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Introduction

The generalized autoregressive conditional heteroscedastic model, i.e. GARCH
model, was developed by Bollerslev| (1986) to estimate the volatility of a time
series. The volatility represents a variation of a time series over some period.
In GARCH models, it is assumed that the volatility depends on past squared
observations and past volatility. Because of this structure, the GARCH model
can estimate and forecast volatility more efficiently. GARCH models are usually
used to forecast returns of stocks, bonds and other financial instruments.

The question is how to select orders of the GARCH model. Bollerslev et al.
(1994) mentioned that the traditional information criteria are often used to de-
termine orders of the GARCH model, although their suitability is not known.
According to Brooks and Burke| (2003)), the usage of unmodified or naively mod-
ified information criteria for the selection of GARCH models can lead to biases.
Mitchell and McKenzie| (2003) in their study concluded that information criteria
often do not choose the correct model. |Javed and Mantalos| (2013) discovered
that information criteria often choose model GARCH(1,1) instead of the true
model.

Subsequently, consider that an information criterion chooses an incorrect order
of the GARCH model. Then, the question is how much the predicted volatility
from this model with the incorrect order differs from the prediction from the true
model or from the estimated model with correctly specified orders.

The aim of the thesis is to analyze the model selection of GARCH models
using information criteria, to discuss the usage of the quasi maximum likelihood
in information criteria and to compare predictions from the best models selected
by information criteria. The thesis consists of two parts, theoretical background
and a simulation study.

The first chapter contains a description of volatility, the definition of the
GARCH model, methods used for estimation of model parameters and forecast.
The second chapter presents information criteria used in the simulation study and
discusses the usage of these criteria in the selection of GARCH models. Then,
there is an overview of prediction criteria that assess the predictive capability of
a given model.

The third chapter of the thesis contains the simulation study that aims to
investigate whether information criteria are suitable for the order determination
of GARCH models. The simulation study complements and extends simulation
studies from Mitchell and McKenzie| (2003) and |Javed and Mantalos (2013) to
see the problem in a more complex way. The study consists of two parts. In the
first part, information criteria are compared with regard to the GARCH model
selection. We analyze the influence of many factors such as the distribution of
innovations, estimation method, number of observations and model parameters.
In the second part, predictions from the best models based on information cri-
teria are compared with the prediction from the true model. Finally, the model
selection is demonstrated on real data and predictions from the best models are
compared.



1. GARCH model

In this chapter, the GARCH model is introduced. First, volatility and its char-
acteristics are described, and the GARCH model is formulated. Estimates of
the model parameters are presented, namely maximum likelihood estimator and

quasi maximum likelihood estimator. A forecast of a time series based on the
GARCH model is described.

1.1 Volatility

The generalized autoregressive conditional heteroscedastic model, denoted as the
GARCH model, belongs to univariate volatility models. Volatility represents
a time series variation over some period, and it is usually measured by standard
deviation or variance. The problem is that volatility is not directly observable.
For example, consider the daily returns of an asset. Usually, only one observation
on a trading day is available, and thus it is not possible to observe daily volatility
based on returns. In case the returns are available for a smaller period than
one day, volatility can be estimated. However, the estimate does not have to be
accurate.

According to Tsay| (2002)), volatility has the following characteristics that were
used in the development of volatility models.

« Existence of volatility clusters.
» Volatility evolves over time in a continuous manner.
o Volatility reacts differently to a price increase or a price drop.

« Volatility varies within some fixed range, which means that volatility is
often stationary.

These characteristics can be observed in Figure that shows daily returns of
gold during the years 2011—202(ﬂ Volatility clusters are present during the
whole period. For example, see more volatile returns in years 2011—2014 and less
volatile returns in years 2017—2020. After a price drop at the beginning of the
year 2013, returns are much more volatile. On the contrary, the volatility is lower
after a price increase during the year 2016. This behaviour indicates different
reactions to positive and negative changes in price. Moreover, it seems that daily
returns of gold are stationary.

Figure shows weekly volatility of daily returns of gold during the years
2011—-2020. Weekly volatility is calculated as the sample variance from daily
returns of gold in a given week. As mentioned earlier, daily volatility can not
be calculated from daily returns in a non-parametric way, although it would be
usually more relevant. Therefore, a parametric model is necessary to estimate
daily volatility. An example of the model selection using this data is presented
later in Section 3.4.

!Source: https://finance.yahoo.com/quote/GC%3DF
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Figure 1.1: Daily returns of gold during years 2011—2020.
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Figure 1.2: Weekly volatility calculated as the sample variance from daily returns of
gold in a given week and presented for years 2011—2020.

1.2 Definition

Let {y:} be a time series observed at times ¢ € Z. The information set avail-
able at time t — 1 is represented by JF;_; which is a o-algebra generated by set
{ys, s <t—1}. The conditional mean and variance of y; given F;_; are denoted

as
py = E [yt|ft—1] =g («Ft—l) ) Ut2 = Var [yt|~7:t—1] =h («Ft—l) ) (1-1)

where g and h are appropriately selected functions, ~ must be a positive function.
In this thesis, suppose that volatility of the time series {y;} is the conditional

variance of y, denoted by o?.
The generalized autoregressive conditional heteroscedastic model with orders



p,q € N for the time series {y;}, i.e. GARCH(p, ¢), was developed by Bollerslev
(1986) with the following form

P q
Y = Ut + €4, € = Oy, O't2 =w+ ZOéiG?fi + Zﬁjaffj, (12)
i=1 j=1
where {;} is a sequence of independent and identically distributed random vari-
ables with zero mean and unit variance

Ele) =0, Var[e] =1 for all . (1.3)

These random variables are called innovations of the time series {y;}. The se-
quence {e;} represents error terms of the time series {y;}, i.e. e; is a deviation
from the conditional mean j;. Parameters w,aq,...,p, B1,..., 3, are unknown.

In case that ¢ = 0 and parameters i, ..., 8, are equal to zero, the model is
called the autoregressive conditional heteroscedastic model with order p € N, i.e.
ARCH(p).

There are several possibilities for how to estimate the conditional mean p, i.e.
mean equation. The estimate is often based on autoregressive moving average
process or linear regression, see Chapter 2 in (Tsay, [2002). Since this thesis
focuses on volatility modelling, suppose that p; is a zero constant. Hence, the
time series {y;} is equal to {¢;} and the model GARCH(p, ¢) has the form

p q
Yy = oyer, Op =W+ aiyp + Zﬁjat{j- (1.4)
i=1 j=1
Assume that parameters w, ay, ..., o, b1, .., B, satisfy the following regular-

ity conditions

(RC1) w>0,a;, >0Vie{l,...,p}, B; >0V5€e{l,...,q},
(RC2) S a4+ 3 6 < 1.
i=1 j=1

These conditions ensure that o2 exists and is finite. The positivity of the pa-
rameter w and the non-negativity of other parameters guarantee the positivity of
o?. According to Bollerslev| (1986)), the time series {y;} following model is
weakly stationary if and only if conditions (RC1) and (RC2) are fulfilled. Recall
that {y;} is said to be weakly stationary if its second order moments are finite,
its mean E [y;] is constant for all ¢ and its autocovariance function Cov [y, ys| is
a function of ¢t — s, see (Praskova, 2016).

Based on (1.4), the expression of o7 depends on terms y; ,,...,y7 ; and
07 4r---,07_1. Thus o7 depends on set {y,, s <t — 1} that generates o-algebra

Fi_1. Due to this fact, assumption , independence of £, on F;_; and regular-
ity conditions (RC1), (RC2), o7 is the conditional variance of y; given F; ;. Its
expression in can be represented as the function h (F;—1) from and it
is called variance equation.

Since random variable ¢; and o-algebra F;_; are independent, the conditional
mean and variance of g; given JF;_; correspond to its unconditional mean and

variance in (|1.3])
E [Et’-thl] = 0, Var [Et‘ftfl] =1 for all ¢. (15)



The derivation of the unconditional mean and variance of y; follows. It is
based on the definition of the GARCH model , expressions and ,
properties (i), (ii), (iii) of the conditional mean stated in Theorem [I] see Attach-
ment A.1. The unconditional mean of y; is the same as the conditional mean of
Yy given Fy_y

1 (T4) 1 (i (L.5)
Efy) Y EE 7)) P EEloel 7)Y B0 7o)
=0 for all ¢. (1.6)
The unconditional variance of y; depends on parameters w, ay, ..., qp, B1,..., 54
and unconditional variances of yt{q, ...,y? , in the following way
(16 () ()
Var [y] = E [y?] - E 2| E[E[y2)1F-]] E 1.7)

i (
= {E {0? 2|]:t 1” [ E {U?]E [gﬂﬂ—lﬂ L) {af Var [5t|]:t_1]}
5[]
—orYarE ]+ X aER,] O

i=1 =

— o4 Y am [ + S oE [
i=1 =1

=
IIE

|

111)

w_'_zalyt z+26]0-t 7 (18)

p q
=w+ Y o; Var [y + Y B; Var [y,_;| for all ¢.

i=1 j=1
Weak stationarity of the time series {y;} implies that the variance of y; is the
same for all . Hence, we obtain the following expression

Var [y] = “ ;— for all £. (1.9)

P
- 2 B
1 j=1

1—204

1=

According to the following derivation, observations 1; and y, are uncorrelated for
all t # s. Without loss of generality, assume that ¢ > s

(11.6) 1} (i 1L (i1
Cov [ys, 5] = E [yets] — E[0 E [1s] B E [yr0s] B E [E [y, For)) B2
= E [ysE [y Fi—1]] E [ys ] 0 for all ¢ # s. (1.10)

Thus, the time series {y; } is a sequence of uncorrelated random variables with zero
mean and the same variance Var [y], i.e. weak white noise. Since the conditional
variance of y; given F;_; depend on the o-algebra F; 1, the random variables are
not independent.

1.3 Estimates of parameters

Assume that we have T' observations yi, ..., yr from {y;} following model (1.4]).
The vector of unknown parameters is denoted as 6, i.e.

0 = (917627"'79p+q+1)T = <w70417"->O5p?ﬁla"'aﬂq>T'



Assume that @ belongs to a compact set © satisfying regularity conditions (RC1)
and (RC2). Thus, © is a compact subset of (0,00) x [0,1]""* and (RC2) holds
for all 8 € ©.

Parameters of the GARCH model can be estimated using the maximum
likelihood method. This method requires information about the joint distribu-
tion of yq,...,yr, which is unknown. But the distribution of g; conditional on
Fi—1 depends on the distribution of random variable ¢;. Usually, it is assumed
that innovations {e;} have the standard normal distribution or the standardized
t-distribution that is explained later in this section.

A likelihood function represents the joint density of observations yy, ..., yr.
Based on properties of the conditional density, the joint density of yi,...,yr,
denoted as f, is equal to the product of the conditional densities of ¥, given F;_;
fort € {r+1,...,T}, denoted as fy;—1 (-|F—1), and the joint density of y1, ..., ¥,
denoted as f,, where r = max(p, q), i.e.

f (yla <o 7yT) = fT\T—l (3/T|3/17 s 7yT71) e fr+1|r (yr+1‘y17 R 7?/1”) fr (yla <o 7yr) .

The joint density f, of observations ¥, ..., ¥, is unknown. Therefore, the condi-
tional likelihood function given F;_;, denoted as L (8), is considered

L (0) = H ft|t—1 (yt|]:t—1) .

t=r+1

Assume that the density of innovations {&;} is known and is denoted as f.. Then
the conditional densities of y; given F;_; for t € {r +1,...,T} are derived from
the density f. using change of variable theorem, i.e.

Jej—1 (el Fio1) = ;fe (ii) )

t

An estimator 0 is obtained as an argument of maximum of the likelihood
function L (8) over all 8 € ©. Maximizing likelihood function L (8) is equivalent
to maximizing log-likelihood function [ (8) = log L (0), i.e.

6 = argmax L () = argmax [ (0) . (1.11)
0c® 0c®

Estimators of parameters are obtained as a solution to equations where the
first partial derivatives of the log-likelihood function with respect to parameters
01,02, ...,0,14+1 are equal to zero, i.e.

di (6)
do),

=0, ke{l,...,p+q+1}.

Typically, the estimator 6 needs to be obtained numerically.

Let 6y be a true vector of parameters. To ensure existence, strong consis-
tency and asymptotic normality of the estimator 0, the following assumptions
are required

(A1) 6y belongs to ® and © is a compact set satisfying regularity conditions
(RC1) and (RC2),



(A2) polynomials A(z) = Epj a;z" and B(z) = 1— Eq: ;27 have no common roots,
i=1 j=1
A1) #0, ap + B, # 0,
(A3) 6, belongs to interior of the set ©.

In addition to that, the density of the random variable £, must satisfy assumptions
presented in (Francq and Zakoian), 2006, pages 306-308). These are fulfilled for
densities of the standard normal distribution and the standardized t-distribution,
see (Francq and Zakoian, 2006) and (Straumann, 2005).

Francq and Zakoian| (2006) showed that if ¢, and F;_; are independent and
conditions (L.3), (A1), (A2), (RC2) and conditions from the previous paragraph
are fulfilled, the maximum likelihood estimator 6 is strongly consistent. Ad-
ditionally, if condition (A3) is fulfilled, the maximum likelihood estimator @ is
asymptotically normal, i.e.

. d*1 (0
Vi (6 —60) = N (0, Fy ), FO:—E[ ;652)]9—9 : (1.12)
=00
where Fj is the Fisher information matrix.

The following subsections cover derivations of the maximum likelihood estima-
tor based on the standard normal distribution and the standardized t-distribution
of innovations {e;}. Additionally, some authors consider other distributions of
innovations such as generalized error distribution or double exponential distribu-
tion, see Zivot| (2009). Since the distribution of innovations is often unknown,
a quasi maximum likelihood estimator is presented in Section 1.3.3.

1.3.1 Maximum likelihood estimation based on the stan-
dard normal distribution

First, assume that innovations {e;} have the standard normal distribution. The
likelihood function depends on the conditional variance of ¥, given F;_;, which
is a function of the vector of parameters 6, namely a function of o7 (0). The
likelihood and log-likelihood functions have following forms

= 5 71 exX — yt2
Le) _t=7H+1 2107 (0) P < 207 (0)> ’ (113
10)=— L > " log (27) — ; _leog (02 (8)) - ; _Zl ag‘yfe)' (1.14)

Then, the log-likelihood function is differentiated with respect to 0,6, ..., 80,1441

dl (6) Lo (4 \doi(6)
103(9)< _0152(0)> dby

1 T
o, 2 2




where k € {1,...,p+ ¢+ 1}. The partial derivatives of o7 (6) with respect to

01,05, ...,0,1411 (equal to parameters w, o, ..., ay, b1, ..., ;) have forms
do} (0) ]
dw
do? (0) 2 :
do . yi, Vie{l,....t—p}, (1.15)
do? (0 .
#zat{j(@) Vie{l,...,t —q}.
dBi—j

According to [Francq and Zakoian| (2004)), the function o () is replaced by &7 (8)
that is calculated recursively based on (1.4

—w—i—Zalytﬂ—Zﬁjat] ), t>r+ 1.

J=1
All initial values 67 (), ...,52 (8) can be chosen as zeros, equal to the observation
y? or as the sample mean of observations y?, ..., 4.

1.3.2 Maximum likelihood estimation based on the stan-
dardized t-distribution

Assume that {27} are independent and identically distributed random variables
from t-distribution with v > 2 degrees of freedom. The random variable z} has
zero mean and variance %5, see (Andel, 2007). Since innovations {g;} should
have unit variance, they are defined as

v—2
-

815:.%;/

Hence, innovations {e;} have the standardized t-distribution. The likelihood and
log-likelihood functions have forms

Lo - 11 %) ( v ) I ED)
t= r+1F( )\/ 2,/o,(0 (v—=2)o (9)
1(6) = (T~ r)los —F(%l) LS ()
r(y)vv=2) 255

_ V+1t;_llog <1+( ;’;at (0)>. (1.17)

The first partial derivatives of the log-likelihood function with respect to param-
eters 01,0q,...,0,1 441 are

AC)N } r vl Y2 do? (6)
do, 2 ,“ 0) 2 (v—2)0?(0)+y?) dby

where k € {1,....,p+q+ 1}. The partial derivatives of o (8) have forms ([1.15])
and o? (0) are replaced by 7 () that is calculated recursively as for the standard
normal distribution.

10



1.3.3 Quasi maximum likelihood estimation

In case that the distribution of random variables {;} is not known, the quasi
maximum likelihood estimation can be used. The quasi maximum likelihood
estimation procedure is the same as the maximum likelihood estimation based on
the standard normal distribution, see Subsection 1.3.1. It means that the quasi
maximum likelihood estimator 8 is defined as with L (@) given in

Additional assumptions are needed to ensure strong consistency and asymp-
totic normality of the resulting estimator 0

(A4) random variables {¢?} have non-degenerate distribution and E [¢?] = 1,
(A5) Ele}] < oo.

According to Francq and Zakoian| (2004)), if conditions (A1), (A2), (A4) and (RC2)
are fulfilled, the quasi maximum likelihood estimator 0 is strongly consistent.
If also condition (A5) is fulfilled, the quasi maximum likelihood estimator @ is
asymptotically normal. The asymptotic distribution is not equal to ([1.12)), see
(Francq and Zakotan, [2004)).

Francq and Zakoian| (2006) quantified the efficiency loss of the quasi max-
imum likelihood estimation compared to the maximum likelihood estimation.
They concluded that even if the efficiency loss is substantial, the maximum like-
lihood estimation is not consistent in general if the distribution of innovations is
misspecified.

In practice, the true distribution of innovations is usually not known. Hence,
the quasi maximum likelihood estimation is recommended because it guarantees
the consistency of the estimator and asymptotic normality provided that the
fourth moment of the innovations is finite.

1.4 Forecast

Let yiin(t), h > 0, be a forecast of y,,), based on the information up to time t.
According to (L.4), the conditional mean of y;4p, given F; is zero and thus, the
point forecast is zero. However, in order to produce a prediction interval for v,
it is necessary to forecast the volatility of 3., based on the information up to
time ¢, i.e. the forecast o, 4(t) is needed.

The forecast of volatility at time ¢ 4 h is derived from expression (L.4), i.e.

p q
Utz-i-h(t) =w-+t Z OCiyt2+h—i<t) + Z ﬂj‘7152+h—j (t).
i=1 j=1

: 2 _ 2 2 _ 2 2 2 2 (L3
Relations y; , = o 4€ipn = Oipn + 07 (5t+h — 1) and E {8t+h — 1|.7-"t] = 0

imply that E [yf+h|]-"t} =E [Uf+h]]:t] + 0. Then y7,,(¢) is equal to o7,,(t) and
thus

p q
Ut2+h(t) =w+ Z O‘iUtQJrh—i(t) + Z Bjat2+h—j (t).
i=1 j=1

In practice, estimators &y, &1, . . ., Gy, Bl, e B , are used instead of parameters
W, Q1. .., Qp, B1,..., 0 In case that t + h — i < ¢, the forecast 07,,_;(t) is equal
to the fitted value of 07, ,_; denoted as 67,,_;.

11



1.5 Modifications of the GARCH model

This section describes the most popular modifications and extensions of the
GARCH model. The thesis does not analyze these modifications. Hence, this
overview is only informative. More details about modifications are present in
(Cipral |2008) and (Arlt and Arltova, 2003).

Engle and Bollerslev (1986) developed probably the first modification of the
GARCH model known as Integrated GARCH model, i.e. IGARCH. This model
is defined as and the regularity condition (RC2) is adjusted to

p q

ZO&Z—FZBJ:l

i=1 j=1

This adjustment causes that the unconditional variance Var [y| from is
not finite. This behaviour is called persistence of variance and it means that
past asset returns considerably influence the unconditional variance in the future.
Modifications that can capture this behaviour of returns are known as Power
GARCH.

Engle et al. (1987)) proposed the model GARCH-M that can be used if asset
returns depend on the volatility, for example, when the compensation of an in-
vestor depends on the risk. Thus, the volatility o2 is added to the mean equation
of (1.2). The GARCH-M has a form

Yt = MH‘VUE + e,

where 7 is a parameter and expressions of e; and o7 are the same as in .
The GARCH model is usually not able to estimate the asymmetric volatility,
i.e. a characteristic that volatility reacts differently to a price increase or price
drop as described in Section 1.1. Therefore, Nelson (1991) proposed Exponential
GARCH model, i.e. EGARCH. Other modifications to avoid this problem are
GJR GARCH developed by |Glosten et al. (1993) and TGARCH developed by
Zakoian| (1994). The behaviour of asymmetric volatility is known as a leverage
effect, and thus these modifications are sometimes called Leverage GARCH.

12



2. Information and prediction
criteria

This chapter focuses on information and prediction criteria. First, there is an ex-
planation of an information criterion and how it can be used. The most popular
information criteria are presented. Then, a description of a prediction criterion
and the motivation for its usage in the thesis is presented. Subsequently, consid-
ered prediction criteria are stated.

2.1 Information criteria

Information criteria evaluate how well a given model fits a data. They can be
used to compare non-nested models. Information criteria focus on the goodness
of fit and the simplicity of the model simultaneously, which imply they deal with
both over-fitting and under-fitting. The goodness of fit is usually represented
by the negative maximized log-likelihood function. The simplicity of the model
is represented by a penalty component, which is measured using the number of
model parameters or the number of observations. The more parameters the model
has, the higher the penalty is. It holds that the lower an information criterion is,
the better the model is.

As mentioned, information criteria are based on the maximized log-likelihood
function denoted as /. For the majority of information criteria, the penalty com-
ponent depends on some transformation of the number of model parameters,
denoted as K, and the number of observations, denoted as T'. For the GARCH
model, the number of parameters K is equal to p + ¢ + 1.

Akaike information criterion developed by |Akaike| (1973) is the first crite-
rion based on the information theory, specifically Kullback-Leibler information.
Kullback and Leibler| (1951) defined the information as

I(f,90) = /f(x) log (gj(i:’é)) dz,

where f represents the reality and gy denotes an approximating model depending
on a parameter #. The lower the Kullback-Leibler information is, the better
the approximating model is. The best model can be obtained as the minimum
of I(f,qgs) over gy that belongs to a space of models indexed by 6. Since this
approach requires knowledge of the reality, it can not be used for the model
selection directly. Detailed derivation is presented in (Burnham and Anderson)
2004),

Akaike (1973)) connected the information theory with the likelihood theory.
He derived that the maximized log-likelihood function is a biased estimate of
Kullback-Leibler information. The bias is approximately equal to the number
of estimated parameters K. And thus, Akaike information criterion has the
following form

AIC = —2] + 2K.
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Hence, finding the minimum of I(f, gs) approximately corresponds to finding the
minimum of AIC.

According to Hurvich and Tsai (1989)), Akaike information criterion is not
consistent in general, i.e. the probability of choosing the correct model in large
samples is lower than 1. Therefore, Hurvich and Tsail (1989) developed a corrected
version of Akaike information criterion given by

KT

AIC =20 +2——.
CAIC 4 27—

Schwarz (1978) proposed a criterion based on Bayesian arguments given by
BIC = —21 + K log (T).

It is called Bayes information criterion. Hannan and Quinn (1979)) developed a
criterion using the law of the iterated logarithm with the form

HQIC = —21 4 2K log (log (T)) .

Rissanen| (1987)) developed a criterion given by
A K K
RIC = -1+ Elog(T) + (2 —i—l) log (K +2),

which is an approximation of the stochastic complexity for a sufficiently large
number of observations. The stochastic complexity measures the amount of un-
certainty in the data, see (Rissanen, |1987)).

Cipra/ (2008)) recommends using information criteria to compare linear regres-
sion models or to determine the order of ARMA models. According to |Bollerslev
et al.| (1994)), the standard information criteria such as Akaike information crite-
rion and Bayes information criterion are widely used for the order determination
of GARCH models, even though their statistic properties in this context are un-
known. [Brooks and Burke| (2003) mentioned that the usage of unmodified or
naively modified information criteria for the order selection of GARCH models
leads to critical biases. Mitchell and McKenzie| (2003) discovered that information
criteria have a problem with selecting the correct order of the GARCH model.
Javed and Mantalos| (2013)) concluded that information criteria often select model
GARCH(1, 1) instead of the correct GARCH model with a higher order. More
details about their approach are presented in Section 3.1.

Presented information criteria are used in our simulation study for the order
selection of GARCH models, and their performance is compared. The simulation
study also considers quasi maximum likelihood estimation.

The usage of the quasi maximum likelihood in information criteria is not clear.
Hurvich and Tsai (1995) developed a small sample criterion for model selection
from models using the quasi maximum likelihood. This criterion is based on
Akaike information criterion. Chiou and Tsai (2006) derived another version
of Akaike information criterion for models using the quasi maximum likelihood
with non-parametric functions. The performance of these criteria was shown on
regression models. [Pan (2001) and Imori| (2015) considered criteria that can be
used for the model selection of generalized estimating equations.
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It seems that there is no study of information criteria based on the quasi
maximum likelihood that can be used for the order determination of the GARCH
model. Therefore, the quasi maximum likelihood estimation is used in the same
way as the maximum likelihood estimation, i.e. the maximized log-likelihood
function is replaced by the maximized quasi log-likelihood function in formulae
of information criteria.

2.2 Prediction criteria

Prediction criteria compare actual values of the time series with the predicted
values from the chosen model. They evaluate how well the model predicts future
values. Their formulae are based on differences between actual and predicted
values at the same time.

In Chapter 3, we will see that information criteria often have a problem with
selecting the true GARCH model. In practice, one is not able to find out if the
prediction of an incorrectly selected model is worse than the prediction of the
true model since the true model and actual future values are not known. In our
simulation study in Chapter 3, the time series is generated from the GARCH
process. And thus, all actual values of the time series and its volatility are
known. Therefore, it is possible to compare the prediction from the true model
with the prediction from the best model based on some information criterion
and also with the actual values. Then, one can conclude if it is a problem that
information criteria often select an incorrect model.

Let H be the number of predicted observations which means a given model
predicts observations T'+1, ..., T+ H. Since the GARCH model is used to model
the volatility of a time series, the prediction of the volatility is compared with
its actual values to assess the prediction ability. Therefore, formulae of presented
prediction criteria are based on the actual volatility o7 and its prediction o?(T),
where t e {T +1,..., T+ H}.

Root mean squared error is based on the average of the squared value of
differences between actual and predicted values at the same time, i.e.

1 T+H )
RMSE = ,|— Y (¢ —c}(1))".
H 7,

Root mean squared error has the same unit as the volatility of the time series.
Mean absolute error uses the absolute value instead of the squared value and has
a form

1 T+H
MAE:E Z ‘O’?—O’?(T)‘.

t=T+1

Its unit is the same as unit of the volatility 2. Mean absolute percentage error
is based on the proportional change of actual and predicted values

1 T+H 2 2 T
MAPE = @ Z Utzt()’ )
H 5, Ot
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It is measured as a percentage, between 0 and 100%. The lower the mean absolute
percentage error is, the better the predictive capability of the model is.

In the simulation study, presented prediction criteria are used to compare the
predictive capability of best models based on information criteria.
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3. Simulation

The focus of this chapter is on the simulation study. First, the considered setting
of the simulation is presented and compared with simulation studies from |Mitchell
and McKenzie (2003) and |Javed and Mantalos| (2013). Our simulation study
extends and complements these studies. Then, results of the model selection and
predictions are presented.

3.1 Methodology

First, the methodologies of simulation studies from |[Mitchell and McKenzie| (2003)
and [Javed and Mantalos| (2013)) are summarized. Both simulation studies tried
to discover how well information criteria select the true model.

Mitchell and McKenzie| (2003)) generated time series from the white noise,
ARCH(1), GARCH(1, 1), Leverage GARCH(1, 1) or Power GARCH(1, 1), see
Section 1.5, with various mean equations. Time series were generated with the
various number of observations, namely 500, 1000, 2500. Innovations were gen-
erated from the standard normal distribution or the t-distribution with 8 de-
grees of freedom. For each model, there was just one choice of parameters. The
best model was selected according to the information criteria AIC, CAIC, BIC,
HQIC, RIC, see Chapter 2, coefficient of determination R? and some additional
criteria. Information criteria selected the best model from the following set of
models, ARCH(1)-ARCH(4), GARCH(1, 1), Leverage GARCH(1, 1) or Power
GARCH(1, 1) with more options for the mean equation.

Javed and Mantalos (2013) generated time series based on GARCH processes
GARCH(1, 1), GARCH(1, 2), GARCH(2, 1) and GARCH(2, 2), where the mean
equation was omitted. Time series were again generated with 250, 500, 1000 or
2000 observations. It was assumed that innovations have the standard normal
distribution. They used at least two choices of parameters. The model was chosen
using information criteria AIC, CAIC, BIC and HQIC from the candidate models
GARCH(1, 1), GARCH(1, 2), GARCH(2, 1) and GARCH(2, 2).

Our simulation study aims to discover how often information criteria select
the true model and how this depends on the order, number of observations, model
parameters, the distribution of innovations or the method used to estimate model
parameters. Our simulation study complements the aforementioned ones to see
the problem in a more complex way.

In our simulation study, time series are generated from processes GARCH(1, 1)
and GARCH(2, 2). The considered sample size T" is 500, 1000, 2000, 5000. The
number of observations 5000 is added to see how the model selection improves
when increasing from 2000 to 5000.

Another important modification is the choice of distribution of innovations,
namely the standard normal distribution and the standardized t-distribution with
5 degrees of freedom. More than 2 degrees of freedom are required to have
a finite variance of the t-distribution, see Subsection 1.3.2. We have decided to
use 5 degrees of freedom because then the t-distribution is reasonably far from
the normal distribution. Degrees of freedom v are estimated together with model

17



parameters as argument of maximum of the log-likelihood function [ (8) in (1.17)).

In this simulation study, multiple choices of parameters are considered to
investigate the influence of all parameters, see Tables and for the list
of all considered settings. There are two methods used to obtain estimates of
model parameters, the maximum likelihood estimation and the quasi maximum
likelihood estimation, see Section 1.3. These methods are the same for the normal
distribution. Therefore, a possible difference between these methods is explored
for innovations with the t-distribution.

The model selection is based on information criteria presented in Section 2.1,
namely AIC, CAIC, BIC, HQIC and RIC. Simulation studies from Mitchell and
McKenzie| (2003)) and |Javed and Mantalos| (2013) did not include models with
higher orders, compared to the true model, in the set of all candidate models. This
approach probably does not reflect reality. Therefore, we consider the following
set of candidate models ARCH(1)—ARCH(3) and GARCH(1, 1)-GARCH(3, 3)
regardless of the true model. Table [3.1| summarizes the aforementioned informa-
tion.

True model GARCH(1, 1) / GARCH(2, 2)
Number of observations 500 / 1000 / 2000 / 5000

Standard normal distribution
Standardized t-distribution
Parameters Tables |A.1| and |A.2|

Maximum likelihood estimation
Quasi maximum likelihood estimation
Information criteria AIC / CAIC / BIC / HQIC / RIC
ARCH(1)—ARCH(3)

GARCH(1, 1)-GARCH(3, 3)

Distribution of innovations

Estimates of parameters

Candidate models

Table 3.1: Summary of the simulation study.

Now, we summarize the simulation process. A time series with a fixed number
of observations is generated from a GARCH(1, 1) or GARCH(2, 2) process with
given set of parameters. Innovations are generated randomly from the standard
normal distribution or t-distribution with 5 degrees of freedom. For all candidate
models, model parameters are estimated using the maximum likelihood estima-
tion or the quasi maximum likelihood estimation. Each criterion selects the best
model from all candidate models. This process is repeated 1000 times. Results
are presented using the selection rate that is measured as a percentage, see tables
in Attachment A.2.

After the model selection, the forecast of volatility for the first five observa-
tions ahead is constructed, i.e. H = 5. Since the time series is generated with
sample size T'+ H, the real volatility is known. Hence, it is possible to compare
the real volatility with the predicted volatility. More variants of the predicted
volatility are obtained, either from the best models based on information crite-
ria or from the model with correct order, i.e. the correct order model, or the
model with correct order and correct estimates, i.e. the true model or the correct
model. Then, one can compare the prediction of volatility from various models
using prediction criteria presented in Section 2.2.
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For all 1000 simulations, prediction criteria are calculated for H = 5. For
each prediction criterion, the average of the calculated prediction criterion for
these 1000 simulations is stated in tables in Attachment A.2. In this chapter, we
present only criterion MAPE because it is measured as a percentage, and thus
it is possible to compare predictions for different scales of volatility. Results are
displayed using a boxplot.

Predictions from the best models based on information criteria are compared
to predictions from the correct order model and the true model. The correct
order model has the same order as the model used for generating the time series
and model parameters are estimated using the maximum likelihood estimation
or the quasi maximum likelihood estimation. The true model is the model used
for generating the time series, i.e. order as well as values of model parameters
are known. In some figures, a few outliers are omitted for better visibility of the
main results.

The simulation study was run in software R (R Core Team, 2021). A time
series following the GARCH process is generated with our own function. To avoid
an influence of initial values, first 200 observations are omitted.

Parameters are estimated using function ugarchfit from package rugarch
(Ghalanos, 2020). Functions garch from package tseries (Trapletti and Hornik,
2020) and garchFit from package fGarch (Wuertz et al., 2020) were also consid-
ered. The function ugarchfit offers a choice of the distribution and forecasting
capabilities. Therefore, we used ugarchfit function for our simulation study. For
more detailed comparison of these functions, see (Hill and McCullough| 2019)).

Function ugarchfit calculates log-likelihood a bit differently than stated in
Section 1.3. Sums in (1.14)) and (1.17]) are taken from ¢ = 1 instead of ¢t = r + 1.
This approach is better for comparing log-likelihood of GARCH models with dif-
ferent orders because it is based on all observations. All initial values y2, ..., y%_p,

5:2(0),... ,6?_(1 (@) are set to the sample variance of the time series.
Predictions are constructed using our own function where all initial values are
set to the sample variance of the time series.

3.2 GARCH(1, 1)

This section presents an analysis of the model selection and predictions in case
a time series is generated from a GARCH(1, 1) process. First, the selection of the
model order based on information criteria is compared. Afterwards, an influence
of the distribution of innovations and methods used for estimation of parameters
are discussed. Finally, various choices of parameters are considered to observe
the effects of parameters on the model selection. In some parts, a comparison of
predictions is presented. In all subsections except for 3.2.2 and 3.2.3, it is assumed
that innovations have the standard normal distribution. Results are presented
for T' = 2000 observations in all subsections except for 3.2.1.

3.2.1 Comparison of information criteria

Since more information criteria are used in our simulation study, their perfor-
mance is compared in this subsection. Different numbers of observations are
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considered. Figure shows results from the model selection for all informa-
tion criteria and all possible numbers of observations, T = 500, 1000, 2000, 5000.
Parameters have the following values

w=0.1, a; =02, 8 =0.2. (3.1)

AIC selects ARCH(1) as the best model very often, 66.40% of the times for
T = 500 and 53.30% for T = 1000. Then, for T" = 2000, AIC selects models
ARCH(2) and ARCH(1) with selection rates 34.90% and 32.40%, respectively.
The correct order model is selected the most often (41.40%) only for the high-
est number of observations 7" = 5000. In this case, model ARCH(2) has still
comparable selection rate (40.40%).

It seems that the performance of AIC and CAIC is almost the same. HQIC
selects ARCH(1) about 20% more times than AIC. For 5000 observations, HQIC
selects the correct order model GARCH(1, 1) more often (43.50%) than other
models. Criteria AIC, CAIC and HQIC select the most often GARCH(1, 1)
as the best model at least for 5000 observations, whereas BIC and RIC select
ARCH(1) the most often for all numbers of observations.
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Figure 3.1: The model selection for time series generated from a GARCH(1, 1) process
with model parameters w = 0.1, a3 = 0.2, 51 = 0.2, comparison of information criteria.

Figure shows boxplots with prediction criterion MAPE for all 1000 simu-
lations. The lower MAPE is, the better predictive capability the model has. Ac-
cording to the figure, it is noticeable that differences between the overall MAPE
for considered information criteria are negligible. With the increasing number of
observations, the performance of predictions improves. This behaviour is reason-
able since a higher number of observations guarantees better estimates of model
parameters.
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The model with the correct order has a similar predictive capability as the best
models based on information criteria. On the contrary, the true model has the
lowest values of MAPE for all numbers of observations. Hence, the true model has
better predictive capability than information criteria, but the difference is not so
significant. Since the true model parameters are used, a number of observations
does not affect predictions.

Number of observations B8 500 B 1000 ES 2000 EF 5000

100
75 A
;\? L] L] : L] : E )
H_J 50 - s : i :
< ! | ! ;! ! MK
= : ! i ! i b1
i
25 - 1
0
P~\O C,P“\O %\O \)\O\O ®G \0‘66( ‘(\066\
«@© o
Oo‘ 0\‘

Information criteria

Figure 3.2: The prediction criterion MAPE for time series generated from
a GARCH(1, 1) process with model parameters w = 0.1, a3 = 0.2, 51 = 0.2, com-
parison of information criteria.

3.2.2 Comparison of distributions of innovations

Now, we focus on comparing the distribution of innovations, namely the standard
normal distribution and the standardized t-distribution with 5 degrees of freedom.
The model parameters are the same for both distributions, . Parameters are
estimated using the maximum likelihood estimation, see Section 1.3. In this and
following subsections, results are presented for a number of observation T' = 2000.

Figure 3.3 shows the results of the model selection. It seems that the distri-
bution of innovations does not influence model selection. We need to point out
that the distribution of innovations is specified correctly. For the t-distribution,
degrees of freedom are estimated with model parameters.

Figure 3.4] shows a comparison of predictions according to MAPE. The stan-
dard normal distribution has slightly better predictive capability than the stan-
dardized t-distribution. The difference between predictions should be less sub-
stantial for increasing degrees of freedom because the t-distribution approaches
the normal distribution. Hence, this comparison is not shown here.
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Figure 3.3: The model selection for time series generated from a GARCH(1, 1) process
with model parameters w = 0.1, a; = 0.2, §1 = 0.2, comparison of distributions of
innovations.
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Figure 3.4: The prediction criterion MAPE for time series generated from
a GARCH(1, 1) process with model parameters w = 0.1, a1 = 0.2, f; = 0.2, com-
parison of distributions of innovations.
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3.2.3 Comparison of maximum likelihood estimation and
quasi maximum likelihood estimation

In practice, the distribution of innovations is not known. Usually, it is assumed
that innovations have the standard normal distribution, although this assumption
is not always realistic, for example in financial data.

In Subsection 1.3.3, there is presented the quasi maximum likelihood estima-
tion that uses the likelihood function of the standard normal distribution. Hence,
we compare the model selection and predictions using the maximum likelihood
estimation (MLE) and the quasi maximum likelihood estimation (QMLE) when
innovations have the standardized t-distribution. Model parameters are set as
)

Results from the model selection are shown in Figure[3.5 For AIC and CAIC,
the difference between MLE and QMLE is not so significant as for other criteria.
Using QMLE, all criteria select more often model ARCH(2) instead of ARCH(1).
It seems that the best model is often the same for both methods.
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Figure 3.5: The model selection for time series generated from a GARCH(1, 1) process
with model parameters w = 0.1, a3 = 0.2, 81 = 0.2, comparison of estimation methods.

According to Figure that contains a comparison of predictions, we can
conclude that the overall difference between these two estimation methods is neg-
ligible. It seems that QMLE has even slightly better predictive capability than
MLE. Therefore, information criteria with the quasi maximized log-likelihood
function seem appropriate for the model selection. The quasi maximum likeli-

hood estimation also guarantees the consistency of the estimator as discussed in
Subsection 1.3.3.
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The boxplot of the correct order model is wider in comparison with the best
models based on information criteria. Therefore, the correct order model can
have even slightly better or worse predictions in some cases, although medians
are similar. MAPE of the true model is the same for both methods because the
true model parameters are used.
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Figure 3.6: The prediction criterion MAPE for time series generated from
a GARCH(1, 1) process with model parameters w = 0.1, a1 = 0.2, f; = 0.2, com-
parison of estimation methods.

3.2.4 Effect of parameter w

In this subsection, an influence of the parameter w on the model selection is
analyzed. The following choices of parameters are compared

W = 01, ] = 02, 51 = 02,
w=0.01, oy =0.2, p; =0.2,
w=0.001, oy = 0.2, 5, =0.2.

According to Figure the model selection results are almost the same for
all these choices of parameters. Thus, we can conclude that the parameter w does
not affect the model selection if a; and [3; are fixed. Therefore, the comparison
of results from predictions is omitted.
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Figure 3.7: The model selection for time series generated from a GARCH(1, 1) process
with model parameters w = 0.1 / w =0.01 / w =0.001, oy = 0.2, 51 = 0.2.

3.2.5 Effect of parameters a; and 3,

An effect of model parameters a; and (; is discussed in this subsection. We
compare the following choices of parameters

w=0.1, a; =0.1, B = 0.1,
W = O]., a1 = 02, Bl = 02,
w=0.1, a; =0.3, B = 0.3.

Figure shows results from the model selection for mentioned choices of
model parameters. For the lowest choice of parameters, i.e. a3 = 7 = 0.1, all
criteria select ARCH(1) as the best model more than 75% of the times. For higher
values of parameters a; and 3y, criteria select more often the correct order model.
This behaviour is expected since larger parameters are more significant. Despite
the fact that a positive effect on the model selection is observed with increasing
model parameters, for ay = f; = 0.3, information criteria still select ARCH(2)
instead of the correct order model GARCH(1,1) more than 20% of the times.

Now, we analyze predictions for these choices of parameters using the predic-
tion criterion MAPE, see Figure It seems that the lower model parameters
are, the better predictive capability models have. It is caused by the fact that
the volatility is more volatile for higher parameters, especially for higher ;. The
size of the parameter a; influences the volatility quite significantly because ay
determines the proportion of previous observation y? ; added to the volatility.

For the correct order model, predictions from the best models based on infor-
mation criteria are similar. The true model has slightly better predictive capa-
bility than information criteria, but the difference is not substantial.
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Figure 3.8: The model selection for time series generated from a GARCH(1, 1) process
with model parameters w = 0.1, a1 =1 =0.1 /oy =1 =02 / a1 = 51 = 0.3.
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Figure 3.9: The prediction criterion MAPE for time series generated from
a GARCH(1, 1) process with model parameters w = 0.1, a1 = 1 =0.1 / a3 = ;1 = 0.2
/ a1 = ,81 =0.3.
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3.2.6 Effect of parameter a;

Now, we focus on an influence of a parameter a; on the model selection. In
Figure there are results for the following choices of parameters

CL):O.l, a1 :Ol, 51 203,
w=0.1, ay =0.3, 8 =0.3,
W = O]_, ap = 05, Bl =0.3.

For a4 equal to 0.1, all information criteria select ARCH(1) as the best model.
On the contrary, if a; equals 0.3 or 0.5, criteria select more than 60% of the times
the correct order model as the best. Thus, it seems that the parameter a; has a
noticeable influence on the model selection. Results from predictions are omitted
since the conclusion of the comparison is similar as in the previous subsections.
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Figure 3.10: The model selection for time series generated from a GARCH(1, 1)
process with model parameters w = 0.1, ;1 =0.1 / a1 =0.3 / a3 = 0.5, 51 = 0.3.

3.2.7 Effect of parameter (;

Finally, an effect of the parameter (3; is observed. In Figure [3.11] we compare
three choices of parameters

w=0.1, ag =0.3, f; =0.1,
w=0.1, ag =0.3, f; =0.3,
W = 01, oy = 03, 51 =0.5.
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All criteria select ARCH(1) as the best model more than 45% of the times
when f; is equal to 0.1. With increasing 3, criteria select the correct order
model as the best model very often, more than 60% of the times for 5; = 0.3 and
more than 70% for 8, = 0.5. Thus, the parameter 3; affects the model selection
substantially. A comparison of predictions from the best models selected by
information criteria and the true model is omitted for the same reasons as in the
previous subsection.
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Figure 3.11: The model selection for time series generated from a GARCH(1, 1)
process with model parameters w = 0.1, oy = 0.3, 51 =0.1 / 51 =0.3 / p1 = 0.5.

3.2.8 Results summary

This subsection summarizes results for time series generated from a GARCH(1, 1)
process. The performance of AIC and CAIC is almost the same for all choices of
parameters. It seems that these criteria select the correct order model more often
than other criteria, especially for lower choices of parameters, but the selection
rate is still far from 100%. HQIC has a problem with selecting the true model for
sample sizes 500, 1000 and 2000. On the contrary, for 5000 observations, HQIC
has even slightly better performance in the model selection than AIC and CAIC,
see Figure

Criteria BIC and RIC usually select models ARCH(1) or ARCH(2) instead
of the correct order model GARCH(1, 1). It seems that if «; and (; are greater
or equal than 0.3, BIC and RIC select the correct order model even more often
than other criteria, see Figures [3.8] and In this case, the selection rate
is always higher than 50% and sometimes reaches more than 90%.
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When we look at a comparison of information criteria with respect to pre-
dictions, differences between all information criteria are negligible. Table
in Attachment A.2 shows averages of prediction criteria that are calculated for
all 1000 simulations. RIC has the lowest RMSE, MAE and MAPE, and BIC,
HQIC, CAIC and AIC follow in this order. For 500 observations, differences be-
tween information criteria are the most noticeable, but their MAPE differ by less
than half of a percentage point. Although information criteria affect the model
selection, their predictive capabilities seem to be almost the same.

The correct order model has a comparable predictive capability than the best
model chosen by information criteria. Thus, the selection of an incorrect order of
the GARCH model does not seem to influence the predictive capability, from an
overall point of view. In practice, predictions can, of course, differ, see Section 3.4.
The true model always has a slightly better predictive capability than information
criteria. It is caused by the fact that the true model uses correct model parameters
instead of their estimates. Finally, we can conclude that information criteria
are probably not suitable for the model selection. But if we are interested in
prediction of the volatility, information criteria could be appropriate.

The performance of the model selection is almost the same for the standard
normal distribution and the standardized t-distribution with 5 degrees of freedom.
The predictive capability is slightly better using the standard normal distribution
if the distribution of innovations is known. It seems that the influence of the
distribution of innovations is inconsiderable.

The model selection using the maximum likelihood estimation and the quasi
maximum likelihood estimation is comparable. For the quasi maximum likelihood
estimation, models with higher orders are selected slightly more often, but the
most often selected model is the same for both methods. Predictions for the
best models based on information criteria seem to be even slightly better if the
quasi maximum likelihood estimation is used, but the difference is inconsiderable.
Since the real distribution is usually not known, it is more reliable to use the quasi
maximum likelihood because it guarantees the consistency of the estimator. And
thus, the quasi maximum likelihood is recommended if one is not willing to make
distributional assumptions regarding the innovations.

Now, we summarize the effects of model parameters. The parameter w does
not influence the model selection at all. With increasing a; or (;, the correct
order model GARCH(1, 1) is selected much more often, especially if «; and
By are greater than or equal to 0.3. Hence, model parameters oy and (; have
a substantial influence on the model selection.

Even though many factors such as information criteria or model parameters
affect the model selection, it seems that an influence on predictions is negligi-
ble. Thus, information criteria seem to be appropriate for the model selection
of GARCH models in order to predict volatility of time series. Moreover, we
recommend estimating model parameters using the quasi maximum likelihood
estimation.
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3.3 GARCH(Z, 2)

This section contains the model selection and predictions results for time series
generated from a GARCH(2, 2) process. We perform the same comparisons as
in Section 1.3, specifically comparisons of information criteria, distributions of
innovations, estimation methods and effects of model parameters. The standard
normal distribution of innovations is used in all subsections except for 3.3.2 and
3.3.3. In all subsections except for 3.3.1, results are presented for 2000 observa-
tions.

3.3.1 Comparison of information criteria

First, we compare the model selection using different information criteria. Sample
sizes T" = 500, 1000, 2000, 5000 are considered. Figure|3.12shows results from the
model selection for the following choice of parameters

w=01, a; =02, ap =02, 5 = 0.2, B =0.2. (3.2)

For 500 observations, AIC selects GARCH(1, 1) as the best model 44.50% of
the times. GARCH(2, 1) is selected more than 50% of the time for 1000 and 2000
observations. The correct order model GARCH(2, 2) is selected the most often
(49.50%) for 5000 observations, and in this case, model GARCH(2, 1) has the
selection rate of 41.80%.
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Figure 3.12: The model selection for time series generated from a GARCH(2, 2)
process with model parameters w = 0.1, a1 = 0.2, ag = 0.2, 51 = 0.2, B2 = 0.2,
comparison of information criteria.
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Model selections using AIC and CAIC seem similar for all numbers of obser-
vations. For HQIC, model GARCH(1, 1) is selected as the best model the most
often for 500 and 1000 observations. GARCH(2, 1) is selected more than 60% of
the times for 2000 and 5000 observations. It seems that for the increasing number
of observations, criteria AIC, CAIC and HQIC select more often the correct order
model GARCH(2, 2), although for 5000 observations, GARCH(2, 2) is selected
only about 50% of the times.

BIC and RIC select GARCH(1, 1) more than 55% of the times for all numbers
of observations except for 5000. For 5000 observations, model GARCH(2, 1) has
the selection rate 81.30% and 75.20% using BIC and RIC, respectively. Criteria
AIC and CAIC select the correct order model the most often only for 5000 obser-
vations, but it seems that other criteria have a problem with selecting the correct
order model also for larger numbers of observations.

In Figure[3.13] results from predictions are presented. Based on that, it seems
that differences between information criteria are negligible. Predictions improve
with the increasing number of observations which is expected, see discussion in
Subsection 3.2.1.

The model with the correct order and the best models based on information
criteria have comparable predictive capabilities. The true model has slightly
better predictive capability than information criteria, but the difference is not
substantial.
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Figure 3.13: The prediction criterion MAPE for time series generated from
a GARCH(2, 2) process with model parameters w = 0.1, a; = 0.2, ag = 0.2, 51 = 0.2,
B2 = 0.2, comparison of information criteria.
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3.3.2 Comparison of distributions of innovations

In this subsection, a comparison of the model selection and predictions for a
different distribution of innovations is analyzed. Model parameters are set as
(3-2). In both cases, the maximum likelihood estimation is used. We remark
that in this and the following subsections, results are presented for a number of
observations T = 2000.

According to Figure all criteria select GARCH(1, 1) about 10% more
times using the standardized t-distribution with 5 degrees of freedom compared
to the standard normal distribution. Then, other models are selected less often
using the standardized t-distribution than the standard normal distribution. The
difference between distributions of innovations is more significant in comparison
with results from Subsection 3.2.2.

Figure [3.15| contains the prediction criterion MAPE for two considered dis-
tributions of innovations. It seems that predictions for the standard normal
distributions are better than for the standardized t-distribution. This behaviour
is expected since the t-distribution has heavier tails than the normal distribution.
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Figure 3.14: The model selection for time series generated from a GARCH(2, 2)
process with model parameters w = 0.1, a3 = 0.2, as = 0.2, p; = 0.2, B3 = 0.2,
comparison of distributions of innovations.
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Figure 3.15: The prediction criterion MAPE for time series generated from
a GARCH(2, 2) process with model parameters w = 0.1, a; = 0.2, ag = 0.2, 51 = 0.2,
B2 = 0.2, comparison of distributions of innovations.

3.3.3 Comparison of maximum likelihood estimation and
quasi maximum likelihood estimation

The model selection based on the maximum likelihood estimation (MLE) and the
quasi maximum likelihood estimation (QMLE) is compared in this subsection.
In this case, innovations have the standardized t-distribution with 5 degrees of
freedom. Model parameters are again chosen as .

Figure [3.16] shows a comparison of the model selection for these estimation
methods. All criteria select GARCH(1, 1) less often using QMLE than MLE.
For AIC, CAIC and HQIC, model GARCH(2, 1) is also selected less often. On
the contrary, BIC and RIC select GARCH(2, 1) using QMLE more often than
MLE. The correct order model GARCH(2, 2) and models with higher orders are
selected more often using QMLE. Despite these facts, the most often selected
model stays the same for all criteria.

According to Figure that contains results from predictions, predictions
using QMLE seem to be slightly better than MLE, but the difference is not
considerable. For the correct model, both estimation methods have the same
MAPE because real model parameters are used.
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Figure 3.16: The model selection for time series generated from a GARCH(2, 2)
process with model parameters w = 0.1, a3 = 0.2, as = 0.2, 51 = 0.2, B = 0.2,
comparison of estimation methods.
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Figure 3.17: The prediction criterion MAPE for time series generated from
a GARCH(2, 2) process with model parameters w = 0.1, a1 = 0.2, ag = 0.2, 1 = 0.2,
B2 = 0.2, comparison of estimation methods.
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3.3.4 Effect of parameter w

Comparing the following choices of parameters, we observe an influence of the
parameter w on the model selection

W = 01, a1 = 02, Oy = 02, 51 = 02, 52 = 02,
W = 001, ap = 02, Qg = 02, 61 = 02, 62 = 02,
w=0.001, a; =02, as =02, B =0.2, By=0.2.

Figure [3.18| shows a comparison of the model selection. It seems that the
parameter w does not influence the model selection for any information criterion.
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Figure 3.18: The model selection for time series generated from a GARCH(2, 2)
process with model parameters w = 0.1 / w = 0.01 / w = 0.001, oy = 0.2, ay = 0.2,
B =0.2, By = 0.2.

3.3.5 Effect of parameter o,

An effect of the parameter a; is analyzed comparing the following choices of
model parameters

W = 01, ap = 01, Qg = 02, ,61 = 02, 62 = 02,
W = O]_, o = 02, Qg = 02, ﬂl = 02, ﬁg = 02,
W = 017 a1 = 03, Qg = 02, 51 = 02, Bg =0.2.
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Figure shows the model selection for these choices of parameters. AIC
and CAIC select GARCH(2, 1) as the best model the most often for all choices
of the parameter a;. For oy = 0.3, selection rates of models GARCH(1, 1) and
GARCH(2, 1) are 37.20% and 41.90%, respectively. For HQIC, GARCH(2, 1) is
selected the most often for oy equal to 0.1 and 0.2, GARCH(1, 1) for o equal to
0.3. BIC and RIC select GARCH(2, 1) the most often if a4 is 0.1, otherwise they
select GARCH(1, 1). It seems that if «; is lower/greater than as, the parameter
ay is more/less significant and criteria select more/less often models with order
p=2.
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Figure 3.19: The model selection for time series generated from a GARCH(2, 2)
process with model parameters w = 0.1, a1 = 0.1 / a1 = 0.2 / oy = 0.3, ag = 0.2,
B =02, By =0.2.

3.3.6 Effect of parameter as

To observe an effect of the parameter ao, we compare choices of parameters

W = 01, ) = 02, Qg = 01, 61 = 02, BQ = 02,
W = 01, o = 02, g = 02, 61 = 02, 52 = 02,
W = 01, a1 = 02, Qg = 037 61 = 02, ﬁg =0.2.

In Figure the comparison of the model selection is shown. For ap = 0.1,
all criteria select more than 65% of the times GARCH(1, 1) as the best model.
AIC and CAIC select GARCH(2, 1) or the correct order model GARCH(2, 2) the
most often for as equal to 0.2 or 0.3, respectively. When a4 is 0.2 or 0.3, HQIC
selects model GARCH(2, 1) more than 60% of the times.
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BIC and RIC select GARCH(1, 1) the most often if s is 0.1 or 0.2. For
as = 0.3, GARCH(2, 1) is selected by BIC and RIC more than 80% of the
times. The parameter as is more significant for higher values and then, criteria
select more often models with the order p = 2. For AIC, CAIC and HQIC, the

parameter as affects considerably also the order ¢, see selection rates of models
GARCH(2, 1) and GARCH(2, 2).
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Figure 3.20: The model selection for time series generated from a GARCH(2, 2)
process with model parameters w = 0.1, a1 = 0.2, ae = 0.1 / a2 = 0.2 / ay = 0.3,
B =0.2, B2 = 0.2.

3.3.7 Effect of parameter

Now, we focus on the influence of the parameter $; on the model selection. The
following choices of parameters are compared

W = O]_, o = 02, g = 02, 61 = 01, 52 = 02,

W = 01, a1 = 02, Qg = 027 61 = 02, 62 = 02,

W = 01, ap = 02, Qg = 02, 61 = 03, BQ =0.2.
Figure [3.21| contains the model selection for these choices of parameters. Ac-
cording to that, it seems that the model selection slightly changes for different

values of §; but not substantially. Thus, we conclude that the parameter 5; does
not affect the model selection.
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Figure 3.21: The model selection for time series generated from a GARCH(2, 2)
process with model parameters w = 0.1, a; = 0.2, e = 0.2, f; = 0.1 / 1 = 0.2 /
1 =0.3, B2 =0.2.

Parameters . B2=0.1 . B,=02 . B,=03

9%

1

221 - ~ JE——

108
751 )
= 297 — .
2 108
® :
c 7 o
g5 o N "E
S 1007
8 5o 5
B e :

9

33 5

3 - | _ . .

wﬂ WA \ﬁ N W@ A %ﬁ ® W@ o %ﬂ 0D
o0 \e\\ \/\\ S\E 9\0 \>\ N \>\ O > \>\\ B
R pe o pf e P 0 6&0 RS S I
Models

Figure 3.22: The model selection for time series generated from a GARCH(2, 2)
process with model parameters w = 0.1, ay = 0.2, ag = 0.2, 1 = 0.2, B2 = 0.1 /
B2 =102/ P2 =03.
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3.3.8 Effect of parameter [,

In this subsection, an effect of the parameter (3, is analyzed comparing the fol-
lowing choices of parameters

W = 01, ) = 02, Qg = 02, 61 = 02, 62 = 01,
W = 01, o = 02, g = 02, 61 = 02, ﬁg = 02,
W = O]., o = 02, Oy = 027 61 = 02, 52 =0.3.

Based on Figure AIC and CAIC select model GARCH(2, 1) more than
40% of the times for all choices of 5. For BIC, HQIC and RIC, GARCH(2, 1)
or GARCH(1, 1) are selected as the best model. With increasing (5, model
GARCH(1, 1) is selected more often, although the selection of the correct order
model slightly improves. But it seems that the influence of the parameter 55 on
the model selection is not so substantial as the parameter as.

3.3.9 Results summary

In this subsection, all results are summarized in case a times series is generated
from a GARCH(2, 2) process. Criteria AIC and CAIC have almost the same
performance in the model selection. They select the correct order model more
often than other information criteria for all numbers of observations, but it is not
sufficient. HQIC selects often models GARCH(1, 1) and GARCH(2, 1) instead of
the correct order model. It seems that the performance of HQIC improves with
the increasing number of observations.

BIC and RIC select GARCH(1, 1) as the best model for 500, 1000 and 2000 ob-
servations and GARCH(2, 1) for 5000 observations. These criteria have a problem
with selecting the correct order model for all choices of parameters. Therefore, it
seems that BIC and RIC are not reliable in the model selection.

The best models based on information criteria have comparable predictive
capabilities, see Table in Attachment A.2 that shows averages of prediction
criteria calculated for all 1000 simulations. According to MAPE, it seems that
AIC has the best predictive capability. Criteria CAIC, HQIC, BIC and RIC follow
in this order, but differences are marginal. The comparison with the correct order
model and the true model is similar as in Subsection 3.2.8. Prediction criteria
RMSE and MAE have similar results as MAPE.

The distribution of innovations and estimation method seem to have a negli-
gible influence on the model selection. The comparison of predictive capabilities
is similar to Subsection 3.2.8. We emphasize the recommendation of the quasi
maximum likelihood estimation.

Now, the effects of model parameters are summarized. The parameter w seems
to have no influence on the model selection. With increasing a; and keeping as
fixed, the selection of the correct order model worsens. The parameter ay affects
the model selection substantially. The correct order model is selected more often
for higher as. An influence of the parameter 5; on the model selection seems to
be negligible. An effect of the parameter (3, is not as substantial as expected.
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Although information criteria influence the model selection quite considerably,
the predictive capabilities of the best models based on information criteria are
similar. Hence, we conclude that information criteria can be used for the model
selection of GARCH models with a focus on the prediction of volatility. To
estimate model parameters, we recommend using the quasi maximum likelihood
estimation as discussed earlier.

3.4 Example on real data

In this section, we perform the model selection on the real data from Section
1.1, specifically daily returns of gold. In this example, we try to demonstrate
how information criteria affect the model selection for an individual time series,
although the overall influence on predictive capabilities seemed negligible in the
simulation study.

Considered time series contains daily returns of gold during years 2011—-2012
with 498 observations. According to Figure [I.1] it seems that daily returns in
this period are quite volatile probably because of price drops in the second half
of the year 2011. Hence, a leverage effect seems to be present in the data.

The process of the model selection is similar to the simulation study. First,
model parameters are estimated for all candidate models ARCH(1)—ARCH(3)
and GARCH(1, 1)-GARCH(3, 3). Since the distribution of innovations is not
known, the standard normal distribution is assumed, i.e. the quasi maximum
likelihood estimation is used. Hence, the consistency and asymptotic normality
of the estimator is guaranteed.

According to the autocorrelation function and the partial autocorrelation func-
tion, the autocorrelation of daily returns is not significant. Thus, it is assumed
that the mean equation is equal to zero. The maximized log-likelihood is obtained
from the estimation of parameters. After that, information criteria are calculated
for all candidate models. The best models are selected by minimizing information
criteria. Then, five observations ahead are predicted using these best models.

Model  AIC CAIC BIC HQIC RIC —1

(1) —3182.61 —3182.59 —3174.19 —3179.30 —1584.32 | —1593.30
(1,1) || —3215.02 —3214.97 —3202.38 —3210.06 —1597.17 || —1610.51
(1,2) || —3213.85 —3213.77 —3197.01 —3207.24 —1593.13 || —1610.93
(1,3) || —3218.53 —3218.41 —3197.48 —3210.27 —1591.93 | —1614.27
(2) —3184.57 —3184.53 —3171.94 —3179.62 —1581.95 || —1595.29
(2,1) || —3213.06 —3212.98 —3196.22 —3206.45 —1592.73 || —1610.53
(2,2) || —3211.85 —3211.73 —3190.80 —3203.59 —1588.59 || —1610.93
(2,3) || —3216.53 —3216.36 —3191.27 —3206.62 —1587.32 || —1614.27
(3) —3196.22 —3196.14 —3179.38 —3189.61 —1584.31 || —1602.11
(3,1) || —3212.61 —3212.49 —3191.56 —3204.35 —1588.97 || —1611.31
(3,2) || —3210.92 —3210.75 —3185.66 —3201.00 —1584.51 || —1611.46
(3,3) || —3214.56 —3214.33 —3185.08 —3202.99 —1582.65 || —1614.28

Table 3.2: Information criteria calculated for all candidate models.
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Table [3.2] shows values of information criteria and a negative maximized log-
likelihood, denoted as —I, for all candidate models. Criteria AIC, CAIC and
HQIC selected model GARCH(1, 3). On the contrary, criteria BIC and RIC
selected model GARCH(1, 1). Based on the results of the simulation study, it is
not surprising that BIC and RIC selected the model with the lower order. Model
GARCH(3, 3) has the lowest negative log-likelihood as expected since it is the
model with the highest number of parameters that should model the volatility
best.

Figure shows the fitted volatility based on models GARCH(1, 3) and
GARCH(1, 1) that are selected by information criteria. It seems that model
GARCH(1, 3) estimates the volatility more precisely, especially for higher values
of volatility. Fitted volatility from model GARCH(1, 1) looks more stable for
smaller periods than GARCH(1, 3). This behaviour is expected because of a dif-
ferent order ¢q. According to this comparison, model GARCH(1, 3) seem to be
more appropriate to estimate the volatility of this time series.

Best model — GARCH(1, 3) / AIC, CAIC, HQIC GARCH(1, 1) /BIC,RIC
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Figure 3.23: Fitted volatility based on models GARCH(1, 3) and GARCH(1, 1)
selected by information criteria.

Predicted volatility of five observations ahead based on models GARCH(1, 3)
and GARCH(1, 1) is presented in Figure . Since the real daily volatility can
not be observed, it is hard to assess which prediction is more suitable. Based on
the comparison of fitted volatility for these models, GARCH(1, 3) seems to have
a better predictive capability.
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Best model — GARCH(1,3)/AIC, CAIC, HQIC GARCH(1, 1) /BIC, RIC
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Figure 3.24: Predicted volatility of five observations ahead based on models
GARCH(1, 3) and GARCH(1, 1) selected by information criteria.
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Conclusion

This thesis aimed to analyze the order selection of the GARCH model using
information criteria. The thesis summarized the theoretical background of the
GARCH model and investigated its model selection in the simulation study.

The first chapter introduced the GARCH model and its properties. Two
methods for estimation of model parameters were presented, namely maximum
likelihood estimation and quasi maximum likelihood estimation. The maximum
likelihood estimation was derived for cases when innovations have the standard
normal distribution or the standardized t-distribution. The quasi maximum like-
lihood estimation does not require any information about the distribution of
innovations. If the required conditions are fulfilled, the quasi maximum likeli-
hood estimator is strongly consistent and asymptotically normal. Therefore, the
quasi maximum likelihood seems appropriate in case when the distribution of
innovations is not known. Subsequently, the forecast of the volatility based on
the GARCH model is derived.

The second chapter presented an overview of considered information criteria,
namely AIC, CAIC, BIC, HQIC and RIC. Their suitability for the order selection
of GARCH models was discussed. Mentioned studies suggested that information
criteria are probably not appropriate for the selection of GARCH models. The
usage of the quasi maximum likelihood in information criteria was discussed.
Then, prediction criteria RMSE, MAE and MAPE were presented.

The third chapter focused on the simulation study that investigated the suit-
ability of information criteria for the order determination of GARCH models.
First, the setting of the simulation study was stated and compared with simula-
tion studies |[Mitchell and McKenzie| (2003)) and [Javed and Mantalos| (2013). The
simulation study had the following process. At first, a time series was generated
from processes GARCH(1, 1) or GARCH(2, 2) with numbers of observations 500,
1000, 2000 or 5000. It was assumed that innovations have either the standard
normal distribution or the standardized t-distribution with 5 degrees of freedom.
Multiple choices of parameters were considered to analyze the influence of model
parameters. Then, the maximum likelihood estimation or the quasi maximum
likelihood estimation were used to estimate the model parameters. In each sim-
ulation, all information criteria selected the best model from a set of models
ARCH(1)—ARCH(3) and GARCH(1, 1)-GARCH(3, 3). The model selection
was analyzed with regard to various factors. Subsequently, predictions of five ob-
servations ahead based on the best models, the model with the correct order and
the true model were obtained. These predictions were compared using prediction
criteria.

The simulation study indicated that information criteria have a quite signifi-
cant effect on the model selection. The performance of AIC and CAIC is almost
the same. It seems that these criteria select the correct order model more of-
ten in comparison with other criteria. For criterion HQIC, the selection of the
correct order model is often problematic. Criteria BIC and RIC have problem
with selecting the correct order model in the majority of cases, especially for
GARCH(2, 2). We need to point out that the probability that information crite-
ria select the incorrect order is usually higher than 50%. Predictive capabilities
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of the best models based on information criteria are almost the same, although
their performance in the model selection differ.

It seems that the distribution of innovations and estimation method have not
a substantial impact on the model selection and predictions. For GARCH(1, 1),
the parameter a; affects the model selection positively with the decreasing ay
while parameters w and (; seem to have no influence. For GARCH(2, 2), model
parameters a; and as have a considerable influence on the model selection that
improved with the decreasing «; or with the increasing as. On the contrary,
parameters w, (; and [y affect the model selection negligibly.

According to the simulation study, the usage of information criteria with the
quasi maximum likelihood seems to be appropriate for the model selection that
is important conclusion for practice. Information criteria select the incorrect
order of the GARCH model quite often while model parameters have a quite
significant impact on the model selection. Despite this fact, the best models
based on information criteria have comparable predictive capabilities. Thus, we
conclude that in case we are interested in predictions, information criteria seem
suitable for the selection of GARCH models.
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A. Attachments

A.1 Properties of conditional mean

Theorem 1. Let (2, A,P) be a probability space, X,Y : Q — R" are random
variables and F C A are o-algebras.

(1) E[E[X]A]] =E[X] a.s.
(it) X is A-measurable = E[X|A] = X a.s.
(iit) Ya,b,c € R:E[aX + bY + c|F| = aE [X|F] + VE[Y|F] + ¢ a.s.

A.2 Results

The complete results mentioned in Chapter 3 are presented in this section. Tables
and show choices of parameters for times series generated from processes
GARCH(1, 1) and GARCH(2, 2), respectively. These two tables also contain
references to tables with results for given choices of parameters. Results for more
choices of parameters are available from the author on request.

Results, where innovations are generated from the standard normal distribu-
tion, are presented for all choices of parameters. For some choices, results with
innovations from the standardized t-distributions with 5 degrees of freedom are
stated. In this case, we present two tables for each choice of parameters because
the maximum likelihood estimation (MLE) and the quasi maximum likelihood
estimation (QMLE) are distinguished.

All tables, starting with Table [A.3] show results from the model selection and
predictions. Numbers of observations 71" and information criteria, column denoted
as IC, are specified. Abbreviations CO and CM stand for the correct order model
and the correct model, i.e. the true model. Selection rates for all candidate
models ARCH(1)-ARCH(3) and GARCH(1, 1)-GARCH(3, 3) are stated. For
each information criterion, the highest selection rate over candidate models is
highlighted by colour. Then, tables contain averages of prediction criteria RMSE,
MAE and MAPE calculated for all 1000 simulations.
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Choice w ar fh Tables

1A 01 02 02[[A3 [A4A5
1B 0.01 02 02 A6
1C 0.001 0.2 0.2 AT
1D 01 01 0.1 A8
1B 01 03 03 A.9
1F 01 01 03 A.10
1G 01 05 03 A.11
1H 01 03 0.1 A.12
11 01 03 05 A.13

Table A.1: Choices of the model parameters for times series generated from
a GARCH(1, 1) process.

Choice w ap an B Po Tables
2A 0.1 02 02 02 02[[A14A15[A.14
2B 0.01 02 02 02 02 A.17
2C 0.001 0.2 0.2 0.2 02 A.18
2D 0.1 0.1 0.2 0.2 0.2 A.19
2E 0.1 0.3 0.2 0.2 0.2 A.20
2F 0.1 0.2 0.1 0.2 0.2 A.21
2G 0.1 0.2 03 0.2 0.2 A .22
2H 0.1 0.2 0.2 0.1 02 A.23
21 0.1 0.2 0.2 03 0.2 A.24
2J 0.1 0.2 02 02 01 A.25
2K 0.1 0.2 0.2 0.2 0.3 A.26

Table A.2: Choices of the model parameters for times series generated from
a GARCH(2, 2) process.
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