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This thesis presents a solution to various problems involving the link, through the Stokes equation,
between fluid motion in the Earth's mantle and deep density anomalies. Geoid anomalies which are
affected by the deflection of the surface and core-mantle boundaries are influenced by this flow.
They are the main observables used to test the proposed models. The originality of the demarche
proposed here originates in the use of the 'spectral finite-element1 method with a weak formulation.
The 'technical' developments (in particular testing the method developped here with semi-analytical
solutions) represent an important aspect of the achievements of this thesis.

Chapter 1 contains a nice introduction to the geophysical problems studied in this thesis. In
particular, the bibliography about geoid anomalies and their link to deep mass anomalies and mantle
seismic velocities is rather exhaustive. Nicola has read a lot during his PHD years and is able to
present a synthetic view of these readings.

Perhaps, concerning the the links between mantle mass anomalies, mantle flow and geoid, Nicola
could have insisted more about the ongoing debates. Are the mass anomalies thermal or
petrological? What is the effect of phase transitions? What are the appropriate surface boundary
conditions or mechanical structures which can simulate 'plate tectonics1? Introducing a discussion
of this last point would have been especially welcome as the following chapters will be aimed at
introducing lateral viscosity variations. In particular, the last chapter presents a modeling of
subduction as a first approach towards global plate tectonics .

In Chapter 2, Nicola develops in detail the matrix propagation formalism. This formalism is
classically employed to solve the Stokes flow problem in a sphere in the case where the mantle can
be modeled like a viscous fluid with a viscosity which does not vary laterally. This chapter is clear
and pedagogical, written with a lot of rigour.
I may have a remark on a point which has, however, rather minor practical consequences:
I am rather surprised by the condition arr=0 at the core-mantle boundary. In my view, this would be
appropriate in case of a zero density core. Because of self-gravitation, I think that there is in the
core a vertical stress (pressure) equal to pc V. If I am right, this would add a small correction but
would not affect, at least in first approximation, the results presented in this thesis.

Chapter 3 is devoted to a description of the spectral finite element, weak formulation method.
This method has been developped in the scientific team where Nicola accomplished his PHD (in
particular by Z. Martinec) and applied to Post-Glacial Rebond and Electromagnetic equations. Here



it is applied to the Stokes problem . The description of the methodology is done with a lot of rigour
and Nicola has visibly assimilated all of its aspects.

Perhaps, Nicola could have insisted more about his own impact in the adaptation of the method to
the Stokes flow problem. A first adaptation of the method was used in the papers Cadek et al. 1992-
1993. But Nicola had certainly to add a lot of improvements to this early version of the code. It
may have been interesting for the reader of the thesis to get a description of the improvements
brought by Nicola, of the encountered difficulties...

Chapter 4 presents a test of the program on a classical solution: it describes the mantle response to
internal mass anomalies in the case of radial viscosity (without lateral viscosity variations). This
exercise provides a good test of the program. As already found in many previous studies, Nicola
shows that a relatively good fit to the observed geoid anomalies can be obtained if the lower mantle
is rather viscous and if the outermost mantle layer is replaced by a relatively low viscosity
deformable lithosphere.

Overcoming the limitations of these radially symmetric problems (in particular concerning the
unrealistic uniform viscosity outer layer) is one of the challenges of present-day research and
chapters 5 and 6 of the thesis present concrete steps in this direction.

Chapter 5 compares the solution predicted by the numerical code with a semi-analytical solution
for the case of two eccentrically nested spheres with a different viscosity. The developments
presented in this chapter have provided the matter for an already published scientific paper (Tosi
and Martinec 2007). This chapter is rather technical and involves impressive mathematical
analytical and semi-analytical developments necessary to describe the 'exact' solution. Nicola Tosi
visibly handles equations and spherical harmonics with an agility which is rare among present-day
young scientists.

Chapter 6 presents an axisymmetric model of subduction zone. There, Nicola Tosi compares the
prediction of various models with the observed geoid anomalies over subduction zones for spherical
harmonic degrees 2 to 8. This is an interesting step towards the introduction of plate tectonics in the
global geoid models.

The surface velocities are not presented in this chapter. Are there ridges? Is-there not a problem in
axisymmetric geometry with the fact that plates can only move if they deform laterally?
Why is the negative part of figures 8 and 9 cut?

In spite of these questions, I find these subduction models very interesting and promising: One of
the challenges of the next ten years will be to model plate tectonics over the whole earth's mantle
with freely moving plates. Perhaps, Nicola could have told us how he forsees the adaptation of the
spectral finite element method that he contributed to develop towards this whole mantle problem.
What are the difficulties which need to be overcome? How will the computer-time compare in 3D
with standard finite element methods?

The main cristicisms that I may have about this thesis are that Nicola did not discuss enough the
'dirty sides' of mantle dynamics . The problem in mantle dynamics is often to represent in a simple
and mathematical form a much more complex reality. A model is always different from reality. For
each problem that Nicola tackled, he may have discussed more why the simplified model contains
anyway the essence of the problem that he tries to solve and what are the physical aspects which
might be misrepresented in the model.

In spite of these cristicisms, I consider this thesis as a very good numerical and theoretical work.
Nicola Tosi knows to manipulate with a lot of rigour equations and mathematical concepts. This is
a quality rare among present-day PHD students.

The present manuscript contains important new developments, especially methodological, and
Nicola Tosi largely desserves to receive a PHD thesis from Prague University.
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