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Abstract
This thesis study two promising methods used to define the multiscale CAPM
– the wavelet-based decomposition and the fractal regression. Their estimates,
obtained on monthly excess return on ten portfolios formed on beta in the
US market, are compared in the period from November 2000 to October 2020
and, subsequently, in the period from November 1965 to October 2020. In the
first period, the multiscale beta is not significantly different from the original
single-scale beta for most of the portfolios. Contrary, both methods uncover
significant multiscale behavior of the beta in the second period. Specifically, the
high-beta portfolios have higher multiscale beta at longer investment horizons,
mainly at wavelet scale 3 and scales 12–24 of the fractal regression. Overall,
both methods deliver consistent results, and seem suitable for extending the
CAPM with an investment horizon.
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Keywords CAPM, asset pricing, multiscale analysis,

wavelets, fractal regression
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Abstrakt
Tato práce se zabývá dvěma nadějnými metodami pro definování víceškálového
CAPM – vlkovou dekompozicí a fraktálovou regresí. Jejich odhady, získané
na základě měsíčních nadměrných výnosů deseti portfolií vytvořenými podle
bety na americkém trhu, jsou porovnány v období od listopadu 2000 do října
2020, a následně i v období od listopadu 1965 do října 2020. V prvním ob-
dobí není víceškálová beta pro většinu portfolií významně odlišná od původní
jednoškálové bety. Naopak ve druhém období odhalí obě metody významné
odlišnosti v chování bety na různých škálách. Konkrétně portfolia s vysokou
betou mají ještě vyšší víceškálovou betu na delších investičních horizontech,
především na vlkové škále 3 a škálách 12–24 fraktálové regrese. Celkově obě
metody poskytují konzistentní výsledky a jeví se jako vhodné pro rozšíření
CAPM o investiční horizont.
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Motivation The capital asset pricing model (CAPM) introduced by Sharpe (1964)
and Linter (1965) influences practitioners and academics for decades. It tries to ex-
plain the risk-return relationship in a simple way. Its application including estimat-
ing the cost of equity or evaluating the riskiness of investments which helps investors
to take the right decisions. Despite numerous critiques, it has become one of the
cornerstones of the modern portfolio theory.

Multiscale extensions of the CAPM (e.g. Gençay, Selçuk and Whitcher 2005 and
Tilfani, Ferreira and Boukfaoui 2020) can discover new information about risk-return
relationship, which is hidden to traditional methods. In addition, such extension has
very straightforward interpretation of an investment horizon. Investors have different
investment horizons and, as they all meet in the financial markets, they influence it in
a slightly different way. The extension of the original model with investment horizon
also responds to some of the critiques of the CAPM and such relationship is in line
with assumption of the fractal market hypothesis.

Increasing number of publications try to extend the CAPM with investment
horizon using advanced mathematical methods like Fourier transform, wavelets, or
fractals. Such models seem to provide with promising results so far, but further
research on this topic is still required to fully understand the extended models. For
example, majority of papers focuses only on one methodology and it is unclear how
successful different methodologies are in bringing the investment horizon into the
model.

The thesis will try to bring some clarity into this topic by estimating the multi-
scale CAPM by two different frameworks. One is based on wavelet decomposition,
which is becoming quite common in asset pricing, and other based on detrend fluctu-
ation analysis, which has been applied in asset pricing only very recently. The goal
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to verify whether both methods leads to the same conclusions about scale-specific
riskiness of selected assets.

Overall, the topic of multiscale beta is very up-to-date and, given the popularity
of asset pricing models, investors and researchers could benefit from any progress in
this area.

Hypotheses

Hypothesis #1: Wavelet-based methods captures some scale-specific relation-
ship in the CAPM.

Hypothesis #2: Fractal regression captures some scale-specific relationship in
the CAPM

Hypothesis #3: Results of both wavelet-based methods and fractal regression
leads to the same scale-specific conclusion about riskiness of an asset

Methodology I will need return from selected market(s) and the risk-free rate for
that market. These data are obtainable from public sources and databases available
at our institute. Then, I will apply the two methods to estimate the CAPM at
different scales. Finally, I interpret its results and compare whether the interpretation
about riskiness of given asset is consistent for both methods.

First, I will use the maximal overlap discrete wavelet transform to obtain wavelet
and scaling coefficients, which extracts high and low frequency movement from the
data. Then I will apply the ordinary OLS framework to estimate the beta and
standard errors based on the coefficients from previous step. This methodology is
based on e.g. Gençay, Selçuk and Whitcher (2005).

Second, I will estimate the CAPM using fractal regression framework proposed
by Kristoufek (2015). I expect to follow the methodology of e.g. Kristoufek and
Ferreira (2018) or Tilfani, Ferreira and Boukfaoui (2020). In this framework, the beta
is obtained through detrend fluctuation analysis and standard errors are calculated
using bootstrap.

Lastly, I will verify whether results for both methods lead to the same conclusion
about riskiness of an asset. The nature of results will not be suitable for a proper
statistical testing at this stage, but both methods allows me to verify whether an
asset is rather defensive or aggressive at given frequency band.

Expected Contribution The thesis will evaluate two promising methods of in-
corporating the investment horizon into the CAPM. Although some papers on the
multiscale CAPM have been already published, they focus on one method only and
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they do not offer any comparison of above-mentioned methods. It is currently un-
clear how a choice of different methodology influences results and conclusions about
scale-specific risk-return relationship captured by the CAPM.

The thesis contributes to the current literature with such comparison as well
as original results of estimation, which may be of interest for other researchers and
practitioners. Despite numerous publications on the CAPM, the thesis focuses on a
very specific part of asset pricing which is not well documented yet. To increase the
credibility of the results and to facilitate future research in this area, I will focus on
making the results easily reproducible.
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Chapter 1

Introduction

The Capital Asset Pricing Model (CAPM) is very likely the most discussed
model in the asset pricing domain and modern finance. Its simplistic, yet pow-
erful, formula with only one independent variable makes it seemingly easily
understandable, which is probably why the CAPM has gained so much atten-
tion from researchers and practitioners alike. Nevertheless, the CAPM is built
on a set of quite unrealistic assumptions, which makes it also a common sub-
ject of criticism. The current literature is mixed about the CAPM. Multiple
alternatives models have been proposed to replace the CAPM, but it seems
that the CAPM has still much to say. Given the popularity of the CAPM and
its drawbacks, any progress in this area of research is highly valuable as even
a small improvement can potentially bring significant benefits.

As of now, the literature on the CAPM and other asset pricing models
is very broad and offers many research opportunities. One promising area of
research focuses on improving the CAPM by allowing heterogeneous investment
horizons. Such extension is intuitive as there are many players in the market
with clearly different holding periods and strategies. For instance, algorithmic
traders and pension funds interact in a market in a very different way. In
the same vein, two commonly used techniques to stock-picking, the technical
analysis and the fundamental analysis, also lead to a different behavior of the
investors in the market. Indeed, over time, many researchers have stressed the
importance of this issue and have tried to incorporate the investment horizon
into the CAPM.

To achieve this goal, multiple approaches have been proposed. However, it is
only quite recently that researchers were able to use progress in other domains
to introduce novel advanced mathematical tools into the CAPM estimation
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to extract movements associated with specific investment horizons and study
the relationship on a scale-by-scale basis. This is represented primary by the
wavelet-based decomposition, which seems to deliver very promising results.
Recently, a new approach based on the fractal regression was presented and it
is still rather unclear how it relates to the existing approaches. This area of
research is therefore very up to date.

The objective of this thesis is to take two multiscale estimation frameworks
applicable to the CAPM, one based on the wavelets and one based on the
fractal regression, study their results on a selected dataset and, finally, compare
what the methods conclude about the behavior of the beta at different scales.
The current literature suggests that both the wavelet-based approach and the
fractal-based approach are beneficial. However, especially for the fractal-based
approach, the literature is still lacking in numbers. It is still unclear which one
is more suitable than the other and whether they arrive to the same conclusions
about the scale-dependency of the beta. That is the reason why we believe that
making a direct comparison between the two methods on the same datasets can
be a valuable addition to the current discussions and, hopefully, our original
results bring some clarity into this matter.

The thesis is structured as follows: Chapter 2 provides a review of rele-
vant literature. Chapter 3 described the methodology used throughout the
thesis. Chapter 4 presents and discuss results. Finally, Chapter 5 concludes
and summarizes our findings.



Chapter 2

Literature review

2.1 Evolution of the CAPM
The CAPM was independently presented by Sharpe (1964), Lintner (1965)
and Mossin (1966). They build up upon Markowitz’s (1952) Modern Portfolio
Theory and generalize the relationship for the whole market to express riskiness
of any asset in one simple measure, the beta. Since its first appearance, the
CAPM has become the cornerstone of modern finance, which is commonly
presented in finance textbooks and attracts practitioners and academics alike.

The CAPM was initially widely accepted and praised for its strong em-
pirical power Fischer Black (1972) and Fama and MacBeth (1973). As the
CAPM expresses the risk-return relationship in a very simple, yet powerful
way, it becomes used by most financial managers to estimate the cost of eq-
uity or to measure portfolio performance (Jagannathan and Meier, 2002). The
parameters of the CAPM, the alpha and the beta, which captures abnormal
performance and asset riskiness respectively, become commonly used terms on
their own. After the initial success, the relevance of the CAPM is, however,
more and more often questioned.

Roll (1977) formulates the famous so-called Roll’s Critique, where he raises
some severe issues of the CAPM. He focuses on the key component in the
CAPM, the return on the market portfolio which form the single independent
variable of the CAPM. In practice, the return on the true market portfolio
is unobservable as it would have to contain every possible investment, and it
can be only proxied. Roll argues that its proxies are not precise enough. The
imprecision has an especially severe deteriorative effect because as it is the only
factor determining the returns, even a small deviance can have a severe effect
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on the model. He concludes the relationship captured by the CAPM cannot
be estimated nor tested and, therefore, he considered the CAPM untestable.

Ross (1978) questions also the theoretical basis of the CAPM. He, simi-
larly to Roll (1977), points out the unexpected difficulty to test “a supposedly
testable theory” behind the CAPM. He argues that “previous tests of the the-
ory are defective”, and that, even after more than 10 years after introducing
the CAPM, no robust test exists. Roll and Ross (1980) add that “in many
discussions of the CAPM, scholars were actually thinking of the APT and of
[... the factor model] with just a single factor”.

Well-known series of papers by Fama and French (1992; 1993; 1996; 2004)
use even stronger claims against the CAPM. They view the “beta” as “death”
because of its poor empirical results, theoretical failings, unrealistic assump-
tions and lack of tests. They claim that the Sharpe-Linter CAPM “has never
been an empirical success” and the Zero-beta version of Black has “some suc-
cess” only in the early empirical work. Furthermore, they warn that “the
problems are serious enough to invalidate most applications of the CAPM”,
including estimating the cost of equity capital and measuring the performance
of mutual funds and other managed portfolios (Fama and French, 1996). Ul-
timately, they propose the Fama-French three factor model and suggest using
more complex models instead of the CAPM.

The previously mentioned papers form the core arguments against the
CAPM, but the flaws of the CAPM are commonly reported also in other papers.
To mention a few, Sciubba (2006) shows that “traders who believe in CAPM
are driven to extinction” in the evolutionary setting for a financial market. Lai
and Stohs (2015) use algebraic analysis to prove the invalidity of the CAPM.
Fernandez (2015) calls the CAPM an “absurd model” because of its unrealis-
tic assumptions. Dempsey (2012) disputes the core assumption of “essentially
rational” markets. Without it, they consider most publications on the CAPM,
and the multifactor asset pricing models, as a result of “an econometric exercise
in mining data”. The current literature tends to overestimate their importance
just because they look scientific. he would like to see more papers build on
“conventional ideas about investing and financial markets”. He is afraid that
they became outdated because they require deep knowledge of “how markets
function in disequilibrium [and] equilibrium” and does not bring “easy” empir-
ical findings. Overall, there exist very strong arguments against the validity of
the CAPM.

Despite the criticisms, some still defend the CAPM. David W. Mullins
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(1982) view the CAPM as an “imperfect, but useful” model, which is “no worse
than [...] other approaches” in measuring the cost of equity and “has much to
say about the way returns are determined in financial markets”. The study of
Njaala (2015) supports “the CAPM assertion that risk-return profile is linear.”
Širůček, Šoba, and Němeček (2014) find that the CAPM is appropriate for
calculation of discount factor and estimation of the risk premium. Levy (2010)
responds to some behavioral economists and psychologists who question the
validity of the Expected Utility Theory, which is one of the building blocks of
the CAPM. They conclude that the CAPM can be “safely used [...] in academic
research and in practice” and, ultimately, that beta is “alive and well”. Even
Fama and French, who generally discourage from using the CAPM, sees it
as a “theoretical tour de force” which serves well the educational purposes of
explaining the fundamentals of asset pricing and portfolio theory and as a basis
“to be built on by more complicated models”.

In addition, Smith and Walsh (2012) find support for the CAPM by us-
ing the Arrow Debreu state pricing approach. They admit and show that the
CAPM is not 100% correct, but only “half-correct”, which is still better than
any other proposed asset pricing model so far. Since no model is 100% correct,
they disapprove papers that only criticize without proposing a better alterna-
tive. They find data support that it is hard to make abnormal returns only
from publicly available information and so the theory behind the CAPM is
not completely wrong as suggested in some papers. To conclude, they believe
that the “half‐right” CAPM is still the best available option and should not be
discarded for “something that tells us nothing at all”.

To summarize, the current literature provides many arguments which makes
the usage of the CAPM questionable. But, even after more than 50 years of
its introduction, various aspects of the CAPM are still actively discussed so
the CAPM is clearly not dead. As the literature on CAPM is very broad, it
is beyond the scope of this thesis to summarize it all. For a more detailed
literature review on the CAPM see, for example, Rossi (2016).

As a reaction to the flaws of the CAPM, some try to build more com-
plex asset pricing models and many new asset pricing models are proposed.
Models like the Zero-beta CAPM (Black, 1972), the consumption CAPM (Lu-
cas, 1978), the CAPM with taxes (Trauring, 1979), the money-based CAPM
(K. C. Chan, 1996) or the international CAPM (Solnik, 1974), build closely
upon the CAPM by relaxing some of its assumptions to make it more suitable
for specific applications. Other models go even further and make more radical
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changes.
Ross (1976) develops the Arbitrage Pricing Theory (APT) as an alternative

model to the CAPM. It focuses on the systematic risk like the CAPM, but
rather than relying on just one explanatory variable, multiple risk factors are
used. The CAPM can be then seen as a special case of the APT model with
one risk factor. The APT does not answer which specific risk factors should
be used, it leaves it open for researchers and practitioners to find the right risk
factors.

Another popular alternative to the CAPM is Merton (1973)’s Intertemporal
CAPM (ICAPM), which extends the consumption-based CAPM. It explains
asset prices with multiple variables just like the APT. But these variables are
called “state variables” and they incorporate forecasts for future returns. The
specific state variables that would be best suited to explaining asset return are
not mentioned.

As both the APT and the ICAPM does not list specific variables, they
serve as a theoretical base for multiple asset pricing models. The Fama-French
3 factor model (Fama and French, 1992; Fama and French, 1993), the Carhart
four-factor model (Carhart, 1997) or the Fama-French 5 factor model (Fama
and French, 2015) are often discussed examples of such models, but there ex-
ist many different variations. These models extend the original CAPM with
additional risk factors, like book-to-market ratio, size effect, momentum or
profitability. They usually provide better empirical results than the CAPM.
On the other hand, the selection of the right variables is a challenging task. It
is unclear how many proposed variables are just a result of data mining, and
this issue is growing as it is easier and easier to collect and use a large amount
of data. In addition, the variables seem to have different statistical significance
across countries. For example, the Carhart four-factor model delivers strong
results in the US market, but seems to be much weaker in Germany. The re-
sults of Brrckner et al. (2014) even demonstrate that the German stock market
is better explained by a one-factor model based on an established market index
rather than by multifactor models estimated using available precalculated risk
factors, showing that the quality of ready-to-use datasets is not always satis-
factory. Despite their flaws, the multifactor models overcome some issues of
the CAPM and are a very viable alternative.

Another way that could solve issues of the CAPM, or similar asset pric-
ing models, is to estimate the model with different econometric methods. In
other words, the authors try to show that the relation proposed by the CAPM
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holds, and the source of error is just an estimation bias introduced by using
an inappropriate methodology. Originally, the CAPM is estimated with the
ordinary least squares. Šopov (2013) compares three estimation frameworks,
OLS Rolling Window, Dynamic Conditional Covariance Multivariate GARCH
and State Space Formulation Model, with no clear conclusion about the most
suitable method. Bai et al. (2019) try to overcome the failure of the con-
sumption CAPM by introducing a nonlinearity in the pricing kernel. Beaulieu,
Dufour, and Khalaf (2012) use the Fieller-Hotelling-HAC procedure and the
likelihood-ratio-type statistics based on the GARCH to provide estimations of
the Zero-Beta CAPM robust to the identification problem, portfolio repack-
ing and heavy-tailed return distributions. Overall, the beta estimation is not
limited only to the OLS, but it is a complex procedure that has a substantial
impact on the model.

2.2 Investment horizon in the CAPM
Some try to minimize the pitfalls of the CAPM by allowing investors to have
heterogeneous investment horizons. These attempts generally try to separate
price movements related to the short-term and long-term investments using
advanced mathematical methods. Such extension has a natural interpretation
of an investment horizon and could provide a robust risk measure varying across
the investment horizons. In terms of methodology, these attempts can be seen
either as an extension of the original CAPM by novel estimation framework,
or as new CAPM-like models based on completely different theoretical bases.

An early attempt to incorporate the investment horizon into the CAPM was
done already by Lintner (1969) by rebalancing at the end of each period. It
assumes that the investors hold their assets until the end of a period and then
optimize their portfolios and hold it until the end of the next period. In such
settings, the investment horizon does not matter because the investors optimize
with respect to the current period only. This idea is further developed by Jensen
(1969) who shows that the CAPM assume that all trading takes place only at
the beginning and at the end of this horizon period. To adapt the CAPM to
the markets where trading takes place continuously, he proposes to use the
logarithmic form of return. This approach is, however, later contradicted by
Cheng and Deets (1973). Levhari and Levy (1977) argue that the CAPM is
biased because its investment horizon differs from the true investment horizon
of investors. More specifically, they argue that a longer investment horizon
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makes defensive stocks more defensive and aggressive stocks even more aggres-
sive. Lee, Wu, and Wei (1990) find that the investment horizon varies among
the investors and supports the idea of the CAPM with heterogeneous invest-
ment horizons. Levy and Samuelson (1992) allow for diverse holding periods
in the CAPM to confirm its validity in specific scenarios which were not previ-
ously analyzed. The importance of the investment horizon is also emphasized
by Chen and Li (2015) who suggest “that investors should focus more on the
selection of an appropriate holding period”.

The theoretical support of the existence of heterogeneous investment hori-
zons is offered by the Fractal Market Hypothesis (FMH) of Peters (1994) and
Peters (1996). Its creation is motivated by the failure of the Efficient Market
Hypothesis (EMH) to explain the empirical observations of non-normal distri-
butions of price changes, which do not follow the random walk, and the inef-
ficiency in the markets introduced by investors trading over many investment
horizons. Because of that, the EMH is often viewed “at variance with observed
behavior” like it was built just for the purpose of “mak[ing] the mathematical
environment easier”. Contrary, the FMH is based on empirical observations
and, instead of the mathematical determinism of the Efficient Market Hypoth-
esis, it tries to find the right balance between randomness and determinism on
the financial markets. It introduces the concept of stable markets, which is built
using the liquidity in the markets and not the “fair” prices as in the efficient
markets. The FMH framework naturally allows differentiating between short-
term and long-term investors who have face information asymmetry and bring
a different kind of liquidity to the market. In real life, the information asym-
metry could be caused, for example, by using mainly either technical analysis
or fundamental analysis to support the investment decisions. The validity of
the Fractal Market Hypothesis is supported by Kristoufek (2013) in the period
of the financial crisis of 2007.

One way to empirically extend the asset pricing models with the invest-
ment horizon is through wavelet-based methods. Gençay, Selçuk, and Whitcher
(2005) present the methodology for extending the CAPM into the time-frequency
domain with wavelets. Based on results from the US, Germany and the UK,
they found the predictions of the CAPM to be more relevant at medium- to
long-run horizons. Their interpretation is later corrected by Kang, In, and T. S.
Kim (2017), because even their longest timescale was still “much shorter than
a business cycle and hence short run”. Multiple papers study the multiscale
CAPM in different countries including Brazil or Central European countries.
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While they all see significant variation across scales, they is no unanimous con-
clusion about the scale at which the CAPM is the most relevant (Dajčman,
Festić, and Kavkler, 2013; Bortoluzzo, Minardi, and Passos, 2014; Rua and
Nunes, 2012).

Moreover, In, S. Kim, and Faff (2010) and Kang, In, and T. S. Kim (2017)
use the wavelet-based decomposition to study the Fama-French Three Factor
Model at different frequency bands. They show this method provide useful in-
sight for an interpretation of the Fama-French risk factors. Chen and Li (2015)
use amalgamated discrete wavelet transform with bounded rationality and het-
erogeneous agents to show that “the CAPM does not provide an adequate
description of the market behaviour” and does not provide any “consistent
pattern of a trade-off between risk and return”.

A rather novel method is the fractal regression which can be applied to the
CAPM using the fractal regression framework presented by Kristoufek (2015).
It uses building blocks of the Detrend Fluctuation Analysis (DFA) to create an
estimation framework similar to the OLS, which “allows for studying connection
between variables at different scales” and is suitable for “non-stationary and
long-range correlated data”.

Kristoufek (2018) apply the fractal regression framework to the stocks of
the Dow Jones Industrial Average index. He finds that while the variation in
beta across scales is not significant for most of the stocks, the aggressive stocks
become even more aggressive at short scales and the defensive stocks are even
more defensive at longer scales. The results of Kristoufek and Ferreira (2018) on
the Portugal stock market implies that for some stocks the beta varies across
scales and, thus, the “risk perception is not homogeneous across investment
horizons as the original CAPM states”. Tilfani, Ferreira, and Boukfaoui (2019)
examine the stock markets in China, the Czech Republic, Hungary, Russia and
Germany. They also arrive to the same conclusion of scale-dependent beta for
some shares. While the literature on applications of the fractal regression to
the CAPM is still not very broad, the results seem encouraging so far.



Chapter 3

Methodology

3.1 CAPM
The CAPM builds upon the mean-variance model of Markowitz (1952), which
assumes that investors optimize their portfolios by minimizing their variance
and maximizing their return. So, the investors always choose to have perfectly
diversified portfolios based on their own expectations of risk and return.

The CAPM generalize this concept to the whole market. In efficient mar-
kets, the market participants prefer to completely diversify away any unsys-
tematic, or diversifiable, risk and choose to face only the undiversifiable, or
systematic, risk. The systematic risk is then is the only relevant factor that
drives the asset return. The CAPM extends Markowitz’s mean-variance model
with a risk-free rate to define a new mean-variance efficient frontier, which is
shared by all market participants. The return of investors is then determined
only by the level of exposure to the systematic risk.

The relationship is graphically captured in Figure 3.1. The 𝑎𝑏𝑐 curve is the
efficient frontier of risky assets. When investors are allowed to hold also the
risk-free asset and with unrestricted borrowing and lending, they can achieve
better risk-adjusted returns and move to the line 𝑅𝑓 and 𝑇 . This line is the
market security line. All the investors choose to hold portfolios of risky assets
with the same expected return and variance, defined by point 𝑇 . If they want
to take a lower risk, they will hold more risk-free assets. On the other hand,
if they want to take more risk than what portfolio in point 𝑇 offers, they use
leverage.

Numerous strong and not very realistic assumptions are needed in order
to make the theory behind the CAPM work. First, it relies on all of the
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Figure 3.1: Graphical representation of the Markowitz’s mean-
variance portfolios and the market security line. Source:
Fama and French (2004)

assumptions of Markowitz’s mean-variance model. These assumptions can be
defined in multiple slightly different ways, but, in the end, they should be
all equivalent. For example, (Haruna, 2017) presents the assumptions in the
following form:

• Investors consider each investment alternative as being represented by a
probability distribution of expected returns over some holding period.

• Investors minimize one-period expected utility, and their utility curves
demonstrate diminishing marginal utility of wealth.

• Investors estimate the risk of the portfolio on the basis of variability of
expected returns.

• Investors base decisions solely on expected return and risk, so their utility
curves are a function of expected return and the expected variance (or
standard deviation) of returns only.

• For a given risk level, investors prefer higher returns to lower returns.
Under these assumptions, a single asset or portfolio of assets is considered
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to be efficient if no other asset or portfolio of assets offers higher expected
return with the same (or lower) risk or lower risk with the same (or
higher) expected return.

In addition, the CAPM requires two additional assumptions (Fama and
French, 2004):

• There is complete agreement among investors about probability distribu-
tions of future payoffs on assets.

• Investors can borrow and lend money at the risk-free rate.

As was mentioned in the literature review, the assumptions are often con-
sidered unrealistic and they are one of the core reasons why other asset pricing
models has emerged.

Under the assumptions, the expected return on any arbitrary asset depends
only on the expectation of the market return and the risk-free rate. The ex-
pected return is expressed in the following equation,

𝐸(𝑟𝑖) = 𝑟𝑓 + 𝐸(𝑟𝑚 − 𝑟𝑓)𝛽𝑖 ,

where 𝐸(𝑟𝑖) is the expected return on asset 𝑖, 𝑟𝑓 is the risk-free rate, 𝐸(𝑟𝑚−𝑟𝑓)
is the expected excess market return and 𝛽𝑖 is the sensitivity of asset 𝑖 return
to the excess market return.

The equation above can be rewritten to allow estimation of beta using
econometric frameworks as follows,

𝑟𝑖 − 𝑟𝑓 = 𝛼𝑖 + 𝛽𝑖(𝑟𝑚 − 𝑟𝑓) + 𝜖𝑖 , (3.1)

where 𝑟𝑖 − 𝑟𝑓 is the asset 𝑖 excess return, 𝑟𝑚 − 𝑟𝑓 is the market excess return,
𝛼𝑖 coefficient express an abnormal performance of asset 𝑖, 𝛽𝑖 coefficient express
the riskiness of the asset 𝑖 , 𝜖𝑖 is an error term. The risk-free rate 𝑟𝑓 is usually
proxied by a treasury bill or other short-term debt obligation backed by a
government with no or negligible credit risk.

When we apply the OLS estimators on Equation 3.1, we obtain an estimate
of beta,

𝛽𝑖 = 𝑉 𝑎𝑟(𝑟𝑖 − 𝑟𝑓)
𝐶𝑜𝑣(𝑟𝑖 − 𝑟𝑓 , 𝑟𝑚 − 𝑟𝑓) , (3.2)

and an estimate of alpha,

𝛼𝑖 = 𝑟𝑚 − 𝑟𝑓 − 𝛽𝑖 × 𝑟𝑖 − 𝑟𝑓 . (3.3)
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A positive alpha indicates that the asset performs better than the market.
Contrarily, a negative alpha indicates that the asset performs worse than the
market. So the alpha is a measure of performance, which can be used by e.g.
actively managed mutual funds to show whether the fund beats the market or
not. In efficient markets, however, the alpha of perfectly diversified portfolios
is statistically insignificant from zero as efficient markets offer no opportunity
for additional profit or loss at a given level of risk.

The beta coefficient has also an intuitive interpretation. If it is lower than
1, the excess asset returns fluctuate less than the excess market returns and it
is considered defensive. On the other hand, if it is higher than 1, the excess
asset returns fluctuate more than the excess market returns and it is considered
aggressive. Lastly, if the beta is equal to one, the asset is expected to behave
the same as the market portfolio.

3.2 Wavelets
Wavelets are alternative to Fourier methods originally applied mainly in natural
science. Wavelets-based methods enable the decomposition of time-series into
the time-frequency domain, which makes them suitable for data denoising or
analysis of relationships at various scales. Apart from natural science, they are
used for image compression, computer vision or data denoising. Their proper-
ties and interpretation make them also suitable for application in finance. Even
more, they are supposed to be superior to the Fourier methods for applications
on financial data as they can approximate even step peeks and troughs.

The idea behind wavelet analysis is to separate the low frequency and high-
frequency bands from the data and analyse them one by one. There exists a
large variety of different wavelets and transforms which are suitable for different
tasks. This section provides a brief description of wavelet theory which is
necessary to extend the CAPM into the time-frequency domain following the
textbook of Percival and Walden (2000).

Wavelets are mathematical functions with specific properties. By definition,
the wavelet function 𝜓(𝑡) satisfies two conditions,

+∞

∫
−∞

𝜓(𝑡) 𝑑𝑡 = 0 and
+∞

∫
−∞

|𝜓(𝑡)|2 𝑑𝑡 = 1 .
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The conditions ensure respectively that the wavelet has a wave-like shape
with zero mean and that the wavelet is relatively small. Overall, the wavelets
can be seen as small wave-like functions. There are arbitrary many functions
that satisfy these conditions, but, usually, only a few classes of wavelets with
the most suitable properties are used in practice.

The daughter wavelet function 𝜓𝜆,𝑡(𝑢) is obtained by shifting and stretching
the original the wavelet function 𝜓(𝑡),

𝜓𝜆,𝑡(𝑢) = 1√
𝜆

𝜓 (𝑢 − 𝑡
𝜆 ) .

The daughter wavelet function 𝜓𝜆,𝑡(𝑢) also satisfy the condition in Equation
3.2. It allows natural extension into the time-frequency domain as the daughter
wavelet function extracts the information at scale 𝜆 at time 𝑡.

To extend the data into the time-frequency domain, the continuous wavelet
transform uses directly the wavelet function. But because the asset pricing
usually deals with discrete data, the application of the continuous wavelet
transform would be troublesome and it is more convenient to use some discrete
wavelet transform.

While there exist multiple discrete wavelet transforms, we focus mainly on
the maximal overlap discrete wavelet transform (MODWT). The MODWT is
a suitable method for time-series analysis. Its properties allow it to be applied
to time-series of arbitrary length, its wavelet details and smooths are perfectly
aligned with the original time-series. Overall, the MODWT is a convenient
wavelet-based transform to define the multiscale version of the CAPM.

The discrete counterpart to the wavelet function 𝜓(𝑡) is the wavelet filter
ℎ = [ℎ0, ℎ1, ....ℎ𝐿−1], where 𝐿 is the length of the wavelet filter. The wavelet
filter can be derived from the wavelet function and they share some similar
properties. The wavelet filter can be shifted and scaled to capture the informa-
tion at a given time and scale. Different discrete wavelet transforms may require
applying a slightly modified version of the wavelet filter. For the MODWT, we
define the level 𝑗 MODWT wavelet filter ℎ𝑗 = [ℎ𝑗,0, ℎ𝑗,1, ....ℎ𝑗,𝐿𝑗−1], where 𝐿𝑗
is the length of level 𝑗 MODWT wavelet filter. It is used to construct the level
𝑗 MODWT wavelet coefficients 𝑊𝑗, which are associated with high-frequency
fluctuations with periodicities from 2𝑗 to 2𝑗+1 units.

Similarly, we define the level 𝑗 MODWT scaling filter 𝑔𝑗 = [𝑔𝑗,0, 𝑔𝑗,1, ....𝑔𝑗,𝐿𝑗−1],
where 𝐿 is the length of the level 𝑗 MODWT scaling filter. The level 𝑗 MODWT
scaling filter complements the MODWT wavelet filter and it is used to extract
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the level 𝑗 MODWT scaling coefficients 𝑉𝑗, which are associated with low fre-
quency fluctuations with periodicities lower than 2𝑗+1 units.

The MODWT wavelet and scaling coefficient are calculated using the pyra-
mid algorithm. We apply the 1st level MODWT wavelet and scaling filter to
the original time-series 𝑋 to obtain 1st level MODWT wavelet and scaling
coefficients 𝑊1 and 𝑉1. The 1st level MODWT scaling coefficients 𝑉1 can be
further decomposed using the 2nd level MODWT wavelet and scaling filter into
2nd level MODWT wavelet and scaling coefficients 𝑊2 and 𝑉2 Generally, we
obtain level 𝑛 MODWT wavelet and scaling coefficients 𝑊𝑛 and 𝑉𝑛 from level
𝑛−1 MODWT scaling coefficient 𝑉𝑛−1. Although it is mathematically possible
to decompose the time-series into any arbitrary scale 𝑛, any scale that would
try to capture periodicities longer than the original data is meaningless. For
such scales, the periodicity would be longer than the original time-series.

The level 𝑗 MODWT wavelet coefficients 𝑊𝑗,𝑡 and the level 𝑗 MODWT scal-
ing coefficients 𝑉𝑗,𝑡 for any time-series 𝑋 of length 𝑁 using a circular boundary
condition are defined as,

𝑊𝑗,𝑡 =
𝐿𝑗−1

∑
𝑙=0

ℎ𝑗,𝑙𝑉𝑗−1,𝑡−𝑙 𝑚𝑜𝑑𝑁 and 𝑉𝑗,𝑡 =
𝐿𝑗−1

∑
𝑙=0

𝑔𝑗,𝑙𝑉𝑗−1,𝑡−𝑙 𝑚𝑜𝑑𝑁 ,

where 𝑡 ∈ {0, 1, ..., 𝑁 − 1}, 𝐿𝑗 is the length of the level 𝐿𝑗 MODWT wavelet
filter, and ℎ𝑗 and 𝑔𝑗 are the level 𝑗 MODWT wavelet and scaling filters.

The MODWT wavelet and scaling coefficient allow the analysis of variance
on a scale-by-scale basis because the variance of the MODWT wavelet and
scaling coefficient sum up to the variance of the original data. In other words,
it holds that,

𝑉 𝑎𝑟(𝑋) =
𝐽0

∑
𝑗=1

𝑉 𝑎𝑟(𝑊𝑗) + 𝑉 𝑎𝑟(𝑉𝐽0
) (3.4)

𝐶𝑜𝑣(𝑋, 𝑌 ) =
𝐽0

∑
𝑗=1

𝐶𝑜𝑣(𝑊𝑗, 𝑀𝑗) + 𝐶𝑜𝑣(𝑉𝐽0
, 𝑁𝐽0

) , (3.5)

where 𝐽0 is the chosen level of decomposition.
The properties of the MODWT wavelet and scaling filter make them very

useful for extending the relations originally defined only in the time domain into
the time-frequency domain. In the case of the CAPM, they directly provide
the mathematical tool which is used to study the relationship captured by the
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CAPM at multiple scales. By replacing the original variance and covariance
with the variance and covariance of wavelet and scaling coefficients, we obtain
the multiscale version of the CAPM. More specifically, the multiscale beta
based on the level 𝑗 MODWT wavelet coefficient 𝑊𝑗 and the level 𝑗 MODWT
scaling coefficients 𝑉𝑗 is defined as,

𝛽𝑖,𝑊𝑗
=

𝑉 𝑎𝑟 ((𝑟𝑖 − 𝑟𝑓)𝑊𝑗
)

𝐶𝑜𝑣 ((𝑟𝑖 − 𝑟𝑓)𝑊𝑗
, (𝑟𝑚 − 𝑟𝑓)𝑊𝑗

)
(3.6)

𝛽𝑖,𝑉𝑗
=

𝑉 𝑎𝑟 ((𝑟𝑖 − 𝑟𝑓)𝑉𝑗
)

𝐶𝑜𝑣 ((𝑟𝑖 − 𝑟𝑓)𝑉𝑗
, (𝑟𝑚 − 𝑟𝑓)𝑉𝑗

)
, (3.7)

where (𝑟𝑖 − 𝑟𝑓)𝑊𝑗
is the level 𝑗 MODWT wavelet coefficients of the excess asset

return, (𝑟𝑚 − 𝑟𝑓)𝑊𝑗
is the level 𝑗 MODWT wavelet coefficients of the excess

market return, (𝑟𝑖 − 𝑟𝑓)𝑉𝑗
is the level 𝑗 MODWT scaling coefficients of the

excess asset return and (𝑟𝑚 − 𝑟𝑓)𝑉𝑗
is the level 𝑗 MODWT scaling coefficients

of the excess market return.
Alternatively, the original CAPM equation can be rewritten as series of

independent scale-specific equations using the MODWT wavelet and scaling
coefficients,

(𝑟𝑚 − 𝑟𝑓)𝑊𝑗
= 𝛼𝑖,𝑊𝑗

+ 𝛽𝑖,𝑊𝑗
(𝑟𝑖 − 𝑟𝑓)𝑊𝑗

+ 𝜖𝑖,𝑊𝑗

(𝑟𝑚 − 𝑟𝑓)𝑉𝑗
= 𝛼𝑖,𝑉𝑗

+ 𝛽𝑖,𝑉𝑗
(𝑟𝑖 − 𝑟𝑓)𝑉𝑗

+ 𝜖𝑖,𝑉𝑗
.

The multiscale estimates of alpha and beta are obtained with the OLS. The
standard errors of multiscale estimates are commonly calculated according to
the OLS framework.

In addition, the original beta is a weighted sum of multiscale betas,

𝛽𝑖 =
𝐽0

∑
𝑗=1

𝜔𝑊𝑗
𝛽𝑖,𝑊𝑗

+ 𝜔𝑉𝐽0
𝛽𝑖,𝑉𝐽0

,
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where the weights 𝜔𝑊𝑗
and 𝜔𝑉𝑗

are,

𝜔𝑊𝑗
= 𝑉 𝑎𝑟(𝑟𝑖 − 𝑟𝑓)−1𝐶𝑜𝑣 ((𝑟𝑖 − 𝑟𝑓 , 𝑟𝑚 − 𝑟𝑓)𝑊𝑗

)

𝜔𝑉𝑗
= 𝑉 𝑎𝑟(𝑟𝑖 − 𝑟𝑓)−1𝐶𝑜𝑣 ((𝑟𝑖 − 𝑟𝑓 , 𝑟𝑚 − 𝑟𝑓)𝑉𝑗

) .

This property creates a clear link between the wavelet-based multiscale betas
and the original beta.

Finally, we need to choose a specific wavelet filter used by the MODWT.
We use the filter based on the Daubechies least asymmetric wavelet of length 8
(La(8)), which is a common choice in the literature (e.g. In, S. Kim, and Faff,
2010; Kang, In, and T. S. Kim, 2017) and it is praised for its ability for well
approximate financial data. Anyway, as noted by Gençay (2002), the choice of
the wavelet is not as crucial in the case of the MODWT as for other transforms.
So even if the LA(8) wavelet were not the most optimal one for this task, any
negative impact would be limited.

3.3 Fractal regression
The fractal regression proposed by Kristoufek (2015) is a rather novel method
of estimation of scale-dependent relationships. It formalizes the methods of
the Detrend Fluctuation Analysis to form a regression framework similar to
commonly used econometric frameworks like the OLS. Similarly to the wavelets,
the DFA does not originate from finance, but from health science, where it “was
originally created specifically to address the question of power law scaling in
DNA sequences” (Bryce and Sprague, 2012).

The fractal regression consists of multiple steps, which leads to obtaining
the variance and covariance of the time–series associated with a specific scale,
which can be directly used to estimate the CAPM, much like in the case of the
wavelet-based multiscale CAPM.

Let 𝑠 be the scale of interest. First, we create a profile 𝑋 by substracting
mean from the data,

𝑋𝑡 =
𝑡

∑
𝑖=1

𝑥𝑖 − 𝑋 . (3.8)

Second, we divide the profile into non-overlapping boxes of length 𝑠. To
make this step work even for profiles that are non-divisible by 𝑠, we follow the
methodology of Kristoufek (2018), who suggests dividing the profile twice, once
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from the beginning and once from the end. We denote the 𝑗th element of 𝑖th
box as 𝐵𝑖,𝑗.

Third, we run a regression in each box and obtain residuals. We use a linear
model to obtain the residuals, but, in general, any model can be used in this
step. The regression is specified as,

𝐵𝑖,𝑗 = ̂𝛼 + ̂𝛽 × 𝑡 + ̂𝑒𝑖,𝑗 ,

where ̂𝑒𝑖,𝑗 are the residuals obtained from 𝑖th box, which is the only part that
interests us. The estimates ̂𝛼 and ̂𝛽 are not used.

Next, we define the fluctuation function 𝑓2
𝑥(𝑠, 𝑗) on box 𝑖 as

𝑓2
𝑥(𝑠, 𝑖) =

∑𝑗=𝑠
𝑗=1(𝐵𝑖𝑗, − ̂𝑒𝑖,𝑗)2

𝑠 − 1

Finally, we define 𝐹 2
𝑥 (𝑠) as the average fluctuation over all boxes,

𝐹 2
𝑥 (𝑠) =

∑𝑗=𝑇 −𝑠+1
𝑗=1 𝑓𝑥(𝑠, 𝑗)

𝑇 − 𝑠 (3.9)

𝐹 2
𝑥 (𝑠) serves as the fractal counterpart to the variance, which captures

variance associated with scale 𝑠.
Next, we define the fluctuation function for bivariate series as,

𝑓𝑥𝑦2(𝑠, 𝑗) =
∑𝑘=𝑗+𝑠−1

𝑘=𝑗 (𝑋𝑘 − ̂𝑋𝑘,𝑗) × (𝑌𝑘 − ̂𝑌𝑘,𝑗)
𝑠 − 1 ,

and average the fluctuation over all boxes,

𝐹 2
𝑥𝑦(𝑠) =

∑𝑗=𝑇 −𝑠+1
𝑗=1 𝑓𝑥𝑦(𝑠, 𝑗)

𝑇 − 𝑠 , (3.10)

which gives the fractal counterpart to the covariance at a given scale.
As 𝐹 2

𝑥 (𝑠) and 𝐹 2
𝑥𝑦(𝑠) corresponds to the variance and covariance terms,

they can be plugged into 3.2 instead of the variance and covariance, to obtain
the multiscale beta,

̂𝛽𝐷𝐹𝐴(𝑠) =
𝐹 2

𝑋𝑌 ,𝐷𝐹𝐴(𝑠)
𝐹 2

𝑋,𝐷𝐹𝐴(𝑠) . (3.11)

The standard errors are calculated with bootstrap on the surrogate series gen-
erated by Theiler’s phase randomization as described in Kristoufek (2018).
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The scale parameter in the fractal regression has a different meaning than
in the MODWT wavelet transform. While the wavelet and scaling coefficients
capture movements associated with a certain frequency band, and therefore the
wavelet scales are quite wide, the fractal scale captures movements concentrated
around the precise frequency. As a result, to make a sensible comparison be-
tween the fractal-based multiscale beta and the wavelet-based multiscale beta,
it is necessary to compare multiple scales of the fractal-based beta to a single
scale of wavelet-based beta.



Chapter 4

Empirical Part

4.1 Period I - November 2000 to October 2020

4.1.1 Data description
The dataset used in this section is composed of monthly excess market return
and monthly excess returns on ten portfolios formed on beta in the US market
from November 2000 to October 2020. Data are obtained from the website
of Prof. Kenneth R. French (2020), which commonly servers as a source of
data for papers in asset pricing and should be of high quality. Dataset is
constructed using the CRSP database and 1-month T-Bill as a risk-free rate.
The CRSP database is occasionally subject to small adjustments of historical
prices in order to increase the data quality and, as a consequence, some minor
differences in results can appear when replicating previous research.

We choose portfolios formed on market beta because they are suitable
for studying portfolios of aggressive stocks with high beta and portfolios of
defensive stocks with low beta separately. This is motivated by e.g. Kris-
toufek (2018), who finds different multiscale behavior of aggressive and defen-
sive stocks. The use of portfolios rather than individual stocks follows Blume
(1970), who recommend aggregating stocks into portfolios to diversify away an
estimation error in the CAPM. The period of choice consists of two business
cycles and so it contains short-term to medium-term trends. At the same time,
it is relatively short so it should not contain out any historical influences which
are may not relevant nowadays.

The ten portfolios are sorted and rebalanced each year at the end of June
using beta based on the previous 60 months (French, 2020). For example, the
portfolio Lo 10 represent 10% of the market using the lowest beta stocks. Sum-
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mary statistics are provided in Table 4.1 and the correlation matrix between
the excess return on the ten portfolios are in Table 4.2 The number of firms in
portfolios varies between 255 and 1809 firms and it decreases over time. The
highest number of firms are contained in portfolios with the lowest beta and
the highest beta between 2000 and 2010.

Table 4.1: Summary statistics of excess returns on ten portfolios
formed on market beta and the excess market return in
the US market from November 2000 to November 2020

Statistic N Mean St. Dev. Min Pctl(25) Pctl(75) Max
Lo 10 240 0.534 3.160 −13.140 −0.992 2.540 8.250
Dec 2 240 0.475 3.442 −13.000 −1.158 2.538 9.930
Dec 3 240 0.656 3.940 −15.380 −1.322 2.960 12.030
Dec 4 240 0.724 4.480 −16.850 −1.755 3.427 13.240
Dec 5 240 0.612 4.621 −17.240 −1.893 3.115 14.590
Dec 6 240 0.714 5.263 −21.000 −2.038 3.405 16.910
Dec 7 240 0.526 5.788 −25.150 −2.052 3.793 17.960
Dec 8 240 0.752 6.105 −22.640 −2.090 4.645 19.600
Dec 9 240 0.396 7.007 −22.820 −3.012 4.465 21.110
Hi 10 240 0.648 8.283 −25.090 −2.970 5.818 21.250
Mkt-RF 240 0.533 4.502 −17.230 −1.945 3.223 13.650
RF 240 0.117 0.136 0.000 0.010 0.172 0.540

Table 4.2: Correlation matrix for excess return on ten portfolios
formed on beta in the period from November 2020 to Oc-
tober 2020

Lo 10 Dec 2 Dec 3 Dec 4 Dec 5 Dec 6 Dec 7 Dec 8 Dec 9 Hi 10
Lo 10 1 0.89 0.82 0.76 0.71 0.68 0.69 0.64 0.59 0.55
Dec 2 0.89 1 0.90 0.84 0.82 0.77 0.78 0.73 0.68 0.64
Dec 3 0.82 0.90 1 0.90 0.89 0.85 0.87 0.83 0.79 0.76
Dec 4 0.76 0.84 0.90 1 0.91 0.89 0.90 0.87 0.87 0.82
Dec 5 0.71 0.82 0.89 0.91 1 0.90 0.91 0.88 0.87 0.82
Dec 6 0.68 0.77 0.85 0.89 0.90 1 0.91 0.87 0.87 0.85
Dec 7 0.69 0.78 0.87 0.90 0.91 0.91 1 0.90 0.92 0.88
Dec 8 0.64 0.73 0.83 0.87 0.88 0.87 0.90 1 0.93 0.92
Dec 9 0.59 0.68 0.79 0.87 0.87 0.87 0.92 0.93 1 0.94
Hi 10 0.55 0.64 0.76 0.82 0.82 0.85 0.88 0.92 0.94 1

The standard deviation of excess portfolio return is the lowest for the Lo 10
portfolio and it increases until it reaches the maximum for the Hi 10 portfolio.
It is in line with our expectation because the standard deviation is often used
as a proxy for risk and the portfolios are formed on beta, so the portfolios
formed on low-beta stocks should be less risky than the portfolios formed on
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high-beta stocks. Contrary, mean portfolio excess return does not exhibit any
kind of easily interpretable relationship. It is the highest for the Dec 4 portfolio
and the lowest for the Dec 9 portfolio. This relationship seems a bit counter-
intuitive as the investors should be rewarded for taking a higher risk with higher
returns. However, the mean is probably influenced by some outliers because
the 25 and 75 percentiles of excess portfolio return follow the same increasing
pattern as the standard deviation.

4.1.2 CAPM
First, we estimate the CAPM using the OLS. For each portfolio, we construct
a regression model in the same form as in Eq. 3.2. We apply robust estimators
of standard errors because the Breusch-Pagan test indicates that heteroskedas-
ticity is present in some regressions. The results are summarized in Table 4.3.

The CAPM explains from 60% to 90% of the variation in excess market
return on the portfolios using just one explanatory variable. Moreover, for
9 out of 10 portfolios, it explains more than 70% of the variation. Overall,
the relationship proposed by the CAPM is empirically very strong for all 10
portfolios formed on prior beta.

The results show that the portfolios have an increasing beta. As the portfo-
lios are constructed using the prior beta, this result is anticipated. It confirms
that the portfolios that were defensive in the past will be defensive also in the
future. Similarly, the portfolios that were aggressive in the past will remain
aggressive also in the future. However, we notice a large difference between the
prior beta and the actual estimated beta for very defensive and very aggressive
portfolios. Their estimated beta is much less extreme as shown in Figure 4.1.
For example, the Lo 10 portfolio, which contains stocks with the lowest prior
beta, is about half less risky than the market, while the prior betas indicate
much lower exposure to the systematic risk. On the other hand, the Hi 10
portfolio, which contains stocks with the highest prior beta, is about 68% more
risky than the market, but the prior betas indicate it could be more than 200%
more risky.

The alpha is mostly insignificant. Only three portfolios (Dec 3, Dec 4 and
Dec 9) have significant alpha at a 95% level of confidence, one more portfolio (Lo
10) has alpha is significant at 90% level of confidence. No alpha is significant
at a 99% level of confidence. In the case of the Dec 9 portfolio, its alpha is
negative. It means that the performance of the Dec 9 portfolio is worse than
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Table 4.3: Results of the CAPM estimation on 10 portfolios sorted on
market beta in the period from November 2000 to October
2020 using monthly returns

Portfolios:
Lo 10 Dec 2 Dec 3 Dec 4 Dec 5 Dec 6 Dec 7 Dec 8 Dec 9 Hi 10

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
beta 0.55∗∗∗ 0.65∗∗∗ 0.80∗∗∗ 0.94∗∗∗ 0.96∗∗∗ 1.09∗∗∗ 1.22∗∗∗ 1.26∗∗∗ 1.44∗∗∗ 1.68∗∗∗

(0.04) (0.04) (0.04) (0.03) (0.03) (0.03) (0.04) (0.04) (0.05) (0.06)
alpha 0.24∗ 0.13 0.23∗∗ 0.22∗∗ 0.10 0.13 −0.12 0.08 −0.37∗∗ −0.25

(0.14) (0.13) (0.11) (0.11) (0.11) (0.12) (0.13) (0.15) (0.18) (0.23)
Observations 240 240 240 240 240 240 240 240 240 240
R2 0.60 0.72 0.83 0.89 0.87 0.87 0.90 0.87 0.86 0.83
Residual Std. Error (df = 238) 1.99 1.82 1.61 1.52 1.66 1.94 1.86 2.21 2.62 3.41

Note: ∗p<0.1; ∗∗p<0.05; ∗∗∗p<0.01
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the market performance. Other significant alphas are positive, and so these
portfolios perform better than the market.

While the CAPM assume that the alpha is zero, there may be some reasons
why we could observe positive alpha. First, the period is only 20 years long.
It may contain some temporary market imperfection that will be corrected in
the future. For example, multiple unprecedented events happened in the period
between 2000 and 2020, like the dot-com bubble, the crash of Lehman-Brothers
and the global pandemic, that could be the cause of the temporary market
imperfection. Alternatively, the portfolios may not be perfectly diversified.
The portfolios are formed based on the past riskiness of stocks. Even though
the portfolios are wide, each representing about 10% of the market, there is not
guarantee that they are diversified perfectly. They would then face not only
the systematic risk, which is priced by the CAPM, but also the unsystematic
risk, which could be the source of an abnormal rate of return. The deviation
from the expected excess return on these portfolios could be then explained by
an additional risk that is not included in the CAPM.

Unfortunately, the dataset does not contain much additional information
about the portfolios which could be used to analyze the source of potentially
positive alpha. Overall, we believe that the results do not provide any evidence
strong enough to reject the CAPM. In the next parts, we study the relation-
ship in the time-frequency domain, which should reveal the effects of the time
horizon on the beta.

4.1.3 Wavelet-based multiscale CAPM
We apply the MODWT transform up to level 4 on the excess market return
and the excess return of each portfolio. For each time-series, we obtain five
new time-series which are used to estimate the multiscale CAPM. Instead of
one regression model per portfolio, we have five, in total 50 regression models.
Every regression model captures the relationship for a given portfolio at a given
frequency band.

Before introduction the estimation results, we describe the transformed
data. Each time-series is decomposed into level 1-4 MODWT wavelet coef-
ficients 𝑑1, ...𝑑4 and level 4 MODWT scaling coefficients 𝑠4. The MODWT
wavelet and scaling coefficients consist of 240 observations, just like the origi-
nal data. The properties of the MODWT transform ensures that all MODWT
wavelet details are zero-mean.
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The maximal level of decomposition is chosen in line with the recommen-
dation of Kang, In, and T. S. Kim (2017). They suggest a threshold of
log2 ( 𝑇

𝐿−1 + 1), where 𝑇 is the number of observations and 𝐿 is the length
of the wavelet. This rule would even allow the decomposition of our dataset
up to level 5 by a narrow margin. However, we prefer to remain slightly more
conservative and stop at level 4 to eliminate possible undesirable effects of
boundary conditions, which arise from having a too high level of the MODWT
decomposition.

Table 4.4 shows the variance of the MODWT wavelet and scaling coef-
ficients. Most of the variance of the original time-series is located in high-
frequency bands. Level 1 MODWT wavelet coefficients 𝑑1 capture more than
40% of total variance for all variables. On the other hand, level 4 MODWT
wavelet coefficients 𝑑4 contain only about 5% to 8% of the variance of the
original series.

Table 4.4: Variance of MODWT wavelet and scaling coefficients of
decomposed excess portfolio return and excess market re-
turn in the period from November 2000 to October 2020

d1 d2 d3 d4 s4
Lo 10 4.675 2.739 1.284 0.539 0.752
Dec 2 5.388 3.229 1.284 0.788 1.158
Dec 3 7.738 3.819 1.892 0.935 1.136
Dec 4 9.402 5.286 2.651 1.273 1.461
Dec 5 10.020 5.308 3.155 1.535 1.337
Dec 6 13.057 7.251 4.205 1.777 1.405
Dec 7 14.506 8.648 5.253 2.388 2.706
Dec 8 17.204 9.452 5.503 2.797 2.310
Dec 9 21.798 13.037 7.121 3.667 3.481
Hi 10 30.866 18.238 9.387 5.048 5.075

Mkt-RF 9.034 5.432 2.863 1.376 1.560

More specifically, low-beta portfolios have more variance concentrated at
high-frequency scales compared to high-beta portfolios. It means that high-
beta portfolios are not only more risky in general, but they are relatively
more risky on longer holding periods. Such observation could indicate that
the high-beta portfolios contain more growth stocks, which expected cashflows
are further in the future and so are more uncertain on longer time-horizons.
Contrary, low-beta portfolios have cashflows located in near future and their
business is less volatile on longer time-horizons. In real life, investors can use
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Figure 4.1: Plot of estimated beta and evolution of value-weighted
average of prior beta, which was used to form the ten
portfolios, in the period from November 2020 to October
2020
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Table 4.5: Share of MODWT wavelet and scaling coefficients variance
of decomposed excess portfolio return and excess market
return on total variance of excess portfolio return and ex-
cess market return in the period from November 2000 to
October 2020

d1 d2 d3 d4 s4
Lo 10 46.80 % 27.42 % 12.85 % 5.40 % 7.53 %
Dec 2 45.47 % 27.26 % 10.84 % 6.65 % 9.78 %
Dec 3 49.86 % 24.61 % 12.19 % 6.02 % 7.32 %
Dec 4 46.84 % 26.33 % 13.21 % 6.34 % 7.28 %
Dec 5 46.92 % 24.85 % 14.77 % 7.19 % 6.26 %
Dec 6 47.14 % 26.18 % 15.18 % 6.42 % 5.07 %
Dec 7 43.30 % 25.82 % 15.68 % 7.13 % 8.08 %
Dec 8 46.17 % 25.36 % 14.77 % 7.50 % 6.20 %
Dec 9 44.39 % 26.55 % 14.50 % 7.47 % 7.09 %
Hi 10 44.99 % 26.58 % 13.68 % 7.36 % 7.40 %

Mkt-RF 44.58 % 26.80 % 14.13 % 6.79 % 7.70 %

these results to justify putting more weight on risks in long time-horizons for
high-beta portfolios than for low-beta portfolios.

Next, the results of 50 regression models are reported in Table 4.6. For each
portfolio, we estimate 5 models using level 1-4 MODWT wavelet coefficients and
level 5 MODWT scaling coefficients. The standard errors are calculated with
robust estimators, in the same way as previously for the single-scale CAPM.
We also report the R-squared of models, which captures the share of explained
variation by the model. Other statistics of the models are, for the brevity of
results, not reported.
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Table 4.6: Results of the wavelet-based multiscale CAPM estimation
on 10 portfolios sorted on market beta in the period from
November 2000 to October 2020 using monthly returns

Portfolio Scale Alpha SE t-val p-val Beta SE t-val p-val rsrq
Lo 10 d1 0.00 0.10 0.00 1.00 0.52 0.04 12.48 0.00 0.52
Lo 10 d2 0.00 0.07 0.00 1.00 0.56 0.03 17.25 0.00 0.62
Lo 10 d3 0.00 0.04 0.00 1.00 0.58 0.02 30.01 0.00 0.74
Lo 10 d4 0.00 0.02 0.00 1.00 0.54 0.02 29.47 0.00 0.74
Lo 10 s4 0.21 0.03 6.09 0.00 0.62 0.03 23.19 0.00 0.79
Dec 2 d1 0.00 0.09 0.00 1.00 0.63 0.04 16.34 0.00 0.67
Dec 2 d2 0.00 0.06 0.00 1.00 0.66 0.03 19.09 0.00 0.72
Dec 2 d3 0.00 0.04 0.00 1.00 0.58 0.03 23.17 0.00 0.76
Dec 2 d4 0.00 0.02 0.00 1.00 0.71 0.01 55.84 0.00 0.87
Dec 2 s4 0.04 0.03 1.39 0.17 0.81 0.02 32.81 0.00 0.88
Dec 3 d1 0.00 0.08 0.00 1.00 0.83 0.04 21.90 0.00 0.81
Dec 3 d2 0.00 0.05 0.00 1.00 0.76 0.03 23.41 0.00 0.81
Dec 3 d3 0.00 0.03 0.00 1.00 0.77 0.02 35.21 0.00 0.89
Dec 3 d4 0.00 0.02 0.00 1.00 0.79 0.02 45.94 0.00 0.92
Dec 3 s4 0.22 0.03 8.51 0.00 0.82 0.02 44.77 0.00 0.92
Dec 4 d1 0.00 0.07 0.00 1.00 0.95 0.03 30.04 0.00 0.87
Dec 4 d2 0.00 0.05 0.00 1.00 0.93 0.03 27.46 0.00 0.88
Dec 4 d3 0.00 0.03 0.00 1.00 0.93 0.02 39.44 0.00 0.93
Dec 4 d4 0.00 0.02 0.00 1.00 0.92 0.02 47.34 0.00 0.92
Dec 4 s4 0.24 0.03 7.67 0.00 0.91 0.02 36.68 0.00 0.89
Dec 5 d1 0.00 0.08 0.00 1.00 0.97 0.04 27.27 0.00 0.85
Dec 5 d2 0.00 0.06 0.00 1.00 0.92 0.03 27.62 0.00 0.86
Dec 5 d3 0.00 0.03 0.00 1.00 1.00 0.02 47.35 0.00 0.91
Dec 5 d4 0.00 0.02 0.00 1.00 1.03 0.02 60.03 0.00 0.95
Dec 5 s4 0.14 0.02 6.65 0.00 0.89 0.02 48.29 0.00 0.93
Dec 6 d1 0.00 0.09 0.00 1.00 1.11 0.04 26.84 0.00 0.84
Dec 6 d2 0.00 0.06 0.00 1.00 1.08 0.03 31.88 0.00 0.88
Dec 6 d3 0.00 0.04 0.00 1.00 1.16 0.03 42.69 0.00 0.92
Dec 6 d4 0.00 0.02 0.00 1.00 1.10 0.02 51.82 0.00 0.93
Dec 6 s4 0.26 0.05 5.65 0.00 0.86 0.03 25.74 0.00 0.82
Dec 7 d1 0.00 0.08 0.00 1.00 1.19 0.03 35.10 0.00 0.89
Dec 7 d2 0.00 0.06 0.00 1.00 1.20 0.03 37.48 0.00 0.90
Dec 7 d3 0.00 0.05 0.00 1.00 1.28 0.04 30.97 0.00 0.89
Dec 7 d4 0.00 0.03 0.00 1.00 1.26 0.03 40.32 0.00 0.92
Dec 7 s4 -0.15 0.03 -5.75 0.00 1.27 0.03 49.99 0.00 0.94
Dec 8 d1 0.00 0.09 0.00 1.00 1.29 0.04 34.03 0.00 0.88
Dec 8 d2 0.00 0.07 0.00 1.00 1.24 0.04 33.49 0.00 0.88
Dec 8 d3 0.00 0.06 0.00 1.00 1.28 0.05 27.94 0.00 0.85
Dec 8 d4 0.00 0.03 0.00 1.00 1.38 0.02 71.78 0.00 0.94
Dec 8 s4 0.18 0.05 3.74 0.00 1.07 0.02 43.97 0.00 0.78
Dec 9 d1 0.00 0.11 0.00 1.00 1.44 0.05 30.91 0.00 0.86
Dec 9 d2 0.00 0.09 0.00 1.00 1.44 0.04 32.43 0.00 0.86
Dec 9 d3 0.00 0.07 0.00 1.00 1.45 0.04 34.95 0.00 0.85
Dec 9 d4 0.00 0.04 0.00 1.00 1.56 0.03 44.55 0.00 0.91
Dec 9 s4 -0.33 0.06 -5.75 0.00 1.35 0.04 32.27 0.00 0.82
Hi 10 d1 0.00 0.15 0.00 1.00 1.67 0.06 26.97 0.00 0.82
Hi 10 d2 0.00 0.11 0.00 1.00 1.68 0.06 28.05 0.00 0.84
Hi 10 d3 0.00 0.07 0.00 1.00 1.68 0.05 32.49 0.00 0.86
Hi 10 d4 0.00 0.05 0.00 1.00 1.81 0.03 59.22 0.00 0.89
Hi 10 s4 -0.19 0.08 -2.39 0.02 1.58 0.06 27.01 0.00 0.77
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The results uncover some interesting patterns. The high-beta portfolios
have a higher beta at higher levels of the MODWT wavelet coefficients, which
are associated with longer horizons, and therefore they get even more aggres-
sive. On the other hand, we do not see that the low-beta portfolios would
get even more defensive. Also, the MODWT scaling coefficients, which are
associated with the longest horizons, behave against this trend. For low-beta
portfolios, the MODWT scaling coefficients exhibit more risky behavior than
the MODWT wavelet coefficients, and for high-beta portfolios, they are less
risky.

The R-squared varies from 0.52 to 0.94. meaning that the models explain
from 52% to 94% of the variation in multiscale excess portfolio return. In
addition to trends between portfolios, which has already been described during
the estimation of the original single-scale CAPM, the wavelet-based multiscale
CAPM captures also interesting differences between across scales. For example,
only 52% of the variation is explained at scale 1 for portfolio Lo 10, while 74%
variation is explained at scales 4 and 5 for the same portfolio.

The standard errors calculated using the OLS estimates of variance have
limited interpretation. It implicitly assumes that the wavelet transform works
perfectly and the only source of error is the following regression on wavelet or
scaling coefficients. Such testing is common in the current literature (e.g. In,
S. Kim, and Faff, 2010; Kang, In, and T. S. Kim, 2017), where its results are, in
our opinion, somewhat overstated as it tests only half of the process. More real-
istic test settings would also include the transforms themselves. Consequently,
we introduce also alternative standard errors calculated with the same method
as in the fractal regression.

We calculate the second set of standard errors with bootstrap on surrogate
series. Surrogates series capture behavior that would be observed if there was
no time-frequency relationship. In other words, if the estimates presented in
Table 4.6 are within the confidence intervals obtained using the bootstrap,
we do not have enough evidence to claim that the multiscale coefficients are
significantly different from the original coefficients. We believe that such testing
is more appropriate in the context of the multiscale CAPM because it allows
to directly determine whether the original single-scale estimates differ from the
multiscale estimates at a given level of statistical significance. At the same time,
it can be applied to multiscale CAPM based on the wavelet-based methods and
also on the fractal regression, hence we are able to compare the results of both
approaches using a single testing methodology.
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Figure 4.2: Multiscale estimates of the alpha using the MODWT. The
alpha is estimated using monthly returns on 10 portfolios
sorted on market beta in the period from November 2000
to October 2020. The shaded area marks 95% level con-
fidence intervals based on 1000 surrogates series.



4. Empirical Part 31

Figure 4.3: Multiscale estimates of the beta using the MODWT. The
beta is estimated using monthly returns on 10 portfolios
sorted on market beta in the period from November 2000
to October 2020. The shaded area marks 95% level con-
fidence intervals based on 1000 surrogates series.
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The original estimates and 95% confidence intervals calculated on surrogate
series are reported in Figure 4.2 and in Figure 4.3. The alpha estimates are
quite similar to the original results. The MODWT wavelet coefficients have
by definition zero mean, which translates here into zero alpha. All deviances
from zero are located in the scaling coefficients, which capture movements in
the low-frequency band. For most portfolios, the alpha estimates of scaling
coefficients are located in the confidence intervals and so we do not see any
significant multiscale behavior of the alpha.

On the other, the beta estimates are quite different. The scale variation
of beta, that we noticed previously, is mostly insignificant at a 95% level of
confidence. Only the beta of the Dec 6 portfolio is below the confidence interval
at scale 5. All in all, the MODWT decomposition does not capture almost
any multiscale behavior of beta, therefore brings almost no benefit over the
traditional estimation of the CAPM on this dataset.

To conclude, we find that the MODWT decomposition does not seem to
bring any significant improvements to the CAPM on this dataset. It means
that the original CAPM is as good as the multiscale estimation.

4.1.4 CAPM estimated with the fractal regression
This section reports the results of the fractal regression. We estimate the beta
on scales from 4 to 64. Because of computation requirements, we estimate
it only on even scales. This way, we reduce calculation time by half, while
keeping a very fine resolution. The scales should roughly correspond to the
frequency band covered by the wavelets coefficients and partially also to the
scaling coefficients in previous sections.

Results are reported in Figure 4.4, where we plot the estimated the mul-
tiscale beta versus the 95% confidence interval of the multiscale beta boot-
strapped on surrogate series. In other words, we compare the estimates with
randomized data. If an estimate lies in the confidence interval, we do not have
enough proof to say that it actually captures some scale-specific relationship,
and so the extension of the CAPM into the time-frequency domain does not
bring any benefits over the original CAPM. On the other hand, if the estimate
is outside of the confidence interval, it is significantly different from random
data and so it captures some scale-specific relationship. The testing procedure
is the same as we used for the wavelets, which also helps to create a link between
both methods.
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Figure 4.4: Multiscale estimates of the beta calculated using the frac-
tal regression. The beta is estimated using monthly re-
turns on 10 portfolios sorted on market beta in the period
from November 2000 to October 2020. The shaded area
marks 95% level confidence intervals based on 1000 sur-
rogates series.
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Only the Dec 7 portfolio exhibits some significant scale-specific behavior
of beta at scales 20, 22 and 30. The beta of the Dec 6 portfolio is significant
at scale 48. Dec 5 at scale 22. All other betas are not significantly different
from the original beta at a 95% level of confidence. Overall, it seems that the
fractal regression brings only a limited improvement in the estimation of the
Dec 7 portfolio, and almost no improvement over the original CAPM for all
other portfolios.

The results are very similar to the ones reported for the wavelet-based
multiscale CAPM. We conclude that the fractal regression brings just a very
little improvement over the original CAPM for the 10 portfolios formed on beta
in the period from from November 2000 to October 2020.

4.2 Period II - November 1965 to October 2020

4.2.1 Data description
In the previous chapter, we show that the multiscale approach brings very few
benefits to the CAPM. That is quite the opposite of from what is commonly
reported in the literature, which, however, focuses on different portfolios and
periods. For this reason, it seems interesting to further investigate what drives
our results. We suspect that the difference might be caused by our initial period
of choice, which may be too short, or just particular. Therefore, we repeat the
analysis also for a longer period from November 1965 to October 2020 keeping
the same portfolios and methodology.

The motivation to analyze an additional period is to confirm or deny whether
we can replicate results from the previous section also for a different period. It
is important as it can deepen or ease the conflict with the literature. We are
aware that such practice is not ideal, because we made this decision ex-post and
it can be seen as an attempt to search for data that fits our hypothesis nicely,
rather than trying to uncover the true nature of the risk-return relationship.
And data-mining is indeed a great issue in the domain of asset pricing. On
the other hand, we suspect that the previous results are driven mainly by the
initial sub-optimal choice of dataset length, and so it is appropriate to verify
the behavior also on a different dataset.

The second dataset contains 660 monthly observations of excess return on
ten portfolios formed on beta and the excess market return. Every portfolio is
again rebalanced each year at the end of June using NYSE breakpoints. Sum-



4. Empirical Part 35

Table 4.7: Summary statistics of returns on ten portfolios formed on
market beta and the excess market return in the US market
from November 1965 to November 2020

Statistic N Mean St. Dev. Min Pctl(25) Pctl(75) Max
Lo 10 660 0.529 3.485 −13 −1.4 2.7 18
Dec 2 660 0.513 3.858 −15.720 −1.580 2.640 18.200
Dec 3 660 0.567 4.148 −20.920 −1.617 3.050 14.880
Dec 4 660 0.664 4.675 −24.590 −2.013 3.737 18.250
Dec 5 660 0.556 4.843 −24.960 −2.400 3.513 17.670
Dec 6 660 0.639 5.223 −25.380 −2.345 3.712 19.570
Dec 7 660 0.508 5.556 −27.760 −2.732 3.967 17.960
Dec 8 660 0.683 6.113 −26.860 −2.825 4.745 26.080
Dec 9 660 0.587 6.764 −30.290 −3.315 5.015 31.340
Hi 10 660 0.626 7.985 −33.740 −4.293 5.730 32.920
Mkt-RF 660 0.526 4.522 −23.240 −2.102 3.493 16.100
RF 660 0.377 0.270 0.000 0.150 0.520 1.350

Table 4.8: Correlation matrix for excess return on ten portfolios
formed on beta in the period from November 1965 to Oc-
tober 2020

Lo 10 Dec 2 Dec 3 Dec 4 Dec 5 Dec 6 Dec 7 Dec 8 Dec 9 Hi 10
Lo 10 1 0.87 0.80 0.75 0.73 0.72 0.70 0.65 0.62 0.58
Dec 2 0.87 1 0.90 0.84 0.83 0.81 0.78 0.74 0.70 0.66
Dec 3 0.80 0.90 1 0.89 0.89 0.87 0.86 0.82 0.79 0.75
Dec 4 0.75 0.84 0.89 1 0.91 0.90 0.90 0.87 0.85 0.81
Dec 5 0.73 0.83 0.89 0.91 1 0.92 0.93 0.90 0.88 0.85
Dec 6 0.72 0.81 0.87 0.90 0.92 1 0.93 0.90 0.89 0.87
Dec 7 0.70 0.78 0.86 0.90 0.93 0.93 1 0.92 0.92 0.89
Dec 8 0.65 0.74 0.82 0.87 0.90 0.90 0.92 1 0.94 0.93
Dec 9 0.62 0.70 0.79 0.85 0.88 0.89 0.92 0.94 1 0.95
Hi 10 0.58 0.66 0.75 0.81 0.85 0.87 0.89 0.93 0.95 1
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mary statistics are reported in Table 4.7 and the correlation matrix between the
excess return on the ten portfolios are in Table 4.8. The mean excess return
varies between 0.5 and 0.7. The portfolios have increasing standard devia-
tion. Overall, the variation of mean excess return and the standard deviation
between portfolios is lower than those of the previous dataset.

4.2.2 CAPM
The summary of the CAPM estimation is presented in Table 4.9. The estima-
tion procedure is exactly the same as in the previous section, only on a different
dataset. The estimates are obtained with the OLS using robust estimators of
variance. The CAPM explain from 63% to 90% of the variation in excess
portfolio returns, with 8 portfolios having more than 82% of the variation ex-
plained. It confirms the strong empirical power of the CAPM captured in the
previous section even in a longer period.

The alpha coefficient is positive and weakly significant only for the Lo 10,
Dec 3 and Dec 4 portfolios. It is statistically insignificant for all other portfolios.
It is largely consistent with the previous observation, where the Dec 3 and
Dec 4 portfolios are also weakly significant. Overall, the CAPM should have
insignificant alpha, so there is a minor discrepancy between our results and the
theory. Beta is significant for all portfolios and it is increasing as expected,
similarly to the previous period. The beta varies from 0.61 for Lo 10 portfolio
to 1.59 for Hi 10 portfolio, which is a lower variation than in the previous
period, where it varied from 0.55 to 1.68.

Interestingly, the difference between the prior beta and the estimated beta
varies substantially. The prior beta is the portfolio beta estimated on 60 previ-
ous months at the time of rebalancing. For most low-beta portfolios, the prior
beta drooped between 1995 and 2005, resulting in a larger difference between
prior and estimated beta in this period. On the other hand, the drop is also
present in e.g. Dec 7 and Dec 8 portfolios. The estimated beta of these port-
folios is generally higher than the prior beta and so the drop creates a period
where both betas roughly match. The prior beta of the Hi 10 portfolio is always
much higher than the estimated beta.

4.2.3 Wavelet-based multiscale CAPM
Next, we continue with the multiscale estimation using the MODWT wavelet
and scaling coefficients. We keep the maximal level of decomposition to 4 as
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Figure 4.5: Plot of estimated beta and evolution of value-weighted
average of prior beta, which was used to form the ten
portfolios, in the period from November 1965 to October
2020
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Table 4.9: Results of the CAPM estimation on 10 portfolios sorted on
market beta in the period from November 1965 to October
2020 using monthly returns

Portfolios:
Lo 10 Dec 2 Dec 3 Dec 4 Dec 5 Dec 6 Dec 7 Dec 8 Dec 9 Hi 10

(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
beta 0.61∗∗∗ 0.74∗∗∗ 0.84∗∗∗ 0.97∗∗∗ 1.02∗∗∗ 1.09∗∗∗ 1.16∗∗∗ 1.27∗∗∗ 1.38∗∗∗ 1.59∗∗∗

(0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.02) (0.03) (0.03) (0.04)
alpha 0.21∗∗ 0.13 0.12∗ 0.15∗∗ 0.02 0.06 −0.10 0.02 −0.14 −0.21

(0.08) (0.08) (0.07) (0.06) (0.06) (0.07) (0.07) (0.08) (0.10) (0.13)
Observations 660 660 660 660 660 660 660 660 660 660
R2 0.63 0.74 0.84 0.89 0.90 0.89 0.89 0.88 0.85 0.82
Residual Std. Error (df = 658) 2.13 1.96 1.67 1.58 1.53 1.71 1.81 2.12 2.60 3.44

Note: ∗p<0.1; ∗∗p<0.05; ∗∗∗p<0.01
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in the previous section. As was discussed before, even the shorted time-series
would be, at the limit, sufficiently long for level 5 decomposition. Therefore, we
remain very conservative with regard to the maximal level of decomposition.
Since we keep the same level of decomposition, the results are also more easily
comparable to the results from the previous part.

The dataset consists of level 1-4 MODWT wavelet coefficients and level 4
MODWT scaling coefficients that are calculated for each portfolio. Each set of
the MODWT wavelet and scaling coefficients consists of 660 data points, just
like the original data.

Tables 4.10 and 4.11 present the share of total variance captured by the
individual scales. The low-beta portfolios have a lower share of the total
variance captured in the level 1 MODWT wavelet coefficients, whereas the
high-beta portfolios a have higher share of the total variance in level 3 and 4
MODWT wavelet coefficients. The difference is noteworthy especially for level
3 MODWT wavelet coefficients, where the relative share of the variance in-
creases from about 11% for low-beta portfolios to more than 15% for high-beta
portfolios.

Table 4.10: Variance of MODWT wavelet and scaling coefficients of
decomposed excess portfolio return and excess market re-
turn in the period from November 1965 to October 2020

d1 d2 d3 d4 s4
Lo 10 6.040 3.194 1.352 0.758 0.803
Dec 2 7.235 3.901 1.590 0.920 1.236
Dec 3 8.258 4.546 2.024 1.146 1.232
Dec 4 10.798 5.672 2.757 1.373 1.260
Dec 5 11.062 6.234 3.122 1.722 1.313
Dec 6 12.871 7.364 3.788 1.799 1.458
Dec 7 13.315 8.587 4.598 2.234 2.131
Dec 8 16.445 9.957 5.827 2.801 2.334
Dec 9 19.701 12.718 6.943 3.381 3.003
Hi 10 27.202 17.691 9.697 4.689 4.474

Mkt-RF 9.447 5.542 2.685 1.392 1.379

Moving to the estimation, Table 4.12 presents the results of 50 regression
run on MODWT wavelet and scaling coefficients of the 10 portfolios. Similarly
to the original CAPM, the multiscale CAPM is successful in explaining the
variation in excess portfolio return. It explains more than 80% of the variation
for most portfolios and scales. Only in the case of the Lo 10 and Dec 2 port-
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Table 4.11: Share of MODWT wavelet and scaling coefficients vari-
ance of decomposed excess portfolios return and excess
market return on the total variance of excess portfolios re-
turn and excess market return in the period from Novem-
ber 1965 to October 2020

d1 d2 d3 d4 s4
Lo 10 49.72 % 26.30 % 11.13 % 6.24 % 6.61 %
Dec 2 48.62 % 26.21 % 10.68 % 6.18 % 8.31 %
Dec 3 47.99 % 26.42 % 11.76 % 6.66 % 7.16 %
Dec 4 49.40 % 25.94 % 12.61 % 6.28 % 5.76 %
Dec 5 47.17 % 26.58 % 13.31 % 7.34 % 5.60 %
Dec 6 47.18 % 26.99 % 13.89 % 6.59 % 5.34 %
Dec 7 43.14 % 27.82 % 14.90 % 7.24 % 6.90 %
Dec 8 44.01 % 26.65 % 15.59 % 7.50 % 6.25 %
Dec 9 43.07 % 27.80 % 15.18 % 7.39 % 6.56 %
Hi 10 42.67 % 27.75 % 15.21 % 7.36 % 7.02 %

Mkt-RF 46.21 % 27.11 % 13.13 % 6.81 % 6.75 %

folios, the model’s explanatory power is less strong and it explains about 60%,
respectively about 75%, of the variation. Overall, the empirical strength of the
wavelet-based multiscale CAPM is very solid.
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Table 4.12: Results of the wavelet-based multiscale CAPM estimation
on 10 portfolios sorted on market beta in the period from
November 1965 to October 2020 using monthly returns

Portfolio Scale Alpha SE t-val p-val Beta SE t-val p-val rsrq
Lo 10 d1 0.00 0.06 0.00 1.00 0.64 0.03 24.21 0.00 0.65
Lo 10 d2 0.00 0.04 0.00 1.00 0.59 0.02 28.18 0.00 0.61
Lo 10 d3 0.00 0.03 0.00 1.00 0.54 0.02 28.26 0.00 0.59
Lo 10 d4 0.00 0.02 0.00 1.00 0.58 0.02 33.50 0.00 0.61
Lo 10 s4 0.20 0.03 7.57 0.00 0.62 0.02 28.05 0.00 0.66
Dec 2 d1 0.00 0.05 0.00 1.00 0.75 0.03 29.12 0.00 0.74
Dec 2 d2 0.00 0.04 0.00 1.00 0.71 0.02 32.14 0.00 0.72
Dec 2 d3 0.00 0.02 0.00 1.00 0.66 0.02 37.71 0.00 0.74
Dec 2 d4 0.00 0.02 0.00 1.00 0.73 0.01 63.30 0.00 0.82
Dec 2 s4 0.08 0.02 3.07 0.00 0.83 0.02 37.89 0.00 0.77
Dec 3 d1 0.00 0.05 0.00 1.00 0.85 0.02 43.69 0.00 0.82
Dec 3 d2 0.00 0.03 0.00 1.00 0.83 0.02 47.93 0.00 0.84
Dec 3 d3 0.00 0.02 0.00 1.00 0.81 0.01 55.12 0.00 0.87
Dec 3 d4 0.00 0.02 0.00 1.00 0.84 0.01 66.01 0.00 0.86
Dec 3 s4 0.11 0.02 4.87 0.00 0.87 0.02 48.62 0.00 0.85
Dec 4 d1 0.00 0.04 0.00 1.00 1.01 0.02 58.88 0.00 0.89
Dec 4 d2 0.00 0.03 0.00 1.00 0.96 0.02 56.08 0.00 0.90
Dec 4 d3 0.00 0.02 0.00 1.00 0.96 0.01 75.61 0.00 0.90
Dec 4 d4 0.00 0.02 0.00 1.00 0.92 0.01 63.21 0.00 0.87
Dec 4 s4 0.21 0.02 9.41 0.00 0.87 0.02 49.52 0.00 0.83
Dec 5 d1 0.00 0.04 0.00 1.00 1.02 0.02 58.68 0.00 0.89
Dec 5 d2 0.00 0.03 0.00 1.00 1.01 0.02 59.22 0.00 0.90
Dec 5 d3 0.00 0.02 0.00 1.00 1.03 0.01 80.26 0.00 0.91
Dec 5 d4 0.00 0.01 0.00 1.00 1.08 0.01 113.20 0.00 0.95
Dec 5 s4 0.06 0.01 5.17 0.00 0.94 0.01 85.80 0.00 0.93
Dec 6 d1 0.00 0.05 0.00 1.00 1.09 0.02 54.04 0.00 0.88
Dec 6 d2 0.00 0.03 0.00 1.00 1.09 0.02 66.54 0.00 0.90
Dec 6 d3 0.00 0.02 0.00 1.00 1.13 0.02 69.13 0.00 0.91
Dec 6 d4 0.00 0.01 0.00 1.00 1.10 0.01 86.37 0.00 0.94
Dec 6 s4 0.13 0.02 5.86 0.00 0.97 0.02 53.24 0.00 0.89
Dec 7 d1 0.00 0.05 0.00 1.00 1.12 0.02 54.99 0.00 0.89
Dec 7 d2 0.00 0.04 0.00 1.00 1.18 0.02 59.47 0.00 0.89
Dec 7 d3 0.00 0.03 0.00 1.00 1.25 0.02 60.74 0.00 0.91
Dec 7 d4 0.00 0.02 0.00 1.00 1.22 0.02 71.37 0.00 0.92
Dec 7 s4 -0.11 0.02 -5.66 0.00 1.18 0.02 65.45 0.00 0.89
Dec 8 d1 0.00 0.05 0.00 1.00 1.24 0.03 41.64 0.00 0.88
Dec 8 d2 0.00 0.04 0.00 1.00 1.27 0.02 57.33 0.00 0.90
Dec 8 d3 0.00 0.03 0.00 1.00 1.38 0.02 57.07 0.00 0.88
Dec 8 d4 0.00 0.02 0.00 1.00 1.35 0.02 85.57 0.00 0.91
Dec 8 s4 0.07 0.03 2.32 0.02 1.16 0.02 52.50 0.00 0.80
Dec 9 d1 0.00 0.07 0.00 1.00 1.33 0.04 36.83 0.00 0.84
Dec 9 d2 0.00 0.05 0.00 1.00 1.41 0.03 52.75 0.00 0.86
Dec 9 d3 0.00 0.04 0.00 1.00 1.51 0.02 62.30 0.00 0.88
Dec 9 d4 0.00 0.02 0.00 1.00 1.47 0.02 68.61 0.00 0.89
Dec 9 s4 -0.10 0.04 -2.81 0.01 1.31 0.03 48.96 0.00 0.79
Hi 10 d1 0.00 0.09 0.00 1.00 1.52 0.04 38.53 0.00 0.80
Hi 10 d2 0.00 0.07 0.00 1.00 1.63 0.04 45.12 0.00 0.83
Hi 10 d3 0.00 0.04 0.00 1.00 1.77 0.03 54.07 0.00 0.87
Hi 10 d4 0.00 0.03 0.00 1.00 1.73 0.02 90.70 0.00 0.89
Hi 10 s4 -0.17 0.05 -3.30 0.00 1.51 0.04 40.66 0.00 0.70
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Estimates of the alpha coefficient are zero for wavelet details, and they are
mostly insignificant for scaling coefficients. Beta estimates are significant and
seem to capture some interesting multiscale behavior. However, as the interpre-
tation of provided standard error in Table 4.12 is troublesome for the multiscale
CAPM, we focus mainly on the confidence interval obtained by bootstrap on
surrogate series.

We compare the estimates with the confidence intervals obtained with boot-
strap on surrogate series in Figures 4.6 and 4.7. If the multiscale estimate
lies in the shaded area then it is statistically indifferent from the original esti-
mate. The estimates of alpha are zero, therefore insignificant, for the MODWT
wavelet coefficients, and non-zero, but still insignificant, for the MODWT scal-
ing coefficients.

Beta is significantly different from the original single-scale beta for the Hi
10 portfolio at scale 3 and 4, for the Dec 7, Dec 8 and Dec 9 portfolios at
scale 3, and for the Dec 4 portfolio at scale 5. It shows that, contrary to the
previous dataset, the wavelet-based decomposition uncover additional scale-
specific information for some portfolios, which remained hidden during the
single-scale estimation. The results indicate that aggressive high-beta portfolios
get even more aggressive at longer investment horizons. More specifically, they
get more aggressive at scales 3 and 4, which are associated with periodicities
of 8–16 months and 16–32 months respectively. We also notice that the beta
of low-beta portfolios have an inverse trend, meaning low-beta portfolios could
be less risky at scale 3, but the relationship is statistically significant only for
scale 5 of the Dec 4 portfolio.

To conclude, we observe that the MODWT is able to capture significant
scale-specific behavior on 5 out of 10 portfolios in the period November 1965
to October 2020.

4.2.4 CAPM estimated with the fractal regression
This section reports the results of the CAPM estimation with the fractal re-
gression. We keep the settings the same as in the previous section. We estimate
the beta on scales from 4 to 64. We calculate estimates only on even scales to
reduce computation requirements of bootstrap.

Figure 4.8 shows the estimates along with confidence intervals from boot-
strap on surrogate series. The multiscale beta is above the confidence interval
for Hi 10 portfolio at scales 10–18 and 22–24, for Dec 9 at scales 12–16 and
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Figure 4.6: Multiscale estimates of the alpha using the MODWT. The
alpha is estimated using monthly returns on 10 portfolios
sorted on market beta in the period from November 1965
to October 2020. The shaded area marks 95% level con-
fidence intervals based on 1000 surrogates series.
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Figure 4.7: Multiscale estimates of the beta using the MODWT. The
beta is estimated using monthly returns on 10 portfolios
sorted on market beta in the period from November 1965
to October 2020. The shaded area marks 95% level con-
fidence intervals based on 1000 surrogates series.
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Figure 4.8: Multiscale estimates of the beta calculated using the frac-
tal regression. The beta is estimated using monthly re-
turns on 10 portfolios sorted on market beta in the period
from November 1965 to October 2020. The shaded area
marks 95% level confidence intervals based on 1000 sur-
rogates series.
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22, for Dec 8 portfolio at scales 12–24, for Dec 7 portfolio at scales 12 and 66,
and for Dec 6 portfolio at scale 12. In short, the high-beta portfolios have even
higher beta around scales 12–24. Contrary, the multiscale beta is below the
confidence interval for Dec 4 portfolio at scales 38, 46 and 50-54. The remain-
ing scales and portfolios are within the confidence interval and, as a result,
we do not have enough evidence that they differ from the original single-scale
estimates.

4.3 Discussion of results
We examine the multiscale behavior of the beta on 10 portfolios sorted on beta
in the US market in the period from November 2000 to October 2020 and in the
period from November 1965 to October 2020 using the MODWT transform and
the fractal regression. We compare the estimates with 95% confidence intervals
of multiscale beta on surrogate series with broken up scale-dependency. If an
estimate lies in the confidence interval, we do not have enough evidence to say
that it actually captures some multiscale relationship, and so the extension of
the CAPM into the time-frequency domain does not bring any benefits over the
original CAPM. Such testing is intuitive, robust and it creates a link between
estimates of both methods.

All calculations were done in R programming language (R Development
Core Team, 2017) using tidyverse library (Wickham et al., 2019), stargazer
library for table formatting (Hlavac, 2018), waveslim library for wavelet trans-
forms (Whitcher, 2020), tseries library to generate surrogate series (Trapletti
and Hornik, 2020), and lmtest and sandwich libraries for robust estimation of
the OLS standard errors (Zeileis and Hothorn, 2002; Zeileis, Köll, and Gra-
ham, 2020; Zeileis, 2004). R programming language and all used libraries are
open-sourced. The essential parts of the code are attached in Appendix.

For the initial period of November 2000 to October 2020, the benefits of
multiscale estimation using the MODWT or the fractal regression is limited.
The wavelet-based method indicates that the beta of the Dec 6 portfolio is
lower at the highest scale (level 4 MODWT scaling coefficients). In addition,
the fractal regression captures a few significant deviations from the single-scale
beta in the Dec 5 and Dec 7 portfolios. These are not shown in the MODWT,
but it can be easily explained by a wider frequency band, where the effect can
be averaged out. While we found some support for both the wavelet-based
multiscale CAPM and the CAPM estimated with the fractal regression in the
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first period, the actual benefit seems rather small and the single-scale CAPM
seems to be as informative as its multiscale versions.

The second period of November 1965 to October 2020 is where the multi-
scale versions of the CAPM deliver compelling results. We observe that the
multiscale beta differs significantly from the original single-scale beta in the
case of multiple portfolios and scales. Wavelets uncover that the high-beta
portfolios have a higher beta at scale 3. The fractal regression come to the
same conclusion for high-beta portfolios at scales concentrated mainly around
12 and 20. In addition, the fractal regression also identifies that the Dec 4
portfolio at scales 38, 46 and 50-54 is significantly lower than the original esti-
mate.

Despite the weaker results in the period from November 2000 to October
2020, both methods have proven efficient in the second period from November
1956 to October 2020. The reason for such difference in the performance of
both methods is quite unclear and would require further analysis. We provide
some possible explanation on why both periods seem to behave so differently.

First, the initial period might be too short. While 20 years of data, or
240 monthly observations, may seem long enough, the actual information cor-
responding especially to low frequency movements is much lower. While we
followed recommended threshold for the maximal level of wavelet decomposi-
tion, which would allow the same level of decomposition even to much shorter
data, and also applied corresponding scales of the fractal regression, it may
have not been the most optimal guideline. The threshold probably focuses
more on a mathematical sense of the MODWT transform itself rather than on
having a sufficient amount of data to obtain meaningful results in the asset
pricing domain. However, the trends in multiscale estimates seem quite similar
across both periods, so it is possible that the actual relationship exists also in
the initial period, but there is not enough evidence to prove it.

Second, the multiscale behavior may be present only in the second period.
The initial period of November 2000 to October 2020 is quite specific because
it includes multiple extraordinary events like the financial crisis of 2008, the
pandemic of 2020 and partially also the dot-com bubble in 2000. The potential
scale-dependency may not be present or may be hard to observe in this period.
Since we do not observe a significant variation of the beta in high-frequency
spectrum, where even the shorter data should be sufficiently long, we do not
have any prove whether the insignificance in the medium- and low-frequency
spectrum can be indeed attributed to the length of the data as mentioned
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before. On the contrary, it seems that the scale-dependency is not present in
this period. Similarly, the significance of multiscale beta in the second period
might be a result of some temporary inefficiency in the market, which was
eventually corrected and so we do not see it anymore. To sum up, we are unsure
if the first or second period contains some abnormal patterns that influence the
multiscale CAPM.

Lastly, the way we test the significance of scale may not be efficient enough.
We test both wavelet-based beta and beta from the fractal regression using
bootstrap on surrogate series. We believe it results in intuitive, sensible and
meaningful tests. However, it is uncertain how efficient these tests are. It may
be possible to design a more efficient alternative testing method, which would be
successful to identify the differences between the original single-scale beta and
the multiscale betas even in the initial period. It seems that further research in
the area of testing multiscale models could be highly beneficial. In this regard,
the thesis is innovative by applying the bootstrap on the surrogate series not
only on the fractal-based CAPM, but also to the wavelet-based CAPM. We
believe that, even though we are not sure if it is the most efficient method,
it provides substantial benefits over commonly seen comparisons without any
statistical significance or using directly the standard errors from a regression
on the wavelet and scaling coefficients.

Next, we interpret in more detail the results in the second period, because
they contain the majority of the significant scale-dependent relationship, which
is of interest. Table 4.13 summarizes the investment horizons associated with
different scales of both the MODWT and the fractal regression. The wavelets
capture behavior in frequency bands, that gets wider with every scale, while
the fractal regression always concentrates at a very narrow band. Therefore, we
compare a single wavelet scale with multiple scales of the fractal regression to
determine whether they both lead to the same behavior. We emphasize mostly
the significance in a given frequency band. On the other hand, we do not put
much importance on the precise value of estimated multiscale beta, because
we did not calculate the corresponding standard errors and so such comparison
would not be much meaningful.

For the most part, both methods seem to perform consistently. The sig-
nificance at wavelet scale 3 is translated in some significance between scales
8-16 for all concerned portfolios. In addition, the multiscale beta of the Hi 10
portfolio, which is significantly different at wavelet scale 4 is also significantly
different at some of the scales of the fractal regression between 16–32. Simi-
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Table 4.13: Overview of periodicities captured by the wavelet and
fractal scales

Wavelet scale Periodicity Scales of the fractal regression
1 (wavelet coefficients 𝑑1) 2–4 months 2–4
2 (wavelet coefficients 𝑑2) 4–8 months 4–8
3 (wavelet coefficients 𝑑3) 8–16 months 8–16
4 (wavelet coefficients 𝑑4) 16–32 months 16–32
5 (scaling coefficients 𝑠4) >32 months >32

larly, we observe significantly different multiscale beta of the Dec 4 for wavelet
scale 5 and also for some scales of the fractal regression higher than 32.

On the other hand, the multiscale beta based on the fractal regression is
significantly different even for some scales where the wavelet-based multiscale
beta is not significantly different from the original single-scale beta. This can
be, however, easily explained by the fact that wavelet scales are much wider
and so if the relationship is significant only on a narrow part of the spectrum
captured by the fractal regression, the effect can be averaged out because of
the wider part of the spectrum captured by the MODWT.

Overall, both methods clearly uncover some relationships that remain hid-
den to the traditional methods in the period from November 1965 to October
2020. For example, the original single-scale estimate of beta for the Hi 10
portfolio is 1.59, while the multiscale beta is as high as 1.73 in the case of the
fractal regression, or 1.77 in the case of the wavelet-based estimation. Hence,
it is much riskier for investors with a corresponding investment horizon and
they would need to construct their portfolios accordingly to achieve the desired
level of risk. Furthermore, we observe that high-beta portfolios have an even
higher multiscale beta at longer scales, mostly at wavelet scale 3 and at scales
12–24 of the fractal regression. Similarly, the beta of low-beta portfolios seems
to be lower at longer scales, but the relationship is much weaker as we found
it significant only for Dec 4 portfolio.

In terms of interpreting the results, the difference between both methods
seems rather marginal. They both identify multiscale betas that are signif-
icantly different from the original single-scale beta at scales associated with
similar investment horizons. In other words, they provide a consistent con-
clusion about the multiscale betas. The main difference seems to be in the
width of a spectrum captured by the individual scales of the MODWT and the
fractal regression. The fractal regression allows identifying the multiscale beta
on much more precise scales, which is more convenient. On the other hand, it
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is more computationally intensive. To conclude, both the MODWT and the
fractal regression deliver consistent results in both periods and we do not find
any arguments which would lead to a strong preference for one method over
the other.



Chapter 5

Conclusion

This thesis focus on novel multiscale approaches in the estimation of the CAPM
that suggest the CAPM could be improved by incorporating the investment
horizon. This idea is close to the Fractal Market Hypothesis, which challenges
the Efficient Market Hypothesis for using unrealistic assumptions. The research
in the area is interesting because it can bring improvements in asset pricing to
the popular CAPM, but indirectly also to other asset pricing models.

We take two different methods, the MODWT and the fractal regression,
that offer a mathematical tool to extend the original CAPM with an investment
horizon. We evaluate whether they add some value to the original CAPM
and whether they lead to the same conclusion about the multiscale beta. We
estimate both models using a monthly excess return of 10 beta-sorted portfolios
in the US market in the period from November 2000 to October 2020 and,
subsequently, also in the period from November 1965 to October 2020. Finally,
we use bootstrap on generated surrogate series to give our results statistical
relevance.

Both methods consistently capture significant trends in the multiscale beta
in the second, longer, period, but do not provide any strong evidence about the
existence of some scale-dependency in the first, shorter, period. Taking into
account only the first period, we would conclude that the multiscale approach
provides only very limited benefits over the traditional single-scale estimation
of the CAPM. However, the second period provides a much more compelling
case for the multiscale CAPM as the multiscale beta differs significantly from
the original single-scale beta for multiple portfolios. We observe that the high-
beta portfolios get more aggressive at a longer scale, mainly at wavelet scale
3 and fractal scales 12–24, and one of the low-beta portfolios becomes more
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defensive at the longest scales. Thus, it uncovers a valuable insight into the risk-
return relationship that remains hidden to the traditional methods. Overall,
the significance of multiscale behavior is captured consistently by both the
wavelet-based multiscale beta and the multiscale beta based on the fractal
regression.

The thesis left many questions unanswered. While we suspect that the
insignificance of results in the first period is caused by the shortness of the
data, we cannot deny other possibilities. Also, we apply the statistical test
used by the fractal regression to the wavelet-based multiscale CAPM. While we
believe that it brings substantial benefits over the commonly seen comparison
across scales based on the OLS standard errors or with no statistical significance
at all, it may be a prospective area for further improvements. Moreover, the
consistency check between the methods is based just on the significancy and the
direction of the multiscale effect, and it might be possible to use an alternative
method to achieve more precise comparison. Last, but not least, it is unclear
how useful the multiscale beta is for different portfolios, periods or markets.
All of these are essential for the topic, and could easily provide a reason to
revisit current results, but addressing those issues properly is beyond the scope
of this thesis.

To conclude, the thesis contributes to the current debate by presenting
unique results of the multiscale CAPM estimation using two different methods
in two periods. We show that both versions of the multiscale CAPM provide
consistent results and are able to identify a significant variation of beta across
scales in a specific setting. Overall, this area of multiscale asset pricing seems
promising, but it still requires a substantial amount of further research.
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Appendix A

R code

Fractal regression

1 library("tseries")
2

3 #' Return profile of a series
4 #' @param x Series for which the profile is calculated
5 get_profile <- function (x){
6 x = x - mean(x)
7 return(cumsum(x))
8 }
9

10 #' Return fluctuation for series x and y and scale s in j-th
box↪

11 #' @param x Series x for which the fluctuation is calculated
12 #' @param y Series y for which the fluctuation is calculated
13 #' @param s Scale parameter
14 #' @param j Box identification
15 fluctuation_fn_xy <- function(x, y, s, j){
16 #get j-th box of length s
17 if(length(x) >= (j+1)*s){
18 i = (j*s):(((j+1)*s)-1) + 1
19 }
20 else{ #reverse order
21 j = j - floor(length(x)/s)
22 i = ( length(x) - (((j+1)*s)-1)):(length(x) -

(j*s))↪



A. R code II

23 }
24

25 d1 = x[i]
26 d2 = y[i]
27

28 resid_x = lm.fit(cbind(1,i),d1)$residuals
29 resid_y = lm.fit(cbind(1,i),d2)$residuals
30

31 sum( (resid_x)*(resid_y) )/(s-1)
32 }
33

34 #' Return average fluctuation for series x and y and scale s
over all boxes↪

35 #' @param x Series x for which the fluctuation is calculated
36 #' @param y Series y for which the fluctuation is calculated
37 #' @param s Scale parameter
38 avg_fluctuation_xy <- function(x, y, s){
39 loops = floor(length(x)/s)*2
40 r = 0
41 for(i in 1:loops){
42 r = r + fluctuation_fn_xy(x, y, s, i-1)
43 }
44

45 r/(loops - 1)
46 }
47

48 #' Calculates beta at scale s using the franctal regression
49 #' @param x Independent variable
50 #' @param y Dependent variable
51 #' @param s Scale parameter
52 fractal_regression <- function (x,y,s){
53 x = get_profile(x)
54 y = get_profile(y)
55 c(s,avg_fluctuation_xy(x, y, s)/avg_fluctuation_xy(x, x,

s))↪

56 }
57



A. R code III

58 #' Generate surrogate series for the CAPM
59 #' @param ri Excess portolio return
60 #' @param r_m Excess market return
61 #' @param rep Number of generated surrogate series
62 CAPM_surrogate<-function(ri,r_m,rep){
63 #model<-lm(ri~r_m)
64 model<-.lm.fit(cbind(1,r_m),ri)
65 res<-model$residuals
66 a<-model$coefficients[1] # scale
67 b<-model$coefficients[2] #beta
68 t<-length(ri)
69 ri_mat<-matrix(res,nrow=t,ncol=rep)
70 ft_mat<-apply(ri_mat,2,function(x) surrogate(x,

fft=TRUE, amplitude=TRUE))↪

71 return(a+b*r_m+ft_mat)
72 }

Wavelets

1 library("waveslim")
2 library("tseries")
3

4 #' Generate surrogate series for the CAPM
5 #' @param ri Excess portolio return
6 #' @param r_m Excess market return
7 #' @param rep Number of generated surrogate series
8 CAPM_surrogate<-function(ri,r_m,rep){
9 model<-lm(ri~r_m)

10 res<-model$residuals
11 a<-model$coefficients[1]
12 b<-model$coefficients[2]
13 t<-length(ri)
14 ri_mat<-matrix(res,nrow=t,ncol=rep)
15 ft_mat<-apply(ri_mat,2,function(x)

surrogate(x,fft=TRUE,amplitude=TRUE))↪

16 return(a+b*r_m+ft_mat)
17 }
18



A. R code IV

19 #' Calculates multisale beta using the MODWT
20 #' @param ri Excess portolio return
21 #' @param r_m Excess market return
22 #' @param max_level Maximal level of the MODWT decomposition
23 beta_WAV = function(ri, r_m, max_level){
24 res_mat = matrix(NA,nrow=3*(max_level + 1),ncol=1)
25 scales = c(paste0("d",1:max_level), paste0("s",max_level))
26 rm_coef <- modwt(r_m, wf = "la8", n.levels = max_level,

boundary="periodic")[1:(max_level+1)]↪

27 ri_coef <- modwt(ri, wf = "la8", n.levels = max_level,
boundary="periodic")[1:(max_level+1)]↪

28

29 eg = expand.grid(scales, c("alpha", "beta", "rsqr"))
30 rownames(res_mat) = sprintf('%s.%s', eg[,1], eg[,2])
31

32 for(j in 1:(WAV_LEVEL + 1)){
33 m = .lm.fit(cbind(1,rm_coef[[ scales[j] ]]), ri_coef[[

scales[j] ]])↪

34

35 res_mat[j] = m$coefficients[1] #alpha
36 res_mat[j+(max_level+1)] = m$coefficients[2] #beta
37 res_mat[j+2*(max_level+1)] = 0 #rsqr - not implemented
38 }
39

40 return(res_mat)
41 }
42

43 #' Calculates standard error at 95\% level of confidence for
the MODWT-based multiscale CAPM using bootstrap on
surrogate series

↪

↪

44 #' @param ri Excess portolio return
45 #' @param r_m Excess market return
46 #' @param rep Number of surrogate series used by bootstrap
47 #' @param max_level Maximal level of the MODWT decomposition
48 CAPM_WAV<-function(ri,r_m,max_level,rep){
49 beta<-beta_WAV(ri, r_m,max_level)
50 surrogate<-CAPM_surrogate(ri,r_m,rep)
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51

52 res_mat<-matrix(NA,ncol=5,nrow=length(beta))
53 apply_mat<-apply(surrogate,2,function(x)

beta_WAV(x,r_m,max_level))↪

54 rownames(apply_mat) = rownames(beta)
55 rownames(res_mat) = rownames(beta)
56 alphas<-apply_mat[1:(max_level+1),]
57 betas<-apply_mat[(max_level+2):(2*(max_level+1)),]
58

59 res_mat[,1]<-beta
60 res_mat[,2]<-apply(apply_mat,1,mean)
61 res_mat[,3]<-apply(apply_mat,1,function(x) quantile(x,0.025))
62 res_mat[,4]<-apply(apply_mat,1,function(x) quantile(x,0.975))
63 res_mat[,5]<-1:(max_level+1)
64 colnames(res_mat) = c("estimate", "bootstrap_mean",

"bootstrap_lower_CI", "bootstrap_upper_CI", "scale")↪

65 return(res_mat)
66 }
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