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Abstract: Modern experiments focusing on durations of nonequilibrium transi-
tions provide valuable information on the underlying microscopic kinetics. Theo-
retically, outcomes of such experiments are well understood for time-independent
free energy landscapes only. Amongst the most fundamental results in this area
belongs an identity of distributions of times of forward and backward transitions
between arbitrary two points of a free energy landscape. However, recently it
has been experimentally found, that this identity can be broken by an action
of external time-dependent force. In the thesis, we explore this situation theo-
retically and discuss under which conditions the identity of distributions can be
restored. To this end, we introduce distributions of transition times weighted by
the entropy production. In particular, we show that it is possible to find weight
for each trajectory, such that weighted distributions of transition times resulting
from such weights are identical. Assuming an external harmonic time-dependent
force, we discuss two experimentally relevant situations. First, we assume the tra-
jectories realizing transitions to be statistically independent. Second, we study
transition events along a sinlge trajectory. We carry out the analysis both in
the underdamped and the overdamped dynamics discussing similarities and most
pronounced differences between the two. Our results can be useful for developing
new insights into properties of transition times in single-molecule spectroscopies.

Keywords: transition times, first-passage problem, transition state theory, Brow-
nian motion, entropy production, double-well potential

iii
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Autor: Šimon Pajger

Katedra: Katedra makromolekulárńı fyziky
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Abstrakt: Moderńı experimenty zaměřené na studium dob trváńı nerovnovážných
přechodových dej̊u poskytuj́ı cenné informace o mikroskopické dynamice těchto
proces̊u. Teoreticky jsou výsledky takových experiment̊u dobře popsány pouze
pro systémy, na něž nep̊usob́ı časově závislá vněǰśı śıla, kde jednou z nejobecněǰśıch
teoretických předpověd́ı je tvrzeńı o rovnosti distribućı čas̊u přechod̊u dopředu
a zpět mezi libovolnými dvěma body krajiny volné energie. Nedávno však bylo
experimentálně zjǐstěno, že tato identita může být narušena p̊usobeńım vněǰśı
časově závislé śıly. V práci teoreticky zkoumáme tuto situaci a diskutujeme, za
jakých podmı́nek lze identitu distribućı zobecnit na časově závislý př́ıpad. Za
t́ımto účelem zavád́ıme rozděleńı přechodových čas̊u vážená produkćı entropie.
Zejména ukazujeme, že je možné naj́ıt váhu pro každou trajektorii takovou, že
vážená rozděleńı přechodových čas̊u, vyplývaj́ıćı z těchto vah, jsou identické.
Speciálńı př́ıpad periodického vněǰśıho p̊usobeńı diskutujeme v kontextu dvou
experimentálně relevantńıch zp̊usob̊u meřeńı přechodových trajektorii. Nejprve
předpokládáme, že trajektorie realizuj́ıćı přechody budou statisticky nezávislé.
Zadruhé studujeme přechodové události podél jedné dlouhé trajektorie. V práci
dále provád́ıme analýzu jak v podtlumené, tak v přetlumené dynamice a disku-
tujeme podobnosti a nejvýrazněǰśı rozd́ıly mezi nimi. Naše výsledky mohou být
experimentálně testovány v časově závislých experimentech prováděnych na jed-
notlivých molekulách, kde mohou pomoct pochopit vliv disipace na rychlosti
pr̊ubeh̊u tepelně aktivovaných děj̊u.

Kĺıčová slova: doby trvańı přechodových jev̊u, problém prvńıho pr̊uchodu, teorie
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Introduction
Several modern experimental methods to determine free energy of macromolecule
rely on detailed measurement of forces by which a macromolecule interacts with
the environment [1]. Special attention is now paid to conformational changes
of the macromolecule in response to the external force acting in these measure-
ments [2, 3]. These changes are relatively rapid and occur through a set of un-
stable states in the free energy landscape of the macromolecule. The resolution
of current measuring methods has reached high qualities, where it is possible to
measure this unstable stochastic dynamics with great accuracy. These processes
can be represented by the time evolution of a so-called reaction coordinate in an
unstable energy region [4].

Reaction coordinates are also used in transition state theory to describe ki-
netics of chemical reactions. In the transition state theory, time evolution of
reaction coordinate is calculated directly from microscopic dynamics of a given
reaction. However, time evolution of reaction coordinate can be also determined
using Kramers’ model [5], in which this time evolution is formally represented by
Brownina motion in a doblewell potential. Kramers’ model can provide rates for
transitions in such system, therefore also rates for chemical reactions.

Main goal of this thesis will be using a time-dependent generalization of the
Kramers’ model to study these transition trajectories (transition trajectory can
for example be a realization of a single chemical reaction). Remarkable property
of stochastic trajectories corresponding to fast transitions through unstable areas,
is identity of distributions of times of such processes [6]. This identity of distribu-
tions follows directly from a microscopic reversibility [6] and can be violated for
example by external time-dependent force [7, 8]. This lacs further theoretical in-
vestigation. Therefore, we will be mainly studying movement of a particle which
is acted upon by a time-dependent force. Our goal is to find thermodynamic
interpretation of transitions in such systems, and use it to discuss this newly-
discovered mechanism of violation of basic identity of distributions of transition
times, and to propose a theorem of more general identity of distributions.

We will provide a method of weighting transition trajectories, such that result-
ing weighted distributions of transition times will be identical. It will be derived
generally, and then to verify it, we will use Monte Carlo simulations of transitions
trough barrier formed by double-well shaped potential, in presence of harmonic
external driving force. At first we will assume statistically independent trajec-
tories, but we will also show how to generalize this method for transitions along
single trajectory, in both overdamped and underdamped stochastic dynamics.
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1. Transition times in
overdamped dynamics

1.1 Model and main quantities
In this chapter, we will consider the time evolution of a reaction coordinate x(t)
given by the overdamped Langevin equation [9]

γẋ(t) = F (x(t), t, ϕ) +
√︂

2kBTγη(t) , (1.1)
where η(t) denotes the standard Gaussian white noise with ⟨η(t)⟩ = 0 and
⟨η(t)η(t′)⟩ = δ(t − t′), kB is the Boltzmann constant, T is temperature of a
reservoir and γ is effective friction coefficient in such units, that x(t) will be in
meters. The force F acting upon x(t) has two components

F (x, t, ϕ) = −V ′(x) + Fe(t, ϕ) , (1.2)

with V (x) being the double-well potential

V (x) = V0(x4 − hx2 + kx) , (1.3)

whose amplitude V0 (measured in Jm−4) scales the whole potential, h > 0 deter-
mines the height of barrier between minima, and k ≥ determines overall slope of
the potential. For k = 0, the potential V (x) will be symmetric with respect to
x = 0.

The second term of right hand side of Eq. (1.2) Fe(t, ϕ) is the external time-
dependent force

Fe(t, ϕ) = FA sin(Ωt + ϕ) , (1.4)
with amplitude FA, angular frequency Ω and initial phase ϕ.

In this thesis, analytical proofs will hold true for general time-independent
V (x) and any time-periodic Fe(t, ϕ). Particular choices (1.3) and (1.4) will be
used in numerical calculations. Throughout the text, we shall also associate
the reaction coordinate x(t) with a position of representative Brownian particle
diffusing in accordance with Eq. (1.1).

The double-well potential (1.3) is illustrated in Fig. 1.1. We will study times
that it takes x(t) to get from one local minimum to the second, without return-
ing back to the starting one. We will call such times as transition times, and
trajectories that start in the left minimum (xL) and end in the right minimum
(xR) without crossing any of minima in between will be called transition trajec-
tories from left to right, and we have denoted ωL→R

τ , where τ is its transition
time. Similarly, we define transition times and trajectories for transitions of x(t)
in the opposite direction. Examples of such trajectories are shown in Fig. 1.1.
By symbol L → R (R → L) we will always mean “from xL to xR” (“from xR
to xL”), therefore any object with this symbol depends explicitly on xL and xR,
even though, they are not listed among it’s arguments.

Transition times are random variables, therefore we will study their distribu-
tions. Let us express these distributions using probabilities of transition trajecto-
ries. For external time-dependent force as in Eq. (1.4) this probability depends on
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Figure 1.1: Illustration of potential and two transition trajectories.

the initial phase ϕ. Let P(ωL→R
t |ϕ) be the probability of realization of transition

trajectory ωL→R
t in case of initial phase ϕ. To express distribution of transition

times from xL to xR, ΦL→R(t), we therefore need to sum over Cartesian product
of transition trajectories and possible initial phases

ΦL→R(t) =
∑︁

ωL→R
t

∫︁ 2π
0 dϕP(ωL→R

t |ϕ)PL(ϕ)∫︁∞
0 dt′∑︁

ωL→R
t′

∫︁ 2π
0 dϕP(ωL→R

t′ |ϕ)PL(ϕ)
, (1.5)

where ∑︁ωL→R
t

means summation over all transition trajectories from left to right
with transition time t, and PL(ϕ) is probability, that the initial phase (of tra-
jectory starting in the left minimum) is ϕ. Similarly we define ΦR→L(t) as the
probability density function for the transition time from xR to xL.

1.2 Entropy production
From the Fokker-Planck equation corresponding to the Langevin equation (1.1)
[10],

∂

∂t
P (x, t|x0, t0) = 1

γ

∂

∂x

[︄
−F (x, t, ϕ)P (x, t|x0, t0) + kBT

∂

∂x
P (x, t|x0, t0)

]︄
, (1.6)
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we can obtain the probability density function P (x, t + dt|x0, t) of infinitesimal
movement from x0 to x starting in time t and ending in t + dt [11]. It reads

P (x, t + dt|x0, t) =

= N exp

⎧⎨⎩− γβ

4dt

[︄
x − x0 − dt

γ
˜︁F (x, t + dt; x0, t; ϕ)

]︄2

− dt

γ
˜︁F ′(x, t + dt; x0, t; ϕ)

⎫⎬⎭ ,

(1.7)

where N stands for the normalization constant, β = 1/(kBT ) and we have denoted

˜︁F (x, t + dt; x0, t; ϕ) = F (x, t + dt, ϕ) + F (x0, t, ϕ)
2 , (1.8)

and ˜︁F ′(x, t + dt; x0, t; ϕ) = ∂

∂x

F (x, t + dt, ϕ)
2 + ∂

∂x0

F (x0, t, ϕ)
2 . (1.9)

Having the exact expression (1.7) we can evaluate the ratio between proba-
bility density functions for this infinitesimal movement and its inverse

P (x, t + dt|x0, t)
P (x0, t|x, t + dt) = exp

[︂
β(x − x0) ˜︁F (x, t + dt; x0, t; ϕ)

]︂
, (1.10)

and integrate this result along a trajectory ωτ ,

P(ωτ |ϕ)
P [(ωτ |ϕ)′] = exp [σ(ωτ |ϕ)] . (1.11)

Here we have denoted the trajectory inverse to (ωτ |ϕ) as (ωτ |ϕ)′ and

σ(ωτ |ϕ) = β
∫︂

ωτ

dx ◦ F (x, t, ϕ) , (1.12)

with ◦ being the so called Stratonovich product described for example in [10].
We can also see, that σ(ωτ |ϕ) is production of entropy in the reservoir (in units
of kB). In other words, the more entropy is produced by a trajectory, the more
is that trajectory probable compared to its inverse trajectory.

We did not define inverse trajectories yet, so let us do it now, with the focus
on transition trajectories. Formally, ωL→R

τ is a mapping from the interval [0, τ ] to
interval [xL, xR], that satisfies ωL→R

τ (0) = xL, ωL→R
τ (τ) = xR, and that ωL→R

τ (t) ̸=
xL for t ̸= 0, ωL→R

τ (t) ̸= xR for t ̸= τ and similarly in the other direction. We
can define trajectory inverse to ωL→R

τ (t) as (ωL→R
τ )′(t) = ωL→R

t (τ − t). From
this definition it follows that it is a transition trajectory from right to left with
the transition time τ . And the trajectory inverse to this inverse trajectory is
the original one, i.e., (ωL→R

τ )′′(t) = ωL→R
τ (t). We just found a bijection between

transition trajectories from left to right ωL→R
τ and transition trajectories from

right to left ωR→L
τ .

Equations (1.11) and (1.12) are well known relations for entropy production
[12]. Our contribution lies in using these relations to study symmetries of distri-
butions of transition times ΦL→R(t) and ΦR→L(t) in case when time-dependent
force Fe is present. In course of the analysis we shall also prove the well-known
fact that for Fe = 0 the distributions are identical [6].
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1.3 Transition times with resetting of the initial
phase

Let us now find symmetry in distributions of transition times. We are going to
achieve that by switching from distributions to weighted distributions. A general
formula for the weighted distribution is

ΦW
L→R(t) =

∑︁
ωL→R

t

∫︁ 2π
0 dϕP(ωL→R

t |ϕ)PL(ϕ) exp[W (ωL→R
t |ϕ)]∫︁∞

0 dt′∑︁
ωL→R

t′

∫︁ 2π
0 dϕP(ωL→R

t′ |ϕ)PL(ϕ) exp[W (ωL→R
t′ |ϕ)]

. (1.13)

This expression is similar to Eq. (1.5), except that probability of realization of
each combination of transition trajectory ωL→R

t and initial phase ϕ is multiplied
by the factor exp[W (ωL→R

t |ϕ)], that we will call “weight”.
Is it possible to find such weights exp[W (ωL→R

t |ϕ)] that ΦW
L→R(t) = ΦW

R→L(t)
would hold? Based on analysis from previous section, such weight has to depend
on σ(ωL→R

t |ϕ). It can also depend on distributions of initial phase PL(ϕ) and
PR(ϕ). In this section, we will work with independent distributions of initial
phase, i.e., PL(ϕ) and PR(ϕ) are considered to be known given functions of ϕ.
Furthermore, after each transition event, the initial phase is reset in accordance
with PL(ϕ) or PR(ϕ).

An experimental realization of such a situation is as follows. We place a
particle into xL, choose initial phase at random according to PL(ϕ), release the
particle and start external force at the same time, and let the particle to move
until it gets out of the interval (xL, xR). Then in case it exited trough xR, we just
got a realization of transition trajectory from xL to xR, we record the transition
time t, production of entropy σ and initial phase ϕ, otherwise we do not record
anything. In both cases we reset the particle position, choose the initial phase
in accordance with PL(ϕ) and repeat the whole process. After having recorded
enough transition events in the L → R direction, we repeat this algorithm for the
other direction, or for a different distribution of initial phase PL(ϕ).

1.3.1 Equality of weighted distributions: Theory
We choose the weight for each element of the Cartesian product of transition
trajectories from left to right and initial phases (ωL→R

t |ϕ) as

exp[W (ωL→R
t |ϕ)] = exp

[︄
−σ(ωL→R

t |ϕ)
2

]︄
/PL(ϕ) , (1.14)

and similarly for (ωR→L
t |ϕ), the weight is

exp[W (ωR→L
t |ϕ)] = exp

[︄
−σ(ωR→L

t |ϕ)
2

]︄
/PR(ϕ) . (1.15)

Let us denote the distribution weighted with (1.14) as Φ
σ
2 ,ϕ

L→R(t), then

Φ
σ
2 ,ϕ

L→R(t) =

∑︁
ωL→R

t

∫︁ 2π
0 dϕP(ωL→R

t |ϕ) exp
[︃
−σ(ωL→R

t |ϕ)
2

]︃
∫︁∞

0 dt′∑︁
ωL→R

t′

∫︁ 2π
0 dϕP(ωL→R

t′ |ϕ) exp
[︃
−σ(ωL→R

t′ |ϕ)
2

]︃ , (1.16)
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because PL(ϕ) from the distribution (1.5) in both numerator and denominator
cancelled with 1/PL(ϕ) from the weight (1.14). We can already see, that this
weighted distribution does not depend on distributions of initial phases. Let us
now show, that Φ

σ
2 ,ϕ

L→R(t) = Φ
σ
2 ,ϕ

R→L(t).
For the sake of brevity, denote numerator of Eq. (1.16) as A

σ
2 ,ϕ

L→R(t), then
Eq. (1.16) is written as

Φ
σ
2 ,ϕ

L→R(t) = A
σ
2 ,ϕ

L→R(t)∫︁∞
0 dt′A

σ
2 ,ϕ

L→R(t′)
. (1.17)

We focus on A
σ
2 ,ϕ

L→R(t) and its relation to A
σ
2 ,ϕ

R→L(t)

A
σ
2 ,ϕ

L→R(t) =
∑︂

ωL→R
t

∫︂ 2π

0
dϕP(ωL→R

t |ϕ) exp
[︄
−σ(ωL→R

t |ϕ)
2

]︄

=
∑︂

ωL→R
t

∫︂ 2π

0
dϕP [(ωL→R

t |ϕ)′] exp
[︄

σ(ωL→R
t |ϕ)
2

]︄

=
∑︂

ωR→L
t

∫︂ 2π

0
dϕ′P(ωR→L

t |ϕ′) exp
[︄

σ((ωR→L
t |ϕ′)′)

2

]︄

=
∑︂

ωR→L
t

∫︂ 2π

0
dϕ′P(ωR→L

t |ϕ′) exp
[︄
−σ(ωR→L

t |ϕ′)
2

]︄

= A
σ
2 ,ϕ

R→L(t) ,

(1.18)

where between the first and the second line we used Eq. (1.11), then we used fact,
that mapping (ωL→R

t |ϕ) → (ωL→R
t |ϕ)′ is a bijection between transition trajectories

from left to right and transition trajectories from right to left. The fact, that
σ((ωR→L

t |ϕ′)′) = −σ(ωR→L
t |ϕ′) can be obtained from Eq. (1.12) and the relation

(ω̇R→L
t )′(t − t0) = −ω̇R→L

t (t0) which follows directly from definition.
Based on Eq. (1.18) we get the desired relation

Φ
σ
2 ,ϕ

L→R(t) = A
σ
2 ,ϕ

L→R(t)∫︁∞
0 dt′A

σ
2 ,ϕ

L→R(t′)
= A

σ
2 ,ϕ

R→L(t)∫︁∞
0 dt′A

σ
2 ,ϕ

R→L(t′)
= Φ

σ
2 ,ϕ

R→L(t) . (1.19)

Notice that this result does not depend on PL(ϕ) and PR(ϕ). The weighted
distribution Φ

σ
2 ,ϕ

L→R(t) depends only on xL, xR, and F (x, t, ϕ) and constants γ and
β.

To be completely rigorous, we have to mention, that when we are inverting a
trajectory, we have to also change the initial phase, so the force in corresponding
points of inverted trajectory stays the same. Therefore ϕ′ has to satisfy sin(Ωt +
ϕ′) = sin(Ω(t − t) + ϕ) = sin(Ωt + π − Ωt − ϕ) → ϕ′ = π − Ωt − ϕ. The relation
between ϕ and ϕ′ is linear, therefore there is no difference between integrating
over ϕ and ϕ′, as long as we integrate over the whole period.

If we use the force as in Eq. (1.2), we get

σ(ωL→R
t |ϕ) = σe(ωL→R

t |ϕ) + β[V (xL) − V (xR)] , (1.20)

7



where σe(ωL→R
t |ϕ) is the entropy production in reservoir caused by external force

only:
σe(ωt|ϕ) = β

∫︂
ωt

dx ◦ Fe(t, ϕ) . (1.21)

The second term on the right-hand side of Eq. (1.20) is the same for all transition
trajectories ωL→R, therefore we can in Eq. (1.16) pull the factor exp{−β[V (xL) −
V (xR)]/2} out of all sums and integrals in both the numerator and the denom-
inator and then cancel it out. We have just obtained an alternative formula for
Φ

σ
2 ,ϕ

L→R,

Φ
σ
2 ,ϕ

L→R(t) =

∑︁
ωL→R

t

∫︁ 2π
0 dϕP(ωL→R

t |ϕ) exp
[︃
−σe(ωL→R

t |ϕ)
2

]︃
∫︁∞

0 dt′∑︁
ωL→R

t′

∫︁ 2π
0 dϕP(ωL→R

t′ |ϕ) exp
[︃
−σe(ωL→R

t′ |ϕ)
2

]︃ . (1.22)

That means we can ignore the entropy production caused by change of particle’s
potential energy and weight trajectories only by the entropy production caused
by external force Fe(t, ϕ).

In case without time-dependent force (Fe = 0) we obtain from Eq. (1.21)
that σe(ωL→R

t |ϕ) = 0. Also nothing can depend on the initial phase of external
force, if there is no external force, so we can choose for example homogenius
distributions PL(ϕ) = PR(ϕ) = 1/(2π). Therefore the weight for each (ωL→R

t |ϕ)
in weighted distribution defined by Eq. (1.22) is exp(W ) = 2π (and we can use the
same arguments for the opposite direction). But weighting each trajectory by the
same number is equivalent to not weighting at all, and we proved, that Eq. (1.22)
is equivalent to Eq. (1.16). Therefore, in case without external time-dependent
force, we can write

ΦL→R(t) = Φ
σ
2 ,ϕ

L→R(t) = Φ
σ
2 ,ϕ

R→L(t) = ΦR→L(t) . (1.23)

Distributions of transition times are identical when there is no external time-
dependent force acting upon x(t). This was for the first time proved in [6].

1.3.2 Equality of weighted distributions: Simulations
We will use the force as in Eq. (1.2) with V0 = 2, h = 2, k = 0.45, FA = 9, and
Ω = 4 in units, in which γ = 1 and β = 1. We set xL = −1.05 and xR = 0.94 in
local minima of potential.

We have used the Euler’s method [13] to discretize Eq. (1.1) with F as in
Eqs. (1.2)-(1.4) as

dX=-V0*(4*Xˆ3-2*h*X+k)*dt+randn()*sqrt(2*dt)+FA*sin(Omega*i*dt+phi)*dt;
X=X+dX;
i=i+1;

All simulations were performed in MATLAB. The algorithm used to simulate
weighted distributions Φ

σ
2 ,ϕ

L→R(t) is as follows. We set x(0) = xL and generate
initial phase. To generate initial phase we will use built-in beta distribution.
Then we let x(t) to evolve, with discretization as above,and time step dt = 0.004
until it gets out of interval (xL, xR). Then if x(t) > xR we have a transition
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trajectory. In such case we add 1 to value of bin of non-weighted (and so far
non-normalized) histogram corresponding to t, and exp

[︂
−σe(ωL→R

t |ϕ)/2
]︂

/PL(ϕ)
to the value of the same bin of weighted histogram, where σe(ωL→R

t |ϕ) we have to
calculate during movement. We can do so by having a variable that we increase
in each step as

S=S+FA*sin(Omega*i*dt+phi)*dX;

And Similarly we can get weighted histograms for other direction Φ
σ
2 ,ϕ

R→L(t), or
different distribution of initial phase Φ

σ
2 ,ϕ

R→L,2(t).
And we repeat the above-described process until the weighted histogram is

smooth enough. But it turned out, that to achieve histograms as in Fig. 1.2 (b)
we needed surprisingly many trajectories. To generate smoothly looking weighted
histogram from left to right (Φ

σ
2 ,ϕ

L→R(t)) we needed almost 108 trajectories, and
for right to left (Φ

σ
2 ,ϕ

R→L(t)) over 109. For comparison, to generate unweighted
histograms, it is sufficient to use around 105 trajectories. Why weighting changes
this so much? And why it is so different for different directions? When we do
not weight, each trajectory contributes by the same value. On the other hand
what weighting does is essentially giving less probable trajectories bigger weights
(concerning initial phase it is exactly indirectly proportional). Then, if probable
trajectories are forming smooth histogram and some low-probability trajectory
with huge weight appears, it creates a peak.

The problem lies in the fact, that trajectories with low probabilities have
huge weights. If it would be in the opposite way, the contribution of trajectories
with low probability to weighted histograms would be negligible (just as in case
without weighting, or even more). Therefore it would be enough to have around
105 trajectories. But as weights are roughly indirectly proportional to probability
of trajectory, contribution of trajectories with low probability is not negligible,
therefore we have to collect many of them (and that is resulting into collecting
many more trajectories in process).

The more the weights vary, the greater the effect. As V (xL) < V (xR), tran-
sition from left to right is on its own less probable. Therefore in this direction
particles has less freedom to go against the external force, compared to the oppo-
site direction, so their weights vary less and accordingly we need less trajectories.

We should also mention, that although to generate Φ
σ
2 ,ϕ

R→L(t) we needed almost
50 times more transition trajectories compared to Φ

σ
2 ,ϕ

L→R(t), it did not took 50
times longer as for the computational time, because transitions from right to left
are more probable; and that in process of making this thesis we used over two
years of computational time on MetaCentrum.

Figure 1.2 (a) shows unweighted histograms of transition times from left to
right ΦL→R(t) and right to left ΦR→L(t) with the identical distribution of initial
phases and from right to left with distribution of initial phase different from other
two distributions ΦR→L,2(t). We can clearly see differences between these three
histograms. Figure 1.2 (b) displays weighted histograms for same parameters as
used in Fig. 1.2 (a). The small differences are most probably caused by statistical
deviations and numerical innaccuracies.
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Figure 1.2: Unweighted (a) and weighted (b) histograms of transition times from
left to right and right to left when PL(ϕ) = PR(ϕ) = B(ϕ/(2π), 2, 2) (Φ

σ
2 ,ϕ

L→R(t) and
Φ

σ
2 ,ϕ

R→L(t)) and from right to left when PR(ϕ + π) = B(ϕ/(2π), 2, 2) (Φ
σ
2 ,ϕ

R→L,2(t)),
with potential characterized by V0 = 2, h = 2 and k = 0.45, and external time-
dependent force by FA = 9 and Ω = 4 in overdamped dynamics.
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1.4 Transition times along single trajectory
In previous section, we have used arbitrary distributions of initial phase, and
considered individual trajectories as being statistically independent. To address
a different experimentally relevant situation, we will let x(t) to evolve (without
placing back to start after transition trajectory, or any other interaction) and
study statistics of transition trajectories realized during such single long trajec-
tory.

1.4.1 Distribution of initial phase
To use an approach similar to the previous one we need to know at first distribu-
tions of initial phase in both minima. We let x(t) to evolve and study phases in
which it crosses xL (xR) in a correct direction (correct direction is the one towards
the second minimum, so in xL it is a positive one and in xR negative). However,
we can not take into account all of such cases, because they are correlated. For
example if in one step x(t) crosses xL in positive direction, in second it crosses xL
back and in third step it crosses xL again in positive direction, these two crossings
in a correct direction should not be taken into account both.

To prove this point we actually took into account all the crossings in correct
direction. In Fig. 1.3 the only difference between (a) and (b) is, that that time
step in second one is ten times smaller. However, the difference is significant and
it is probably caused by the fact that x(t) can oscillate in xL (xR), and when dt
is smaller, crossing event can repeat more times.

We are going to avoid this by counting only decorrelated crossings, that means
that after each counted crossing there is going to be time interval, in which we
will ignore all crossings. We chose the length of this interval as roughly ten
times most probable transition time (half of the period of time-dependent force
probably would be sufficient, but we wanted to keep it consistent with following
simulation). Then we get distributions as in Fig. 1.4.

1.4.2 Weighted histograms
The dynamics of x(t) is simulated as described in Sec. 1.3.2. When the particle
enters the interval (xL, xR), we reset S, and t in code to 0, record the initial phase
and from which direction particle entered the interval. Then if particle leaves the
interval through the same minimum, we do not do anything (we just wait for
the particle to re-enter). If it leaves the interval through the other minimum, we
perform an identical procedure as the one in Sec. 1.3.2 where as PL(ϕ) and PR(ϕ)
we are using distributions from Fig. 1.4. Then we let x(t) to evolve for roughly
ten times most probable transition time, before we start to wait for particle to
enter interval (xL, xR).

Resulting histograms are shown in Fig. 1.5. We can clearly see, that un-
weighted histograms are different and weighted ones are symmetric. There are
small differences, mainly caused probably by the same statistical errors we dis-
cussed in Sec. 1.3.2. And also for the same reasons we needed to generate over
109 transition trajectories. This fact, combined with using only decorrelated tra-
jectories makes Fig. 1.5 definitely the most computational time requiring figure
in this thesis.
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We just managed to get symmetric histograms from transition trajectories,
even though they are not statistically independent, by pausing collecting of tra-
jectories after each recorded transition trajectory.

As we already had PL(ϕ) and PR(ϕ) for correlated transition trajectories as
shown in Fig. 1.3, we also used these to get another weighted histograms (weight-
ing the same transition trajectories). We can see these histograms in Fig 1.6.
These histograms are more symmetric than the unweighted ones in Fig. 1.5 (b),
but the difference between them is still quite clear. Hence we demonstrated, that
in order to achieve symmetry as in Fig. 1.5 (b) it is necessary to use statistically
independent data. In the case of single long trajectory, this can be achieved for
example by using decorrelated transition trajectories and distributions of initial
phase.

1.5 Summary
We have used the overdamped Lengevin equation to study the time evolution of
reaction coordinate in stochastic dynamics. Main goal of this chapter have been
studying movement of a particle in double-well potential, which is acted upon
by a harmonic time-dependent force. In double-well potential we have defined
transition trajectories as trajectories that start in one minimum and end in the
other one without returning back to the starting one in the transition process.
And transition times as durations of transition trajectories. It is well-known fact,
that distributions of such transition times are in case of static potential sym-
metric. However after introducing external time-dependent force, this symmetry
is violated, we have shown how to restore the symmetry introducing weighted
distributions. Namely we have used known relations between probability of tra-
jectory and entropy production to analytically derive weights we have to assign
to each transition trajectory, in order for a weighted distributions of transition
times resulting from such weights, to be symmetric.

After providing general analytical proofs, we have numerically verified our
result in two different experimentally relevant situations. In the first one, we
considered transition trajectories to be statistically independent. We achieved
that by resetting the phase of external force each time the trajectory left the
interval between minima of the double-well potential. The initial phase of ex-
ternal time-dependent force had fixed distributions in both minima. Numerical
results for this case are shown in Fig. 1.2, results were clear. While unweighted
distributions of transition times were different from each other, weighted distri-
butions were identical for both directions and also for different distributions of
the initial phase. However, to achieve smoothly looking weighted distributions,
we needed over 109 transition trajectories. That is quite a lot, compared to 105

transition trajectories needed to generate smoothly looking unweighted distribu-
tions. Further discussion about why is this happening, and why is the effect
stronger for transitions from minimum with higher potential to minimum with
lower potential, can be found in Sec. 1.3.2.

The second situation in which we have tested our weighting was studying
transition trajectories realized during single long trajectory. In this scenario,
succesive transition trajectories are not statistically independent. Therefore, in
order to use methods from previous situation, we had to wait after each recorded
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transition trajectory for time interval equivalent to roughly 10 transition times,
before we started looking for another transition trajectory. Data we have collected
using this approach were indeed statistically independent and therefore we could
apply our method of weighting to get symmetric weighted distributions. How to
get symmetric weighted distributions even from statistically correlated data may
be an interesting topic of further research.
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Figure 1.3: PL(ϕ) and PR(ϕ) for correlated transition trajectories in potential
characterized by V0 = 2, h = 2, and k = 0.45, and external time-dependent force
by FA = 9 and Ω = 4, in overdamped dynamics, with time step dt = 0.004 (a)
and dt = 0.0004 (b).
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Figure 1.4: Decorrelated calculation of PL(ϕ) and PR(ϕ) in potential characterized
by V0 = 2, h = 2, and k = 0.45, and external time-dependent force by FA = 9
and Ω = 4 in overdamped dynamics.
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Figure 1.5: Unweighted (a) and weighted (b) histograms of transition times from
left to right and right to left in case of single trajectory in potential characterized
by V0 = 2, h = 2, and k = 0.45, and external time-dependent force by FA = 9
and Ω = 4 in overdamped dynamics.

16



Figure 1.6: Histograms of transition times from left to right and right to left in
case of single trajectory weighted using correlated distributions of initial phase
in potential characterized by V0 = 2, h = 2, and k = 0.45, and external time-
dependent force by FA = 9 and Ω = 4 in overdamped dynamics.
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2. Transition times in
underdamped dynamics

2.1 Model and main quantities
Organization of the current chapter will be similar to Chap. 1, but instead of the
overdamped dynamics we shall consder the underdamped one. In this case, the
Langevin equations are according to [9]

mv̇(t) = −γv(t) + F (x(t), t, ϕ) +
√︂

2kBTγη(t) ,

ẋ(t) = v(t) ,
(2.1)

where v(t) is velocity, m is effective mass in kilograms, and all other quantities
are the same as the ones in Eq. (1.1).

In this case, each trajectory is a mapping from time to a point in the phase
space (position and velocity). The transition trajectory with transition time τ ,
denoted ωL→R

τ is a mapping from interval [0, τ ] to [xL, xR] × R, that satisfies
ωL→R

τ (0) = [xL, vL > 0], ωL→R
τ (τ) = [xR, vR > 0], and that ωL→R

τ (t) ̸= [xL, v(t)]
for t ̸= 0 and ωL→R

τ (t) ̸= [xR, v(t)] for t ̸= τ and similarly in the other direction.

2.2 Entropy production
From the Fokker-Planck equation corresponding to Eq. (2.1), known also as the
Kramers equation [14], we obtain the probability density function P (x, v, t +
dt|x0, v0, t) of infinitesimal movement from the state described by x0 and v0 to
the state described by x and v. This infinitesimal movement starts at time t and
ends at t + dt. Namely we have

P (x, v, t + dt|x0, v0, t) =

= N exp

⎧⎨⎩− m2β

4γdt

[︄
v − v0 − dt

m
˜︁F (x, v, t + dt; x0, v0, t; ϕ)

]︄2
⎫⎬⎭

× exp
[︄
−dt

γ
˜︁F ′(x, v, t + dt; x0, v0, t; ϕ)

]︄
δ
(︃

x − x0 − dt
v + v0

2

)︃
,

(2.2)

where N stands for the normalization constant and we have denoted

˜︁F (x, v, t + dt; x0, v0, t; ϕ) = F (x, t + dt, ϕ) − γv + F (x0, t, ϕ) − γv0

2 , (2.3)

and

˜︁F ′(x, v, t + dt; x0, v0, t; ϕ) = ∂

∂v

F (x, t + dt, ϕ)
2 + ∂

∂v0

F (x0, t, ϕ)
2 − γ , (2.4)

in other words, we included friction into the force ˜︁F .
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Having the exact expression (2.2), we can evaluate the ratio between proba-
bility density functions for this infinitesimal movement and its inverse

P (x, v, t + dt|x0, v0, t)
P (x0, −v0, t|x, −v, t + dt)

= exp
{︄

β

[︄
1
2m(v2

0 − v2) + v + v0

2
F (x, t + dt, ϕ) + F (x0, t, ϕ)

2 dt

]︄}︄
,

(2.5)

and integrate this result along trajectory

P(ωτ |ϕ)
P [(ωτ |ϕ)′] = exp

{︃
σ(ωτ |ϕ) + β

1
2m(v2

L − v2
R)
}︃

, (2.6)

where σ(ωτ |ϕ) is from Eq. (1.12). For velocities of inverse trajectories it holds
that [v(t)]′ = −v(τ − t), otherwise are inverse trajectories defined similarly to the
ones in the first chapter.

As we can see, entropy production in underdamped dynamics is similar to
one in overdamped dynamics, see Eg. (1.11). The key difference in definition of
transition time distributions, and corresponding weighted ones, will lie in need of
more careful approach towards boundary conditions.

2.3 Transition times with resetting of the initial
phase and velocity

Let us denote P (xR, vR, t|xL, vL, ϕ) the probability density function of trajectories
starting in xL with velocity vL and initial phase ϕ, ending in xR with velocity
vR and lasting t. Let PL(vL|ϕ) be the distribution of velocities at xL in the
case of phase ϕ. Without time-dependent force, it is reasonable to assume that
PL(vL) is equal to the Maxwell distribution. However, in presence of the time-
dependent force, we assume that it in general depends on ϕ. We will discuss these
distributions more in Sec. 2.4.

When the particle starts at xL with the initial velocity vL, the flux escaping
at xR at time t is given by

JL→R(t|vL, ϕ) =
∫︂ ∞

0
dvRvRP (xR, vR, t|xL, vL, ϕ) . (2.7)

We average this flux over the initial distribution of vL

JL→R(t) =
∫︂ 2π

0
dϕ
∫︂ ∞

0
dvLJL→R(t|vL)PL(vL|ϕ) . (2.8)

Therefore in the underdamped dynamics the formula for distribution of transition
times is given by [6]

ΦL→R(t) = JL→R(t)∫︁∞
0 dt′JL→R(t′) (2.9)

2.3.1 Equality of weighted distributions: Theory
Because P (xR, vR, t|xL, vL, ϕ) can be obtained by summing over all transition
trajectories, with transition time t, initial velocity vL, and final velocity vR, we can
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exchange integration over vL and vR for summation over all transition trajectories,
we are also averaging over ϕ. We get unweighted distribution of transition times
in underdamped dynamics

ΦL→R(t) =
∑︁

ωL→R
t

∫︁ 2π
0 dϕP(ωL→R

t |ϕ)vRPL(vL|ϕ)PL(ϕ)∫︁∞
0 dt′∑︁

ωL→R
t′

∫︁ 2π
0 dϕP(ωL→R

t′ |ϕ)vRPL(vL|ϕ)PL(ϕ)
, (2.10)

similarly in the other direction. Now we can use the same methods, as in Chap. 1.
Comparing Eq. (2.10) to Eq. (1.5) we can see, that now for each element of the
Cartesian product of transition trajectories from left to right and initial phases
there is additional factor PL(vL|ϕ), as one would naturally expect. But there is
also factor vR, that came from flux in left minimum. Extreme case is, that if
particle somehow slows down and stops right in the minimum, it did not actually
escape. It makes sense, we did not need this factor in the overdamped dynamics,
but now we can not neglect its contribution. Also note, that there is no problem
with the signs, as vR is always going to be positive, and in the other direction,
vL for each (ωR→L

t |ϕ) is always negative. Therefore distribution is going to be
non-negative, thanks to normalization.

We choose the weight for each element of the Cartesian product of transition
trajectories from left to right and initial phases (ωL→R

t |ϕ) as

exp[W (ωL→R
t |ϕ)] = 1

vRPL(vL|ϕ)PL(ϕ) exp
{︄

−σ(ωL→R
t |ϕ)
2 − β

4 m(v2
L − v2

R)
}︄

,

(2.11)
and similarly in the opposite direction. Let us denote the weighted distribution
defined by such weights as Φ

σ
2 ,ϕ,v

L→R (t) and its numerator as A
σ
2 ,ϕ,v

L→R (t),

Φ
σ
2 ,ϕ,v

L→R (t) = A
σ
2 ,ϕ,v

L→R (t)∫︁∞
0 dt′A

σ
2 ,ϕ,v

L→R (t′)

=

∑︁
ωL→R

t

∫︁ 2π
0 dϕP(ωL→R

t |ϕ) exp
{︃

−σ(ωL→R
t |ϕ)

2 − β
4 m(v2

L − v2
R)
}︃

∫︁∞
0 dt′∑︁

ωL→R
t′

∫︁ 2π
0 dϕP(ωL→R

t′ |ϕ) exp
{︃

−σ(ωL→R
t′ |ϕ)

2 − β
4 m(v2

L − v2
R)
}︃ ,

(2.12)

similarly in the other direction. Then we get

A
σ
2 ,ϕ,v

L→R (t) =
∑︂

ωL→R
t

∫︂ 2π

0
dϕP(ωL→R

t |ϕ) exp
{︄

−σ(ωL→R
t |ϕ)
2 − β

4 m(v2
L − v2

R)
}︄

=
∑︂

ωL→R
t

∫︂ 2π

0
dϕP [(ωL→R

t |ϕ)′] exp
{︄

σ(ωL→R
t |ϕ)
2 + β

4 m(v2
L − v2

R)
}︄

=
∑︂

ωR→L
t

∫︂ 2π

0
dϕ′P(ωR→L

t |ϕ′) exp
{︄

−σ(ωR→L
t |ϕ′)

2 − β

4 m(v2
R − v2

L)
}︄

= A
σ
2 ,ϕ,v

R→L (t) ,

(2.13)

where between the first and the second line we have used Eq. (2.6), then we have
used the fact, that the mapping (ωL→R

t |ϕ) → (ωL→R
t |ϕ)′ is a bijection between
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transition trajectories from left to right and transition trajectories from right to
left. The fact, that σ[(ωR→L

t |ϕ′)′] = −σ(ωR→L
t |ϕ′) can be obtained from Eq. (1.12)

and relation [v(t)]′ = −v(τ − t) (′ denotes the time inversion, not the derivative).
And from Eq. (2.13) we get the desired relation

Φ
σ
2 ,ϕ,v

L→R (t) = A
σ
2 ,ϕ,v

L→R (t)∫︁∞
0 dt′A

σ
2 ,ϕ,v

L→R (t′)
= A

σ
2 ,ϕ,v

R→L (t)∫︁∞
0 dt′A

σ
2 ,ϕ,v

R→L (t′)
= Φ

σ
2 ,ϕ,v

R→L (t) . (2.14)

For the same reasons as in the first chapter, we can switch from the entropy
production, to the entropy production caused by external force only, as defined
in Eq. (1.21).

In the case without external force, σe(ωt|ϕ) = 0, and distributions of initial
velocity are equal to the Maxwell distribution

PL(v) = PR(v) =
√︂

βmv exp
(︄

−β

2 mv2
)︄

. (2.15)

We get identical distributions of transition times even without weighting, since
we have

AL→R(t) =
∑︂

ωL→R
t

∫︂ 2π

0
dϕP(ωL→R

t |ϕ)vRPL(vL|ϕ)PL(ϕ)

=
∑︂

ωL→R
t

P(ωL→R
t )vRvL

√︂
βm exp

(︄
−β

2 mv2
L

)︄

=
∑︂

ωL→R
t

P [(ωL→R
t )′]vRvL

√︂
βm exp

(︄
−β

2 mv2
R

)︄

=
∑︂

ωR→L
t

P(ωR→L
t )vRvL

√︂
βm exp

(︄
−β

2 mv2
R

)︄

=
∑︂

ωR→L
t

∫︂ 2π

0
dϕP(ωR→L

t |ϕ)vLPR(vR|ϕ)PR(ϕ)

= AR→L(t) ,

(2.16)

where at first we integrated over ϕ, because in case without external force no
quantity depends on the initial phase. We also plug in the Maxwell distribution
and then Eq. (2.6), equivalence of σ(ωt|ϕ) and σe(ωt|ϕ), and the fact, that for
Fe = 0 the corresponding entropy production vanishes. From relation we obtain
the equality of unweighted distributions

ΦL→R(t) = AL→R(t)∫︁∞
0 dt′AL→R(t′) = AR→L(t)∫︁∞

0 dt′AR→L(t′) = ΦR→L(t) . (2.17)

Concerning experiments with resetting of initial state, in underdamped dy-
namics we have to reset not only phase, but also velocity. If we choose distribu-
tions PL(ϕ) = PR(ϕ) = 1/(2π) and PL(vL|ϕ) = PR(vR|ϕ) =

√
βmv exp(−βmv2/2),

and the weight for each transition trajectory exp[W (ωt|ϕ)] = exp[−σe(ωt|ϕ)/2],

21



we get

A
σ
2 ,ϕ,v

L→R (t) =
∑︂

ωL→R
t

∫︂ 2π

0
dϕP(ωL→R

t |ϕ)vRPL(vL|ϕ) exp W (ωL→R
t |ϕ)

=
∑︂

ωL→R
t

∫︂ 2π

0
dϕP(ωL→R

t |ϕ)vRvL

√︂
βm exp

(︄
−β

2 mv2
L

)︄
exp

(︄
−σe(ωL→R

t |ϕ)
2

)︄

∝
∑︂

ωL→R
t

∫︂ 2π

0
dϕP [(ωL→R

t |ϕ)′]vRvL

√︂
βm exp

(︄
−β

2 mv2
R

)︄
exp

[︄
σe(ωL→R

t |ϕ)
2

]︄

=
∑︂

ωR→L
t

∫︂ 2π

0
dϕ′P(ωR→L

t |ϕ′)vRvL

√︂
βm exp

(︄
−β

2 mv2
R

)︄
exp

[︄
−σe(ωR→L

t |ϕ′)
2

]︄

=
∑︂

ωR→L
t

∫︂ 2π

0
dϕ′P(ωR→L

t |ϕ′)vLPR(vR|ϕ′) exp W (ωR→L
t |ϕ′) = A

σ
2 ,ϕ,v

R→L (t) .

(2.18)

That means, that if we in both minima choose the homogeneous distribution of
initial phase, the Maxwell distribution of velocities, and if we weight trajectories
by exp[−σ(ωt|ϕ)/2], we should obtain symmetric weighted distributions.

2.3.2 Equality of weighted distributions: Simulations
Using the Euler scheme [13], we discretize the Langevin equations (2.1) as

dv=-V0*(4*Xˆ3-2*h*X+k)*dt+randn()*sqrt(2*dt)+
+FA*sin(Omega*i*dt+phi)*dt-v*dt;

X=X+v*dt;
v=v+dv;
i=i+1;

Hence for the simulation, we can use a similar algorithm as the one in Sec. 1.3.2.
The only difference is that now we have to generate a random initial velocity from
a chosen distribution.

If we use the initial distributions and weighting used in Eq. (2.18), we get
distributions and weighted distributions as shown in Fig. 2.1. Unweighted distri-
butions in Fig. 2.1 (a) are different from each other and weighted distributions in
Fig. 2.1 (b) are identical within computational accuracy.

To generate these figures we used over 107 transition trajectories in both di-
rections. It is surprising that with one hundred times fewer transition trajectories
than in Fig. 1.2 we got a pretty smooth histogram. This is probably caused by
particular choice of distributions of the initial state. Specifically, distribution of
initial phase does not approach 0 anywhere, as did distribution used to gener-
ate Fig. 1.2, on the contrary, this time distribution of initial phases is constant,
therefore weights in this case vary much less.

2.4 Transition times along single trajectory
We can numerically verify that distributions of transition times are in the case
without external force symmetric, by studying transition times of one long trajec-
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Figure 2.1: Unweighted (a) and weighted (b) histograms of transition times from
left to right and right to left in case of initial phases generated by PL(ϕ) = PR(ϕ) =
1/(2π) and initial velocities by PL(v|ϕ) = PR(v|ϕ) =

√
βmv exp(−βmv2/2) in

potential characterized by V0 = 2, h = 1, and k = 1, and external time-dependent
force by FA = 9, and Ω = 4.
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tory without any weighting. We have used same algorithm as in Sec. 1.4.2 with
discretization as in Sec. 2.3.2, and FA = 0.

It turns out, that it is important to set time step smaller. For the same time
step as used in the first chapter (dt = 0.004), distributions were almost the same,
but after closer inspection a systematic difference between the two was apparent.
However. this difference disappeared after changing the time step to one tenth
of previous value (dt = 0.0004), as we may see in Fig. 2.2.

Figure 2.2: Histograms of transition times from left to right and right to left in
case of single trajectory in potential characterized by V0 = 2, h = 2, and k = 1,
without external time-dependent force, in underdamped dynamics.

In Sec. 2.3.1, to theoretically derive, why distributions of transition times are
identical even without a weighting, we assumed, that distributions of initial ve-
locity in both minima are equal to the Maxwell distribution PL(v) = PR(v) =√

βmv exp(−βmv2/2). The reason is, that without external time-dependent force
system stays in the state of thermodynamic equilibrium and initial Maxwell dis-
tribution will not change over time.

On the other hand, in presence of external time-dependent force these distri-
butions may differ. To find out exact values, we use the same algorithm as we
used in Sec. 1.4.1 to compute distributions of initial phase. Only this time after
each crossing event we record pair of current phase and current velocity. We then
use these pairs to plot two dimensional histogram of probabilities of initial states
PL(vL|ϕ)PL(ϕ) and PR(vR|ϕ)PR(ϕ). Results are in Fig. 2.3.

If we take one of the histograms in Fig. 2.3, invert the velocity (v → −v) and
shift phases by π (ϕ → ϕ+π), the result would be similar to the other histogram.
In symbols PL(vL|ϕ)PL(ϕ) ≈ PR(−vR|ϕ + π)PR(ϕ + π). Also under a closer
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Figure 2.3: Distribution of initial phase and velocity P (v|ϕ)P (ϕ) in xL (a) and
xR (b) in potential characterized by V0 = 2, h = 1, and k = 1, and external
time-dependent force by FA = 9, and Ω = 4.
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examination histograms would be only really similar, not identical. To understand
those facts, let us qualitatively describe the distribution PL(vL|ϕ)PL(ϕ) in Fig. 2.3.
Maximum for is quite immediately after the force starts to push to the right. That
is probably because the potential on the left of xL is too steep and particles can
not be much more left then in xL, and when the force starts to push them to
the right, they with high probability go to the right. And we see fading line
coming of this maximum, in direction to lower velocities and higher phases. Why
the most probable initial velocity is decreasing with phase, even though for this
phase it means increasing force? Reason lies probably in the fact, that particles,
that were on the left of xL when ϕ ≈ 0 crossed minimum already around that
peak, therefore most of the particles, that are leaving afterwards, reached xL
when force was already pushing them to the right. Soon after they reached xL
they are crossing xL again, this time in positive direction, with “small” velocity,
because just a moment ago they were going to the opposite direction, a similar
pattern but shifted and mirrored is in xR.

These distributions could be used to weight (decorrelated) transition trajec-
tories inside a single long trajectory using Eq. (2.11). Because quite large area
of these distributions has values close to zero, we can anticipate, that to achieve
smoothly looking histogram, we would need quite large number of transition tra-
jectories, just as in the Sec. 1.3.2, maybe even bigger.

2.5 Summary
In this chapter, our goal was to generalize results from the first chapter to under-
damped stochastics dynamics, in which the movement of the particle is described
by system of two differential equation instead of just one, and to describe state of
a particle in given time we need not only its position, but also velocity. That re-
sulted into changes in the definition of transition trajectories. But more difficult
were changes in theory. We have modified equations for production of entropy
and relations for distributions of transition times. Subsequently, we have been
able to find weighting similar to the one in the first chapter.

Then we tested our theory on the situation with statistically independent
trajectories and resetting of initial state. To generate initial velocities we used the
Maxwell distribution, therefore the formula for weight simplified a lot. Resulting
weighted distributions were symmetric while unweighted distributions were not.
That means we successfully generalized our weighting from the first chapter to
the case of underdamped dynamics.

Then we numerically verified, that in underdamped dynamics it still holds,
that in the case without external time-dependent force, distributions of transition
times are symmetric even without weighting. This has been done using the situ-
ation with a single long trajectory, from which we cut out transition trajectories,
that are far enough from each other to be statistically independent.

In the case without external time-dependent force distribution of initial ve-
locities is equal to Maxwell distribution. We realized, that in presence of time-
dependent force, this fact may change, and distributions of velocities will in gen-
eral depend on a phase of time-dependent force. To test this hypothesis in sim-
ulations, we calculated these distributions of velocity and phase in both minima.
These distributions are two dimensional histograms that we may see in Fig. 2.3.
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These distributions will be necessary for weighting of transition trajectories in
situation with single long trajectory. However it is quite probable, that much
higher precision of these distributions will be needed. And we can also antici-
pate, that number of trajectories needed to achieve smoothly looking weighted
distributions for transition times in single long trajectory will be over 109.
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Summarizing remarks and
perspectives
In Chap. 1, we used the Langevin equation for the overdamped stochastic dy-
namics, Eq. (1.1), and studied transition times of trajectories generated by this
equation. We used the well-known relation between entropy production and prob-
abilities of trajectories (1.11) to derive a theorem (1.19), that gives us symmetric
weighted distributions of transition times even in presence of the external time-
dependent force, what is situation in which unweighted distributions of transition
times are no longer symmetric. They are, however, symmetric in a case without
the external force. This well-known fact can be derived from our theorem. That
means we discovered more general symmetry of distributions of transition times.

We verified this theorem (1.19) by numerical Monte Carlo simulations for two
different experimentally relevant situations. In the first one we studied statisti-
cally independent transition trajectories, by resetting initial state of particle after
each trajectory. In second one we took a single long trajectory and extract statis-
tically independent trajectories out of it by taking into account only transitions
trajectories that are separated from each other by at least 10 average transition
times. Resulting figures are shown in Fig. 1.2 and Fig. 1.5. How to generalize our
theorem even for transition trajectories, that are not statistically independent,
may be an interesting topic for further research.

In Chap. 2, we generalized results from Chap. 1, that used overdamped
stochastic dynamics to the case of the underdamped one. We modified the for-
mula for the entropy production and the formula for distribution of the transition
times to get a weighting similar to the one in the first chapter. We tested our
theory on the situation with statistically independent trajectories. To generate
initial velocities we used the Maxwell distribution. Resulting weighted distribu-
tions were symmetric while unweighted distributions were not as we may see in
Fig. 2.1. During Monte Carlo simulations it turned out, that in the underdamped
dynamics time step required for accurate simulations is 10 times smaller, then
in overdamped dynamics. We also calculated distributions of initial state and
discussed their relevance for the second experimentally relevant situation.

Provided results can be used in transition state theory and theory of chemical
reactions. And because we are using harmonic driving force, our results may
be also used in nonlinear spectroscopy. Namely, in future research it might be
interesting to test our predictions experimentally and to derive consequences of
our formulas, e.g., in the linear-response regime.

Yet another interesting topic for the future research may be introducing of
second dimension, that can in some cases violate the basic symmetry even without
the external force, and searching for a more general theorem in such dynamics.
So far we have a functioning Monte Carlo simulation, that provided us with some
qualitative observations.
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