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Introduction
In statistical modelling, regression analysis is one of the most extensively used
analytical tools applied across different fields of science. The main objective of re-
gression analysis lies in examining the relationship between a dependent variable
and one or more independent variables. This relationship can be examined in nu-
merous ways, with the most well-known method being linear regression. Linear
regression assumes a linear dependence between the modelled variable and the re-
maining independent variables. This dependence is expressed through the means
of a linear function, the parameters of which are then estimated from the data.

The fundamental estimation procedure to obtain the linear model estimates is
called the least squares method. As is generally the case in statistical modelling,
proposed formal models are only simplifications of the reality built on some well-
formulated assumptions. However, it is not unusual that some departures from
the assumed modelling framework emerge in practice. In these cases the tradi-
tional least squares approach becomes highly suboptimal, especially when some
atypical values appear in the observed data, possibly causing serious negative ef-
fects on the obtained results. Even a single unusual value deviating from the lin-
ear relation followed by the majority of the data may completely distort the least
squares method, making it uninformative and unreliable.

This lack of stability of the least squares method is a serious problem in ap-
plications. Thus, this thesis aims to thoroughly describe and assess the robust al-
ternatives to the least squares estimation in the linear regression model, and then
compare the methods through suitable simulations.

In Chapter 1, we begin by formulating the basic notation and terminology
used throughout the entire thesis. We introduce the linear regression model
theory and derive the least squares method for obtaining the model estimates.

We characterize the different types of unusual observations in Chapter 2,
where we also illustrate the adverse influence these observations may have on the
results obtained by least squares. Moreover, we outline some fundamental ro-
bustness measures that allow for comparison of the different regression methods.

Chapter 3 then provides an in depth assessment of robust alternatives to
the classical estimation in the linear regression models, as we gradually de-
fine and examine the properties of several important robust regression meth-
ods, including M-estimators, GM-estimators, LMS estimators, LTS estimators,
S-estimators, MM-estimators, and REWLS estimators. Contrary to least squares,
these methods are able to withstand substantial amounts of atypical values.

Finally, Chapter 4 focuses on empirical results. We first introduce an itera-
tive method that can be used for numerical computation of the robust regression
estimators. Next, the key findings are summarised in a comprehensive simulation
study. The study consists of three separate parts, each devoted to different field
of robustness. Its main objective is the comparison of the performance of least
squares and selected robust regression methods in a variety of simulation scenar-
ios.
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1. Linear Regression
First, let us build up the necessary framework in order to introduce linear re-
gression model theory. We begin with formulating basic notation and termi-
nology used throughout the entire thesis. Next, we define the linear regression
model and it’s theoretical assumptions, where applicable. Subsequently, we de-
rive the computational procedure for obtaining the model estimates, the ordinary
least squares method, and examine its underlying statistical properties. The or-
dinary least squares estimation is then used as a stepping stone to derive more
robust regression estimators in the later stages of the thesis.

This chapter draws mainly from Weisberg (2014). Furthemore, the notation
and information also follow two textbooks on regression analysis, Komárek (2020)
and Kulich (2021b).

1.1 Model Definition and Assumptions
Suppose that the data we observe consist of n independent random vectors
(Yi,X

⊤
i )⊤, i = 1, . . . , n, with the same distribution as a generic random vec-

tor (Y,X⊤)⊤. The random vectors (Yi,X
⊤
i )⊤, i = 1, . . . , n, have the following

two components:

• Yi, which is a continuous response, or dependent variable,

• Xi = (Xi0, . . . , Xi(p−1))⊤, which is a p-dimensional vector of predictor vari-
ables of any type, numeric or categorical. The p < n components of each
Xi are also called covariates, regressors, or explanatory variables.

Then, the linear regression model is formally defined as follows.

Definition 1 (Linear Regression Model). The data (Yi,X
⊤
i )⊤, i = 1, . . . , n, sat-

isfy a linear regression model if the response Yi can be written as

Yi = X⊤
i β + εi, (1.1)

where β = (β0, . . . , βp−1)⊤ ∈ Rp is a vector of unknown parameters and ε1, . . . , εn

are independent and identically distributed random variables such that E(εi|Xi) =
0 and 0 < var(εi|Xi) = σ2 < ∞, independent of the regressors Xi.

Remark (Linear regression model terminology). The unknown parameters
β0, . . . , βp−1 are called regression coefficients, the unobserved random variables
ε1, . . . , εn are called error terms, or disturbances, and the unknown parameter σ2

is called residual variance.
The linearity refers to the fact that the response variable Yi is a linear func-

tion of the regressors Xi, i.e., linear with respect to the vector of regression
coefficients β. Note that there also exists another valid formulation of the linear
regression model based on the first two conditional moments of the response given
the regressors:

E(Yi|Xi) = X⊤
i β, var(Yi|Xi) = σ2.
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The linear regression model from Definition 1 can be also written in a matrix
form. Denote

Y = (Y1, . . . , Yn)⊤,

X =

⎛⎜⎜⎝
X10 . . . X1(p−1)

... ...
Xn0 . . . Xn(p−1)

⎞⎟⎟⎠ =

⎛⎜⎜⎝
X⊤

1
...

X⊤
n

⎞⎟⎟⎠ = (X0, . . . ,Xp−1),

ε = (ε1, . . . , εn)⊤.

We can then rewrite the linear regression model as

Y = Xβ + ε, (1.2)

where the n-dimensional vector Y is called response random vector, the n by p
matrix of regressors X is called design matrix, or regression matrix, and the n-
dimensional vector ε is called error term vector, such that

E(ε|X) = E(ε) = 0n, var(ε|X) = var(ε) = σ2In.

Remark (Intercept). Covariate Xi0 is usually taken as 1 and the regressor vector
takes the form of

Xi = (1, Xi1, . . . , Xi(p−1))⊤, i = 1, . . . , n,

resulting in the regression matrix

X =

⎛⎜⎜⎝
1 X11 . . . X1(p−1)
... ...
1 Xn1 . . . Xn(p−1)

⎞⎟⎟⎠ =

⎛⎜⎜⎝
X⊤

1
...

X⊤
n

⎞⎟⎟⎠ = (1n,X
1 . . . ,Xp−1).

Such a model is then called a linear regression model with intercept and the cor-
responding parameter β0 is called an intercept term.
Remark (Linear regression model interpretability). Generally, the regression pa-
rameters represent the effect of the corresponding covariates on the conditional
expectation of the response, with all the remaining regressors in the model held
fixed. Consider e = (0, . . . , 0, 1, 0, . . . , 0)⊤, a p-length vector of zeros with 1 at the
j-th position. We can then write

E(Y |X = x + e) − E(Y |X = x)
= E(Y |X0 = x0, . . . , Xj = xj + 1, . . . , Xp−1 = xp−1)

− E(Y |X0 = x0, . . . , Xj = xj, . . . , Xp−1 = xp−1)
= β0x0 + · · · + βj(xj + 1) + · · · + βp−1xp−1

− (β0x0 + · · · + βjxj + · · · + βp−1xp−1)
= βj.

4



Several different frameworks, in which the linear regression model theory
can be set, are applicable. The choice of the framework depends mostly both
on the nature of the data at hand, and on the to-be-performed inference task.
For the results derived in the thesis, unless stated otherwise, the regressors are
treated as random variables rather than as predefined fixed quantities. Moreover,
it will be assumed that the regression matrix is of full rank with rank(X) = p,
i.e., the column rank of the regression matrix X is fixed with all its columns being
linearly independent vectors in Rn.

1.2 Ordinary Least Squares Estimation
The following section describes the computational procedure for obtaining the es-
timates of the unknown vector parameter β in the linear regression model intro-
duced earlier in Definition 1. The vector of regression parameters β is estimated
by the ordinary least squares method that minimizes the sum of squares function
S : Rp → R of the considered model, i.e.,

ˆ︁βLS = arg min
β∈Rp

S(β) (1.3)

where

S(β) =
n∑︂

i=1
(Yi − X⊤

i β)2 = ∥Y − Xβ∥2 = (Y − Xβ)⊤(Y − Xβ), β ∈ Rp. (1.4)

Remark (Euclidean norm). The Euclidean norm, or equivalently the L2-norm,
of a vector x = (x1, . . . , xn)⊤ is a number given by

∥x∥ =
√

x⊤x =
√︂
x2

1 + · · · + x2
n. (1.5)

Equivalently, the least squares estimator ˆ︁βLS solves the system of normal
equations. The linear system of p equations is obtained by differentiating (1.4)
with respect to β and setting the partial derivatives equal to zero:

∂S

∂β
(β) = 0p,

X⊤(Y − Xβ) = 0p,

X⊤Xβ = X⊤Y . (1.6)

Since the regression matrix X is assumed to be of full rank, the inverse (X⊤X)−1

does exist, hence; the solution of (1.6) is unique and given by

ˆ︁βLS = (X⊤X)−1X⊤Y . (1.7)

For the conditional moments of the least squares estimator ˆ︁βLS it holds that

E( ˆ︁βLS|X) = β, var( ˆ︁βLS|X) = σ2(X⊤X)−1.

Furthermore, provided by the Gauss-Markov theorem, ˆ︁βLS is the best linear un-
biased estimator of the vector parameter β, thus it is
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– linear in Y , i.e., ˆ︁βLS is a linear function of the response vector Y , see (1.7),

– unbiased, by the law of total expectations also unconditionally on X, i.e.,

E( ˆ︁βLS|X) = β, E( ˆ︁βLS) = β,

– efficient in the class of linear unbiased estimators, i.e., for any unbiased
estimator ˆ︁β that is linear in Y , var( ˆ︁β|X) ≥ var( ˆ︁βLS|X) in a matrix sense.
That is, the difference of the variance matrices var( ˆ︁β|X) − var( ˆ︁βLS|X) is
a positive semidefinite matrix, i.e., for any c ∈ Rp

c⊤
[︃
var( ˆ︁β|X) − var( ˆ︁βLS|X)

]︃
c ≥ 0.

Consequently,

var( ˆ︁βi|X) ≥ var( ˆ︁βLSi
|X), i = 1, . . . , p.

Hence, for any regression coefficient βi, the variance of the least squares
estimator is no larger than that of any other linear unbiased estimator.

If an additional distributional assumption of normally distributed error terms is
imposed on the data, i.e., ε ∼ Nn(0n, σ

2In), the conditional distribution of ˆ︁βLS

given X is multivariate normal, i.e.,

ˆ︁βLS|X ∼ Np

(︂ ˆ︁β, σ2(X⊤X)−1
)︂
,

which can be further used to perform exact statistical inference, e.g., calculation
of confidence intervals, testing statistical hypotheses. Moreover, under the addi-
tional normality, the least squares estimator of the vector parameter β becomes
equivalent to the maximum likelihood estimator (see Proposition 1), hence it pos-
sesses the optimality properties in the class of all unbiased estimators, not only
the linear ones.

Under certain assumptions one can show that the least squares estimator ˆ︁βLS

from the linear regression model defined in Definition 1 is a consistent estimator
of the vector parameter β and, furthermore, it is asymptotically normal. These
properties can be derived both when the assumption of equal variances holds,
i.e., var(Yi|Xi) = σ2, but also when it is relaxed and the variance takes the form
of a function of the regressors, i.e., var(Yi|Xi) = σ2(Xi). Such results then al-
low for an asymptotically correct statistical inference even if the response is not
normal and the error terms do not have equal variance.

Proposition 1 (Equivalence of LSE and MLE under normality). Consider the
linear regression model (Definition 1). Under the additional assumption of nor-
mally distributed error terms, the maximum likelihood estimator of the vector
parameter β is the least squares estimator ˆ︁βLS defined in (1.7):

ˆ︁βML = arg max
β∈Rp

ln(β) = (X⊤X)−1X⊤Y . (1.8)

Proof. First, the basic principles of the maximum likelihood estimation are
summarized in A.1. Then, following from the considered assumtions, the joint
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density of (Y,X⊤)⊤ can be decomposed into a product of the conditional and
the marginal densities as

fY,X(y,x) = fY |X(y|x) · fX(x), y ∈ R,x ∈ X ,

with the conditional density fY |X given by

fY |X(y|x) = 1√
2πσ2

exp
{︃

− 1
2σ2 (y − x⊤β)2

}︃
.

Thus, the full likelihood for the regression vector parameter β, considering σ2

fixed, is given by

L∗
n(β) =

n∏︂
i=1

fY,X(Yi,Xi) =
n∏︂

i=1
fY |X(Yi|Xi) · fX(Xi)

=
n∏︂

i=1

1√
2πσ2

exp
{︃

− 1
2σ2 (Yi − X⊤

i β)2
}︃

· fX(Xi)

= (2πσ2)− n
2 exp

{︃
− 1

2σ2 (Y − Xβ)⊤(Y − Xβ)
}︃

·
n∏︂

i=1
fX(Xi),

and the full log-likelihood by

l∗n(β) = −n

2 log(2πσ2) − 1
2σ2 (Y − Xβ)⊤(Y − Xβ) +

n∑︂
i=1

log fX(Xi).

Since both the leftmost and the rightmost terms on the right-hand side of the full
log-likelihood from the above does not depend on the vector parameter β, it
suffices to maximize

ln(β) = − 1
2σ2 (Y − Xβ)⊤(Y − Xβ). (1.9)

The constant term 1
2σ2 does not change the solution, therefore, maximizing (1.9) is

equivalent to finding ˆ︁βLS according to (1.3), i.e., under the proposed assumptions,
the maximum likelihood estimator and the least squares estimator are equivalent:

ˆ︁βML = (X⊤X)−1X⊤Y .

Remark (Further concepts related to the LS). The vector
ˆ︂Y := X ˆ︁βLS = X(X⊤X)−1X⊤⏞ ⏟⏟ ⏞

:= H

Y = HY , (1.10)

is called vector of fitted values and is the best linear unbiased estimator of the re-
sponse Y , with the matrix H being called hat matrix.

The vector of residuals of the model is then defined as the difference between
the true observed values of the response Y and the estimated values ˆ︂Y , i.e.,

ˆ︁ε := Y − ˆ︂Y = Y − HY = (In − H)Y . (1.11)
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2. Robustness Concepts
The main objective of robust estimation procedures in statistical modelling lies in
providing reliable estimators even when some departures from the assumed mod-
elling framework emerge. Unfortunately, the data that one observes in regression
tasks do not necessarily follow the linear regression model proposed in Section 1.1.
Quite the contrary, atypical values frequently appear in the observed data. These
may cause serious negative effects on the obtained results. To be more precise,
the observations are considered atypical if they are in a certain sense unusual
with respect to the assumed model framework, follow a different pattern than
the rest of the data, or follow no pattern at all.

In particular, robust regression techniques deal with the following three classes
of problems. First, when unusual values, deviating from the linear relation fol-
lowed by the majority of the data, occur in the response variable. Second, when
unusual values appear in the explanatory variables. Last, when there are distribu-
tional departures from the assumed model, that is, the underlying distribution of
the error terms has heavier tails than the normal distribution, e.g., the Student’s
t-distribution or the Cauchy distribution.

Therefore, in the first part of this chapter we describe different types of un-
usual observations and illustrate the adverse influence they may have on the least
squares estimator ˆ︁βLS defined in (1.7). Next, we discuss possible approaches
to dealing with the threat that unusual observations pose to the least squares es-
timation procedure. Lastly, we outline some robustness charasteristics that allow
for comparison of different robust methods.

In the following sections, we work mainly with Maronna et al. (2006),
Jurečková and Picek (2006), and Komárek (2020).

2.1 Outlying Observations
Given the linear regression model from Definition 1, one can distinguish between
two types of unusual values in the data, depending on where the anomaly appears.
What follows is a both a formalization and an examination of these notions,
drawing mainly from Jurečková and Picek (2006, Chap. 4) and Komárek (2020,
Chap. 11).

Outliers in the y-direction
The first type of atypical observations are known as outliers, or alternatively
outliers in the y-direction, i.e., observations with an unusual value of the response
variable Y , not following the assumed linear relation of the majority of the data.

Observe Example 1 that illustrates the non-robustness and sensitivity of the
least squares estimator ˆ︁βLS to the presence of outliers in the y-direction.

Example 1. Assume a simple two-parameter linear regression model with inter-
cept:

Yi = β0 + β1Xi1 + εi, , i = 1, . . . , n, (2.1)

8



in which εi ∼ N (0, 1) and Xi1 ∼ N (0, 1). The data (Yi, Xi1)⊤, i = 1, . . . , n, were
generated in the computational software R (R Core Team, 2020) with the true
values of regression parameters β0 = β1 = 1 and the sample size of n = 15.

In the first case, the least squares estimation was used to obtain the estima-
tors of the regression parameters β0 and β1 based on the initial data (Yi, Xi1)⊤.
In the second case, the initial data was corrupted by replacing a randomly se-
lected observation by a value that would produce an outlier in the y-direction.
The least squares estimation was then again used to obtain estimators of the re-
gression parameters β0 and β1. This time however, based on the data containing
the newly-created outlier.

The figure below compares the two cases. The dashed black line represents
the regression line with the true values of the regression parameters β0 and β1,
while the solid blue line represents the fitted least squares regression line, i.e.,ˆ︁Yi = ˆ︁β0 + ˆ︁β1Xi1, based on the initial data, on the left, and the corrupted data,
on the right. The replaced observation is highlighted in red. We can observe
the harmful effect that even one outlier can have on the least squares estimation,
as the fitted regression line in the second case changes considerably compared
to the first one, which is almost identical with the true regression line.

−2.5

0.0

2.5

5.0

7.5

10.0

−2 −1 0 1 2
X1

Y

Regression Line: True LS

(a)

−2.5

0.0

2.5

5.0

7.5

10.0

−2 −1 0 1 2
X1

Y

Regression Line: True LS

(b)

Figure 2.1: (a) Scatterplot of n = 15 simulated data points satisfying the linear regres-
sion model with intercept proposed in (2.1) with the true regression line and the fitted
least squares regression line. (b) Same data as in (a), but with one data point (high-
lighted in red) replaced by an outlier in the y-direction.

Outliers in the x-direction
The second type of outlying values are the so-called leverage points, or alterna-
tively outliers in the x-direction, i.e., observations with unusual values among
the elements of the design matrix X.
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Recall the vector of fitted values ˆ︂Y and the hat matrix H introduced in (1.10).
The vector ˆ︂Y can be also viewed as a projection of the vector Y into the vector
space generated by the columns X0, . . . ,Xp−1 of the design matrix X, with hat
matrix H being the corresponding projection matrix. We will show that the con-
cept of leverage points is closely related to its diagonal elements h11, . . . , hnn.
Remark (Leverages). The diagonal elements h11, . . . , hnn of the hat matrix H are
known as leverages.
Remark (Regression space). The vector space generated by the the columns
of the design matrix X of the considered linear regression model is also called
regression space of the model. Formally written,

M(X) = {v : v = Xβ,β ∈ Rp}.

.
Note that the hat matrix H is symmetric, i.e.,

H⊤ =
(︂
X(X⊤X)−1X⊤

)︂⊤
= X(X⊤X)−1X⊤ = H,

and idempotent, i.e.,

HH = X (X⊤X)−1X⊤X⏞ ⏟⏟ ⏞
= Ip

(X⊤X)−1X⊤ = X(X⊤X)−1X⊤ = H.

Therefore, using the symmetry of H and equating the ii-th element of H to that
of H2, we get

hii =
n∑︂

j=1
h2

ij = h2
ii +

∑︂
j ̸=i

h2
ij. (2.2)

From the expression above we can easily derive the following bounds for the i-th
diagonal element of the matrix H as

0 ≤ hii ≤ 1, i = 1, . . . , n. (2.3)

Now imagine an extreme case scenario with hii = 1 for some i ∈ {1, . . . , n}. Then

1 = hii = h2
ii +

∑︂
j ̸=i

h2
ij = 1 +

∑︂
j ̸=i

h2
ij =⇒ hij = 0 for j ̸= i,

which results in the fitted and the observed values being the same,

ˆ︁Yi = X⊤
i
ˆ︁βLS = h⊤

i Y = hiiYi = Yi,

and in the regression hyperplane passing through (Yi,X
⊤
i )⊤ regardless of the val-

ues of the remaining observations.
Remark (Hat matrix). The vector hi = (hi1, . . . , hin)⊤ is the ith row of the hat
matrix H.

Such a behaviour can be also underpinned by examining the conditional vari-
ance of the residuals of the linear regression model introduced in (1.11):

var(ˆ︁εi|X) = var(Yi − ˆ︁Yi|X) = σ2(1 − hii), i = 1, . . . , n.
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Thus, the higher the leverage hii, the lower the conditional variance. This results
in the high leverage observations having a higher impact on the fitted regression
function, since the fitted values are then forced to be closer to the true observed
response.

Furthermore, when the linear regression model includes an intercept term,
then the leverage hii can be also viewed as a measure of how far is the vector
of non-intercept regressors X i from the vector of mean values of the non-intercept
regressors X, i.e.,

hii = 1
n

+ (X i − X)⊤(X̃⊤X̃)−1(X i − X),

where

• X i = (Xi1, . . . , Xi(p−1))⊤, i = 1, . . . , n, is the vector of non-intercept regres-
sors,

• X = (X1
, . . . , X

p−1)⊤ is the vector of mean values of the non-intercept
regressors, i.e., Xj = 1

n

∑︁n
i=1 Xij, j = 1, . . . , p− 1,

• X̃ =

⎛⎜⎜⎝
(X1 − X)⊤

...
(Xn − X)⊤

⎞⎟⎟⎠ is a n× (p− 1) matrix.

Thus, the higher the leverage hii, the further the regressor values are from
the mean regressor values and, in this regard, the corresponding observations
have unusual regressor values.

Consequently, a question may be raised. Where is the line between a high
leverage and an acceptable leverage? A reasonable constraint can be derived
from computing the trace of the hat matrix H. Utilising the cyclic property
of the trace operator and the assumption of full rank of the regression matrix X,

n∑︂
i=1

hij = tr(H) = tr
(︂
X(X⊤X)−1X⊤

)︂
= tr

(︂
X⊤X(X⊤X)−1

)︂
= tr(Ip) = p.

Hence, p/n could be a possible lower bound for the leverage to consider the cor-
responding observation as a leverage point.

Observe Example 2 that illustrates the adverse impact of the presence of
an outlier in the x-direction on the least squares estimator ˆ︁βLS.

Example 2. Assume a simple two-parameter linear regression model with inter-
cept:

Yi = β0 + β1Xi1 + εi, , i = 1, . . . , n,
in which εi ∼ N (0, 1) and Xi1 ∼ N (0, 1). The data (Yi, Xi1)⊤, i = 1, . . . , n, were
generated in the computational software R (R Core Team, 2020) for the true
values of regression parameters β0 = β1 = 1 and the sample size of n = 30.

In the first case, the least squares estimation was used to obtain estima-
tors of the regression parameters β0 and β1 based on the initial data (Yi, Xi1)⊤.
In the second case, the initial data was this time corrupted by replacing a ran-
domly selected observation by a value that would produce an outlier in the x-
direction. The least squares estimation was then again used to obtain estimators
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of the regression parameters β0 and β1, but this time based on the data containing
the newly-created leverage point.

The figure below compares the two cases. The dashed black line represents
the regression line with the true values of the regression parameters β0 and β1,
while the solid blue line represents the fitted least squares regression line, i.e.,ˆ︁Yi = ˆ︁β0 + ˆ︁β1Xi1, based on the initial data, on the left, and the corrupted data,
on the right. The replaced observation is highlighted in red. We can observe
the adverse effect of one leverage point on the least squares estimation, as the
fitted regression line in the second case changes considerably compared to the first
one, which is almost identical with the true regression line.

−2.5
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2.5

5.0

−2.5 0.0 2.5 5.0 7.5
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Y

Regression Line: True LS

(a)

−2.5
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−2.5 0.0 2.5 5.0 7.5
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Y

Regression Line: True LS

(b)

Figure 2.2: (a) Scatterplot of n = 30 simulated data points satisfying the linear regres-
sion model with intercept proposed in (2.1) with the true regression line and the fitted
least squares regression line. (b) Same data as in (a), but with one data point (high-
lighted in red) replaced by an outlier in the x-direction.

2.2 Diagnostics and Robust Procedures
The above discussion shows, that outliers and leverage points, commonly referred
to as regression outliers, can pose a significant threat to the least squares estima-
tion procedure.

One of the possible approaches to dealing with such problems is the diagnostics
approach. The fundamentals of diagnostics lie in the detection of data departures
from the assumed model, combining both numerical and graphical tools, found,
e.g., in Rosseeuw and Leroy (1987, Chap. 6). When regression outliers are de-
tected, the data is then cleaned of these observations either by removing them
or through a correction. After that, the usual least square estimation procedure
is applied to the remainder of the data.
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Nevertheless, there are multiple drawbacks connected with the diagnostics
approach. The first is that the detection methods can become unreliable when
coping with multiple regression outliers, especially in higher dimensions, since
several regression outliers can mask one another. Moreover, the presence of mul-
tiple outliers may indicate a more serious issue, which is the deviation of the
error distribution from the normal distribution, e.g., the data might in fact fol-
low a distribution with heavier tails than normal. Another drawback one could
consider is the noticeable loss of procedural objectivity, since once the regression
outliers are detected, how they are dealt with, remains up to the practitioner’s
judgement.

Thus, as an alternative to classical statistical procedures and the diagnostics
approach in linear regression models, robust estimation procedures were devel-
oped. These will be discussed in detail in Chapter 3. Contrary to the diagnostics
methods, robust procedures aim to develop an estimator that is not so strongly
affected by regression outliers and fits the majority of the data well, which con-
sequently leads to more reliable methods of detecting such regression outliers.

2.3 Measures of Robustness
Now that we have seen the harmful effect of regression outliers on the least squares
estimation procedure and motivated the need for more robust alternatives, let us
also formalize this aspect by defining some fundamental robustness character-
istics. These will allow for comparison of the different robust methods in the
later stages of our work. The theory and notation follow Maronna et al. (2006,
Chap. 3) and Rosseeuw and Leroy (1987, Chap. 1)..

For the purposes of this section, the following setting is assumed. Let

Z = {Z1, . . . , Zn} (2.4)

be a sample of independent and identically distributed random variables from
a distribution F with θ being some parameter of interest. Then ˆ︁θn = ˆ︁θn(Z) =ˆ︁θn(Z1, . . . , Zn) denotes an estimator of the parameter θ depending on the sample
Z. Furthermore, we define the asymptotic value of the estimator ˆ︁θn at the dis-
tribution F, ˆ︁θ∞ = ˆ︁θ∞(F ), such that

ˆ︁θn
p−→ ˆ︁θ∞(F ) as n → ∞.

If the estimator ˆ︁θn of the parameter θ is consistent, then ˆ︁θ∞(F ) = θ. To get
a better understanding, consider the expected value of a distribution F with
a finite first moment as an example. If ˆ︁θn = 1

n

∑︁n
i=1 Zi, the sample mean, thenˆ︁θ∞(F ) = EF (Z), the distribution mean.

Sensitivity Curve
Assume that an additional observation z0, which can be any arbitrary real num-
ber, is added to the initial sample Z proposed in (2.4). Then the sensitivity curve
of an estimator ˆ︁θn, introduced by Tukey (1970), is a finite-sample tool that mea-
sures the influence of the new observation z0 on the estimator ˆ︁θn at the sample
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Z and is formally defined as

SCn(z0; ˆ︁θn) =
ˆ︁θn+1(Z1, . . . , Zn, z0) − ˆ︁θn(Z1, . . . , Zn)

1/(n+ 1) , z0 ∈ R. (2.5)

A high absolute value of SCn(z0; ˆ︁θn) means that a potential outlier at z0 will have
a large influence on the considered estimator, indicating non-robustness. Note
that the sensitivity curve SCn(z0; ˆ︁θn) depends on the observed sample Z.

Example 3. (A) Consider the sensitivity curve of the sample meanˆ︁θn = ˆ︁θn(Z1, . . . , Zn) = 1
n

∑︁n
i=1 Zi at the sample proposed in (2.4):

SCn(z0; ˆ︁θn) =
ˆ︁θn+1(Z1, . . . , Zn, z0) − ˆ︁θn(Z1, . . . , Zn)

1/(n+ 1)

= (nˆ︁θn + z0)/(n+ 1) − ˆ︁θn

1/(n+ 1)
= nˆ︁θn + z0 − (n+ 1)ˆ︁θn

= z0 − ˆ︁θn z0 ∈ R.

The sensitivity curve of the sample mean at the sample generated from
N (0, 1) is unbounded for z0 ∈ R, which is shown in Figure 2.3.

(B) Consider the sensitivity curve of the sample median

ˆ︁θn = ˆ︁θn(Z1, . . . , Zn) =

⎧⎪⎨⎪⎩
Z(n+1

2 ), if n is odd,
1
2

(︃
Z(n

2 ) + Z(n
2 +1)

)︃
, if n is even,

with Z(1) ≤ · · · ≤ Z(n) being the ordered observations at the sample pro-
posed in (2.4). Assume odd sample size n = 2m+ 1. Then

ˆ︁θn = ˆ︁θn(Z1, . . . , Zn) = Z(m+1),

and

ˆ︁θn+1 = ˆ︁θn+1(Z1, . . . , Zn, z0) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
1
2

(︂
Z(m) + Z(m+1)

)︂
, if z0 ≤ Z(m),

1
2

(︂
z0 + Z(m+1)

)︂
, if Z(m) ≤ z0 ≤ Z(m+2),

1
2

(︂
Z(m+1) + Z(m+2)

)︂
, if Z(m) ≤ z0.

Thus,

SCn(z0; ˆ︁θn) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
n+1

2

(︂
Z(m) − Z(m+1)

)︂
, if z0 ≤ Z(m),

n+1
2

(︂
z0 − Z(m+1)

)︂
, if Z(m) ≤ z0 ≤ Z(m+2),

n+1
2

(︂
Z(m+2) − Z(m+1)

)︂
, if Z(m) ≤ z0.

The sensitivity curve of the sample median at the sample generated from
N (0, 1) is bounded for z0 ∈ R, which is shown in Figure 2.3.
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Figure 2.3: Sensitivity curve (2.5) of the sample mean and of the sample median
at the sample of size n = 21 generated from N (0, 1).

Influence Function
The concept of measuring the effect of small fraction of perturbations in the data
also on the asymptotic behaviour of the estimator was further developed by Ham-
pel (1974), who established a robustness quantity known as influence function.

The influence function of the estimator ˆ︁θn at the underlying distribution F is
defined as

IFθ̂(z0;F ) = lim
ε→0+

ˆ︁θ∞ ((1 − ε)F + εδz0) − ˆ︁θ∞(F )
ε

, z0 ∈ R, (2.6)

where

• δz0 is a point-mass at z0, i.e., P(z = z0) = 1,
• ˆ︁θ∞(F ) is the asymptotic value of the estimator ˆ︁θn at the distribution F .

Therefore, the influence function measures how the estimator changes when a con-
tamination in the form of small fraction ε of identical outliers is added in z0, with

(1 − ε)F + εδz0

representing the contaminated distribution. Particularly, the term
ˆ︁θ∞ ((1 − ε)F + εδz0)

expresses the asymptotic value of the estimator ˆ︁θn at such contaminated distri-
butions. Thus, for small ε, the influence function provides an approximation of
the estimator at the contaminated distributions:

ˆ︁θ∞ ((1 − ε)F + εδz0) ≈ ˆ︁θ∞(F ) + εIFˆ︁θ(z0;F ).

This leads to a natural requirement for the robust estimators to fulfill, that is,
to have their influence function bounded for any arbitrary point z0 ∈ R. Its
maximum absolute value has been formulated as gross error sensitivity by Hampel
(1974):

γ∗ = sup
z0

⃓⃓⃓
IFˆ︁θ(z0;F )

⃓⃓⃓
. (2.7)

Therefore, the robust estimators aim for finite gross error sensitivity γ∗.
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Example 4. Consider the influence function of the sample mean ˆ︁θn = 1
n

∑︁n
i=1 Zi

as the estimator of the expected value µ = EF (Z) at a distribution F with a finite
first moment:

IFˆ︁θ(z0;F ) = lim
ε→0+

ˆ︁θ∞ ((1 − ε)F + εδz0) − ˆ︁θ∞(F )
ε

= lim
ε→0+

((1 − ε)µ+ εxz) − µ

ε

= lim
ε→0+

−εµ+ εz0

ε

= z0 − µ, z0 ∈ R.

Then
γ∗ = sup

z0

⃓⃓⃓
IFˆ︁θ(z0;F )

⃓⃓⃓
= sup

z0∈R
|z0 − µ| = ∞.

At the standard normal distribution F = Φ, we find IFˆ︁θ(z0; Φ) = z0.

Breakdown Point
Another popular quantitative characteristic of robustness, the finite-sample break-
down point, was introduced by Donoho and Huber (1983). Note that there also ex-
ists an asymptotic definition of the breakdown point proposed by Hampel (1971),
but the concept of Donoho and Huber (1983) is better-established.

In addition to the initial sample Z proposed in (2.4), consider a contaminated
sample, denoted as Z ′. The contaminated sample Z ′ is created by replacing m
arbitrary components in Z, with possibly very adverse values. Thus, the propor-
tion of outlying values in the newly-formed contaminated sample Z ′ is ε = m/n.
Note that there exist many other different ways of corrupting the initial sample
Z, e.g., by addition of m new values to the sample Z, yielding ε = m/(n + m).
However, we prefer the former.

The (finite-sample) breakdown point of the estimator at the sample Z is then
defined as the number

ε∗
n(ˆ︁θn,Z) = min

1≤m≤n

{︄
m

n
: sup

Z′

⃓⃓⃓ ˆ︁θn(Z ′) − ˆ︁θn(Z)
⃓⃓⃓
= ∞

}︄
. (2.8)

The supremum term in (2.8) is commonly referred to as the maximum bias.
When m does not depend on the initial sample Z, we say that the estimator
has a universal breakdown point and we can consequently calculate the limit
limn→∞ ε∗

n, which is also referred to as the breakdown point.
The popularity of the breakdown points also lies in its straightforward in-

terpretation. If the maximum bias term is infinite, it means that m values can
have an arbitrarily large effect on the estimator ˆ︁θn. Hence, the breakdown point
represents the smallest fraction of the observations that, being replaced with any
arbitrary, possibly adverse values, can lead to the fauilure of the estimator ˆ︁θn in
a sense that it would become unreliable and uninformative, producing values far
from ˆ︁θn(Z).

Intuitively, one can expect that for reasonable data the majority of it does not
consist of outlying observations, as that would make it impossible to distinguish
the outlying observations from the regular part of the sample.

16



Therefore, ε∗
n ≤ 1/2, which consequently yields a target value of the maximum

breakdown point ε∗
n = 1/2 for robust procedures to achieve.

Example 5. (A) Consider the breakdown point of the sample meanˆ︁θn = 1
n

∑︁n
i=1 Zi at the sample proposed in (2.4):

ε∗
n(ˆ︁θn,Z) = 1

n
,

thus
lim

n→∞
ε∗

n = lim
n→∞

1
n

= 0 for any initial sample Z.

(B) Consider the breakdown point of the sample median ˆ︁θn = Z(n+1
2 ) at the sam-

ple proposed in (2.4), with an odd sample size n:

ε∗
n(ˆ︁θn,Z) = 1

n

[︃
n+ 1

2

]︃
,

thus
lim

n→∞
ε∗

n = lim
n→∞

n+ 1
2n = 1

2 for any initial sample Z.
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3. Robust Regression Estimators
Recall from Section 1.1 that for regression problems, one observes the data

(Y1,X
⊤
1 )⊤, . . . , (Yn,X

⊤
n )⊤,

which is assumed to satisfy the linear regression model from Definition 1. Let us
denote the data as

Z = {(Y1,X
⊤
1 )⊤, . . . , (Yn,X

⊤
n )⊤}. (3.1)

Then the corresponding statistic of interest ˆ︁β = ˆ︁θn(Z) is a p-dimensional regres-
sion estimator of the vector parameter β. Furthermore, the robustness measures
introduced in Section 2.3 can be straightforwardly extended for the p-dimensional
regression estimators as well. The influence function defined in (2.6) becomes a p-
dimensional vector. The generalisation of the gross error sensitivity defined in
(2.7) and the breakdown point defined in (2.8) is done by replacing the absolute
value in the corresponding formulae by a suitable similarity measure, usually by
the Euclidean norm defined in (1.5). Additionally, the possible value of the break-
down point of the estimator ˆ︁β = ˆ︁θn(Z) is now considered not only with respect
to the changes in the observed response Yi, but also with respect to the changes
in the observed vector of regressors X⊤

i .
This chapter defines and asses the different types of robust alternatives to

the classical estimation procedures in linear regression models that have been
proposed over the years. In Section 1.2 we showed that the least squares es-
timator ˆ︁βM defined in (1.3) is the best linear unbiased estimator of the vector
parameter β in the assumed linear regression model and, moreover, it possesses
the optimality properties of the maximum likelihood estimator under the assump-
tion of normality. Therefore, robust regression estimators should aim to perform
as close to the least squares estimator as possible at the uncontaminated data
when the error distribution is exactly normal. As will be shown in the following
sections, many of the newly-proposed regression estimators were striving for the
highest breakdown point possible. Hence, besides the efficiency at normal distri-
bution, we shall consider the breakdown point as the focal robustness criterion
to compare the different robust regression methods.

The theory mainly draws from Maronna et al. (2006), Jurečková and Picek
(2006), and Rosseeuw and Leroy (1987), supplemented by relevant papers, where
applicable.

3.1 M-estimators
The most well-known class of robust estimators was introduced by Huber (1964)
under the name M-estimators. The concept of M-estimators was later generalized
by Huber (1973) for regression estimation as well.

The idea behind regression M-estimators is to robustize the ordinary least
square method by replacing the sum of squares function defined in (1.4), which is
the objective function to be minimized, by a sum of some less rapidly increasing
function of the error terms.
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Therefore, the M-estimator ˆ︁βM of the vector of regression parameters β is
given by ˆ︁βM = arg min

β∈Rp

n∑︂
i=1

ρ(Yi − X⊤
i β), (3.2)

where ρ : R → R.
Alternatively, if the function ρ is differentiable with a derivative ψ = ρ′ being

continuous, differentiating
n∑︂

i=1
ρ(Yi − X⊤

i β)

with respect to the regression parameters β and setting the partial derivatives
equal to zero yields the following system of p equations

n∑︂
i=1

ψ(Yi − X⊤
i β)Xi = 0p. (3.3)

When ρ is a convex function, the two approaches formulated in (3.2) and
in (3.3) become equivalent. That is, in such a case the M-estimator ˆ︁βM solves
the system of equations (3.3). We shall discuss the possible techniques of com-
puting the estimator ˆ︁βM by solving the system (3.3) in Section 4.1.
Remark (Loss function). The function ρ introduced in the minimization problem
(3.2) is sometimes also referred to as loss function.

Notice that if one sets ρ(x) = 1
2x

2, the system of equations (3.3) becomes
equivalent to the system of normal equations proposed in (1.6), thus the least
squares estimator ˆ︁βLS can be also viewed as an M-estimator of the vector of re-
gression parameters β.

Similarly, the least absolute deviation estimator, i.e., the L1-estimator, can
be viewed as an M-estimator when one sets ρ(x) = |x|, simplifying to

ˆ︁βL1 = arg min
β∈Rp

n∑︂
i=1

⃓⃓⃓
Yi − X⊤

i β
⃓⃓⃓
. (3.4)

A reasonable ρ-function should satisfy the following properties:

• ρ(0) = 0,

• non-negative, ρ(x) ≥ 0 for all x,

• symmetric, ρ(x) = ρ(−x) for all x,

• non-decreasing in |x|, ρ(x1) ≤ ρ(x2) for all |x1| ≤ |x2|.

In what follows we discuss the possible choices of ρ that are most common in
the practice. The concrete choices of the ρ-functions are also shown in Figure 3.1.
One of the most widely used alternatives of the ρ-function was proposed by Huber
(1964), that is, the Huber loss function

ρH(x) =
⎧⎨⎩

1
2x

2, if |x| ≤ k,

k|x| − 1
2k

2, if |x| > k,
(3.5)
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with the derivative of the form of

ψH(x) =
⎧⎨⎩x, if |x| ≤ k,

k sgn(x), if |x| > k,
(3.6)

where k > 0 is a given tuning constant and

sgn(x) =

⎧⎪⎪⎨⎪⎪⎩
−1, if x < 0,
0, if x = 0,
1, if x > 0.

The corresponding M-estimator, referred to as Huber regression estimator, can
be viewed as a compromise between the least squares estimator ˆ︁βLS and the L1-
estimator ˆ︁βL1 . It belongs to the class of monotone regression M-estimators, i.e.,
the solutions of the system of equations (3.3) with ψ being a monotone function.
Their main advantage is that since their ρ-function is convex, the solution of
the system (3.3) is then also the solution of the original minimization problem
from (3.2).

Nevertheless, one can reduce the effect of large outliers further by choosing a ρ-
function that increases more slowly than Huber’s proposal (3.5), which is linear
for |x| > k, see Figure 3.1. That is, by choosing a ρ-function with a redescending
derivative ψ tending to zero as |x| → ∞, which is also observable in Figure 3.1.
The regression M-estimators that fulfill such a condition are called redescending
regression M-estimators. The drawback of these redescending M-estimators is
that their corresponding ρ-function is not convex, hence, the minimization prob-
lem proposed in (3.2) may have local extrema as well, resulting in the system of
equations (3.3) having multiple roots.

The most well-known ρ-functions that lead to the redescending M-estimators
include the following. The Tukey biweight family of functions with

ρT (x) =

⎧⎪⎨⎪⎩1 −
[︃
1 −

(︂
x
k

)︂2
]︃3
, if |x| ≤ k,

1, if |x| > k,
(3.7)

and the derivative ρ′
T = 6 ˜︁ψT (x)/k2, where

˜︁ψT (x) =

⎧⎪⎨⎪⎩x
[︃
1 −

(︂
x
k

)︂2
]︃2
, if |x| ≤ k,

0, if |x| > k.
(3.8)

The Hampel family of functions with

ρHA(x) = ρHA(−x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

x2

2 , if 0 ≤ x ≤ a,

ax− a2

2 , if a ≤ x ≤ b,
a(c−x)2

2(c−b) + 1
2a(b+ c− a), if b ≤ x < c,

1
2a(b+ c− a), if c ≤ x,

(3.9)

and the derivative

ψHA(x) = −ψHA(−x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
x if 0 ≤ x ≤ a,

a, if a ≤ x ≤ b,

a c−x
c−b

, if b ≤ x < c,

0, if c ≤ x.

(3.10)
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Figure 3.1: The choices of ρ-functions, ψ-functions and the corresponding weight
functions (4.1) for the regression M -estimators. (a) Functions that lead to the least
squares estimator. (b) Huber family of functions with k = 1.345. (c) Tukey family
of functions with k = 4.685. (d) Hampel family of functions with a = 1.5, b = 2.9,
and c = 5.9. (e) Cauchy family of functions. (f) Andrews family of functions with
k = 1.345. (g) Optimal family of functions with k = 0.9.
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Another example is the Cauchy loss function

ρC(x) = log(1 + x2), x ∈ R, (3.11)

with the derivative
ψC(x) = 2x

1 + x2 , x ∈ R, (3.12)

and the Andrews sinus function with

ρA(x) =
⎧⎨⎩k

[︂
1 − cos(x

k
)
]︂
, if |x| ≤ kπ,

2k, if |x| > kπ,
(3.13)

and

ψA(x) =
⎧⎨⎩sin(x

k
), if |x| ≤ kπ,

0, if |x| > kπ.
(3.14)

Remark (Tuning constants). The values of the tuning constants in the loss func-
tions above determine the corresponding regression estimator’s resistance to out-
liers. Smaller values of the tuning constants offer more resistance to outliers.
However, this comes at the expense of lower efficiency when the errors are nor-
mally distributed. Therefore, the tuning constants are generally selected to give
a reasonably high efficiency in the normal case.

Next, we shall discuss the equivariance properties of the regression
M-estimators. The equivariance properties are desirable properties for any re-
gression estimator to satisfy, since if the response or the regression matrix were
transformed in any way, it is preferable that the resulting estimates transform
in the same way. Therefore, ideally, we want to know the relationship between
the solution of the primary task and the solution of the transformed one.

Write ˆ︁βM in (3.2) as ˆ︁βM (Y ,X). For the regression M-estimator ˆ︁βM the fol-
lowing holds:

• ˆ︁βM is regression equivariant, i.e., for any γ ∈ Rp

ˆ︁βM (Y + Xγ,X) = ˆ︁βM (Y ,X) + γ, (3.15)

• ˆ︁βM is affine equivariant, i.e., for any nonsingular matrix A ∈ Rp×p

ˆ︁βM (Y ,XA) = A−1 ˆ︁βM (Y ,X) , (3.16)

• ˆ︁βM is in general not scale equivariant, i.e., generally, for any λ ∈ R, it does
not hold that ˆ︁βM (λY ,X) = λ ˆ︁βM (Y ,X) . (3.17)
In other words, the resulting fit depends on the choice of the measurement
unit for the response Y .

Remark (Equivariance of ˆ︁βLSE ). The least squares estimator ˆ︁βLSE is regression,
affine and scale equivariant.
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Lemma 2. The Huber regression estimator defined by the loss function in (3.5)
is regression and affine equivariant, but not scale equivariant.

Proof. Recall the form of the Huber loss function from (3.5).
For |x| ≤ k, the Huber regression estimator is equivalent to the least squares

estimator ˆ︁βLSE as ρH (x) = 1
2x

2, therefore, it inherits its equivariance properties.
For |x| > k, ρH (x) = k|x| − 1

2k
2, therefore, the regression and affine equivari-

ance follow from
n∑︂

i=1

(︃
k
⃓⃓⃓{︂
Yi + X⊤

i γ
}︂

− X⊤
i {β + γ}

⃓⃓⃓
− 1

2k
2
)︃

=
n∑︂

i=1

(︃
k
⃓⃓⃓
Yi − X⊤

i β
⃓⃓⃓
− 1

2k
2
)︃
,

and
n∑︂

i=1

(︃
k
⃓⃓⃓
Yi −

{︂
X⊤

i A
}︂{︂

A−1β
}︂⃓⃓⃓

− 1
2k

2
)︃

=
n∑︂

i=1

(︃
k
⃓⃓⃓
Yi − X⊤

i β
⃓⃓⃓
− 1

2k
2
)︃
.

The scale equivariance does not hold, since
n∑︂

i=1

(︃
k
⃓⃓⃓
{λYi} − X⊤

i {λβ}
⃓⃓⃓
− 1

2k
2
)︃

=
n∑︂

i=1

(︃
k |λ|

⃓⃓⃓
Yi − X⊤

i β
⃓⃓⃓
− 1

2k
2
)︃

̸= |λ|
n∑︂

i=1

(︃
k
⃓⃓⃓
Yi − X⊤

i β
⃓⃓⃓
− 1

2k
2
)︃
.

Nevertheless, a scale equivariant regression M-estimator is feasible and can be
obtained in two possible ways. Consider an additional unknown scale parameter
σ in the minimization problem (3.2), thus

ˆ︁βM = arg min
β∈Rp

n∑︂
i=1

ρ

(︄
Yi − X⊤

i β

σ

)︄
. (3.18)

First, the scale parameter σ can be estimated simultaneously with the vector
of regression parameters β. That is achieved by adding an auxiliary equation for
the estimation of the parameter σ, which can be implemented in various ways.
One possibility is to arrive at the system of p+ 1 equations

n∑︂
i=1

ψ

(︄
Yi − X⊤

i β

σ

)︄
Xi = 0p, (3.19)

1
n

n∑︂
i=1

ψ

(︄
Yi − X⊤

i β

σ

)︄(︄
Yi − X⊤

i β

σ

)︄
= 1. (3.20)

The other method of obtaining a scale equivariant M-estimator is by studen-
tization, i.e., by replacing the scale parameter σ in (3.18) with an appropriate
estimator. The studentized M-estimator is then given by

ˆ︁βM = arg min
β∈Rp

n∑︂
i=1

ρ

(︄
Yi − X⊤

i βˆ︁σn

)︄
, (3.21)
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where ˆ︁σn > 0 is a robust estimator of scale. For instance, one could use the median
absolute deviation computed from the residuals of the L1-estimator ˆ︁βL1 defined
in (3.4), i.e.,

MAD = med
1≤i≤n

⃓⃓⃓⃓ˆ︁εi − med
1≤i≤n

ˆ︁εi

⃓⃓⃓⃓
, (3.22)

where ˆ︁εi = Yi − X⊤
i
ˆ︁βL1 , i = 1, . . . , n,

or its standardized version

MADstd = MAD
Φ−1(0.75) , (3.23)

where Φ−1(0.75) is the third quartile of the standard normal distribution.
Lastly, the consistency and asymptotic normality of the regression

M-estimator ˆ︁βM defined by (3.2), or by (3.18) respectively, is proved in Maronna
et al. (2006, Sec. 10.9.3). More precisely

√
n( ˆ︁βM − β) d−→ Np

(︂
0p, vV−1

X

)︂
as n → ∞,

where
v = σ2 Eψ (ε/σ)2

(Eψ′ (ε/σ))2 , VX = EXX⊤. (3.24)

Moreover, it can be shown, e.g., Maronna et al. (2006, Sec. 5.4.2), that under
the assumed model from Definition 1, the influence function of the regression
M-estimators with a known scale parameter σ is proportional to the ψ-function:

IFβ̂M
((Y,X);F ) = σ

b
ψ

(︄
Y − X⊤β

σ

)︄
V−1

X X,

where b = Eψ′ (ε/σ) and VX is of the same form as in (3.24). That is, the change
in the response variable Y has a bounded effect on the resulting estimator ˆ︁βM

as long as the ψ-function is bounded. However, the influence function remains
unbounded with regard to the changes in the vector of regressors X⊤, regardless
of the choice of the ψ-function. Thus, the M-estimators are robust with respect to
the outliers in y-direction, but at the same time highly non-robust and vulnerable
to the presence of the leverage points.

As a consequence, the breakdown point of the regression M-estimators is

ε∗
n( ˆ︁βM ,Z) = 1

n
→ 0 as n → ∞,

since the breakdown point is considered with regards to the changes in both
the observed response variable Y and the observed vector of regressors X⊤.

See the example below. Notice that if the full log-likelihood (3.25) is con-
sidered for both the vector parameter β and the scale parameter σ and ρ(x) =
− log f(x), then differentiating such a function with respect to both parameters
β and σ yields the system of p+ 1 equations (3.19)–(3.20).
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Example 6. Recall the linear regression model from the Definition 1. Further-
more, suppose that the density function of the error terms εi in the model takes
the form of

1
σ
f
(︃
ε

σ

)︃
, σ ∈ R,

hence, consequently, the conditional density fY |X can be written as

1
σ
f

(︄
y − x⊤β

σ

)︄
.

We will proceed similarly to the steps we conducted in the proof of the Proposi-
tion 1. The full likelihood for the regression vector parameter β, assuming that
the scale parameter σ is known, is given by

L∗
n(β) =

n∏︂
i=1

fY,X(Yi,Xi) =
n∏︂

i=1
fY |X(Yi|Xi) · fX(Xi)

= 1
σn

n∏︂
i=1

f

(︄
Yi − X⊤

i β

σ

)︄
· fX(Xi),

and the full log-likelihood by

l∗n(β) = −n log σ +
n∑︂

i=1
log f

(︄
Yi − X⊤

i β

σ

)︄
+

n∑︂
i=1

log fX(Xi). (3.25)

Since both the leftmost and the rightmost terms in the full log-likelihood from
the above does not depend on the vector parameter β, it suffices to maximize

ln(β) =
n∑︂

i=1
log f

(︄
Yi − X⊤

i β

σ

)︄
. (3.26)

Thus, maximizing (3.26) is equivalent to finding ˆ︁βM according to (3.18) when
ρ(x) = − log f(x) and σ is known, i.e., the class of regression M-estimators in-
cludes the maximum likelihood estimator for the assumed model.

3.2 Generalized M-estimators
As was explained in Section 3.1, the regression M-estimators ˆ︁βM are just as highly
vulnerable to the presence of the leverage points as the least squares estimatorˆ︁βLS. Thus, the research on the robust regression estimators was directed towards
developing an estimator that is robust not only with respect to the outliers, but
with respect to the leverage points as well.

The most straightforward way to robustify the regression M-estimators is to
introduce a weight function that down-weights the influential leverage points, so
that they receive less weight and do not dominate the estimating equations (3.3).
Such approach leads to the class of generalized M-estimarors, often abbreviated
as the GM-estimators.

The GM-estimator ˆ︁βGM of the vector of regression parameters β is in its
general form defined as the solution of the system of equations

n∑︂
i=1

η

(︄
Xi,

Yi − X⊤
i β

σ

)︄
Xi = 0p, (3.27)
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where η : Rp × R → R and the scale parameter σ is estimated simultaneously
by adding an auxiliary estimating equation as in (3.20). Note that the choice
η(x, r) = ψ(r) leads to the regression M-estimators from the previous section.

Since the main motivation behind GM-estimators is that their influence func-
tion, in contrast to M-estimators, should be bounded also with regard to the
changes in the vector of covariates X⊤, the function η(x, r) should be selected
such that η(x, r)x is bounded.

The first GM-estimator fulfilling these conditions was proposed by Mallows
(1975) with

η(x, r) = w(x)ψ(r),
where w(x) is a suitable weight function and the ψ-function is usually chosen
as the derivative of the Huber loss function proposed in (3.6). Thus, leading to
the system of estimating equations in the form of

n∑︂
i=1

w(Xi)ψ
(︄
Yi − X⊤

i β

σ

)︄
Xi = 0p. (3.28)

Another example of the GM-estimator was proposed by Handschin et al. (1975)
with

η(x, r) = w(x)ψ
(︄

r

w(x)

)︄
,

where, again, w(x) is a suitable weight function and the ψ-function is usually
chosen as the derivative of the Huber loss function proposed in (3.6). Thus,
resulting in the following system of estimating equations

n∑︂
i=1

w(Xi)ψ
(︄
Yi − X⊤

i β

w(Xi)σ

)︄
Xi = 0p. (3.29)

The usual choice of the weight function w(Xi) in (3.28) and in (3.29) cor-
responds to w(Xi) = ψ(∥Xi∥)/ ∥Xi∥ , where ∥·∥ is the Euclidean norm defined
in (1.5).

Another suggested weights are in the form of w(Xi) = (1 − hii)1/2, with
hii = X⊤

i (X⊤X)−1Xi being the leverage of the i-th observation (see Section 2.1).
Hence, the observations with high leverage are being down-weighted, however,
the down-weighting is done regardless of the corresponding observed value of
the response variable Y .

The asymptotic properties of the GM-estimators were studied by Maronna
and Yohai (1981), who under some regularity conditions proved that the GM-
estimators are consistent and asymptotically normal. Moreover, Maronna et al.
(1979) showed that the GM-estimators can attain the breakdown point value of
at most 1/(p + 1), where p is the dimensionality of the vector of regressors X⊤.
Thus, the breakdown point of the general GM-estimators is better than that of
the regression M-estimators, however, it still quickly diminishes as the number of
regressors increases.

3.3 High Breakdown Point Estimators
As was emphasized before, none of the regression estimators that have been
discussed so far do not attain high breakdown point values, mainly due to their
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vulnerability to the presence of leverage points in the design matrix X. Despite the
fact that the GM-estimators were designed to address the issue, their contribution
in higher dimensions is quite limited. A natural a question then arises. Are
there any estimators that achieve maximal possible breakdown point of 0.5 in
the assumed linear regression model? If so, what do they look like?

The first to answer these questions was Siegel (1982), who proposed a robust
regression method using repeated medians that has a desired breakdown point
of 0.5. In order to illustrate the estimation procedure, consider a simple two-
parameter linear regression model with intercept as in (2.1), i.e.,

Yi = β0 + β1Xi1 + εi, , i = 1, . . . , n.

The repeated medians method estimates the slope parameter β1 as

ˆ︁βRM1 = med
1≤i≤n

med
j ̸=i

Yj − Yi

Xj1 −Xi1
, (3.30)

where the term (Yj −Yi)/(Xj1 −Xi1) defines the slope of the line passing through
the data points (Yi, Xi1) and (Yj, Xj1). The inner median skips j = i because (Yi−
Yi)/(Xi1 −Xi1) is not defined. The intercept parameter β0 can be then estimated
either hierarchically by re-using the previously computed estimate ˆ︁βRM1 , i.e.,

ˆ︁βRM0 = med
1≤i≤n

(Yi − ˆ︁βRM1Xi1), (3.31)

or directly by using the median operators as in (3.30), i.e.,

ˆ︁βRM0 = med
1≤i≤n

med
j ̸=i

Xj1Yi −Xi1Yj

Xj1 −Xi1
, (3.32)

where the term (Xj1Yi − Xi1Yj)/(Xj1 − Xi1) defines the y-intercept of the line
passing through the data points (Yi, Xi1) and (Yj, Xj1).

Subsequently, Siegel’s repeated medians algorithm can be generalized for
the p-dimensional linear regression as well. That is, for any subset of p obser-
vations (Yi1 ,X

⊤
i1 )⊤, . . . , (Yip ,X

⊤
ip

)⊤ which determine a unique parameter vector
β, the jth coordinate of this vector is denoted by βj (i1, . . . , ip). The repeated
median regression estimator ˆ︁βRM is then defined coordinate-wise as

ˆ︁βRMj
= med

i1

(︃
. . .
(︃

med
ip−1

(︃
med

ip

βj (i1, . . . , ip)
)︃)︃)︃

, j = 1, . . . , p. (3.33)

It is regression and scale equivariant, however, due to its coordinate-wise con-
struction it is not affine equivariant. Moreover, the computational complexity of
(3.33) in the p-dimensional linear regression for the data of size n is O(np), since
it requires to consider all subsets of p observations. Thus, it is not suitable for
practical applications with large p.

Next to propose a high breakdown point regression estimator was Rousseeuw
(1984), who suggested to robustize the ordinary least square method by replacing
the summation in the sum of squares function defined in (1.4) by the median.
Thus, leading to the least median of squares estimator ˆ︁βLMS that minimizes
the median of the squared error terms, i.e.,

ˆ︁βLMS = arg min
β∈Rp

med
1≤i≤n

(Yi − X⊤
i β)2. (3.34)
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Lemma 3. The least median of squares estimator ˆ︁βLMS is regression, affine and
scale equivariant.

Proof. The regression and affine equivariance follow from

med
1≤i≤n

(︂{︂
Yi + X⊤

i γ
}︂

− X⊤
i {β + γ}

)︂2
= med

1≤i≤n
(Yi − X⊤

i β)2,

and
med
1≤i≤n

(︂
Yi −

{︂
X⊤

i A
}︂{︂

A−1β
}︂)︂2

= med
1≤i≤n

(Yi − X⊤
i β)2,

The scale equivariance holds, since

med
1≤i≤n

(︂
{λYi} − X⊤

i {λβ}
)︂2

= λ2 med
1≤i≤n

(Yi − X⊤
i β)2.

Rousseeuw (1984) suggested another high breakdown point regression estima-
tor as well, the least trimmed squares estimator ˆ︁βLT S. It is given by

ˆ︁βLT S = arg min
β∈Rp

hn∑︂
i=1

(︂
(Yi − X⊤

i β)2
)︂

(i)
, (3.35)

where hn is a trimming constant, usually n/2 < hn ≤ n, and(︂
(Y1 − X⊤

1
ˆ︁β)2
)︂

(1)
≤ · · · ≤

(︂
(Yn − X⊤

n
ˆ︁β)2
)︂

(n)
,

denote the order statistics of the squared residuals, i.e., first squared and then
ordered, of some estimate ˆ︁β of the vector of regression parameters β. Note that
the formula (3.35) resembles the least squares estimator ˆ︁βLS defined in (1.3).
However, the largest squared residuals are now omitted from the summation,
therefore, preventing the largest outlying values to enter the estimating procedure.
In general, the trimming constant hn may be expressed by the means of some
trimming proportion α ∈ [0, 1], i.e., hn = ⌊n (1 − α)⌋ + 1, thus determining
the breakdown point of the least trimmed squares estimator.
Remark (Floor function). The floor function ⌊x⌋ returns the greatest integer less
than or equal to x.

Lemma 4. The least trimmed squares estimator ˆ︁βLT S is regression, affine and
scale equivariant.

Proof. The regression and affine equivariance follow from

hn∑︂
i=1

(︃(︂{︂
Yi + X⊤

i γ
}︂

− X⊤
i {β + γ}

)︂2
)︃

(i)
=

hn∑︂
i=1

(︂
(Yi − X⊤

i β)2
)︂

(i)
,

and
hn∑︂
i=1

(︃(︂
Yi −

{︂
X⊤

i A
}︂{︂

A−1β
}︂)︂2

)︃
(i)

=
hn∑︂
i=1

(︂
(Yi − X⊤

i β)2
)︂

(i)
.
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The scale equivariance holds, since

hn∑︂
i=1

(︃(︂
{λYi} − X⊤

i {λβ}
)︂2
)︃

(i)
= λ2

hn∑︂
i=1

(︂
(Yi − X⊤

i β)2
)︂

(i)
.

Both the least median of squares estimator ˆ︁βLMS and the least trimmed
squares estimator ˆ︁βLT S do attain the breakdown point of 0.5, the best one can
expect. More precisely, if p > 1, the observations are in general position and
the trimming constant hn is set to hn = ⌊n/2⌋ + 1, then the breakdown point of
the estimators ˆ︁βLMS and ˆ︁βLT S is

ε∗
n( ˆ︁βLMS,Z) = (⌊n/2⌋ − p+ 2) /n → 1/2 as n → ∞,

ε∗
n( ˆ︁βLT S,Z) = (⌊n/2⌋ − p+ 2) /n → 1/2 as n → ∞.

In spite of the high resistance against the regression outliers, both the least median
of squares method and the least trimmed squares method are highly inefficient
when all the observations satisfy the linear regression model with normal errors.
The corresponding proofs can be found in Rosseeuw and Leroy (1987, Sec. 3.4).
Remark (General Position). Observations are in general position if any p of them
give a unique determination of the vector parameter β.

3.4 S-estimators
The S-estimators, proposed by Rousseeuw and Yohai (1984), comprise another
class of robust regression estimators with high breakdown point.

Consider a function ρ that satisfies the following conditions:

(S1) ρ is symmetric, continuously differentiable and ρ(0) = 0,
(S2) There exists c > 0 such that ρ is strictly increasing on [0, c] and constant

on [c,∞).

Furthermore, let ˆ︁σn(β) denote an estimator of the scale parameter σ such that
for each vector parameter β ∈ Rp, the estimator ˆ︁σn(β) is defined as the solution
of the equation

1
n

n∑︂
i=1

ρ

(︄
Yi − X⊤

i βˆ︁σn(β)

)︄
= δ. (3.36)

The right-hand side in the equation (3.36) is put equal to

δ = EΦ(ρ) =
∫︂
ρ(x)dΦ(x),

where Φ denotes the distribution function of the standard normal distribution.
The regression S-estimator ˆ︁βS is then defined by minimization of such an esti-
mator of scale, i.e., ˆ︁βS = arg min

β∈Rp
ˆ︁σn(β). (3.37)
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Note that the conditions (S1)–(S2) lead to the redescending ψ-functions that
were discussed in Section 3.1. A common choice of a function that satisfies these
conditions is the Tukey biweight proposed in (3.7). Additionally, the authors
suggest to put ˆ︁σn(β) = 0 if there is no solution to the equation (3.36). If there is
more than one solution to the equation (3.36), the estimator ˆ︁σn(β) is set equal
to the supremum of the set of solutions, i.e.,

ˆ︁σn(β) = sup
{︄
s : 1

n

n∑︂
i=1

ρ

(︄
Yi − X⊤

i β

s

)︄
= δ

}︄
.

The S-estimators are closely related to the concept of the M-estimators, since
they satisfy the system of equations (3.19) for defining an M-estimator, under
the condition of simultaneous estimation of the scale parameter σ. Therefore,
the much-discussed equivariance properties (3.15)–(3.17) are valid for the S-
estimators as well. The same holds for the consistency and asymptotic normality.
However, contrary to the M-estimators, the S-estimators achieve the maximal
possible breakdown point of 0.5. More precisely, assume that an additional con-
dition is imposed on the considered function ρ:

(S3)
K

ρ(c) = 1
2 .

Then if the observations are in general position, the S-estimator ˆ︁βS constructed
from a function ρ satisfying (S1)–(S3) has a breakdown point of

ε∗
n( ˆ︁βS,Z) = (⌊n/2⌋ − p+ 2) /n → 1/2 as n → ∞.

Yet, the high breakdown point comes at the cost of losing efficiency at the nor-
mal linear regression model. Hössjer (1992) showed that there exists a trade-off
between efficiency and robustness, meaning that the S-estimators cannot achieve
simultaneously high breakdown point and high efficiency at the normal model.
All of the examined properties of the S-estimators are proved in Rosseeuw and
Leroy (1987, Sec. 3.4).

3.5 MM-estimators
Yohai (1987) introduced a new class of robust, high-breakdown estimators for
regression problems, which were called MM-estimators. The MM-estimator ˆ︁βMM

is defined as a three-step procedure:

I. Compute an initial high-breakdown estimator ˆ︁β0 of the vector parameter
β that, preferably, satisfies the equivariance properties (3.15)–(3.17). For
instance, compute the LMS, LTS, or the S-estimator.

II. Compute the residuals

ˆ︁εi = Yi − X⊤
i
ˆ︁β0, i = 1, . . . , n.

Next, similarly to the equation (3.36), compute the estimator of scale ˆ︁σn( ˆ︁β0)
as the solution of

1
n

n∑︂
i=1

ρ0

(︄ ˆ︁εiˆ︁σn( ˆ︁β0)

)︄
= δ,
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where function ρ0 satisfies the conditions (S1)–(S2) and constant δ verifies

δ/a = 0.5,
a = sup

x
ρ0(x). (3.38)

III. Let ρ1 be another function satysfying the conditions (S1)–(S2) and such
that

ρ1(x) ≤ ρ0(x),
sup

x
ρ1(x) = sup

x
ρ0(x) = a.

Let ψ1 = ρ′
1. Then the MM-estimator ˆ︁βMM is defined as any solution of

n∑︂
i=1

ψ1

(︄
Yi − X⊤

i βˆ︁σn( ˆ︁β0)

)︄
Xi = 0p, (3.39)

which satisfies
L( ˆ︁βMM) ≤ L( ˆ︁β0), (3.40)

where
L(β) =

n∑︂
i=1

ρ1

(︄
Yi − X⊤

i βˆ︁σn( ˆ︁β0)

)︄
. (3.41)

The recommended way of choosing functions ρ0 and ρ1 in the estimating
procedure I.–III. is the following. Let ρ be a function satisfying (S1)–(S2). Let
0 < k0 < k1, where k1 determines the efficiency of resulting MM-estimator and
k0 is chosen such that the equation (3.38) holds. Then ρ0(x) = ρ(x/k0) and
ρ1(x) = ρ(x/k1). A popular choice of function ρ is the Tukey biweight defined
in (3.7). Maronna et al. (2006) recommend an MM-estimator with the Tukey
biweight initialized by a biweight S-estimator to use in practical applications.

Notice that in the third step, we essentially solve the system of equations
(3.19) for defining an M-estimator with preliminary scale ˆ︁σn( ˆ︁β0), starting with
the initial estimator ˆ︁β0. The initial estimator ˆ︁β0 must be regression, affine and
scale equivariant in order to ensure that ˆ︁βMM inherits the same equivariance
properties. Moreover, the condition (3.40) ensures that the breakdown point of
the resulting MM-estimator ˆ︁βMM is not less than that of the initial estimatorˆ︁β0. Therefore, if the initial estimator has a breakdown point of 0.5, the corre-
sponding MM-estimator attains the maximal possible breakdown point as well.
Finally, Yohai (1987) also proved the MM-estimators’ consistency and asymptotic
normality.

3.6 REWLS Estimators
Gervini and Yohai (2002) proposed yet another class of estimators in order to
address the problem of robust estimation in the assumed linear regression model.
The new class of estimators was called REWLS estimators, i.e., robust and effi-
cient weighted least squares estimators. The concept of weighting lies in finding
a threshold, according to which we decide, whether to keep an observation in
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the estimating procedure or whether to treat it as an outlying observation and
assign it a zero weight. The newly proposed method is in essence a type of a
weighted least squares estimator computed from a robust initial estimator. How-
ever, instead of hard rejection of the outlying observations by some prescribed
threshold, e.g., as in the case of the trimming constant hn in (3.35), the cutoff
values are now adaptively calculated from the data as follows.

Consider a pair of robust initial estimators of the scale parameter and the vec-
tor of regression parameters, ˆ︁σn and ˆ︁β0. If ˆ︁σn > 0, the standardized residuals are
defined as

ε̂std
i = Yi − X⊤

i
ˆ︁β0ˆ︁σn

, i = 1, . . . , n.

Let |ε̂std|(1) ≤ · · · ≤ |ε̂std|(n) be the order statistics of the standardized absolute
residuals. We define a measure of the proportion of outliers in the sample of size
n as

dn = max
i>i0

{︄
F+(|ε̂std|(i)) − (i− 1)

n

}︄+

,

where {·}+ denotes the positive part, F+ denotes the distribution of |X| when
X ∼ F , with F usually chosen as Φ, i.e., the standard normal distribution.
Furthermore, i0 = max{i : |ε̂std|(i) < κ}, where κ is some large quantile of F+.
Authors suggest setting κ = 2.5.

In order to eliminate ⌊ndn⌋ observations with the largest standardized absolute
residuals, the resulting adaptive cutoff values are defined as

tn = |ε̂std|(in) with in = n− ⌊ndn⌋, (3.42)

which leads to the final adaptive weights in the form of

wi =
⎧⎨⎩1, if |ε̂std

i | < tn,

0, if |ε̂std
i | ≥ tn.

(3.43)

Finally, denoting the weight matrix W = diag(w1, . . . , wn), the REWLS estimatorˆ︁βREW LS is then defined as

ˆ︁βREW LS =
⎧⎨⎩(X⊤WX)−1X⊤WY , if ˆ︁σn > 0,ˆ︁β0, if ˆ︁σn = 0.

(3.44)

The equivariance of the REWLS estimator ˆ︁βREW LS follows from the equivari-
ance of the initial estimator ˆ︁β0. Therefore, if the initial estimator is regression,
affine and scale equivariant, the REWLS estimator inherits the same equivariance
properties. Furthermore, Gervini and Yohai (2002) proved that the breakdown
point of the REWLS estimator is not less than that of the initial estimator. Thus,
as it was the case of the MM-estimators, if the initial estimator is properly chosen,
the corresponding REWLS estimator can attain the maximal possible breakdown
point of 0.5. As a consequence, the LTS or the S-estimator are often considered
as the initial estimators of the vector of regression parameters β and the me-
dian absolute deviation (3.22), or its standardized version (3.23), as the initial
estimator of the scale parameter σ. The asymptotic behaviour of the REWLS
estimator was studied in Gervini and Yohai (2002), where its consistency and
asymptotically normality was shown under some general conditions.
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4. Emprirical Results

4.1 Numerical Issues
In the following section, we introduce an iterative method, drawing from Maronna
et al. (2006, Sec. 4.5), that can be used for numerical computation of robust
regression estimators, mainly the regression M-estimators discussed in Section 3.1.

Recall that the objective of obtaining the regression M-estimator defined in
(3.18) is to solve the system of equations (3.19). We proceed as follows. We
define a weight function in the form of

W (x) =
⎧⎨⎩ψ(x)/x, if x ̸= 0,
ψ′(0), if x = 0.

(4.1)

The system of estimating equations (3.19) can be then rewritten as
n∑︂

i=1
wiXi(Yi − X⊤

i β) = 0p, (4.2)

with
wi = W

(︄
Yi − X⊤

i β

σ

)︄
, i = 1, . . . , n. (4.3)

Observe that with an appropriately chosen ψ-function, the weights wi will be
small if the standardized residuals are large. Thus, the effect of outliers is down-
weighted, contrary to the least squares estimation, where all the observations are
given the same constant weight. Different forms of the ψ-functions and the cor-
responding weight functions are presented in Figure 3.1.

The scale parameter σ in (4.3) may be replaced by a robust scale estimator,
such as the median absolute deviation (3.22), its standardized version (3.23), or
estimated simultaneously with the vector of regression parameters β.

Note that one cannot find the solution of (4.2) directly as is the case in
the weighted least squares estimation, since the weights wi depend on the un-
known parameters β and σ. However, the result motivates the following iterative
procedure.

Step 1 Compute an initial estimate ˆ︁β0, e.g., ˆ︁βL1 , and compute ˆ︁σn, e.g., as in (3.22).
Set k := 0.

Step 2 Given ˆ︁βk, for i = 1, . . . , n compute the residuals ˆ︁εi,k = Yi − X⊤
i
ˆ︁βk and

the weights wi,k = W (ˆ︁εi,k/ˆ︁σn).

Step 3 Perform an update by computing ˆ︁βk+1, i.e., solve
n∑︂

i=1
wi,kXi(Yi − X⊤

i β) = 0p,

by taking ˆ︁βk+1 = (X⊤WkX)−1X⊤WkY ,

where Wk = diag(wi,k, . . . , wn,k) is the current weight matrix.
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Step 4 Set k := k + 1.

Iterate steps 2–4 until convergence, for example until maxi(|ˆ︁εi,k − ˆ︁εi,k+1|/ˆ︁σn) < δ,
where δ is some pre-defined tolerance parameter. For the simultaneous estimation
of β and σ the above-mentioned procedure remains the same, except that at each
iteration the ˆ︁σ is updated as well.
Remark (IRWLS). The estimating procedure from the above is commonly referred
to as iteratively reweighted least squares.

The proposed algorithm converges for W (x) non-increasing in |x|, which is
showed in Maronna et al. (2006, Sec. 9.1). A monotone ψ leading to monotone
M-estimators corresponds to a convex optimization problem and gives a unique
solution. Therefore, the choice of the starting point impacts only the number
of iterations and not the final result itself. However, the estimation with re-
descending ψ may be problematic. Recall that the ρ-function corresponding to
the redescending M-estimators is not convex. Hence, the minimization problem
(3.18) may have local extrema, resulting in the estimating equations (3.19) having
multiple roots. In such cases, one must choose a good starting point and iterate
carefully.

The IRWLS algorithm may be further used also to obtain the GM-estimators,
while Yohai (1987) proposed its slightly modified version to compute the MM-
estimators. Since the S-estimators satisfy the estimating equations (3.19), one
can again use the IRWLS algorithm, with the scale estimate ˆ︁σ updated at each
iteration. However, one faces similar difficulties as that of using the IRLWS for
obtaining the redescending M-estimators, since the algorithm may converge to
some local minimum and never attain the global one. Thus, a suitable starting
point is again desirable. For other approaches to obtain the S-estimators, see
Marazzi and Joss (1993, Chap. 7). Note that in the case of the LMS-estimators
and the LTS-estimators, their loss functions are difficult to minimize exactly as
they are not differentiable. Nevertheless, Rousseeuw and Hubert (1997) pro-
posed an approximate resampling algorithm for obtaining these high-breakdown
estimators.

4.2 Simulation Study
Finally, let us proceed to the simulation study. The main objective of the sim-
ulation study is to compare the least squares estimator defined in (1.7) with
the selected robust regression estimators discussed in Chapter 3 in various sim-
ulation scenarios. The study is conducted in the computational software R (R
Core Team, 2020) with the use of the packages MASS (Venables and Ripley, 2002)
and robust (Wang et al., 2020).

We compare the least squares estimator (LS), implemented in lm (stats),
with the following eight robust regression estimators:

- MH : The monotone M-estimator using the Huber loss function (3.5). Im-
plemented in rlm (MASS) with the default k = 1.345.

- MT : The redescending M-estimator using the Tukey biweight loss function
(3.7). Implemented in rlm (MASS) with the default k = 4.685.
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- GM : The Mallows GM-estimator using the Huber loss function. Imple-
mented in rlm (MASS) with the default k = 1.345 and the weights in the form
of w(Xi) = (1 − hii)1/2, with hii = X⊤

i (X⊤X)−1Xi being the leverage of
the i-th observation.

- LMS : The least median of squares estimator. Implemented in lqs (MASS).

- LTS : The least trimmed squares estimator. Implemented in lqs (MASS).

- S : The S-estimator using the Tukey biweight loss function. Implemented
in lqs (MASS) with the default k = 1.548.

- MM : The MM-estimator using the Tukey biweight loss function initialized
by a biweight S-estimator. Implemented in lqs (MASS) with the defaults
k0 = 1.548 and k1 = 4.685.

- REWLS : The REWLS estimator initialized by an S-estimator using the Op-
timal loss function, see Figure 3.1(g). Implemented in lmRob (robust) with
the default k = 0.405.

Recall from Section 2 that robust regression techniques deal with three classes
of problems: when the underlying distribution of the error terms has heavier tails
than the normal distribution, when the outlying values occur in the response vari-
able, and when the outlying values occur in the explanatory variables. Therefore,
we divided the simulation study into three separate parts, each investigating
the performance of the considered regression estimators with respect to the three
problems:

- Part 1 : Robustness with respect to the distribution of the error terms.
- Part 2 : Robustness with respect to the outliers in the y-direction.
- Part 3 : Robustness with respect to the outliers in the x-direction.

In each part of the simulation study, we assume the linear regression model
with intercept from Definition 1 with p ∈ {2, 4}, normally distributed errors, and
no regression outliers to be the baseline models, i.e.,

Yi =
⎧⎨⎩β0 + β1Xi1 + εi, i = 1, . . . , n, if p = 2,
β0 + β1Xi1 + β2Xi2 + β3Xi3 + εi, i = 1, . . . , n, if p = 4,

where the error terms are generated as εi ∼ N (0, 1) and the explanatory vari-
ables are generated as Xij ∼ N (0, 1) for j = 1, . . . , p − 1. The true values of
the regression parameters are chosen as β0 = · · · = βp−1 = 1, and three different
sample sizes are considered (n ∈ {20, 200, 1000}).

In the following sections we describe, the concrete choices of the contami-
nation scenarios, the methodology of the executed simulation steps, and the ob-
tained results. Some of the contamination scenario choices are loosely inspired by
the study on the robustness of the least median of squares estimator conducted
by Rosseeuw and Leroy (1987, Sec. 5.4). In order to better visualise the possi-
ble sampling situations, see Figure 4.1, which illustrates the baseline case and
the three possible contamination scenarios in the framework of the simple linear
regression with intercept for n = 100.
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Figure 4.1: Illustration of the simulated data of size n = 100, given for four different
simulation scenarios in the linear regression model with p = 2, together with the true
regression line and the fitted regression lines based on the LS, MH , and MM methods.
(a) Case 1.1. (b) Case 1.2 . (c) Case 2.3. (d) Case 3.3.

In each part of the simulation study, we perform m = 2000 Monte Carlo
replications, which was chosen as a compromise between obtaining low Monte
Carlo errors (denoted as MCE) and the overall computation time. Since the main
purpose of the study is to examine the robustness of the considered regression
estimators, our interest lies in measuring to what extent do the estimators differ
from the true values of the regression parameters βj, that are known. Therefore,
the estimation performance is assessed by the following two metrics:

• Mean squared error over m Monte Carlo replications,

MSE(βj) = 1
m

m∑︂
k=1

( ˆ︁βj,k − βj)2. (4.4)

• Mean bias over m Monte Carlo replications,

BIAS(βj) = 1
m

m∑︂
k=1

( ˆ︁βj,k − βj). (4.5)

The term ˆ︁βj,k represents the estimator of the parameter βj at the k-th replication.
Thus, the lower the MSE and the BIAS, the less do the estimator differ from the
true value of the regression parameter, the better.
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4.2.1 Robustness with respect to Distribution
In the first part of the simulation study, we examine the robustness of the con-
sidered regression estimators in situations when the underlying distribution of
the error terms has heavier tails than the normal distribution. First, we formu-
late the methodology of the executed simulation steps and describe the different
sampling scenarios. Then, we analyse the obtained results.

Simulation Design

Perform m = 2000 replications for each value of p ∈ {2, 4} and n ∈ {20, 200, 1000}
as follows:

1. Set β0 = · · · = βp−1 = 1.
2. Generate the explanatory variables Xij for i = 1, . . . , n, j = 1, . . . , p− 1, as
Xij ∼ N (0, 1).

3. Generate the error terms εi for i = 1, . . . , n, as
Case 1.1 Normal distribution, i.e., εi ∼ N (0, 1).
Case 1.2 Student’s t-distribution with 3 degrees of freedom, i.e., εi ∼ t3.
Case 1.3 Student’s t-distribution with 2 degrees of freedom, i.e., εi ∼ t2.
Case 1.4 Cauchy distribution, i.e., εi ∼ C(0, 1).

4. For each setup, determine the value of the response variable Yi for
i = 1, . . . , n, as

Yi =
⎧⎨⎩β0 + β1Xi1 + εi, if p = 2,
β0 + β1Xi1 + β2Xi2 + β3Xi3 + εi, if p = 4.

5. For each of the created datasets, use all the considered estimating methods
to compute the estimates of the regression parameters βj, j = 0, . . . , p− 1.
Store the results.

The simulation results are then used to compute the assumed metrics (4.4)–(4.5),
together with the corresponding MCE.

Simulation Results

Table 4.1 provides a comparison of the empirical performance of the considered
estimation methods in the linear regression model with p = 2, from left to right,
given for four different simulation scenarios (Case 1.1–Case 1.4) and three dif-
ferent sample sizes (n ∈ {20, 200, 1000}), from top to bottom. The methods are
compared with respect to the values of MSE and BIAS, which are reported to-
gether with the corresponding MCE in brackets. Since we have not found any
substantial difference in the behaviour of the considered regression estimators in
models with p = 2 and p = 4, we closely examine only the former case.

Now, let us highlight some of the obtained results. As follows from Table 4.1,
in the normal error situation, Case 1.1, the LS provides the best results with
the smallest MSE over all sample sizes. This is in accordance with the discussed
optimality properties it possesses. Nevertheless, the MH , MT , GM, MM, and
REWLS methods do not perform much worse, as the results of these methods
are close to that of the LS method. However, the LMS, LTS, S methods have
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relatively larger MSE due to their low efficiency in the normal error situation,
which is apparent particularly for the small sample size of n = 20.

The non-robustness of the LS method with respect to the distribution changes
is most evident in Case 1.4, when the obtained MSE attains large values. More-
over, the MSE increases with larger sample sizes. On the other hand, the ro-
bust regression estimators have not been affected by the Cauchy distributed er-
rors, as the computed metrics remained reasonably low, with MSE decreasing for
the larger sample sizes. In Case 1.3, the LS method is still disrupted, especially
for the small sample size of n = 20. Interestingly, in Case 1.2 the LS method
attains lower MSE than the LMS, LTS, S methods, yet, it is still almost twice as
large as that of the best performing methods MH , MT , GM, MM, and REWLS.

To conclude, the LS method provides the best results when the errors are
normally distributed, but the majority of the robust regression techniques provide
satisfactory results as well. However, the LS becomes highly suboptimal when
the errors have heavier tails than normal, which is most palpable in Case 1.4. On
the contrary, the MH , MT , GM, MM, and REWLS methods attain low values of
MSE and BIAS in all three scenarios, when the distribution of the error terms
is heavy-tailed. The LMS, LTS, S methods have not been much affected in the
highest level of contamination, Case 1.4, however, in less extreme cases they are
notably outperformed by the other robust regression estimators.
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Figure 4.2: Robustness with respect to the distribution of the error terms. Graphical
comparison of the empirical performance of the MT , LTS, S, MM, and REWLS methods
in the linear regression model with p = 2, given for three different simulation scenarios
(Case 1.2–Case 1.4) and three different sample sizes (n ∈ {20, 200, 1000}). The methods
are compared with respect to the values of MSE (4.4), which are computed over
m = 2000 Monte Carlo replications. (a) n = 20. (b) n = 200. (c) n = 1000.
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Par
t 1

n LS MH MT GM LMS LTS S MM REWLS

20 BIAS 0.0005(0.005) 0.0006(0.005) 0.0008(0.005) 0.0009(0.005) -0.0031(0.012) 0.0098(0.011) 0.0019(0.009) 0.0002(0.005) 0.0002(0.006)

MSE 0.0511(0.002) 0.0540(0.002) 0.0561(0.002) 0.0540(0.002) 0.2385(0.008) 0.2174(0.007) 0.1475(0.005) 0.0552(0.002) 0.0646(0.002)

200 BIAS -0.0016(0.002) -0.0013(0.002) -0.0013(0.002) -0.0013(0.002) 0.0019(0.005) -0.0024(0.005) 0.0004(0.003) -0.0013(0.002) -0.0014(0.002)

MSE 0.0050(0.000) 0.0052(0.000) 0.0052(0.000) 0.0052(0.000) 0.0406(0.001) 0.0448(0.001) 0.0167(0.001) 0.0052(0.000) 0.0054(0.000)

1000 BIAS -0.0002(0.001) -0.0006(0.001) -0.0006(0.001) -0.0006(0.001) -0.0043(0.003) -0.0029(0.003) -0.0030(0.001) -0.0006(0.001) -0.0005(0.001)

β0

MSE 0.0010(0.000) 0.0010(0.000) 0.0010(0.000) 0.0010(0.000) 0.0135(0.000) 0.0127(0.000) 0.0043(0.000) 0.0010(0.000) 0.0011(0.000)

20 BIAS -0.0066(0.005) -0.0065(0.006) -0.0066(0.006) -0.0072(0.006) 0.0021(0.014) -0.0131(0.013) -0.0181(0.011) -0.0060(0.006) -0.0095(0.007)

MSE 0.0564(0.002) 0.0595(0.002) 0.0623(0.002) 0.0597(0.002) 0.2907(0.012) 0.2679(0.010) 0.1839(0.007) 0.0626(0.002) 0.0812(0.003)

200 BIAS -0.0014(0.002) -0.0007(0.002) -0.0008(0.002) -0.0007(0.002) 0.0005(0.004) 0.0029(0.005) 0.0028(0.003) -0.0008(0.002) -0.0004(0.002)

MSE 0.0053(0.000) 0.0056(0.000) 0.0056(0.000) 0.0056(0.000) 0.0375(0.001) 0.0435(0.001) 0.0195(0.001) 0.0056(0.000) 0.0058(0.000)

1000 BIAS -0.0011(0.001) -0.0012(0.001) -0.0012(0.001) -0.0012(0.001) -0.0015(0.002) -0.0042(0.002) -0.0025(0.001) -0.0012(0.001) -0.0012(0.001)

C
as

e
1.

1:
ε

i
∼

N
(0
,1

)

β1

MSE 0.0010(0.000) 0.0011(0.000) 0.0011(0.000) 0.0011(0.000) 0.0117(0.000) 0.0119(0.000) 0.0044(0.000) 0.0011(0.000) 0.0011(0.000)

20 BIAS 0.0022(0.009) 0.0047(0.007) 0.0059(0.007) 0.0048(0.007) 0.0087(0.012) 0.0019(0.011) 0.0081(0.009) 0.0055(0.007) 0.0046(0.007)

MSE 0.1522(0.006) 0.0888(0.003) 0.0899(0.003) 0.0890(0.003) 0.2781(0.010) 0.2476(0.009) 0.1586(0.006) 0.0886(0.003) 0.0963(0.004)

200 BIAS -0.0024(0.003) -0.0007(0.002) -0.0004(0.002) -0.0007(0.002) 0.0054(0.004) 0.0062(0.004) 0.0016(0.003) -0.0004(0.002) 0.0006(0.002)

MSE 0.0148(0.001) 0.0080(0.000) 0.0080(0.000) 0.0080(0.000) 0.0345(0.001) 0.0328(0.001) 0.0147(0.000) 0.0080(0.000) 0.0084(0.000)

1000 BIAS 0.0012(0.001) 0.0009(0.001) 0.0008(0.001) 0.0008(0.001) -0.0005(0.002) -0.0008(0.002) 0.0001(0.001) 0.0008(0.001) 0.0007(0.001)

β0

MSE 0.0028(0.000) 0.0016(0.000) 0.0015(0.000) 0.0016(0.000) 0.0115(0.000) 0.0076(0.000) 0.0038(0.000) 0.0015(0.000) 0.0016(0.000)

20 BIAS -0.0026(0.009) -0.0061(0.007) -0.0099(0.007) -0.0062(0.007) -0.0020(0.013) -0.0091(0.013) -0.0075(0.010) -0.0067(0.007) -0.0011(0.008)

MSE 0.1549(0.008) 0.0958(0.004) 0.0964(0.004) 0.0956(0.004) 0.3598(0.019) 0.3210(0.016) 0.2028(0.010) 0.0950(0.004) 0.1135(0.006)

200 BIAS -0.0017(0.003) -0.0025(0.002) -0.0032(0.002) -0.0025(0.002) 0.0032(0.004) 0.0045(0.004) -0.0016(0.003) -0.0032(0.002) -0.0038(0.002)

MSE 0.0154(0.001) 0.0078(0.000) 0.0077(0.000) 0.0078(0.000) 0.0319(0.001) 0.0322(0.001) 0.0155(0.000) 0.0077(0.000) 0.0082(0.000)

1000 BIAS -0.0002(0.001) -0.0011(0.001) -0.0014(0.001) -0.0011(0.001) -0.0008(0.002) -0.0041(0.002) -0.0009(0.001) -0.0014(0.001) -0.0016(0.001)

C
as

e
1.

2:
ε

i
∼
t 3

β1

MSE 0.0031(0.000) 0.0016(0.000) 0.0016(0.000) 0.0016(0.000) 0.0102(0.000) 0.0081(0.000) 0.0039(0.000) 0.0016(0.000) 0.0017(0.000)

20 BIAS 0.0355(0.020) 0.0160(0.008) 0.0162(0.007) 0.0161(0.008) 0.0152(0.012) 0.0147(0.011) 0.0134(0.009) 0.0149(0.007) 0.0165(0.008)

MSE 0.7910(0.167) 0.1190(0.004) 0.1117(0.004) 0.1189(0.004) 0.2735(0.011) 0.2416(0.009) 0.1636(0.006) 0.1124(0.004) 0.1164(0.004)

200 BIAS -0.0012(0.006) -0.0026(0.002) -0.0024(0.002) -0.0026(0.002) -0.0012(0.004) -0.0006(0.004) -0.0030(0.003) -0.0025(0.002) -0.0021(0.002)

MSE 0.0800(0.013) 0.0097(0.000) 0.0092(0.000) 0.0097(0.000) 0.0325(0.001) 0.0289(0.001) 0.0143(0.000) 0.0093(0.000) 0.0096(0.000)

1000 BIAS -0.0062(0.003) -0.0003(0.001) 0.0005(0.001) -0.0003(0.001) 0.0041(0.001) 0.0036(0.002) 0.0026(0.001) 0.0005(0.001) 0.0008(0.001)

β0

MSE 0.0139(0.001) 0.0020(0.000) 0.0019(0.000) 0.0020(0.000) 0.0114(0.000) 0.0062(0.000) 0.0036(0.000) 0.0019(0.000) 0.0019(0.000)

20 BIAS -0.0079(0.019) -0.0105(0.008) -0.0094(0.008) -0.0099(0.008) -0.0085(0.013) -0.0157(0.013) -0.0203(0.010) -0.0070(0.008) -0.0136(0.008)

MSE 0.7236(0.139) 0.1361(0.006) 0.1304(0.006) 0.1353(0.006) 0.3618(0.018) 0.3556(0.017) 0.2181(0.011) 0.1306(0.005) 0.1428(0.006)

200 BIAS 0.0037(0.008) -0.0009(0.002) -0.0016(0.002) -0.0009(0.002) 0.0018(0.004) 0.0002(0.004) 0.0009(0.003) -0.0016(0.002) -0.0020(0.002)

MSE 0.1149(0.033) 0.0105(0.000) 0.0101(0.000) 0.0105(0.000) 0.0342(0.001) 0.0317(0.001) 0.0155(0.000) 0.0102(0.000) 0.0106(0.000)

1000 BIAS -0.0028(0.003) -0.0003(0.001) -0.0001(0.001) -0.0003(0.001) 0.0064(0.002) 0.0031(0.002) 0.0011(0.001) -0.0001(0.001) 0.0002(0.001)

C
as

e
1.

3:
ε

i
∼
t 2

β1

MSE 0.0129(0.001) 0.0020(0.000) 0.0019(0.000) 0.0020(0.000) 0.0099(0.000) 0.0065(0.000) 0.0037(0.000) 0.0019(0.000) 0.0019(0.000)

20 BIAS -1.1295(1.045) 0.0009(0.013) 0.0035(0.010) 0.0007(0.013) -0.0098(0.013) -0.0072(0.011) -0.0018(0.010) -0.0006(0.010) 0.0039(0.010

MSE 2184.5(1390) 0.3265(0.034) 0.2065(0.008) 0.3220(0.031) 0.3226(0.016) 0.2574(0.013) 0.1872(0.008) 0.2089(0.008) 0.2071(0.008)

200 BIAS 0.9453(1.386) -0.0002(0.003) -0.0029(0.003) -0.0002(0.003) 0.0015(0.004) -0.0012(0.003) -0.0004(0.003) -0.0031(0.003) -0.0026(0.003)

MSE 3840.8(1898) 0.0186(0.001) 0.0144(0.000) 0.0186(0.001) 0.0372(0.001) 0.0212(0.000) 0.0140(0.000) 0.0148(0.000) 0.0145(0.000)

1000 BIAS 3.4785(3.494) -0.0004(0.001) 0.0002(0.001) -0.0004(0.001) -0.0018(0.002) -0.0005(0.001) 0.0018(0.001) -0.0001(0.001) 0.0000(0.001)

β0

MSE 24422(23728) 0.0037(0.000) 0.0029(0.000) 0.0037(0.000) 0.0121(0.000) 0.0039(0.000) 0.0036(0.000) 0.0029(0.000) 0.0029(0.000)

20 BIAS 0.6844(0.669) -0.0056(0.014) -0.0002(0.012) -0.0050(0.014) 0.0123(0.015) -0.0047(0.014) -0.0018(0.012) 0.0032(0.012) -0.0001(0.011)

MSE 895.04(535.1) 0.4146(0.036) 0.2793(0.016) 0.4048(0.032) 0.4702(0.030) 0.3990(0.026) 0.2685(0.020) 0.2679(0.014) 0.2466(0.012)

200 BIAS 0.3352(1.935) -0.0020(0.003) -0.0017(0.003) -0.0020(0.003) -0.0015(0.004) -0.0036(0.003) -0.0001(0.003) -0.0019(0.003) -0.0017(0.003)

MSE 7487.1(5379) 0.0190(0.001) 0.0144(0.000) 0.0191(0.001) 0.0345(0.001) 0.0227(0.001) 0.0145(0.000) 0.0148(0.000) 0.0146(0.000)

1000 BIAS 2.1259(2.382) 0.0015(0.001) 0.0012(0.001) 0.0015(0.001) -0.0009(0.002) -0.0005(0.001) 0.0011(0.001) 0.0011(0.001) 0.0008(0.001)

C
as

e
1.

4:
ε

i
∼

C(
0,

1)

β1

MSE 11345(10797) 0.0035(0.000) 0.0027(0.000) 0.0035(0.000) 0.0110(0.000) 0.0040(0.000) 0.0039(0.000) 0.0027(0.000) 0.0028(0.000)

Table 4.1: Robustness with respect to the distribution of the error terms. The empirical
performance of the LS, MH , MT , GM, LMS, LTS, S, MM, and REWLS methods in
the linear regression model with p = 2, given for four different simulation scenarios
(Case 1.1–Case 1.4) and three different sample sizes (n ∈ {20, 200, 1000}). The methods
are compared with respect to the values of MSE (4.4) and BIAS (4.5), which are
reported overm = 2000 Monte Carlo replications with the corresponding MCE provided
in brackets.
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Some of the results that have been discussed above are shown in Figure 4.2.
The plot presents a graphical comparison of the MSE for the regression param-
eters β0 and β1 estimated by the selected robust regression methods, the dif-
ferent simulation scenarios (Case 1.2–Case 1.4), and different sample sizes (n ∈
{20, 200, 1000}). We can observe that the MM and REWLS methods attain
the lowest values of MSE in almost all the considered cases.

4.2.2 Robustness with respect to Outliers
In the second part of the study, the robustness of the considered regression estima-
tors with respect to the outliers in the y-direction is investigated. Again, we first
formulate the steps of the simulation procedure and then inspect the obtained
results.

Simulation Design

Perform m = 2000 replications for each value of p ∈ {2, 4} and n ∈ {20, 200, 1000}
as follows:

1. Set β0 = · · · = βp−1 = 1.
2. Generate the explanatory variables Xij for i = 1, . . . , n, j = 1, . . . , p− 1, as
Xij ∼ N (0, 1).

3. Generate the outliers in the y-direction as follows.
Select the percentage of outlying values q as

Case 2.1 q = 0, which is a situation identical to Case 1.1.
Case 2.2 q = 5.
Case 2.3 q = 10.
Case 2.4 q = 20.

Then, for given q, (100 − q)% of the error terms εi are generated as
εi ∼ N (0, 1) and the remaining q% of the error terms are contaminated
using an error term εi ∼ N (10, 1).

4. For each setup, determine the value of the response variable Yi for
i = 1, . . . , n, as

Yi =
⎧⎨⎩β0 + β1Xi1 + εi, if p = 2,
β0 + β1Xi1 + β2Xi2 + β3Xi3 + εi, if p = 4.

5. For each of the created datasets, use all the considered estimating methods
to compute the estimates of the regression parameters βj, j = 0, . . . , p− 1.
Store the results.

The simulation results are then used to compute the assumed metrics (4.4)–(4.5),
together with the corresponding MCE.

Simulation Results

Table 4.2 provides a comparison of the empirical performance of the considered
estimation methods in the linear regression model with p = 2, from left to right,
given for four different simulation scenarios (Case 2.1–Case 2.4) and three dif-
ferent sample sizes (n ∈ {20, 200, 1000}), from top to bottom. The methods are
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compared with respect to the values of MSE and BIAS, which are reported to-
gether with the corresponding MCE in brackets. Similarly to the first part of
the simulation, we have not observed any substantial difference in the behaviour
of the considered regression estimators in models with p = 2 and p = 4. Thus,
we examine only the former case.

Let us now focus on some of the obtained results. As is shown in Table 4.2,
the LS method is highly sensitive to the outliers in the y-direction, as it fails
to attain reasonable values of MSE and BIAS in each of the three considered
contamination situations Case 2.2–Case 2.4. In particular, the intercept term β0
is systematically estimated with the largest values of BIAS and MSE. Moreover,
both metrics remain at approximately the same level across the different sample
sizes. One can also observe an increasing trend in both the considered metrics
as the percentage of the outlying values becomes larger: the larger the contami-
nation, the larger the MSE and the BIAS of the regression parameters estimated
by the LS method.

On the contrary, the robust regression estimators seem hardly affected by
the outliers in the y-direction. In situations Case 2.2–Case 2.4, they yield results
similar to the case where there are no outliers at all, Case 2.1.

Case 2.2 Case 2.3 Case 2.4

β0 β1 β0 β1 β0 β1
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Figure 4.3: Robustness with respect to the outliers in the y-direction. Graphical
comparison of the empirical performance of the MT , LTS, S, MM, and REWLS methods
in the linear regression model with p = 2, given for three different simulation scenarios
(Case 2.2–Case 2.4) and three different sample sizes (n ∈ {20, 200, 1000}). The methods
are compared with respect to the values of MSE (4.4), which are computed over
m = 2000 Monte Carlo replications. (a) n = 20. (b) n = 200. (c) n = 1000.
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Par
t 2

n LS MH MT GM LMS LTS S MM REWLS

20 BIAS 0.0005(0.005) 0.0006(0.005) 0.0008(0.005) 0.0009(0.005) -0.0031(0.012) 0.0098(0.011) 0.0019(0.009) 0.0002(0.005) 0.0002(0.006)

MSE 0.0511(0.002) 0.0540(0.002) 0.0561(0.002) 0.0540(0.002) 0.2385(0.008) 0.2174(0.007) 0.1475(0.005) 0.0552(0.002) 0.0646(0.002)

200 BIAS -0.0016(0.002) -0.0013(0.002) -0.0013(0.002) -0.0013(0.002) 0.0019(0.005) -0.0024(0.005) 0.0004(0.003) -0.0013(0.002) -0.0014(0.002)

MSE 0.0050(0.000) 0.0052(0.000) 0.0052(0.000) 0.0052(0.000) 0.0406(0.001) 0.0448(0.001) 0.0167(0.001) 0.0052(0.000) 0.0054(0.000)

1000 BIAS -0.0002(0.001) -0.0006(0.001) -0.0006(0.001) -0.0006(0.001) -0.0043(0.003) -0.0029(0.003) -0.0030(0.001) -0.0006(0.001) -0.0005(0.001)

β0

MSE 0.0010(0.000) 0.0010(0.000) 0.0010(0.000) 0.0010(0.000) 0.0135(0.000) 0.0127(0.000) 0.0043(0.000) 0.0010(0.000) 0.0011(0.000)

20 BIAS -0.0066(0.005) -0.0065(0.006) -0.0066(0.006) -0.0072(0.006) 0.0021(0.014) -0.0131(0.013) -0.0181(0.011) -0.0060(0.006) -0.0095(0.007)

MSE 0.0564(0.002) 0.0595(0.002) 0.0623(0.002) 0.0597(0.002) 0.2907(0.012) 0.2679(0.010) 0.1839(0.007) 0.0626(0.002) 0.0812(0.003)

200 BIAS -0.0014(0.002) -0.0007(0.002) -0.0008(0.002) -0.0007(0.002) 0.0005(0.004) 0.0029(0.005) 0.0028(0.003) -0.0008(0.002) -0.0004(0.002)

MSE 0.0053(0.000) 0.0056(0.000) 0.0056(0.000) 0.0056(0.000) 0.0375(0.001) 0.0435(0.001) 0.0195(0.001) 0.0056(0.000) 0.0058(0.000)

1000 BIAS -0.0011(0.001) -0.0012(0.001) -0.0012(0.001) -0.0012(0.001) -0.0015(0.002) -0.0042(0.002) -0.0025(0.001) -0.0012(0.001) -0.0012(0.001)

C
as

e
2.

1:
q

=
0

β1

MSE 0.0010(0.000) 0.0011(0.000) 0.0011(0.000) 0.0011(0.000) 0.0117(0.000) 0.0119(0.000) 0.0044(0.000) 0.0011(0.000) 0.0011(0.000)

20 BIAS 0.4912(0.006) 0.0853(0.006) -0.0055(0.006) 0.0854(0.006) -0.0083(0.011) -0.0036(0.011) -0.0064(0.009) -0.0056(0.006) -0.0066(0.006)

MSE 0.3074(0.006) 0.0687(0.002) 0.0631(0.002) 0.0688(0.002) 0.2488(0.008) 0.2317(0.007) 0.1460(0.005) 0.0615(0.002) 0.0680(0.002)

200 BIAS 0.5020(0.002) 0.0908(0.002) 0.0013(0.002) 0.0908(0.002) -0.0065(0.005) -0.0033(0.005) 0.0000(0.003) 0.0013(0.002) 0.0012(0.002)

MSE 0.2573(0.002) 0.0138(0.000) 0.0056(0.000) 0.0138(0.000) 0.0417(0.001) 0.0446(0.001) 0.0175(0.001) 0.0056(0.000) 0.0057(0.000)

1000 BIAS 0.4984(0.001) 0.0877(0.001) -0.0013(0.001) 0.0877(0.001) 0.0003(0.003) -0.0040(0.002) -0.0025(0.001) -0.0013(0.001) -0.0013(0.001)

β0

MSE 0.2495(0.001) 0.0089(0.000) 0.0012(0.000) 0.0089(0.000) 0.0138(0.000) 0.0120(0.000) 0.0043(0.000) 0.0012(0.000) 0.0012(0.000)

20 BIAS -0.0061(0.013) 0.0022(0.006) 0.0062(0.006) 0.0022(0.006) 0.0294(0.012) 0.0182(0.011) 0.0095(0.009) 0.0061(0.006) 0.0081(0.006)

MSE 0.3465(0.011) 0.0775(0.003) 0.0661(0.002) 0.0771(0.003) 0.2869(0.011) 0.2600(0.010) 0.1642(0.006) 0.0646(0.002) 0.0780(0.003)

200 BIAS -0.0026(0.004) -0.0004(0.002) 0.0002(0.002) -0.0004(0.002) 0.0001(0.004) 0.0023(0.004) -0.0014(0.003) 0.0002(0.002) 0.0003(0.002)

MSE 0.0284(0.001) 0.0065(0.000) 0.0056(0.000) 0.0065(0.000) 0.0359(0.001) 0.0399(0.001) 0.0174(0.001) 0.0056(0.000) 0.0056(0.000)

1000 BIAS 0.0001(0.002) -0.0010(0.001) -0.0012(0.001) -0.0010(0.001) 0.0003(0.002) -0.0009(0.002) -0.0011(0.001) -0.0012(0.001) -0.0011(0.001)

C
as

e
2.

2:
q

=
5

β1

MSE 0.0054(0.000) 0.0012(0.000) 0.0011(0.000) 0.0012(0.000) 0.0114(0.000) 0.0110(0.000) 0.0043(0.000) 0.0011(0.000) 0.0011(0.000)

20 BIAS 0.9971(0.006) 0.2028(0.006) -0.0028(0.006) 0.2024(0.006) -0.0143(0.011) -0.0098(0.010) -0.0046(0.008) -0.0030(0.006) -0.0005(0.006)

MSE 1.0688(0.013) 0.1059(0.003) 0.0637(0.002) 0.1055(0.003) 0.2411(0.008) 0.2153(0.007) 0.1349(0.004) 0.0628(0.002) 0.0687(0.003)

200 BIAS 1.0009(0.002) 0.1983(0.002) 0.0010(0.002) 0.1983(0.002) 0.0004(0.004) 0.0032(0.005) 0.0031(0.003) 0.0010(0.002) 0.0007(0.002)

MSE 1.0073(0.003) 0.0455(0.001) 0.0061(0.000) 0.0455(0.001) 0.0403(0.001) 0.0417(0.001) 0.0157(0.001) 0.0060(0.000) 0.0060(0.000)

1000 BIAS 0.9992(0.001) 0.1964(0.001) -0.0004(0.001) 0.1964(0.001) -0.0016(0.003) -0.0004(0.002) -0.0008(0.001) -0.0005(0.001) -0.0005(0.001)

β0

MSE 0.9994(0.000) 0.0397(0.001) 0.0011(0.000) 0.0397(0.000) 0.0134(0.000) 0.0102(0.000) 0.0040(0.000) 0.0011(0.000) 0.0011(0.000)

20 BIAS -0.0230(0.017) -0.0022(0.007) 0.0029(0.006) -0.0017(0.007) -0.0089(0.012) 0.0034(0.011) 0.0102(0.006) 0.0024(0.006) 0.0044(0.006)

MSE 0.6016(0.020) 0.1041(0.004) 0.0713(0.003) 0.1044(0.004) 0.2755(0.011) 0.2602(0.011) 0.1609(0.007) 0.0701(0.003) 0.0802(0.003)

200 BIAS -0.0069(0.005) -0.0002(0.002) 0.0016(0.002) -0.0002(0.002) 0.0004(0.004) 0.0038(0.004) -0.0008(0.003) 0.0016(0.002) 0.0018(0.002)

MSE 0.0481(0.001) 0.0075(0.000) 0.0057(0.000) 0.0075(0.000) 0.0339(0.001) 0.0389(0.001) 0.0165(0.001) 0.0057(0.000) 0.0056(0.000)

1000 BIAS 0.0013(0.002) -0.0001(0.001) -0.0006(0.001) -0.0001(0.001) -0.0017(0.002) -0.0008(0.002) 0.0001(0.001) -0.0006(0.001) -0.0007(0.001)

C
as

e
2.

3:
q

=
10

β1

MSE 0.0098(0.000) 0.0016(0.000) 0.0011(0.000) 0.0016(0.000) 0.0111(0.000) 0.0107(0.000) 0.0042(0.000) 0.0011(0.000) 0.0011(0.000)

20 BIAS 2.0071(0.007) 0.6039(0.008) 0.0459(0.009) 0.5993(0.008) 0.0009(0.011) -0.0072(0.010) -0.0138(0.008) 0.0017(0.006) -0.0037(0.006)

MSE 4.1358(0.030) 0.5059(0.015) 0.1475(0.012) 0.4947(0.014) 0.2260(0.007) 0.1954(0.006) 0.1149(0.004) 0.0715(0.002) 0.0692(0.002)

200 BIAS 1.9998 (0.002) 0.5399(0.002) -0.0006(0.002) 0.5398(0.002) 0.0045(0.004) 0.0045(0.004) 0.0009(0.003) -0.0006(0.002) -0.0004(0.002)

MSE 4.0048(0.007) 0.2995(0.002) 0.0066(0.000) 0.2995(0.002) 0.0392(0.001) 0.0366(0.001) 0.0138(0.000) 0.0066(0.000) 0.0065(0.000)

1000 BIAS 1.9995(0.001) 0.5367(0.001) -0.0005(0.001) 0.5367(0.001) -0.0033(0.002) -0.0037(0.002) -0.0025(0.001) -0.0005(0.001) -0.0005(0.001)

β0

MSE 3.9988(0.003) 0.2896(0.001) 0.0013(0.000) 0.2896(0.001) 0.0123(0.000) 0.0080(0.000) 0.0040(0.000) 0.0013(0.000) 0.0013(0.000)

20 BIAS 0.0081(0.023) 0.0053(0.014) 0.0025(0.010) 0.0046(0.013) -0.0141(0.012) -0.0154(0.011) -0.0094(0.008) -0.0051(0.007) -0.0064(0.006)

MSE 1.0258(0.033) 0.3668(0.022) 0.2126(0.020) 0.3563(0.021) 0.2671(0.012) 0.2367(0.010) 0.1396(0.005) 0.0880(0.005) 0.0821(0.003)

200 BIAS 0.0083(0.007) 0.0042(0.003) 0.0012(0.002) 0.0042(0.003) 0.0056(0.004) 0.0053(0.004) 0.0024(0.003) 0.0012(0.002) 0.0013(0.002)

MSE 0.0908(0.003) 0.0174(0.001) 0.0066(0.000) 0.0174(0.001) 0.0334(0.001) 0.0344(0.001) 0.0145(0.000) 0.0066(0.000) 0.0065(0.000)

1000 BIAS -0.0025(0.003) -0.0013(0.001) -0.0004(0.001) -0.0013(0.001) -0.0017(0.002) -0.0003(0.002) 0.0002(0.001) -0.0004(0.001) -0.0004(0.001)

C
as

e
2.

4:
q

=
20

β1

MSE 0.0173(0.001) 0.0033(0.000) 0.0014(0.000) 0.0033(0.000) 0.0107(0.000) 0.0080(0.000) 0.0043(0.000) 0.0014(0.000) 0.0013(0.000)

Table 4.2: Robustness with respect to the outliers in the y-direction. The empirical
performance of the LS, MH , MT , GM, LMS, LTS, S, MM, and REWLS methods
in the linear regression model with p = 2, given for four different simulation scenarios
(Case 2.1–Case 2.4) and three different sample sizes (n ∈ {20, 200, 1000}). The methods
are compared with respect to the values of MSE (4.4) and BIAS (4.5), which are
reported overm = 2000 Monte Carlo replications with the corresponding MCE provided
in brackets.
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Interestingly, with an increasing percentage of the outlying observations, there is
no substantial increase in the values of MSE of the regression parameters esti-
mated by the MT , LMS, LTS, S, MM, and REWLS methods.

In summary, the LS method does not provide reliable estimates when the out-
liers in the y-direction occur, while the results obtained by the robust methods
have not changed considerably throughout the different contamination situations.
In other words, they were able to withstand substantial amounts of outliers in
the y-direction. Therefore, they offer a suitable alternative to the LS method in
such situations. Overall, the MT , MM, and REWLS attain the lowest values of
MSE and BIAS given the different sample sizes and all the considered levels of
contamination.

Figure 4.3 underlines some of the findings that have been discussed above,
as it provides a graphical comparison of the values of MSE for the regression
parameters β0 and β1 estimated by the selected robust regression methods, given
for three different simulation scenarios (Case 2.2–Case 2.4) and three different
sample sizes (n ∈ {20, 200, 1000}). It is apparent from the figure that the MT ,
MM, and REWLS methods notably outperform the LTS and S methods in all
the considered cases.

4.2.3 Robustness with respect to Leverage Points
The last part of the study treats the situations when the outlying values occur
in the explanatory variables. We proceed similarly to the previous two parts
of the study.

Simulation Design

Perform m = 2000 replications for each value of p ∈ {2, 4} and n ∈ {20, 200, 1000}
as follows:

1. Set β0 = · · · = βp−1 = 1.
2. Generate the explanatory variables Xij for i = 1, . . . , n, j = 1, . . . , p− 1, as
Xij ∼ N (0, 1).

3. Generate the error terms εi for i = 1, . . . , n, as εi ∼ N (0, 1).
4. For each setup, determine the value of the response variable Yi for
i = 1, . . . , n, as

Yi =
⎧⎨⎩β0 + β1Xi1 + εi, if p = 2,
β0 + β1Xi1 + β2Xi2 + β3Xi3 + εi, if p = 4.

5. Additionally, generate the outliers in the x-direction as follows. Select
the percentage of outlying values q as

Case 3.1 q = 0, which is a situation identical to Case 1.1.
Case 3.2 q = 5.
Case 3.3 q = 10.
Case 3.4 q = 20.

Then, for given q, q% of the values of the explanatory variable Xi1 are
replaced by the values generated as Xi1 ∼ N (10, 1).

43



6. For each of the created datasets, use all the considered estimating methods
to compute the estimates of the regression parameters βj, j = 0, . . . , p− 1.
Store the results.

The simulation results are then used to compute the assumed metrics (4.4)–(4.5),
together with the corresponding MCE.

Simulation Results

Table 4.3 provides a comparison of the empirical performance of the considered
estimation methods in the linear regression model with p = 2, from left to right,
given for four different simulation scenarios (Case 3.1–Case 3.4) and three dif-
ferent sample sizes (n ∈ {20, 200, 1000}), from top to bottom. The methods
are compared with respect to the values of MSE and BIAS, which are reported
together with the corresponding MCE in brackets. For the same reason as in
the previous two parts of the simulation study, we focus only on the case with
p = 2.

We now summarise some of our findings. As can be seen in Table 4.3, not
only the LS method is highly sensitive to the outliers in the x-direction, but also
the MH , MT , and GM methods exhibit the same non-robustness with respect to
the presence of the leverage points.
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Figure 4.4: Robustness with respect to the outliers in the x-direction. Graphical
comparison of the empirical performance of the MT , LTS, S, MM, and REWLS methods
in the linear regression model with p = 2, given for three different simulation scenarios
(Case 3.2–Case 3.4) and three different sample sizes (n ∈ {20, 200, 1000}). The methods
are compared with respect to the values of MSE (4.4), which are computed over
m = 2000 Monte Carlo replications. (a) n = 20. (b) n = 200. (c) n = 1000.
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Par
t 3

n LS MH MT GM LMS LTS S MM REWLS

20 BIAS 0.0005(0.005) 0.0006(0.005) 0.0008(0.005) 0.0009(0.005) -0.0031(0.012) 0.0098(0.011) 0.0019(0.009) 0.0002(0.005) 0.0002(0.006)

MSE 0.0511(0.002) 0.0540(0.002) 0.0561(0.002) 0.0540(0.002) 0.2385(0.008) 0.2174(0.007) 0.1475(0.005) 0.0552(0.002) 0.0646(0.002)

200 BIAS -0.0016(0.002) -0.0013(0.002) -0.0013(0.002) -0.0013(0.002) 0.0019(0.005) -0.0024(0.005) 0.0004(0.003) -0.0013(0.002) -0.0014(0.002)

MSE 0.0050(0.000) 0.0052(0.000) 0.0052(0.000) 0.0052(0.000) 0.0406(0.001) 0.0448(0.001) 0.0167(0.001) 0.0052(0.000) 0.0054(0.000)

1000 BIAS -0.0002(0.001) -0.0006(0.001) -0.0006(0.001) -0.0006(0.001) -0.0043(0.003) -0.0029(0.003) -0.0030(0.001) -0.0006(0.001) -0.0005(0.001)

β0

MSE 0.0010(0.000) 0.0010(0.000) 0.0010(0.000) 0.0010(0.000) 0.0135(0.000) 0.0127(0.000) 0.0043(0.000) 0.0010(0.000) 0.0011(0.000)

20 BIAS -0.0066(0.005) -0.0065(0.006) -0.0066(0.006) -0.0072(0.006) 0.0021(0.014) -0.0131(0.013) -0.0181(0.011) -0.0060(0.006) -0.0095(0.007)

MSE 0.0564(0.002) 0.0595(0.002) 0.0623(0.002) 0.0597(0.002) 0.2907(0.012) 0.2679(0.010) 0.1839(0.007) 0.0626(0.002) 0.0812(0.003)

200 BIAS -0.0014(0.002) -0.0007(0.002) -0.0008(0.002) -0.0007(0.002) 0.0005(0.004) 0.0029(0.005) 0.0028(0.003) -0.0008(0.002) -0.0004(0.002)

MSE 0.0053(0.000) 0.0056(0.000) 0.0056(0.000) 0.0056(0.000) 0.0375(0.001) 0.0435(0.001) 0.0195(0.001) 0.0056(0.000) 0.0058(0.000)

1000 BIAS -0.0011(0.001) -0.0012(0.001) -0.0012(0.001) -0.0012(0.001) -0.0015(0.002) -0.0042(0.002) -0.0025(0.001) -0.0012(0.001) -0.0012(0.001)

C
as

e
3.

1:
q

=
0

β1

MSE 0.0010(0.000) 0.0011(0.000) 0.0011(0.000) 0.0011(0.000) 0.0117(0.000) 0.0119(0.000) 0.0044(0.000) 0.0011(0.000) 0.0011(0.000)

20 BIAS -0.0776(0.007) -0.0773(0.007) -0.0740(0.007) -0.0543(0.006) -0.0105(0.011) -0.0070(0.011) -0.0056(0.009) -0.0082(0.006) -0.0077(0.006)

MSE 0.0943(0.003) 0.1003(0.003) 0.1032(0.003) 0.0799(0.003) 0.2553(0.008) 0.2372(0.008) 0.1545(0.005) 0.0654(0.002) 0.0728(0.002)

200 BIAS -0.0833(0.002) -0.0806(0.002) -0.0743(0.002) -0.0798(0.002) -0.0024(0.004) -0.0033(0.005) 0.0004(0.003) -0.0014(0.002) -0.0017(0.002)

MSE 0.0158(0.000) 0.0154(0.000) 0.0145(0.000) 0.0152(0.000) 0.0399(0.001) 0.0421(0.001) 0.0157(0.000) 0.0054(0.000) 0.0055(0.000)

1000 BIAS -0.0823(0.001) -0.0797(0.001) -0.0780(0.001) -0.0795(0.001) -0.0032(0.003) -0.0030(0.002) -0.0031(0.001) -0.0009(0.001) -0.0008(0.001)

β0

MSE 0.0085(0.000) 0.0080(0.000) 0.0078(0.000) 0.0080(0.000) 0.0133(0.000) 0.0114(0.000) 0.0041(0.000) 0.0011(0.000) 0.0011(0.000)

20 BIAS -0.8399(0.003) -0.8434(0.004) -0.8300(0.005) -0.6232(0.005) -0.0784(0.013) -0.1201(0.013) -0.1068(0.011) -0.1317(0.009) -0.1173(0.009)

MSE 0.7246(0.005) 0.7371(0.006) 0.7382(0.006) 0.4351(0.006) 0.3524(0.013) 0.3383(0.011) 0.2715(0.009) 0.1918(0.007) 0.1895(0.007)

200 BIAS -0.8357(0.001) -0.8065(0.001) -0.7349(0.005) -0.8007(0.001) 0.0030(0.004) -0.0004(0.005) 0.0027(0.003) -0.0022(0.002) -0.0013(0.002)

MSE 0.7003(0.002) 0.6532(0.002) 0.5894(0.004) 0.6439(0.002) 0.0370(0.001) 0.0443(0.002) 0.0184(0.001) 0.0064(0.000) 0.0060(0.000)

1000 BIAS -0.8349(0.000) -0.8043(0.001) -0.7864(0.002) -0.8032(0.001) -0.0003(0.002) -0.0039(0.002) -0.0032(0.001) -0.0014(0.001) -0.0016(0.001)

C
as

e
3.

2:
q

=
5

β1

MSE 0.6974(0.001) 0.6475(0.001) 0.6235(0.002) 0.6457(0.001) 0.0114(0.000) 0.0111(0.000) 0.0042(0.000) 0.0011(0.000) 0.0015(0.000)

20 BIAS -0.0829(0.007) -0.0831(0.007) -0.0818(0.007) -0.0779(0.007) -0.0066(0.012) -0.0149(0.011) -0.0083(0.009) -0.0167(0.006) -0.0117(0.006)

MSE 0.1064(0.004) 0.1119(0.004) 0.11570.004() 0.1095(0.004) 0.2675(0.009) 0.2512(0.008) 0.1643(0.006) 0.0778(0.003) 0.0817(0.003)

200 BIAS -0.0910(0.002) -0.0905(0.002) -0.0907(0.002) -0.0900(0.002) 0.0033(0.004) 0.0060(0.004) 0.0024(0.003) -0.0026(0.002) -0.0019(0.002)

MSE 0.0184(0.001) 0.0186(0.001) 0.0185(0.001) 0.0185(0.001) 0.0384(0.001) 0.0392(0.001) 0.0150(0.000) 0.0059(0.000) 0.0057(0.000)

1000 BIAS -0.0892(0.001) -0.0889(0.001) -0.0888(0.001) -0.0888(0.001) -0.0049(0.003) -0.0021(0.002) -0.0007(0.001) -0.0005(0.001) -0.0022(0.001)

β0

MSE 0.0099(0.000) 0.0099(0.000) 0.0099(0.000) 0.0099(0.000) 0.0126(0.000) 0.0105(0.000) 0.0042(0.000) 0.0011(0.000) 0.0013(0.000)

20 BIAS -0.9145(0.002) -0.9154(0.002) -0.9108(0.003) -0.8975(0.002) -0.1681(0.014) -0.2025(0.013) -0.1910(0.012) -0.2377(0.011) -0.2155(0.011)

MSE 0.8465(0.004) 0.8494(0.004) 0.8437(0.005) 0.8170(0.004) 0.4019(0.012) 0.3937(0.011) 0.3305(0.009) 0.3026(0.009) 0.2843(0.008)

200 BIAS -0.9100(0.001) -0.9060(0.001) -0.9053(0.001) -0.9048(0.001) -0.0032(0.005) -0.0100(0.005) 0.0010(0.003) -0.0152(0.003) -0.0065(0.002)

MSE 0.8291(0.001) 0.8220(0.001) 0.8208(0.001) 0.8198(0.001) 0.0432(0.002) 0.0510(0.003) 0.0205(0.001) 0.0185(0.002) 0.0104(0.001)

1000 BIAS -0.9105(0.000) -0.9062(0.000) -0.9058(0.000) -0.9059(0.000) 0.0007(0.002) -0.0032(0.002) -0.0013(0.001) -0.0023(0.001) -0.0225(0.003)

C
as

e
3.

3:
q

=
10

β1

MSE 0.8292(0.001) 0.8214(0.001) 0.8207(0.001) 0.8210(0.001) 0.0108(0.000) 0.0102(0.000) 0.0039(0.000) 0.0012(0.000) 0.0199(0.003)

20 BIAS -0.0873(0.008) -0.0866(0.008) -0.0866(0.008) -0.0821(0.008) -0.0234(0.013) -0.0250(0.013) -0.0447(0.011) -0.0587(0.007) -0.0447(0.007)

MSE 0.1203(0.004) 0.1272(0.004) 0.1320(0.004) 0.1263(0.004) 0.3358(0.012) 0.3171(0.011) 0.2350(0.008) 0.1081(0.004) 0.1135(0.004)

200 BIAS -0.0951(0.002) -0.0946(0.002) -0.0948(0.002) -0.0942(0.002) -0.0268(0.005) -0.0215(0.005) -0.0369(0.004) -0.0477(0.002) -0.0355(0.002)

MSE 0.0206(0.001) 0.0208(0.001) 0.0208(0.001) 0.0207(0.001) 0.0515(0.002) 0.0496(0.002) 0.0269(0.001) 0.0136(0.000) 0.0117(0.000)

1000 BIAS -0.0941(0.001) -0.0941(0.001) -0.0940(0.001) -0.0940(0.001) -0.0086(0.003) -0.0064(0.002) -0.0243(0.002) -0.0305(0.001) -0.0385(0.001)

β0

MSE 0.0110(0.000) 0.0112(0.000) 0.0111(0.000) 0.0111(0.000) 0.0139(0.000) 0.0085(0.000) 0.0075(0.000) 0.0044(0.000) 0.0052(0.000)

20 BIAS -0.9552(0.002) -0.9547(0.002) -0.9539(0.002) -0.9523(0.002) -0.4305(0.014) -0.4517(0.014) -0.5238(0.013) -0.5724(0.012) -0.5224(0.012)

MSE 0.9182(0.003) 0.9178(0.003) 0.9165(0.003) 0.9132(0.003) 0.5812(0.011) 0.5919(0.011) 0.6085(0.010) 0.6205(0.009) 0.5701(0.010)

200 BIAS -0.9530(0.001) -0.9524(0.001) -0.9524(0.001) -0.9522(0.001) -0.2558(0.010) -0.2285(0.010) -0.3940(0.011) -0.4697(0.011) -0.3317(0.010)

MSE 0.9087(0.001) 0.9077(0.001) 0.9076(0.001) 0.9073(0.001) 0.2769(0.009) 0.2567(0.000) 0.4015(0.010) 0.4632(0.010) 0.3292(0.010)

1000 BIAS -0.9528(0.000) -0.9521(0.000) -0.9521(0.000) -0.9520(0.000) -0.0691(0.006) -0.0457(0.005) -0.2448(0.010) -0.3043(0.010) -0.3800(0.010)

C
as

e
3.

4:
q

=
20

β1

MSE 0.9079(0.000) 0.9066(0.000) 0.9065(0.000) 0.9065(0.000) 0.0799(0.005) 0.0515(0.004) 0.2413(0.009) 0.2856(0.009) 0.3611(0.010 )

Table 4.3: Robustness with respect to the outliers in the x-direction. The empirical
performance of the LS, MH , MT , GM, LMS, LTS, S, MM, and REWLS methods
in the linear regression model with p = 2, given for four different simulation scenarios
(Case 3.1–Case 3.4) and three different sample sizes (n ∈ {20, 200, 1000}). The methods
are compared with respect to the values of MSE (4.4) and BIAS (4.5), which are
reported overm = 2000 Monte Carlo replications with the corresponding MCE provided
in brackets.
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These methods fail in all the three contamination situations Case 3.2–Case 3.4.
In particular, it is observable for the regression parameter β1, which is systemati-
cally estimated with the largest values of MSE and BIAS. Moreover, these values
remain at approximately the same level across different sample sizes. One can
also observe an increasing trend for the MSE and BIAS as the percentage of out-
lying values becomes larger. The larger the contamination, the larger the MSE
and the BIAS of the regression parameters estimated by the LS, MH , MT , and
GM methods.

On the contrary, the robust regression estimators with high breakdown point,
i.e., the LMS, LTS, S, MM, and REWLS methods, still yield satisfactory results
for both the regression parameters β0 and β1. Moreover, the results produced by
these methods behave as expected, that is, the MSE is decreasing for the larger
sample sizes. The LMS and LTS methods attain the lowest MSE in Case 3.4,
where the considered contamination level is the largest. The MM, and REWLS
methods achieve slightly superior results in the remaining two cases, Case 3.2 and
Case 3.3.

Taken together, the third part of the simulation study demonstrates the non-
robustness of the LS, MH , MT , and GM methods with respect to the outliers in
the x-direction, supporting the findings from the theoretical part of the thesis.
On the other hand, the high breakdown methods, i.e., the LMS, LTS, S, MM,
and REWLS still give reasonable results across different levels of contamination
in the x-direction. Therefore, they offer a suitable alternative to the LS method
in such situations.

Figure 4.4 provides a visual representation of the values of MSE for the regres-
sion parameters β0 and β1 estimated by the selected robust regression methods,
given for three different simulation scenarios (Case 3.2–Case 3.4) and three dif-
ferent sample sizes (n ∈ {20, 200, 1000}). Closer inspection of the figure shows
the apparent non-robustness of the MT method with respect to the leverage
points. Moreover, we can observe that the MM and REWLS methods attain
the lowest MSE in Case 3.2 and Case 3.3, while in Case 3.4, the LTS method
outperforms the rest.
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Conclusion
In this work, we provided a summary of the robust regression approaches in
the linear model. These techniques have risen in popularity in past decades
for their ability to handle situations when outlying observations or heavy-tailed
distributions of error terms are present. This is in sharp contrast to classical
estimation procedures, which often fail for such situations.

In Chapter 1, we formulated the necessary notation and terminology related
to the linear regression model theory and derived the least squares estimator,
a traditional procedure for obtaining the model estimates.

We introduced the fundamental concepts of robustness in Chapter 2, where
we defined the basic types of unusual observations. Outliers in the y-direction
and outliers in the x-direction. Additionally, we described essential robustness
characteristics and demonstrated their use on examples.

In Chapter 3, we provided an in depth assessment of robust regression meth-
ods, proposed in the academic literature, as an alternative to the traditional least
squares approach. The proposed methods were defined and their properties ex-
amined. First we examined, the most widely known class, M-estimators, followed
by the GM-estimators class. These are robust with respect to the outliers in
the y-direction, however, they are still just as highly vulnerable to the presence
of the leverage points as is the least squares estimator. Next, the high-breakdown
methods, including the LMS, LTS, and S-estimators, were studied. These meth-
ods are able to withstand substantial amounts of regression outliers. However,
they lack efficiency when data follows the normal distribution. In addition, MM-
estimators and REWLS estimators were examined. These combine the high-
breakdown and the reasonable performance when there are no regression outliers
in the data.

Another contribution of the thesis lies in a comprehensive simulation study,
in Chapter 4, conducted in the computational software R. We first described
a widely used, iterative method for numerical computation of robust regression
estimators. Then, we compared the least squares method with eight selected
regression estimators that were discussed in Chapter 3 in a wide variety of situa-
tions. The study was divided into three separate parts, each investigating the per-
formance of the considered regression estimators within the context of the three
problems that regression techniques deal with. More specifically, robustness with
respect to the distribution of the error terms, robustness with respect to the out-
liers, and robustness with respect to the leverage points. Each part of the study
followed a carefully formulated simulation design. The results were summarised in
Tables 4.1 and 4.3. A graphical comparison was provided in Figures 4.2 and 4.4.
In summary, the empirical results support the theoretical findings. The study
showed that overall, MM-estimator and REWLS estimator attain superior re-
sults compared to the other methods as they were hardly affected by any type
of large outliers in most of the contamination scenarios and still yielded satisfac-
tory results in normal error situations. The high-breakdown LMS, LTS, and S
methods were not much affected in the highest levels of contamination, however,
they became sub-optimal in less extreme cases, notably in normal error situa-
tions. Nevertheless, they are still useful in practical applications as the initial
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estimators for the MM and REWLS methods. The regression M-estimators and
GM-estimators produced reliable results in situations with heavy-tailed error dis-
tribution and outliers in the y-direction, however, these methods exhibited the
same non-robustness with respect to the presence of leverage points as the least
squares method, which showed to be highly inappropriate when any departures
from the assumed modelling framework emerged.
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A. Attachments

A.1 Maximum Likelihood Estimation
Let us recall the basic principles of the maximum likelihood estimation. We draw
from Kulich (2021a).

Suppose a random sample X1, . . . , Xn of independent and identically dis-
tributed random variables, or vectors, each with a density f(x; θX) with respect
to a σ-finite measure µ. Assume that f(x; θX) ∈ F , where

F = {distributions with density f(x; θ),θ ∈ Θ ⊆ Rp}

represents a parametric model for the distribution of the data. Furthermore,
assume that the model F satisfies the model identifiability condition: for any
θ1 ̸= θ2 it holds that f(x; θ1) ̸= f(x; θ2), i.e., no distribution can be parametrized
by several different vector parameters.

Define the likelihood function as

Ln(θ) =
n∏︂

i=1
f(Xi; θ)

and the log-likelihood function as

ln(θ) = logLn(θ) =
n∑︂

i=1
log f(Xi; θ).

Since the log transformation is a strictly increasing transformation, the maximum
likelihood estimator ˆ︁θML of the parameter θX maximizes both of these quantities
over all θ ∈ Θ. Thus, it defined as

ˆ︁θML = arg max
θ∈Θ

Ln(θ) = arg max
θ∈Θ

ln(θ).
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