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Introduction
Order picking, which is the process of retrieving items from storage to meet
customer demand, and warehouse replenishment are critical functions to each
supply chain. In prior studies, these tasks have been identified as the most laborintensive and costly activities for almost every warehouse [1]. The cost of order
picking is estimated to be as much as 55% of the total warehouse operating
expense [2]. Even though the use of automated equipment in the distribution
centers is on the rise and has the potential to lower the cost of order picking over
time, manual order picking is still prevalent. This thesis is motivated by manual
warehouses, but the results may be relevant for automated warehouses as well.
In its essence, the order picking problem is a variant of the well-known Traveling Salesman Problem. If we think of pick locations as cities, then the task
becomes: given a pick list, plan a tour through the warehouse that visits every
location on the pick list exactly once. In the past, researchers have developed
many approaches to solve this special case of TSP, so that we could solve realworld instances fast enough. One of the most influential is the exact polynomial
time algorithm that was developed by Ratliff and Rosenthal in 1983 [3]. There
is a caveat though, it solves the problem for one specific warehouse layout only.
Because the algorithm lacks the flexibility to be used in many real-world scenarios, it has been extended multiple times by other authors. Even though the
exact algorithm is developed, it is the heuristic approach that is still arguably the
most commonly used in practice. These routing policies [4] — despite frequently
leading to suboptimal routes — are very quickly computed, easy to implement,
and can be followed effortlessly by order pickers. Heuristic algorithms can often
be described by a simple, easy-to-remember rule.
However, in a typical warehouse, there are multiple order pickers working at
the same time. Up until this point, none of the routing policies considered interactions between pickers. When multiple pickers are given similar or intersecting
routes, the pickers start to block each other, which results in congestion. In recent
years, many studies have been conducted on the effects of picker blocking. Authors often develop an analytical model or simulation to study, which factors are
the most contributing to picker blocking. Unsurprisingly, the number of pickers,
storage location assignment policy, and warehouse layout are on top of the list
[5].
But how much efficiency is lost due to picker blocking? First, we have to
define the efficiency of order picking. One way to define it is as throughput —
the number of completed orders (per period of time). An alternative metric could
be the sum of the time spent waiting by order pickers. With efficiency defined,
we can look at specific studies. One of the most comprehensive publications on
the topic is written by Huber [5]. He concludes that congestion accounts for the
throughput loss of about 30% on average and the majority of experiments had
throughput loss of at least 15%. In a recent study, Klodawski et al. [6] were more
interested in a relationship between the number of agents in a warehouse and
picker blocking. The time spent blocking was roughly 5% when only three agents
were in a warehouse, but it rose to ca. 30% when the number of agents was
9. Finally, Elbert et al. [7] compared different routing heuristics in their work.
3

The choice of routing heuristic alone had a big impact on throughput times and
blocking. Use of the worst performing heuristic resulted in more than 30% drop
in throughput compared to the best.
Given the significant throughput loss due to congestion, surprisingly little
research has been done on picker routing with congestion consideration. It is the
goal of this thesis to survey existing picker routing algorithms, the algorithms
from the multi-agent path finding realm, and to develop an algorithm based on
this research that will compute routes for order pickers while avoiding mutual
blocking at the same time. We have determined that prioritized planning with a
custom solver for individual tours offers the best trade-off between computation
times and solution quality.
The structure of this thesis directly mirrors the goals we have set. In the first
chapter, we will describe the real-world warehouse layout and processes to give
us the necessary understanding of the warehousing domain. The problem to be
solved will be defined and related problems will be introduced. In the second
chapter, we will go through related work, including picker routing and multiagent path finding. In the third chapter, we will analyze the possible solution
approaches and we will give reasons why or why not to use the particular approach
to solve our problem. In the fourth chapter, we will introduce the custom GTSP
solver. This solver is used in a prioritized planning algorithm. We will introduce
and test a few heuristics to improve the performance of the prioritized planning
algorithm. Finally, in the fifth chapter, the performance of the algorithm will be
evaluated empirically.
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1. Multi agent picker routing
In this chapter, we describe the real-world warehouses that motivate this thesis
and we introduce the necessary terminology. Next, the formulation of the problem
will follow. Last, we introduce related problems in this chapter, namely the
variants of the Travelling Salesman Problem and the Multi-agent path finding.

1.1

Real-world warehouse specification

Consider a parallel-aisle warehouse as shown in the Figure 1.1 for illustration.
The warehouse has narrow vertical aisles, which means that order pickers cannot pass each other in an aisle, and several horizontal cross aisles. The area
between two neighboring cross-aisles is called a block. Based on the number of
cross-aisles, we distinguish between single-block and multi-block warehouse layouts. The warehouse has a high bay storage area, meaning its storage racks have
pallets stored at multiple height levels. In addition to the main storage area, the
warehouse may also contain special zones, e.g. freezers and regions separated by
walls that are connected to the main grid. There are two areas that are connected
to the Input/Output ports of the warehouse — the inbound and outbound staging areas. The inbound staging area serves as a buffer for new products arriving
to the warehouse that are waiting to be restocked. The outbound area has a
similar purpose, but in reverse — it’s where completed customer orders are taken
after they have been picked up in the storage area and are waiting to be loaded
into trucks for delivery. In the literature, a single depot is more common for this
purpose. Products are stored in aisles on both sides. One distinct product type
(SKU - stock keeping unit) can be stored at multiple locations in the warehouse,
which is referred to as scattered storage in the industry.
Outbound staging area

block

cross-aisle 2

aisle 7

aisle 1

cross-aisle 3

cross-aisle 1

Inbound staging area

Figure 1.1: Warehouse layout

Figure 1.2: High bay storage

People or autonomous agents navigate through the warehouse. We assume,
that agents travel at a constant speed. There are two kinds of tasks we consider
— order picking and warehouse replenishment. To recapitulate, order picking is
the process of retrieving items from storage, usually given to the agent on the
5

so-called pick list. The reverse process is called warehouse replenishment. From
our perspective, the only difference between the two processes is the staging area
the agent begins or ends his tour at. Therefore, to simplify the terminology, we
will refer to all people performing these two tasks as order pickers, or agents more
generally.
During the workday, order pickers are assigned customer orders. We assume,
that the orders are already assigned to individual pickers, including the sequence
for each picker, in which the orders have to be completed. It is worth noting, that
the order assignment (or order batching) alone is generally a hard task, which can
have a big impact on the efficiency of the operation. For further reading, see the
article by Scholz and others [8]. Agents walk or ride through the warehouse with a
picking device and pick items from a pick list, or replenish items respectively. We
assume that the picking device has enough capacity to carry all items specified
in any customer order. As previously mentioned, the aisles are narrow, meaning
that the order picker can reach product racks on both sides of an aisle without
any time penalty, but one order picker cannot pass another in the aisle.
Even though we don’t have any particular warehouse instances specified, part
of the task specification is the upper bound on the size of the problem. There can
be up to 100 000 pick locations in the warehouse. The number of order pickers
working in the warehouse at the same time can range from 2 to 100, depending
mostly on the warehouse size. With approximately 10 customer orders per picker
per workday, the number of customer orders can reach up to ca. 1000 per day.
Any single customer order can consist of at most 14 unique items, but most of
the orders will consist of less than 10 different items. In some instances, where
the items stored in the warehouse are large (e.g. pallets of building material),
the number of items in an order will be usually close to one. The number of
agents and the number of items per order will be particularly important for the
algorithm. As we will see later, these two values have the biggest impact on the
complexity of the problem.

1.2

Problem input

We will neglect the real-world specifics for now and focus on the abstract view of
the problem only. This includes representing the physical warehouse as a graph
as illustrated in Figure 1.3. The input to the abstract multi-agent picker routing
problem is:
1. A directed graph G = (V, E), which is assumed to represent a 4-connected
grid with obstacles (storage racks, walls, etc.). The vertices of the graph are
all possible locations for the agents, and the edges are possible transitions.
All edges have unit weight.
2. Set of m tasks O = {O1 , ..., Om }. Each task is specified by a start vertex,
startOi ∈ V , a goal vertex, goalOi ∈ V and a collection of sets, where the
sets contain vertices from G. For each vertex and an item pair (v, i), such
that item i is stored at vertex v, pick time tvi ≥ 0 is defined, which is the
time needed to pick item i at vertex v.
3. k agents a1 , ..., ak .
6

4. For each agent ak ∈ A, an ordered list of tasks Rk is given, such that every
task Oi ∈ O is contained precisely in one list Rj , j ∈ {1, ..k}.
Time is discretized into time steps. We assume without loss of generality that
the start vertex of any task is identical to the goal vertex of the previous task in
the corresponding ordered list if such task exists.

Figure 1.3: Graph representation of a warehouse

1.3

Problem formulation

Let the input to the problem be of the same format as defined above. Each agent
occupies a single vertex at any given time and similarly, each vertex and edge can
be used by at most one agent at any given time step. Agents can perform one of
the three actions at a time - stay at the vertex, move to an adjacent vertex and
finally, perform a pick action.
Every agent is given a unique list of tasks. Each task contains a start location,
a goal location, and a collection of sets. Elements of the sets are pick locations.
From each set, exactly one location has to be picked. Picking an item at a location
takes some positive time tvi specific for each vertex and item pair (v, i) — an agent
must stay at least tvi time units at the vertex. For the other vertices and regular
movement actions, such conditions do not apply and an agent can stay at the
vertex for arbitrarily many time steps.
Agents perform the tasks one at a time and after an agent finishes a task, he
immediately begins to perform the next one, if there is one. We assume that the
agent disappears after his last task is finished. The order in which the tasks are
performed is given.
The goal is to find a tour for each task and agent, such that exactly one vertex
from each set is visited for a given task and the tours are minimizing the sum of
costs objective function (defined in the next section).

7

1.4

Related problems and definitions

For a single agent and task, the problem of finding a tour is closely related to
Travelling Salesman Problem, even though there are some substantial differences.
Let us consider graph representation of a warehouse (see Figure 1.3). The gray
nodes are pick locations of one task. If we neglect the scattered storage assumption and we assume that each item is stored at exactly one location instead, then
we can classify the problem as a variant of TSP called Steiner TSP.
Definition 1 ([9] Steiner TSP). Given a list of cities, some of which are required
to be visited, and the lengths of roads between them, the goal is to find the shortest
possible walk that visits each required city and then returns to the origin city.
Vertices may be visited more than once and edges may be traversed more than
once as well.
In the definition, an agent must return to the origin city. Generally, agents in
the warehouse may receive orders, that have different start and finish locations.
We can neglect this difference from a theoretical standpoint, as it doesn’t change
the complexity of the problem. The number of permutations of cities is still the
same, only the route to the final location is different. For practical purposes, we
could add a zero cost edge from the final node to the start node, and an edge
with an infinite cost from the final node to all other nodes, which would force the
final node as the last node, before returning to the start.
Steiner TSP can be converted into a classical TSP instance. First, shortest
paths between all required nodes are computed, which yields a new edge set. The
TSP instance is a complete graph of required nodes and this new edge set. The
conversion is polynomial, since the algorithm computes a quadratic number of
shortest paths and each path takes polynomial time to compute.
Let us return to the original assumptions of the scattered storage. Even
though there is no direct equivalent to the Steiner TSP applicable to scattered
storage that would also keep the intermediate nodes, there is a TSP variant
that can be used, if we keep only the picking nodes – Generalized TSP (GTSP).
Generalized TSP is also known as the Set TSP. The problem is NP-hard since
the TSP is a special case of GTSP when the size of all sets is equal to one.
Definition 2 (GTSP). Let G = (V, E) be a weighted complete directed graph on
⋃︁ ⋃︁
N vertices and let V = V1 ... Vm be a partition of the vertices into M disjoint
sets. The objective is to find a minimum weight cycle containing exactly one
vertex from each set of the partition.
Again, we cannot just create a GTSP instance from the input without any
modifications. We can solve the problem with different start and finish locations
in the same way as was mentioned with STSP. Another obvious step would be
to calculate the shortest distances between all pick vertices. Since the storage
is high bay and one node can correspond to two racks, there can be multiple
different items stored at a single pick location. This can be resolved by making
a copy of the vertex for each SKU and assigning them into the sets of the given
SKU. An example of a GTSP instance is illustrated in Figure 1.4.
However, our problem is defined for multiple agents, so we need to define
terminology and problems from the multi-agent research area as well.
8

>

start

finish

Figure 1.4: GTSP illustration with possible solution
Definition 3 ([10] Multi agent path finding). The input to a classical MAPF
problem with k agents is a tuple ⟨G, s, t⟩, where G = (V, E) is an undirected
graph, s : [1, ..., k] → V maps an agent to a source vertex, and t : [1, ..., k] → V
maps an agent to a target vertex. Time is assumed to be discretized, and in every
time step each agent is situated in one of the graph vertices and can perform a
single action. An action is a function a : V → V , such that a(v) = v ′ means that
if an agent is at vertex v and performs a then it will be in vertex v ′ in the next
time step. Each agent has two types of actions: wait and move. A wait action
means that the agent stays in its current vertex for another time step. A move
action means that the agent moves from its current vertex v to an adjacent vertex
v ′ in the graph.
For a sequence of actions π = (a1 , ..., an ) and an agent i, we denote by πi [x]
the location of the agent after executing the first x actions in π, starting from the
agent’s source s(i). Formally, πi [x] = ax (ax−1 (...a1 (s(i)))). A sequence of actions
π is a single-agent plan for agent i iff executing this sequence of actions in s(i)
results in being at t(i). A solution is a set of k single-agent plans, one for each
agent.
The concept of collision will be introduced separately now. For the purposes
of this thesis, we are interested in two types of conflicts - the vertex conflicts
and the swapping conflicts. Finally, we have yet to define an objective function
for future comparison and evaluation of the solutions. We will work with two
objective functions throughout the thesis — the makespan, and the sum of cost.
Definition 4 ([10] Vertex conflict). A vertex conflict between πi and πj occurs
iff according to these plans the agents are planned to occupy the same vertex at
the same time step.
Definition 5 ([10] Swapping conflict). A swapping conflict between πi and πj
occurs iff the agents are planned to swap locations in a single time step.

9

>

>

>

>

Figure 1.5: Vertex conflict

Figure 1.6: Swapping conflict

Definition 6 ([10] MAPF objective funtctions). Let π = {π1 , ..., πk } be a MAPF
solution.
1. Makespan. The number of time steps required for all agents to reach their
target. The makespan of π is defined as max1≤i≤k |πi |.
2. Sum of costs. The sum of time steps required by each agent to reach its
∑︁
target. The sum of costs of π is defined as 1≤i≤k |πi |.
The multi-agent path finding problem has many variations and extensions,
but the definitions above will suffice in providing the terminology and concepts
needed for the purposes of this thesis. MAPF might be the most closely related
problem of the three mentioned. Suppose that for some agent ai , π = {π1 , ..., πk }
is a permutation of vertices that are required to be visited by the agent ai in
a given task. To convert the GTSP solution into a single-agent plan, we just
need to solve k + 1 single-agent path finding problems and concatenate the paths
into a single path, or, to be more precise, a walk. Likewise, if we look at the
problem from a different perspective, the difference lies in the fact, that instead
of simple and non-conflicting routes, we search for non-conflicting tours for the
agents instead.
Algorithm A*
Now, we will take a small sidestep to introduce an algorithm, that is not directly
related to the main problem, but it will show up later in the thesis on multiple
occasions. The algorithm we are talking about is the A* search algorithm, first
published in 1968 by Peter Hart, Nils Nilsson, and Bertram Raphael [11]. It
can be seen as an extension of Dijkstra’s algorithm that selects the next node to
expand not only based on the cost of the path from the start node, but based on
the heuristic approximation of the cost to get to the goal node as well. Written
mathematically, it selects a node that minimizes f (n) = g(n) + h(n), where g(n)
is the cost of the path from the start node to n and h(n) is a heuristic function
that estimates the cost of the cheapest path from n to the goal.
An important property is the admissibility of a heuristic function. We say
the heuristic function is admissible if it never overestimates the actual cost to get
to the goal. If we choose such heuristic function, then the A* algorithm always
finds an optimal solution.
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2. Related work
In the previous chapter, we have established that generally, the picker routing
problem can be classified as a variant of the Traveling Salesman Problem. More
precisely the Steiner TSP variant without the assumption of scattered storage
and Generalized TSP with scattered storage. Furthermore, we have identified
the Multi-agent path finding research area as helpful when dealing with multiple agents, providing the needed terminology and as we will see soon, general
frameworks for designing multi-agent algorithms as well. In this chapter, we will
survey the literature on all related problems.
The goal of this survey is to get familiar with the wide variety of approaches
used in literature. As we will see, the diversity of approaches is astonishing —
ranging from exact algorithms designed for special kinds of instances only to softcomputing techniques such as Genetic algorithms. The focus is not on providing
a detailed description of the individual approaches, but on covering as much of
the approaches as possible while trying to take away the key concepts. That
should help us with a proposal of an algorithm to solve the Multi-agent picker
routing problem. We will analyze the approaches with this task in mind in the
next chapter.

2.1

Picker routing - specialized

The first group of algorithms we will look at are the specialized algorithms for the
picker routing problem. Specialized in this context means that the algorithms are
often designed for a single purpose only, which might give them an advantage over
more general algorithms, but at the cost of versatility. Nevertheless, algorithms
of this kind seem to be the most widely used in practice to this date.
There are number of issues we have to look out for when reviewing the literature on the picker routing problem that stem from the narrow specialization
of the algorithms. Usually, the algorithm is developed for a certain warehouse
layout and cannot be used with any other. Most of the time, even less significant aspects like depot position matter, even though small modifications of the
algorithm might fix some of the lesser issues. But the biggest issue we are facing
is that most of the algorithms in the literature are not designed for scattered
storage policy. And something that should be considered is that the performance
of the algorithms can vary from instance to instance. For example, some heuristic
algorithm might calculate near-optimal routes when customer orders are larger,
but it could perform poorly otherwise.

2.1.1

Exact algorithms

As it was mentioned in the previous chapter, the picker routing problem is generally NP-hard. Nevertheless, optimal algorithm linear in the number of aisles
was developed by Ratliff and Rosenthal [3] for the single-block warehouse layout.
The authors assumed a low-level storage rack, single depot in the front cross-aisle
and narrow picking aisles. Ratliff and Rosenthal used a dynamic programming
approach, gradually building partial tour subgraphs (PTS) from left to right. In
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short, PTSs can be described as subgraphs, that can be extended into a valid
tour. The authors have noticed, that the PTSs can be divided into a fixed number of equivalence classes. Therefore, the algorithm needs to consider only an
fixed number of minimum length PTSs at any given step and the number of steps
is polynomial in the number of aisles in the warehouse.
Since warehouses often have more complex layouts, the extension of the algorithm to three cross aisles followed [12]. The latest contribution was introduced
by Pansart et al. [13], who applied a dynamic programming algorithm for the
rectilinear TSP developed by Cambazard and Catusse [14] and also formulated
a compact Integer Linear Program for the problem. However, the complexity of
the dynamic programming algorithm increases rapidly with the number of cross
aisles. More specifically, the time complexity of the algorithm is O(nh7h ), where
n is the number of vertices and h is the number of horizontal lines (cross aisles).
The authors experimentally compared the ILP approach, solving the TSP with
Concorde solver (more about Concorde later) and the dynamic programming approach. The dynamic programming algorithm was the fastest for up to 6 crossaisles, but it failed to solve instances with 11 cross-aisles, while the Concorde
solved all test instances within one minute. Concorde performed better on the
test instances than CPLEX Optimizer that solves linear programs.

2.1.2

Heuristics

Another possible, and arguably the most frequently used practice for calculating
picking routes is by the means of heuristic algorithms. Unlike the exact algorithms, heuristics are not guaranteed to find the shortest tour possible, but this
attribute is offset by the ease of implementation and faster calculation times.
Moreover, heuristic rules are usually easy to remember and follow for order pickers, who might struggle with following more complex routes.
For narrow-aisle warehouses, Hall proposed and evaluated performance of
three simple heuristic routing strategies [4], namely the Traversal (also called
S-Shape) strategy, Midpoint and Largest Gap strategy. We will briefly describe
the traversal strategy for illustration. The traversal strategy tells the picker to
cross through the entire length of any aisle containing at least one pick location.
The other strategies can be described in an analogous manner. Later, the return and the composite heuristics were further developed [15]. What all of these
heuristics have in common is that they were originally developed for a single-block
layout only.
An extension to a multi-block layout for S-Shape and Largest gap heuristics
was introduced by Roodbergen and de Koster, along with the new combined
heuristic [16]. Chen et al. developed two modifications of S-shape heuristics
[17], that attempt to avoid congestion. In the first modification, this is achieved
by the condition that if an aisle is already occupied by one picker, the other
must wait at the entrance of the aisle. The other modification considers spatial
relationships between the picked item and the next item to determine the travel
time and the waiting time. If congestion occurs, it can dynamically reroute the
picker. These heuristics were introduced as a benchmark for the Ant Colony
Optimization algorithm, which was developed in the same paper as well.
Recently, Weidinger developed a new heuristic approach to address routing
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Figure 2.1: Midpoint heuristic

Figure 2.2: Largest Gap heuristic

in scattered storage warehouses [18]. His approach proves to be very efficient,
the author states just 0.5% mean optimality gap in the paper. Because of the
complexity of the problem, the author partitioned the problem into two parts
— storage positions selection and picker routing. The positions selection is done
by three simple priority rules, that compute route distances implicitly and are
capable of finding the shortest tour for the given positions.
The choice of the best heuristic depends on many factors, among the most
important are pick density, number of cross aisles, and storage policy. The difference between heuristic and optimal route in the single-block case can be as low as
1%, but it can get much higher as well [16], especially if the wrong heuristic for
the situation is chosen. There are more rule-based heuristics, but as an overview,
the list provided is sufficient.

2.1.3

Meta-heuristics

To complete the list of all approaches to the picker routing problem found in
literature, we must not forget the meta-heuristics, which gained popularity mostly
in recent years. In the single block case, meta-heuristic approaches are used
predominantly to solve complex combined optimization problems, for example,
the joint order batching and picker routing problem. The exception is a paper,
in which the authors used a hybrid genetic algorithm to solve picker routing with
product returns and even considered interactions between the order pickers [19].
For multi-block warehouses, the use of meta-heuristic algorithms is more frequent for solving picker routing independently, but the combined approaches are
still prevalent. One of the earliest uses of meta-heuristic was by Chen et al. [17],
whose work was already mentioned in the heuristics subsection. They applied an
Ant Colony Optimization approach to a multi-block narrow-aisle warehouse with
two order pickers while also accounting for congestion. The work was extended in
2016 to include an online routing method under non-deterministic picking time
[20]. The authors concluded, that the new method can reduce the order service
time by coping with the congestion.
Another algorithm, that uses ACO optimization, is FW-ACO [21]. The algorithm is a combination of the ACO meta-heuristic and Floyd-Warshall algorithm.
Authors claim, that the algorithm is best suited for complex warehouse configura13

tions, where the shortest path generated by the FW-ACO is usually significantly
better than the path returned by regular heuristic algorithms.

2.2

Picker routing - TSP

As we have seen, in literature, authors often present specific algorithms that solve
picker routing, but only for instances that satisfy a narrow set of assumptions,
e.g. two-block warehouses with a single depot and narrow aisles. Because the
assumptions we have are much broader, it is possible that we will have to use a
general TSP solver for the picker routing problem.
Solving TSP optimally is no easy feat. One of the earliest attempts was
by Dantzig et al. published in the 1954 study [22], who used a cutting-plane
algorithm to compute an optimal TSP tour going through 49 American cities. It
took 15 more years to find an algorithmic approach for creating these cuts. Other
approaches include branch-and-cut or branch-and-bound algorithms. Applegate
et al. used these techniques to create a well-known Concorde TSP solver [23].
Concorde was used to solve a TSP instance as large as 85900 cities, and it is
probably the fastest exact TSP solver to this date.
There are many heuristic approaches as well. The most prominent are the
improvement heuristics. The idea is to generate some initial solution and then
iteratively improve it using local search operators. Examples of iterative heuristics
are the 2-opt and the 3-opt (see Figure 2.3) local searches or their generalization
— the Lin-Kernighan TSP heuristic [24], that can use a general k-opt move and
tries to find the best choice of k for each move. The general k-opt move is carried
out by removing k edges from the tour, then the algorithm searches through all of
the ways to reconnect the tour and picks the best option. The LK heuristic is said
to be one of the most effective methods for generating optimal or near-optimal
TSP solutions. The most widely used implementation of the LK heuristic is the
Helsgaun’s [25], which is referred to as the LKH heuristic. The LKH heuristic is
applied in the paper written by Theys et al. [26] for routing order pickers. They
compared the tours computed by the LKH heuristic to optimal tours computed
by the Concorde solver and the results were very good. The optimality gap was
just 0.1% on average.

Figure 2.3: 3-opt moves illustration
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Special kind of heuristic algorithms are the so-called approximation algorithms. What characterizes the approximation algorithms is that there is a fixed
upper bound on the solution quality compared to the optimal solution. For example, the Minimum Spanning Tree (MST) heuristic is a 2-approximation algorithm,
meaning that the tour it finds is always shorter than two times the length of the
optimal tour. Another example is the 32 -approximation Christofides Algorithm.
These algorithms are well suited to be used in combination with the improvement
heuristics, providing some initial tour in a short time.
The last class of methods used to solve TSP are the Soft-Computing techniques, that include meta-heuristic algorithms. Hore et al. used an improved
Variable neighborhood search [27]. Comparison between Ant colony optimization
and Genetic algorithm was performed by Hore et al. [28], they recommend GA
for low computational resources and smaller problems, while the ACO performed
better on larger and complex problems (very sensitive to parameters variation,
rely on authors experience to fine-tune the parameters).

2.2.1

GTSP

GTSP instances can be converted to a regular TSP. This was exploited by Helsgaun [29], who used the conversion algorithm along with the LKH TSP solver to
produce a GLKH solver. He used it to solve GTSP instances from GTSPLIB.
The GTSPLIB is a benchmark library [30], that was developed from TSP-LIB
instances by performing clustering on the vertices. Small benchmark instances
(tens of sets, up to 200 cities) were solved to optimality very quickly within one
second. All large benchmark instances (up to 217 sets and 1084 cities) were solved
in a reasonable time (maximal time was 2054 sec). Most of the large instances
were solved to optimality, too. Only some of the tours were very slightly longer
than optimal. Because the GTSPLIB instances were not challenging enough, the
author extended the library with 44 new instances with up to 85900 vertices. The
solver found some solution to all of these new instances in a reasonable time, only
the optimality gap was much bigger – up to 5%.
There are dedicated GTSP solvers in the literature as well. One such solver
is using the branch-and-cut approach [30]. Unfortunately, we cannot compare
benchmark results to the GLKH solver, because different test instances are used.
But the former approach is most likely superior. The computation times of the
dedicated GTSP solver are longer by orders of magnitude even on instances, that
would be labeled as medium by Helsgaun (roughly 400 cities). Another dedicated
GTSP solver is the memetic solver called GK [31]. To cite the authors, memetic
algorithms combine the powers of genetic and local search algorithms. The GK
solver is not the first iteration of the memetic algorithm, but more of an evolution
of the approach. The last dedicated solver we will mention is the heuristic GLNS
[32], which operates under the general framework of adaptive large neighborhood
search.
All three heuristic solvers, the GK, the GLNS, and the GLKH yield impressive
performance on GTSPLIB with fast solve times and a consistently small optimality gap. The authors of the GLNS presented a comparison on other benchmark
libraries as well and they have come to a conclusion, that the GLNS solver outperforms both the GK and the GLKH on most of the instances.
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2.2.2

Steiner TSP

Even Steiner TSP got some attention from researchers recently. Letchford et
al. proposed compact integer linear programming formulation [33]. For larger
instances, a heuristic approach might be more viable. A greedy algorithm with
heuristic was developed by Interian and Ribeiro [34]. Finally, there is a possibility to convert Steiner TSP to classical TSP. That is exactly what Eduardo
Álvarez-Miranda and Markus Sinnl [35] did in their work, using the state-of-theart TSP solver Concorde. They also provided a comparison of the three mentioned approaches. The Concorde-based approach outperformed both the exact
and heuristic approach by a large margin. Compared to the heuristic approach,
not only was the computation time by three orders of magnitude smaller on large
instances, but it achieved this speed-up while providing optimal solutions. The
optimality gap ranged between 0% and 3.5%.

2.3

Multi-agent path finding

The multi-agent path finding problem has many variations. Fortunately, we are
interested in the classical formulation of the problem, because we need an algorithm that is as general as possible. Therefore, we can take advantage of the wide
array of algorithms, both heuristic and optimal. Some algorithms are more like
frameworks, providing an abstract high-level view on the problem, which might
help us with the necessary modifications. There are more ways to divide the
MAPF algorithms, one that can be found in literature is based on the way that
the algorithms solve the problem.
But first, we will introduce one of the simplest algorithms for MAPF, that
doesn’t quite fit in any category of our division. It is the prioritized planning
algorithm [36]. It computes the paths for agents sequentially, usually using the
A* single-agent algorithm, beginning with agents with the highest priority. Each
subsequent and lower priority agent must not block any other agent with higher
priority. This reduces the search space significantly, but the algorithm is neither
optimal nor complete. The incompleteness is caused by the classical MAPF stayat-target condition and hence is not an issue for us.

2.3.1

Search-based solvers

As the name suggests, algorithms from this family are searching some state space.
But the algorithms in the literature are not similar at all, the authors have come
up with interesting ideas for search trees and other improvements as the MAPF,
and solving it optimally in particular, has gained more attention. Originally,
the algorithms were often based on A* [37] — a state consists of locations of all
agents at some time step and to get to the next state, all agents execute some
action at once. The problem is, that the branching factor grows exponentially
with the number of agents, so the researchers started to focus on more efficient
methods. Because such methods are developed already, we won’t discuss the A*
based algorithm and its numerous extensions any further.
One of the novel algorithms is the Increasing cost tree search (ICTS) [38]. The
main difference between ICTS and A* is, that ICTS searches in the increasing
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Figure 2.4: Increasing cost tree for three agents
cost tree, which is illustrated in Figure 2.4. In this tree, each node is defined by
a set of costs (cost per agent). Each child node has the same costs as the parent
node for all agents but one, whose cost is increased by one. If there doesn’t
exist any non-conflicting solution in the parent node, child nodes are created.
For each agent, there is one child node with his cost increased. ICTS proved to
be more efficient than the variants of the A* algorithm in many situations —
especially when the number of agents is higher, since A* has branching factor
exponential in the number of agents, and also when the cost difference between
optimal single-agent paths and the optimal non-conflicting path is low, because
ICTS is exponential in the depth of its search tree.
Finally, the last and the most recent search-based algorithm for the MAPF is
the Conflict based search [39]. CBS also uses unique search tree on the high level,
the Conflict Tree (see Figure 2.5). Each node of the Conflict Tree contains a set
of constraints. A constraint restricts a movement of a single agent at some time
step. A conflict is a case where a constraint is violated. At each Conflict Tree
node, low level search is performed for all agents. Returned single-agent routes
must be consistent with all constraints of the node. If there is a conflict in the
solution of some node, the node is declared a non-goal node and child nodes are
created with additional constraints, that resolve the new conflict. Child nodes
also inherit all of the constraints of the parent.
The low-level search can be done by any algorithm, that solves the single-agent
problem with constraints. Mostly, A* is used as a low-level search algorithm.
CBS outperforms the algorithms above on benchmark maps, where the number
of conflicts is not very high. Authors proposed an additional enhancements to
the CBS, namely Meta-Agent CBS in the original paper, merge and restart and
prioritizing conflicts that further improve performance in the next iteration of
CBS, called Improved CBS [40]. The first improvement can merge conflicting
agents into one meta-agent, whose path is solved by some MAPF algorithm at
once. The merge and restart improvement restarts the search from scratch, when
a decision to merge agents is made. The prioritizing conflicts improvement adds
three different priorities for conflicts — cardinal, semi-cardinal and non-cardinal.
Cardinal conflicts always cause an increase in the solution cost and they are always
prioritized for resolution. The last improvement is called bypassing conflicts [41].
It tries to prevent a split action by modifying the path of one of the agents
participating in a conflict.
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Figure 2.5: Conflict Tree
In another recent paper [42], corridor symmetry resolution was introduced,
preventing exponential explosion in the space of possible collision resolutions.
Another symmetry tackled in the paper is the target symmetry, which solves the
problem when the path of one agent traverses the target vertex of a second agent
who has already arrived at the target vertex and stays there forever.
We will need to understand the corridor symmetry resolution for the next
chapter, so we will use the example from the original paper [42] to explain it,
written almost word-for-word to preserve clarity. Consider a corridor C of length
k with endpoints b and e. Assume that a shortest path of agent a1 traverses the
corridor from b to e and a shortest path of agent a2 traverses the corridor from
e to b. They conflict with each other inside the corridor. Let t1 be the earliest
time step when agent a1 can reach e and t2 be the earliest time step when agent
a2 can reach b.
Let us first assume, that there are no bypasses (alternative paths from start
vertex to target vertex that don’t use vertices of the corridor). In this case, one
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of the agent must wait. If the agent a1 has higher priority, the agent a2 has
to wait. The earliest when agent a2 can start to traverse the corridor from e is
t1 + 1. Therefore, the earliest time step when agent a2 can reach b is t1 + 1 + k.
Similarly, if we prioritize agent a2 , then the earliest time step when agent a1 can
reach e is t2 + 1 + k. Therefore, any paths of agent a1 that reach e before time
step t2 + 1 + k must conflict with any paths of agent a2 that reach b before the
time step t1 + 1 + k.
Now assume agent a1 has a bypass to reach e and the earliest time step when
he can reach e using the bypass is t′1 . And similarly for an agent a2 , suppose
there is an bypass to reach b at time step t′2 at earliest. If we prioritize agent a1 ,
agent a2 can now use the bypass or wait, so the earliest time step when agent a2
can reach b is min(t′2 , t1 + 1 + k). If we prioritize agent a2 , agent a1 can reach e
the earliest at min(t′1 , t2 + 1 + k). Therefore, any paths of agent a1 that reach e
before or at time step min(t′1 − 1, t2 + k) must conflict with any paths of agent a2
that reach b before or at time step min(t′2 − 1, t1 + k). In other words, for every
pair of conflict-free paths for the two agents, at least one of the two following
constraints hold:
• ⟨a1 , e, [0, min(t′1 − 1, t2 + k)]⟩ or
• ⟨a2 , b, [0, min(t′2 − 1, t1 + k)]⟩,
where ⟨ai , v, [tmin , tmax ]⟩ is a range constraint that prohibits agent ai from being
at vertex v at any time step form tmin to tmax . To resolve this corridor conflict, we
split the current conflict tree node and generate two child nodes, each with one
of the two range constraints as an additional constraint. The values of t1 , t′1 , t2 , t′2
can be computed using the A* algorithm. In order for the conflict resolution to
work, constrained agent must wait before the corridor. This holds because CBS
breaks ties by preferring the path that has the fewer conflicts with the paths of
other agents. We can use this branching method only when the path of agent
a1 in the current conflict tree node violates the new range constraint of agent a1
and at the same time, the path of agent a2 violates the new range constraint of
agent a2 . This guarantees that the paths in both child nodes are different from
the paths in the current node.

2.3.2

Reduction-based solvers

A fundamentally different approach is to reduce the MAPF problem to some
other, well-studied problem. Those often include SAT [43], ILP [44] or compilation to Answer Set Programming [45]. Because solvers for these problems are well
optimized, this approach can be efficient in some cases, mostly when the number of conflicts is high, which is shown by Surynek et al. [43], who compiled the
problem into SAT, or by Lam et al. with the Branch-and-Cut-and-Price hybrid
method [46].

2.3.3

Rule-based algorithms

Algorithms from this category are fast, but not optimal. One such algorithm
is Push and Swap [47], which even guarantees completeness. The algorithm is
repeating two simple operations in order to get all agents to their targets. While
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no blocking occurs, the algorithm pushes agents towards their goals. If there is
a conflict, the Swap function is called. Swapping is implemented by searching
for a vertex with a degree greater than two, pushing one of the agents into that
vertex, letting the other agent pass the vertex, which enables agents to swap their
locations and continue on their path. Another example of a rule-based algorithm
is the BIBOX [44].
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3. Analysis
We have identified the closely related problems and reviewed the literature to get
an overview of possible approaches and to get inspiration. In this section, we will
go through the list of approaches from the literature and we will assess, whether
the approach is suitable for modification to be used for solving the multi-agent
picker routing problem. In the end, we will choose to use a MAPF algorithm
on the high level, which will handle conflicts between agents. On the low level,
a custom GTSP solver will be used. This chapter provides a peek into how the
algorithms were chosen.
One of the issues we face is that both sub-problems are NP-hard, as was
already stated. As a consequence, we have to be careful when considering optimal
algorithms, as the time needed to find a solution could easily exceed any limits
we might impose. In other words, the use of heuristics might be required in order
to get reasonable computation times. On the other hand, we benefit from the
extensive research in both areas that has already been done.
The first idea might be to express the whole problem as a mixed integer
programming problem. Unfortunately, even though the solvers are powerful, it
can be assumed based on the previous research [13], that real-world instances
would be too large to be solved, or even too large to be loaded into the computer
memory. Just solving a linear program for one agent without scattered storage
can take more than 30 minutes for large instances, even though such examples
are not the norm.

3.1

Picker routing - specialized

We will keep the same division of algorithms as in the previous chapter for clarity.
As we have seen, most of the algorithms from this category need a special kind of
instance and are single-agent only. Even if we don’t find any algorithm suitable
for solving the Multi-agent picker routing problem as a whole, we might find an
algorithm, that will be used for finding the single-agent tours in the final solution.

3.1.1

Exact algorithms

All algorithms in this category that we have mentioned in the previous chapter are
based on ideas presented by Ratliff and Rosenthal [3]. They also share the biggest
benefit — the polynomial time complexity. If the number of cross-aisles is fixed,
that is. The most interesting algorithm for us is the most general introduced by
Pansart et al. [13], since it’s the only algorithm not limited by the number of
cross-aisles. But our assumption of no specific warehouse layout poses a problem
nevertheless, since a rectilinear warehouse layout is required by the algorithm.
This condition should hold for most instances we encounter, but it cannot be
guaranteed. This problem could be resolved by dividing the warehouse into more
areas — the main rectangular grid and the special areas. Then, the algorithm
could be used in the main storage area and the special areas could be solved
separately.
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Another incompatibility lies in the fact, that the algorithm is not designed
for scattered storage. There are two possible solutions to this problem. The
first solution is heuristic. Customer orders can be preprocessed so that only
one location per item is chosen. The obvious advantages are, that this solution
can be applied to all algorithms, that are not designed for scattered storage and
the computation of the tour would be less hard. The disadvantage is, that a
lot of variability in the tour generation is lost, which reduces the possibilities
to dodge congested aisles and other agents. This might be compensated for to
a certain degree by the choice of heuristic. The heuristic could be designed to
pick just the locations, that are in the least occupied parts of the warehouse,
but this could result in longer tours overall. The second solution would be to
modify the algorithm for use with scattered storage. Unfortunately, even if we
managed to modify the algorithm, the polynomial time complexity would not be
preserved. It has been proven by Weidinger [18], that finding the shortest picking
tour satisfying a customer order in a rectangular scattered storage warehouse is
strongly NP-hard. All of the arguments made with respect to the warehouse
layout and scattered storage are largely applicable to all algorithms, so we won’t
repeat them again in the latter parts of this thesis.
The last thing to note is that the algorithm is single-agent only and there
is almost no way to affect the solution it finds. Therefore, it doesn’t seem to
be suitable for our application, not even as a single-agent tour solver for some
multi-agent algorithm.

3.1.2

Heuristics

Most of the rule-based heuristic algorithms are single-agent only and cannot be
used with scattered storage. There is just one heuristic developed by Weidinger
[18], that is designed for scattered storage. As we have seen, its performance
seems to be good. We could also use the idea of splitting the problem into two
parts, as we have mentioned a few paragraphs earlier. But, the heuristic can be
used to compute single-agent tours only.
On the other hand, there already exists a multi-agent heuristic. In the modified S-shape heuristics [17], pickers wait at the entrance of the subaisle if the
subaisle is already occupied. This prevents congestion, but at the expense of
time spent waiting. This heuristic was developed only to serve as a comparison
for the Ant Colony Optimisation algorithm the authors presented in the same
paper. Nevertheless, it shows a possible way of implementing rules for congestion
mitigation. A better alternative might be one-way subaisles. This way, pickers
would still have to wait, but only until their pick location is accessible and not
until the subaisle is completely vacant. It would require a mathematical model
or tests to tell, which approach works better.
To sum up, it is possible to design both a heuristic for scattered storage
and a multi-agent heuristic. If we combined the ideas, we should be able to
design a heuristic that can do both. The usual advantages and disadvantages
of rule-based heuristics would apply — such approach would definitely be very
fast, but at the cost of solution quality. There would still be an issue with nonstandard warehouse layouts, but this could be resolved. It is an approach worth
considering, but there might be a better way still to achieve our goals.
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3.1.3

Meta-heuristic

The last category to consider are the meta-heuristic algorithms. Because the
meta-heuristic approach is versatile by design, there probably exists some way,
how to make an algorithm that performs reasonably well. However, existing
research is not that helpful. The single-agent approaches are not easily extendable
and the multi-agent approach by Chen and Wang [20] assumes non-deterministic
pick times. This assumption lead authors to the use of online conflict resolution
instead of planning conflict-free routes in the first place, which is a completely
different task.
We could compare the performance of individual approaches in the singleagent scenario at least. However, we would like to resort to meta-heuristic algorithms as the last option. The main issue is, that developing and fine-tuning a
meta-heuristic algorithm requires a considerable amount of experience [28], especially when dealing with a problem as complex as ours.

3.2

Picker routing - TSP

It is no surprise, that algorithms from this category are more general. Therefore,
we don’t have to come up with ways, how to make them work with some special
warehouse layout or depot location. We have found out, that the two most
promising ways of solving TSP are the optimal Concorde solver and the heuristic
LKH solver. Both are very powerful, yet the heuristic solver has an edge when it
comes to speed. We can use results from the paper of Theys [26] to get an idea,
how fast the solvers are. With orders of 15 items, the Concorde solver found
a solution in 70 ms on average, while the LKH found a solution in 20 ms on
average. The gap in computation times got much wider with 240 items per order
— it took the Concorde solver 27.24 seconds on average to find a solution, but
the LKH has found a solution in only 600 ms on average. Since we assume the
maximal number of items per order to be 14, the Concorde solver could be fast
enough, even given the added complexity of multiple storage locations per item
(and conversion of GTSP to TSP). In any case, the LKH scales much better to
larger instances, so its use would guarantee good computation times for all of our
instances.
So there is an efficient way of solving GTSP, but what about picker blocking?
This is where things get complicated. The information about location of other
order pickers, whose tours are already planned, has to be passed on somehow to
the solver when finding a new tour. Alternatively, the tours could all be searched
for at once, so the solver would have complete information about the location of
all agents at all times. We haven’t invented a way, how to implement the second
idea and due to the added complexity of multi-agent problems, it might not be
realistic at all for now. So we have to come up with a way of providing additional
location information of other agents to the solver. The logical way is to block
actions, that would result in picker blocking (e.g. a CBS constraint). Then, the
MAPF frameworks for avoiding conflicts could be applied.
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3.2.1

GTSP instance representation

In this section, we will analyze possible instance representations with the prohibition of certain edges. The simplest representation is probably a full, timeexpanded graph — every vertex has its own copy in each time step and the edges
to neighboring vertices go from time t into t + 1. This would give us the ultimate
control over all edges. However, defining a GTSP instance on such a graph would
not be straightforward. For example, how should all the non-picking vertices be
distributed into disjoint sets, so that any tour covers all the sets? And even if
we managed to define an instance, it would be very memory inefficient and too
time-consuming to solve. The warehouses we might encounter could have tens
of thousands of locations and the number of time steps could be in thousands as
well. The resulting graph representing an instance could therefore have tens of
millions of vertices, which is too many for any GTSP solver.
To make the GTSP solvable, we need a more compact formulation. The
number of vertices can be reduced by omitting all non-picking vertices for a given
task. However, we still need the time dimension and control over all edges. This
could be achieved by generating paths between the picking vertices using an A*
search algorithm with a list of constraints as an input. The size of the graph will
be reasonable now if represented efficiently. The division of the vertices into sets
is easy as well — all copies of the vertex in the time dimension can be assigned to
the set of the SKU. Of course, for more than one SKU picked at a single location,
there would be a copy of the vertex for each SKU.
Unfortunately, some GTSP solvers like GLNS accept only full adjacency matrices as an input, which makes them unusable for any larger instances. Consider
a customer order of 10 SKUs, which might result in ca. 100 different pick vertices
and an upper bound on time steps of 1000. Then, there will be 100 000 vertices
in the time-expanded graph. Full adjacency matrix would have 10 billion entries,
which means that it would take ca. 40GB of memory to store with 4 bytes per
entry. We have tried to come up with GTSP formulation of a time expanded
graph nevertheless, but the heuristic GLNS solver is not optimized to work well
on directed acyclic graphs (without the returning edge) and it failed to solve
even small instances. But this experiment resulted in an interesting observation
— to generate a graph for a solver, all possible paths are enumerated, which is
time-consuming on its own. That led to an idea to store visited subsets of SKUs
for each vertex and to use this information to solve the GTSP directly. In other
words, we have decided to make a custom GTSP solver and we will describe it
in the next chapter. Since it solves GTSP with a time component, it actually
solves a problem, that differs from the standard definition of GTSP. Therefore,
the solver is not directly comparable to other solvers.

3.2.2

GTSP solver performance evaluation

Our GTSP solver has an exponential time complexity, so it should be empirically
verified, that it is feasible to use the solver in practice. To put the results into
perspective, we will make a rough estimate of a sensible computation time. Assume that we want a solution to a problem with 10 agents. Each agent has to
complete 10 customer orders and we want the computation time to be less than
10 minutes. This gives the solver ca. 6 seconds per order. We also assume, that
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Table 3.1: GTSP solve times
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prioritized planning is used to mitigate picker blocking and it slows down the
computation by a factor of six. Therefore, we estimate a good computation time
per unconstrained order to be at around one second.
The tests were carried out in a small warehouse in accordance with the
methodology outlined in the next chapter. All tours are computed in isolation,
so there are no constraints. Reported solve times are calculated as a mean value
from a total of 150 solved GTSPs for each number of SKUs. In order to minimize
the effect of a specific item distribution, the tests were carried out on ten different
warehouse instances. For each warehouse instance and SKU count, 15 GTSPs
were solved.

1 2 3 4 5 6 7 8 9

11

13

15

SKUs per order

Figure 3.1: GTSP solve times

For up to 12 SKUs per order, the solve times are better than we have expected.
Since the mean number of SKUs per order in real-world data is expected to be
below 10, we can state that the solver seems to be fast enough according to
our guess. Naturally, there are other variables than the number of SKUs that
influence solve times. For example, the higher overhead of the MAPF algorithm
than expected could increase the computation time by a very large factor, which
would make our approach hardly usable. But in conclusion, the intermediate
results are good enough to carry on with the development.
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3.3

Multi-agent path finding

We have already introduced a GTSP solver, that is suitable for use with some
of the MAPF algorithms. In reality, it was the other way around — we have
identified the most promising MAPF approaches and then tried to come up with
low level search algorithm to complement them. In this section, we will provide
some reasoning behind this decision. As with picker routing algorithms, we will
keep the division from the previous chapter, so it is possible to easily look up
information.
First, let us cover the heuristic approach that we haven’t included in any category. The prioritized planning is promising. Because of its minimal overhead,
it would most likely enable us to solve large instances. Furthermore, the scattered storage assumption works well with prioritized planning, because the GTSP
algorithm still has a lot of freedom when searching for tours, even for the last
agents that are the most constrained. In order to improve the quality of solution
or computing time, we could design heuristic rules for determining an order of
agents, or recalculate the solution with different ordering of agents, if one of the
tours was far longer than optimal for the given agent.

3.3.1

Search-based solvers

Due to the added complexity of searching for GTSP tours instead of paths, it’s
probably safe to say, that A* based approaches wouldn’t perform well. It is not
even clear what the heuristic function of A* should look like, since there is not a
single location the agent is trying to reach.
The ICTS seems to be performing reasonably well on the MAPF test instances.
Its two-level approach fits our scenario better, since we would have to modify the
low-level part of the algorithm only. The issue we would face is, how to efficiently
enumerate all single-agent solutions of some fixed cost. Another issue is, that
picking may take up to hundreds of time steps and in the worst-case scenario, an
agent would have to wait until some other agent finishes picking, causing many
nodes on the high level to be opened.
CBS
The CBS is one of the most recent algorithms for MAPF. It is also a two-level
algorithm with many possible extensions, that could improve performance. On
the low level, we can use the GTSP solver mentioned previously. After the low
level solver is in place, the high level CBS could work just as if it was solving
a MAPF instance. The only issue is, that solving a GTSP at the low level
is slower by orders of magnitude compared to finding the shortest path. The
use of improvements of the basic CBS algorithm on a high level might alleviate
the problem. For example, we could implement modified prioritizing conflicts
according to some heuristic rules. But the most promising improvement is the
efficient corridor conflict resolution based on the concept of corridor symmetry
[42], since a typical warehouse layout mostly consists of long corridors.
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Corridor conflict symmetry

>

>

The use of the corridor symmetry resolution in combination with GTSP solver at
low level has some issues, though. The important idea behind CBS and conflict
tree is that when a solution of some conflict tree node includes a conflict Cn =
(ai , aj , v, t), then in any valid solution, at most one of the conflicting agents may
occupy vertex v at time t. Therefore, at least one of the constraints (ai , v, t) or
(aj , v, t) must be added to the set of constraints of the current node. To guarantee
optimality, the current node is split into two children and both possibilities are
examined. Standard corridor conflict resolution is based on the same principle
— the two child nodes cover the whole state space. In a warehouse, the situation
is much more complex. Agents don’t have fixed goal locations and they have an
additional pick action. The algorithm can choose for some agent to pick at some
corridor in one iteration and in the next, it can choose completely different pick
locations. See the Figure 3.2 for illustration of some conflict situations. But we
will show that the invariant we have mentioned for the standard corridor conflict
resolution doesn’t hold for GTSP tours with counterexample based on the Figure
3.3. It will show, that using the range constraints can lead to the loss of some
solutions, even optimal. We will use the simplest corridor conflict possible to
demonstrate it — the situation a) from the Figure 3.2, where two agents want to
traverse the corridor in opposite directions. The other conflict types in the figure
are shown just for illustration.

>

a)

b)

c)

d)

Figure 3.2: Examples of conflicts in a corridor
First, we will describe the Figure 3.3. There are two important agents —
a1 and a2 . Other agents are static in the timespan of the example. There is
agent a3 at location v3 and agent a4 located at v4. The reason why they are not
moving might be that the SKUs they are picking have high pick times. Therefore,
the vertices v3 and v4 are effectively blocked. Similarly, vertices b1, b2, b3, b4 are
blocked as well. The difference between blocked vertices and static agents is,
that the solver has already constrained the blocked vertices, so they act as a wall,
while the vertices occupied by static agents seem to be vacant to the solver until
a conflict is found. Vertices p1 to p6 are pick vertices of agents a1 and a2 . More
specifically, agent a1 has to pick green and orange SKU, which are located at
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vertices p1, p4, p5. Agent a2 has blue and red SKU on the pick list, which are
located at vertices p2, p3, p6. The numbers next to pick vertices indicate pick
times of a given SKU stored at that pick vertex. The tour of agent a1 starts at
location s1 and the goal location is g1. The tour of agent a2 starts at s2 and
his goal location is g2. The only way to get from the start location to the goal
location for both agents is by crossing the corridor spanning from b to e. Besides
the blocked vertices, there are no further constraints in the beginning.
The example might look complicated at first, but the idea is simple. Both
agents have only two different choices of pick vertices. First, the shorter tour is
chosen by the GTSP algorithm in the beginning. The CBS algorithm will try to
resolve the corridor conflict between the two agents, which it does by introducing
a range constraint. After the corridor conflict is resolved, other conflicts force
both agents into switching the pick vertices to the other pairs. New corridor conflict arises, but one time step earlier. But because there already is the old range
constraint, one of the agents will have to wait one time step longer next to the
entrance to the corridor than it would be optimal. Now, we will describe this situation more precisely with steps of one possible CBS computation. Computations
might differ in the order, in which the conflicts are found and resolved.
b
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1
1
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b2
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p4

15

15
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p2
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s2

1

v4

p6

2
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Figure 3.3: Corridor conflict counterexample
1. The algorithm finds optimal tours for both agents — agent a1 picks green
SKU at p1 and proceeds to go to vertex p5, where he picks orange SKU.
After picking, he finishes the tour at g1. Agent a2 picks red SKU at p6 and
blue SKU at p2, after which he goes to goal vertex. Both tours have the
length of 31 and are optimal, given the constraints. Then, the algorithm
looks for conflicts and it finds the corridor conflict Cn = (a1 , a2 , v, 15). The
node is declared non-goal and two children are created. The constraints
that will be added are ⟨a1 , e, [12, 24]⟩ into the first child and ⟨a2 , b, [12, 24]⟩
into the second child node.
2. Since the example is symmetrical, we can choose any of the two child nodes.
Let us choose the left, that constraints agent a1 . His tour is recalculated
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with the new range constraint. The second best option is to wait next
to vertex b for 7 time steps, until agent a2 traverses the corridor. Then,
the algorithm looks for conflicts. It finds conflict Cn+1 = (a2 , a3 , v3, 22).
Prioritizing agent a2 in this conflict doesn’t lead to any solution, so we look
only at the other conflict tree node that prioritizes agent a3 . In the child
node, this process repeats. At time step 23, new conflict at the same vertex
is found and resolved in the same way as the last conflict. This is repeated
until the other two pick vertices are chosen and agent a2 doesn’t try to cross
vertex v3, which happens after conflict Cn+10 = (a2 , a3 , v3, 31) is resolved.
The tour for agent a2 will include the blue SKU at vertex p6, the red SKU
at vertex p3 and it will be 40 time steps long.
3. Now, the conflict Cn+11 = (a1 , a4 , v4, 29) is found. It happens 7 time steps
later than for agent a2 , because agent a1 is still constrained by the range
constraint. The conflict is resolved in the same way as in step 3, just like the
next conflict Cn+12 = (a1 , a4 , v4, 30). Then, conflict Cn+13 = (a1 , a4 , v4, 31)
is found. At this point, the pick vertices of the tour could be swapped for
orange SKU at p1 and green SKU at p4. If the algorithm prioritizes the
old tour over the new, one more conflict at the same vertex is found and
resolved, before it switches to the new tour.
It is exactly at this point, when the algorithm fails to find the optimal solution,
which would be for one of the agents to wait 7 time steps before the corridor and
then proceed with the tour. But this solution is not reachable, because of the
old range constraint. Since we have prioritized agent a2 in the first step, there
is the ⟨a1 , e, [12, 24]⟩ constraint. So agent a2 has to enter the corridor first in
an optimal solution. But agent a1 cannot benefit from the new situation, that
vertex e is free at time step 24 instead of 25, because the blue SKU at vertex p6,
that is part of the final tour of agent a2 , takes one step less to pick than the red
SKU of the original tour. Consequently, his tour will be one step longer than it
could have been. It doesn’t help to choose the other node in the first step and
prioritize agent a1 , because the result would be identical except that it would be
agent a2 , whose tour would be one step longer. This is the case since the example
is symmetrical for both agents.
It is not difficult to imagine, that a similar situation might actually arise during computation. And one time step delay is the best-case scenario. This example
was chosen, because it didn’t even include any pick vertices in the corridor. It
can be assumed, that in a real warehouse, most conflicts will happen near pick
vertices, since the real pick times are much higher than in our example. Modifying the corridor conflict resolution, so that it accounts for picking in corridors is a
hard task with an uncertain payoff. Of course, there could still be rare situations,
where the corridor conflict resolution would save a lot of computational power,
but it’s probably not worth it.
Even though we didn’t find a way to use the corridor conflict resolution, we
have implemented the CBS algorithm anyway to test its performance. On the
low-level, the GTSP solver was used. But the intermediate results that we have
obtained during the development phase were not good. Even with just a couple
of agents, some instances were solved fast, but some took really long to solve,
or they were not solved at all. The CBS algorithm had to expand thousands of
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nodes in order to find some solutions even with just five agents. Therefore, we
have concluded that the CBS is not suitable in our case.

3.3.2

Reduction-based solvers

Even though the most recent reduction-based approaches show very good results that are comparable to the best search-based solvers, we would rather not
choose the reduction-based approach. The conversions are complicated even for
the MAPF and applying the findings to our case would likely be very hard. Also,
the warehouse instances can be large and that will likely require a heuristic,
more flexible approach. We will only mention the hybrid method, that seems
especially promising — the Branch-and-Cut-and-Price algorithm. Authors have
shown, that it has the potential to outperform CBS, especially on larger instances. Furthermore, this approach is also capable of domain-specific reasoning
to improve its performance. To incorporate GTSP into the framework, we would
need to implement a pricer — an algorithm, that solves a single-agent problem
with a modified objective function that reflects the locations of other agents to
find improving tours. Nevertheless, using some search-based approach seems to
be more attainable, so we will not pursue the hybrid approach as well.

3.3.3

Rule-based algorithms

The rule-based approaches are not suitable to be used in our case. The rules are
stated for the path finding problem and therefore cannot be used to solve GTSPs.
Even though we cannot use any of the rule-based algorithms directly, we could
introduce some rules inspired by these algorithms to improve the performance of
some other algorithm. For example, we could implement rule-based dodging in
cross-aisles.
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4. Solution methods
In this chapter, an algorithm for the multi-agent picker routing problem is introduced. But first, we will describe our GTSP solver, which is crucial for integration
with the multi-agent algorithm used to mitigate picker blocking. Then the multiagent algorithm will be introduced — it is the prioritized planning algorithm.
Some options that affect the performance of the prioritized planning, such as the
choice of priority heuristic, will be evaluated empirically.

4.1

Search-based GTSP solver

To fully utilize the scattered storage assumption, solving GTSP instances is necessary to find picking tours for customer orders. At the same time, the most
promising multi-agent approaches need control over individual edges and vertices
at a certain time in order to avoid picker blocking when generating tours. It poses
a great challenge to solve such problems quickly as standard off-the-shelf solvers
include an option for adding constraints neither on pick vertices (cities) nor on
pass through vertices. Without the time component, it would be near impossible
to generate conflict-free tours from customer orders, so we have made a GTSP
solver, that can block individual vertices or edges at a specific time.
The generalized traveling salesperson problem is a touring problem. When
searching for a solution, a state of a touring problem includes not only the current
location, but all visited locations on the path leading to the node as well. In the
context of order picking, a state contains a set of already picked SKUs. Beyond
the usual definition of a touring problem, the state space has to be extended by
the time component as well.
Consider two identical states apart from the time component. The states
may have different sets of successors. For example, a path to the next pick vertex
might be blocked by some order picker in the first state, but not in the other.

4.1.1

GTSP formulation

We have already talked about compact GTSP instance representation in the
previous chapter. In this chapter, we will follow up on the last chapter and
formalize GTSP as a problem for a search algorithm. More specifically, we will
define the initial state, actions, the transition model and successors, a goal test,
and a path cost. After the formal formulation of the problem, the search algorithm
will be introduced.
• Initial state: An initial state is given by an agent’s location and a current
time step, because the algorithm requires absolute time in order to correctly
block occupied vertices. Naturally, there are no visited/picked vertices in
an initial state.
• Actions: We have defined three atomic actions — move, wait and pick. For
the purpose of a search algorithm, we will combine sequences of these three
atomic actions into a new travel action. If an agent leaves a pick vertex, the
travel action includes picking at that vertex before traveling. The actual
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movement part of the travel action can contain any valid sequence of move
and wait atomic actions that end at the right vertex. Therefore, for any two
different vertices, there are infinitely many travel actions. We will usually
search for the shortest one. Pick on leave was chosen, because then it has
to be checked only once when expanding a node, whether picking at that
node is possible, or if it is blocked by some constraint.
• Transition model: Let d(v1 , v2 , t, C) be a distance function that returns
the cost of the shortest non-conflicting path from vertex v1 to v2 , with
departure from v1 at time t and with constraints C. Let p(v) be the pick
time of SKU stored at vertex v. The value of p(v) is defined for every pick
vertex of the GTSP instance, because there is exactly one SKU at each
vertex (see Chapter 1). Let C be a set of constraints and (v, t, S) be a state,
where v is a pick vertex, t is a time step and S is the set of already picked
vertices. Successor to the state (v, t, S) is any state (x, tx , S ∪ {SKUx }),
such that x is reachable from v at time tx = t + p(v) + d(v, x, t + p(v), C)
and SKUx is different from the SKUs stored at all previous pick vertices on
the path, which could be written as SKUx ∈
/ S in a mathematical notation.
• Path cost: The path cost function g(n) is defined as the number of time
steps required to get from the root node to the node n while picking at all
nodes of the path. Only with the exception of the very first node and n,
because picking is part of a transition to the next node.
• Goal test: The goal test succeeds, if the state’s location is a goal vertex
and if the set of picked SKUs contains all SKUs of the customer order.

4.1.2

Uniform-cost search

With the problem formulated, we can start with the verbal description of the
search algorithm. Later in this chapter, there is also a description in form of
pseudocode (see Algorithm 1 and Algorithm 2). We encourage the reader to see
the pseudocode if something is not clear.
The algorithm is a modified Uniform-cost search. Just as the regular Uniformcost search, the algorithm expands nodes with the lowest path cost g(n) first. But
there is not any explicit priority queue. Instead, for each (v, t) pair, the algorithm
remembers whether the node is open or not in an array. The GTSP solver iterates
over time steps chronologically, therefore in an order of an increasing path cost.
For each time step, it iterates over all pick vertices. If some node is not open, the
algorithm skips it.
One difference between the two approaches is in the memory complexity of
the data structure. Since the branching factor can be a very big number, there
could be a lot of open nodes. But storing whether a node is open for all nodes in
an array is not free either. There will be a break-even point, where our approach
becomes more memory efficient than the standard approach with a priority queue.
Another difference is that finding a node in an indexed array is easier than in a
priority queue. As we will see, this works well with another modification that we
will introduce soon.
On the expansion of an open node, the algorithm tries whether picking at the
node’s vertex is possible and if it is, it searches the shortest paths to all successor
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nodes and marks them as open. It should be noted that in reality, the algorithm
tries to find the shortest path after picking to all pick vertices that store a different
SKU than the current node’s vertex and it tries to open the corresponding nodes
as well. Usually, this might result in visiting a pick vertex of some picked SKU
for the second time, but we have come up with a way, how to prevent this from
happening.

4.1.3

Subset array

As we have noted, the state space of our problem has three dimensions — time,
vertex, and a set of picked SKUs. Storing all of this information for all open and
explored nodes would be very costly. Assume that there are N SKUs on the pick
list of the current customer order. For some (v, t) pair, where t is a time step
and v is a vertex, there are 2N −1 possible subsets of SKUs, since the SKU stored
at v will be included in all of them. Therefore, there are 2N −1 different states
with the same vertex and time. Let us consider a hypothetical customer order,
that has 100 pick vertices in total split between 15 different SKUs and the tour
could be up to 1000 time steps long. Then the upper bound on the number of
different search nodes is approximately 1.6 billion. That is way too much to store
in computer memory, even if the search nodes were only a couple of bytes large.
That leads us to the biggest difference between our GTSP solver and the
standard Uniform-cost search. To reduce the memory complexity of the search,
we will merge all of the search nodes with the same vertex and time coordinate
into one node with a single shared subset memory, which we will call the subset
array. For example, if there were two search nodes, (v1 , t1 , {SKU1 ,SKU2 }) and
(v1 , t1 , {SKU2 , SKU3 }), then they would be merged into a single node (v1 , t1 ,
{{SKU1 , SKU2 }, {SKU2 , SKU3 }}). Notice, that both sets of the original nodes
are represented in the subset array of the merged node, therefore no information
about any path leading to the node was lost. Every (v, t) pair up to the time
limit has its own subset array.
As we have seen on the example, the sets stored in the subset array correspond
to legal paths. For each set stored in the subset array, there must exist at least
one path, on which the SKUs from the set are picked. The other implication, that
for every legal path leading to the node there must be a set of its pick vertices
in the node’s subset array, does not generally hold. It is because the algorithm
is not complete if there are constraints, which will be shown later. Now, we will
describe the operations on the subset array and we also want to show that all of
the operations are correct, as well as the invariant stated in this paragraph.
Operations on the subset array
Every node begins with an empty set. Before the node is expanded, two operations are performed on the subset array of the node. The first operation is the
filter operation. Consider a node n with SKUi stored at the node’s vertex with
set of sets S stored in its subset array. There might be sets containing SKUi in
S, because generally, the nodes are allowed to open any node with different SKU
from theirs. Because the agent will pick SKUi on leave, SKUi would be picked
twice on some of the paths after leaving node n, which would make those paths
invalid. That is why all sets containing SKUi are removed from S.
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The second is the add operation. The SKUi is added to all remaining sets in
S, signaling to all successors, that the valid paths leading to n were just extended
by picking SKUi at n.
Now that the subset array of node n is consistent, the node is ready for
expansion. The algorithm generates successors (as defined for this algorithm)
and it wants to copy the subset array into all of them. Copying the subset array
gives the successors the information, which vertices were already picked on the
paths leading to them through the current node. But it also needs to keep all of
the sets already stored in successor’s subset array intact. Therefore, the algorithm
unifies subsets of the current node with subsets of the successor and saves the
resulting set into the successor. When the successor itself is expanded, it will
contain a union of all possible subsets of picked SKUs, that are on some path to
the node.
Correctness of the operations
The only time an SKU is added to the sets is when the SKU will be picked at
the node’s vertex. The only time a set is removed from the subset array is to
prevent double picking on the paths. Finally, the unification transfers all of the
sets of the expanded node to successors, while preserving all of the sets that are
already saved in successors. The sets that would correspond to illegal paths will
be removed in some future step. Therefore, all sets of some node after performing
all operations correspond to some legal paths and no valid paths are lost when
performing the operations on the subset array.

4.1.4

Finding a solution

Suppose the algorithm reached some node that contains a set with all SKUs of
the order in its subset array. Therefore, the only thing left to get a full tour would
be to find a path to the goal vertex. But the tour that includes this pick vertex
as the last pick location doesn’t have to be the shortest tour possible. Therefore,
the algorithm only marks this node as a possible last pick vertex. We will call a
node, that is a possible last pick vertex a candidate. Along with the path to the
goal vertex, the algorithm gets an upper bound on tour length. This bound is
used to adjust the time limit and then the search for a better solution continues.
Reverse search
After reaching the time limit and if some candidate was found, the algorithm
knows only the last pick vertex, path to the goal vertex, and the time step at
which the tour has begun. Because the predecessors are not stored in the node,
the algorithm has to search for the predecessors iteratively node after node, until
the root node is reached. That is quite easy since the information needed for the
reverse search — the subsets of SKUs that can be picked of all nodes up to the
candidate — is stored in the subset array and the actions are reversible. At least
in a sense, that the algorithm can find the predecessors.
Unlike the forward search, the reverse search begins with all SKUs picked.
The goal is to reach the initial state. In other words, it tries to reach the root
node with an empty set of SKUs to be picked. The reverse search starts from
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the best candidate node, which is the last pick vertex of the tour. Therefore, the
algorithm knows which SKU is picked at this node and it can remove it from the
set of SKUs to be picked.
Now the algorithm searches for a suitable predecessor. Suitable predecessor
means, that the node contains a set equal to the set of SKUs to be picked. That
equality serves as a certificate, that there exists some path to the node, on which
the missing SKUs are picked. Therefore, the algorithm searches for backward
paths (including picking) to all vertices of the SKUs left to be picked and it
searches for the set of missing SKUs in their subset arrays. If there is a matching
set then the algorithm has found one more predecessor. It removes the SKU of
the predecessor node from the set of SKUs to be picked and the process repeats.
Reverse search with constraints
When there are no constraints, forward and backward paths between nodes are
symmetrical and the reverse search is trivial. However, the paths are not always
symmetrical, when there are some constraints. For example, assume the agent
finished picking at vertex v1 at time t and the only neighboring vertex of v1 is
blocked at time t + 1. After picking, he finds the shortest path to v2 . Since the
neighbor of v1 is blocked at time t+1, the agent waits for one time step at v1 , until
the neighbor is not constrained anymore and then the agent proceeds to travel on
the shortest path to the vertex v2 . He arrives at the time step t + dopt (v1 , v2 ) + 1,
where dopt is a function that returns the length of an optimal unconstrained path
between two vertices. Assume that the algorithm is in the reverse search phase
now and it is at vertex v2 at time step t + dopt (v1 , v2 ) + 1. It tries to find a
shortest backward path to v1 and it finds a path of length dopt (v1 , v2 ). Therefore,
the reverse search would not check the predecessor node at time step t, but only
at a time step t + 1, which might cause that the solution is not found.
Fortunately, the solution to this problem is easy. If any predecessor with the
needed set of SKUs is not found on optimal backward paths, we repeat the search
for predecessor with all backward paths extended by one. Extending the paths by
one time step at a time will continue until the predecessor node with the exact set
needed for a solution is found. The algorithm knows that the predecessor exists
from the sets of the current node. Since the algorithm starts from the lengths of
optimal paths and the extending doesn’t end until the predecessor is found, this
modification is also correct and the algorithm finds the solution.
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Algorithm 1: GTSP solver
Input: Instance of an customer order, warehouse graph, time limit
// Initialize paths from start, since explicit priority queue is not used.
foreach vertex v in pick vertices do
path := Shortest path from start vertex to v with constraints
Mark v as visited at time length(path)
Initialize sets[v][cost]
end
for time := 0 to time limit do
foreach vertex v in pick vertices do
if (v,time) not visited then
continue
end
if cannot pick at (v,time) then
continue
end
Filter subsets containing SKU(v) from sets[v][time]
Add SKU(v) to all subsets at sets[v][time]
if sets[v][time] contains all SKUs then
path := Shortest path from v to goal with constaints at t
newLimit := time + length(path)
if limit > newLimit then
limit := newLimit
Mark v as a candidate
end
break
end
foreach vertex u in pick vertices do
if SKU(v) = SKU(u) then
continue
end
path := Shortest path from v to u with constraints at t
arrival := time+pickTime(v)+length(path)
Mark u as visited at arrival
⋃︁
sets[u][arrival] := sets[u][arrival] sets[v][time]
end
end
end
if candidate exists then
solution := Reverse search the solution
end
return solution, or failure
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Algorithm 2: Reverse search - GTSP solver
Input: Last pick location with time (vl , tl ),start vs , goal vg , tour start
time t0
solution.AddFirst(vg )
solution.AddFirst(vl )
toPick.AddAll()
toPick.Remove(SKU(vg ))
currentTime := tl
currentVertex := vl
LOOP:
for i := 0 to toPick.Count do
for extension := 0 to currentT ime − t0 do
foreach vertex v in pick vertices do
if SKU(v) not in toPick then
continue
end
// extension is the length of the path beyond optimal
path := FindReversePath(currentV ertex, v,
extension,currentT ime)
if path doesn’t exist then
continue
end
if toPick is in sets[v][currentTime-length(path)-pickTime(v)]
then
solution.AddFirst(v)
toPick.Remove(SKU(v))
currentTime := currentTime - length(path) - pickTime(v)
currentVertex := v
goto LOOP
end
end
end
end
solution.AddFirst(vs )
return solution
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4.1.5

Example of the search

Now that we have covered how the algorithm works, we can illustrate it with an
example. Consider an instance from the Figure 4.1. Start and goal locations are
both at the depot and the tour begins at the time step zero. Pick list consists of
three SKUs, we will call them the red, the blue, and the yellow SKU. The yellow
SKU can be picked at vertex y1, the blue SKU at vertex b1, and the red SKU at
vertices r1 and r2. Pick times are all zero. The goal is to find the shortest tour
to pick all three SKUs.
<

y1
y1

<

<
r2

r2
b1

b1

r1
r1
depot
t=0

t=1

t=2

t=3

t=4

t=5

Figure 4.1: GTSP search with zero pick times
The search space is represented as follows. On the horizontal axis are the
time steps. The pick vertices are on the vertical axis and the subsets of picked
SKUs are represented by the clusters of dots inside of nodes. One cluster of dots
represents one set of SKUs, that are picked on some path to the node, including
the SKU picked at the node’s vertex, because they represent the state of the node
after expansion. The gray edges lead to successor nodes. For simplicity, we have
omitted all edges that end beyond the time step 5. The dotted edge represents
the final path from the last search node’s vertex to the goal vertex. There is
one path with black lines. That is the path of one optimal solution of the two
possible.

4.1.6

Properties

The correctness of the algorithm follows from the correctness of the Uniform-cost
search algorithm and the correctness of our modifications. The algorithm always
stops, when it is run on a machine with finite memory, because the main loop is an
iteration over all (v, t) pairs and there is a limited number of pairs. Theoretically,
the algorithm doesn’t have to stop when the memory is infinite. The maximal
number of steps in a reverse search is always limited if the algorithm reaches the
reverse search phase.
Without any constraints, the algorithm is complete, because it eventually tries
all possible combinations, if any solution is not found early. It is also optimal
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without constraints, because the search continues at least until all nodes with
time step one less than the cost of the best candidate solution are expanded. This
guarantees, that the algorithm doesn’t stop before it finds an optimal solution,
because no optimal candidate can have path cost greater than the cost of the
whole optimal solution.
With constraints, it is neither optimal nor complete. This is because when
expanding a node, only the shortest route to a successor is found. If the successor
is blocked for picking at the arrival time, then no further successors are generated
and the branch is not expanded further. Therefore, if the only solution requires a
longer than optimal path between two vertices because picking at the end vertex
of the path is blocked after the arrival on the optimal path, then the algorithm
won’t find it.

4.1.7

Complexity

Let us denote t the maximal number of time steps, C the number of unique SKUs
in the pick order, Ici the number of picking locations of i − th SKU and I is the
total number of all picking locations. The memory complexity is asymptotically
determined by the size of the subset arrays, which is θ(2C ∗I ∗t). For every picking
location and time step, the algorithm keeps in memory all visited subsets. The
algorithm also uses some memory for finding the shortest paths and constraints,
but that amount is negligible for larger C. Also, there is the optional cache of
shortest routes between pick vertices. Again, depending on the value of C, the
size of the cache will be negligible and it can be disabled if it caused any problem.
For the sake of completeness, the size of the cache is θ(I 2 ∗ K), where K is some
constant dependent on the warehouse size.
The time complexity of a naive algorithm, that tries every pick location combination and every permutation, is θ(C! ∗ Ci1 ∗ ... ∗ Cin ). Our GTSP solver has
the time complexity of the search O(I 2 ∗ t). At every pick vertex and time step
from the range, the solver tries to find a path to every other pick vertex and
unifies the subset arrays, if the path exists. The time t, in this case, is only equal
to the length of the shortest tour, not to some predetermined constant. But this
complexity formula omits an important action. The key operation is the manipulation with the subset arrays, that have exponential memory complexity. So the
actual time complexity of the solver is O(2C ∗ I 2 ∗ t), which is exactly what we
have seen in the experiment from the previous chapter.
C
I
t
Memory (MB)

Small
10
100
3000
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Medium I
12
120
3000
184

Medium II
14
140
4000
1146

Large
16
200
4500
7372

Table 4.1: Real-world memory usage examples
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4.2

Single-agent approach

The single-agent approach solves the multi-agent picker routing problem in a
single-agent way. The main goal of this algorithm is to simulate a regular warehouse with some common single-agent routing policy. By simulating we mean
that the algorithm not only computes single-agent routes but also ensures that
the routes are conflict-free and therefore could be performed step-by-step in a
physical warehouse. In a manual real-world warehouse, conflicts are resolved
during the execution by order pickers. If planned picking tours contain any conflict, order pickers dodge each other or just wait, until the other order picker
makes way.
We can think of the single-agent approach as a two-step algorithm. In the
first step, the algorithm plans optimal single-agent picking tours for all agents
independently, or in other words, without any knowledge of other agent’s locations. In a real-world warehouse, the tours could be computed by the optimal
algorithm introduced by Ratliff and Rosenthal. Since this algorithm is optimal
as well, the resulting tours should be comparable.
Conflict resolution
As we have said, in a typical manual warehouse, conflict resolution happens
naturally. The single-agent approach does conflict resolution in the second step.
Input for the second step is a set of independent single-agent solutions and output
is a single conflict-free multi-agent plan for all agents.
Now, we will describe the second step of the algorithm in detail. First, priorities are assigned to the individual customer orders. Then the algorithm iterates
over the single-agent tours computed for the orders in decreasing order of priorities. For each tour, the goal is to resolve any conflicts with the higher priority
tours. The higher priority tours cannot be modified, so it is the currently processed tour that has to adapt.
The conflict resolution procedure for a single picking tour maintains both the
pick locations and their order in a tour. Therefore, the only possibility is to
adjust the paths between pick locations (and the start/goal locations). Conflicts
are resolved one path at a time, iterating through the paths chronologically. After
a path is non-conflicting with other agents, then the algorithm starts processing
the subsequent path and so on, until the path to the goal vertex is conflict-free
as well.
The conflicts of a single path are resolved by iterative extension of the path.
First, the algorithm tries to replace the original path with an optimal path that
is consistent with constraints imposed by other agents. The optimal path might
or might not be of the same length, depending on the constraints. All subsequent
extensions prolong the path by a single step. The path is extended, if it doesn’t
meet any of the following criteria:
1. the path must exist,
2. picking at the last vertex at the time of arrival must be possible (excluding
the path to the goal vertex of the tour),
3. after picking at the last vertex, there must exist a path to goal vertex.
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The necessary condition number one says, that the path must exist. This
might seem trivial, but the existence of a path of length n doesn’t imply the
existence of a path of length n + 1 in a multi-agent environment. The second
criterion is self-explanatory. The last criterion ensures, that the agent is free to
leave after picking. In our implementation, we have chosen the goal vertex of
the tour as the target vertex for the tested path, because it should be located
in a staging area outside of all picking aisles. This criterion is necessary because
it might happen that the agent is squeezed by higher priority agents inside of a
picking aisle and such a solution would be invalid. The first and shortest path
that meets all three criteria is substituted in the tour instead of the original
single-agent path.
Properties
After all conflicts are resolved, we obtain a solution with the lowest cost possible
without changing pick vertices of tours or priorities. The algorithm is not optimal,
nor complete. In any case, the third criterion should ensure that some solution is
found most of the time. Its computation time will be determined asymptotically
by the computation of initial tours, which is exponential. The conflict resolution
is done exactly once for each path and the number of path extensions is bounded
by the makespan of the partial solution, after which there will be no constraints
and all paths after this point will be valid. Therefore, the algorithm always stops.
Algorithm 3: Single-agent algorithm
Input: Customer orders, warehouse graph
tours := Find shortest single-agent tours for all orders.
Assign priority to all tours
foreach tour t in tours do
foreach path p in tour.paths do
l := length(path)-1
while Non-conflicting path not found do
l := l + 1
Find path of length l to the next pick vertex with constraints
if Path does not exist then
continue
end
if Next pick vertex is blocked during picking then
continue
end
if Path to depot after picking does not exist then
continue
end
Add path to the solution
end
end
Add modified tour into constraints
end
return solution, or failure
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4.3

Prioritized planning picker routing

Prioritized planning with the GTSP solver on the low level is the main algorithm
we introduce for solving the multi-agent picker routing problem. There is a
similarity to the previous algorithm in the sense, that in order to avoid conflicts
between agents, it also prioritizes some tours over others. The main advantage
of this approach is, that it avoids branching of the high level search, which could
possibly result in an exponential number of search nodes.
The main difference between prioritized planning and the previous singleagent algorithm is that prioritized planning solves the GTSPs with existing tours
of other agents as constraints, while the single-agent approach uses the GTSP
solver only to determine the pick vertices and their order without any constraints.
Therefore, prioritized planning resolves conflicts directly when computing the
GTSPs, while the single-agent approach resolves conflicts only by modifying paths
between predetermined pick vertices.
We have said, that the algorithm assigns priorities to tours and not agents.
That is not a mistake, but the priorities have to be assigned with caution. The
only constraint is that for one agent, any single tour must have a higher priority
than all subsequent tours of the same agent. This constraint must hold because
in order to plan a tour, all previous tours have to be already computed so that
the algorithm knows when the current tour starts. This finer priority assignment
will enable us to use more efficient heuristics later.
The prioritized planning algorithm is not optimal, but it is able to solve
instances much bigger than it would be possible with any optimal algorithm. It
is not complete either. Due to the limitations of our GTSP solver, all it takes is
for the other agents to block some pick vertex for long enough. The blocked pick
vertex should be the only pick vertex of the given SKU and the current agent
must have this SKU in his pick list. Then the GTSP solver will eventually fail
because it won’t be able to pick at that vertex from any node and it doesn’t try
to find an alternative time to pick. Therefore, the open nodes will run out and
blocking the pick vertex for a finite amount of time is sufficient.
The memory complexity of the prioritized planning algorithm is completely
determined by the memory complexity of the GTSP solver. The only additional
memory is needed for solutions and constraints. The number of constraints is
limited by the solution length. The time complexity is also determined by the
GTSP solver, as the priority assignment for the tours is usually polynomial in
the number of orders and there is almost no other overhead other than managing
the constraints.
Algorithm 4: Prioritized planning algorithm
Input: Customer orders, warehouse graph
Assign priority to all customer orders
foreach order o in prioritized orders do
tour := FindTour(o, constraints)
solution.AddTour(tour)
constraints.AddConstraints(tour)
end
return solution, or failure
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4.3.1

Gradual constraint addition

The usual way of adding constraints of previously planned tours is to add all
constraints at once. This means that every step some agent takes on an already
planned tour is added as a constraint. Therefore, the GTSP solver has complete
information about the movement of other agents right away. But there is another
way. Alternatively, the tour could be computed without any constraints first.
Then, the algorithm would check, whether there is a conflict with some other
tour. In case of a conflict, one constraint is added and the GTSP is computed
again. This process is repeated until a non-conflicting solution is found.
Algorithm 5: Gradual prioritized planning algorithm
Input: Customer orders, warehouse graph
Assign priority to all customer orders
foreach order o in prioritized orders do
constraints.Clear()
while Non-conflicting tour not found do
tour := FindTour(o, constraints)
conflict := FindConflict(tour, solution)
if conflict found then
constraints.AddConstraint(conf lict)
end
end
solution.AddTour(tour)
end
return solution, or failure
There is a good reason to use this alternative approach. It will become clear
after we write a few words about the standard approach. When the task is to
find a path between two points, the number of constraints has little impact on
the computation time. But in our case, the GTSP solver relies heavily on caching
of paths between pick locations. Therefore, if some cached path is blocked, the
solver has to find a new path by using the A* search algorithm. This is a much
more demanding operation than just returning a path from the cache. Just a
single constraint can result in a big number of paths being blocked and recalculated. This is slowing the GTSP computation down significantly and the more
constraints there are, the slower the computation. Hundreds or thousands of constraints that are present with the standard prioritized planner will slow down the
solver substantially. The advantage of the standard prioritized planner is that
each GTSP is solved exactly once.
Comparison of the prioritized planning approaches
The gradual approach relies on solving the GTSPs much faster due to the small
number of constraints in order to mitigate this issue. But it comes at a high cost
— many recalculations of the same GTSP instance. The upper bound on the
number of recalculations is equal to the sum of costs of planned tours and solving
the GTSP gets slower and slower as the constraints are added one by one. This
leads us to the following hypotheses, that we will test:
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1. the gradual approach will perform better than standard prioritized planner
when the number of agents is relatively small with respect to the size of the
warehouse,
2. the gradual approach will slow down disproportionately to the number of
agents, as the number of agents increases.
The tests were carried out on two different instance sizes, small (1) and large
(2). The instances and methodology are described in Chapter 5. For each instance
size and algorithm, there will be three tests with different numbers of agents in a
warehouse. The number of agents will range from 3 to 12. The number of trials
(solved instances) is 40. The standard prioritized planner is labeled as PP, while
the gradual prioritized planner is labeled as PP-G. Time is a shortened form of
the mean solve time and we report it in seconds.
Algorithm
PP-G
PP-G
PP-G
PP
PP
PP
PP-G
PP-G
PP-G
PP
PP
PP

Size
1
1
1
1
1
1
2
2
2
2
2
2

Agents
3
6
12
3
6
12
3
6
12
3
6
12

Time (sec)
0.8
3.8
57.8
121.7
586.3
2724.2
0.6
1.6
9.5
98.2
356.5
1457.7

Table 4.2: Gradual prioritized planner experiment
The experiment clearly shows that in our tests, the gradual constraint addition is superior to the standard prioritized planner with respect to solve times.
Therefore, the first hypothesis likely holds. The evidence even suggests that PP-G
performs better even for the more densely populated instances, such as the small
warehouse instance with 12 agents. Gradual prioritized planner solves instances
with twelve agents faster on average, than the PP solves instances with just three
agents.
The data also support the second hypothesis. For a small instance size, when
the number of agents doubled from 6 to 12, the average computation time increased more than fifteen times. The increase was more modest for large instances, but the average solve time increased more than four times with the same
numbers of agents. It seems that the increases are driven by some other factor
as well, maybe it is the density of agents in a warehouse.
Minor optimizations
We have tried some smaller optimizations as well, but without greater success.
One of the tries was to improve the performance by adding some constraints
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in advance. This should have reduced the number of recalculations. For every
picking done by some other agent at a pick vertex of the current order, two
constraints at the start and end times of the pick were added. This almost
ensures that the solver will not find a solution with blocked picking and it is
achieved with a small number of constraints. The results of this optimization
were that it helps with some harder instances, but the overall effect is positive
only by a small margin.
We have also tried to add several constraints at once by finding more than one
conflict, which resulted in a hardly measurable effect. Another way to add more
constraints in one iteration could be by looking at the blocking agent’s locations
in some time window close to the conflict and adding these constraints as well.
This could help because there often are many constraints close to one point in
space and time.

4.3.2

Priority heuristics comparison

The performance and solution quality can be influenced by the order, in which
the algorithm solves the tours of customer orders. To be clear, the algorithm
cannot change the order in which the agent completes his customer orders, but
there is some freedom in order, in which the tours are solved. We will compare the
default order to the SKU heuristic. There are two variants of the SKU heuristic.
The first variant is to prioritize customer orders with the most SKUs on a pick
list (labeled as PP-SH, which stands for prioritized planner-SKU high), the other
variant is to prioritize customer orders with the least SKUs to pick (labeled as
PP-SL). We will test several related hypotheses. All of the hypotheses are meant
relative to the default order without heuristic.
1. The heuristic PP-SH reduces the computation time.
2. The heuristic PP-SH leads to lower quality solutions.
3. The heuristic PP-SL leads to higher quality solutions.
The reasoning behind the first hypothesis is that the most time-consuming
tours to solve will be computed first, when the number of previously planned
tours and constraints is low. That should result in a better computation time
than without any heuristic. Hypotheses two and three are mirror images of
each other. The reasoning is, that PP-SH leaves the customer orders with the
least different items, and therefore usually the least pick locations as well, to be
computed last when the number of constraints is the highest. That could leave
very few optimization options for the last tours, resulting in a higher solution
cost. The same logic in reverse applies to the third hypothesis.
The tests were repeated 40 times with different random generator seed numbers. A small warehouse instance was chosen for the tests. The tests were carried
out for three different agent counts. For more information on the methodology
see Chapter 5.
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Algorithm
PP
PP-SH
PP-SL
PP
PP-SH
PP-SL
PP
PP-SH
PP-SL

Agents
3
3
3
6
6
6
12
12
12

Time (sec)
1.0
0.8
1.8
13.0
5.3
18.5
178.5
55.8
160.9

SoC Makespan
6006
2338
6006
2338
6007
2340
12194
2636
12200
2637
12193
2635
24296
2728
24306
2720
24280
2726

Table 4.3: Comparison of prioritized planner heuristics
We can conclude, that the first hypothesis most likely holds. There is a
significant drop in computation times when using the PP-SH heuristic. The drop
is pretty consistent for 6 and 12 agents at approximately one third of the average
solve time without any heuristic. There is only a slight hint, that the effect
increases with the number of agents. Of course, the effect will also be dependent
on the structure of customer orders, especially on the number of SKUs in the
orders. Even though there are indications that the choice of a heuristic has some
effect on solution quality, the evidence doesn’t seem to be strong enough to reject
the null hypothesis for both the second and third hypotheses.
Because the difference in computation times was much more significant than
the difference in solution quality, we will use the PP-SH variant of the algorithm
in the final evaluation.
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5. Empirical evaluation
The purpose of this chapter is to empirically evaluate the performance of the
algorithms in several different scenarios. By performance, we mean mostly the
computation times and solution quality. The main criterion for the computation
times is the requirement, that the algorithm should be able to provide results
after an overnight computation. The solution quality of the prioritized planning
approach is compared to the single-agent algorithm to see, whether the difference
is significant enough to justify the potentially higher computation times.

5.1

Setup and implementation

The tests were run on a server with Intel Xeon 8270 CPU at 2.7GHz and with
8GB of RAM. The virtual machine had 2 CPU cores available. The operating
system used was Windows 10. No other CPU-intensive applications were running
on the virtual machine. The algorithms are implemented in the C# programming
language and run in the .NET Core 3.1 Runtime. Each test is run several times
with a different random number generator seed. The default number of trials per
test is 40, if not specified otherwise.

5.2

Test problem instances

Since any library of standard test instances for rectangular scattered storage warehouses doesn’t exist and this thesis is motivated by real-world logistic operations
that decide the ranges of parameters, we generate our own test instances.
There are three model warehouse sizes — small, medium, and large. General assumptions about the warehouse type and layout are identical as stated in
Section 1.1. The size parameters such as the number of aisles and cross-aisles
were chosen to be consistent with the assignment and other research in this area.
The specific values of parameters that we have chosen for the three standard
warehouse sizes are in Table 5.1.
S
M
L

Aisles
10
20
50

Cross-aisles
3
6
6

Shelf Length
10
10
20

Shelf Height
5
5
5

Storage Locations
2000
10000
50000

Table 5.1: Test instance parameters
The number of unique items stored in a warehouse was chosen so that each
item is stored in ca. 10 locations. Therefore, it is different for each of the instance
sizes. Items are distributed across the warehouse at random. For every storage
location, one item is sampled from a uniform distribution of all items. Every item
is stored in at least one location. The average number of locations per item is 10
in our test instances.
Each warehouse size is tested with three different numbers of agents. The
numbers of agents are 3, 6, 12 for the small warehouse, 12, 24, and 48 agents
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for the medium warehouse size and finally, 25, 50, and 100 agents for the large
warehouse. Each agent is assigned three orders. Orders are generated at random.
The length of a pick list is chosen randomly from a uniform distribution for each
order and it ranges from 2 to 8 SKUs for most of the tests. The only exception
is the comparison of the prioritized planner to the gradual prioritized planner,
where the pick list length is fixed to 5 SKUs, which helps with computation times.
It should be noted that there is not a single value or distribution applicable
to all real-world warehouses. Some store large items only, so the number of SKUs
per order is close to one, while other warehouses might contain a mix of small
and large items.

5.3

Results

Three algorithms will be compared. The lower bound on multi-agent solution
quality is set by an algorithm labeled as SA-NB. This stands for single-agent
no block, because the agents don’t interact and cannot block each other. All
tours calculated by SA-NB are optimal in a single-agent environment. Therefore,
it really is a lower bound for any multi-agent algorithm, since preventing agents
from blocking each other can only add to the cost. How much will the cost increase
when agents do block each other is approximated by the algorithm labeled as SA,
which stands for single-agent and it is the algorithm we have introduced in Section
4.2. The algorithm labeled as PP is the gradual prioritized planning algorithm.
We will compare the algorithms in computation times and solution quality. All
of these values are calculated as a mean value of all instances with corresponding
parameters. The unprocessed results of the experiments can be found as an
attachment of this thesis. In the column Time, we report the time needed to find
a complete solution, excluding initialization of the solver (memory allocation,
etc.). The column SoC stands for Sum of Cost. For easier comparison of the
algorithms, there are relative values of cost in parentheses, where 100% is always
the lower bound approximation of the SA-NB algorithm for the given number of
agents.
Small instances
The number of trials for small instances is set to 200. This was possible, because
most of the instances were solved within one minute.
The computation time of the prioritized planner rises steeply as the number
of agents increases. Doubling the number of agents from six to twelve caused a
more than tenfold increase in the average computation time.
Regarding the solution quality, it seems that the more agents there are, the
bigger the optimality gap of the single-agent algorithm. This was expected, as
the number of conflicts increases as well. On the other hand, prioritized planner
shows results well within 1% from the single-agent optimum for the Sum of Cost
function and it is just a couple of time steps behind the lower bound estimate for
the makespan function in all three test scenarios.
In addition to the main experiment, we have performed another set of tests
with the prioritized planner algorithm to see the limit number of agents, for which
the instances are still solvable. The number of trials for this test was set to 20
48

Algorithm
SA-NB
SA
PP
SA-NB
SA
PP
SA-NB
SA
PP

Agents
3
3
3
6
6
6
12
12
12

Time (sec)
0.2
0.2
1.0
0.3
0.6
5.7
0.6
3.6
63.4

6089
6205
6095
12090
12694
12122
23925
26827
24100

SoC
(100.0)
(101.9)
(100.1)
(100.0)
(105.0)
(100.3)
(100.0)
(112.1)
(100.7)

Makespan
2394 (100.0)
2425 (101.3)
2395 (100.0)
2578 (100.0)
2681 (104.0)
2580 (100.1)
2697 (100.0)
2940 (109.0)
2700 (100.1)

Table 5.2: Small instance results
only, because we wanted to solve instances with as many agents as possible and
we didn’t need the results to be very precise. The results are visualized in Figure
5.1.
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Figure 5.1: Prioritized planner on small instance agents limit
It seems that the limit on small instances is somewhere at around 22 agents.
For 24 agents, it took the algorithm hours to find a solution, so the tests didn’t
even finish in time.
Medium instances
The number of trials for the medium instances is set to the standard value of 40.
This should still be enough for a good approximation of the real mean value.
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Algorithm
SA-NB
SA
PP
SA-NB
SA
PP
SA-NB
SA
PP

Agents
12
12
12
24
24
24
48
48
48

Time (sec)
SoC
1.1 25844 (100.0)
2.1 26559 (102.8)
7.4 25899 (100.2)
2.2 52049 (100.0)
5.5 55042 (105.8)
52.7 52304 (100.5)
4.3 104107 (100.0)
33.8 117268 (112.6)
712.7 105399 (101.2)

Makespan
2903 (100.0)
2953 (101.7)
2904 (100.0)
3032 (100.0)
3153 (104.0)
3036 (100.1)
3142 (100.0)
3390 (107.9)
3147 (100.2)

Table 5.3: Medium instance results
First, let us verify the claim about the good approximation of the real mean
value, at least on the last test. The 95% confidence interval of the mean computation time of the PP algorithm with 48 agents is [591, 834]. For the same test
scenario and the sum of costs values, the confidence interval is [104419, 106377].
We have checked the confidence intervals for the other PP tests as well and the
relative deviations were similar. Even though the deviations of the mean computation times are quite large, the differences between the approaches are even
larger. Therefore, the results are precise enough to make some conclusions in the
discussion.
The prioritized planner displays similar behavior as on the small instances. If
we compare the computation times between 24 and 48 agent instances, we notice
a more than tenfold increase in the computation times. Even the single-agent
approach doesn’t seem to scale linearly with the number of agents, most likely
because more paths need rerouting as the number of agents increases.
The solution quality of the prioritized planner is still very good, even though
for 48 agents, the approximation of optimality gap has risen slightly above 1%.
Single-agent approach with conflict resolution yields tours with Sum of Cost up
to 12.6% larger, than the single-agent algorithm without conflict resolution. For
48 agents, there is a 243 time steps difference in makespan between SA and PP,
which would be more than 4 minutes, if one time step was equal to one minute.
Large instances
Even though some large instances took more than one hour to solve, the number
of trials is still 40. The confidence intervals of the mean computation times are a
bit wider than they were on medium instances.
Computation times of the prioritized planner seem to increase consistently
with what we have seen already. Doubling from 50 to 100 agents resulted in a
little over eightfold increase in computation times on average. The single-agent
approach still finds a solution in a couple of minutes most of the time.
The solutions produced by the single-agent approach are closer to the optimum
than on smaller instances. The average optimality gap in the sum of costs is
smaller than 8.1% for all tests. For the makespan, it is even below 6%. Prioritized
planner displays similar solution quality as in medium instance tests. For the sum
of costs, the solution costs differ less than 1.3% from optimum on average, while
the makespan is within 0.2% of the optimal makespan.
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Algorithm
SA-NB
SA
PP
SA-NB
SA
PP
SA-NB
SA
PP

Agents
25
25
25
50
50
50
100
100
100

Time (sec)
2.8
5.4
55.0
5.6
24.0
430.8
11.2
189.7
3578.4

61800
62909
61979
123879
128745
124562
248055
268098
251400

SoC
(100.0)
(101.8)
(100.3)
(100.0)
(103.9)
(100.6)
(100.0)
(108.1)
(101.3)

Makespan
3402 (100.0)
3451 (101.4)
3405 (100.1)
3480 (100.0)
3563 (102.4)
3485 (100.1)
3568 (100.0)
3771 (105.7)
3574 (100.2)

Table 5.4: Large instance results

5.4

Discussion

We wanted to test, whether prioritized planning runs in a reasonable time and
whether it outperforms some usual single-agent approach in solution quality. That
single-agent approach is, in our case, the single-agent algorithm with conflict
resolution. We have also included the results of the single-agent algorithm without
conflict resolution, because the results can serve as a lower bound on optimal
solution cost. That enables us to judge the solution quality even better. In this
section, we will evaluate the results and discuss, whether we have succeeded in
those goals.
Let us start with the computation times. If we look at the different tests
separately, we can see, that the prioritized planner doesn’t scale well with the
number of agents. The maximal computation time on 100 agents was a bit
over two hours. But the customer orders consisted of 5 SKUs on average only.
If this average was higher, the GTSP solver would probably take much more
time to compute the individual customer orders. That alone could prolong the
computation time over the 12 hours of overnight limit. On the other hand,
on most instances of small and medium size, the prioritized planner will likely
finish computation within the set time limit. On large instances, it will be highly
dependent on the number of agents, their customer orders, and some other factors,
such as the distribution of items in a warehouse.
If we compare the computation times between different instance sizes, an
interesting phenomenon occurs. Solving an instance with the same number of
agents in a larger warehouse is faster on average, than in a smaller warehouse.
This is illustrated in Figure 5.2, which shows the average time it took to solve
an instance divided by the number of agents. The blue line corresponds to small
instances, the orange line to medium instances, and the gray line to large instances. We observe that with 12 agents, solving a small instance takes much
longer per agent than it does for a medium instance. A similar result can be
seen with 48 agents. It is probably caused by the increased density of agents,
which causes more blocking and potential congestion. This in turn increases the
number of constraints that have to be added, before a GTSP tour is conflict-free.
This suggests that agent density will be one of the most important factors that
determine the computation times of prioritized planner. More research would be
needed to specify and confirm this hypothesis.
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Figure 5.2: Prioritized planner solve time per agent
The results show clearly that in solution quality, the prioritized planner is
significantly better than the single-agent approach with conflict resolution. The
difference is the most notable when the number of agents is high. For example,
on medium instance with 48 agents, the difference in average sum of costs was
more than 10%. It was less noticeable on the instances with relatively few agents,
where the difference was only ca. 1.5%.
The experiments have some limitations, too. The variety of the test scenarios
could be higher. They don’t even come close in covering the wide variety found in
real warehouses. Another limitation is that the single-agent approach is only an
approximation of a real-world warehouse routing policy. More experiments would
have to be carried out for specific warehouses to determine precisely the benefit
of using the multi-agent routing policy. But probably the biggest limitation is in
the algorithm itself. We assume manual warehouses with people performing the
order picking. But the tours, that the algorithm produces, rely on the absolute
precision of agents in order to be conflict-free. We can only speculate, whether
the inaccuracy and inconsistency of human order pickers wouldn’t eliminate any
benefit of multi-agent planning.
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Conclusion
The work on multi-agent picker routing algorithms is in its infancy. We have
carried out a comprehensive literature review of this problem and we have found
only couple of multi-agent approaches. On the other hand, there are plenty of
research papers proving that the effect of picker blocking and congestion is real
and that it is significant.
There exists a large variety of picker routing algorithms as well as multi-agent
path finding algorithms. In order to come up with an algorithm that solves
multi-agent picker routing, we have explored many of them. We have identified
the prioritized planning approach from the multi-agent path finding domain as
the most promising, because it offers a good compromise between the solution
quality and computation times. Since the algorithm was originally designed to
solve multi-agent path finding instances, we had to come up with a way to adapt
it to the picker routing problem. In the end, we have developed a custom GTSP
solver that finds picking tours and that allows the prioritized planner to block
already occupied vertices. Together, these two algorithms solve the multi-agent
picker routing problem. In order to improve the performance of the algorithm,
we have tested the use of a heuristic, that determines the order in which the tours
are computed. We have shown that the right heuristic can significantly decrease
computation times.
Finally, the new algorithm was empirically tested and compared to a singleagent routing policy. Even though the algorithm has some limitations regarding
its computation times, it performed well in solution quality. The solutions it
produced were nearly optimal, unlike the solutions produced by the single-agent
approach after all conflicts were resolved.
But the main takeaway is, that there is still a lot more to be done. We have
identified several other promising approaches to solve the problem. For the largest
of instances, a purely heuristic approach could be more fitting. On the other hand,
for smaller instances, some approach based on the CBS or the hybrid Branchand-Cut-and-Price method might work well. Other areas that could be explored
include, how human order pickers actually execute the planned tours and whether
the benefit of conflict-free tours is not lost by human inaccuracy. Alternatively,
the use of the algorithm in automated warehouses could be examined as well,
since the focus shifts from manual warehouses to automated. There is definitely
a lot of ongoing research fueled by automation but unfortunately, not all of this
research is made public. Nevertheless, manual warehouses are probably here to
stay for some time, too.
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[8] André Scholz, Daniel Schubert, and Gerhard Wäscher. Order picking with
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