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zAbstrakt: V t�eto pr�a
i studujeme spektr�aln�� vlastnosti diferen
i�aln��ho oper�a-toru druh�eho �r�adu na kvantov�em grafu. V�enujeme se n�ekolika probl�em�um.Pro kvantov�y graf s ra
ion�aln��m pom�erem d�elek jeho hran zkoum�ame tra-jektorie rezonan
�� v p�r��pad�e, �ze pom�er d�elek jeho hran je naru�sen. D�alestudujeme strukturu spektr�aln�� variety a Berryho f�azi pro hv�ezdi
ovit�y graf.V posledn�� �
�asti dok�a�zeme unit�arn�� ekvivalen
i mezi hamiltoni�anem na stro-mov�em grafu a hamiltoni�anem na polop�r��m
e.Kl���
ov�a slova: kvantov�e grafy, mezoskopi
k�e syst�emy, Berryho f�aze.Title: Spe
tral and resonan
e properties of quantum graphsAuthor: Ji�r�� Lipovsk�yDepartment: Institute of Theoreti
al Physi
sSupervisor: Prof. RNDr. Pavel Exner, DrS
., Nu
lear Physi
s Institute,A
ademy of S
ien
esSupervisor's e-mail address: exner�ujf.
as.
zAbstra
t: In the present work we study the spe
tral properties of a se
ond-order di�erential operator on the quantum graph. We investigate severalproblems. For an quantum graph with the rational rate of the lenghts ofits edges, we investigate the traje
tories of the resonan
es when the lengthsof the edges are perturbated. Furthermore, we study the topology of thespe
tral manifold and the Berry's phase for star graphs. In the last part, weprove the unitary equivalen
e between the Hamiltonian on the tree graphand the Hamiltonian on the hal
ine.Keywords: quantum graphs, mesos
opi
 systems, Berry's phase.
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Chapter 1Introdu
tionQuantum graphs are a widely used model, mainly in the solid state physi
s.From the mathemati
al point of view, a quantum graph is a one-dimensionalnetwork stru
ture, equipped with a selfadjoint se
ond-order di�erential op-erator (negative Lapla
ian with a potential) with 
ertain 
oupling 
onditionsat the verti
es; its analysis redu
es to solving a system of ordinary di�eren-tial equations.A motivation 
omes from a more 
ompli
ated model, the so-
alled quan-tum wires (see, e.g., [KuZ01℄). Using the model of a quantum graph, oneredu
es the problem to one-dimensional one, negle
ting the width of thewire. The aim is to study the motion of a quantum parti
le on this 
on�gu-ration spa
e, under the in
uen
e of the ele
tri
 or magneti
 �eld. One 
anpredi
t the 
ondu
tan
e of the stru
ture or other quantum e�e
ts. Anotherapproa
h to quantum wire networks are the so-
alled leaky graphs (see, e.g.,[E07℄), where a negative multiple of the Æ-distribution on the graph is addedto the Lapla
ian and the partial 
orresponding di�erential equations aresolved.The �rst appli
ation of quantum graphs 
an be tra
ed ba
k to the 1950's.Ruedenberg and S
herr [RS53℄ used this model for des
ribing the �-ele
tronsin aromati
 organi
 mole
ules, the atoms were 
onsidered as the verti
es ofthe graph.In the last two de
ades, quantum graphs were studied more intensively,motivated by the progress in fabri
ating of the nanostru
tures 
onsisting ofquantum wires. The model is used in mesos
opi
 physi
s, nanote
hnology ormi
roele
troni
s. The photoni
 
rystals (e.g., [KK02℄) are a 
ertain analogyof the ele
tron motion in the semi
ondu
tor stru
tures. They are periodi
opti
al nanodevi
es, in whi
h the motion of the photon is a�e
ted by the6




hange of the diele
tri
 
onstant.One of the virtues of quantum graphs is that they provide us with asimple framework to study the quantum 
haos. The pioneering paper byKottos and Smilansky [KoS97℄ shows that the spe
tral statisti
s of the quan-tum graphs is reprodu
ed by the random matrix theory. Berkolaiko, Bogo-molny and Keating have re
ently proved in the paper [BBK00℄ that the stargraph has the same spe
tral statisti
s as �Seba billiards, an example of two-dimensional 
haoti
al system. A review on statisti
s on quantum graphs
an be found in [GS06℄.Kostrykin and S
hrader studied in [KS00℄ the inverse s
attering problemon quantum graphs and provided a way to possible designing of elementarygates in quantum 
omputing. A summary on quantum graphs 
an be found,e.g., in [KS99℄, [Ku04℄ or [GS06℄.In the present work we try to 
ontribute with the study of several spe
tralproblems 
on
erning quantum graphs. First, we introdu
e the model andsome important 
ommon properties of quantum graphs. The next 
hapterinvestigates the resonan
es developing from eigenvalues embedded into the
ontinuous spe
trum of the graph with rational rate of the lengths of someedges due to the perturbation of lengths of these edges. After studyingtraje
tories of the poles of the resolvent in two simple examples we formulatea theorem determining the number of the resonan
es for the general 
ase.The next part of this work is devoted to the so-
alled star graphs (all theiredges are 
onne
ted at one endpoint). We study the stru
ture of the spe
tralmanifold and �nd the Berry's phase for the 
hange of one of the parameters.The last part of the work is devoted to demonstrating the unitary equivalen
ebetween the Hamiltonian on some types of tree graphs and the Hamiltonianon the hal
ine whi
h generalizes the Somomyak-Sobolev duality. We use itto derive spe
tral properties of regular tree graphs with a general 
ouplingin the verti
es.
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Chapter 2Preliminaries about quantumgraphs2.1 Des
ription of the modelThe 
on�guration spa
e of our model is a graph �, des
ribed by the set ofverti
es V = fXj ; j 2 Ig and the set of edges L = fLjn : (Xj;Xn) 2 IL �I � Ig atta
hed to them, where I is a �nite or 
ountably in�nite index set.Ea
h edge 
an be identi�ed by the pair of verti
es (in any order, sin
e thegraph is not dire
ted) and the length ljn of ea
h edge in L is positive. Wesuppose that to some verti
es in V one or more semiin�nite external linksare atta
hed. We denote the whole graph by � and its subset with �niteedges only by �e.The set of the verti
es whi
h are 
onne
ted to the vertex Xj by an edge(its neighbours) is denoted by N (Xj) = fXn : n 2 �(j) � Infjgg. We denoteby B the set of verti
es whi
h have a single neighbour (graph boundary), its
omplement is 
alled graph interior and is denoted by I = VnB. We denoteby C the set of verti
es to whi
h one or more semiin�nite links are atta
hed.Similarly, the 
orresponding index subsets are denoted by IB, II , and IC .Furthermore, the metri
 on the graph 
an be identi�ed with a part of aEu
lidean spa
e. Using the metri
 stru
ture, we introdu
e the Hilbert spa
eof the problem H = M(j;n)2ILL2([0; ljn℄)�Mj2IC L2([0;1)):The elements of H 
an be witten by  = f jn : (j; n) 2 IL;  j1 : j 2 ICg.8



Our aim is to des
ribe quantum me
hani
s on su
h a graph. For simpli
-ity, we 
hoose the system of units where �h2 = 1 and 2m = 1. Furthermore,we de�ne on the graph � the di�erential operator H = �d2=dx2+V (x) withessentially bounded potentialV = fVjn; Vj1g; Vjn 2 L1([0; ljn℄); Vj1 = 0 :The domain of de�nition of this Hamiltonian are fun
tions  in the ap-propriate Sobolev spa
e on the graph, i. e.  jn 2 W 2;2([0; ljn℄);  j1 2W 2;2([0;1)), whi
h satisfy suitable 
oupling 
ondition at the verti
es, to bedes
ribed below.2.2 Vertex 
ouplingIdentifying the point Xj with x = 0 we denote the limits of fun
tions andtheir derivatives on Ljn by jn = limx!0+ jn(x) ;  0jn = limx!0+ 0jn(x) :For ea
h vertex Xj we denote by	j = ( 1(Xj);  2(Xj); : : : ;  dj (Xj))T ; dj = 
ardN (Xj)the 
olumn ve
tor of fun
tion values at the point Xj and, similarly,	0j = ( 01(Xj);  02(Xj); : : : ;  0dj (Xj))T ; dj = 
ardN (Xj) :the ve
tor of one-sided derivatives at Xj.We must ensure that the Hamiltonian is self-adjoint. The general 
ou-pling in a vertex Xj of a quantum graph 
an be des
ribed by two squaredj � dj matri
es Aj	j +Bj	0j = 0 ; (2.1)su
h that the dj � 2 dj matrix (Aj ; Bj) has maximal rank and AjByj is self-adjoint at ea
h vertex, where y means adjoint. This 
ondition is equivalentto the self-adjointness of the Hamiltonian, this result was �rst obtained byKostrykin and S
hrader in [KS99℄.Furthermore, the 
ondition (2.1) 
an rewritten in the form (showed inde-pendently by Kostrykin and S
hrader [KS00℄ and Harmer [Ha00℄; in general
ontext su
h 
ondition were known earlier [GG91℄)(Uj � I)	j + iL0(Uj + I)	0j = 0 ; (2.2)9



where Uj is an arbitrary unitary dj � dj matrix, I is the unit dj � dj matrixand L0 is a non-zero 
onstant of length dimension. It only seems that L0adds an extra parameter (re
all that a general self-adjoint extension is inthis situation 
hara
terized by d2j real parameters) be
ause the 
onditions
orresponding to di�erent L0, L00 are mutually related byU 0 = [(L0 � L00)U + (L0 + L00)℄�1[(L0 + L00)U + (L0 � L00)I℄ :Hen
e without loss of generality we 
an take L0 = 1. Therefore, the 
ouplingat every vertex 
an be des
ribed by d2j parameters. Noti
e that the 
oupling(2.1) has the same number of the degrees of freedom, be
ause it is non-unique: the matri
es Aj and Bj 
an be repla
ed by CjAj and CjBj, whereCj is an ordinary regular dj � dj matrix.The relation between the matri
es Aj , Bj and the unitary matrix Uj 
anbe obtained from the equationsCjAj = Uj � I ; CjBj = i(Uj + I) :Using linear 
ombination of the previous equations one arrives at2Uj = Cj(Aj � iBj) ; 2I = �Cj(Aj + iBj)and hen
e one obtains the relation�(Aj + iBj)Uj = Aj � iBj (2.3)or an equivalent one (Bj � iAj)Uj = Bj + iAj : (2.4)In parti
ular, we mention several interesting 
ases of 
oupling1. Æ-
oupling:  j :=  jn(j) =  jm(j) for all n;m 2 �(j) ;Xn2�(j) 0jn(j) = �j jwith �j 2 R . Let J be a dj � dj matrix with all entries equal toone. Then the matri
es Aj and Bj 
an be 
hosen as Aj = ��I,Bj = J . Sin
e J2 = djJ , the matrix Uj 
an be also 
hosen as a linear
ombination of the matri
es I and J , Uj = !I + �J , where !; � 2 C .Using the relation (2.4) one obtainsJ � i�jI = (J + i�jI)(!I + �J) = i�j!I + (! + i�j� + dj�)J :10



The 
omparison of the 
orresponding terms gives! = �1 ; � = 2dj + i�j ; Uj = 2dj + i�j J � I : (2.5)The 
ase with �j = 0 
orresponds to the so-
alled free boundary 
on-ditions; some authors also 
all them Kir
hho� or Neumann. The 
ase�j =1, i. e.  jn = 0, 
orresponds to de
oupled edges with Diri
hletboundary 
onditions.2. Æ0s-
oupling:  0j :=  0jn(j) =  0jm(j) for all n;m 2 �(j) ;Xn2�(j) jn(j) = �j 0jwith �j 2 R . Similarly to the previous 
ase, we 
hoose Aj = J ,Bj = ��jI, Uj = !I + �J . The relation (2.3) givesJ + i�jI = (�J + i�jI)(!I + �J) = i�j!I + (i�j� � dj� � !)J ;while the 
omparison of the 
orresponding terms gives! = 1 ; � = � 2dj � i�j ; Uj = I � 2dj � i�j J :The parti
ular 
ase �j =1 
orresponds again to de
oupled edges, thistime with Neumann boundary 
onditions.3. Æ0-
oupling: jn(j)�  jm(j) = �jdj [ 0jn(j) �  0jm(j)℄ for all n;m 2 �(j) ;Xn2�(j) 0jn(j) = 0with �j 2 R . The matri
es 
an be 
hosen as Aj = djI�J , Bj = ��jI,Uj = !I + �J . The relation (2.4) gives(��j + dji)I � iJ = [(��j � idj)I + iJ ℄(!I + �J) ;while the 
omparison of the 
orresponding terms gives! = �dj + i�jdj � i�j ; � = 2dj � i�j ; Uj = 2dj � i�j J � dj + i�jdj � i�j I :11



2.3 Exterior 
omplex s
alingIn dealing with resonan
es, the approa
h �rst introdu
ed by Aguilar andCombes in [AC71℄ is useful. Sin
e the resonan
es 
annot be des
ribed asthe eigenvalues of a self-adjoint operator, one performs a 
omplex 
oordinate
hange and obtains an equivalent operator. However, the new operator isnot self-adjoint and the resonan
es 
orrespond to its 
omplex eigenvalues.To be spe
i�
, we 
onsider a s
aling transformation on all semi-in�niteedges g(x) ! g�(x) = U�g(x) = e�=2g(xe�) with a 
omplex parameter �,
ommon to all the hal
ines, while the fun
tions on �e stay un
hanged.We may demonstrate the transformation of the free motion Hamiltonianon a hal
ine by the a
tion on a fun
tion g.H�g(x) = U�HU�1� g(x) = U�He��=2g(xe��) = �e��=2U�[g(xe��)℄00 == �e��=2e�2�U�g00(xe��) = �e��=2e�=2e�2�g00(x) = e�2�Hg(x):This means that the Hamiltonian is transformed by multiplying by e�2� onthe hal
ine, and this leads to the 
orresponding 
hange of the boundary
onditions whi
h 
onsists of adding the fa
tor e�2� at appropriate pla
es.Let us 
onsider the Hamiltonian on a graph �e a
ting as � d2dx2 on theexternal links and as � d2dx2 + Vjn(x) on Ljn where Vjn is assumed to beessentially bounded. We use the mentioned transformation on the externaledges. The transformed Hamiltonian isH�� fgjgffjng� = � f�e�2�g00j gf�f 00jn + Vjnfjng�where gj is the wavefun
tion on the hal
ine atta
hed to the point Xj and fjnthe wavefun
tion on Ljn, similarly for other edges of the graph: the sets fgjgand ffjng refer to all external links and internal edges, respe
tively. Thedomain of de�nition of the transformed Hamiltonian 
onsists of fun
tionswith 
omponents fjn 2W 2;2([0; ljn℄) and gj� = U�gj satisfying the 
oupling
onditions.Furthermore, we are interested in the situation, when the imaginarypart of � is nontrivial; without loss of generality we may 
hoose � = i# with# 2 R+. Then the essential spe
trum of the Hamiltonian rotates into thelower 
omplex plain. If # is large enough we 
an reveal the resonan
e polesin the se
ond sheet of the Riemann surfa
e of energy.12



2.4 Atta
hing more semiin�nite links to one ver-texNow we 
an use the method introdu
ed in the previous se
tion for obtaininga set of equations for poles of the resolvent of the Hamiltonian. In thisse
tion we slightly generalize the problem studied in [EL06℄. Let us 
onsidera vertex of the graph to whi
h M semiin�nite external links and N internallinks are atta
hed. Let us suppose separate Æ-
oupling at ea
h bundle andfollowing 
oupling between bundles (as in [E97b℄)f1(0) = � � � = fN (0) =: f(0) ; g1(0) = � � � = gM (0) =: g(0) ; (2.6)f(0) = ��1 NXn=1 f 0n(0) + 
 MXm=1 g0m(0) ; (2.7)g(0) = �
 NXn=1 f 0n(0) + ~��1 MXm=1 g0m(0) : (2.8)Performing the 
omplex s
aling of the semiin�nite links one 
an obtainf(0) = ��1 NXn=1 f 0n(0) + 
ikMe�3�=2e� g�(0) ;e��=2g�(0) = �
 NXn=1 f 0n(0) + ~��1ikMe��=2g�(0) :Expressing e��=2g�(0) from the last equation and substituting it into theother one we obtain an equation formally similar to the Æ-
oupling,f(0) = ���1 + j
j2ikM1� ik~��1M� NXn=1 f 0n(0) :We denote by �(k) the e�e
tive energy dependent 
oupling parameter��1(k) = ��1 + j
j2ikM1� ik~��1M ) �(k) = � 1� ikM ~��11 + ikM(j
j2�� ~��1) :(2.9)The parameter 
 
ontrols the 
oupling, 
hoosing j
j = 0 we 
an dis
on-ne
t the bundle of semiin�nite links. The 
onsidered 
oupling also in
ludesthe overall Æ-
oupling of all the involved links; 
hoosing � = ~� = 
�1 thee�e
tive 
oupling 
onstant be
omes �(k) = �� ikM .13



E�e
tively, the quantum graph with atta
hed semiin�nite links � 
an bethus repla
ed by the 
orresponding �nite graph �e with new non-selfadjointenergy dependent 
ouplingfjn(j) =: fj(j); 8n 2 �(j) ; (2.10)fj(j) = ��1j (k) Xn2�(j) f 0jn(j) : (2.11)at the \outer" verti
es. For verti
es j 62 IC we simply assume �j(k) = �j .2.5 Equivalen
e of the resolvent and s
attering res-onan
es on a quantum graphWe 
an use the result of previous se
tion to show that the resolvent ands
attering resonan
es 
oin
ide. Let us think of the quantum graph �e as thes
attering 
enter and of the semiin�nite links as the in
oming and outgoingwires. The s
attering matrix (S-matrix) maps the ve
tor of the amplitudesof the in
oming waves to the ve
tor of the amplitudes of the outgoing waves.From the 
oupling 
ondition we obtain a set of equations for the 
oeÆ
ientsof the in
oming and outgoing waves. The poles of the S-matrix are given bythe 
ondition detS�1 = 0.Using the duality between the Hamiltonian on quantum graph and a
ertain Ja
obi-type matrix (theorem 3.1 in [E97a℄) we obtain from (2.10){ (2.11) the set of equations whi
h involve only the fun
tional values at theverti
es. A 
omparison of both systems of equation gives following theorem.It slightly generalizes the theorem 3.2 in [EL06℄, obtained only for graphswhere at most one semiin�nite link was atta
hed to every vertex of thegraph.Theorem 2.1. Let � be a quantum graph with one or more semiin�nitelinks atta
hed to some verti
es. We assume the 
oupling 
onditions at theverti
es from C are (2.6) { (2.8) and Æ-
onditions at the other verti
es. Thenthe families of its resolvent and s
attering resonan
es 
oin
ide.Proof. The proof is formally identi
al to the proof of the theorem 3.2 in[EL06℄. One must only realize that the e�e
tive 
oupling 
onstant �(k) isgiven by a di�erent term (2.9).With the previous theorem in mind, we are no longer for
ed to distin-guish between the poles of the S-matrix and the poles of the resolvent ofthe Hamiltonian above. Therefore, we 
an use the method of the external
omplex s
aling in the next 
hapter to determine the resonan
e poles.14



Chapter 3Resonan
es fromperturbations of the graphswith rational rate of lengthsof the edgesIn this 
hapter, we will study the spe
trum of a quantum graph with rationalrate of lengths of some its edges and its behaviour in the 
ase when thelengths of the edges are perturbed.If a quantum graph 
ontains some edges with rational rate of theirlengths then eigenvalues (their square roots are multiples of �=l) may o

urembedded into its 
ontinuous spe
trum. In parti
ular, we prove that theseeigenvalues are present in the spe
trum of a graph with a 
losed loop ofedges with rational rate of their lengths or a graph 
ontaining a line seg-ment of edges with rational rate of their lengths with Diri
hlet or Neumann
onditions at both ends of the segment. The eigenfun
tions 
orrespondingto these eigenvalues are sinkx (or 
os kx for Neumann 
onditions) with zerosin the verti
es of the loop or line and they vanish outside the 
onsidered loopor line. The spe
trum may 
ontain eigenvalues embedded in the 
ontinuous,with the eigenfun
tions whi
h vanish at the verti
es. They are multiples of(�=l)2 where l is the length \unit".When 
hanging the ratio of the lengths of the edges, the poles of theresolvent (formerly 
orresponding to the eigenvalues) be
ome resonan
es.In the following two simple examples we investigate traje
tories of the res-onan
es depending on the lengths of the edges and other properties of thespe
trum. As the main result, we prove afterwards that an embedded eigen-15



g1(x) g2(x)

f1(x)

f2(x)

0

l1

l2Figure 3.1: A loop with two leadsvalue of multipli
ity n gives rise to n resonan
es in the spe
trum of theperturbed graph.3.1 A loop with two leadsLet us 
onsider the graph on �gure 3.1 
onsisting of two internal edgesof lengths l1; l2, one hal
ine is 
onne
ted to ea
h endpoint. The Hamil-tonian a
ts as �d2=dx2 on ea
h link. The 
orresponding Hilbert spa
e isL2(R+)� L2(R+)� L2([0; l1℄)� L2([0; l2℄); states are des
ribed by 
olumns = (g1; g2; f1; f2)T . Let us 
onsider the following 
oupling 
onditions 
or-responding to more general 
ase dis
ussed in se
tion 2.4.f1(0) = f2(0) ; f1(l1) = f2(l2) ;f1(0) = ��11 (f 01(0) + f 02(0)) + 
1g01(0) ;f1(l1) = ���12 (f 01(l1) + f 02(l2)) + 
2g02(0) ;g1(0) = �
1(f 01(0) + f 02(0)) + ~��11 g01(0) ;g2(0) = ��
2(f 01(l1) + f 02(l2)) + ~��12 g02(0) :Using the method of external 
omplex s
aling gi�(x) = e�=2gi(xe�) intro-du
ed in the se
tion 2.3 and the Ansatz fi(x) = ai sinkx+ bi 
os kx, i = 1; 2
16



we obtain b1 = b2 ;a1 sinkl1 + b1 
os kl1 = a2 sinkl2 + b2 
os kl2 ;b1 = ��11 k(a1 + a2) + 
1ike��=2g1�(0) ;a1 sinkl1 + b1 
os kl1 = ���12 k(a1 
os kl1 � b1 sinkl1 + a2 
os kl2 � b2 sinkl2)+ 
2ike��=2g2�(0) ;e��=2g1�(0) = �
1k(a1 + a2) + ~��11 ike��=2g1�(0) ;e��=2g2�(0) = ��
2k(a1 
os kl1 � b1 sinkl1 + a2 
os kl2 � b2 sinkl2)+ ~��12 ike��=2g2�(0) :The 
ondition of solvability of this system is�������� 0 1 0 �1sinkl1 
os kl1 � sinkl2 � 
os kl2�k��11 1 �k��11 0sinkl1+k��12 
os kl1 
os kl1�k��12 sinkl1 k��12 
os kl2 �k��12 sinkl2�������� = 0 ;where��1j (k) = ��1j + ikj
j j21� ik~��1j = ��1j � k2j
j j2 ~��1j1 + k2 ~��2j + ikj
j j21 + k2 ~��2j : (3.1)After a simple algebra we obtain the �nal 
onditionsinkl1 sinkl2 � 4k2��11 (k)��12 (k) sin2�k l1 + l22 �++ k[��11 (k) + ��12 (k)℄ sin k(l1 + l2) = 0 :We parametrize the length of the edges by the parameter � as followsl1 = l(1� �) ; l2 = l(1 + �) ;then the 
ondition be
omessinkl(1� �) sinkl(1 + �)� 4k2��11 (k)��12 (k) sin2 kl++ k[��11 (k) + ��12 (k)℄ sin 2kl = 0 : (3.2)
17



Let us 
ompute the di�eren
e of the �rst terms in (3.2) for di�erent �,�0. Using trigonometri
al identities we getsinkl(1� �0) sinkl(1 + �0)� sinkl(1 � �) sinkl(1 + �) == 12[
os 2�0kl � 
os 2kl � 
os 2�kl + 
os 2kl℄ == � sinkl(�+ �0) sinkl(�0 � �) = � sinkl(2� + ") sinkl" :We have denoted here the di�eren
e �0 � � by ". Hen
e if k0 is the solutionof (3.2) for parameter � then the solution k for parameter �0 satis�es theequationsinkl(1� �) sinkl(1 + �)� 4k2��11 (k)��12 (k) sin2 kl++ k[��11 (k) + ��12 (k)℄ sin 2kl = sinkl(2� + ") sinkl" :Let us suppose that k depends on " 
ontinuously. If the di�eren
e k1 = k�k0is small we obtain using the Taylor expansionk1l[sin(2k0l)� � sin(2k0l�)℄� 4k1lk20��11 (k0)��12 (k0) sin 2k0l�� 4k1[2k0��11 (k0)��12 (k0) + k20(��11 (k0) ~�2(k0) + ~�1(k0)��12 (k0))℄ sin2 k0l++ k1(��11 (k0) + ��12 (k0) + ~�1(k0)k0 + ~�2(k0)k0) sin 2k0l + 2k1lk0(��11 (k0)++ ��12 (k0)) 
os 2k0l � k1l[" 
os k0l" sink0l(2�+ ")++ (2�+ ") 
os k0l(2�+ ") sink0l"℄ +O(k21) = sink0l(2�+ ") sink0l" ;(3.3)where ~�j(k0) = ij
j j2=(1� ik0 ~��1j )2.We 
an use the previous equation for obtaining k1. Denoting the 
oeÆ-
ient by k1 by f(k0) and the rhs of previous equation by g(�; ") we have forthe error Æ = O(k21)f(k0) = 1f(k0) O� g2(�; ")f2(k0; ")� :Sin
e the rhs of (3.3) is O("), the error we make by negle
ting the termO(k21) is O("2), for 2�k0l 
lose to = 2n� is the error even smaller (O("4)).Moreover, the traje
tories of the resonan
es obtained numeri
ally 
an beveri�ed for � = mn when the embedded eigenvalues given by kl = n� arepresent. The �gure 3.6 shows that the resonan
e poles obtained by dire
tnumeri
al solving of the equation (3.2) 
orrespond to the ones obtained bysolving (3.3). 18
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tories of several resonan
e poles (the dependen
e ofthe imaginary part of k on the real part of k) for 
oeÆ
ients ��11 = 1,~��11 = �2, j
1j2 = 1, ��12 = 1, ~��12 = 1, j
2j2 = 1, n = 1; 2; 3; 4; 5; 6.Therefore, the equation (3.3) 
an be used for numeri
al 
omputation ofthe pole traje
tories on �gures 3.2 { 3.5. The 
hange of the parameter �from 0 to 1 is represented by 
hanging the 
olour from red (� = 0) to blue(� = 1). On �gures 3.7 { 3.12 the dependen
e of the length of the 
urve andits 
hange (velo
ity) on the parameter � is plotted.The equation (3.2) has real solution kl = n�; n 2 N for � = m=n; m 2 N .The 
orresponding eigenfun
tion is  = (0; 0; sinn�x=l;� sinn�x=l)T . Onthe �gure 3.3 (n = 2) the pole returns to the real axis if � = 1=2 and � = 1.On �gure 3.4 (n = 3) the pole returns to the real axis only for � = 2=3. For� = 1=3 and � = 1 the appropriate solution is a resonan
e. Similarly, on�gure 3.5 (n = 2) the pole returns to the real axis only for � = 1.The 
ondition (3.2) 
an be rewritten asf(k; �) = 
os 2kl�� 
os 2kl � 8k2��11 (k)��12 (k) sin2 kl++ 2k(��11 (k) + ��12 (k)) sin 2kl = 0 : (3.4)Let us investigate the asymptoti
 behaviour of the resonan
es for small ",in parti
ular, the angle ' between the pole traje
tory going from k0 = n�=l19
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with �0 = m=n;m 2 f0; 1; : : : ; ng and the horizontal line. For small k1 thedi�eren
e " = ���0 is also small. The fun
tion f(k; �) is with the ex
eptionof points k = �i~�j 
ontinuous and its �rst partial derivative with respe
tto � is at �0 equal to zero. Hen
e0 = f(k; �) � f(k0; �0) + �2f��2 ����k0;�0 "2 + �f�k ����k0;�0 k1 :�f�k ����k0;�0 = 4n� ���11 (k0) + ��12 (k0)� ;�2f��2 ����k0;�0 = �4(kl)2 
os 2kl� = �4(�n)2 :For small k1 we obtain using (3.1)k1 � "2 �n��11 (k0) + ��12 (k0) ;tan' = Im k1Re k1 = k0j
1j21+k20 ~��21 + k0j
2j21+k20 ~��22��11 + ��12 � k20j
1j2 ~��111+k20 ~��21 � k20j
2j2 ~��121+k20 ~��22 ; k0 = n�l : (3.5)For j
1j = j
2j = 0 the poles are real and ' = 0. Otherwise, if ��11 = ~��11 =��12 = ~��12 = 0 then the real part of k1 is zero and the pole traje
tory goesfrom k0 perpendi
ular to the horizontal line (' = �=2).Further, let us investigate the behavior of the pole traje
tories for big n.Let us suppose that k = k0 + k1, k0 = n�=l, jk1j � �=l. Then
os 2kl�� 
os 2kl = 
os 2k0l� 
os 2k1l�� sin 2k0l� sin 2k1l�� 
os 2k1l == (
os 2n��� 1)� sin (2�n�) 2k1l�+O(k21) :The 
ondition (3.4) for small k1 be
omes(
os 2n��� 1)� sin (2�n�) 2k1l�++ 2n�l ���11 (k0) + ��12 (k0)� 2k1l +O(k21) = 0 :From (3.1) we obtain��1j (k0) = ��1j � j
j j2~��1j + i lj
j j2n�~��2j +O� 1n2� ; for ~��1j 6= 0 ;��1j (k0) = in�l j
j j2 +O(1); for ~��1j = 0 :24



The fun
tions j 
os (2n��)� 1j � 2 ; j sin (2�k1l�)j � 1are bounded, therefore for ~��11 6= 0; ~��12 6= 0 we havejIm k1j � l2(�n)2 j
1j2=~��21 + j
2j2=~��22(��11 + ��12 � j
1j2=~��11 � j
2j2=~��12 )2 +O� 1n3� ;while for ~��11 = 0; ~��12 = 0 the inequality readsjIm k1j � l2(�n)2 1j
1j2 + j
2j2 +O� 1n3� ;and for ~��11 = 0; ~��12 6= 0 we havejImk1j � l2(�n)2 1j
1j2 +O� 1n3� :Let us summarize our results. The poles of the resolvent are given by the
ondition (3.2) or its equivalent (3.4). For � = m=n; m 2 N real eigenvalueskl = n�; n 2 N o

ur. They may 
orrespond to one pole of the resolventreturning to the real axis for � = m=n; m 2 N as in �gure 3.3. However, forother 
ombinations of the 
oupling 
onditions, the pole may return only for
ertain � (see �gures 3.4 and 3.5). For other rational �, its pla
e is takenby the pole whi
h has been resonan
e for � = 0. The angle between thetraje
tory of the resonan
e and the real axis does not depend on � and isgiven by (3.5). If the traje
tory of the pole is near the original eigenvaluethen the distan
e from the real axis is of order O(1=n2) for big n. Thisbehaviour 
an be seen, e. g., on �gure 3.2. It is also interesting to investigatethe velo
ity (i. e. the term jk1j=") and the length of the 
urve depending on� on �gures (3.7) { (3.12). We 
an noti
e that on �gure (3.7) the velo
ityis nonzero but rather small at the right endpoint of the 
urve.3.2 A 
ross-shaped resonatorWe 
onsider a graph 
onsisting of two leads and two internal edges atta
hedto the leads at one point (see pi
ture 3.13). The lengths of the internal edgesare l1 = l(1� �) and l2 = l(1 + �). The Hamiltonian a
ts as �d2=dx2. The
orresponding Hilbert spa
e is L2(R+) � L2(R+) � L2([0; l1℄) � L2([0; l2℄),25
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g1(x) g2(x)
f1(x)

f2(x)

l1 = l(1− λ)

l2 = l(1+ λ)

0

Figure 3.13: A 
ross-shaped resonatorstates are des
ribed by 
olumns  = (g1; g2; f1; f2)T . The 
oupling 
onditionis now a bit simpler, namelyf1(0) = f2(0) = g1(0) = g2(0) ;f1(l1) = f2(l2) = 0 ;�f1(0) = f 01(0) + f 02(0) + g01(0) + g02(0) :Using the method of external 
omplex s
aling (gi� = e�=2gi(xe�)) and theAnsatz fi = 
i sink(x� li), i = 1; 2 we obtain�
1 sin(kl1) = �
2 sin(kl2) = e��=2g�(0) ;��
1 sinkl1 = k(
1 
os kl1 + 
2 
os kl2) + 2ike��=2g�(0) :We 
hoose 
1 = �
 sinkl2, 
2 = �
 sinkl1 and substitute the �rst equationinto the se
ond one.(2ik � �)
 sin kl1 sinkl2 = 
k sink(l1 + l2) :Finally, we get two equivalent forms of the 
ondition for resonan
esk sin 2kl + (�� 2ik) sin kl(1� �) sinkl(1 + �) = 0 ;2k sin 2kl + (�� 2ik)(
os 2kl�� 
os 2kl) = 0 : (3.6)Let us ask when the solution is real. Leaving out the trivial solution k = 0we get from the last equation two 
onditions (the real and the imaginarypart of the lhs has to be zero)sin 2kl = 0 ) kl = n�2 ; n 2 Z ;0 = 
os 2kl�� 
os 2kl = 
osn��� 
osn� = 2 sin n�2 (1� �) sin n�2 (1 + �)) n� = (n� 2m); m 2 Z :29



Hen
e � = 1� 2m=n, m 2 N 0, m � n=2.If the di�eren
e k1 = k � k0 is small we obtain from (3.6)k1 = �2(� � 2ik0) sink0l" sink0l(2�+ ")=f2i[
os 2k0l(�+ ")� 
os 2k0l℄+(�� 2ik0)2l[(�+ ") sin 2k0l(�+ ")� sin 2k0l℄� 2 sin 2k0l� 4k0l 
os 2k0lg :(3.7)Similarly to the previous example, the error is O(k21), i. e. O("2), for 2�k0l
lose to = 2n� is the error even smaller (O("4)). Moreover, the traje
toriesof the resonan
es re
eived numeri
ally 
an be again veri�ed for � = mn whenthe embedded eigenvalues given by kl = n� are present. The �gure 3.19shows that the resonan
e poles obtained by dire
t numeri
al solving of theequation (3.6) 
orrespond to the ones obtained by solving (3.7).Using the expression above for k0 = n�=l, � = m=n and small " weobtain k1 = �2(�� 2ik0)(k0l")2�4k0l = n�"22 ��� 2in�l � :The angle between the pole traje
tory going from k0 and the horizontal lineis tan' = � Imk1Re k1 = 2n��l ) ' = ar
tan 2n��l : (3.8)The equation (3.6) gives the eigenvalues kl = n�=2, n 2 Z for � =1�2m=n, m 2 N 0, m � n=2. Behaviour of the traje
tories of poles is similarto previous example (see �gures 3.14{3.20). A pole of the resolvent mayreturn to the same point or it 
an be
ome another eigenvalue or resonan
e.An example of the 
hange of the behaviour 
an be seen on �gure 3.20. By asmall 
hange of the 
oupling parameter, parts of the two traje
tories 
an beinter
hanged (an avoided resonan
e 
rossing); The details of the traje
toriesfor di�erent parameters 
an be seen on �gures 3.21 and 3.22. The anglebetween the traje
tory and the real axis is given by (3.8).3.3 Real eigenvalues for resonator with arbitrarylength of the edgesThe rational eigenvalues o

urred in the previous examples due to Diri
hletboundary 
onditions in the verti
es. In a more general 
ase there are eigen-values embedded into a 
ontinuous spe
trum too, but the rationality playsrole only for a parti
ular 
lass of 
oupling 
onditions.30
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For example, let us 
onsider the resonator on �gure 3.13 again, we
hange the 
oupling 
onditions to Robin 
onditions at both endpoints andÆ-
onditions at the middle point (the notation is similar to the example inse
tion 3.2). f1(0) = f2(0) = g1(0) = g2(0) ;�1f1(l1) = �f 01(l1) ;�3f1(0) = f 01(0) + f 02(0) + g01(0) + g02(0) ;�2f2(l2) = �f 02(l2) :We try to �nd for whi
h 
oupling 
onstants the poles of the resolvent arereal. The lengths of edges l1, l2 are given and their rate is not ne
essarilyrational. The 
ondition for poles be
omes��������������
�1 � 
os kl1 0 0 0 sinkl1 00 sinkl1 0 0 �1 
os kl1 00 0 �1 � 
os kl2 0 0 sinkl20 0 0 sinkl2 0 �1 
os kl2k 0 0 0 ��1 0 00 k k 0 0 �(�3 � 2ik) 00 0 0 k 0 0 ��2

�������������� = 0 :
The imaginary and real part of the determinant give after some arrange-ments system of equations(k 
os kl1 + �1 sinkl1)(k 
os kl2 + �2 sinkl2) = 0 ;(�1�2 � k2) sin k(l1 + l2) + k(�1 + �2) 
os k(l1 + l3) = 0 :Its solution is�1 = �k 
ot kl1 ;�2 = k sink(l1 + l2) + 
os k(l1 + l2) 
ot kl1
os k(l1 + l2)� sink(l1 + l2) 
ot kl1 = �k 
ot kl2 :The 
oeÆ
ient �3 
an be 
hosen arbitrarily whi
h is easy to understand,sin
e the 
orresponding eigenfun
tion must be zero at the vertex. Therefore,eigenvalues may be embedded into the 
ontinuous spe
trum for non-rationalrate of the lengths of the edges, too. However, the only way how to geteigenvalues equidistant in the square root for this graph are Neumann orDiri
hlet 
onditions at both end verti
es and the rational rate of the lengthsof the edges. 39



3.4 The general 
aseLet us 
onsider the Hamiltonian a
ting as �d2=dx2 on a �nite quantumgraph (i. e., there is no potential on the edges) with the 
oupling (2.6) { (2.8)and the domain of de�nition 
ontaining fun
tions f with the 
omponentsfjn 2W 2;2([0; ljn℄).We express the solutions on the line Ljn as linear 
ombinationfjn(x) = ajn sinkx+ bjn 
os kx :The identify the point x = 0 of the edge with the vertex Xj . From 
onditions(2.6) { (2.8) we get bj := fj(j) = bjn 8n 2 �(j) ;f 0jn(j) = kajn :We express the transformation between the ve
tor (ajn; bj)T and theve
tor (anj ; bn)T 
orresponding to the other vertex of the edge Xn. Fromthe symmetry of the Ansatz fjn(x) = fnj(ljn � x) we getajn sinkx+ bj 
os kx = anj sink(ljn � x) + bn 
os k(ljn � x) == anj[sinkljn 
os kx�
os kljn sinkx℄+bn[
os kljn 
os kx+sinkljn sinkx℄ :Comparing the 
orresponding terms we obtain�ajnbj � = �� 
os kljn sinkljnsinkljn 
os kljn��anjbn � : (3.9)The set of equations (2.11) be
omesXn2�(j) ajn = �j(k)k�1bj : (3.10)The system (3.9) and (3.10) represents 
ardV + 2
ardL linear equations forthe variables ajn and bj. We denote by M(k) the matrix 
orresponding tothis system, the 
ondition for poles of the resolvent is det(M(k)) = 0.Let us 
onsider a graph whi
h 
ontains a 
losed loop of N edges withlengths lj = njl0, j 2 f1; : : : Ng, nj 2 N , l0 > 0. Noti
e, that verti
es of theloop may be 
onne
ted by other lines, see �gure 3.23 (the 
onsidered loopis plotted with a bold line). 40
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Figure 3.23: An example of a graph 
ontaining a loopLet us express the solutions using 
oeÆ
ients ajn and bj as before, andthe subs
ripts i = 1; : : : N refer to the verti
es of the 
onsidered loop. Or-dering the variables as a12; a21; a23; a32; : : : ; aN1; a1N ; b1; b2; : : : ; bN ; : : : thematrix 
orresponding to the system of equations (3.9), (3.10) be
omes0BBBBBBBBBBBBBBBBBBBBBB�
�1 � 
os kl12 0 0 : : : 0 0 0 sinkl12 0 : : : 0 : : :0 sinkl12 0 0 : : : 0 0 �1 
os kl12 0 : : : 0 : : :0 0 �1 � 
os kl23 : : : 0 0 0 0 sin kl23 : : : 0 : : :0 0 0 sinkl23 : : : 0 0 0 �1 
os kl23 : : : 0 : : :... ... ... ... ... ... ... ... ... ...0 0 0 0 : : : �1 � 
os klN1 sinklN1 0 0 : : : 0 : : :0 0 0 0 : : : 0 sinklN1 
os klN1 0 0 : : : �1 : : :... ... ... ... ... ... ... ... ... ...1 0 0 0 : : : 0 1 ��1(k)=k 0 0 : : : 0 : : :0 1 1 0 : : : 0 0 0 ��2(k)=k 0 : : : 0 : : :0 0 0 0 : : : 1 0 0 0 0 : : : ��N (k)=k : : :... ... ... ... ... ... ... ... ... ...

1CCCCCCCCCCCCCCCCCCCCCCALet us add the 
olumns 
orresponding to aii+1, i = 1; : : : ; N to the �rst
olumn and substra
t the 
olumns 
orresponding aii�1. The �rst 
olumnbe
omes ��2 sin2 kl122 ; sinkl12; : : : ; 2 sin2 klN12 ; sin klN1; 0; : : :�T :The terms 
orresponding to the equations (3.10) disappear and 
oeÆ
ientsajn 
orresponding to the edges of the loop do not o

ur in the equations41




orresponding to the other edges. Therefore, there are zeros in the �rst
olumn ex
ept of the �rst 2N rows. If the lengths of all the edges in theloop are multiples of l0 the all the other entries of the �rst 
olumn vanish fork0 = 2n�=l0. Finally, one expands the determinant of the system a

ordingto the �rst 
olumn and one 
an see that the determinant vanishes for k0 =2n�=l0.If PNj=1 nj is odd then the solutions are k0 = 2n�=l0, n 2 N . On theother hand, if the sum is even then we 
an also �nd solutions k0 = n�=l0,n 2 N .In the similar way we 
an pro
eed if the graph 
ontains a line of edgeswith rational rate of the lengths and Diri
hlet 
onditions at both ends ofthe line or Neumann 
onditions at both ends.Theorem 3.1. Let � be a quantum graph with 
oupling 
onditions (2.6){ (2.8). Let k0 be a pole of the resolvent of � of order n (i.e., solutionof det(M(k)) = 0). Let us 
hange the lengths of N edges of � by l0i =li(1 + "i) and denote the 
hanged graph by �". Then for suÆ
iently small ~"the resolvent of �" has either n poles of order 1 or smaller number poles ofwith the sum of their orders equal to n in the neighbourhood of k0.Proof. We denote by F (k; ~") the determinant of the system of equations(3.9), (3.10) for the graph �". Be
ause of the form of the equations (3.9),(3.10) and the 
oeÆ
ient �(k) it holds that F (k; ~") 2 C1(C nfIm z = 0g 
RN ). If there is the root of the equation det(M(k)) = 0 of order n in k0then �iF (k; ~")�ki ����k0;~"=~0 = 0 for i < n ;�iF (k; ~")�ki ����k0;~"=~0 6= 0 for i = n : (3.11)(3.12)We 
an use the Taylor expansion0 = F (k; ~")� F (k0;~0) = 1Xp=0 1Xq=0 1p!q! �p�kp �q�"qF (k; ")����k0;~"=~0= 1n! �nF (k; ~")�kn ����k0;~"=~0 Ækn +O(Ækn+1) + 1j! �jF (k; ~")�~"j ����k0;~"=~0 j~"jj++ nXp=0 jXq=0 1p!q! �p�kp �q�"qF (k; ~")����k0;~"=~0 Ækp"q +O(j~"jj+1) : (3.13)42



where �jF (k;~")�~"j ���k0;~"=~0 is the lowest non-zero derivative of F with respe
t to ~"(let us suppose that not all derivatives with respe
t to ~" are equal to zero).We divide the previous equation by the 
oeÆ
ient at the �rst term (it isnonzero be
ause of 3.11). We denote the two terms with j~"jj and Oj~"jj+1 bya 
omplex number A0 6= 0; jA0j is a nonzero number, but it 
an be 
hosenarbitrarily small by taking small enough ". The equation 
an be rewrittento the form Ækn + n�1Xp=1ApÆkp +A0 +O(Ækn+1) = 0 ; (3.14)where the 
oeÆ
ients Ap 
ould be nonzero but they 
an be 
hosen arbitrarilysmall by taking small enough j~"j.In view of the fundamental theorem of algebra the equation has n solu-tions.Let us summarize our results. If the lengths of all the edges are multiplesof l then the spe
trum of the graph 
ontains eigenvalues � = (2�n=l)2 (they
orrespond to k = 2�n=l). If the sum of lengths of the edges in the loop is aneven multiple of l then eigenvalues � = (�n=l)2 (
orresponding to k = �n=l)are present.Furthermore, we have proved that an eigenvalue of multipli
ity n embed-ded to the 
ontinuous spe
trum gives raise to n resonan
es in the spe
trumof the perturbed operator or (if the perturbation is 
hosen appropriately) ora less multiple resonan
es whereas the sum of multipli
ities of all the reso-nan
es is equal to n. In other words, the number of poles of the resolventdoes not 
hange if their multipli
ity is taken into a

ount.

43



Chapter 4Star graphsWe will study a star graph with a general 
oupling at the vertex (s
hemat-i
ally illustrated on �gure 4.1). It 
onsists of n edges of lengths li 
on-ne
ted at one endpoint. We assume that there is no potential on theedges, the Hamiltonian a
t as �d2=dx2. The 
orresponding Hilbert spa
eis L2([0; l1℄) � L2([0; l2℄) � � � � � L2([0; ln℄), where x = 0 
orresponds tothe 
onne
ted endpoint. The states are des
ribed by the 
olumns  =(f1; f2; : : : fn)T .As it was mentioned in the 
hapter 2, the 
oupling in a vertex of a generalquantum graph 
an be des
ribed by two square matri
es of rank n,A	+B	0 = 0 ; (4.1)where 	 and 	0 is the ve
tor of the fun
tion values at the vertex and theoutward derivatives, respe
tively. For matri
es A, B su
h that (A;B) has
l1

l2

l3
l4

l5

lnFigure 4.1: An example of a star graph44



maximal rank it holds that the Hamiltonian is self-adjoint if and only if thematrix ABy is self-adjoint at ea
h vertex (see, e. g., [KS99℄).The 
ondition (4.1) 
an rewritten in the form(U � I)	 + iL0(U + I)	0 = 0 ; (4.2)where U is an arbitrary unitary (n�n) matrix, I is the unit matrix and L0is a non-zero 
onstant of length dimension. Having the arguments from the
hapter 2 in mind, we 
an take L0 = 1.Let us study a star graph with n edges of lengths li > 0 and the 
oupling
ondition (4.2) at the 
enter vertex. For the sake of simpli
ity, we assumethe Diri
hlet 
oupling at the other verti
es fi(li) = 0. Taking the Ansatzfi(x) = ai sink(li � x) with real 
onstants ai one gets	 = 0BBB�a1 sinkl1a2 sinkl2...an sinkln1CCCA = 0BBB�sinkl1 0 : : : 00 sinkl2 : : : 0... ... . . . ...0 0 : : : sinkln1CCCA0BBB�a1a2...an1CCCA ;
	0 = �k0BBB�a1 
os kl1a2 
os kl2...an 
os kln1CCCA = �k0BBB�
os kl1 0 : : : 00 
os kl2 : : : 0... ... . . . ...0 0 : : : 
os kln1CCCA0BBB�a1a2...an1CCCA :Substituting these expressions (4.2) be
omes[(U � I)S(k) � ik(U + I)C(k)℄(a1; a2; : : : ; an)T = 0 ;with the matri
es S(k) = diag (sinkl1; sinkl2; : : : ; sinkln) andC(k) = diag (
os kl1; 
os kl2; : : : ; 
os kln). The last equation represents a sys-tem of n equations for variables a1; a2; : : : ; an. The spe
trum of the Hamil-tonian is given by the 
ondition of solvability of this system. After somerearrangements we arrive atdetfU [S(k) � ikC(k)℄� [S(k) + ikC(k)℄g = 0 : (4.3)4.1 Star graph with two edgesLet us begin with a simple example for n = 2 (see �gure 4.2). The notationis the same as above, the point x = 0 
orresponds to the 
enter vertex. TheHamiltonian is a
ting as �d2=dx2, the Hilbert spa
e L2([0; l1℄)�L2([0; l2℄), i.45



l1 l20Figure 4.2: A star graph with two edgese. a state is des
ribed by the 
olumn  = (f1; f2)T . The 
oupling 
onditionsare given by (4.2) and by Diri
hlet 
ondition at the other verti
es.Let us derive a suitable parametrization of a U(2) matrix. We denotethe 
omponents of the matrix U by 
omplex numbers zijU = �z11 z12z21 z22� :Sin
e UU y = 1 the rows of the matrix are orthonormal.jz11j2 + jz12j2 = 1 ;jz21j2 + jz22j2 = 1 ;�z11z21 + �z12z22 = 0 ) z21 = ��z12z11z22=jz11j2 ;where the overline means 
omplex 
onjugation. Substituting into the se
ondequation one obtains1 = jz22j2(1 + jz12j2=jz11j2) = jz22j2=jz11j2 ) jz22j = jz11j :The �nal parametrization of any element of U(2) group isU = � rei'11 p1� r2 ei'12�p1� r2 ei('11+'22�'12) rei'22 � ; (4.4)The 
ondition (4.3) gives detM(k) = 0 where the 
omponents of thematrix M(k) arem11 = rei'11(sinkl1 � ik 
os kl1)� (sinkl1 + ik 
os kl1) ;m12 = p1� r2 ei'12(sinkl2 � ik 
os kl2) ;m21 = �p1� r2 ei('11+'22�'12)(sinkl1 � ik 
os kl1) ;m22 = rei'22(sinkl2 � ik 
os kl2)� (sinkl2 + ik 
os kl2) :
46



The 
ondition (4.3) thus 
an be rewritten as0 = [rei'11(sin kl1 � ik 
os kl1)� (sinkl1 + ik 
os kl1)℄�� [rei'22(sinkl2 � ik 
os kl2)� (sinkl2 + ik 
os kl2)℄++ [p1� r2 ei'12(sin kl2 � ik 
os kl2)℄�� [p1� r2 ei('11+'22�'12)(sinkl1 � ik 
os kl1)℄ == ei('11+'22)(sinkl1 � ik 
os kl1)(sinkl2 � ik 
os kl2)�� rei'22(sinkl1 + ik 
os kl1)(sin kl2 � ik 
os kl2)�� rei'11(sinkl1 � ik 
os kl1)(sin kl2 + ik 
os kl2)++ (sin kl1 � ik 
os kl1)(sinkl2 � ik 
os kl2) :Considering di�erent lengths of both edges we generalize the problemdis
ussed in [CFT01b℄. While in [CFT01b℄ the manifold is des
ribed by twoindependent parameters, our manifold is des
ribed not only by the eigen-values of the matrix U but by three parameters r 2 [0; 1℄, '11; '22 2 [0; 2�).To �nd for whi
h 
ombination of parameters the spe
trum does not 
hangewe have to 
ompare the 
oeÆ
ients at the linearly independent terms. Forl1 6= l2 we 
ompare the ve
tors0BB�ei('11+'22)rei'11rei'221 1CCA = 0BB�ei('011+'022)r0ei'011r0ei'0221 1CCA :We obtain r = r0 ;r 6= 0 ) '11 = '011; '22 = '022 ;r = 0 ) '11 + '22 = '011 + '022 :We 
an identify the points with r = 0 and '11 + '22 = 
onst. Thespe
tral spa
e is a 
ube with two pairs of opposite sides identi�ed (be
auseof '11 = 0 $ '11 = 2�) and one of the remaining sides shrank into itsdiagonal.For l1 = l2 = l the ve
tors(sinkl1 + ik 
os kl1)(sin kl2 � ik 
os kl2) = sin2 kl + k2 
os2 kl ;(sinkl1 � ik 
os kl1)(sinkl2 + ik 
os kl2) = sin2 kl + k2 
os2 kl47



are not linearly independent, hen
e the proper ve
tors to 
ompare are0� ei('11+'22)r(ei'11 + ei'22)1 1A = 0� ei('011+'022)r0(ei'011 + ei'022)1 1A :Therefore all the points ('11; '22) and ('22; '11) 
ould be identi�ed and weobtain in a

ordan
e with [CFT01b℄ the M�obius stru
ture of the spe
tralspa
e.4.2 Star graphs with the same length of the edgesAs the next step, we investigate graphs with n edges of the same length.The Hamiltonian a
ts as �d2=dx2 with the general 
oupling 
ondition (4.2)again. The 
orresponding Hilbert spa
e is L2([0; l℄) � L2([0; l℄) � � � � �L2([0; l℄), where x = 0 
orresponds to the 
onne
ted endpoint. The statesare des
ribed by the 
olumns  = (f1; f2; : : : fn)T .Sin
e the matri
es in the equation (4.3) are multiples of the unit matrix IS(k) = I sinkl ; C(k) = I 
os kland the determinant of similar matri
es is the same the 
ondition (4.3)be
omes0 = det [(sin kl � ik 
os kl)V �1DV � (sinkl + ik 
os kl)I℄ == det [(sinkl � ik 
os kl)D � (sin kl + ik 
os kl)I℄where V is a unitary n� n matrix and D is a diagonal matrix. It is simpleto 
he
k that the absolute value of the eigenvalue of an unitary matrix is 1,hen
e D = diag (ei�1 ; ei�2 ; : : : ; ei�n) with real �i.The 
ondition (4.3) be
omes0 = nYj=1[sinkl(ei�j � 1)� ik 
os kl(ei�j + 1)℄ ;i. e., 0 = nYj=1 �sinkl sin �j2 � k 
os kl 
os �j2 � : (4.5)The spe
tral spa
e is a subset of n-dimensional torus. Any permutationof �j does not 
ause the 
hange of the spe
tral 
ondition (4.5), hen
e we 
anidentify these points of the spe
tral spa
e.48



4.3 Star graphs with in�nite edgesLet us 
onsider a star graph with no �nite edges, but 
onsisting of n hal
ines
onne
ted at one point. We again take the free Hamiltonian a
ting as�d2=dx2 with 
oupling 
onditions (4.2). The 
orresponding Hilbert spa
eis L2([0;1)) � L2([0;1)) � � � � � L2([0;1)), where x = 0 
orresponds tothe 
onne
ted endpoint. The states are des
ribed by the 
olumns  =(f1; f2; : : : fn)T .The essential spe
trum of the Hamiltonian on one hal
ine with the 
ou-pling 
ondition required only at the endpoint is [0;1). The 
oupling 
on-ditions at 
enter of the star do not a�e
t the essential spe
trum, thereforethe essential spe
trum of the Hamiltonian on the star graph is [0;1) andits multipli
ity is given by the number of 
onne
ted hal
ines. Sin
e the so-lution of the S
hr�odinger equation on the hal
ines are sinkx and 
os kx andthese fun
tions do not belong to the domain of the Hamiltonian, there areno eigenvalues of this operator.Let us derive the 
ondition for resonan
es. Due to the theorem 2.1 we 
anbe satis�ed by �nding the poles of the S-matrix. Let us take the solutionsfj(x) = ajeikx + bje�ikx on the j-th hal
ine. Then the 
ondition (4.2) gives(U�I)[(a1; : : : ; an)T+(b1; : : : ; bn)T ℄�k(U+I)[(a1; : : : ; an)T�(b1; : : : ; bn)T ℄ = 0 :Hen
e[U � I � k(U + I)℄(a1; : : : ; an)T = �[U � I + k(U + I)℄(b1; : : : ; bn)T :The S-matrix maps the ve
tor of the amplitudes of the in
oming waves tothe ve
tor fo the amplitudes of the outgoing waves (a = Sb), therefore itspoles are given by the 
ondition0 = detS�1 ; ) 0 = det [U � I � k(U + I)℄ :The 
ondition for poles of the S-matrix and 
onsequently also poles of theresolvent is det [(1� k)U � (1 + k)I℄ = 0 :Expressing U = V �1DV , D = diag (ei�1 ; ei�2 ; : : : ; ei�n) and using propertiesof the determinant one obtains0 = nYj=1[ei�j (1� k)� (1 + k)℄ ) 0 = sin �j2 + ik 
os �j2 : (4.6)49



The eigenvalues are k = i tan�j=2, we 
hoose tan�j=2 > 0. Sin
eZ 10 e�2 tan �j2 x dx = 12 tan �j2 ;the normalized eigenfun
tions 
orresponding to the eigenvalue ei�j aref (j)i (x) = a(j)i r2 tan �j2 e� tan �j2 xwith Pni=1 ja(j)i j2 = 1.4.4 Berry's phaseLet us investigate an interesting property of the model des
ribed in the pre-vious se
tion { 
hange of the geometri
al phase resulting from the 
hange ofthe parameter. The total phase gained by a quantum system by the adia-bati
 evolution 
onsists of a dynami
al phase fa
tor and an additional fa
tor.The se
ond fa
tor is 
alled Berry's phase, be
ause of its �rst des
ription forquantum systems by Berry in [B84℄.Let us 
onsider the Hamiltonian with an external time depending param-eter 
(t). The eigenstate j (
(t))i 
orresponds to the eigenvalue E(
(t)).Let us evolve the eigenve
tor j (
0)i by the S
hr�odinger equationH(
(t)) j (
0); ti = i�h ��t j (
0); ti ;where 
(0) = 
0. The adiabati
 theorem states that an eigenve
tor 
or-responding to an eigenvalue separated from the rest of the spe
trum doesnot 
hange mu
h under the perturbation small enough. More exa
tly, withan exponentially small error it follows the \moving eigenstat". For a slow
hange of the parameter 
(t) the adiabati
 theorem 
an be applied and theeigenve
tor j (
0); ti is therefore proportional to j (
(t))i.j (
0); ti � exp �� i�h Z t0 E(
(t0)) dt0� exp (i
(t)) j (
(t))i :The �rst fa
tor means the dynami
al phase while 
 is the Berry's phase.Substituting into the S
hr�odinger equation one obtainsddt
(t) = ih (
(t))jr
 (
(t))i ddt
(t) ;50



whi
h is equivalent to the integral equation
(t) = iZ 
(t)
0 h (
(t0))jr
 (
(t0))id
(t0) :For a star graph with in�nite edges we investigate a geometri
al phaseresulting from a 
hange of parameter �j for eigenfun
tion 
orresponding tothe eigenvalue ei�j of the matrix U . Thendf (j)i (x) =  12 tan �j2 � x! f (j)i (x)� tan �j2��j d�j :Be
ause ofZ 10 x ���f (j)i (x)���2 dx = ���a(j)i ���2 2 tan �j2 Z 10 xe�2 tan �j2 x dx = ���a(j)i ���22 tan �j2it holds(f;df) = 12 tan �j2 (f; f)� tan�j=2��j d�j � 12 tan �j2 (f; f)� tan�j=2��j d�j = 0 ;hen
e the Berry's phase R 2�0 i(f;df) d�j is trivial. This is not surprisingbe
ause the 
hange happens in a one-dimensional subspa
e.However, we 
an get a non-trivial Berry's phase resulting from the 
hangeof some parameters of the matrix V . The 
oeÆ
ients of the eigenfun
tionsfor the eigenvalue ei�1 are given by0BBBB�a(1)1a(1)2...a(1)n
1CCCCA = V �10BBB�10...01CCCA :Let us study the 
ase n = 2, i. e. a quantum graph 
onsisting oftwo hal
ines 
onne
ted at the endpoint with 
oupling 
ondition (4.2). Thematrix V 
an be parametrized byV =  q p1� q2 e�i �p1� q2 q e�i ! ; V �1 =  q �p1� q2p1� q2 ei q ei ! :51



Let us study Berry's phase resulting from the 
hange of parameter  . Thenf (1)1 = qe� tan �12 xr2 tan �12 ; f (1)2 =p1� q2ei e� tan �12 xr2 tan �12 ;and df (1)1 = 0 ; df (1)2 = if (1)2 d ;hen
eZ 2�0 i(f;df) d = i(�i)Z 2�0 Z 10 (1�q2) e�2 tan �12 x 2 tan �12 dxd = 2�(1�q2) :This means that one 
an obtain any value of Berry's phase 
 2 [0; 2�) byan appropriate 
hoi
e of parameter q.Let us 
ompare this result with the one in [EG99℄. The 
oupling parametriza-tion introdu
ed in [EG99℄ is 	0 = �a 
�
 b�	 ;
omparing with (4.2) one obtains�a 
�
 b� = i(U + I)�1(U � I) = iV �1(D + I)�1(D � I)V ;where D = diag(ei�1 ; ei�2) and therefore(D + I)�1(D � I) = idiag(tan �1=2; tan �2=2) :Now we 
an 
ontinue in 
omparing both parametrization of the 
oupling
onditions.� a j
j ei�j
j e�i� b � = i2 q �p1� q2p1� q2 ei q ei ! ���tan �12 00 tan �22 � q p1� q2 e�i �p1� q2 q e�i ! == � q2 tan �12 + (1� q2) tan �22 qp1� q2 e�i (tan �12 � tan �22 )qp1� q2 ei (tan �12 � tan �22 ) (1� q2) tan �12 + q2 tan �22 ! :
52



Hen
e a = � �q2 tan �12 + (1� q2) tan �22 � ;b = � �(1� q2) tan �12 + q2 tan �22 � ;j
j = ��tan �12 � tan �22 � qp1� q2 ;� = � :We 
an see that the 
ase a = b dis
ussed in [EG99℄ 
orresponds to q2 = 1=2whi
h gives the Berry's phase �.4.5 High-energy behaviour of the s
attering ma-trixLet us investigate how the s
attering 
an be a�e
ted by the 
oupling 
on-ditions (4.1). The s
attering matrix 
orresponding to the 
oupling given bymatri
es A and B 
an be a

ording to [KS99℄ expressed asSA;B(k) = �(A+ ikB)�1(A� ikB) :Denoting ~B = �iB the last expression 
ould be rewritten asSA;B(k) = � ~B � 1kA��1� ~B + 1kA� :We are interested in the high-energy asymptoti
 behaviour. Using the ex-pansion in 1=k one getsSA;B(k) = � ~B � 1kA��1� ~B + 1kA� = S(0) + 1kS(1) + 1k2S(2) + : : : :For the sake of simpli
ity we have omitted the indi
es 
orresponding to thematri
es A and B for matri
es S(i). Now multiplying by ( ~B � A=k) fromthe left we obtain~B + 1kA = ~BS(0) + 1k � ~BS(1) �AS(0)�+ 1k2 � ~BS(2) �AS(1)�+ : : : ;i. e., the 
orresponding set of equation for the matri
es S(i) is~B = ~BS(0) ; ~BS(1) = A(S(0) + I) ; ~BS(i+1) = AS(i) ; 8i 2 N : (4.7)53



If the matrix ~B is invertible then the set of equations (4.7) be
omesS(0) = I ; S(1) = 2 ~B�1A ; S(i+1) = ~B�1AS(i) ; 8i 2 Nand the expression of the s
attering matrix isSA;B(k) = I + 2k ~B�1A+ 2k2 ~B�1A ~B�1A+ � � � == I + 2k (U + I)�1(U � I) + 2k2 (U + I)�1(U � I)(U + I)�1(U � I) + : : : :(4.8)However, there are 
ouplings with singular matrix ~B, too. Let us 
on-sider the free 
oupling, fj(0) = fk(0) ; 8j; k 2 N ;Xj f 0j(0) = 0 :used, e. g., in [BBK00℄. The 
orresponding matri
es 
ould be 
hosen in thefollowing form,A = 0BBBBB�1 �1 0 : : : 0 00 1 �1 : : : 0 0... ... ... . . . ... ...0 0 0 : : : 1 �10 0 0 : : : 0 0
1CCCCCA ; ~B = 0BBBBB�0 0 0 : : : 0 00 0 0 : : : 0 0... ... ... . . . ... ...0 0 0 : : : 0 01 1 1 : : : 1 1

1CCCCCA :From the �rst two equations in (4.7) we obtain thatnXj=1 S(0)ij = 1 ; 8i ; (S(0) + I)ij = (S(0) + I)i(j+1) ; 8i; j :Hen
e S(0) = 2n 0BBB�1 1 : : : 11 1 : : : 1... ... . . . ...1 1 : : : 11CCCA� I :From other equations we obtain S(1) = 0 and hen
e S(i) = 0; 8i 2 N .Total s
attering matrixSA;B = S(0) = 2n 0BBB�1 1 : : : 11 1 : : : 1... ... . . . ...1 1 : : : 11CCCA� I :54



is energy independent. Noti
e, that for these 
oupling 
onditions the s
at-tering matrix is equal to unitary matrix U (
ompare with (2.5)).The mentioned example 
orresponds to a more general 
ase.Proposition 4.1. The s
attering matrix is energy independent if and onlyif U2 = I. In this 
ase we have SU = U .Proof. Let us prove the �rst impli
ation looking for energy independents
attering matrix. For S(i) = 0; 8i 2 N , the 
ondition (4.7) be
omes~B �S(0) � I� = 0; A�S(0) + I� = 0 :Substituting A = U � I, ~B = U + I the last two equations be
omeUS(0) + S(0) � U � I = 0 ;US(0) � S(0) + U � I = 0whi
h is equivalent to US(0) = I ; S(0) = U :and therefore it gives U2 = I ; SU = S(0) = U :The other impli
ation is also trivial. For U2�I = 0 the matri
es (U+I)=2and (I � U)=2 are proje
tors to the 
omplementary subspa
es be
ause of�U + I2 �2 = U2 + I + 2U4 = U + I2 ;�I � U2 �2 = U2 + I � 2U4 = I � U2 ;U + I2 + I � U2 = I :Hen
e all the equations in (4.7) ex
ept the �rst one give equalities betweentwo proje
tions to 
omplementary subspa
es and therefore(U + I)S(i) = 0 ; (U � I)S(i) = 0 ) S(i) = 0 ; 8i 2 N
55



Let us investigate whi
h 
oupling 
onditions mat
h to U2 = I for thesimplest nontrivial 
ase n = 2. The eigenvalues of the matrix U 
an be 1or -1. It is easy to prove that the 
ases when both of them are equal to1 and both of them are equal to -1 
orrespond to Neumann and Diri
hlet
onditions from both sides of the 
entral vertex, respe
tively. However, theremaining 
ase with one eigenvalue equal to 1 and the other one equal to -1provides larger 
lass of 
oupling 
onditions. Let us suppose thatU = V �1�1 00 �1�V ;where V is an 2� 2 unitary unimodular matrixV = � v11 v12��v12 �v11� :The 
ondition (2.2) be
omesV �1�0 00 �1�V � 1 2�+ iV �1�1 00 0� V � 01 02� = 0 :Therefore � 1 2� = 
1��v11�v12� = �z1z2� ;� 01 02� = 
2��v12v11 � = 
���z2�z1 � ;where 
1, 
2 and 
 are 
omplex 
onstants and z1; z2 2 C . The 
ase z1 = 0
orresponds to Diri
hlet 
ondition from one side and Neumann from theother one. The 
ase z1 = a, z2 = 1, 
 = a�1 
orresponds to 1 = a 2 ;  01 = �a�1 02 :Let us now investigate the remaining 
ase { the matrix ~B is not invertiblebut U2 6= I. Let us rewrite (4.7) using the unitary matrix U .(U + I)(S(0) � I) = 0 ; (4.9)(U � I)(S(0) + I) = (U + I)S(1) ; (4.10)(U � I)S(i) = (U + I)S(i+1) ; 8i 2 N : (4.11)Let U have n�1 eigenvalues �1 and n1 eigenvalues 1. For simpli
ity, let usstudy the problem in the basis of eigenve
tors of the matrix U . Without56



loss of generality we 
an order the eigenvalues of U in the following wayU = 0� ~U 0 00 In1 00 0 �In�11Awhere ~U is a diagonal unitary matrix of rank n� n�1 � n1 whi
h does nothave the eigenvalues 1 and �1, and In1 and In�1 are unit matri
es of rankn1 or n�1, respe
tively. For simpli
ity, we further drop the indi
es of rankof the unit matri
es. We �nd the properties of the matri
es S(i) from theequations (4.9) { (4.11).From (4.9) we obtain0 = 0� ~U + I 0 00 2I 00 0 01A �0� 0 0 00 0 0X X X1A :The elements in the �rst n � n�1 rows of the matrix S(0) � I are equal tozero, be
ause the �rst n�n�1 diagonal elements of the matrix U +I are nottrivial. The symbol X means that these blo
ks of the matrix 
ould 
ontainnon-trivial elements.The rhs of the equation (4.10) has the last n�1 rows trivial (for the samereason as before). From the lhs of this equation we obtain0�X X XX X X0 0 01A = 0� ~U � I 0 00 0 00 0 �2I1A �0�X X XX X X0 0 01A :The last n�1 rows of the matrix S0 + I are trivial, hen
e the matrix S(0)has in the 
onsidered basis formS(0) = 0�I 0 00 I 00 0 �I1A :The equation (4.10) be
omes20� ~U � I 0 00 0 00 0 01A = 0� ~U � I 0 00 0 00 0 �2I1A0�2I 0 00 2I 00 0 01A = 0� ~U + I 0 00 2I 00 0 01A0�M (1) 0 00 0 0X X X1AwhereM (1) = 2( ~U + I)�1( ~U � I). If the eigenvalues of the matrix ~U are ei�jthen M (1) is a diagonal matrix with elements 2i tan (�j=2).57



From (4.11) we get that the last n�1 rows of the matrix S(1) are trivial,hen
e S(1) = 0�M (1) 0 00 0 00 0 01A :Now it is easy to 
onstru
t from (4.11) the remaining parts of the S-matrixexpansion. S(i) = 0�M (i) 0 00 0 00 0 01Awith M (i) = 2[( ~U + I)�1( ~U � I)℄i. The s
attering matrix 
an be in the
onsidered basis rewritten in a more 
ompa
t formSU (k) = 0� ~S 0 00 I 00 0 �I1A ;where~S = I + 1Xi=1 1kM (i) = [k( ~U + I)� ( ~U � I)℄�1[k( ~U + I) + ( ~U � I)℄ :The matrix ~S is diagonal and its 
omponents are k+i tan �j=2k�i tan �j=2 � 1+ 2ik tan�j=2.Let us noti
e that the previous formula holds also for the formerly studiedexamples. For U2 = I the eigenvalues are of the matrix U only �1 and thematrix ~S is therefore trivial. If U does not have any eigenvalues �1 weobtain the equation (4.8).We summarize the obtained results in the following proposition.Proposition 4.2. Let U be an unitary matrix of rank n whi
h has n1eigenvalues 1 and n�1 eigenvalues �1. Let D be a diagonal matrix D =diag(ei�1 ; : : : ; ei�n�n1�n�1 ; 1; : : : ; 1;�1; : : : ;�1) and U = V �1DV . Then thes
attering matrix 
orresponding to the 
oupling 
onditions (4.2) for the ma-trix U isSU (k) = V �10� ~S 0 00 I 00 0 �I1AV � V �10�I 0 00 I 00 0 �I1AV + 2ik V �10� ~T 0 00 0 00 0 01AV ;with ~S = diag�k + i tan (�1=2)k � i tan (�1=2) ; : : : ; k + i tan (�n�n1�n�1=2)k � i tan (�n�n1�n�1=2)� :58



and ~T = diag �tan (�1=2); : : : ; tan (�n�n1�n�1=2)� :This expression of the S-matrix is equivalent to the formula �rst men-tioned by Kostrikin and S
hraderSU(k) = �[U � I � k(U + I)℄�1[U � I + k(U + I)℄ ; (4.12)whi
h 
an be obtained from (4.3).Let us introdu
e the expli
it form of the s
attering matrix for threeparti
ular 
ases mentioned in 
hapter 2.For Æ-
ondition it holds U = 2nJ � I (see (2.5)), where I is an unitaryn�n matrix and J is a n�n matrix with all the entries equal to one. Aftersome algebra we arrive using (4.12) at SU(k) = 2knk+i�J � I, for the simplest
ases we haveSÆ2�2(k) = � �i�2k+i� 2k2k+i�2k2k+i� �i�2k+i�� ; SÆ3�3(k) = 0��k�i�3k+i� 2k3k+i� 2k3k+i�2k3k+i� �k�i�3k+i� 2k3k+i�2k3k+i� 2k3k+i� �k�i�3k+i�1A :The only 
ase, when the Æ-
ondition give energy independent s
atteringmatrix is � = 0, i.e. free 
oupling 
ondition whi
h were mentioned above.For Æ0s-
ondition we have U = I � 2n�i�J , the equation (4.12) givesSU (k) = I � 2n�ik�J , for the simplest 
ases we obtainSÆ0s2�2(k) =  k�2i+k� �2i2i+k��2i2i+k� k�2i+k�! ; SÆ0s3�3(k) = 0B� i+k�3i+k� �2i3i+k� �2i3i+k��2i3i+k� i+k�3i+k� �2i3i+k��2i3i+k� �2i3i+k� i+k�3i+k�1CA :For Æ0-
ondition we have U = 2n�i�J � n+i�n�i� I, the equation (4.12) givesSU (k) = 2n�ik�J � n+ik�n�ik�I, for the simplest 
ases we obtainSÆ02�2(k) =  k�2i+k� 2i2i+k�2i2i+k� k�2i+k�! ; SÆ03�3(k) = 0B��i+k�3i+k� 2i3i+k� 2i3i+k�2i3i+k� �i+k�3i+k� 2i3i+k�2i3i+k� 2i3i+k� �i+k�3i+k�1CA :Noti
e that the S-matrix 
an be formally derived from U by repla
ing� by �=k for Æ-
ondition or by repla
ing � by k� for Æ0s and Æ0-
ondition.This is not surprising be
ause the expression of the S-matrix S = �(A +ikB)�1(A � ikB) formally di�ers from U = �(A + iB)�1(A � iB) only bymultiplying the matrix B by k. The 
onne
tion to the 
oupling 
onditionsis given by the form of the matri
es in 
hapter 2.59



Chapter 5Tree graphs5.1 S
hr�odinger operators on tree graphsA S
h�odinger operator on a homogeneous rooted tree graph with free (Kir
h-ho�) 
oupling 
onditions at the verti
es is unitarily equivalent to the orthog-onal sum of operators a
ting on L2(R+), as proven by Sobolev and Solomyakin the paper [SS02℄. We try to generalize their results to a larger 
lass of
oupling 
onditions and di�erent lengths of the edges. We assume a realbounded and measurable potential V (jxj) on the graph depending only onthe distan
e from the root jxj.Furthermore, we use a similar notation as in [SS02℄, [EFK07℄ and [HP06℄.Let � be a rooted metri
 tree graph, the root is labeled by o. We denoteby jxj the distan
e between the point x of the graph and the root o. Thebran
hing number b(v) of the vertex v is the number of verti
es emanatingfrom this vertex, i. e., the vertex v 
onne
ts one edge going from a previousgeneration with b(v) outgoing edges. In this sense, b(o) = 1, for the otherverti
es we assume b(v) � 1.We say that the vertex v of a tree graph � belongs to the k-th generationif there are just k � 1 verti
es between v and o (gen v = k). We 
all thetree graph regular if the bran
hing numbers for all the verti
es of the samegeneration are equal and the edges emanating from these verti
es have equallength (see �gure 5.1). We label the generation of the verti
es by k � 0, sothat there are k � 1 verti
es between this vertex and the root. For regulargraphs we introdu
e tk as the distan
e between the root and the verti
esin the k-th generation and its bran
hing number as bk. For the root weget b0 = 1 and t0 = 0. Furthermore, one 
an de�ne the bran
hing fun
tion60



o
k=0 k=1

k=2

|x|= t2

|x|= t1

Figure 5.1: An example of a regular tree for b0 = 1, b1 = 3, b2 = 2g0(t) : R+ ! N byg0(t) := b0b1 : : : bk for t 2 (tk; tk+1) :The tree graph is 
alled homogeneous if there is the same bran
hing numberb for all verti
es ex
ept of o.One 
an de�ne order � on set of verti
es of the tree graph. We say thatvertex w su

eeds vertex v (w � v) if v lies on the shortest path from o to w.Furthermore, one de�nes vertex subtree ��v as the set of edges and verti
essu

eeding v and edge subtree ��e as the union of the edge e and the vertexsubtree 
orresponding to its vertex remoter from the origin.Let us 
onsider a regular tree graph with the vertex v of the k-th genera-tion and for simpli
ity denote b � bk. We denote the edges emanating fromv by ej ; j 2 f1; : : : bg. Let us 
onsider an operator Qv on L2(��v) whi
h
y
li
ally shifts the fun
tions fj on edge subtrees ��ej in the following way.Qv : fj ! f 0j = fj+1 ;where we identify fb+1 with f1. Sin
e Qbv = id, the operator has eigenvalueses = eis=b; s 2 f0; : : : ; b � 1g. We denote the 
orresponding eigenspa
es byL2s(��v) := Ker(Qv � esid). We 
all the fun
tion f 2 L2(��v) s-radial atthe vertex v if and only if f 2 L2s(��v) and f 2 L20(��v0) for all verti
esv0 su

eeding v. The set of these fun
tions we denote by L2s;rad(��v). The0-radial fun
tions are simply 
alled radial.61



As mentioned in previous 
hapters, the general 
oupling at ea
h vertexv is 
hara
terized by (b(v) + 1)2 parameters or equivalently by an unitary[(b(v) + 1)℄� [(b(v) + 1)℄ matrix Uv. In order to get the unitary equivalen
ewith the hal
ine, we 
hoose only a four-parameter subset, so that all theemanating edges are equivalent. Moreover, the unitary equivalen
e requiresthe parameters of the 
oupling to be equal for all the verti
es in same gener-ation. For a vertex v belonging to the k-th generation (k � 1) the 
oupling
onditions are fvj+ = fv+; 8j 2 f1; : : : ; b(v)g ; (5.1)b(v)Xj=1 f 0vj+ � f 0v� = �tk2 (fv+ + fv�) + 
tk2 0�b(v)Xj=1 f 0vj+ + f 0v�1A ; (5.2)fv+ � fv� = ��
tk2 (fv+ + fv�) + �tk2 0�b(v)Xj=1 f 0vj+ + f 0v�1A : (5.3)where j distinguishes the edges emanating from v and the subs
ript minusrefers to the ingoing edge. The 
oeÆ
ients �tk; �tk 2 R , �tk 2 C are thesame for all the verti
es belonging to the k-th generation. The subs
ript tindi
ates that they denote the 
oupling on the tree graph and we will use itin order to avoid 
onfusion in the following 
hapters. We 
hoose Diri
hlet
ondition at the root, fo = 0 : (5.4)Let us denote byH the Hamiltonian a
ting as �d2=dx2+V (jxj) on a reg-ular tree graph � with the bran
hing numbers bk des
ribed above and thepotential depending only on the distan
e from the root. The domain of theHamiltonian 
onsists of fun
tions f(x) 2 Pe2��H2(e) satisfying the 
ou-pling 
onditions (5.1) { (5.4). If there is no potential then the Hamiltonianwill be denoted by H0.In the following text, the Hamiltonian on the tree graph is denoted by aboldH (orH0 for a non-potential 
ase) while the 
orresponding Hamiltonianon the hal
ine is denoted by H (or H0).5.2 Parameterizations of the generalized point in-tera
tionThere are multiple ways to des
ribe the four-parameter generalized pointintera
tion (GPI) whi
h 
onne
ts two leads. Before pro
eeding with the62




onstru
tion of the unitary equivalen
e between Hamiltonian on the graphand dire
t sum of the Hamiltonians on the hal
ine, let us summarize theresults of [EG99℄ and [EF06℄.First, we 
ompare two di�erent parameterizations 
onne
ting two one-dimensional leads proposed in [EG99℄. For simpli
ity, we label the fun
tionalvalue and the derivative from the right by y+ and y0+, respe
tively (simi-larly for the fun
tional value and derivative from the left). The �rst of theparameterizations,y0+ � y0� = �2 (y+ + y�) + 
2 (y0+ + y0�) ; (5.5)y+ � y� = ��
2 (y+ + y�) + �2 (y0+ + y0�) (5.6)is 
hara
terized by a matrix A = � � 
��
 �� with �; � 2 R and 
 2 C . Thisparameterizations des
ribes almost all selfadjoint extensions of the operator�d2=dx2 restri
ted to the subspa
e ff 2 H2(R) : y+ = y0+ = y� = y0� = 0gex
ept of 
ases y+ = y0+ = 0 or y� = y0� = 0. The form (5.5){(5.6)
an be also easily redu
ed to the Æ-
ondition 
ase of strength � (requiring� = 
 = 0) or the Æ0-
ondition 
ase of strength � (requiring � = 
 = 0).The se
ond parametrization under 
onsideration is� y0+�y0�� = �a 
�
 d��y+y�� ; (5.7)with a; d 2 R and 
 2 C . This parametrization easily de
ouples the bothleads (
hoosing 
 = 0).First, we pass from (5.5){(5.6) to (5.7). We rewrite (5.5) and (5.6) inthe form �1� 
2 1 + 
2��2 �2 �� y0+�y0�� = � �2 �2�1� �
2 1� �
2��y+y�� :Hen
e�a 
�
 d� = �1� 
2 1 + 
2��2 �2 ��1� �2 �2�1� �
2 1� �
2� == 14� � �� + j2 + 
j2 �� + (
 + 2)(�
 � 2)�� + (
 � 2)(�
 + 2) �� + j2� 
j2 � == 14� � 4 + detA+ 4Re 
 �4 + detA� 4i Im 
�4 + detA+ 4i Im 
 4 + detA� 4Re 
 � :63



Noti
e that the parametrization (5.7) does not 
ontain the 
ase � = 0, i.a.,the Æ-intera
tion.For the passage from (5.7) to (5.5){(5.6) it is 
onvenient to introdu
eanother basis g1 = y+ + y� ; g2 = y0+ + y0� ;g3 = y+ � y� ; g4 = y0+ � y0� :Using the reverse relationsy+ = g1 + g32 ; y� = g1 � g32 ;y0+ = g2 + g42 ;� y0� = g4 � g22one 
an rewrite the equation (5.7) as�1 
� a1 d� �
��g4g3� = �a+ 
 �1d+ �
 1 ��g1g2�and therefore� � 
��
 �� = 2 � �1 
� a1 d� �
��1�a+ 
 �1d+ �
 1 � == 4a+ d� 2Re 
 � ad� j
j2 12(a� d)� i Im 
�12(a� d)� i Im 
 1 � :Lemma 5.1. The 
orresponden
e of the 
oupling 
onditions (5.5) { (5.6)and (5.7) is given by�a 
�
 d� = 14� � 4 + detA+ 4Re 
 �4 + detA� 4i Im 
�4 + detA+ 4i Im 
 4 + detA� 4Re 
 � ;� � 
��
 �� = 4a+ d� 2Re 
 � ad� j
j2 12(a� d)� i Im 
�12(a� d)� i Im 
 1 � :Another possibility of parametrization is using the 2x2 unitary matrix Umentioned in the previous 
hapters.(U � I)�y+y��+ i(U + I)� y0+�y0�� = 0where U = ei� � u1 u2��u2 �u1� :64



with u1; u2 2 C , ju1j2 + ju2j2 = 1 and � 2 [0; �). The relation to theparametrization (5.5) { (5.6) is a

ording to [EF06℄u1 = �2(�+ �) + 4iRe 
p(�� + j
j2)2 + 4�2 + 4�2 + 8j
j2 + 16 ;u2 = 12i �� + j
j2 � 4� 4i Im 
p(�� + j
j2)2 + 4�2 + 4�2 + 8j
j2 + 16 ;tan � = �� + j
j2 + 42(� � �) :5.3 Mapping of the 
oupling 
onditions to the hal
ineIn this se
tion, we �nd out whi
h 
oupling 
onditions on the hal
ine 
or-respond to (5.1) { (5.4). First, let us outline the main idea of the unitaryequivalen
e between the graph and the hal
ine | identi�
ation of a \symet-ri
" fun
tion f 2 L20;rad(�) with the fun
tion on a hal
ine. One 
onstru
tsthe isometry � : f ! ', '(t) = f(x) for t = jxj of L20;rad(�) into theweighted spa
e L2(R+; g0) with the normk'k2L2(R+;g0) = ZR+ j'(t)j2g0(t) dt :Furthermore, one passes to L2(R) by y(t) = g1=20 (t)'(t) using the mapde�ned by kyk2L2(R+) = k'k2L2(R+;g0)whi
h is an isometry, and the relationsyk+ = (b0 � : : : � bk)1=2'k+ ;yk� = (b0 � : : : � bk�1)1=2'k� ;at the verti
es.We 
an substitute these relations into (5.1) { (5.4) and divide both sidesof these four equations by (b0 : : : bk�1)�1=2. Due to the linearity of the
oupling 
onditions (5.1) { (5.4) the passage from f(x) to y(t) is for thevertex from the k-th generation equivalent to the 
hangefv� ! yk� ; f 0v� ! y0k� ; (5.8)fv+ ! b�1=2k yk+ ; bkXj=1 fv+ ! b1=2k yk+ : (5.9)65



Sin
e the rearranging of the equations (5.1) { (5.4) after substitutions(5.8) { (5.9) into the form (5.5) { (5.6) is te
hni
ally more diÆ
ult, we �rstinvestigate the 
hange of the 
oupling�Pbj=1 f 0j+�f 0� � = �at 
t�
t dt��f+f�� ; (5.10)whi
h 
orresponds to the parametrization (5.7). For simpli
ity, we haveomitted the indi
es v and k. Using (5.8) { (5.9) one obtains� y0+�y0�� = � b�1at b�1=2 
tb�1=2 �
t dt ��y+y�� ;therefore the 
oupling parameters for the hal
ine areah = b�1at ; 
h = b�1=2
t ; dh = dt :If �t 6= 0 we 
an use the relations from lemma (5.1) to show the 
orre-sponden
e of the parameters of the 
oupling (5.1) { (5.4) and the 
oupling(5.5) { (5.6) on the hal
ine.�h = 4b�1(atdt � j
tj2)b�1at + dt � 2b�1=2 Re 
t == 16�t4(b1=2 + 1)2 + detAt(b1=2 � 1)2 + 4(1� b)Re 
t ;�h = 4b�1at + dt � 2b�1=2 Re 
t == 16 b �t4(b1=2 + 1)2 + detAt(b1=2 � 1)2 + 4(1� b)Re 
t ;
h = 2(b�1at � dt � 2ib�1=2 Im 
t)b�1at + dt � 2b�1=2 Re 
t == 2 � (1� b)(4 + detAt) + 8ib1=2 Im 
t + 4(b+ 1)Re 
t4(b1=2 + 1)2 + detAt(b1=2 � 1)2 + 4(1� b)Re 
t :To solve the 
ase �t = 0 one 
an use the basis gi, i = 1; : : : ; 4 introdu
edin previous se
tion. The transformation (5.8) { (5.9) be
omesg1 ! b�1=2 + 12 ~g1 + b�1=2 � 12 ~g3 ; g2 ! b1=2 + 12 ~g2 + b1=2 � 12 ~g4 ;g3 ! b�1=2 + 12 ~g3 + b�1=2 � 12 ~g1 ; g4 ! b1=2 + 12 ~g4 + b1=2 � 12 ~g2 :66



The 
oupling 
onditions �g4g3� = 12 ��t 
t�
t �t��g1g2�be
omeb1=2 � 12 ~g2 + b1=2+12 ~g4 == 12  �t b�1=2 + 12 ~g1 + �t b�1=2 � 12 ~g3 + 
t b1=2 + 12 ~g2 + 
t b1=2 � 12 ~g4! ;b�1=2 � 12 ~g1 + b�1=2 + 12 ~g3 = 12  ��
t b�1=2 + 12 ~g1 � �
t b�1=2 � 12 ~g3! :From the se
ond equation one obtains
h = 2 � 2(b�1=2 � 1) + 
t(b�1=2 + 1)2(b�1=2 + 1) + 
t(b�1=2 � 1) == 2 � (1� b)(4 + j
tj2) + 8ib1=2 Im 
t + 4(b+ 1)Re 
t4(b1=2 + 1)2 + j
tj2(b1=2 � 1)2 + 4(1� b)Re 
t :Subsequently�h = b�1=2+12 � 
h2 b�1=2�12b1=2+12 � 
t2 b1=2�12 == 16�t4(b1=2 + 1)2 + j
tj2(b1=2 � 1)2 + 4(1 � b)Re 
tand trivially �h = 0.Therefore, the form of the term 
omputed for �t 6= 0 
an be used alsofor �t = 0.The 
ase when the denominators of the terms are zero 
orresponds toy+ = �y�, y0+ = �y0�. The Hamiltonian with mentioned 
onditions isunitarily equivalent to the free Hamiltonian.Obviously, the Diri
hlet or Neumann 
onditions do not 
hange under thetransformation (5.8) { (5.9).f+ = f� = 0 ) y+ = y� = 0 ;bXj=1 f 0j+ = f 0� = 0 ) y0+ = y0� = 0 ;67



Let us summarize the results of this se
tion.Lemma 5.2. The 
oupling 
onditions (5.1) { (5.4) 
hange under the trans-formation (5.8) { (5.9) toy0k+ � y0k� = �h2 (yk+ + yk�) + 
h2 (y0k+ � y0k�) ;yk+ � yk� = ��
h2 (yk+ + yk�) + �h2 (y0k+ � y0k�) ;y(0+) = 0 ;where �h = 16�t4(b1=2 + 1)2 + detAt(b1=2 � 1)2 + 4(1� b)Re 
t ;�h = 16 b �t4(b1=2 + 1)2 + detAt(b1=2 � 1)2 + 4(1� b)Re 
t ;
h = 2 � (1� b)(4 + detAt) + 8ib1=2 Im 
t + 4(b+ 1)Re 
t4(b1=2 + 1)2 + detAt(b1=2 � 1)2 + 4(1 � b)Re 
t :The 
onditions fv+ = fv� = 0 or Pbkj=1 f 0vj+ = f 0v� = 0 transform toyk+ = yk� = 0 or y0k+ = y0k� = 0, respe
tively.5.4 Constru
tion of the unitary equivalen
eIn this se
tion we show the de
omposition of L2(�) into subspa
es of theradial fun
tions and, subsequently, the equivalen
e of Hamiltonian on a treegraph to the orthogonal sum of Hamiltonians on the hal
ine. We pro
eedsimilarly to appendix A in [HP06℄.Let us de�ne a quantum graph Ln as a hal
ine parametrized by t 2(tn;1) with 
oupling 
onditions from lemma 5.2 at points tk; k > n andDiri
hlet 
ondition at tn. Let us de�ne the operator Jvs a
ting from L2s;rad(��v)to the hal
ine L2(Ln) byJvsf :=Mk>n(bn � � � � � bk�1)1=2 f j�k :Lemma 5.3. The operator Jvs is unitary.Proof. kJvsk2Ln =Xk>n(bn � � � � � bk�1) kfk2�k = kfk2��v68



Lemma 5.4. We 
an de
omposeL2(�) = L20;rad(�)Mv2�v 6=o b(v)�1Ms=1 L2s;rad(��v) :Proof. For every vertex v belonging to the k-th generation one 
an use theeigenspa
e de
omposition of the operator Qv de�ned in se
tion 5.1L2(��v) = bk�1Ms=0 L2s(��v) : (5.11)Furthermore, we have de
ompositionL2s(��v) = L2s;rad(��v) Mw2�;w�vgenw=genv+1 �L2s(��w)	 L2s;rad(��w)� : (5.12)From (5.11) we haveL2(��v)	 L20;rad(��v) = bk�1Ms=1 L2s(��v) ;be
ause of L20(��v) = L20;rad(��v). Substituting it into (5.12) one obtainsL2(�) = L20;rad(��o) b1�1Ms=1 L2s(��o1) == L20;rad(��o) b1�1Ms=1 L2s;rad(��o1) Mv2�gen v=2 b2�1Ms=1 L2s(��v) ;where o1 is the only vertex belonging to the �rst generation. Repeating thissubstitution, one obtains the desired de
omposition.Our aim is now to extend this de
omposition to the domain of the Hamil-tonian.Let us de�ne for a given vertex v and s = 1; : : : ; b(v)� 1domHvs;rad = ff 2 Me2��vH2(��v) jf 2 L2s; rad(��v); fv+ = 0;f satis�es (5.1) { (5.3) for all w � vg :Now we show the de
omposition for domains of the mentioned Hamilto-nians. 69



Lemma 5.5. One 
an de
omposedomH = domHo0;radMv2�v 6=o b(v)�1Ms=1 domHvs;rad :Proof. By de�nition, domHo0;rad � L2o0;rad(��v) and domHvs;rad � L2vs;rad(�)for all s = 1; : : : ; b(v). Furthermore, we realize that a fun
tion from domHvs;radsatis�esPb(v)j=1 f 0vj+ = 0. Therefore, it does not in
uen
e the ful�lment of the
oupling 
onditions (5.1) { (5.3) and the orthogonal sum belongs to domH.In other words, the fun
tion from domH 
an be de
omposed to the fun
tionfrom domHo0;rad and fun
tions domHo1s;rad, where o1 is the vertex of the�rst generation. The �rst one guaranties the ful�lment of the 
oupling 
on-ditions at o1, addition of the other fun
tions does not 
hange the 
oupling
onditions.Lemma 5.6. Let v be a vertex belonging to the n-th generation. The Hamil-tonian Hvs;rad is unitary equivalent to the Hamiltonian HLn where n = genvHLn(y) := � d2dt2 + V (t)With the domain 
onsisting of fun
tions in f 2L1k=nH2(tk; tk+1) satisfyingthe 
onditions from lemma 5.2 in tk; k > n and y = 0 for tn.Proof. The proof follows from lemmas 5.2 and 5.3.We 
an summarize the results in following theorem.Theorem 5.1. The Hamiltonian H on a radial tree graph � is unitaryequivalent to H �= HL0 1Mn=1(�b0 : : : bn�1(bn � 1))HLn :where (�m)HLn is the m-multiple 
opy of the operator HLn.Similarly to [HP06℄, our results 
an be generalized also to so-
alled tree-like graphs (the edges emanating from the verti
es of the same generationare repla
ed by the same 
ompa
t graph).
70



5.5 Spe
trum of the operator H0In this se
tion, we 
onstru
t the spe
trum of the operator H0 with 
on
rete
oupling 
onditions. We denote byH0(At; l) the operatorH0 with the lengthl of all the edges and 
oupling 
onditions (5.2) { (5.3) given by the samematrix At at all the verti
es ex
ept of the root and Diri
hlet 
ondition atthe root. We denote by H0(Ah; l) the 
orresponding operator on the hal
ineand we �nd its spe
trum.Let us �rst explore the 
ase 
h = 0 where all the parts of the hal
ineare separated. The spe
trum is purely point and is obtained by solvingthe problem of in�nitely many abs
issae with the same 
oupling 
onditions(5.7) and the �rst one with Diri
hlet 
ondition at one end. The 
oupling
onditions (5.7) be
omey0+ = ahy+ ; �y0� = dhy� :Using Ansatz yn(s) = An sinks + Bn 
os ks, t = s + tn for t 2 (tn; tn+1),n > 0 we arrive atyn(0+) = Bn ; yn(l�) = An sinkl +Bn 
os kl ;y0n(0+) = kAn ; y0n(l�) = kAn 
os kl � kBn sinkl :The equation� k �ahdh sinkl + k 
os kl dh 
os kl � k sinkl��AnBn� = 0is solvable for (ahdh � k2) sinkl + k(ah + dh) 
os kl = 0 : (5.13)Similarly, the problem on the �rst abs
issa gives the 
ondition0 = det � 0 �1dh sinkl + k 
os kl dh 
os kl � k sinkl� = dh sinkl + k 
os kl :(5.14)The following theorem summarizes this 
ase for the parametrization (5.5) {(5.6).Theorem 5.2. The operator H0(Ah; l) has for the separating 
onditionsdetAh = 4 and Im 
 = 0 only the point spe
trum. It 
onsists of the points� = k2 given by the equation(�h � k2�h) sin kl + 4k 
os kl = 071



of in�nite multipli
ity and the points given by the equation(2�Re 
h) sinkl + �hk 
os kl = 0of the multipli
ity one.Proof. The spe
trum is given by the equations (5.13) { (5.14) above. One
an use the lemma (5.1) to obtain the spe
tral 
onditions in the parametriza-tion (5.5) { (5.6).In the following, we suppose that 
h 6= 0.To obtain the essential spe
trum of the operator H0(Ah; l), let us de�nethe operator H 0(Ah; l) as the Lapla
ian on R with the domain 
onsisting offun
tions in �1j=�1H2(jl; (j+1)l) and the 
oupling 
onditions (5.5) { (5.6)given by the matrix Ah for ea
h point j 2 Z.Lemma 5.7. The essential spe
trum of the operator H0(Ah; l) 
oin
ideswith the essential spe
trum of the operator H 0(Ah; l).Proof. The proof is similar to the proof of theorem 3.2 in [SS02℄. Let us
onsider the operator H0(Ah; l) with the Diri
hlet 
ondition in t = 0 and
onditions (5.5) { (5.6) in n 2 N . One 
an obtain the essential spe
trum ofthis operator by the similar pro
edure as in [SS02℄. One de�nes the operatorD on L2(R+) by (Dy)(t) = �iy0(t)and 
oupling 
onditions (5.5) { (5.6) in n 2 N . Using its adjoint Dy, one 
anexpress the operator H0(Ah; l) = DyD and denote by H 00(Ah; l) the operatoron L2(R�) whi
h 
an be obtained from DDy using substitution t! �t.Then the operator H 00(Ah; l) = H 00(Ah; l)�H0(Ah; l) has mat
hing 
on-ditions y(0+) = 0, y0(0�) = 0 and (5.5) { (5.6) for n 2 Znf0g. Hen
ethe essential spe
trum of the operator H 0(Ah; l) 
oin
ides with the essentialspe
trum of the operator H 00(Ah; l), i. e., the union of essential spe
tra ofthe operators H 00(Ah; l) and H0(Ah; l). Therefore, the essential spe
trum isgiven by bands in the theorem 4.1 in [EG99℄ of multipli
ity two.5.5.1 The essential spe
trum of the operator H 0(Ah; l)The band spe
trum of this operator is given by the theorem 4.1 in [EG99℄.We pro
eed using Blo
h de
omposition and redu
e the problem on (�l=2; l=2)with 
oupling 
onditionsy(�l=2) = ei�y(l=2) ; y0(�l=2) = ei�y0(l=2) (5.15)72



and the 
onditions (5.5) { (5.6) at t = 0.Using Ansatz y(t) = A1 eikt=2 + A2 e�ikt=2; t 2 (�l=2; 0) and y(t) =A3 eikt=2 + A4 e�ikt=2; t 2 (0; l=2) one obtains from (5.15) and (5.5) { (5.6)four equations for variables A1; : : : ; A4.ik(�A1 +A2 +A3 �A4) == �h2 (A1 +A2 +A3 +A4) + ik 
h2 (A1 �A2 +A3 �A4) ;�A1 �A2 +A3 +A4 == ��
h2 (A1 +A2 +A3 +A4) + ik�h2 (A1 �A2 +A3 �A4) ;A1 e�ikl=2 +A2 eikl=2 = A3 ei�+ikl=2 +A4 ei��ikl=2 ;ik(A1 e�ikl=2 �A2 eikl=2) = ik(A3 ei�+ikl=2 �A4 ei��ikl=2) :The determinant of this system of equations is���������h2 + ik(1 + 
h2 ) �h2 � ik(1 + 
h2 ) �h2 � ik(1� 
h2 ) �h2 + ik(1 � 
h2 )1� �
h2 + ik �h2 1� �
h2 � ik �h2 �1� �
h2 + ik �h2 �1� �
h2 � ik �h2e�ikl=2 eikl=2 �ei(�+kl=2) �ei(��kl=2)e�ikl=2 �eikl=2 �ei(�+kl=2) ei(��kl=2) �������� :Requiring the determinant to be zero, one obtainse2i�(�4ik + 2ik�
h + ik�h�h � 2ik
h + ikj
hj2) + ei�(4ike�ikl++ 4ikeikl � 2�he�ikl + 2�heikl + 2k2�he�ikl � 2k2�he�ikl)�� 4ik � 2ik�
h + ik�h�h + 2ik
h + ikj
hj2 = 0 ;whi
h yieldsRe [(4� detAh + 4i Im 
h) ei�℄ = (4 + detAh) 
os kl + 2k (�h � �hk2) sin kl :(5.16)The essential spe
trum 
onsists of bands �m. In the following theoremwe examine four di�erent 
ases of high-energy behaviour.Theorem 5.3. The essential spe
trum of the operator H 0(Ah; l) is 
onsistsfor non-separating Ah (detAh 6= 4 or Im 
h 6= 0) of spe
tral bands �m.a) If �h 6= 0 then the bands are 
entered approximately near�m = (k + Æk)2 = �2m2l2 + (4 + detAh)�hl +O(m�1) :73



and their width isj�m(Ah; l)j = 2kÆk = p(4 + detAh)2 + 16 (Im 
h)2j�hjl :b) If �h = 0 and Re 
h 6= 0 then the bands are 
entered approximatelynear �m = (k + Æk)2 = (2m+ 1)2�24l2 + 4�h(4 + j
hj2)l +O(m�1) :and their width isj�m(Ah; l)j = 2kÆk = 4�ml ar
sinp(4� j
hj2)2 + 16jIm 
hj24 + j
hj2 :
) If �h = 0 and Re 
h = 0 then the width of the gaps isj�m(Ah; l)j = 8�h(4 + j
hj2)l +O(m�1) :Proof. a) If �h 6= 0 then the rhs of the equation (5.16) is dominated by theterm �2k�h sinkl. We expand the rhs around zeros of the dominativeterm k = m�=l, m 2 Z.k = m�l + Æk ) 
os kl � (�1)m ; sinkl � (�1)mÆk :Putting the lhs to be zero and using the high-energy limit one obtains0 � (4+detAh)(�1)m� 2�h�ml (�1)mÆk ) Ækl = (4 + detAh)2�m�h :Therefore, the approximate 
enter of the bands is�m = (k + Æk)2 = �2m2l2 + (4 + detAh)�hl +O(m�1) :The absolute value of the number on the lhs isp(4 + detAh)2 + 16 (Im 
h)2.The widths of the bands 
an be determined from the relation2p(4 + detAh)2 + 16( Im 
h)2 � ����� d rhsdk ����k=�ml Æk����� � j�2�hl(�1)mlkÆk ;therefore,j�m(Ah; l)j = 2kÆk = p(4 + detAh)2 + 16 (Im 
h)2j�hjl :74



b) If �h = 0 and Re 
h then the 
ondition 5.16 simpli�es toRe �4� j
hj2 + 4i Im 
h4 + j
hj2 � = 
os kl + 2�hk(4 + j
hj2) sinkl :The rhs is dominated by the �rst term, we expand the rhs aroundk = (2m+ 1)�=(2l), m 2 Z.k = (2m+ 1)�2l + Æk ) 
os kl � �(�1)mlÆk ; sinkl � (�1)m :Using the high-energy limit one obtains0 � �(�1)mÆk l + (�1)m 4l�h�(2m+ 1)(4 + j
hj2) ;Æk � 4�h�(2m+ 1)(4 + j
hj2) :The approximate 
enter of the bands is�m = (k + Æk)2 = (2m+ 1)2�24l2 + 4�h(4 + j
hj2)l +O(m�1) :The widths of the bands 
an be determined from the relationÆk � 2l ar
sinp(4� j
hj2)2 + 16jIm 
hj24 + j
hj2 ;therefore,j�m(Ah; l)j = 2kÆk = 4�ml ar
sinp(4� j
hj2)2 + 16jIm 
hj24 + j
hj2 :
) The 
ase � = 0, Re 
 = 0 follows from theorem 2.2.3 on page 271 of[AB℄ with � repla
ed by �h=(4 + j
hj2).5.5.2 The point spe
trum of the operator H0(Ah; l)Let us 
onstru
t the eigenfun
tions of the operator H0(Ah; l). For simpli
ity,we drop the index h. We 
hoose the Ansatzy(t) = Aj sinks+Bj 
os ks; for t 2 ((j � 1)l; jl); s = t� (j � 1)l :75



Hen
e y(jl+) = Bj ; y(jl�) = Aj�1 sinkl +Bj�1 
os kl ;y0(jl+) = kAj ; y0(jl�) = k(Aj�1 
os kl �Bj�1 sinkl) :Using the parametrization (5.7) one obtainskAj+1 = aBj+1 + 
Aj sinkl + 
Bj 
os kl ;kBj sinkl � kAj 
os kl = �
Bj+1 + dAj sinkl + dBj 
os kl ;whi
h 
an be rewritten to the form�k �a0 ��
��Aj+1Bj+1� = � 
 sin kl 
 
os kld sinkl + k 
os kl d 
os kl � k sinkl��AjBj� :For 
 = 0 and k = 0 there is an inversion of the matrix on the lhs.�Aj+1Bj+1� = 1�
k ��
 �a0 �k�� 
 sin kl 
 
os kld sin kl + k 
os kl d 
os kl � k sinkl��AjBj� == 1�
k �(j
j2 � ad) sinkl � ak 
os kl (j
j2 � ad) 
os kl + ak sinkl�dk sinkl � k2 
os kl �dk 
os kl + k2 sinkl ��AjBj� :Denoting the last matrix by M(k;A) we have�Aj+1Bj+1� =M(k;A)�AjBj� : (5.17)The norm of the fun
tion y(t) iskyk2 = 1Xj=1 Z l0 jAj sinks+Bj 
os ksj2 ds == 1Xj=1 Z l0 [jAj j2 sin2 ks+ jBj j2 sin2 ks+ 2Re (Aj �Bj) sin ks 
os ks℄ ds :We 
an restri
t ourselves to the real or pure imaginary k only, sin
e theoperator H0(Ah; l) is selfadjoint. UsingZ l0 sin2 kl dx = 14k [(2kl)2 � sin 2kl℄ ;Z l0 
os2 kl dx = 14k [(2kl)2 + sin 2kl℄ ;Z l0 sinkl 
os kl dx = � 14k 
os 2kl76



one obtainskyk2 = 1Xj=1 14k [jAj j2((2kl)2 � sin 2kl) + jBjj2((2kl)2 + sin 2kl)++ 2Re (Aj �Bj)(� 
os 2kl)℄ : (5.18)Noti
e thatM(k;A) depends only on k and the 
oeÆ
ients of the matrixA. Therefore, for given energy we haveAj+1 = (1; 0)M j(k;A)�A1B1� ; Bj+1 = (0; 1)M j(k;A)�A1B1� :Diri
hlet 
ondition at t = 0 
orresponds to B1 = 0, A1 = A. Furthermore,let M = U yDU , where D is diagonal and U unitary matrix.Let �+ and �� be eigenvalues of the matrix M and D = diag (�+; ��).Then Aj = A(1; 0)U y �j�+jj 00 j��jj�U �10� :Similarly, for Bj one obtainsBj = A(0; 1)U y �j�+jj 00 j��jj�U �10� :For other 
oupling 
onditions at the root we 
an use the proje
tion to an-other ve
tor.The eigenvalues of the matrix M(k;A) are�� = 12�
k ��(a+ d)k 
os kl + (k2 + j
j2 � ad) sinkl�� p[�(a+ d)k 
os kl + (k2 + j
j2 � ad) sin kl℄2 � 4j
j2k2o ;whi
h 
an be rewritten in the form�� = ei' ��0 �q�20 � 1� ;where�0 = 12j
jk ��(a+ d)k 
os kl + (k2 + j
j2 � ad) sinkl� ; ei' = j
j�
 :77



Clearly, �0 is real for real k, likewise, it is real also for pure imaginary k = i�be
ause of�0 = 12j
j� ��(a+ d)� 
osh �l + (��2 + j
j2 � ad) sinh�l� :The values of j�+j and j��j depending on the values of �0 are shown in thetable 5.1. �0 j�+j j��j(�1;�1) < 1 > 1[�1; 1℄ 1 1(1;1) > 1 < 1Table 5.1: The values of j�+j and j��j depending on �0Furthermore, for real �0 one obtains�+��� = ei'��0 +q�20 � 1� e�i'��0 �q�20 � 1� = 1 :We substitute the expression of Aj andBj to (5.18) and study the 
oeÆ
ientsof the terms P1j=0 j�+j2j , P1j=0 j��j2j and P1j=0(�j+��j�).First, we express the 
oeÆ
ients of the unitary matrix U . The 
oeÆ
ientsof the matrix 2�
k(M � �� id) are2�
k(M � �� id)11 = (d� a)k 
os kl + (j
j2 � ad� k2) sin kl �pD ;2�
k(M � �� id)12 = 2ak sinkl + 2(j
j2 � ad) 
os kl ;2�
k(M � �� id)21 = �2k2 
os kl � 2dk sinkl ;2�
k(M � �� id)22 = �k(d� a) 
os kl � (j
j2 � ad� k2) sinkl �pD ;where D = [�(a+d)k 
os kl+(k2+ j
j2�ad) sinkl℄2�4j
j2k2 means the dis-
riminant and id unit 2x2 matrix. The eigenve
tors of the matrix M(k;A)
an be 
hosen asv� =  1N� v11N� v2�! = 1N� � 2ak sinkl + 2(j
j2 � ad) 
os kl(a� d)k 
os kl + (k2 � j
j2 + ad) sin kl �pD� ;whereN2�2 = 2[ak sinkl + (j
j2 � ad) 
os kl℄2 + (k2 sinkl � dk 
os kl)2+[(j
j2�ad) sinkl�ak 
os kl℄2�2j
j2k2�[(a�d)k 
os kl+(k2�j
j2+ad) sin kl℄��p[�(a+ d)k 
os kl + (k2 + j
j2 � ad) sinkl℄2 � 4j
j2k2 :78



The unitary matrix U isU = �u11 u12u21 u22� =  1N+ �v1 1N+ �v2+1N� �v1 1N� �v2�! :The terms in (5.18) 
an be rewritten using the 
oeÆ
ients of this matrixAj = A(�+u12�u11 + ��u22�u21) ;Bj = A(�+ju12j2 + ��ju22j2 ;1Xj=1 jAj j2 = 1Xj=0[j�+j2j ju11j2ju12j2++ j��j2j ju21j2ju22j2 + (�j+��j��u11u12u21�u21 + 
:
:)℄ ;1Xj=1 jBj j2 = 1Xj=0[j�+j2j ju12j4 + j��j2j ju22j4 + (�j+��j�ju11j2ju21j2 + 
:
:)℄ ;1Xj=1(Aj �Bj + �AjBj) = 1Xj=0fj�+j2j ju11j2(u11�u12 + �u11u12)++j��j2j ju21j2(u21�u22+�u21u22)+[�j+��j�(ju11j2u21�u22+ju21j2�u11u12)+
:
:℄g ;where 
. 
. means the term 
omplex 
onjugated to the previous one.The norm of the wavefun
tion be
omes4kkyk2 = [(4k2l2 � sin 2kl)ju11j4 + (4k2l2 + sin 2kl)ju11j2ju12j2�� 
os 2klju11j2(�u11u12 + u11�u12)℄ 1Xj=0 j�+j2j + [(4k2l2 � sin 2kl)ju21j4++ (4k2l2 + sin 2kl)ju21j2ju22j2 � 
os 2klju21j2(u21�u22 + �u21u22)℄ 1Xj=0 j��j2j++ [(4k2l2 � sin 2kl)ju11j2ju21j2 + (4k2l2 + sin 2kl)u11�u21�u12u22�� 
os 2kl(ju11j2u22�u21 + ju21j2u11�u12)℄ 1Xj=0 �j+��j� + 
:
: : (5.19)
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We 
an use also the parametrization (5.5) { (5.6). We obtain�0 = (4 + detAh) 
os kl + 2k (�h � �hk2) sinklp(4� detAh)2 + (4 Im 
h)2 ; (5.20)and the roots of the quadrati
 equation are�� = 1k(4� detAh � 4i Im 
h) �(4 + detAh) 
os kl + 2k (�h � �hk2) sinkl �pD� ;whereD = [(4+detAh)k 
os kl+2(���k2) sinkl℄2�k2[(4+detAh)2+(4 Im 
h)2℄ :The eigenve
tors of the matrix M 
ould be 
hosen asv� = 1N� �v1�v2 � = 1N� � 4Re 
h 
os kl + 2(�h + �hk2) sin kl �pD4�k2 
os kl + (4 + detAh � 4Re 
h)k sinkl� :Noti
e that the 
ase j�+j = j��j = 1, i. e., �0 2 [�1; 1℄ 
orresponds tothe essential spe
trum. From the form (5.20) we obtain the 
ondition forthe essential spe
trum (5.16) again.The point spe
trum of the operator H0 
onsists of all the k for whi
h(5.19) is �nite. We must set the 
oeÆ
ient by P1j=0 �j+�j� and one of the
oeÆ
ients by P1j=0 j��j2j to be zero. Moreover, the other sum must be�nite and �0 must satisfy the 
orresponding inequation a

ording to thetable 5.1. For example, the norm is �nite for v2+ = 0 and �0 > 1 or for the
ombination v1� = 0 and �0 < �1.5.5.3 The spe
trum of the operator H0The essential spe
trum of the operator H0(At; l) is given by the theorems5.1 and 5.3 and lemma 5.7.Theorem 5.4. Let us assume the operator H0(At; l) with non-separating
onditions, i.e. detAh 6= 4 or Im 
 6= 0. Its essential spe
trum is given bythe bands des
ribed in theorem 5.3 of multipli
ity b0 : : : bn�1(bn�1)+1. The
ases des
ribed in theorem 5.3 
orrespond toa) �t 6= 0,b) �t = 0 and 4(b+ 1)Re 
t 6= (b� 1)(4 + j
t)j2,
) �t = 0 and 4(b+ 1)Re 
t = (b� 1)(4 + j
t)j2).80



The 
onditiond) �t = 0, �t = 0, Im 
t = 0, and (b� 1)Re 
t = 2(pb� 1)2implies the free 
oupling 
onditions on the hal
ine, i.e. the spe
trum [0;1).Proof. The proof follows from the theorems 5.1 and 5.3 and lemma 5.7. The
orresponden
e of the 
ases is given by the lemma 5.2. The 
ase d) followsfrom the lemma 5.2, we require �h = �h = 
h = 0.Theorem 5.5. The point spe
trum of the operator H0(At; l) 
onsists of� = k2, where k satis�es the 
ondition 1) and one of the 
onditions 2A) and2B). All the points have in�nite multipli
ity.1) [(4k2l2 � sin 2kl)ju11j2ju21j2 + (4k2l2 + sin 2kl)u11�u21�u12u22�� 
os 2kl(ju11j2u22�u21 + ju21j2u11�u12)℄ + 
:
: = 0 ;2A) (4k2l2 � sin 2kl)ju11j4 + (4k2l2 + sin 2kl)ju11j2ju12j2�� 
os 2klju11j2(�u11u12 + u11�u12) = 0 ; and �0 2 (1;1) ;2B) (4k2l2 � sin 2kl)ju21j4 + (4k2l2 + sin 2kl)ju21j2ju22j2�� 
os 2klju21j2(u21�u22 + �u21u22) = 0 ; and �0 2 (�1;�1) ;2C) (4k2l2�sin 2kl)(ju21j4+ju11j4)+(4k2l2+sin 2kl)(ju21j2ju22j2+ju11j2ju12j2)�� 
os 2kl[ju21j2(u21�u22 + �u21u22) + ju11j2(�u11u12 + u11�u12)℄ = 0 ;where u11 = 1N+ [4Re 
h 
os kl + 2(�h + �hk2) sinkl +pD℄ ;u12 = 1N+ [4�k2 
os kl + (4 + detAh � 4Re 
h)k sinkl ;u21 = 1N� [4Re 
h 
os kl + 2(�h + �hk2) sinkl �pD℄ ;u22 = 1N� [4�k2 
os kl + (4 + detAh � 4Re 
h)k sinkl ;D = [(4 + detAh) k 
os kl + 2(� � �k2) sinkl℄2 � k2[(4 + detAh)2 + (4 Im 
h)2℄ :81



Noti
e that the suÆ
ient 
onditions for the point spe
trum of the oper-ator H0(At; l) are u11 = 0 and and �0 2 (1;1) ;or u21 = 0 and and �0 2 (�1;�1) ;or u11 = 0 and and u21 = 0 :The free 
onditions (the 
ase dis
ussed in [SS02℄) give u11 = 4ik sinkland u21 = �4ik sinkl, hen
e the eigenvalues kl = n� are present.
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Chapter 6Con
lusionsWe have studied several problems 
on
erning quantum graphs. In two 
on-
rete examples of quantum graphs we have found traje
tories of poles ofthe resolvent when lengths of the edges were perturbed. The main resultof the �rst part of the work states that the embedded eigenvalue in theunperturbed spe
trum of multipli
ity n gives raise to n resonan
es.In the next se
tion we have investigated the spe
tral manifold of stargraphs. We have slightly generalized Cheon's, F�ul�op's and Tsutsui's result([CFT01b℄) by des
ribing the spe
tral manifold of a star graph with twoedges with di�erent lengths. Furthermore, we have studied Berry's phase fora larger 
lass of quantum graphs then in [EG99℄ and we have demonstratedthat Berry's phase 
an take any value in [0; 2�).The last part of the work was devoted to tree graphs. We have gener-alized Sobolev's and Solomyak's result ([SS02℄) by investigating the unitaryequivalen
e between the Hamiltonian on tree graph and the sum of Hamil-tonians on L2(R+). We have studied the spe
trum for a more 
on
rete 
ase.
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