Univerzita Karlova v Praze
Matematicko-fyzikalni fakulta

DIPLOMOVA PRACE

Jifi Lipovsky

Spektralni a rezonanéni vlastnosti
kvantovych grafi

Ustav teoretické fyziky

Vedouci diplomové prace: Prof. RNDr. Pavel Exner, DrSc.,
Ustav jaderné fyziky, Akademie véd CR

Studijni program: Fyzika, Teoreticka fyzika

2008



Charles University in Prague
Faculty of Mathematics and Physics

DIPLOMA THESIS

Jiri Lipovsky

Spectral and resonance properties
of quantum graphs

Institute of Theoretical Physics

Supervisor: Prof. RNDr. Pavel Exner, DrSc.,
Nuclear Physics Institute, Academy of Sciences

Field of study: Physics, Theoretical physics

2008



Dékuji Prof. RNDr. Pavlu Exnerovi, DrSc. za odborné vedeni, cenné rady
a pripominky, které jsem uplatnil pfi psani diplomové préce.

Prohlaguji, ze jsem svou diplomovou praci napsal samostatné a vyhradné
8 pouzitim citovanych pramenii. Souhlasim se zapijéovanim price a jejim
zverejnovanim.

V Praze dne 18.4.2008 Jifi Lipovsky



Contents

1 Introduction 6
2 Preliminaries about quantum graphs 8
2.1 Description of the model . . . . . . . ... ... ... ..... 8
2.2 Vertexcoupling . . . . . . .. ... 9
2.3 Exterior complex scaling . . . ... ... ... L. 12
2.4 Attaching more semiinfinite links to one vertex . ... .. .. 13
2.5 Equivalence of the resolvent and scattering resonances on a
quantum graph . . . . . ... Lo L oo 14

3 Resonances from perturbations of the graphs with rational

rate of lengths of the edges 15
3.1 Aloopwithtwoleads . ... ... ............... 16
3.2 A cross-shaped resonator. . . . .. ... ... L. 25
3.3 Real eigenvalues for resonator with arbitrary length of the edges 30
3.4 Thegeneralcase . ... ... ... ... ... ... . ..., 40
4 Star graphs 44
4.1 Star graph withtwoedges . . . . . ... ... ... .. .... 45
4.2 Star graphs with the same length of the edges . . . . . . . .. 48
4.3 Star graphs with infiniteedges . . . . . .. ... 0L 49
4.4 Berry’sphase . . .. .. ... oo o 50
4.5 High-energy behaviour of the scattering matrix . . . ... .. 53
5 Tree graphs 60
5.1 Schrodinger operators on tree graphs . . . . . . .. ... ... 60
5.2 Parameterizations of the generalized point interaction . .. . 62
5.3 Mapping of the coupling conditions to the halfline . . . . .. 65
5.4 Construction of the unitary equivalence . . . .. ... .. .. 68
5.5 Spectrum of the operator Hy . . . . . . ... ... ... ... 71



5.5.1 The essential spectrum of the operator H'(Ay,l) . . . 72

5.5.2  The point spectrum of the operator Ho(Ay,l) . . . . . 75
5.5.3 The spectrum of the operator Hy . . . . . . . ... .. 80
6 Conclusions 83



Néazev prace: Spektralni a rezonanéni vlastnosti kvantovych grafu

Autor: Jifi Lipovsky

Katedra (tistav): Ustav teoretické fyziky

Vedouci diplomové prace: Prof. RNDr. Pavel Exner, DrSc., Ustav jaderné
fyziky, Akademie véd CR

E-mail vedouciho: exner@ujf.cas.cz

Abstrakt: V této prici studujeme spektralni vliastnosti diferencidlniho opera-
toru druhého fadu na kvantovém grafu. Vénujeme se nékolika problémum.
Pro kvantovy graf s raciondlnim pomérem délek jeho hran zkoumdme tra-
jektorie rezonanci v piipadé, ze pomér délek jeho hran je narusen. Déle
studujeme strukturu spektralni variety a Berryho fazi pro hvézdicovity graf.
V posledni ¢asti dokazeme unitarni ekvivalenci mezi hamiltonidnem na stro-
movém grafu a hamiltonidnem na polopiimce.

Klicova slova: kvantové grafy, mezoskopické systémy, Berryho faze.

Title: Spectral and resonance properties of quantum graphs

Author: Jifi Lipovsky

Department: Institute of Theoretical Physics

Supervisor: Prof. RNDr. Pavel Exner, DrSc., Nuclear Physics Institute,
Academy of Sciences

Supervisor’s e-mail address: exner@ujf.cas.cz

Abstract: In the present work we study the spectral properties of a second-
order differential operator on the quantum graph. We investigate several
problems. For an quantum graph with the rational rate of the lenghts of
its edges, we investigate the trajectories of the resonances when the lengths
of the edges are perturbated. Furthermore, we study the topology of the
spectral manifold and the Berry’s phase for star graphs. In the last part, we
prove the unitary equivalence between the Hamiltonian on the tree graph
and the Hamiltonian on the halfline.

Keywords: quantum graphs, mesoscopic systems, Berry’s phase.



Chapter 1

Introduction

Quantum graphs are a widely used model, mainly in the solid state physics.
From the mathematical point of view, a quantum graph is a one-dimensional
network structure, equipped with a selfadjoint second-order differential op-
erator (negative Laplacian with a potential) with certain coupling conditions
at the vertices; its analysis reduces to solving a system of ordinary differen-
tial equations.

A motivation comes from a more complicated model, the so-called quan-
tum wires (see, e.g., [KuZ01]). Using the model of a quantum graph, one
reduces the problem to one-dimensional one, neglecting the width of the
wire. The aim is to study the motion of a quantum particle on this configu-
ration space, under the influence of the electric or magnetic field. One can
predict the conductance of the structure or other quantum effects. Another
approach to quantum wire networks are the so-called leaky graphs (see, e.g.,
[E07]), where a negative multiple of the d-distribution on the graph is added
to the Laplacian and the partial corresponding differential equations are
solved.

The first application of quantum graphs can be traced back to the 1950’s.
Ruedenberg and Scherr [RS53] used this model for describing the o-electrons
in aromatic organic molecules, the atoms were considered as the vertices of
the graph.

In the last two decades, quantum graphs were studied more intensively,
motivated by the progress in fabricating of the nanostructures consisting of
quantum wires. The model is used in mesoscopic physics, nanotechnology or
microelectronics. The photonic crystals (e.g., [KK02]) are a certain analogy
of the electron motion in the semiconductor structures. They are periodic
optical nanodevices, in which the motion of the photon is affected by the



change of the dielectric constant.

One of the virtues of quantum graphs is that they provide us with a
simple framework to study the quantum chaos. The pioneering paper by
Kottos and Smilansky [KoS97] shows that the spectral statistics of the quan-
tum graphs is reproduced by the random matrix theory. Berkolaiko, Bogo-
molny and Keating have recently proved in the paper [BBK00] that the star
graph has the same spectral statistics as Seba billiards, an example of two-
dimensional chaotical system. A review on statistics on quantum graphs
can be found in [GSO06].

Kostrykin and Schrader studied in [KS00] the inverse scattering problem
on quantum graphs and provided a way to possible designing of elementary
gates in quantum computing. A summary on quantum graphs can be found,
e.g., in [KS99], [Ku04] or [GS06].

In the present work we try to contribute with the study of several spectral
problems concerning quantum graphs. First, we introduce the model and
some important common properties of quantum graphs. The next chapter
investigates the resonances developing from eigenvalues embedded into the
continuous spectrum of the graph with rational rate of the lengths of some
edges due to the perturbation of lengths of these edges. After studying
trajectories of the poles of the resolvent in two simple examples we formulate
a theorem determining the number of the resonances for the general case.
The next part of this work is devoted to the so-called star graphs (all their
edges are connected at one endpoint). We study the structure of the spectral
manifold and find the Berry’s phase for the change of one of the parameters.
The last part of the work is devoted to demonstrating the unitary equivalence
between the Hamiltonian on some types of tree graphs and the Hamiltonian
on the halfline which generalizes the Somomyak-Sobolev duality. We use it
to derive spectral properties of regular tree graphs with a general coupling
in the vertices.



Chapter 2

Preliminaries about quantum
graphs

2.1 Description of the model

The configuration space of our model is a graph I', described by the set of
vertices V = {&},5 € I} and the set of edges £ = {Lj, : (X}, X,) € Iz C
I x I'} attached to them, where I is a finite or countably infinite index set.
Each edge can be identified by the pair of vertices (in any order, since the
graph is not directed) and the length [;, of each edge in L is positive. We
suppose that to some vertices in V one or more semiinfinite external links
are attached. We denote the whole graph by I' and its subset with finite
edges only by T',.

The set of the vertices which are connected to the vertex X; by an edge
(its neighbours) is denoted by N'(X;) = { X, : n € v(j) C I\{j}}. We denote
by B the set of vertices which have a single neighbour (graph boundary), its
complement is called graph interior and is denoted by Z = V\B. We denote
by C the set of vertices to which one or more semiinfinite links are attached.
Similarly, the corresponding index subsets are denoted by I, Iz, and I¢.

Furthermore, the metric on the graph can be identified with a part of a
Euclidean space. Using the metric structure, we introduce the Hilbert space
of the problem

H= P L0,1;) & @ L2([0. ).

(Jm)€le jele

The elements of H can be witten by ¢ = {¢jn, : (j,n) € Iz, Yjoo : J € Ic}.



Our aim is to describe quantum mechanics on such a graph. For simplic-
ity, we choose the system of units where i? = 1 and 2m = 1. Furthermore,
we define on the graph I the differential operator H = —d?/dz?+V (z) with
essentially bounded potential

V= {anavjoo}avjn € Loo([[],ljn]),Vjoo =0.

The domain of definition of this Hamiltonian are functions v in the ap-
propriate Sobolev space on the graph, i. e. %;, € W2([0,1n]), %00 €
W22([0,0c)), which satisfy suitable coupling condition at the vertices, to be
described below.

2.2 Vertex coupling

Identifying the point X; with = 0 we denote the limits of functions and
their derivatives on Lj, by

o ‘ I !
Yjn = xl_l)%l_i_ @b]n(x) ) wjn = xl_l)%l_i_ T/Jyn(ﬂ?) :

For each vertex &; we denote by
U= (1(X)), P2(X)), ... va, (X)), dj = card N'(X;)
the column vector of function values at the point A; and, similarly,
U= () (X)), (X)), by (X)), dj = card N () .

the vector of one-sided derivatives at X;.

We must ensure that the Hamiltonian is self-adjoint. The general cou-
pling in a vertex X; of a quantum graph can be described by two square
d; x d; matrices

Aj\I/j-l-Bj\I/; =0, (2.1)

such that the d; x 2d; matrix (A4;, B;) has maximal rank and AjB;r is self-
adjoint at each vertex, where 1 means adjoint. This condition is equivalent
to the self-adjointness of the Hamiltonian, this result was first obtained by
Kostrykin and Schrader in [KS99].

Furthermore, the condition (2.1) can rewritten in the form (showed inde-
pendently by Kostrykin and Schrader [KS00] and Harmer [Ha00]; in general
context such condition were known earlier [GG91])

(Uj —I)\I/]—FZL()(UJ—FI)\I/; =0, (22)
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where U; is an arbitrary unitary d; x d; matrix, I is the unit d; x d; matrix
and Ly is a non-zero constant of length dimension. Tt only seems that Lg
adds an extra parameter (recall that a general self-adjoint extension is in
this situation characterized by d? real parameters) because the conditions
corresponding to different Lg, Lj, are mutually related by

U' = [(Lg — Ly)U + (Lo + L) (Lo + LU + (Lo — Ly)1].

Hence without loss of generality we can take Ly = 1. Therefore, the coupling
at every vertex can be described by d? parameters. Notice that the coupling
(2.1) has the same number of the degrees of freedom, because it is non-
unique: the matrices A; and B; can be replaced by C;A; and C;B;, where
Cj; is an ordinary regular d; x d; matrix.

The relation between the matrices A;, B; and the unitary matrix U; can
be obtained from the equations

CiA;j=U; -1, C;jB;j=i(U;+1).
Using linear combination of the previous equations one arrives at
2U; = Cj(A; —iBj), 2I=-Cj(A;+iBj)
and hence one obtains the relation
—(A4; +iB;)U; = A; —iB; (2.3)
or an equivalent one
(Bj —iA;)U; = Bj + iA;. (2.4)
In particular, we mention several interesting cases of coupling
1. é-coupling:
V5= Yin(j) = Yjm(j) for alln,m € v(j),
> (i) = ajpy

nev(j)
with a; € R. Let J be a d; x d; matrix with all entries equal to
one. Then the matrices A; and B; can be chosen as A; = —al,
Bj = J. Since J? = d;J, the matrix U; can be also chosen as a linear
combination of the matrices I and J, U; = wl + 7J, where w, 7 € C.
Using the relation (2.4) one obtains

J —iojl = (J +ia;l)(wl +7J) = iajwl + (w +ia;T + d;T)J .

10



The comparison of the corresponding terms gives
2 2
U

“ © T Tt 0T d; +iay

J—1. (2.5)

The case with a; = 0 corresponds to the so-called free boundary con-
ditions; some authors also call them Kirchhoff or Neumann. The case
aj = 00, i. e. 9, = 0, corresponds to decoupled edges with Dirichlet
boundary conditions.

. d-coupling:

'(:[); = ,([);n(]) = /@b;m(]) for all n,meu(j),
> pinlh) = B

nev(j)

with 8; € R. Similarly to the previous case, we choose A; = J,
Bj = —p;I, Uj = wl 4+ 7J. The relation (2.3) gives

J 481 = (—J + i) (wI + 7J) = ifjwl + (iBjT — djT —w)J
while the comparison of the corresponding terms gives

2 2
. U;=TI- —
dj—ip;" dj —if;

The particular case 3; = oo corresponds again to decoupled edges, this
time with Neumann boundary conditions.

w=1, 7=

. ¢'-coupling:

Yin(j) — Yim(j) = %
J

> V() =0
nev(j)

with 3; € R. The matrices can be chosen as A; = d;I —J, B; = —f;1,
Uj = wl + 7J. The relation (2.4) gives

[%n(]) - w;m(j)] for all n,m € U(j) ’

(=B +dii)] —id = [(—p; — idj)] + iJ)(wl +7J),
while the comparison of the corresponding terms gives
_dj+1iB; 2 2, di+iB,

w = — T =— U;= —J - .
dj —if; dj—ip;’ T di i di—ip;

11



2.3 Exterior complex scaling

In dealing with resonances, the approach first introduced by Aguilar and
Combes in [ACT1] is useful. Since the resonances cannot be described as
the eigenvalues of a self-adjoint operator, one performs a complex coordinate
change and obtains an equivalent operator. However, the new operator is
not self-adjoint and the resonances correspond to its complex eigenvalues.

To be specific, we consider a scaling transformation on all semi-infinite
edges g(x) — go(z) = Upg(z) = e?g(xe’) with a complex parameter 6,
common to all the halflines, while the functions on I'; stay unchanged.

We may demonstrate the transformation of the free motion Hamiltonian
on a halfline by the action on a function g.

Hyg(z) = UgHU, 'g(z) = UpHe "2 g(ze™) = —e2Uy[g(ze™?))" =

— _e—G/Qe—Qangu(xe—a) — —6_0/260/26_269”(1') _ e_QHHg(:E).
This means that the Hamiltonian is transformed by multiplying by e 2? on
the halfline, and this leads to the corresponding change of the boundary
conditions which consists of adding the factor e %’ at appropriate places.
2
Let us consider the Hamiltonian on a graph I', acting as —% on the

external links and as —% + Vin(z) on Lj, where Vj, is assumed to be
essentially bounded. We use the mentioned transformation on the external
edges. The transformed Hamiltonian is

m(20) = (LT )

{fjn} (=S + VinSin}

where g; is the wavefunction on the halfline attached to the point &; and f;,
the wavefunction on L;,, similarly for other edges of the graph: the sets {g;}
and {f;n} refer to all external links and internal edges, respectively. The
domain of definition of the transformed Hamiltonian consists of functions
with components fj, € W2([0,1,,]) and gjp = Upg; satisfying the coupling
conditions.

Furthermore, we are interested in the situation, when the imaginary
part of 0 is nontrivial; without loss of generality we may choose 6 = i with
¥ € Ry. Then the essential spectrum of the Hamiltonian rotates into the
lower complex plain. If ¢ is large enough we can reveal the resonance poles
in the second sheet of the Riemann surface of energy.

12



2.4 Attaching more semiinfinite links to one ver-
tex

Now we can use the method introduced in the previous section for obtaining
a set of equations for poles of the resolvent of the Hamiltonian. In this
section we slightly generalize the problem studied in [EL06]. Let us consider
a vertex of the graph to which M semiinfinite external links and N internal
links are attached. Let us suppose separate d-coupling at each bundle and
following coupling between bundles (as in [E97b])

£1(0) =+ = fn(0) = f(O), 91(0) = -~ = gar(0) =: g(0), (2.6
M

£(0) = *1Zf )+ Y g (0), (2.7)
m=1

N M
g(0) = Z +a > g,(0). (2.8)
n=1 m=1

Performing the complex scaling of the semiinfinite links one can obtain
N
0)=a! Z FH0) + yikMe™3/2e0 go(0)

N
e™2g9(0) = 7> £1(0) + &~ ik Me™"/gy(0) .
n=1

Expressing e~%/2g(0) from the last equation and substituting it into the
other one we obtain an equation formally similar to the d-coupling,

_ 2ikM
0= (o + ) X an

We denote by S(k) the effective energy dependent coupling parameter

2, gors—1
1 1 |y|ik M 1 —ikMa
Bk =+ T Bk) = T Pa =& )
(2.9)
The parameter 7 controls the coupling, choosing |y| = 0 we can discon-

nect the bundle of semiinfinite links. The considered coupling also includes
the overall d-coupling of all the involved links; choosing & = & = ! the
effective coupling constant becomes (k) = a — ik M.

13



Effectively, the quantum graph with attached semiinfinite links I" can be
thus replaced by the corresponding finite graph I', with new non-selfadjoint
energy dependent coupling

finlG) = £;(§), V¥newv(y), (2.10)
£iG) =81 E) D fial)- (2.11)
nev(j)

at the “outer” vertices. For vertices j ¢ Ic we simply assume j3;(k) = a;.

2.5 Equivalence of the resolvent and scattering res-
onances on a quantum graph

We can use the result of previous section to show that the resolvent and
scattering resonances coincide. Let us think of the quantum graph T, as the
scattering center and of the semiinfinite links as the incoming and outgoing
wires. The scattering matrix (S-matrix) maps the vector of the amplitudes
of the incoming waves to the vector of the amplitudes of the outgoing waves.
From the coupling condition we obtain a set of equations for the coefficients
of the incoming and outgoing waves. The poles of the S-matrix are given by
the condition det S~! = 0.

Using the duality between the Hamiltonian on quantum graph and a
certain Jacobi-type matrix (theorem 3.1 in [E97a]) we obtain from (2.10)
— (2.11) the set of equations which involve only the functional values at the
vertices. A comparison of both systems of equation gives following theorem.
It slightly generalizes the theorem 3.2 in [EL06], obtained only for graphs
where at most one semiinfinite link was attached to every vertex of the
graph.

Theorem 2.1. Let I' be a quantum graph with one or more semiinfinite
links attached to some vertices. We assume the coupling conditions at the
vertices from C are (2.6) — (2.8) and §-conditions at the other vertices. Then
the families of its resolvent and scattering resonances coincide.

Proof. The proof is formally identical to the proof of the theorem 3.2 in
[EL06]. One must only realize that the effective coupling constant §(k) is
given by a different term (2.9). O

With the previous theorem in mind, we are no longer forced to distin-
guish between the poles of the S-matrix and the poles of the resolvent of
the Hamiltonian above. Therefore, we can use the method of the external
complex scaling in the next chapter to determine the resonance poles.

14



Chapter 3

Resonances from
perturbations of the graphs
with rational rate of lengths
of the edges

In this chapter, we will study the spectrum of a quantum graph with rational
rate of lengths of some its edges and its behaviour in the case when the
lengths of the edges are perturbed.

If a quantum graph contains some edges with rational rate of their
lengths then eigenvalues (their square roots are multiples of 7/l) may occur
embedded into its continuous spectrum. In particular, we prove that these
eigenvalues are present in the spectrum of a graph with a closed loop of
edges with rational rate of their lengths or a graph containing a line seg-
ment of edges with rational rate of their lengths with Dirichlet or Neumann
conditions at both ends of the segment. The eigenfunctions corresponding
to these eigenvalues are sin kz (or cos kz for Neumann conditions) with zeros
in the vertices of the loop or line and they vanish outside the considered loop
or line. The spectrum may contain eigenvalues embedded in the continuous,
with the eigenfunctions which vanish at the vertices. They are multiples of
(m/1)? where [ is the length “unit”.

When changing the ratio of the lengths of the edges, the poles of the
resolvent (formerly corresponding to the eigenvalues) become resonances.
In the following two simple examples we investigate trajectories of the res-
onances depending on the lengths of the edges and other properties of the
spectrum. As the main result, we prove afterwards that an embedded eigen-

15
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Figure 3.1: A loop with two leads

value of multiplicity n gives rise to n resonances in the spectrum of the
perturbed graph.

3.1 A loop with two leads

Let us consider the graph on figure 3.1 consisting of two internal edges
of lengths [y, ls, one halfline is connected to each endpoint. The Hamil-
tonian acts as —d?/dz? on each link. The corresponding Hilbert space is
LXRM) @ L2(RY) @ L%([0,11]) ® L%(]0,15]); states are described by columns
¥ = (91,92, f1, f2)T. Let us consider the following coupling conditions cor-
responding to more general case discussed in section 2.4.

f1(0) = £2(0), f1(ly) = fa(l2),

(
1(0) = ar ' (f1(0) + £3(0)) + 7191 (0),

S~

fill) = —ax ' (f1(1) + f3(12)) + 7295(0)
g1(0) = 71 (f1(0) + f3(0)) + &7 ' ¢1(0)
92(0) = =% (f1 (1) + f3(l2)) + &3 'g5(0) .

Using the method of external complex scaling gig(z) = €?/2g;(ze?) intro-

duced in the section 2.3 and the Ansatz f;(z) = a;sinkz + b; coskz, i = 1,2

16



we obtain

by = bo,
a1 sinkl; 4+ by coskly = as sinkls + by cos kly ,
by = oy 'k(a; +ag) + yrike 2 g14(0)
a1 sinkl; + by coskl; = —aglk(al cos kly — by sinkly + ag cos klo — by sinkls)
+ ygike_a/Qggg(O) ,
e*9/2919(0) = yik(a1 + a2) + &flike*(’ﬂgw(ﬂ) ,
6_0/2929(0) = —Y9k(ay cos kly — by sinkly 4 as cos kly — by sin kly)
+ dy Like ™2 o (0) .

The condition of solvability of this system is

0 1 0 -1
sin kly cos kly —sinkls —cos kls _0
kB! 1 kB! 0 o
sinkly +kB5 'cos kly coskly—kBy 'sinkly kBy 'coskly —kpB;y 'sinkiy
where
ikl 2 k? . 2&'—1 Tl 2
Bk = oyl + — G S 0 /] (3.1)

_itkn—L J 252 252"
1 zkaj 1—|—kaj 1+kaj

After a simple algebra we obtain the final condition

sin kly sinkly — 4k2B; (k) By ' (k) sin? <k¥> +
+ K[ (k) + By (k)] sink(l +12) = 0.
We parametrize the length of the edges by the parameter A as follows
Lh=11=X, l=I1(1+)),

then the condition becomes

sinkl(1 — \)sinkl(1 + \) — 4k267 " (k) By " (k) sin® kl+
+ k[BT (k) + By (k)] sin2kl = 0. (3.2)

17



Let us compute the difference of the first terms in (3.2) for different A,
N'. Using trigonometrical identities we get

sinkl(1 — X)sinkl(1+ X') —sinkl(1 — X)sinkl(1 + \) =
1
= E[cos 20kl — cos 2kl — cos 2kl + cos 2kl] =
= —sinkl(\ + N)sinkl(N — X) = — sink[(2\ + ¢) sin kle .

We have denoted here the difference A’ — X by €. Hence if kg is the solution
of (3.2) for parameter X\ then the solution k for parameter X' satisfies the
equation

sinkl(1 — \)sinkl(1 + \) — 4k267 " (k) By " (k) sin® kl+
+ k[B7 (k) + By (k)] sin 2kl = sinkI(2) 4 €) sin kle .

Let us suppose that k£ depends on ¢ continuously. If the difference k1 = k— kg
is small we obtain using the Taylor expansion

k11[sin(2kol) — Asin(2kolN)] — 4k1 12 B! (ko) By " (ko) sin 2kol —
— 4k [2k0 BT (ko) B ' (Ko) + KE (BT (ko) Ba (ko) + B (ko) By ' (ko)) sin® kol+
+ k1 (87 (ko) + By " (ko) + Br (ko)ko + B2 (ko) ko) sin 2kol + 2k1lko(B5 " (ko) +
+ ﬂ;l(ko)) cos 2kol — kql[e cos kgle sin kol (2X\ + )+

+ (2X + €) cos kol (2X + €) sin kole] + O(k}) = sin kol (2X + €) sin kgle
(3.3)

where Bj(ko) = ’l'"y]'|2/(1 — ’ikgdj_l)Q.
We can use the previous equation for obtaining k;. Denoting the coeffi-
cient by k1 by f(ko) and the rhs of previous equation by g(A,e) we have for

the error ) )
jo O Lo (0

f(ko) — F(ko) ~ \ 72(ko,e)

Since the rhs of (3.3) is O(e), the error we make by neglecting the term
O(k?) is O(g?), for 2Mkgl close to = 2nm is the error even smaller (O(e?)).
Moreover, the trajectories of the resonances obtained numerically can be
verified for A = & when the embedded eigenvalues given by kl = nr are
present. The figure 3.6 shows that the resonance poles obtained by direct
numerical solving of the equation (3.2) correspond to the ones obtained by
solving (3.3).

18
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Figure 3.2: The trajectories of several resonance poles (the dependence of
the imaginary part of k on the real part of k) for coefficients al_l = 1,
&;1 = _27 |f)l1|2 = ]-a agl = ]-7 &;1 = ]-’ ‘72‘2 = ]-a n = ]-7 27 3a 4a 5a 6.

Therefore, the equation (3.3) can be used for numerical computation of
the pole trajectories on figures 3.2 — 3.5. The change of the parameter A
from 0 to 1 is represented by changing the colour from red (A = 0) to blue
(A =1). On figures 3.7 — 3.12 the dependence of the length of the curve and
its change (velocity) on the parameter X is plotted.

The equation (3.2) has real solution kI = nm, n € Nfor A = m/n, m € N.
The corresponding eigenfunction is 9 = (0,0,sin nnz/l, —sinnwz/I)T. On
the figure 3.3 (n = 2) the pole returns to the real axis if A = 1/2 and A = 1.
On figure 3.4 (n = 3) the pole returns to the real axis only for A = 2/3. For
A = 1/3 and A = 1 the appropriate solution is a resonance. Similarly, on
figure 3.5 (n = 2) the pole returns to the real axis only for A = 1.

The condition (3.2) can be rewritten as

f(k,\) = cos 2kIX — cos 2kl — 8k*B; 1 (k) By ' (k) sin? ki+
+ 2k(B; L(Kk) + By H(K))sin2kl = 0. (3.4)

Let us investigate the asymptotic behaviour of the resonances for small ¢,
in particular, the angle ¢ between the pole trajectory going from ky = nn/I
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6.28 6.29 6.3 6.31 6.32 6.33 6.34

Figure 3.3: The trajectory of the resonance pole ky = 27 (the dependence
of the imaginary part of k£ on the real part of k) for coefficients ozl_l =1,
al==2mP=1,0,"=0,a," =1, |75/? =1, n = 2. The values of
parameter A are marked by changing the colour of the line from red (A = 0)

to blue (A =1).
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Figure 3.4: The trajectory of the resonance pole ky = 37 (the dependence
of the imaginary part of k£ on the real part of k) for coefficients ozl_l =1,
=1, a"=1a"'"=1 |m?=|%n?=1n =3 The values of
parameter A are marked by changing the colour of the line from red (A = 0)

to blue (A =1).
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Figure 3.5: The trajectory of the resonance pole ky = 27 (the dependence
of the imaginary part of k£ on the real part of k) for coefficients ozl_l =1,
a;l =1, dfl =1, 6451 =1, 712 =1, ||?> =1, n = 2. The values of
parameter A are marked by changing the colour of the line from red (A = 0)

to blue (A =1).
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Figure 3.6: A comparison of the trajectory of the resonance pole from the
figure 3.4 obtained from the equation (3.3) - the full line — and the resonance
poles obtained by numerical solving of the equation (3.2) for A equal to
multiples of 0.05 (represented by crosses). It shows that the error we make
by using the approximate equation (3.3) is small (for A = 0.2 approximately
6-10°3).
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with Ay = m/n,m € {0,1,...,n} and the horizontal line. For small k; the
difference e = A — \g is also small. The function f(k, ) is with the exception
of points k = —ia; continuous and its first partial derivative with respect
to A is at Ay equal to zero. Hence

0*f of
0 = f(k,A) = f(ko, o) + 733 e+ o ki .
O 1 3 Ok |0 ng
of _ -
A = dnm [B; (ko) + B5 ' (ko))
ko, Ao
2
8—"; = —4(kl)? cos 2kI\ = —4(mwn)?.
ON |k o
For small k; we obtain using (3.1)
kl =~ 52 1 o 1 3
Br (ko) + By (ko)
m k ko\’h\Qz ko\’m\:
m Ry 14+k26,°  1+kZa, nmw
¢ — — 0™ 02 ko=—. (3.5
an(P Rekl a*l + a71 B ké")’l‘zdl_l _ ké"y?‘zdz_l ) 0 l ( )
1 2 1+k3ar? 1+k3ay”°

For |yi| = |y2| = 0 the poles are real and ¢ = 0. Otherwise, if a; ' = &, ' =

oy = d;l = 0 then the real part of k1 is zero and the pole trajectory goes
from ko perpendicular to the horizontal line (p = 7/2).
Further, let us investigate the behavior of the pole trajectories for big n.

Let us suppose that k = ko + k1, ko = nn/l, |k1| < 7/I. Then

cos 2kl — cos 2kl = cos 2kgl A cos 2k I\ — sin 2kgl A sin 2k1I\ — cos 2kl =
= (cos 2nmwA — 1) — sin (2mn)) 2k(IXN + O(k?).

The condition (3.4) for small k; becomes

(cos2nmw\ — 1) — sin (27n) 2k 1A+
nw o _ _
+ 2= [B7 (ko) + B ' (ko)] 2kil + O(k) = 0.

From (3.1) we obtain

12 l 12 1
Bfl(kg):agfl—'?%+i7—f_2+o<—2>, for a:!'+#0,
ij mrozj n

B; (ko) =71n77r|*yj\2+(’)(1), for al=0.
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The functions
|cos (2nmA) — 1] < 2, |sin(27kIN)| <1

are bounded, therefore for &fl #0, &y 1 £ 0 we have

l /67 + e/ Lo ( 1 )
(mn)? (a1 + oyt —mPPfar’ = leP/agh)? - \n?)

Im k| < 5

while for &fl =0, &51 = 0 the inequality reads

l 1 1
Imki| < +0(=),
RS e P+ P (n)

and for 7' =0, a5 ' # 0 we have

l 1 1
Imkil< —————+0(— ] .
Imhl < e (n)

Let us summarize our results. The poles of the resolvent are given by the
condition (3.2) or its equivalent (3.4). For A = m/n, m € N real eigenvalues
kl = nw, n € N occur. They may correspond to one pole of the resolvent
returning to the real axis for A = m/n, m € N as in figure 3.3. However, for
other combinations of the coupling conditions, the pole may return only for
certain A (see figures 3.4 and 3.5). For other rational ), its place is taken
by the pole which has been resonance for A = 0. The angle between the
trajectory of the resonance and the real axis does not depend on A and is
given by (3.5). If the trajectory of the pole is near the original eigenvalue
then the distance from the real axis is of order O(1/n?) for big n. This
behaviour can be seen, e. g., on figure 3.2. It is also interesting to investigate
the velocity (i. e. the term |k1|/e) and the length of the curve depending on
A on figures (3.7) - (3.12). We can notice that on figure (3.7) the velocity
is nonzero but rather small at the right endpoint of the curve.

3.2 A cross-shaped resonator

We consider a graph consisting of two leads and two internal edges attached
to the leads at one point (see picture 3.13). The lengths of the internal edges
are [ = [(1 — X) and Iy = I(1 + A\). The Hamiltonian acts as —d?/dz2. The
corresponding Hilbert space is L?(RT) @ L2(R™) @ L2([0,11]) @ L2([0,15]),
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Figure 3.7: The “velocity” (the derivative of the length of the curve with
respect to the ratio \) depending on A for Figure 3.3.

0.2 4

0.05 | -

Figure 3.8: The length of the curve depending on A for Figure 3.3.
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Figure 3.9: The “velocity” (the derivative of the length of the curve with
respect to the ratio \) depending on A for Figure 3.4.

Figure 3.10: The length of the curve depending on A for Figure 3.4.
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Figure 3.11: The “velocity” (the derivative of the length of the curve with
respect to the ratio \) depending on A for Figure 3.5.
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Figure 3.12: The length of the curve depending on A for Figure 3.5.
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fi@)|li=1(1=-X)
g1 (@) g2 ()

L@ |l=1(1+ \)

Figure 3.13: A cross-shaped resonator

states are described by columns ¢ = (g1, g2, f1, f2)”

is now a bit simpler, namely

f1(0) = f2(0) = g1(0) = g2(0),
fillh) = fa(lz) =0,
afi(0) = fi(0) + f3(0) + ¢1(0) + g5(0).
Using the method of external complex scaling (gig = e?/?g;(ze?)) and the
Ansatz f; = ¢;sink(z —;), i = 1,2 we obtain
—cy sin(kly) = —cosin(kly) = 670/299(0) ,
—acy sinkly = k(cy coskly 4 co cos kly) + 2ike79/2g(;(0) .

. The coupling condition

We choose ¢y = —csinkly, co = —csinkl; and substitute the first equation
into the second one.

(2ik — a)esinkly sinkly = cksink(ly + 13) .
Finally, we get two equivalent forms of the condition for resonances

ksin 2kl + (o — 2ik) sinkl(1 — X) sinkl(1 + X) = 0,
2k sin 2kl 4+ (o — 2ik)(cos 2kI\ — cos 2kl) = 0. (3.6)

Let us ask when the solution is real. Leaving out the trivial solution & = 0
we get from the last equation two conditions (the real and the imaginary
part of the lhs has to be zero)

sin2kl =0 = klz%, ne7,
0 = cos 2kIX — cos 2kl = cosmr)\—cosmr:2sin%(1 —)\)sin%(l-l-)\)

= nA=(n-2m), meZ.
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Hence A =1—-2m/n, m € Ng, m < n/2.
If the difference ki = k — kg is small we obtain from (3.6)

k1 = —2(a — 2iko) sin kole sin kol (2 + €) /{2i[cos 2kgl (X + ) — cos 2kgl]+
(0{ — 22k0)2l[(>\ + 6) sin 2kol()\ + 6) — sin 2kol] — 2sin 216[][ - 4k(]l COS 2kol} .
(3.7)

Similarly to the previous example, the error is O(k?), i. e. O(e?), for 2\kyl
close to = 2n is the error even smaller (O(c*)). Moreover, the trajectories
of the resonances received numerically can be again verified for A = 7% when
the embedded eigenvalues given by kIl = nm are present. The figure 3.19
shows that the resonance poles obtained by direct numerical solving of the
equation (3.6) correspond to the ones obtained by solving (3.7).

Using the expression above for ky = nzn/l, A = m/n and small £ we
obtain

2(a — 2iko) (kole)? e’ ( ).

g
Akl Ty \YT AT

The angle between the pole trajectory going from kg and the horizontal line
is

ky = —

Imk;, 2nw 2nm

tan(P:_Rekl =0 = wzarctanﬁ. (3.8)
The equation (3.6) gives the eigenvalues kIl = nn/2, n € Z for A =
1—-2m/n, m € Ny, m < n/2. Behaviour of the trajectories of poles is similar
to previous example (see figures 3.14-3.20). A pole of the resolvent may
return to the same point or it can become another eigenvalue or resonance.
An example of the change of the behaviour can be seen on figure 3.20. By a
small change of the coupling parameter, parts of the two trajectories can be
interchanged (an avoided resonance crossing); The details of the trajectories
for different parameters can be seen on figures 3.21 and 3.22. The angle

between the trajectory and the real axis is given by (3.8).

3.3 Real eigenvalues for resonator with arbitrary
length of the edges

The rational eigenvalues occurred in the previous examples due to Dirichlet

boundary conditions in the vertices. In a more general case there are eigen-

values embedded into a continuous spectrum too, but the rationality plays
role only for a particular class of coupling conditions.
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Figure 3.14: The trajectory of the resonance pole kg = 27 (the dependence
of the imaginary part of k£ on the real part of k) for coefficients o = 100,
n = 2. The values of parameter A are marked by changing the colour of the
line from red (A = 0) to blue (A = 1).
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Figure 3.15: The trajectory of the resonance pole kg = 27 (the dependence
of the imaginary part of k& on the real part of k) for coefficients a = 10,
n = 2. The values of parameter A are marked by changing the colour of the
line from red (A = 0) to blue (A = 1).
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Figure 3.16: The trajectory of the resonance pole kg = 27 (the dependence
of the imaginary part of k on the real part of k) for coefficients @ = 3, n = 2.
The values of parameter A are marked by changing the colour of the line
from red (A = 0) to blue (A =1).
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Figure 3.17: The trajectory of the resonance pole kg = 27 (the dependence
of the imaginary part of k on the real part of k) for coefficients « = 1, n = 2.
The values of parameter A are marked by changing the colour of the line
from red (A = 0) to blue (A =1).
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Figure 3.18: The trajectory of the resonance pole (the dependence of the
imaginary part of k on the real part of k) for coefficients « = 1, n = 2. The
values of parameter A are marked by changing the colour of the line from
red (A =0) to blue (A =1).
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Figure 3.19: A comparison of the trajectory of the resonance pole from
the figure 3.15 obtained from the equation (3.7) — the full line — and the
resonance poles obtained by numerical solving of the equation (3.6) for A
equal to multiples of 0.05 (represented by crosses). It shows that the error
we make by using the approximate equation (3.7) is small (approximately
1074).
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Figure 3.20: The trajectories of two resonance poles (the dependence of the
imaginary part of k£ on the real part of k) for coefficients o = 2.596, n = 2.
We can see the resonance crossing — former eigenvalue embedded into the
continuous spectrum changes its place with former resonance (compare, e.
g., with figure 3.16). The values of parameter A are marked by changing the
colour of the line from red (A = 0) to blue (A =1).
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Figure 3.22: A detail similar to figure 3.22, the coefficient « is changed to

o = 2.598
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For example, let us consider the resonator on figure 3.13 again, we
change the coupling conditions to Robin conditions at both endpoints and
d-conditions at the middle point (the notation is similar to the example in
section 3.2).

f1(0) = f2(0) = g1(0) = g2(0) ,
arfi(h) = - fill),
az f1(0) = f1(0) + f3(0) + g1(0) + g5(0),
asfa(la) = —f3(l2) -
We try to find for which coupling constants the poles of the resolvent are

real. The lengths of edges l1, lo are given and their rate is not necessarily
rational. The condition for poles becomes

—1 —coskl; 0 0 0 sin klq 0

0 sinkly O 0 -1 cos kly 0

0 0 —1 —cosklys 0 0 sin klg

0 0 0 sinkls 0 -1 coskly| =0.
k 0 0 0 —aq 0 0

0 k k 0 0 —(ag—2ik) O

0 0 0 k 0 0 —ay

The imaginary and real part of the determinant give after some arrange-
ments system of equations

(kcoskly + aysinkly)(k cos kls + agsinkls) = 0,
(alag — k2) Sink(ll + ZQ) + k(a1 + 0[2) COS k‘(ll + l3) =0.

Its solution is

o] = —k cot kll,

sink(ly +12) +cosk(ly +la) cot kly
=k —k cot kl
@2 cos k(ly + lg) — sink(ly + o) cot kl; coL it

The coefficient a3 can be chosen arbitrarily which is easy to understand,
since the corresponding eigenfunction must be zero at the vertex. Therefore,
eigenvalues may be embedded into the continuous spectrum for non-rational
rate of the lengths of the edges, too. However, the only way how to get
eigenvalues equidistant in the square root for this graph are Neumann or
Dirichlet conditions at both end vertices and the rational rate of the lengths
of the edges.
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3.4 The general case

Let us consider the Hamiltonian acting as —d?/dz? on a finite quantum
graph (i. e., there is no potential on the edges) with the coupling (2.6) — (2.8)
and the domain of definition containing functions f with the components
fin € W22([0,1;,]).

We express the solutions on the line £j, as linear combination

fin(z) = ajpsinkx + bj, coskx .

The identify the point z = 0 of the edge with the vertex &;. From conditions
(2.6) — (2.8) we get

bj = fi(j) =bjn Vnewv(j),
fin(i) = kajn.

We express the transformation between the vector (ajn,b;)T and the
vector (an;, bn)T corresponding to the other vertex of the edge A,. From
the symmetry of the Ansatz f;,(z) = fnj(ljn — =) we get

ajp sinkz + bj cos kx = anjsink(lj, — ) + b, cosk(lj, — z) =

= ayj[sin kljy, cos kx — cos klj, sin kx| + b, [cos klj, cos kx +sin klj, sin k] .

Comparing the corresponding terms we obtain

ajn\ _ (—cosklj, sinklj, njj (3.9)
bj )\ sinklj, cosklj, b, |’ '

The set of equations (2.11) becomes

Z Qjn = ,Bj(k)k_lbj . (3.10)

nev(j)

The system (3.9) and (3.10) represents cardV 4 2cardL linear equations for
the variables a;j, and b;. We denote by M (k) the matrix corresponding to
this system, the condition for poles of the resolvent is det(M(k)) = 0.

Let us consider a graph which contains a closed loop of N edges with
lengths I; = n;lo, j € {1,... N}, n; € N, [y > 0. Notice, that vertices of the
loop may be connected by other lines, see figure 3.23 (the considered loop
is plotted with a bold line).
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5

Figure 3.23: An example of a graph containing a loop

Let us express the solutions using coefficients a;,, and b; as before, and
the subscripts ¢ = 1,... N refer to the vertices of the considered loop. Or-
dering the variables as a12,021,a23,0a32,...,4N1,01N, bl, bg, ey bN, ... the
matrix corresponding to the system of equations (3.9), (3.10) becomes

—1 —cosklia O 0... 0 0 0 sinklio 0... 0..

0 Sinkl12 0 0... 0 0 —1 COSkl]Q 0... 0..

0 0 —1 7C0Skl23... 0 0 0 0 Sinkl23... 0..

0 0 0 sinklsg... 0 0 0 -1 cosklag ... 0..

0 0 0 0... —1 —cosklny1 sinklny 0 0... 0...

0 0 0 0... 0 sinklnyi cosklnt 0 0... —1...
1 0 0 0... 0 1 —B1(k)/k 0 0... 0...

0 1 1 0 0 0 0 —Ba2(k)/k 0 0

0 0 1 0 0 0 0 —Bn(k)/k

Let us add the columns corresponding to aj+1, % = 1,..., N to the first

column and substract the columns corresponding a;; 1. The first column
becomes

kl kl T
—<25in2%,sinkllg,...ﬂsin2 Nl,sinklNl,O,...> .

The terms corresponding to the equations (3.10) disappear and coefficients
ajn corresponding to the edges of the loop do not occur in the equations
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corresponding to the other edges. Therefore, there are zeros in the first
column except of the first 2N rows. If the lengths of all the edges in the
loop are multiples of [y the all the other entries of the first column vanish for
ko = 2nm/ly. Finally, one expands the determinant of the system according
to the first column and one can see that the determinant vanishes for ky =
2nm /.

If Z;VZI n; is odd then the solutions are ky = 2nn/ly, n € N. On the
other hand, if the sum is even then we can also find solutions kg = nn/ly,
n € N.

In the similar way we can proceed if the graph contains a line of edges
with rational rate of the lengths and Dirichlet conditions at both ends of
the line or Neumann conditions at both ends.

Theorem 3.1. Let [' be a quantum graph with coupling conditions (2.6)
~ (2.8). Let kg be a pole of the resolvent of T' of order m (i.e., solution
of det(M(k)) = 0). Let us change the lengths of N edges of ' by I} =
I;(1+€;) and denote the changed graph by T.. Then for sufficiently small €
the resolvent of ' has either n poles of order 1 or smaller number poles of
with the sum of their orders equal to n in the neighbourhood of ky.

Proof. We denote by F(k,&) the determinant of the system of equations
(3.9), (3.10) for the graph I'.. Because of the form of the equations (3.9),
(3.10) and the coefficient S(k) it holds that F(k,&) € C*°(C\{Imz =0} ®
RY). If there is the root of the equation det(M(k)) = 0 of order n in ko
then

7
F
0 ( ; 2 =0 for i<n,
ok ko,e=0
O'F(k, &) '
— #0 for i=mn. (3.11)
ok ko,&=0
(3.12)
We can use the Taylor expansion
0= F(k,&) — F(ko,0) F(k,e)
pz;) qz;) q' 61@1’ 3gq ko,=0
1 O"F 1 F |
= LOPFES) ey oty ¢ L PEED
Conl Ok ko =0 gt 08 | g
ZZ 1, s b (k.6 SEPet + O(JeP ). (3.13)
=0 4=0 Pld' Ok 35 ko,e=0
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% . is the lowest non-zero derivative of F' with respect to &
E=

(let us suppose ‘(c)hat not all derivatives with respect to & are equal to zero).

We divide the previous equation by the coefficient at the first term (it is

nonzero because of 3.11). We denote the two terms with |£]7 and O|&}7+! by

a complex number Ay # 0; |Ag| is a nonzero number, but it can be chosen

arbitrarily small by taking small enough €. The equation can be rewritten

to the form

where

n—1
K™+ ApdkP + Ag + O(6K™ ') =0, (3.14)
p=1
where the coefficients A, could be nonzero but they can be chosen arbitrarily
small by taking small enough |&].
In view of the fundamental theorem of algebra the equation has n solu-
tions. U

Let us summarize our results. If the lengths of all the edges are multiples
of | then the spectrum of the graph contains eigenvalues € = (27n/l)? (they
correspond to k = 27n/l). If the sum of lengths of the edges in the loop is an
even multiple of [ then eigenvalues ¢ = (mn/I)? (corresponding to k = 7n/I)
are present.

Furthermore, we have proved that an eigenvalue of multiplicity n embed-
ded to the continuous spectrum gives raise to n resonances in the spectrum
of the perturbed operator or (if the perturbation is chosen appropriately) or
a less multiple resonances whereas the sum of multiplicities of all the reso-
nances is equal to n. In other words, the number of poles of the resolvent
does not change if their multiplicity is taken into account.
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Chapter 4

Star graphs

We will study a star graph with a general coupling at the vertex (schemat-
ically illustrated on figure 4.1). It consists of n edges of lengths /; con-
nected at one endpoint. We assume that there is no potential on the
edges, the Hamiltonian act as —d?/dz?. The corresponding Hilbert space
is L2([0,11]) ® L2([0,15]) @ --- & L?([0,1,]), where z = 0 corresponds to
the connected endpoint. The states are described by the columns 9 =
(fis for - fu)T-

As it was mentioned in the chapter 2, the coupling in a vertex of a general
quantum graph can be described by two square matrices of rank n,

AV + BY' =0, (4.1)

where ¥ and ¥’ is the vector of the function values at the vertex and the
outward derivatives, respectively. For matrices A, B such that (A, B) has

ls

L

Figure 4.1: An example of a star graph
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maximal rank it holds that the Hamiltonian is self-adjoint if and only if the
matrix ABT is self-adjoint at each vertex (see, e. g., [KS99]).
The condition (4.1) can rewritten in the form

(U - DV +iLy(U+ DV =0, (4.2)

where U is an arbitrary unitary (n x n) matrix, I is the unit matrix and Lg
is a non-zero constant of length dimension. Having the arguments from the
chapter 2 in mind, we can take Ly = 1.

Let us study a star graph with n edges of lengths [; > 0 and the coupling
condition (4.2) at the center vertex. For the sake of simplicity, we assume
the Dirichlet coupling at the other vertices f;(l;) = 0. Taking the Ansatz
fi(x) = a; sink(l; — x) with real constants a; one gets

al sin kll sin kll 0 e 0 al
a9 sin kly 0 sinkly ... 0 ao
q] frd = 9
ap sinkl, 0 0 ... sinkl, an
aq cos klq coskly 0 ... 0 a1
as cos klg 0 cosklsy ... 0 as
v = —k . =—k
ap cos kl, 0 0 ... coskl, an,

Substituting these expressions (4.2) becomes
(U= 1)S(k) — ik(U + I)C(k)](a1, az,...,a,)" =0,

with the matrices S(k) = diag (sinkly,sinkls, . ..,sinkl,) and

C(k) = diag (cos kly, cos kla, . .., cos kl,). The last equation represents a sys-
tem of n equations for variables a1, ao,...,a,. The spectrum of the Hamil-
tonian is given by the condition of solvability of this system. After some
rearrangements we arrive at

det{U[S(k) — ikC(k)] — [S(k) + ikC/(k)]} = 0. (4.3)

4.1 Star graph with two edges

Let us begin with a simple example for n = 2 (see figure 4.2). The notation
is the same as above, the point z = 0 corresponds to the center vertex. The
Hamiltonian is acting as —d?/dz?, the Hilbert space L2([0,1;])® L2([0, I3]), i.
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l1 Q l2

Figure 4.2: A star graph with two edges

e. a state is described by the column 1 = (f1, f2)”. The coupling conditions
are given by (4.2) and by Dirichlet condition at the other vertices.

Let us derive a suitable parametrization of a U(2) matrix. We denote
the components of the matrix U by complex numbers z;;

U= 211 212
221 292
Since UUT = 1 the rows of the matrix are orthonormal.

|211|2 + |212|2 I,

|Z21|2 + |Z22|2 I,

- > - 2
Zizo1 + Zi9zee = 0 = 291 = —Z1oz11222/|211]7,

where the overline means complex conjugation. Substituting into the second
equation one obtains

U= [z (1 + 202 /|20 ) = |20 /|on [P = Jz2o] = |2na -
The final parametrization of any element of U(2) group is

rele1 meiwa
U= /1 =72 ei(tp11+§022*§012) ,reitpm )

The condition (4.3) gives det M (k) = 0 where the components of the
matrix M (k) are

(4.4)

myp = rei‘p“(sin kly — ik cos kly) — (sinkly + ik cos kly) ,
mia = V1 —r2e12(sinkly — ik cos kly) ,

mo; = —V1—12 ei(‘p“""‘p”_‘p”)(sin kly — ik coskly),
Moy = rew”(sin klo — ik cos kls) — (sin kly + ik cos kls) .
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The condition (4.3) thus can be rewritten as

0 = [re’!! (sin ki — ik cos kly) — (sinkly + ik cos kly)]-
- [re! sin klo — ik cos kly) — (sin kly + ik cos klo) |+
a2 kl k cos ki kl k cos kl
+ [V1 — r2e12 (sin kly — ik cos klo)]-
V1 = 2 eilente—en) gin ki — ik cos kiy)] =
= ¢ 22)(sin kly — 7k cos kly)(sin klo — 1k cos kly) —
ie11+922) (sin kly — ik cos kI kly — ik cos kI
— re'?22 (sin kly + ik cos kly)(sin kly — ik cos kly)—

— re"1 (sin kly — ik cos kly)(sin kly + ik cos klp)+
+ (sinkly — ik cos kly)(sinkly — ik cos klg) .

Considering different lengths of both edges we generalize the problem
discussed in [CFT01b]. While in [CFTO01b] the manifold is described by two
independent parameters, our manifold is described not only by the eigen-
values of the matrix U but by three parameters r € [0, 1], @11, 22 € [0, 27).
To find for which combination of parameters the spectrum does not change
we have to compare the coefficients at the linearly independent terms. For
Iy # I3 we compare the vectors

elilp11+p22) ei(¥h1+¥5)
rel¥i et
rei®2? B 7'l
1 1

We obtain

r#0 = 1=, P2 = ph,

r=0 = @u+pn=9p;+eh.
We can identify the points with » = 0 and 11 + @29 = const. The
spectral space is a cube with two pairs of opposite sides identified (because
of p11 = 0 <> @11 = 27) and one of the remaining sides shrank into its

diagonal.
For l; = I, = [ the vectors

(sin kly 4 ik cos k1) (sin kly — ik cos kly) = sin® kl 4+ k2 cos® kl ,
(sin kly — ik cos kly) (sin kly + ik cos kly) = sin® kl 4 k2 cos® kl
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are not linearly independent, hence the proper vectors to compare are

elle11+p22) el(@11+9h)
r(e11 felv22) | = | 1/ (Pl 4 ei¥22)
1 1

Therefore all the points (¢11, @22) and (g22, ¢11) could be identified and we
obtain in accordance with [CFTO01b] the Mobius structure of the spectral
space.

4.2 Star graphs with the same length of the edges

As the next step, we investigate graphs with n edges of the same length.
The Hamiltonian acts as —d?/dz? with the general coupling condition (4.2)
again. The corresponding Hilbert space is L2([0,1]) @ L%([0,]]) @ -+ @
L%(]0,1]), where z = 0 corresponds to the connected endpoint. The states
are described by the columns ¢ = (f1, fa,... fn)%.

Since the matrices in the equation (4.3) are multiples of the unit matrix I

S(k) =Isinkl, C(k)=1Icoskl

and the determinant of similar matrices is the same the condition (4.3)
becomes

0 = det [(sin kl — ik cos kI)V 2DV — (sinkl + ik cos kI)T] =
= det [(sinkl — ik cos kl)D — (sinkl + ik cos kl) 1]
where V' is a unitary n X n matrix and D is a diagonal matrix. It is simple
to check that the absolute value of the eigenvalue of an unitary matrix is 1,
hence D = diag (e, e?2, ... e*) with real \;.
The condition (4.3) becomes

0= H[sinkl(ei)‘f — 1) —ikcoskl(e™ +1)],
j=1

- by A
- i in~L — -y 4.
0 ]1:11 [smkl sin - k cos kl cos 5 (4.5)

The spectral space is a subset of n-dimensional torus. Any permutation
of \; does not cause the change of the spectral condition (4.5), hence we can
identify these points of the spectral space.
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4.3 Star graphs with infinite edges

Let us consider a star graph with no finite edges, but consisting of n halflines
connected at one point. We again take the free Hamiltonian acting as
—d?/dz? with coupling conditions (4.2). The corresponding Hilbert space
is L2([0,00)) @ L%([0,0)) @ --- & L?([0,00)), where z = 0 corresponds to
the connected endpoint. The states are described by the columns 1) =
(flaf?a s fn)T

The essential spectrum of the Hamiltonian on one halfline with the cou-
pling condition required only at the endpoint is [0, 00). The coupling con-
ditions at center of the star do not affect the essential spectrum, therefore
the essential spectrum of the Hamiltonian on the star graph is [0,00) and
its multiplicity is given by the number of connected halflines. Since the so-
lution of the Schrédinger equation on the halflines are sin kz and cos kx and
these functions do not belong to the domain of the Hamiltonian, there are
no eigenvalues of this operator.

Let us derive the condition for resonances. Due to the theorem 2.1 we can
be satisfied by finding the poles of the S-matrix. Let us take the solutions
fi(x) = a;e*® + bje % on the j-th halfline. Then the condition (4.2) gives

(U=D[(ar,...,an)T+b1, ..., b)) 1=k(U+D)[(ar,...,an) —(b1,...,by)T] =
Hence
U —T—k(U+D(ar,...,a,)" = —[U =T+ k(U +D](b,...,0,)".

The S-matrix maps the vector of the amplitudes of the incoming waves to
the vector fo the amplitudes of the outgoing waves (a = Sb), therefore its
poles are given by the condition

0=detS™'", = O0=det[U—TI-k(U+I).

The condition for poles of the S-matrix and consequently also poles of the
resolvent is

det[(1 — k)U — (1+k)I] = 0.

Expressing U = V1DV, D = diag (e'*1,e"*2, ..., e"*) and using properties
of the determinant one obtains

n
i . ¥i . ¥
0 jl_ll[e i(1—-k)—(1+k)] = 0=sin 5 + ik cos 5 (4.6)
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The eigenvalues are k& = itan \;/2, we choose tan A;/2 > 0. Since

o bW 1
— A
/ e 2tan 5T dr = —
0 2tan7J

the normalized eigenfunctions corresponding to the eigenvalue e

. . . A
£ () = a9, /2 tan % o—tan o

with 37 ol 2 = 1,

i are

4.4 Berry’s phase

Let us investigate an interesting property of the model described in the pre-
vious section — change of the geometrical phase resulting from the change of
the parameter. The total phase gained by a quantum system by the adia-
batic evolution consists of a dynamical phase factor and an additional factor.
The second factor is called Berry’s phase, because of its first description for
quantum systems by Berry in [B84].

Let us consider the Hamiltonian with an external time depending param-
eter c(¢). The eigenstate [1(c(t))) corresponds to the eigenvalue E(c(t)).
Let us evolve the eigenvector |¢)(cy)) by the Schrodinger equation

H(e(t)) ileo). 1) = ih (o). 1),

where ¢(0) = cg. The adiabatic theorem states that an eigenvector cor-
responding to an eigenvalue separated from the rest of the spectrum does
not change much under the perturbation small enough. More exactly, with
an exponentially small error it follows the “moving eigenstat”. For a slow
change of the parameter c(¢) the adiabatic theorem can be applied and the
eigenvector [1(cg),t) is therefore proportional to |1 (c(t))).

ten).t) mexp (= [ Bet)) ) exp (o) (e(0).

The first factor means the dynamical phase while v is the Berry’s phase.
Substituting into the Schrodinger equation one obtains

CA1) = ilb(e(t)) Verb(e(t)) et
ag 1\ T PRIV PR g
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which is equivalent to the integral equation
- C(t) /! /! /!
WO =i [ el)) Vel ) de(t).
co

For a star graph with infinite edges we investigate a geometrical phase
resulting from a change of parameter \; for eigenfunction corresponding to
the eigenvalue e of the matrix U. Then

dfi(j)(m) = ( ! , —:v) fi( )(:B)Ltan dX;.

2tan)‘7j 3>\y
Because of
()2
oo . 2 N )\, o0 s a: ‘

/ x fi(J)(fE)‘ dz = alw‘ 2tan—3/ ge~2tan 3w gy = L S

0 2 Jo 2 tan 5
it holds

Jdtan\;/2 Jdtan \;/2
(F.ap) = o (r. ) PN gy Ly QRN gy g
2tan Aj 2tan Aj

hence the Berry’s phase fo i(f.df)dA\; is trivial. This is not surprising
because the change happens in a one-dimensional subspace.

However, we can get a non-trivial Berry’s phase resulting from the change
of some parameters of the matrix V. The coefficients of the eigenfunctions
for the eigenvalue e*! are given by

agl) 1
agll) _ 0
asll) 0
Let us study the case n = 2, i. e. a quantum graph consisting of

two halflines connected at the endpoint with coupling condition (4.2). The
matrix V can be parametrized by

v q V1—g?e ™ — q —/1-¢?
“\vic@ gen ) “\Vit@er gev )
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Let us study Berry’s phase resulting from the change of parameter ). Then

A / h X A / A
fl(l) _ qeftan 711 2tan71, f2(1) = /1 — qum/)eftan 711 2tan?1,

dfV =0, dffV =iy,

hence

2 2 oo Y )\1
/ i(f,df)dwzi(—i)/ / (1—q2)e*2tan7fﬂ2tan7dxdq/}=27r(1—q2).
0 0 0

This means that one can obtain any value of Berry’s phase v € [0,27) by
an appropriate choice of parameter q.
Let us compare this result with the one in [EG99]. The coupling parametriza-
tion introduced in [EG99] is
v = (29w
(25) v

comparing with (4.2) one obtains

(‘é Z) iU+ WU-1)=iV'(D+ )" (D -1V,

where D = diag(e’,e?) and therefore
(D4 I)"Y(D — I) = idiag(tan \; /2, tan Xy /2) .

Now we can continue in comparing both parametrization of the coupling
conditions.

a lee _ o q —V/1-¢*\
icle”™® b ) V1I—g2e  ge
‘ tandl 0 q \/1—Q?e_i¢ _
0 tan®)\-\/1-¢%2 gqe ™

_ than%.-l—(l—qQ)tan% qv/1—g2e”™(tan & — tan 22)
q l—qu“/’(tan%—tan%) (1—q2)tan%+q2tan%
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Hence

a=— [than%-l-(l—qQ)tan%] ,
A A
b=— [(1—q2)tan—1+q2tan—2] ,
2 2
A A
le| = — (tan%—tan%) qV'1 —q?,
£=—v.

We can see that the case a = b discussed in [EG99] corresponds to ¢? = 1/2
which gives the Berry’s phase .

4.5 High-energy behaviour of the scattering ma-
trix

Let us investigate how the scattering can be affected by the coupling con-
ditions (4.1). The scattering matrix corresponding to the coupling given by
matrices A and B can be according to [KS99] expressed as

Sap(k) =—(A+ikB) '(A—ikB).

Denoting B = —iB the last expression could be rewritten as
A A

We are interested in the high-energy asymptotic behaviour. Using the ex-
pansion in 1/k one gets

-1
Sap(k) = (B - %A) (B + %A) _s0 4 lsmy Loy

k k?

For the sake of simplicity we have omitted the indices corresponding to the
matrices A and B for matrices ). Now multiplying by (B — A/k) from
the left we obtain

- 1 - 1 /-~ 1 /-~
15350 (g _ 450 1 L (5s® _ 40
B+ A=BS +k(BS AS )+k2(Bs AS )+

i. e., the corresponding set of equation for the matrices S jg

B=BSO, BSH =4O +1), BSH) =480 vieN. (4.7)
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If the matrix B is invertible then the set of equations (4.7) becomes
SO =71, sW=9p14, §0+t) =pB 1450 vieN

and the expression of the scattering matrix is

Saplk)=1+ %B’IA-I- %B*IAB*A_F... -
2 2
=1+ U+D) ' U-D+ 50+ U-DU+D ' (U-D+....

(4.8)

However, there are couplings with singular matrix B, too. Let us con-
sider the free coupling,

0

> fj(0)
J

used, e. g., in [BBKO00]. The corresponding matrices could be chosen in the
following form,

1-10 ...00 000...00
01 -1...00 000...00
A= oo B
00 0 ...1-1 000...00
00 O0...00 111...11

From the first two equations in (4.7) we obtain that

ZS§J€J> =1, Vi, (SO 4 1) = (SO 4 D)1y, Virj
j=1

Hence
o1
11...1
EONEY R S
nit..: ..
11...1

From other equations we obtain S() = 0 and hence S = 0, Vi € N.
Total scattering matrix

11...1
11...1
Sap=80=21 """ |-I.
L I
11...1
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is energy independent. Notice, that for these coupling conditions the scat-
tering matrix is equal to unitary matrix U (compare with (2.5)).
The mentioned example corresponds to a more general case.

Proposition 4.1. The scattering matriz is energy independent if and only
if U? = 1. In this case we have Sy = U.

Proof. Let us prove the first implication looking for energy independent
scattering matrix. For () = 0, Vi € N, the condition (4.7) becomes

B(S<0> —I) —0, A(S(U)-I—I) ~0.

Substituting A = U — I, B = U + I the last two equations become

Us® 4+ 50 _y_1=o0,
Us® —sO yy—_1=0

which is equivalent to

and therefore it gives
U?=1, Sy=580=r.

The other implication is also trivial. For U2—T = 0 the matrices (U+1)/2
and (I —U)/2 are projectors to the complementary subspaces because of

(U+I>2 U24+T+20 U+I

2 4 2
I-U\*> U?+I-2U0 1I-U
( 2 >_ 1 T T2
UHI I-U _,

2 2 '

Hence all the equations in (4.7) except the first one give equalities between
two projections to complementary subspaces and therefore

U+nsi =0, W-1NSD"=0 = 8D=0, VieN
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Let us investigate which coupling conditions match to U? = I for the
simplest nontrivial case n = 2. The eigenvalues of the matrix U can be 1
or -1. It is easy to prove that the cases when both of them are equal to
1 and both of them are equal to -1 correspond to Neumann and Dirichlet
conditions from both sides of the central vertex, respectively. However, the
remaining case with one eigenvalue equal to 1 and the other one equal to -1
provides larger class of coupling conditions. Let us suppose that

(10
U=V Q_JV,

where V is an 2 X 2 unitary unimodular matrix

U1l 12
V= o .
—V12 V11

The condition (2.2) becomes

P ()

P\ my _ (=
=cC1 | - - 3
(5 V12 22
! v _ 5
1/)’1 = ¢ 12) _ _22 ’
Py U1 Z
where ¢1, ¢ and ¢ are complex constants and z1,2z9 € C. The case z; = 0

corresponds to Dirichlet condition from one side and Neumann from the
other one. The case 21 =a, zo =1, c=a"!

Y1 =ahe, P =—a" 9.

Let us now investigate the remaining case — the matrix B is not invertible
but U2 # I. Let us rewrite (4.7) using the unitary matrix U.

Therefore

corresponds to

w+n@U I) =0, (4.9)
(U - 1)(S© ):(U+DS) (4.10)
U — n = (U+1)S"*Y | vieN. (4.11)

Let U have n_; eigenvalues —1 and n; eigenvalues 1. For simplicity, let us
study the problem in the basis of eigenvectors of the matrix U. Without

o6



loss of generality we can order the eigenvalues of U in the following way

oo 0
U=|01, 0
00 —I,_,

where U is a diagonal unitary matrix of rank n —n_; — ny; which does not
have the eigenvalues 1 and —1, and I,,, and I, , are unit matrices of rank
ny or m_q, respectively. For simplicity, we further drop the indices of rank
of the unit matrices. We find the properties of the matrices S from the
equations (4.9) - (4.11).

From (4.9) we obtain

U+100 000
0= 0 270 000
0 00 XXX

The elements in the first n — n_; rows of the matrix S(© — I are equal to
zero, because the first n —n_; diagonal elements of the matrix U + I are not
trivial. The symbol X means that these blocks of the matrix could contain
non-trivial elements.

The rhs of the equation (4.10) has the last n_y rows trivial (for the same
reason as before). From the lhs of this equation we obtain

XXX U-10 0 XX X
XXX|= 0 00 |-|XXX
000 0 0 -2I 000

The last n_; rows of the matrix S 4+ I are trivial, hence the matrix S(©)
has in the considered basis form

100
SO =101 0
00 —1
The equation (4.10) becomes
U-100 U—-10 0 21 0 0 U+100\ /MY 00
21 0 o00]= 0 0 0 0270 = 0 270 0 00
0 00 0 0-2I 0 00 0 00 X XX

where M(1) = 2(U 4+ I)~" (U — I). If the eigenvalues of the matrix U are e’
then M) is a diagonal matrix with elements 2i tan ()\;/2).
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From (4.11) we get that the last n_; rows of the matrix S() are trivial,
hence

MM 00
SO =1 0 00
0 00

Now it is easy to construct from (4.11) the remaining parts of the S-matrix
expansion.

‘ M® 00
SO =1 0 00
0 00

with M) = 2[(U 4+ I)~"(U — I)]'. The scattering matrix can be in the
considered basis rewritten in a more compact form

S0 0
Syk)=(01 0 |,
00—1I
where
S=1T1+ i MO =[k(U+1)— (U -D]""[k(U + 1)+ (U - 1)]
=1

k+itan A;/2 2% )
s 1+7 tan \; /2.

Let us notice that the previous formula holds also for the formerly studied
examples. For U? = I the eigenvalues are of the matrix U only +1 and the
matrix S is therefore trivial. If U does not have any eigenvalues —1 we
obtain the equation (4.8).

We summarize the obtained results in the following proposition.

The matrix S is diagonal and its components are

Proposition 4.2. Let U be an unitary matriz of rank n which has nq
eigenvalues 1 and n_q eigenvalues —1. Let D be a diagonal matriz D =
diag(e™, ..., ePnmno1 1, 1,-1,...,=1) and U = V" 'DV. Then the
scattering matriz corresponding to the coupling conditions (4.2) for the ma-
triz U s

S0 0 100 o; T00
Sy(k)=V='{or o |veVv7'|oT 0 V-I-EV‘l 000]|V,
00 -1 00 -1 000

with

3 dia kE+itan (A1/2) kE+itan (Ap pn,—n_,/2)
A E —itan (0/2)" Uk —itan Onomn /2) )
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and )
T = diag (tan (A1/2),...,tan (An—nl—n,1/2)) .

This expression of the S-matrix is equivalent to the formula first men-
tioned by Kostrikin and Schrader

Sy(k) = —[U—-T-k(U+D)]'U-T+kU+T)], (4.12)

which can be obtained from (4.3).

Let us introduce the explicit form of the scattering matrix for three
particular cases mentioned in chapter 2.

For §-condition it holds U = 2.J — I (see (2.5)), where I is an unitary
n X n matrix and J is a n X n matrix with all the entries equal to one. After
some algebra we arrive using (4.12) at Sy (k) = nkQJ]:mJ — I, for the simplest
cases we have

—k—ia 2k 2k
—ia 2k 3k+ia 3k+tia 3ktio

g9 (k) = <2k+ia 2k+ia> I (k) = 2k —k—ia _ 2k
2% 2 2k —ix s 3%3 3k+ia 3k+ia 3k+ia
2k+ia 2k+ia 2k 2k —k—ia

3k+ia 3k+ia 3k+ia

The only case, when the §-condition give energy independent scattering

matrix is @ = 0, i.e. free coupling condition which were mentioned above.
For ¢.-condition we have U = T — ﬁJ, the equation (4.12) gives

Sy(k)=1- ﬁJ, for the simplest cases we obtain

i+k8 2 2
k8 —2i 3i+kB 3i+kB 3i+kpB

g% (k) = 2i+kB 2itkp g% (k) = —92i itk 9
ax2\F) = | o kB ) 3x3\%) = | 3i4kB 3i+kB 3it+k
3itkB 2it+kB —2i  _—92i itk

3i+kB 3i+kB 3i+kpB

For ¢’-condition we have U = nfmJ — Zt;g[, the equation (4.12) gives

Sy(k) = nj.wJ — Zfzzgl, for the simplest cases we obtain

—itkf 20 %
/ kB 2i ) 3i+k3 3i+l;€% 3i+kpB
5 _ [ ZikB 7irkR 5 _ | Ta S 2i

Sowa(k) = | 257 85" |+ S3xa(k) = | 55558 SitRs 3kB

2i+kB 2i+kpj 2 2i  —itkpB
SithB 3itkB 3ithD

Notice that the S-matrix can be formally derived from U by replacing
a by a/k for §-condition or by replacing 8 by kS for 4, and ¢’-condition.
This is not surprising because the expression of the S-matrix S = —(A +
ikB)~Y(A — ikB) formally differs from U = —(A +iB)~'(A — iB) only by
multiplying the matrix B by k. The connection to the coupling conditions
is given by the form of the matrices in chapter 2.
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Chapter 5

Tree graphs

5.1 Schrodinger operators on tree graphs

A Schédinger operator on a homogeneous rooted tree graph with free (Kirch-
hoff) coupling conditions at the vertices is unitarily equivalent to the orthog-
onal sum of operators acting on L2(R, ), as proven by Sobolev and Solomyak
in the paper [SS02]. We try to generalize their results to a larger class of
coupling conditions and different lengths of the edges. We assume a real
bounded and measurable potential V' (|z|) on the graph depending only on
the distance from the root |z|.

Furthermore, we use a similar notation as in [SS02], [EFK07] and [HP06].
Let T' be a rooted metric tree graph, the root is labeled by 0. We denote
by |z| the distance between the point z of the graph and the root o. The
branching number b(v) of the vertex v is the number of vertices emanating
from this vertex, i. e., the vertex v connects one edge going from a previous
generation with b(v) outgoing edges. In this sense, b(o) = 1, for the other
vertices we assume b(v) > 1.

We say that the vertex v of a tree graph I" belongs to the k-th generation
if there are just k — 1 vertices between v and o (genv = k). We call the
tree graph regular if the branching numbers for all the vertices of the same
generation are equal and the edges emanating from these vertices have equal
length (see figure 5.1). We label the generation of the vertices by k& > 0, so
that there are k£ — 1 vertices between this vertex and the root. For regular
graphs we introduce t; as the distance between the root and the vertices
in the k-th generation and its branching number as b;. For the root we
get by = 1 and tg = 0. Furthermore, one can define the branching function
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Syl

“’Elz tl

Figure 5.1: An example of a regular tree for by = 1, by = 3, by = 2

golt) : Ry — N by
gg(t) :=bgby ... b for te (tkatk—l—l) .

The tree graph is called homogeneous if there is the same branching number
b for all vertices except of o.

One can define order = on set of vertices of the tree graph. We say that
vertex w succeeds vertex v (w > v) if v lies on the shortest path from o to w.
Furthermore, one defines vertex subtree I'-, as the set of edges and vertices
succeeding v and edge subtree I'y. as the union of the edge e and the vertex
subtree corresponding to its vertex remoter from the origin.

Let us consider a regular tree graph with the vertex v of the k-th genera-
tion and for simplicity denote b = by. We denote the edges emanating from
v by e;,j € {1,...b}. Let us consider an operator Q, on L?*(I'~,) which
cyclically shifts the functions f; on edge subtrees I'».; in the following way.

Qu: fj = fj = fi+1,

where we identify f,,; with fi. Since Q% = id, the operator has eigenvalues
ef = eis/b g ¢ {0,...,b—1}. We denote the corresponding eigenspaces by
L%(T'x,) = Ker(Q, — €*id). We call the function f € L*(Ty,) s-radial at
the vertez v if and only if f € L2(I's,) and f € L3(T'»,) for all vertices
v’ succeeding v. The set of these functions we denote by L? . ,(T'-,). The
0-radial functions are simply called radial. ’
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As mentioned in previous chapters, the general coupling at each vertex
v is characterized by (b(v) + 1)? parameters or equivalently by an unitary
[(b(v) +1)] x [(b(v) + 1)] matrix U,. In order to get the unitary equivalence
with the halfline, we choose only a four-parameter subset, so that all the
emanating edges are equivalent. Moreover, the unitary equivalence requires
the parameters of the coupling to be equal for all the vertices in same gener-
ation. For a vertex v belonging to the k-th generation (k > 1) the coupling
conditions are

foj+ = fot, Vie{l,...,b(v)}, (5.1)
b(v) o b(v)
Zle)j+_le)— = (fv++fv fz’;j++fz';— ; (5.2)
=1 j=1
Foe = foe = =T foy 4 fy) 4 D me i |- 53

where j distinguishes the edges emanating from v and the subscript minus
refers to the ingoing edge. The coefficients oy, fix € R, By € C are the
same for all the vertices belonging to the k-th generation. The subscript t
indicates that they denote the coupling on the tree graph and we will use it
in order to avoid confusion in the following chapters. We choose Dirichlet
condition at the root,

fo=0. (5.4)

Let us denote by H the Hamiltonian acting as —d?/dz?+V (|z|) on a reg-
ular tree graph I' with the branching numbers b; described above and the
potential depending only on the distance from the root. The domain of the
Hamiltonian consists of functions f(z) € 3, .p ®@H?(e) satisfying the cou-
pling conditions (5.1) — (5.4). If there is no potential then the Hamiltonian
will be denoted by Hy.

In the following text, the Hamiltonian on the tree graph is denoted by a
bold H (or Hy for a non-potential case) while the corresponding Hamiltonian
on the halfline is denoted by H (or Hy).

5.2 Parameterizations of the generalized point in-
teraction

There are multiple ways to describe the four-parameter generalized point
interaction (GPI) which connects two leads. Before proceeding with the
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construction of the unitary equivalence between Hamiltonian on the graph
and direct sum of the Hamiltonians on the halfline, let us summarize the
results of [EG99] and [EF06].

First, we compare two different parameterizations connecting two one-
dimensional leads proposed in [EG99]. For simplicity, we label the functional
value and the derivative from the right by y; and ¢/, respectively (simi-
larly for the functional value and derivative from the left). The first of the
parameterizations,

Y —yl (5.5)

Y+ — Y- (5.6)

is characterized by a matrix A4 = < @ > with a, 8 € R and v € C. This

8
-5 B
parameterizations describes almost all selfadjoint extensions of the operator
—d?/dz? restricted to the subspace {f € H*(R) : y. =y, =y_ =y =0}
except of cases y; = 3, = 0ory- =y = 0. The form (5.5)-(5.6)
can be also easily reduced to the d-condition case of strength « (requiring
B =~ =0) or the §’-condition case of strength 8 (requiring o« =y = 0).

The second parametrization under consideration is

()= () 6):

with a,d € R and ¢ € C. This parametrization easily decouples the both
leads (choosing ¢ = 0).
First, we pass from (5.5)-(5.6) to (5.7). We rewrite (5.5) and (5.6) in

(5.7)

the form
FEDICIRENIAL
, | = )
-3 3 —y- “1-31-3) \y-
Hence
~1
£ (7 ()
_L( aff + |2+ 7] aﬁ+(7+2)(7—2)>:
B \af+(r—2)(7+2)  aB+ 279
1 4 +detA+4Rey —4+detA—4iTmry

4B
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Notice that the parametrization (5.7) does not contain the case g = 0, i.a.,
the d-interaction.

For the passage from (5.7) to (5.5)—(5.6) it is convenient to introduce
another basis

G=ys+y—, =y, +y_,
B=yr—Y—, ga=y, —y_.

Using the reverse relations

91193 91— 93
Y+ = 9 3 Y- = 9 3
r_92t94 ;G4 G2
y+_ 2 ) y_ = 2

one can rewrite the equation (5.7) as

lc—a\ (gs _ [(a+c =1\ (g
1d—¢)\g3) \d+e 1 92
and therefore
AT le—a\"' fate—1 B
-y B) 1d-c d+¢ 1)

_ 4 ad — |c|? s(a—d)—ilmc
a+d—2Rec —%(a—d)—ilmc 1 ’

Lemma 5.1. The correspondence of the coupling conditions (5.5) — (5.6)
and (5.7) is given by

ac) _ 1 (4+detA+4Rey —4+detA—4ilmy
cd) 48 \-4+detA+4ilmy 4+ detA—4Rey )’

a v\ 4 ad — |c|? Ha—d) —ilmec
-¥B)  a+d—2Rec —%(a—d)—ilmc 1 '
Another possibility of parametrization is using the 2x2 unitary matrix U
mentioned in the previous chapters.

U -1) <Z+>+z’(U+I)<y;j,>:0

7= it [ W1 w2
—Ug U1 )
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with ui,us € C, |uy|®> + |ug|?> = 1 and ¢ € [0,7). The relation to the
parametrization (5.5) — (5.6) is according to [EF06]

—2(a+ ) +4iRey

Uy = )
V(B +7y?)? + 402 + 482 + 8|y[> + 16
1 aBf + |y —4 - 4iTmy
UQ = - 9
2i \/(af + [7]?)2 + 402 + 4582 + 8|42 + 16
244
tané — M
2(a — p)

5.3 Mapping of the coupling conditions to the halfline

In this section, we find out which coupling conditions on the halfline cor-
respond to (5.1) — (5.4). First, let us outline the main idea of the unitary
equivalence between the graph and the halfline — identification of a “symet-
ric” function f € L%’rad(I‘) with the function on a halfline. One constructs

the isometry II : f — ¢, ¢(t) = f(z) for t = |z| of L2 ,4(T) into the
weighted space L?(R.,go) with the norm

618 g = [l 1900 0)

Furthermore, one passes to L?(R) by y(t) = 90/ (t)p(t) using the map
defined by
0z = el 2@, o

which is an isometry, and the relations

Y = (bo .. b)Y 0py
Yoo = (bo ... bp_1)" s,

at the vertices.

We can substitute these relations into (5.1) — (5.4) and divide both sides
of these four equations by (by...bx_1)" /2. Due to the linearity of the
coupling conditions (5.1) — (5.4) the passage from f(z) to y(¢) is for the
vertex from the k-th generation equivalent to the change

oo S yke s Jon = e (5.8)
by,

For =5 Py 3 for = 5 (5.9)
7=1
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Since the rearranging of the equations (5.1) — (5.4) after substitutions
(5.8) — (5.9) into the form (5.5) — (5.6) is technically more difficult, we first
investigate the change of the coupling

()= () (7). -

which corresponds to the parametrization (5.7). For simplicity, we have
omitted the indices v and k. Using (5.8) — (5.9) one obtains

yl+ _ b’lat bil/Q Ct Y+
-y b=12¢  d, y-)

therefore the coupling parameters for the halfline are
an =blag, cn= bil/Qct , dp =d;.

If By # 0 we can use the relations from lemma (5.1) to show the corre-
spondence of the parameters of the coupling (5.1) — (5.4) and the coupling
(5.5) = (5.6) on the halfline.

. 4b’1(atdt — |Ct|2) -
N b*lat + dt - 2b71/2 Re Ct N

Oh

].GOZt
412 +1)2 + det Ay (b1/2 — 1)2 4 4(1 — b)Rey; |

4

b = b—la, +d, — 2012 Rec,

B 16 b 3;
©4(bY2 +1)2 + det Ay (b1/2 —1)2 +4(1 — b) Rey,

_ 2(b'ay —dy — 2ib7' /2 Imey)
T e+ dy — 2612 Rec
(1 — b)(4 4 detA;) + 8ib"/>Tmy; + 4(b + 1) Rey

402 + 1)2 + det Ay (b1/2 — 1)2 + 4(1 — b) Rey;

To solve the case 5y = 0 one can use the basis g;, 1 = 1,...,4 introduced
in previous section. The transformation (5.8) — (5.9) becomes
e B e B
- — _— —
g1 5 g1+ 5 93 92 5 92 + 5 94
b 241 pWZ_o1 U241 b2 -1

— — )
g3 gs + 5 gi, 94 9 gs + 5 g2

2
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The coupling conditions

(94) _ 1 (Oét %) <91>
g3 2\ Be) \92

become
pl/2 1 pl/2+1
5 g2 + 5 ga =
1 b '241 b1/ -1 b2 +1 /2 —1
:§<atT§1+atT§3+7‘c 5 g2 + 5 §4> ;
b2 —1_ v V241 1 b Y2y b2
9 g1 + 2 g3 = 9 (")’tTgl - ’)’tTQz%) .

From the second equation one obtains

206712 = 1) + 4 (b2 4 1)

RIS VA CRIEESY
_, . (=Bt %) + 8ib'/2 Imy; + 4(b + 1) Rey;
4012 + 1)2 + ||2(0'/2 = 1)2 +4(1 — b)Rery,
Subsequently

b1241 g bot/2-1

2 2 2
bY/241 oy b/2-1
2 27 2

L —

_ ].6005
A2+ 1)2 4 | [2(b1/2 = 1)2 + 4(1 — b) Rey,

and trivially gy = 0.

Therefore, the form of the term computed for 5; # 0 can be used also

for B'ﬁ = 0.

The case when the denominators of the terms are zero corresponds to

y+ = —y—, ¥, = —y'. The Hamiltonian with mentioned conditions is

unitarily equivalent to the free Hamiltonian.

Obviously, the Dirichlet or Neumann conditions do not change under the

transformation (5.8) — (5.9).

f+=f-=0 = ypr=y_=0,

b
ofii=f =0 = 4=y =0,
7=1
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Let us summarize the results of this section.

Lemma 5.2. The coupling conditions (5.1) - (5.4) change under the trans-
formation (5.8) — (5.9) to

ap Yh
Yor — Yoo = =Wkt + =) + = Wy — Yh) s

2 2
h Bh
Ykt =Yk = ~5 Wkt Ue) + 5 W — Uk
y(0+) =0,
where
].GOZt
o =
" T 402 +1)2 + det A (/2 — 1)2 + 4(1 — b) Rey, |
b — 16 b B,
" AMY2 £ 1) + det A (b2 — 1)2 +4(1 — b) Re ;|
. (1—b)(4+detAy) + 8ib/2Tmy, +4(b+ 1) Re,
TS B2 1 12 1 det A (b2 — 12+ 4(1 — b)Reyy
The conditions fyr = fo— = 0 or Z?’;l i+ = fo— = 0 transform to

Yrr =Yp— =0 ory, =y, =0, respectively.

5.4 Construction of the unitary equivalence

In this section we show the decomposition of Ls(T") into subspaces of the
radial functions and, subsequently, the equivalence of Hamiltonian on a tree
graph to the orthogonal sum of Hamiltonians on the halfline. We proceed
similarly to appendix A in [HP06].

Let us define a quantum graph L, as a halfline parametrized by ¢ €
(tn,00) with coupling conditions from lemma 5.2 at points #x, k > n and
Dirichlet condition at #,,. Let us define the operator J,s acting from Lg,rad(rtv)
to the halfline L2(L,) by

Jpsf 1= @(bn by g)? flr, -
k>n

Lemma 5.3. The operator Jys is unitary.

Proof.
1 TosllZ,, =D (ba - be—n) IFIIR, = IFIIR,,

k>n

68



Lemma 5.4. We can decompose

LQ(F) Orad @ @ Ls ,;rad F>U

vel  s=1

v#o
Proof. For every vertex v belonging to the k-th generation one can use the
eigenspace decomposition of the operator ), defined in section 5.1

by —1
2(Ty,) = EBL (Tsy) . (5.11)

Furthermore, we have decomposition

LE(FEU) = Ls rad(F>v) @ (Lg (Ftw) © Lg,rad(rtw)) : (512)

wel, wrv
genw=genv+1

From (5.11) we have

bp—1
L*(Tsy) © L 1aq(Tsy) = GB L} (Tyy),
because of L3(Ty,) = L%,rad(rtv)- Substituting it into (5.12) one obtains

b1 —1
L (T) = Orad F>o @L I‘>01 =

M 1 M 1
2
Urad F>O @ Ls ,;rad F>01 @ @ L F>U )
vel s=1
gen v=2

where o7 is the only vertex belonging to the first generation. Repeating this
substitution, one obtains the desired decomposition. U

Our aim is now to extend this decomposition to the domain of the Hamil-
tonian.
Let us define for a given vertex v and s = 1,...,b(v) — 1

domHvs rad — {f € @ H F>v) |f € Ls rad(Fiv)avar = 0,

GGFtv

f satisfies (5.1) — (5.3) for all w = v}.

Now we show the decomposition for domains of the mentioned Hamilto-
nians.
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Lemma 5.5. One can decompose

b(v)—1
domH = dom HoO,rad @ @ dom Hvs,rad .
vel s=1
v#£o
Proof. By definition, dom Hyg ;aq C Lgo,rad(rtv) and dom Hy; ;aq C Lgs,rad(l“)
foralls =1,...,b(v). Furthermore, we realize that a function from dom H; ;a4

satisfies Z;’(:v% fz’}j + = 0. Therefore, it does not influence the fulfilment of the
coupling conditions (5.1) - (5.3) and the orthogonal sum belongs to dom H.
In other words, the function from dom H can be decomposed to the function
from dom Hy raq and functions dom H,, 5 raq, Where o1 is the vertex of the
first generation. The first one guaranties the fulfilment of the coupling con-
ditions at o1, addition of the other functions does not change the coupling
conditions. O

Lemma 5.6. Let v be a vertex belonging to the n-th generation. The Hamil-
tonian Hy, raq is unitary equivalent to the Hamiltonian Hy,, where n = genv

Hy, () = =3 + V()

With the domain consisting of functions in f € @y, H*(tk, tr+1) satisfying
the conditions from lemma 5.2 in ti, k > n and y = 0 for t,.

Proof. The proof follows from lemmas 5.2 and 5.3. U
We can summarize the results in following theorem.

Theorem 5.1. The Hamiltonian H on a radial tree graph T is unitary

equivalent to
oo

H = Hy, (P(@bo...by1(bn — 1) Hy, .

n=1

where (&m)Hy, is the m-multiple copy of the operator Hy,, .

Similarly to [HP06], our results can be generalized also to so-called tree-
like graphs (the edges emanating from the vertices of the same generation
are replaced by the same compact graph).
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5.5 Spectrum of the operator H,

In this section, we construct the spectrum of the operator Hy with concrete
coupling conditions. We denote by Hg (A, 1) the operator Hy with the length
I of all the edges and coupling conditions (5.2) — (5.3) given by the same
matrix A; at all the vertices except of the root and Dirichlet condition at
the root. We denote by Hy(Ap,!) the corresponding operator on the halfline
and we find its spectrum.

Let us first explore the case ¢, = 0 where all the parts of the halfline
are separated. The spectrum is purely point and is obtained by solving
the problem of infinitely many abscissae with the same coupling conditions
(5.7) and the first one with Dirichlet condition at one end. The coupling
conditions (5.7) become

Y =anys+, -y =dny_.

Using Ansatz y,(s) = Apsinks + Bpcosks, t = s+ t, for t € (tn,tni1),
n > 0 we arrive at

yn(0+) = By,  yn(l—) = Apsinkl + By coskl
yr(04+) = kA,, y.(I-) = kA, coskl — kB, sinkl.

The equation

k —ap A\ 0
dy sinkl + k cos kl dy, coskl — ksinkl B,)
is solvable for
(andy — k%) sinkl + k(ay, + dy) coskl = 0. (5.13)

Similarly, the problem on the first abscissa gives the condition

0 -1 .
0= det (dh sinkl + k cos kl dy, cos kl — k sin kl) = dusinkl + kcoskl.
(5.14)

The following theorem summarizes this case for the parametrization (5.5) —
(5.6).

Theorem 5.2. The operator Hy(Ayn,l) has for the separating conditions
det Ay, = 4 and Im~y = 0 only the point spectrum. It consists of the points
e = k? given by the equation

(o — k2Bp) sin kl + 4k cos kl = 0
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of infinite multiplicity and the points given by the equation
(2 —Reryp) sinkl + frkcoskl =0

of the multiplicity one.

Proof. The spectrum is given by the equations (5.13) — (5.14) above. One
can use the lemma (5.1) to obtain the spectral conditions in the parametriza-
tion (5.5) — (5.6). O

In the following, we suppose that ¢, # 0.

To obtain the essential spectrum of the operator Hy(Ap, 1), let us define
the operator H'(Ay,[) as the Laplacian on R with the domain consisting of
functions in @?‘;_OOHQ (41, ( + 1)I) and the coupling conditions (5.5) — (5.6)

given by the matrix Ay for each point j € Z.

Lemma 5.7. The essential spectrum of the operator Hy(Ayn,l) coincides
with the essential spectrum of the operator H'(Ap,1).

Proof. The proof is similar to the proof of theorem 3.2 in [SS02]. Let us
consider the operator Hy(Ap,l) with the Dirichlet condition in ¢ = 0 and
conditions (5.5) — (5.6) in » € N. One can obtain the essential spectrum of
this operator by the similar procedure as in [SS02]. One defines the operator
D on L?(R,) by

(Dy)(t) = —iy'(¢)

and coupling conditions (5.5) — (5.6) in n € N. Using its adjoint DT, one can
express the operator Hy(Ap,!) = DD and denote by Hj(Ay,1) the operator
on L2(R_) which can be obtained from DD using substitution ¢ — —.
Then the operator H" (Ap, 1) = Hy(An,!) ® Ho(Ap, 1) has matching con-
ditions y(0+) = 0, ¥'(0—) = 0 and (5.5) — (5.6) for n € Z\{0}. Hence
the essential spectrum of the operator H'(Ap,!) coincides with the essential
spectrum of the operator H"”(Ay, 1), i. e., the union of essential spectra of
the operators H{(An,!) and Hy(Ap,!). Therefore, the essential spectrum is
given by bands in the theorem 4.1 in [EG99] of multiplicity two. O

5.5.1 The essential spectrum of the operator H'(Ay, )

The band spectrum of this operator is given by the theorem 4.1 in [EG99].
We proceed using Bloch decomposition and reduce the problem on (—1/2,1/2)
with coupling conditions

y(=1/2) =y (1/2),  y'(=1/2) = "y (1/2) (5.15)
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and the conditions (5.5) — (5.6) at ¢ = 0.

Using Ansatz y(t) = A;e/2 4 Aje /2t € (=1/2,0) and y(t
Az eht/2 1 Ay e~/ ¢ € (0,1/2) one obtains from (5.15) and (5.5) — (
four equations for variables A4, ..., Ay4.

)
5.6)

ik(—A1 + Ay + A3 — Ay) =
- %(A1+A2+A3+A4)+ik72—h(A1—A2+A3—A4),
— A - A+ A3+ Ay =
_ —%(A1+A2+A3+A4)+ik%(141 C Ay 4+ A — Ay,

A o—ikl/2 T+ A oikl/2 _ As oif+ikl/2 + A, eiﬂ—ikl/Q’
ik(A; o ikl/2 _ Ay eikl/Q) = ik(As pif+ikl/2 Ay ez’ﬂ—z’kl/Q)'

The determinant of this system of equations is

G Aik(L+ ) G —ik(L+B) G —ik(1 - 5) F+ik(1 -3

R R I L R N
o—ikl/2 oikl/2 _oi(0+kl/2) _i(0—k1/2)
o—ikl/2 _eikl/2 _oi(0+k1/2) i(0—kl/2)

Requiring the determinant to be zero, one obtains

e (—dik + 2iky + ikan By — 2ikyn + ik|yn|*) + ' (dike ™+
+ 4ike™! — 2067k 1 206tk 4 22 e Rl — 22 B kL)
— 4ik — 2k + ikan B + 2ikyy + ikly]* = 0,

which yields

4 2
Re[(4 — det Ay + 4i Im ) ] = (4 + det Ay) cos kI + E(ah — Buk?) sinkl.
(5.16)
The essential spectrum consists of bands A,,. In the following theorem
we examine four different cases of high-energy behaviour.

Theorem 5.3. The essential spectrum of the operator H'(Ayp,1) is consists
for non-separating Ap (det Ay, # 4 or Im~yy, # 0) of spectral bands A,,.

a) If By # 0 then the bands are centered approximately near

n2m? N (4 + det Ap)

-1
B Bul +0O(m™).

em = (k + 0k)% =
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and their width is

A (A D)| = 2kt = V(A et A)? 16 (Im )2

|Bnll
b) If B = 0 and Rexn # O then the bands are centered approzimately
near
2m + 1)2x? 4oy,

em = ( + 0k)2 = | S+ 0(m ).

+
412 (4 + [yn]?)
and their width is

V(4 = 1yn]?)? 4 16/Tm ;|2
4+ |yn|?

4
| A (Ap, )| = 2k6k = Wlm arcsin

¢) If B, =0 and Reyp, = 0 then the width of the gaps is

oA, )] = o+ Ofm ™).

(4 + ml?)
Proof.  a) If By # 0 then the rhs of the equation (5.16) is dominated by the
term —2kpy, sinkl. We expand the rhs around zeros of the dominative
term k = mn/l, m € Z.
mm

k= = +0k = coskl=(—-1)", sinkl=~(-1)"0k.

Putting the lhs to be zero and using the high-energy limit one obtains

4 + det
0~ (4+det Ap)(—1)™ — 28, 2 (~1)™6k = okl = (4+det An)
l 27rm,8h
Therefore, the approximate center of the bands is
2,2
4
em = (k+0k)? =20 4 (4 + det Ay) +0(m™").

2 Bul

The absolute value of the number on the Ihs is /(4 + det Ay)2 + 16 (Im ;) 2.

The widths of the bands can be determined from the relation

drhs
dk

ok

_mm
k=7

2¢/(4 + det Ap)2 4 16(Tmy,)2 ~

~ [—2Byl(—1)™ 16k ,

therefore,

V(4 + det Ap)? + 16 (Tm )2
|Bull

1A (A, 1)| = 2kdk =
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b) If 5, = 0 and Re~y, then the condition 5.16 simplifies to

Re <4 — | Yul? 4 44 Im

2
P )zcoskl+$sinkl.
Yh

k(4 ml?)

The rhs is dominated by the first term, we expand the rhs around
k= 2m+ 1)r/(2]), m € Z.

2m 4+ )7

k= ( 57 +0k = coskl=x~—(-1)"l0k, sinkl=(—-1)".

Using the high-energy limit one obtains

4lOth

0~ —(—1)"0k1 + (—1)’"7T(2m 1A+ )’

Sk~ 4oy,
T or@m A+ 1)(A+ ]2

The approximate center of the bands is

s (2m+1)%n? 4oy

] +0(m™).
The widths of the bands can be determined from the relation

2 4 — 2)2 1 161 2
0k = — arcsin VA ) +2 Tm | 5
4+ |l

therefore,

V(4 = [ [?)? + 16/Tm |2
4 4 |y |?

4
| A (Ap, )| = 2k6k = ”lm arcsin

¢) The case f = 0, Rey = 0 follows from theorem 2.2.3 on page 271 of
[AB] with « replaced by ay/(4 + |yu|?)-
O

5.5.2 The point spectrum of the operator H(Ay,!)

Let us construct the eigenfunctions of the operator Hy(Ay,1). For simplicity,
we drop the index h. We choose the Ansatz

y(t) = Ajsinks + Bjcosks, forte ((j —1),51), s=t—(5—1)I.
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Hence

y(jl+) = Bj, y(jl-) = Aj_1sinkl + B;_;coskl,
Y (jl4+) =kA;,  y'(jl-) = k(Aj_1coskl — Bj_ysinkl).

Using the parametrization (5.7) one obtains

kAji1 = aBjy1 + cAjsinkl + cBjcoskl,
kBjsinkl — kAjcoskl = ¢Bjy1 + dAjsinkl + dBjcos ki,

which can be rewritten to the form
kE—a\ (Ajt1) _ csin kl ccos ki A;
0 —¢) \Bj+1) \dsinkl+kcoskl dcoskl — ksinkl) \B;/)
For ¢ = 0 and k = 0 there is an inversion of the matrix on the lhs.
Ajpy _ 1 (c—a csin kl ccos ki A;
Bji1) ek \0 —k) \dsinkl + kcoskl dcoskl — ksinkl ) \ B;
J
J

1 <(02 — ad) sinkl — ak cos kl (|c|* — ad) cos kl + ak sinkl) <A

Denoting the last matrix by M (k, A) we have

(g;:) = Mk, A) (g;) | (5.17)

The norm of the function y(t) is

ok —dksinkl — k% cos kl —dk cos kl + k% sin kl B

o l
lyll* = Z/U |Ajsinks + Bjcosks|*ds =
j=1
(o) l B
= Z/U [|Aj|2 sin ks + |Bj\2 sin® ks + 2Re (A;Bj)sinkscos ks]ds.
j=1

We can restrict ourselves to the real or pure imaginary k£ only, since the
operator Hy(Ap,[) is selfadjoint. Using

l
1
/ sin? kl de = —[(2kl)? — sin 2ki],
0 4k
! 1
/ cos? kl dz = —[(2kl)? + sin 2kl],
0 4k

l
/ sinklcoskldr = —i cos 2kl
0 4k
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one obtains

=1
lyl* =" E[|Aj|2((2kl)2 — sin 2kl) 4 | B;|?((2k1)? + sin 2k1)+
j=1
+ 2Re (A4;B;)(—cos2kl)]. (5.18)

Notice that M (k, A) depends only on k and the coefficients of the matrix
A. Therefore, for given energy we have

Aj-l—l — (170)Mj(k’_,4) (gi) , Bj.|_1 = (0, 1)Mj(k,¢4) <gi> .

Dirichlet condition at ¢ = 0 corresponds to B; = 0, A; = A. Furthermore,
let M = U'DU, where D is diagonal and U unitary matrix.
Let Ay and A_ be eigenvalues of the matrix M and D = diag (A4, A_).

Then
1 — A ot Al 0 U (!
J (1,0) < 0 x| 0)"

Similarly, for B; one obtains

o P (A0 1
B; = A0,1)U ( i) 7o)

For other coupling conditions at the root we can use the projection to an-
other vector.
The eigenvalues of the matrix M (k, A) are

1
Ay = CH {—(a+ d)kcoskl + (k* +|c|* — ad) sin k£

+ /[~ (a + d)k cos ki + (K2 + |c|2 — ad) sin ki — 4\c\2k2} ,
which can be rewritten in the form

)\izeiw <>\0:|:\/)\%—1> s

where

o

1 .
Ao = 3Nelh [—(a+ d)kcoskl + (k* + |c|> — ad)sinkl] , e =

o]
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Clearly, )\ is real for real k, likewise, it is real also for pure imaginary k = ix
because of

Ao [—(a + d)k cosh kl + (—=k* + |c|* — ad) sinh k] .

- 2|ck
The values of |A;| and |A_| depending on the values of A\ are shown in the
table 5.1.

L x [T
(—oo,=1) | <1 | >1
[—1,1] 1 1

(1,00) >1 | <1

Table 5.1: The values of [A;| and |A_| depending on Xy

Furthermore, for real Ag one obtains

A = ¢i® <>\0+\/>\%—1> i <)\0—\/)\%—1> =1.

We substitute the expression of A; and B; to (5.18) and study the coefficients
of the terms 3732 Ay [*, 32520 [A_[% and Y52, (M, ).

First, we express the coefficients of the unitary matrix U. The coefficients
of the matrix 2¢k(M — A1 id) are

2¢k(M — Ay id)11 = (d — a)kcoskl + (|¢|?> — ad — k?)sinkl T VD,

2¢k(M — Ay id)1p = 2aksinkl + 2(|c|> — ad) cos ki,

2¢k(M — Ay id)o; = —2k? cos kl — 2dk sin kl ,

2ek(M — Ay id)oy = —k(d — a)cos kl — (|¢|> — ad — k?) sinkl VD,
where D = [—(a+d)k cos kl + (k* + |c|? — ad) sin kl]? — 4|c|?k? means the dis-
criminant and id unit 2x2 matrix. The eigenvectors of the matrix M (k, A)
can be chosen as

pe — NLivl _ 1 2ak sin kl + 2(|c|? — ad) cos ki
o A%”Qi ~ Ny \(a—d)kcoskl + (k* —|c|*> + ad)sinkl £ /D)
NQ

Ti = 2Jak sinkl + (|¢|? — ad) cos kl])? + (k® sin kl — dk cos kl)*+

[(|e|?> —ad) sin kl —ak cos kl]? —2|c|*k? £ [(a— d)k cos kl+ (k* — |¢|* + ad) sin kl]-
V[~(a+d)kcoskl + (k2 + |c[2 — ad) sin k]2 — 4|c|2k2.
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The unitary matrix U is

1. 1
U= (v w2 _ [ N ND U2
U1 U22 ﬁ@l ﬁ’ﬁg_
The terms in (5.18) can be rewritten using the coefficients of this matrix

Aj = A()\+U12’ELH + )\—U22a21) s

Bj = A\t |uial® + A |ugal?,

o o0 .
Z ‘Aj‘g = Z[‘A+‘2]|U11|2|U12|2+
j=1

J=0

+ (AP ugr | [uga|* + (Aﬂjxj,ﬂnunumﬂm +c.c.)],

(o)
Z B = TPz + AP uga|* + (VN Jugy P ug * + c.c.)]
7=0

oo o0
> (4B + A;B;) = {IA4 [ un|*(uniting + Gryure)+
j=1 =0

+ A= # ug |2(u21ﬂ22+ﬂ21u22)+[>\i5\j, (lur1 [Pugi oo +|usr [*11ur2) +c.c.]},

where c. c. means the term complex conjugated to the previous one.
The norm of the wavefunction becomes

4k|y|? = [(4k%1% — sin 2kD)|uq1|* + (4K212 4 sin 2k1) w11 |?|uo]®—

(0.0
— cos 2kl\u11\2(611u12 + up1u12)] Z |)\+\2] +[ 4k212 —sin 2kl)\uQ1\ +
J=0

o)
+ (4K%1% + sin 2K1) ug |*|uga|* — cos 2kl |ug1 |* (ug1 Tiaz + Tarung)] Y [A_ [P+
=0
+ [(4k2l2 — sin 2kl)\u11|2|uQ1|2 + (4k212 + sin 2kl)u11ﬂ21ﬂ12u22—

o0
— COS 2kl(\u11\2u22ﬂ21 + |UQ1|QU11’E12)] Z )\15\1 +c.c.. (519)
=0

79



We can use also the parametrization (5.5) — (5.6). We obtain

(4 + det Ay) cos kl + 2(ap — Buk?) sinkl
V(4 —det Ap)? + (4Tm )2 ’

0= (5.20)

and the roots of the quadratic equation are

1

p—
7 k(4 — det Ay — 4iIm )

2
(4 4 det Ap) cos kl + E(ah — Buk?)sinkl £ VD| |

where
D = [(4+det Ay)k cos kl42(a — BE?) sin kl]* — k2[(4+det Ay )%+ (4 Tm y,)?] .

The eigenvectors of the matrix M could be chosen as

oy 1 <Uli> 1 < 4Reyy, cos kl + 2(ay, + Buk?)sinkl £ \/5)

TNz \ve ) T Ny \4BK2coskl + (4 + det Ay, — 4Re )k sin kl

Notice that the case |Ay| = |A_| = 1, 1. e., Ag € [-1,1] corresponds to
the essential spectrum. From the form (5.20) we obtain the condition for
the essential spectrum (5.16) again.

The point spectrum of the operator Hy consists of all the k& for which
(5.19) is finite. We must set the coefficient by »°72, M. A and one of the
coefficients by > 7%, IA+|¥ to be zero. Moreover, the other sum must be
finite and )y must satisfy the corresponding inequation according to the
table 5.1. For example, the norm is finite for vo4 = 0 and A9 > 1 or for the
combination v1_ = 0 and Xy < —1.

5.5.3 The spectrum of the operator H,

The essential spectrum of the operator Hy(Ay,[) is given by the theorems
5.1 and 5.3 and lemma 5.7.

Theorem 5.4. Let us assume the operator Ho( A, 1) with non-separating
conditions, i.e. det Ay, # 4 or Im~y £ 0. Iis essential spectrum is given by
the bands described in theorem 5.8 of multiplicity by ... by—1(by, —1)+1. The
cases described in theorem 5.3 correspond to

a) /Bt 750’
b) B =0 and 4(b+ 1) Rey # (b—1)(4 + ),
¢) B =0 and 4(b+1)Rey = (b= (4 + py) ).
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The condition

d) ap =0, B =0, Im~y, =0, and (b — 1)Rey; = 2(vb =% 1)?
implies the free coupling conditions on the halfline, i.e. the spectrum [0, 00).
Proof. The proof follows from the theorems 5.1 and 5.3 and lemma 5.7. The

correspondence of the cases is given by the lemma 5.2. The case d) follows
from the lemma 5.2, we require a, = B, = vy, = 0. U

Theorem 5.5. The point spectrum of the operator Hy(At,l) consists of
€ = k2, where k satisfies the condition 1) and one of the conditions 2A4) and
2B). All the points have infinite multiplicity.

1)
[(4]€2l2 — sin 2kl)|u11|2\uQ1\2 + (4k2l2 + sin 2kl)u11ﬂ211212uQ2—
— COS 2kl(|u11|2u22ﬂ21 + |uQ1|2u11612)] +c.c.=0,
24)
(4k21% — sin 2k1)|u1y |* + (4212 + sin 2k1) jugy P |ue]®—
— COS 2kl\u11\2(ﬂ11u12 + unﬂlg) =0, and Mg € (1, OO) ,
2B)
(4K%12 — sin 2k1)|ug, [* 4 (46212 + sin 2k1)|uay |?|ugs|?—
— COS 2kl\u21\2(u21ﬂ22 + ﬂ21u22) =0, and Xg € (—OO, —1) ,
2C)
(4212 —sin 2k1) (|ugy | * 4+ |uiq |*) 4+ (4K2 12 Fsin 2k1) (Jugr |? [uge| 24 uiy |? [ur2]?) —
— cos 2kI[|ug1 |* (u21ia2 + G21ua2) + |urt [*(Gr1urz + un1@i2)] =0,

where

1
Uyl = N—[4 Rey, cos kl + 2(ay, + Brk?)sinkl + VD],
+

1
Uy = N—[4ﬂk2 cos kl + (4 + det Ay, — 4Reyy )k sinkl
+

1
ug] = N—[4 Re vy cos kl + 2(an + Buk?) sinkl — VD],

1
Ugy = ——[4Bk* cos kl + (4 + det A, — 4Reyy )k sinkl

cos kl + 2(ac — BE?) sinkl])? — k*[(4 4 det Ap)? + (4Tmv,)?].

™

D = [(4 4 det Ap)
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Notice that the sufficient conditions for the point spectrum of the oper-
ator Ho(Ay, 1) are

uip =0 and and Ao € (1,00),

or
up; =0 and and Ay € (—o0,—1),
or
Uil = 0 and and Uug1 = 0.
The free conditions (the case discussed in [SS02]) give w1y = 4ik sinkl
and ug; = —44k sin kl, hence the eigenvalues kl = nm are present.
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Chapter 6

Conclusions

We have studied several problems concerning quantum graphs. In two con-
crete examples of quantum graphs we have found trajectories of poles of
the resolvent when lengths of the edges were perturbed. The main result
of the first part of the work states that the embedded eigenvalue in the
unperturbed spectrum of multiplicity n gives raise to n resonances.

In the next section we have investigated the spectral manifold of star
graphs. We have slightly generalized Cheon’s, Fulop’s and Tsutsui’s result
([CFTO01b]) by describing the spectral manifold of a star graph with two
edges with different lengths. Furthermore, we have studied Berry’s phase for
a larger class of quantum graphs then in [EG99] and we have demonstrated
that Berry’s phase can take any value in [0, 27).

The last part of the work was devoted to tree graphs. We have gener-
alized Sobolev’s and Solomyak’s result ([SS02]) by investigating the unitary
equivalence between the Hamiltonian on tree graph and the sum of Hamil-
tonians on L2(R, ). We have studied the spectrum for a more concrete case.

83



Bibliography

[AB] S. Albeverio, F. Gesztesy, R. Hoegh-Krohn, H. Holden, Solvable
Models in Quantum Mechanics, Springer, Heidelberg 1988

[AC71] J. Aguilar, J.-M. Combes, A class of analytic perturbations for
one-body Schriodinger operators, Commun. Math. Phys. 22 (1971),
269-279.

[BBKO0O] G. Berkolaiko, E.B. Bogomolny, J.P. Keating, Star graphs and
Seba billiards, J. Phys. A 34 (2001), 335-350.

[B84] M. Berry, Quantal Phase Factors Accompanying Adiabatic
Changes, Proc. Roy. Soc. A 392 (1984), 45-57.

[CFT01a] T. Cheon, T. Filop, I. Tsutsui, Symmetry, Duality and Anholon-
omy of Point Interactions in One Dimension, Ann. Phys. (N.Y.)
294 (2001), 1-23

[CFT01b] T. Cheon, T. Fiilop, I. Tsutsui, Mébius Structure of the Spectral
Space of Schrodinger Operators with Point Interaction, J. Math.
Phys. 42 (2001), 5687-5697.

[EFKO7] T. Ekholm, R. L. Frank, H. Kovaiik, Figenvalue estimates
for Schédinger operators on metric trees, Preprint, math-
ph/0710.5500.

[E97a]  P. Exner: A duality between Schriodinger operators on graphs and
certain Jacobi matrices, Ann. Inst. Henri Poincaré 66 (1997), 359
371.

[E97b]  P. Exner, Magnetoresonances on a lasso graph, Found. Phys. 27
(1997), 171-190.

[E07] P. Exner, Leaky Quantum Graphs: A Review, Preprint,
arXiv:0710.590.

84



[EFO06]

[EG99]

[ELO6]

[GGI1]

[GS06]

[Ha00]

[HPO6]

[KS99]

[KS00]

[KoS97]

[Ku04]

[KK02]

[KuZ01]

P. Exner, M. Fraas, Resonance asymptotics in the generalized Win-
ter model, Physics Letters A 360/1 (2006), 57—61.

P. Exner, H. Grosse, Some properties of the one-dimensional gen-
eralized point interactions (a torso), Preprint, math-ph/9910029.

P. Exner, J. Lipovsky, Equivalence of resolvent and scattering res-
onances on quantum graphs, Adventures in Mathematical Physics
(Proceedings, Cergy-Pontoise 2006), 447, Providence, R.1., (2007),
73-81.

V. I. Gorbachuk, M. L. Gorbachuk: Boundary value problems for
operator differential equations, Kluwer, Dodrecht tec. (1991)

S. Gnutzmann, U. Smilansky, Quantum Graphs: Applications to
Quantum Chaos and Universal Spectral Statistics, Advances in
Physics 55 (2006) 527625

M. Harmer, Hermitian symplectic geomety and extension theory,
J. Phys. A: Math. Gen. 33 (2000), 9193-9203.

P. Hislop, O. Post, Anderson Localization for radial tree-like ran-
dom quantum graphs, Preprint (2006), math-ph/0611022v1.

V. Kostrykin, R. Schrader, Kirchhoff’s rule for quantum wires, J.
Phys. A: Math. Gen. 32 (1999), 595-630.

V. Kostrykin, R. Schrader, Kirchhoff’s rule for quantum wires.
II: The Inverse Problem with Possible Applications to Quantum
Computers, Fortschritte der Physik 48 (2000), 703-716.

T. Kottos, U. Smilansky, Quantum Chaos on Graphs, Phys. Rev.
Lett. 79 (1997), 4794-4797.

Kuchment P.: Quantum graphs: 1. Some basic structures, Waves
Random Media 14 (2004), S107-S128.

P. Kuchment, L. Kunyansky: Differential operators on graphs and
photonic crystals, Adv. Comput. Math. 16 (2002), 263-290.

P. Kuchment, H. Zeng, Convergence of spectra of mesoscopic sys-
tems collapsing onto a graph, J. Math. Anal. Appl. 258 (2001),
no. 2, 671-700

85



[RS53] K. Ruedenberg, C.W. Scherr: Free-electron network model for con-
jugated systems, I. Theory, J. Chem. Phys. 21 (1953), 1565-1581.

[SS02]  A. V. Sobolev, M. Solomyak, Schiodinger operator on homogeneous
metric trees: spectrum in gaps, Rev. Math. Phys. 14 (2002), 421—
467.

86



