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ing the topic to me and for his valuable advice and for the interesting discussions.
I would like to also thank my closed ones who helped me with the final correction
of the language side of the thesis.

ii



Title: Number of faces in a random embedding of a complete graph

Author: David Ryzák

Institute: Computer Science Institute of Charles University
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Abstract: Any finite graph can be embedded on a surface with sufficiently high
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Notation and Abbreviations
• We say that a sequence f(n) = Θ(nk) if there are constants k1 and k2 and

there exists n0 ∈ N such that for all n ∈ N, n ≥ n0 hold the following
inequalities

k1n
k ≤ f(n) ≤ k2n

k.

• Let f(n) and g(n) be sequences. We say that f(n) = o(g(n)), n → ∞ if

lim
n→∞

f(n)
g(n) = 0.

We use that f(n) = o(1) if limn→∞ f(n) = 0.

• nk = n(n − 1) . . . (n − k + 1)

•
(︄

n

k

)︄
= nk

k!

• [n] = {1, 2, . . . , n}

• Let x and y be vertices. Then the undirected edge is denoted by x, y or xy.

• We denote by G = (V, E) a graph with a set of vertices V and a set
of edges E.

• We denote by Kn a complete graph with n vertices.

• Suppose that φ is true or false statement. We denote by I[φ] an indicator
function of φ, i.e.,

I[φ] =

⎧⎨⎩1 if φ is true
0 if φ is false

.

• We denote by Binom(n, p) a binomial distribution, where n is a number of
Bernoulli trials with a probability p.

• We denote by Poiss(λ) a Poisson distribution with the expected value equal
to λ.
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Introduction
It is well known [1],[2] that an embedding of a graph, i.e., a drawing without edges
crossing each other, on a surface can be described (up to homeomorphism) by local
rotations at each vertex, i.e., a cyclic permutation of edges incident to a vertex.
In 90s Stahl [3] and White [4] began to work with a random local rotation. When
dealing with a random local rotation the number of faces of some kind or genus of
a surface happen to be random variables. This thesis aims to work only with one
type of a graph, i.e., a complete graph. Any graph can be embedded, i.e., draw
without edges crossing each other, on a sphere with sufficiently many handles.
Since this is true we can ask the following question. What is the distribution of
the number of faces of some kind in a random embedding of a complete graph?
This question will be in some sense answered in the thesis.

A random embedding is defined along with all the necessary definitions in
Chapter 1. The first chapter covers examples of embeddings of a complete graph,
precise definitions of an embedding or a random embedding, definition of the
main object of the thesis (the number of k-faces in a random embedding) and it
also shows embeddings in the context of (random) topological graph theory.

Chapter 2 mostly deals with a random permutation. A random permutation
is in a close relationship with a random embedding. In this chapter we state the
theorem called method of moments used to determine the limit distribution of a
random variable. The well known fact about cycles of random permutation is that
the distribution of the number of cycles of some length converges in distribution to
Poisson distribution. Because of the relation between a random permutation and
a random embedding we want to get similar results also for a random embedding.
Apart from the proof described in more detail than the one found in literature
the first and the second chapter do not contain original results.

The third chapter contains the original theoretical results about the number
of k-faces in a random embedding of a complete graph. Most of the results are
only asymptotic result, i.e., limits of the moments. Important moments of the
random variable are calculated including the expected value and the variance.
From the limit of factorial moments and from the method of moments is derived
the limit distribution (with respect to number of vertices of a complete graph) of
the number of k-faces in a random embedding of a complete graph. This limit
distribution is probably the main result of the thesis.

In the fourth chapter a simulation of a random embedding is executed. We
try to find out whether the limit distribution derived in Chapter 3 is appropriate
to be considered for a smaller number of vertices. For this purpose we test the
statistical hypotheses.

Nevertheless, this work aims to give new results about a distribution of the
mentioned random variable from more points of view in the context of topological
graph theory. Because of the tight relation, random permutation and random
embeddings are compared to each other throughout the thesis.
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1. Random Embeddings
In this chapter we introduce necessary definitions and several results from a math-
ematical field called topological graph theory. These preliminary results and defi-
nitions are used throughout the whole thesis. We do not go through all topological
definitions, because this text is not meant to study objects from topological but
rather from combinatorial and probabilistic point of view.

1.1 Introduction to Topological Graph Theory
The field of a topological graph theory is the intersection of combinatorics and
topology. For some purposes (as we will see later) we could say that it is the
field of mathematical statistics, probability, combinatorics and topology. For
instance this work aims to describe graphs embeddings from combinatorial and
probabilistic point of view.

This field is mostly about studying embeddings of graphs in surfaces. Our
main interest is in finite connected graphs, so we do not consider any other types
of graphs. An embedding means we draw a graph in a surface in such a way that
edges of this given graph are not crossing each other. The first surface we can
think of is the plane. When it is possible to draw a given graph in the plane
without crossings of the edges, i.e., there exists an embedding of the graph in the
plane, then this given graph is called a planar graph. Similar definition can be
found in the book of Matoušek and Nešetřil [5].

Definition 1 (Embedding in a plane). An embedding of a graph G = (V, E) in
the plane are assignments φV of vertices of G to the plane and φE of edges of G
to the plane such that:

• Each vertex u of G is mapped to a point φV (u) in the plane.

• Each edge e = uw is mapped by φE to a continuous curve connecting two
vertices φV (u) and φV (w) in the plane. These vertices are endpoints of the
curve φE(e)

• Mapping φV is injective, i.e., two distinct vertices of G are mapped to dif-
ferent points of the plane.

• For every curve φE(e) holds the following: It does not go through any vertex
which is not its edpoint. The only places where the curve φE(e) meets with
any of the points φV (u) are its endpoints.

Face of such an embedding may be defined as follows. Let φ be an embedding
from Definition 1, then the set of all points in the plane, which are not on the
curves connecting any pair of vertices φ(u), φ(v), makes a partition of the plane
into a finite number of connected components. These disjoint components are
called faces. The first famous result from topological graph theory is considered to
be Euler’s polyhedra identity for planar graphs from 1750, which yield connection
for number of faces, vertices and edges for a planar graph.
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Theorem 1 (Euler’s polyhedral identity). Let G = (V, E) be a connected planar
graph. Let F be a number of faces of G. Then

|V | − |E| + F = 2

Another famous result, which was proved with a large assistance of the com-
puter calculating a lot of configurations in 1976, is four colour theorem.

Theorem 2 (Four colour theorem). Every connected planar graph G = (V, E)
can be coloured with 4 colours, i.e., we can colour vertices of G with four colours
in such a way that any two adjacent vertices do not get the same colour.

The proof was simplified by Robertson et al. [6] in 1995 and a lot of other work
which attempts to simplify the proof was done. Back to the Euler’s identity, once
we have this formula for planar graphs we can generalize it to more complicated
surfaces. For this purpose we introduce some definitions, which can be found in
[2] and [1].

Definition 2. A surface is a compact orientable 2-manifold.

For the purpose of this thesis we can say that a surface M is a sphere with k
handles, where k is nonnegative integer. Number k is said to be a genus of M .
There is no need to introduce more formal definition of a genus. For instance
sphere is a surface with a genus 0 and torus is a surface with a genus 1.

Definition 3 (Embedding). An embedding of a graph G on a surface S of a
genus k is defined in the same way as an embedding in the plane just by replacing
the plane with a surface in Definition 1.

Mappings φV and φE described in the Definition 3 divide the surface S into
mutually disjoint connected regions called faces analogically to an embedding in
the plane.

Theorem 3. Let G = (V, E) be a connected graph with an embedding on a surface
with a genus k. Let F be a number of faces of G. Then

|V | − |E| + F = 2 − 2k

Theorem 3 is a generalization of Theorem 1 for a surface with an arbitrary
genus. In this theorem we obtain an invariant 2 − 2k called Euler’s characteristic
for a surface with a genus k.

We introduce another view of an embedding of a graph on the following mo-
tivational example using local rotations.

Example 1. Let K4 be a graph we work with. The example of K4 being embedded
in the plane is well-known, such an embedding has four triangular faces and it is
the only way how can K4 be embedded in the plane. Now we introduce an embed-
ding of K4 on a torus. Let πv be a cyclic permutation of edges incident to a vertex
v in Figure 1.1, e.g., πA corresponds to a cyclic permutation of edges incident to a
vertex A. These cyclic permutations of edges at each vertex are represented by red
arrows in Figure 1.1. Let us now show that these cyclic permutations correspond
to an embedding of K4 on a torus. Now we trace all the faces of an embedding of
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this graph using its cyclic permutations of edges πv at each vertex v. Faces are be
represented by an ordered list of vertices, i.e., edges generating the boundary of a
face (e.g. A, B is the edge between vertices A and B). Each face corresponds to
a closed walk in the graph. Although the walk of a given face is closed, there is a
possibility to go along one edge in both directions while going along the boundary
of only one face. It also happens in this example.

A

B

C

D

Figure 1.1: An embedding of K4.

1. Let us start with an edge C, A so the initial vertex is C. After that we use
the red arrow (cyclic order of edges) at vertex A to find which edge we have
to go along in the next step. The corresponding face starting as mentioned
go through these vertices: C, A, D, B, C, D, A, B, D, C. The walk described
by these vertices would go along C, A in the next step. Since we got closed
walk we have the first face. This face has length 9, i.e., the walk goes along
9 edges. The order of vertices in the walk is important. Because the walk
where we go from A to C would be as follows C, D, B, A, D, C, B, D, A, C.
However, such a walk corresponds to different local rotations than ours.

2. Similarly we do the same process again. We want to find another face of
an embedding corresponding to given local rotations, i.e., different from the
first face. Let us take again C as the initial vertex. If the first edge is
C, D then the following edges we go along are the same as in the first face,
i.e., we would end up with the same face. The same result is also obtained
from the edge C, A as we saw above, thus we need to go initially from C
to B because this edge is not in the walk of the first face (for this purpose
of tracing faces is the edge from C to B different from the edge from B to
C). In conclusion if we go along the edge which is originally in the first
face then we get the same face as the first one is. Thus, we need to take as
a first edge of a new face an edge which is not included in the walk of the
first face. The corresponding face is then C, B, A, C. It has length 3, i.e.,
the face is called a triangle or a triangular face.
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A

B

CD

Figure 1.2: Torus representation of the embedding of K4 from Example 1.

Since we know that these faces of K4 are of length 3 and 9 we get from Theo-
rem 3 that the surface in which the graph is embedded is of the genus 1, therefore,
it is a torus. In conclusion K4 with a given cyclic permutation at each vertex as
in Figure 1.1 represents an embedding on a torus with faces of length 3 and 9.

To know how the embedding looks see Figure 1.2. A rectangle representation
is a useful tool for showing any drawing on a torus. Let us see how to make a
torus from the rectangle.

• Stick together the first pair of blue parallel lines (lines with red arrow right
next to them). We do it in such a way that corners at the end of each red
arrow are stuck together.

• We stuck together first pair of blue lines. Let us stick together the remaining
pair of parallel blue lines in the the same way as the first pair, however using
the black arrows.

From this construction it follows that the pair of blue parallel lines is actually
only one line, i.e., on a torus there is the uninterrupted line (edge) going from
the vertex C to the vertex D. Analogically there is a line (edge) between vertices
B and D. This is the way we can represent an embedding of K4 on a torus. Faces
are represented by dashed arrows in the figure. The longer one is represented by
green arrows and the shorter by purple ones. Arrows are drawn in the same way
as it was discussed above. Going initially from the vertex C we get exactly the
same sequence of vertices as above for both faces.

We described the embedding of K4 in Example 1 with the help of a cyclic
permutation of edges at each vertex (further called a local rotation at vertex v).
For our purposes it is sufficient to work with local rotations at vertices when
describing an embedding, because our main focus is on the number of faces of
an embedding. Local rotations at vertices do not describe where the curves of
an embedding go (by curves we mean images of edges on a surface). They only
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tell us how the faces of an embedding look, i.e., how many faces there are and
how long they are. It is also not clear how to work with not connected graphs
using local rotations, hence, we consider only connected graphs. Therefore, we
will further use only this combinatorial approach to embeddings. The following
example can be beneficial for the reader as an exercise about embeddings.

Example 2 (The number of embeddings of K4). The number of embeddings of K4
is 16 because local rotations are either clockwise or counterclockwise. Two of them
are in the plane, both of them has 4 faces of length 3. All other 14 embeddings are
on a torus. The number of embeddings which look like the embedding in Example 1
is 8, i.e., they have two faces of length 9 and 3. Remaining 6 embeddings on a
torus have two faces of length 8 and 4.

Now we introduce more formal definitions, which were already mentioned in
Example 1.

Definition 4 (Local rotation). Let G = (V, E) be a connected graph. Local
rotation at vertex v ∈ V is a cyclic ordering of edges incident to the vertex v. We
denote a local rotation at a vertex v by πv. For an edge e the following edge in
the local rotation of a vertex v is denoted by πv(e).

Remark. Let G from Definition 4 be a complete graph Kn. A local rotation at
a vertex v is a cyclic permutation of incident edges. Since deg(v) = n − 1 the
number of local rotations at the vertex v is (n − 2)! because it is the number of
cyclic permutations of n − 1 objects.

Definition 5 (Rotation system). Let G = (V, E) be a connected graph. Rotation
system is a set of local rotations of all the vertices of a graph G.

Remark. Such a definition of a rotation system enables us to describe only em-
beddings in orientable surfaces. For describing an embedding in a nonorientable
surface we would have to generalize Definition 5. However, we do not need it in
this thesis.

Theorem 4. The number of rotation systems of graph G = (V, E) is
∏︂

vi∈V

(di −1)!

where di is a degree of a vertex vi.

Proof. Let v be a vertex. The vertex v has d incident edges. The number of local
rotations at the vertex v is the number of cyclic permutations of d objects. The
number of cyclic permutations of d objects is (d − 1)!.

Corollary. The number of rotation systems of complete graph Kn is ((n − 2)!)n.
For an embedding of a graph G we will study the number of faces of an

embedding. A face can be described as a closed walk on a graph G. Since an
edge of a graph G does not have to be a part of only one face (see Example 1),
we will refer to a closed walk representing a face in an embedding as a boundary
walk of the face.

Definition 6 (Boundary walk of a face). Let G = (V, E) be a connected graph
and πv be a local rotation at a vertex v for each vertex v ∈ V . Boundary walk
of a face in an embedding of a graph G is a closed walk on the graph G which
satisfies the following:

8



• It starts and ends in the same vertex v.

• If the boundary walk goes along the edge from vertex v to u then the next
edge in the walk is πu(v, u), i.e., the following edge after v, u in the local
rotation at a vertex u.

• It ends in vertex v if and only if the next edge is the same as the one of the
edges which are already in the walk.

Boundary walk of a face goes along each edge in both directions at most once,
i.e., it goes along the edge from vertex x to y at most once. The same claim holds
for the edge from y to x. Closed walk defined in such a way corresponds to a
face in an embedding of a graph G. Boundary walk of a face can go through each
vertex multiple times. We need to emphasize that it can go along each edge at
most twice (along the edge from a vertex x to y and then along the edge from y
to x). Overall, boundary walks of all the faces of a given embedding in a total
go along each edge exactly twice (once in the direction from the vertex x to the
vertex y and once conversely from y to x). The purpose of defining a boundary
walk is that we can define the main object of the work, i.e., k-face.

Definition 7 (k-face). Face φ in an embedding of a graph G is a k-face if the
length of its boundary walk is k.

1.2 Random Topological Graph Theory
From the beginning we have been talking about embeddings of a graph G, which
we can now represent by a rotation system. The next step to get our final model
is to add randomness. Natural way how to do it is to choose uniformly randomly
local rotation at each vertex v. That is the way we do it in the whole thesis.
On the other hand there arised other possible models. In 1994 in the work of
White [4] about random topological graph theory five models were introduced:

1. The first is our model. The graph G is connected and each local rotation
has uniform distribution.

2. The second model works with cubic graphs, i.e., graphs with each vertex
of degree 3. A local rotation at each vertex can be clockwise or counter-
clockwise. This model has a parameter p as a probability of a local rotation
being clockwise. Thus, the distribution of a local rotation does not have to
be uniform.

3. Models three and four deal with embeddings in nonorientable surfaces (e.g.
Möbius strip). The graph G in these models is connected.

4. The fifth model is again about cubic graphs but it combines features from
models 3 and 4 so it deals also with nonorientable embeddings.

A random variable studied in these models is mostly genus of a surface in which
a graph is embedded. There are studied the distribution of a genus in random
embedding of various classes of graphs and similar questions. Another question
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could be about the distribution of faces of some type of graphs in a random
embedding. That is in some sense the question we will study.

The following definition describes a random embedding.

Definition 8 (Random embedding). A random embedding of a graph G is such
an embedding whose local rotation at each vertex is chosen uniformly at random
and independently of other vertices.

Remark. Probability of a given local rotation being the local rotation at vertex v
in Kn is 1

(n−2)!

1.3 Faces of a Random Embedding
In the thesis we deal only with complete graphs Kn and their face distributions.
We study the distribution of the number of k-faces in a random embedding of
Kn, where k is fixed, i.e., the number k is independent of the number of vertices
of a graph.

Definition 9 (Number of k-faces). Number of k-faces in a random embedding of
Kn is denoted by Fk(n). If Fk(n) converges in distribution, i.e., for each i ∈ N0
the following holds P [Fk(n) = i] n→∞−−−→ P [Fk = i], then the limit distribution is
denoted by Fk.

Random embeddings are closely related to random permutations. Each em-
bedding is described by a permutation where cycles of that permutation are
exactly faces of the embedding. Let us show it on the following example.

Example 3. In this example in Figure 1.3 we have the graph with the same
local rotations as in the Example 1. The figure has highlighted objects called
half edges. They are coloured in purple. There are 12 half edges in the figure.
Let us think about half edges in terms of permutations. Consequently, each pair
of half edges, which are on the same edge, is represented by a cycle of length
2. In the figure these cycles of length 2 are represented by blue arrows. Local
rotations are represented by 3-cycles in this case, i.e., cycles of length 3. Let σ
be the permutation consisting of all the transposition defined above and let π be
the permutation consisting of all the 3-cycles defined above. Then we can see that
the composition σπ is the permutation whose cycles correspond to the faces of the
graph in the figure, i.e., σπ has cycles of length 9 and 3.

We see that embeddings of Kn can be represented by permutations of its half
edges. Although we can represent embeddings in this way, not all permutations
represent an embedding of Kn because each embedding of Kn, where n > 2, has
the shortest face at least of length 3 .

The number of edges in Kn is n2−n
2 . Therefore, the number of its half edges

is n2 − n. Thus, a random embedding of Kn is represented as a permutation of
n2−n objects. The permutation has certainly no fixed point and no transposition.
What else can we say about the structure of the permutation describing a random
embedding of Kn? Unfortunately, this question will not be answered in this text.
On the other hand, in the next chapter we take a look at random permutations
in general because random embeddings and random permutations are closely
related.

10
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Figure 1.3: An embedding of K4 with corresponding half edges.
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2. Random Permutations
Permutation is a well-studied object and it is one of the most elementary objects
in mathematics. Its main role is in group theory as an element of a symmetric
group Sn and in combinatorics. For now our interest is in randomly selected
permutations, which are also well-studied for instance by Arratia and Tavaré [7]
or jointly with Barbour [8] .

2.1 Model
In the whole thesis a random permutation means the uniformly random permu-
tation, which is formally explained in the following definition. We use [n] =
{1, 2, . . . , n} to describe the set of n distinct objects. We sometimes refer to the
set [n] as the set of n objects in the further text.

Definition 10. Permutation π of a finite set [n] = {1, 2, . . . , n} is a bijective map
π : [n] → [n]. Let Ω be the set of all permutations on n objects, Ω = {π|π : [n] →
[n] is a permutation}. If we assign equal probability 1

|Ω| = 1
n! to each element of Ω

then a random permutation is the permutation chosen uniformly at random from
Ω.

Consequently, we can define a random variable counting the number of the
k-cycles, i.e., cycles whose length is k, in a random permutation on the set [n]
denoted by Ck(n). The number of k-cycles in a random permutation can be
also defined as a sum of random variables with a Bernoulli distribution. More
precisely:

Ck(n) =
∑︂
α∈A

Xα,

where A is the set of all ordered k-tuples without repetition of [n] and

Xα = I[α is a k-cycle in a random permutation] =

⎧⎨⎩1 if α is a k-cycle
0 if α is not a k-cycle

,

i.e., Xα has a Bernoulli distribution with a probability P [Xα = 1] being equal
to the number of permutations with α as their k-cycle over the number of all
permutations of [n].

2.2 Convergence to Poisson Distribution
Let us talk about a distribution of Ck(n), which can be used to describe the
distribution of Ck(n) on many objects. We defined a number of k-cycles of a
random permutation of [n] as the sum of Bernoulli distributed random variables.
These random variables are sometimes dependent. If they were independent we
would use Poisson limit theorem and we would know exactly the limit distribution.
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Theorem 5 (Poisson limit theorem). Let {Xn}n∈N be a sequence of random vari-
ables which all have a binomial distribution Binom(n, λ

n
). Then Xn converges in

distribution as n → ∞ to random variable Z, where Z has a Poisson distribution
Poiss(λ).

According to Theorem 5 we can determine a limit distribution of a sum of
independent Bernoulli distributed random variables when the sum has a specific
binomial distribution. What about a sum of possibly dependent Bernoulli dis-
tributed random variables? For instance a random permutation on n objects can
be viewed as a sum of possibly dependent random variables with a Bernoulli dis-
tribution. Similarly, a number of k-faces of a random embedding can be expressed
as a sum of Bernoulli distributed random variables, but we will talk about this
more in Chapter 3. Let us look more generally at the problem we are dealing with.
At first suppose we have a sequence of random variables {Yn}nN (for a random
permutation on n objects would Yn be the number of k-cycles earlier denoted by
Ck(n)). At least for now we do not have to be specific about properties of the
sequence, random variables in the sequence can be either real or integer valued.
One of the questions we could ask about the sequence is whether there exist a
limit distribution of the sequence and how it looks. By the limit distribution
we mean the distribution Y to which sequence {Yn}∈N converges in distribution.
In our case we do not have a closed formula for the distribution of any random
variable in the sequence {Yn}∈N. So we will not be able to directly determine the
distribution of Yn for any n ∈ N. Although we do not know distribution of any
individual random variable in the sequence, suppose we know moments of Yn for
all n ∈ N or at least limit of moments of Yn as n goes to infinity. Moments of a
random variable are defined as follows.

Definition 11 (Moments of a random variable). The r-th moment of a random
variable X denoted by EXr is defined as the following integral

EXr =
∫︂ ∞

−∞
xr dF (x),

where F (x) is a cumulative probability distribution function of X. Specifically,
for a nonnegative integer valued random variable X

EXr =
∑︂

k∈N0

krP [X = k].

For our purpose in this thesis it is sufficient to consider only a random vari-
able with discrete values because there is no need to work with the real valued
ones. However, working with real random variables leads us to being careful as
we can see in a while. Carefulness is necessary when we deal with the question
whether the limit distribution of {Yn}∈N is determined by all of its moments.
It is well known that not all random variables are determined by their moment
sequence. For instance a lognormal distribution (logarithm of a random variable
with this distribution has a normal distribution) is known for not being uniquely
determined by its moments by Heyde [9], i.e., there exists a different probabil-
ity distribution with the same moments as moments of random variable with
lognormal distribution. There is even infinite number of such distributions. The
problem whether a random variable is uniquely determined by its own moments is
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called “Moment problem”. From now on it is clear that it can certainly happen to
have a random variable not uniquely determined by its moments. There are var-
ious sufficient conditions for a given random variable to be uniquely determined
by its moments. For instance the following Pólya condition [10]

lim sup
n→∞

(EY 2n) 1
2n < ∞.

If Pólya condition is satisfied then the random variable Y is uniquely determined
by its moments. However, we aim to determine the limit distribution of a sequence
{Yn}∈N when Yn is nonnegative integer valued random variable for all n ∈ N.
The fact that Yn has only discrete values makes the situation simpler. Under a
few assumptions we are able to determine the limit distribution of the sequence
{Yn}∈N just from limits of all of its moments and we do not have to use explicitly
any condition similar to Pólya contidion. At this moment we should find out if
we are able to calculate the limit of moments at all. Although we could do it,
there exists much more simpler way of dealing with our problem than working
with classical moments. We need to introduce another moments of a random
variable called factorial moments. Similarly can be defined binomial moments.

Definition 12 (Factorial and binomial moments). Let Y be a nonnegative integer
valued random variable. The r-th factorial moment of Y is defined as follows:

E[Y r] def= E[Y (Y − 1) . . . (Y − r + 1)]

The r-th binomial moment of Y denoted by Br is defined as Br
def= E

(︂
Y
r

)︂
= 1

r!EY r.

Binomial and factorial moments have a clear interpretation in the case of a
discrete random variable Y , where Y expresses the number of objects of some
kind. The r-th binomial moment of a discrete random variable Y is the expected
number of unordered r-tuples without repetition, i.e., in r-tuple there are only
distinct objects. Factorial moments are interpreted in a similar way, they are the
number of ordered r-tuples without repetition. Let us look at specific examples
where the interpretation of binomial and factorial moments is meaningful and it
is useful further in the thesis.

Example 4 (Factorial moments of Ck(n) and Fk(n)). We can interpret the r-th
factorial moment of Ck(n) as the expected number of ordered r-tuples of distinct
k-cycles in a random permutation of n objects. Similarly for Fk(n) defined in
the first chapter. The r-th factorial moment of Fk(n) is the expected number
of ordered r-tuples of distinct k-faces in a random embedding of Kn. Binomial
moments have similar interpretation as a number of unordered r-tuples.

Back to our problem. Suppose we know limits as n goes to infinity of all
factorial moments (for each r ∈ N) of a sequence {Yn}nN. Now we have pre-
pared almost everything for formulating general theorem which yield the limit
distribution of a sequence {Yn} when Yn is a discrete random variable for each
n ∈ N. The following theorem is called Method of moments. We follow the proof
introduced by Lajos Takács [11] in 1991.
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Theorem 6 (Method of moments). Let X1, X2, X3 . . . be a sequence of discrete
random variables. Values of these random variables are only nonnegative integers.
For all j ∈ N0 we define the probability Pj(n) = P [Xn = j]. Suppose that the r-th
binomial moment of Xn,

Br(n) = E
[︄(︄

Xn

r

)︄]︄
=

∞∑︂
j=r

(︄
j

r

)︄
Pj(n)

is finite for all r ∈ N0 and for all n ∈ N. If the limit

lim
n→∞

Br(n) = Br (2.1)

exists for all r ∈ N0 and if the limit

lim
n→∞

n∑︂
r=j

(−1)r−j

(︄
j

r

)︄
Br = Pj (2.2)

exists for all j ∈ N0, then for all j ∈ N0

lim
n→∞

Pj(n) = Pj (2.3)

Proof. Let us first define a set of m + 1 polynomials fm,j(x) of degree m by the
following formulae

fm,j(x) def=
m∑︂

r=j

(−1)r−j

(︄
r

j

)︄(︄
x

r

)︄
(a)=
(︄

x

j

)︄
m∑︂

r=j

(−1)r−j

(︄
x − j

r − j

)︄
(b)=

(b)= (−1)m−j

(︄
x − j − 1

m − j

)︄(︄
x

j

)︄
(c)=
(︄

m − x

m − j

)︄(︄
x

j

)︄
for j ∈ {0, 1, . . . , m}, where m ∈ N0. We consider fm,j(x) only for x ∈ N0. We
prove the equalities in the alphabetical order.
(a) Equality (a) follows from the definition of a binomial coefficient and the fact
that j does not depend on index of summation r.

(︄
r

j

)︄(︄
x

r

)︄
= xr

r!
r!

(r − j)!j! = xj(x − j)r−j

j!(r − j)! =
(︄

x

j

)︄(︄
x − j

r − j

)︄
(b) We prove equality (b) by a mathematical induction on m. For m = 0 the
equality holds because (︄

x

0

)︄
=
(︄

x − 1
0

)︄
.

Now suppose that the equality holds for m and we want to prove that it holds
also for m + 1.

m+1∑︂
r=j

(−1)r−j

(︄
x − j

r − j

)︄
= (−1)m−j

(︄
x − j − 1

m − j

)︄
+ (−1)m+1−j

(︄
x − j

m − j + 1

)︄
=

= (−1)m−j

(︄
(x − j − 1)m−j

(m − j)! − (x − j)(m−j+1)

(m − j + 1)!

)︄
=
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= (−1)m−j (x − j − 1)m−j

(m − j + 1)! (m − x + 1) = (−1)m−j+1
(︄

x − j − 1
m − j + 1

)︄
We showed inductive step for statement (b), therefore, we proved (b) for each
m ∈ N0.
(c) Since the following equalities hold
(−1)m−j(x − j − 1)(x − j − 2) . . . (x − m) = (m − x)(m − x + 1) . . . (j − x + 1)

(−1)m−j (x − j − 1)!
(x − m − 1)!(m − j)! = (m − x)!

(j − x)!(m − j)! =
(︄

m − x

m − j

)︄
then we proved (c). Let us define

δj(x) =

⎧⎨⎩1 if x = j

0 if x ̸= j
.

Since we have the following equality

fm,j(x) =
(︄

x

j

)︄(︄
m − x

m − j

)︄

then assuming that binomial coefficient
(︂

a
b

)︂
is equal to 0 whenever a < b then we

get the following relationship between the polynomials and the function δj(x)

fm,j(x) = δj(x)

if 0 ≤ x ≤ m and 0 ≤ j ≤ m. Another useful inequality for x > j and m ≥ j

(−1)m−jfm,j(x) =
(︄

x

j

)︄(︄
x − j − 1

m − j

)︄
≥ 0 (2.4)

follows from (b) and from the fact that
(︂

x−j−1
m−j

)︂
is either 0 or greater than 0. Since

we have Equation 2.4 the following inequalities hold

fj+2s+1,j(x) ≤ δj(x) ≤ fj+2s,j(x). (2.5)

Now put x = Xn in Equation 2.5, where Xn is the random variable from the
statement of the theorem. Now form the expected value in the inequality for
j ∈ N0 and s ∈ N0

j+2s+1∑︂
r=j

(−1)r−j

(︄
r

j

)︄
Br(n) ≤ Pj(n) ≤

j+2s∑︂
r=j

(−1)r−j

(︄
r

j

)︄
Br(n).

If n goes to infinity then we obtain the following sequence of inequalities from
Assumption 2.1

j+2s+1∑︂
r=j

(−1)r−j

(︄
r

j

)︄
Br ≤ lim inf

n→∞
Pj(n) ≤ lim sup

n→∞
Pj(n) ≤

j+2s∑︂
r=j

(−1)r−j

(︄
r

j

)︄
Br.

If s goes to infinity then from Assumption 2.2 we get

Pj ≤ lim inf
n→∞

Pj(n) ≤ lim sup
n→∞

Pj(n) ≤ Pj.

Therefore, the limit as n goes to infinity of Pj(n) exists and it is equal to Pj.
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The method described in Theorem 6 enables us to describe the limit distri-
bution of a sequence of nonnegative integer valued random variables just from
the limit of its factorial (or binomial) moments. We should emphasize that the
same name as this theorem has a method used for estimating a parameter in
mathematical statistics. These are not the same methods.

In the following lemma we introduce how the r-th factorial moment of a
Poisson distribution looks. We do it with respect to the previous theorem. We use
the lemma to prove theorems about the limit distribution of Ck(n) in Theorem 9
and of Fk(n) in Theorem 19. After the lemma is proved we do not need Theorem 6
anymore.
Lemma 7 (Lemma for a Poisson distribution). Let {Xn}n∈N be a sequence of
random variables with values on nonnegative integers. Suppose that all the fac-
torial moments are finite and the limit of the r-th factorial moment is 1

kr . Then
{Xn}n∈N converges in distribution to the Poisson distribution with parameter 1

k
.

Proof. Let Z be a random variable with Poisson distribution with parameter 1
k
.

The first step is to find the following limit

lim
n→∞

n∑︂
r=j

(−1)r−j

(︄
j

r

)︄
Br =

∞∑︂
r=j

(−1)r−j

(︄
j

r

)︄
Br =

∞∑︂
r=j

(−1)r−j
1

kr

(r − j)!j! =

We get the second equation by putting Br equal to its value 1
r!kr .

=
∞∑︂

r=0
(−1)r

1
kr+j

r!j! = 1
kj

1
j

exp(−1
k

) = P [Z = j].

Equations follows from the Taylor serie of a function exp x. We verified assump-
tions of Theorem 6, therefore, the lemma is proved.

2.3 Limit Distribution of the Number of Cycles
We introduce the limit distribution of the number of k-cycles in a random permu-
tation Ck(n) in this section. Let us see how the r-th factorial moment of Ck(n)
looks.
Theorem 8. The r-th factorial moment of a random variable Ck(n) is equal to
1

kr I[rk ≤ n].
The calculation of factorial moments can be found in the book of Arratia,

Tavaré and Barbour [8]. It is easy to see, that the r-th factorial moment of Ck(n)
is 1

kr as n goes to infinity. Once we have limits of all the factorial moments we
can determine the limit distribution of Ck(n) using Theorem 6.
Theorem 9. Random variable Ck(n) converges in distribution to the Poisson
distribution with parameter 1

k
.

Proof. Binomial moments are finite for all n ∈ N0 and for all r ∈ N. Because 1
r!kr

is a finite number. The statement of the theorem follows from Lemma 7.

Now we have the limit distribution of Ck(n). As we saw in Chapter 1 the
number of k-faces in a random embedding has close relation to Ck(n). In the
next chapter we will see that at least the limit distribution of Fk(n) is the same
as the limit distribution of Ck(n).
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3. Moments and Limit
Distribution
In the whole chapter a random embedding refers to a random embedding of a
complete graph. In this chapter we focus on elementary moments (mean, vari-
ance) and factorial moments of the number of faces of a random embedding of a
complete graph. At the end we determine its limit distribution from the method
of moments. At first we should think about the expected result. A random em-
bedding is similar to the random permutation which has no cycle of a length
1 and 2. In this case we could expect similar moments for embeddings as for
permutations. We should emphasize that in Definition 9 the number of k-faces in
a random embedding of Kn is denoted by Fk(n). Therefore, we do not interpret
the limit distribution of Fk(n) as the number of k-faces in any graph. To see
if it makes sense to even hope for the limit distribution of Fk(n) to be Poisson
distributed (as the cycles in a random permutation) we calculate the mean and
the variance of Fk(n) at first. Before the calculation of moments let us look at
the model and elementary results needed for the further calculations.

3.1 Model
Let us introduce the model.

Let us have a complete graph Kn, where there is given a local rotation uni-
formly at random at each vertex. We denote by A the set of all ordered k-tuples
of vertices of Kn (a vertex in k-tuple can be multiple times, see Example 1). Then
we define for all α ∈ A random variable Xα as

Xα = I[α is a k-face in a random embedding] =

⎧⎨⎩1 if α is a k-face
0 if α is not a k-face

.

Thus, we can write
Fk(n) =

∑︂
α∈A

Xα.

Now we see that Fk(n) is a sum of random variables with a Bernoulli distribution.
If Xα were independent of each other for all α ∈ A then we would easily determine
the distribution of Fk(n), because it would be a binomial distribution and its
limit distribution would be a Poisson distribution as we can see in Chapter 2 in
Theorem 5. In our model there are certainly dependent random variables Xα. In
Figure 3.1 we see a subgraph of Kn formed from two triangles CBA and ABC.
Green arrows correspond to local rotations at vertices in such a way that CBA
is a face in the corresponding embedding. Red arrows mean the same thing,
but for the face ABC. From the definition of the local rotation we can see that
XABC + XCBA ≤ 1, i.e., they are dependent because

P [XABC = 1, XCBA = 1] = 0 ̸= P [XABC ]P [XCBA] > 0.
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A

B

C

Figure 3.1: Two dependent random variables XABC and XCBA.

If Fk(n) has asymptotically Poisson distribution then moments of the limit dis-
tribution have to be the same as for Poisson distribution. Therefore, the next
step is to calculate moments of Fk(n) and their limits as n goes to infinity. The
first step is to calculate the expected value (mean) and variance of Fk(n). These
are highly used moments of a random variable. The other reason for calculating
these moments is that the random variable which has Poisson distribution has
the same expected value and variance.

3.2 Elementary Results
The following lemma explains the reason why we consider at first only faces
of length 3, 4 and 5. We described a k-face as an ordered k-tuple of vertices.
However, we can denote a k-face by a sequence of not necessarily distinct vertices
a0, a1, . . . , ak such that a0 = ak, i.e., to the ordered k-tuple we add one vertex
which is the same as the first one. We say that a k-face is a face on less than
k vertices if in the sequence expressing the face a0, a1, . . . , ak there exist indexes
satisfying the following equality ai = aj, where i ̸= j and j ̸= 0, j ̸= k.

Lemma 10. Let n ≥ k ≥ 3 and Kn be a complete graph. Then for k ≤ 5 there
does not exist an embedding with a k-face on less than k vertices. For k > 5 there
exists an embedding with k-face on less than k vertices.

Proof. A k-face of an embedding can be represented as a walk on the graph.
Let a0, a1, . . . , ak be a sequence of vertices such that a0 = ak. If this sequence
describes a k-face then the following statements are true.

1. ai ̸= ai+1, where i ∈ {0, 1, . . . , k − 1}

2. ai ̸= ai+2, where i ∈ {0, 1, . . . , k − 2}

The first statement is true from the definition of the face. The second statement
is true because of the definition of the local rotation and because n > 2, thus, each
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S

Figure 3.2: Two k-faces on less than k vertices.

vertex has degree at least 2 and in that case ai ̸= ai+2. Suppose k ∈ {3, 4, 5}.
Any pair of vertices in the sequence of vertices of a k-face have to be distinct
because of the introduced statements.

Suppose k > 5. Now we find a k-face on less than k vertices. In Figure 3.2
there are only subgraphs needed for showing the existence of a k-face on less than
k vertices. There are not the whole local rotations at vertices in the figure. On
the left-hand side there is a 6-face on exactly 5 vertices. On the right-hand side
there is a sketch of a k-face on less than k vertices for k > 6. There is a set
S of vertices which can contain an arbitrary number of vertices greater than 1.
Therefore, we can construct a k-face on less than k vertices for each k > 5.

Due to Lemma 10 we can see now that a situation is much simpler for k-faces,
where k ∈ {3, 4, 5}. Now we introduce the lemma which is the most important
tool for calculation of moments of a random variable Fk(n).

Lemma 11 (Lemma for a local rotation). Let v be a vertex of Kn and m be a
positive integer. Let fv be a partial mapping such that domain and range of this
mapping are edges incident to a vertex v. Let e1, e2, . . . , em be edges incident to
the vertex v such that for each i ∈ {1, 2, . . . , m} the image fv(ei) is known. Then
there are following cases:

1. There exists a r-cycle among the elements {e1, e2, . . . , em} for r ≤ m, i.e.,
there exists a sequence of these elements such that f(ek1) = ek2 , f(ek2) =
ek3 , . . . , f(ekr) = ek1.

2. There exists edges ei and ej such that fv(ei) = fv(ej), i.e., the mapping fv

is not injective.

3. The first and the second cases are not true for given edges e1, e2, . . . , em.

There is a possible extension of fv (adding values of fv(ei) for each i ∈ {m +
1, m + 2, . . . , n − 1}) in such a way that fv is a local rotation if and only if the
third case occurs. The probability that a uniformly random local rotation at vertex
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v has the values πv(e1) = fv(e1), πv(e2) = fv(e2), . . . , πv(em) = fv(em) is

P = 1
(n − 2).(n − 3) . . . (n − m − 1)

in the third case.

Figure 3.3:
Oriented graph
with d nodes.

Figure 3.4: Four
known values of
fv(ei).

Figure 3.5: Graph
created from the
Figure 3.4.

Figure 3.6:
Prescribed values
make a cycle.

Proof. Let us denote by d the degree of a vertex v in Kn (to avoid difficulties
with degree n − 1). Suppose we represent each edge by a node in an oriented
graph, see Figure 3.3. The partial mapping fv we represent by arrows between
nodes. For instance it can look the same as in Figure 3.4 or in Figure 3.6. A
Local rotation is actually a cyclic permutation of d objects, i.e., the permutation
with exactly one cycle. Therefore, if the partial mapping contains r-cycle (r < d)
then we can not extend fv to a cyclic permutation of edges. A local rotation is
a permutation, thus, if the partial mapping fv is not injective we can not extend
it to a local rotation. Let e1, e2, . . . em be a sequence of edges from the statement
of the lemma and the third case from the statement of the theorem is true. The
situation can be described for instance by Figure 3.4. To extend such partial
mapping to a cyclic permutation all the remaining nodes can not be mapped on
the nodes which already have a preimage. Therefore, we can remove nodes with
preimage from the graph in Figure 3.4 and we get Figure 3.5, where red nodes
are the nodes which have an image, but not a preimage. The number of the
cyclic permutation represented by such graph with (d − m) nodes is (d − 1 − m)!.
The final step of the proof is to calculate the probability. The probability in the
statement of the lemma can be viewed as follows

P = Number of cyclic permutation of (d − m) objects
Number of cyclic permutation of d objects .

The number in the numerator corresponds to the discussion above. This is exactly
the number of local rotations with some of the values known and equal to the
values of the given partial mapping. The number in the denominator is just the
number of local rotations of d objects, i.e., the number of cyclic permutations of
d objects. Hence, the probability is

P = (d − 1 − m)!
(d − 1)! = 1

(d − 1)(d − 2) . . . (d − m) .
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We claim the lemma for Kn, thus, a degree of each vertex is equal to n − 1.
Therefore, the probability is

P = 1
(n − 2)(n − 3) . . . (n − m − 1) .

3.3 Mean
Theorem 12. Let Kn be a complete graph with n vertices and k ∈ {3, 4, 5}, then

EFk(n) = nk

k(n − 2)k
.

Asymptotically
lim

n→∞
EFk(n) = 1

k
.

Proof. In our model we can express EFk(n) = E∑︁α∈A Xα = ∑︁
α∈A EXα, where

A is the set of ordered k-tuples of vertices in Kn and Xα is a random variable
defined in Section 3.1. Each vertex in the ordered k-tuple is different because of
Lemma 10 and the fact that k ≤ 5. For each ordered k-tuple of vertices α we
know the following probability

EXα = P [α is k-face in the embedding] = 1
(n − 2)k

.

The first equation follows from the definition of the random variable Xα because
Xα has a Bernoulli distribution. The second equation needs more explanation.
It follows from Lemma 11 because any two vertices in k-tuple α ∈ A are distinct.
Then we just need to apply k times Lemma 11, i.e., from the independency of
local rotations at distinct vertices and from Lemma 11 we get

P [a local rotation at each vertex is such that α makes a k-face] = 1
(n − 2)k

.

The number of ordered k-tuples of n vertices is equal to n(n − 1) . . . (n − k + 1).
The number of the ordered k-tuples of vertices being the same k-face is exactly
k. For instance in case of k = 3 the triples (a, b, c), (b, c, a), (c, a, b) expresses
the same face (see Figure 3.1), i.e., (a, b, c) can be cyclically rearrange to (b, c, a).
Therefore, we have to divide the final expression by k.

An embedding of Kn can have k-faces on less than k vertices as we know from
Lemma 10. For this purpose is the following definition.

Definition 13 (Surplus). Let Kn be a complete graph and let φ be a k-face on
k − Sφ vertices. The number Sφ is called the surplus of the k-face φ.
Surplus of a vertex v in a k-face φ denoted by Sφ,v is such a number that Sφ,v + 1
is the number of repetition of the vertex v in the ordered k-tuple corresponding to
the k-face.
Surplus of a vertex v denoted by Sv with respect to more faces, i.e., not with
respect to one particular face, is defined as follows. Let m be the number from
Lemma 11 then m = Sv + 1.
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Example 5. The surplus of the face on the left-hand side in Figure 3.2 is 1. The
surplus of each vertex except the middle one is 0. The surplus of the vertex in the
middle is 1.

Before we introduce the theorem, which generalize Theorem 12, we prove the
lemma useful in the further text on several places.

Lemma 13 (Estimate of number of k-faces). The number of k-faces on exactly
k − S vertices is less than or equal to nk−S(k − S)k.

Proof. For the estimate we need two things:

1. The number of ways how to choose k − S vertices out of n vertices is

n(n − 1) . . . (n − k + S + 1) < nk−S.

2. The number of orderings of k vertices containing exactly k − S distinct
vertices can be estimated as the number of functions f : [k] → [k − S],
where [k] = {1, 2, . . . , k}. Each ordering of k − S vertices expressing the
k-face is counted in. However, there are orderings which can not correspond
to a k-face, e.g., ordering of vertices such that two vertices directly after
each other are the same vertex. Finally, the number of ordering of k vertices
containing k − S vertices, denoted by D, is estimated as

D ≤ (k − S)k.

The inequality holds because each of the k elements can be mapped by f
to one of the k − S elements.

Since we have these two inequalities we can estimate the number of k-faces on
k − S vertices by nk−S(k − S)k.

Eventually we can divide the estimate by k and it still holds. However, we do
not need it for further calculations.

Theorem 14. Let Kn be a complete graph and k ∈ N, k ≥ 6. Then

EFk(n) = nk

k(n − 2)k
+ o(1). (3.1)

Asymptotically
lim

n→∞
EFk(n) = 1

k
.

Proof. We know that for k ≥ 6 there are k-faces on less than k vertices from
Lemma 10. Let us denote the expected value of Fk(n) for k-faces only on k − S
vertices by EFk,S(n). Hence, we can write

EFk(n) = EFk,0(n) + EFk,1(n) + . . . + EFk,m(S)(n).

The number m(S) expresses the maximal surplus for a k-face, i.e., there does not
exist a k-face on less than k−m(S) vertices. From the inequality m(S) < k follows
that the sum is finite for each k ∈ N. The first number in the sum is EFk,0(n).
This element of the sum is counting only the expected number of k-faces on k

23



vertices. That is exactly what we calculated in Theorem 12 for k ∈ {3, 4, 5}.
The same calculation can be provided for any k > 5, therefore, we have the first
number

EFk,0(n) = nk

k(n − 2)k
.

Now we prove that all remaining numbers EFk,S(n), where m(S) ≥ S > 0, are
equal to o(1), i.e., the limit as n goes to infinity of this expression is 0. Let S > 0
and k be fixed numbers. We know that EFk,S(n) = E∑︁α∈A Xα = ∑︁

α∈A EXα,
where A is the set of all ordered k-tuples of exactly k −S vertices. Therefore, the
expected value is only the sum of probabilities that α is a k-face∑︂

α∈A

EXα =
∑︂
α∈A

P [local rotations at vertices are such that α is a k-face].

We do not count the exact number EFk,S(n) we only estimate it. At first we
estimate the number of faces on k−S vertices. That is from Lemma 13 estimated
by the number nk−S(k−S)k. The second thing we do is estimating the probability
P [local rotations at vertices are such that α is a k-face]. Let α be a k-face on
k −S vertices. In the ordered k-tuple α each of the k −S vertices appears at least
once. In a k-tuple α at least one of the vertices appears more than once. Due to
these facts and Lemma 11 the probability P [a local rotation at vertex v is such
that α can be a k-face] is less than 1

n−2 for each of the k − S vertices which are at
least one in k-tuple α. For the vertex which is more than once in k-tuple α we can
estimate better. For such a vertex v the probability P [local rotation at vertex v
is such that α can be a k-face] is less than 1

(n−2)(n−3) from Lemma 11. Therefore,
from the independence of local rotations we get the following inequality

P [local rotations at vertices are such that α is a k-face] ≤ 1
(n − 2)k−S(n − 3) .

In conclusion for each S > 0 the following inequality holds

EFk,S(n) ≤ nk−S(k − S)k

(n − 2)k−S(n − 3) = o(1)

Therefore, from the fact that m(S) < k we get EFk,1(n)+ . . .+EFk,m(S)(n) = o(1)
with the respect to n. The statement is proved.

If it is needed there is a possible way to estimate the probabilities in the proof
of Theorem 14 better just by using Lemma 11. The estimate introduced in the
proof is good for S = 1, but for greater values of S it is useful only for calculating
the limit.

3.4 Variance
The second central moment, i.e., variance is another useful property of a prob-
ability distribution. We mostly get only asymptotic variance for Fk(n) with the
respect to n. In this section we use the formula expressing a variance as a sum
of covariances between random variables

Var
(︄∑︂

α∈A

Xα

)︄
=
∑︂
α∈A

∑︂
β∈A

Cov(Xα, Xβ),
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where covariance between two random variables X and Y is defined as follows

Cov(X, Y ) = EXY − EXEY.

Conversely we could use another formula to calculate a variance, which can sim-
plify calculation in some cases:

Var(X) = E[X(X − 1)] + EX − (EX)2.

For this section we use the first approach because it gives us a slightly better
insight in to the problem than the second approach, which is shown in Section 3.5.
However, the first approach is certainly more complicated than the second one.

Lemma 15 (Asymptotic behaviour of the expected value). Let α and β be k-faces
in some embedding of Kn (not necessarily the same embedding). Then

EXαEXβ = 1
Θ(n2k) .

Proof. We need to calculate

EXα = P [α is a k-face in an embedding of Kn] =

= P [Local rotations at vertices in α correspond to local rotations of k-face α]

only for one of the faces. Let Sα,v be a surplus of a face α at vertex v, Sα is the
surplus of the whole k-face α. From Lemma 11 we get for a local rotation at each
vertex the contribution to probability as follows

1
(n − 2)(n − 3) . . . (n − Sα,v − 2) = 1

(n − 2)Θ(nSα,v) .

There is k − Sα such vertices, therefore,

P [α is a k-face in an embedding of Kn] =
k−Sα∏︂
i=1

1
(n − 2)k−SαΘ(nSα,vi ) .

Surplus of the sum of each vertex in the k-face is the surplus of the whole k-face.
Thus,

k−Sα∏︂
i=1

1
(n − 2)k−SαΘ(nSα,vi ) = 1

Θ(nk) .

Theorem 16. Let Kn be a complete graph and k ∈ N, k ≥ 3. Then

Var(Fk(n)) = nk

k(n − 2)k) + o(1).

Asymptotically
Var(Fk(n)) n→∞−−−→ 1

k
.
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Proof. Let us start with the sequence of equalities

VarFk(n) (a)= V ar

(︄
1
k

∑︂
α∈A

Xα

)︄
(b)= 1

k2

∑︂
α∈A

∑︂
β∈A

Cov(Xα, Xβ).

Objects in these equalities are defined almost in the same way as before, Xα is a
random variable defined in Section 3.1 and A is the set of all ordered k-tuples of
vertices such that there exists an embedding of Kn in which α is a k-face. This
condition on the set A was not needed in the calculation of the expected value.
The reason is that a k-tuple of vertices which is not a k-face in any embedding of
Kn does not make any contribution to the expected value. However, we need to
be more careful to the variance. Because the theorem is stated for general k ≥ 3
vertices can repeat in a k-tuple.
(a) The equality (a) follows from the definition of Fk(n) and the fact that there
is exactly k ordered k-tuples corresponding to the same face, e.g., faces
(a, b, c), (b, c, a) and (c, a, b).

(b) The fraction 1
k2 in front of the double sum follows from the properties of the

variance. Double sum of covariances is just the definition of the variance.

Now we divide the rest of the proof into four steps.
(1.step) In the first step we calculate the main element of the Var(Fk(n)).

Suppose that α is a fixed k-face on k distinct vertices. The second k-face β is the
same as α up to cyclic rearrangement, i.e., for k = 3 the triples (a, b, c), (b, c, a)
and (c, a, b) of vertices are the same up to cyclic rearrangement. Therefore, there
are exactly k faces β, which are the same as α up to cyclic rearrangement. Let
us calculate the covariance.

Cov(Xα, Xβ) = EX2
α − (EXα)2 = 1

(n − 2)k
− 1

(n − 2)2k
= (n − 2)k − 1

(n − 2)2k
= 1

Θ(nk) .

The number 1
(n−2)k in the first part of the third expression follows from the defini-

tion of Xα. A random variable Xα has Bernoulli distribution, thus, EX2
α = EXα.

The number of k-faces α is nk. The number of k-faces β, which are same as the
given k-face α up to cyclic rearrangement, is exactly k. In conclusion for such
faces α and β the following equalities holds

∑︂
α∈A1

k · Cov(Xα, Xβ) = k
nk((n − 2)k − 1)

(n − 2)2k
= k

nk

Θ(nk) ,

where A1 is a set of k-faces described in the first step, i.e., k-faces on k vertices. We
get that the main part nk

k(n−2)k of Var(Fk(n)) is derived from the middle expression
in the last sequence of equalities and from the equality (b) at the beginning of
the proof.

(2.step) This step is not relevant in the calculation of variance for k ∈
{3, 4, 5}. In the second step k-faces α and β are the same k-faces in the same
sense as in the first step, i.e., same up to cyclic rearrangement. However, both
faces has positive surplus S > 0, i.e., k-faces are on less than k-vertices. Let us
start with calculating covariances

Cov(Xα, Xβ) = EX2
α − (EXα)2 = 1

(n − 2)k−SΘ(nS) − 1
Θ(n2k) = Θ(nk) − 1

Θ(n)2k
.
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The first equation follows from the restriction we make on the faces in this step.
The first expression in the second equation 1

(n−2)k−SΘ(nS) follows from the exact
calculation of the expected value of Xα, which was done in the proof of Lemma 15.
We also need to use that Xα has a Bernoulli distribution. The expression 1

Θ(n2k)
follows from Lemma 15. All together for fixed S > 0 the following inequality
holds ∑︂

α∈A2

k · Cov(Xα, Xβ) ≤ c · k
nk−S(k − S)k(Θ(nk)) − 1

Θ(n2k) − o(1).

Set A2 is a set of k-faces described in the second step. Number k has the same
meaning as in the first step. The estimate of the number of k-faces on k − S
vertices follows from Lemma 13. Since in the expression there is a function Θ
we need a suitable constant c which yields the inequality. The expression on the
right-hand side goes to 0 as n goes to infinity, therefore, sum of covariances of
the faces in the second step is o(1) with respect to n.

(3.step) Suppose that k-faces α and β are different, i.e., one face is not cyclic
rearrangement of the other. We also assume that a local rotation at least at one
vertex is not well defined for faces α and β, i.e., see Lemma 11 because this is the
part when the partial mapping can not be extended to a local rotation. There
exists no embedding having both faces α and β because a local rotation at some
vertex is not well defined, therefore, EXαXβ = 0. Thus, the covariance between
these k-faces from Lemma 15 is equal to

Cov(Xα, Xβ) = EXαXβ − EXαEXβ = − 1
Θ(n2k) .

The total number of all the faces α and β is less than or equal to the following
number n2k−1k2k. The number k2k can be derived similarly as in Lemma 13 as-
suming that we get for each of k-faces the estimate kk. To have at least at one
vertex not well defined local rotation the faces must have at least one common
vertex. Hence, there is at most n2k−1 options how to choose vertices of both faces.
In conclusion the following estimate holds

|
∑︂
α∈A

∑︂
β∈A

Cov(Xα, Xβ)| ≤ c · n2k−1k2k

Θ(n2k) = o(1).

Since in the estimate there is a function Θ we need the suitable constant c which
yields the inequality. Thus, the expression for the third step is o(1) with respect
to n.

(4.step) In the last step two k-faces α and β we deal with are different as
they were in the third step. However, local rotations are well defined in this case.
Therefore the expression EXαXβ is not equal to 0. Let α and β be such faces.
Then at each vertex there is defined a partial mapping as in Lemma 11. The
partial mapping is defined for each vertex in such a way that fv(ei) = ej, where
i ̸= j, for some of the edges incident to a vertex v. Such a partial mapping creates
a part of some embedding. Therefore, edges for the partial mapping are chosen in
such a way that α and β are k-faces in this embedding. However, we do not give
an image by fv to more edges than it is needed. Such defined partial mapping
has known values fv(e) for exactly 2k edges e at various vertices. Therefore, we
get in a total for all vertices of k-faces α and β that EXαXβ ,which is equal to the

27



probability in Lemma 11 for all vertices of Kn combined, is equal to the number
1

Θ(n2k) which follows from Lemma 11. Following equations hold

Cov(Xα, Xβ) = EXαXβ − EXαEXβ
(1)= 1

Θ(n2k) − 1
Θ(n2k)

(2)= Θ(n2k) − Θ(n2k)
Θ(n4k)

(3)
≤

(3)
≤ c

Θ(n2k−1)
Θ(n4k) = c

1
Θ(n2k+1) .

Equation (1) is clear from the discussion above and from Lemma 15. In Equation
(2) we can not be sure if the both expressions 1

Θ(n2k) are the same, thus, we need
to do exactly what we have done in Equation (2). From the calculation of 1

Θ(n2k)
in Equality (1) we see that the coefficient at the highest power has to be 1 for
both of the expression Θ(n2k). Therefore, inequality (3) holds. There is also
needed a suitable constant c which has the same meaning as in the two previous
steps. Now we have all set up for the final calculation

∑︂
α∈A

∑︂
β∈A

Cov(Xα, Xβ)
(4)
≤ c

number of k-faces α and β

Θ(n2k+1)
(5)
≤

(5)
≤ c

∑︁max(Sα)
Sα=0 nk−Sα(k − Sα)k ∑︁max(Sβ)

Sβ=0 nk−Sβ (k − Sβ)k

Θ(n2k+1)
(6)
≤ m

Θ(nk)k2kΘ(nk)k2k

Θ(n2k+1) .

Equality (4) follows from the discussion above. Equality (5) follows from
Lemma 13, where we have to sum up all the possible surpluses of the k-faces.
Since the surplus of a k-face is less than k then we get the last inequality with not
neccesarily the same constant, hence, we write a constant m for this inequality.
The limit of the last expression is 0 as n goes to infinity, therefore, the sum of
covariances of k-faces defined in the fourth step is o(1) with respect to n.

In conclusion in three of four steps we get the expression equal to o(1). In
the first step we get the main part of the variance of Fk(n). The theorem is
proved.

3.5 Factorial Moments
In this section we deal with factorial moments mentioned in Chapter 2. It is the
key result. After showing the limits of factorial moments of all orders we are
able to determine the limit distribution of Fk(n) from the method of moments.
Factorial moments for a discrete random variable have a useful interpretation as
the expected number of ordered r-tuples (see Example 4). For our purposes it
means that r-th factorial moment of Fk(n) is the expected number of r-tuples of
distinct k-faces multiplied by r!. We use this interpretation in the proof of the
following theorem.

Lemma 17 (Squeeze theorem). Let {an}n∈N, {bn}n∈N and {cn}n∈N be real valued
sequences with following properties

• ∃ n0 ∈ N such that ∀n ∈ N, n ≥ n0 holds the following inequalities an ≤
cn ≤ bn
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• ∃K ∈ R such that limn→∞ an = limn→∞ bn = K

Then limn→∞ cn = K.

Theorem 18. Let Kn be a complete graph and let E[F r
k (n)] be the r-th factorial

moment of Fk(n). Then
lim

n→∞
E[F r

k (n)] = 1
kr

Proof. Let us consider only k-faces on exactly k vertices at first. From the inter-
pretation it is clear that the r-th factorial moment is the expected value of the
number of ordered r-tuples of distinct k-faces. In other words

E[F r
k (n)] =

∑︂
αi,αj∈A,αi ̸=αj ,∀i,j∈{1,2,...,r},i ̸=j

Xα1Xα2 . . . Xαr ,

where αi is a k-face and A is the set of ordered k-tuples of vertices. A random
variable Xαi

is defined in Section 3.1. Actually we need to count the number of
k-faces and then also probabilities that at each vertex a local rotation is such
that α1, α2, . . . , αr are k-faces in the same embedding, therefore, we need to use
Lemma 11. Because local rotations are independent of each other then the prob-
ability that α1, α2, . . . , αr are k-faces in the same embedding is the product of the
probabilities at each vertex. We refer to parts of the product of the probability,
i.e., parts for a given vertex or for a given face, as a contribution to the proba-
bility. Let us make inequalities from both sides for E[F r

k (n)]. The actual number
of different k-faces is surely greater than the number of different k-faces having
no vertex in common. Therefore, the number of k-faces is greater than

1
kr

nk(n − k)k . . . (n − kr + r)k,

where 1
kr follows from the following argument. For a given k-face there are k faces

which can be cyclically rearranged to the given face, e.g., 3-faces (a, b, c), (b, c, a)
and (c, a, b). A contribution to the probability for each such face is 1

(n−2)kr because
for each vertex there is the contribution to this probability 1

(n−2) since faces have
distinct vertices. The contribution to the probability for each vertex follows from
Lemma 11. Thus,

1
kr

nk(n − k)k . . . (n − kr + r)k 1
(n − 2)kr

≤ E[F r
k (n)].

Let us now calculate the estimate from the other side. If we assume that each
k-face can contain any of n vertices then we get greater number of k-faces than
the actual number of k-faces. Therefore, the number of r-tuples of k-faces on k
vertices is less than

(nk)r 1
kr

.

Let us calculate the biggest possible contribution to the probability. Suppose
we have r-tuple of k-faces. At most r k-faces can have a vertex in common.
The surplus at this vertex is r − 1, therefore, the contribution to probability
at such a vertex is exactly 1

(n−2)(n−3)...(n−r−1) from Lemma 11. This is less than
1

max{1,(n−r−1)r} , where the number 1 in the denominator is only for having defined
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the expression even if r > n. Due to this discussion we can use a similar estimate
at each vertex with respect to the number of k-faces, which have the vertex in
common. Therefore, if a vertex is common for s < r k-faces then the contribution
to probability for this vertex is less than 1

max{1,(n−r−1)s} . In total the contribution
to the probability for all r k-faces is less than 1

max{1,(n−r−1)kr} which follows from
Lemma 11. Thus,

E[F r
k (n)] ≤ (nk)r 1

kr

1
max{1, (n − r − 1)kr}

.

In conclusion the limit as n goes to infinity from both of the estimates is 1
kr ,

therefore, we get that E[F r
k (n)] n→∞−−−→ 1

kr from Squeeze theorem (Lemma 17). We
are done for k ∈ {3, 4, 5} because of Lemma 10. There are no k-faces on less than
k-vertices for k ∈ {3, 4, 5}.

Let us now consider an r-tuple of k-faces such that in the r-tuple there are r0 <
r k-faces on k vertices (they have surplus equal to 0), r1 k-faces with surplus equal
to 1 and in general ri k-faces with surplus equal to i, where i ∈ {0, 1, . . . , m(S)}.
By m(S) we denote the maximal possible surplus of a k-face. We show that each
such a part of E[F r

k (n)], where there is given sequence r0, r1, . . . , rm(s) such that
r0 + r1 + . . . + rm(S) = r, is o(1) with respect to n. The number of sequences
r0, . . . , rm(S) is finite, therefore, it suffices to show that for given such a sequence
we get the contribution to E[F r

k (n)] equal to o(1) with respect to n. Thus, we
prove that for r-tuple such that r0 < r its corresponding part in E[F r

k (n)] is equal
to o(1). We use Lemma 13 for the estimate of the number of k-faces. The number
of r-tuples of such k-faces is less than

(nkkk)r0(nk−1(k − 1)k)r1 . . . (nk−m(S)(k − m(S))k)rm(S) .

Let us now estimate the contribution to the probability at each vertex. We use
again Lemma 11. The maximal surplus at a vertex v is following. There is exactly
r0 faces on k-vertices, hence, the surplus at v can be at most r0 considering only
k-faces with surplus equal to 0. The contribution to a surplus of vertex v from
k-face with the surplus S can be at most S + 1. From all such k-faces there is a
contribution (S + 1)rS to a surplus of vertex v. In total the maximal surplus of
vertex v is r0 − 1 + 2r1 + 3r2 + . . . + m(S)rm(S). This can be estimated by the
following expression

r0 − 1 + 2r1 + 3r2 + . . . + m(S)rm(S) ≤ (k(r0 + r1 + . . . + rm(S))) − 1.

The following equality holds

(k(r0 + r1 + . . . + rm(S))) − 1 = kr − 1.

We estimated the maximal possible surplus of vertex v. From Lemma 11 the
contribution to the probability in E[F r

k (n)] for the r-tuple of k-faces is less than
1

max{1, (n − kr − 1)kr}
.

In total for a given sequence r0, r1, . . . , rm(S) of k-faces we estimate the corre-
sponding part of the r-th factorial moment of Fk(n) as follows

E[F r
k (n)] ≤ (nkkk)r0(nk−1(k − 1)k)r1 . . . (nk−m(S)(k − m(S))k)rm(S)

max{1, (n − kr − 1)kr}
= o(1).
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From the condition on r-tuple of k-faces the estimate is equal to o(1). From the
discussion above follows the theorem.

The result from Theorem 18 can be used to calculate the limit of the variance
of Fk(n) in different way than introduced in Theorem 16 in Section 3.4. Alter-
native method uses the first (mean) and the second factorial moment and the
method is sketched in Section 3.4.

3.6 Limit Distribution of the Number of Faces
The biggest theoretical result of this thesis is certainly the theorem about limit
distribution of a random variable Fk(n). We have all set up to state the main
theorem.

Theorem 19. Random variable Fk(n) converges in distribution to the Poisson
distribution with a parameter 1

k
.

Proof. To prove the theorem we need to verify assumptions in Lemma 6 (Lemma
for the Poisson distribution). In Theorem 18 we can see that the r-th factorial
moment of Fk(n) has the limit 1

kr as n goes to infinity, therefore, the limit of the
r-th binomial moment is 1

r!kr as n goes to infinity. We can see from the proof of
Theorem 18 that all factorial (binomial) moments are finite for all n, r ∈ N. The
theorem then follows from Lemma 7.

We managed to prove that Fk(n) has asymptotically a Poisson distribution
with a parameter 1

k
. We can certainly say by the definition of k-faces in Kn that

Fk(n) has not a Poisson distribution for any finite n. This is easy to show because
the number of k-faces in Kn is at most n2 −n, therefore, P [Fk(n) = n2 −n+i] = 0
whenever i > 0. It brings us to showing something about the distribution of Fk(n)
for finite n. For that matter we use simulation of a random embedding of Kn.
To evaluate the simulation we use hypothesis testing.
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4. Simulation
In the previous chapter we proved that as n goes to infinity the limit distribu-
tion of Fk(n) is a Poisson distribution with a parameter 1

k
. We also know that

Fk(n) can not have exactly Poisson distribution because it does not have positive
probability on all nonnegative integers. We would like to know if Fk(n) is at least
approximately Poisson distributed. We use a statistical analysis to look somehow
at the distribution of Fk(n).

Before we start describing a statistical model we describe how the simulation
of a random embedding is executed. The Simulation goes as follows, at each
vertex (independently of other vertices) we choose uniformly at random local
rotation. After we have local rotations at each vertex they form an embedding
of Kn, i.e., we get a realization of a random variable Fk(n) for each k ≤ n2 − n.
For each realization we get the number of k-faces for each 3 ≤ k ≤ n2 − n. We
use various numbers of vertices in Kn. Numbers of vertices n used in simulation
are {10, 20, . . . , 90, 100, 200, . . . , 900, 1000}. For each n we made 20000 random
embeddings.

We would like to test the hypothesis that Fk(n) is Poisson distributed with
a parameter 1

k
. From the discussion at the beginning of this chapter we can see

that it can not be exactly true. Therefore, we do not test the hypothesis that
Fk(n) has exactly a Poisson distribution, but only the hypothesis that Fk(n) has
modified Poisson distribution. More precise description is done further. We use
Chi-square test for testing because of its simplicity. After the precise formulation
of a model it should be clear that Chi-square test is an appropriate choice. There
are more options to choose, e.g., we could also use likelihood ratio test (Also
known as G-test). Before defining the statistical model we define modification of
a Poisson distribution.

Definition 14 (Poisson distribution cut at q). Let Z be a random variable with
values only on nonnegative integers and q be a positive integer. Let k be a positive
integer. Let us define distribution of the random variable Z by the following
formulae

P [Z = i] = exp(−1
k

) 1
i!ki

, if i < q

P [Z = q] = 1 −
q−1∑︂
i=0

exp(−1
k

) 1
i!ki

, if i = q.

We say that Z has a Poisson distribution cut at q with parameter 1
k
.

Statistical model Let Y1, Y2, . . . , Ym be a random sample from the distribution
GY , where GY is the distribution of a random variable Fk(n). Then the random
variable Yi says how many k-faces are in i-th realization of a random variable
Fk(n). Random variables Yi can be of values 0, 1, 2 . . . , ⌊n2−n

k
⌋. However, from

the calculation of the expected value and the variance of Fk(n) in Chapter 3 we
can see that there is only a little probability that Yi is a big number, because the
variance and the expected value are around the number 1

k
at least for sufficiently

big n. Assuming the variance and the mean of Fk(n) we merge together some of
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the possible values of Yi. We do it as follows. Let p0 = (p0
0, p0

1, . . . , p0
q) be a vector

of probabilities defined as follows

p0
i =

⎧⎨⎩exp(− 1
k
) 1

i!ki if i < q

1 −∑︁q−1
i=0 exp(− 1

k
) 1

i!ki if i = q
,

where q is a positive integer. Now we formulate null (H0) and alternative (H1)
hypothesis

H0 : ∀i ∈ {0, 1, . . . , q} : P [Fk(n) = i] = p0
i ,

H1 : ∃i ∈ {0, 1, . . . , q} : P [Fk(n) = i] ̸= p0
i .

Because of an asymmetric position of null and alternative hypothesis we are not
able to prove that Fk(n) has a Poisson distribution cut at q, however, we can say
statistically by testing hypothesis surely for which number of vertices of Kn it
is not appropriate to consider that Fk(n) has such a distribution. Let us define
random variables

Zi =

⎧⎨⎩
∑︁m

j=1 I[Yj = i] if i < q∑︁m
j=1 I[Yj ≥ i] if i = q

.

Let us define test statistic χ2 called chi-square as follows

χ2 =
q∑︂

i=0

(Zi − mp0
i )2

mp0
i

.

The name of the statistic follows from its asymptotic distribution. Its asymptotic
distribution (with respect to m) is chi-square with q degree of freedom. Rule for
rejecting H0 is the following one

If χ2 ≥ χ2(1 − α) then we reject H0.

The expression χ2(1 − α) is 1 − α quantile of chi-square distribution. Number
α is the significance level. We use the most common significance level α = 0.05
because less value of α could yield less powerful test, therefore, we use α = 0.05.
The only thing we have not determined yet is the number q. The statistic χ2

contains the expected number of i faces, i.e., the number mp0
i . We find the

biggest number i such that mp0
i ≥ 5, but mp0

i+1 < 5. We denote by q such an
index i. In our problem mp0

i > 5 for i ∈ {0, 1, . . . , q − 1}, thus, we need to find
only the highest index for which mp0

i+1 < 5.

4.1 Individual Faces
The first part of the testing is an individual testing of Fk(n) for k ∈ {3, 4, 5}. We
do not test Fk(n) individually for greater k. As a reminder, the number q is the
upper index in the sum of the statistic χ2. We aim to have q > 2 for individual
faces. We would need a big sample size for k > 5 to have q > 2, thus, we do
not do it. Therefore, we use for individual faces testing only k ∈ {3, 4, 5}. The
sample size for k = 3 is m = 1250, for k = 4 is 2750 and for k = 5 is 5000.
Sample sizes are chosen in the way described in the description of the statistical
model. Let us take a closer look at F3(n). We get p-value, value of the statistic
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and observed and expected numbers of random embeddings with a given value of
Fk(n) from the chi-square test. At first we analyze the following table of observed
and expected values of Fk(n) given by the simulation. In the column with symbol
O = i we can see the number of random embeddings from the random sample
which has i 3-faces for a given number of vertices. The symbol E = i states the
expected number of such random embeddings from the random sample. In fact
these expected numbers are not integers, but we rounded them. The expected
number of random embeddings do not sum up to the sample size (it is 1251, but
sample size is 1250).

F3(n) 3-faces in a random embedding
Number of ver-
tices:=n

O=0 E=0 O=1 E=1 O=2 E=2 O>2 E>2

n=10 791 896 353 299 89 50 17 6
n=20 854 896 327 299 60 50 9 6
n=30 849 896 324 299 66 50 11 6
n=40 868 896 317 299 53 50 12 6
n=50 842 896 331 299 67 50 10 6
n=60 887 896 306 299 53 50 4 6
n=70 884 896 304 299 54 50 8 6
n=80 877 896 315 299 51 50 7 6
n=90 879 896 296 299 67 50 8 6
n=100 906 896 295 299 42 50 7 6
n=200 891 896 295 299 60 50 4 6
n=300 880 896 310 299 54 50 6 6
n=400 868 896 327 299 52 50 3 6
n=500 893 896 286 299 65 50 6 6
n=600 882 896 305 299 52 50 11 6
n=700 909 896 285 299 50 50 6 6
n=800 887 896 305 299 52 50 6 6
n=900 893 896 297 299 53 50 7 6
n=1000 910 896 271 299 62 50 7 6

Observed numbers of F3(n) themselves can not say that much. Therefore, we
compare them to the observed number of 3-cycles in a random permutation. We
use the same statistical model. To remind that it makes sense to compare cycles
in a permutation and faces of an embedding, a k-face in random embedding of
Kn is actually k-cycle in a permutation of n2 − n objects described by an
embedding. From the table of 3-cycles (C3(n)) we can see that for any n all the
observed values are not significantly different. That is not true for a random
embedding. There are significant differences between observed and expected
values when comparing to differences of C3(n). These differences are observable
for lower n, i.e., less than 50. As we can see C3(n) is described better by a
Poisson distribution also in cases for smaller n. This can be justified by
theoretical results, because the expected value of C3(n) basically does not
depend on n. It is 1

3 . For a random embedding the expected value depends on n
and only the limit with respect to n is 1

3 , therefore, it is understandable that
F3(n) does not correspond well with a Poisson distribution for lower n.
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C3(n) 3-cycles in a random permutation
Number of ob-
jects:=n

O=0 E=0 O=1 E=1 O=2 E=2 O>2 E>2

n=100 896 896 305 299 47 50 2 6
n=200 907 896 292 299 44 50 7 6
n=300 894 896 296 299 54 50 6 6
n=400 918 896 276 299 54 50 2 6
n=500 875 896 326 299 47 50 2 6
n=1000 883 896 319 299 37 50 11 6
n=5000 878 896 321 299 46 50 5 6
n=10000 891 896 297 299 56 50 6 6

In Figures 4.1 and 4.2 we can see what we have discussed with tables. In figures
there are p-values for various numbers of vertices or objects. In every figure
there is a one dashed line showing the significance level 0.05. We compare F3(n)
and F4(n) in Figure 4.1. We reject the null hypothesis only in some cases for
n ≤ 50. Some of the rejections are really not much statistically significant. For
instance the p-value for n = 20 is approximately 0.042. However, we can be
quite sure that as n = 10 the Poisson distribution is not the considerable
distribution of F3(10) or F4(10). In the case of a random permutation
(Figure 4.2) we almost do not reject null hypothesis. Therefore, Poisson
distribution can be an appropriate distribution to describe distributions of
C3(n), C4(n) or C5(n).

Number of vertices:=n
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Figure 4.1: Simulation of F3(n) and F4(n).
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Number of objects:=n
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Figure 4.2: Simulation of C3(n), C4(n) and C5(n).

4.2 Multiple Faces
When dealing with individual faces we need a greater sample size or less elements
in the sum of chi-square statistic. We can solve these problems just by testing
more than one particular face at the time. Thus, we test the sum of some number
of k-faces. We can for instance test the following sums

20∑︂
k=3

Fk(n) or
200∑︂
k=3

Fk(n).

The null hypothesis would now be

H0 :
20∑︂

k=3
Fk(n)has Poisson distribution cut at q with parameter

20∑︂
k=3

1
k

It is known that the sum of independent random variables having a Poisson
distribution with some parameter has a Poisson distribution with the parameter
being the sum of parameters of individual random variables. Therefore, such
a null hypothesis is understandable. We can certainly say that these random
variables are dependent, but as n goes to infinity they should be independent,
i.e., asymptotically independent. Similarly as before we determine the number
q. It is q = 12 for the sum with the upper index equal to 200 and q = 8 for the
second sum. The sample size for both is 1500. In Figure 4.3 we can compare
testing of these two sums. We reject the null hypothesis in the case of the bigger
sum for n ≤ 30. Therefore, for such a sum of faces it is not appropriate to say
that the sum has a Poisson distribution for n ≤ 30. For the sum of k-faces with
an upper index equal to 20 we reject null hypothesis almost only when n = 10.
Thus, a Poisson distribution would not be appropriate for this sum in the case of
n = 10.
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Number of vertices:=n
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Figure 4.3: Simulation of the sum ∑︁20
k=3 Fk(n) and of the sum ∑︁200

k=3 Fk(n).

4.3 Concluding Remarks
From the sum ∑︁200

k=3 Fk(n) of 198 distinct length of k-faces it is not far away to
determining the distribution of all the faces of a random embedding of Kn, i.e.,
the sum

n2−n∑︂
k=3

Fk(n).

However, this is a more complicated problem because the number of random
variables is not fixed in the sum with respect to n. In all the simulations and
in the theoretical results we had only a fixed number of random variables and a
fixed length of k-faces. Another property of random variables Fk(n), which can
be tested, is independence. We could test independence similarly by chi-square
test using contingency tables. However, this leads to similar results with similar
procedure as for the individual faces or as for the sum of the faces, which we saw.
Therefore, we do not present it here.
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Conclusion
We deal mostly with a random embedding in the thesis. We obtained new the-
oretical results in Chapter 3. Especially the limit distribution of the number of
k-faces in a random embedding of a complete graph. The moments of the number
of k-faces are also calculated. Nevertheless, results in Chapter 3 are in the most
of the cases only asymptotic. Therefore, we tried to justify the use of the limit
distribution as a distribution of the number of k-faces for a finite graph. This
is completed in Chapter 4. For the purpose of justifying the use of the limit
distribution we use testing of statistical hypotheses.

Because of the tight relation between a random permutation and a random
embedding we compare them. The main theoretical difference is such that mo-
ments of the number of k-cycles in a random permutation are the same as for a
Poisson distribution, but only the limits of moments of the number of k-faces in
a random embedding are the same as for a Poisson distribution. However, this
result has no effect on the limit distribution because we only need the limits of
moments in the Method of moments. We also compared a random permutation
and a random embedding in the simulation. We could not say that the num-
ber of k-cycles in a random permutation has not Poisson distribution from the
statistical analysis. However, we could say that for the number of k-faces in a
smaller complete graphs. If Kn has more than 20 vertices then it looks like an
appropriate choice to use a Poisson distribution as the distribution of the number
of k-faces for the most of the lengths of a face. However, we can not be sure
about it too because testing of statistical hypotheses does not tell us that the
number of k-faces has a Poisson distribution. The only thing we know is that the
statistical test could not spot the difference between the distribution of k-faces
and a Poisson distribution. Certainly if we work with multiple lengths of k-faces
at one time the answer is a little different. The safe use of a Poisson distribution
can be a little higher then (around 40 vertices).

There is plenty of possible extensions of this work. To better understand how
close is the distribution of the number of k-faces in a random embedding to a
Poisson distribution we can use Stein-Chen method well described by Ross [12].
It would show us a total variation distance between them. There are several
problems we need to deal with, but it could be done at least for smaller length
of faces.

Another further work can deal with asymptotic independence of the number of
k-faces of various length or with the speed of convergence to Poisson distribution.

We know very little about the structure of a permutation of half edges in a
complete graph. We can study the structure of such a permutation by another
methods, i.e., probably algebraic methods can be used.

The last further work we mention is to deal with the number of all faces in a
random embedding of a complete graph. In the whole thesis we work only with
a fixed length of a face. In this case the problem behaves quite differently.
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