
ﬁ””‘{ﬂ@—ﬁu—w,ch

It is straightforward to verify that these functions are concave. Further, denote
1 1
)\0 :/ fo(l’) dill', )\1 :/ fl(.fL') dx.
0 0

Then
)\0+)\1:1, )\0>O,)\1>0,
since f = fo+ f1 and || f||z: = 1. Now we have f as a convex combination

Jo S
= o= + A=
f % + SV
where fo/Xo, fi/M\1 € Kj. Since f € ext(K7), we get
_h_h
oo M

In particular,
A1 B, x € 0,d,
fla) =9 L
B —2), o€ le)
which is a contradiction to the assumption that 5 < 2 and simultaneously || f||,: = 1.

We conclude that sup f = 2. To finish the proof we notice that the only functions
in K having least upper bound 2 are exactly the functions g,, y € [0, 1].



12 1. REPRESENTATION OF CONCAVE FUNCTIONS

Representation of Ki. Applying Choquet’s theorem 1.1.2 to the set K7 we get that
for each f € K there exists i € M*(K) such that

o(f) = / o, F0) dile) orall pe C(0, 1)

and fi(ext(K,)) = 1. In particular, for the evaluation functional p(f) = f(z), = €
(0,1) we have

fa)= [ gla) dito)
ext(Kl)
or equivalently, since /i = fi + ¢ - &g for some ¢ € [0,1] and 1 € M*(K}), we have
fa) = [ 9(x) djg) + -0,
ext(K1)\{0}
Furthermore, let us define the homeomorphism @ : [0,1] — ext(K7) \ {0} : y — g,.

Then the image u of the measure i defined as y = ®~!/i is a positive Radon measure
on the interval [0, 1]. Hence

3) f@) = /[ ) dnty) v e (0,1)
f@) = /[ w]zl‘xdu(w /wzf duly), =€ (0,1)

1—y y

and p([0,1)) =1—c.
Choquet’s theorem does not assert uniqueness of representing measures. This
question is answered in the next paragraph.

Simpliciality of K;. We want to prove that K; is a simplex. Choose arbitrary
function f € K;. We begin with the claim that for each measure u satisfying (3) we
have hpo = T§, where pg = p [ (0,1), Ty is a distribution defined by

Ti(p) = o f(x) p(z) do for all p € C2°((0,1)),

and h is a density defined as h(z) = x(l_—fm), z € (0,1). In particular, we want

to prove uniqueness of the measure py. Obviously © = agg + pg + [Be; for some
nonnegative real numbers a, 3. Here ¢, €1 stand for Dirac measures from M*([0, 1]).
Let ¢ € C°((0,1)). By definition of the distributional derivative and by integration
by parts

i) = [ 1) dx—/mﬁugy dpuly) ¢'(x) de =

(0,1)

= / a2(1—z)p dx—i—/ / gy(x) dpo(y) ¢ (z) dz +
(0,1) 0,1) J(0,1)

+ B2x " (x dx—/ / gy(x) dpo(y) ¢ (z) da =
(0,1) 0,1) J(0,1)

= / / N x) dpo(y dx~|—/ / r) dpuo(y) dz.
01)J(02 L1 (0,1) J (,1)
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Using Fubini’s theorem and continuity of Lebesgue measure we get

1_
// T () duoly da:+/ / 2— z) dpoly) do =
(0,1) /(0,7] 1—y (0,1) J (x,1)
1_
:// T ) de dpoly //2_ 2) dz duo(y) =
(0,1) J (y,1) 1—y 0,1) J(0,y)

- /_)—yu_y) () duaoly).

The last equality follows by integration by parts. We have proven that the measure
hpo equals to the second distributional derivative T, thus it is determined uniquely.

Finally, we will prove uniqueness of the measure . It is enough to show unique-
ness of numbers «, 3. If there is another pair of nonnegative real numbers a4, [,
from (3) we get

f@) = a2 — ) + /( ) o) + 2

fla) =ai21 =)+ [ g,(a) dunly) + 20

(0,1)
These equalities yield

a2(l —xz)+ 22 — a;2(1 —z) — /120 =0

for x € (0,1). Thus a = a7 and § = ;. We get uniqueness of numbers «, 3. The
proof of simpliciality of K is finished.

1.4. Representation of functions from K, for p € (1, c0)
Extreme points of K, for p € (1,00). In this case, we have

ext(Kp) = {0y U{f € Kp: [[fller =1}

It is clear that every nonzero extreme point has norm 1. On the other hand, every
f € Ky, ||fllz, = 1, is an extreme point because L spaces are strictly convex for
p € (1,00). Consequently, this result makes sets K, for p € (1,00) of no interest
from the representation theorem point of view.

1.5. Representation of functions from K,

FExtreme points of K. We will show that

(4) ext(Ko) = {0} U{gap: 0<a<b< 1},
where
, 0<x<a,
Jap(T) = %, b<x<l,
1, a<x<b.

for a € (0,1), b € (0,1) and

go,b(l’) = {

—_

, 0<z<b,
b<z<l,

—
|
8

—_
|
S
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for b € [0,1) and

2, 0<z<aq,
ga,1<x) -
1, a<zx<l1,

for a € (0,1] and
goa(x) = 1.
It can be easily checked that ext(K) D {0} U{gap: 0 < a < b < 1}. Indeed,
suppose that g, = %(f + h) for some f, h € K. Then from the fact that f and h
are concave we immediately get f = h = g,5. Now, let f € ext(K ). Then clearly

either f =0 or sup f = 1.
1) If there is ¢ € (0,1) such that f(c) =1, denote

a=inf{z € (0,1): f(z) =1}, b=sup{z € (0,1): f(x)=1}.

If a =0and b =1, then f = go;. Otherwise, without loss of generality, we can
assume that b < 1. Since f is decreasing on (b, 1), the limit lim, ., f(z) exists.
la) If lim,,;— f(z) > 0, we can find § > 0 such that the functions

x € (0,0],
1-6)+96, zelb1),

=
5

N

>

and

B f(x); x € [O,b]a
folz) = { fx)(1+0)—0, z€b1],

belong to Ko and f =1 (fi + f2). Then f ¢ ext(Kx).
1b) If lim,—;— f(x) = 0, and f # =% on (b, 1) then there exist s, ¢ € (b, 1) such that

(5) Fl(s) < fL(b).

Let A = f(b) — f(s) + f.(s)(1 —s). Then A € (0,1), because of (5). Define the
function f; by

f(x), x € (0,0,
filz) = A7 f@) = f(s) + fL(s) (1 —5)), x € [b,s],
AL (s)(1 — ), x € [s,1),
and function fy by
f (@), z € (0,b],
fo(z) =14 1, x € [b,s],

(1 =N (f(@) = Ma(@), z€s1).

It is straightforward to verify that these functions are concave and thus fi, fo € K.
Since f = Afi + (1 — ) fo, we get f & ext(K).

lc) If lim, ;- f(z) = 0, and f = =% on (b, 1), then we can symmetrically prove
that f ¢ ext(K.), provided f # £ on (0,a).

2) If f(c) < 1forall c € (0,1), then lim, o4 f(x) =1 or lim, ,— f(z) = 1. Without
loss of generality, assume that lim, .o, f(x) = 1. Following the steps la) and 1b)

with setting b = 0, we can prove that f = goo. Hence (4) holds.



1.5. REPRESENTATION OF FUNCTIONS FROM K 15

Representation of K. From Choquet’s theorem 1.1.2 the following representation
for the set K, can be obtained. For each f € K, there exists i € MI(KOO) such
that

o(f) = / o PO i) orall p OO 1)

and fi(ext(KL)) = 1. In particular, for the evaluation functional o(f) = f(z), © €
(0,1) we have

f(z) = / o, 9@ 33,

or equivalently, since /i = fi + ¢ - g for some ¢ € [0,1] and i € M (KL), we have

f(x) = / g(x) dilg) +c- 0.
ext(Koo)\{0}

Furthermore, let us define the homeomorphism @ : {0 < a < b < 1} — ext(K) \
{0} : (a,b) — gap. Then the image p of the measure i defined as p = &'/ is a
positive Radon measure on the set {0 < a < b < 1}. Hence

f(a) = / Gunlz) dps(a,b),

{0<a<b<1}

and p({0<a<b<1})=1-c

Simpliciality of K. As we will see, the set K., is not a simplex. Consider the
function f € K, defined as

%x, x € (0, %],
f(l’) = %7 T e [%p%]?
‘51(1—:15), T € [%,1).

This function can be decomposed in two different ways:

1 Ly
= (o1 +o1z) + 30
and
1 2
=3 giz + 3 0.
Then for every continuous linear functional ¢ on C((0,1)) holds
1 1
o(f) = 7 (#loy3) +(93.9) + 5 @(0),
and
1 2
p(f) =5 elorz) + 5 @(0)

1 1 1 1 2
In other words, the measures 3 €911 + 7 €93 3 + 3¢ and 3 €91 3 + 5 g0 are two

different measures representing the function f which are supported by ext(K ). We
conclude that K, is not a simplex.
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1.6. Endnotes

(i) We saw that the set K is not a simplex. In this case it is possible to
study simpliciality as a point phenomenon, that is to ask at which points
there exist unique representing measures supported by extreme points. It
is not known to us, which points of K., have unique representing measures
supported by extreme points.

(ii) The Krein-Milman theorem can be used instead of the Choquet theorem,
because the sets of extreme points are closed.



CHAPTER 2

Point simpliciality in the Choquet theory

ABSTRACT. Let H be a function space on a compact space K. If H is not simplicial,
we can ask at which points of K there exist unique maximal representing measures.
We shall call the set of such points the set of simpliciality. The aim of this paper
is to examine topological, algebraic and measure-theoretic properties of the set
of simpliciality. We shall also define and investigate sets of points enjoying other
simplicial-like properties.

2.1. Introduction

The conception of the infinite-dimensional simplex in locally convex spaces was
introduced by G. Choquet, see [11]. Later, it was generalized by means of measure
theory for general (nonconvex) compact spaces as the simplicial function space.
Several authors (e.g. C.-H. Chu [12], J. Kohn [17], A. Lima [18]) have studied
simpliciality restricted on faces generated by a given point. In Kéhn’s paper [17],
there is an implicit definition of point simpliciality and some equivalent conditions
for it. We should also mention an abstract framework due to S. Simons, [28].

In this paper, we define a point of simpliciality, this enables us to consider
simpliciality as a point phenomenon. Then we define the set of simpliciality as the
set of all points of simpliciality. Moreover, we use a more general setup of function
spaces, than that used in previous work (cited above) concerned with simpliciality
of faces. That was limited to compact convex subsets of locally convex spaces.

The main results of this paper (Theorems 2.4.1, 2.4.5, 2.5.6, 2.6.2, 2.6.4) de-
scribe properties of the set of simpliciality (and Bauer simpliciality). We also define
“generalized” simpliciality in the set of Radon probability measures, this provides a
characterization of measures carried by the set of simpliciality (Theorem 2.5.1) and
enables us to prove measure extremality of the set of simpliciality (Theorem 2.5.6).

2.2. Preliminaries

At the beginning we introduce some notation and basic facts concerning Cho-
quet’s theory, for details, see e.g. [1], [10], [20] or [24]. All topological spaces in this
paper are supposed to be Hausdorff. Let K be a compact space. The symbol C(K)
stands for the Banach space of all real continuous functions on K equipped with
the sup-norm. A subspace H of C'(K) is called a function space on K provided it
separates points of K and contains all constant functions. Notice that the function
space ‘H does not have to be closed. Let us denote the set of all Radon measures,
positive Radon measures and probability Radon measures as M(K), M (K) and
MI(K), respectively. These sets of measures are equipped with the weak* topology.
We say that a measure u € M (K) represents a point x € K if f(x) = uf for all
f € H. If a measure pu represents a point x € K, we also say that x is the barycenter
of p, and we denote x = r,,. Since H separates points of K, the barycenter of p, if
it exits, is determined uniquely. The set of all measures representing a point x € K

17



18 2. POINT SIMPLICIALITY IN THE CHOQUET THEORY

will be denoted by M, (H). Further, we define an equivalence on M*(K) by
p~v if p—veHt

where H* stands for the anihilator of H defined as H+ = {u € M(K) : pf =
0 for all f € H}.

We shall denote the set of all measures v € M!(K) which are equivalent with
a given u € MYK) as M, (H). Clearly, M., (H) = M,(H), where £, denotes
the Dirac measure at a point x € K. The symbol Chy(K) stands for the Choquet
boundary, which is, by definition, the set of all x € K having only one representing
measure &£,.

We present two examples of function spaces.

EXAMPLE 2.2.1. Let X be a compact convex subset of a locally convex space. The
set of all continuous affine functions A(X) is a function space on X. The Choquet
boundary corresponds with the set of extreme points of K. We will refer to this setting
as to the “conver case”. As we will see later (definition of the state space), every
compact space (with a function space defined on it) can be considered to be embedded
into a certain compact convex set (which depends on the function space). In this
sence, the “convex case” is the most important example.

EXAMPLE 2.2.2. Let U be a bounded open subset of the Fuclidean space R™. Then
H(U), the family of all continuous functions on U which are harmonic on U, is a
function space on the compact set U. The Choquet boundary of H(U) corresponds
with the set Uyeg of Tegular points of U (see [23, Theorem, p. 625]).

Define the state space of a function space H as
SH)={peH : 0< o, [¢l =1}
It is well known that H* is isometrically isomorphic to the quotient space
M(K)/H*

and that

S(H) = n(M(K)).
Here 7 stands for the quotient mapping from M(K) to H*. Furthermore, define
homeomorphic embedding ¢ : K — S(H) : x +— ¢, by ¢, = m(e,).

A Borel bounded function f on K is said to be H-affine if f(z) = pf, for
all x € K and p € M, (H). Let us denote the set of all H-affine functions on
K as A(H) and the set of all continuous H-affine functions on K as A°(H). It
is a closed subspace of C'(K) and it contains H. In the “covex case”, we have
A°(H) = H = A(X), hence A°(H) is the set of all continuous affine functions.

A Borel bounded function f on K is said to be H—-conver if f(x) < uf, for all
r € K and u € M,(H). Denote the set of all H—convex functions on K as K(H)
and the set of all continuous H-convex functions on K as K°(H). The cone of all
continuous H-convex functions induces so-called Choquet ordering < on M™*(K) by

pw=v if pf <vf for all f € K(H).

LEMMA 2.2.3. Let f be a semicontinuous H—convex function and u, v € M*(K).
If u v, then uf < vf.

Proof. Can be found in [21, Lemma 2.7] O
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For each measure p € M*(K), there exists a maximal (in the Choquet ordering)
measure v € M'(K) such that u < v. The set of all maximal measures representing
a point € K will be denoted by M®**(H). If K is metrizable, then the Choquet
boundary is a Borel measurable set and a measure p is maximal if and only if
(Chye(F) = 1.

A function space H on a compact space K is called simplicial if, for every x € K,
there exists a unique maximal measure p € M, (H). Moreover, if Chy(K) is closed,
then H is called a Bauer simplicial space. We shortly say that a compact convex
set X is a Choquet simplez, if A(X) is simplicial.

For a bounded function f on K, its upper envelope f* is defined as

ff=inf{h: h> f, h € H},
and its lower envelope f, as
fe=sup{h: h < f, heH}.

An upper envelope is upper semicontinuous and — f* € IC(H).
The following lemma is called the Mokobodzki maximality test ([21, Theorem
2.8]).

LEMMA 2.2.4. A measure p € MY (K) is mazimal if and only if uf = uf* for
all f € K(H).

Let X be a compact convex subset of a locally convex space, we say that a
subset I C X is extremal if for any z,y € X, t € (0,1) is z,y € F, provided
tr+ (1 —t)y € F. If Fis extremal and convex, we say that F'is a face. Let x € X,
we can define the smallest face face(x) containing = as the intersection of all faces
containting x.

The following Proposition is due to J. Kéhn, [17, Proposition 2.

PROPOSITION 2.2.5. Let X be a compact convex subset of a locally convex space,
x € X. Then there exists a unique mazximal measure representing the point x if and
only if, for every y € face(x), there exists a unique mazimal measure representing
the point y.

A Borel set B C K is called measure convez if every measure u € M!(K) such
that u(B) = 1 has its barycenter in B, provided it has the barycenter. A Borel set
B C K is called measure extremal if for each € B and for each p € M, (H), it is
p(B) = 1. Define the following functionals

Q'f =inf{ph: h>f, heH}, and P*f = puf*,

where f is a bounded Borel function and u € M'(K). If u = ¢, for some = € K,
then

Q' f =Prf = f*(z)
Similarly, define functionals Q, f = sup{ph : h < f, h € H}, and P, f = pf..

LEMMA 2.2.6. For each f € C(K) and p € M'(K), we have
Q' f=sup{vf: veM,(H)}

and the supremum is attained.

Proof. See [21, Proposition 2.3]. O
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COROLLARY 2.2.7. (Bauer) For each f € C(K) and x € K, we have
fH(x) =sup{vf: v e Mo(H)}
and the supremum is attained.
LEMMA 2.2.8. For each f € C(K) and each p € M'(K) we have
Prf =sup{vf: ve M (K), u=<v}
and the supremum is attained.

Proof. This lemma can be easily proved replacing Q" by P* in the proof of Propo-
sition 2.3 in [21]. O

LEMMA 2.2.9. If a sequence (f,,) € C(K) converges uniformly on K to a function
f € C(K), then the sequence (f%) converges to f* uniformly on K.

n

Proof. Follows from the inequality |f — fx| < || fn — fml|- O

2.3. Examples
Let us start with the pivotal definition of this paper and present some examples.

DEFINITION 2.3.1. Let 'H be a function space on a compact space K. We say
that x € K is a point of simpliciality if there exists only one mazimal measure
representing the point x. We denote the set of all points of simpliciality by Ps,
and we call it the set of simpliciality. The complement K \ Ps is called the set of
nonsimpliciality.

REMARK 2.3.2. Clearly Chy(K) C Ps; and Ps = K if and only if H is simplicial.

EXAMPLE 2.3.3. Consider a square in R?. It is a compact convex set which is
not a simplex. The set Ps consists of its edges.

EXAMPLE 2.3.4. Let us introduce “McDonald’s nonsimplex” (Ezample 1.9 in
[22]). Choose € M([0,1]) such that the positive and negative variations p*, p~
are in M*([0,1]) and spt(u™) = spt(u~) = [0,1]. Define

H=Ker u={feC(0,1]) : pnf =0}.
Obviously,
HE = {v e M([0,1]) : v = apu for some a € R}.
We claim that H is a function space on [0, 1]. Indeed, it contains constant functions
since ([0, 1)) = 0, and it separates points of [0,1] : choose z,y € [0,1] and suppose
f(z) = f(y) for every f € H. Then e, — &, € H*, hence
Er—ey=au=aut —au,

for some a € R. Since spt(ut) = spt(p~) = [0,1], we get « = 0, and thus x = y.
Further, we will show that Chy([0,1]) = [0, 1]. Choose x € [0,1] and v € M,(H).
Then v — e, € H*, and thus v — ¢, = apu, for some a € R. Similarly as above,
we have v = €., and thus Chy([0,1]) = [0, 1]. McDonald’s nonsimplex is defined as
the state space S(H) of H. We show that it is not a simplex. Since s := w(u*) =
m(p~) € S(H) and

Pt = (") = m(1") = o
we see that the point s has two different representing measures ou™, pu~ supported
by Chy([0,1)), therefore it is mazimal.
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Now, we want to find the set of simpliciality Ps. Suppose that Ay and Ay are
mazimal probability measures on S(H) representing a point x € S(H). Then there
exist mazimal measures Ay, Ao € M([0,1]) such that Ay = ¢y and Ay = ¢pXo. Then
A — Ay € HY, and thus

M =X =ap=au" —au”,

for some o € R. Without loss of generality assume that o > 0. Since A\ > au™, we
get a < 1. Hence

A =apt 4+ (1—a)y,
and

Ay =oap +(1—a)y,
where 7y is a measure from M1 ([0,1]). If a > 0, then we have two different mazimal
measures Ny, Ay representing the point

z=apu’ + (1 - a)¢y = app”™ + (1 —a)¢y
and thus © & Ps. We conclude that
S(H)\Ps = {agp™ + (1 —a)py: a € (0,1], v € M ([0, 1])}.

REMARK 2.3.5. The previous Example 2.5.4 can be generalized in the following
sense. Let M C {pu € M([0,1]) : pt,u= € M ([0,1]), spt(u*) = spt(n~) = [0,1]}
and define

H=M"={fecC(0,1]): uf =0 forall € M}.
In this setting, we were not able to find Ps.

EXAMPLE 2.3.6. The last ezample deals with convex functions on [0,1]. A similar

set of functions was investigated from the point of view of the noncompact Choquet
theory by R.M. Rakestraw ([25]). Let us define the following set of functions

Z ={f:]0,1] - [0,00), fconvex, f(0)+ f(1)=1}.

This set is conver and compact in {f : [0,1] — R, bounded, continous on (0,1)}
with respect to the topology of pointwise convergence.

The set of extreme points is

ext(Z) ={g,, 95 : y €[0,1]},

where
, 0, 0<z<y<l,
9% =9
E, O§y<I§1,
fory €0,1),
1-%2 0<r<y<lI,
2 Yy
g,(z) =

fory € (0,1], and
g1(@) =xmy(@), (@) = xqoy(2).

A function f € Z belongs to Ps if and only if it satisfies at least one of these
conditions:

e f is affine on (0,1),
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[} infme[OJ] f(l‘) =0.
Verification of these facts is rather technical but elementary.

In the following three sections, we will present the main results concerning the
set of simpliciality and the set of Bauer simpliciality. The letter “K” stands for a
compact space, whereas we use the letter “X” instead, for a convex compact subset
of a locally convex space.

2.4. The set of simpliciality

In the previous section, we introduced examples of nonsimplicial function spaces
for which we were able to find the sets of simpliciality. Now we will investigate some
general properties of such sets.

THEOREM 2.4.1. Let X be a compact convex subset of a locally convex space.
Then the set of simpliciality Ps is extremal and, consequently, the set of nonsimpli-
ciality X \ Ps is convet.

Proof. According to Proposition 2.2.5, if the set Ps contains a point = € X, it also
contains face(z). Hence

Ps = U {z} C U face(x) C Ps.

zE€Pg TzE€Pg
Then
Ps = U face(x)
TEPg
It is straightforward to verify that a union of faces is an extremal set. O

REMARK 2.4.2. In the “convex case”, the set Ps is the complementary set to
X \ Ps and we have a disjoin union X \ PsU (X \ Ps) = X. We recall that, for
a subset A of a compact convex set X, the complementary set A’ is defined as the
union of all faces of X disjoint with A.

REMARK 2.4.3. In general, if a compact space K does not have an algebraic
structure, we can ask whether the set Ps is measure extremal, or equivalently,
whether the set K \ Ps is measure convexr. But we do not know yet that these sets
are Borel measurable. We recall that in the “convex case” a measure conver set is
convex, but a convex set is not necessarily measure convex, and similarly, a measure
extremal set is extremal, but an extremal set is not necessarily measure extremal.
For counterexamples, see [13], and [21, Examples 4.3].

Now, we present some characterizations of point simpliciality for function spaces
which will be useful further on. “Global version” of Proposition 2.4.4 for the “convex
case” can be found in [24, Theorem, p. 56].

PROPOSITION 2.4.4. Let 'H be a function space on a compact space K and M a
dense (with respect to the norm topology) subset of K¢(H). Let x € K. The following

assertions are equivalent:
(i) r € Ps,

(i) f*(z) = uf* forall f € M and p € M, (H),

(iii) f*(x) = pf for all f € M and p € MP*(H),

(iv) (f +9)"(x) = f*(z) + g"(x) for all f, g € M.
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Proof. If M = K(H), the proof is similar to the proof of the “global version” in the
“convex case”, [24, Theorem, p. 56]. For an arbitrary dense M C K¢(H), the proof
follows from Lemma 2.2.9 and the Lebesgue Dominated Theorem. 0

THEOREM 2.4.5. Let H be a function space on a metrizable compact space K.
Then the set of simpliciality Ps is a Gs—set.

Proof. Since K is metrizable, the space C'(K) is separable, and thus C°(’H) is such.
Choose a dense countable set M C K°(H). According to (iv) in Proposition 2.4.4
we have

Ps={ze K: f'(x)+g"(x)=(f+9g)(x) forall f, g€ M}.
Hence,

Ps = ﬂ ﬂ ﬂ {xEK:f*(x)—l—g*(x)—h(x)<%}

keN f,geM (heH, h>f+g)

= m ﬂ ﬂ {xEK:f*(x)+g*(x)—h(x)<%},

keN f,geM (heN, hz=f+g)

where N is a dense countable subset of H. The function f* + g* — h is upper
semicontinuous, hence the set {z € K : f*(z) + ¢*(z) — h(z) < £} is open for each
k € N. We conclude that Pq is a Gs—set. O

REMARK 2.4.6. The set Ps can be closed in K as we saw in Example 2.5.3. But
i the “convex case” it cannot be open in K. Moreover, its interior in K 1s empty
(of course, provided Ps # K). Indeed, if there exists a point x in interior of Ps,
then for arbitrary point y € K \ Ps we can find z € Ps on the line segment, say
z=Ax+ (1= Ny, for some X € (0,1). Let pi, € MP™(H) and p,, 1 € MP>(H).
Then

Apte + (1= Xy,
and
are two different mazximal measures representing the point z, which is a contradiction
to z € Ps.

Generally, in a nonconvex case, the set Ps can be open. To show this, consider
the set K = {[0,0],[1,1],[1, —1],[-1,—1],[-1,1]} C R? equipped with the relative
topology from R2. Then K is a compact set and restrictions of affine functions form
a function space. Clearly Ps = {[1,1],[1, —1],[-1, —1],[—1, 1]}, which is an open
set in K.

COROLLARY 2.4.7. Let X be a compact convex subset of a locally convex space.
The set X \ Ps of nonsimpliciality is dense in X, provided it is not empty.

Proof. Follows immediately from Remark 2.4.6 U

2.5. Generalized simpliciality

We know that a point z € K is a point of simpliciality if there exists only
one maximal measure v € M!(K) representing z. That is, if there exists a unique
maximal measure v € M!(K) such that £, < v. For every z € K and v € M'(K),
the following equivalence holds

€p SV if and only if Ep ~ V.
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In general, for measures u,v € M (K), we have only implication
if uw=<v, then u~uw.

We can ask when, for a given measure p € M?!(K), there exists a unique maximal
measure v € M (K) such that p < v, and when there exists a unique maximal
measure v € M!(K) such that u ~ v. We will see that such measure p can be
characterized by the functionals P* and Q¥, respectively, in a similar way like a
point of simpliciality in (iv) in Proposition 2.4.4.

We shall say that a measure p € M!(K) belongs to the set Ppg if
Prf+Plg =PH(f +g)
for all f, g € K¢('H). Similarly, we shall say that a measure u € M!(K) belongs to
the set Pqg if
Q' f+ Qg =Q"(f +9)
for all f, g € K(H).
THEOREM 2.5.1. Let 'H be a function space on a metrizable compact space K
and p € MY(K). The following assertions are equivalent:

(1) He 7)PSa
(i) there exists only one mazimal measure v € M*(K) such that yu < v,
(iil) for every mazimal measure v € MY (K), u < v and every f € K°(H), we
have vf = PHf,
(iv) w is supported by the set Ps, that is u(Ps) = 1.

Proof. (i) = (ii) Suppose that
PAf+Plg =PH(f +9),
for all f, g € K°(H). Let us define a linear functional ¢ on K¢(H) — K°(H) as

o(f —g) =P"f —Phg, for f, g € K°(H).

It is straightforward to verify that the definition does not depend on the choice of
f,g € K°(H). Hence the functional ¢ is well defined. Further, it is bounded and
le|| = 1. Indeed,

(6) o(f —g)=P'f=Plg <P(f —g) < |If -4l
implies after changing f and ¢ that
le(f =l < IIf —gll,

and hence ||¢|| < 1. Further, ¢(1) = 1 implies ||¢|| = 1. The first inequality in (6)
follows from

Prf=PH[(f —g)+g] <PH(f—g)+ Py for all f, g € K°(H).

Since K(H)—K°('H) is a dense subspace of C(K), there exists a uniquely determined
linear extension v of ¢ to whole C'(K), such that ||v|| = ||¢||. Using Riesz’s repre-
sentation theorem, we can assume that v € M!(K). Take a function f € K¢(H),
then vf = P*f > pf. That is p < v. According to Lemma 2.2.8, for any measure
A € MYK) such that 4 < X\ we have X < v. We conclude that v is the unique
maximal measure such that u < v.

(ii) = (iii) Follows immediately from Lemma 2.2.8.
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(iii) = (i) Let f, g € K°(H) and u € M!(K). Take a maximal measure v €
(K), p 2 v. Then P*(f +g) =v(f +9g) =vf +vg=P'f+ Pty
(i) = (iv) Suppose that for f, g € K(H) is

P! f 4 Plg =P (f +g).

Ml

Hence
wf* 4 ng" = p(f +9)%
and
plf +g = (f+9)7) =0
Since the function f*+g*—(f+g¢)* is nonnegative, we have f*+¢* = (f+g)* p—almost
everywhere. Using characterization (iv) in Proposition 2.4.4 we get u(Ps) = 1.

Implication (iv) = (i) can be proven by following the previous lines backwards.
U

REMARK 2.5.2. The equivalences (i) < (ii) < (iii) in the previous Theorem
2.5.1 were proven in [17, Proposition 1] for a compact convez set in a locally convex
space.

THEOREM 2.5.3. The following assertions are equivalent for a measure p €
MY(K) :

(i) i € Pqs,
(ii) there exists only one mazimal measure v € M'(K) such that p ~ v,
(iii) for every mazimal measure v € M, (H) and every f € K°(H), we have

vi=Q"f.

Proof. Analogous to the proof of equivalences (i) < (ii) < (iii) in Theorem 2.5.1.
U

REMARK 2.5.4. The following statements are easy to verify.
° {Sx X e Ps} C PQS C Pps.
In convex case we have:
° PQS = {,u c Ml(X) Ty € Ps},
o X is a simplex if and only if, for every up € M*(X), there exists a unique

mazimal measure v € MY(X) such that p =< v, and this is the case if

and only if, for every u € MY(X), there exists a unique maximal measure
v € MY(X) such that pn ~ v.

REMARK 2.5.5. According to the Bauer characterization, we know that v €
Chy(K) if and only if f*(x) = f«(x), for all f € C(K), cf. Corollary 2.2.7. In
the same way, we can define the “generalized boundaries”

op={pe M(K): P'f=P,f forall feC(K)},
and
Og={pe M (K): Q'f = Q. f for all f € C(K)}.
Let ‘H be a function space on a compact space K. The Mokobodzki test immediately
yields that
w € Op if and only if p is maximal,
and
p € 0q if and only if M,(H) = {u}.
Clearly, Oq C Op C Phps.
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THEOREM 2.5.6. Let ‘H be a function space on a metrizable compact space K.
Then the set Ps of simpliciality is measure extremal and the set K \ Ps of nonsim-
pliciality 1s measure convew.

Proof. From Theorem 2.4.5 we know that the set Pg is Borel measurable. Choose
r € Ps and u € M,(H). Then there is a unique maximal measure v € M*(K)
such that p < v. According to Theorem 2.5.1 we have u(Ps) = 1. It means that Ps
is measure extremal. Now choose a measure A € M!(K) having its barycenter ry
in K and suppose A(K \ Ps) = 1. If ry € Ps, we get a contradiction to measure
extremality of Ps. We conclude that K \ Ps is measure convex. O

REMARK 2.5.7. We can reformulate the previous result as follows. If x € K s
a point of simpliciality, then p—almost all points in K are points of simpliciality,

provided u € M, (H).

2.6. The set of Bauer simpliciality

To define point Bauer simpliciality, we need some characterization which enables
us to localize the conception of closed Choquet boundary of a simplicial space. For
this purpose we introduce the point CE-property. We recall that a function space is
called a CE-space, if the upper envelopes of continuous functions are continuous. For
the proof of the following Proposition 2.6.1 in the “convex case”, see [18, Theorem 7).

PROPOSITION 2.6.1. Let 'H be a function space on a compact space K. Then 'H
18 a Bauer simplicial space if and only if it is simplicial and a CE—-space.

Let 'H be a function space on a compact space K. We say that an z € K is a
point of continuity of envelopes (or a point of CE-property) if the upper envelopes
f* are continuous at the point x for all f € C(K). We denote the set of all such
points from K with Pcg.

THEOREM 2.6.2. Let H be a function space on a metrizable compact space K.
The Choquet boundary Chy(K) is contained in the set Pcg, in particular, Pcg s
nonempty.

Proof. Consider # € Chy(K) and a sequence z,, € K such that z, — x. We want
to show f*(x,) — f*(x) for an arbitrary f € C(K). By Corollary 2.2.7, there exists
tn € M, (H), for every n € N, such that f*(z,) = u,f. We claim that the sequence
(i) converges to e,. If it be to the contrary, there exists a neighborhood U of ¢,
such that u, ¢ U, for infinitely many n € N. By compactness of M!(K), we can
find a subsequence (ji,,), fn, € U and a measure p € M'(K) such that u,, — p.
Especially, for h € ‘H, we have p,, h — ph. Since p,, h = h(x,,), for every k € N,
and h(z,, ) — h(z), we get uh = h(x). Hence p € M, (K), which, together with
x € Chy(K), yields p = e,. Contradiction.

Thus we get f*(x,) = pnf — f(z). Since z € Chy(K), we have f*(x) = f(z),
which finishes the proof. O

Now, we are able to define the set Pgs of Bauer simpliciality as

Pss = Ps N Pcg.
REMARK 2.6.3. According to Remark 2.3.2 and Proposition 2.6.2 we see that
ChH(K) C Phs.
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THEOREM 2.6.4. Let ‘H be a function space on a metrizable compact space K.
Then the set Pcg s a dense Gs—set subset of K.

Proof. Since K is metrizable, C'(K) is separable. Let M be a countable dense subset
of C(K). Using Lemma 2.2.9, it is easy to verify that x € Pcg if (and only if) f*
is continuous at the point x for every f € M. Consider a function g € M. As g* is
upper semicontinuous, the set of points of continuity of ¢* is a dense Gs—set. Since
M is countable, the set Pcg is also a Gs—set and the Baire Category Theorem yields

that Pcg is dense in K.
O

COROLLARY 2.6.5. Let 'H be a function space on a metrizable compact space K.
Then the set Pcg ts residual, that is, its complement is of the first cathegory.

COROLLARY 2.6.6. Let ‘H be a function space on a metrizable compact space K.
Then the set Pgs is a Gs—set.

Proof. Follows immediately from Theorems 2.4.5 and 2.6.4. 0






CHAPTER 3

Minimal measures and nonsimplicial function cones

ABSTRACT. The set of simpliciality of the nonsimplicial function cone is defined
in order to distinguish which points have unigue minimal representing measures,
and at which points this uniqueness fails. We investigate some general properties
of the set of simpliciality and we also provide a characterization of Radon measures
supported by the set of simpliciality.

3.1. Introduction

The framework of function cones, which plays an important role in potential
theory, has been investigated for decades. A special attention was paid to simplicial
function cones, since they appear in many general situations. Main results in this
direction were achieved by J. Bliedtner and W. Hansen in [7], [8].

In this work, we focus on nonsimplicial function cones and ask, which points cause
nonsimpliciality, that is, which points have more than one minimal representing
measures). We continue in investigation of point simpliciality, which was introduced
for function spaces on compact spaces in [3]. Namely, we extend the previous results
from [3] to a noncompact setting, that is of function cones on locally compact spaces
with countable bases. We refer the reader to the next section for terminology and
notation not explained here. Similarly to the above mentioned “compact case”, we
define the set of simpliciality Simy(X) C X, for a function cone 7' on a locally
compact space X with a countable base, as the set of all points of X which have
unique minimal representing measures. To prevent the reader from confusion we
note that dealing with minimal measures instead of maximal measures (like in [3])
is just a matter of convetion. We prefer “minimal measures” in this paper in order
to be consistent with classical texts on function cones [6],[7], and [8].

We obtain an analogy to the following well known fact, [7, Corollary 1.2]:

Let T be a function cone on a locally compact space X with a countable base.
Then the Choquet boundary Chr(X) is a Gs—set, and a measure p € M(T) 1is
minimal if and only if (X \ Chr(X)) = 0.

The promised analogy, which should be compared with the above fact, is con-
tained in Theorem 3.3.6. Let us mention the statement here:

Let T be a function cone on a locally compact space X with a countable base.
Then the set of simpliciality Simy(X) is a Gs—set, and, for a measure pp € M(T),
there exists a unique minimal measure v € M,,(T') if and only if (X \Simp (X)) = 0.

29
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The main results of this paper are: Theorem 3.3.6 (Borel measurability of the
set of simpliciality and characterization of measures supported by the set of simpli-
ciality), and Proposition 3.3.7 (measure extremality of the set of simpliciality).

Since the notion of function cones on a locally compact space with a countable
base includes function spaces on a metrizable compact space, we get a generalization
of some results from [3].

3.2. Preliminaries

Let us briefly outline the conception of function cones. We refer the reader to
[6] or [7] for a more detailed description. Let X be a locally compact space with a
countable base. We denote C'(X) the space of real continuous functions on X. We
say that a convex cone T' C C(X) is a function cone on X if

e there exists a strictly positive function t € T,

e for every disjoint z,y € X and every A > 0, there exists a nonnegative
function ¢ € T such that t(z) # At(y),

e for every t € T there exists a nonnegative function ¢y € T such that the
sets {|t| > eto} are relatively compact for all € > 0.

Further, define the space of T—bounded continuous functions as
Cr(X)={f € C(X): |f] <t for some nonnegative t € T},
and the wedge of T as
W(T)={hiN---ANhy:n€eN, hy,...,h, €T}.

A nonnegative Radon measure p on X belongs to M(T) if all functions from T are
integrable with respect to .
The Choquet ordering on M(T) is defined as follows:

pw=vif uf <wvf forall f e W(T).

Whenever we say that a measure is minimal, we mean that it is minimal with respect
to this ordering. Further, for a measure p € M(T), define the sets

M(T) ={v e M(T) : v = p},
and .
MIT) ={v € M(T) : v = i, v minimal}.
In a particular case, when p = £,, for an x € X, we use more simple symbols M, (T),
and M™2(T), respectively. Here, the symbol &, stands for the Dirac measure at a

point x € X.
The Choquet boundary of T is a subset of X defined as

Chr(X)={r e X : M,(T)={e.}}.
Let f € Cp(X). Its lower envelope is the function
fe=sup{te -T:t< f},
and its upper envelope is the function
[f=mf{teT:t>f}

For f € Cp(X) and p € M(T), denote P, f = pf.. Then P, is a positive
functional which, for pu = €., coincides with the lower envelope:

Puf = f*(x>
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Similarly, define P*f = uf*, for f € Cp(X).
The following lemma belongs to the folklore of potential theory, [15]. Its proof
is similar to a version for function cones on compact spaces, see [9, Lema 1.3].

LEMMA 3.2.1. Let p € M(T) and f € Cr(X). Then
{vf:ve MM(T)} = [Pufa P~ f].

We shall need this lemma due to G. Choquet, see [6, Proposition 1.4]:

LEMMA 3.2.2. Let T be a function cone on a locally compact space X with a
countably base. For every additive, positively homogenous, increasing functional
@ W(T) — R, there exists a unique measure p € M(T') such that o(f) = pf for
every f € W(T).

Let B C X be a Borel measurable set. We say that a measure y € M(T) is

supported by B if (X \ B) = 0. We say that B is measure extremal if p is supported
by B whenever p € M, (T') and x € X.

3.3. Point simpliciality of function cones

Let X be a locally compact space with a countable base and T' be a function
cone on X. Define the set
PT)={peMT):P,f+P,g=P,(f+g) forall f,gec W(T)}.

We begin with a useful lemma which will be repeatedly used in the sequel. It is
in fact just a variation of known theorems, e.g. [17, Proposition 1].

LEMMA 3.3.1. The following assertions are equivalent.
(i) p e P(D),

(ii) there exists a unique measure v € M (T),

(iii) vf =P,f, for all f € W(T) and v € M™(T).
Proof. (i) = (ii) We assume that for every f € W(T)

P.f+P.g=P.(f+9).
Then the functional P, satisfies the assumptions of Lemma 3.2.2 and we obtain a
unique measure v € M(T) such that P, f = vf, for every f € W(T). Since

vf =P, f = pf. < pf for all f € W(T),
we have v < p. To prove that v is minimal, assume that A < v, for some A € M(T).
From Lemma 3.2.1, it immediately follows that A\f = P,f = vf, for all f € W(T).
From the uniqueness, we get A = v. We conclude that v € M (T).
(ii) = (iii) It follows from Lemma 3.2.1.
(ili) = (i) Find a measure v € M™(T) such that v(f + g) = P,(f + g) for all
f,g € W(T). Then

Pulf+9)=v(f+9)=vf+vg=P.f+Pug.
This concludes the proof. [l

DEFINITION 3.3.2. A point x € X is called a point of simpliciality if there exists
a unique measure v € M™™(T) . The set of all such points of X will be called the
set of simpliciality and denoted Simp(X).
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REMARK 3.3.3. It follows that Chy(X) C Simy(X) C X, and that Simp(X) = X

iof and only if the function cone T is simplicial.
COROLLARY 3.3.4. For the set of simpliciality we have
Simp(X) ={z € X : fu(x) + gu(x) = (f + g)«(2) for all f,g € W(T)}.

Proof. It follows immediately from Lemma 3.3.1 when applied to Dirac measures
€z, T € X. [l

REMARK 3.3.5. Since X has a countable base, the space Cr(X) is separable and
for any norm dense countable set M C W (T) holds

(7) Simp(X) ={zr € X : fu(x) + g«(x) = (f+ g)«(2) for all f,g € M}.

Indeed, from the definition of the lower envelope we have, for every x € X, that
(fn)«(x) — fi(zx), whenever f,, f € W(T) and f, — f, uniformly on X. This yields

(7).

THEOREM 3.3.6. Let T be a function cone on a locally compact space X with
a countable base. Then the set of simpliciality Simp(X) is a Gs—set. Further, let
p € M(T). Then p is supported by Simr(X) if and only if there exists a unique
measure v € M™(T).

Proof. By Corollary 3.3.4, we have
Simp(X) = {ze€ X : fi(x)+ g(x) = (f + 9)(x) forall f,g e W(T)}

= ﬂ ﬂ {xGX:f*(x)—i—g*(x)—(f—l—g)*(x)>—%}

kEN f,geW (T)

-N' N N ){wGX:f*(ng*(x)—h(a:)>—%}.

kEN f,geW (T) (h<f+g, he~T

According to Remark 3.3.5, we can consider only countable intersections in the above
equalities. Since the lower envelopes are lower semicontinuous, the set

1
{w € X : fulz) + gu(x) — h(z) > _E} :
is open. We conclude that Simz(X) is a Gs—set.
To prove the remainder, suppose that p is supported by Simz(X), that is, u(X '\
Simr(X)) = 0. Using Corollary 3.3.4, we get

Puf+Pug="Pu(f+g) forall f,g € W(T),

hence y1 € P(T). By Lemma 3.3.1, there exists a unique measure v € M (T').

To prove the reverse inclusion, assume that there exists a unique measure v €
M (T). According to Lemma 3.3.1, y € P(T). Using a similar argument as above,
we get that p is supported by Simp(X). d

In the last proposition, we shall see that the set of simpliciality of function cones
is measure extremal. This generalize the fact, that the set of simpliciality of a
compact convex set is extremal, see [3, Theorem 4.3]. Measure extremal sets were
in general studied e.g. in [13]. It is shown in [3, Theorem 5.6], that the set of
simpliciality of a function space in measure extremal.
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PROPOSITION 3.3.7. Let T be a function cone on a locally compact space X with
a countable base. Then the set of simpliciality is measure extremal.

Proof. We already know that Simy(X) is Borel measurable. Let x € Simgz(X)
be a point of simpliciality and g € M, (T). Then there exists a unique measure
v € My™(T). Indeed, if there were two measures vy, v5 € M (T), we would have
vy, vy € M™(T), which contradicts the simpliciality of z. By Proposition 3.3.6,
p(X \ Simy (X)) = 0. Hence p is supported by Simz(X), which finishes the proof.
O

Proposition 3.3.7 claims that, if x € X is a point of simpliciality, than p—almost
every point of X is a point of simpliciality, for every u € M, (T).






CHAPTER 4

Unique Decomposition Property and Extreme Points

ABSTRACT. This paper presents a solution to an open problem posed by J.J. Font
and M. Sanchis in [14]. We will show that the Unique Decomposition Property of
a function space is necessary to obtain a full characterization of extreme points of
the unit ball in the dual space of some quotient of a function space.

4.1. Introduction

At the beginning we introduce some notation and basic facts concerning Cho-
quet’s theory. We refer the reader to [24] for details. Let X be a Hausdorff compact
space, the symbol C denotes the set of constant functions on X. A subspace H of
the space of continuous functions C'(X) is called a function space on X provided it
separates points of X and C C ‘H. Notice that the function space H is not supposed
to be closed. The dual space (C'(X))* is according to the Riesz Representation The-
orem considered to be the set of Radon measures on X, denoted M(X). The set of
probability Radon measures will be denoted M!(X). We define the positive part of
the closed unit ball in the dual space ‘H* as

By, ={veH : 0<v, [[v] <1}
and the state space of H as
S(H) ={y € Bf. : [¥| =1}.
It is well known that H* is isometrically isomorphic to the quotient space
M(X)/H*
and that
S(H) = 1(M'(X)).
Here 7 stands for the quotient mapping from M (X)) to H*. Further, define a home-
omorphic embedding ¢ : X — S(H) mapping to every z € X a functional ¢, by
¢ = 7(e;), where g, is the Dirac measure at the point z. The Choquet boundary

of H is denoted Chy(K). The set of extreme points of a convex set M is denoted
ext(M). For the state space we have

ext(S(H)) = {¢s € S(H) : x € Chy(K)}.

The symbol 1x stands for the function identically equal to 1 on X. We denote Hy
the quotient space H/C and let 7 be the quotient mapping

7m:H—H/C.
Define the diameter norm for functions in H, as

17 (f)lla = diam(R(f)),
where R(f) stands for the range of the function f. It is easy to see that

diam(R(f)) = 2 it {1 - 1xl} = 2/

35
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for every f € H.

Now, we introduce a lemma, which follows immediately from Theorem 4.9 in
[27]. This lemma enables us to identify the space (Hy)* with a subspace of H*. In
sequel, we use this convention without explicit mentioning.

LEMMA 4.1.1. The space (Hq)* is isometrically isomorphic to

{Y e H" : ¥(1x) = 0}.

We have 2|14« = [|¢]] for every ¢ € (Hq)*, where || - |4« is the norm in H*
defined as
ol = sup WU,
ifla<t N1 flla

Then the closed unit ball in ((Hg)*, || -

d) is denoted by By

The main aim of this paper is to provide a full characterization of the extreme
points ext(By:). In general situation, when the function space H is not supposed to
have any other properties, we have the following assertion.

PROPOSITION 4.1.2. Let H be a function space on a compact space X. Then

ext(Byy) C {d: — ¢y 1 7, y € Chy(K), = # y}.

We refer the reader to [14] for a proof. There is also an example showing that
the inclusion can be strict. Now, it is clear that we have to impose some tacite
assumptions on H in order to obtain a full characterization of ext(By:).

DEFINITION 4.1.3. We say that 'H satisfies the unique decomposition property
(UDP) if for every z, y € Chy(K), x # y and ¢1, ¢s € By, such that

Gr — Gy =1 — by and  ||gn — &yl = [[thn]| + [|¥2]],
there exist z, t € Chy(K) such that ¢, = ¢, 1y = ¢y.

REMARK 4.1.4. Let us note two important things about (UDP).

o Such decomposition of o, — ¢, always exists: For a Hahn-Banach extension
¢ e (C(X))* of the functional ¢, — ¢, € H* we can consider its positive
and negative variations @, ®~. Let us denote the restrictions of these two
functionals on H by 1, ¢¥~. Then we have

by — Oy =T —
and

1$a = dyll = 1711+ 97l

o If H has (UDP), then ||¢p, — ¢yl = 2 : Indeed, there are z, t € Chy(K)
such that ||gr — ¢yll = [|0:[] + ll¢ell = 1+ 1.
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4.2. Main Theorem

The following Theorem contains the main result of this paper. The first proved
implication is due to J. J. Font and M. Sanchis ([14]), we present a little different
proof for the sake of completeness. The second proved implication answers the
question, posed in [14], whether the unique decomposition property is necessary for
(8) to hold.

THEOREM 4.2.1. Let 'H be a function space on a compact space X. Then
(8) ext(Byy) = {¢: — ¢y 1 7, y € Chy(K), = # y},
if and only if the function space H enjoys (UDP).

Proof. (i) Firstly, we suppose that H has (UDP). According to the above mentioned
Proposition it remains to show that for every x, y € Chy(K), z # y, the functional
¢r — ¢y is an extreme point of the closed unit ball of (H,)*. From the previous
Remarks it follows that the diameter norm of ¢, — ¢, is equal to 1. Let us write

¢:r _(by = %(w—ﬂb),

where w and ¢ are from the closed unit ball of (Hy)*, ||w|l¢+ = [|¥]la« = 1. Then
for Hahn-Banach extensions Q, ¥ € (C(X))* of functionals w, 1 we can take their
positive and negative variations Q, ¥, Q= ¥~ Then

br — &y = % (W + 7)) = (W + 7],

where w™, 1, w™, ¥~ stand for the restrictions of Q, U+ Q= ¥~ on H. We have

1
2 = gz =yl =5 (@ +97) = (@ +97)]| <
1
< Sl + 0T+ llo” +071) <
1 1
< S (Tl + lleo™ -+ 1971 = 5 Ul + 121l = 2.
which yields
1
162 = 0yl = 5 (l™ + 97 + o™ +¥7)
Using (UDP) we get
1 1
5 (Ld+ + ¢+) = ¢Z7 5 (w_ + ¢_) = ¢t7

for some z, t € Chy(K). Further
w+:¢+:¢27 w_:¢_:¢t7

because ¢, and ¢, are extreme points of the state space. Then w = = ¢, — ¢, and
we see that ¢, — ¢, is an extreme point of By. This finishes the proof of the first
implication.

(ii) If we suppose that H lacks (UDP), we can find z, y € Chy(K), © # y, and
Y1, 1o € Bif,. such that

(9) Go =y =1 =2, ¢e = @yl = [[¥nl + llel],
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and 1y # ¢, for every z € Chy(K) or 1y # ¢, for every z € Chy(K). Without loss
of generality let 1)1 # ¢, for every z € Chy(K). Notice that from (9) it follows
(10) 1]l = ilx = Palx = [|9al-
If ||¢ps — ¢yll < 2, then, clearly, the functional ¢, — ¢, is not an extreme point of
By, so we can assume ||¢, — ¢, || = 2. Now (9) and (10) yield

7701, wg < S(H)

Further, v, is not an extreme point of S(H). Therefore there exist &, & € S(H),
&1 # & such that

Py = %(51 + &).

Hence
(1) 6o by =1 o= 5 (6 +6) — Vo = (6~ va) + (&~ va)].
Since
(61— 2)1x =0, (€2 — ¥o)1x =0,
and

161 — o] < (&1 +102)1x = 2, 62 — o] < (&2 +1h2)1x = 2,
the functionals & — 19 and & — 1y are (different) elements of the closed unit ball
of (H4)*. Having a nontrivial combination in (11), we can conclude that ¢, — ¢, is
not an extreme point of By:. [l



CHAPTER 5

Complementability of spaces of affine continuous functions
on simplices

(joint work with Jifi Spurny)

ABSTRACT. We construct metrizable simplices X1 and X5 and a homeomorphism
v :ext X7 — ext Xo such that ¢(ext X;) = ext X, the space A(X;) of all affine
continuous functions on X; is complemented in C(X;) and A(X3) is not comple-
mented in any C(K) space. This shows that complementability of the space A(X)
cannot be determined by topological properties of the couple (ext X, ext X).

5.1. Introduction

A Banach space X is called an L'—predual if X* is isometric to some L'(u) space.
A particular example of an L'—predual is the space C(K) of all continuous functions
on a compact space K. There was a question how “different” an L!-predual can be
from C'(K')-spaces which was answered by Y. Benyamini and J. Lindenstrauss in [5]
where they constructed an ¢'-predual that is not complemented in any C(K )-space.

The method of their construction was to find a suitable compact convex subset
X of a locally convex space such that X is a simplex and the space A(X) of all
continuous affine functions on X is not complemented in any C'(K)-space (we refer
reader to the next section for the notions not explained here). As it is known,
the space A(X) on a simplex X is an example of an L'-predual space (see [19,
Proposition 3.23]).

Since some properties of A(X) on a simplex X can be characterized by topolog-
ical properties of the set ext X of all extreme points of X (see e.g. [19, Proposition
3.15] or [30, Theorem 1]), it seems natural to ask a similar question for the problem
of complementability of A(X) in a C'(K)-space. The aim of this note is to show
that this is not the case.

We prove even more, namely that complementability of A(X) on a simplex X
cannot be determined by topological properties of the pair (ext X,ext X). By a
modification of the method of [5] we get the following theorem.

THEOREM b5.1.1. There exist metrizable simplices X1 and X5 and a homeomor-
phic mapping ¢ : ext X1 — ext Xy such that the sets ext X1, ext Xy are countable,
plext X1) = ext Xy, A(Xy) is complemented in C(X;) and A(X3) is not comple-
mented in any C(K) space.

We remark that the simplices X7, X5 are constructed in such a way that the sets
of extreme points are of type F, (i.e., it is a countable union of closed sets). This
might be of some interest since the structure of simplices with extreme points being
F,—set is more transparent (see e.g. [26, Théoreme 80] or [29, Corollary 3.5]).
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5.2. Preliminaries

All topological space will be considered as Hausdorff. If K is a compact space,

we denote by C(K) the space of all continuous real-valued functions on K. We will
identify the dual of C'(K) with the space M(K) of all Radon measures on K. Let
MY(K) denote the set of all probability Radon measures on K and let &, stand for
the Dirac measure at r € K.
Function spaces. Throughout the paper we will consider a function space H on
a compact space K. By this we mean a (not necessarily closed) linear subspace of
C(K) containing the constant functions and separating the points of K. Let M, (H)
be the set of all H-representing measures for x € K, i.e.,

M (H) = {p e M"K): f(z) :/deu for any f € H}.

If w € M,(H), we say that = is a barycenter of u and denote x = r(u). Where no
confusion can arise we simply say that p represents x.

The set

Chy K ={x e K: M,(H)={e,}}

is called the Choquet boundary of ‘H. It may be highly irregular from the topological
point of view but it is a Gs—set if K is metrizable (see [19, Proposition 2.9]).

Given a function space ‘H on a compact space K we can define the set of H-affine
continuous functions as follows

AH)={feCK): f(x)= / fdu for any z € K and p € M,(H)}.
K
Clearly, H C A°(H).

We say that a function h € H is H-exposing for x € K if h attains its extremal
value precisely at . Obviously, any H—exposed point is contained in the Choquet
boundary of H.

Examples of function spaces. We introduce the following main examples of function
spaces.

In the “conver case”; the function space H is the linear space A(X) of all con-
tinuous affine functions on a compact convex subset X of a locally convex space. In
this example, the Choquet boundary of A(X) coincides with the set of all extreme
points of X (see [2, Theorem 6.3]) and is denoted by ext X.

Further, the barycenter of a probability measure u on X is the unique point
r(p) € X for which f(r(n)) = p(f) for any f € A(X), in other words, r(u) is
A(X)-represented by p.

In the “harmonic case”, U is a bounded open subset of the Euclidean space R™
and the corresponding function space H is H(U), i.e., the family of all continuous
functions on U which are harmonic on U. In the “harmonic case”, the Choquet
boundary of H(U) coincides with the set 0,eU of all regular points of U (see [23,
Theorem)).

Simplicial functions spaces. If ‘H is a function space on a metrizable compact space
K, for any = € K there exists a measure u € M, (H) such that u(K \ Chy K) =0
(see e.g. [19, Theorem 2.10]).

If this measure is uniquely determined for every x € K, we say that H is a
simplicial function space. In the “convex case” it is equivalent to say that X is a
Choquet simplex, briefly simplex (see [1, Theorem I1.3.6], [2, Section 2, Theorem
7.3] or [19]).
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As another example of a simplicial function space serves the space H(U) from
the “harmonic case” (see e.g. [23, Theorem)]).
State space. By a standard technique briefly described below any function space can
be viewed as the space A(X) of affine continuous functions on a suitable compact
convex set X. Details can be found in [1, Chapter 2, § 2], [2, Chapter 1, § 4] or [24,
Section 6].

If H is a function space on a compact space K, we set

S(H) ={p e H" : [lel = (1) =1} .

Then S(H) endowed with the weak™ topology is a compact convex set which is
metrizable if K is metrizable. Let ¢ : K — S(H) be the evaluation mapping defined
as ¢(z) = s;, © € K, where s,(h) = h(x) for h € H. Then ¢ is a homeomorphic
embedding of K onto ¢(K) and ¢(Chy K) = ext S(H).

Let ® : H — A(S(H)) be the mapping defined for h € H by ®(h)(s) = s(h),
s € S(H). Then ® serves as an isometric isomorphism of H into A(S(H)). Further,
® is onto if and only if the function space H is uniformly closed in C'(K). In this
case the inverse mapping is realized by

dHF)=Fo¢p, FecABSH).
In the sequel we will need the following theorem.

THEOREM 5.2.1. Let 'H be a closed function space on a metrizable compact space
K. Then the following assertions are equivalent:
(i) H is simplicial;
(ii) the state space S(A°(H)) is a simplex.
Proof. See [4, Theorem]. O
By a projection, we always mean a bounded linear operator P on a Banach space
such that P = P2,

Without explicit mentioning, every Banach space is assumed to be a subspace
of its second dual via its canonical embedding.

5.3. Construction
DEFINITION 5.3.1. For a Banach space X we define
ANX) = inf || (|7 1|21,

where the infimum is taken over all isomorphisms T from X into a C(K) space and
all projections P : C(K) — TX. If X is not isomorphic to a complemented subspace
of any C(K)-space, we put \(X) = oc.

LEMMA 5.3.2. Let X be a Banach space and Bx~ be its dual unit ball endowed
with the weak® topology. Then

AMX) = inf{||P|| : P is a projection of C(Bx+) onto X} .
Proof. See [5, Lemma)]. O

LEMMA 5.3.3. Let Y be a 1-complemented subspace of a Banach space X. Then
AY) < A(X).
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Proof. Let T : X — Y be a projection of norm 1. We will show that for every
projection P : C'(Bx+) — X we can find a projection @) : C'(By+) — Y such that
|P|| = ||Q]||. Then, by Lemma 5.3.2, A(Y) < A(X). If 7 : X* — Y™* denotes the
restriction operator, then @ : C(By«) — Y defined as

Q:f=TP(for), [feC(By),

is a projection of norm || P||. This finishes the proof.
OJ
Construction Let H be a simplicial function space on a compact space K such that

H = A°(H). Let

L:{ U Kij}u{p,q}u{rij i=-1,0,1,j=1,2,3},

ieN,j=1,2,3

where each K; is a copy of K. The points p, ¢ are chosen so that the above union
was disjoint. The topology on L is defined as follows: a basis of the neighborhoods
of roj, j = 1,2,3, is given by the sets {ro;} U U;",, Kij, n € N, each Kj; is both
closed and open in L and all the remaining points are isolated.

Let

Hi={feCL):f lk,eH,ieN,j=123,
2f(roj) = f(r—i;) + f(riy),j = 1,2,3},
and
Ho={f€C(L):f Ik, € H,i €N, j=1,2,3,2f(ro1) = f(p) + f(q),
3f(roz) = 2f(p) + f(q), 3f(re3) = f(p) +2f(q)} -

It is straightforward to verify that H;, Hs are function spaces on L.

LEMMA 5.3.4. Let 'H be a simplicial function space on a compact space K such
that H = A°(H) and let Hy, Hy be the function spaces on a compact space L con-
structed above. Then

(a) Chyy, L = Chyy, L, and if Chy K is of type F,, then Chyy, L is an F,—set
as well;

(b) both Hy and Hs are simplicial;

(C) AC<H1> - Hl; AC(HQ) - HQ;'

(d) if H is C—complemented in C(K), then H; is max{C, 3} —complemented in
C(L);

(e) AM(Ha) > A(H) + (500A(H)) .

Proof. For the proof of (a) it is enough to show that both the sets Chy, L and
Chy, L equal

{riyri=-1,1j=123U{p.g}U |J ChyKy.
i€N,j=1,2,3
Indeed, for a point x € K;; we have

x € Chy, L & 2 € Chy, L & v € Chy K;;

as the characteristic function Xr,; € HiN Ha, and hence every measure pu €
M, (Hy) UM, (Hs) is supported by K;;. For the points

{riyi=-1,1,=1,2,3} U{p.q},
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it is easy to find H;—exposing and Hy—exposing functions and thus all these points
belong to Chy, L N Chy, L.
On the other hand, the points {ro; : 7 = 1,2, 3} have H;-representing measures

1 1 1
(12) 5 (57’71,1 + 57"1,1) ) 5 (57"71,2 + 57“1,2) ) 5 (67“71,3 + E7“1,3) )
respectively, and Hy-representing measures
1 1 1
(13) B (ep +€q) 3 (265 +€4) 3 (ep +2¢4),

respectively, and hence they do not belong to the Choquet boundaries Chy, L and
Chyy, L.

To show (b), let x be a point of L. If € K;; for some ¢, j, then = has a unique
‘Hi—representing measure and a unique Hao—representing measure, both supported by
the Choquet boundary of L, since H is simplicial and every H; or Hs—representing
measure is supported by Kj;.

To finish the reasoning it is enough to notice that the points ry;, j = 1,2, 3,
have uniquely determined H; and Hs—representing measures carried by the Choquet
boundary of L (see (12) and (13)).

For the proof of (c), let f be a function from A°(H;). By the assumption,
f Tk, € H for each K;; and, obviously, f satisfies 2f(ro;) = f(r_i;) + f(r)), J =
1,2,3. Hence f € H;.

Analogously, A°(Hs) = Ha.

To verify (d), we assume that P : C(K) — H is a projection of the norm C. We
define an operator @ : C(L) — H; as

P(f Ik,,) (), r € Ky,
(Qf)(x) = § flz), r=p,¢riy, 1=0-1,7=123,
2f(roj) — f(r_1j) , r=ry, j=1,2,3.
It can be easily verified that @ is a projection of C(L) onto H; and ||Q|| = max{C, 3}.
For the proof of (e), we define a compact space L= L\{ri;i=-1,1,7=1,2,3}
and a function space 7/-?2 = {f I3: f € Hy}. Then 7T[; can be considered to be a
subspace of H, via the isometric isomorphism E : 77(/2 — Ho defined as

(Ef)(x):{f(roj)’ $:Tij,i:1,—1,j:1,2,3,

flz), elsewhere.

By [5, Theorem], A(Hz) > A(H) + (500A(H)) .

Since the operator T': Hy — Hy defined as
Tf=E(f1z), f€H,

is a projection of norm 1, we get from Lemma 5.3.3 that A(?T(;) < A(Hz). Hence
A(Hs) > M(H) + (500A(H)) ™!, which completes the proof. O

5.4. Proof of the theorem

We start with a simplicial function space H on a metrizable compact space L
such that H = A°(H), H is 1-complemented in C'(L) and Chy L is of type F, (the
simplest choice is to take L as a singleton and H = C'(L)). We define two sequences
{(L™, 1Y)}, {(L", H3)} of function spaces as follows: (L', H}) = (L', Hi) = (L, H),
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and for n € N, the space (L™, H?™) is the space H; from Lemma 5.3.4 constructed
from (L™, H?) and (L™, Hy ) is the space Hy constructed from (L™, HE).
Finally, let

L, = QLn U{Zx}

be the one—point compactification of the topological sum of L™’s and
Hi={fe€C(Lw): flmeH!, neEN}, i=12.

Given ¢ € {1,2}, it is easy to realize that H; is a simplicial function space,

A°(H;) = H; and
Chyy, Loo = {oo} U | Clipen L™
n=1

In particular, Chy, L = Chyy, L and it is an F,—set (see Lemma 5.3.4(a)).
According to Lemma 5.3.4(d), HY} is 3—complemented in C(L") for each n € N.
It follows that H; is 3—complemented in C'(L).
Indeed, if P, : C(L") — HY is a projection with ||P,| < 3, the mapping @ :
C(Loo) — H;y defined as

(14) Qf(x) = {

is a projection of C'(Ly,) onto H;.
On the other hand, by Lemma 5.3.4(e), A(H}) — oo. Since each Hj is 1-
complemented in Hsy, Hs is not complemented in any C'(K') space (see Lemma 5.3.3).
The desired simplices X;, X, will be the state spaces S(H;) and S(Hz) (use
Theorem 5.2.1). Let ¢; : Loo — S(H;), i = 1,2, be the respective homeomorphic
embeddings. Then ¢ = ¢, 0 ¢ ' is a homeomorphism of ext X; onto ext X, such
that

gb(ext Xl) = ¢2(Ch7—(1 Loo) = ¢2<Ch7—[2 Loo) = ext X2 .
Since H; is complemented in C'(Ly,), A(X7) is complemented in C(X7) as well.
Indeed, using (14) we can define the mapping

Qf =21Q(fe 1), [fel(Xy),
to get a projection of C'(X;) onto A(X;) (we recall that ®; is the isometric isomor-
phism of H; onto A(X7)).
As A(X5) is isometric with Hsy, A(X3) is not complemented in any C(K) space.
This finishes the proof.
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