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Introduction
The word χάoζ meaning a void, an emptiness in ancient Greek, was described in
a Greek mythology [1] as the beginning of everything - time and space. It was
personified as a female who was the power behind the energy, mass, and dark
matter. The difference between contemporary chaos is noticeable - chaos is now
referred to as a system with unpredictable behaviour mathematically and to a
state of confusion or a state with no order elsewhere [2]. From the mathematical
point of view, linear equations appear to be just an approximation of nonlinear
depiction of the world around, which might lead to the bewilderment of the
system. From the deterministic point of view, the state of chaos as an erratic
state eventually leads back to the very beginnings of everything. Hence, the
definitions unite.

Whichever description - linear or nonlinear - is nonetheless a mathematical
description. So, what is mathematics? Plato’s world of form is the reality of our
shadow world. The forms can be understood only by thinking. However, the for-
mal world is abstract, we cannot sense it, so it is easy to refuse. Aristotle viewed
numbers as properties of the world we see. Due to the objectivity of numbers,
this idea was refuted. Nevertheless, if something is true mathematically, it is
necessarily true. So how can we know something which is necessarily true?
There does not exist a general agreement on what exactly mathematics means.
It is, indeed, used to describe the physical world around us. Although if we
do not know what mathematics is, is it possible to say that it describes every-
thing perfectly? Even though physicists try to generalize things they observe
using mathematical language, there will always be a dubiety, whether the term
represents what we want it to be.

The nonlinear dynamical systems that eventually lead to chaotic behaviour
are described in many books, and more are being written. It probably is be-
cause every book concentrates on a specific branch and stress diverse parts of
the classical chaos theory. There are various layers from which one can look at
the theory and later apply the knowledge to concrete fields. There is usually one
thing in common. The books commence with linear systems and their dynamical
behaviour and slowly and non-violently evolve into nonlinear dynamics. However,
if a person tries to find a definition of chaos itself, it is usually not easy to do so
- even by using mathematics, the concrete terms can differ. The chaos in general
relativity is fascinating because space-time itself must be understood as a dynam-
ical system. Unlike in other nonlinear dynamics, in general relativity, one of the
variables is time, and the question of how to grasp its evolution is crucial. Even
though there is a possibility of a mathematical description, the apprehension is
often beyond one’s imagination.

This thesis should summarize important mathematical concepts which are
essential for understanding the background of chaotic dynamical systems. It con-
centrates on characterizing homoclinic orbits, their occurrence in static space-
times and their importance in revealing chaotic behaviour. The dynamics of
the geodesic motion is introduced, followed by a specific form of the equations
in symmetrical space-times. Firstly, the static space-time around a black hole is
simulated by pseudo-Newtonian potentials, to which one can find the appropriate
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homoclinic orbits by using the method of the effective potential. Consequently,
similar calculations are done for a general circular space-time using the general-
ized method of the effective potential. At last, the equations for geodesic motion
are simplified by applying various conditions on them in an axially symmet-
ric space-time around a black-hole surrounded by a thin Bach-Weyl ring and a
Schwarzschild field with a generally unknown external source.

Even though the chaos theory mainly uses linearisation (or other simplifica-
tions) to determine the system’s all-time behaviour, it is just an approximation.
It admits the possibility of not knowing, recognizes that reality cannot be eas-
ily summarized in a few equations. Moreover, even if it might be, we will not
necessarily know what will happen next.
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1. Mathematical Preface
This chapter aims to summarise the basic mathematical definitions and practical
concepts, leading to a better understanding of the later calculations. Firstly, we
will introduce dynamical systems and their stability analysis, followed by a brief
overview of essential terms from Hamiltonian mechanics and perturbation theory.
Lastly, we will define the chaotic behaviour of a dynamical system and illustrate
the Smale horseshoe mapping and Poincaré’s surface of section - important terms
in chaos theory.
More useful and complex information about the dynamical systems can be found
in the following books [3], [4], [5], [6], [7], [8], [9] which also served as the references
for this chapter.

1.1 Dynamical Systems
The physical dynamical systems are equations describing the evolution of a time
dependence point(s) in space. These systems are therefore described by differen-
tial equations (or iterated maps for discrete systems) [4]. In this thesis, we will
work strictly with continuous systems.

Definition 1.1.1 (Dynamical System).
A pair (Ω, ϕ), where Ω is a topological space and ϕ = ϕ(t, x) : R × Ω → Ω is a
map with following properties:

1. ϕ(0, x) = x ∀x ∈ Ω,

2. ϕ(s, ϕ(t, x)) = ϕ(s + t, x) ∀s, t ∈ R, x ∈ Ω,

3. (t, x) → ϕ(t, x) is continuous,

is called a dynamical system.

The general form of a linear system of ordinary differential equation is denoted
by

dx

dt
= A(t)x + f(t) (1.1)

where x stands for a system of functions of variable t, f(t) denotes the vector
function of the time variable and A(t) is a matrix of time-dependent functions.
The autonomous system of differential equations has the form:

dx

dt
= Ax (1.2)

where A denotes a matrix with constant coefficients.
There are several methods for solving linear differential equations e. g. the
integration by quadrature, the method of separation of variables and so froth.
However, for general nonlinear equations, it is not always possible to solve the
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integrals analytically. A standard method for inspecting their behaviour is lin-
earisation which eventually allows using the usual methods. For a general system
of equations in the form

dx

dt
= F (x) (1.3)

where F (x) can be any smooth function of x (e.g. polynomial, exponential) a
fixed point x0 is a point satisfying F (x0) = 0.

Definition 1.1.2 (Stable and Asymptotically Stable Points).
A fixed point x0 is called stable if

∀ε > 0 : ∃δ > 0 |x(0) − x0| < δ =⇒ |x(t) − x0| < ε ∀t ≥ 0 ,

where x(t) is a solution of (1.1) with initial condition x(0) = x0 at t = 0.
The fixed point is called asymptotically stable if it is stable and

∃∆ > 0 : |x(0) − x0| < ∆ =⇒ lim
t→∞

x(t) = x0 .

The point x0 is called unstable if it is not stable.

The second condition alone states that x0 is a local attractor which generally
does not imply stability. The counterexample can be found in [10].
The nature of a fixed point can be examined by linearisation. Let us consider a
system of differential equation of the first order

ẋ(t) = f(x(t)) , (1.4)

where x0 is its fixed point and the overdot denotes the total derivative with
respect to t, i.e. ẋ = dx

dt
.

Let δx denote the small displacement from the fixed point

x(t) = x0 + δx(t) . (1.5)

Consequently the differential equations (1.4) are rewritten in terms of the new
variables

dx

dt
= d(x0 + δx)

dt
= dδx

dt
= f(x) , (1.6)

where the term dx0
dt

= 0 since x0 is a constant. The Taylor expansions of f at
x0 + δx is of the form

f(x0 + δx) =f(x0) +
N∑︂

i=1

∂f

∂xi

⃓⃓⃓
(x0)

δxi
+ O(δ2) , (1.7)

where the first term trivially equals zero. The O denotes the higher order terms
which neglection leads to the linearisation of the system. If the total derivative
at the fixed point equals zero, the linearisation does not work. An example can
be found in [4].
The displacement evolves as

d
dt

δx = ∂f

∂x
(x0) · δx , (1.8)
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which rewritten in the vector components reads

d
dt

⎛⎜⎜⎜⎜⎝
δx1

δx2
...

δxN

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎝
∂f1
∂x1

(x0) · · · ∂f1
∂xN

(x0)
... . . . ...

∂fN

∂x1
(x0) · · · ∂fN

∂xN
(x0)

⎞⎟⎟⎟⎟⎟⎠ ·

⎛⎜⎜⎜⎜⎝
δx1

δx2
...

δxN

⎞⎟⎟⎟⎟⎠ . (1.9)

The N ×N matrix in (1.9) from now to be denoted by M is often called a stability
matrix and corresponds to the Jacobian matrix at the point x0.

For the (1.9) M matrices, the stability of the fixed points is determined by
calculating and comparing the non-degenerate eigenvalues λi , i = 1 . . . N of the
matrix M. If the eigenvalues are degenerate, the stability is determined by com-
paring the eigenvectors.

To demonstrate the physical meaning of fixed points, let us presume a two-
dimensional space with the eigenvalues λ1,2. The behaviour of the fixed point
depends on the relationship between the eigenvalues λ1 and λ2 and their nature.
If both eigenvalues are real numbers we distinguish between three types of fixed
points.

• If the eigenvalues are less than zero λ1 < λ2 < 0, the fixed point is called a
stable node.

• If both eigenvalues are strictly greater than zero λ1 > λ2 > 0, the fixed
point is called an unstable node.

• If λ1 < 0 and 0 < λ2 holds, the fixed point is called a hyperbolic point.
For the generally complex eigenvalues λ1,2 ∈ C and α, β ∈ R , α, β > 0 there are
two possible outcomes.

• If the eigenvalues are complex conjugate and have the form λ1,2 = −α ± iβ,
the fixed point is called a stable spiral point.

• For the eigenvalues which satisfy λ1 = α + iβ λ2 = α − iβ the fixed point
is called an unstable spiral point.

For pure imaginary values of λ1,2 there exists only one fixed point called an elliptic
point or a centre. For the eigenvalues then holds λ1 = +iω and λ2 = −iω, where
ω ∈ R.

If none of these conditions is satisfied, we cannot state which fixed point we
work with without additional information. Moreover, for degenerate roots, the
stability of fixed points will also depend on the associated eigenvectors [3].

Recognising hyperbolic fixed points in generic RN space employing a definition
of hyperbolic linear isomorphism is one of two equivalent definitions described in
[8].
Definition 1.1.3 (Hyperbolic Isomorphism).
Let L be a vector space between two normed spaces. An isomorphism A ∈ L(RN)
is called hyperbolic if its spectrum has properties

|λ| ≠ 1 , λ ∈ σ(A) (1.10)

and there exist points λ in the spectrum satisfying |λ| < 1 and aslo points satis-
fying |λ| > 1.
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Figure 1.1: Different types of fixed points in two dimensions with displayed
flows approaching or receding them. a) a stable node, b) an unstable node, c) a
hyperbolic fixed point, d) a stable spiral point, e) an unstable spiral point and
f) an elliptic point. Drawings are taken from [3].
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Definition 1.1.4 (Bifurcation).
Let

ẋ = f(x, r) (1.11)

denote a system where x : R → RN is an unknown function and r ∈ R is a
parameter.
The equation (1.11) has a bifurcation in point (x0, r0) if the behaviour of the
solution in the neighborhood of x0 is significantly changed at r = r0.

By the significant change, we usually understand the creation or destruction
of a fixed point or change in the nature of the dynamics.

1.2 Conservative Systems
Since the systems we are interested in are primarily conservative, it is convenient
to define their meaning properly.

Definition 1.2.1 (σ-finite space).
A measure space is called σ-finite if its sample space is the countable union of
finite measure sets.

Definition 1.2.2 (Conservative System).
Let (X, B, µ, T ) be a measure preserving transformation on an infinite σ-finite,
measure space. A set W ∈ B is called wandering, if T −nW : n ≥ 0 are pairwise
disjoint. A measure preserving transformation is called conservative if every
wandering set has a measure zero.

The system (X, B, µ, T ) is a dynamical system with a Borel set (X, B, measure
µ and transformation T . Physically the set X is understood to be the phase space
of a dynamical system. The transformation T : X → X is called non-singular
if µ(T −1σ) = 0 ∀σ ∈ B ↔ µ(σ) = 0 , i.e. we can say a dynamical system is
conservative if and only if it is non-singular.
We often read just the fact that conservative systems are dynamical systems that
conserve the phase volume. For illustration, in a conservative system, momentum
is preserved, and the domain of position and momentum phase point remains. On
the contrary, in a dissipative system, the momentum continually decreases (as a
function of position because the energy decreases with the motion). 1

Considering the normal autonomous system of equations

ẋ = F (x) (1.12)

a continuous, real function u(x) is called a constant of motion or a first integral if
substituting an arbitrary solution into (1.12) leads to an expression independent
of t. This function is constant on all trajectories and solves the relevant equations
of motion. However, the following inequality du/dxi ̸= 0 must hold [11].

1The quantities conserved under canonical transformations are called Poincare invariants.
One of those invariants is the phase volume which always has to be preserved in our systems.∫︁ ∫︁ ∑︁n

i=1 dpidqi =
∫︁ ∫︁ ∑︁n

i=1 dPidQi is the summation of areas projected onto the set of (pi, qi).
[3].
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1.3 Hamiltonian Mechanics
The Hamiltonian formulation of classical mechanics uses one scalar function,
which contains complete information about the system’s behaviour. According to
[3], the Hamiltonian formulation is more convenient than Lagrangian formulation
in terms of integrability2 of the systems.

The generalized coordinates q1, · · · , qn altogether with generalized momenta
p1, · · · , pn form a formal mathematical space - a phase space, a space of physical
states of 2n dimension. A single function called Hamiltonian H(qi, pi, t) carries
all the information about the system’s dynamics.
The phase space associated with Hamiltonian equations has some specific prop-
erties, e.g. the values of the phase space’s coordinates at any time define the
system completely at that specific time.
The function of time that represents the solution of the system is referred to as
a phase curve or a trajectory, the motion along such curve is called a phase flow.
Finally, different phase curves do not cross each other in integrable systems. A
system is integrable if it has the same amount of constants of motion as it has
degrees of freedom. The Hamiltonian equations of n dimensions are integrable if
it is possible to find n independent constants of motion. Therefore, it is possible
to plot solutions of the system with different initial conditions into one graph.
The plotted figure is called a phase portrait.
Hamilton’s canonical equations

dqj

dt
= ∂H

∂pj

,
dpj

dt
= − ∂H

∂qj
, (1.13)

are equations which beautifully describe the motion in classical mechanics.
Finally, let us define the mathematical operation called Poisson brackets.

Definition 1.3.1 (Poisson Brackets).
Let (qi, pi) be the conjugate coordinates and f(qi, pi, t) and g(qi, pi, t) functions.
The binary operation of the form

{f, g} =
n∑︂

i=1

(︄
∂f

∂qi

∂g

∂pi

− ∂f

∂pi

∂g

∂qi

)︄
, (1.14)

is called a Poisson bracket.

Poisson brackets are a powerful tool since they are conserved throughout a
canonical transformation and thus are helpful in the transformation process.

Now we will take the Hamiltonian as a dynamical system. We will propose
the action-angle variables and overview the perturbation theory. These are nec-
essary tools in rewriting non-integrable Hamiltonians. They are later used at the
introduction of the Melnikov method in the chapter 2.3.

1.3.1 Action-Angle Variables
A canonical transformation is a technique used to simplify the equations of mo-
tion. It is a transformation that preserves the form of Hamiltonian’s equations

2To be defined in the following text.
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(1.13) - the phase volume is conserved, and the whole information about the
system is contained in the new Hamiltonian function H ′(Qj, Pj), where (Pi, Qi)
denote the new set of conjugate coordinates. The Hamiltonian equations in the
new variables read

Qi̇ = dH ′(Qj, Pj)
dPi

, Pi
̇ = −dH ′(Qj, Pj)

dQi
. (1.15)

There are infinitely many canonical transformations with four possible generating
functions Fi [12]; for finding the action-angle variables, it is convenient to use the
generating function of the F2(qj, Pj) type for which the following equations apply

H ′(Qj, Pj) = H(qj, pj) + dF2

dt
, (1.16)

dF2

dQj
= pj,

dF2

dpk

= Qk . (1.17)

For a one-degree-of-freedom system, the intention is to rewrite the Hamiltonian,
so it only depends on one variable, i.e. the second variable is conserved. The
action-angle variables are such variables where the conjugate coordinate increases
by 2π after each period [3]. The equation for the action variable has the form

I = 1
2π

∮︂ ∑︂
j

pj(qi, αj)dqj , (1.18)

where α is the conserved quantity of H ′(I) Hamiltonian. The canonical equations
for transformed Hamiltonian are given by

İ = −∂H ′(I)
∂θ

= 0 , (1.19)

θ̇ = ∂H ′(I)
∂I

= ω(I) , (1.20)

where ω(I) is the characteristic frequency of motion. The equation (1.19) is
trivially zero because I is a constant of motion. From equations (1.19) and (1.20)
θ and the generating function can be found in the form of an integral.

1.3.2 Classical Perturbation Theory
Most Hamiltonian systems are not entirely integrable; it is convenient to repre-
sent non-integrable systems with an integrable part and a small non-integrable
perturbation.

H(p, q) = H0(p, q) + εH1(p, q) , (1.21)

where the perturbation parameter is assumed to be ε ≪ 1. The aim is to represent
the original Hamiltonian with an integrable part H0 and a small corrections part
H1. Consider a one-degree-of-freedom problem. The main idea is to expand the
solution x(t) in a power series of ε that is

x(t) = x0(t) + εx1(t) + ε2x2(t) + · · · (1.22)
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where x0(t) is the exact solution of the integrable part H0. In canonical per-
turbation theory the system is described as a function of action-angle variables
(I, θ) H(I, θ), which is to be replaced with new pair of variables (J, θ) so the new
Hamiltonian K depends only on J3

H(I, θ) = H0(I) + εH1(I, θ) + ε2H2(I, θ) + O(ε3) . (1.23)

The original systems then become completely integrable. The generating function
S(J, θ) is expanded in power series of ε following the new Hamiltonian K(J) to
be expressed as a power series of ε as well

K(J) =K0(J) + εK1(J) + ε2K2(J) + · · · (1.24)

=H0(
dS

dθ
) + εH1(

dS

dθ
, θ) + ε2H2(

dS

dθ
, θ) + · · · .

The next step is to expand the S function in Taylor series inside the Hamiltonian
H. The lastly obtained expression are then compared term-wise. The first terms
in both Hamiltonians H and K are equal, the following terms are compared
according to the power of ε.

H0(J) = K0(J) , (1.25)

K1(J) = ω0(J)dS1(θ, J)
dθ

+ H1(J, θ) . (1.26)

The same procedure is done for the higher-order terms O. Expressing and cal-
culating the Hamiltonian in the action-angle variables proves the possibility of
rewriting the Hamiltonian into an integrable part and a small perturbation.

1.4 Chaos
Introducing of a chaotic system evolves from the study of dynamical systems.
However, the words are usually just briefly mentioned, and the literature concen-
trates more on the methods of solving the system’s behaviour. Even though the
topic has been thoroughly studied for the last 50 years, it is challenging to find
a precise definition. Most frequently, chaos is characterised just by sensitivity
to minor changes in the initial conditions. The following section aims to define
a chaotic system based on proper mathematical definitions, and the previous
approach of [13], [14], [15], [9] and [8].
Definition 1.4.1 (Dense set).
Let (Ω, ρ) be a metric space and X ⊂ Ω. We say that X is dense in Ω if in every
neighborhood of every element m ∈ Ω there exists an element x ∈ X.

Let X be a set, x ∈ X and ϕ : X → X.
Definition 1.4.2 (Orbit).
Given x ∈ X, the sequence {ϕj(x)}∞

j=0 is called the parametrized orbit of ϕ
through the point x. The set

O+(x) :=
∞⋃︂

j=0
{ϕj(x)} ⊂ X (1.27)

is called an orbit of x under the mapping ϕ.
3When such a canonical transformation exists.
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Definition 1.4.3 (Periodic Point).
A point x ∈ X is called a periodic point of ϕ, if ∃k ∈ N : ϕk(x) = x.

Now we will briefly introduce the concept of topological transitivity and sen-
sitive dependence on initial conditions.
Let (Ω, ϕ) be a topological dynamical system where Ω is a topological space and
ϕ : Ω → Ω a continuous map. Let O(x) denote an orbit and α(ϕ(x)) a set of
limit points of the orbit sequence.

Definition 1.4.4 (Topologically Transitive System).
The dynamical system (Ω, ϕ) is called topologically transitive if α(ϕ(x)) = Ω for
some x ∈ Ω. Such x is called a transitive point.

More profound explanation of what is meant by topological transitivity is
provided by [13], [14].

Definition 1.4.5 (Sensitive dependence on initial conditions).
Suppose (Ω, ρ) is a metric space. We say ϕ has sensitive dependence on initial
conditions if there is a constant δ > 0 with the property:

∀x ∈ Ω ∀ε > 0 ∃y ∈ Ω : ρ(x, y) < ε ∧ ρ (ϕ(tx), ϕ(ty)) > δ for some t > 0 .
(1.28)

Now that we have formulated all the prerequisite terms, we can introduce the
definition of chaos.

Definition 1.4.6 (Chaotic system).
A dynamical system (Ω, ϕ) is considered chaotic if

1. ϕ has at least two distinct periodic points which are dense in Ω ,

2. ϕ is topologically transitive ,

3. ϕ has sensitive dependence on initial conditions .

1.4.1 Poincaré’s Surface of Section
The most valuable visualising technique of the motion is the surface of section
suggested by Poincaré (followed by Birkhoff). The surface of section is a 2n − 1
dimensional subspace of a phase space of 2n dimension. For one given point, a
“slice” of the phase space is taken, and at every time the corresponding trajec-
tory intersects this area, the values of remaining coordinates and momenta are
recorded. Considering a two-degree-of-freedom system that already has four di-
mension phase space and assuming there exists a constant of motion, the system
can be visualised in a two-dimensional surface of section.

1.4.2 Smale Horseshoe Mapping
The trajectories in phase space of integrable systems cannot cross4; therefore,
if the trajectories fold and repeatedly stretch from some unstable fixed point,

4Precisely; they cross exactly at fixed points, assuming they are continuous functions.
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Figure 1.2: a) The characteristic rectangle of Smale Map with a folded object
arose after n iterations. b) Successive cross-sections which gradually form a
Cantor set structure. Taken from [3].

the resulted object is of vast topological complexity, mathematically speaking,
corresponds to a Cantor set.

The simple model of this complexity is known as the Smale Horseshoe map-
ping. It is a two-dimensional map that consists of a sequence of stretching and
folding geometrical operations. The procedure can be characterised on a rect-
angle that is firstly symmetrically stretched to more than twice the rectangle’s
width in x direction and consequently contracted in less than half the size of
the rectangle in y direction. The object is then folded into the original rectangle
without changing its initial area in the form of a horseshoe. The process is then
iterated with the result of a complex structure resembling a horseshoe. There
arise a set of points previously lying in the rectangle after n iterations located
outside of it.
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2. Homoclinic Orbits
This chapter will focus on defining homoclinic orbits, their related terms, and
relationships with other later used concepts. We shall shortly discuss the Mel-
nikov method of detecting chaotic behaviour and define the Melnikov integral.
The references for this chapter are [8], [3], [16], [17], [18], [19], [20], [21], [22].
Now we shall define the last group of terms useful for proper understanding of
the following text. We build on the terms from the end of the previous chapter -
a map ϕ and set X. The definitions are inspired by [8].

Definition 2.0.1 (Invariant Set). A set A ⊂ X is called invariant under the
map ϕ : X → X if

ϕ−1(A) := {x ∈ X|ϕ(x) ∈ A} = A . (2.1)

Specifically, for X = Rn and a map ϕ : Rn → Rn being a diffeomorphism, we
can define the hyperbolic set.1

Definition 2.0.2 (Hyperbolic Set). The subset V is called a hyperbolic set of the
mapping ϕ if the following conditions hold

• V is compact and invariant under ϕ ,

• for every x ∈ V there exists a splitting of the tangent space .

Definition 2.0.3 (Local Invariant Manifold). The local invariant manifolds of
the fixed point x0 are defined as the sets

W +
loc := {x ∈ Q|ϕj(x) ∈ Q ∀j ≥ 0 , (2.2)

W −
loc := {x ∈ Q|ϕ−j(x) ∈ Q ∀j ≥ 0 , (2.3)

where Q is the neighborhood of the fixed point.

The following part introduces the expression transversal, which is an impor-
tant term for the discovery of chaotic layers. The definition is well known in
geometry and differential topology and is adjusted according to [23].

Definition 2.0.4 (Transversality). Let f : M → N be smooth and L ⊂ N be a
submanifold. We say that f is transversal to L and write f ⋔ L ↔ ∀p ∈ f−1(L) :
Tpf(TpM) + Tf(p)L = Tf(p)N .

The terms Tpf(TpM) and Tf(p)L denote the tangent bundle of the map f and
L, respectively.

Definition 2.0.5 (Transversal Intersection). We say U and V are transverse (or
that U and V intersect transversally) and write U ⋔ V if at every point x ∈ U ∩V

TxU + TxV = TxM .
1The definition of a hyperbolic set can be found, for instance, in [8]. We will not build

the whole mathematical prerequisites for this definition because if we did, we could write just
about the mathematical properties. What will be said in the definition is what has the most
importance for our understanding of the term.
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2.1 Homoclinic Points

A hyperbolic fixed point H is characterized by two stable manifolds, H+, and
two unstable manifolds, H−. The points on H+ approaches the hyperbolic fixed
point, whereas the points on H− recede from a fixed point H. The smooth joining
of the stable and unstable manifold forming a single smooth loop is not common.
An example of how the manifolds H+ , H− can intersect is displayed in the figure
2.2. If the intersection points contain manifolds from the same family,2 the points
of intersection are called homoclinic points. The points are called heteroclinic if
they emanate from different families.

Figure 2.1: Stable manifolds H+ that access the hyperbolic fixed point H in
the middle. And unstable manifolds H− which recede from the same hyperbolic
fixed point H. Taken from [3].

2.2 Homoclinic Orbits

A separatrix is a boundary dividing two different modes of behaviour of a dy-
namical system. If the curve connects two different fixed points, it is called a
hyperbolic orbit; if the curve tends to the same fixed point in both past and
future infinity, it is called a homoclinic orbit. Both orbits separate two parts of
the manifolds with different properties, i.e. stable and unstable ones.
The homoclinic orbits are convenient for finding a chaotic behaviour. When a
small perturbation is done, the behaviour of the homoclinic orbit can reveal the
chaotic tendencies in the system. The Melnikov method is a manner of establish-
ing the nature of a homoclinic orbit after a small perturbation.

2Precise description of family can be found, e.g. in [3].The family of points means there are
new points that form around the original fixed point. Let us state that this term arises from the
Kolmogorov-Arnold-Moser theorem, which is one of the most important concepts in classical
chaos theory. However, there is no direct use of it in our calculations, and it is not possible to
define KAM theorem without the demanding theory behind it. Therefore by this remark, we
shall just accent its existence and importance.
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Figure 2.2: An intersection of stable manifold H+ and unstable manifold H−,
arising from the same hyperbolic fixed point, to give homoclinic point X. Taken
from [3].

2.3 Melnikov Method
Melnikov method is an analytical approach for studying the behaviour of near-
integrable systems and can be shown in terms of geodesic motion around
Schwarzschild black holes. The near-integrable systems mean an integrable Hamil-
tonian with a periodically dependent perturbation term (where the dependency
is on the external source’s time). The aim is to identify the invariant sets of the
perturbed systems, such that the local dynamics in those sets is chaotic. There
are known techniques of identifying the invariant subsets with chaotic behaviour
in places where Smale horseshoe exists. Their existence itself also indicates the
complexity of the dynamical systems.

Let us consider a one-degree-of-freedom system in which the Hamiltonian can
be expressed in form according to the perturbation theory. Let q, p be the con-
jugate coordinates defining the phase space, t a time and ε a small perturbation
parameter.

H(q, p, t; ε) = H0(q, p) + εH1(q, p, t) + O(ε2) . (2.4)

The integrable part H0 has a hyperbolic fixed point [Q0, P0] connected to itself
by a homoclinic orbit [q0(t), p0(t)] and H1 is a periodic function of t. The exact
procedure of calculating the Melnikov integral

M(t0) =
∫︂ +∞

−∞
{H0, H1}(q0(t), p0(t), t0 + t)dt , (2.5)

is precisely described in [18],[24],[17]. The term { } in (2.5) denotes the Poisson
brackets. To solve (2.5) the homoclinic orbit needs to be found. Qualitatively, the
Melnikov method is a good approach for finding a chaotic behaviour around an
already established orbit. It does include only one specific orbit; on the contrary,
it is not necessary to know the exact solution of the perturbed system for solving
the Melnikov integral.

Smale horseshoe (taken as an indicator of chaos) occurs, where an asymptotic
orbit splits under perturbation, i.e. two daughter orbits split transversally.
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Figure 2.3: (a) A homoclinic orbit receding and returning to one hyperbolic
fixed point X. (b) Three hyperbolic fixed points of the same family X1, X2, X3,
i.e. homoclinic points, through which a homoclinic orbit moves and eventually
returns to its starting point. Taken from [3].

2.4 Unstable Circular Orbits
In stationary and axially symmetric space-times of isolated black holes, the
geodesic dynamics is completely integrable, thus regular. However, due to the
presence of a separatrix, the motion can quickly become chaotic under a perturba-
tion. Since the geodesic equations are nonlinear and hence can behave chaotically
under small displacements, the importance of the homoclinic orbit is fundamental
for the evolution of the dynamics.

The homoclinic orbit separates the stable and unstable manifolds of a hyper-
bolic invariant set, which in general relativity is commonly referred to as unstable
circular orbit. The derivation of the relationship between those two terms, specif-
ically for the Kerr metric, is to be found in [21]. Hence, the critical conclusion
is their presence and connection to each other - the homoclinic orbit whirls an
infinite amount of times, and it asymptotes to the unstable circular orbit.
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3. Geodesic Motion in Circular
Space-times
The geodesic equations represent the equations of motion of free-falling particles
in general relativity.1 In this chapter, we will introduce the main concepts of
geodesic motion in symmetrical fields around black holes. Specifically, we will
concentrate on the Schwarzschild space-time as the most straightforward metric,
and we will try to reproduce it in the following chapters. Furthermore, as an
example of a generally circular (but not static!) space-time, we will introduce
the Kerr metric. As a preface, we will define the effective potential method and
formally compare relativistic and Newtonian cases as simple examples.

From now on, let us express the equations in the geometrized units G = c = 1,
let M be the mass of the centre of symmetry and M the mass of the external
source. Astrophysically, the mass of the external source is considered to be much
less than the mass of the black hole, M ≪ M .2

3.1 Geodesic Motion as a Dynamical System
In general relativity, the gravitational field itself must be treated as a dynamical
system [25]. This dynamical system can be expressed in terms of Hamiltonian dy-
namics with constraints. Since space-time is four-dimensional, with one variable
being time, we can understand it as a history or evolution of space.3

Geodesic motion is a motion that occurs in the absence of non-gravitational
forces. The motion is regular near isolated black holes [19], the aim is to examine
how the behaviour changes when an external source is symmetrically placed into
the black hole’s field, i.e. perturbing the system so that a possible change of
its behaviour can be examined. The potential existence of chaos is due to the
presence of an unstable orbit.

A massive particle affected only by a gravitational force is said to be free, and
its motion is described by the geodesic equation. The equation for a time-like
geodesic can be written in the form

duµ

dτ
+ Γµ

κλuκuλ = 0 , (3.1)

where

uµ := dxµ

dτ
, (3.2)

is the four-velocity, Γµ
κλ are the appropriate components of affine connection and

τ is the proper time. In general relativity, the affine-connection coefficients are
1We emphasize that we shall assume the reader’s basic knowledge of the general relativistic

concepts and will expressly state only terms directly related to the calculations.
2Generally, the inequality M ≪ M does not need to be true.
3Space-time does not change or evolve throughout the time. Although to verbally express

the history and future, i.e. every possible behaviour in space-time, the word evolution seems
correct.
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represented by the Christoffel symbols of the second kind

Γµ
κλ := 1

2gµσ (gσκ,λ + gλσ,κ − gκλ,σ) . (3.3)

The equation (3.1) completely describes the geodesic dynamics. It is a system of
four generally nonlinear ordinary differential equations. There is no conventional
method of solving them; however, they can be simplified by constants of motion
or restricting the motion itself. The space-time symmetries also play a significant
role in the final form of (3.1).

3.2 Schwarzschild Metric
Theorem 3.2.1 (Birkhoff theorem).
In four dimensions, the metric of the Schwarzschild black hole is the unique spher-
ically symmetric solution of the vacuum Einstein field equations.

ds2 = −
(︃

1 − 2M

r

)︃
dt2 + r

r − 2M
dr2 + r2(dθ2 + sin2 θ dϕ2) . (3.4)

This metric is the unique solution expressed in Schwarzschild coordinates(t, r, θ, ϕ)
which are coordinates of spherical nature. θ and ϕ are angles on any sphere where
t = const, r = const. r is proportional to the proper area of the specific sphere
and the time t represents the proper time at radial infinity of an observer staying
at rest. [26]

3.3 Circular Space-times
The metric of every circular space-time can be written in isotropic spheroidal
coordinates (t, ϕ, r, θ) in the form

ds2 = −N2 dt2 + gϕϕ(dϕ − ω dt)2 + e2ζ

N2 (dr2 + r2dθ2) , (3.5)

where N2 := −gtt − gtϕω and ω := −gtϕ/gϕϕ. 4 Circular space-time is an axially
symmetric, stationary and orthogonally transitive space-time which means there
must exist a global meridional plane, i.e. a plane everywhere perpendicular to
the two existing Killing symmetries [26]. The metric does not explicitly depend
on t and ϕ which describes the stationarity and axial symmetry and leads to the
conservation of energy E = −ut and azimuthal angular momentum ℓ = uϕ in the
geodesic motion. In addition there is one more constant of motion that can be
expressed from the equation of four-velocity normalization given by

gµνuµuν = −1 . (3.7)

4The metric (3.5) can be eventually rewritten into

ds2 = −e2ν dt2 + B2r2 sin2 θe−2ν(dϕ − ω dt)2 + e2ζ−2ν(dr2 + r2dθ2) , (3.6)

where B, ω, ν, ζ are functions of r, θ.
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For time-like geodesics, the four-velocity normalization thus reads

gµνuµuν = gttE2 − 2gtϕEℓ + gϕϕℓ2 + grr(ur)2 + gθθ(uθ)2 = −1 . (3.8)

The inverse-metric components are given by

gtt = − 1
N2 , gtϕ = − ω

N2 , gϕϕ = − gtt

gϕϕN2 , grr = 1
grr

, gθθ = 1
gθθ

, (3.9)

hence the normalization yields equation for meridional-plane motion in the form

e2ζ [(ur)2 + r2(uθ)2] = (E − ωℓ)2 − N2
(︄

1 + ℓ2

gϕϕ

)︄
. (3.10)

From the metric (3.8) rewritten into more general form

ds2 = gtt dt2 + gϕϕ dϕ2 + 2gtϕ dt dϕ + grr dr2 + gθθ dθ2 , (3.11)

and by considering the equation (3.7) one can obtain the generic equation for
radial and latitudinal motion

grr(ur)2 + gθθ(uθ)2 = −1 − gtt(ut)2 − gϕϕ(uϕ)2 − 2gtϕutuϕ , (3.12)

which after substituting values of the conserved energy and angular momentum

E := −ut = −gttu
t ℓ := uϕ = gϕϕuϕ , (3.13)

is of a general form

grr(ur)2 + gθθ(uθ)2 = 2 gtϕ

gttgϕϕ

Eℓ − 1
gtt

E2 − 1
gϕϕ

ℓ2 − 1 . (3.14)

3.4 Effective Potential
The method of an effective potential is a valuable technique that can qualitatively
describe the motion of a particle. Let us assume the free test particle’s mass m ̸= 0
and the space-time is axially symmetric.

If there are two constants of motion of the system - the energy E and angular
momentum ℓ - the equation for radial and latitudinal velocities is of form (3.14)

grr(ur)2 + gθθ(uθ)2 = 2 gtϕ

gttgϕϕ

Eℓ − 1
gtt

E2 − 1
gϕϕ

ℓ2 − 1 . (3.15)

If the motion befall in the equatorial plane, i.e. θ = π/2, which holds not only
for spherically symmetric potentials but also for the equatorial motion in Kerr-
Newmann; the equation is reduced to

grr(ur)2 = 2gtϕ

gttgϕϕ

Eℓ − 1
gtt

E2 − 1
gϕϕ

ℓ2 − 1 . (3.16)
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Suppose the term gtϕ = 0 (which must be trivially zero for static space-times)
and the equation (3.16) is divided by the term grr. We can then express the
equation for radial motion in convenient form5

(ur)2 = − E2

grrgtt

− V 2
eff , (3.17)

where

V 2
eff := ℓ2

gϕϕgrr

+ 1
grr

, (3.18)

is an abstract variable called an effective potential. If the metric has a diagonal
form, the metric components are bounded by the following formula

gµν = 1
gµν

. (3.19)

Specifically, if the term

− gtt

grr

= − 1
gttgrr

= 1 , (3.20)

which holds e.g. for Schwarzschild or Reissner–Nordström metric, the equation
(3.17) is simplified to the known form6

(ur)2 = E2 − V 2
eff . (3.21)

From (3.17) it is clear that E2 − V 2
eff ≥ 0 and thus E2 ≥ V 2

eff . The effective
potential represents the smallest energy value a particle can have at the exact
location.

The motion of the free particle depends on the shape of the effective potential
Veff , and the value of conserved energy E and thus their relation; i.e. the difference
E2 − V 2

eff tells how big is the magnitude of the velocity going to be. The possible
outcomes depend on the effective potential. Qualitatively there are a few remarks
which are to be given. If Veff has local extremes, the minimum corresponds to
a stable circular orbit and the maximum to an unstable circular orbit. Circular
orbits generally depend on the number of occurrences of the extremes and then -
to stress once again - on the concrete value of energy. For fixed values of E and
ℓ, the value of r, which corresponds to the maximum effective potential Veff and
therefore the unstable circular orbit, will be denoted by R0. For a homoclinic
orbit asymptotically approaching that circular orbit, the second turning point,
also called an apocentre, will be labelled as rmax. The points are found as roots
of the equations Veff = 0 and dVeff/dr = 0.7 The existence of a local maximum
of the effective potential can only occur in the relativistic space-time and is its
characteristic feature - there always exists an unstable circular orbit. [16]

5The term − 1
grrgtt

will have a positive sign since the matric’s signature is (−, +, +, +).
6Even if the term − gtt

grr
does not equal 1, the equation (3.17) can still be successfully used.

7The time a particle needs to get to a certain point (e.g. the point of an unstable orbit R0),
is calculated from an integral. This integral, nonetheless, can diverge, and the desired time
then tends to infinity. The convergence of the integral generally depends on the shape of the
effective potential and can only be examined in concrete cases.
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Another case is when the line portraying the value of energy intersects with the
function of the effective potential in just one point - if this happens on the right
side of the curve, it means the motion of the particle is unbounded, and the
particle can escape to infinity. If this happens from the left side, the particle will
be attracted to the origin, i.e. the centre of symmetry.
If the value of E is less than the value of two maxima, the particle’s motion will
be bounded in the interval defined by those two points.

For the spherically symmetric fields Veff(r) which satisfy (3.20), the relativistic
equation for the radial motion was said to be (3.17). Let us present the well known
radial equation, in dependence on the reciprocal radius u := 1

r
, for Schwarzschild

black hole (︄
du

dθ

)︄2

= E2 − V 2
eff

ℓ2 , V 2
eff = (1 − 2Mu)(1 + ℓ2u2) , (3.22)

where we used

vr = dr

dt
⇔ dr

dt
= dr

du

du

dθ

dθ

dt
= −ℓ

du

dθ
. (3.23)

To show that formally the relativistic and Newtonian expressions for the ef-
fective potential look similar, let us write the equation for the radial motion in
Keplerian (central) field with Newtonian potential, which is given by

V (r) = −M

r
. (3.24)

The equation of radial motion in terms of a reciprocal radius u(ϕ) = 1
r

is denoted
by (︄

du

dϕ

)︄2

= 2(E − Veff(u))
ℓ2 , (3.25)

where we used the identity

ṙ = d
dt

(︄
1

u(ϕ(t))

)︄
= − 1

u2
du

dϕ
ϕ̇ = − 1

u2
du

dϕ

L

mr2 = − L

m

du

dϕ
. (3.26)

From equations (3.22) and (3.25) the similarities in terms of formulation are
immediately obvious. The analogy is highly convenient since the use of pseudo-
Newtonian potentials in relativity is not unusual (as we will see in the next chapter
4). The graphs that display the curves of the Newtonian and relativistic case
are shown in figures 3.2 and 3.1, respectively. The existence of local extremes
is observable - there is no local maximum for the Newtonian case. And even
though Veff → 0 as r → ∞ for both cases, there is a difference for r → 0. The
relativistic potential Veff → 0 in contrast with the Newtonian potential, which
tends to infinity Veff → ∞.

Suppose now the metric is not static and hence the term gtϕ ̸= 0. The equation
(3.16) can still be rewritten, so the radial and latitudinal velocities are on one
side of an equation and the rest of the terms on another. Qualitatively (3.16) can
still be solved in the same manner. Nonetheless, we trivially cannot separate the
terms E and ℓ.
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To conclude the results of this section, let us state that the method of effective
potential is suitable for both relativistic and non-relativistic examination of the
system’s behaviour. It is a qualitative method that allows us to compare the
conserved value of energy with the shape of an abstract variable - an effective
potential. The techniques are generally the same; the task’s difficulty depends
solely on the symmetry of the field and the shape of the effective potential.
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Figure 3.1: The example of the radial shape of the effective potential of a
pseudo-Newtonian potential mimicking the relativistic case. As opposed to the
classical Newtonian picture (see Fig. 3.2), there are visible both extremes - a
maximum and a minimum - for certain combinations of parameters M and ℓ.
Since the graph is plotted for Paczyński-Wiita (to be introduced in 4) potential,
the condition ℓ >

√︂
27/2M must hold for the extremes in order to exist. The

value M = 1 is fixed, and the values of ℓ vary so the case with no maximum,
and hence no unstable orbit, can be observed.
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Figure 3.2: An example of the Newtonian effective potential for different values
of the conserved angular momentum ℓ, where the mass of the centre of symmetry
is set to be M = 1. Since the energy E is conserved, its given constant value is the
same for every r and there exist points of turnover denoted by the intersection
of the horizontal line which represents the constant E with the curve of the
effective potential Veff = E , which means du/dϕ = 0, i.e. ṙ = 0. The number of
turnover points depends on the constant value of conserved energy.
For E > 0, there exists one turnover point, and the motion is unbounded, i.e.
hyperbolic. For E = 0, the motion is parabolic, and it is the motion between the
two different dynamical behaviours. Finally, if E < 0, the motion is elliptical
and bounded between two turnover points. There also exists a unique circular
motion for the minimum of Veff .
Bellow the effective potential curve graph, there lies a forbidden region Veff > E.
The Newtonian case’s only possible extreme is the minimum effective potential,
corresponding to the stable circular orbit. Although the extreme might not
occur for every combination of parameters.
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4. Pseudo-Newtonian Potentials
Some of the features of Schwarzschild space-time is possible to obtain without
using general relativity. Firstly this was suggested by Paczyński, and Wiita [27].
Their reproduction of this specific space-time was done by introducing a new
potential.

Potentials that describe the general but symmetric space-times in means of
interacting forces in flat space-time are now called pseudo-Newtonian. They are
adjustments of Newtonian potential which has a known form VNW = −M

r
with

M being the mass of the centre of symmetry. This method is used because
general relativistic calculations can be practically non-applicable in strong fields,
or relativistic interactions might not necessarily happen in weak fields. They are
used to reproduce the structure of circular orbits in relativistic space-times [28].
Different potentials can mimic some black hole’s features qualitatively well, while
other characteristics remain misinterpreted.; this is observed by using the phase
space portrait. While examining the dynamics of massive free test particles, it is
convenient to compare their dynamical portraits and their changes in dependence
on outer parameters. So far the Paczyński-Wiita potential

VPW = − M

r − 2M
, (4.1)

where the r = 2M represents the black hole’s event horizon, has been the most
effective in reproducing the stable circular orbit [29]. The list of other commonly
used pseudo-Newtonian potentials can be found in [28]. Another approach of
verifying their relevance to the black hole space-time - specifically, the Paczyński-
Wiita potential, is also to be found there.1

The pseudo-Newtonian potentials suggested in [30] were used in this chapter
as a replacement to the classical description of the space-time around the static
black-hole. Their qualitative properties were already verified numerically; these
computations were made to find the appropriate homoclinic orbits analytically.
A concrete method for finding the orbit was previously suggested in [24] and the
same approach was used here. The general form of the effective potential is

Veff = V + ℓ2

2r2 , (4.2)

where V stands for the pseudo-Newtonian potential.

4.1 Logarithmic Potential
For the logarithmic potential (proposed in [30])

Vln = 1
3 ln

(︃
1 − 3M

r

)︃
, (4.3)

1Although Paczyński-Wiita potential has been used the most to study the accretion discs -
it produces the least satisfying result for the radiated spectra of the source in a circular orbit.
[28].
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the equation for radial velocity is denoted by
1
2(vr)2 = E − Veff , (4.4)

where

Veff := ℓ2

2r2 + 1
3 ln

(︃
1 − 3M

r

)︃
. (4.5)

Since the value of (4.4) must be greater than zero, the effective potential Veff must
be smaller than the energy E . The fixed points are found as extremal points of
Veff = 0. The equation dVeff/dr = 0 has two roots. The smaller root denoted
by R0 corresponds to the local maximum of the potential and represents the
unstable circular orbit and the second root denoted by rmin corresponds to the
local minimum and represents the stable orbit.

−0.054

−0.052

−0.05

−0.048

−0.046

−0.044

−0.042

−0.04

−0.038

−0.036

0 5 10 15 20

V
eff

r

ℓ = 3.6276

Figure 4.1: A radial shape of the effective potential with corresponding homo-
clinic orbit for logarithmic pseudo-Newtonian potential. Both local extremes
are visible in the graph. The minimum corresponds to the stable circular orbit;
the maximum corresponds to the unstable circular orbit. The homoclinic orbit’s
energy level is drawn in blue, and it connects the maximal value at R0 with the
apocentre at rmax. The graph is plotted for the values M = 1, ℓ = 3.6276M .

From dVeff/dr = 0 the equations for R0 and ℓ2, respectively, are expressed.
Those expressions correspond to the unstable circular orbit.

R0 = ℓ

2M

(︂
ℓ −

√
ℓ2 − 12M2

)︂
, (4.6)

ℓ2 = MR2
0

R0 − 3M
. (4.7)

The energy level E0 equals to the value of the effective potential Veff at R0. Its
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value is therefore obtained by substituting the (4.6) into the expression for Veff

E0 := M

2R0

1
1 − 3M

R0

+ 1
3 ln

(︃
1 − 3M

R0

)︃
(4.8)

For further computations it is convenient to rewrite (4.4) and (4.5) in terms of
the reciprocal radius u := 1

r

1
2(vr)2 = E − Veff(u) , (4.9)

Veff(u) = ℓ2u2

2 + 1
3 ln (1 − 3Mu) (4.10)

By the same procedure the roots of dVeff/du are determined. U0 thus coincides
with the previously calculated 1/R0 and is of form

U0 = ℓ +
√

ℓ2 − 12M2

6Mℓ
. (4.11)

After rewriting the radial velocity in terms of the reciprocal radius ([24])

vr = dr

dt
⇔ dr

dt
= dr

du

du

dθ

dθ

dt
= −ℓ

du

dθ
, (4.12)

the equation for radial motion is given by

(︄
du

dθ

)︄2

= 2
ℓ2

[︄
E − ℓ2u2

2 − 1
3 ln (1 − 3Mu)

]︄
. (4.13)

Substituting E0 from (4.8) - in terms of the reciprocal radius u - into the equation
(4.13) can be rewritten into(︄

du

dθ

)︄2

= 1
ℓ2

[︃
K − ℓ2u2 − 2

3 ln (1 − 3Mu)
]︃

, (4.14)

where

K := MU0

1 − 3MU0
+ 2

3 ln (1 − 3MU0) , (4.15)

is a constant term. Equation (4.14) is not possible to rewrite into an integrable
form and hence impossible to solve analytically.

4.2 Paczyński-Wiita Potential
Analogical method for finding the homoclinic orbit is applied to the Paczyński-
Wiita potential

VPW = − M

r − 2M
. (4.16)
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The equation for radial velocity reads (for illustration we have plotted different
values of the effective potential into Fig. 3.1)

1
2(vr)2 = E −

[︄
ℓ2

2r2 − M

r − 2M

]︄
=: E − Veff , (4.17)

which after differentiation with respect to r has the form

dVeff

dr
= − ℓ2

r3 + M

(r − 2M)2 = 0 . (4.18)

Lastly it is possible to express ℓ2 as

ℓ2 = r3M

(r − 2M)2 , (4.19)

from the equation (4.18) .
Calculating the roots of the cubic equation (4.18) with respect to r is an-

alytically possible by using Cardano’s formula. The roots are non-trivial and
generally imaginary. They determine the shape of the curve of the effective po-
tential. We will display the generic form of all three roots R1, R2 and R0 (the
root R0 corresponds to the unstable circular orbit

R1 = 1
3M

[︂
ℓ2 − α−

]︂
, (4.20)

R2 = 1
3M

[︄
ℓ2 − α−

2 +
√

3i

2 α+

]︄
, (4.21)

R0 = 1
3M

[︄
ℓ2 − α−

2 −
√

3i

2 α+

]︄
, (4.22)

where

α± =γ ± ℓ2(12M2 − ℓ2)
γ

, (4.23)

β =27M2 − 2ℓ2 , (4.24)

γ =
[︃
ℓ2
(︃

6
√

3M3
√︂

β + 54M4 − 18M2l2 + ℓ4
)︃]︃ 1

3
. (4.25)

The character of these solutions is determined by the sign of the term β.
If ℓ <

√︂
27
2 M ≈ 3.674M , we obtain one real root,2 which does not correspond

to the unstable orbit and is of no physical meaning, therefore has no meaning
in our calculations. If ℓ >

√︂
27
2 M , γ is a complex number.3 Moreover, there

are three real roots of the equation (4.18). Two correspond to the local minima
of the effective potential, and one corresponds to the local maximum. The root

2There are three roots in total but two of them are imaginary and since we are in search of
the extremes of the function, the generally complex number are no use for us.

3Since we operate with the physical meaning and are used and able to display mainly two-
dimensional graphs, the imaginary parts of the roots are not taken into account. Nonetheless,
they still might carry important information about the function itself, although it is not in our
power to examine this property. Mathematically, the complex part of each root signifies at
which point in the complex plane the function equals zero.
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R0 correlates with the maximum and hence coincide with the requested unstable
orbit.

Which root corresponds to the unstable circular orbit one can determine from
a graph (see fig. 3.1). The smallest real-valued part belongs to R2 from (4.20) and
corresponds to the stable “artifical” minimum lying below r = 2M . Secondly, the
middle root R0 represents the unstable circular orbit (and its conjugate homo-
clinic orbit) at the potential maximum. The largest root R1 represents another
stable orbit, this time above R0, at a potential minimum. The apocentre is a
point rmax > R0 where the effective potential Veff coincides with the energy E0
corresponding to R0 i.e. E0 = Veff . It is estimated that the homoclinic orbit is
located in the interval u ∈ (R0, rmax).

The energy E0(R0) is obtained by substituting (4.19) into the expression for

the effective potential Veff = ℓ2

2r2 − M

r − 2M
at R0

E0 = R0M

2(R0 − 2M)2 − M

R0 − 2M

= M(4M − R0)
2(R0 − 2M)2 .

(4.26)

The equation for radial motion can be rewritten in terms of the reciprocal radius
u = 1/r which leads to(︄

du

dθ

)︄2

= 2
ℓ2

(︄
E − ℓ2u2

2 + Mu

1 − 2Mu

)︄
, (4.27)

where U0 = 1/R0 and umax = 1/rmax. Thereupon the expression for the energy
E0 one can rewrite as

E0(u) = −MU0(1 − 4MU0)
2(1 − 2MU0)2 (4.28)

The value of the apocentre rmax is found by substituting ℓ2 from (4.19) into
Veff = E0

MR3
0

2r2(R0 − 2M)2 − M

r − 2M
=M(4M − R0)

2(R0 − 2M)2 , (4.29)

rmax = 2MR0

R0 − 4M
,

which rewritten in terms of the reciprocal radius reads

u2

U0
− 2u(1 − 2MU0)2

1 − 2Mu
=4MU0 − 1 , (4.30)

umax =1 − 4MU0

2M
.

The equation for the homoclinic orbit can be found by solving the equation (4.27)
after substituting ℓ2 from (4.19). It must have the form(︄

du

dθ

)︄2

= C(U0 − u)2(u − umax) . (4.31)
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The term C is found by direct comparison of Cu3 with the u3 term in the equation
(4.27) and it is of form

C = 2M

1 − 2Mu
. (4.32)

The implicit equation for the homoclinic orbit thus reads

θ(u) = 2
√

2
ω

[A ln C + B(ln D − 2 ln 2)] , (4.33)

where

υ :=4MU0 − 1 ,

σ :=uυ + 2M ,

ω :=U0υ + 2M ,

κ :=2Mu − 1 ,

λ :=2MU0 − 1 ,

A := −
√

M

4
√︂

32M2U3
0 (MU0 − 1) + 4M2U0(4MU0 − 3) + (2M + 5MU2

0 − U0) ,

B :=M
√

2
(︃

MU2
0 + 1

2M − 1
4U0

)︃
,

C := 1
u − U0

{︂
2
√

σωκλ + (u + U0) + 4M
[︂
U2

0 (4u − 1) − U0(2u − 1) + (u − 1)
]︂}︂

,

D :=4u
√

Mυ +
√︄

2
Mυ

[4M(M − U0) + 1] + 4
√

σκ .

4.3 Comparison of Homoclinic Orbits
The spatial shapes of homoclinic orbits were plotted for both pseudo-Newtonian
potentials (see Figures 4.2 and 4.1) and the relativistic Schwarzschild case (Fig.
4.3). The homoclinic orbits were plotted only for the part which lays in the
interval −3π ≤ θ ≤ 3π. The orbits were chosen to have approximately the same
value of apocentre rmax = 17.6. The values of ℓ which correspond to this rmax are
ℓ = 3.6276 for the logarithmic potential, ℓ = 3.8151 for Paczyński-Wiita potential
and ℓ = 3.669 for Schwarzschild potential. From a further distance, the graphs
are very similar; however, if closely observed, we can see that the circular orbit is
clearest in the case of Paczyński-Wiita. This can mean that the homoclinic orbit
corresponding to the logarithmic potential asymptotically whirls to the unstable
circular orbit more successfully than the one for Paczyński-Wiita potential. This
is an exciting observation since, according to, for instance, [28]; Paczyński-Wiita
potential was considered to be the best approximation for the calculations of the
unstable orbits.

The particular homoclinic orbit depends on the choice of E (or its correspond-
ing value of ℓ). This orbit is fixed, and since the Melnikov function is calculated
solely for one orbit at a time, it is possible to evaluate the Melnikov integral.

We shall now present the equations of homoclinic orbits calculated in [24].
Their displayed form was slightly modified to simplify the equations. The equa-
tion (4.34) refers to the homoclinic orbit in Schwarzschild metric, (4.35) represents
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Figure 4.2: A radial shape of the effective potential with corresponding homo-
clinic orbit for Paczyński-Wiita pseudo-Newtonian potential. The local extremes
are displayed in the graph. The minimum corresponds to the stable circular or-
bit; the maximum corresponds to the unstable circular orbit. The homoclinic
orbit’s energy level is drawn in green, and it connects the maximal value at
R0 with the apocentre at rmax. The graph is plotted for the values M = 1,
ℓ = 3.8151M .

homoclinic orbit for the extreme Reissner-Nordström black hole and (4.36) de-
notes the homoclinic orbit for Nowak-Wagoner pseudo-Newtonian potential. The
corresponding graphs which display the shapes of the effective potentials and ap-
propriate homoclinic orbits are to be found in [24] too. Let us state that the
shape of the pseudo-Newtonian potential resembles the relativistic case at least
by the displayed curve.

u0(θ) = umax − c1 tanh2
(︃1

2θ
√︂

2Mc1

)︃
, (4.34)

u0(θ) = U0 + 2c1c2

c1 − c2 − (c1 + c2) cosh(Mθ
√︂

c1c2)
, (4.35)

u0(θ) = umax + c1 tanh2
(︃

M

ℓ
θ
√︂

6Mc1

)︃
, (4.36)

where

c1 := U0 − umax ,

c2 := umin − U0 ,
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are constants. The values U0 := 1/R0 and umax := 1/rmax are the reciprocal radii.
For the Reissner-Nordström equation then holds

umax/min = 1
M

− U0 ∓
√︄

U0

M
. (4.37)

The equations for homoclinic orbits in their explicit form as expressed above
cannot be directly compared with our conclusions, after all. We have attained
only the implicit form for Paczyński-Wiita pseudo-Newtonian potential (??) and
an analytically unsolvable differential equation (4.14) for the logarithmic pseudo-
Newtonian potential. Even though the logarithmic potential was not calculated,
the portraying of its appropriate homoclinic orbit had shown that it is an excellent
approximation (at least for the chosen set of values of E and M).4

4Originally, a numerical mistake was made throughout the calculations of the homoclinic
orbit for Paczyński-Wiita pseudo-Newtonian potential, i.e. instead of calculating the equation
(4.27), the equation (︃

du

dθ

)︃2
= 1

ℓ2

(︃
2E − ℓ2u2

2 + Mu

1 − 2Mu

)︃
, (4.38)

was successively computed. Despite the numerical mistake, the results very accurately corre-
sponded to the homoclinic orbit calculated for the Schwarzschild space-time.
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Figure 4.3: Homoclinic orbits for logarithmic (top left), Paczyński-Wiita (top
right) and exact Schwarzschild (bottom) effective potentials.The spatial shapes
of homoclinic orbits are displayed in green, the appropriate unstable circular
orbits as the future and past infinite asymptotes of the homoclinic orbits are
drawn in black. The graphs are plotted for fixed value of M = 1 and distinct
values of ℓ for each case. Specifically, ℓ = 3.6276 for logarithmic potential,
ℓ = 3.8151 for Paczyński-Wiita potential and ℓ = 3.669 for Schwarzschild field.
The graphs were kindly made by O. Semerák.
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5. Black Hole Fields with an
External Source
This chapter (based on [26], [19], [31], [32], [30], [33], [24]) shall concentrate on
examining the field of stationary, symmetrical black holes with an additional
source. Explicitly we will be interested in sources with a disc or a ring shape.
Furthermore, we will assume the sources are with no charges and currents and
without a radial pressure. We shall simplify the geodesic equations for some
bounded motions for the Bach-Weyl ring and express the equations of geodesic
for a generic source in the field of a Schwarzschild black hole. Secondly, we
will investigate the geodesic motion in generic circular-space time and find its
homoclinic orbit.

5.1 Weyl Fields
The metric outside a static an axially symmetric source surrounded by a ring or
a disc can in Weyl coordinates (t, ϕ, ρ, z) be expressed as

ds2 = −e2νdt2 + ρ2e−2νdϕ2 + e2ζ−2ν(dρ2 + dz2) , (5.1)

where ν and ζ are unknown functions which only depend on z and ρ. ν can be
understood as a gravitational potential which satisfies the Laplace equation and
superposes linearly while ζ is a function which can be found by quadrature [19].
Since the energy and angular momentum are conserved, i.e. ut = −E and uϕ = ℓ,
the geodesic equations read

dut

dτ
= − 2E

e2ν
(ν,ρuρ + ν,zuz) , (5.2)

duϕ

dτ
= 2e2νℓ

ρ3 [ρ(ν,ρuρ + ν,zuz) − uρ] , (5.3)

duρ

dτ
= − E2ν,ρ

e2ζ
+ ℓ2e4ν

ρ3e2ζ
(1 − ρν,ρ) + (ν,ρ − ζ,ρ)

[︂
(uρ)2 − (uz)2

]︂
(5.4)

+ 2 (ν,z − ζ,z) uzuρ ,

duz

dτ
= − E2ν,z

e2ζ
− ℓ2e4νν,z

ρ2e2ζ
− (ν,z − ζ,z)

[︂
(uρ)2 − (uz)2

]︂
(5.5)

+ 2 (ν,ρ − ζ,ρ) uzuρ ,

where ζ, ρ = ρ [(ν,ρ)2 − (ν,z)2] ζ, z = 2ρνρνz. The thin Bach-Weyl ring lies in
the equatorial plane of the black hole and will serve as the external source. The
functions ν, ζ for the Bach-Weyl ring solution have the following form [19]

ν = − 2MK(k)
πl2

, (5.6)

ζ =M2k4

4πb2ρ

[︂
(ρ + b)(−K2 + 4k′2KK̇ + 4k2k′2K̇

2) − 4ρk2k′2(k′2 + 2)K̇2]︂
, (5.7)
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where M is the mass of the ring and b is Weyl’s radius, K(k) is a complete
first-kind Legendre elliptic integral given by

K(k) =
∫︂ π/2

0

dϕ√︂
1 − k2 sin2 ϕ

,

and

K̇ := dK

d(k2) k′2 = (l1)2

(l2)2 k2 = 1 − k′2 = 4ρb

(l2)2 ,

l1,2 :=
√︂

(ρ ∓ b)2 + z2 .

Interesting orbits in this settings are the ones lying in the meridional plane,
i.e. the plane which is perpendicular to the equatorial plane. On that account
ℓ = uϕ = 0 and therefore ϕ =constant.
From four-velocity normalization (3.7) we obtain

e2ζ−2ν [(uρ)2 + (uz)2] = −1 + e−2νE2 − e2ν

ρ2 ℓ2 , (5.8)

e2ζ [(uρ)2 + (uz)2] = E2 − e2ν

(︄
1 + e2νℓ2

ρ2

)︄
= E2 − Veff

2 , (5.9)

which after simplifying for the meridonial plane reads

e2ζ−2ν
[︂
(uρ)2 + (uz)2

]︂
= E2 − e2ν . (5.10)

There are four different cases of orbits being considered. In each of them, the
equations are significantly simplified. After the appropriate conditions are sub-
stituted, it is possible to express one of the four-velocity components from its
normalization. This term can then be substituted back into the equations of
geodesic motion, which are further simplified and the equations can be expressed
solely in terms of ν and ζ. However, except the last case, the equations hold
exactly at one specific point.

• uρ = 0
Orbit that crosses the equatorial plane at exactly perpendicular plane must
satisfy z = 0 and uρ = 0. Generally this works only for the circular equato-
rial geodesics alongside the axis. uρ = 0 holds concretely at one point. The
expression for the motion in z direction has thus the form

e2ζ(uz)2 = E2 − e2ν . (5.11)

After expressing the term uz and by substituting it into the equations for
geodesic motion, they are of form

dut

dτ
= − 2E

e2ν+ζ
ν,z

√
E2 − e2ν , (5.12)

duρ

dτ
= − E2ν,ρ

e2ζ
− e−2ζ(ν,ρ − ζ,ρ)(E2 − e2ν) , (5.13)

duz

dτ
= − E2ν,z

e2ζ
+ e−2ζ(ν,z − ζ,z)(E2 − e2ν) . (5.14)
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• uz = 0, ρ = 0
This orbit crosses the axis at a perpendicular way, i.e. uz = 0 and ρ = 0
the equation for the motion at one point when ρ direction reads

e2ζ(uρ)2 = E2 − e2ν . (5.15)

Both conditions work at solely one point. The condition uz = 0 holds for
any motion at the equatorial plane. Consequently because ζ = 0, ζ,ρ = 0,
ζ,z = 0 and ν,ρ = 0 and the term uρ is expressed from (5.15), the geodesic
equations are simplified as follows

dut

dτ
= 0 , (5.16)

duρ

dτ
= 0 , (5.17)

duz

dτ
= − ν,z

[︂
E2(1 + e−2ζ) − e2ν−2ζ

]︂
. (5.18)

• ζ,z = 0, ν,z = 0
If the crossing of the equatorial plane is general, the four-velocity normal-
ization cannot be simplified and remains of form (5.10). However, this
expression once again holds only for one point and generally does not have
to be satisfied across the disc. Nonetheless, it is possible to express uz as a
function of uρ which equals

(uz)2 = e−2ζ(E2 − e2ν) − (uρ)2 . (5.19)

This can be substituted into the equations of motions

dut

dτ
= − 2E

e2ν
ν,ρuρ , (5.20)

duρ

dτ
= − E2

e2ζ
ν,ρ + (ν,ρ − ζ,ρ)

[︂
2(uρ)2 − e−2ζ(E2 − e2ν)

]︂
, (5.21)

duz

dτ
=2(ν,ρ − ζ,ρ)uρ

√︂
e−2ζ(E2 − e2ν) − (uρ)2 . (5.22)

• uz = 0
The motion which is zero in uz direction is generalization of the second case,
where the orbit crossed an axis in a perpendicular way. Since the equation
(5.15) is of the same form, the geodesic equations are rewritten using the
expressed term for uρ.

dut

dτ
= − 2E

e2ν
ν,ρe−ζ

√
E2 − e2ν , (5.23)

duρ

dτ
= − E2ν,ρ

e2ζ
+ e−2ζ(ν,ρ − ζ,ρ)(E2 − e2ν) , (5.24)

duz

dτ
= − E2ν,z

e2ζ
− e−2ζ(ν,z − ζ,z)(E2 − e2ν) . (5.25)

In all four cases, the equations for geodesic motion have been modified, however,
since the functions ν and ζ are rather difficult expressions it is not easily possible
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to solve the final equations analytically. Hence, it is unnecessary to try to sim-
plify the general form of the equations since the exact calculations shall differ in
dependence on the form of ν and ζ. Some of the explicit solutions - specifically
for the Bach-Weyl ring - can be found in [19]. The equations could although be
used in further calculations for specific external sources.
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5.2 Schwarzschild Space-time

The metric for a Schwarzschild black hole with an additional static and axially
symmetric thin source with no radial pressure can be expressed in Schwarzschild
coordinates (t, r, θ, ϕ) and is of form

ds2 = −
(︃

1 − 2M

r

)︃
e2ν̂ dt2 + e2ζ̂−2ν̂

1 − 2M
r

dr2 + r2e−2ν̂
(︂
e2ζ̂ dθ2 + sin2 θ dϕ2

)︂
, (5.26)

where ν̂(r, θ) is the potential of the external source and ζ̂(r, θ) is given by the
difference of two functions ζ1,2 that correspond to the black hole field and the field
of the additional source, respectively [19]. We will now consider the conserved
quantities ut = −E and ℓ = uϕ. Except from those constants of motion we
shall not state other conditions on the generic functions ν and ζ. The Christoffel
symbols are calculated from the equation (3.3) and the geodesic equations are
later computed from (3.1). The Christoffel symbols are hence of the form as
listed bellow

Γt
tt =Γϕ

ϕϕ = 0 = Γt
tϕ , (5.27)

Γr
rr =ζ̂ ,r − ν̂ ,r − M

r(r − 2M) , (5.28)

Γθ
θθ =ζ̂ ,θ − ν̂ ,θ , (5.29)

Γt
tr =ν̂ ,r + M

r(r − 2M) , (5.30)

Γt
tθ =ν̂ ,θ , (5.31)

Γϕ
ϕθ =cos θ

sin θ
− ν̂ ,θ , (5.32)

Γϕ
ϕr =1

r
− ν̂ ,r , (5.33)

Γr
rθ =ζ̂ ,θ − ν̂ ,θ , (5.34)

Γr
θθ = (r − 2M) [r(ν̂ ,r + ζ,r) − 1] , (5.35)

Γr
ϕϕ = (r − 2M) e−2ζ̂ sin2 θ (rν̂ ,r − 1) , (5.36)

Γr
tt =e4ν̂−2ζ̂ (r − 2M) r (r − 2M) ν,r̂ + M

r3 , (5.37)

Γθ
ϕϕ =e−2ζ̂

[︂
sin2 θν̂ ,θ − sin θ cos θ

]︂
, (5.38)

Γθ
tt =e4ν̂−2ζ̂ r − 2M

r3 ν̂ ,θ , (5.39)

Γθ
rr =

ν̂ ,θ − ζ̂ ,θ

r(r − 2M) , (5.40)

Γθ
θr =1

r
+ ζ̂ ,r − ν̂ ,r . (5.41)
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The appropriate components of Christoffel symbols are used to express
the geodesic equations

dut

dτ
= − 2Ee−2ν̂ r

r − 2M

[︄
ν̂ ,θu

θ +
(︄

ν̂ ,r + M

r(r − 2M)

)︄
ur

]︄
, (5.42)

duϕ

dτ
= 2e2ν̂ℓ

r2 sin2 θ

[︄
(ν̂ ,θu

θ) − cos θ

sin θ
)uθ + (ν̂ ,r − 1

r
)ur

]︄
, (5.43)

dur

dτ
=(ν̂ ,θ − ζ̂ ,r)

[︂
r(2M − r)(uθ)2 + (ur)2

]︂
+ 2(ζ̂ ,θ − ν̂ ,θ)uruθ (5.44)

+ M

r(r − 2M)(ur)2 + (r − 2M)(uθ)2

+ ℓ2e4ν̂−2ζ̂(2M − r)rν̂ ,r − 1
r4 sin4 θ

− E2e−2ζ̂

[︄
ν̂ ,r + M

r(r − 2M)

]︄
,

duθ

dτ
=
(︂
ν̂ ,θ − ζ̂ ,θ

)︂ [︄
(uθ)2 − (ur)2

r(r − 2M)

]︄
− 2

(︃1
r

+ ζ̂ ,r − ν̂ ,r

)︃
uruθ (5.45)

+ e4ν̂−2ζ̂ℓ2

r4

(︄
cos θ

sin3 θ
− ν̂ ,θ

sin2 θ

)︄
− e−2ζ̂E2ν̂ ,θ

r(r − 2M) .

Furthermore, one can obtain the equation for the radial and latitudinal velocities
from the four-velocity normalization (3.7) and the metric (5.26),

e2ζ̂
[︂
(ur)2 + r(r − 2M)(uθ)2

]︂
=E2 − Veff

2 , (5.46)

where

V 2
eff =

(︃
1 − 2M

r

)︃ [︄
1 + e2ν̂ℓ2

r2 sin2 θ

]︄
e2ν̂ , (5.47)

is the effective potential for Schwarzschild black hole with external source. Ac-
cording to [20] the method of effective potential is used at the equatorial plane
i. e. θ = π/2 and therefore θ̇ = 0. The equation (5.46) thus represents just the
radial motion and reduces to

e2ζ̂(ur)2 = E2 −
(︃

1 − 2M

r

)︃(︄
1 + e2ν̂ℓ2

r2

)︄
e2ν̂ . (5.48)

The maximum of the potential is given by dVeff/dt = 0 from which we can express

ℓ2 = 2Mr3 − r4ν̂ ,r − Mr

r2e2ν̂ ν̂ ,r − e2ν̂r + 3Me2ν̂ + e2ν̂r2 − 4Me2ν̂ ν̂ ,r

. (5.49)

The equation (5.49) can be substituted into (5.48) where E2 = V 2
eff , which leads

to

E2 =
(︃

1 − 2M

R0

)︃(︄
1 + e2ν̂

R0

2MR2
0 − R3

0ν̂ ,r − M

R2
0e2ν̂ ν̂ ,r − e2ν̂R0 + 3Me2ν̂ + e2ν̂R2

0 − 4Me2ν̂ ν̂ ,r

)︄
,

(5.50)
where the value of the root R0 once again corresponds to the unstable orbit and

its conjugate homoclinic orbit.
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The general form (5.46) is after substituting ℓ = 0 reduced to

e2ζ̂
[︂
(ur)2 + r(r − 2M)(uθ)2

]︂
=E2 −

(︃
1 − 2M

r

)︃
e2ν̂ . (5.51)

In cases where ur = 0, the latitudinal component is thus of the form

e2ζ̂r2(uθ)2 = E2

1 − 2M
r

− e2ν̂ . (5.52)

5.3 Kerr Space-time
The metric function for circular space-time as stated in (3.6) has the form

ds2 = −e2ν dt2 + B2r2 sin2 θe−2ν(dϕ − ω dt)2 + e2ζ−2ν(dr2 + r2 dθ2). (5.53)

The well known Kerr metric is the solution for uncharged, rotating black hole
and in Boyer-Lindquist coordinates reads

ds2 = −
(︃

1 − 2Mr

Σ

)︃
dt2 − 4Mar sin2 θ

Σ dtdϕ+ (5.54)

+ sin2 θ

(︄
r2 + a2 + 2Ma2r sin2 θ

Σ

)︄
dϕ2 + Σ

∆ dr2 + Σ dθ2 ,

where M denotes the mass of the centre of gravity, a is the spin angular momen-
tum per unit mass and

Σ := r2 + a2 cos2 θ , ∆ := r2 − 2Mr + a2 . (5.55)

The Kerr metric is stationary and axially symmetric and the motion alongside
geodesics conserves orbital energy E, axial angular momentum Lz, the Carter
constant Q [34] and the rest mass µ (more to be found in [21]). The parameter a is
connected with rotation since, for a = 0, the metric reduces into the Schwarzschild
form.1 The metric is not static, and hence it must contain the non-diagonal term
gtϕ. From the section 3.4 we thus know that in the generalized form of the effective
potential, the conserved terms E and ℓ cannot be separated.

5.4 Homoclinic Orbits in Circular Space-times
The procedure of finding a homoclinic orbit can be done by calculating the Hamil-
tonian for a relativistic non-spinning free particle of mass m

H = 1
2gµνpµpν . (5.56)

The Hamiltonian is then derived specifically for the Kerr metric and, by using
linearization and canonical transformation, is rewritten in terms of action-angle
variables. The Hamiltonian equations are hence expressed in a more convenient
form. For the full description of this process, we shall refer to the article [21]
where the procedure is described in detail.

1More features of the Kerr metric can be found in [26].
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In addition, one can obtain the homoclinic orbit for the circular space-times
(and precisely the Kerr metric, which was done in [20]) from the generalization
of the effective potential method.

Assuming that the motion takes place in the equatorial plane θ = π/2,2 from
(3.13) together with the four-velocity normalization

gµνuµuν = −1 , (5.57)

the radial motion equation can be derived in the following form

e2ζ(ur)2 = − e2ν + (E − ωℓ)2 − e4νℓ2

B2r2 (5.58)

= (E − ωℓ)2 − N2
(︄

1 + N2ℓ2

r2

)︄
:= RHS ,

where we have substituted θ = π/2, B = 1 and N2 = e2ν . It is eventually
possible to express the equations for ℓ and E from finding roots of the equation
(5.58) accompanying by finding the roots of its derivative with respect to r.
From this conditions, i.e. RHS = 0 and RHS,r = 0, one shall get two equations

r2(E − ωℓ)2 =r2N2 + N4ℓ2 , (5.59)
2r(E − ωℓ)2 − 2r2lω,r(E − ωℓ) =2rN2 + 2r2NN,r + 4N3N,rℓ

2 . (5.60)

The aim is to find the value of R0, which corresponds to the unstable circular
orbit. This can be done by expressing ℓ and E from (5.59) and (5.60) at this
exact point.

Thus it is possible to substitute the term (E − ωℓ)2 from (5.59) to (5.60) and
then express ℓ2 as

2N2ℓ2

r2 = − D − 2rN3N,r ± r2ω,r

√
D

D − N4 , (5.61)

where

D :=r4ω2
,r + 4rN2N,r(N − rN,r) . (5.62)

Substituting equation (5.61) back into (5.59) gives

(E − ωℓ)2 = N2

2(D − N4)
(︂
D − 2N3(N − rN,r) ∓ r2ω,r

√
D
)︂

. (5.63)

Finally, by solving the equation (5.63) for E we obtain the expression

E1,2 = ℓ(ω ±
√

C) , (5.64)

where

C :=ω2 + N2

2(D − N4)
[︂
D − 2N3(N + R0N,r) ∓ R2

0ω,r

√
D
]︂

. (5.65)

2This is not a general case. The motion in the equatorial plane is chosen to simplify the
generic equations and to illustrate the behaviour in one specific case.
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Now we have found the values of E and ℓ at the point R0, which corresponds
to the unstable orbit and is a double root of (5.59).
If the expressions for ℓ and E are now substituted into the equation (5.59) and
the equation is solved for r one should get the rmax root, a simple root of the
equation. The equation for finding the root r has the form

r2 = N4ℓ2

(E − ωℓ)2 − N2 . (5.66)

If one wants to obtain the root corresponding to the apocentre, they have to
substitute E from equation (5.64) after which follows the substitution of ℓ from
(5.61). Since both those terms are already constant, the resulted value of rmax is
trivially derived from (5.66) (although the expression does not have to be trivial
at all). The above-described method is a general procedure of finding the roots
that coincide with the unstable circular orbit and the homoclinic orbit.

To conclude this chapter - which might seem slightly inconsistent - that is
because we have tried to simplify the generic equation for various space-times.
The geodesic equations which represent the dynamical system in general rela-
tivity were studied and adjusted. The fact we have studied them in different
fields is minor when compared to their dynamical properties. Consequently, dis-
tinct conditions were applied to simplify the equations yet more. This approach
was sometimes successful, and the geodesic equations were significantly modified.
However, we have to stress that most of the functions we have calculated with
were unknown, and thus we cannot state if the equations of geodesic motion will
be solvable after substituting specific functions. Finally, we would like to stress
that even though we have not obtained any results for concrete space-times, we
have significantly simplified the general forms, which might be helpful in possible
future calculations.
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Conclusion
Unlike many other mathematical theories, chaos theory deals with the dynamics
behaviour without assuming the knowledge of everything. It admits the inaccu-
racy of unique solutions and leaves the results open to interpretation.

Homoclinic orbits seem to play a crucial role in examining chaotic behaviour
in nonlinear relativistic systems, yet the analytical approach of their research is
not always successful. The presence of an external source disrupts the complete
integrability of the geodesic equations around an isolated black hole. The na-
ture of the resulting space-time is examined in terms of homoclinic orbits and
their close neighbourhood. The mathematical prerequisites for understanding
the commonly used terms in classical chaos theory were defined; furthermore,
the homoclinic orbits and their relevant terms were thoroughly characterized.
The homoclinic orbits were analytically computed and graphically displayed for
Paczyński-Wiita and logarithmic pseudo-Newtonian potentials. Since they sim-
ulated the space-time of the Schwarzschild black hole, they were compared with
its appropriate homoclinic orbit. These equations could successively be used to
calculate the Melnikov integral from which the chaotic behaviour can be revealed.

The equations of geodesic motion were calculated for generic circular space-
time. The point of local maximum corresponding to the unstable orbit was found
by using the effective potential method. Substituting concrete conditions, e.g.
the field being static and axially symmetric with Bach-Weyl ring as the external
source, the equations of geodesic motion were simplified to a great extent. Finally,
the equations of motion were derived for the Schwarzschild field with an additional
general source. Although the geodesic equations do not have any immediate
utilization, they could be potentially helpful with simplifying the calculations of
the dynamical behaviour for a concrete metric that satisfies the initial symmetry
of the problem.
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