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The thesis is devoted to proof theory of modal logics; more precisely, its concern
are the most popular modal propositional systems K, T, K4, GL, 54, and S4Grz,
their sequent (Gentzen) calculi and their properties, with an emphasis on cut
elimination, proof search termination, uniform interpolation, and also feasible
interpolation and feasible disjunction property.

The importance of phenomena like interpolability and implicit definability in
classical propositional and predicate logic was recognized already in 1950s or ear-
lier. Since about 1970 one can observe also a growing importance of non-classical
logics. These logics are compared to the classical logic, their applications to
meta-mathematics are investigated and they are analyzed from the point of view
of theoretical computer science. Some results and methods, often semantical, are
known, but M. Bilkovd in her thesis offers a treatment which is proof-theoretical
and uniform.

Chapter 2 of the thesis defines sequent calculi for all the logics in question. As to
the “reflexive” logics, i.e. T and S4Grz, it also defines variants of their calculi with
sequents having three cedents—a device invented to ensure termination. Some
of these calculi and treatment of rule admissibility is, as I understand, author’s
own contribution to the area.

The essential part of the thesis is contained in Chapters 3 and 4. The main results
of Chapter 3 state that K, T, GL, and S4Grz satisfy uniform interpolation. Also
the relation of uniform interpolation to propositional quantification is extensively
discussed. These results are partly new and partly or even mostly known, but
they are obtained by a new method, i.e. proof-theoretically, while other authors,
like Visser and Kracht, use semantical methods. The proof-theoretical approach
is less common in the literature. The proofs invented by the M. Bilkova are
difficult and highly technical; their advantage is a more or less parallel treatment
of all the logics. The author’s results are partly also contained in a paper already
accepted for publication in Studia Logica, but the treatment contained in the
present thesis is more extensive and more general. Since it is known that S4 does
not have uniform interpolation, the author’s observation that K4 does not have
uniform interpolation nicely completes the picture.

The main results of Chapter 4 state that logics K, T, K4, GL, S4, and S4Grz
satisfy feasible disjunction property (a proof of one of the formulas (A and OB
can be constructed in polynomial time from a proof of JAVB). A consequence
if this fact is a feasible interpolation theorem. To prove the result, the author
constructs a somewhat different calculi for all the logics, now with cedents treated



as sets rather than multisets. This Chapter 4 also suggests how to define Harrop
formulas in modal logics, discusses the (hardly plausible) hypothesis that all
tautologies of some or all modal systems have polynomial-size proofs, and explains
its connection to computational complexity.

The thesis is well written. Its global structure is transparent and a lot of expla-
nation make it readable. On the other hand, the text does contain some typo-
graphical imperfection: minor things like line breaks, itemization and in some
cases also typesetting of mathematical symbolism could be improved. That is
however inessential for the quality of the thesis: while highly technical, the thesis
is, as noted above, well readable.

I have found nothing that could be called a mistake; the obtained results are
strong and attractive, and their proofs are correct. 1 would, however, like to
list some remarks and questions or point out some places where I feel that more
explanation would be useful.

e On p. 8, I doubt whether Grzegorczyk’s axiom entails the schema 4. Of
course I understand that this is not essential for the results of the thesis, but
it does create some confusion: only somewhere on pp. 30-32 the reader finds
out that Grzegorczyk’s axiom is always accompanied with the schema T.

e The rules of the calculi constructed in Chapter 2, when used backwards,
always remove a logical symbol (or move it to the third cedent); this is how
termination is ensured. An alternative method of a termination proof, found
elsewhere in the literature, is based on the notion of saturated sequents. Can
the relation between these two methods be explained or at least commented
on?

e As to the sequent with three cedents, can any semantics be developed for
them? Are there some methods of proving their unprovability?

e On p. 30, it seems possible that both rules of the calculus Gm,, are appli-
cable to some sequent. If it is so, which of the two rules takes precedence?

e On p. 34, is the orientation of the order symbols < and < correct? Is the
orientation the same as in the definition of Kripke model on p. 97

e It seems that a little confusion occurs in the explanation in the second para-
graph of p. 37: does the existential propositional quantification correspond
to conjunction or to disjunction? I would suspect that this may be some-
thing deeper than a misprint because two different methods of constructing
a uniform interpolant are mentioned in the previous two paragraphs.

e In Lemma 3.1.3, the interpolant should probably be written as I_(g) instead
of I (p1,p2).



e On p. 47, it is not clear what “line 6” and line “line 7" refers to. In any case,
[ would need some more explanation about the (validity of the translation
of the) Barcan formula.

e On p. 41, I think that the procedure reworks O0A,(p,q;p) to OT, not
to O(—g V T). This is, of course, inessential since both formulas are equiv-
alent.

e In the definition of the translation * on p. 46, A,(C*) should read A,(0, C*).

e On p. 61, can “constructiveness” of a proof of existence of a fixed point
mean better time or space performance? Or, does it simply mean a proof
not containing an appeal to semantics?

e On p. 76, the explanation of Feasible Disjunction Property should contain
some reference to polynomial time. The meaning, of course, is clear from
other places in the thesis.

e On p. 90 in Theorem 4.3.1, I would need some explanation how does the
statement relate to the normal (or uniform) interpolation.

To summarize, the thesis brings new results in a field which is lively and worked
on in world most important research centers. The results are deep, technically
difficult and carefully justified. The method, i.e. proof-theoretical considerations,
is appropriate. The thesis significantly extends the knowledge about the best
known or best applicable modal systems. Some of the results are accepted for
publication in a respected journal of a world wide importance. But not only that,
it is evident that some other publications will be based on the thesis in the near
future. The thesis is well written; it itself or articles based on it will serve as an
important source of information. It should be stressed that the new information
relates to well known and very popular modal logics, where it is more difficult to
obtain new results.

For these reasons, I without any doubt recommend the thesis as a basis for
awarding the doctoral degree.
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Marta Bilkova, Interpolation in Modal Logics
(V. Svejdar, pieklad oponentského posudku
na doktorskou disertaci, fijen 2006)

Predlozena disertace je vénovana teorii dukazi moddlnich logik. Piesnéji feceno,
zabyva se znamymi modélné-vyrokovymi systémy K, T, K4, GL, S4 a S4Grz,
jejich sekventovymi (gentzenovskymi) kalkuly a jejich vlastnostmi, a klade diraz
na eliminovatelnost fezi, algoritmické vyhledani diikazu daného sekventu (proof
search), na uniformni interpolaci, a také na efektivni interpolaci a efektivni vlast-
nost disjunkece.

Dilezitost takovych vlastnosti klasické virokové a predikdtové logiky jako je inter-
polovatelnost nebo implicitni definovatelnost je zndma uz od padesatych let nebo
déle. Zhruba od sedmdesatych let je patrny rostouci vyznam neklasickych logik.
Tyto logiky jsou srovnavany s logikou klasickou, jsou zkoumény jejich aplikace
v metamatematice a tyto logiky jsou zkoumany i z hlediska teoretické informa-
tiky. Nékteré vysledky a metody, vétsinou spi§ sémantické povahy, jsou znimy.
M. Bilkova ale ve své disertaci diisledné pouziva diikazové teoretické metody, a
to podobnym zptisobem pro vSechny logiky, kterych se disertace tyka.

V kapitole 2 jsou definovany sekventové kalkuly pro v8echny logiky, kterymi se
prace zabyva. Pro “reflexivni” logiky, tj. T a S4Grz, jsou také definovany varianty
téchto kalkulti, v nichz sekventy maji tfi cedenty. Pro kalkuly s takovymi sekventy
lze totiZz dokazat, Ze algoritmy pro vyhledani dikazu “konverguji”, tj. vidy dospéji
k vysledku. Pfedpokldadam, Ze nékteré z téchto kalkulii a vysledky o pfipustnosti
odvozenych pravidel jsou autoréiny vlastni.

Podstatné vysledky prace jsou obsaZeny v kapitolach 3 a 4. Hlavni vétou ka-
pitoly 3 je tvrzeni, Ze logiky K, T, GL a S4Grz maji uniformni interpolaci.
V této kapitole je také podrobné diskutovan vztah uniformni interpolace k vy-
rokovym kvantifikdtorim. Tyto vysledky z ¢asti a moZnd i z vétsi ¢asti jiz doka-
zany byly. V predloZené disertaci jsou ale dokdzany dikazové-teoreticky, kdezto
ostatni autori, naptiklad Visser nebo Kracht, obvykle pouzivaji sémantické me-
tody. Dikazové-teoreticky ptistup, pouzity v této disertaci, je v logické literatute
mnohem méné obvykly. Dikazy, které M. Bilkova nalezla, jsou obtiZné a tech-
nicky naro¢né. Jejich vyhodou je pfitom soudasné ¢i podobné aplikovatelnost na
viechny logiky, které se v disertaci uvazuji. Vysledky préce jsou ¢astecné obsazeny
v Clanku, ktery je prijat k publikaci v asopisu Studia Logica, avSak pojednani
gika S4 uniformni interpolaci nema, autoréin vysledek, Ze ani K4 ji nema4, ¢&ini
obrazek o uniformni interpolovatelnosti zndmych modéalnich logik kompletnim.

Hlavni vétou kapitoly 4 je tvrzeni, Ze logiky K, T, K4, GL, S4 a S4Grz maji
efektivnd viastnost disjunkce (dtikaz nékteré z formuli A a (1B lze zkonstruovat
v polynomialnim case z dikazu disjunkce OA v OB). Diisledkem této véty je



pak véta o efektivni interpolovatelnosti. K diikazim téchto vysledki autorka pro
uvazované logiky konstruuje nové varianty kalkulil, v nichZ jsou nyni cedenty
mnoZinami, nikoliv multimnoZinami. Tato kapitola 4 také ukazuje, jak lze pro
modélni logiky definovat pojem Harropovy formule, je v ni diskutovana (nepfilis
plauzibilni) hypotéza, Ze viechny tautologie urité (nebo dokonce kazdé) modalni
logiky maji v oné logice ditkazy polynomialni délky, a je objasnén vztah této
hypotézy k predpokladim z vypoctové sloZitosti.

Piedlozena disertace je velmi dobie napsand. Jeji struktura je jasna a prihlednd,
vzhledem k dostateénému mnoZstvi vysvétlujicich komentari je dobre citelnd. Na
druhé strang, v praci se vyskytuji urcité typografické nedostatky: drobnosti jako
jsou fadkové lomy, sazbu itemizaci a v nékterjch piipadech i sazbu matematického
symbolismu by $lo vylepsit. Tyto malickosti jsou ale nepodstatné pro kvalitu
prace. Disertace, jak jiz bylo feCeno, je dobfe itelnd, a to presto, Ze se tyka
tématu technicky komplikovaného a na symbolismus ndro¢ného.

Nenalezl jsem v praci nic, co by 8lo oznagit jako opravdovou zavadu nebo chybu.
Ziskané vysledky jsou silné a atraktivni, jejich ditkazy jsou napadité a korektni.
Chté&l bych ale vyjmenovat nékolik otdzek a pozndmek, a ukazat na nékolik mist,
kde bych byl uvital podrobnéjsi vysvétleni.

e Na str. 8 pochybuji, Ze z Grzegorczykova axiomu plyne schéma 4. Je ovSem
zFejmé, 7e pokud ne, je to nepfesnost, kterd nema 7adny vliv na platnost
visledkil prace, jde pouze o poznamku v Gvodu. Je ale trochu matouci, ze
a7 nékde na str. 30-32 si étenaf uvédomi, Ze Grzegorczykiv axiom se vidy
uvazuje dohromady se schématem T.

e Kdy# se nékteré pravidlo kalkuld z kapitoly 2 pouzije zpétne, vzdy to zna-
mend odstranéni ndkterého symbolu nebo jeho pfesunuti do tietiho cedentu.
To je zptisob, jak zajistit konvergenci. V nékterych zdrojich se vyskytuje
jedt& jiny zptsob, jak zajistit konvergenci algoritmu, ktery je zaloZen na
pojmu saturovaného sekventu. Jaky je vztah téchto dvou metod?

e Lze pro sekventy se tfemi cedenty navrhnout néjakou sémantiku? Jaké jsou
moZnosti, chceme-li dokézat nedokazatelnost takového sekventu?

e Na str. 30 pfedpokladam, Ze v nékterjch situacich mohou pravidla kal-
kulu Gmg,, byt aplikovatelnd obé soucasné. Pokud je tomu tak, kterému
davé algoritmus pfednost?

e Je na str. 34 spravné orientace symboll < and <7 A je stejna jako v definici
kripkovského modelu na str. 97

e Ve vysvétleni ve druhém odstavci na str. 37 je mo7na urcitd neptesnost:
odpovida existen¢ni vyrokova kvantifikace konjunkei, nebo disjunkei? Pred-
pokladam, Ze tato otézka ma hlubsi odpovéd, ne? Ze konjunkce a disjunkce
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jsou omylem zaménény, nebot v pfedchozich dvou odstaveich jsou zminény
dvé rizné metody pro nalezeni uniformniho interpolantu.

e Ve znéni lemmatu 3.1.3 mé interpolant pravdépodobné byt psin I _(g),
nikoliv I (p1,p2).

e Nastr. 47 neni jasné, k ¢emu odkazuje “line 6” a “line 7. Platnost piekladu
Barcanovy formule by myslim méla byt vysvétlena podrobnéji.

e Na str. 41 se domnivam, Ze procedura pfepracuje UA,(p,¢;p) na OT, ni-
koliv na O(—¢ v T). Pro fungovani procedury je to ovSem lhostejné, obé
formule jsou ekvivalentni.

o V definici piekladu = na str. 46 ma byt A,(0, C*), nikoliv A,(C*).

e M4 “constructiveness” na str. 61 byt chapana jako niZsi ¢asové nebo pro-
storové naroky, nebo to pouze znamena, 7e dikaz se obejde bez jakéhokoliv
odkazu k sémantice?

e Na str. 76 ve vysvétleni, co je efektivni vlastnost disjunkce, chybi néjaka
zminka o polynomialnim casu. Opét jde o nepodstatnou zavadu, vyznam
pojmu je zfejmy z jiného mista v disertaci.

e Na str. 90 ve vété 4.3.1 bych uvital podrobnéjsi vysvétleni. Jak se znéni
véty vztahuje k drive diskutované obyéejné nebo uniformni interpolaci?

Shrnugi, ze v predloZzené disertaci jsou prezentovany nové vysledky, a to v oblasti,
ktera je ziva a na které se pracuje ve svétové nejvyznamnéjdich vyzkumnych pra-
covistich. Dosazené vysledky jsou hluboké, technicky obtizné a peclivé dokdzané.
Pouzitd metoda, tj. dikazové teoreticky pristup, je pfiméfend a vhodné. Diser-
tace vyznamné rozsifuje nasi znalost o éasto zmifiovanych a dobre aplikovatelnych
modalnich systémech. Nékteré z vysledk budou publikoviny v ¢élanku, ktery je
piijat k publikaci v respektovaném a celosvétové dilezitém éasopisu. Navic je
ziejmé, Ze po tomto ¢lanku budou brzy néasledovat dalsi élanky rovnéz zaloZené
na predloZené disertaci. Prace je dobfe napsand, ona sama i ¢lanky na ni zaloZené
budou jisté slouzit jako dtlezity zdroj informaci. Jde pfitom o informace, které
se vztahuji ke znAmym a populdrnim logikdch, kde ziskani novych vysledki je
Z téchto divodl nemam zddnou pochybnost o kvalité prace a jednoznacné dopo-
rucuji, aby byla pfijata jako zéklad pro udéleni doktorského titulu PhD.
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