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připomı́nky.
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Abstrakt: Chrupavka, jakožto živá tkáň, má velmi omezené schopnosti re-
generace. Proto se vyv́ıj́ı chirurgické metody, pomoćı nichž bychom měli
být schopni odstranit poškozeńı chrupavky. Autologńı matrićı indukovaná
chondrogeneze (AMIC) je jednou z nejnověǰśıch metod. Vyžaduje př́ıpravu
tkáně chrupavky in vitro. Růst chrupavky je silně ovlivněn mechanickým
zatěžováńım a může být popsán systémem 5 chemických rovnic. V této práci
sestav́ıme zjednodušený matematický model, který popisuje r̊ust chrupavky
a zahrnuje vlivy mechanického zatěžováńı a př́ısunu živin. Kostrukce modelu
je založena na chemické kinetice. Model sestává z 5 nelineárńıch obyčejných
diferenciálńıch rovnic a umožňuje nám popis dynamiky r̊ustu chondrocyt̊u.
Výsledky by měly urychlit výzkum pěstováńı chrupavek v laboratoř́ıch.
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Abstract: Cartilage, as a living tissue, has a very limited ability of self-
regeneration. Therefore surgical methods have to be developed, which will
allow us to repair cartilage damage. Autologous matrix-induced chondrogen-
esis (AMIC) is one the newest methods. It requires preparation of catilage in
vitro. Cartilage growth is heavily influenced by mechanical loading and can be
described by system of 5 chemical reactions. In this thesis, we develop a sim-
plified mathematical model which describes the cartilage growth and includes
the influence of mechanical loading and supplementation of nutrients. Con-
struction of the model is based on chemical kinetics. The model is composed of
5 nonlinear ordinary differential equations and allows us to describe the chon-
drocyte dynamics. Results should fasten research on cartilage growing in labs.

Keywords: cartilage growth, mathematical modeling
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Chapter 1

Introduction

Cartilage is an avascular, supporting and articular skeletal tissue consisting of
cells in an extracellular matrix, which may or may not mineralize depending
on cartilage type [1].
Animal experimental investigations have confirmed the inability of adult peo-
ple to self-heal the cartilage damage, although children show a good capacity
of self-healing cartilage injuries because of higher stem cell concetration. Cur-
rently, the treatment of cartilage damage is based on different therapy meth-
ods. Autologous chondrocytes transplantation (ACT) is one of the newest
methods, which shows the validated clinical application of tissue engineering.
This kind of treatment gives hopeful clinical results [2].
ACT requires preparation of cartilage tissue in laboratory. That is the part
of the method, where most of the problems occur. It seems to be obvious,
that cartilage growing in vitro cannot be an easy task. It is a complicated
process and many factors have to be taken into account. Laboratories show
promising results in simple chondrocyte proliferation, but this kind of tissue
differs from real cartilage. That leads to improvement of growing procedures,
which will give better quality of prepared tissue.
One of the possible improvements of ACT might be Autologous Matrix-
induced Chondrogenesis (AMIC), which differs from ACT in the way of prepar-
ing new cartilage tissue [2].
Modeling the cartilage growth in vitro should help with improvement of grow-
ing procedures and fasten all the processes of developing high-quality implants.
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Chapter 2

Biological Background

2.1 Cartilage

This section is based on [3] and [4].

“Cartilage is a specialized form of connective tissue in which the firm consis-
tency of the extracellular matrix allows the tissue to bear mechanical stresses
without permanent distortion. Another function of cartilage is to support
soft tissues. Because it is smooth surfaced and resilient, cartilage is a shock-
absorbing and sliding area for joints and facilitates bone movements. Cartilage
is also essential for the development and growth of long bones both before and
after birth.”[3]

Figure 2.1: Hyaline cartilage 1

Cartilage is an avascular tissue and is nourished by the diffusion. Cartilage
is composed of chodrocytes, which are the only cells found in cartilage, and
extracellular matrix (ECM). Chondrocytes produce ECM and can be found

1http://washington.uwc.edu/about/faculty/schaefer w/TISSUES/hyaline cartilage1.jpg
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in matrix cavities called lacunae. ECM consists mainly of proteoglycans,
collagen, hyaluronic acid and glycoproteins. We differentiate three types of
cartilage: hyaline cartilage, elastic cartilage and fibrocartilage. Each of these
have specific composition and function in the body.
We are mostly interested in hyaline cartilage which can be found e.g. in the
articular surfaces of the movable joints and in the walls of larger respira-
tory passages (nose, larynx, trachea, bronchi). Chondrocytes are arranged in
groups in hyaline cartilage and ECM of hyaline cartilage contains primarily
type II collagen and chondroitin sulfate, which is a sulfated glycosaminglycan
(GAG).
Elastic cartilage can be found e.g. in the auricle of the ear. It is quite similar
to hyaline cartilage except it contains elastic fibres in addition to type II col-
lagen fibrils.
Invertebral discs consist of fibrocartilage. It is a white and very tough mate-
rial, which is charecterized by a dense network of type I collagen. It contains
more collagen and less proteoglycans than hyaline cartilage.

2.2 Tissue Engineering

This section is based on [5].

Tissue engineering (TE) is a cross-disciplinary field of science. It combines en-
gineering, biochemistry, cell biology, material science and many others. Main
purpose of TE is to create biological substitutes for damaged tissue in the
body.
Tissue engineering utilizes living cells as engineering materials. Cell are ex-
tracted from a living organism and then reproduced in vitro. Cells, those
should be used for implants growing, can be divided into several categories
depending on the donor - e.g. autologous cells (extracted from the same indi-
vidual), allogenic cells (from individual of the same species) etc.
Cells, when extracted from an individual, are often implanted or seeded into
a supportive structure, usually called scaffold. It ussualy serves for cell at-
tachment and migration. Scaffold also facilitates diffusion of nutrients.
Scaffold has to satisfy many specific requirements. E.g. it has to be highly
porous (with an adequate pore size) and nonimmunogenic. Biodegrability is
another one. Scaffold should be absorbed by the surrounding tissues, so that
no surgical removal would be necessary. “New biomaterials have been engi-
neered to have ideal properties and functional customization: injectability,
synthetic manufacture, biocompatibility, non-immunogenicity, transparency,
nano-scale fibers, low concentration, resorption rates, etc. PuraMatrix, orig-
inating from the MIT labs of Zhang, Rich, Grodzinsky and Langer is one of
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these new biomimetic scaffold families which has now been commercialized
and is impacting clinical tissue engineering.”[5]
A commonly used synthetic material is PLA (polylactic acid). This polyester
degrades in human body to lactic acid. Similar materials are PGA (polygly-
colic acid) and PCL (polycaprolactone).

Figure 2.2: Calcium Phosphate Macroscaffold, Becton Dickinson. 2

Creation of functional tissue in vitro requires extensive oxygen, pH, humidity,
temperature, nutrients and osmotic pressure maintenance. Final products of
TE still run up the problems of mass transportation. Engineered tissues have
problems with obtaining sufficient oxygen and nutrients to survive.

2http://www.puramatrix.com/gfx/image library/scaffold3.jpg
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Chapter 3

Useful Thermodynamics

Metabolism of living organism has a very complicated structure. But some of
these metabolic reactions run with so small temperature and pressure changes,
that we can consider temperature and pressure constant. We can add assump-
tion, these reactions run near the thermodynamic equilibrium state. All these
simplifications leads us to chemical kinetics, which will help us to formulate
relations for rate of ρ-th chemical reaction wρ.

Every set of ρ chemical reactions can represented as

r
∑

α=1

νραCα ⇆

r
∑

α=1

ν ′

ραCα,

where νρα ≤ 0, ν ′

ρα ≥ 0 are stochiometric coefficients of related chemical com-
ponent Cα.
Domain in proximity of equilibrium state can be desribed by condition

nα − neqα

neqα

≪ 1

We can aproximate rate of chemical reaction in this domain as

wρ = kρAρ,

where kρ is constant of chemical reaction rate and Aρ is chemical afinity. After
some more computation (see [6]), we can get relation known as law of active

mass

wρ = k+ρ

r
∏

α=1

nνρα

α − k−ρ

r
∏

α=1

n
ν′

ρα
α , (3.1)

where

k+ρ = kρRT

r
∏

α=1

n−νρα
eqα
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k−ρ = kρRT

r
∏

α=1

n
−ν′

ρα
eqα

Derivation of these formulas was done in [6].

Mechanical stress can influence the behavior of the whole chemical system.
That makes us to engage this influence into law of active mass (3.1)

wρ = k+ρ

r
∏

α=1

nνρα
α − k−ρ

r
∏

α=1

n
ν′

ρα
α + dρ, (3.2)

where dρ represents the influence of mechanical loading in a certain way. For
more see e.g. [7].

One more important formula shows up - formula for time change of con-
centration nα of chemical component Cα, which can derived from law of mass
conservation (see [6])

dnα

dt
=

s
∑

ρ=1

νραwρ (3.3)
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Chapter 4

Mathematical Formulation

This chapter should give a simplified model of chondrocyte proliferation. As
was shown experimetally, chondocyte proliferation mechanism can be ex-
pressed by following system of chemical reactions:

GF + CH
k±1

⇆ CHA + MP1 (4.1)

CHA + MC
k±2

⇆ 2CH + MP2 (4.2)

CHA + MC
k±3

⇆ COL + GAG (4.3)

MC + Sc
k±4

⇆ DPSc (4.4)

Sc + CH
k±5

⇆ CHA + MP3, (4.5)

where:

GF - Growth Factor (cytokine)
CH - Chondrocytes
CHA - Chondrocytes Activated
MC - Medium Components
COL - Collagen
GAG - Glycosaminglycans
Sc - Scaffold
MP1 - Metabolic Product
MP2 - Metabolic Product
MP3 - Metabolic Product
DPSc - Degradation Products of Scaffold
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4.1 Simplified Model

Construction of the simplified model will be done analogously to [8].
We will consider influence of dynamical loading d, in the way shown in (3.2),
because it was confirmed experimentally, dynamical loading influences the
properties of final tissue. Fluxes of MC and MP1 will be also introduced.

Now, using the law of active mass (3.2), we can write down:

w1 = k+1nGF nCH − k−1nCHAnMP1
+ d1 (4.6)

w2 = k+2nCHAnMC − k−2n
2
CHnMP2

+ d2 (4.7)

w3 = k+3nCHAnMC − k−3nCOLnGAG + d3 (4.8)

w4 = k+4nScnMC − k−4nDPSc + d4 (4.9)

w5 = k+5nScnCH − k−5nCHAnMP3
+ d5 (4.10)

Time change of each reacting component (considering all possible fluxes) can
be computed from (3.3):

ṅGF = −w1 ṅCOL = w3

ṅCH = −w1 + 2w2 − w5 ṅGAG = w3

ṅCHA = w1 − w2 − w3 + w5 ṅSc = −w4 − w5 (4.11)

ṅMP1
= w1 + JMP1

ṅDPSc = w4

ṅMC = −w2 − w3 − w4 + JMC ṅMP3
= w5

ṅMP2
= w2

We obtained eleven differential equations. But it can be seen, only five of them
are necessary to be analysed. The others can be expressed when using the
choosen five. We take GF, CH, CHA, COL, Sc and corresponding equations.
Then we can assume forward reactions are much faster than the backwards.
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This condition means k+i ≫ k−i, ∀i. That leads us to the system:

ṅGF = −k+1nGF nCH − d1 (4.12)

ṅCH = −k+1nGF nCH − d1+

+ 2k+2nCHAnMC + 2d2−

− k+5nScnCH − d5 (4.13)

ṅCHA = k+1nGF nCH + d1−

− k+2nCHAnMC − d2−

− k+3nCHAnMC − d3+

+ k+5nScnCH + d5 (4.14)

ṅCOL = k+3nCHAnMC + d3 (4.15)

ṅSc = −k+4nScnMC − d4−

− k+5nScnCH − d5 (4.16)

A set of initial conditions also belongs to this system of ODE’s. Initial condi-
tions represent the initial concentration of components.

We should be able to formulate equations for remaining components:

nMP1
+ nGF =

∫ t

t0

JMP1
+ B1 (4.17)

nMC − nCHA − nSc − nGF =

∫ t

t0

JMC + B2 (4.18)

nMP2
− (nCHA + nCH + nCOL) = B3 (4.19)

nGAG − nCOL = B4 (4.20)

nDPSc + nGF + nCH + 2 (nCHA + nCOL) + nSc = B5 (4.21)

nMP3
− (nGF + nCH + 2 (nCHA + nCOL)) = B6 (4.22)

where Bi are amounts of relevant components in time t. Their values are
known.

Before we start to analyse the qualitative properties of the system, we should
turn all quantities into dimensionless form. Following formulas will help us to
do it:

Nα =
[Cα]

B5
t =

τ

k+1B5
K±ρ =

k±ρ

k+1
Di =

di

k+1B
2
5

(4.23)
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Assuming previous formulas and expression of nMC , we can rewrite the system
into the final form:

dNGF

dτ
= −NGF NCH − D1 (4.24)

dNCH

dτ
= −NGF NCH+

+ 2K2NCHA (NCHA + NSc + NGF + ∆MC) −

− K5NScNCH − D1 + 2D2 − D5 (4.25)

dNCHA

dτ
= NGF NCH−

− K2NCHA (NCHA + NSc + NGF + ∆MC)

− K3NCHA (NCHA + NSc + NGF + ∆MC) +

+ K5NScNCH + D1 − D2 − D3 + D5 (4.26)

dNCOL

dτ
= K3NCHA (NCHA + NSc + NGF + ∆MC) + D3 (4.27)

dNSc

dτ
= −K4NSc (NCHA + NSc + NGF + ∆MC)−

− K5NScNCH − D4 − D5 (4.28)

where ∆MC = JMC +B2. B2 is normalized B2 and JMC is normalized
∫ t

t0
JMC .
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Chapter 5

Model Analysis

Qualitative analysis system of ODE’s usually starts with finding the stationary
solution. That leads us to system of algebraic equations.

0 = −N0GF N0CH − D1 (5.1)

0 = −N0GF N0CH+

+ 2K2N0CHA (N0CHA + N0Sc + N0GF + ∆MC)−

− K5N0ScN0CH − D1 + 2D2 − D5 (5.2)

0 = N0GF N0CH−

− K2N0CHA (N0CHA + N0Sc + N0GF + ∆MC)

− K3N0CHA (N0CHA + N0Sc + N0GF + ∆MC) +

+ K5N0ScN0CH + D1 − D2 − D3 + D5 (5.3)

0 = K3N0CHA (N0CHA + N0Sc + N0GF + ∆MC) + D3 (5.4)

0 = −K4N0Sc (N0CHA + N0Sc + N0GF + ∆MC)−

− K5N0ScN0CH − D4 − D5 (5.5)

We assume all reactions are in progress, i.e. Ki > 0, ∀i ∈ {1, 2, . . . , 5}, and
dynamical loading impacting the system, i.e. Di 6= 0, ∀i ∈ {1, 2, . . . , 5}. When
solving this system we realize a necessary condition K2

K3
= D2

D3
. When consid-

ering all these restrictions we can write the stationary solution in following
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form:

N0GF =
D1K5

D5
N0Sc (5.6)

N0CH = −
D5

K5N0Sc

(5.7)

N0CHA = −

(

N0Sc +
D1K5

D5
N0Sc +

D4

K4N0Sc

+ ∆MC

)

(5.8)

N0Sc =

−∆MC +

√

∆2
MC − 4D4

K4

(

1 + D1K5

D5
+ D3K4

D4K3

)

2
(

1 + D1K5

D5

+ D3K4

D4K3

) (5.9)

N0COL cannot be determined from system (5.1)-(5.5). But we can derive it
from (4.27) and proper initial condition, taking into account actual values of
B5.
The form of stationary solution could give us some information about the
parameters in the stationary solution the model. It is obvious concentration
of each component should be nonnegative. Then equality (5.7) immediately
yields

D5 < 0 (5.10)

This inequality and equality (5.6) gives

D1 < 0 (5.11)

From (5.8) we can derive
D4 < 0 (5.12)

Equality (5.8) and (5.12) also establish condition

∣

∣

∣

∣

D4

K4N0Sc

∣

∣

∣

∣

≥ ∆MC + N0Sc

(

1 +
D1K5

D5

)

(5.13)

We should also set a restriction to D3. It can be done only from (5.9). We
have to satisfy nonnegativity of N0Sc. It can be seen that

D3 < 0 ⇒ N0Sc > 0 (5.14)

These reasonings leads us to the following statement:

Theorem 1 If Di < 0, ∀i = 1, . . . , 5, then N0α > 0, ∀α ∈ {GF, CH, CHA, COL, Sc}.
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5.1 Situation without Dynamical Loading

This case has its own specifics. We can’t calculate stationary solution like in
general case, where we consider Di 6= 0, ∀i = 1, . . . , 5. Following system can
give us the stationary solution for model without dynamical loading:

0 = −N0GF N0CH (5.15)

0 = −N0GF N0CH+

+ 2K2N0CHA (N0CHA + N0Sc + N0GF + ∆MC)−

− K5N0ScN0CH (5.16)

0 = N0GF N0CH−

− K2N0CHA (N0CHA + N0Sc + N0GF + ∆MC)

− K3N0CHA (N0CHA + N0Sc + N0GF + ∆MC)+

+ K5N0ScN0CH (5.17)

0 = K3N0CHA (N0CHA + N0Sc + N0GF + ∆MC) (5.18)

0 = −K4N0Sc (N0CHA + N0Sc + N0GF + ∆MC)−

− K5N0ScN0CH (5.19)

This system of algebraic equations does not have only one solution. We will
choose the zero solution, which will allow us to describe the behavior of sys-
tem’s solution.

(N0GF , N0CH , N0CHA, N0Sc) = (0, 0, 0, 0)

We introduce small perturbations of stationary state

Nα = N0α + Ñαeλτ , α ∈ {GF, CH, CHA, COL, Sc} (5.20)

We can put these perturbations into the system without dynamical loading
and after some computation we can find out, that the linear aproximation of
the solution near stationary point can be investigated through this relation

(λI − A) Ñ = 0, (5.21)

where I is identity matrix, A is linear part of right side of the the system in
stationary point, i.e.

A =













0 0 0 0 0
0 0 2K2∆MC 0 0
0 0 −(K2 + K3)∆MC 0 0
0 0 K3∆MC 0 0
0 0 0 0 −K4∆MC













, (5.22)
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and Ñ is a vector of corresponding components normalized concentration. We
can realize, this system has a nontrivial solution for Ñ , if the matrix (λI − A)
is singular. That is equivalent to

det (λI − A) = 0 (5.23)

This remark leads us to an important consequence: (5.21) has a nontrivial
solution if and only if λ is an eigenvalue of A.
Now we should compute eigenvalues λ of matrix A (or easily we can say
spectrum of A, which is usually denoted as σ(A))

σ(A) = {0, 0, 0,−(K2 + K3)∆MC ,−K4∆MC} (5.24)

All eigenvalues are real. When investigating the sign of the eigenvalues (taking
into account (4.18)), we can realize, they does not have to be always negative.
That could make some dificulties. Therefore let’s assume ∆MC ≥ 0, which in
context of (4.18) and (4.23) means B2 +JMC ≥ 0. Kρ, ρ = 1, . . . , 5, is strictly
positive, if the reaction is in progress. These assumptions ensure σ(A) ≤ 0.
To get the form of perturbation, we can combine the solutions given by differ-
ent eigenvalues. Taking into account previous model and experimental results
(see [8]), we can express proliferation of chondrocytes in following way

NCH(τ) = ÑicCHe−τ(K2+K3)∆MC + Ñ1CH

(

e−τK4∆MC − e−τ(K2+K3)∆MC
)

,

(5.25)
where NCH(0) = ÑicCH is the initial chondrocyte concentration and Ñ1CH ≥
ÑicCH ≥ 0. Formulas for the other components would look similarly, but we
have to take into account (4.18), that represents the law of mass conservation.

5.2 Influence of JMC

Formulas derived in previous section makes to think about the influence of
JMC on chondrocyte proliferation. Although it was not said, we were assuming
∫ t

t0
JMC = const. Let’s think about situation when JMC = 0, ∀t ∈ (0,∞). We

are still assuming ∆MC ≥ 0.
That implies ∆MC = B2 and (5.25) changes into

NCH(τ) = ÑicCHe−τ(K2+K3)B2 + Ñ1CH

(

e−τK4B2 − e−τ(K2+K3)B2

)

. (5.26)

Chondrocyte concentration depends only on normalized time τ and we can
be interested in the behavior of this function. After short analysis, anyone
can check, that (5.26) goes through the maximum at time τm which can be
expressed in following way

τm =
1

p1 − p2
log

p1Ñ1CH

p2

(

Ñ1CH − ÑicCH

) , (5.27)
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where p1 = K4B2, p2 = (K2 + K3)B2.
We can plot a graph of (5.26), which has parameters similar to the last model
(see [8]). Assuming all reactions proceed with nearly the same constants of
chemical reaction, we can observe the dynamics shown in a graph in Figure
5.1.

20 40 60 80 100
Τ

2

4

6

8

NCH

Figure 5.1: Chondrocyte proliferation dynamics graph. Actual parameters
are: ÑicCH = 1, Ñ1CH = 30, p1 = 0.02, p2 = 0.04. Chondrocytes concetration
reaches its maximum at τm ≈ 33.

Now, a natural question comes out: What happens when JMC(t) 6= 0? The
behavior of chondrocyte proliferation will change. The change depends on
the form of JMC(t). Let’s focus on more concrete situation. Let I = [a, b],
0 ≤ a < b be a closed interval (symbolizing duration of cultivation). We will
consider the flux as injection of certain amount of MC in times τ1 < τ2 <

· · · < τk, such that τi ∈ (a, b), ∀i = 1, . . . , k. Then we can express JMC as

JMC(τ) =
1

B5

∑

i: τi<τ

∫ b

a

JMC(s)δ(s − τi)ds (5.28)

where δ is Dirac delta function and JMC ∈ D([a, b]). (Notice that if K ⊂ R is
a compact subset, then D(K) = {ϕ ∈ C∞(R) : sptϕ ⊂ K}).
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Now, for illustration, we will choose one example. Let’s choose a division
(we will “feed” the system every 6 days) and the values of ∆MC e.g. this way:

∆MC(τ) =























0.1, 0 ≤ τ < 6
0.2, 6 ≤ τ < 12
0.3, 12 ≤ τ < 18
0.4, 18 ≤ τ < 24
0.5, 24 ≤ τ < 30

(5.29)

We can plot a graph of chondrocyte dynamics for each interval and then make
it continous, just by adding a constant to each part of the graph. The graph
can be seen in Figure 5.2.

5 10 15 20 25 30
Τ

2

4

6

8

NCH

Figure 5.2: Chondrocyte dynamics wiht JMC 6= 0. Actual parameters are:
ÑicCH = 1, Ñ1CH = 30, K2 = K3 = 0.058, K4 = 0.028, ∆MC is the same as in
(5.29).
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Chapter 6

Conclusion

We introduced the basic biology of cartilage and basic mechanisms of tissue
engineering. Using the specific themodynamic relations we have developed
a simplified mathematical model of cartilage growth. Model includes influ-
ence of dynamical loading and supplementation of nutrients. First analysis
of dynamical loading influence was done - we found a stationary solution and
derived some conditions on the sign of dynamical loading.
After removing the dynamical loading from the model, analysis of zero sta-
tionary solution has given results quite similar to the last model (see [8]). The
main difference occured, when we were discussing the influence of nutrients
supplementation.
We can say a prelimary analysis of the model was done. More detailed analysis
and comparison with experimental results should follow. For example other
stationary solutions of the system without dynamical loading should be inves-
tigated for possible better properties. Special care will be given to the study
of influence of dynamical loading, because it should have a crucial impact on
final tissue properties.
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